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ABSTRACT: We consider soft-gluon evolution at the amplitude level. Our evolution algo-
rithm applies to generic hard-scattering processes involving any number of coloured partons
and we present a reformulation of the algorithm in such a way as to make the cancellation
of infrared divergences explicit. We also emphasise the special role played by a Lorentz-
invariant evolution variable, which coincides with the transverse momentum of the latest
emission in a suitably defined dipole zero-momentum frame. Handling large colour matri-
ces presents the most significant challenge to numerical implementations and we present a
means to expand systematically about the leading colour approximation. Specifically, we
present a systematic procedure to calculate the resulting colour traces, which is based on
the colour flow basis. Identifying the leading contribution leads us to re-derive the Banfi-
Marchesini-Smye equation. However, our formalism is more general and can systematically
perform resummation of contributions enhanced by the t’Hooft coupling asN ~ 1, along
with successive perturbations that are parametrically suppressed by powers of 1/N. We
also discuss how our approach relates to earlier work.
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1 Introduction

Precise predictions for observables at particle colliders often cannot be achieved without the
resummation of logarithmically enhanced contributions to all orders in perturbation theory.
Leading logarithms of soft or collinear origin are accounted for in general purpose event
generators such as Herwig [1, 2|, Pythia [3] and Sherpa [4]. Resummation can be based on
the direct analysis of contributing Feynman graphs in QCD, and this is the approach we
have taken in the past, though effective field theories have also been recognized as powerful
tools to organize resummed calculations through a renormalization group evolution [5].
For a large class of observables, which are fully inclusive below some resolution scale in
all phase-space regions, no contributions originate from unresolved parton emission due to a
perfect cancellation of real and virtual corrections. This eases the resummation procedure,



as typically only one or very few emissions need to be taken into account. Observables of
this kind are referred to as global observables and include, for example, many of the event
shape variables measured at LEP.

On the other hand, observables that are insensitive to emissions into a certain patch
of phase space are called non-global and they are subject to contributions from an arbi-
trary number of emissions, effectively probing QCD dynamics in the blinded phase-space
region [6]. This effect makes the all-orders resummation (even of the leading contribu-
tions) a much more complicated endeavour, mainly because non-trivial colour correlations
become unavoidable. Fortunately, these colour correlations simplify dramatically in the
leading colour approximation and they can therefore be approximately accounted for in
the general purpose event generators.

In recent years there has been a good deal of progress in developing the technology
to tackle non-global observables and, in many cases, go beyond the leading colour approx-
imation [7-17]. Subleading colour contributions have also been addressed in the context
of parton shower algorithms [18-21]. Often, attention has focussed on processes with no
coloured particles in the initial state, not least because the simpler colour structure elimi-
nates the need to consider Coulomb (a.k.a. Glauber) gluons. Coulomb gluon interactions
are particularly interesting since they have been shown to induce a breakdown in the fac-
torization of wide-angle soft gluon emission from hard-collinear emission [22-26].

In spite of the existing progress, it remains to develop an automated approach to
resummation beyond the leading colour approximation for general hard processes. Progress
in this direction has been made by Nagy and Soper [19-21]. In this paper, our aim is to
present a general framework that can be used as a basis for future automated resummations.
To be more precise, we consider algorithmic, recursive definitions of QCD amplitudes for
the radiation of many soft gluons and including leading virtual corrections to all orders.
Such an approach is at the heart of direct QCD analyses of observables involving many
coloured legs, and it was used to identify the aforementioned violations of strict collinear
factorisation that occur at hadron colliders.

The present work consists of two main parts, and a number of appendices devoted
to more technical details. In section 2 of the paper we lay down the general evolution
algorithm, in a form that is suited to the calculation of multiple soft-gluon contributions
to any observable in a fully-differential way. We show how this approach connects to
earlier work. We then proceed to reformulate the algorithm in such a way as to make
the cancellation of infrared divergences explicit. We also highlight the role of the specific
ordering variable first identified in [27].

In section 3, we focus on the colour structures encountered when solving the evolution
equations. We present a systematic procedure to calculate the resulting colour traces, which
is based on the colour flow basis and the work presented in [28]. Identifying the leading
contribution leads us to re-derive the Banfi-Marchesini-Smye equation [29]. However our
formalism is more general and can systematically perform resummation of contributions
enhanced by the t’Hooft coupling a N ~ 1, along with successive perturbations that are
parametrically suppressed by powers of 1/N.



In appendix A we show how our approach connects to the work presented by Becher
et al. [14], as well as Weigert and Caron-Huot [7, 11, 30]. In appendix B we make the can-
cellation of infrared divergences explicit for observables that are inclusive below a resolution
scale, and in appendix C we explicitly calculate contributions in a fixed-order expansion.
Finally, appendix D sets up the machinery to deal with the fact that most colour bases are
not orthogonal (see [31] for a notable exception).

2 The general algorithm

Our starting point is the cross section for emitting n soft gluons. At this stage we will
assume that it is ok to order successive emissions in energy. This assumption is ok for
processes that are insensitive to Coulomb gluon exchanges but appears not to be valid
otherwise [29, 32]. We have that

00 = Tr(V,oH(Q)V] ;) = Tr Ag(p)
doy = TT(V%ElleVELQH(Q)V;rEl,QDJ{,uVL,El) dIl
=Tr A;(p)dlL
doy = Tr(V,,5,D5 Ve, 5, D Vi, oH(Q)VE, oD}, VL » DL VI ) dildIL
=Tr AQ (/J,) dHldHQ
ete. (2.1)

where H(Q) is the hard scattering matrix, H = |[M)({M|. The Sudakov operator is’

2e b 3—2e¢ 2—2¢
B Qg b dE} dQdy, - . Q ~
Vap = Pexp [_ W(Qﬂ)—ze/a B ;(—Tz‘ - T5) {/ 1 wia (k) —im ———dij o,

(2.2)
with

(pi - py)

“i (k) = B s )

(2.3)
If partons ¢ and j are both in the initial state or they are both in the final state then gij =1
otherwise d;; = 0. The real emission operator and phase-space factor are given by

ag p2edE; dQ‘E_Q6

n
Pj

d dIl; = ——= . 2.4

PG an ' T Ei1+26 4 (2m)—2€ (2.4)

D! =) T, E
j

These expressions for the Sudakov and emission operators are guaranteed to capture the
leading soft logarithms, though the framework can be extended beyond this level of ap-
proximation to include collinear logarithms and next-to-leading soft logarithms. Note that
the sum over partons j in the definition D! is context-specific, i.e. it runs over any prior
soft gluon emissions in addition to the partons in the hard scattering. Likewise, the colour

'Note: Q¢ = 27Y2/T(d/2).



charge operator, T, and the Sudakov operator, V,, are in a context-specific representa-
tion of SU(3).. The operators A,, satisfy the recurrence equation

A,(E) = Vip,Dli Ay i(E,) D} V], O(E<E,), (2.5)

where O(E < E,,) is the Heaviside function. A general observable, X, can be computed using

E(p) = /Z don un (k1 k2, -+ k) (2.6)

= Z (H/dHZ> Tr Ay (p) un(ks, ko, kn),

n
where the u,, are the observable dependent measurement functions and the k; are soft
gluon momenta. We suppress dependence on the hard partons and integration over their
phase space.

In the above, we should take the limit 4 — 0, though we will consider non-zero values
in what follows. The carat on k reminds us that wij(l;:) is dependent only upon the direction
of the vector k in the ij rest frame. The path-ordering, P, in the definition of V,j is not
actually needed here, because the expression in curly brackets in eq. (2.2) is independent
of the ordering variable, Ej. The cross sections in eq. (2.1) are the general building blocks
for any observable and they can be used as the basis for a Monte Carlo computer code to
generate partonic events.

We can also write an evolution equation:?
0A,(F)

ok

where the anomalous dimension operator is

£ 25ty { [ gl - imdy (238)

i<j

E = —TA,(E) — A,(E)T' + DI A1 (E) D}, ES(E — E,),  (2.7)

When the measurement function factorizes, i.e. u,(ki, ko, - - kyn) = u(Ex, 1%1) o u(BEy, k),
we can define

Gu(B) = [ 5 AuE) (29)
i=1 '

and eq. (2.7) becomes
0G,(E)

B = TG(B) — Gu(E)T! + Dl Gy 1(B) Dy, u(B,f). (2.10)
This can be re-written as
0G,(E) Qg dQ, A
EoE = {/Wﬂk) (T Ty G+ Gu T T (211)

- wij(/%n)(Ti Gn_lT} + T Gn_lTlT) u(E, l%n)] + Coulomb terms.

In appendix A, we show that eq. (2.11) is the same as the leading-logarithmic accuracy
RG equations considered in [7, 11, 14, 30].

2For simplicity, we work in d = 4 spacetime dimensions unless otherwise stated.



Note that, if we are interested in a specific observable that we know is fully inclusive
of real emissions with E < )y then we can use the Bloch-Nordsieck cancellation in order
to fix u = Qo and integrate the real-emission phase space over £ > @Qg. This is proved in
appendix B.

2.1 An infra-red finite reformulation

As it stands, there are fixed-order, infra-red divergences in A, that cancel in the sum over
n after integration over the real emissions. In this section we present a reformulation of the
algorithm in which the cancellation of infra-red divergences (both soft and soft-collinear)
arising in the eikonal approximation is manifest.

General observables may be defined by dividing the angular phase-space into two
complementary sub-regions, which we refer to as the “in” and “out” regions, such that the
observable is fully inclusive over emissions in the “out” region. If the “out” region is of
zero extent then the observable is referred to as a global observable, otherwise it is known
as a non-global observable. Phrased this way, we see that all observables are non-global to
some extent (since 47-detectors do not exist). We note that there is potential for confusion
here, because our “in” region corresponds to what some other authors (e.g. [14]) refer to
as the “out” region.

In order to expose the infra-red cancellation, it is useful to break apart the virtual
loop-integral in T' (see eq. (2.8)) so that we expose the part which is destined to cancel
against a corresponding real emission contribution. To this end, it is useful to consider the
measurement function in the soft gluon limit:

Um(@lla“' an) = u(Q]v{Ql? 7qj717Qj+17"' an})Um—l(fha"‘ aq‘jflan+1a"' an) .
(2.12)

This is quite general, the important thing is that, u(qg;, {q1, - ,¢j—1,¢+1, s qm}) = 1
in the limit that gluon j has zero energy. Generally, we can write

u(k, {q}) = Oout (k) + O (k)uin(k, {g}) - (2.13)

The set {q} corresponds to all other real emissions and Oy /oyt (k) is defined to be unity if
k is in the “in” /“out” region and zero otherwise. For global observables, the “out” region
is of zero extent, in which case u(k,{q}) = uin(k, {q}). Armed with this we define

=T, +T,, (2.14)

where the infra-red finite part of the anomalous dimension operator is

a i =
T, = 5(/ (14—(72;“ (1 — u(k, {q}))% + iﬂZ(SijTi : Tj> ) (2.15)

T —
1<)
and the part containing the infra-red divergence is
ag [ dQ Dz
r.=— [ —ulk — . 2.16



Note that we have written these in terms of the squared real-emission operator,
1, .
iDa = Z(_T’L : T]) W'L’j(ka) s (217)
i<j

so as to make the Bloch-Nordsieck cancellation more readily apparent. The virtual evolu-
tion operator, which is the exponential of the anomalous dimension, can now be expanded
in a manner that makes the cancellation of divergences explicit, i.e.

_ . D?_
Vb = Vap — /dH1 u(k1,{q}) Va1 71V17b (2.18)
— D2_. D?__
HELP [ ATyl ©(B: < By ulks, {a}) ke, a}) Vi 52 Vaa 5L Vi oo
where )
_ FE
Vap =Pexp {/ df Fu} . (2.19)

Notice that the virtual gluons are summed to all orders only if they are in the “in” region,
i.e. V involves virtual gluons integrated over the “in” region. Since 1 — u(k,{q}) — 0
when Ej, — 0 it follows that there are no soft singularities in V except those arising from
Coulomb gluon exchange. The poles from Coulomb gluon exchange cancel though because
they always appear in terms ~ Tr(Vo, - -me). The cyclicity of the trace ensures that
the ¢ terms can be combined into the unit matrix, since the real part of Voﬂ vanishes in
the limit £ — 0.
We can now re-write the observable as

S(p) =) <H/de> Tr By (p) ®nlg1,92, 1 qn) (2.20)
i1

n

where the operators B,, satisfy the recurrence relation (i.e. the analogue of eq. (2.5)):

B.(E) = Vip, {Dan_l(En)DT o (2.21)

nun
2
Dy

~{Bua(E).

bo¥utan tah)| Vi, 008 < B.),

starting from Bo(E1) = Vg o HVELQ. In the above, it should be understood that
{6F =1,6Y =0} if i is a real emission and {0 = 0,0} = 1} if it is virtual. As be-
fore, v should be set equal to zero or a global scale below which the observable is known
to be fully inclusive. In eq. (2.20), ®,, encodes the measurement functions for any number
of real emissions:

@051,

on
Op(q1, G2, Gn) = > um({ar}) IRSERIREE (2.22)
a=1

jePg i¢ Py



The P set is indexed by a indicating which of the n gluons are real, and m is the cardinality
of the set. For example, if n = 2 then P21 = {1, 2} indicates that gluons ¢; and ¢y are both
real and m = 2, P? = {1} indicates that ¢ is real and gq is virtual (m = 1), P§ = {2}
indicates that go is real and ¢ is virtual (m = 1), and P4 = {} indicates that both gluons

are virtual (m = 0). In this case,
Da(q1, q2) = 01 63 +ur(@)81763" + u1(a2)85761 + ua(qr, 42) 3165 (2.23)
and, recalling that u(q, {}) = u1(q) and u(q, {q1})ui(q1) = ua(q1,q),
2o = Tr(Voo HV} o), (2.24)

21 = /dH1 ul(ql) Tr(vU,EHlethQHVTEl,QDLLVI),El
— —+ DZ_ — D?_ —
*Vo,QHVJfrsl,leV(T),El - Vo,ElleEl,QHV(T),@ ;
Sy = / Ayl (wi(g)ur(a2) (557 +5Y) + ualar, a2)(S5FF + 247))

where
£V X7 V4 ~7 1 LVl ~
EgR =Tr (VO,E2D5VE2,E1D!fVEl,QHVE1,QDJ{uVE2,E1 D;szO,Ez) (2.25)
2
v v v Digt v
Z;/R = —TI‘ <V0,E2D5VE2,QHVE1,Q21VE2,E'1D;“VO,E2

_ _ D2__ _ _
+ Vo,5,D5VE, 5, 21VE17QHVTE2,QD£#VE[)7E2>

D;

_ N v v
IV = Ty (V07E1DTVE17QHVE1:QDINVE2’E1QVO’EQ

_ D2__ _ _ _
+ Vo,EszEg,ElDT VEl;QHV;rEl,QD]LuVEr),E1>

2 2 2
174% £V <t Digt £V DI ~7 D35t
Nyt = <V07QHVE1,Q21VE2,E1 + Vo, 21VE1,QHVE2,Q) - Vo,
v. D3 (v gvt Digt v, . DPig.  gvt
+V0,E27 <VE2,QHVE1,Q2V0,E1 + Vi, k TVEl,QHVO,Q :

Note that in X9 the pairs of contributions in which the softer gluon is real or virtual
(ie. Y E +2¥V and 282 + BV are proportional to the same expression, ensuring that
their soft singularities cancel. For an infra-red safe observable the ¥,, are all finite (in the
eikonal approximation). In appendix C we show how the cancellation of infra-red poles

works out by explicit calculation of the non-global contribution to the hemisphere mass in

3

ete™ collisions to order a.

2.1.1 Non-global observables: a simple example

In the leading logarithm approximation, many observables can be computed with a factor-

izable measurement function, i.e.

Un(qrs o) = [ [ wa(a) - (2.26)
1=1



Also, in many cases (such as the hemisphere jet mass® and gaps-between-jets), the mea-
surement function simply vetoes real emissions into some region of phase-space, e.g.

u1(q) = Oout(q) + Oin(q) O(p > E) . (2.27)

In these cases, we can simply set © = p in eq. (2.20), take

s [PdE [ [ 40
Vb =Pexp O‘/ / d9 Df | ir Y 6;T; - T, (2.28)
m a

1<j

and replace u(gn,{q}) — ©Oout(gn) in eq. (2.22). This is because of the inclusivity of
the observable for ' < p, which leads to a complete cancellation of the real and virtual
contributions (see appendix B). In other words, ¥,, is the contribution from 7 gluons in
the “out” region (the gluons can be real or virtual). Specifically,

2o = Tr(V,0HV ) (2.29)

21:/ dHlTr< o5, DV i, oHV Y, oD} V1
out
D? - Di_
~V,oHVE, ¢ ;VT V/%El?lVEvaHVL Q)
S = / dIT, / T, Tr(Vp 5D5V 5, 5, DYV, oHV Y, oD} VE DLV
Dl
Vp E2D VE2 Q?H‘fE1 Q 2 VE2 El Vp E2
_ _ D2__ _
_Vp7E2DgVE2,E1 71VE17QHVTEQ7QDT VL Es

< < <t ot ot
~V,,5. DV, oHV , oD} Vi, 5, =2 . V

_ D2__ _
_VP7E272VE2 Ey DHVEl QHV By QD VT

lu ¥ pE
D?

D? D3 o+
+VPQHVE1Q 21VE2,E1 B VpE2 +VP7E1 ) VE17QHVE2Q 22V B2

D2 D? Di_ D?
+VP E2 2 VEZ QHVE1 Q 21 Vp E1 + VP,EQ 2 VE27E1 2 VELQHVP Q)
etc.

This is the “out of gap” expansion used in [22, 23] to derive the super-leading logarithmic
contribution to gaps-between-jets.
2.2 The ordering variable

So far we have presumed energy ordering in the virtual gluon operators V,;. However,
this is known not to generate the correct super-leading logarithms and instead transverse

3For the jet mass, we should really take u1(q) = Oous(q) + Oin(q) ©(p > E(1 — cos)), which correctly
accounts for the double logarithms associated with emissions collinear with the jet axis and ensures that
Yo is finite. For X,, with n > 1, this modification to u1(g) is unimportant since the non-global corrections
are single logarithmic.
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Figure 1. Illustrating how the ‘dipole transverse momentum’ serves to limit the virtual loop
integration. The index [n] refers to the gluon with momentum g,,.

momentum ordering should be used [32]. Interestingly, and working in the eikonal approx-
imation, but only for gluons that couple to the original hard partons, explicit calculation
of all relevant Feynman diagrams (at one loop) reveals that the corrections associated with
the exact triple and four-gluon vertices can be largely subsumed into a Lorentz invariant
ordering variable, in a potentially simple extension of the algorithm that we described
in [27, 32]. This intriguing physics may not be so clearly visible in an effective field theory
treatment, where the evolution is in an arbitrary renormalization scale.

Figure 1 illustrates the key finding of [27]. The upper graph illustrates that the virtual
gluon loop integral has its transverse momentum limited by the transverse momenta of the
two nearest real emissions. The relevant transverse momentum of a gluon, ¢(*), is defined
by its Sudakov decomposition over the momenta p; and p; involved in dipole (ij), and is
given by

g 2¢-piq-p;  2E?

(7,]) 2 q-piq p] _ 2)
q = = — . .30
( ) Pi Dy wij(Q) ( )

When one of the gluons to which the virtual gluon couples also happens to be one of the

nearest emissions, the relevant dipole transverse momentum vanishes. In this case however,
the explicit calculation reveals that the relevant dipole momentum is that of the parent of
the parton which couples to the virtual gluon, i.e. parton ¢ in the lower graph of figure 1.



According to the results in [27, 32], which were performed to one-loop accuracy, the
corresponding differential cross section has a similar structure to eq. (2.1) but with

Ao(@) = HQ) + Y (1 (@, Q HQ) + H@Q)T @,Q)) ,

1<j
An(Gni) =) (Tk An—1(n) Ty wii(Gn) + [ > T @ni1,@n) T An1(Gn) Ty wre(dn)
k#l i<j#[n]
+Zm@mw%nMAMEMM%memD,@m

i#[n]

where it should be understood that § = ¢(¥) when placed in the argument of I;;. The
Lorentz invariant operator I;;(a, b) is given by

b
Qs dkr dQ A o~
Iij(a, b) = ?Tl . Tj /a ﬁ {/ E wij(k) sz(k) — T 523} s (2.32)
where 0;;(k) = O(p;(pi — k) > 0)O(pi(pj — k) > 0) restricts the region of the angular
integration to be the same as in the phase space integral for a real gluon with the same
transverse momentum. This can be written

0 \/2Di"p; 2k
lntan‘ < lnﬂ, or |sinf|= S (2.33)
2 k‘T w/2pi'pj

Up to the limits on the cos@ integral, I;; is equal to the exponent in the V operator
defined in eq. (2.2). In [27] we presented the form of this operator in 4 — 2e¢ dimensions
after integration over the solid angle, i.e.

Qs cr v\ .z 2p; - pj
Iz‘j(a,b)_%ezTi'T]’[<W> <1+wre(5ij—eln 72 J)

a2 —€ ) _ 2pA i
— <4m2> <1—|—Z7r65ij—eln " J) : (2.34)

where cr = 1 — eyg, and ~g is the Euler-Mascheroni constant. This expression is accurate

up to non-logarithmic terms of order € in the real part and order €' in the imaginary part.
When both scales a and b are non-zero, I;; is finite and given by

2p; - pj
b2

2pi - pj
2

« 1
Lj(a,b) = iTi T [—21112 -

1., b
+3 In — w5 In ol (2.35)
Eq. (2.34) would be identical to the result of Catani and Grazzini [33] (see also [34, 35])
if we replaced the factor 1+ imed;; in eq. (2.34) by cos(me) + isin(med;;). It should be
re-iterated that the calculations in [27, 32] were performed only at one loop and it remains

to be seen how the improved resummation proceeds to all orders.

~10 -



3 Large-N structures

In practical calculations, the colour algebra rapidly becomes intractable after only a few
real gluon emissions. To simplify matters, we shall now identify the leading contributions
in an expansion in the number of colours. We will work in the colour flow basis [36],
which is closely related to the way colour is treated in parton shower algorithms [37—40].
In the following subsection, we will show that, to leading order in the number of colours,
our algorithm gives rise to a dipole-type parton shower and that it reproduces the Banfi-
Marchesini-Smye equation [41]. We then turn our attention to setting up a framework to
calculate the first subleading-colour corrections.

3.1 Colour flow basis

To start with, we collect together some of the key results concerning the colour flow basis.
We label the set of basis tensors as {|o)}, and we assign a colour or anti-colour index, ¢;
or ¢;, to each external leg 7 of any scattering amplitude. Gluons carry both colour and
anti-colour and incoming quarks carry anti-colour. We start to count colour index labels
from 1, and choose ¢; = 0 (¢; = 0) if 7 only carries anti-colour (only carries colour). The
basis tensors are labelled by permutations o of the colour indices and are given by products
of Kronecker §’s as

o) =

o(l) --- o(n)

where the 1., and @i, are fundamental and anti-fundamental indices assigned to the

1 - n
> - 52(1(1) "'5ngl<n) ’ (3.1)

colour (anti-colour) legs, taking values in the actual number of colours 1,..., N. There
are n = ng + ng = ng + ng possible colour lines and n! colour flows (i.e. there are n! basis
tensors). Inner products of colour flow basis tensors are given by

<O'|’7'> — 541 ... 59 6547—(1) . 62;(71) — Nn—#transpositions(o,r) 7 (32)

Qg (1) Qg(n) A1

where #transpositions(o, 7) is the number of transpositions by which the permutations o
and 7 differ. This is equal to n minus the number of loops obtained after contracting the
Kronecker symbols, see the right-hand part of figure 2. In figure 2, we show three of the six
colour flows that represent the four-parton state on the left, and in table 1 we specify the
corresponding colour and anti-colour indices for each of the four partons (labelled by 1).
We also include the binary variables \; and \;, where \; = /Tr,\; = 0 for a quark,
A\i = 0,\; = /Tg for an antiquark and \; = \; = \/Tg for a gluon (Tx = 1/2 in QCD).
Note that in the figure we use the more compact notation:

123
51 3> etc. (3.3)

We express amplitudes as |A) = > Ay|o), where o labels the individual basis tensors,

213) =

and the evolution and traces in colour space can be performed in terms of ordinary complex
matrices with elements A.,, which relate to the basis independent objects via

A=) A,lr)ol. (3.4)
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123)  [213)  |312) (123]123)  (123]213) (123]312)

Figure 2. Diagrammatic representation of colour flow basis states and their inner products. The
left half of the figure shows three out of the six basis tensors required for a qggq leg content, where
the grey arrows indicate how leg labels ¢ = 1,...,4 are mapped onto colour and anti-colour indices
(see also table 1). The right hand part of the figure illustrates how inner products, i.e. elements of
the scalar product matrix, relate to powers of N depending on how many loops are formed after
contraction (see eq. (3.2)).

i ¢ |G A i
111/|0|+Tr 0
212 |1 |VTr | VTR
slsle|vrm | vin
41013 0 VTgr

Table 1. The colour index specifications for the four partons in figure 2, which correspond to
n = 3.

The coefficients A,, are not matrix elements of the operator A since the colour flow basis
is not orthonormal. Consequently, we will introduce a dual basis in which

[T|Alo] = Ay - (3.5)

We refer to appendix D for more details on the properties of the dual basis vectors (see
also [28]). The scalar product matrix S;, = (7|o) has to be considered when evaluating

the traces of operators in colour space:
Tr[A] = Tr[AS] = [7]Alo] (o|7) . (3.6)

T,0

The colour charge (or emission) operator associated to each leg i can be decomposed as
1
N
where the colour-line operators t,t and s are defined through their action on the basis

Ti = )\i tci — 5\1 1_351. (/\Z - 5\1) S, (37)

states, i.e.

bulo) = ¢ 1 -+ a - n _
AT 1) e o(@) e a(n) |

Ec’u|0-> = tofl(&)|0-> ) (3.9)

U(l) e n+1 - U(n) U(a) >7 (3.8)
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for the inverse permutation o~ ! for which a = 0=1(0(a)), and

1 e n n+1
o(1) e e o(n) n+1> | (3.10)

It is useful to note that
ta|0> = Sa,n+18 |O> ) (311)

where s, g exchanges o(«) and (). It is hence obvious that through the action of any of
the emission operators we cannot map two distinct basis tensors |o) and |7) into the same
tensor |p). Furthermore, if o and 7 differ by n transpositions, then

o for o # f3 to|o) and tg|7) will differ by n 4 2 transpositions if o(a) # 7(3), and by
the original n transpositions if o(«) = 7(3) (implying in this case that n > 1),

e t,|o) and s|7) will differ by n 4 1 transpositions,
e s|o) and s|7) will differ by the original n transpositions.

Colour-line operators and their products, such as t, - tg = tg - t,, are referred to as
colour reconnectors in [28]. We note that s-t, =t,-s =1 and s-s = N1. Matrix elements
involving colour reconnectors are straightforward to compute because of the important
property that

Rlo) = [r|R]o) [7), (3.12)

where R is a general reconnector (see appendix D). Note that there is no sum over 7
since reconnectors constitute a unique map from one colour flow to another. The matrix
elements of the colour correlators are

B _ 1 B _
[T’Ti . Tj|0'> = —Nb,o (Ai)\j 501-,0*1(63-) + )\j>\i (5cj7071(5i) + ﬁ()\, — )\z‘)(}\j — /\j))

+ Z 57—<ab>70 (Ai)‘j(s(ab),(ciq) + j\ixj'(s(ab)7(0—1(5i)a—1(Ej)) (313)
(ab)

—)\ij‘j(s(ab)v(ci,a_l(éj)) - Ain&(ab)v(ijU_l(Ei))) ’

for i # j, where (ab) denotes an ordered pair ((ab) = ba if @ > b) and 7(,) denotes swapping
the elements a and b in the permutation 7. ., is zero if the permutations 7 and o are
not equal and unity otherwise. The sum over (ab) is rather cumbersome, since each of
the four terms can be written without any summation after implementing the colour-flow
Kronecker delta. However, this way of writing things ensures that the second and third line
in eq. (3.13) do not contribute if 7 and j are colour connected in o. By ‘colour connected’

4 Note also that the off-diagonal elements in the

we mean ¢; = o 1(¢;) or ¢; = o7 1(&).
matrix representation of T; - T; are non-vanishing only if the permutations labeling the

two basis tensors in question differ by at most one transposition. A similar expression can

If o = [321) then o(3) =1 and o~ (3) = 1 etc.
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be obtained for colour charges multiplied to the left and right of a colour matrix, A, which
corresponds to real emission:

[Ty ATy|7] = {(— N Bes (e r(en) — (57 42 7)) (3.14)
FAN 0 1(60)0c; 71 () T NiNjOzio(en) 02 7(cn)

]_ — N . .
< - N ()‘i(sciafl(én) - )‘i(séia(cn)) (A] - )‘j)écm’*l(én) - (Z,O’ <~ ]77—)>

1 _ _
+m()\1 - )\Z)()\] - )\j)(scnal(an)(schl(én)}
x [T\n|A|o\n] .

The colour lines associated with the emitted particle, n, are labelled by ¢, and é,, and o\n
denotes the permutation with the entries associated with ¢,, and ¢,, merged and removed, i.e.

< 1 - ey - Gfl_(én) eom )\n: ( 1 oo l(E) - m ) . (3.15)
o(1) - olen) -+ G o o(m) o(1) - olcn) - o(m)

Our aim is to organize contributions to the cross section in terms of a series of leading
powers in N, to extract both the large- N limit as well as corrections to it. To this end we
introduce the operation

!
Leading!) [A] = Z Ay
k=0

1/N* 5#transpositions(r,0),lfk ) (316)
where the notation
(3.17)

TO

1/Nk

indicates to pick those terms in A,, which are suppressed by a factor of 1/N* with re-
spect to the leading power present in A,,. Contributions to the trace of A then all yield
an enhancement or a supression by the same power of N by virtue of either an explicit
suppression in A, or by picking up a subleading element in the scalar product matrix. In
other words, if A ~ Ag+ A;1/N + ... is an operator in the space of n colour lines, then

Tr [Leading(l) [A]] o N, (3.18)

We are specifically interested in traces originating from soft-gluon evolution:

Tr[V,A,V]] where V, =exp Z Qijn) T, -T; |, (3.19)
4,
Trly, A, + Anyl] where Y = Z 71-(;1)Ti Ty, (3.20)
1]
and )
Z Tr [D?{An—l (Dﬁ) ] where D) = Z w;"(n)Ti : (3.21)
A %

where A refers to all other quantum numbers of the emission, and it is understood that

A(n A (n)y %
Sy w M @My = 0.

K3 (3
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3.2 Leading contributions

For the leading contributions of the virtual evolution operators we find

2
Leading(©) [VnAnV,L} = 0,5 V™| Leading@ [A,] | (3.22)

TO

where
V. = exp <— N Z AJjVVS”) (3.23)
4,j c.c. in o

and c.c. here means colour connected, i.e.

Z Tij = in]’ 5010—1(@) . (324)
,J

i,j c.c. in o

Also, we have defined
W — (Q@ + Q(?)) . (3.25)

ij ij J

For single gluon exchange,

TO

Leading(?) [fynAn + Aw;] = -Nbw > AArl Leading@ [A,],  (3.26)

%,J c.c. in o

with

TZ‘L) — 2Re (%(;‘) + ,y](jl)) . (3.27)

And the emission contribution is

Leading(®) [DnAn_lDH =60 Y ANRY Leading®), | [An1]  (3:28)

TO T\n,o\n
i,j c.c. in o\n

where

Rl(-;b) = — 2Re (wi(n) (w](n))*) . (3.29)

We are now able to compute traces in the leading-/N limit. We must sum over diagonal
colour flow contributions, i.e. A,,. For each colour flow, o, we multiply by NV raised to the
number of colour lines present in the colour flow o. Notice that the number of possible
colour flows at this level of approximation is equal to the number present at the level of
the hard process plus the number of real emissions. Each of the contributions A,, can
then be computed by a set of recursive rules that correspond to working inwards from the
outer matrices (multiplied from the left and right) towards the hard matrix in between.
The rules are as follows:

e For a pair of evolution operators, VnAnVIL, multiply by
exp (—2N Re (2 + Q) A) (3.30)

for each colour connected dipole 7, j in o.
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Figure 3. An example to illustrate colour-flow evolution. In this case, we consider the leading-
colour contribution, with one real emission and one virtual correction, to [7|A|o]. The vertical
dashed lines indicate that it is possible to read off the colour-flow map at any time during the
evolution. See the text for the corresponding rules.

e For a virtual gluon insertion, ~v, A, + An'yL, multiply by

~2N X Re (1) 44 (3.31)

and sum over the dipoles (i, j) that are colour connected in o.

e For a pair of emission operators, D, A,,_1D};, combine the dipoles (i,n) and (n,j) in
the colour flow o, leaving behind a dipole (4, 7) in the colour flow o\n, and include
a factor

—Xi)j 2Re (wi(n) (wj(n))*> . (3.32)

This procedure is illustrated in figure 3, where we take the opportunity to show a
specific contribution at leading-colour. This graph would contribute to the soft gluon
evolution of gq — qq scattering with one emission and one virtual correction.

e [f the hard process has been reached, multiply by the square of the corresponding
amplitude, | M, |2.

3.3 Dipole evolution and the BMS equation

We will now show how the rules of the preceding section give rise to the BMS equation [41].
Our rules apply to a general process with any number of outgoing partons. The algorithmic
incarnation of the generalized BMS equation that we present here corresponds to a dipole
shower algorithm. The evolution of dipoles is universal, i.e. at this level of approximation
the process dependence solely enters through selecting an initial colour flow weighted by
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the modulus squared of the corresponding amplitude |M,|2. To illustrate how things work
out, we will consider the same example as in section 2.1.1. In this case

n n 1 7
ol =al) = - /in Al O(Eoiy < E < Ey) gwij(k), (3.33)
() _ () L
Vii = i = —Oout @(En < Enfl) iwij(qn), (3.34)
and wz-(n) <w§n)) = Oout O(Ern < Ep—1) wij(gn) - (3.35)
The evolution with the in-region anomalous dimension contributes a factor
E
En+17En _ _Nas " @ Lm : l;}
Vi = exp ( - /En+1 E | in wij (k) (3.36)

per colour flow.

The above expressions have a very simple diagrammatic interpretation, illustrated in
figure 4. To simplify the discussion, we consider the case of eTe™ scattering, i.e. we take
H = 1. Each double line in the figure corresponds to a Sudakov factor, VZ-]E“EQ, where ¢
and j label the directions associated with the corresponding colour and anti-colour lines.
The shaded circles correspond to a factor w,-j(l%), and the vertical dashed line indicates the
associated energy. The arguments of the Sudakov are also determined by these vertical
dashed lines. We can immediately see how the algorithm maps onto a classical dipole
shower at leading IN. These diagrammatic rules can be used to compute the leading colour

contribution to the non-global logarithms:
Yo = Vip®

d,
¥ = / tVa]gthib [Vaprl‘/EﬂEl B Va%El]
ou

dt
47 !

RR __ E1,Q 1 Ex,E1v,p,E1, 2 y,p,E2 pE1y B2, B 2 v rp B2 |y 0, B2
Nyt = / tVab wab{val Vil T waiVos T Vo Vit win Vi | Vig
ou

d2; dQs
X —— ——dt1dt
4 4w 1552
VR _ E2Q 1 2 (ypEay,pEy A0 df2o
Mgt = —/OUt Vab2 wabwabVapl 2pr1 2747r s dt1dts
SRV _ / t VEQL [VaElz,El VoEL 2 yeBs | yeBiy Pt 2 el
ou
dQ; ds
— —=dt;dt
A Ar P

22 = /Out Val;) wabwab??dtldtg

etc. , (3.37)

where the hard partons have momenta p, and py, t; = (Nas/7) In(E;/p) and we used the
notation wgb = wab(Gi)-

The 3, can also be obtained by iteratively solving the BMS equation, as we will now
illustrate. The BMS equation can be written as follows,

OG (1) _ dQy (e 197

== | G wa(k)Ca() + / g () |Gar(Gio(t) = G| (3:38)
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Figure 4. The leading-N graphs corresponding to eq. (3.37).

and our observable corresponds to

2(p) = Gulta) (3.39)
with G¢(0) = 1 and tg = (Nag/7)In(Q/p). To solve the BMS equation iteratively, we
will first rewrite it by replacing G;;(t) = Vi’;-’Egij (t), which gives

E,py,E,
Var" V™

E.p
Vab

3%@:/‘mk ak (D)grs(t) — gar(®) | - (3.40)
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Putting g((l%)(t) =1 on the r.h.s. of the BMS equation immediately gives 31, i.e.

E.py,E.p
Ve Vb _1]

E.p
Vab

dgly) (1) _ / ey,

ot w AT Wav (k)

(3.41)

which gives the desired result after integrating over 0 < ¢ < tg. The next iteration gives
Yo, i.e. we substitute g;;(t) on the r.h.s. of the BMS equation by g( )( t):

wap (k)

g (1) _ / Ao,
ot out AT

VE’pVE’p 1 0 1

Sk (g8 gl ) + g 0el 1) — g )] (342)
Vab

where we left g((l(,)C) = 1 explicit for clarity. It is easy to show that Va(’g’p g((j) (tg) = SR 4

YYRE 4+ 2BV 4 5VV . So we see that, at leading N, our algorithm generates the iterative

solution to the BMS equation.

3.4 Subleading contributions

Subleading colour contributions are substantially more difficult to compute. In this section
we present some initial steps towards a systematic approach to including 1/N* corrections
to the leading result. Figure 5 illustrates the general structure of the calculation (of which
figure 3 is a specific example). Figure 6 provides an overview of the power counting we
use to define successive orders — we hope its interpretation will become clear after the
following paragraphs.

There are subleading colour contributions arising from the hard scattering matrix,
from the 1/N and 1/N? suppressed terms in the real emission operator (see eq. (3.14))
and the virtual correction operator (see eq. (3.13)), and from off-diagonal contributions to
the scalar product matrix. In the following, we will use the general form of the anomalous
dimension resulting from eq. (3.13), i.e

[T|T|0) = Noroly + X706 + %57-0,0 ) (3.43)
Each of T', ¥ and p are of order as. To compute a correction of order 1/N k we need to
consider states o and 7 in figure 5 that differ by k& — I permutations, where 0 < < k. Then
we must determine the 1/N' corrections arising from the soft gluon evolution and from the
hard scattering matrix.

The leading colour contributions from the virtual evolution operator come from I' and
so are all enhanced by powers of a; N which, owing to the fact that the leading contribution
is diagonal, can easily be accounted for to all orders in a simple exponential. This evolution
does not result in any difference between the colour structure in the amplitude and that
in its conjugate, and it corresponds to the blue boxes in figure 6. If this evolution is then
supplemented by those pieces of the real emission operator that also preserve the identity
of the colour structure in the amplitude and its conjugate (such as the example in figure 3)
then we recover the leading- N picture of the last two sections.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
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Figure 5. The general structure of the calculation of subleading contributions.

virtuals reals
(0 flips) x 1 x (asN)" (t[--.]tlo ﬁlpS)T P Tt pips X 1
3 (t[--Jtlo nips)” " bl Js| ap x N7
N (4L Ttlo mpe) L Tslo e x N2
(1 flip) x ay x (a,N)" (t[---Jtlo aips)"

N2 (t[--Jt[o aips)" " L8]0 aip x N7

(0 flips) x as N~ x (aeN)™ | (t]...]t]o fips)”

A (0 flips) x a2 x (auN)" | ([-Jtlo i)’
(2 flips) x a2 x (asN)" (t[.-.Jtlo fips)" ™ tL-JE]2 fips
NO
N—l
N—Z
N—3

al

s

Figure 6. The counting of next-to-leading colour contributions. We aim to perform a resummation
in all powers of the t'Hooft coupling asN ~ 1. In the set of boxes shown we count, for the virtual
evolution operator, increasing powers of «a from left to right, and decreasing powers of N from top
to bottom, with N in the middle row. The effect of r real emissions is indicated in the rightmost
column of the figure and any 1/N suppression due to the scalar product matrix is indicated by the
number of flips. See the text for more details.

number of colour reconnections (or transpositions or flips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N? relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour flips accompanied by no explicit factor of 1/N
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(coming from contributions of the type t[---]t); (ii) one flip and a factor of 1/N (coming
from contributions of the type t[---]s and s[---]t); (iii) zero flips and a factor of 1/N?
(coming from contributions of the type s[---|s). See eq. (3.14) to appreciate the factors of
1/N. We note that real emissions never reduce the number of flips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but first we consider subleading virtual corrections.

A single insertion of a perturbation ¥/, comes with a factor of (asN)/N relative to the
leading contribution and it results in a single flip, and hence an additional 1 /N suppression
via the scalar product matrix. This flip can undo that induced by a previous real emission
of the type s[---]t or t[---]s. However, since this will require the action of a single s
operator, it re-introduces the additional factor of 1/N. Thus, both of these fixed-order
contributions, when combined with the all-order summation of contributions from I', are
suppressed by (asN)/N? ~ 1/N? relative to the leading contributions. These contributions
are illustrated by the dark orange boxes in figure 6. A similar reasoning applies to the
contribution of a single p perturbation (light orange boxes), which contributes at the same
order az/N ~ 1/N? since it generates zero flips.

We finally need to consider two insertions of ,/, combined in such a way that the net
number of flips is zero or two. The zero-flip case is clearly proportional to a? and hence
contributes a (asN)?/N? correction (green boxes). The two-flip case can also contribute
at this order provided it compensates a t[- - -]t two-flip real emission, i.e. so the net result
is that the amplitude and its conjugate differ by zero flips and there is no suppression
from the scalar product matrix. These two contributions should therefore be included
along with the contributions discussed above. However, contributions from the diagonal
below the green boxes lead to a factor of (asN)2/N4, which means they are beyond the
next-to-leading colour approximation.

These corrections to soft-gluon evolution can be considered as fixed-order corrections
to the leading-N rules, though these need to be extended to include the possibility that
the permutations o and 7 need no longer be equal. This means we should update the rules
at the end of section 3.2 as follows.

*
e For a pair of evolution operators VnAnV;rL multiply by Va(n) (VT(n)) , i.e. include a
factor of the virtual amplitude exponentiated for each colour connected pair of legs

in o, and each colour connected pair in 7.

(n

*
e For a virtual gluon insertion ~, A, + An'y;ﬂ, include a factor wc(,n) + (wT )> , where

w = 3 A& () (3.44)

%,j c.c. in o

e Real emission operators, DnAn_lDL, only contribute if the emitted gluon is con-
nected to the same, identically connected, colour line in ¢ and 7, as otherwise the
operation of merging the emitting dipoles would alter the number of flips by which
o and T differ.
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We will now present the rules to compute the first 1/N? corrections to the leading
colour trace. For the virtual contributions we need to consider the next-to-leading colour
approximation for the evolution operator, which (using the notation in [28]) is

1
V%C+NLC|0'> = Vg(n)|0> - N Z 5#transpositions(7,a),1ngr;-)|T> ) (3‘45)
T

where the colour flow transition matrix elements can be expressed as

_W(") _W(n)
(n) _ e o —e T
Yo/ =N Wg(n) - WT(") X

S (AW MG = AW = XA W) Bt e e (3.46)

k,j cc. in T

i,k c.c. in o
Jlcc. ino
and
wim=—my =N S aaw. (3.47)
%,j c.c. in o
This source of subleading correction contributes when ¢ and 7 are identical or differ by a
single flip. In the latter case (one flip), we include a factor of 2 Re [Zg@} and the other
factor of 1/N comes from the scalar product matrix. In the former case there are three
possibilities. Specifically, we may include either one or two factors of ¥ (in either the
amplitude or the conjugate amplitude) in such a way as to undo the effect of a one or
two-flip real emission (see below for the rules for including real emissions), these contribute
to the dark orange and green boxes in the figure. Or else we may include a factor of |EQZ,) |2
in the case that the two flips (one from each ¥) cancel each other out (green boxes).
At this order we also need to include corrections which are suppressed by 1/N? and
are proportional to s - s (light orange boxes) in the virtual evolution operator. This term

is diagonal in colour and

(n) . .
VILO) = Borlo), where o = NI (= M)y - WL (348)
1<j

As discussed above, we must also consider subleading corrections to real gluon emission.
Recall that the 1/N? corrections arise when 7 and ¢ differ by at most two flips. In this
case, we are to include contributions where the gluon is emitted off either colour line ¢; or
¢k in the amplitude (¢; and ¢ are colour connected in o\n), and either colour line ¢; or
¢; in the conjugate amplitude (¢; and ¢; are colour connected in 7\n). Evolving towards
the hard process, we are to combine the dipoles (i,n) and (n, k) in o, and (I,n) and (n, j)
in 7, leaving behind dipoles (i, k) and (I, j). The corresponding factor is

i\ wgn) (wl(n))* + S\kj\j w,in) (w](-n))* — )\J\j wgn) (w](-n))* — e w,gn) (wl(n))* . (3.49)
which comes from the first two lines in eq. (3.14). Notice that a potential 1/N contribution
arising when ¢ and 7 differ by only one flip vanishes because of the first bullet point in the
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list above eq. (3.13), i.e. contributions of the type t[- - -]t require o and 7 to differ by two
flips.® If o and 7 differ by one flip and the gluon connects to itself in 7 but not in o, then
we should combine the dipoles (i,n) and (n, k) in o and include a factor of

= (e = 2 ™) 305 = 2) (M) (3.50)
J

or the corresponding conjugate. This corresponds to the third line in eq. (3.14). Again a
possible 1/N correction arising when o and 7 are equal vanishes because contributions of
the type s|- - -]t require o and 7 to differ by one flip (see the second bullet point in the list
above eq. (3.13)). Finally, if the gluon is connected to itself in both ¢ and 7, we include a
factor of .
3 (i = M)A — A)Re [wz.(”) (w§">) ] , (3.51)
i,
corresponding to the fourth line in eq. (3.14). Armed with these rules it is possible to go
ahead and compute the first subleading colour contributions to the BMS equation. We
leave such a phenomenological study to future work.

4 Conclusions

Accounting systematically for partonic radiation in short-distance scattering processes is
of practical importance and theoretical interest. Progress in accurately accounting for this
physics has been dominated by coherence-improved parton/dipole shower Monte Carlo
programs [2-4] though to date these are all limited to leading N, with some subleading
improvements [18]. Probably the main challenge in going beyond leading N arises because
of the need to include quantum interference effects, which would seem to necessitate an
amplitude-level approach. This paper represents our first steps towards the implementation
of a general algorithmic approach to amplitude-level parton evolution, which has also been
advocated in [19]. We anticipate that numerical results using the technology outlined in
this work will be available soon, and we postpone a detailed discussion of the computational
methods to a follow-up work.

Acknowledgments

This work has received funding from the UK Science and Technology Facilities Coun-
cil (grant no. ST/P000800/1), the European Union’s Horizon 2020 research and inno-
vation programme as part of the Marie Sklodowska-Curie Innovative Training Network
MCnetITN3 (grant agreement no. 722104). JRF thanks the Institute for Particle Physics
Phenomenology in Durham for the award of an Associateship. MDA thanks the UK Sci-
ence and Technology Facilities Council for the award of a studentship. SP acknowledges
partial support by the COST action CA16201 PARTICLEFACE, and is grateful for the
kind hospitality of ESI at Vienna, AEC at Bern and MIAPP at Munich, where part of
this work has been addressed. We are indebted to Thomas Becher for valuable discussions.
Figures have been prepared using JaxoDraw [42].

®Recall we are ignoring any off-diagonality due to the hard scattering matrix in the way we count flips.

~ 93 -



A The connection with other approaches

In this appendix we show how the colour evolution algorithm defined by eq. (2.1) relates
to the previous work of Becher et al. [14] and Caron-Huot [11, 30].

A.1 Becher et al.

In [14], the hard process eTe™ — 2 jets is considered with the requirement that the to-
tal energy emitted outside of cones centred on the two (back-to-back) jets should satisfy
2E,u < BQ where Q = +/s. This observable is of the type described by our eq. (2.11)
and, because there are no coloured particles in the initial state, the Coulomb terms can
be neglected. Accordingly, in the leading logarithmic approximation they find (see sec-
tion 5.2 of [14]).

orL(0, 8) = 00 Tr (Sa({n1,n2}, QB, 0, 1))

o0
= 0o Z Tr (Ugm({nhn@}’&a MSa/‘Lh)@l) ’ (Al)
m=2
where 0 = tan(«a/2) (« is the opening angle of the jets), up = @ and ps = QB. Formally,
the evolution operator is given by

U b 8smn) = (Peo | / W ]) (4.2)

s lm

where {n} is the set of [ light-like vectors that fix the directions of the final-state par-

tons, and
VoRy 0 0
Ly Ty Ty - 0 V3Rs 0
PHTHETG - |« -
r = H pH pH == 0 0 ViR | +0(a?) (A.3)
Ty Tyz Ty - S I Vs .- ’
with
m
dQ -
Vi =2 (Tir-Tjr+Tir- Tj,R)/Msz'j(k)a
i<j
R, = —4§:T- 1, Wi wij (Gms1) Ot (Gm1) (A.4)
m - i,L R e ij\dm+1) Yindm+1) - .
i<j

We are using the notation of [14], so the ©in(gm+1) restricts the emitted gluon with momen-
tum ¢, 41 to lie inside either the quark or anti-quark jet (defined by the cones around their
directions). In other words, the “in” (jet) region corresponds to what we previously called
the “out” (of gap) region. The subscripts “L” and “R” on the colour charge operators
denote that they sit to the left or right of the object upon which they operate. Expanding
the exponential in eq. (A.2) gives rise to exactly the same series as using eq. (2.5) (see
eq. (5.17) of [14]).
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A.2 Weigert and Caron-Huot

We can also translate eq. (2.11) into the notation and language of [11]. The starting point
is to introduce a rotation matrix, U;, for each parton in the hard subprocess and each soft
gluon. Operators L; and R; are also defined such that

L¢U; = TIU;, R{U; = U, TH and (A.5)
L?Uj = UjL? R?Uj = UjRg, for ¢ 75 j (Aﬁ)

Their commutation relations are inherited from the colour algebra:
Ry, Lyl =0, [LELE| = apif™ LS, [RERE| = 60/ RS, (A.T)
Now one defines the one-loop kernel

2¢ dQS—Qe (AT
1 Qs [ (w; (Q)) N
K = T(2m) 2 o |wi(@0i(a)

atTabt b atTabt b apa at a
x (- R{US'LY - RYUZPLY + RYRS + L)
2—2¢

Ly 329, (

R{/R] — L?L?) ] , (A.8)
where 7 — 0 and 6;; — 1 gives rise to ordering in energy. Ordering in dipole transverse
momentum is obtained with 7 — —e and 0;; — O(p; - (p; — q) > 0)O(p; - (pi — q) > 0).
The corresponding equation for a general observable (i.e. eq. (2.6) for energy ordering and
eq. (A.14) for dipole transverse momentum ordering) is

do = [P exp( )\i:\%KS)) <M‘U1 e UN‘M>]
J

) (A.9)

)

Ui Unim—INgtm

which is fully differential. Here NN is the number of partons in the hard subprocess, the path
ordering acts over A and the colour matrices U; should be independent of this parameter.
In proving the equivalence of eq. (A.9) with eq. (2.6) and eq. (A.14) it is useful to note that

dA, (1) 1 ayTaby b agTaby b apa aya o

Qs Iu2€ ~”Q272E d92;26 d\,
7T(27T)_2€ %) 7t 92;26 )\}L-‘:-Qe

—im

(RYR? — LILY) ] O(An_1 < An < Ant1),(A.10)

) for dipole ordering (see below). Up

here A\, = E, for energy ordering and A, = q,(fj
to the Coulomb gluon term, this is equal to the lowest order resummation contained in
equations (2.7) and (2.14) of [11]. This is also very closely related to the work of Weigert [7].

Another way to write eq. (A.9) is via a generating functional:

dA

i#]

Zo, (A.11)
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where Zy = <M‘U1 . --UN‘M> and

04
/ 6Ul e 6Un+m {U;}=0 ( )

The case A\, = qq(jj ) is reminiscent of (but not the same as) the dipole transverse
momentum ordering we discussed in section 2.2 (see eq. (2.30)). Indeed, eq. (A.9) can be

re-written as a recurrence relation:
Ai(lly]l),,(lny]n)}(lua = (A13)
qugnjn) [ainjn (qn)TinA;{l(i11,j1)7--.,(in—17jn,—1)} <q7(linjn)) T, Wij (Gn) vi

pgi )

where Ag(p) =V, 0 HVL,Q and V is defined analogously to eq. (2.2). Formally, each of
the gluons should have an energy E < @ and this is imposed via 6;,;,(gn). In [27], direct
calculation led to 0;;(q) = O(p; - (pj —q) > 0)O(p; - (pi — ¢) > 0) and we introduce it here
to cut-off arbitrarily high momentum modes. We cannot avoid the long chain of indices
because the observable is obtained by integrating over the multi-gluon phase space subject

t0 © (qfl,jl) > ) ) ie.

N N+1 N+n—1

U:Z [(ﬁ/dl‘[) ZZ Z @<q§ilj1)>q§i2j2)>“'> un (k1 ko, -+ kn)
n i=1

11,41 2,J2 in,Jn

X’I‘I‘A—il(zl7j1)7"7(Z7L7]7L)}(//L)] s (A.14)

where i, jm < N +m — 1 and N is the number of hard partons. As pointed out
in [11, 30], choosing the dipole transverse momentum to order the emissions is, ultimately,
a renormalization scheme choice in the effective theory, albeit one that has the virtue of
making Lorentz invariance manifest. The dipole transverse momenta of successive real
emissions are ordered and this set of ordered momenta acts to limit the virtual gluon loop
integrals in eq. (A.14).

We note that dipole ordering avoids all collinear poles except for those associated with
the very last emission. This is a very attractive feature. The proof proceeds along the
following lines: for a given dipole chain, poles come from (p; - q) (p; - ¢) = 0. But this
quantity is proportional to the ordering variable, so the only possibility of it equalling zero
is the case of the final emission (when p = 0).

B On the cancellation of infrared divergences below the inclusivity scale

The aim here is to show that, for observables fully inclusive for £ < p, we can simply
impose £ > p in the algorithm. This fact follows because

n+1

oc=TrH+ Z/ <H de) TrAn+1(En+l) (Un+1(Q17 ) anrl) - Un((ha s 7Qn)) P
n=0 m=1
(B.1)
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hence if uy41 = u, for E,41 < p then one can set p as the lower bound on the energy
integrals for both real emissions and virtual exchanges.
To prove eq. (B.1) we make use of the identity

bdE dQ

Vi Ve —1=2
a,b E4

- VLDV, (B.2)

a
where we used the shorthand D?(g) = D¥(¢) D, (q) and the Sudakov operator is given in
eq. (2.2). Using eq. (B.2), we can rewrite the contribution to the observable from n real
emissions as

On = / (H d11 > Tr Vi, 0An(E)VE o (B.3)
= / (H de> Tr<An(En) _/dHn+1 An+1(En+1)>7
m=1

where it should be understood that Ey = @, i.e. Ag(Ep) = H. Eq. (B.1) trivially follows
from this expression by grouping terms that depend on the same trace.

C Non-global logarithms at fixed order in o

C.1 Calculation of ¥; at order o?

In this appendix, we compute the fixed-order expansion of the non-global logarithmic con-
tributions to the hemisphere mass. Apart from checking the correctness of the algorithm,
this allows us to confirm that the expansion proposed in section 2.1 is indeed free from
infra-red divergences at each order, i.e. the X, are separately finite. We will be very explicit
in the hope that it will be useful to see how a calculation proceeds in detail.

First we compute the hemisphere jet mass to fixed order, as in Dasgupta-Salam [6]. As
they do, we start by computing the lowest order non-global correction to the cumulative
event shape where the jet mass is required to be less than p. We can do this by using the
algorithm with p = p and taking the “out” region to be the region of phase space that
does not contribute to the hemisphere jet mass, i.e. it is the wrong-side hemisphere. The
“in” region is the complement of this. Note it is only to leading In(Q/p) accuracy that the
observable is fully inclusive over gluon emissions with £ < p. In which case we may write
(see eq. (2.29) with V — Vi, and —%DQ —):

P do n inf} t int
—dp -~/ dIly [Tl"( p.e DY \%: @VE PV, m )+
ou

(VpEmVEI QV;IjT)Jrﬂ(VmQVgQ 1v1;gl>} . (C.1)

We have set the Born matrix element equal to the identity (since we are considering a
two-jet eTe” event shape) and the factor of 1/N removes the colour factor for the lowest
order cross section. To lowest order,

vin 1_7 dEZ ~T;- T /jﬁ ’ (C.2)

1<J
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Expanding out gives (note the lower case notation, t,, which (only in this appendix)
indicates that these operators act on 3-parton objects):

- () L2 [ L2

Er qE
_4wab(q1) f Tr (( tlh waql (k) + tb . tq1 wbq1 (k‘) =+ ta . tb wab(k)) Ta . Tb)
o
QdE
_4wab(Q1) E wab(k) Tr(Ta : Tb Ta : Tb)
Ey
)
+2wab(q1) f wab(k) Tl“(Ta Tb Ta Tb)
p
QdE
+2wab(q1) f wab(k) TI‘(Ta Tb Ta Tb)
Ey
QdE
+2wab(q1) f wab(k) TI‘(Ta . Tb Ta . Tb):|
p

which reduces nicely to
a\24 [ [CdE; [ dy By aqpy [ dy
D —_ (Zs\ 2 = C4
o= 5B LW E L) ©
Xwap(q1) Tr[(ta - tg, Waql(k) + tp - tg; wWhg, (k) + (ta - 65 — T - Tp) wap(k)) T - Tp] .
To compare to [6] we write
Da (1,0,0,1) (C.5)

Dby = (17[)70)_1)

w\@w\@

q1 = xlg(l, 0,sin 6y, cos 61)

k= xQ%(l, sin O sin ¢, sin 6, cos ¢, cos O2)

and
g, (k) = (1 —cosbh)
aq - (1 —cosfy) (1 — sin 6 sinfy cos ¢ — cos b1 cos O3)
wng, () = (14 costh)
bar - (1 + cosfy) (1 — sin 6 sinz cos ¢ — cos b1 cos O3)
(1) = ——
ablq1) = sin2 91
2
(k) = —— . C.6
OJ b( ) SiIl2 92 ( )
We can do the azimuthal integral using
| : = oo ©7
o 27 (1 —sin#;sinfycosp — cosfycosby)  |cosb — cos b '
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then

S (p) = _(%)22 /1 diBl/ C0891 /xl de/ C0592
1) = w/) N p/Q T1 sin® 6, p/Q T2 sin? 6
(1 — cosby)(1 4+ cosbs)
cos 0y — cos 01

x [Tr(ta g T - Ty)

(1 —cosba)(1+ cosby)
cos 0y — cos 01

+Tr(ty - tg, Ty - T)

+2Tr((tg -ty — Ty - Tp) Ty - Ty) (C.8)
Now do the colour traces, i.e.
Tr(ty -ty Ty - Ty) = Tr(ty - t, To - Tp) = NCZ + (“;F
Tr(t, -ty To-Tp) = —%,
Tr(T, - Tp Ty - Ty) = NC% . (C.9)

So that

2 1 X1
S1(p) = —NChr (%> / dxl/ cosﬂl / dxg/ cos92 (C.10)
T p/Q 1 sin 01 p/Q T2 sin 92
XCOSHQiCOS(% [(l—cos 01)(1+cosf2) + (1—cosbs)(1+cosb1) — 2(cos by —cos 91)]

s\ 2 O d(cos @) L d(cos o) NCF
~— (22) 12 Skt
(7r> w(Q/p) (/1 sin? 6, > </0 sin? 0, > cos B — cos 6
X (1 — cosf2)(1 + cosby) .

Using
" [ 1 @
/—1dx /o dy (y—2)1-2)1+y) 2 (C.11)
gives
Bi(p) = 5@ () mQ/p). .12

which is equal to the result in [6].

C.2 Calculation of ¥; and Y5 at order ozf;’

The same methodology as in the previous subsection can be used to compute Yo at order
ozg’, and X at the same order. The sum ¥; 4+ X9 then gives the non-global contribution at
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order o. The result for ¥ is
Sop) = L [ s QdEldQl/ ozs/EldEngQaS ko/Eszk[
Noutﬂ'pE147T ot ™ J, B2 4w m )iy 47 J, Eg
— 4CACE (wab(q1)wab (q2)wag, (k) + wab(q1)wap (g2)wsg, ()
—204CF (Wab(q1)wab(q2)Wagy (k) + wap(q1)wab(q2)wWhg, (k)
+2C5Cp (wab(q1)wab (42)wab (k) — wab(q1)wag, (92)Wag, (k)
+ Wab(q1)Wag, (§2)Wags (k) + Wab(q1)wWags (§2)Wqy g (k) — wab(q1)wbg, (g2)Whg, (K)

Fwab(q1)Whg, (42)Whgs (k) + wab (1) Wy, (42)wWqy g, (K)) }
1 QdE1 dmdcbl / = dEz dnada as / dnpdoy, /EdEk{
out T P in P

N out T P

dr 7 47 E;

4C5 02
2CACrea(an) (AR + ARy = AGY) + == wan(@1)wan(a2) (A - Agz’“>]
ag\3 In 3
= (%) L@Cﬁ(}pg(s) . (C.13)
T 3!

In order to facilitate comparison with the work of Delenda & Khelifa-Kerfa [8], we have

used the notation

AZ = wan(4:)(Wag, (45) + waib(4) — wan(a7)) , (C.14)
see eq. (2.2b) of [8]. In addition, X at order a3 is
592 (p) = € dE; dQl / a; [P dBydQya, [ A /E dEk[
! P _N out7T P 1 in P E2 4 in 4 Ek

CaCF (wab (q1) wap (Q2) (Wag, (k) + wig, (k) — wap (K))
+ wab (q1) Wab (k) (Wag, (q2) + Whey (42) — wab (g2)))
+ C4Cr wap (1) (Wab (¢2) Wab (k) — wa1 (¢2) Wag, (k)

— Whgy (q2) Wog, (k) — Wi, (42) Wag, (k) — Wag (q2) weg, (K)) ]
/ @ dE; dmdqbl / as /E dEy dnpdes as / dnpdey, /EdEk[
out T Jp E1 in E2 dr 7w Jy, A7 P E;
_ CAC AquzAthk - QCACF( bAq1qz +w bAqlk)}
|
=2 (% ) D(Q/p) TP o2 o ¢ (3), (C.15)
T

where ALY = AT /wab(ﬂh) (see eq. (3.8) and eq. (3.11) in [8]). This is in agreement with

the result in [8, 9], which is written as

sof = _ / AT 090 W | 5B
Tr1>x2>73

22 = / dH123 G?Uteguteén <W?21§R +W?2‘gR> ’ (016)
xr1>T2>T3

where i = 0(n;), 09" = 6(—n;) and explicit expressions for Wf;‘gR and Wﬁ@’% are pre-

sented in [9].
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D Working in a non-orthogonal colour basis

Generally we wish to compute
(H|V'V|H) = Tr(0) (D.1)

where O = V|H)(H|VT, and |H) represents the hard scattering process while V accounts
for the subsequent evolution (real and virtual). Since the basis is non-orthonormal it is
useful to introduce dual basis vectors, |a] defined so that

S ladlal = Slal(al =1 and
(al 8] = [a]B) = bag - (D.2)
We can now write

Tr(O) = Z Tr([o|O|7] (r]o))  and (D.3)

O =) [0|Olr]|o)(] . (D.4)

o, T

Our interest is to compute the matrix elements [0|O|7]| for a specified pair of external
states, ¢ and 7. This we do by evolving inwards from the external states, stripping off
soft-gluon operators as we head towards the hard scattering (which lies at the heart of O).
The key result in allowing us to accomplish this is the fact that we can write O = LO'R
where L and R are colour reconnectors, which means

Rla) = C%|8)  where C%=[8R]a) . (D.5)

Note that there is no sum over § on the right-hand side, i.e. reconnectors constitute a
unique map from one basis vector into another. A similar relation holds for L. To make
the equations slightly simpler, we will put L = 1 in what follows. We want to calculate

[0]O'R|7] =  [0]0'|a](a|R]7]

=Y [0l0a]([r[Ra))" (D.6)
= > [l0'|a)(C [718))" (D.7)
= [o|0'|a) ¢, (D.8)

where the state & satisfies R|a) = C%|7). In this way, we see that it is possible recursively to
strip off evolution operators leaving behind c-number factors and reduced matrix elements
in the dual basis.

In the particular case of a real gluon emission (see eq. (3.14)) we must evaluate

[0|T; ATyl7] = ) _[o]Tila) (8|Ty|7] [a|Al], (D.9)
o,
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where

_ 1 _
[0|Ti|a) (BIT517] = de,o\m <)\z‘5cml(cn) = Aileio(en) = 3 (i — )‘i)cscnal(cn)> (D.10)

_ 1 _
X <)\j50j7'1(6n) — )\jéEjT(cn) — N(/\j — )‘j)dcm—l(én)> 5/377\71 .

This leads directly to eq. (3.14).
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