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PREFACE

Cartan geometry provides a uniform treatment of diverse geometric struc-
tures and in the case of parabolic geometries we even have an equivalence
of categories between manifolds endowed with the respective structure and
the corresponding (regular, normal) Cartan geometries.

In this text we will consider several homogeneous geometric spaces and ex-
plicitly construct the corresponding (normalized) Cartan geometries.

In Chapter [ we recall basic facts and notions of (principal) bundles.

In Chapter Bl we discuss the geometry of homogeneous spaces, introduce ho-
mogeneous principal bundles and motivate the extension of Klein geometry
to Cartan geometry.

In Chapter B we recall general facts of Cartan geometry, discuss in particu-
lar how reductions of structure groups can be described as reductive Cartan
geometries and recall induced connections.

In Chapter Hl we discuss invariant connections on homogeneous principal
bundles: homogeneous principal connections and homogeneous Cartan con-
nections are classified, explicit formulas for the curvatures derived and ap-
plications to invariant connections given.

In Chapter @ we treat homogeneous Riemannian spaces and derive the Levi-
Civita connection in this picture.

In Chapter il we recall basic notions of parabolic geometries resp. their un-
derlying structures and discuss the relation of a parabolic geometry with its
induced infinitesimal flag structure in the homogeneous case.

In Chapter [ we show how a homogeneous conformal structure on a mani-
fold is prolonged to a parabolic geometry.

In Chapter [§ we introduce contact and CR structures and prolong a family
of CR structures on SU(I +2)/U(l) to Cartan geometries.






1. DIFFERENTIAL GEOMETRIC BACKGROUND ON BUNDLES

Here we recall basic facts about principal bundles and fix some notations
on the way. We mostly follow [9], where one can find more details. In the
following all manifolds and all maps between them are smooth.

Definition 1.0.1. A fiber bundle with standard fiber S is a surjective sub-
mersion E =¥ M such that for every z € M there is a neighbourhood U of z
in M and a diffeomorphism ¢ : 73, (U) — U x S such that 7y = pry o ¢y,
where pry; : U x S is the projection to U.

FE is called total space and M is the base space.
(U, ¢p) is called a fiber bundle chart.

Thus all bundles we consider are locally trivial.

A morphism from a fiber bundle F; ™ M, to a fiber bundle Fy M M> con-
sists of maps f : By — Es and f : M; — M, which satisfy Tapof = fole.
One says that f covers f. Equivalently we can say that a morphism from
E; to Ey is amap f: Ey — Ej such that my, o f factorizes to a map from
M to Ms.

We denote the sections of a fiber bundle E — M by I'(E — M). The fiber
over a point x € M is written E,. The space of vector fields on a manifold
M will be denoted by X(M).

Observe that the transition function from a chart (U, ¢y, ) to a chart (Us, ér,),
which is a diffeomorphism of Uy NUy x S, is of the form (x, s) — (x,0(x, s)).
An atlas of the fiber bundle £ — M consists of a family of fiber bundle
charts (Ug, ¢u,, ) such that U, cover M.

Now we introduce the notion of vector bundle. Consider a fiber bundle
E — M with standard fiber a vector bundle V. A fiber bundle atlas of
E — M whose transition functions are of the form (z,v) — (z,0(x)v),
where 6 is a map from U into GL(V), is called a vector bundle atlas. Two
vector bundle atlases are equivalent when their union is again a vector bundle
atlas.

Definition 1.0.2. A wvector bundle is a fiber bundle F — M with standard
fiber a vector space V together with an equivalence class of vector bundle
atlases.

Every fiber E, (for x € M) of a vector bundle (E — M, V) is (canonically
endowed with the structure of) a vector space which is isomorphic (but not
naturally so) to V.

A morphism from a vector bundle (F; — My, V1) to a vector bundle (Ey —
M5, V3) is a morphism of fiber bundles (f : B3 — Es, f : My — Ms) such
that for every z € M; the map f|g,  is linear.

1.1. Principal bundles. Consider a fiber bundle G — M whose standard
fiber is a Lie group P. A fiber bundle atlas of G whose transition functions
are of the form

(z,p) = (z,0(x)p)
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for a (smooth) map 6 : Uy NUs — P is called a principal bundle atlas of
(G — M, P). Two principal bundle atlases whose union is again a principal
bundle atlas are called equivalent.

Definition 1.1.1. A P-principal bundle is a fiber bundle (G — M, P) to-
gether with an equivalence class of principal bundle atlases.

On a principal bundle (G — M, P) one has a natural right action of P.
In a principal bundle chart this right action is given by (z,p) - p’ = (x, pp’).
Obviously the orbits of this action are exactly the fibers of the bundle and
in fact for every u € G the map p — w - p is an embedding of P into G.

A morphism from a P-principal bundle G; — M; to a P-principal bundle
Gy — My is a morphism of fiber bundles (f : G — gg,f : My — M>) such
that f is P-equivariant, i.e., for every u €

Gi: f(u-p) = f(u)-p.

More generally we can consider morphisms from a P;-principal bundle G; —
M to a P, principal bundle Go — My when we have a homomorphism of
Lie groups ¥ : P, — P,. Then we say that a morphism of fiber bundles
f:G1 — Gy is a morphism between (Gy, P;) and (Ga, P2) over W if f(u-p) =
f(u)-¥(p) for all u € G1,p € P;.

Let P < P be a Lie subgroup of P. A reduction of a principal bundle
G — M is a principal bundle G’ — M’ together with a morphism of fiber
bundles f : G’ — G covering the identity on M such that f is P’-equivariant.
The most useful constructions one can do with a principal bundle are

1.1.1. Associated Bundles. Let (G — M, P) be some principal bundle and
S some manifold which is endowed with a left action of P. On G X S we
have a free action of P by

(u,8) - p:= (u-p,p~" - 5).
The orbits of this action are denoted
[[u, 5] := {(u-p,p~" - 5),p € P}
and regarded as equivalence classes.

Theorem 1.1.2. G xp S is endowed with a unique structure of a smooth
manifold such that the natural surjection

GxS+GxpS,
(u, s) = [[u, 5]
18 a surjective submersion.

In fact (G x S LG xpS, P) is a P-principal bundle.
The natural surjection

g XPS — M,
[[u, s]] = 7(u)

makes (G xp S — M, S) to a fiber bundle with standard fiber S.

There is a unique map

T:GXxp(GxpS)— S



(where Xy is the fibered product) such that for mwy(u) = mar(u')

[/, 7 (', ([, s]D]] = [[u, s]]- (1)
Remark 1.1.3. Since
[[up, T (up, [[u, s]])]] = [[u, s]]
by (@) and
[[up,p™" - 7 (u, [fu, 1] = {fu, 7(u, [[u, s]])]]

by definition of the equivalence relation on G x P we see that 7 satisfies

T(upa [[ua SH) = p_l : T(ua [[ua SH) (2)
by uniqueness. J
Remark 1.1.4. When we have a representation ¥ : P — GL(V) of P on a
vector space V the associated bundle G xp V' — M is a vector bundle with
modelling vector space V.
When ¥ : P — P’ is a homomorphism of Lie groups the associated bundle

G xp P’ — M is a P'-principal bundle over M, where the P-principal action
is given by

[[w, p]] - 1’ = [[u, pp']].

1.1.2. Factorizing equivariant maps and forms. Later we will often use the
following relations between functions and forms on the total- resp. base-
space of a principal bundle.

Here (G — M, P) is an arbitrary principal fiber bundle.

Theorem 1.1.5. Let S be some manifold endowed with a left action of P.
There is a 1:1-correspondence between P-equivariant maps f : G — S and
sections of G xp S — M.

Denote the set of all P-equivariant maps from G to S by CF(G,S). Then
the bijection is: for a section

s: M — G xpS with mo s = idy;
the corresponding equivariant function f: G — S is given by

u— 7(u, s(m(u))).

Proof. First consider a section s € I'(G x p S). We need to show that
u— 7(u, s(m(u)))
is P-equivariant. So take u € G,p € P. Then
7(up, s(m(up))) = (up, s(7(w))) =p~" - 7(u, s(m(u)))

by @).
Now we have to show how an equivariant f : G — S conversely determines
a section s: M — G xp S. But by equivariancy of f the map

§:g—>gXpS,
w = [[u, f(u)]]
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is constant on the fibers of G. Thus it factorizes to a section M — G xp S.
That this section is really smooth simply follows from the fact that G — M
is a surjective submersion: this is equivalent to the existence of smooth local
sections ¢ : M D U — G, by which one can pullback §: G — G xp S to
s:=8o00: M — G xpS. Since § is constant on the fibers of G we see that
s = So0 really doesn’t depend on the particular local section o : U — G. [J

Now let V' be some finite dimensional vector space.

Definition 1.1.6. A V-valued ¢-form w on G is called horizontal if w(X1, ..., X,) =
0 whenever some X; € VG ={X € TG : Tn(X) = 0}.

Denote by Qp(G, V)" the set of all P-equivariant, horizontal, V-valued
forms on G and by Q(M,G xp V) the set of all G X p V-valued forms on M.

Theorem 1.1.7. A V-valued form ¢ on G factorizes to an G X p V-valued

form on M iff ¢ is horizontal and P-equivariant, i.e., if ¢ € Qp(G, V).

Le., we have an isomorphism of vector spaces between Qp(G, V)" and

Q(Ma g Xp V)

Explicitly, for a ¢ € QYM,G xp V) we define 7 ¢ € Qp(G, V)" by
(X1, .., Xe) = 7(u, §(Trp X1, ..., Trar Xo))

for Xq1,..., X, € T,,G.



2. INTRODUCTION TO KLEIN AND CARTAN GEOMETRIES

2.1. Homogeneous spaces. Define G/P := {gP, g € G}, the set of all left
cosets of P in G. G/P is called a homogeneous space and has a unique
smooth structure such that the natural surjection

TG/p

a4 qp

is a surjective submersion. (See for instance [9], Chapter II.) In fact, G —
G/P is easily seen to be a P-principal bundle.

Additional structure on G — G/P comes from the left action: For g € G
we introduce the maps

(9 = gg', \g(g'P) == gg'P.

Obviously G acts thus on G/H by A and left-multiplication is a lift of this
action to an action of GG on itself. Also, since left and right multiplication
commute, g € G acts thus by an automorphism of the P-principal bun-
dle G — G/P covering \,. It is furthermore obvious, that this action is
transitive.

Thus we found the simplest example of a homogeneous principal bundle:

Definition 2.1.1. Let H by a Lie group and K < H a closed subgroup. A
homogeneous P-principal bundle over H/K is a P-principal bundle G ——
H/K together with a lift of the action of H on H/K to an action on the
principal bundle by automorphisms: we demand that for all h € H,u €
g,pep

i. m(h-u) = hr(u) and
ii. h-(u-p)=(h-u)-p.
Definition 2.1.2. Let Gy — H/K,Gy, — H/K be homogeneous P-principal

bundles. A map ® : G; — G5 is a homomorphism of homogeneous principal
bundles if for all w € G; and p € P

L ®(u-p)=o(u)-p
ii. ®(h-u)=h-®(u

~—

2.2. Klein Geometries or the Geometry of Homogeneous Spaces.
A pair (G, P) for a closed subgroup P < G, is called a Klein geometry. In
the Klein geometric picture one regards the (left-)action of G on G/P as au-
tomorphisms of a geometric structure, and G is the full automorphism group.

Definition 2.2.1. A Klein geometry (G, P) is called reductive if there is a
P-invariant complement to p in g,i.e., if g = n P p as P-module for some
vector-space-complement of p in g.

A Klein geometry (G, P) is called split if there is a complement of p in g
which is a Lie subalgebra.

The geometric study of the Klein geometry (G, P) means that we find
“invariants” of the G-action on the homogeneous space G/P.
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We start by discussing invariant sections of appropriate (vector-) bundles.
We will be able to discuss some invariant differential operators, namely con-
nections on T'(G/P), later in after having developed the necessary
background.

2.2.1. Homogeneous Bundles. In this section we follow [5]. Analogously to
T we introduce

Definition 2.2.2. A homogeneous fiber bundle over G/P is a fiber bundle

E ™ @/P with standard fiber S together with a lift over 7y of the action
of G on G/P to an action on E.

Definition 2.2.3. A homogeneous vector bundle over G/P is a vector bun-

dle E ™ G/P with standard fiber a vector space V together with a lift
over s of the action of G on G/P to an action on E by vector bundle-
automorphisms.

Like above for homogeneous principal bundles the morphisms of homo-
geneous fiber- resp. vector- bundles are morphisms of fiber- resp. vector
bundles which are also G-equivariant.

Theorem 2.2.4. Let E — G/P be a homogeneous fiber bundle with stan-
dard fiber S. Then there is a left action of P on S such that E — G/P s
isomorphic to G xp S — G/P.

Proof. We give a brief sketch of the proof:

Since the restriction of the action to P lets o = P € G/P invariant the
fiber over o is invariant as well. But F, may be identified with S and one
thus obtains an action of P on S.

One has an obvious left action by G on {[[g, s]|} by ¢ - [lg, s]] :== [[d'9, s]],
and this is a lift of the action of G on G/P.

Now one completes the proof by verifying that the map
GxpS— E,
g, 8]l —~g-s

is a G-equivariant diffeomorphism covering the identity. O

For the special case of homogeneous vector bundles one has

Theorem 2.2.5. Let E — G/P be a homogeneous vector bundle with
standard fiber V. Then there is a representation of P on V such that
(FE—-G/P, V)2 (GxpV —G/P,V).

Note that the general frame bundle GLY(E) of G xp V — G/P is G xp
GL(V) — G/P.

For the case of homogeneous principal bundles one has
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Theorem 2.2.6. Let G — H/K be homogeneous P-principal bundle over

M =

1.

H/K and ug € G, some arbitrary point in the fiber over o = K € M.

There is a unique homomorphism of Lie groups ¥V : K — P such that
Hxg P — g,
([, pl] = - (uo - p)

is an isomorphism of homogeneous principal bundles.
For uy = ug - po the corresponding homomorphism is

U = conj, -1 0 W.

The isomorphism classes of homogeneous P-principal bundles over H/K
are the Ny (K) x P-conjugacy-classes of Hom(K, P): given W1, ¥y €
Hom (K, P), the associated homogeneous principal bundles are isomor-
phic iff there is an element hy in the normalisator N (H) of K in
H and an element pg in P such that ¥y o conjhgl = conj,, o ¥q,or

equivalently, Wo = conj, o ¥y o conjy, .

Proof. i. Since the action of H on H/K lifts to an action on G we see

that its restriction to K leaves G, invariant, it commutes with the
right-action of P. Now the map p — wug - p embeds P into G as G,
in particular, every element in G, my be uniquely written as ug - p.
Therefore the action by K on G, is already determined by its action on
Uo.: We have a map ¥ : K — P such that k-ug = ug- ¥ (k). Now, given
ke Kandpe P =G, wehavek-(up-p) = (k-up)-p= (up-V(k))-p=
uo - (U(k)p). And it is easy to see that ¥ is in fact a homomorphism
of Lie groups:
ug - \I/(/{?k,) = (/{?k,) Uy = k - (/{3, . uo)

=k (uo- Psi(k")) = (k-up) - U(k)

= (uo - U(k)) - U(K') = ug - (¥(k)¥(K)).
Now one describes G as an associated (principal) bundle of H: We show
that G &2 H xg P as homogeneous P-principal bundles. We already

remarked in [CT4 that H xg P naturally carries the structure of a
P-principal-bundle:

(7, pl) - p" = [, 1]

It is also clear that it is homogeneous in the sense of EELTkthe lift of
the action of H on H/K to an action on H X P is given by

R (b, pl] = [[W'R, pll.
Now the map
HxgP—G,
[, P} = £ - (uo - p)

covers the identity on H/K and is both H- and P-equivariant. Thus
it is already an isomorphism of homogeneous principal bundles.
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ii. What happens when we start with another point wy = ug - pp € P?
Then

u - W(k) =k-up =
=k (ug - po) = uo - (W(k)po) = ug - (py ¥ (k)po)-
Thus ¥’ = conj, -1 0 ¥,
iii. We know that every homogeneous P—principal fiber bundle over H/K

is isomorphic to H Xy P — H for a homomorphism ¥ : K — P. Given
two homomorphisms ¥, ¥y : K — P, when is there an isomorphism

@:HX@IPHHX\IQP?

Take an arbitrary representative (hg,po) of ®([[e, €]]w,). Since & com-
mutes with the actions of H and P

O([[h, pllw,) = @(h[le, e]]w,p) = h{[ho, pollw,p
= [[hho, pop]]w, -
Since (e, ellw, = [[k, 1(k~ )]},
[[ho, pollw, = @([[e;e]]w,) =
O([[k, U1 (k™) )w,) = [Kho, po¥i (k™ )w,)-
So there is a k such that
(hok, W (k™ )po) = (kho,po¥1(k™"));
We see k = hg 'kho and Wa(hg 'k ho) = poW1(k~)py*.
U

So we described an arbitrary homogeneous P-principal bundle as a quo-
tient of the trivial bundle H x P. We have a K-principal bundle whose base
is a P-principal bundle:

HxP=—K

|

HXxg P<—P

|

H/K

2.2.2. Invariant Sections of Homogeneous Vector Bundles. Take some vec-
tor space V and a representation of P on V| i.e., the data defining a ho-
mogeneous vector bundle of G/P. Then we ask whether there are sections
s:G/P — G xpV which are invariant under the action of G, i.e.:

s(g'gP) =g - s(gP).
Given such an invariant section s it is obviously already completely de-

termined by its value at o = P € G/P since then at gP by invariance
s(gP) = g - s(o). But by invariance under P it is necessary that for p € P

p-5(0) = s(0). (3)
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Let s(o) be [[e,vp]]. Then @) reads as
[[e, vo]] = s(0) = p - s(0) = [[p, vo]] = [[e; p - vo]]

which is equivalent to p - vy = vg; i.e.: vg is invariant under P.
Since one can conversely construct a (unique) invariant section s which is
given by [[e, vg]] at o we have shown

Theorem 2.2.7. G-invariant sections of the vector bundle (G xp V. —
G/P, V) are in 1:1-correspondence with P-invariant elements of V.

(One can also employ Theorem to show this fact: sections of G xp
V — G/P correspond to P-equivariant functions from G to V; now invari-
ance of a section is easily seen to be equivalent to the corresponding function
to be constant, and thus the criteria that it is P-invariant simply means that
its value is P-invariant.)

Ezample 2.2.8. Consider some representation ¥ : P — GL(V) Then for
1,7 € Ny

TG xpV):= (&G xpV))® (2(GxpV)) =
=G xp (@V*) @ (V) =G xpT}V

and thus G-invariant (i, j)-tensors on the vector bundle G xp V' — G/P are
in 1:1-correspondence with P-invariant elements of (®ZV*) ® (®]V). 1

Ezxample 2.2.9. Since
T(G/K) =G xpg/p,

it follows from the previous example that invariant (pseudo-) Riemannian
metrics on G/ P are P-invariant (pseudo-) inner products 3 on g/p.

Every such  endows g/p with the structure of a euclidean space and since
B is invariant under P we have in fact that ¥ : P — V has values in O(V, 3).
We can thus reduce the general frame bundle of this vector bundle to the
orthogonal frame bundle

G Xp O(V, ﬁ)

2.3. From Klein to Cartan. When studying the geometry of homoge-
neous spaces one regards G as the automorphism group of some geometric
structure on G/P. In B we already noted that (G — G/P,P) is a P-
principal bundle.

So far the choice of automorphism-group is a bit arbitrary and rather ex-
trinsic since not every principal-bundle automorphism of G — G/ P is a left-
multiplication. We want to get intrinsic geometrical data of the P-principal

bundle (G — G/P, P):
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2.3.1. Encoding the geometry as an explicit structure on the bundle. What
we want to do is to encode the (Klein-) geometric structure into a form on
G: i.e.: a form w on G such that those principal-bundle automorphisms of
G — G/P which preserve this form are really exactly left multiplications
by elements in G. Once we have done this, we have thus described the
(Klein-) geometric structure on G/P by this form, and this description of
the structure as (G — G/P,w) we will then generalize from homogeneous
spaces G/P to arbitrary spaces.

2.3.2. The Maurer-Cartan form. The answer to our problem is the Maurer-
Cartan form w™®, which is a way to write the left-trivialization:

WwMT N, X) ==X or
wMC(gh) - (Te)\h)ilgh = Th)‘hﬁlgh-

So wM€ is an g-valued 1-form on G, or WM € QY(G, g). When we view it
as a diffeomorphism of T'G with G x b it is simply left-trivialization.

Theorem 2.3.1. Consider a Klein geometry (G, P) with connected G/P.
MC

An automorphism ¥ of the P-principal bundle G — G/P preserves w™'“,
1.€.,

iff U is left-multiplication by some g € G.

Proof. In the following w = w™C. First take some ¢’ € G. We show that
Ayw = w: This is equivalent to

wyg(TyAgr€g) = wg(&g)
for {; € T'G,. By definition of w
wy g(TgAg&g) = (TAgg/)_ng)‘g’gg'
Since )\g/g = )\g/ o Ay we have )\;; = )\g_l o )\;,1 and thus
(TAg’g)ingAg’ = Tg)‘gl(Tg’g)‘g’)ing)‘g’ = Tg)‘gjl-
Thus indeed
wyg(TgAg&y) = Tg}‘gjlgg = Wg-
Now conversely consider an automorphism v of the P-principal bundle G —

P which satisfies @). For X € g and g € G we define Lx(g) := T\, X, i.e.,
Lx is the unique left-invariant vector field with Lx(e) = X. Now (H)

Wy (g) (TgW(Terg X)) = we(TeAgX) = X,
reads
TyVLx(g9) = Lx(¥(9)),

which just says that Lx is related to itself by W. Thus it follows for the flow
of Lx that

U(FI* (9)) = FI;* (¥ (9))- (5)
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But FI*X (g) = gexp(tX), and thus () is equivalent to
V(g exp(tX)) = ¥(g) exp(tX).

Every element of the identity component G, of G may be written exp(X;) - - - exp(Xx),
and thus for g1 € G,¢ € G, V(g19) = ¥(g1)g’. Since ¥ is assumed to be

an automorphism of the P-principal bundle G — G/P it is P-equivariant.

But that G/P is connected is equivalent to P intersecting every connected
component of GG, and thus every element g of G may be written g = ¢'p’

with some ¢’ € G,,p’ € P. Thus ¥(g19) = ¥(g1)g, and thus one has

V(g) = ¥(e)g;
i.e., U is simply left-multiplication by ¥(e) € G. O

Thus the Maurer-Cartan-form solves our problem of describing the (Klein

geometric) automorphism group G intrinsically: The automorphisms of a
Klein geometry ((G, P),wM®) are the principal-bundle automorphisms of
G — G/ P which preserve wM.
Our next aim is to generalize the Klein geometric notion of geometric struc-
ture to general, not necessarily homogeneous, manifolds. For this we want
to find properties of wM® € Q(G, g) as strong as possible which still make
sense in the general setting. Writing M = G/P, G = G, w = wM% these
properties are

i. w is P-equivariant
ii. w(%ltzouexp(tX)) =Xforallueg, X ep
iil. wy @ Ty,G — g is an isomorphism for all u € G.

Now we use these properties to generalize Klein geometries to

2.4. Cartan Geometries.

Definition 2.4.1. A P-principal bundle G — M together with a form
w € NG, g) is called a Cartan geometry of type (G, P) if w satisfies (fl), ()
and (). w is called a Cartan connection.

Definition 2.4.2. Let (G; — M;j,w1) and (Go — M, ws) be Cartan geome-
tries of type (G, P). A morphism of Cartan geometries of type (G, P) from
(Gi — Mj,w1) to (G2 — Mas,ws) is a morphism of principal bundles which
pulls back wy to wy.

We will regard a Cartan geometry of type (G, P) to be modeled on the
Klein geometry (G, P), and we call (G, P) equipped with w™¢ the homoge-
neous model of Cartan geometries of type (G, P).

If w = wMC is the Maurer-Cartan form on G it is well known that it satisfies
the Maurer-Cartan-equation

dw(&,n) + [w(§),w(n)] = 0.

Definition 2.4.3. The curvature K € Q2(G, g) of a Cartan geometry (G —
M, w) of type (G, P) is the failure of w to satisfy the Maurer-Cartan-equation:

K(&m) := dw(&,n) + [w(§),w(n)].
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The picture that a Cartan geometry of type (G, P) is a 'curved analogon’
of the Klein geometry (G, P) is based on the following

Theorem 2.4.4. A Cartan geometry (G — M,w) is locally isomorphic
(as Cartan geometry) to the homogeneous model (G — G/P,w™C) iff its
curvature vanishes.

(For a proof see for instance [B] or [12]).

2.5. The general setting of this text. There are two general geometric
problems related to Cartan geometries: First: Interpret the geometric struc-
ture described by a Cartan connection. and Second: Given some geometric
structure on a manifold M, can one prolong it (uniquely) to a Cartan ge-
ometry?

We will mostly be concerned with the problem of prolonging a given geomet-
ric structure to a Cartan geometry. This we will do for cases of homogeneous
Cartan geometries:

Definition 2.5.1. Let M = H/K be a homogeneous space. We define the
notion of a homogeneous Cartan geometry on H/K: Let (G — H/K,w) be
a Cartan geometry (of some type (G, P)) on the homogeneous space H/K.
It is called homogeneous if H acts on G by automorphisms Aj of the Cartan
geometry (G — H/K,w) which cover .

In this simpler setting we will be able to explicitly describe several pro-
longations.
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3. SOME BACKGROUND ON PRINCIPAL AND CARTAN CONNECTIONS

3.1. Principal connections. Let s : P — M be a P-principal bundle
and denote the principal right action of an element p € P on P by rP; i.e.:
rP(u) = u - p for u € P. The fundamental vector fields on P are

d
Cy (u) == %\tzou -exp(tY)

for Y € p.

Definition 3.1.1. A p-valued 1 form « on P is called a principal connection
on P if the following two conditions hold:

i (rP)y =Ad(p~') o ;
ii. fy(%ltzou ~exp(tX)) = X for all u € P and X € p.

le.: ~ is P-equivariant and reproduces the generators of fundamental
vector fields.
The kernel of a principal connection v € Q'(P,p) is a smooth subbundle of
TP, called the horizontal bundle HP. H'P is complementary to the vertical
bundle VP = ker T'w); and both subbundles are P-invariant.
By definition, ker T, w3y = V' Py, thus Ty, mys is an isomorphism of HP,, with
TrrrwyM. This allows us to lift vector fields £ on M uniquely to horizontal
fields £ on P.
For a principal connection we have a natural notion of curvature, namely
the failure of the horizontal bundle to be integrable; this we encode in the
principal curvature form

P(fﬂ?) = _7([§hor777h07’]) for §,n € %(P)

where subscripts denote projections to the respective subbundles.
p is in fact a two-form; take u € P: that p,(&,n) really depends only on
&(u),n(u) is equivalent for the map

X(P) x X(P) — p,
§&n— (& m)

&,n— v(&,n) to be linear not only over R, but also over C*°(P). For this,
take a f € C°°(P); note that (fn)nhor = f(N)hor since horizontal projection
is algebraic and thus

[Shom fnhor] = f[ghora nhor] + (fhor : f)nhor-

But the latter term is horizontal, and thus lies in the kernel of ~.
By definition,

p(&,n) = dv(€ — Cye),n — Cyy))-
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Lets calculate dy(Cy, &) for Y in p. For this, note that F15Y (1) = uexp(tY).
So

d
(Ley7)(u) = EHZOV(TFlfYﬁu) =
_d
~ dtje=o
= —ad(Y)7(&)-

But since also Loy y = icy dy+d(v(C(Y))) = dy(Cy, -)+0, we have dy((y, §u) =
- (Y),v(&w)]- Therefore

d
V(Trexp(ty)fu) - E‘t:OAd(eXp(_ty))fy(gu) =

Ay (€ = Cye) M = Gym)) =

= dy(§m) — dv(Cye)»m) + dV (s €) + dV(Cye)s Sym)) =

=dv(&n) + (Y] = [v(n), v()] — [V(&),v(m)] = dv(&,m) + [v(§),v(n)]-
So

p(&,m) = dy(&,n) + [v(&),v(n)]-

3.2. Induced linear connections. Let ® : P — GL(V') be a representa-
tion of P on V. Then we can construct the associated vector bundle P xp V.
We induce a linear connection (a covariant derivative) on P xp V: given
a vector fields £ € X(M) and a section s € T'(P xp V), let g be the P-
equivariant function from P — V corresponding to s; then we define the
section V¢n of P xp V' as the section corresponding to the P-equivariant
function €797 - g. It’s easy to check that this defines indeed a linear connec-
tion.

In fact one automatically has a linear connection on every tensor power of
P xpV in the same way: for some section s € T'(P x p (®'V*) @ (@7V)) take
the corresponding P-invariant function f : P — (®@'V*)® (®/V). Then Vs
is the section of P x p (@'V*) ® (27V) corresponding to £"r - f.

Lets calculate the curvature of the induced connection: Take &,n € X(M)
and ¢ € I'(P xp V). Then the curvature of V is defined as

R(&,n)¢ = VeV = VyVel = Vie €.

R is skew-symmetric, bilinear and has values in End(P xp V); ie., R €
Q*(P xp V,End(P xp V)). It is the failure of the map ¢ — V¢ from
X(M) — End(I'(P xp V)) to be a homomorphism of Lie-Algebras.

Lets calculate it: let g be the function P — V corresponding to (; then
R(&,m)¢ corresponds to

ghor i (nhor X g) _ nhor X (é-hor i g) . [§7n]hor g = [ghor’nhor]vert g =
= —y(ghor yrory - g = ' (p(E"7 ")) 0 g.
Thus
R(& )¢ = @' (p("",1""))¢;
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But p is horizontal, thus one may take arbitrary lifts; and since it is also
P-equivariant we have

@’ o p induces R.

Especially, for injective ®’, flatness of the induced linear connection is equiv-
alent to flatness of the principal connection.

3.3. Reductive Cartan geometries. Let (G — M,w) be a Cartan ge-
ometry of type (G, P), with g = n® p as P-module. To u € G we asso-

ciate the isomorphism O(u) := T,7 o (wu)‘;l tn — T M. We have

wup(TurP(€)) = Ad(p~!)wu(&s) by equivariancy of w. Thus, for X € n,
w;pl(X) = TyrPw; 1 (Ad(p)X). Since %‘tzow(c(t)p) = %Hzow(c(t)), Typ ©
TrP = T,m. Thus ©(up) = O(u) o Ad(p). Therefore the map

(u, X) — O(u)X
gxn—TM

factorizes to an isomorphism G xp n = T'M. This shows that a reductive
Cartan geometry of type (G, P) over M is a Cartan connection on a reduc-
tion of structure group of TM to P. By composing w with the projection to
p we get a principal connection v = wy on the reduction of structure group
G — M. The projection of w to n is the soldering form 6 = w;,.

Now < induces a linear connection on T'M. From above we know that
the curvature of the induced linear connection is p € Q?(M,End(TM)).
From above we know that p(€,7) = dy(€,7) + [1(€), 1(n)]; Now K (&) =

dy(&m) + [v(€),v(m)] + [0(£), 0(n)]p; Thus
p(&,n) = K(&§n)p — [0(£),0(n)]p.

Since this is a linear connection on T'M itself, we also have the notion of
torsion: It is defined by

T € AX(TM*) @ TM,

where &, € T'(T'M). To calculate it we first note that the function f : G — n
which corresponds to a vector field € on M is given by 0o &M, For equivari-
ance of f note that 8(&"" (up)) = O(TyrPe") = Ad(p~ 10" (u)),where
we first used invariance of the horizontal subbundle and then equivari-
ance of 8. That f induces & follows directly from the definition of the
isomorphism G xp n = TM: it is induced by (u, X) — T,p w™(X), so
(4, 067 () 1= Tup w (B (1)) = Tums €0 (u) = E(mar(w)). Now
let f,g : G — n be the functions corresponding to ¢ respectively 7. Then
the function corresponding to T'(&,n) is

ghor g —nor . f —0(¢ m")

Note that 0([¢,n]"") = 8([¢m", ")), since both arguments of § project to
[€,n] and thus only differ by a vertical field. But so by definition of the
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exterior derivative
hor _g(nhery — - 6(ehory — G([€h, phen]) =
= dO(€""0"*") = dO(§ = Gy, — Goy) =
=df(&,m) — dO(Cye),n) + dO(Cym) §);

Now

dO(Cye)>m) = Cyie) -1 — 0 = 0[Sy, m])-
By equivariancy ECw(a)H = —ad¢) o 0. But since also 547@9 = i, dfd+0
we see df(Cye),n) = —[v(§),n]. Thus

do(e" ") = do(&, m) + [1(€), 0(m)] — [v(n), 0(&)] = K (&, n)n — [0(6), 0]

So the failure of the induced linear connection on T'M to be torsion free is

T(f, 77) = K(§7 77)n - [0(5)7 0(77)]11

Theorem 3.3.1. Let (G — M,w) be a reductive Cartan geometry of type
(G,P), where g=n@®p as a P-module and w = 0 & v = wy & wy. Then

i. G — M is a reduction of structure group of TM to P for which 0 is
the soldering form.
. v is a principal connection with principal curvature form

p(&,n) = K(&§n)p —[0(£),0(n)]p-

1i. The curvature of the induced linear connection on T M 1is obtained by
factorizing

R=adop
and
. The torsion of the induced connection on T M is obtained by factorizing

T(f, 77) = K(§7 77)n - [6(5)7 6(77)]11

Before we discuss an exemplary situation we briefly discuss

3.3.1. Affine extensions of linear automorphisms. Given a vector space V
and a subgroup P of GL(V) we have the standard representation ® of
P on the abelian Lie Group V. Thus we can extend P affinely to the
semidirect product V' xg P (or V x45¢ P), where the composition is given
by (v,p)(v',p") = (v + ®(p)v/,pp’). Of course this is the composition of
(v,p) and (v/,p’) regarded as affine maps from V — V, where (v,p) cor-
responds to the map = +— pz + v. The inverse of (v,p) is (—p~tv,p~!)
and we see conjg, (V') = (v,p)(V',e)(v,p) " = (v + pv',p)(=p~rv,p7t) =
(v+pv' —pp~tu,e) = (pv',e) €V < (V x P).

conjy ) ((exp(tX), exp(tY))) =
= (v,p)(tX, exp(tY))(v,p) ™" = (v + tpX,pexp(tY))(—p~'v,p~") =
= (v +tpX — pexp(tY)p v, pexp(tY )p ")
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Ad((v,p))(X,Y) =
= %tzoconj(v,m((exp(fX ),exp(tY)) = (pX — (Ad(p)Y)v, Ad(p)Y),
and
(X', Y"),(X,Y)] = ad((X", Y )(X,Y) =
= %ltOAd((tX,anP(tY')))(X, Y) =
- %HZO(GXWY/)X — (Ad(exp(tY")Y)EX', Ad(exp(tY"))Y) =
—(V'X - YX',[Y",Y]),

[(Xa Y)’ (XI’ YI)] = (YXI - Y/Xa [Y’ Y/])
All of the above works identically for coverings P of a virtual subgroup of
GL(V).

Ezample 3.3.2. If G — M is a P-principal bundle describing a reduction of
structure group of T'M to P by a soldering form 6 : G — n (,where n is some
modeling vector space), we can affinely extend p to n x p (see B30l above),
and any principal connection v on G puts us into the situation of theorem
B3 with w = 6 & . Since n is abelian, the curvature and torsion of the
induced linear connection correspond to the p, respectively n,-parts of the
curvature of w. N

Ezample 3.3.3. Take a reductive Klein geometry: that is, Lie Groups G and

P < @, such that p has a P-invariant complement n, i.e. g = n® p as

P-module. Then the Maurer-Cartan-form w™¢ is a Cartan connection on

G, and by the Maurer-Cartan equation this Cartan geometry is flat. Thus
by theorem B3] we have: at o = P € G/P the curvature of the induced
linear connection on TH/K is

nxn— gl(p),
(X,Y) = —ad([X, Y]p)n
and its torsion is
nxn—on,
(X,Y) = —[X, V]n.

_l

In the special case of homogeneous spaces H/K we will explicitly calculate
R and T also in the situation of the first example. (See Corollary E241)
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4. CONNECTIONS ON HOMOGENEOUS PRINCIPAL BUNDLES

We describe invariant principal and Cartan- connections on homogeneous
principal bundles. As an application we will get a complete description of
invariant connections on homogeneous vector bundles in section

4.1. Invariant principal connections. Now we ask what invariant princi-
pal connections on H x g P — H/K look like: let  be a principal connection
form on H x g P — H/K which is invariant under the action of H. We lift
7 to a one form 4 on H x P by L (h(t),p(t)) — v(Z[[h(t),p(t)]]). (Le., when
one denotes the natural surjection from H x P to H X P by q, ¥ = ¢*~, the
pullback of v under g). We have 4(% (h, p) exp(tY) = y(&[[h, p]] exp(tY)) =
Y, so 4 reproduces fundamental vector fields. Since

S D). p0p) = A (001 ple)]p) =

= AdG TG, p(0)])) = AdG 3G (), (1))

it is also p-equivariant, which shows that it is a principal connection on
H x P — H. H-invariance is shown analogously. So # is an invariant
principal connection on H x P. We left trivialize

T(HxP)=HXxPxbhxp.
Since 4 reproduces fundamental vector fields (h,p,0,Y) — Y. By H-
invariance §(h, p, X,0) = 9(e,p, X,0). We have
d _ d
(e:p, X, 0) = (= [lewp(tX), pll) = Ad(p~ )y (- [lexp(tX), e]]) =
= Ad(p™)A(e, e, X, 0).

So, 4 is given by
(h,p, X,Y) — Ad(p™Ha(X) +Y

where a(X) = A(e,e, X,0). In fact, for any linear o : h — p this formula
defines an invariant principal connection on the trivial bundle H x P —
H, and any such connection is of this form. However, for arbitrary « the
resulting connection need not factorize to H x i P.

But recall from [LT7 that the form 4 factorizes over the K-principal bundle
H x P — H x K iff 4 is horizontal and K-invariant, which means that for
Z € tand X € b we must have

(e e, Z, =V (Z)) = a(Z) - V' (Z) =0
and
a(X) =4(e e, X,0) = 4(e, e, X,0) - k =
= 4(k, (k™1), Ad(k71) X,0) = Ad(¥(k))a(T (k1) X).

So « : h — p must be a K-equivariant extension of ¥/ : ¢ — p. Lets calculate
the curvature form of the principal connection ~. It’s defined by

pu(Xv Y) = _’7([5]107“7 nhor])a



23

where & and 7y, are the horizontal projections of arbitrary vector fields
&,n € X(H x g P) which extend X, and Yj,.

The left action of H on H/K gives vector fields Ry (hK) = & exp(tX)hK
for X € h. They are related to the fields Rx(ﬁ,p) = (h,p,Ad(h~1)X,0) on
T(H x P). The horizontal projection Hx of Rx is related to

Hx = (h,p) = (h,p, Ad(h" )X, —Ad(p~")a(Ad(h™1)X)).
By definition of the principal curvature form
p(Rx, Rx:) = —~([Hx, Hy]).

Since [Hx, Hy] is related to [Hy, Hy| we have v([Hx, Hy]) = 5([Hx, Hy]).
But to we can take arbitrary horizontal fields which coincide with Hx and
Hy at (e,e) to calculate p(Hx (e, e), Hy (e,e)), we better take fields of the
form

Hx (h,p) := (h,p, X, =Ad(p~)(X)).
We see [Hx, Hyl(e,e) = (e,e,[X, Y], —[a(X),(Y)]), so
Pllese)(Hx, Hy ) = pe.e)(Hx, Hy) =
= ey ([Hx, Hy]) = [a(X),a(Y)] = a([X,Y]).

Since p is horizontal and P-equivariant it factorizes to a (invariant) G x p p-
valued 2-form p on H/K. Over o = K € H/K we have a distinguished
point in G,, namely [[e,e]], and thus we may regard p, as an element of
A2(h/€",p). It is given by

po(X +6Y +8) = [a(X),a(Y)] — a([X,Y)).

We proved

Theorem 4.1.1. (1) Invariant principal connections on Hx g P — H/K
are in 1:1-correspondence with invariant principal connections on H x P —
H of the form

A(hyp, X,Y) = Ad(p™Ha(X) +Y

where o : b — p is a K-equivariant extension of W' : € — p, i.e.,
i. a(Z)=V'(2) for Z € ¢,
it. o Ad(k) = Ad(¥(k)) o av.

If there is such a connection, the resulting space of connections is affine and

modeled on Hompg (h/¢,p).

(2) The curvature of such a connection is the failure of o to be a ho-
momorphism of Lie algebras. The curvature form p is invariant and P-
equivariant.

It factorizes to an invariant, G X p p-valued 2-form p on H/K. Ato=K €
H/K it is given by

ﬁo(Xl + & Xo + E) = [Oé(Xl)7Oé(X2)] — a([Xl,Xg]).

This reproduces a result of H.C. Wang from 1958, cf. [14].
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4.1.1. Transformation of connections under isomorphisms. Given a connec-
tion on H xx P — H/K, how does it transform under an isomorphism? We
know from above that the isomorphism is given by a map (h, p) — (hhg, pop),
for some py € P and hg € Ny(K). On the tangent bundle (h,p, X,Y) —
(hho, pop, Ad(hal)X, Y'), and thus, if the connection is induced by a: h — p,
the pullback of this connection over the isomorphism at the identity is
(e,e,X,Y) = (ho,po, Ad(hg 1) X,Y) + Ad(py )a(Ad(hg')X) +Y; ie, the
pullback of a is Ad(py ') o a0 Ad(hy!).

4.1.2. Invariant connections on homogeneous vector bundles. As we saw in
Theorem every homogeneous vector bundle E with modeling vector
space V over H/K 1is of the foom H xxg V — H/K for a representation
U: K — GL(V).

Then the frame bundle of H xx V — H/K is H xxg GL(V) — H/K.
Recall from that every principal connection on H X GL(V') induces a
linear connection on H x gV in the following way: for { € X(M), s € I'(H x i
V), take the horizontal lift é and the K-equivariant function f : H — V
corresponding to s. (For this correspondence see Theorem [LTHl) Then Vs
corresponds to the function é - f.

Now it’s easy to see

Lemma 4.1.2. For an invariant principal connection v on H xXg P and
a representation of K on V the induced linear connection on H X V is
mvariant:

(Ang)*V = V. (6)

Proof. We check that then (\;)*V = V for hg € H. Since s(hK) =
(R, £(R)]
(Ano)*s(RK) = Apgs(hg 'hK) =
Anollhg By f (hg ' W) = [[h, f © Ayl
Thus the function corresponding to (A,)*s is f o 5\hal. Now take c(t) with

%|t=00(t) = &(hyth), ie. %lt:oc(t)K = &(c(0)K) and fy(%|t:00(t)) =0,
which is horizontality. By invariance of the horizontal bundle (or invari-
ance of ), also %‘tzohoc(t) is horizontal. Theliefore, since %\tZOhOC(t)K =
(Ang)*€(h), the horizontal lift of (An,)*§ is A . Now

A~

No(h)) - (F 0 A1) (h) =
- %Itof(holhoc(t)) = & Helt) =
= (& N)(hg'h) = (£ f) o N, 1 (R);

this can be rewritten

VY ng)re(Ano)"s = (Ang)"(Ves),
which is (@). 0
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Now, if the representation is infinitesimally injective, all linear connections
are induced by principal connections on the frame bundle. So Theorem ELT.T]
tells us that for injective ¥’ invariant linear connections on H x gV — H/K
are in 1:1-correspondence with K-equivariant linear maps « from fh — gl(V)
which extend ¥’. And in this case (as we saw in section Bl) the resulting
linear connection is flat iff the corresponding principal connection - is flat;
and from theorem EETT] we know that this is the case iff a: h — gl(h) is a
homomorphism of Lie algebras.

If the vector bundle is endowed with some additional (H-invariant) structure
we can ask for special (invariant) connections compatible with this structure:
Namely, take some invariant (i, j)-tensor © on H xg V' — H/K; then, as
discussed in example ZZZ§ the tensor © is induced by a (unique) K-invariant
6 € (@V*) @ (V).

From our discussion above we know that every invariant linear connection on
H xxV — H/K is induced by a K-equivariant extension of W' : ¢ — gl(V)
to a map h — gl(V).

Now we ask for which « the resulting linear connection satisfies

Ve =0.
Now © corresponds to the function
H xg GL(V) — TfM

(1. g]] — g7"0.
This function lifts to
fiHxGL(V) = T}V,h,g— g 0.
Now take the horizontal vector (e,e, X, —a(X)) € T(H x GL(V)). Then
(e,e, X, —a(X)) - f = —a(X)#. Thus we see that VO =0 iff a: h — gl(V)
has in fact values in the Lie algebra p of P, where P = GL(V)y is the

isotropy group of 6 for the action of GL(V') on T]?V.
We summarize our findings in

Theorem 4.1.3. Consider a representation W : K — GL(V') with W' injec-
tive.

1. Fvery invariant connection on H X V is induced by a K -equivariant
extension a : h — gl(V') of W',

1. Let 0 € T;V be K -invariant. Denote the invariant tensor on H XV
corresponding to 6 by ©.
There is a canonical action of GL(V') on the tensor power TfV of V.
Define

P:=GL(V)g={9geGL(V):g-0=0}

the isotropy subgroup of 8 under this action.
Then an invariant connection V which is induced by a map o : h —
gl(V') respects © in the sense that

VO =0

iff a has in fact values in p. ILe., iff a defines in fact a principal
connection on the reduction H xx P — H/K of GLY(E).
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Ezample 4.1.4. Let © be an invariant Riemannian metricon Hx gV — H/K
which is induced by a K-invariant inner product 6 on h/¢. Then 6 endows
V' with the structure of a Euclidean space and that 6 is invariant under K
simply means that ¥ : K’ — GL(V) has in fact values in O(V, 6).

We say that a connection is Fuclidean if it satisfies

VO =0

(- 0(&,8) = O(Vér, &) + 061, Vel
V(¢ € :{(H/K),fl,gg S F(E)

Now Theorem tells us that invariant, linear connections correspond to
K-equivariant extensions of ¢ : € — so(V,0) to maps « : h — so(V,6). N

~—

4.2. Invariant Cartan connections. Let w be an invariant Cartan con-
nection of type (G,P) on H xg P — H/K; i.e.: G, P are Lie groups with
P < G and w is an H-invariant g-valued one form which satisfies

i. w is P-equivariant
ii. w(%ﬁzouexp(tX)) =Xforallue HxgP, X €p
iii. wy : Ty(H Xx P) — g is an isomorphism for all u € H x g P.

Obviously its lift @ is of the form
(hop, X,Y) — Ad(p™a(X) +Y

for a linear map « : h — g. Exactly as in the case of invariant principal
connection one sees that for a linear map « : h — g the resulting two-form
@ factorizes to a form on H xx P iff « = ¥’ on ¢ and « is K-equivariant.
But we also need that w is an absolute parallelism, i.e., that w,, is an isomor-
phism of T,,(H xx P) with b for any u. But since w is invariant, it suffices
to check this at u = [[e, €]].

We know that wije ¢ is an isomorphism of Vi /G = {X € Tjj )G : T7[je,e) X =
0} with p. Thus it only remains to check that mg/, 0wy o] is surjective and
has kernel V|, G; here mg/, : g — g/p is the natural surjection. Recall the
natural surjection Tq : T(H x P) = HXPxhxp — TG. 3 :=7my/,0woT(. \q
vanishes on ¢ & p. The restriction of 3 to b is mg/, o a. That (3 is surjective
means that 7y, o o is surjective, and that the kernel of 7y, o Wi ¢ is nO
more than V|, 4G means that for X € h\t we have 3(X) # 0; i.e., the con-
dition on « is that it factorizes to an isomorphism of h/¢ with g/p.

The curvature K of a Cartan connection w is its failure to satisfy the Maurer-
Cartan-equation; i.e., for X, Y € T,,(H x g P):

Ku(X,Y) = dw(X,Y) + [w(X),w(Y)].

Since the exterior differential is compatible with pullbacks the pullback of
K is given by

R(X,7) = do(X, V) + [0(X), 6(7))
We want to calculate K for the tangent vectors

%|t:0[[exp(tX)K, ell, %tzo[[exp(tY)K, el]
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at the point [[e,e]]. For these we may take arbitrary lifts, and we choose

fields of the form
LX(h’p) = (h?p, Xa 0)

Now (L (h,p)) = &((h,p,Y,0)) = Ad(p~)a(Y), So Ly - &(Ly)(h,p) =
0. Thus do(Lx,Ly)(e,e) = —o([[Lx, Ly](e,e)]) = —a([X,Y]). Therefore
K(X,Y) = [a(X),a(Y)] — a([X,Y]). Thus, factorizing K to a (invariant)
G X p p-valued 2-form K on H /K, we have

Ko(X +8Y +8) = [a(X),a(Y)] — a([X,Y]).

We summarize

Theorem 4.2.1. Let H xx P — H/K be the homogeneous P-principal
bundle induced by a homomorphism ¥ : K — P.

Let G be a Lie group which contains P as a subgroup.

Then invariant Cartan connections of type (G, P) on H xg P — H/K are
induced by maps « : h — g which satisfy

1. Oé‘g = \I’/,
ii. a(Ad(k)X) = Ad(¥(k))a(X)

iii. « factorizes to an isomorphism of b/t with g/p.

For such an a, the corresponding (lift of) the Cartan connection is

&((h,p, X,Y)) = Ad(p"a(X) + Y.

Its curvature form K € QUH x g P,p) is H-invariant and P-equivariant.
So it factorizes to an invariant G X i g-valued 2-form K on H/K, which is
given by

KO(Xl + & Xo + E) = [Oé(Xl),Oé(XQ)] — Oé([Xl,XQ])

ato=K € H/K.
Given such an o, the space of all connections inducing the same isomorphism

between b/t and g/p is affine and is modeled on Hompg (h/€,p).

Remark 4.2.2. Thus a homogeneous Cartan geometry of type (G, P) over
(H/K) is equivalent to a pair (¥ : K — P,a : h — g) satisfying of
theorem 211
Now let (H X i P,w) be the Cartan geometry corresponding to a pair (¥, a):
Then we have a morphism of principal bundles over ¥ from H — H/K to
H xg P — H/K, namely

j:H— H xg P,

h = [[(h, e)]].

This allows us to pull pack the Cartan connection w on H X g P to a 1-form
on H: one calculates

d
Fw(—  h tX)) =
Felg, hep(tx)

= &(h,e, X,0) = a(X) = a o wMC(X)
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with wMC the Maurer-Cartan form on H. Thus

j*w=aowMC.

But this equation already determines w by equivariancy of w under P.
In fact we can generalize this picture:

Theorem 4.2.3. Let (V: K — P,a: h — g) satisfy Hizd of theorem [-2-1]
and let (G,w) be a Cartan connection of type (H,K). Now consider the
P-principal bundle G' := G xy P: Then the map

j:G—GxgP, (7)
u — [[u, €] (8)

is a homomorphism of principal bundles over ¥V covering the identity and
there is a unique Cartan connection w' € QY (G', g) satisfying

jW = aow. 9)

(G,w) — F(G,w) := (G',u') is a functor from the category of Cartan ge-
ometries of type (H, K) to the category of Cartan geometries of type (G, P).

Proof. Its clear that G’ := G xx P is a P-principal fiber bundle over M.
The Cartan connection w € Q'(G,h) and the Maurer-Cartan form w™¢ ¢
QY(P,p) allow us to trivialize

GXPxhxp=T(GxP),

(4,0, X, Y) = (w1 (), wMC T (Y)).

On G x P we define the g-valued form

&' € QY H x P,g),
& (u,p, X,Y) == Ad(p Ha(X) + Y.

Then one sees exactly as above in that horizontality of &’ is equivalent
to ap = U’ (), K-invariance of @’ is equivalent to K-equivariance of « ().
Thus &’ factorizes to a g-valued 1-form ' on G’ and [ implies that ' is a
Cartan connection on G' — M. (@) holds.

A morphism f: (G,w1) — (Ga,w2) of Cartan geometries of type (H, K),

161 — Go,
flu-k)=f(u)-k YueG,kekK,
[rws = w1

is of course mapped to

F(f): G — G,
[u,p] = [f(u),p]
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by the functor F'. F(f) is P-equivariant. With j; : G; — G/ we defined by
by (@) for i = 1,2 we have the commutative diagram

F(f
g g,

g

G —= G2
and thus
F P (wh) = £ (3 (wh)) =
= ffaows) = ao f¥(wr) = avow; = aojj(w),
which shows F(f)*(w}) = w| by uniqueness of w] with jjw] = aow;. Thus

F(f) is indeed a morphism of Cartan geometries of type (G, P). Functori-
ality of F'is clear. (]

We can apply Theorem EEZT] to connections on reductions of structure
groups of homogeneous spaces: (Recall also B:32).

Corollary 4.2.4. Let ¥V : K — P be a homomorphism to a covering of a
virtual subgroup P of GL(h/¢), i.e., a reduction of structure group of H/K
to P.

Let ay : b — p describe a principal connection on H xyx P. Then the
natural surjection myp extends an, to ay, = Ty @Dy, which induces a Cartan
geometry of type (h/¢ x P,P) on H xx P — H/K.
The curvature of the principal connection 7y is

polX + £ +8) = [ay(X), 0, (V)] — ay ([X, Y]).
The curvature function k of this Cartan connection factorizes to an invariant
G xp A%(h/€*, g)-valued function & on H/K and

k(0) =Ty @ po-

For the linear connection induced by v on TH/K the curvature and torsion
are

Ry(X +8Y +¢8) = ad([aw(X)’O"y(Y)] — oy ([X, Y]))

and
T,(X+6Y +¢8) =
ad(ay(X))(Y +8) —ad(oy(Y))(X +¢) — ([X,Y]+¢).
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5. RIEMANNIAN GEOMETRY ON HOMOGENEOUS SPACES

In this chapter we discuss the frame bundle- (or Cartan-) picture of Rie-
mannian geometries. This is in fact a prolongation of a given geometric data
on M = H/K, namely a (invariant) Riemannian metric to a connection on
a principal bundle over M. In the case of Riemannian geometries discussed
in section we simply get the Levi-Civita connection on the orthonormal
frame bundle O(M). Later in the case of a conformal geometry discussed
in section [ we will get a Cartan connection on a certain principal bundle
over M.

5.1. Prologue to homogeneous (pseudo-)Riemannian spaces. Let
(M, gnr) be a (pseudo-)Riemannian space: i.e., we have a section gy €
D(TM* ® TM*) which is bilinear, symmetric and non-degenerate.

Definition 5.1.1. Let (M1, ¢1),(Ma2, g2) be (pseudo-)Riemannian manifolds.
An isometry between M7 and Ms is diffeomorphism of M; with Ms which
pulls back go to g1.

By the theorem of Myers-Steenrod ([8]) the isometry group Isom(M, gas)
of (M, gar) is a Lie group We say that (M, gpr) is homogeneous if its isometry-
group acts transitively. In this case (M,gy) = (H/K,gy/k) with H =
Isom(M, gps) and K the isotropy-subgroup of some point z € M. But we
know from theorem EZZT that such an H-invariant (pseudo-) Riemannian
metric on H/K is induced by a unique K-invariant (pseudo-)inner product
g on h/t. Thus we write (H/K, gy/x) = (H/K, g).

When (M, gyr) is Riemannian, i.e., when gps is positive definite at every
point of M, gas it induces a metric d on M, namely

d(xly x?) = 1
c€C>(R,M):c(0)=z1,c(1)=

1

inf | Vostea.mnat
( T2

0
In the Riemannian case it follows from the theorem of Arzela-Ascoli that
the isotropy subgroup K of Isom(M, gp) is compact (for any point x € M).
Since compact representations are completely reducible there is thus a K-
invariant complement n to ¢ in h; and by n = /¢ as K-modules (or directly
by T(H/K) = H x g n) we have a K-invariant inner product g on n which
induces the H-invariant Riemannian metric gp;. However in the general,
pseudo-Riemannian case, we cannot expect b to be reductive.

5.2. Prolongations of (pseudo-)Riemannian geometries. We just saw
that every homogeneous pseudo-Riemannian space is isometric to (H/K, g)
with g being a K-invariant inner product of signature (p,q) on h/¢.

Recall from Riemannian geometry:

Theorem 5.2.1. On a (pseudo-)Riemannian manifold there is a unique
linear connection which is compatible with the Riemannian metric and s
torsion free. This connection is called the Levi-Civita connection.
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We construct the Levi-Civita connection on T'(H/K) in the frame bundle
picture.
Denote by O'(H/K) the orthonormal frame bundle of H/K; We have
OY (H/K) = H x5q O(h/8). In we saw that an invariant linear con-
nection on H/K is compatible with the Riemannian metric on T'(H/K) iff
it is induced by a K-equivariant extension of ad : ¢ — so(h/¢,¢) to a map

a:h—so(h/t g).

Now, given such a K-equivariant extension «, we saw in corollary EEZ4] that
the torsion of the induced linear connection on T'(H/K) vanishes iff T, = 0,
where

T, € L(A*(h),b/¢),
T,(X,Y) = a(X)(Y +8) — a(Y)(X +8) — ([X,Y] +8).

We know from Theorem BZT] that there is a unique « such that T, vanishes.
(We use the theorem only as a motivation, both existence and uniqueness
of such an a will be shown directly).

Lets solve the equation (in «)

T,(X,Y) = a(X)(Y +8) —a(Y)(X +8) — ([X,Y] + 6 =0V X,Y € b;
(10)

Consider g(T5(X,Y),(Z +¢)) for X,Y,Z € h and notice that if ([I0) holds

To(X,Y), Z +8) — g(T,(Y, Z), X + &) + g(T,(Z,X),Y +¥) =

aX) Y +8),Z24+8) —glaY)(X+8),Z+8) —g([X, Y]+, Z+ 8

aY)Z+8), X +8) +g(a(Z)(Y +8),X +86) +g([V, Z] + £, X +¢)
X 48),Y +8) — g(a(X)(Z+8),Y +8 —g([Z,X] + 8,V +8) =

g(a(X)(Y +1),Z +¢)

(X, Y]+6Z24+6) +9(V,Z] +6, X +8) —g([Z, X] + £, Y +8)

0=g

since « has values in so(h/¢, g). This is equivalent to

g(a

Y +8),Z+¢) (11)

(XY +6Z+8) —g(X, Z] + 6, Y +£) —g([Y, Z] + &, (X +8)).

(X
1
2
Thus, if we have an « satisfying () it is already uniquely determined by
(D) since g is non-degenerate.
In lemma we show that this equation conversely determines a K-

equivariant « : h — so(h/¥¢, g) extending ad and satisfying ([0). For () to
uniquely define a linear map « : h — gl(h/€) we need to check that

([ X, Y]+6Z+8) —g([X,Z]+6Y +8) —g([Y,Z] + €, X + 8
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doesn’t depend on the representatives of Y + ¢ and Z + ¢. But this is easily
seen: Let W € &, then

(X, Y + W] +8Z4+8) —g([X,Z] +6Y + W 4+ )
—g([Y +W, Z]+6,X +8) =
=g([X,)Y]+6Z+8) —g([X,Z]+6,Y + W +E) —g([Y,Z] + &, X + §)
— (gladw (X 4+ €),Z +8) + g(adw (Z + ), X + ¢));

But g(adw (X +¢), Z +€) +g(adw (Z+8), X +£) = 0 since ady € so(h/¢, g).
The case of Z + W instead of Z is done analogously.

Lemma 5.2.2. For the map defined by ([[Il) we have

1. «
.
1. «
w. o

X) =ady for all X €¢

Ad(k)X) = Ad(k) o a(X) o Ad(k71)

X) is skew symmetric for all X € b

X) (Y +8) —aY)(X+8) —(X,Y]+¢) =0.

Q

(
(
(
(

Proof. For (l), let X € ¢ and Y, Z € b; then

—~

gla(X)(Y +8),Z+¢) =
g([(XY]+86Z+8) —g([X,Z] +8Y) —g([Y,Z],0+ ¢) =

g(adx (Y +¢),Z +t) —g(adx(Z +¢),Y +¢) =

MI»—*MIHMlH
— — —

gladx (Y +€),Z +8) + g(Z,adx (Y + ¢))) = gladx (Y + ¢),Z + ),

since adx € sog(h/¥).
For (@) take k¥ € K and X,Y,Z € h. Note first that projection to h/¢
commutes with Ad(k). Using Ad(k)* = Ad(k)~! we see

((Ad(K)X)(Y +8),Z + ) =
(9(Ad(R)X, Y]+ 8, Z +€) — g([Ad(k) X, Z] + €Y +¢)
—g([Y, Z] + ¢, Ad(k)X +¢)) =

N = Q

Q

(g(Ad(k)[X, Ad(k1)Y] + €2 +¥)

(Ad(R)[X,Ad(k" 1) Z] + 6, Y +8) — g(Ad(k DY, Z] + £, X +8)) =
g([X,Ad(k Y]+ €, Ad(k™1)Z + ¢)

X, Ad(k™ N Z] + 6, Ad(kHY + )

Ad(A" DY, Ad(E™H)Z] + 6, X + 1) =

A(X)Ad(E™ Y + ¢, Ad(k 1 Z +8) =

Ad(k Ha(X)(Ad(E Y +€),Z +¢).

Ql\')l}—t

l\')IH
—

-9

[
Q
—~

e ©
—~
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For () we need to check g(a(X)(Y +¢),Y +¢) =0:
g(a(X)(Y +8),Y +¢) =

= %(g([X,Y] +6Y +6) —g([X, Y] +6Y +8) —g([Y, Y], X +0)) =

Finally we need ([x), which is torsion-freeness. For this, let X, Y € b, then
ga(X)(Y +8) —a(Y)(X +¢t),2) =

1

5(g ((X,Y]+€2)—g([X,Z] +6Y + &) —g([Y, Z] + &, X +¢)

—g(V,X]+ 6, Z2+8) +g([V, Z] + 6, X +8) + g([X, Z] + £, Y +8)) =

=g([X,Y]+¢Z+¢8).

By Theorem B33 R, = p,. So by Theorem EETT] or Corollary EEZ4

Ro(X +8Y +8) = p,(X,Y) = ad([(X), (V)] — a([X,Y])

for X +&Y +tech+e=T,(H/K).
For X,Y,Z € b/t we write

(Ro(X,Y)Z) = Ry ; X°Y" 77

The Ricci-curvature is defined as

N >
Ryj = Ry';.

For an orthonormalbasis vy ... v, € h/8
Ry’ Y70 = Zg (0, Y)Z,0;) =

Zg(—R(Y, Z)v; — R(Z,v;)Y,v;) Zg (v, Z2)Y,v;) =

= Rij NAE

by the Bianchi-identity, which we proof below in Lemma BZ3} so the Ricci-
curvature R,; is symmetric. The scalar curvature is defined as

R .= grerj.
Lemma 5.2.3. With « defined by [[l) and X1, Xs, X3 € b,

> R(X1,X3)(X3 +¥) =0.

cyclic
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Proof.

D R(X1, Xo)(X3 +8) =
cyclic

= ) ((X1)(@(Xa) (X3 + £) — a(X2) (a(X1) (X5 + 8) — a([X1, Xo]) (X5 +£)) =

cyclic

= ) ((X1)(@(Xa)(X3 + £) — a(X1)( X3) (X2 + 8)) — a[X1, Xa]) (X5 + )

cyclic

by cyclic permutation. And by using torsion-freeness resp. ([Il) and more
cyclic permutations we thus see

> R(X1, X) (X3 +8) =

cyclic

= > (a(X1)([X2, X3] + 8) — a[X1, Xo]) (X3 + 1)) =
cyclic

= Z (a([X2, X3]) (X1 4 &) + [X1, [Xo, X3]] + & — ([ X1, X2]) (X3 + 8)) =0,
cyclic

where we used the Jacobi-identity in the last step. O

Remark 5.2.4. In tensor-notation
Qs j = ) (Tsij - gilgisTlij - gilgijTlis)y
where for X,Y,Z € b

([X, Y]+ 8" =7, X°Y" and
(@(X)(Z + 1) = '3 X°(Z + ¢y

We summarize our discussion in

Theorem 5.2.5. Every homogeneous (pseudo-)Riemannian space is iso-
metric to (H/K, g), where g is some K -invariant (pseudo-)inner product on

h/t.

There is a unique invariant Cartan connection of type

(b/€ xaps Og(h/8), 0g(h/¥))

on OY(H/K) such that the induced linear connection on T(H/K) is torsion
free and compatible with the metric; i.e, the Levi-Civita connection.

The unique K -equivariant extension of ad : € — so4(h/€) which induces this
principal connection is defined by ().

The curvature of the induced linear connection R is invariant,

and at o

Ro(X + €Y +¢) = ad([a(X), a(Y)] — a([X,Y])
for X +¢Y +tech/t=T,H/K.
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Remark 5.2.6. As we saw in B:3.2 we can regard principal connections on
reductions of the frame bundle equivalently as reductive Cartan connections
by affinely extending the structure group by the modeling vector space of
the underlying manifold. In our Riemannian situation we get a Cartan
geometry of type (R” x O(n) = Fuc(n),O(n)). The curvature function x of
the Cartan connection corresponding to , = Ty @ .y is just kK, = 0 D R,.

But instead of this affine extension of O(n) we could also extend to O(n+
1). Its Lie algebra is of the form R™ @ so(n) as K-module: it consists of
matrices of the form

0 —Xt . n
<X ) >W1thXeR and A € so(n).

But so(n + 1) is not a semidirect product, the R"”-component brackets into
so(n): for X7, Xo in R™ C so(n + 1) we have

0 —x! 0 —-x2\1_ (o0 0
X, 0 J)\Xe 0 )] T \o XoXt-X,XL)

We can take the same o, as calculated above, since by Theorem BTl the re-
sulting torsion is the same (namely 0), (and of course the induced Riemann-
ian curvature doesn’t change), but the curvature of the Cartan connection
is different: it is
’%O(X7Y) - [Oé(X)704(Y)] - (X([X, Y]) + [Xv Y]E =
[(X), a(Y)] = a([X, Y]n).

|

Ezample 5.2.7. Consider the Riemannian Sphere O(n + 1)/O(n). In our
terminology H = O(n+ 1), K = O(n).

Per definition the standard metric on n = R" is K = O(n)-invariant. Of
course the induced invariant Riemannian metric on the sphere is just the
standard metric: in fact every O(n)-invariant symmetric bilinear forms on
R™ is a positive scalar multiple of the standard inner product: let such an
invariant form be given by a matrix B, then B has to be a multiple of the
identity since it commutes with all orthogonal matrices O, and it has to be
a positive multiple since B is positive definite.

First note that as noted in Remark B2Z6l we can model this Riemannian
space as a Cartan geometry of type (O(n+1),0(n)) - but the homogeneous
model of this type is itself the sphere O(n+1)/O(n). Thus our construction
above must yield a vanishing Cartan curvature. Since the adjoint action of
O(n) on R™ C so(n + 1) is just the standard representation we can regard
Adp(,) simply as the identity on O(n); therefore H xaq O(n) = O(n +
1) Xom) O(n) = O(n+1). And by formula ([T c, vanishes on n. Thus the
resulting o, = idgn @ idge(,) 1s just the identity, and therefore the induced
Cartan connection has zero curvature; of course it is just the Maurer-Cartan-
form, since both forms are invariant and coincide at the identity.

Now we model the Euclidean sphere on the Euclidean plane, i.e, we describe
the sphere as a Cartan geometry of type (Euc(n),O(n)).

As before formula () tells us to extend ade = idge(,) trivially, and thus
the map so(n+1) = R"@so(n) — R™ Xg¢rs0(n) is simply the identity. But
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these two spaces have a different Lie algebra structure, which is measured
by the curvature k, = —[X,Y]. The Riemannian curvature at o is

Ry(X,Y) = —ad(X,Y) = XY' - Y X"
In tensor-notation
Ri;", = 0i9js — 0} gis-
The Ricci-curvature at o is
Rijis = 0lgjs — 5;-92‘3 = (m —1)gjs

and the scalar curvature is m(m — 1). J
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6. INFINITESIMAL FLAG STRUCTURES AND PARABOLIC GEOMETRIES

In this chapter we consider the relation between homogeneous parabolic
geometries and their underlying geometric structures.
We give a short exposition of filtered manifolds and associated notions since
this is the type of geometric structure naturally obtained from a parabolic
geometry. For a more in-depth treatment confer to [10} T3 4.
Since the basic notions get no simpler in the homogeneous case we introduce
them for general manifolds in section Bl Also the notion of a parabolic ge-
ometry is introduced in general in sections and B3

6.1. Filtrations, the associated graded and the Levi-bracket. Let V
be a finite-dimensional vector space. A filtration of V' is given by subspaces
VZ: C V.i € Z, such that Vi 5 Vit guch that there are | < r € Z with
V*=V fori <land V'= {0} for i > r.
Given such a filtered vector space V' we can construct its associated graded
gr(V): denote gr;(V) := Vil /Vi and

gr(V) =vlyvitlg eV /vl =

(V) &... @ gr, (V).

It’s clear how these notions extend to filtrations of vector bundles by smooth
subbundles and their associated gradeds.

Now, given a manifold M together with a filtration of its tangent bundle, we
can demand that this filtration is compatible with the Lie-bracket on X(M);
Denote by X(M,T*M) the space of T*M-valued vector-fields on M.

Definition 6.1.1. A filtered manifold is a manifold M together with a filtra-
tion TM = T'M > ...T"M = M such that for sections & € X(M,T°M), &, €
X(M,T'M)

[61, 52] S %(M, Ti+jM).

Now, for a filtered manifold M, z € M and i,j € Z consider the map
X(M,T'M) x (M, TV M) — gr;, ;(TM),,
&1,6 v [61, &ole + TN,
Since for a f € C>*(M)
(€1, f&] = fl€1,&] + (&1 - )2

the map &1, & — [€1, &a]r + T M, is in fact bilinear over C°°(M) and thus
only depends on the values of £1,& in x.

And again by our condition on the Lie-bracket of a filtered manifold this
map factorizes in fact to a skew-symmetric bilinear map

gr;(TM), x glrj(TM)m — ngj(TM)x.
These maps, for all relevant (i, j) € Z2, define a map
L e A (gr(TM)*) ® gr(TM)
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the Levi-bracket. One can check that £ satisfies the Jacobi-identity and thus
gr(T'M), is endowed with the structure of a nilpotent graded Lie algebra
for every x € M. le., we have a (not necessarily locally trivial) bundle of
nilpotent graded Lie algebras gr(TM).

6.2. Basic facts about |k|-graded Lie algebras.

Definition 6.2.1. Let g be a semisimple Lie algebra. A grading g =g_1 &P
...BgoD...Pgr which is compatible with the Lie-bracket in the sense that
for X € g;, X’ € gj [X, X'] € giy; is called a |k|-grading on g.

For an element X € g we denote the projection of X to g; by X,. The
projection to g_ will simply be denoted by X_.
The filtration which comes from this grading is g’ = g; © ... ® gi.
For such a g, we have nilpotent subalgebras g_ := g_, ® ... ® g_1 and
pr =91 ... D gL Pt is an ideal in the Lie subalgebra p =go @ ... D gi.
Note that p respects the filtration under its adjoint action.

6.2.1. Grading element. We have grading element F € g, in the sense that
the eigenspace of adg to the eigenvalue ¢ is g;: For this consider the deriva-
tion D on g which is defined by D(X) := X for X € g;; it is a derivation,
since for X € g;, X' € g; D([X,X']) = (i +7)[X, X' = 1 X, X'|+[X,jX'] =
[DX, X'] + [X, DX']. By semisimplicity of g there is an element FE € g for
which adg = D; To see that in fact I € go write K = F_; & ... ® E; with
E; € g;. Then 0 = [E,E] = Zf:_k[E,EZ-] = Zf:_k iE;, which shows that
E; = 0 for i # 0. (Note that since for Xy € go [E, Xo] = 0Xy = 0 the
grading element E lies in the center of gg.)

6.2.2. Duality. Fix any non-degenerate invariant bilinear form B on g. Then
for X € g;, X' € g; B([E, X],X") = —B(X, [E, X']) by invariance, and thus
by definition of F B(iX,X') = —B(X,jX’), or (i + j)B(X,X’) = 0. But
B is non-degenerate. Thus for X € g; there is a X' € g with B(X, X') # 0;
but from (i 4+ j)B(X,X’) = 0 it follows that the pairing of g; with any g;
with j # —i is trivial. Thus the pairing of g_; with g; under B must be
non-degenerate; i.e., once we fix such a form B the subspaces g_; and g; are
dual. By invariance of B this is a duality of go-modules. (Also note that it
follows that B is non-degenerate on gg.)

Since g't! has the canonical complement g_j, @ ... ® g_; we can identify
g/g"t! with g_. @ ... ®g_;. (This is an identification of go-modules). Also
note that since the dual space of g/p is the annihilator of p, which is py
under B, we have a duality of p-modules between g/p and p.

6.2.3. Group-level. For some Lie group G which has Lie algebra g the Lie
subgroup P defined as the group of all elements in G which respect the fil-
tration (g?) has Lie algebra p. The Lie subgroup of all elements of G' which
respect the grading is denoted Gy and has Lie algebra gg.
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The exponential map on g restricts to a diffeomorphism of p with its corre-
sponding Lie subgroup P} which is formed by all elements p € G which sat-
isfy Ad(p)g’ C g't! forall i € Z. We even have: the map (go, Z) — go exp(2)
is a diffeomorphism between Gy x p; and P.

P, is a normal subgroup of P and P/P; = Gy.

6.2.4. The associated graded. If we regard g as filtered, then the associated
graded gr(g) is of course canonically isomorphic to g as vector space. Since
P respects the filtration-components it descends to an action on gr(P). As
Go modules g = gr(g). However the P, actions differ: it acts trivially on

gr(g).

6.3. Parabolic Cartan Geometries. Let G be a semisimple Lie group
whose Lie algebra g is |k| — graded and let P be the subgroup of G formed
by all elements which preserve the filtration of g under their adjoint action.
Then a Cartan geometry (G — M,w) of type (G, P) on a manifold M is
called a parabolic geometry.

We have TM = G xp g/p, and so the P-invariant filtration of g/p induces
a filtration of TM. Furthermore gr(TM) = G xp gr(g/p). But P, acts
trivially on gr(g/p) and is a normal Lie-Subgroup of P with P/P, = Gy;
we have P = Gy x P;. Thus we can factor out the action of Py: gr(T'M) =
(G/Py)xgyer(g/p). But as a Go-module gr(g/p) = g—, and with Gy := G/ Py
we have gr(T'M) = Gy X, g—. This makes gr(T'M) into a bundle of nilpo-
tent graded Lie algebras, and Gy — M is a reduction of structure group of
this bundle to Gjy.

Now, if the induced filtration of T'M makes M to a filtered manifold, we
have two brackets on gr(T'M): the Levi-bracket defined in section and
the bracket induced by the Cartan-structure. In this case, if these brackets
coincide, the parabolic geometry is called regular.

The general theory of parabolic geometries ([0]) provides us with a simple
condition on the curvature of a Cartan connection for the induced geometry
to be regular: x(g;,g;) C g't7+1, Under this condition TM is filtered and
the two brackets coincide.

Let M be a filtered manifold M such that some regular parabolic geometry
of type (G, P) on M induces the same filtration as the given one. Then we
say that we have an infinitesimal flag structure of type G/P on M.

There are different (non-isomorphic) regular parabolic geometries inducing
the same infinitesimal flag structure on M. Thus for being able to (natu-
rally) prolong infinitesimal flag structures to parabolic geometries we need a
normalization condition on the geometry. This is provided by the Kostant-
codifferential 9*,

O ANi(g/p)@g— A g/p*) @ g.

Since the curvature function € of a Cartan connection has values in A%(g/p*)®
g it makes sense to consider 0*k and we say that a parabolic geometry is
normal if

) (12)
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An equivalent condition to 9"k = 0 is shown in [4]:
Take a basis Xi,...,X,, of g_ and its dual basis Z1,...,Z,, of p;. Then
we demand that for every X € g_.

m m
2> [ Zik(X, X)) = > k(i X]g-, X;) = 0. (13)
i=1 i=1

(Here [Z;, X]4— is the projection of [Z;, X| to g—). We will use this condition
in our calculations below in chapters [d and B Now we restrict ourselves to
the homogeneous case.

6.4. Homogeneous Infinitesimal Flag Structures. Denote M = H/K
and let TM = T~*M > T=F1M > ... > T7'M > T°M = M be an
H-invariant filtration of the tangent bundle; i.e.: T};,iKM = ThKS\h/Th}%M.
Then the filtration is of course determined by its filtration of the tangent
space at 0 = K € H/K, which we write as h/t = F~* 5 ... o F? = {0}.
This filtration of /€ must be K-invariant; and it is clear that any K-
invariant filtration of /¢ extends to an H-invariant filtration of T'(H/K).
We further demand compatibility of the Lie-bracket with this filtration; i.e.,
we want H/K to be a filtered manifold, as defined in EI1

What is the condition on the filtration of /€, such that the resulting filtra-
tion of the tangent bundle is compatible with the bracket? We help ourselves
by conadermg the (1nvar1ant) filtration of T'H which one gets by extending
Fio= Tk, or T H = = (ThTr/Kk)~ 1Tt M. (Since FO = ¢, there is one

more filtration-component, and £ = {0}). Then E\t:oh exp(tX) e T'H &

dFriohexp(tX)K € T'H/K. We claim that H/K is filtered iff H is filtered.

First note that compatibleness with the brackets is a local claim, and by
invariance it may be checked as well around o = eK. Now fix some comple-
ment [ of € in h. Then for some neighborhood W = Wy x Wy of {0,0} € [ x ¢
the map

0: W —H

(X,Y) — exp(X)exp(Y)
is a chart of some neighborhood U of e; The map mp/x o 6 is a chart of
Uo=UK C H/K.
s = exp O(T('H/K o 9‘[)_1 is a local section of H — H/K. Less formally,
around some neighborhood of o every hK can be uniquely written as [K
with [ € exp(W)).
Now take some field & which is defined on the neighborhood Uo of o, i.e.,
£el(T(Uo)). With

E:Wi—1,
E(X) = Thox,0)& (T (0((X,0))))

we have

E(exp(X)K) = 5 Texp(tE(X)K.
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Define £ € T(TU),

E(exp(X) exp(Y)) : = o0 exp(X) exp(t€(X)) exp(Y) =

= Te)‘exp(X) exp(Y)Ad(eXp( ))5(exp( ))

This is a lift of £ and most importantly & € I'(Uo, T%(Uo)) iff £ € T'(U, T'U).
(In the same way we can extend any X € h to a projectable field around
e, and if X e F', this field will lie in T(T°H).) Now take some fields
€ e D(T'H/K),n € [(TPH/K); these we can lift to fields &, 7 on U C H,
which lie in the i-th and j-th filtration-components of H by definition. Now
[é , 7] is related to [£, n], and thus [é , 7] lies in the i+ j-th filtration component
iff [£,n] does. This proves our claim, since from above we also know that
there are local frames of projectable fields of a filtration component. But
the condition for the filtration £ to make H into a filtered manifold is easy:
we need that b with the filtration F is a filtered Lie algebra:

Definition 6.4.1. A Lie algebra h together with a filtration Fi is called
filtered if for for all 4,5 € Z

[, 9] ¢ B

This is easily translated into a condition on the filtration F* of /& for
X+t F', X'+ ¢c IV it is necessary that [X, X'] +¢ € F'*J. Now if
H/K is filtered we have the Levi-bracket on the associated graded. Lets
calculate it. Let X +€ € F!, X'+ €€ FJ. Then L£,(X + F*Y X/ 4+ Fitl) =
[€,1](0) + FHi+1 where €, 1 are arbitrary extensions of X, X' into the same
filtration components. Let 5 ,M be local lifts as above. Then by relatedness
€,1)(0) = [£,7](e) + ¥, and thus [¢, ](0) + P+ = [€,i](e) + F+L. Since
gr  (TH)®---gr_(TH) is just the pullback 7*(gr(T'M)) of gr(7/H) under
m: H — H/K, this means that also the Lie algebra-structure on this part of
the grading (i.e., its Levi-Bracket) is pulled back. But [¢,7](e)+E"it1 only
depends on the values of é ,N at e, and we may take arbitrary extensions to
fields which stay in the respective filtration components. Thus

Lo(X + FL, X'+ FI) = [€d])(e) + FTHHT =
[Lx, Lyx/)(e) + FH+ = ([X, X'] + &) + F7HTL
Summarizing, we see

Theorem 6.4.2. i. Bvery invariant infinitesimal flag structure on H/K
is described by a K -invariant filtration F' of b/¢.
i5. This makes H/K into a filtered manifold iff for X +¢ € F', X'+t € FJ
[X X'+t € F'*. This is equivalent to b together with the filtration
Fi= ﬂh/EFZ being a filtered Lie algebra.
iii. In thzs case the Levi-bracket equips the associated graded gr(T(H/K))
with the structure of a nilpotent graded Lie algebra. Since T(H/K) =
H x i b/t the associated graded is gr(TM) = H x g gr(h/¢), and the Lie
algebraic structure on gr(h/¢), resp. the Levi-bracket ato = K € H/K,
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is given by:
Lo(X +8X"+8) = (X, X'+ +F (14)
for X +te€ F', X' +¢c FJ.

When is this a regular infinitesimal flag structure of type (G, P)? Consider
a homomorphism ¥ : K — P and a map « : ) — g describing a Cartan
connection. Especially, & : h/¢ — g/p is an isomorphism of vector spaces.
For the filtration of h/¢ to be induced by (G — M,w) we need to have
F'=a'(g'+p) = a(g"). Now @ induces an isomorphism of K-modules
between gr(h/€) and g which is given simply by (X + €) + F'*! — a(X),,
for X + & € F'. Take an X' + ¢ € F/; The Levi-bracket of (X + &) + F* and
(X' + € + FJ is a([X, X'])i+; under this isomorphism. it has to coincide
with [a(X);,a(X’);]. Since a : h — g is filtration-preserving a(X) € g,
a(X') € g/ and since [X, X'] + € € F*J also o[X, X']) € g"*7. Thus the
condition that the Levi-bracket coincides with the bracket induced by the
Cartan geometry on M is that x(X, X’) € g7/t for X € ¢g* and X’ € g/.
Of course this follows immediately from the condition mentioned earlier
without proof for the general (non-homogeneous) case.
Assume now that we have a K-invariant complement n of h and that ¥ has
values in Gy. Then an « : h — g describing a Cartan connection induces a
K-invariant isomorphism n = /€ = g/p = g_, where we use that g/p = g_

as a Gg-module. Now n becomes a graded Go-module by the isomorphism
ag
n = g_ and conversely g_ becomes a K < Gg-module. By equivariance

Ad: K — GL(n) has in fact values in Gy and we can now regard ¥ simply
as Ad : K — Gy. a may be written ag + ¢ o ag, where ¢ : g_ — g is of

positive homogeneity.
g
In fact, in the examples below, we will start with an identification n = g_

and under this identification Ad|x will have values in Go. Regularity means
that [ao(X), ao(X")] — ap([X, X')iy;) = 0 for X € F* and X’ € FJ. All of
this data will come from a geometric structure on H/K.

Our problem will be to find a change of g to a map « : h — g which induces
the same regular parabolic geometry as «p and satisfies (). From the
general theory we know that such an « exists and is unique up to equivalency.
Cf. [, B].
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7. CONFORMAL STRUCTURES

We start with the same situation as in chapter B we have a K-invariant
(pseudo-)inner product g on n := h/€. But now we consider the induced
conformal class of (pseudo-)Riemannian metrics on H/K. We will prolong
this structure to a Cartan geometry of type

00 1
PO(RanoR [0 g 0f],P
100

Here P is the stabilizer of the isotropic line through e; := (1,0,0) € R&n®R.
We first describe the Lie algebra of G = PO(R @& n @ R) and see below (in
[CT2) that the underlying structure of a parabolic geometry of type (G, P)
is in fact simply a conformal class of Riemannian metrics.

7.1. POR®n @ R). Let n be a real vector space equipped with a pseudo-

0 0 1
inner product g. We extend ¢ to a (pseudo-)inner product g = [0 g 0
1 00

on R®n @ R. If g has signature (p, q) then g has signature (p +1,q+ 1).

Theorem 7.1.1. i.g = so(R®n® R, g) is a |1|-graded Lie algebra:
g=0-19 00D g1 with g_1 = n,g1 = n* and go = co(n,g). (Here g_1
and g1 are abelian.) We will write

g={X®(0,A)dZX,Z €n, a €R, A€ soy(n)}.

Here
Xo(a, A 2"
corresponds to the matrix
—a 7t 0
X A -7
0 X' «

For an element X of g we will denote the projection of X to g; by Xy,.
The nontrivial brackets are

[(a, 4), (o, A")] = (0, [A, AT])
(e, 4), X] = (A +a)X
(@, 4), 2" = -Z"(A + o)
I =

(X, 7' = (9(X,2),XZ" — ZX");

especially, the central part of the pairing g_1 X g1 — go establishes a
duality between g_1 and g;.
ii. The subalgebra go ® g1 < g we denote by p. It is the stabilizer of the
isotropic line {(t,0,0)|t € R} and the Lie algebra of P = Ng(p) < G.
iii. go 1s the Lie algebra of Gy = CO(n) < G.
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Remark 7.1.2. Since g is 1-graded the filtration induced on TM = T(H/K)
by a parabolic geometry (G — M, w) of type (G, P) is trivial and gr(TM) =
TM. In we saw that (G — M,w) induces a reduction of structure group
of gr(TM) = TM to Gy = CO(h/¥). But this is the same as a conformal
class of a metric on T(H/K). 3

7.2. Conformal normalization. Assume now that the signature of the
metric g on n is (p,q) with p + ¢ > 3. Take some orthonormal basis X; of
n. Then its dual basis is Z; := ¢; X!, where ¢; = g(X;, X;) is 1 or —1. Then
0%k = 0 is equivalent to (recall [3)

QZ[Zz', K(X, X5)] — Z K([Zi; X]g—, Xi) = 0. (15)

i=1 i=1
(Here [Z;, X]4— is the projection of [Z;, X] to g_).

Recall that so(R & n @ R) is n @ co(n) & n*, and in this case g = n and
p+ =n*. Since [g_,p+] C go the second sum always vanishes.
Thus the normalization condition is

m
Zsi[Xf,/i( ] =0 and ZE,X K(X, Xi)g) = 0.
i=1
Since the adjoint action of go = co(n) on g— = n is just the dual of the

standard action, the second equation is equivalent to

Za, (X, Xi)goXi = 0.

Pairing this term with X’ and using that go = co4(n) we see that this is
equivalent to

m
> g(eiXi, KX, Xi)g X') =0
=1

for all X’ € n. But this just says that for all X, X’ € n the map
n—n,
X — I{(X, Xl)XQ

is trace-free. L.e., the Ricci type contraction of the go-part of the curvature
function vanishes. In tensor-notation, with R := kg,

R )

ij g

The first equation is more subtle. Recall that for X, Y € n the bracket
of X with Y? lies in gg = co(n) = R @ so(n) and is given by [X,Y?] =

m
(9(X,Y), XY'-Y X"). Thus we have (especially), with X = X, > &;r(X;, X;)_X!—
1=1

g Xik(X;, X;)". = 0. Now pair this expression with Xj: Z eik(Xj, Xi)—g(Xi, Xp)—
eiXig(r(Xj, X;)—, X;) = 0. Since X; are orthonormal, the first part of this
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sum is simply x(X;, X;)— z eiXig(k(X;,X;)—, X;). Thus, since the X;
are linearly independent, we see g( (X, X1)-, Xi) = g(r(X;, X;)—, X;). But

since k is skew-symmetric, this is equivalent to vanishing of «_:
g('%(Xj’ Xl)*’ Xl) = _g(’{(Xl’ Xj)*’ XZ) =
= _g(K(Xl’ Xl')f’ X]) = g(K(Xi’ Xl)f’ X])
= g(l{(Xian)*7Xl) = _g(K(Xj,Xi)*aXl) = _g( (X]aXl) aXZ)

Thus we see 0k =0 &

+ has values in p and (16)

the Ricci type contraction of kg, vanishes. (17)

7.3. The prolongation. Since (the restriction of) Ad has values in O(n),
we can construct the P-principal bundle H xaq P. (Note that (H X Ad
P) /Py = HxrqgCOy4(n), so the conformal geometry we started with appears
as a reduction of structure group to CO(n)). Now every Cartan connection
w on H Xxaq P is obtained from a K-equivariant extension a : h — g =
9-1Dgo D g1 =nDgo®n” of ade.

By (@) the curvature of the normalized Cartan connection has values in p.
Let A : h — b/t be some K-equivariant map which vanishes on €. Let o

defined by equation ([Il) of theorem BZH We define

ay=TnDay®A
h—g=ndcoy(n)®n*;

Lets calculate the curvature of the Cartan connection induced by an a of
this form:

KX, X') = [aw(X), au (X')] — au([X, X']) =
=[(X +8) + a,(X) + AX), (X" +8) + o (X') + A(X)]
— (([X, X']+8) + a, ([X, X']) + A([X, X)) =

=0® ([ay(X), ay (X')] = oy ([X, X']) + [X + & A(X")] — [X' + ¢, A(X))])
@ (—A(X, X']) + oy (X), AX)] = [ (X7), A(X)]).

So

K(X,X/)goz

= [0 (X), 0y (X7)] = 0 ([X, X)) + [X + £ A(X')] = [X'+ £ AX)'] =

— ((AX')(X +8) = AX)(X' +8),

(X ey (X7) = g (X ")y (X) — oy ([X, X))

+ (X +DAX) — AX)(X + )" — (X +D)AX) + AX) (X" +0)")).
We need to find a K-equivariant map A : h/¢ — b/ such that for all
X1, X2€h

X = kg (X1, X)Xo
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is trace-free. If A =0,
e (X, X') = 0 (X)ay (X') — (X' )ery (X) — a1y ([X, X))

The change due to A is
A = (A(X") X0 — AX)X w,
(X +0)AX) - AX (X +8 — (X +0AX) + AX)(X + E)t).
In tensor-notation

OAy", = 65 (Aij — Aji) + (07 Agj — 87 Agi) + (9" Augsj — 9" Aijis).-

So the change in trace is
04", = (Asj — Ajs) + (mAsj — Agj) + (9" Aigsy — As) =
—Ajs+ (m —1)Ag; + ¢" Asigsj.
So if A;j is symmetric and trace-free the change in trace is (m — 2)A;; If
A;j = cgij, the change in trace is 2(m — 1)cg;;. If A;; is skew-symmetric
the change in trace is —mA;;. Thus the unique A for which the trace of
the gg-component of the curvature of the Cartan connection induced by
ay, = T @ ay @ A vanishes is
1 R 1
= (R — g — ——
m—2( “ mg”) 2(m —1)
1 (m—2) 1
=——(Rij+ R(=—= — —)gii) =
m— 2( i (2(m— 1) m)g”)
(m—2)—2m+2
———— (R:+R ) =
m—2( ij + 2m(m —1) g”)

1 R
= (Rij — mgzj)

Ay = — Rg;j =

1

m — 2

where R;; = Rg“; is the Ricci-curvature and R = ginij is the scalar-
curvature. Since 7, and o, are already known to be K-equivariant, only K-
equivariancy of A remains to be seen. But this is clear, since both the (Rie-
mannian) curvature R and the (pseudo-)inner product are K-equivariant,
and thus also the Ricci-type contraction of R and the scalar-curvature are
K-equivariant.

The change of the gg-component of the curvature is

OAs;", = (67 Asj — 67 Asi) + (9" Auigsj — 9" Atjgis)

So, recalling BEZ4l the curvature of w is

(0, Rij", + (07 Agj — 67 Agi) + (9 Auigsj — 9" Aijgis),

— Ryjy7i5" + Raiorj®; — Rajoyy).
Ezxample 7.3.1. For the Riemannian sphere already discussed above (so H =
O(n + 1) and K = O(n)) we have ay, = 0; ie, ay = ad o, where

m : s0(n+ 1) = h — € = so(n) is the projection to so(n). Notice that
since both 7 and « vanish, the Cartan curvature has values in gg. We
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calculated the curvature tensor R;;" = 0 g;s — 5;79@'5, the Ricci-curvature
R;; = (m — 1)g;; and the scalar curvature R = m(m — 1). Thus

1 R

s 1 G 2(m — 1)9’7) -
B 1 m(m—1),
= - g Ty )9 =
1 m 1
= ozl Nw= e

Therefore
1
9" Aligs; = glrgu(—igsj) = 0; Asj.
Thus the go-component of the Cartan curvature is R;;" — (5{95]- —6;gsi) = 0.
i.e: The Cartan curvature is zero. This reflects the fact that the Euclidean
sphere is locally conformally flat. 1
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8. CONTACT AND CR STRUCTURES

In [2] D. Alekseevsky and A. Spiro classified all compact simply connected
homogeneous CR manifolds of hypersurface type with non-degenerate Levi-
bracket.

One result of this chapter will be an explicit prolongation one such family
of CR manifolds to Cartan geometries; We calculate the Cartan curvature
and find out which of these CR manifolds are spherical.

We begin by introducing contact structures in B, CR structures in
and discuss the relation of CR structures with the corresponding parabolic
geometries in and

8.1. Contact structures. Consider a manifold M endowed with a co-
dimension 1-distribution D of TM. Then T72M = TM,T~'M =D, T°M =
M makes M into a filtered manifold (cf. [E4]). Thus we have the Levi-bracket
L on the associated graded of T'M. The nontrivial part of £ is an element
of

A*(D*) @ TM/D.

At every point x € M the Levi-bracket is a skew-symmetric bilinear form,
and when this form is non-degenerate we say that D is a contact distribution
on T'M or that we have a contact structure on M.

(Since non-degenerate skew-symmetric bilinear forms only exist on even-
dimension vector spaces it follows that M is odd-dimensional.)

For U C M open consider a one-form © € Q(U) which vanishes on D and
is not zero at any point of U. © defines a local trivialization of gr_,(T'M).
One can check that non-degeneracy of the (trivialized) Levi-bracket

L, : ker(0©), x ker(0), — R,
(X1, X2) = O([&1, &2]) for & € X(U, D), &i(x) = X;

is equivalent to

O A (dO) #£ 0, (18)
where j is half the dimension of D. A nowhere vanishing form © satisfying
(X is called a (local) contact form. Note that a co-dimension one distribu-
tion D of T'M is a contact distribution iff there are local contact forms with
kernel D. Of course every global contact form describes a contact distribu-
tion.

Two contact manifolds (M7, Dq) and (Ma, Ds) are equivalent when there is
a diffeomorphism f : My — M, which satisfies T'f(D;) = Da.

8.1.1. Invariant Contact Structures. We now consider invariant contact struc-
tures on a homogeneous space H/K . Invariant co-dimension one subbundles
D of T(H/K) are exactly the extensions of K-invariant co-dimension one
subspaces D of n.

We know from theorem that the Levi-bracket on the induced co-
dimension 1-distribution of T'(H/K) is non-degenerate iff the bracket

[,] : D x D — n/D is non — degenerate. (19)
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If this holds we say that D is a contact subspace of n and in this case we
have an invariant contact structure D on H/K.

Assume that we have a non-degenerate K-invariant bilinear form 6 on n.
Then a K-invariant element Z € n whose orthogonal complement (in n) is a
contact subspace is called contact element. The K-invariant 1-form 6(Z,-)
on n induces an invariant 1 form © on H/K. In fact, since ker(f) = D this
is a (global) invariant contact form.

Also note that having chosen such a contact element Z we may regard the
associated graded gr(T(H/K) as H x g (RZ® D); here RZ® D is a nilpotent
graded Lie algebra with (RZ @ D)_y = RZ,(RZ & D)_; = D; The only
nontrivial bracket being the Levi-bracket D x D — RZ, which is given by

Lo:DxD—RZ,
X1, X9 — [X1, Xo|rz,

where [X1, Xo|rz is the projection of [X7, Xo] + € to RZ.

8.2. CR structures. Let D be an even-dimensional, co-dimension 1 distri-
bution of the tangent bundle of a manifold M, which shall be endowed with
an almost complex structure J € D* ® D; i.e., J2 = —idp. (The existence
of such an anti-involution on D implies that M is odd-dimensional.)

Then we say that (D,J) is an almost CR structure of hypersurface type
on M. When D is also a contact distribution, i.e., when the induced Levi-
bracket £ € A%(D) ® TM/D is non-degenerate, we say that this almost CR
structure is non-degenerate.

Definition 8.2.1.  i. An almost CR structure (D, J) on a manifold M is
partially integrable if for &;,& € X(M, D)

[J€1, &) + [€1, J&] € X(M, D).

This is equivalent to the Levi-bracket D x D — T'M /D being the imag-
inary part of an hermitian form on D for every trivialization of TM/D.
Non-degeneracy of the CR structure is equivalent to non-degeneracy of
the hermitian form. If TM /D is oriented we can define the signature
of a partially integrable almost CR structure as the signature of the in-
duced hermitian form(s). If the hermitian form is positive definite (for
an orientation of TM /D) we say that the partially integrable almost
CR structure is strictly pseudoconver.

ii. When (M, D, J) is a partially integrable almost CR structure one has
the Nijenhuis-tensor N; € A%(D*) ® D. It is defined

N(&1,8&2) == (1, &) — [J&1, J&2| + J([JE€1, & + 61, J&2]) (20)

for &1,& € X(M, D).

iii. An almost CR structure (D, J) on a manifold M is integrable if it is
partially integrable and its Nijenhuis-tensor N vanishes. We then say
that (D, J) is a CR structure on M.

Remark 8.2.2. That (20) really defines a tensor follows from N being bilinear
over C*>(M).
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Note that

N(J&1, &) = [JE&1, &2 + (€1, J&] — J([§1,&e] — [J&€1, J&2]) =
= —J([61,&] - [J&. J&] + J([J&r, &] + [61, I&))) =

= —JN(1,62)
and N(gl,l]fg) = —N(Jfg,gl) = J(£2,£1) = —J(£1,£2). Thus N is anti-
complex linear in both arguments. 1

Definition 8.2.3. Two almost CR manifolds (M;, Dy, J1) and (Ma, Da, Jo)
are equivalent if there is a diffeomorphism f : M; — My which satisfies
TfD1 =Dy and Tf Jl(X) =Jy TfX for all X € Ds.

8.2.1. Inwariant almost CR structures. As above for contact structures con-
sider a homogeneous space H/K and denote its Lie algebra by n = /€. The
data on n defining an almost CR structure are:

i. a contact subspace D of n,
ii. a K-invariant complex structure J on D.

The Levi-bracket is given by
Lo,:DxD—n/D,
X1, Xo = ([X1, Xo] +8) + D;

it is skew-symmetric and non-degenerate.
Partial integrability of an invariant almost CR structure means that

0= EO(JXl,XQ) + Eo(Xl, JXQ) = ([JXl,XQ] + [Xl, JXQ] + E) + D. (21)

In this case the Levi-bracket is the imaginary part of a unique hermitian
inner product on D.
Integrability of a invariant partially integrable almost CR structure reads:

[X1, Xo] = [J X1, JXo] + J([J X1, Xo] 4 [X1, JXp]) € £ (22)

for all X1, X5 € D.
Lets discuss the Lie-group and -algebra of the parabolic geometry modeling
non-degenerate partially integrable almost CR structures of hypersurface

type:

8.3. PSU(C&m® C). Let m = CP ¢ C? and denote
(b 0
b= (5 ) -

Then we regard m with the standard hermitian form g = I, , of signature
p,q). For a vector v € m its dual vector g(v,-) = v'*9 € m* may be also

F t its dual vector g (+.9) * may be al
be written as the row matrix

g(v,-) =09 =o*T, , (24)
and the dual matrix of an A € u(m) with respect to g is

A9 = AT, . (25)
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We endow C & m & C with the form g

_ o O
o O
o O =
—
[\~
[«
N—

If g has signature (p, q) then g has signature (p + 1,q + 1).

Theorem 8.3.1. 1. Elements of

g=su(ComaC,jg)
are of the form

—a 2N, iz
X A -z (27)
ir —X'L,, @

with A cu(m), X, Z em,a € C andz,z € R such that tr(A) —a+a =
0.

g is a |2|-graded Lie algebra whose components are: g_o = RX_o,
g2 = RX5, where

000 00 i
Xo=100 0],Xo=(0 0 0];
i 00 000
0 0 0
g1 ={|X 0 0|:xec!
0 —X*I,, 0
—a 0 0
go={(a,A)=| 0 A 0]:aeC AcuC aC @C) with tr(4) = 2ilma},
0 0 a
0 ZT,, O
m={l0 0 —zZ|:zecCh
0 0 0

Thus g2 = Ri C C, g1 2 m, gg = s(C ® suy(m)), g1 = m* and
go =2 Ri C C, and we will write

g={2ioX®(a,A)®Z"9 ¢ zi|X,Zcm, acC,z,2€R, Acuy(m)
with tr(A) = 2Im(«)i.}.
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1. In this notation the nontrivial brackets are

(o, A),zi® X & (o/,A) @ 209 @ iz] =

= 2Re(a)zi ® (A4 )X & (0,[4, A]) & (A + a)Z)™9 & —2Re(a)zi;
X _9,2X2] = (—xz,0);

[2X2, 00X D0B0®0]=000®0® (2iX)™9 @0,

[2X 25,0800 06 2% 60 =0®2iZB 0606 0;
0OX®03000,000000 2% @0] =

=006 (9(Z,X), X259 — zX®9)) 000,

DX ®00000,00X,®000d0] =—2Img(X7, Xo)X_o;
080500 25 ©0,0000 00 257 @ 0] = —2Img(Z1, Z2) Xo.

iii. We can naturally regard u(m, g) as a Lie subalgebra of g by using the

embedding
emby, : u(m, (,)z141)) — B0,
—tr(A)/2 0 0
A— 0 A 0
0 0 —tr(A)/2

We will thus simply write A for emby(A). Using this embedding we
have go = R & u(m, g).

. go 15 reductive; a decomposition of go into a semisimple part gj° and
its center gg s

go = su(m) & C
where su(m) embeds into go by embygym) and C embeds by
T — 5yt 0 0
T+ iy — 0 —25yi 0
0 0 —z — A5yl

This is an isomorphism of representations of the standard representa-
tion of su(m)@®C on m and the adjoint representation of go onm = g_.

0 01 0 0 1
suCepmaC, (0 g 0])=Zsu(ComaC,[0 —g 0])
1 00 1 0 O
by
—a Z',, 1z —-a 2L, -—iz
X A —7Z | — X A Z
i —X*L,, & —iz X*I,, «

Denote g = g_o ® g_1. The subalgebra gy ® g1 ® go < g we denote by
p. We have the standard representation of both g and G on Ce&m e C. We
denote by P the stabilizer of the isotropic line {(¢,0,0)|lc € C} C CemaC.
P is a Lie subgroup of G and its Lie algebra is p.
Another characterization of P is P = Ng(p) = {p € G : Ad(p)p C p}:
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N¢(p) is a closed subgroup of G, and thus a Lie subgroup. Its Lie algebra
is Ng(p) = {X € g : ad(X)p C p}, and obviously Ny(p) contains p. But
for X € g_ with X # 0 there is always some element Y in gy C p with
Y, X] & p. Thus indeed Ng(p) = p.

Theorem 8.3.2. FEvery automorphism ¢ of the nilpotent graded Lie sub-
algebra g_ which satisfies ®(1X) = i®(X) on g_1 = m, i.e., which is also
complez-linear on m, is in fact the restriction of the adjoint action of some
element gg € Gy to g—_.

Proof. Consider an automorphism ¢ of the graded Lie algebra g_. On the
real, one-dimensional vector space g_o = Ri the map ¢ acts by multiplication
with some real non-zero scalar; But every such action on g_5 can be realized
as the adjoint action of some element in GGo. Thus, by composing ¢ with an
appropriate element we may assume that it is the identity on g_s.

Then, for elements X1, Xo € m = g_1, we have

¢([X1,X2]) = gb(—QImg(Xl,XQ)) = —QImg(Xl,XQ)
but also

([ X1, Xa]) = [¢(X1), (X2)] = —2Img(d(X1), p(X2)).

Thus, since we assumed that ¢ is complex-linear, it follows that it is unitary
on m. But since G contains (a two-fold covering of) U(m) the automorphism
¢ may indeed be realized by the adjoint action of some element in Go. [

8.4. The homogeneous model of non-degenerate partially integrable
almost CR structures of hypersurface type.

Regard m = CP @ C? endowed with the standard hermitian form g = I, ;, of
signature p,q. Then we have the hermitian form g of signature (p+1,¢+1)
on C @ m @ C, which is given by

N}
I
= o O
o O
OO =

Let G = PSU(C@® m & C) and P < G the stabilizer of the isotropic
complex line C(1,0,0) € C @ m & C. Recall that the Lie algebra of P is
p=g"=go® g1 D go. We will show how G/P becomes a homogeneous CR
manifold.

As we saw in theorem g is 2-graded and g_; = m. Now by
an invariant contact structure on G/P is obtained by a P-invariant co-
dimension one subspace D C n:= g/p such that the Levi-bracket

Lo:DxD—n/D
is non-degenerate. We check that the subspace D :=g_1+p=m+p C g/p

satisfies this non-degeneracy condition. First recall that the restriction of
the Lie bracket to m x m is

[,-]:mxm—g_o=RZ, (28)
[X,Y] = —2Im(g(X,Y)). (29)
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Therefore, according to BTl the Levi-bracket is given by
Lo,:DxD—n/D, (30)
(X,¥) > —20m(g(X, V)X 5+ g " (31)

Thus, since g is a non-degenerate hermitian form, we see that D = m+p is
a contact subspace of g/p.

Now by this invariant contact structure on G/P may be extended
to an invariant almost CR structure by specifying a P-invariant complex
structure J on D. But since D = g_; = m = CP ® C? we have a canonical
complex structure. For invariance of this complex structure under P just
note that p, = g' acts trivially on g/p and that go acts on g_; = m by maps
of the form aidym + A with a € R and A € u(m).

Thus we have an invariant non-degenerate almost CR structure on G/P.
From (B0) we immediately see that condition (ZII) of partial integrability of
this almost CR structure is satisfied. Also (22)), the integrability condition,
follows at once from (Z8)). Thus we have indeed an invariant CR structure
of signature (p,q) on G/P.

A more vivid realization of this homogeneous CR manifold may be ob-
tained as follows: Consider the light cone C' C C @& m & C formed by all
isotropic non-zero vectors v € CPT9+2 g(v,v) = 0. This is a co-dimension
one submanifold of CPT4+2,

On C we have a natural right action of C* by multiplication. Denote by
p: C — C/C* =: M the natural surjection to the orbit space. The action by
C* on C' is smooth and free and C' — M is thus a C* principal bundle. Since
G = PSU(CP++2) = SU(CPHI*2) /A, with A a finite subgroup of diagonal
matrices, G acts on M = C'/C*. Obviously SU(CPT9+2) acts transitively on
C, and thus also G acts transitively on M. Let ey := (1,0,0) e C&madC €
C. The isotropy group of Ceg € M is (by definition) P < G, and thus
M =C/C*=G/P.

M has a simpler description as M = C/C* = (S?PF! x §24+1) /U(1): take
an orthonormal basis v1, ... Upt1, w1, ... wer1 of CPTIT2) where §(v;,v;) =
1, g(w;,w;) = —1. Denote by V, resp. W, the subspaces spanned by the
vectors v;, resp. the vectors w;. Then ¢ is the standard, positive definite,
hermitian form on V =2 CP*! and the negative of the standard hermitian
form on W = C%*!. Denote the standard norms on V = CP*t! and W = C4+!
simply by || - ||. Writing CPT9*2 =V @& W we have

C={zoweVaoW:|z|=|wll}
and the map
S2p+1 % S2q+1 S VoW = (cerqu?,
(z,w) — z B w

obviously has values in C' and hits every C*-orbit; It factorizes to an injective
map

(8% F1 5§24ty /U(1) — M = C/C*,
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and thus indeed M = (S?P+1 x §2a+1)/U(1).
Now the G-equivariant diffeomorphism

©:G/P=M,
gP — Cgeo

induces an invariant CR structure on M. To find an explicit description it
is enough to calculate the tangent map of © at o = P € G/P. First note
that the tangent space at a point v € C' is

T,C = {w € CPT2 : Re(g(v, w)) = 0}.
Now

71,0 : g/p - T(CeoM,
Y +p— Teop(Yeo).

Thus the contact subspace m +p = g_; + p of g/p is mapped to
Teop({((0,X,0) e Com & C}) (32)

under ©. Denoting the contact subbundle of T'M induced by © by D, we
thus find by using [B2) and G-invariance that

D

p(v) = Typ(?}l) c T,C.

And (B2) also shows that the complex structure of Dy(v) 1s simply
JTp) X = Ty i X.

Thus the homogeneous model of partially integrable non-degenerate al-
most CR structures of signature (p,q) is an (invariant) CR structure on
(62P+L x §24+1) /U(1). An (almost) CR manifold of signature (p,q) which
is locally isomorphic to the CR manifold (S?P*! x §2¢t1)/U(1) is called
spherical. Note that with ¢ = 0 we thus see that the homogeneous models

for strictly pseudoconvex almost CR structures are the CR-spheres S%+1 C
crti,

Remark 8.4.1. Let (G — H/K,w) be a homogeneous regular parabolic ge-
ometry of type (G, P) as in B3l above, which is induced by some a: ) — g.
Then we saw in chapter [l that « induces a filtration on n = h/¢ and further
endows gr(n) with the structure of a nilpotent graded Lie algebra by an
isomorphism of gr(n) = g_. Since g is a 2-graded Lie algebra and g_o is
one-dimensional the induced filtration is just some K-invariant co-dimension
1 subspace D of n. The isomorphism « restricts to an isomorphism of D
with m, and we can thus pull back the complex structure on m to a complex
structure J on D. From it follows that J is K-invariant. Furthermore,
by regularity of «, one sees that the Levi-bracket D x D — n/D is non-
degenerate.

Thus (G — H/K,w) endows H/K with an invariant non-degenerate almost
CR structure of hypersurface type, and by using regularity of o one sees
that this almost CR structure is partially integrable. 1
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We now come to an example of invariant CR structures. In we in-
troduce the underlying homogeneous space, in we discuss an invariant
contact structure on this space and in B we endow this contact distribution
with a (family of) complex structures and show that we thus get a (family
of) integrable, invariant CR structures.

In this family of CR structures will be prolonged to Cartan geometries.

8.5. SU(l+2)/U(l). Consider H = SU(l 4 2) resp. h = su(l +2). We will

write elements in b as

-y —w ¢

where b, ¢ are purely imaginary, A € u(l) and b+ tr(4) +¢ = 0. In h we
have the subalgebra ¥ consisting of elements of the form

—a 0 0
0 A 0 |=:(a,A) (33)
0 0 —a

with a = #. Of course, ¢ = u(l). The corresponding virtual Lie subgroup

K is in fact closed and thus a Lie subgroup, and one sees immediately that
K is a two-fold covering of U(l). Elements of K are of the form

¢l 0 0
0 C 0
0 0 ¢!

with ¢ € U(1) and C € U(I) such that ¢c~2det(C) = 1. Note that since K is
connected and H is simply connected also H/K = SU(l+2)/U(l) is simply
connected.

8.6. The contact structure on SU(l+ 2)/U(l). The standard hermitian
inner product on b C Cc+2)? ig K-invariant, and by restricting it to n := £+,
the orthogonal complement of €, we can use the notion of a contact element
as discussed in

Lemma 8.6.1.
i 0 0
Z=(10 0 0
0 0 —i
1s a contact element and thus defines an invariant contact structure on

SU(l +2)/U(1).

Proof. Since K is connected it suffices to check E-invariance of Z:

—a 0 0 i 0 0
0 4 o0],loo of|=o
0 0 —a/ \0 0 —i
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For non-degeneracy of the Levi-bracket we calculate

0 —vfm 0 —vi 7
V1 0 wp s V9 0 w2 =
-7 711){ 0 —72 7103 0

—viv2—Y271 —y1w; —vjws —v3U1 =172 —y2w] —vswi
= —Y2w1 72}1’[};711)110; Yov1 — —y1w2 71}21)1(71112101‘ Y1v2 =
—wjv2 J1v3 —Y172 —wi w2 —w3v1 A2v —Y2y1 —wi w1
V3 U1 —VIv2HY1Y2— V271 Yowl —Y1w3 V3w —viwa
= 1wz —F2w1 vov —v1v5 +wawi —wiw; Y2U1 —Y1V2 .
w3 v —wiv2 F1v5 =207 F2y1 —V1 Y2 twiwi —wiws

Thus the RZ-part of [(v1,w1,71), (v2, wa,7y2)] is
(Im((wy, wa)) — Im((v1, v2)) + 2Im(F172)) Z. (34)

Especially, the Levi-bracket is non-degenerate. O

For later use we note that
0 Yowi —y1ws U%‘wl—vi‘uu)
M

[(Ul7 wi, 71)7 (7}27 w2, 72)]D = w2 —Y2w1 0 Y2V1 7102
wivi—wive Y1v5—F2v] 0

[(vl’wla'Yl)a(UQaw2,'72)]E = (36)

—Im({(v1 Pwi,v2Dw2))i 0 0
— 0 vov} —v1 vy Fwawi —wiw} 0 .
0 0 —Im({(v1 Pwi,v2Pw2))i

The orthogonal complement of RZ in n is the real subspace D which is
formed by elements

0 —v* 7
v 0 w
-~ —w* 0

We will often write (v, w,) or v & w @ v for elements of D.
We have n = ¢+ = RZ @ D.

8.7. A family of CR Structures on SU(l + 2)/U(l). Our family of CR
structures on H will be parametrized by t € {z € C: |z| < 1}.

8.7.1. The complex structure on D. Denote Dy = {v & 0 & 0}, Dy :=
{0pwa 0}, Dpr:={0®0d v},

0 01 0 0

E=10 00| andF:=[0 0

-1 0 0 t 0

O O .

The complex structure J; leaves Dy, Dy, Dr invariant and doesn’t de-
pend on the parameter ¢ on Dy and Dyy: here it is given simply by

Jwdwd0):=ivdiwd 0.
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The complex structure on Dr depends on the parameter ¢ and is given by

JE = BgF — oF,
JF = —BpE + oF

where
_ 2Im(t)
IR
Im(t Re(t) — 1)2
= I el -
Bp = Im(t)2 + (Re(t) + 1)2.
-t

Lemma 8.7.1. For everyt € D

1. Jy 18 an anti-involution on D
1. Jy is K-invariant
iti. The Levi-bracket £ € A*>(D) ® RZ is —2Img, where

g1 ®w; ®ME D s1F,v3 ®wy ®roE @ soF) = (37)

= 2(v1,v2) — $(w1,wa) — r17r2BE — 51528k — r1sa(a + i) — rasy (o — ).

Proof. i. Lets first check that J is indeed an anti-involution on Dr =
RE @ RF:

J(JE) =PBpJF — aJE = Bp(—PBrE + aF) — a(fpF — aF) =
= —BpBrE + BpaF — afpF + o’FE = (o* — Bpfr)E

J(JF)=—-BrJE +aJF = —fp(fpF — aF) +a(—FrE + aF) =
= —BpBeF + afrE — afpE + o*F = (o* — Bgfr)F.

Thus we need to check that o? — B8 = —1.

(Im(t) + (Re(t) — 1))” * (Im(t)* + (Re(t) +1)%) =
Im(t)* + Im(t)*(Re(t) + 1) + Im(t)*(Re(t) = 1)° + (Re(t)” = 1)* =

= Im(t)* 4+ Im(t)?(Re(t)? + 2Re(t) + 1)
+ Im(t)*(Re(t)? — 2Re(t) + 1) + Re(t)? — 2Re(t)* + 1 =

Re(t) + Im(t)* + 2Re(t)?Im(t)? + 2Im(t)® — 2Re(t)* + 1 =
(Re(t)? + Im(t)?)? + 2Im(t)* — 2Re(t)? + 1;
Thus

2Im(t)2 + 2Re(t)? — 1 — (Re(t)? + Im(t)2)2

o — Bfr = — -

e S i

(=P
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a 0 0 0 —v* 7~
0 A 0], v 0 w =
0 0 a -y —w* 0
0 —av® ay 0 —v'4A ay
= | Av 0 Aw | — | av 0 aw | =
—ay —aw* 0 —ay —w*A 0
0 —v*(A + aid) 0
= | (A +aid)v 0 (A + aid)w
0 —w*(A + aid) 0
So an element (a, A) of £ acts by
(0 4), (0 & w®7)] = (A+0)v @ (A+ a)w 0. (39)

But now K-equivariance is clear: both J and (ad(a, A))‘ p respect the
decomposition of D into C"@®C" @ (REGRF). But (ad(, 4))|p acts by
complex-linear maps on the C"-parts, and it acts trivially on REGRF;
thus it indeed commutes with J.

The Z-part of the Lie-bracket, |-, -|rz : DxD — RZ, is skew-symmetric
and non-degenerate. Thus, for it being the imaginary part of an her-
mitian form on the complex vector space (D, J) it remains to check
that [JX7, Xo|rz + [X1, JX2]rz = 0 for all X7, X5 in D. This is ex-
actly the partial integrability of the almost CR structure induced by
(D, J).

Since
[v1 @ wy B 71,2 B we B Y2lrz = (39)
= (Im((wl,w2>) — Im((vy,v2)) + 2Im(7ylfyg))Z

the only nontrivial equation for partial integrability is

[Jv1,72]rz + [V1, Jy2lrz = 0;

But for 74 = o this expression vanishes by skew-symmetry of the
Lie-bracket and for v; = E,v5 = F we have

[JE,F|+ |E,JF| = [-aE, F] + [E,aF] = 0.

Now we check ([Bd). Since J leaves Dy, Dy and Dr invariant (BY)
implies that Dy, Dy and Dr are orthogonal with respect to the unique
hermitian form g on D with Img = —2[, |rz.

Since J is the standard complex structure on Dy = C!, Dy = C! wee
see that

1
g(v1 B0 0,02 0D 0) = =(vy,v2),

[\)

1
90 © w1 ®0,0® wy 0) = =7 (wi, wa),

where (-, ) is the standard hermitian inner product on C'.
Thus we only need to calculate the real part of g for elements 0 & 0 P
7,0® 0@ vy € I': From

—2Im(g(0 B 0@ 71,00 0D 72)) =2Im(0 B 0B 710 D 0 ® 72);
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it follows that
—2Re(g(0 2 0@ 71,00 0@ 72))
=Im(Jg(0 B 0B 71,00 0® ) =
=Im(g0®0&7,J0B0&y)) =
=2Im(0 0@ 77,00 0@ Jy2).

So on Dr
9(E, E) = —fBg;
g(F, F) = —0F;
g(E,F) = —a—i.

O

Thus (D, J;) endows SU (I+2)/U () with an invariant, partially integrable
almost CR structure.

Remark 8.7.2. We have Og,0r > 0; Also Og,08r < 0 and appropriate «
would define a complex structure on Dr, but
vBOwWwPr+is— wdvd —r+1is,
x4 — —xZ,

pid g

is an automorphism (in fact, an involution) of su(l +2) and an isomorphism
of the (almost) CR structures induced by Bg, Br, a resp. —0g, —0F, a.
IfIm(t)zOoz:O,BE:%—;iandﬂF:%. J

Lemma 8.7.3. This is a CR structure: the partially integrable invariant
almost CR structure (D, J;) on SU(l 4 2)/U(l) is in fact integrable.

Proof. We already showed partial integrability in [ of lemma This
meant that
[J X1, Xolrz + [ X1, J X2]rz = 0

for X1, X2 € D. But in fact one can directly see from (B8l) that ([JX1, Xo]+
[Xl, JX2])E = 0, and thus [JXl,X2] + [Xl, JX2] € D. Replacing X1 by JXl
we see that the Nijenhuis-tensor N has in fact values in D:
N € A*(D*)® D,
N(Xl,Xg) = [XI,X2] — [JXl, JX2] + J([JXl,XQ] + [Xl, JX2]
Since N is anti-complex linear in both arguments and skew-symmetric we
immediately see that N vanishes on Dr x Dyp. Furthermore
[v1 ®wy B 0,v3 B ws ® 0] — [Juy ® Jwy; B0, Jug ® Jws B 0] =

v3v1 —v V2 0 v w1 —v] wa

= 0 vov} —v1v5 twaw] —wiw; 0
w3 v —wiva 0 wiw —wi w2

v3v1 — v v2 0 V3 W1 —v] w2
— 0 v2v] —V1v; Fwawi —wiws 0 =0.

w3 v —wiv2 0 wiw —wi w2
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Replacing v; & w1 & 0 by Jvy & Jw; @ 0 this implies that also
[Jv1 @ Jwy,vo B wg] + [Ul @ wy, Jvo B Jwg] =0.
Now

[’Ul ® wy @O,E] — [J’Ul @ Jw, EBO,JE]

0 w: 0 0 (Be+ai)w; 0
= (—wl 0 U1> — (—(ﬁg—ai)wl 0 —(5E+ai)vl>

0 —vf 0 0 (Be—ai)v} 0
0 (1-Bg—ai)wy 0
= <(6E1az>w1 0 (Be+1+az’)v1> ,
0 —(Be+1—ai)v} 0

and thus, replacing v1 ® wy & 0 by Jv; & Jw; @ 0,
[Jvi @ Jw; @0, E] + [v1 ®wy @0, JE] =
0 (—a+(Bp—1)i)w; 0
= <(a+(ﬂE—1)i>w1 0 (—a+(1+ﬁE>z‘)v1> )
0 (a+(B+1)iyv: 0
Thus
[v1 @ wy, E] — [Ju1 @ Jwy, JE] + J([Jvi & Jwy, E] + [v1 & w1, JE]) = 0.

Analogously one shows this for F' instead of E. So our CR structure is
indeed integrable. O

8.8. The prolongation of the above family of CR structures to Car-
tan geometries. The hermitian form on D has signature (1,1 + 1); Denote
by m the complex vector space C! @ C! @ C endowed with the standard
hermitian form the standard hermitian form I ;) of signature (1,1 + 1),

I, 0 0
Iggyy=1(0 I, 0
0o 0 -1

One calculates

Theorem 8.8.1. u(C! ® C' @ C, (1,1 + 1)) consists of matrices of the form
Ay B by
B* Aw bw
by, by yi

with Ay, Aw being unitary, y € R and arbitrary B € (CIQ, by, bw € CL.

The Cartan geometry corresponding to our CR structures on SU(l +
2)/U(l) is of type (G, P), where G = PSU(C & (m,];;41)), ®C) and P the
stabilizer of the isotropic line C(1,0,0) c C® (C'@ C' @ C) @ C.

By and elements of g are of the form

~ %k

—a (v —w* —5) 21

v Ay B by 0

w B* Aw bw — (17) ,
gl by —by i gl

) —v* w* W) @
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where Ay, Ay € u(l); B € C”;v,w, 6,9, by, by € Cliz,y,2 € R;v,5 € C.
Since the matrices above contain much redundancy we will simply write
them

—a (¢ —x —x) zi

v Ay B by v

w x  Aw bw —|w ,
gl * o o—x oy gl

Il (—* * >|<) *

Theorem 8.8.2. i. The map

Tri—air —v r+ St
ap( v A w ) =
—r+si —w* —xi—ai
2(142)
——2ll+3 a 1 0 0
?U A — m@ 0 . O
— W 0 A— T30 ) 10 ) 0
rvPBe + jg—E + \/fTEZ 0 0 - 2113)(1
i 2(1+2)
Z (_* * *) 2013
(40)

induces an isomorphism between the graded (nilpotent) Lie algebras
gr(g_) and gr(n) = RZ @ D endowed with the Levi-bracket; The re-
striction of ag to D is complex linear; here the complex structure on
D is the anti-involution J; corresponding to parameters o, Bg, Br with

BEBr — o =1 as discussed in B71
1. The map

v: K — Gy, (41)
(k) := ag o Ad(k) o ap*

is a homomorphism of Lie groups and under the induced action of K
on g the map aqg : h — g is K-equivariant.

iii. Every other map of which satisfies properties @ and [ is of the form
Ad(go) o ag for some gg € Gy.

iv. The map o = ap+ poay, prolongs the CR structure on SU(1+2)/U(I)
induced by (D, Jy) to a regular, normal Cartan geometry. i.e.: the
curvature k of the Cartan connection induced by o satisfies 0"k = 0.
Here

p(xid(vBwdy)) =

—%az(a-{—l(cv—l—cw))i (% —x —x) xch
0 zeyt (Re('y)zE-l—Im('y)zp)]Il Byww Pyov
= (0) * xewi Bwvv | — Pww
0 N o vai PgRe(v)+PrIm(y)
0 (000) —3z(at+l(cv+ew)

)i
(42)
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where Byw, Bwv, Z2E, 2F, PE, PF are complex constants and Py, Py, a,c,cy, cyw
are real constants;

Bow = VB — ——=(1+ai), Bwv =05+ ——=(ltai), (43)

VBe VBe
2p = \/% + Bvw, 2p = —\/% + (Byw — /Br)i;
C28e(1+1) - B5(3+20) — (3+20)(1 +a?) "
V= 261 (3 + 5l + 202) ’ (44)
 =28p(1+1) - B%(3+2) — 3+ 20)(1+a?)
w= 265 (3 + 51 + 202) ’
(14201 +8E +a?)
N 205(1+1) '
Py = —%(2+a—{—(l—|—2)cv+lcw), (45)

1
Py = _5(_2 +a+ley + (1 +2)ew),

2 1 2a
Pp=———(3a+I —
B 3 2( a + (CV +Cw)) ﬂEZ,
1 2 2
P = —5(3a+ ey +cw))i +2(8p + 5-)i — 5,
2 BE 1675

¢ = (168%(1 4+ 1)2(1+20)(3 +20)?) "

(—B%(3 +20)%(15 + 21(15 + 81))

— (3+20)*(15 + 20(15 + 81))(1 + a?)?)-

(—28%(—153 — 20(383 + 21(347 + 21(145 + 81(7 + 1))))
+ (3 +20)%(15 + 20(15 + 81))a?)).

v. For the resulting family of Cartan geometries on SU(l + 2)/U(l) the
following holds:
When | = 0 this is a family of CR structures on SU(2) = S and for
t =0 it’s the standard CR structure on S3.
Fort # 0 orl > 0 this structure is not locally isomorphic to the
homogeneous model of partially integrable almost CR structures of hy-
persurface type of signature (1,1 + 1); i.e., it is not spherical.

vi. The curvature function k, € L(A?(g_),g) of the Cartan connection has
values in g° = p. It is given by

/i(X_Q,U@wEB’Y)go = (46)

<(i(CVCW)6[[E3‘2a)2E2ZF Re(’y))
0 ilev—c Y (a2 (cy —a—1)Bywiw
(ev W)BBEE ( BE)Im(,Y)
* 0 (CW —a-+ 1)ﬁwvi?}
* —% 0
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((my + 1)PV +c)iv
0 (mw —1)Pw +c)i w
0 0 — | mr i(peRe(y) + prlm(y )) +c iy (47)
0 —21019(5i e(y) — (Be + ﬁE)I m(7))
—% (Re(w) — alm(y ))

0 (0 0 0 0
with

my = %(a + (l + 2)CV + lCW)) (48)

1
my = 5((1 +ley + (I +2)ew))

1
mr = 5(3@ +ley + lew)).
K(X 2,0 @wd7)g, =0; (49)

k(v ® w1 © 1, v2 ©we D 72)90 =
R(v1 @ wi @ y1,v2 ® w2 B ¥2)g, — R(v2 ® wa ® Y2, v1 B w1 B Y1)gp

where

(v @ w1 @ 71,02 ® w2 © Y2)g

2((Re(Py)+1)ervs +wiws)

+2vBezeRe((v1,w2)) R _
+(2l+31m((vl@w1,U2€Bw2>) 122ZBHEE 11 (g w9)) ((Pv71+PERe(71)I-FPFIm(“/l))W)
+cyIm(vi Qw1 B71, Vop B Hhvwag(n)vz
7(Pv+Pw)v1 w%‘

v2€9w2@’y2>)ﬂli
2((Re(Pyw)~Dwi witviv3)
() + (g1 @, vaws)) < (A PeteGu) Prim))es >
+ew Im (vy w1 D1, —Bwvag  (y1)ws
vz@wz@w))ﬂzi

+ 202 [ (01 ©w1,v2@w2))

+alm (v Qw1 Bv1,v2Bw2Hv2)
(50)

2Im (71 (Re(v2) Pe+Im(v2) Pr))
(%) (—*) ( > ‘

K(v1 @ wy O y1,v2 B w2 Dy2)g =
= F(v1 @ w1 ® 71,02 O wy DY2)g — F(v2 ® w2 ® 2,01 S wi S Y1)y,
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R(v1 @ w1 ® 71,02 © wa B Y2)g, =

0 (¢ —x —x) 0
(Bvw (PeRe(y2) + Prlm(72)) + Prag ™ (72))wi
+(Re(m)ze + Im(y1)zr) Py ws
0 (Bwv (PeRe(72) + PrIm(72)) — Pwag ' (12)) 01
0 0 - +(Re(n)zE + Im(n1)ZF) Py s
! (2p5v/BERe((0r, w2))
+(FBE + ZBE ) Im((v1, wn))
+Py Byw (w1, v2) — Pw By (v1, ws))
0 (0 0 0 0
(51)
Kk(v1 w1 B Y1, v2 B wr D Y2)g, =
(¢ = PE)Im((vy,v9)) — (¢ — Pg)Im((wy, wa))
2 —cIm(7172) Xy (52)
+Im((Re(v1) Pe + Re(71) Pr)(Re(v2) Pe + Re(y2) Pr))
Proof:
a (Ve way) = (53)

1
:\/iv@\/iw@—Re

VBE

(v) —

%Im(,}/) + ﬁEIm(’V)Z" O‘al(XfQ) = Z5'4)

Note that writing r + st = 7,

ap(0® 0@ ) :o@o@%\/@((u (- ai)y+ (- i(1—041'))7)-

BE BE

Lets check that the isomorphism o : n =RZ @& D = g_ induces an isomor-
phism of the associated graded Lie algebras: We have

[(01,?1}1,71), (027?1}2,72)]—2 =
= —2Img((v1,w1,71), (v2, w2, 72)) =
= —Im(vy, v2) + Im(wy, w2) + 2ImA77ye

a@qQ

= (=Im(vy, v2) + Im(wi, wa) 4 2Im7772) Xo
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and

[QO(UI, w1y, ’yl)a CMO(’UQ, w2, 72)] -

[( 1, wla \/ﬂ—ERe’Yl + \/%
@R672 + \/(;—Imw +
U17 w1, v/ BeRey: +

1
Imy; + —==Imv1),
VBE

\/Lﬁ—EIm%i)]:
——TImy; + ! ——=Imvi),
Tt

\/_
(\/—1)2, @RGVQ + \/ﬁ—EIm’Yz + \/T_EIHWQZ» (1,1+1)

= —Im(vl,vg> + Im(wy, wy) — 2(Reyelmy; — ReyImyy) =

\f
T
= —21m<(

= —Im(vy,v2) + Im(wy, we) + 2Im777s.
Thus «ag is indeed regular.

ii. Ad|g, induces an embedding of Gy as a closed subgroup into GL(g-).
We need to show that the homomorphism of Lie groups

U: K — GL(g-),
(k) := ag o Ad(k) o ap*

has values in Gg. Since the exponential map exp : £ — K is surjective this

is equivalent to ¥’ : ¢ — gl(g_) having values in go. Once we have shown

this it is tautological that ag, is K-equivariant; and on ¢ we simply defined

agle := 1.

We have: Z is invariant under £ and recall from (B8)) that
[(a,A),(vBwdy))=(A+a)v®d(A+a)wd0

(here we use notation (B3)).
Now one sees that for X € g and A € ¢

ao(ad((a, 4))(ag ' (X)) =

-3, 0 0
A-glsa 0 0
—ad 0 0 A-ztza 0 0 (X);
0 0o -HiPa
0 0 _aem,

Thus ag o ad((a, A)) o ay* does indeed have values in g.

iii. The assertion that every other solution «f, is of the form Ad(go) o ap
for some gg € Gy follows from

iv. Now we need to show that 9*k = 0. According to theorem EZT] the
curvature function k € C*®(SU(l + 2) xx P, L(A?(g_),g)) of the Cartan
connection induced by the map « is SU(I 4 2)-invariant and P-equivariant
and thus factorizes to an invariant section of SU(I +2) x g L(A%(g_), g). At
o=K it is

Fo(X1, Xa) = [X1 + ¢(X1), Xa + ¢(X2)] — af[og ' (X1), 05 (X2)]).
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It is straightforward to calculate (HG)-(52).
The explicit equations in ¢ for 0*x = 0 are obtained as follows: Let e;
denote the j-th standard-basis-vector of C'.

evi=¢e;@000€g 1,
ewj =0de; ®0 € g_q;
As a real basis of g_; we take
B = (ey1,..., ey ieye, ... i€y, ewi,. .., ew, iewt, .. iewy,
0008 1,000®1).
X_o completes it to a basis of g_ whose dual basis is (— X3, €) with
¢ = (é}k/l, . ,é*Vl, ey’ ... ieyT, _é*le RN _é*Wh —(iéWl)*, e (iéWl)*,
— (00 l)*,—(0@0®i)*).

Now, as we discussed in [[3, 0*x = 0 is equivalent to:

4142
D (€ k(X B)] — [Xa, 5(X, X_5)] =0 (55)
=1
and
414-2
Z r([€, X]-,By) — ’%([ao_l(XQ)7 aal(X)]—vX—Q) =0 (56)
=1

for all X € g_. (Recall that for an element B € g we denote the projection
of B to g_ by Bg_ or simply by B_.)

Note that [X2, X]- = 0 on the whole of g_ and [€;, X]_ =0 for X € g_;.
Thus equation (Bf]) reduces to

4142
> k(€ X 5], By) =0,
i=1
but on can show that this is already implied by (BH).
Next one calculates that (BA) does hold for

X=X 5,X=00000,X=00wd0,X=EX=F.

This task consist only of taking commutators and summing up.

Remark on how we found the solution. From the general theory of parabolic
geometries we know that there is a unique (up to equivalency) regular normal
Cartan connection on H X P inducing the same CR structureon M = H/K.
Now we saw in [l that our aq is regular and in [l we saw that any other regular
map ay, differs by an isomorphism of g from «g. Thus, in our search for an «
with 0*k = 0, we may restrict ourselves to maps ag+ ¢oa for K-equivariant
maps ¢ : g_ — g of homogeneity greater zero.

We found the solution for ¢ by making an ansatz for a K-equivariant map
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of homogeneity greater one. We describe the decomposition of g as a K-
module: under ¥ an element A € su(l) < £ < b acts on an element of g

by

0 0 0 — ot -t —Z) Bi
A 0 0 v AV B bV v
0 0 A O 0 s w B* AW bW —|w =
0 0 O z by, —by =z Z
0 0 0 Vi (—v* w* z) a
0 ((Av)* —(Aw)* 0) 0
Av [A,Av]  [A,B]  Aby (AD)*
= Aw [A,B]*  [AAw] Abw | — [ (Ad)*
0 (Aby)* —(Abw)* 0 0
0 (—(4v*) (Aw)* 0) 0

Thus we get the following decomposition of g into irreducible K-modules:
the grading-components g; of g are K-invariant, thus we describe their de-
composition: g_o and go are already 1-dimensional, real spaces.

1 =C'® C' @ C decomposes into C' & C' @ (R @ R) as K-module. The
representation of K on g is the dual representation of K on g_1 and thus
similarly g; = (C' © C' @ (R @ R))*.

The decomposition of gg is given as follows: gg = R®u(l,l+1) as K-module
(recall theorem BZT] [il) and u(l,! + 1) decomposes into 9 irreducible sub-
representations; these are

Ri 0o C
CloC'oRoReR~2[0 Ri C/],
x  (—x) Ri
su(f) 0 0
su()@su(l)= | 0 su(l) O and
0 0 0
0 su(l)®isu(l) 0
su(l) @ su(l) = | * 0 0
0 0

0

We then used this decomposition to make an equivariant ansatz for ¢. The
map ¢ decomposes into ¢ = ¢1 G pa B Pp3 D ¢4, where ¢; is a map of homo-
geneity 4.

Then, since higher homogeneities of ¢ don’t contribute to lower homo-
geneities of 0*k one can solve ¢ one homogeneity after the other.

One furthermore knows from the general theory (cf. [B]) that the curvature
of the Cartan connection corresponding to an integrable CR structure has
in fact values in p.

Using a K-equivariant ansatz for ¢ we first found and verified the solu-
tion for finitely many dimensions [ € Ny by using Mathematica.

Then we saw what the general solution for arbitrary I € Ny is and checked
(BA) by hand; here computer algebra was still very helpful for simplifying
expressions. _:
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Remark 8.8.3. Let us briefly consider the special case [ = 0. Here, with
a=0,g=2eR,A>0

(™ )=

1422 i Re(7)A(BA2 —5)+Im(v)(5X%2 —3)i —15)1* 4340215
DY 3 1622
ARe(y)+Im(v)i 1402 - Re(Y)A(3X2 =5)—Im(7)(5)% —3)i
S 2x Lt 3
. Re(y)A\—Im(7)i 1422 -
1T 7& I\ Xl
The map

E—~-EF—FZ— -7
is an automorphism of su(2) and an isomorphism of the CR structure of

signature (0, 1) induced by
~r( 07
e=((4 gp

and the CR structure of signature (1,0) induced by

C%{(S _07>}.

By taking the composition of this isomorphism, «, and the isomorphism
given in R3m one sees that our result here is the same as the one in [B]. 4

Remark 8.8.4. In [1] D. Alekseevsky and A. Spiro classified all compact
homogeneous non-degenerate CR manifolds of hypersurface type and found
for the above example in particular that for ¢;,f5 in the unit disc of C
the CR structures on SU(l + 2)/U(L) induced by (D, J;,) and (D, Jy,) are
isomorphic iff |t1] = |ta]. J
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