Iversitat

DIPLOMARBEIT

Titel der Diplomarbeit

The time-dependent Pauli equation

angestrebter akademischer Grad

Magister der Naturwissenschaften (Mag. rer. nat.)

Verfasser: David Wimmesberger
Matrikelnummer: 0402104

Studienrichtung: A 405 Mathematik

Betreuer: Ao. Univ.-Prof. Dr. Norbert Mauser

Wien, am 26. Juli 2010



Abstract

This diploma thesis deals with the time-dependent Pauli equation as a PDE-model in quan-
tum mechanics that generalizes the time-dependent 'non relativistic’ Schrodinger equation
to a ’semi-relativistic’ model where magnetic field and spin are included. In particular the
famous ’spin magnetic field’ coupling term that explained some fine structure in spectra
is contained in the Pauli equation.

In a hierarchy of models of relativistic quantum mechanics, the Pauli equation is an ap-
proximation of the electron part of the ’fully relativistic’ Dirac equation at first order in
%, where c is the speed of light.

Since any fast moving charge creates a ’self-consistent’ electromagnetic (E-M) field, it is
necessary to couple the Pauli equation for fast electrons to PDEs for the E-M field. On a
fully relativistic level this is the Maxwell equation, of course.

In order to approximate the Dirac-Maxwell system in a consistent %—order approximation
we couple the Pauli equation to two Poisson equations, with a vector valued Poisson
equation replacing the Maxwell equations by an elliptic equation with the quantum current
as source term.

The resulting Pauli-Poisswell system is the main topic of the second part of this thesis,
where first we present and analyze appropriate numerical methods : a ’Leap Frog scheme’
for the Pauli equation, a 'pseudo Fourier method’ for the Poisson equation of the elec-
tric potential and a ’relaxation scheme’ for the Poisson equation of the magnetic vector
potential.

Finally, we present numerical simulations of the time dependent Pauli-Poiswell system and

for reduced models like magnetic Schrodinger equations, for different initial conditions.



Zusammenfassung

Diese Diplomarbeit behandelt die zeitabhéngige Pauligleichung als quantenmechanisches
PDE-Modell, welches die zeitabhéngige, 'nichtrelativistische’ Schrédingergleichung zu ei-
nem ’semirelativistischen’ Modell verallgemeinert, das den Spin und das Magnetfeld
beriicksichtigt. Weiters beinhaltet die Pauligleichung den ’Spin-Magnetfeld Kupplungs-
term’ - bekannt dafiir, einige Feinstrukturen im Spektrum zu begriinden.

In der Modellhierachie der relativistischen Quantenmechanik ist die Pauligleichung eine
Approximation erster Ordnung in % des Elektronenanteils der ’vollrelativistischen’ Dirac-
gleichung (wobei ¢ die Lichtgeschwindigkeit bezeichnet).

Da jeder Ladungstriger in schneller Bewegung ein ’selbstkonsistentes’ elektromagnetisches
(E-M) Feld erzeugt, muss die Pauligleichung fiir schnelle Elektronen an PDEs fiir das E-M
Feld gekoppelt werden. Auf vollrelativistischer Ebene ist dies natiirlich die Maxwellglei-
chung.

Um das Dirac-Maxwell-System jedoch konsistent in erster Ordnung in % zu approximieren,
koppelt man die Pauligleichung an zwei Poissongleichungen (wovon eine vektorwertig ist
und die Maxwellgleichungen durch eine elliptische Gleichung mit dem quantenmechani-
schen Fluss als Quellterm ersetzt).

Das daraus resultierende Pauli-Poiswell-System wird im zweiten Teil dieser Arbeit
ndher betrachtet: Zuerst werden passende numerische Methoden zur Losung des Sy-
stems eingefithrt und analysiert - ein ’Leap Frog’-Schema fiir die Pauligleichung, eine
'pseudo-Fourier’-Methode fiir die Poissongleichung des elektrischen Potentials und ein
"Relaxations’-Algorithmus fiir die Poissongleichung des magnetischen Vektorpotentials.
Weiters werden Ergebnisse numerischer Simulationen présentiert, welche das zeitabéngige
Pauli-Poiswell-System und reduzierte Modelle, wie die magnetische Schriodingergleichung,

fiir verschiedene Startbedingungen behandeln.
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Chapter 1
Introduction

The time-dependent Pauli equation for the 2-spinor

0 1 e le|h
h=—1(x,t) = | =——(—ihV — —A(x,1))* + eV (x,t) + ——& - B(x,t t
i gp,t) = (G (09 = SAG )+ eVix,0) + 1105 B0 ) vt
is a fundamental equation in quantum mechanics. It is an appropriate model for charged
particles which move at intermediate speed compared to the speed of light (’semi-relativistic’
particles) taking into account the spin-magnetic field coupling for external fields and/or

for self-consistent fields generated by the moving charge itself.

In Chapter |2 an introduction to PDE-models in quantum mechanics is given, including

the derivation of the Schrodinger equation.

Chapter |3 deals with the effects caused by spin and the magnetic Schrédinger equation as
well as the Pauli equation are introduced. Furthermore, this chapter contains the transi-
tion from the Dirac-Maxwell system to the Pauli-Poiswell system:

The Dirac-Maxwell system (i.e.: the Dirac equation for the 4-spinor of a relativistic elec-
tron moving in an electromagnetic field coupled to the Maxwell equations for the fields)
is a fundamental system in relativistic quantum mechanics. Alas, it is hard to deal with
analytically as well as numerically, therefore approximations are needed:

The Pauli equation is an O(%)—approximation of the 2-spinor of the electron part of the
Dirac equation (the positron part is not important in applications). Coupled to two Pois-
son equations approximating the Maxwell equations (singularly) at order O(%) this yields

the Pauli-Poiswell system.

In Chapter |4} numerical methods to solve the Pauli-Poiswell system are analyzed, results

of numerical simulations are presented in chapter



Notation

Throughout this thesis, the following notation is used:

Arf ... Fourier-pseudospectral Laplacian of f
ol 02,03 ... (2x2) Pauli matrices, see page
70,4t 42,43 ... (4x4) Dirac matrices, see page
® ... componentwise multiplication

Y(x,t), U(x,t)... wavefunction/spinor of a particle

A(x,t) = (A1, Ay, A3)T ... magnetic vector potential

B(x,t)... magnetic field

c... speed of light

D;jy% f Fourier-pseudospectral derivative of f
V(x,t)... electric potential

E(x,t)... electric field

F,F(f)... Fourier transform (of a function f)

Fns Fu(f) ... discrete Fourier transform (of a function f)
}fk ... approximation of a function f, cf. page

fm) . m-th derivative of a function f

h... scaled Planck constant

h... reduced Planck constant

J(x,t) = (J1,J2,J3)T ... current density

n(x,t) ... position density

Vector valued quantities - like A,x - are denoted in bold face.

If not otherwise specified, all functions depend on (x,t), where x € R? or R? (usually clear
from context) and t € R7.

Function Spaces:

C>(€) ... space of all smooth functions on €

HP™(Q)... Sobolev space of degree m on ) with respect to the Lebesgue-p-norm, 1 <



p <00
HP™(Q) ... HP™(Q) with compact support
LP(Q)... space of all Lebesgue-p-integrable functions on ©, 1 < p < oo
LPer(Q) ... LP(2)-space with periodic boundary conditions

(C

[P(C)... space of all p-summable complex sequences
S(€) ... Schwartz space of rapidly decreasing functions on §2



Chapter 2

PDE-models in quantum mechanics

This chapter contains an introduction to the basics of PDE-models used in quantum
mechanics. Some of the presented equations originated from intuitive derivations or even
postulates, but one has to keep in mind that these models are experimentally verified
and generally accepted. Furthermore, there is a relation to classical mechanics: Every
classical mechanical quantity has a corresponding quantity in quantum mechanics and the
classical one can be regained in the limit A — 0. This is called correspondence principle.
Note however that there are quantities, like spin, emerging from the theory of quantum

mechanics which do not have a classical counterpart.

For details, see [G].

2.1 Wave aspects of matter

2.1.1 The two natures of light

It is well acknowledged by now, that light has to be described in two different ways,
depending on the situation: On the one hand, interference and diffraction effects suggest
an interpretation of light as electromagnetic wave. The photoelectric effect on the other
hand is an example of a physical phenomenon which can only be explained by the existence
of particles associated to light. These ’light particles’ are called photons.

The photoelectric effect was discovered by Heinrich Hertz in 1887 and it describes the

ejection of electrons from a metallic surface caused by light.

If monochromatic light shines on a metallic surface, electrons of definite energy get de-
tached. If light was described as wave, one would expect a correlation between the energy
of the emitted electrons and the intensity of the light, since the energy of a wave is pro-

portional to its amplitude.

However, increased light intensity only leads to the emission of more electrons, but does

10



2.1 Wave aspects of matter
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Figure 2.1: Photoelectric Effect

not alter their energy. This can only be achieved by a change in frequency.

Albert Einstein interpreted this effect by postulating a quantization of light into photons
with energy hw (where h ~ 1.054571628-1073* Js is the reduced Planck constant and w the
light’s frequency). Increasing the intensity of light also increases the number of photons

and therefore more electrons are emitted.

2.1.2 De Broglie waves

Now the question arises, if particles - like electrons - possess wave aspects too. P. L. V. de
Broglie postulated that similar wave properties can be assigned to matter particles (this

was experimentally proved later):

To every free particle with mass m, propagating uniformly at velocity v, with momentum
p = mv and energy E corresponds a wave with frequency v and wave vector k such that
the following hold:

Thus, associated to every particle, there is a plane wave v determined up to an amplitude

factor a:

P(x,t) =a-exp (i(k - x — wt)) 2163 a - exp <Z(th_Et)> (2.3)

. . . . _ h _ h
According to De Broglie, the wavelength of this wave is A\ = b= mo Therefore, for a

measurable wavelength, the rest mass m of the particle has to be sufficiently small.

11



Chapter 2 PDE-models in quantum mechanics

2.2 Statistical interpretation of matter waves

2.2.1 The Copenhagen interpretation

According to the so called Copenhagen interpretation the wave function 1 is a ’guiding
field’ for the particle and

n(x,t) = [(x, 1)

is introduced as probability density for finding the particle at (x,t¢). This means, the
probability of finding the particle in a subset U C R? at time ¢ is

/U n(x, {)dx

n has to be normalized to 1, so the amplitude factor a of ¥ must be chosen such that

/ n(x,t)dx =1
R3

if possible (otherwise, i.e. if |[¢]|2 = oo, one can try to normalize the function in a
reasonably large box V' C R3). In the following it is assumed, that the normalization is

always possible - this is the case in most applications.

Note that the wave function v is not unique. The quantity of interest is ||? and e
(o € R) yields the same probability density. To consider N instead of one particle, one

chooses a wave function (x,t) with x € R3V,

1) is often referred to as the state of a quantum mechanical system.

2.2.2 Expectation values and operators

In classical mechanics, a system can be fully described by position and momentum data
in phase space. All other ’interesting’ quantities - like total energy, angular momentum et

cetera - can be derived from these two basic characteristics.

Assume a quantum mechanical system to be in state . If one wants to gather information
about position and momentum (for example of an electron described by 1), the best choice

due to the probabilistic approach is to look at expectation values.

n = 1) was interpreted as position density, hence the expectation for the position coor-

dinate x of the electron is:

(x)y 1= /R3 xynpdx = /RS Pxpdx

12



2.2 Statistical interpretation of matter waves

For the momentum, consider the following:

If F(¢)(p) denotes the Fourier transform of ¢ with respect to x for fixed t = ¢y, then by

Fourier inversion

1 .
By F()(p)e®*dx = F () (p)vp(x)dx

v (2m)? Jre R3

for 1p(x) := %/éT)Qeip'x. Comparing with (2.3) and choosing the amplitude factor a ade-

quately, one can interpret 1p(x) as basic wave function with momentum Ap and F(v)(p)

Y(x) = P(x,t0) =

as the ’part of ¢ with momentum Ap’ or the probability of the electron - as in the exam-
ple above - to have a momentum of iAp. So F(¢)(p) gives a probability density for the

momentum in state ¥ and leads to the momentum expectation:

(P)rw) = - F()(p)-hp - F(¥)(p)dp =
= (hp - F(¢), F(¥)) = (F ' (hp - F(v)), 1) =
— (=i, = [ (ihVE)Edx = (B

R3

Introducing the multiplication operator X := x and the differential operator p := —ihV,

the above reads:
() = [ | s = (1),
by = [ buddx = (),

Thus the two basic quantities of a mechanical system can be transferred to a quantum
mechanical system via transition to (linear, Hermitian) unbounded operators and their

expectation values.

This is true in general (with similar argumentation): If A(x,p) is a function depending on
position and momentum (in classical sense), the quantum mechanical equivalent A(%,p)
is a linear, Hermitian unbounded operator (from now on all mentioned operators in this
chapter are assumed to have these properties) found by replacing x and p by x and p,

respectively. Again:

(o= [ A pwTdxi= ()

Note that due to Hermiticity, the expectation is always real.

13



Chapter 2 PDE-models in quantum mechanics

Example 1. The total energy of a mechanical system is given by the Hamiltonian function

as sum of kinetic and potential energy

Hix,p) = 57 4V (x)

where m is the mass (for example of the moving electron). The quantum mechanical

analogon is the Hamiltonian operator

) = T v = P A v

2m - 2m
2.2.3 The Heisenberg uncertainty principle
A direct consequence of the probabilistic approach is the Heisenberg uncertainty principle

which states that the exact position and the exact momentum of an electron cannot be

determined simultaneously. As before, 1(x) denotes a state at a fixed time ¢t = ty.

Variance is a measure for the deviation of the mean value - it is given by

And, since one can always choose a coordinate system such that (x), = (p)y = 0:

Now for every a € R:

0< / laxah(x) 4+ Vi (x))?dx =
R3
2 20,12 R - A _
= /Rgx []*dx +« /]R3 xpyV) + (Vi/})xwdx—i—/Rs(Vlb)(V”L/J)dx =
=A =B =C
=a’A+aB+C

This is a polynomial of second order in « and since it is positive semidefinite on R, it can

have at most one real root. Thus necessarily B? —4AC < 0 and, using

A= /R3 x?|1h2dx = Vi (x)

14



2.3 The Schrodinger equation

B= [ x¢Vi+ (V)xpdx = / xV (i) d / Pibdx =

R3

¢= [ (Vo) (vu) / TAvdx = / T (- HA) dx = wﬁ(zp)

x| =00

(¢

0) one can see that

This is the uncertainty principle - if Vi, (x) — 0, Vi (p) has to tend to infinity and vice

versa.
Remark 2. For operators L, M one can show:

. V¢(f}) = 0 < 1 is an eigenfunction (or in this context: eigenstate) of L.

e Although commonly known for position and momentum, there are uncertainty rela-
tions for other quantities too: If the eigenstates of L form a complete orthonormal
set in L2(R®) and [L, M].:= LM — ML = C # 0, then

Otherwise, for [f), M ]- =0, two cases can occur: If L is not degraded (i.e. for every
eigenvalue of L there is exactly one eigenstate), then L and M are simultaneously
exactly measurable in all states . If Lis degraded, one can at least find eigenstates

in which this is possible.

Another example of a pair of ’canonically conjugated’ operators is the energy oper-

ator F = ihg; o ; together with the time operator t.

2.3 The Schrodinger equation

Until now it is not clear how to find the states describing a system. This will be the task
of this chapter. At first, consider the energy operator E = ih%. Applying it on the wave

function of a free particle, one can see that the energy E of the particle is an eigenvalue

of E:
¥(x,t) = a exp ((pxh—Et))

Ew = ih%aexp (Z(th_Et)> = Faexp <Z(th_Et)> = Ey

15



Chapter 2 PDE-models in quantum mechanics

On the other hand we already deduced the Hamiltonian H for calculating the expectation

E of energy:

(H)y = / Hyydx=E=E / Pipdx = / Eypdx = / Eipdx = (B,
R3 R3 R3 R3
Therefore, both operators can be set equal:
Hy(x,t) = BEy(x,t) = Ep(x, 1) (2.4)
This gives the general form of the time-dependent Schréodinger equation:

i, 1) = Hip(x,t) (2.5)

If H acts only on the space variables, the separation ansatz Y(x,t) = P(x)f(t) leads to

the stationary Schrodinger equation:

—~

z‘hqz(x)% Y (IM(X)) f(®)

j) _ i)

ihm 1,Z~J(x) =F
hence 5
f(t) =cexp <—Ah)
and
Hy)(x) = Bi(x) (2.6)

which is an eigenvalue equation.

2.3.1 Particle current density

Conservation of mass is usually expressed in the conservation law

gn(x,t) +divJ(x,t) =0 = 8/ n(x, t)dx+/ J(x,t) -ndS =0
ot ot Ju oU

It states that if the electric charge density n in U C R? changes, then a current J flows
through its surface. A similar equation for the flow density appears in fluid mechanics and

other theories of mathematical physics. The goal of this section is to derive a continuity

16



2.3 The Schrodinger equation

equation for the particle probability density n = 1.

In a volume element U C R3 no particles can be created or annihilated. Thus if n changes,
there has to be a flux J through the surface 0U:

0
an(x, t) + divJ(x,t) =0 (2.7)
To deduce an expression for J one starts with the time dependent Schrédinger equation

(assume, that the wave function 1 is normalized on U) and gets by conjugation:
) Hw o—  H*%

V= o M gv =

Multiplying the left equation by 1, the complex conjugate by 1 and adding both:

g1 ) 5 (it — il °G) =

ih o
0= Snt ot (YA~ PAY) = Sont Y (VT — FV) =
0

h
an + —dlv (zZ)V@Z) — @DV?/))

Comparing with equation ({2.7]), one arrives at

L A )

In the special case of a wave function of a free particle ¢(x,t) = a - exp <M), this

yields the current density:

17



Chapter 3
The Pauli equation

In the previous chapter, the Schrodinger equation was introduced in a very general form.

Choosing a Hamiltonian as before
. . h2

it yields a description of a particle moving in a given, time-independent electric field

E = —VV. Influences of magnetic fields however are not included in this model.

If such an influence has to be considered, the situation changes and further effects - like
spin - become important for the model. This gives rise to new Schrédinger equations (the

‘magnetic’ ones) and finally to the Pauli equation (which is also a Schrédinger equation).

3.1 Derivation

3.1.1 Coupling to the electromagnetic field: Magnetic Schrodinger
equation

If a charged particle of charge e moves in an electromagnetic field, the Lorentz force
F=c(E+ Y x B)
c

acts on it. Here E and B denote electric and magnetic field, ¢ is the speed of light in
vacuum. Therefore, quantities proportional to % or C%, which will appear frequently in the

following, can be considered to be ’small’ or ’very small’.

It is common to express the electric and magnetic field strengths by the corresponding

18



3.1 Derivation

potentials A(x,t) and V (x,t) via

0 A
E=-VV_- =
vV ot ¢

B=VxA

In classical mechanics this motion is described by the Hamiltonian function

H(x,p,t) = % ( - ZA(X, t)>2 +eV(x,1)

Following the recipe from above, the corresponding Hamiltonian reads as follows (here it

is assumed, that A and V act as multiplication operators, therefore A=A V= V):

1 e 2 N
H(x,p,t) = 5 - (~inv - EA(fc,t)) +eV(k, 1) =
K2 ieh ieh €2

—_— e . —_— . 2
= A+ CA(X, t)-V+ 2mcv A(x,t) +2m02 A% (x,t) + eV (x,t)
(e —

=0 in most common examples

2
~ ~ e “ e
= H(Xa p7t) = HO(X>p7t) - %A(Xﬂf) P+ 22 Az(x7t)
::%+5V coupli;Tg term o(%)
motion in free case c

Hence motion under the influence of an electromagnetic field is described by the magnetic

Schrédinger equation

z'h%u - (1 (13 - SA(X, t))2 +eVi(x, t)> b (3.1)

2m

Note that up to now, ¥ is still a scalar quantity, this will change now in order to incorporate

effects caused by spin in the model.

3.1.2 Spin

Around 1920, experiments (like Stern-Gerlach, Doublet Splitting and FEinstein-de Haas)

suggested that elementary particles have an intrinsic angular momentum, the spin.
The Stern-Gerlach experiment:

A beam of silver atoms is directed through an inhomogeneous magnetic field and the
distribution is measured after passing the field. The atoms are in ground state, therefore

they should not be influenced by the field. However, the distribution of the atoms when

19



Chapter 3 The Pauli equation

Classical

prediction What was

Sil t
actually observed fver atoms

Furnace

Inhomogeneous
magnetic field

Figure 3.1: Stern-Gerlach experiment

the magnetic field is turned on differs from the distribution without the field.

Therefore, the atoms must have an intrinsic magnetic moment. And since one can exclude

the nuclei as its origin physically, it has to be caused by the surrounding electrons.

The beam is split into two components of equal intensity, so one can assume that the
electrons’ magnetic moment can have only two orientations of same absolute value - parallel

or antiparallel to the magnetic field.

Further experiments proved this assumption and led to the following result: Every elec-

h

tron has a magnetic moment caused by an intrinsic angular momentum (spin) of g or —g.

Moreover, spin is a property of all elementary particles.

Mathematically, spin leads to the introduction of a new degree of freedom in the wave

function ¢ - which can take only the two values s1 = g (’spin up’) and s| = —g (’spin
down’). Here one axis relatively to which the spin can take the two possible orientations

has to be fixed, usually this is the z-axis.

Until now the function

n(x, t) = W)(Xa t)|2

was interpreted as a probability density for finding the electron at time t. Now there is a
probability |11 (x,)[? := |¢(x, s1,t)|? of finding the electron in a ’spin-up-state’ at (x,t)
and |1 (x,t)|? := [¢(x, 5|, t)|? of finding the electron in a ’spin-down-state’. Therefore one

introduces the following notation:

20



3.1 Derivation

¥ is called spinor or in this special case 2-spinor and the normalization reads:

)

/R 3 P(x, 1) (x, t)dx = /R . (%(x,t),%(x, t)) (Zﬁg) dx

= [ Fore 0 + iy (x. ax = 1

In order to calculate the spin of a state, a suitable operator is needed.

Consider the following: For fixed time ¢, the expectation of the z-coordinate of the spin is

given by
h < )2 _h <. 1) 2dx — h(l 0 Pr(x,t)\ [r(x,1) N

So for S, := %i(}z:

_h
2

3l 0P + (lunbenPax = [ St x dx
R3 R3

This is an operator for measuring the spin of a state with respect to the z-axis. Spin is an
angular momentum, therefore one can use commutation relations for the components of

general angular momentum operators to conclude for the remaining spin components:

The matrices o, 0y,0, are called Pauli matrices. For details on the last calculation, cf.
[G], chapter 12.4 .

The total spin is given by

To derive an equation describing a system including the effects caused by the interaction
of spin with the magnetic field, one starts with equation ({3.1)) and adds terms which couple

spin and magnetic field. This yields the Pauli equation, which is a coupled system of two
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Chapter 3 The Pauli equation

scalar PDEs

m%wx,t) - <21n<mv — SAG )+ eV (x,t) + ;',fic% - B<x,t>> vixt) (32)

where & is a three-’vector’ containing the Pauli matrices and & - B has to be interpreted
as
(curlA)io, + (curlA)oy + (curlA)so,

The Pauli equation is an appropriate model for ’semi-relativistic’ charged particles, i.e.
which move at intermediate speed compared to the speed of light and where the spin-
magnetic field coupling (via 6 -B) is significant for external fields and/or for self-consistent

fields generated by the moving charge itself.

3.2 Particle current density, conservation of mass

Similar to the Schrodinger equation one wants to deduce conservation laws as well as an

expression for the particle current density J of the Pauli equation.
For the following calculation, the gradient of the 2-spinor v is needed - it is defined by:
¥ oY1 91 O
v — v 1 — 8x1 89&2 8:!23
b= T\ 92 Oy Oy
V2 81 Ovy  Oms

and

ou ou ou Ay
AVY =150 o o | | A2
Az

o1 Oxo oxs

Another formal definition:
div(Avy) := (divA)y + A - Vi) (3.3)

Similar operations are defined for ¢ = (@1 E2> with adjusted dimensions of matrices

and dot-products.

Let’s start with the Pauli equation and the corresponding adjoint equation

1 2 h

i = — (—ihv - 9A) v+ evet+ s By
2m c 2me

_ 1 2 _ A _

kO = — (—mv + fA) G+ evit 4 By
2m c 2me
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3.2 Particle current density, conservation of mass

Note that A, B,V are real and that the Pauli matrices are hermitian. Multiplying the
first equation with v from the left, the second one with ¢ from the left yields:

_ 1 — — h —
thy o) = %1/1 ((—mv — SA)%) + eV + 571'6& - By

_ _ _ i _
—ih(Op)Y = % ((—mv + SA)%) v+ eV + 2’(;’%& - By

The parts containing the magnetic Schréodinger operator are expanded as follows:

o o e — he— 2 .
B ((—ihV = SA)2) = —R2AY + =20 div(Av) + (A - V) + 5 ATy

- e e
((=ihV + ZA)%5) ¥ = —h2(AP)Y — “div(AD) — ““(A - V) + SA%Y

Subtraction of the two equations yields:

2 .
RO () = — 1 (B (AT + 1 (5 div(Ax) + div(AD) + BA - VY) + (A VE)Y)
K2 ihe

= —5-div (UV¥)' = (VY)9) +
+P(A - V) + (A - VY)Y)

= —;;div (V) = (V)v) + % ((divA)yyp + (A - Vi) + (divA)yrp
(A - V)Y + (A - V) + (A Vi)y)

=2 i (V) — (V) + 1 (o(div AN + 24 V()

: h? — _ 10 _
2 div (BV9) — (V9)w) + odiv(Ady)

2me (V((divA)p + A - Vi) + ((divA)Y + A - V)

Comparing with the continuity equation (2.7 yields the current density

J=— (V) (V)¥) (Agy)

e
me
To include the additional magnetic moment caused by spin, a divergence-free term has to

be added to complete the expression for the current density:

e[

J= —% (V) = (V)Y) — —(Agy) — o,curl (V&) (3.4)

e
mec 2

This is consistent with the conservation of mass, since integration with respect to x
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Chapter 3 The Pauli equation

yields:
=0(Green’s formula) =0(Gauss’ theorem)
O » Ydx = — /]R3 divJdx = % » div (v Vo — (Vi)y) dx —1—% » div(Ayp)dx +
+ @ div (curl@é’w) dx =0

2m R3 N o
=0

3.3 From Dirac-Maxwell to Pauli-Poiswell

In this section, an application of the Pauli equation is presented. The equation arises as
semi-relativistic approximation to the Dirac equation, which provides an even more exact
model of charged particles in electromagnetic fields than the Pauli equation. However, the
Dirac equation contains terms describing positrons which are not necessary in applications.
Furthermore, a coupling to the fully relativistic Maxwell-equations for the self-consistent

fields yields a very complex system - therefore approximations have to be considered.

In the following, 1) denotes the 2-spinor of the Pauli equation and ¥ is the 4-spinor used

in the Dirac equation (including two additional components for antimatter) .

Coupling the Dirac equation to the Maxwell equations for electromagnetic fields yields the

Dirac-Mazwell system.
The Dirac equation reads:
3 3
ih0yU = —ihe Y A* 90T + m? O — e > Ay T + eV T (3.5)
k=1 k=1
U(x,0) = Ur(x) (3.6)

As before, V' denotes the electric potential of the electromagnetic field and A its magnetic

vector potential,

1000 0 0 1 0 0 0 —i 0 0 1
o 0100 0 10| , |0 o0idi of 0 0 0
v = Y= Y= . Y =

0010 -1 0 0 0 0 0 ~1.0 0

0001 —1 0 00 —i 00 0 0 10

are the Dirac matrices (which are closely related to the Pauli matrices, see below) and
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3.3 From Dirac-Maxwell to Pauli-Poiswell

O =5, O = 52 (k=1,2,3).

Yo

Note that as in (3.2), the last two terms in equation (3.5 represent the coupling of the

spin to the electromagnetic field.

The densities for position and current for the Dirac equation are defined as follows:
n(x,t) == U(x,t) - U(x,t) (3.7)
J(x,1) := Vovkqj(xvt) 'E(X,t), k=1,2,3 (3-8)

Note that in contrast to the Schrodinger equation and Pauli equation, the expression of

the Dirac current does not contain derivatives.

The electromagnetic field is described by the Maxwell equations , cf. [GI1]:

V-B=0 (3.9)

V xE+ %@B =0 (3.10)
V-E=4mn (3.11)
%&:E ~VxB= —4§J (3.12)

Where E denotes the electric field, B the magnetic field. To couple the Dirac equation to
the Maxwell equations it is common to introduce E and B with help of the potentials in

the following way:

V = Vint + Vet (3.13)
A=A+ A (3.14)
B=Vx Ay (3.15)
E=—VVn— %@Amt (3.16)
V- A + %atvmt =0 (3.17)

The last equation represents the Lorentz gauge, V;,,; and A;,; are the self-consistent parts

of the potentials (see below) and Veut, Aeye the parts acting externally on the particle.

Putting (3.15)-(3.17) into (3.9)-(3.12) yields the Maxwell equations for the self-consistent

parts Vi, Ajne of the potentials:
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Chapter 3 The Pauli equation

Using this definition of the fields, equations (3.9 and (3.10) are always satisfied.

10 (VVit) =V (V- Ajy) %

3.17) =
—c%aft%nt = %315 (V- Aijnt)  #

Now

1
(3.11) = V- <—VVimt - catAimt> = 4mn

1
= —AVipt — Eat (V- Ajnt) = dmn

kK 1
i—;%%m+N%f?4m (3.18)

1 1 4
3.12 = Eat (—Vth — C@Amt> -V x (V X Amt) = —%J

1 1 4
= 0 (VVint) = 500 Aint = V (V- Aiut) + Ay = —{J

* 1 47
i*?%Am+A&m:f?J (3.19)

Equations (3.5)),(3.18) and (3.19) form the Dirac-Maxwell system. It is a self-consistent
model, i.e. it takes the effects caused by the additional electromagnetic field induced by

the movement of the electron on the particle itself into account. This fact is modelled by
the coupling of position and current density to the potentials in (3.18]) and (3.19).

The Dirac-Maxwell system is hard to handle analytically as well as numerically (up to date
there is no proof of global well-posedness) - confer [M] or [MM]. Therefore, one searches
an approximation to a self-consistent system which is easier to solve but preserves the
main properties of interest - i.e. self-consistency, the relativistic effects and, in particular,

spin-magnetic field coupling. This is the goal of this section.

3.3.1 Scaling of equations

Before continuing the quest for a suitable approximation, a brief interlude about scaling

of equations is needed:

Considering a differential equation used as a model for a physical process, it is clear that
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3.3 From Dirac-Maxwell to Pauli-Poiswell

the (fine-) structure of the equation and its solutions depend on the unit system for which

the model was developed.

E.g. for a system depending on space and time, there is a big difference if time is measured

in nanoseconds or hours. Here 'measuring’ means comparison with units.

To get rid of this dependency on units, it is desirable to write the model equation in a more
general - dimensionless - form. In this context, ’"dimension’ means a qualitative description
of a measurable physical quantity. To every dimension there is a corresponding unit in a

unit system. In the example above, nanoseconds and hours are units of dimension time.

There are seven fundamental dimensions, from which all other dimensions are derived:
M (mass), L (length), T (time), © (temperature), E (electric current), I (intensity of light)

and A (amount of a substance).

Nondimensionalization is the process of rescaling equations to render them dimensionless.
It can be interpreted as a switch to proportions instead of measurements against units.
This is done by dividing dimensionful parameters and variables by appropriate reference

values - this usually leads to equations of easier structure.

Note that this process is not unique! Different choices of reference values yield different

dimensionless problems.

In the Dirac-Maxwell system one can choose to nondimensionalize the two main physical

constants 1 (which is of dimension Z) and £ (with dimension MTB)

The corresponding dimensionless parameters are

z* v*
= —= — 3.20
c t*c c ( )
h
hi=——-——— 3.21
m(v*)2t* ( )

for a reference length x*, time t* and velocity v* := f—* that remain to be specified.

To rescale the system ({3.5)),(3.18)),(3.19)), define the following scaled quantities (the "*’-sign
denotes a reference value for the corresponding parameter or variable):
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Chapter 3 The Pauli equation

y = (y17y2)y3)t = fE*(CL‘l,I‘Q,LEg)t = r*x

(v.7) = (L, 2) = v o(x,)
(v,7) ) = AT Aini(x, 1) + A" Acar(x, 1)
V(y,7) = AV (x,t) = A Vi (x,t) + A Verr (x, 1)
(¥, 7)
(¥, 7)

Thus, using the chain rule:

00 OOt Yt ov

or T otor tr ot
0, ® = w—ak\l/, k=1,2,3
Vo = ‘iw
V-®= w—v U
_ W
AP = (x*)Z
J =y I
i = [¢**n

Now, putting this into the Dirac equation:

t*9d Qv & 3
ih—— =ih— = —ihc Y 70U + mc® "0 — > A"y T + eV T
v* 01 ot — k ‘
mc? -
= —’Lhc— 'yofykﬁk@ + Ao — Ak707k<1> + Vo
Equivalently:
iht*a—q) = —ihcx® 2707k8k<1> + mc2y'® Z A4k + “ve
or A*

k=1
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3.3 From Dirac-Maxwell to Pauli-Poiswell

Now, using definition (3.20)) and ([3.21)):

hCCC* _ ( *)2 _ (x*)4mh — (1_*)2 (x*)2h
+* 8(t*)2 €(t*)2
1
_ *\ 2
mc” = m(x™¥) 2
and
2, 0P 2 (@)2h <~ o 2 1’ € N7 0k, €O
] Vh— = —i * O P N O—— A d+—VoP
Zm(l‘ ) or Z’I?’L(ZL‘ ) E(t*)g ;7 YV Ok —}—m(x ) Eg(t*)g A+ kZ_l kY Y +A*
After dividing by m(z*)? and choosing z* =t* =1, A* = £(= e = 1, h = L)
ind2 - fjv"v’“a@ = i Ao - Ve (3.22)
or € g2 ’
k=1 k=1
®(y,0) = @s(y) (3.23)
With properly rescaled initial value ®;(y).
Next, adjust equation ((3.18]):
L o
_jﬁtt‘/;nt + AVipy = —4mn
c
(t*)2 32 ~ (m*)Q N A7 ~
" Vnt g BV =
m 0? - m , -~ 4
—ngmt + zAth = _Wn
Choosing ¢* = % this is equivalent to
~ 2 ~
AV;mf - 52@%7’“& =-n (324)
Analogously, in the this new scaling equation (3.19)) reads:
. , 0% - ~
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Chapter 3 The Pauli equation

3.3.2 ’Perturbation theory’

Back to the search for approximations to the Dirac-Maxwell system: An approximation
to an equation is another equation - preferably of simpler structure - whose solutions

approximate the solutions of the original one (in a sense to be specified).

Considering the Dirac-Maxwell system in the new scaling - equations , and
(3.25)) - possible approximations are the equations resulting from the formal ’limit’ € — 0
or €2 — 0. But it is not clear if these are actual approximations and how this limit is
defined. For a rigorous treatment, basic facts from perturbation theory are necessary -
therefore a short introduction to this field is given - further information and references

can be found in [H].

As a general rule, formal limits of equations yield approximations if the limiting process

does not change the order of the equation.

Definition 3. Let (B, ||.||) be a Banach space and u € B. The formal series

oo
> et
k=0

is called asymptotic expansion of u with respect to € if

lu = " upe®|| = o("), foralln >0
k=0

If this is satisfied only for n < N, the expansion is called asymptotic expansion of order
N.

Remark 4. It is customary to write
u=uv+o(f(e))

instead of

lu = vl = o(f(e))

And similar for all other ’O-notations’.

To deal with differential equations in this context, let (Bi,|.|[1), (B2,].]2) be Banach

spaces and consider the family of operators {7~ | € € [0, a)}, satisfying

T.: By — By
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3.3 From Dirac-Maxwell to Pauli-Poiswell

Thus (following the ideas above), if one searches approximations to the differential equa-
tion
Tou. =0

the question is whether solutions wug of the so called reduced problem
Toug =0
approximate solutions of the original problem, i.e. if:
;ig(l]ug =g in [|.|]1

There are several criteria guaranteeing this convergence, but they are not trivial - cf.
(.

To improve the approximation ug, one can try to expand T.u asymptotically for fixed

u € By which yields an expansion of the form

N
T.u = Z Tiue® + O(N)
k=0

and
N
Z Tk.uek =0
k=0

is an approximation to the original equation. Z,]CV:O Tue® is called correction of order
N.

In the scaling used above, the linear Pauli equation reads

. 1. 2 eh 3 k
ihdyp = o (ihV +eA)* ) = Vip — — kzl oFcurl, (A)y

One can show ([M],[MM]) that it is an O(e) approximation for the electron component of
the Dirac equation. It is sufficient to consider this component, as the positron component is
not important in most applications. The transition from Dirac equation to Pauli equation
is quite involved and not part of this thesis. For further information, confer the list of

references at the end of this section.

For the self-consistent coupling one could use the Maxwell equations again, but to preserve
order one switches to first order corrections. These can be found by a formal asymptotic

expansion of the electromagnetic fields and the corresponding potentials. Combining, this
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Chapter 3 The Pauli equation

leads to the so called Pauli-Poiswell system

ihdyp = % (ihV 4+ eA)* ) — Vip — % i oFeurly,(A)y (3.26)
¥(x,0) = ¢r(x) (3.27)

n(x, 1) = |11 (x, 1)1 + |12 (x, 1) (3.28)

Je(x,t) = Im (¢ (hOy + icAg) ¥) + curly (V- 7)), k=1,2,3 (3.29)
V = Vipt + Ve (3.30)

A=A+ A (3.31)

AVipy = —n (3.32)

AAjy = —&J (3.33)

for the electron component. In equation (3.29)), the Dirac current was replaced by the

Pauli current; here {o,,0,,0.} = {01,092, 03}.

The structure of this system is considerably less complex. The transition from Dirac-
Maxwell to Pauli-Poiswell simplifies the spinor and the (hyperbolic) wave equations for

the fields are replaced by (elliptic) Poisson equations.

Remark 5. e The described transition from Dirac-Maxwell system to Pauli-Poiswell
system is only a formal motivation since e.g. the Maxwell equations depend singu-
larly on €. The coupling of the Pauli equation to the two Poisson equations
and is rather heuristic. Anyway, this model catches the main properties of

the solutions as shown in simulations (see chapter 5).

e This model can be used analogously in two space dimensions. Assume the electron

moves only in the xoxs-plane, then the magnetic vector potential reads as follows:

0
A($1,l’2,l’3,t) = AQ(.%'Q,.%B,t)
Az (wo, 73,1)

Thus, the curl in equation (3.26]) becomes

02 A3(2, x3,t) — O3A2(x2, x3,1)
VXA(ZL‘l,Jlg,SL‘g,t): 0
0
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3.3 From Dirac-Maxwell to Pauli-Poiswell

e In (3.29), the last term involving the curl can be dropped in calculations. As men-
tioned in sectionit represents the (minor) influence of spin on the particle current

density.

Relativistic Corrections of Second Order

For the sake of completeness a short remark on approximations of the Dirac equation up

to order two in €. This equation reads

3
i) = (ihV + eA)2) — Vip — g 3 oFcurly(A)y+
k=1

+ ia% + iA(W) e iakE Y — éE -V
g ey 2 =" T
The most interesting O(g?)-term is %A(V@D). It corresponds to the so called Darwin
term which is related to the zitterbewegung. The zitterbewegung (German for ’trembling
motion’) is an effect following from the Dirac equation for relativistic electrons which
describes high frequency oscillations of the particles near their position expectation. Cf.
[M] for further details.

Further References

The aim of this section is to enrich the list of references, which were already mentioned

earlier in this chapter.

e [BM] and [MI] are the only works concerning the derivation of the linear Pauli

equation in the time-dependent case.

e [BMI1] and [BM2] are the only rigorous results on the derivation of nonlinear time-
dependent Pauli and Schrodinger equations starting from the Dirac equation or the

Klein-Gordon equation (which is more or less the ’squared Dirac equation’).

e In [MS], the nonrelativistic limit is combined with the classical limit. The result and
the methods apply to the limit from the Pauli-Poiswell system to the Vlasov-Poisson

system as well.

e In [SC], an alternative approach to derive the Pauli equation as approximation to

the Dirac equation is presented.
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Chapter 3 The Pauli equation

3.4 Analytical results

In this section, some partial results concerning the existence of solutions of the time-
dependent Pauli equation and the Schrodinger-Maxwell system (which has the same an-
alytical properties as Pauli-Maxwell) are presented. For nonlinear PDEs in general, only
special results can be achieved. Especially for rigorous analysis of time-dependent prob-
lems results are rare, but as they are of growing importance, this should change in near

future.

We did not tackle the open problem of proving global existence (in time) of unique solutions

for the Pauli-Poiswell system in this thesis

3.4.1 Results for the time-dependent Pauli equation

The following result is for a time-dependent magnetic Schrédinger equation in three spacial
dimensions, but it should hold for the Pauli equation too, as the coupling term & - B does
not change the analytic properties too much. It is taken from the book of Cycon, Froese,
Kirsch and Simon (|CF]), who extend a result of Tip ([T1]) to this special case. At first,

a definition is needed:

Definition 6. Let (By, ||.||1), (Ba, |.]|]2) be Banach spaces and T1,T5 be operators with
T; : D(T;) € By — Bs
Then T3 is called T5 — bounded or relatively bounded with respect to Ty, if
D(T3) € D(Ty)
and if there are constants a,b > 0 such that
[Thull2 < af|Toullz + bljull2

for all uw € D(T3). The infimum of all a for which a b exists such that this equation holds
is called the Ty — bound of Tj.

Now, if H(t) is defined as the closure of (p — A(t))*+V on S(R3), A(t) := (A cos(wt), Asin(wt), 0)*
with positive frequency w > 0, A > 0 and the electric potential V is assumed to be rota-
tionally invariant, time independent and relatively bounded with respect to the Laplace
operator —A on L%(R3) with relative bound smaller than 1. Furthermore, V has to be

essentially bounded outside a ball.
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3.4 Analytical results

Then the two-parameter unitary propagator

U(t, S) = e_i“’LZte—i(t—S)Heiszs
solves the operator equation

0
zaU(t, s)=H(t)U(t,s)

U(0,0) = 1

where H = (p —a)?> +V —wL,,a = (A,0,0)" and L, = —ih(zd, — y0,) is the angular

momentum operator with respect to the z-axis.

Consequently, following [T1],
U(t):=U(t,0) = e whatg—ilt=s)H
is a solution operator for the magnetic Schrodinger equation
0
i— = H(t
i = H(t)y

on D(H(t)) = H*>?(R?). This means that for every initial value ug € D(H(t)) U(t)ug is a

solution of this equation.

In [BBJ, Bouguerra, Bounames, Maamache and Saadi calculate an exact expression for the
wavefunction v of the Pauli equation in two spacial dimensions with harmonic oscillator
potential V(r,t) = 2m(t)w?(t)r* in presence of the Aharonov-Bohm effect, i.e. a kind of
nonlocal interaction of a nonrelativistic spin—%—particle with the magnetic vector potential.

The resulting spinor is given in polar coordinates via:

¢1 (7’, @, t) _ Z am,n ei%ﬂ«}iam,n X?ln,n (Ta ®, tv V)
¢2 (T‘, 2 t) P

m,n X?n,n (Tv @1, V)

where a,, , are constants, v is a flux parameter and the functions p, oy, n, ', x? are de-

termined via auxiliary differential equations.

In [YA] Yamasaki mentions so called WKB-solutions for the nonrelativistic Pauli equation.

These solutions are calculated via approximation by an asymptotic expansion in A.

A stochastic approach is taken in [AJ] to determine the spinor of a nonrelativistic spin—%—
particle. Here, solving the Pauli equation amounts to solving an equivalent system of four

stochastic differential equations.
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Chapter 3 The Pauli equation

Works on the stationary Pauli equation include the extensive treatment of Erdds and
Solovej, e.g. [ES], [ESI] or [E].

3.4.2 Results for the time-dependent Schrodinger-Maxwell system

Now some results for coupled Schréodinger-Maxwell systems are presented. In many cases,
the standing wave ansatz
b(x,t) = u(x)e"

is chosen. It yields a stationary Schrodinger equation for the amplitude u(x). To render
the Maxwell equations stationary, the electrostatic case A = 0 and 0;V = 0 is considered.

This leads to a (time-independent) system of the form

—c1Au+ caVu + e3®u — eqlulP"u—c59g =0

—cgAD — 07u2 =0

with constants ¢; (possibly partly equal to 0) and varying s € N - depending on the
paper.

There are many results on systems of this form, e.g. Candela and Salvatore show in [CS]
that such a system, restricted to a ball B with zero boundary values, has infinitely many
radially symmetric solutions (uy, ®,) € Hg’l(B) X H02’1(B) for p =5, g(x) = g(|x|) €
L?(B) satisfying

/|un\dx—>oo for n — oo
B

Other works using this approach are for example [AP], where the whole-space case is
treated and the recent results of Azzollini, d’Avenia and Pomponio [AA], where more

general nonlinearities are considered.
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Chapter 4
Numerical methods

In this chapter an overview of the numerical methods used to solve the Pauli-Poiswell
system in two dimensions is given. As mentioned before (in remark , the magnetic
field B = curlA acts perpendicularly on the zy-plane (if interpreted as projection of the

rox3-plane in R?) in this case.

The numerical methods of interest are: Finite difference schemes, relaxation iteration and
pseudospectral derivatives. The nonlinear coupling occurring in the Pauli-Poiswell system
makes a rigorous convergence analysis of the numerical schemes very difficult. Therefore
only results for the linear case are presented at this point. For rigorous analysis of a
numerical method for a nonlinear Schrédinger-Poisson coupling, confer for example [L],

where an operator splitting method is used.

For this, the domain is restricted to a square Q := [a, b) x [a,b) C R? in space and periodic

boundary conditions are assumed.

Moreover, @ is discretized in the following way:

In x-direction, the N points
ro=a<r < - <ITN-1

are defined as

SU] :CL+]T, j:O,,Nfl
such that [a,b] is divided into N subintervals of length Az := b_Ta. In y-direction,
Yo, ---,YN—1 are given analogously.

This results into a grid of points (z;,yx), j,k € {0,...,N — 1} covering (). Additionally,

time is discretized into tg = 0, t1,to, ... after choosing a timestep At.

For any function

f:QXRS-—NC
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Chapter 4 Numerical methods

an approximation to f (calculated by a numerical algorithm) in (z;,yx) at time ¢, is
denoted by f;bk

4.1 Fourier-pseudospectral derivative

The basic idea of this method of numerical differentiation is to consider the derivative of

an interpolating polynomial of a function f an approximation to f’.

4.1.1 Trigonometric interpolation

Since periodic functions are to be interpolated (periodic boundary conditions are used), the
appropriate interpolation method is trigonometric interpolation, which will be introduced
in this section. First the one-dimensional case is considered, which can be generalized to

multidimensional problems.

1D Trigonometric interpolation

For simplicity, assume f : I C R — C is periodic with period 27 (other periods can be
reduced to this case via variable transformations - see below). Due to periodicity one can

restrict considerations to the interval [0, 27]. As before, let

21y

be a discretization of [0,27] and ( fj)j-v: _01 the corresponding function values of f in the

nodes.

Since cos(jx), sin(jz) both have period 27, it is straight forward to try to interpolate f by

a linear combination of these trigonometric functions. Thus, one searches a polynomial

M
an (f) = ?O + Z aj cos(lx) + bysin(lz)) + %cos((M + 1):3)5(Nm0d2)70
=0

with gy (f)(zj) = f; (where N = 2M + 1 and 6,,,, is the Kronecker-delta - the last term
vanishes if N is odd).

Setting a,, = ¢, and b, = icy, this can be transformed to

N-1

pn(f)(x) = Z el

=0
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4.1 Fourier-pseudospectral derivative

pn(f)(zj) = fj, 5=0,...,N =1

and with z := €', w; = €' = €'~ one arrives at

N-1
Pn(f)(z) =) a?
1=0
ﬁN(f)(wj):fjvj:()v"‘7N_1 (41)

The polynomial py(f) (and therefore py(f) and gn(f)) exists and is unique (because of

the uniqueness of interpolating polynomials in general (cf. [I])).

To calculate the coefficients (¢, )m, consider

. 2ml(j+k) .
wWwwf == v =t
1%l l
_ _s27lk .
W, L wf
to conclude:
Lemma 7. v("™) = (wgl,w{”, e ,wﬁil), m=0,..., N —1is an orthonormal basis of C

with respect to the weighted standard inner product

N-1
1
(,y)en = N Tyl
1=0
Proof: Choose m,n € {0,1,...,N — 1}, then
N-1 N-1
=0 =0
The case m = n is clear, for m —n =k # 0:
N-1 N-1
PN 1 2mik
wlk = <e%) = eZ-;rik = 0
1=0 1=0 l—ew

O

Setting f, = (fo,...,fn_1) € CV, one can see that the coefficients (¢, ), have to satisfy
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Chapter 4 Numerical methods

(compare equation (4.1])):

Definition 8. e The linear and invertible map
Fy:CN -V

()i = (em)m

(4.2)

which maps the sampling points of a function f to the coefficients of the interpolating

trigonometric polynomial corresponding to the described calculation is called discrete

Fourier transform (DFT). Usually, ¢, is denoted by fm.

The DFT’s computational cost is O(N?) operations, but using the special structure
of the sums (4.2]), one can reduce this to O(Nlog,N) for N = 2™ - these algorithms

are called fast Fourier transforms (FFTs).

e The inverse map Fy' is called Fouriersynthesis. Fx' ((¢m)m) corresponds to the

evaluation of the trigonometric polynomial with coefficients (¢, )m in the nodes (z;);.

]—'K,l is given by
N—-1 ‘
fj = chwl], jZO,...,N—l
1=0

Remark 9. e The derivative of py(f)(z) is given by

N-1

(@) = il qe™

=0

Therefore, differentiation in x is equal to a multiplication of the coefficients by con-

stants:

(Cm)m — (im - cm)m

e In general

P (f) #pn(f')

This is only true for f € span{em |l=0,...N — 1}.

e Let v € CV, then Fy(v) and Fy'(v) can be expressed with help of the N x N

Vandermonde matrices

1/ AN
o 3 ()
NE N (e k=1
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4.1 Fourier-pseudospectral derivative

. N
- -1
Fil.= (wj )
N k1) je1

via

Fn(v)=Fn v, f&l(v) = Fﬁl-v

Now assume f : [a,b] — C is a function defined on an arbitrary real interval. In this case

one can use the variable transformation

(r —a)2m
b—a

T —

to reduce the problem to the interval [0,27]. The interpolating polynomial for N nodes

becomes

2D Trigonometric interpolation

The two dimensional case can be treated in an analogous way by introducing the following

inner product:
Definition 10. Let X, Y € CN*N X = (@ij)ij, Y = (yij)ij- Define:

—1N-1

<X Y N2 Z Z 'Tll,lzyll lo

11=0 12=0
This is clearly an inner product on CN*¥ since it corresponds to the weighted standard
inner product on CN 2

Lemma 11. Let (v™)N=1" (w™)=1 he orthonormal bases of CV with respect to the

weighted standard inner product and

vimn = (™. wj(”))N L ¢ CNxN

Then (V™ ))N !, is an orthonormal basis of CN*¥ with respect to (.,.)x.
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Chapter 4 Numerical methods

Proof: Choose m,n,m',n" € {0,1,..., N — 1}, then

a; 1 , —( /’ ’)
<V(m,n)’ V(m n )>>< == Vlgf?zn)vllmhn
11=0 l2=0
1 =X (), (m)—(m)— ()
m n)—m )—\n
= N2 Uy, "W, Yy Wy,
11=012=0
1= mm) 1 = ()
m)—(m n)—\n
= N vll l1 ’ N Z le l2
11=0 1o=0

Here (. n),(m/ ) 18 equal to 1 if both m = m’ and n = n' hold, else it is equal to 0.
O

Now let f: € :=[0,27] x [0,27] — C and (xj,yx) := (%,%), j,k=0,...,N —1 be
a discretization of 2 as before. The function values of f in these nodes are denoted by

fik-

Following analogous arguments as in the 1D-case, one searches an interpolating polyno-

mial
N-—1 N-—1
il il (1 l
pn(f)(z,y) = Z 011,1262 1@ ilay Z Cly 1y eillhiz+lay)
l17l2:0 ll7l2:0 :;Cll’lQ(;p,y)
with

pN(f)(‘Tjﬂyk) :fj,ka jvk:())"'vN_ 1

Setting z = ', s = e, w; = €' np = e this transforms to

N—-1
ﬁN(f)(zﬂs): Z Ch,lgzllsl2
11 12=0

ﬁN(f)(wjvnk) = fj,kv Juk = 07"'7N_ 1
As in the 1D-case, existence and uniqueness of these polynomials is guaranteed.

Now for fy := (fi)i; € CV*Y and the orthonormal basis V(™) = (Wi m ) sk (according
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4.1 Fourier-pseudospectral derivative

to Lemma [L1]), the coefficients (¢;;);x must satisfy

N-1

1,0

fv= E ey g, VD)
l1,l2=0

hence
1 N-—1 1 N-1
— m,n _ 2 : Fmn —m —n
Cm,n - <fV7V >>< — N2 fl1,l2V11712 - N2 E fll,lzwll 7712
l1,l2=0 l1,l2=0

Definition 12. The linear and invertible map

fN . CNXN N (CNXN
(fj,k)j,k - (Cm,n)m,n

is called (2D-)discrete Fourier transform (DFT), ¢, is often written as fnm The Fouri-

ersynthesis is given by:
N-1

— J ok
fik = Z Cly, 12w, ",

l1,l2=0

The 2D-DFT can be calculated via 1D-DFTs - one for each coordinate direction. This
corresponds to O(NlogyN) operations (when using FFTs).

Written in matrix form, the calculation reads

FN(f) :FN,y'FN,x'fV:FN,LL"FN,y'fV
where Fy ., Fy,, denote the DFT-matrices with respect to the corresponding coordinate
direction.

Remark 13. As before, there is a connection between differentiation in x,y and multi-

plication of the coefficients (¢, n)mn by constants:

o N-1 |
SN (A (wy) = D ihey, gy’
l1,l2=0

P N-1 |
aiypN(f)(vT, y) — Z il20l1712€l(l1x+l2y)
l1,l2=0

4.1.2 The Fourier-pseudospectral derivative

As mentioned above, the goal of this section is to find an approximation to the derivative of

a function f by using the derivative of interpolating polynomials. The following definition
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Chapter 4 Numerical methods

considers only the 2D-case (since it will be used later), but all other dimensions can be

treated in an analogous way.

Definition 14. Let f : Q := [0,27] x [0,27] — C and py(f) : @ — C the interpolating
trigonometric polynomial to f corresponding to the nodes (z;, yk)j.vl;lo, then the Fourier-

pseudospectral derivative of f (of order N) is defined by

a+p 8a+ﬂ — a+B1078 £ I,
Dmy@f(%y) = W?N(f)(xay) = Z (Za l(lxl2> Ju,C 2 (@, y), (2,y) €Q
l1,l2=0
For example:

52 N-1 )

@f(x,y) ~ Dizf(a;,y) = Z — fll,l2cl1712(x7y)
l1,l2=0

52 N—-1 A

@f(x’y) ~ D22/2f(x7y) = Z _lg fl1,l2€l17l2(may)
I1,l2=0

In the following, the Fourier-pseudospectral Laplacian will be denoted by
Asf = <D§2 +D§2) f

and in the 1D-case, notation is simplified by
f'~Df, f"~Df...

Remark 15. According to Definition [8] one has to apply the inverse Fourier transform

a+

on D ﬁg f to evaluate the pseudospectral derivative in the nodes. Thus, for example, the

Yy
approximate partial derivative with respect to x of a sample fi, of f is given by:

0 -
((%f> = A A )

Where 9 is the matrix containing the Fourier multipliers and ® denotes componentwise

multiplication. Using FFTs, this calculation needs O(N logy N) operations.

Application to linear PDEs

The discussed methods can be used to approximately solve PDEs. This is outlined by

considering the example of the 2D Poisson equation with periodic boundary conditions:

Au(z,y) = g(x,y), =,y € [0,27) x [0,27)
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4.1 Fourier-pseudospectral derivative

Choosing a discretization (z;, yk);v k;lov one can construct a numerical solution by switching

to pseudospectral derivatives and interpolating polynomials:

Aru=pn(9)
= Apn(u) = pn(9)

This leads to the following equations for the discrete Fourier coefficients:

_(jz—i_kz)ﬁ],k:gj,ka ]7k:07N_1
. Jjk
= Ujk = —].72 + k2

Therefore
N-1

pn(w)(z,y) = >

l1,l12=0

[/
- l2 _1'_ }2 Cll’b (SU, y) (43)
1 2

Numerically the approximation to the solution u is calculated via

uy ~ F&l (9)1*2 ® FNgV) (44)

where 9172 is a matrix containing the Fourier multipliers. Values at the boundary have

to be adjusted to satisfy the boundary conditions.

Error analysis

In the following, estimates on the error of pseudospectral derivatives and their application
to PDEs are presented. Details and proofs can be found in [CH| and [BD].

Proposition 16. Let f : [0,27] — C, py(f) the interpolating trigonometric polynomial
for z;, 7 =0,...,N — 1 defined as before. Then

(i) aC7 >0

1f = pn(F)llgos < CLNT PO 2, i f € HP(0,27), 0< T <m, m > 1

(ii) 3C5 > 0:

If = pn(f)llzee < CoN""log N||f™ 1o, if f € H™, m > 1

Thus, interestingly, the accuracy of the interpolation depends on the regularity of f. As
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consequence of Proposition [16| one gets:

Theorem 17 (Accuracy of the Fourier-pseudospectral derivative). Let f : [0,27] — C,
then, if Df, D?f are Fourier-pseudospectral derivatives of order 1 and 2 with respect to
N nodes:

(i) 4C1 > 0:
If' = Dfll2 < CLNY™|| f™)| 2, if f € HP™, m > 1

(i)
If = Dfllr2 < CnNe*Ng, for all 0 < < no
If f is analytic in Q:= {z € C | [Imz| < 1o} N (0,2m) (C;, > 0 depends on 7).
(ifi) 3C5 > 0 :

If" = D fllze < CoN*7™||f(m)l| 2, if f € HP™, m > 2

Hence, if f is analytic, the error committed by approximating by pseudospectral derivatives
decays faster than every power of N~! for N — co. This is called exponential accuracy or

spectral accuracy.

According to [BD], (i.) and therefore (i.) and (iii.) can be generalized to two

dimensions yielding the same bounds.

Corollary 18 (Accuracy of the pseudospectral solution of Poisson’s equation). The ap-

proximate solution to Poisson’s equation
Au(z,y) = g(z,y), (z,y) € (0,27) x (0,27)

calculated as above is of spectral accuracy.

Proof: According to [16] and

py(u) =u+ O(e_N)
Apy(u) = Au+ O(e_N)
pN(Au) = Au + O(e_N)

and therefore

Apy(u) = pn(Au) +0(e™N)
——
pn(g)
Every approximation taken is of spectral accuracy, hence the algorithm maintains this

level of accuracy.
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4.2 Relaxation iteration

4.2 Relaxation iteration

In the first part of this section, basic results on iterative algorithms are given. The second
part contains a discussion of an algorithm to solve equation . The application of a
pseudospectral method is not successful in this case, since the multiplication by the wave
function v makes a comparison of Fourier multipliers as in impossible.

For details and proofs confer [K].

4.2.1 General facts on iterative algorithms

The algorithms of interest are of the form

Xpr1 =b+ Mxg, >0 (45)

where b, x;, € CN, M € CN*¥ nonsingular, with given initial value xo € CV.

Definition 19. Let ||.|| be a norm on CV, then the corresponding induced matriz norm
on CV*N is defined as

|M]| == sup ||Mx]|, for every M € CN*N
xeCN, [lzf=1

Proposition 20. If | M| < 1, then I — M is invertible and (4.5)) converges to
x*=(I-M)"'b

for every starting point xq € CV with respect to the given norm ||.||. Furthermore, x* is
a fixed point of the iteration:
(I-M)x*=b

= x* =b+ Mx*
Induced matrix norms are not the best tool to analyse the convergence behaviour iterative
algorithms, since it is not always clear how to determine a norm in which ||M| < 1 - or

if this is true for any norm. A better way is to look at the spectral radius, which is an

intrinsic property of every matrix:

Definition 21. Let M € CVN*¥ then the spectral radius of M is defined as

p(M) :=max{\ € C | X is an eigenvalue of M}
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Lemma 22 (Properties of the spectral radius). Let M € CN*¥ then for any induced

matrix norm ||.|:
L p(M) < [|M]]
. . 1
. p(M) = limy 0| M™|| =
The proof of the first statement is straightforward, the second statement is shown in [Y]

in a very general form.

This leads to the main result of this section:

Theorem 23. Let M € CN*N then I — M is invertible and there is a norm |.|| on C*
such that (4.5) converges for every xg € CV to

x*=(I-M)"'b (4.6)
if and only if
p(M) <1
As consequence of 22| (ii.), one can see that for arbitrary a € C
paM) = lalp(M)

This fact will be used later to accelerate convergence of iterative algorithms - the smaller

the spectral radius of the iteration matrix M, the faster the convergence:

If p(M) < 1, define the error in the k-th step as
e, =xp—x", k>0

Let A € C be an eigenvalue of M and choose xy such that ey = x¢y — x* is an eigenvector

corresponding to A. Then:
X1 :Mx0+b Mxy+ (I — M)x* = Mxg — Mx* + x*

:>e1:x1—x*:MXO—MX*:Meoz)\eg

Hence

er = e for every k>0

and
el = [A*[leoll < p(M)*|leq

Thus a small spectral radius is necessary for fast convergence.
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4.2 Relaxation iteration

A useful termination criterion for an iterative algorithm is to look at the difference
€k = ||Xp — Xp—1]]

Since convergence is assured, this must tend to zero and one can terminate the iteration

as soon as an error bound €,,,; is reached.

4.2.2 Application to a Poisson equation

When approximating the Pauli-Poiswell system numerically in the proposed way (see
below, at the end of this chapter), one encounters equations of the following form (compare
(3-33)):

AAg(x,t") = —ehIm(YP(x, ") Optb (x, 1)) — e2[ah(x, 1) AR (", x) (4.7)

For a timestep t", x € R? and k € {1,2}.

Discretization in space with N gridpoints in each coordinate direction leads to N x N
matrices A7 approximating A4;(.,¢") and 1" approximating (., t"). [¢"|? is approximated
by n" = (¢p")*y"™. Before deriving an iterative method to solve this equation, note that
the stated convergence results of the previous section are valid for matrices instead of

vectors too (when interpreting a CV*Y matrix as CN* vector).

Now the exact derivatives are replaced by Fourier-pseudospectral derivatives. Thus for

M := F' (9 © Fy)

where 912 contains the discrete Fourier multipliers (compare (4.4)), A7 has to satisfy
MA? = —ehIm(y" Djp") — e*n™ A7

where D1 = D, and Dy = D,,.

To construct an iteration, one starts with inverting M, avoiding singularities by adding
a small parameter o < 0 to the multiplier matrix 92 (which contains only non-positive
entries):

Mg == Fy' (0 + al) © Fy)

1 denotes the matrix consisting of ones. M, is invertible, since the DFT-matrix F is and

M =Fy'( (M2 +a1)®' OFy)
N——

componentwise inverse
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Hence

Aj

Vi @mm@”pﬁ.w) - EQn”A;?)

— ! <—ahlm@"D§.¢")) — M (20 AT

-~

=:b

This suggests the iteration
Ao = A?il

A1 =b—M" (20" + al) Ay, k>0

=:Mqu

Note the additional « at the right hand side of this equation - it guarantees p(M,) < 1.

4.3 Finite difference methods

In order to numerically solve the Pauli equation ([3.26]), a finite difference scheme called

"Leap Frog’ is introduced.

This chapter contains an overview of the theory of finite difference methods and concepts
for analysing their behaviour are introduced. Details and proofs of the results can be
found in [LR] and [ST].

The basic idea of these methods is to replace the differential quotients in differential
equations (partly) by difference quotients. This yields difference equations for the function

values of an approximation in the grid points.

As before, considerations are restricted to the domain @ C R?, covered by a grid (x5, Yk),
j,k € {0,1,...N — 1} (compare page . Similar results hold in the multidimensional

case.

Example 24. Consider the 1D transport equation

—u+a—u=0

ot ox
u(z,0) = up(z)

Replacing with forward difference quotients leads to the forward time, forward space

scheme’: "
ntl g U
J Uj JraujJrl U

At Ax

u

=0
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4.3 Finite difference methods

Another example is the 'forward time, central space scheme’:

unJrl — unJrl _ unJrl
J Iy gdtt il _ o
At 2Azx

both using the initial condition

{u}; = {uo(z;)}

Methods involving the timesteps t"*! and " only are called one-step schemes, otherwise
multistep schemes. If u}”l can be calculated explicitly, the scheme is called explicit, if
one has to solve a linear or even nonlinear system of difference equations in each step, it

is called implicit.

Implicit schemes are generally more tolerant concerning step sizes, but the implementation

of explicit schemes is easier.

A multistep scheme needs more than one time-level to initialize, the lacking initial data

can be computed for example by a one-step scheme.

4.3.1 Convergence, consistency and stability

The main property a finite difference scheme must have is convergence to an actual solution
of the corresponding PDE. In this case, convergence is measured in the Banach space of
complex valued, square Lebesgue-integrable functions (LZ,,.(Q), |.||z2), which contains all

per

quantum mechanical states as unit vectors.

Approximate solutions, which are only calculated in the grid points, can be considered as

L2.-functions too (by interpolation).

The difference schemes constructed in this section are intended for a numerical treatment
of PDEs of the form

Pu(x,t) := 9

8tu(x,t) — Lu(x,t) =0, for x in Q, t >0 (4.8)

u(x,0) = ug(x) (4.9)

Where L is a linear differential operator with constant coefficients and periodic boundary
conditions are assumed. The Pauli equation does not satisfy this condition, but one can

assume constant coefficients during calculations and impose bounds later.

Note that the function u is vector valued. This is necessary to include systems of PDEs -
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like the Pauli equation. All norms are considered component wise.

Definition 25. An initial value problem of the form (4.8))-(4.9)) is called well-posed if for

every T > 0 there is a constant Cr > 0, such that any solution u* satisfies
a*(., 0)]l 22 < Crlluo| 22

for 0 <t < T and every initial data ug € 2.

Remark 26. e One can show that only well-posed equations are suitable to model

physical processes.

e From now on, u* denotes an exact solution of (4.8)-(4.9).

Let u™(x) denote the trigonometric polynomial interpolating the calculated approxima-

™ is a vector of interpolating polynomials, one for each com-

tions at time ¢" (actually, u
ponent of u). The difference schemes resulting from replacing differential quotients by

difference quotients are generally of the form

Z Il(ll, 12)un+1($j + Az, gy, + ley) + Ig(ll, lg)u"(a:j + LAz, y, + ZQAy) =0 (4.10)
l1,loeH

or in operator form

Pi(Az, Ay, At)u”(x,t) =0 (4.11)

where H C N is a finite index set, j, k € {0,..., N — 1} and I, I, are matrices depending
on l1,lo, Ax, Ay, At.

n+1

The value of u at a grid point (x;,yy) is given by a linear combination of the values of

n

u” (and u"*! in the implicit case) at a finite number of neighbouring points. Sometimes,

interpolated values between the grid points are included in this calculation.
It is assumed, that this scheme has a unique solution for u™*!, therefore all matrices
I1(l1,12) are non-singular. More than two time levels are handled by introducing auxiliary

variables.

Equation (4.10) can be written equivalently in the form
u"t = B(At, Az, Ay)u”, n >0 (4.12)
where B is a linear finite difference operator - it may contain the inverses of the matrices

I if the scheme is implicit.

In the analysis of finite difference schemes, it is customary to assume that the space steps
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4.3 Finite difference methods

Az and Ay are related to the time step At, i.e.:
Az = fi(At)

Ay = fo(At)
in a way such that Az — 0, Ay — 0 as At converges to 0.

In this case, (4.12)) transforms to
u"t = C(AHu" = C(AH)"u, n >0 (4.13)

Definition 27 (Convergence). A scheme of the form (4.13) is called convergent, if for

2
per

every initial data ug € L;,,.(Q) and every pair of sequences {At;};, {n;}; with

At; 122, 0

Jj—o0

njAtj —t (t Z 0)

the following holds:
IC(At;) " ag —u* (., t)|[ Lz, —— 0

In most cases, convergence of a scheme is not easy to prove, therefore alternative charac-
terizations are needed.

At first, a property called consistency assures that if the scheme in question is convergent,

then it converges to a solution of the corresponding PDE.

Definition 28 (Consistency). A scheme of the form (4.11) is called consistent with the
initial value problem (4.8])-(4.9), if

P¢ — Pij(Az, Ay, At)p — 0 pointwise for Az, Ay, At — 0
for ¢ € C°(R? x RT) arbitrary.
Consistency can usually be checked with the help of Taylor expansions.

The next property is an analogon to well-posedness for the difference approximation:

Definition 29 (Stability). A scheme of the form (4.13)) is called stable, if for every T' > 0

and 7 > 0 the set of operators

{C(A)™ | 0< At< 7, 0 < nAt < T}
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is uniformly bounded in the operator norm ||.|| (defined as the matrix norm in Definition

1).
Equivalently, for arbitrary 7" > 0, At > 0 there is a constant Cr > 0, such that

< Crlu’llzz

per

a2

per

= [C(At) w0l 2, < [C(A)"[[[u’]] 2

per

for every initial data u’ € L2,,.(Q) and 0 < nAt < T.

per

Finally, the well-known

Theorem 30 (Lax-Richtmyer Equivalence Theorem). A consistent scheme of the form

(4.13) for a well-posed initial value problem (4.8)-(4.9) is convergent if and only if it is
stable.

4.3.2 Von Neumann stability analysis

In this section, an important result on the stability of finite difference schemes is presented,

the von Neumann condition, which is based on Fourier analytical calculations.

If f : R? — C" is periodic and square integrable with period p = b — a (remember the
domain of interest is @ := [a,b) X [a, b)) in both coordinate directions, it can be expanded

into an infinite Fourier series in each component, i.e.:

f(x) = Z c(k)e’kx

keK
L 27y
K = {k: (k;) = (2%2) ‘ll,lQGZ}
p

As in the case of discrete Fourier series, uniqueness of the expansion in every component

where

and x = (z), c(k) e C™.

of f is given:

Proposition 31. i. The map
F: L, (Q) — 1(C)

[ ce(k)kex

2

per function on @ to a square summable complex sequence, is an

which maps every L
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isometric isomorphism, i.e. Parseval’s equation holds:

13 = [ 17GoPax = 3 [e(k)? = el (114)

keK

i If pv = > wer c(k)e’ > K = {ki,...,kp}, is a trigonometric polynomial of order N
in @, then
Fon = (c(ky),...,c(kn),0,0,...)

For a proof of this proposition, see your favourite course in functional analysis or [HA].
Since every trigonometric polynomial in () can be interpreted as infinite Fourier series
(by adding terms with coefficients ¢(k) = 0), uniqueness of part (i.) proves part (ii.) of
this proposition. As consequence of the norm preserving property of the map F, one can

analyse stability properties of finite difference scheme in the Fourier space 12(C):

Consider the scheme (4.10)); since u™ is a trigonometric interpolation polynomial:

u” = Z Vn(k)eik'x

keK

Hence

Z I (I, 1) Z (vn+1(k)ei(k1(mj+l1Aw)+kz(yk+l2Ay))>

l1,lo€eH keK
+15(11,12) Z (VTL(k)ei(kl($j+lle)+k2(yk+ley))) —0
keK

Comparing coefficients yields the equation

Z I (l1, l2)vn+1(k)ei(kl(xj+l1Aa:)+k2(yk+ley))+Iz(ll’ l2)vn(k)ez’(k1(a:j+llAz)+k2(yk+l2Ay)) —0
li,loeH

for arbitrary k € K. Now, after cancelling the common factor e’* and setting

G = Gn(Az, Ay, At k) i= > T (I, lp)e B A7 TRy — 1,9
l1,loeH

one gets
lenJrl (k) + GQVn(k) =0

= v (k) = ~G7'Gy v (k)
N—_——

=G

(G1 is invertible because of the uniqueness of Fourier expansions and the solvability as-
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sumption made before. G(Az, Ay, At, k) is called amplification matriz (actually, G is a
set of matrices), it reflects the amount the amplitude of each pure frequency changes in

calculating the next time step.

If the space steps depend on the time step as before (Az = f1(At), Ay = f2(At)) one can
see that the scheme (4.10)) is stable iff for all "> 0,7 > 0 the set

{G(ALK)" | 0< At < 7,0 < nAt < T}

is uniformly bounded with respect to all k € K, because in this case for every T >
0, At > 0, there is a constant C7 > 0, such that for all n satisfying 0 < nAt < T and all
ug € L2, (R?)

per
0"z = [[v"[liz = [|G(AL, )" voll;z < Crl[volliz = Crlluol| 2

Here Parseval’s equation (4.14]) was used.

As in the preceding section, the spectral radius of the amplification matrix is used to

generalize this statement:

Theorem 32 (Von Neumann stability condition). Let

P1 (Gv At) ‘= max p(G(Ata k))
keK

pa(G,At) := max Vp(G(At, k)*G(At, k))

i. If (4.10) is stable, then
p1(G,At) <1+ O(At) (4.15)

ii. If po(G, At) <14 O(At), then (4.10) is stable.

iii. If G is normal, i.e. G*G = GG*, then condition (4.15)) is also sufficient for the stability
of scheme (4.10)).

Corollary 33. Let G be the amplification factor of a stable scheme and G another am-
plification factor. If there are constants 1 > 0,2 > 1 such that

|G — G| < mAt

and
1G] = 72

then the scheme corresponding to G is stable.
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4.3 Finite difference methods

4.3.3 Application to the Pauli equation

As mentioned above, a finite difference scheme is used to solve the Pauli equation (3.26)),
the Leap Frog method:

Let @ and (z;,yx) be defined as before (cf. page and denote the calculated approxi-

mations for ¢ = (ZI),A = (’2;), V,n at time t™,m > 0 by a superscript:

wm: < L];)} 7Am_{< m]7 7V’m: V’m A ’nm: nm A
{ Viin/ ) A3 ) ik {0}

Since the scheme is a two-step scheme, the lacking initial data is calculated by one step of
a Runge-Kutta algorithm of second order:
1At

¥ is given by the initial data and let ¢ := —4°, then

Ut =97 + e (91(4°,0) + g1 (¥ + cg1(4°,0),0))

¢ = ¢+ ¢ (9, (¥°,0) + g (¥ + ¢, (1, 0),0))

g1(f,m)

where g(f,m) =
gl (fa m)
(3.26)) by Fourier-pseudospectral derivatives at time ¢™ for the approximation of a 2-spinor

F={0n) e

) , m € N, denotes the evaluation of the right hand side of

(R*Axfi — ihe(AT" © Dyfr + A3 © Dy f) — eh(i(DAT) © fr—

N |

gT(f7m) =

—(DyAT) © f1) — (i(DyAS") @ f; + (D AT) ® f1) + (2|A™2 +2V™) O f1))

1 . m m - m
g (f,m) = B (W*Axf, —ihe(AT* © Dyf| + A3 © Dy f)) — eh(i(Dy AT") ® f—
—(DyAT) @ fr) — (i(DyAY) © fi + (Da AY) © f1) + (2|A™[P +2V™) © f)))
m|2 __ m |2 m |2
Here, [A™|" = {‘Alj,k| + |AZ} }]k

Now assume that the approximation at time t™ is already calculated, then the Leap Frog

method for this equation reads as follows:
For every j,k € {0,...,N — 1}

- L 2At
Yt =it - 91 @ m) (4.16)
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Chapter 4 Numerical methods

m 20 At
Uik = Ve - 9L m)j (4.17)

Stability of the Leap Frog scheme

Now the stability and consistency properties of the introduced scheme are checked.

Using trigonometric interpolation of the data yields the approximations

N-1

U@,y m Yo 0"k, ky)el Bt

k1,k2=0

wl T y Z pm kl z(k1x+k2y)
k1,k2=0

N-1

%nfl(xay)% Z M (ky, k) et F1ethy)
k1,ka=0

1/, Z d™ (ky, ks ci(k1z+kay)

k1,ko=

(i.e.: am(kl, k‘g) = Cm+1(k‘1, k‘g),bm(k‘l, kg) = dm+l(k‘1, kz) for all ]{31, k‘z S {O, ey N — 1})

Putting this expansions into the Leap Frog scheme and comparing the coefficients as

described on page [55] yields the following relations for the Fourier coefficients:

For fixed ki, k2 € {0,...,N —1}:

a™tl = ™ 1 At ((k% + k22)a0 + kreaq + ke + cas + 2y + 045) a™ + Ateagh™

=p(e,k1,k2)
b = 4 4+ Ateaga™ + At ((k% + k22)a0 + kieaq + kosan + cas + 2y + a5) b

Cm-l—l = a™

dm+1 — bm
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4.3 Finite difference methods

with coefficients

ag = 1h

— 95 AM
a1 = 2’1/141 Gk

— 95 AM
a9 = 27/14.2 Gk

ag = —(Dz AT")jk — (DyAS )k

a1 = 21A§n‘7’k

a9 = 2ZA72nj’k

ag = — (D AT")jk — (DyAT")jk

i m
Qy = _EﬂAlj,k

PO m

2+ A5 )

This yields the amplification matrix

G(At, kl, kg, 8) =

AtB(e, k1, ko) Ateag 10
Ateag AtfB(e, k1,k2) 0 1

1 0 0 0

0 1 0 0

Note that here and in the following a dependency of ¢ is included. This is done to check

the influence of the parameter on the stability of the system.

This can be split into the two parts

0 AtSOé(;
At 0
G(At, kl,kQ,E) = a6
1 0
0 1

10 AtB(e, ki, ks) 0 0 0
01, 0 AtB(e, ki, ks) 0 0
00 0 0 0 0
00 0 0 0 0

=:G'(At,k1,k2,e)

satisfying

=:G"(At,k1,k2,e)

IG" = Gl = IG"]| = [BIAt < mAt

and |G| < oo if Ay, Ag are bounded together with their partial derivatives of first order

and V is bounded. The second requirement of Corollary [33]is not generally satisfied, it

has to be checked for given potentials.
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Chapter 4 Numerical methods

Thus one has to prove stability of the scheme corresponding to the amplification matrix

G’ to show the stability of the Leap Frog scheme.
G’ is not normal, therefore condition [32{(ii.) has to be checked:

The eigenvalues of (G')*G’ are given by

1
12 = 5(2 + At?%ag|? + Ate|ag| /4 + At2e2]ag)?)

Using Taylor expansions of /|u1], v/|u2| yields

p2(G',At) = 1+ O(At)

Hence, the scheme corresponding to G’ is stable according to Theorem and the Leap

Frog scheme is stable.

Consistency of the Leap Frog scheme

Choose an arbitrary ¢ € (C®°(R? x RT))?, the applied scheme is of the form (compare

Definition which is generalized in an obvious way to incorporate 2-spinors):

Pd(Ax7 Ay7 At) 7,k 2At (¢m+1 ¢§7k_1) - g(¢m7 m)

Here the notation ¢7% is used for the exact value of the test function ¢ at (z;,yx,t™).

Using Taylor expansions of first order yields

' 9 0
Pu(Az, Ay, A9 = 5= ( e+ At (;) — O + At ((;f) ) —g(¢™ m) + 0 ((At)?)

=i(%)  ~smm o (@)

Hence, if A¢ denotes the right hand side of the Pauli Equation (|3.26]):

qu(x]vyk‘v ) Pd(Al’ AyaAt) jk =
0 O \™"
= ia—f(xjjyk,tm) —1 ((;f) — Ad(xj, yi, t™) + g(¢™,m) + O ((At)Q)
7.k
= —Ad(j, yp, t™) + g(¢™,m) +0 ((At)*) — 0 for Az, Ay, At — 0

—0 for Az,Ay—0
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4.4 Numerical approximation of the Pauli-Poiswell system

—A+ g converges to 0 because of the spectral accuracy of the pseudospectral derivative.

4.4 Numerical approximation of the Pauli-Poiswell system

Now the numerical methods that were developed in the preceding sections of this chap-

ter are applied to calculate an approximate solution of the Pauli-Poiswell system ([3.26])-
(13-33)).

Note that the convergence analysis of these methods was not performed rigorously: Only

the linear case was considered and the well-posedness of the Pauli-Poiswell system was

not shown. But as these topics are very involved, they are not part of this thesis.

The following algorithm is used (with the same notation as presented on page :

Assume that, starting with the initial condition Qﬁ?’k = vYo(zj,yx), jk=0,...,N—1as
given in (3.27), ™, m € N has already been computed, then:

1.
2.

Calculate n™ = (™)* © ™.
Use the Fourier-pseudospectral method (4.4)) to solve (3.32) for V7", numerically and

nt
m __ m m m 3 3
set V™ = V" + VI (where V7, is given).

Approximate (3.33) for A7, in each component using the relaxation iteration (4.7)

n
and get A™ via A™ = A" + AT, (with given AT%,).

int

Use the Leap Frog method (4.16)-(4.17) to calculate ¢)™*1.

It may be necessary to adjust boundary values during calculations to satisfy the periodic

boundary conditions.
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Chapter 5
Numerical results

This chapter is devoted to the presentation and interpretation of simulation results con-
cerning the Pauli-Poiswell system in two space dimensions. The system was solved nu-
merically as described in the previous chapter. The algorithm was implemented in
FORTRAN 77 by Yanzhi Zhang and compiled using the Intel FORTRAN compiler ifort
(IFORT), version ’9.0 20050809’.

All calculations are based on a grid size of 256 x 256 on the spacial domain
2 = [-16,16] x [-16, 16] and a time step of 0.0001 in the time interval [0, 10].

5.1 Setup of the numerical experiments

The experiments deal with the planar movement of an electron in three spacial dimensions
- i.e. the movement of an electron in a thin metallic plate. As mentioned in remark [5| the
magnetic field B caused by the (in this case: 2-dimensional) magnetic vector potential A

via B = curlA acts perpendicularly on the plate.

To be consistent with the notation used before, the coordinates of a point x in R? are

T
X = 9

3

and, assuming the metal plate is a part of the xoxs-plane, points in the plate have the
0

coordinates | z9 |, which corresponds to the point <$2> =: <$> when projected on the
- T3 Yy

roxs-plane.

The (external) electric potential Ve, is a parabolic ’confining potential’, i.e.: a harmonic
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5.1 Setup of the numerical experiments

oscillator potential of the form

1
—5 (@ +9?)

‘/;,xt(x7 y) = 2

Potentials of this form are of particular importance as they can be used to approximate
arbitrary potentials in a neighbourhood of a local minimum - cf. [G]. Comparing equation
, one can see that with this choice of the potential V.., which is centered at 0, the
electric field E = —VV — %@A pulls the electron towards the origin (when the internal

potential Vi, is small).

The (external) magnetic vector potential A, is defined as

0

Aezt($1;x27x3) = O

In this case, the Pauli equation reads

. - 1. 2 eh (0 1
thop) = 5 (thV 4+ eA)* ¢ — Vi) — > (1 O) 15(A) )
curly

since only the first component of curlA is nonzero.

The following 4 systems are compared using two different initial conditions (always con-

sidering ¢ as a 2-spinor).

e The Pauli-Poiswell system:

o= ¥ e v () 1) e
¥(x,0) = ¢r(x)

n(x, 1) = [P1(x, )] + [a(x, 1)

Je(x,t) = Im (¢ (hO + icAg) V) + curly (Y- T), k=1,2

V =0Vint + Vear
A =0Aint + Acat
AVt = —
AAjy = —¢ed
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Chapter 5 Numerical results

e The linear Pauli equation

01

ihdyp = % (ihV 4+ eA)? ) — Vip — % (1 0) curl; (A)e)

$(x,0) = ¥1(x)

e The magnetic Schrodinger-Poiswell system

ihOpp = % (ihV +eA)* o — Vi)

¥(x,0) = r(x)
n(x, 1) = [P1(x, )% + o (x, 1)
Jr(x,t) = Im (@(h@k +icAg) w) + curly, (@ ?w) , k=12
V =0Vint + Vear
A =0Ai +Acst
AV = —n
AA;, = —¢ed

e The linear magnetic Schrodinger equation

ihOy) = % (ihV +eA)*p — V)
Y(x,0) = Pr(x)

Here 0 is a factor amplifying the influence of the internal parts of the potentials.

The initial data used are eigenstates of the stationary Schrodinger equation with harmonic

oscillator potential (cf. [G] for a derivation in a similar scaling):

The first one reads

¢IT(J3ay) — ﬁ 6—5\(y)_(1)| ez(y) (5)
¢Il($’y) =0
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5.1 Setup of the numerical experiments

Where

(i.) is a normalization factor,
(ii.) the main part of the wavefunction with maximum at G),

(iii.) a phase factor with wave vector (_55)

In the Pauli equation, the potential A influences the impulse of the resulting wave function
- in the considered example, this influence is exerted parallel to the y-axis (w.r.t. the

coordinates in the metallic plate).

Together with the influence of V' and the translation of the position expectation in part

(ii.) of the wavefunction, this causes a rotation of the position expectation over time.
Part (iii.) governs the direction of propagation of the wavefunction.

Here a scaling of # = 99 is used (which corresponds to a strongly dominating self-consistent
field).

The second initial condition is

1— (22 +9?) _2242
(e, y) = ———=——e 2
N3

Yr(z,y) =0

In this case, a scaling of § = 33 is used (i.e. a moderately strong self-consistent field).
The following effects can be observed in the results of the simulations:
e The spin-magnetic field coupling (in the Pauli-Poiswell system and the Pauli equa-
tion) leads to an oscillation between up-state and down-state.

e The frequency and period of this oscillation does not depend on initial condition and
scaling of the self-consistent part (cf. page .

e Scaling of the self-consistent part leads to a blur of the position densities.
Scaling of the self-consistent part yields an inconsistent model: a particle moving at ’slow’
speed is assumed to generate a self-consistent field corresponding to a ’fast’ particle. This

leads to a violation of the conservation of mass - as can be observed in the following

images.
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Chapter 5 Numerical results

5.2 Numerical data

First initial condition at time t=0.1

Up-State Down-State Position Density Mass Distribution

<1% I upstate
I Down-State
100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.1: Pauli-Poiswell at time t=0.1
Up-State Down-State Position Density Mass Distribution
<1% I U state
I Dovn-State
100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.2: linear Pauli at time t=0.1
Up-State Down-State Position Density Mass Distribution
<1% I Up-State
I oovn-State
100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.3: Magnetic Schrodinger-Poiswell at time t=0.1
Up-State Down-State Position Density Mass Distribution
<1% - Up-State
I Down-State

100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

Figure 5.4: linear Magnetic Schrodinger at time t=0.1
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5.2 Numerical data

Time t=1.1

Up-State Down-State Position Density Mass Di
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50 100 150 200 250 50 100 150 200 250 50 100 150 200 25

3

Figure 5.5: Pauli-Poiswell at time t=1.1

Up-State Down-State Position Density Mass Di
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50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

Figure 5.6: linear Pauli at time t=1.1

Up-State Down-State Position Density Mass Distribution
<1%

100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

Figure 5.7: Magnetic Schrodinger-Poiswell at time t=1.1

Up-State Down-State Position Density Mass Di:
250 250 <1%

200 200
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100 100

50 50

100%

50 100 150 200 250 50 100 150 200 250 50 100 150 200 25

3

Figure 5.8: linear Magnetic Schrodinger at time t=1.1
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Time t=2.1

Up-State Down-State Position Density Mass Distribution

Down-State

50 100 150 200 25

3

50 100 150 200 250 50 100 150 200 25

S

Figure 5.9: Pauli-Poiswell at time t=2.1

Up-State Down-State Position Density Mass Distribution
I Dovn-State
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.10: linear Pauli at time t=2.1
Up-State Down-State Position Density Mass Distribution
<1% I Up-State
I Dovn-state
100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.11: Magnetic Schrédinger-Poiswell at time t=2.1
Up-State Down-State Position Density Mass Distribution
250 250 <1% Up-State
Down-State

200 200

150 150

100 100

50 50

100%

50 100 150 200 25

3

50 100 150 200 250 50 100 150 200 250

Figure 5.12: linear Magnetic Schrodinger at time t=2.1
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Time t=3.1

Up-State Down-State Position Density Mass Di
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Figure 5.13: Pauli-Poiswell at time t=3.1
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Figure 5.14: linear Pauli at time t=3.1
Up-State Down-State Position Density Mass Distribution
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100%
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Figure 5.15: Magnetic Schrédinger-Poiswell at time t=3.1
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Figure 5.16: linear Magnetic Schrodinger at time t=3.1
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Time t=4.1

Up-State Down-State Position Density Mass Distribution
- Up-State
I Dovin-State

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

Figure 5.17: Pauli-Poiswell at time t=4.1

Up-State Down-State Position Density Mass Distribution
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17 I Dovn-State
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Figure 5.18: linear Pauli at time t=4.1
Up-State Down-State Position Density Mass Distribution
<1% I Up-State
I Dovn-state
100%
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Figure 5.19: Magnetic Schrédinger-Poiswell at time t=4.1
Up-State Down-State Position Density Mass Distribution
250 250 <1% I Upstate
I Down-State
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Figure 5.20: linear Magnetic Schrodinger at time t=4.1
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Time t=5.1

Up-State Down-State Position Density Mass Di
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Figure 5.21: Pauli-Poiswell at time t=5.1
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Figure 5.22: linear Pauli at time t=>5.1

Up-State Down-State Position Density Mass Distribution
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Figure 5.23: Magnetic Schrédinger-Poiswell at time t=>5.1
Up-State Down-State Position Density Mass Distributi
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Figure 5.24: linear Magnetic Schrodinger at time t=5.1
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Time t=6.1

Up-State Down-State Position Density Mass Dlstrlbut‘on
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Figure 5.25: Pauli-Poiswell at time t=6.1
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Figure 5.26: linear Pauli at time t=6.1
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Figure 5.27: Magnetic Schrédinger-Poiswell at time t=6.1

Up-State Down-State Position Density Mass Distribution

250 - 1%

100 150 200 250

Up -State
Duwn State

200

150

100

50

100%

50 100 150 200 25

3

Figure 5.28: linear Magnetic Schrodinger at time t=6.1
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Time t=7.1
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Figure 5.29: Pauli-Poiswell at time t=7.1
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Figure 5.30: linear Pauli at time t=7.1
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Figure 5.31: Magnetic Schrédinger-Poiswell at time t=7.1
Up-State Down-State Position Density Mass Distributi
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Figure 5.32: linear Magnetic Schrodinger at time t=7.1
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Time t=8.1

Up-State Down-State Position Density Mass Distribution
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Figure 5.33: Pauli-Poiswell at time t=8.1
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Figure 5.34: linear Pauli at time t=8.1
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Figure 5.35: Magnetic Schrédinger-Poiswell at time t=8.1
Up-State Down-State Position Density Mass Distribution

250 <1% Up-State

Down-State

200

150

100

50

100%

50 100 150 200 25

3

50 100 150 200 250 50 100 150 200 250

Figure 5.36: linear Magnetic Schrodinger at time t=8.1
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Time t=9.1
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Figure 5.37: Pauli-Poiswell at time t=9.1
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Figure 5.38: linear Pauli at time t=9.1
Up-State Down-State Position Density Mass Distribution
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Figure 5.39: Magnetic Schrédinger-Poiswell at time t=9.1
Up-State Down-State Position Density Mass Distributi
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Figure 5.40: linear Magnetic Schrodinger at time t=9.1
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Second initial condition at time t=0.1

Up-State Down-State Position Density Mass Distribution

20 40 60 80 100

Figure 5.41: Pauli-Poiswell at time t=0.1
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Figure 5.42: linear Pauli at time t=0.1
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Figure 5.43: Magnetic Schrédinger-Poiswell at time t=0.1
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Figure 5.44: linear Magnetic Schrodinger at time t=0.1
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5.2 Numerical data

Time t=1.1
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Figure 5.45: Pauli-Poiswell at time t=1.1
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Figure 5.46: linear Pauli at time t=1.1
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Figure 5.47: Magnetic Schrédinger-Poiswell at time t=1.1
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Figure 5.48: linear Magnetic Schrodinger at time t=1.1
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Time t=2.1

Up-State Down-State Position Density Mass Distribution
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Figure 5.49: Pauli-Poiswell at time t=2.1
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Figure 5.50: linear Pauli at time t=2.1
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Figure 5.51: Magnetic Schrédinger-Poiswell at time t=2.1
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Figure 5.52: linear Magnetic Schrodinger at time t=2.1
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Time t=3.1
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Figure 5.53: Pauli-Poiswell at time t=3.1
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Figure 5.54: linear Pauli at time t=3.1
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Figure 5.55: Magnetic Schrédinger-Poiswell at time t=3.1
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Figure 5.56: linear Magnetic Schrodinger at time t=3.1
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Time t=4.1
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Figure 5.57: Pauli-Poiswell at time t=4.1
Up-State Down-State Position Density Mass Distribution
I o state
174 I Dovn-State
Figure 5.58: linear Pauli at time t=4.1
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Figure 5.59: Magnetic Schrodinger-Poiswell at time t=4.1
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Figure 5.60: linear Magnetic Schrodinger at time t=4.1
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5.2 Numerical data
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Figure 5.61: Pauli-Poiswell at time t=5.1
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Figure 5.62: linear Pauli at time t=>5.1
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Figure 5.63: Magnetic Schrédinger-Poiswell at time t=>5.1
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Figure 5.64: linear Magnetic Schrodinger at time t=5.1
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Time t=6.1
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Figure 5.65: Pauli-Poiswell at time t=6.1
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Figure 5.66: linear Pauli at time t=6.1
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Figure 5.67: Magnetic Schrédinger-Poiswell at time t=6.1
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Figure 5.68: linear Magnetic Schrodinger at time t=6.1
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5.2 Numerical data

Time t=7.1
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Figure 5.69: Pauli-Poiswell at time t=7.1
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Figure 5.70: linear Pauli at time t=7.1
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Figure 5.71: Magnetic Schrédinger-Poiswell at time t=7.1
Up-State Down-State Position Density Mass Distributi
<1% I Up-State
m ‘ N
100%
20 40 60 80 100

Figure 5.72: linear Magnetic Schrodinger at time t=7.1
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Time t=8.1
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Figure 5.73: Pauli-Poiswell at time t=8.1

Up-State Down-State Position Density Mass Distribution
I o state
I Dovn-State

Figure 5.74: linear Pauli at time t=8.1
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Figure 5.75: Magnetic Schrédinger-Poiswell at time t=8.1
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Figure 5.76: linear Magnetic Schrodinger at time t=8.1
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5.2 Numerical data

Time t=9.1
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Figure 5.77: Pauli-Poiswell at time t=9.1
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Figure 5.78: linear Pauli at time t=9.1
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Figure 5.79: Magnetic Schrédinger-Poiswell at time t=9.1
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Figure 5.80: linear Magnetic Schrodinger at time t=9.1
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Oscillation between up-state and down-state

As mentioned above, the spin-magnetic field coupling leads to an oscillation between up-
state and down-state. The frequency and period of this oscillation depend only on the
strength of the magnetic field and are independent of initial condition and scaling of the

self-consistent part.

These plots are made from the data of the simulations described above:

Figure 5.81: Pauli-Poiswell, first initial condition

Figure 5.82: linear Pauli, first initial condition

Figure 5.83: Pauli-Poiswell, second initial condition

Figure 5.84: linear Pauli, second initial condition
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5.2 Numerical data

Interference phenomena

Here are some close-ups of the interference phenomena occurring in the Pauli-Poiswell-

and the linear Pauli approximation with the first initial condition.

Figure 5.85: Pauli-Poiswell system
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Figure 5.86: Pauli-Poiswell system



5.2 Numerical data

Figure 5.87: Pauli-Poiswell system
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Figure 5.88: Pauli-Poiswell system

Figure 5.89: linear Pauli
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5.2 Numerical data

Figure 5.90: linear Pauli
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Appendix A

Curriculum Vitae

Personal Data

e Name: David Wimmesberger
e Born on March 6th, 1985 in Salzburg, Austria

e Nationality: Austria

Education

e 1991-1995: Volksschule Oberndorf bei Salzburg
e 1995-2003: Musisches Gymnasium Salzburg, Matura on June 30th, 2003
e 2004- : Diploma Studies of Mathematics at the University of Vienna, Austria

e Summer term 2008: Exchange semester in Cork, Ireland

Work experience related to mathematics

e Tutor at the Faculty of Mathematics of the University of Vienna (2009 and 2010)

e Implementation of several algorithms for the Computer Mathematics Group of the

Faculty of Mathematics of the University of Vienna
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