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Abstract

In this MA thesis we examine the following question regarding the relation
between forcing and large cardinals: Which kinds of extensions do not cre-
ate new large cardinals? For small forcing and measurable cardinals this
question was settled in 1967 by a result of Lévy and Solovay, showing that
measurable cardinals are neither created nor destroyed under small forcing.
This result was then extended to other large cardinals, like strongly com-
pact, supercompact and huge cardinals. As the proof for the case of strong
and Woodin cardinals differs from the one of the Lévy-Solovay Theorem,
we will present it separately. A much more general result is due to Joel
Hamkins: He showed that for any extension V C V, which satisfies the
§ approximation and cover properties, every embedding j : V — N in V
satisfying certain closure properties can be restricted to V such that j[V is
amenable to V. For a large cardinal whose existence is witnessed by an ele-
mentary embedding, we can therefore show that it is not created in such an
extension. Hamkins also showed that many important forcing extensions,
like reverse Easton iterations, the Silver iteration, the Laver preperation
and the canonical forcing of the GCH have the approximation and cover

properties.

Zusammenfassung

In dieser Diplomarbeit untersuchen wir Erweiterungen, in denen keine neuen
grossen Kardinalzahlen entstehen. 1967 wurde von Lévy und Solovay gezeigt,
dass bei einem Forcing, das relativ zu der betrachteten Kardinalzahl klein
ist, keine neuen messbaren Kardinalzahlen entstehen und auch keine ver-
loren gehen. Dieses Resultat kann zu vielen grossen Kardinalzahlen verall-
gemeinert werden, wobei wir den Spezialfall der starken und Woodin Kar-
dinalzahlen gesondert betrachten werden. Eine Verallgemeinerung fiir eine
grosse Klasse an Forcings konnte allerdings erst von Joel Hamkins erziehlt
werden. Wir untersuchen seinen Beweis, dass fiir eine Erweiterung V < V,
die die § Approximierungs- und Uberdeckungseigenschaften erfiillt, eine in
geeigneter Form abgeschlossene elementare Einbettung j : V. — N in V

auf V beschrinkt werden kann, so dass j|V “amenable”! zu V ist. Fiir

'Soweit ich weiss, existiert keine offizielle deutsche Bezeichnung fiir dieses Konzept.
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grosse Kardinalzahen, die mit Hilfe von elementaren Einbettungen definier-
bar sind, heisst das, dass sie in solchen Erweiterungen nicht neu entste-
hen. Wir zeigen, welche Forcing Erweiterungen diese Approximierungs- und
Uberdeckungseigenschaften haben und wie sich dies auf bestimmt grosse

Kardinalzahlen anwenden lasst.
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Chapter 1

Basic Definitions and Facts

In this chapter we will give some basics from set theory and model theory.
The goal is mainly to fix the notation and to refer to important results; the
definitions, facts and proofs can be found in standard introductions to set
theory, like [Jec03], [Kun80], [Kan09], [Lév02] and introductions to model
theory like [Hod97].

1.1 Basics from Set Theory

As a preparation to the next chapter, we will introduce the concept of car-
dinal numbers and mention other relevant concepts like the structure of the

universe V.

A binary relation < on a set P is a partial ordering of P if:

(i) p < pforany pe P,
(ii) if p < qand ¢ <r, then p <r.

(P, <) is called a partially ordered set. A partial ordering < of P is a linear

ordering if moreover
(iii) p<qorp=qorq<pforall p,ge P.

If (P,<) and (Q, <) are partially ordered sets and f : P — @Q, then f is
order-preserving if x < y implies f(x) < f(y).
A one-to-one function of P onto Q) is an isomorphism of P and @ if both

f and f~! are order-preserving.
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Definition 1.1. A linear ordering < of a set P is a well-ordering if every

nonempty subset of P has a least element.
A set T is transitive if every element of T is a subset of 7.

Definition 1.2. A set is an ordinal number or ordinal if it is transitive

and well ordered by €.

Usually, ordinals are denoted by lowercase Greek letters like «, 3,y and
so on. It holds that 8 < « if and only if 3 € a. So for each ordinal «,
a={f:0 <a}. For every a, a« U {a} is an ordinal and a u {a} = inf {3 :

B> a}l. a+1=au{a}is the successor of a.

Definition 1.3. If there is a 3 such that « = (8 + 1, then « is called a
successor ordinal. If « is not a successor ordinal, then o = sup{f : f <

a} =Ja, and « is called a limit ordinal.

Definition 1.4. We denote the least nonzero limit ordinal w or N. The
ordinals less then w, the elements of N, are finite ordinals or natural num-

bers:

0=, 1=0+1={g}, 2=1+1={2{@}}, et

A set X is finite if there is a one-to-one mapping of X onto some n € N.
X s infinte if it is not finite.

We generalize the intuitive concept of “size of a set” as follows: The sets
X and Y have the same cardinality |X| = |Y| if there exists a one-to-one
mapping of a set X onto a set Y. Then |X| < |Y| if there is a one-to-one
mapping of X into Y. A set X is finite, if | X| = |n| for n € N.

Definition 1.5. An ordinal « is called a cardinal number or a cardinal if
la| # | 8] for all B < a.

Finite cardinals are natural numbers, i.e. |n| = n for all n e N.
Theorem 1.6 (Cantor). For every set X, | X| < |P(X)].

Theorem 1.7 (Cantor-Bernstein). If |[A| < |B| and |B| < |A|, then |A| =
|Bl.

The proofs of the last two theorems can be found in [Jec03], pp. 27-28.
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Fact 1.8. If |A| = &, then |P(A)| = 2"~.

The ordinal w is the least infinite cardinal. All infinite cardinals are limit

ordinals.
Fact 1.9.

(i) For every o let o™ be the least cardinal number greater than o. Then

at is the cardinal successor of «.
(ii) If X is a set of cardinals, then sup X is a cardinal.

Definition 1.10. The infinite ordinals which are cardinals are called alephs.

We define their increasing enumeration in the following way:
Nog=wp =w
Rot1 = Wat1 = N
Ry =wq = sup{wg: f < a} ifaisalimit ordinal

Sets whose cardinality is Ny are called countable. Infinite sets that are
not countable are uncountable.
A cardinal N, ;1 is a successor cardinal. A cardinal R, whose index is a

limit ordinal is a limit cardinal.
Definition 1.11. Let o be a limit ordinal.

o An increasing (3-sequence {o¢ : £ < [3), B is a limit ordinal, is cofinal

in o if lime_g o = .
e Ac «is cofinal in o if sup A = a.
e The cofinality of a is defined as follows:
cof a = the least limit ordinal B such that there is an increasing (3-sequence
{ag : & < B) withlime_5 a¢ = «
cof a is an infinite reqular cardinal, and cof a < a.

Definition 1.12. An infinite cardinal R, is regular if cof R, = R,. It is
singular if cof N, < Ng,.



4 CHAPTER 1. BASIC DEFINITIONS AND FACTS

In the proof of Laver’s Theorem (see Chapter 5) we will work with a
beth fixed point, so let us define the beth function and state its relation to

fixed points:

Definition 1.13. The beth function is defined by induction:
Jo =1
Jpgr = 27
o =sup{3g: B <a} ifais a limit ordinal.

Definition 1.14. A function F : Ord — Ord is called normal if it is strictly

monotonic and continuous:

1. for all ordinals o < 3, F(a) < F(p).
2. for every infinite limit ordinal o, F(a) = sup{F(5)|5 < a}.

For a normal function it holds that for every ordinal o, F(«) > « and for
any non-empty set of ordinals S, F(sup S) = sup F(S). From this follows

the fixed-point lemma for normal functions:

Fact 1.15 (Fixed-point Lemma). Any normal function has unboundedly

many fixed points, e.qg. for every ordinal o there is a 0 = « such that

F(B) = 6.

By definition the beth function is a normal function. So the fixed point
Lemma applies to it and we know that there are arbitrarily large beth fixed
points. For example the smallest fixed point of the beth sequence is the

supremum of the following w-sequence of cardinals:
:05 3:[0 ’ ::jo )
By transfinite induction we can define a hierarchy of sets:

Vo=0,  Vapr = P(Va)
Vo = U Vg if o is a limit ordinal

[B<a
The sets V,, have the following properties (by induction):

(i) Each V, is transitive.
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(i) If @ < B, then V,, < V3.

(iii) @ c V.
A word about the size of the V:
Lemma 1.16.

i) Vnew |Vl <w

i) |Vl =w

i) [Visral = o

i) If Kk is inaccessible, then |V, | = k.

The proof of i) — iii) can be found in [Kun80], p. 97, the proof of iv) in
[Jec03], p. 70.

The axiom of regularity implies that every set is in some V.

Lemma 1.17. For every x there is an «, such that x € Vy:

U Vo=V

aeOrd

The proof can be found in [Jec03], p. 64. This Lemma implies the the

next definition:
Definition 1.18. The rank of x is the least a such that x € V1.

Theorem 1.19 (e-Induction). Let T be a transitive class, let ¢ be a prop-
erty. Assume that:

(i) o(D) and,
(ii) if x € T and ¢(z) for every z € z, then p(x).
Then every x € T has property ¢.
For a proof see [Jec03], p. 66.

Definition 1.20. A class R is well-founded on a class A if and only if

VXcA(X #@ —3ye X (-3z€ X (zRy)))



6 CHAPTER 1. BASIC DEFINITIONS AND FACTS

Definition 1.21. A class R is set-like on A if and only if for all x € A,
the class {y € A : yRa} is a set.

Definition 1.22.

1. Let R be a well-founded and set-like relation on a class A. We define
the Mostowski collapsing function G for A and R by

G(z) = {G(y) : y€ A A yRx}.

2. The Mostowski collapse M of A and R is the image of G.

Definition 1.23. R is extensional on A if and only if
Vz,ye A (Vze A(zRx & zRy) » = =y).

Theorem 1.24 (Mostowski Collapsing Theorem). Suppose R is well-founded,
set-like and extenstonal on A. Then there exists a transitive class M and

a one-to-one mapping G from A onto M such that G is an isomorphism

between (A, R) and (M, €). Furthermore, M and G are unique.

For a proof see [Kun80], p. 106.

1.2 Basics from Model Theory

As the definition of large cardinals by means of elementary embeddings
plays a central role, we will give a short model theoretic introduction to the

subject. We start by defining models.!

Definition 1.25. A language is a set of symbols consisting of relation sym-

bols, function symbols and constant symbols:

L={P,....F,....c..} (1.1)

where each P is a n-ary relation symbol and each F' is a m-ary function

symbol for some integers n,m = 1.

Starting from the language and the logical symbols —, —, =, variables,

punctuation signs and V, we define formulas in the following way:

'"We will mainly follow the definitions from [Hod97].
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Definition 1.26. Terms of a language L:
1. FEvery variable is a term of L.
2. Fvery constant is a term of L.

8. If n> 1, F is an n-ary function symbol of L and t1,...,t, are terms

of L, then the expression F(t1,...,t,) is a term of L.
4. Nothing else is a term of L.

When we address the variables which occur in a term, we write ¢ as ¢(z),
where T = (xg,21,...) is a sequence of distinct variables in which every
variable of ¢ is listed. If we substitute the variables zg,z1,... by terms

50, 81, - - -, we write t(35) with 5§ = (sg, s1,...).
Definition 1.27. Atomic formulas of L:
1. If s and t are terms of L, then s =t is an atomic formula of L.

2. If n > 1, R is an n-ary relation symbol of L and t1,...,t, are terms

of L, then the expression R(t1,...,t,) is an atomic formula of L.
An atomic sentence is an atomic formula in which no variables occur.
Definition 1.28. Formulas of L:
1. FEvery atomic formula is a formula of L.
2. If v is a formula of L, then (=) is a formula of L.
3. If ¢ and ¢ are formulas of L, then (¢ — ) is a formula of L.
4. If v is a formula of L and x a variable, then Yz is a formula of L.
5. Nothing else is a formula of L.
Definition 1.29. An L-structure M is an object composed of the following:
1. A set M, which is called the domain or universe of M.
2. A set of constant elements, i.e. for each ¢ in L an element ¢M.

3. For each integer n < 0, a set of n-ary relations on M, i.e. for each

n-ary relation symbol P in L an n-ary relation PM < M™,
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4. For each integer n < 0, a set of n-ary functions on M, i.e. for each

n-ary function symbol F in L an n-ary function FM on M.

To give meaning to a term or formula, we will interpret them in a
structure. For a term ¢(Z) this means that if M is an L-structure and
a = (ap,a,...) is a sequence of elements of M of at least the same length

as T, then the following holds:
1. if t is the variable x;, then tM[a] is a;.
2. if t is a constant ¢, then +M[a] is the element ¢M.

3. if ¢ is of the form F(sy,...,s,) where each s; is a term s;(Z), then
tM[a] is the element FM(sM[a], ..., sM[a]).

If no variables occur in t we write tM for tM[a].

For formulas we define the relation |= :

Definition 1.30. Let ¢(z) and (Z) be formulas of L with & = (g, x1,...).
Let M be an L-structure and a a sequence (ag,ai,...) of elements of M,
where the length of a is greater or equal to the length of . We define “a
satisfies ¢ in M7, M [= ¢|a], by induction on the complezity of the formula
o:

1. ¢ is atomic. Then
(a) if ¢ is the formula s =t where s(Z) and t(x) are terms, then

M= ¢lal if and only if s™[a] = t"]a).

(b) if ¢ is the formula R(s1,...,sn) where s1(Z),...,sn(ZT) are terms,
then

M= ¢la] if and only if (st[a],...,sM[a]) e RM.

2. M = =¢la] if ond only if it is not true that M |= ¢[a]
3. M= ¢la] A ¢[a] if and only if M = ¢la] and M = [a]

4. Suppose ¢ is Vy1p, where 1 is (yz). Then M |= ¢la] if and only if
for all elements b of M, M = (b, a.
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5. Suppose ¢ is Iy, where 1 is P(yz). Then M = ¢la] if and only if
there is at least one elements b of M, M = [b,a].

A formula is called a sentence if it contains no free variables, i.e. no
variables that are not bound by a quantifier. So, for a sentence ¢ we will
write M |= ¢ instead of M = ¢[a]. A theory is a class of sentences.

Definition 1.31. Let M be an L-structure and ¢ a sentence. If M = ¢,
we say that M is a model of ¢.

Let T be a theory. M }=T means that M is a model of every sentence of
T. Than we say that M is a model of T

In order to define elementary embeddings, some interrelations between
structures are relevant: In the following, let M and N be L-structures. An
embedding f:M — N is a one-to-one function from M to N such that:

i) for each constant ¢ of £, f(cM) = &V,

ii) for each n > 0, each n-ary function symbol F' of £, and each n-tupel
a from M, f(FM)(a)) = FN(f(a)).

iii) for each n > 0, each n-ary relation symbol R of £, and each n-tupel a
from M, a € RM if and only if f(a) e RM.

We say that M is a substructure of N (write M € N), if M € N and the
inclusion map i : M — N is an embedding.

M is an elementary substructure of N (write M < N) if for every formula
¢(x1,...,2,) and all tuples a from M,

M E ¢[a] if and only if N |= ¢[a]. (1.2)

Theorem 1.32 (Tarski-Vaught Criterion for Elementary Substructures).
Let M and N be L-structures with M S N. Then the following are equiv-

alent:
1. M is an elementary substructure of N.

2. For every formula ¢(Z,y) and all tuples a from M, if N' = Jyd(a,y)
then N }= ¢(a,d) for some element d of M.

For a proof see [Hod97], p. 48.
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Definition 1.33. An elementary embedding j : M — N of an L-structure
M into an L-structure N is an embedding, whose range is an elementary

substructure.

An elementary embedding preserves all first-order formulas.

As we work mainly with models of set theory, i.e. models for the lan-
guage, which has one relation symbol €, we present some facts about elemen-
tary embeddings of the type j : V — M, where M is a transitive subclass
of V:

Fact 1.34.
e For all ordinals o, j(a) = a.
e [f a is an ordinal, then j(«) is an ordinal.
o If a< (3, then j(a) < j(5).

Definition 1.35. An embedding j : V — N is amenable to V when jlA eV
for any AeV.

Definition 1.36. An elementary embedding j : M — N is cofinal if for
every set A€ N there is a set B € M such that A < j(B).



Chapter 2

Large Cardinals and

Elementary Embeddings

2.1 Large Cardinals

Most large cardinals can be approached from different viewpoints, leading
to several equivalent possibilities to define a large cardinal. A good example
are the weakly compact cardinals, which can be defined, for example, by
partitions or by an approach which involves the weak compactness theorem
for infinitary languages and therefore explains the name “weakly compact”.
As we want to examine extensions which do not create new large cardinals,
we will have to show that one of these large cardinal definitions holds in V.
For that, we will use the Main Theorem from Chapter 4, which shows that if
an elementary embedding j is amenable to the extension, then a restriction
of j is amenable to the ground model. This restriction will be an elemen-
tary embedding witnessing the large cardinal property in question. So we
will focus our attention on defining large cardinals by means of elementary

embeddings.

2.2 Weakly Compact and Indescribable Cardinals

Definition 2.1. A cardinal s is inaccessible if
(i) &> Ry,

(ii) K is regular,

11
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(iii) 2} < K for every A < k.
Fact 2.2. Inaccessibility is downwards absolute to any model.

Definition 2.3. A cardinal k is weakly compact if it is uncountable and
every partition F : [k]> — 2 is constant on [H]? for some H < r with
|H| = k.

Fact 2.4. The following are equivalent:
1. k is weakly compact.

2. Kk 1is inaccessible and for all A € Kk there is an elementary embedding
j: M — N such that critical point of j is k, M 1is of size k, M and
N are transitive, M=% < M and Ae M.

3. Kk is inaccessible and for every transitive structure M of size k with
k € M there is an elementary embedding j : M — N into another

transitive structure N with critical point k.

For the definition of indescribable cardinals we are going to introduce a

hierarchy of formulas.

i) a formula is X9 and IIJ if all of its quantifiers are bounded, i.e. are of

the form 3z < y and Vz < y.
ii) a formula is X0, if it is of the form 3z ¢, where ¢ is a IIY formula.
iii) a formula is T19_; if it is of the form Va ¢, where ¢ is a X0 formula.

iv) a formula is 37" if it is a formula of order n+1 of the form IXVY ... ¢
(n quantifiers), where X,Y ... are (m + 1)th order variables and ¢ is

such that all quantified variables are of the order at most m.

v) a formula is II"" if it is a formula of order n+ 1 of the form YX3Y ... ¢
(n quantifiers), where X, Y, ... are (m + 1)th order variables and ¢ is

such that all quantified variables are of the order at most m.!
For first-order formulas (m = 0) this is called the Lévy Hierarchy.

Definition 2.5. A cardinal k is 1I]-indescribable if whenever U < V. and
o is a II" sentence such that (V,,,€,U) |= o, then for some a < k,

(Va,e,UNV,) Eo.

'For details on iv) and v) see [Jec03], p. 295.
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In [Hau91], Kai Hauser gives a definition of indescribable cardinals in

terms of elementary embeddings:

Definition 2.6. Let M be a transitive model of ZF~ with k € M, m > 1,
n > 1. M is " correct for k (in parameters from Viim) if and only if
MVerm—2l < M (for m = 1 we mean M=% < M), and for any ¥ formula
#(A) in a parameter A € (M)im we have M |= “Vi, = ¢(A)" just in case
Vi E ¢(A). (Thus in case n = 0 the first clause implies the second.)

The second clause of the definition means that M correctly computes
the X7 facts over V, that hold in parameters from M N V,.i,,. Then the

following theorem holds:

Theorem 2.7. For natural numbers m,n = 1 an inaccessible cardinal K is
IT" indescribable if and only if for any transitive model M of ZF~ of size
Kk with M=% € M and k € M, there is a transitive set N and an elementary
embedding j : M — N with critical point k such that N is ¥ | correct for
k and |N| = |Vizm—1|.2

Since any first order statement about Vi1, is Ag in Va1, using Viim
as a parameter, it follows that HTH indescribability implies II7" indescrib-

ability for any n.

Definition 2.8. A cardinal k is totally indescribable if it is IIT" indescribable

for any m,n € w, or equivalently, if it is II1" indescribable for every m.

2.3 Ultrafilters and Elementary Embeddings

There are several large cardinals which can be defined by certain kinds of
ultrafilters, amongst which the most prominent example are the measurable
cardinals. We will define the relevant concepts of filters and ideals and then

show how ultrafilters are related to elementary embeddings.

Definition 2.9. A filter on a nonempty set S is a collection F of subsets
of S such that

1. SeF and J¢F,

2.if XeF andY e F, then XNnY € F,

2For a proof see [Hau91], pp. 444-445.
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3. if X, YcS, XeFand X Y, thenY € F.
An ideal on a nonempty set S is a collection I of subsets of S such that
1. Jeland S¢l,
2. if XelandY el, then X Y €1,
3. if X,)YcS, XelandY c X, thenY € 1.

If F is a filter on S, then the set I = {S — X : X € F} is an ideal on S; and
conversely, if I is an ideal, then F = {S — X : X € I} is a filter. If this is

the case we say that F' and I are dual to each other.

Definition 2.10. A filter U on a set S is an ultrafilter if for every X < S,
either X eU or S —X eU.

A ideal I on a set S is a prime ideal if for every X < S, either X € I or
S—Xel.

Note that if U and I are dual to each other and U is an ultrafilter (equiva-
lently I is a prime ideal), then I = P(S) —U.

Definition 2.11. A filiter F' on a nonempty set S is called principal if there
is a nonempty subset Xo of S such that F = {X < S : X D Xo}.

An ultrafilter is nonprincipal if it is not principal.

Definition 2.12. If k is a reqular uncountable cardinal, and F is a filter
on S, then F is called k-complete if whenever {X, : a < v} is a family of
subsets of S, v < k, and X, € F' for every a < 7y, then

ﬂXaeF.

a<y

A k-complete ideal I on S is such that if whenever {X, : o < v} is a family
of subsets of S, v < K, and X, € I for every a < =y, then

UXaeI.

a<y

Fact 2.13. An wltrafilter U is k-complete if and only if for any v < k and
U{Yala <~} €U there is an oo < such that Y, € U.

Definition 2.14. Let I be a k-complete ideal on k containing all singletons.

I is A-saturated (X is a cardinal) if there exists no collection W of size X of
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subsets of k such that X ¢ I for all X e W and X nY € I whenever X and

Y are distinct members of W.

Lemma 2.15 (Tarski). If I is a k-complete, A-saturated ideal over k where

2<A < K, then k is measurable.

Proof. Let I = P(k)—1I. Suppose that I has an atom, that is, aset A e I'
such that whenever A = B u C' is a disjoint union, either B € I or C € [.
Then the xk-complete ultrafilter U = {X € k: X n A € I} witnesses that
K is measurable.

Assume to the contrary that I has no atoms. Then we build a tree
T, which is ordered by D and consists of sets which are indexed by some

members of <¥2 = [ J 2 in the following way:

a<kK

1. Set X = K.

2. For the successor step: If X has been defined for some s € <*2, then
define X ;- gy and X~y exactly when X € I'* such that X~ gy, Xo~¢1y €
I+, Xs = XsA<O> U XSA<1> and XSA<0> (@) X$A<1> = Q

3. If § < k is a limit and s € °2, define X5 = (),_s Xsta exactly when
X1 has been defined for each a < 4.

Note that the definition of the successor step is possible because we assumed
that I has no atoms. So we get a tree which splits in every step and has the

following property: If v < k and s € 72, then the collection of “offshoots”
W ={Xg 1o~y + @« <7 A Xspas1 is defined A s(a) # i}

is pairwise disjoint. Then 7" must have height at most A, otherwise W would
be a collection of size A of subsets of x such that X ¢ I for all X € W and
X uY = @ € I whenever X and Y are distinct members of W, therefore
contradicting the A-saturation of I (see Definition 2.14). As all X’s without

tree successors are elements of I and k is the union of these X, k is the

2<)\ 2<)\

union of many sets in I. But, by assumption, < k and therefore

r € I, contradicting the k-completeness of 1.3 O

Definition 2.16. An uncountable cardinal k is measurable if there exists a

k-complete nonprincipal ultrafilter U on k.

3In this proof we followed [Kan09], p. 212.
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In 1961 Dana Scott introduced a technique to construct elementary em-
beddings from k-complete nonprincipal ultrafilters via ultrapowers?. This

technique provided a definition of measurable cardinals by elementary em-
beddings:

Theorem 2.17. The following are equivalent:
1. There is a measurable cardinal.

2. There exists a nontrivial elementary embedding j : V. — M, where M

18 transitive.

As the ideas which are developed in the proof of this theorem and the
next lemma are important for the next chapters, we will show them in detail.

In the proof we will mainly follow [Jec03], pp. 285-287

Proof.
(1 implies 2). First we will give a general description of ultrapowers: Let U
be ultrafilter on a set S, let F' be the class of all functions f : S —» V. We
define

f="¢g ifandonlyif {xeS: f(z)=g(x)}eU,

fe*g ifandonlyif {xeS: f(z)eg(x)}el,

Since U is a filter, =* is a equivalence relation and for every f € F we get

an equivalence class
[f1={g9: f="gand Vh(h =" f — rankg < rankh)}

Then the model Ulty = (Ulty,€*) has as its universe the class of all [f],
where f is a function on S and [f] €* [¢] if and only if f €* g.
The following Lemma is crucial to see that the ultrapower is elementarily

equivalent to the universe:

Lemma 2.18 (Los). 5 If o(x1,...,2,) is a formula and [f1],...,[fn] €
Ulty, then

Ulty = ([ f1],---,[fn]) if and only if {z € S :¢(fi(x),..., fu(x)}eU

4see [Scob1].
®For a proof see [Jec03], pp.159-160.
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We get the following elementary embedding of the universe V into Ulty:
Let ¢4 : S — V be the constant function with value a and define jy : V —
Ulty as juy(a) = [cq]. Then for each formula ¢(x1,...,z,) the following
holds:

p(z1,...,2y) if and only if  Ulty = ¢(ju(z1), ..., ju(zs)).

Now we have by assumption a x-complete, non-principal ultrafilter U on
k and therefore we get a model (Ulty,€*), where the relation €* is well-
founded, set-like and extensional on Ult;%. So by the Mostowski Collapsing
Theorem (see Theorem 1.24) there is an isomorphism 7y between (Ulty, €*
) and a transitive model (My,€). To simplify the notation, [f] will be
identified with 7 ([f]) and Ulty with My. We say that the function f
represents the element [f] of My. My is a model of ZFC, which contains
all the ordinals and therefore M is an inner model.

It remains to show that ji; is nontrivial, which means that jy; is not the
identity. Since j is elementary, j(«) is an ordinal if « is an ordinal and the
facts about elementary embeddings hold (see Fact 1.34).

By induction one can show that for all @ < k, j(a) = a: Assume that
B =j(B) for all § < a(< k). If [f] < j(a), then {{ <k : f({) <a}eU
and by k-completeness there is a § < « such that {¢ : f(¢) = 8} € U and
therefore [f] =* j(5). So j(a) = [ca] = .

But k < j(k): Let d be the diagonal function on s, d(a) = «a for a < k.
Since U is k-complete, it contains no bounded subsets of k. Therefore for
any v < K, {1y < a <k} € U. So we have o = j(a) < [d], thus x < [d]
and because [d] < j(k), kK < j(K).

(2 implies 1): As there exists an a such that a # j(a), let k be the least
such; so k is the critical point of j, cp(j) = k. As j(w) = w, kK > w. To show
that k is a measurable cardinal, we will define a k-complete nonprincipal
ultrafilter D in the following way: Let D be the collection of subsets of x
defined by:

X eD ifandonlyif ke j(X) (X c k) (2.1)

D is a filter since k € j(k), k € D and because &J ¢ D, j(&) = . Also,

For details see [Jec03], p.286.
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if X,)Y € D, then k € j(X) nj(Y) = j(X nY) and if X < Y, then
ke j(X) c (V).

D is an ultrafilter because j(k — X) = j(k) — j(X) and D is nonprincipal
because, for every a < k, {a} ¢ D (as j({a}) = {j(a)} = {a} and so
k¢ j({a}).

It remains to show that D is k-complete: Let v < k and X = (X, : a <
~) be a sequence of elements of D. Then j(X) is a sequence of length j(7)
of subsets of j(k), such that its j(a)th term is j(X,) for every a < = and
80 j(X) =)j(Xa) : @ <. So j(ﬂa<’y Xa) = ﬂaqj(Xa) and as k € j(Xa)
for each a <, (-, Xa € D. O

a<y

Lemma 2.19. Let j : V. — M be a nontrivial elemetary embedding with
critical point k and let D be the ultrafilter on x defined in Definition 2.1.
Let jp : V. — Ultp be the canonical embedding of V' in the ultrapower Ultp.
Then there is an elementary embedding k of Ult in M such that for all a:

k(jp(a)) = j(a)

J
Vv——M

le %’

Ultp

Proof. To show that k(jp(a)) = j(a) for all a, we define for each [f] € Ultp:
E([f]) = (J(f))(x), where f is a function on x and j(f) is a function on
j(k). It can be shown that the definition is independent from the f chosen
to represent [f]. Because of this and Definition 2.1, k is elementary.

From the ultrapower construction we know that jp(a) = [c4], so, to-
gether with our definition from above, we have that k(jp(a)) = (j(ca))(k),

where j(cq) is the constant function on j(x) with value j(a) and so (j(c,))(k) =

j(a).” 0

There are other large cardinals, for example strongly compact, super-
compact and huge cardinals, which can be defined by means of ultrafilters

and, because of the above construction, also by elementary embeddings.

"In this proof we follow [Jec03], pp. 288-289.
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Definition 2.20. A cardinal k is y-compact if for any set S, every k-
complete filter over S generated by at most |y| sets can be extended to a k

complete ultrafilter over S.
Fact 2.21. The following are equivalent:
i) K is y-compact.

ii) There is an elementary embedding j : V. — M with critical point
such that: for any X € M with |X| < v, there is a Y € M such that
Y2OX and M E=|Y|<j(k).

Definition 2.22. A cardinals k is strongly compact if and only if x is

y-compact for every v = k.

Definition 2.23. Let A be a set of size at least k, let F' be the filter on
P.(A) generated by the sets P = {Q € P.(A) : P c Q}, P € P,(A):

F={Xc P,(A): X o P for some P e P,(A)}

A k-complete ultrafilter U on P.(A) that extends F is called a fine measure.
A fine measure U on P-,(A) is normal if whenever f : P.(A) — A is
such that j(P) € P for all P in a set in U, then f is constant on a set
in U. FEquivalently U is normal if it is closed under diagonal intersections

AgenXy ={r e Pi(A) :xe(),ep Xa}-
Lemma 2.24. The following are equivalent:

1. K is strongly compact.

2. For any A such that |A| > K, there exists a fine measure on P.(A).
The proof can be found in [Jec03], p. 366.

Definition 2.25. An uncountable cardinal k is supercompact if for every

A such that |A| > k there exists a normal measure on Pi(A).
The equivalent definition by elementary embeddings is:

Definition 2.26. For k < v, a cardinal K is y-supercompact if and only if
there is an elementary embedding j : V. — M such that its critical point is
K, v <j(k) and M7 < M.

An uncountable cardinal k is supercompact if and only if k is ~y-supercompact

for every v = k.
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Definition 2.27. A cardinal x is huge if there exists an elementary embed-
ding j : V. — M with critical point k such that M%) < M.

Fact 2.28. A cardinal k is huge, with j : V — M and j(k) = X if and only
if there is a normal k-complete ultrafilter U on {X < X : ot(X) = k}.

2.4 Extenders

As Joel Hamkins and Hugh Woodin point out in [HWO00], strong and Woodin
cardinals have to be considered separately, because their embeddings are not
simple ultrapowers, as in the case of measurable cardinals, but directed sys-
tems of them. These embeddings are constructed from extenders instead
of ultrafilters. So we will first look at the relation between elementary em-
beddings and extenders and then give a definition for strong and Woodin
cardinals.®

Let 7 : V — M be an elementary embedding with critical point x and

let K < A < j(k). Then the (k, A)-extender derived from j is the collection
E ={FEs:s€e[\]™*}; (2.2)

where, for every finite subset s ¢ A, Ey is the measure on [k]<* defined as
follows:
X e E; if and only if se€ j(X). (2.3)

Note that E, concentrates on [£]/*l, x is the critical point of F and X is the
length of F.

As every measure E; [k]<“ is k-complete, we can build the correspond-
ing ultrapower embedding similar to the proof of Theorem 2.17: So for every
s € [A]=% let Ultg, denote the ultrapower of V by E; and let js : V. — Ultp,
be the corresponding elementary embedding. If for each equivalence class
[h] of a function h on [k]=¥ we let ks([h]) = j(h)(s), then ks is an elemen-
tary embedding ks : Ultg, — M and ks o js = j:

J
V—M

Ultp,

8This section follows the presentation of extenders given in [Jec03], pp. 382-384.




2.4. EXTENDERS 21

Let s < b, where b = {a1,...,a,} with oy < ... < a,,. We show that
there is an elementary embedding between the ultrapower built by Es and
the ultrapower built by Ej. First observe that the ultrafilters Ey, s € [A]=“

are coherent in the following sense: Define 7, ¢ : [A]'®l — [A]l*] by

s ({&15 -+ 5 &n}) = {8y -+ &im ) (1<...<&)
where s = {a;,,...,q;,}, and
XeFE, ifandonlyif {t:m(t)e X}eE,.
So we define iz, : Ultp, — Ultg, by

isp([PlE,) = [h o msE,

This is an elementary embedding, and
{UltEs,is’b :scCbe [)\]<w} (2.4)

is a directed system. The direct limit Ultg of (2.4) is well founded: Note that
the embeddings ks have a direct limit k : Ultp — M such that ko jp = 7,
where jg is the elementary embedding jg : V — Ultg.

There is another description of Ultgy which resembles more closely the
procedure given in the proof of Theorem 2.17. Instead of speaking about
equivalence classes of functions, the elements of Ultg are here the equiv-
alence classes [s, f]g and (s, f) and (b,g) are equivalent if {t € []!*“!l :
f(t) = g(t)} € Esup, where f = fomsups and g = goms pp. The embedding
jg : V — Ultg is then defined by jg(z) = [, c.], where ¢, is the constant
function with value x. The embedding k : Ultp — M is defined by

k([s, 1) = 5(f)(s). (2.5)
It follows that ko jg = j.

Lemma 2.29.
i) k() = a for all a < \.

it) jg has critical point k and jp(k) = .
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iii) Ultp = {jr(h)(s) : s € [\, h : [K]<% — V).

The Lemma can be proven from the following observations: For each
s € [A]™¥, let js.o : Ultg, — Ultg be the direct limit embedding such that
Js,o0 © Js = jr; then ko js o = k. If x € Ultg then x = js ([ f]) for some
[f] € Ultg, and from (2.5) follows that

k(x) = k(js,o([f1)) = ks([fD) = 5 () (s)-

Therefore
K'Ultg = {j(h)(s) : s€ [\~ h: [6]™¥ - V}. (2.6)

Hence jg : V — Ultg is an elementary embedding with critical point k. As
j =kojgand k(s) = s for all s € [A\]<¥, it follows that for all X e [x]*l,
s € jg(X) if and only if s € j(X). So E is the extender derived from jg.

Definition 2.30. A cardinal k is a strong cardinal if for every set x there
exists an elementary embedding j : V. — M with critical point k such that
re M.

A cardinal k is A-strong, where A = k, if there exists some j: V — M
with critical point k such that j(k) > X and Vy € M. Such a j is also called
a A-strongness embedding. A cardinal k is strong if and only if it is A-strong
for all A = k.

Lemma 2.31. A cardinal k is strong if and only if for every X = k there is
a (K, |V>\|+)—extender E such that V) c Ultg and X < jg(k).

In the rest of the section we present some ideas from [HWO00], regarding

strongness embeddings.

Definition 2.32. A \-strongness embedding j : V — M is natural when
M = {j(h)(s) : he V &sey=“} , where v = |Vy|M.

Equivalently, we could require that M = {j(h)(s) : he V & s € V)} (see
also (2.6)) .

Remark 2.33. FEvery strongness embedding factors through a natural em-
bedding.

Proof. Let j : V. — M be a A strongness embedding, where A > x and
let X = {j(h)(s) : h € Vands € y~“}. First we define the embedding
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jo : V.— Mp: With the Tarski-Vaught Criterion (see Theorem 1.32) we
can check that X is an elementary substructure of M covering ran(j). Let
m: X — My be the Mostowski Collapse of X. Then we get an embedding
Jjo : V. — My with My transitive, by defining jo = moj. Thus also 5 = ko jp,

where k = 7!, and so j factors through jo.

J
Vv - M
'
k
My

Since V), € X, it follows from the Mostowski Collapsing Theorem (see 1.24)
that 7#”V) = V) and V) € M, and, since My = ran(r) and = [ v = id,
it follows that My = {jo(h)(s) : h € V & s € v=“}. Thus, jo is a natural
A-strongness embedding. O

Remark 2.34. If j : V — M is a natural A-strongness embedding with
critical point k and X is either a successor ordinal or a limit ordinal with
cofinality above k, then M is closed under k-sequences. Otherwise, M is

closed under < cof \-sequences.

Proof. Suppose that A > x and M = {j(h)(s) : h€ V and s € V)}. Then we
have the following three cases:

Case 1: Suppose A = £ + 1 and (j(ha)(sq) : @ < K) is a k-sequence of
elements from M, with each s, € V¢ 1. Since a k-sequence of subsets of V¢
can be coded with a single subset of Vg, it follows that (s, : @ < k) is in M.
Then, since the sequence (j(hy) : @ < k) = j((ho : @ < K)) | kK isin M, it
follows that (j(ha)(sa) : @ < k) isin M.

Case 2: Suppose A is a limit ordinal of cofinality larger than k. Then
on cofinality grounds the sequence (s, : @ < k) is in V), and hence in M, so
again {(j(hqa)(8q) : @ < k) is in M.

Case 3: Suppose A is a limit ordinal, 5 < cof(\) < k and {(j(ha)(sa) :
a < (3) is a sequence of elements of M. Then on cofinality grounds we know
that (sq : @ < ) is in V), and hence in M, and so {(j(ha)(Sa) : @ < B) is in
M. O

So, while strongness embeddings in general need not satisfy any closure
properties, natural strongness embeddings do satisfy certain closure proper-

ties.
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Definition 2.35. A cardinal § is a Woodin cardinal if for all A < Vg there
are arbitrarily large k < & such that for all X\ < & there exists an elementary
embedding j : V. — M with critical point k, such that j(k) > X\, V) € M,
and AnVy =j(A) n V.



Chapter 3
Small Forcing

One of the first results concerning the interrelation between forcing and large
cardinals was a theorem by Azriel Lévy and Robert Solovay. In [LS67] they
showed that if ZFC+ “there is a measurable cardinal” is consistent, then it
is comnsistent with the Continuum Hypothesis and with its negation. They
worked with a special kind of forcing, the so called “small forcing”, which
is characterized by |P| < k, where (P, <) is the notion of forcing and x the
measurable cardinal. Under small forcing the Continuum Hypothesis can be
forced to hold or fail, so the authors of the above paper had to show that a
measurable cardinal can neither be destroyed by small forcing (that means,
if there is a measurable cardinal in the ground model, it is measurable in the
extension) nor can it be created (so every measurable cardinals in the ex-
tension is measurable in the ground model). This result can be extended to
various other large cardinals, for example strongly compact, supercompact
and huge cardinals. Like measurable cardinals they can be defined by ele-
mentary embeddings which are ultrapower embeddings (see Theorem 2.17)
and the proof for these cardinals resembles the Lévy-Solovay proof. Strong
and Woodin cardinals on the other hand present a special case; as they are
not defined by ultrapower embeddings but extender embeddings, they will

be dealt with a separate section.

3.1 The Theorem of Lévy and Solovay

In [LS67], Lévy and Solovay proved both directions (from the ground model

to the extension and vice versa) by showing that it is always possible to find a

25
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k-complete nonprincipal ultrafilter U witnessing that x is measurable. But,
as we also want to direct our attention to elementary embedding, we will
present a proof from [Jec03]! which uses embeddings for the direction from
the ground model to the extension and for the other direction ultrafilters.
The Main Theorem from Chapter 4 will give us then the direction from the

extension to the ground model by elementary embeddings in a general way.

Theorem 3.1 (Lévy-Solovay). Let (P, <) be a notion of forcing such that
|P| < k. Then k is a measurable cardinal in the ground model if and only if

K 1s measurable in the generic extension.

Proof. “=" Assume that k is a measurable cardinal in V. So by Theorem
2.17 we have an elementary embedding j : V — M, where M is transitive
and « is the critical point of j and we will extend j to an elementary embed-
ding j : V[G] — M[G] in the forcing extension, witnessing the measurability
of k in the forcing extension.

As |P| < K, we assume that P € V,; and, as « is the critical point of j,
j(p) = p for all pe P and so j(P) = P. Let G be a generic ultrafilter on P
and we work in V[G]. Since G is generic over V, G is generic over M. So
the interpretation of P-names in M by G is the same wether computed in
V orin M.

We extend j to V[G] in the following way: For every z € V|[G], let
i € VP be its name, x = . Then j(i) € M” and so (j(%))® € M[G]. So
define j(z) for z € V[G] as follows:

j(@) = (j(#))° (3.1)

The choice of the name for x has no bearing on the definition in (3.1): Let y
be another P-name for x. Then there is a condition p € G which forces the
names to be equal: p I £ = . Under the embedding j we get in M that
j(p) I+ j(z) = j(y). Now we use the fact that the forcing is small: Since
j(p) = p e G, it follows that (j(1))“ = (j(y))°.

For j to witness the measurability of x in the extension, j has to be
elementary (note that ep(j) = ep(j)).

Let ¢(x,...) be a formula such that

VIG] E (z,...)

1See [Jec03], pp. 389-391.
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Choosing names 4, . .. for the variables x, ... such that (£)¢ = x,..., there

is as before some p € G such that

plFe(z,...)

Therefore we get in M by applying j:

pI-e(i(2),...)

and so
M[G] E ¢(j(x),..)

So, because ¢ was arbitrary, J is elementary.

“<”" If k is measurable in V[G], let U € V[G] be a k-complete nonprin-
cipal ultrafilter on x, let J be the dual prime ideal and let J e VP be its
name. Without loss of generality we may assume that |[J is a kK complete
nonprincipal prime ideal] = 1. From J we define the following k-complete

ideal containing all singletons:
I={Xck:[XeJ] =1}

Then T is |P|*-saturated (see Definition 2.14): If p |- X ¢ JandpIFY ¢ J,
thenp F X nY ¢ j, because J is prime. So if X and Y are such that X ¢ I,
Y¢Tand X Y €1, then [X nY € J] = 1. This is a contradiction and
therefore I is |P|*-saturated.

By Fact 2.2 we know that if  is inaccessible in V[G], then « is inacces-
sible in V. Since [ is v-saturated for a v < k and & is inaccessible, we know

by Lemma 2.15 that & is measurable in V. O

This result can be extended to other large cardinal properties:

Theorem 3.2. Let k be an infinite cardinal and let (P, <) be a notion of
forcing such that |P| < k. Let G be a V-generic filter on P. Then k is in-
accessible (Mahlo, weakly compact, Ramsey, measurable, strongly compact,
supercompact, huge) in' V' if and only if it is inaccessible (Mahlo, weakly com-

pact, Ramsey, measurable, strongly compact, supercompact, huge) in V[G].

For large cardinals, which are defined like measurable cardinals by ele-

mentary embeddings or ultrafilters, the proof is quite similar to the one of



28 CHAPTER 3. SMALL FORCING

the Lévy-Solovay Theorem: For the direction from V to V[G] we define a j
in V[G] and prove the required properties be using j in the ground model.
For the converse, we build an ideal I with certain properties, which gives
us the desired large cardinal property of x in V. Therefore we will only
give the proof? for strongly compact cardinals as an example to show the

similarities.?

Proof for strongly compact cardinals.

“=” Suppose that k is strongly compact in V and let A > k. Because
of Lemma 2.24, we show that there is a fine measure on P.(\). So let
U be a fine measure on P,(A) in V. Then, similarly to the construction
in the proof of Theorem 2.17, we can construct an elementary embedding
j =ju:V — Ulty such that X € U if and only if H € j(X), where H is
the set in Ulty represented by the diagonal function d(Z) = Z on Py (A).
From the construction it follows that H > j”X. Now we can follow the same
steps as in the proof of Theorem 3.1: We extend j to V[G] by defining
j(z) = (j(£))¥, where & is a name for . Since we can assume, without
loss of generality, that P € V, and therefore j(p) = p for all p € P and
j(P) = P, the definition does not depend on the choice of the name. From
this elementary embedding in V[G] we can construct an ultrafilter W on
P, (\) by the equation:

XeW  ifandonlyif Hej(X)

Then W is a fine measure on P,(\): If Zy is an element of Pg(A), then
J(Zy) = {j(a) : « € Zp} € H, because H D j”\ and therefore {Z € P.(\) :
7Z o Zy} € W, as required in Definition 2.23.

“<” Suppose that « is strongly compact in V[G]. Let S be a set in V
and let F' be a x-complete filter on S in V. Following Definition 2.20, we
will show that there is a xk-complete ultrafilter in V' extending F'. Since the
forcing is small, every set X c F with | X|V[¢] < ks included in some Y < F
with |Y| < k such that Y € V. Therefore F' generates a filter in V[G] which
is k-complete and, because of the assumption, this filter can be included in a

k-complete ultrafilter U. Similar to the proof of the Lévy-Solovay Theorem,

2We follow the proof from [Jec03], pp. 399-400
3The proof for Mahlo, weakly compact and Ramsey cardinals can be found in [Jec03],
p. 391.
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let J be its dual prime ideal. Then I = {X c S : [X € J] = 1} is a
k-complete, |P|T-saturated ideal and X € F implies S — X € I. So, using
Lemma 2.15, we know that I has an atom A and therefore if X € F', then
XnA¢I. Hence {X c S: XnA¢I}isa k-complete ultrafilter extending
F. O

3.2 Strong and Woodin Cardinals

In Chapter 2 we defined strong and Woodin cardinals by elementary embed-
dings and then showed that there is an equivalent definition by extenders. In
contrast to measurable cardinals, strong and Woodin cardinals are defined
by the direct limit of a directed system of ultrapowers instead of a single
ultrapower. For this reason, the proof of the Lévy-Solovay Theorem cannot
simply be transferred. Specifically, the direction from the extension to the
ground model requires another approach.

Here we will follow the paper [HJed] by Hugh Woodin and Joel Hamkins.
The authors show a detailed Level-by-Level Version, which allows them to

include also the case of partially strong cardinals.

Theorem 3.3. Let (P, <) be a notion of forcing, where |P| < k and k is
an uncountable cardinal. Suppose that G S P is V-generic for P. Then k

is strong in V if and only if it is strong in V[G].

Proof. Assume P €V, and let 0 = |P| < k.

“=" This case is analog to the proof of the Lévy-Solovay Theorem: Any
A-strongness embedding j : V — M in V lifts to an embedding j : V[G] —
M[G] in V[G] by defining j(z) for z € V[G] as follows: Let & € V¥ be a
name for z, x = . Let

J(@) = (i(2))° (3.2)

This embedding witnesses the A-strongness of x in V[G] because V[G]\ =
WA[G] and as V), € M, V[G]\ € M[G].

“<"” Here we will prove a slightly different version of the theorem above.
Level-by-level Version: If G € P is V-generic for the small forcing P, then
for every ordinal A (except possibly the limit ordinals with cofA < |P|*1)
every natural A-strongness embedding j : V[G] — M[G] in the extension
lifts a A-strongness embedding 7 | V : V — M definable in the ground

model.
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Let k be A-strong in V[G] with natural embedding j : V[G] - M[G] (see
Definition 2.32), where A > & is either a successor ordinal or a limit ordinal
with cof(\) > 6. Since j is natural, we know that M[G] = {j(h)(s) : h €
V[G] and s € =%}, where v = 3.

We will define j!V by an extender E (Claim 1) and then show that
E is in V (Claim 2). Moreover we will prove that j|V is a A-strongness
embedding (Claim 3).

First observe that Vi, = (V)™ because cp(j) = & and therefore, sets
with rank below the & are fixed by j. Also Vii1 = (Vey1)M: If A C s in
V, then A in V[G], j(A) in M[G], A = j(A) nk in M and so P[x]" € M.
Conversely if A € k in M, then every initial segment of A is in V, but
because |P| < k we have only less than x many conditions which decide
that these inital segments are in V, so there is a condition p which decides
it for cofinally many initial segments and then this p decides A. So we have
that A isin V.

Let E be the following induced V-extender (see also (2.3) and (2.2)):

E={{As):sey Y& Ae V1 &sej(A)} (3.3)

This extender defines j[V:

Claim 1. The restricted embedding j [ V : V — M is precisely the embed-
ding induced by the extender E

Jtv

V4>

jEl %‘

Ultg

Proof of Claim 1. Since j | V = jg o k, we have to show that j [ V = jg
and therefore that k : (h, s) — j(h)(s) is an isomorphism. For this it suffices
to show that

M = {j(h)(s) : he Vandse y~“} = k"Ultg (3.4)

Since j is natural in V[G], any set a in M has the form j(h)(s) for some
function b : [k]® — V in V[G] and some s € v and n € w. To show (3.4),

we need to find such a function in V' and we will define it by a name for
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the corresponding function h in V[G]: Let h be a name for a function h
(ie. hg = h) such that j(h)g(s) = a in M[G]. Then there must be a
condition p € G such that we have in M: p I j(h)(3) = @ Then let & be the
following function in V: h(z) = y when p forces that h(z) = §. It follows

that j(h)(s) = a and so a has the desired form. O

As we have established j[V to be the above extender embedding, the
question of j [V being definable in V' reduces to the problem if E is in V:

Claim 2. E lies in V.

Proof of Claim 2. First we prove the following statement:

If F € F and |F| = § = |P|, then there is F'* € V such that F € F* Cc E
(3.5)
Using a fixed F' with the above properties we will build an xk-complete non-
principal ultrafilter in V' from which we can compute F'* to be a restriction
of the extender F.

Let o be the set of ordinals appearing in any s which appears in F' (o is
the set of generators which appear in F'). Since |F| = § and s € = we have
that ¢ € 7 and |o| < §. Because of the closure properties for the natural
strongness embedding j from Remark 2.34, we know that M[G] is closed
under s-sequences and by small forcing we have that § < k (the needed
assumptions on A are given by the hypothesis of the Level-by-level Version).
So, ¢ is in M[G] and therefore the set o has names both in M and V. We
use such names from V and M to build an increasing §"-sequence of sets
G = {04 : a < 6T) such that every o, has cardinality §. We start with
op = o, take a name for o in V' and built from it a o1 in V covering o; then
we go to M and use a name for o to get a oy covering o1 and so on. Then we
have that for cofinally many « the set o, is in V, and that for cofinally many
a it is in M. Again, by the closure properties of the embedding, ¢ € M[G]
has names in both M and V.

Let 7 = |J,0a. Then 7 is in V: As & has a name in V, there are
conditions in P which force the various o, to appear. Since & is a 6t =
| P|T-sequence and §7 is regular there must be a condition p which decides
unboundedly many of the g, in &. This p then decides 7 and so T € V. As

& has also a name in M, it holds by the same argument that 7€ M.
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Let p = {A € Vi1 : 7€ j(A)}. This is a k-complete nonprincipal V-
ultrafilter on  in V[G] and by the Lévy-Solovay Theorem 3.1 for measurable
cardinals it lies in V. From p and 7 we build F'* as the restriction of £ to
T.

F*={{A,s):semT™&AeV 1 &sej(A)}=F |71 (3.6)

That F™* is in V follows from the fact that any s from F* corresponds

to a projection of 7: If s consists of the a(t)h, .ath

(A,s) € F* exactly when 7 1A € M (because (A,s) € F* iff s € j(A)
iff 7(7) € j(A) iff 7 € j(r~tA) iff 71A € p) where 7(t) restricts ¢ to its

oz(t)h, .., at? elements. So F* isin V.

elements of 7, then

To prove Claim 2, we will show that F in intersection with a certain
elementary substructure of V is in V: As E € V[G], it has a name E € V.
Let X <V, be an elementary substructure of size § which contains P, F™*,
E and every element of P with  » ~ (recall that v = M), Then G is
X-generic, X[G] < V) and F € X[G]. Let F = En X. As we have proven
above, there is a set F* € V such that /' € F* € E. Then also F isin V
because by F = Fn X € F*n X € En X = F it follows that FF = F*n X.
So EnX isin V and this means that there is a condition p € G which decides
“(A,sy e E” for all (A,s) in X. Since X is an elementary substructure of
Vi, p decides “(A,s) € E” for all (A,s)in V. Hence F is in V. O

With Claim 1 and Claim 2 we have defined j [ V and proven that it is
definable from F in V. Now it remains to show that j [ V is a A-strongness
embedding and therefore witnesses that x is A-strong in V. For this it suffices

to show that the following claim holds:

Claim 3: Vy € M.

Proof of Claim 3. Since j : V|G| — M[G] is A-strong, we know that V) <
M][G]. Let a € V). Then there is a condition p € G which decides a in V,
but since we have the same generic G in M[G], p has to decide a in the
same way in M. So p forces over V that @ = a (where @ is a name in M)
and using p and a in M it follows that a € M. So, V\ < M. O

O]

With the techniques from above we can prove the same result for Woodin

cardinals.
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Corollary 3.4. Let (P, <) be a notion of forcing, where |P| < k and k is a
cardinal. Suppose that G S P is V-generic for P. Then x is Woodin in V
if and only if it is Woodin in V[G].

Proof. “=” This is analog to Theorem 3.3 and the respective direction in
the Lévy-Solovay Theorem.

“<” Let § be a Woodin cardinal in V[G] and A < ¢ in V. By definition
of a Woodin cardinal (Definiton 2.35), there is a cardinal £ < § such that
for every A < ¢ there is a natural A-strongness embedding j : V[G] — M[G]
with critical point s such that j(A) n A = A n A. By the Level-by-level
Version of Theorem 3.3 we know that j [ V has the same properties in V if
A is a successor ordinal. But then it follows that ¢ is Woodin in V' because

the successor ordinals are unbounded in §.

O]






Chapter 4

The Approximation and

Cover Properties

In the previous chapter we showed that under small forcing large cardinals
are neither destroyed nor created. But what can we say about forcings of
size greater or equal than k7 Here the results for the direction from the
ground model to the extension and for the converses direction can be very
different. For example, an inaccessible cardinal in the ground model becomes
a successor cardinal in the extension by the Lévy Collapse, but for the other
direction one can show that inaccessible cardinals, like Mahlo cardinals, are
downwards absolute to any model.

Furthermore, there are extensions which have new large cardinals: For
example, Joel Hamkins mentions in [Ham03] a result by Kunen which showed
that “a non-weakly compact cardinal x can become measurable or more after
adding a branch to a x-Suslin tree”!.

However, Hamkins succeeds in showing that for a large class of forcing
notions new large cardinals are not created. In fact he identifies two prop-
erties, the ¢ approximation property and d cover property, and shows that
in every extension satisfying these properties the following holds: If there is
an elementary embedding (with certain closure properties) in the extension,
then its restriction to the ground model is amenable to the ground model.
As we have seen in Chapter 2, certain embeddings witness the existence of
certain large cardinals and therefore Hamkins can answer the above question

for the direction from the extension to the ground model.

'[Ham03], p. 257. Hamkins refers to [Kun78].

35



36 CHAPTER 4. THE APPROXIMATION AND COVER PROPERTIES

So in this chapter we present the main results from Joel Hamkins’ paper
[HamO03].

4.1 The Main Theorem

We will follow the notation of [HamO03], where a model of set theory means a
model of the 199 fragment of ZFC. Unlike in his paper, we will first prove
the general case of the Main Theorem and then show the modifications for

the less complex Central Case.

Definition 4.1. A pair of transitive classes M S N satisfies the § approx-
imation property (with 6 € CardY ) if whenever A € M is a set in N and
Anae M for any a € M of size less than § in M, then Ae M.

For models of set theory equipped with classes, the pair M © N satisfies
the 0 approximation property for classes if whenever A € M is a class of N
and Anae€ M for any a of size less than § in M, then A is a class of M.

We will refer to the sets A na where a has size less than § in M as the

& approximations to A over M.

Definition 4.2. The pair M S N satisfies the § cover property if for every
set A in N with A € M and |A|N < 6, there is a set Be M with A € B
and |B|M < 6.
Theorem 4.3 (Main Theorem). Suppose that V SV satisfies the § approz-
imation and cover properties, § is reqular in V., M is a transitive submodel
of V' such that M = M 'V is also a model of set theory, and j : M — N
is a (possibly external) cofinal elementary embedding of M into a transitive
class NC V.

Suppose further that § < cp(j), P(6)Y < M and that M<° < M and
N°c N inV. Let N =Jj"M so that jI1M : M — N. Then:

1. If M is a set in V, then M is a set in V.
2. NCV;indeed, N=NnV

3. If j is amenable to V , then j| M is amenable to V. In particular, if j
is a set in V, then the restricted embedding j1 M is a set in V.

4. If j and M are classes in V and V SV satisfies the § approzimation
property for classes, then jIM is a class of V. If V. C V satisfies the
0 approximation property for classes, then jIM is definable in V.
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The situation is described in the following picture:
VoM - N
ul

Proof.

Lemma 4.4. M C M satisfies the § approxzimation property and & cover

property.

Proof. First we show the § approximation property: Suppose that A € M,
A € M and, for any a € M of size less than d in M, it holds that Ana € M.
Since M = M nV, we only have to show that A € V and for this we will
use the ¢ approximation property for V€ V: We know that A € V and
A eV, because M is an elementary submodel of V. Let a = o n M for some
fixed o of size less than ¢ in V. For sufficiently large 8 this is the same as
o n (V3)™ and therefore a € V. Since a € M has size less than §, it follows
by the closure properties of M that a is in M and hence in M = M N V.
So Anae M. Since Anoc = Anaand M < V, this means that all §
approximations to A over V arein V,andso Ae V. Hence Ae M nV = M.

For the § cover property we will use the respective property for V < V:
Let a € M, A< M and A has size less than ¢ in M. Since ACV, AeV
and A has size less than 6 in V, there is a set By of size less than 6 in V with
A S By (8 cover property for V € V). For a sufficiently large (V3)M there is
aset Bj € M €V with A S By. The set By n By is a subset of M (because
B € M), it has size less than 0 in V' (bec. of By) and A € By B;. Because
of the closure properties of M, BynB; isin M. So Byn By isin MnV = M
and it has size less than § in M because any bijection witnessing that this
set has size less than § in V will be in M So By n B; in M as well. O]

With Lemma 4.4 we can prove the first claim of the Main Theorem:
Assume that M is a set in V. We prove that M is a set in V with the §
approximation property. Let a be a set in V with size less than § in V,
then M na € B for some Be M € V. Then M na S B n a because

M na S B and conversely B na S M n a because B € M and therefore
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M na=BnaeV. So all the § approximations to M over V are in V' and
hence we have that M € V.

Lemma 4.5. N C N satisfies the § approzimation and cover properties.

Proof. We prove the § approximation property of N € N by using the
elementarity of j and the § approximation property for M < M.

So by Defintion 4.1let A€ N, A< N and Ana € N for any a € N of size
less than § in N. We show that A € N: By the cofinality of j (see Definition
1.36) there is some B € M with A € j(B). By the & approximation property
we know that if A’ = B, A’ € P(B)M such that A’ na € P(B)M for any
a € P(B)M of size less than 6 in P(B)M, then A’ € P(B). So any subset
of B having all § approximations over P(B)M in P(B)M is in P(B)M. By
elementarity of j we can transfer these facts to N: Any subset of j(B) having
all j(6) = § approximations over j(P(B)M) = P(j(B))N (as N = |Jj"M)
in P(j(B))" isin P(j(B))". Since we know that A is a subset of j(B) and
we know by assumption that A has all its § approximations over N in N,
we conclude that A € N (because A € P(j(B))").

Similarly we prove the § cover property by using the elementarity of j
and the cover property of M < M: Let Ae N, AC N, |A|N < J. Since
j is cofinal, there is a B € M with A € j(B). In M any subset of B can
be covered by an B’ € M with the right properties. Since j is elementary,
the corresponding fact is true about subsets of j(B) and j(§) = § guaranties
that the size of the cover is still < 4. O

Lemma 4.6. If Ac ORDY s a set of size less than & in V, then there is
a set BEV n N of size at most 6 with A < B.

Proof. Starting from A, we build B as the union of a sequence of sets A,
of size less than ¢ such that unboundedly many of the A, are in V and
unboundedly many are in N.

So let A = Ay € ORDYN | |A|Y < é. Then, because of the closure
properties of N, Ay € N. Using the § cover property of Lemma 4.5, there
is a set of ordinals A7 € N of size less than § with Ag € A; . Since
Ae NC N cV, A isin V and because of the cover property for V C V
there is a set Ay € V of size less than § with A7 € As.

We can repeat this procedure by alternately using the § cover property
for N € N and V € V. At limit stages we make use of the regularity of 6. So
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we have constructed a sequence (Ay|a < &) in V such that a < 8= A, S
Ap, all A, are subsets of ORDY having size less than § and unboundedly
often A, € V and unboundedly often A, € N.

Let B = |J,.s5Aa (therefore B € ORDY). Since B is an union of ¢
many sets of size less than &, B has size at most 6 in V and as N° < N, it
follows that B is in N and has size at most ¢ there. To show that B isin V
and N, we use the respective § approximation properties: Let a be a set of
ordinals of size less than ¢ in V. Then B na = A, n a for sufficiently large
a, and so B na € V. Therefore all the § approximations to B over V are
in V and so B € V. By the same argument, all the § approximations to B
over N are in N, and so B € N. We conclude that Be V n N. ]

Lemma 4.7. V and N have the same subsets of ORDYN of size less than §.

Proof. Assume that A € ORDY and |A|Y < 6. Then by Lemma 4.6 there
is a set B €V n N of size at most § in V with A € B. We enumerate
B in the natural order as B = {f,]a < &}, where 0 = ot(B) < 6. Let
a = {a < 6|8 € A}. We show that a is in V if and only if a is in N: Suppose
that @ € V. Then, by assumption, a € 77(5)‘7 C M, so a € M and therefore
a€ M = M nV. Equivalently, a € P(6)M if and only if j(a) € j(P(5)M),
which holds if and only if a € P(6)" because j(a) = a(é < ep(5)), and
this is equivalent to a € N. But a is in V (respectively in N) if A isin V
(respectively in N) because a is constructible from A and B. So if A is in
either V or N, then a is in both of them. But then A is in both V and N

as well, because A is constructible from B and a. O

With these lemmata we can now prove the second claim of the Main

Theorem:

Lemma 4.8. N C V. Indeed, N=NnV.

Proof.

“N € N nV”: We have to show that every set in N is in V. But as
V and N are models of set theory, every set can be coded with a set of
ordinals by the axiom of choice and therefore it suffices to show that every
set of ordinals in N is in V. So let A € ORDY and A € N. We use the §
approximation property to show that A € V. So let a be a fixed set in V' of

size less than 0. Because of the § approximation property, we are interested
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in the intersection A N a, and so we can assume that a € ORDY. So, by
Lemma 4.7 it follows that a € N and hence also A na € N. By Lemma 4.7
again, A na is in V, and so all the § approximations to A over V are in V.
Hence A€ V.

“N 2 N nV”: For the converse direction we work with sets in N n V.
Here we can consider ordinals only as a special case and then we will prove
the Lemma for arbitrary sets. So, let A€ N nV be a set of ordinals. Then
a € N by the § approximation property of N € N: Let a £ ORD be of size
less than 0 in N. By Lemma 4.7, it follows that a € V and so Ana€ V.
Therefore, using Lemma 4.7 again, Ana € N and so all the § approximations
to A over N are in N. Hence, A€ N.

For the general case suppose that A is any set in N n V. We prove that
A is in N by e-induction (see Theorem 1.19): Suppose that every element
of Aisin N. So there is some set B € N such that A € B. We enumerate
B = {byJa < B} in N € V in N € V and consider the following set of
ordinals: Ay = {a < B|by € A}. Ay is constructible from A and B and
Be NC NNV, as we have proven above. So Ag is in N and V. Since A
is a set of ordinals, it is in /N and so also A € N, as A is constructible from

Ap and the enumeration of B. O
Lemma 4.9. If j is amenable to V', then j| M is amenable to V.

Proof. Assume that j is amenable to V' (see Definition 1.35). We show that
jlA €V for any Ae M. So suppose that A € M. By Lemma 4.8, it follows
that N =Jj"M < V and so j| A € V. So we can show that j[Aisin V by
showing that j[A has all its § approximations in V', and for this it suffices
to show that for any a of size less than § in V', jla € V. So let a be any set
in V, |a|V < 4, and enumerate a as @ = {as|a < 3). Since 8 < § < ep(j),
it follows that j(@) = (j(aa)|a < B). As P(6)Y € M, aisin M =MV
and therefore j(a@) € N € V. So we can construct jla = {{aq,j(aq))|a < 5}
from @ and j(@) in V.

O

The same argument as in the proof of Lemma 4.9 shows that if 5 and M
are classes in V and one has the § approximation property for classes, then

jIM is a class in V. So if j is a set in V, then j M is a set in V. Now we
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have completed the proof of the Main Theorem.
O

Corollary 4.10. Under the hypothesis of the Main Theorem, for any A,
1. IfN*ScNinV, then NNC N inV
2. If V\S N, then Vy € N.

Proof. For 1. Any X sequence over N in V is in NV because of the assumption
and in V and therefore in N n'V = N.
For 2. If V, € N, then, again by N n'V = N, V) is a subset of N.
O

As we have seen in Chapter 2, many large cardinals like measurable or
supercompact cardinals are defined by elementary embeddings from V to a
transitive N. So we will consider the case where M = V and hence M =V

as a special case of the Main Theorem.

Theorem 4.11 (The Central Case). Suppose that V € V satisfies the &
approzimation and cover properties, 0 is reqular in V and j : V — N is
a (possibly external) cofinal elementary embedding into a transitive class
N < V. Suppose further that 6 < cp(j) and N° € N (N s closed under &
sequences) in V. Let N = |Jj"V so that j|V : V — N. Then:

1. NCV;indeed, N=NnV
2. If j is amenable to V, then j|V is amenable to V.

3. If j and V are classes in V and V C V satisfies the § approzimation
property for classes, then jV is a class of V.

So our picture from above simply becomes the following;:
j:V—NCV
Ul
jrv:V—N
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Proof. First note that the restricted embedding j[V : V — N is elemen-
tary. To prove this, we have to show that for every formula ¢, and ev-
ery ai,...,a, in the universe of j(V), j(V) = ¢lai,...,a,] if and only if
N E ¢lai, ..., ay]. But, because N = [ J 57V, this can be done by induction
on formulas.

Now we can prove the central case with the same succession of lemmas

as in the proof of the Main Theorem:
Lemma 4.12. N C N satisfies the § approzimation and cover properties.

Lemma 4.13. If A c ORDY is a set of size less than & in V, then there
is a set BeV n N of size at most 6 with A <€ B.

Lemma 4.14. V and N have the same subsets of ORDY of size less than
d.

Lemma 4.15. N C V. Indeed, N=NnV
Lemma 4.16. If j is amenable to V, then j1V is amenable to V.

The proof of Lemma 4.12 differs from the one of Lemma 4.5 only by using
the § approximation and cover properties for V'€ V instead of M < M.

The proof of Lemma 4.13 doesn’t change and the proof of Lemma 4.14
simplifies the proof of Lemma 4.7: We prove that a € V if and only if a € N.
We need the fact that j(P(6)Y) = P(6)Y and we get the equivalences:
aeV o aeP0)Y o jla)ej(P(0)Y) o aeP(O)N < aeN.

The proof of Lemma 4.15 is the same as the one of Lemma 4.8; Lemma

4.16 is proven like Lemma 4.9 and the third claim then follows easily. O

We can drop the property of j being cofinal by adding the assumption
that N = N nV (we only needed the cofinality to prove Lemma 4.12). By
speaking directly about classes, we get the following summary of the Central

Case:

Corollary 4.17. Suppose that V. C V satisfies the 6 approximation and
cover properties for classes. If V is a class in V and j : V — N is a class
embedding in V. with § < cp(j) and N° € N in V, then the restriction
jlV : V. — N, where N = N n'V, is a class elementary embedding in the

ground model.



4.2. CLOSURE POINT FORCING 43

4.2 Closure Point Forcing

Of course, forcing will be the principal example for the extensions of the
Main Theorem. We get a first result regarding forcing extensions V[G] if
we take the assumptions of Corollary 4.17 and additionally assume that
the models involved are only equipped with their classes definable from

parameters.

Lemma 4.18. Suppose that V S V[G] is a set forcing extension satisfying
the & approximation property (for sets). If the models are equipped with only
their definable classes, allowing a predicate for V in V|[G], then V < V|G]

also satisfies the § approximation property for classes.

Proof. Suppose that A € V is a class in V[G] such that A na € V for any
set a of size less than § in V. We have to show that A is a class in V. First
let A, = AV, for any ordinal 1 and consider A, n a for some a € V' of
size less than ¢ in V. Then A4, na =(AnV,) na=(Ana)nV, and the
right part of the equation is the intersection of two sets in V', and therefore
Aynaisin V. As A, na are the § approximations to A, over V, it follows
by the § approximation property for sets that A, € V for all 7.

Since we have assumed that A is definable in V[G], there is a formula ¢

(allowing a predicate for the ground model) and parameter z such that
VIG|Exe A < o(z,z). (4.1)

From the argument above we know that A nV;,, = A, € V, so there is some

condition p, € G such that
red, <= p,le(,2). (4.2)

where Z is a name for z. Since G is a set in V[G] and the mapping 1 +— pj,
exists in V[G], the value of p,, must be the same for unboundedly many 7.
Let p* be this common value. Then we can use p* for any p, and so we have
for any 7 that

red, < p'lIeI,?2). (4.3)

Therefore, by using the parameters z, p* and the forcing poset, the formula

r e A< p* Ik ¢(&, 2) provides a definition of A as a class of V. O
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So, in set forcing extensions we don’t have to consider classes explicitly

and we get the following corollary:

Corollary 4.19. If V € V[G] is a set forcing extension with the 6 approz-
imation and cover properties and j : V[G] — N is a definable embedding in
V[G| with N° € N and & < cp(j), then the restriction j|V : V — N, where
N = N NV is an elementary embedding definable in the ground model.

Now, the most interesting question is: Which kind of forcing extensions
actually satisfy the approximation and cover properties? To answer this
question we will introduce the notion of a closure point forcing and show
that such a forcing satisfies the " approximation and cover properties.

In the proof of Lemma 4.23 we will follow [HJed], as this version is easier

than the proof originally given in [Ham03].

Lemma 4.20. Let P be a forcing poset, A € P an antichain and 1, be a
P-name for each a € A. Then there is a P-name 7 such that Va € A it holds
that a |- T = 74.2

Definition 4.21. A poset P = (P, <p) is said to be k-strategically closed if

Player II has a winning strategy in the following game:

Player I | po P2 - Ps+1
2 !/ ! 0 limait.
Player IT | pq . s Ds+9

That means that Player I plays odd stages and Player II even and limait
stages. Here (py : a < < k) should be a descending chain in P with respect
to <p. Player II wins iff for all & < k p, can be played. P is < k-strategically
closed iff P is \-strategically closed for all A < k.

A notion of forcing is called nontrivial if it necessarily adds a new set.

Definition 4.22. A forcing notion has a closure point at § when it factors

as P« Q, where P is nontrivial, |IP| < 4§ and IFp Qis < 0-strategically closed.

Lemma 4.23 (Main Lemma). Forcing with a closure point at § satisfies the

0T approzimation and cover properties.

Proof. Suppose that V < V[g][G] is a forcing extension by the forcing
g% G C PxQ, where P is nontrivial, [P| < 6 and -p Q is < d-strategically

closed.

2For a proof of this Lemma see [Kun80], p. 226.
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The 6 cover property holds because if we consider V- < V[g] < V[¢][G],
each step of the extension holds because of the properties of P and Q.

For the 6" approximation property suppose that A € V[¢][G] and A <
V,but A¢ V. Let AbealPx Q—name for A, A9*G = A, for which

1FACVandl-Ag¢V (4.4)

(4.4) is justified: Assume that A’ is A if (4.4) and ¢(P) otherwise. Then
1 - g(P) ¢ V because P is nontrivial.

Since A is forced not to be in V', there cannot exist a condition which
decides for every b e V if b € A, because this condition would decide the
whole A. So for every condition (p, q) there is b € V such that (p, q) does not
decide whether b € A. Then there are two conditions (po, qo) and (p1,4q1)
below (p,¢) such that (pg,do) I- b ¢ A and (p1,q1) - b € A. Since P
is nontrivial, we will assume without loss of generality that py and p; are
incompatible. By Lemma 4.20 it follows that there is a name ¢’ such that
po forces ¢’ = o and py forces ¢ = ¢1. Indeed, we may assume that 1 forces
q <q.

So, in summary, instead of taking (po, o) and (p1, 41) as above, we could
have used the conditions (pg,q’) and (p1,¢’) with the same second coordi-
nate, such that 1 |Fp ¢’ < g.

Now enumerate P = {pg|6 < ¢} and let 7 be a P-name for the strategy
witnessing that 1 |Fp Q is < J-strategically closed. Our goal is to build a
sequence of P-names g3 for elements of Q such that o < @ implies (1, ¢g) <
(1,Gq), and there are p% and p}B below pg and an element bg such that
(p%,cjg) I+ lv)/@ ¢ A and (p}j,q'g) I+ 55 € A. For successor steps it would be
enough to use the argument from above iteratively. But, as we want to
continue the construction through limits, we have to combine it with an
application of the strategy 7, so that the construction accords with 7.

Finally we get the following: For any (pg, ig), there are pg and pé below
pg, a name ¢g and an element bg such that (1,qg) < (]l,ig) and (p%,(jg) I+
bs ¢ A and (pé, dg) I bs € A. Furthermore, since 1 forces that the s are
descending and conform with the strategy, there is ¢s such that (1,¢s) <
(1, qg) for all B < 6. But, if (p, 7) is a condition which is stronger than (1, gs),
there is a 8 such that p = pg from the enumeration of P and therefore (p, 7)
cannot decide A on {bg|8 < §}. So not all approximations to A arein V. [J
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Closure point forcings include a large class of forcings: For trivial reasons
every small forcing has a closure point and the Lemma also applies, for ex-
ample, to the Silver iteration, the Laver preparation, the lottery preparation

and reverse Easton iterations.



Chapter 5

Applications of the Main

Theorem

5.1 Application to Large Cardinal Properties

In this section we are going to examine how the Main Theorem can be
applied to several large cardinals’. The procedure will essentially be the
following: We will use the results of Chapter 2 to get an elementary em-
bedding j witnessing the existence of a large cardinal in the extension and
then apply Claim 3, therefore showing that j[V is amenable to V. Then it
only remains to show that j [V witnesses the same large cardinals property
in V. As this procedure can be seen more clearly in the simplified version
of Theorem 4.11, we will start with some applications of the Central Case.

As we have seen in Lemma 4.23, the cardinal 6 will depend on the forcing

in question. For now let § be an arbitrary regular cardinal.

Corollary 5.1. Suppose V. € V satisfies the & approximation and cover
properties. Then every measurable cardinal above § in V is measurable in

V.

Proof. Since k is measurable in V, we can construct an elementary embed-
ding j : V — N with critical point » via ultrapowers (see Proof of Theorem
2.17). Since N® = N, the Central Case implies that the restricted embed-
ding 7V : V — N is amenable to V. Then, as in the Proof of Theorem 2.17,

LAll results presented here can be found in [HamO03], pp. 266-272.

47
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we can construct a normal V-ultrafilter  on & from jP(x)V by defining
X epn<srejX). O

Corollary 5.2. Suppose V. C V satisfies the 6 approximation and cover

properties. Then every strong cardinal above & in V is strong in V.

Proof. Suppose that x is # strong in V and 6 is either a successor ordinal
or has cofinality above 6. Then by Section 2.4 we know that in V' there is
a O strongness extender embedding j : V — N with cp(j) = &, Vp € N
and N° € N. By the Central Case the restricted embedding j|V : V — N
is amenable to V', and by Corollary 4.10 we know Vyp € N. So, in V, let
E = jIP(k)V be an extender and let jr : V — Mg be the corresponding
extender embedding. Then jgP(k)" = j1P(x)", and consequently Vy <
Mpg. So jg witnesses that x is 0 strong in V. O

Corollary 5.3. Suppose V. S V satisfies the § approximation and cover

properties. Then every Woodin cardinal above § in V is Woodin in V.

Proof. Suppose that x is Woodin in V. Then by Definition 2.35 for every
A € kin V thereis v € (0, k) such that for arbitrarily large A < & there is an
extender embedding j : V — N such that ep(j) = v and j(A) n A = A n .
We may also assume N7 € N. It follows from the Central Case that the
restriction j1V : V — N is amenable to V and still satisfies j(A) n A =
An . Since jIP(k)V € V by amenability, the induced extender embeddings

therefore witness that x is a Woodin cardinal in V. O

Corollary 5.4. Suppose V. = V satisfies the § approximation and cover
properties. Then every supercompact cardinal above § in V is supercompact
in V. Indeed, for any v, every v supercompact cardinal above & in V is v

supercompact in V.

Proof. Suppose that s is «-supercompact in V. Then by Definition 2.26
there is an elementary embedding j : V' — N in V such that its critical
point is x, v < j(k) and NY € N. Then by the Central Case the restriction
jlV : V — N is amenable to V and N = N n V. By Corollary 4.10 we
know that N7 € N in V, and so j”y € N. Thus, from jP(P.,y)" we
may in V construct the induced normal fine measure p on Pyvy by defining

X epu<e j"ye j(X). So k is v supercompact in V. O
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For the application of the Main Theorem, we first have to show two

slightly technical lemmata:

Lemma 5.5. Suppose that V € V satisfies the § approzimation and cover
properties. If X< € X in V and X < Vy in the language with a predicate
for V, so that (X, X,€) < {(Vy,Vp,€), where X = X NV, then X € V.
Further, if M is the Mostowski collapse of X, then the Mostowski collapse
of X is the same as M V.

Proof. We will use the § approximation property to show that X € V:
Therefore, if we take an a € V' that has size less than § in V| it only remains
to show that X na € V. Since X na € X is of size less than § in V,
it is in X and it is an element of Vj of size less than 6. By the & cover
property there is an element b € Vy which has size less than § in Vy and
covers X n a. By elementarity there is such a b in X. Since b has size less
than ¢ and § is a subset of X, b is also a subset of X. So we have shown
that X na € b € X and therefore X na =bna. As be V, we have that
X naisin V and therefore all the § approximations to X over V are in V.
By the ¢ approximation property it follows that X € V.

Our second task is to show that the Mostowski collapse of X is the
same as M nV. So let (M, M,€) be the Mostowski collapse of (X, X, €).
We show that the Mostowski Collapse of X is the same as the image of X
under the Mostowski Collapse of X: As Vy knows that Vjp is transitive, every
element of X which is an element of an element of X is itself in X. So M
is the Mostowski Collapse of X and that means that M € V. Therefore
McMnV.

So it remains to show that M NV < M. Let m : X =~ M be the Mostowski
Collapse of X and suppose that m(A4) € M NV, where A € X. We show
that w(A) € M. By induction we assume that every element of 7(A) is in
M. Therefore An X € X and so by elementarity A € V. To show that
A €V, we will use the J approximation property: Let a be an element of
X having size less than § there. Then A N a is an element of X of size less
than ¢ in X and a subset of X. By the § cover property there is some b e X
of size less than ¢ in X such that Ana S b. We enumerate b = {b, | o < 3}
in V, where 8 < ¢ and let Ag = {a | by € A na}. Then o € w(Ag) = Ay if
and only if m(b,) € m(A) N w(a) because 7 fixes all ordinals below ¢ and all

subsets of §. Since m(by), m(A), 7(a) and the sequence {(m(by)|ax < 3) are
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all in V, it follows that Ay € V and therefore AnaeV. As X =XV
and A € X, we have that A na e X and so all § approximations to A using
a € X are in X. By elementarity it follows that all § approximations to A
over V are in V and so we conclude that A € V. Thus 7(A) € M. O

The next Lemma makes use of the following Reflection Principle of Mon-
tague and Lévy?: For any formula o(vy,...,v,) and any £3, there is a limit

ordinal o > ( such that for any x1,...,x, € Vj,
oz, ... xzn] iff @[z, .., 2]

Lemma 5.6. Suppose that V € V satisfies the § approzimation and cover
properties and k = & is an inaccessible cardinal. If A € k is any set in V,
then there is a transitive model of set theory M, |M| = x such that A€ M,
M<fc M and M =M NV €V is a model of set theory.

Proof. Suppose ZFC* is a fixed finite fragment of ZFC used to define the
models of set theory. The Reflection Principle from above shows that there
is an ordinal 8 above k such that every formula appearing in ZFC* reflects
from the structure (V, V,€) to (Vp, Vjy, €). In particular, both Vj and Vj are
models of set theory. In V, let X < Vj be an elementary substructure of
size k in the language with a predicate for V, so that (X, X,e) < (Vp, Vy, €),
where X = X NV, such that X<* € X and A € X. So it follows by Lemma
5.5 that the collapse M of X has the property that M = M AV is in V.
And since M is the collapse of X, it is a model of set theory. O

Corollary 5.7. Suppose V. C V satisfies the § approximation and cover
properties. Then every weakly compact cardinal above & in V is weakly com-

pact in V.

Proof. Suppose r is weakly compact in V. By Lemma 5.6 there is for any
subset A € k in V a model of set theory M in V such that A € M, [M| = &,
M<Fc M and M = M NV is a model of set theory in V. That & is weakly
compact in V implies by Fact 2.4 that there is an elementary embedding
j: M — N in V with critical point . In order to use the Main Theorem,
it remains to show that j is cofinal, M<0 < M in V and N° € N in V.
That M<% < M in V is clear because M<* € M and § < . Similarly to

the proof of Theorem 2.17 we can construct the induced normal M-measure.

2For a reference see [Kan09], p. 58.
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Then j is cofinal because if x € M), then z = j(f)(x) and X € ranj(f).
So choose y = ran f = {f(§) : £ < k} and therefore = = j(f)(k) € j(y) =
ran j(f). Furthermore N° € N in V, because if §€ N<*, then 5= (s¢ : £ <
) for some o < k and each s¢ = j(f¢)(k) for some fe € M, fe : k — M,
f= (fe : £ < a)e M. Then i) = (G(fe) : € < o) and § is constructible
from j(f) and &, so §€ N.

So by the Main Theorem j[M : M — N is an embedding in V. Since
this restricted embedding still has critical point x and A € M, it follows
from Fact 2.4 that x is weakly compact in V. ]

By a theorem of Hanf and Scott® k is weakly compact if and only if
% is TTi-indescribable. So we will give a generalization of Corollary 5.7 by
proving that indescribable cardinals are not created in extensions with the
¢ approximation and cover properties. We will use the definition of inde-
scribable cardinals by elementary embeddings as we gave it in Theorem 2.7
and Definition 2.6. Note that the statement about the size of N in Theorem
2.7 is only needed in the part of the proof where we show that if x is II"

indescribable, then there is an elementary embedding.?

Corollary 5.8. Suppose V. C V satisfies the § approximation and cover
property. Then every totally indescribable cardinal above & in V is totally
indescribable in V. Indeed, for m > 1 every IIT" indescribable cardinal above
§ in V is IIT* indescribable in V.

Proof. Suppose that  is IT7* indescribable in V', and let My be any transitive
model of set theory in V' of size less than x with M;" < My and x € M.
By Lemma 5.6 we know that there is a model of set theory M in V with
M=t < M in V and My € M such that M = M n V is also a model
of set theory. Since k is II7* indescribabale in V, there is an elementary
embedding j : M — N such that N is X7 correct in V. By applying the
Main Theorem it follows that the restricted embedding jtM : M — N
lies in V. Then we can restrict the j further down to My and obtain the
embedding jo = j My : My — Ny, where Ny = j(Mp).

To show that jo witnesses the indescribability of x in V, it remains to
show that Ny is X correct, because, as we noted above, we don’t need the

statement about the size of N for this direction. Since Viim—2 S Vitm—2

3See [HS61].
“For details see [Hau91].
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and NVe+m=2l ¢ N in V, we know by Corollary 4.10 that NIVe+m-2l <
N in V, and consequently |[Viym—2|Y < ([Vesm—2|)V. The fact that M
knows that M;" < My transfers by elementarity to the fact that N knows
that N<J(") < Nj. Since N has all the sequences over Ny of length up to
|Vie+m—2|, which is less than j(k), it follows that N[|)V*'”“’“2 C NpinV. So
the first clause of Definition 2.6 is fulfilled. Furthermore, because (Ny)x+m
is a transitive subset of Vi, it follows that g truth is preserved. So, as
the second clause means that M correctly computes the X" facts over Vj
that hold in parameters from M n Vi, the embedding jo : My — Ny is

gt correct. O

5.2 Definability of V in V[G]

Here we present a result from Laver which uses Hamkins’ work on the §
approximation and cover properties. In [Lav07] Theorem 5.10 is stated for
models of ZFC'. But, as Laver uses it to proof Theorem 5.13 where we only
have models for ZFC — Replacement, we will follow an approach by Jonas
Reitz.?

Definition 5.9. Let ZFCys be the theory consisting of Zermelo set theory,
Choice and < 6-Replacement (that is, Replacement holds for functions with

domain 0, which is a reqular cardinal), together with the axiom
(%) VAdae ORDIEC axa {a,Ey~{(TC({A}),€)

which asserts “every set is coded by a set of ordinals”.

Theorem 5.10. Suppose V., V' and W are transitive models of ZFCy, 0 is a
reqular cardinal in W, the extensions V€ W and V' € W have the § cover
and & approzimation properties, P(6)Y = P&V and (6%)V (= (67)V) =
(W, ThenV =V".

Proof. Because of axiom (), we have to show that V' and V' have the same
sets of ordinals. If A € ORD, A € W then the statements ”|A| < ¢ and
"|A| = §“ means the same in all models, because of the § cover properties
and because (67)Y = (67)V" = (67)W respectively.

5See [Rei07].
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We will now adjust the proof of Lemma 4.6 and Lemma 4.7 to this

situation and show where the < J-Replacement is needed.

Lemma 5.11. I[f Ac ORD, Ae W, |A| < 0, then there is a set BE V. V',
B <6 with A € B.

Proof. Let A = Ag € a be as above and fix in W a well-ordering < of (a)W.
As before we construct a sequence (A¢|{ < §) of subsets of «, each of size
less than §. If A¢ € V, then let A¢;; € V' be the <-least subset of a such
that Agy1 D Ag and |Agq1] < 0. Such a set exists because of the § cover
property of V! < W. If A¢ ¢ V, then let A¢, 1 € V to be the <-least subset
of a such that A¢p1 D Ag and |Agyq| < 6. For limit &, let Ae = (s Ap.
Here we need < 0-Replacement for A¢ to be in W. |A¢| < 6, as § is regular
and each Ag has size less than J. So we get a sequence for every £ < ¢ and
A¢ € V for cofinally many & and A¢ € V' for cofinally many ¢ as well.

Let B ={J¢5A¢. Then B€ W and |B| < 4. If a € V is any set of size
less than ¢, then (by regularity of 6) B na = A, na for all sufficiently large
a, and so B na € V. Thus, all the § approximations to B over V are in V
and so B € V. Similarly for V’. Therefore Be V n V. O

Lemma 5.12. V and V' have the same sets of ordinals of size less than §.

Proof. Suppose that A € ORD, |A| <, A€ V. By Lemma 5.11 there is a
set Be V n V' of size at most 6 with A € B. Then ot(B) < § 1, so pick a
well ordering w e V of 4, or possibly of a subset of ¢ of length ot(B) which
lies in V A V. Since w < & x § and by assumption P(8)Y = P(8)Y’, w must
be in V’'. The ordering induces an enumeration B = {b,|a < §'}, for some
§" < 6, which, by < d-Replacement, lies in V n V', Then a = {a < §'|b, €
A} € V, and it follows again from P(6)V = P(5)" that a € V’. Since A is
constructible from a, B and w, A is in V'. By the same argument every set

of ordinals in V' of size less than J is in V. O

By the § approximation property we can now show that every set of
ordinals in V is in V' and vice versa: Let A be a set of ordinals in V
(therefore in W). Let a € V’ be a set of ordinals with |a| < 0. Then it
follows by Lemma 5.12 that a € V', and therefore a n A € V. So, by Lemma
5.12 again, an A€ V'. O
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Theorem 5.13. Suppose V is a model of ZFC, P €V, and V[G] is a P-
generic extension of V.. Then, in V[G], V is definable from parameter Vs, 1,
for é = |P|*.

Proof. In V[G], let v > ¢ be a beth fixed point of cofinality > J. Because
of Lemma 1.15 such a fixed point does always exist. Then V,, is definable as

the unique transitive model M of height ~ such that:
(i) M satisfies Zermelo set theory, Choice and < d-Replacement.

(ii) the extension M < (V[G]), has the § approximation and cover prop-

erties, and
(il)) Meop1 = Vs

We show that, living in V[G], M =V, satisfies (i)-(iii):

About (i): For any limit ordinal v, V, is a model of Zermelo set theory
and Choice. But for V,, to be a model of replacement, v would have to be
regular and YA < v: 2* < 5. So we don’t have full Replacement, but only
< d-Replacement. This holds because of the cofinality of v: For any function
f:a—V, with |a| = § has its range contained in some Vj for § < 7 and so
ran(f) € Vay1.

About (ii): Note that the forcing from above (small forcing) is a closure
point forcing with closure point at |P|. So V < V[G] has the |P|T = ¢
approximation and cover properties. It holds further that V,[G] = (V[G]):
Let 0% € (V[G]), so rank(c®) < . Since |P| is less than 7, there is a name
o' in V, with 0’¢ = 0% and rank(o’) < v and because V, = V n V,[G],
o' € V4[G]. Then also V,, < (V[G])y = V,[G] has the ¢ approximation
and cover properties: Let A € (V[G]),, A € V, and |A|VIEDY < §, then
A € (V[G])p for some 3 < . By the § cover property of V< V[G] there
is a B € V with size less than § which covers A. Then B n Vj covers A in
V., and has size less than ¢ there. For the J approximation property assume
that A e (V[G])y, A<V, and AnaeV, for any a € V, of size less than ¢.
Then, by the § approximation property for V< V[G], A € V and because
of the above argument A € V.

It remains to show that any M, which is transitive, satisfies (i)-(iii) and
is of height v, equals V. Such an M is a model of ZF'Cs and has every set
codeable in an absolute way by a set of ordinals: In general it holds that if

M is a transitive model of ZFC, then we can code all sets in M by sets
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of ordinals in M, that means if z € M, where z is transitive, there is an
isomorphism:

(x,€) ~ (Card(z), R)

where R is a binary relation on Card(x). If x is not transitive, we work
with the transitive closure of z, TC(z). The point here is that the coding
must happen in M, so it must not happen that the cardinality of TC(x) is
not an element of M (as it could be the case, for example, in V,,;,,). In our
case M is not a full model of ZF'C but it has height -, which is a beth fixed
point. Therefore the transitive closure of x is of size less than ~.
Furthermore (6+)M(= (6+)") = (67)(VIED+ | because (V[G]) is a forcing
extension by forcing of size < 6.

Thus Theorem 5.10 applies to the extensions M < (V[G])y and V, <
(VIG])y, and so V, = M. O
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