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Abstract

In chapter 1 we give an overview of results from Differential Geometry, Distri-
bution Theory, Functional Analyis and Measure Theory. Chapter 2 is dedicated
to the algebraic definition of PDOs. We consider local operators, the principal
symbol, elliptic operators and formal adjoints. In chapter 3 we introduce L?2-
and Sobolev spaces of sections and analytical realizations. We prove the Sobolev
embedding theorem, Young inequality, Interpolation inequalities for Sobolev
norms, elliptic estimates, elliptic regularity theorem, Weyl’s Lemma, Rellich’s
Theorem, Poincaré inequality and finally the Spectral Theorem for selfadjoint
elliptic operators. We use the Spectral Theorem to define the Functional Cal-
culus. Finally we consider two applications to partial differential equations in
chapter 4.

Zusammenfassung

In Kapitel 1 geben wir einen Uberblick {iber Ergebnisse aus Differentialge-
ometrie, Distributionentheorie, Funktionalanalyis und Mafitheorie. Kapitel 2
ist der algebraischen Definition der PDOs gewidmet. Wir betrachten lokale
Operatoren, das Hauptsymbol, elliptische Operatoren und formale Adjungierte.
In Kapitel 3 fithren wir L?- und Sobolev Schnitt-Réume und analytische Re-
alisierungen ein. Wir beweisen das Sobolev Einbettungs Theorem, die Young
Ungleichung, Interpolations Ungleichungen fiir Sobolevnormen, elliptische Ab-
schatzungen, das elliptische Regularitatstheorem, Weyls Lemma, Rellichs The-
orem, die Poincaré Ungleichung and schliellich das Spektraltheorem fiir selb-
stadjungierte elliptische Operatoren. Wir benutzen das Spektraltheorem um
den Funktionalkalkiil zu definieren. Abschlieend betrachten wir zwei Anwen-
dungen auf partielle Differentialgleichungen in Kapitel 4.
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Chapter 0

Introduction

The theory of differential equations and the corresponding differential operators
is a huge field of science. Since Isaac Newton (1643-1727) and Gottfried Wil-
helm Leibniz (1646-1716) introduced the theory of calculus in the 17" century,
legions of mathematicians aim to examine and solve differential equations. The
first who introduced differential operators (but not in their full meaning) was
Joseph Fourier (1768-1830) in his Théorie de la Chaleur.! The real advantage
of the concept of differential operators became evident just around 1900 with
the introduction of Functional Analysis.

Many differential equations and their associated initial/boundary value prob-
lems call for non-euclidean spaces (smooth manifolds). Nonetheless most of
PDO Theory in the mathematical literature is done on R™ for the sake of sim-
plicity. In many cases this approach is sufficient, since differentiation is a local
concept. But there are questions which can not be answered directly from the
Euclidean case. In addition a definition which has a clear global meaning is
important in itself.

The aim of this thesis is to give a precise introduction to differential operators
on manifolds. We cover the main concepts of the smooth theory and Spectral
Theory and discuss some applications.

Since this topic is intertwined with different mathematical areas we sum-
marize the necessary results from Differential Geometry, Distribution Theory,
Functional Analysis and Measure Theory in chapter 1.

In chapter 2 we introduce a purely algebraic approach to differential operators
on manifolds. This definition is chart independent. We observe the equivalence
of local operators, differential operators and their local representations. After-
wards we define the principal symbol and elliptic operators, which will get very
important in chapter 3. The last part of chapter 2 is dedicated to the concept
of formal adjoints.

In chapter 3 we generalize PDOs by their analytical realizations and use
the concepts from chapter 2 to prove the Spectral Theorem. We introduce
the Functional Calculus, which provides an existence and uniqueness result for
initial value problems on smooth manifolds with elliptic differential operators
in the ”space direction”. This is a strong result since existence and uniqueness
theorems for partial differential equations are rather sophisticated.

lsee [Caj07], Differential and Integral Calculus
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CHAPTER 0. INTRODUCTION

We conclude this work with applications to the generalized heat equation
and the generalized wave equation in chapter 4.
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Chapter 1

Prerequisites

In this chapter we will briefly summarize a few concepts from differential geo-
metry, functional analysis, measure theory and the theory of distributions, which
will be used throughout the whole thesis. Readers who are familiar with these
topics can easily jump to chapter 2 for the main topic. The intention behind
the summary is primarily to allow a wider branch of readers to follow the text
and secondarily to make clear which versions of definitions and theorems are
used (if there exist more than one).

1.1 Measure Theory

The basic notions o-Algebra, measure, measure space and measureable function
will be listed. Then we define the integral of measureable functions, LP-spaces
and state the Holder inequality.

1.1.1 Definition: Let X be a set. A family of subsets A C P(X) is called
o-Algebra on X, if

(Al) X e A

(A2) Ac A= A°c A

(A3) A, c AneN) = U,cnAn €A

1.1.2 Definition: Let (X,7) be a topological space. The Borel-o-Algebra Bx
is defined as the smallest o-Algebra on X which contains the topology 7.

1.1.3 Definition: Let X be a set and A a o-Algebra on X. A map pu: A —
[0, 0] is called measure on (X, .A), if

(ML) () = 0

(M2) A, (n € N) pairwise disjoint = p (U,en An) = Doneo #(An)

In this case (X, A, u) is called measure space.

11



CHAPTER 1. PREREQUISITES

1.1.4 Definition: Let (X, A, 1) and (Y, B,v) be measure spaces. f: X — Y
is called A-B-measureable , if f'B C A. A map f: X — {—oo} URU {oo} is
called Borel-measureable if f is A-Bgr-measureble.

1.1.5 Definition: Let (X,.A, ) be a measure space and f: X — R Borel-
measureable. Let f,, be a step function (f, = Zle a; - 1a,, a; € R), then the
integral over f, is defined as

k
/ Frdp =" - p(Ay)
X i=1

The (Lebesgue)-integral of f is defined as

/fd,u = 1im/fnd,u
X n—oo X

where (f,,) is a sequence of step functions which converges to f pointwise.!

1.1.6 Definition: Let (X, A, 1) be a measure space. A property is true almost
everywhere (a.e.), if the set A € A on which the property is false has measure
zero, i.e. u(A) =0.

1.1.7 Definition: Let (X, A, 1) be a measure space and p € [1,00[. The space
of LP-functions on X is defined as

LP(X):={f: X — R| f is Borel-measureable and / |f|Pdp < oo}/J\/,
X

where N := {f : X — R | f is Borel-measureable and f = 0 a.e.}.?

1l = ( /. |f|”du) ’

is called the p-norm of f. The space of L*-functions on X is defined as
L>®(X):={f: X — R| [ is Borel-measureable and |f| < oo a.e.}/J\/,

with norm

[fllLes := essupx (| f]) := f (Suli(lfl))

in
A€Au(A)=0 " x\

1.1.8 Remark (Hélder inequality): Let p,q €]1, 00| such that
Then?:
1= gllee < 1 fllze - [lgllca

Lthis is well-defined, see [Zwe09], section 4.2

2N is a linear subspace, so the quotient is a vector space; see [Zwe09], text between
Theorem 4.10 and Theorem 4.11

3see [Zwe09], Proposition 4.9
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1.2. DIFFERENTIAL GEOMETRY

1.2 Differential Geometry

To define PDOs on manifolds we first need to introduce some basic terminology
and results on manifolds and vector bundles. Thereafter we will consider tensors
and Riemannian manifolds.

1.2.1 Definition: Let M be a set. A chart (¢,U) of M is a bijective map
Y: M O U — V, where V is an open subset of R®. Two Charts (¢1,U1)
and (9,Us) are called compatible if 1y o w;lz Yo (U NU2) — (U N Us)
(and therefore 15 o wl_lz 1(Uy NU2) — (U NUy)) is a diffeomorphism of
open subsets of R". An C*-atlas of M is a family {(¢)o,Us) | @ € A} of
pairwise compatible charts, such that M = UaE 4 Ua. Two atlasses A; and Ay
are called equivalent if one (and hence every) chart of A4; is compatible with
one (and hence every) chart of As. An equivalence class of atlasses of M is
called a smooth structure on M. An atlas A is called mazimal if every atlas A’
compatible to A is a subset of A.

1.2.2 Definition: A (smooth) manifold (C*°-mf) is a second countable Haus-
dorff space M, together with a smooth structure on M.

1.2.3 Remark: Every open subset of a smooth manifold is a smooth manifold.

1.2.4 Remark: Let M be a manifold, v: U — V C R” a chart of M and
W C V, such that (W) is open in R™. Then (¢)|w, W) is also a chart of M.

1.2.5 Definition: Let M, N be smooth manifolds, ¢1: Uy — Vi € R™ and
Yo: Us — Vo C R™ chart maps of M at p resp. N at f(p). Amap f: M — N
is called smooth if o0 fo w;lz Vi — V5 is smooth.

1.2.6 Remark: Let M be a C*°-mf and A = {(¢o,Us) | @ € A} a maximal
atlas of M. Then B = {U, | a € A} is the basis of a topology on M.?

1.2.7 Definition: Let X be a topological space. A family of sets {V,, C X |
a € A} is called locally finite if Vp € M 3 a neighborhood U of p, such that
{a € A|V,NU # 0} is finite.

1.2.8 Definition: Let M be a C*°-mf, i an open covering of M. A partition of
unity subordinate to I is a family of smooth functions {xo: M — [0,1] | a € A}
with the following properties:

(i) {supp(xa) | @ € A} is locally finite

(ii) Va € A 3JU € U with supp(xa) CU

4for a proof see [Kun08a], 2.2.4
5see [Kun08a], 2.2.5
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CHAPTER 1. PREREQUISITES

(i) ¥p € M, ¥, xa = 1

1.2.9 Remark (Properties of C*°-mfs®): Let M be a C*°-mf. Then:

(i) For each open cover U of M there exists a partition of unity subordinate to
U. Tt is even possible to choose the same index set for cover and partition
of unity, ie. f U = {Uy | @« € A} we can have a partition of unity
{Xa | @ € A} with supp(xa) C Uy Yo € A.

(ii) M is locally compact

1.2.10 Definition: Let M be a manifold, p € M and ¢¥: U — V C R" a chart
around p. The dimension of a manifold M at p is defined as dim(M)|, := n
(V is open in R™). If dim(M)|, = dim(M)|, for all p,q € M we define the
dimension of the manifold M as dim(M) = dim(M)|,.

1.2.11 Remark: Let M be a manifold. dim(M)|, is well defined, because
U1 owgl is a diffeomorphism, for two charts (1, U;) € Ay, (2,Us) € As, where
A1 and Aj are atlasses in the smooth structure of M. A chart around a point
p € M is also a chart for nearby points, so p — dim(M)|, is locally constant.
Thus the dimension of a connected manifold is constant. Furthermore we will
only consider manifolds with constant dimension.

1.2.12 Definition: Let M be a C*®°-mf, p € M and (¢,U) a chart at p. The
tangent space of M at p is defined as

T,M:={[clp|c: I —-M C*=, ¢c0)=p}
where [c1], = [e2]p if (Y oc1) = (Woc) and ¢1(0) = p = ¢2(0). 7

1.2.13 Remark: T,M is an R-vector space.

1.2.14 Definition: Let M, N be C*®-mfs, p € M, f: M — N (C*. The
tangent map of f at p is defined as

Tpf: TyM — Typ)N, Tpf =clp — [f o]y

1.2.15 Remark (chain rule ®): Let M, N, P be C®-mfs, p € M, f: M —
N, g: N— P (C*. Then

Ty(go f) =TrpygoTpf (1.1)

1.2.16 Definition: T'M :=J ¢, ({p} x T, M) is called tangent space of M.
Tf:TM — TN, Tf(p,v):=(f(p),Tpf(v)) is called tangent map of f: M —
N.

6see [Kun08a], 2.3.10, 2.3.14 & 2.3.6

"this definition is chart independent, see [Kun08a], 2.4.5
8for a proof see [Kun08a], 2.4.9
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1.2. DIFFERENTIAL GEOMETRY

1.2.17 Definition: Let F and B be C*°-mfs and 7: E — B a smooth surjec-
tion. (E, B, ) is called (K—)vector bundle if Vb € B:

(i) Ep:=71(b), the fibre over b, is a (K—)vector space.

(ii) 3 an open neighborhood U® of b in B and a fiberwise (K—)linear diffeo-
morphism ®: 7= H(U®) — U® x F (where F is a (K—)vector space),
such that m =pry o ®

We may identify B with the subset ¢~ (U®) of E. A vector bundle is called
trivial if VYbe B UW® = B is possible.

1.2.18 Definition: Let (E, B, 7) be a K-vector bundle. A vector bundle chart
is a fiberwise K-linear diffeomorphism ¢: E O U — V x K? (¢ € N) such that
V' is an open subset of R". Clearly pry o %|ry: m(U) — V is a chart map for
B.

1.2.19 Definition: Let (F, B, 7) be a vector bundle. A smooth map X: B —
E is called smooth section of (E,B,n) if mo X = idg. The space of smooth
sections of (E, B, ) is denoted by I'™*(E).

1.2.20 Remark: Let M be a C*-mf and 7: TM — M,7(p,v) := p. Then
(TM, M, ) is a vector bundle. X(M) :=T°(TM)

1.2.21 Definition: An R-linear map D: C*°(M) — C>°(M) is called deriva-
tion of C°°(M), if the following equation holds:

D(f-9)=D(f)-g+f-Dlg)  VfgeC*(M)

The space of derivations of C°°(M) is called Der(C>(M)).
1.2.22 Remark: Der(C*>(M)) = X(M) as C°°(M)-modules. °

1.2.23 Definition: Let V be a finite dimensional K-vector space (K = R,
r times s times

C). TIV =L (VX -« x V*xV x --- x V;K) is called the space of (r,s)-

tensors over V. The tensor product of t; € T 'V and tp € T;52V is the tensor

t @ty € T 52V defined by

ri+re

t @ta(al, ... 0", B BT v, Ve, W, . Wy ) =

:tl(al,...,oz”,vl,...,vsl) -tg(ﬁl,...,ﬁ”,wl,...,w@)

Yol 7 e V¥ Yo, w €V

9see [Kun08a], 2.5.13
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CHAPTER 1. PREREQUISITES

1.2.24 Definition: Let (E, B, 7) be a vector bundle. TIE := [J,cp ({b} x
TTEy) is called the (r,s)-tensor bundle over E. Let M be a C*-mf. Then
TrM =T (T M).

1.2.25 Definition: Let M be a C*°-mf, f € C*(M). df: M — TM* :=
TYM, df :=pw T,f is called exterior derivative of f.

1.2.26 Remark: Let M be a C*®°-mf, f € (M), X € X(M). Then'?:
df (X)(p) := df (p) (X (p)) = Tpf (X (p)) = X(f)(p) VpeM (1.2)

1.2.27 Definition: Let M be a C*°-mf. Elements of 7] M :=T'*(T7 M) are
called (r,s)-tensor fields.

1.2.28 Definition: Let M and N be smooth manifolds, F': M — N a smooth
map and w € TPN. The pullback F*w of w under F is defined by

Fro@)(Xi,.., X,) = w(F®) (T,F(X0), ... TF(X,)),

where Xi,...,X; € T,M. If F is a diffeomorphism we define the push-forward
of u € T°M under F by
Fop:=(F )

1.2.29 Definition: Let V be a finite dimensional K-vector space (K = R, C).
APV = L’;lt(V’“; K) is the space of alternating multilinear maps from V* to
K.

1.2.30 Remark: The alternator Alt: TPV — TV,
1
Alt) (v, o) = 5 > sgn(o) (Va1 - Var))
o€Sk

is a linear projection from TV onto A*V*.11

1.2.31 Definition: Let o € TPV, 3 € TV. The exterior product (or wedge

product) of « and 3 is defined as

(k+ 1)
k-

anpi= Alt(a® B) (1.3)

1.2.32 Definition: Let w € A*V* and v € V. We define the interior product
by v, iy: A*V* — A*~1V* on monomials by
k
(@i A Awp) =Y (D) T wi(v) cwr A AG A Aw (14)
i=1

0see [Kun08a], (2.4.3)
Hgee [Kun08al, 2.7.4
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1.2. DIFFERENTIAL GEOMETRY

where ©; means that w; is missing.

1.2.33 Definition: Let (F, B, ) be a vector bundle.

AE = ({b} x A*E)

beB
Let M be a smooth manifold. We set A¥M := AF(TM*) and call elements of
QF (M) :=T°(A*M) k-forms on M.

1.2.34 Remark (The exterior derivative '2): Let M be a smooth mani-
fold. For every open subset U of M, there exists a unique family of maps
d:=d*(U) : Q¥(U) — QFL(U), the esterior derivative on U, such that:

(i) d is R-linear and

dlanp)=danp+(-DFandd VYaeQFU), pecQU) (1.5)

(ii) For f € Q%U) = C*°(U), df is the exterior derivative from 1.2.25
(iii) dod =0
(iv) For U CV, U,V open in M, d*(U) = dk(V)|Qk(U)

1.2.35 Definition: Let (E, M, n) be a K-vector bundle (K = R or C). A
(linear) connection on E is a K-linear map V: I'**(F) — I'*(TM* ® E), such
that

V(f-u)=df @u+ f-V(u) Vu e T™®(E), feC>®(M) (1.6)
Let Vu =w®u € T®(TM*® FE). The covariant derivative of u by X is defined
as Vxu:=w(X) -veT>®(E).

1.2.36 Definition: Let M be a smooth manifold. A tensor field g € 7'M is
called metric (tensor), it Vpe M: gp: T,M x T,M — R is a non degenerate,
symmetric bilinearform. A smooth manifold equipped with a metric tensor is
called Semi-Riemannian manifold. If in addition g, is positive definite in every
point p, we call (M, g) a Riemannian manifold and g a Riemannian metric.

1.2.37 Definition: Let X,Y € X(M). The Lie bracket [X,Y] is defined as

(X Y](f) = X(Y() =Y (X(f)) VfeC>(M)

1.2.38 Remark: Let (M, g) be a Semi-Riemannian manifold. There exists a
unique connection'® on TM, named Levi-Civita connection which satisfies

2for a proof see [Kun08a], 2.7.22
13see [Kun08b], 2.2.4
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CHAPTER 1. PREREQUISITES

() [X,Y]=VxY - VyX VXY € X(M)
(i) Z(g(X,Y)) =g(VzX,Y) +g(X,VzY) VX,Y,ZeX(M)

1.2.39 Definition: Let A = {(¢a, Vo) | @ € A} be an atlas for the manifold
M. Ais called oriented atlas if det D (1, o w/gl) >0 Ve, with V, NVg # 0.
A manifold together with an oriented atlas is called oriented manifold.

1.2.40 Definition: Let M be an n-dimensional oriented smooth manifold, A =
{(Ya, Vo) | @ € A} the corresponding oriented atlas and {x, | « € A} a partition
of unity subordinate to {V, | « € A}. The integral** of w € Q*(M) = {w €
O"(M) | supp(w) compact} is defined by

/Mw =Y /wawa)%*(XQ -w)

acA

1.2.41 Definition: A manifold with boundary is defined in the same way as
an ordinary manifold, but demanding that charts are bijective maps onto (rel-
atively) open subsets in H" := {(z1,...,2,) € R" | 21 < 0} instead of open
subsets in R" like in 1.2.1.

1.2.42 Remark (Stokes’ theorem!?): Let M be an oriented n-dimensional
manifold with boundary, w € Q"~!(M) and ¢: 9M — M the canonical inclusion.

Then:
/ L*w:/ dw (1.7)
oM M

1.2.43 Definition: Let M be an n-dimensional manifold. An w € Q"(M) with
w(p) #0 Vp e M is called volume form.

1.2.44 Remark: If (M, g) is an n-dimensional oriented Riemannian manifold
there exists a canonical volume form, called the metric volume dVy; on M. In
addition we have an isomorphism * from QF(M) to Q"*(M), the Hodge *
Operator, uniquely defined by

aA*B = gr(a, B) - dV, Va,B € QF(M) (1.8)
where the metric gi: Q% (M) x Q¥ (M) — C°(M) is defined on monomials by

grlar Ao Nag, b1 A~ ABg) 1 = det((g(af,ﬁ;))lgi’jgk) —

= det((@(5))) <, <1 ) (1.9)

where af denotes the vector field equivalent to «;, given by «; = g(af,.) and
analogous for 3;. 16

4 Note that the right hand side is an integral in R™; This definition is independent of the
chosen oriented atlas in the smooth structure of M, see [Kun08a], 2.8.6

15see [Kun08a], 2.8.12

16see [Nic07], page 149
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1.2. DIFFERENTIAL GEOMETRY

1.2.45 Remark: Let (M, g) be an n-dimensional oriented Riemannian mani-
fold, (¢,U) a chart and f € C>°(M) with supp(f) € U. Then'”

_ . . . ot
Afdn_L(U)¢*f \/|det(g(Xqu))| ¢~ dx

where X; := (T,¢)71(e;) ({e; | 1 <i < n is the standard basis of R™).

1.2.46 Definition: Let (M, g) be an n-dimensional Semi-Riemannian manifold
and U an open subset of M. A selection of vectorfields vy,...,v, € X(U) is
called frame on U, if {v1(p), ..., vn(p)} is an orthonormal basis of T}, M for every
point p € U.18

1.2.47 Remark: Let (M, g) be an oriented Riemannian manifold, {v1,...,v,}
a local frame, v} := g(v;,.) the dual 1-form to v; (1 < ¢ < n) and o € %, a
permutation. Then':

1.2.48 Corollary: The inverse of *: Q¥(M) — Qn=*(M) is given by

w7l = (—1)kn=R)y (1.11)

Proof. Let {v1,...,v,} be alocal frame. x is linear, so it suffices to prove the
assumption for the basis vectors v ) A - -+ Awg ) of QF(M).

ok (Upy At Avgy) = #(580(0) - Vpgepn) Ao AUg(yy) =

= sgn(o)sgn(p) - vgqy A+ Avg (1.12)
where
_ 1 . n—k n—k+1 ... n
“—<a(k+1) o an) (L) .. a(k))ezn'

If we take the last k entries of p and put them in the front, thereby pushing
the first n — k entries to the back we get . This can be realized by n — k
transpositions of the form (¢ i — 1) for each of the k entries o(1) to o (k). Thus
we have

sgn(p) = (—=1)"" Psgn(o)

We use this in equation (1.12) and conclude

sk = (—1)F=k). O

17see [Nic07], page 149

8For every p € M and every orthonormal basis {e1,...,en} of TpM there exist an open
neighborhood U of p and a frame {v1,...,v,} on U, such that v;(p) = e; V1 <i<n. A
proof can be found in [Kun08b], 2.9.3

Bsee [Kun07], 3.3.7(i)
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1.3 Distribution Theory

We will define the notions of test function, distribution, the support of a distri-
bution and see that distributions with support in one single point are given by
an easy formula. We define Sobolev spaces and state the Sobolev embedding
theorem. Then we consider distributional Fourier transform.

1.3.1 Definition: Let  be an open subset of R™. D(Q) := {f € C*(Q) |
supp(f) is compact} is called the space of test functions on Q. Let K be a
compact subset of Q (K CcC Q), D(K) :={f € D(Q) | supp(f) C K}

1.3.2 Definition: A linear map u: D(Q2) — K (=R or C) is called a distribu-
tion if

VK ccQ 3C>0 ImeNy: [u(@)<C- > [[0llrex) Yo € D(K)

lal<m

The space of distributions on Q is called D’(2).

1.3.3 Remark: The map f — uy, where uy(¢) := [, f(z)¢(x)dx for ¢ €
D(Q), is a linear embedding from L} () to D'(Q).2°

loc

1.3.4 Definition: Let u, ux € D'(Q). We say that uy converges to u in D'(Q2),
if ug(¢) converges to u(¢) in C for every ¢ € D(1Q).

1.3.5 Definition: Let u € D'(Q), X := {z € Q| U open neighborhood of z,
such that u|py = 0}. supp(u) := Q\ X is called the support of the distribution
u.

1.3.6 Remark: Let 2o € Q,u € D'(Q) with supp(u) = {z0}. Then?!:

ImeNy Jan €K Vo eDQ): u(d)= > an-0%(xo)

lal<m

1.3.7 Definition (Differentiation of distributions): Let u € D'(Q2). We
define the distribution?? d;u for 1 < i < n by

(9) () = —u(@i6) V6 € D(Q)

1.3.8 Remark: Let u,u; € D'(Q2). From u =Y, ,ui in D'(Q) it follows that
0%u =3 72,0%y VaeNJinD(Q).2

20see [HS09], 1.27; Therefore we can consider L, () as a subspace of D’'(Q2) and often
write the same symbol for f and uy.

2for a proof see [HS09], 1.70

22gee [HS09], 2.4; For (piecewise) differentiable functions this is the usual partial derivative

23see [HS09], 2.7
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1.3. DISTRIBUTION THEORY

1.3.9 Definition (Multiplication by smooth functions): Let u € D'(Q2)
and f € C°°(Q). The product?* f - u is defined by

(f-u)(@) :==u(f ¢) Yée€DQ)

1.3.10 Definition: Let s € Nyg. We define the Sobolev space H®() by
H*(Q) :={u e D'(R") | 0% € L*(Q) Vl|a| < s}

1.3.11 Remark (Sobolev embedding): For s > k+ 4 it follows that H*(Q2)
is a subset of C*(Q).

1.3.12 Definition: The Fourier transform F: L*(R") — L'(R") is defined
by

~

FNEQ =F©) = [ @9 fa)ds (ceR)

1.3.13 Definition: The space of Schwartz functions is defined as
SR™) :={p € C*[R") | Va e N} VIl € Ny IC > 0:

n. (el C
Ve € R": [0%(x)| < A |x|)l}

1.3.14 Remark: Since S(R") C L'(R™) we can Fourier transform elements of
S(R™). If f € S(R™) it follows that f € S(R™).

1.3.15 Definition: A linear map u: S(R") — K (= R or C) is called a tempered
distribution if

3C >0 ImeNg: [u@)|<C- > [|2P0%¢|pe@ny Vo € S(R™)

lal,|B]<m

The space of tempered distributions on R” is called S’(R™).
1.3.16 Remark: S'(R™) C D'(R™).

1.3.17 Definition: Let u € S'(R™) We define the Fourier transform of tem-
pered distributions F: S'(R") — S'(R™) by

-~

(¢) :==u(¢) Vo eSR")

<)

1.3.18 Remark (Exchange formulae): For u € §'(R") and o € Njj the fol-
lowing equations hold?®:

F(0u) = il*l¢™ - F(u) (1.13)

24this is again a distribution, see [HS09], 2.15
25see [HS09], 5.26
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CHAPTER 1. PREREQUISITES

and
F(il™lz® - w) = 0% F(u) (1.14)

1.3.19 Remark (Plancherel Theorem?%): For f € L?(R") C §'(R") it fol-
lows that f € L%(R™) and the following equations hold:

| f@) - g@de= | f©)-9©de Vige LX®Y)  (115)

and

1fllz2 = @m) E[If 22 (1.16)

1.3.20 Remark: Let u € H*(R™). The norms

lulls :== Y 10%ull 2

laf<s

and ’ '
lull s := (2m) =2 [|(1+ [€]*) 2| .2

are equivalent.?”

1.3.21 Remark: Let u € §'(R™). Then
F2(u) = (27)"u~

where v~ (¢(.)) == u(¢o(—.)).

1.3.22 Definition: Let u,v € D'(R™), at least one of them with compact sup-
port. The convolution of v and v is defined by

u* V(@) = Uy (U(y) (¢(z + y)))

1.3.23 Remark: Let u,v as above and o € NJ. Then?®:

O%(uxv) = (0%) xv=ux 0% (1.17)

1.3.24 Remark: Let p € C*°(R") and u € D'(R"), one of them with compact
support. Then p * u is smooth.

1.3.25 Proposition: We can also define the convolution on 8’ xS (see [HS09],
4.17). Let u € S'(R™) and ¢ € S(R™). Then

—

¢ -u=(2m)""(} * 1) (1.18)

26see [HS09], 5.36
27see [HS09], 6.17
28see [HS09], 4.5 (ii)

22



1.4. FUNCTIONAL ANALYSIS

Proof. We have the convolution theorem??

—_— ~ ~
vk =01

Set v :=u and v := (Z Since u € 8'(R™) and ¢ € S(R™), v and ¢ are also in &’
and S, respectively. So we get

— ~
=

ﬂ*azﬁ-gé

We Fourier transform this equation and use 1.3.21 to conclude

@2m)" (@ d)~ = F((2r)"u™ - (2m)"¢7) = (2m)*u - ¢

and consequently

~ —

@m) " ([uxd)=u-¢ O

1.4 Functional Analysis

We will define the notions normed space, scalar product space, Banach and
Hilbert space and state that every normed/scalar product space can be densely
embedded into an almost unique Banach/Hilbert space. Thereafter we con-
sider densely defined operators. We state the Spectral Theorem for selfadjoint,
compact operators and the Arzela-Ascoli theorem.

1.4.1 Definition: Let V be a vector space. If V' is equipped with a norm ||.||,
we call (V,|.||) a normed space. . If a scalar product®® (-,-) on V is given we
call (V,(-,-)) a scalar product space or Pre-Hilbert space .

1.4.2 Remark: Every scalar product space (V, (-, -)) is a normed space, where
the norm is given by ||.| := +/{-, ).

1.4.3 Definition: A normed space (V) ||.||) is called Banach space if it is com-
plete, i.e. if every Cauchy sequence in V' with respect to ||.|| has a limit in V. A
complete Pre-Hilbert space is called Hilbert space.

1.4.4 Remark: Every normed space (V,||.||) can be densely embedded into
a Banach space (V',||.]|’), such that |.|'|v = ||.||. Every Pre-Hilbert space
(V,{-,+)) can be densely embedded into a Hilbert space (V’,(,-)’), such that
(-,-)'|lv = (-,+). In both cases V' is called completion of V. Two completions of
the same space are isometric.3!

29see [HS09], 5.34
304 positive definite, symmetric (or Hermitian) (sesqui-)linear form
3lsee [Heu92], 41.3 & 41.5
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CHAPTER 1. PREREQUISITES

1.4.5 Remark: Let C be a closed linear subspace of a Hilbert space (V, (-, "))
and xo € V' \ C. Then there exists a y € V, such that (y,z) =0 for all z € C
and (y, xo) > 0.2

1.4.6 Definition: A semi-normed space is a vector space V together with a
system of semi-norms3® P. A subset B of a seminormed space is bounded if
every p € P is bounded on B.

1.4.7 Remark: Let Q2 be an open subset of R”. C*(Q) (k € NoU{oc}) together
with the semi-norms pa, r (f) := [|[0%f||L~x) (@ € N§, K C Q compact) is a
semi-normed space.

1.4.8 Definition: Let V' and W be normed spaces and 7: V — W a linear
map. We call T' bounded if the image of all bounded sets in V under T is
bounded in W. Otherwise we call it unbounded.

1.4.9 Definition: Let V' and W be Hilbert spaces over K (= R or C). An
operator T': Dom(T') C V' — W is called densely defined if Dom(T'), the domain
of T', is a dense linear subspace of V. T is called closed if its graph,

graph(T") := {(z,Tz) € Dom(T) x W}

is a closed subspace of V' x W.

1.4.10 Remark (Closed Graph Theorem??*): Let V, W be Banach spaces
and T: V — W linear (Dom(7T") = V!). Then T is bounded if and only if T is
closed.

1.4.11 Definition: Let T': Dom(T') — W be a closed, densely defined linear
operator. The adjoint operator of T' is the operator T*: Dom(T™*) — V defined
by the graph3®

graph(T™) := {(w,v) e W x V | (v,2)v = (w,Tz)w Va € Dom(T)}

1.4.12 Remark: T* is a closed operator. Since T is closed we get that the
domain of T* is dense, so we can define T**. Moreover T** = T.36

1.4.13 Remark: id* = id and if T is invertible (T—!)* = (T*)~1.37

32see [Gro08], 12.5 + 6.3

33maps p: V — R, which satisfy all norm axioms, except p(v) =0 = v=0

34see [RS80], I11.12

35this is well defined since the scalar products are non-degenerated and Dom(T') is dense in
v

36see [RS80], Theorem VIII.1

37see [Gro08], 6.5
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1.4. FUNCTIONAL ANALYSIS

1.4.14 Definition: A closed, densely defined operator T: Dom(7) C X — X
is called selfadjoint if T = T™*, more precisely:

1. (Tx,y) = (x,Ty) Vz,y € Dom(T) and
2. Dom(T") = Dom(T™)

if only the first condition holds we call T' symmetric.

1.4.15 Definition: Let T: V 2 Dom(7) — V be a densely defined linear
operator. The spectrum of T is defined as

spec(T) :=
={A e K| A-idpom(ry — T has no bounded inverse from V to Dom(T")}

1.4.16 Proposition: Let T be as above and closed, then if an inverse to X -
idpom(ry — T (X € K) emists, it is bounded. Thus

spec(T) = {\ € K| A-idpom(ry — T has no inverse from V to Dom(T)}

Proof. T closed means that {(z,Tz) | « € Dom(T")} is closed in Dom(7T) x V.
Thus

{(z,\ -z —Tz) | x € Dom(T)}

is also closed in Dom(7") x V' for some fixed A € K. We assume that \-idpom (1) —
T has an inverse Q: V — Dom(T'). Then

graph(Q) = {(y,Qy) |y € V} ={(A- 2 =Tz, z) | x € Dom(T)}

is closed in V' x Dom(T") by the above. Thus @ is a linear closed operator from
the Banach space V' to Dom(T) C V and we use the closed graph theorem,
1.4.10 to conclude that @ is bounded. O

1.4.17 Definition: Let V and W be Banach spaces. An operator T: V — W
is called compact if it maps bounded subsets of V' to relatively compact subsets
of W.

1.4.18 Remark (Spectral Theorem for compact operators®): Let V be
an infinite-dimensional Hilbert space and T: V' — V a compact and selfadjoint
operator. The spectrum of T' consists of 0 and countably many eigenvalues
which accumulate only at 0. In addition

V= P ke(\-id—T)
A€spec(T)\{0}

38see [Gro08], 9.7
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1.4.19 Definition: Let (X,d) and (X’,d’) be two metric spaces. A family of
functions A, where f: (X,d) — (X',d’) for all f € A, is called equicontinuous
if

Ve>0 VreX J6>0 VfeA VyeX:
d(z,y) <6 = d'(f(x), f(y) <e

1.4.20 Remark (Arzela-Ascoli®®): Let (X, d) be a compact metric space and
A C C(X). Aisrelatively compact in (C(X), ||.||) if and only if A is pointwise
bounded and equicontinuous.

39see [Gro08], 10.3.
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Chapter 2

PDOs on Manifolds

We introduce a definiton of differential operators on manifolds which is chart-
independent and show some basic properties, including local representation, the
principal symbol and formal adjoint operators. In particular we will show that
differential operators are exactly the local operators from I'™°(E) — I'*°(F).

This chapter will roughly follow the approach of [Nic07], section 10.1.

2.1 Differential/Local Operators

To get an idea how differential operators could be defined we investigate two
examples of PDOs on R™:
e The Laplacian*: A: C*®(R") — C*(R"), Au=->" 0%

(2

e The exterior derivative: d: QF(R™) — QFFL(R™)

Remember that QF(R™) is defined as the space of smooth sections of the
vector bundle A¥(TR") over the manifold R". C°(R") can be interpreted as
the space of smooth sections of the trivial vector bundle R™ xR over the manifold
R™. We see that the above operators are both R-linear and link smooth sections
of some vector bundle to smooth sections of another vector bundle. So we
concentrate on operators with these properties:

2.1.1 Definition: Let K = R or C. For K-vector bundles E and I over the
smooth manifold M we define

Op(E,F):={P:T*(F) > T*(F)| P K- linear}

2.1.2 Remark: Op(E, E) is an associative K-Algebra. I'*°(E) and I'*°(F') are
modules over the ring C*°(M).

I Please note the sign convention; The Laplacian with this sign is also often called geometer’s
Laplacian.
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CHAPTER 2. PDOS ON MANIFOLDS

On R", 0*"-order PDOs with smooth coefficients are just multiplication by
some smooth function f, which are the C°°(R™)-linear maps. So, on an arbitrary
C*°-mf M, this should generalize to C°°(M)-linear maps P: I'*°(E) — I'*°(F).
We can characterize the linearity by

[P, flu:=P(f -u)—f-Plu)y=0 VfeC®M) Yuel*E)

We see that each f € C*°(M) defines a map ad(f) : Op(E, F) — Op(E, F) by
P ad(f)P:= [P, f]
Thus we may define:
PDO’(E,F) := {P € Op(E, F) | P € ker(ad(f)) Vfe C®(M)},
and for higher orders:

PDO™)(E, F) :=
={P € Op(E,F) | P € ker(ad(fo)---ad(fn)) Vfi€C®(M)}

The elements of PDO™ are called partial differential operators (PDOs) of
order < m.

PDO(E,F) = | J PDO"(E,F)

m>0

is the set of all PDOs from E to F.
Note that we have a recursive formula for PDO):

PDO™ = {P e Op | [P, f] e PDO™ Y VfeC®(M)}

2.1.3 Remark:

PDO’(E, F) = Homeo (T(E),T>(F)) z Hom(E, F)

where

Hom(E, F) :=
={¢p: E—=F|¢pC” npo¢=mpand ¢|g,: E, — F, is linear Vp € M}

(1) The property [P, f] = 0 means that P is a C°°(M)-linear map between
the C°°(M)-modules I'*°(E) and I'*°(F), i.e. a C°°(M)-module homo-
morphism.

(2) See [GHVT2], chapter II, §5, proposition XIII.

Now we will show that some known operators are PDOs in our sense, by
using that each of these operators satisfies some kind of product rule:
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2.1. DIFFERENTIAL/LOCAL OPERATORS

2.1.4 Example: 1. The partial derivative 9;: C*(R") — C*°(R"™)is aPDO
of order < 1:

Let f,g € C®(R"), ue C®(R") = (R x R)

2. The Fuclidean Laplacian A: C*°(R") — C®°(R"), A:=-" 0?isa
PDO of order < 2:

We will just use the product rule for 9;. Let f,g,h € C*(R"™), wu €
C>®(R") =T*>°(R" x R)

(A, fl(w) = A(f -u) = f - Au) =
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—h-<—2-u-

n

(0:() - 0(9))) =

1

(3

=0
3. The exterior derivative d: QF(M) — QFFY(M) is a PDO of order < 1:
Let f,g € C®(M), w € QF(M)=T>(A*TM)).
By (1.5) we get
[d, F)(w) = d(f @) — - d(w) = df Aw+ (~1)°F Adw — f - dw = df A,
and by C*°(M)-linearity of the wedge-product (see (1.3))

4. Let M be a smooth manifold, (E, M, ) a vector bundle and V a connec-
tion on E. V is an operator from I'*°(E) to I'*°(TM* ® E) (see 1.2.35).
V is a PDO of order < 1:
Let f,g € C®(M), teTI'*°(E). By (1.6) we get

VAQ =V )= f-V) =df @t+ [-V(t) - f- V() =df @t
and by C°°(M)-linearity of the tensor-product (see 1.2.23)
[[v’f]ag](t) = [v7f](g't)_g' [v’f](t) :df®(g't) _g'df® t=0

5. Let X € X(M). From the above and the definition of the covariant deriva-
tive in 1.2.35 we also get that Vx is a PDO of order < 1 from I'*°(E) to
I'*°(E). The first commutator (which will be of importance in the next
section) is

[Vx, f1(t) = df (X) -t

2.1.5 Lemma: Let P € PDO(E,F), u € T°(E), f,g € C>*°(M). Then:

[P, f - gl(u) = [P, fi(g-w) + [ - [P gl(u) (2.1)

Proof.

[P, f-gl(u)=P(f-g-u)—f-g-Plu
=P(f-g-u)—f-Plg-u
=[P, fl(g-u) + f - [P, g](u) O
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The following example will reveal what elements of PDO™ (M x R, M x R)
essentially are.

2.1.6 Example: Let M be a smooth manifold and P € PDO(l)(M xR, M x
R), f,g€ C*°(M). Then we have that

[P, f] e PDOO(M x R,M xR) = Hom(M x R, M x R)

2.:?3
from which we conclude Jo(f) € C*>° (M), such that

[P, flu=0o(f) -u Yue C®(M)
By choosing u =1 € C*°(M) in (2.1), we get

a(f-g) =[P f-gl() =[P, fllg- 1)+ f-[Pgl(1)=0a(f) g+ [ a(g)

which means that f — o(f) is a derivation of C°°(M). So by 1.2.22 we conclude
that 3X € X(M), such that

o(f)=X(f) VfeC*(M)
Let p:= P(1) € C*°(M). For all u € C>°(M), we have:
P(u) = P(u-1) = P(u-1) —u-P(1)+u-P(1) = [Pu](1) +u-P(1) = X(u)+p-u

Thus every P € PDOW (M x R, M x R) can be written as a linear combination
of a vector field and a homomorphism.

We even have PDOM (M x R, M x R) = X(M) & Hom (C>(M),C>(M)):

Let P € Der(C*>(M)) NHom(C>(M),C*>(M)). Then
fr9-PQ)=P(f-9)=P(f)-g+f-Plg)=2-f-g-P(Q) VfgecC?(M)

Thus P(1) =0 and since P is C*°(M)-linear P = 0.

2.1.7 Proposition: Let E, F, G be K-vector bundles over the smooth manifold

M. From P € PDO™)(F,G) and Q € PDO™(E, F) it follows that P o Q €
PDO" ) (E,G)

Proof. Let f € C*°(M) be arbitrary. In the following calculations f will denote
the operator f-, multiplication by f.

[PoQ, fl=(PoQ)of—fo(PoQ)=
=Po(Qof)=Po(foQ)+(Pof)oQ—(foP)eQ=
=PolQ,fl+[P flo@Q (2.2)

We argue by induction over m + n:
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e m+n=20:

[PoQ,fl=PolQ,fl+[P,floQ=0 = PoQePDO’
~—~—

——
=0 =0
e m+n—1—m+n:
[PoQ, fl= P o @, f] +
EPDO™  cppO™—1) or =0 (if n=0)
+ [P, f] o Q e PDO™ D
—— ~~ induc.

ePDO(™=1) or =0 (if m=0) €PDO(™)

= Po(Q e PDO™*™ O

2.1.8 Corollary: Let ao € C*(R") for all o] < m. Then P =3}, <, da -
0%: C®(R"™) — C*(R™) is a PDO of order < m.

Proof. In 2.1.4, 1 we saw that 9; is a PDO of order < 1. Multiplication with a
smooth function is C°°(R™)-linear, hence a PDO of order 0. By 2.1.7 we obtain
that P is a PDO of order < m. O

2.1.9 Corollary: Let A, € Hom(R" x KP,R" x K?) V|a| <m. Then P =
2jaj<m Aa 0% T (R x KP) — I'*(R" x K) is a PDO of order < m, where
I*(v1,.. ., vp) == (8%1,...,0%p) 2 Y(v1,...,v,) € T®(R™ x KP).

Proof.
9; e PDOM(R" x R,R" xR) = §; e PDOW(R" x KP,R" x KP)

A, € PDOY(R™ x KP, R™ x K%) because of 2.1.3. Again by 2.1.7 we get that
P e PDO™) (R" x K?,R" x KY). O

Now we are going to prove the main result of this section, that locally PDOs
and local operators are the same.

2.1.10 Definition: An operator P € Op(E, F) is called local operator if
Yu e I'°(E):  supp(Pu) C supp(u)

2.1.11 Proposition: Let E and F be vector bundles over the manifold M,
P € Op(FE, F) a local operator, U an open subset of M and u,v € T°(E).

ulp =vlp = (Pu)|lv = (Pv)lu

2in the future we will also write 8 instead of & most of the time, the meaning of & will be
clear from the context
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Proof.

supp(u —v) CM\U = supp(Pu— Pv)=supp(P(u—v)) CM\U
|

2.1.12 Theorem: Let E and F be vector bundles over the smooth manifold M.
Every P € PDO™)(E, F) is a local operator.

Proof. We argue by induction over m:

e m=20:

P e Hom(E, F) = (u(a:) =0= Pu(x)=0 Va:EM)

= supp(Pu) C supp(u)

e m—m+1:

Let P € PDO™HY) = [P, f] e PDO™  Vf e C(M)
P(f-u)=P(f-u)=f-Pu)+f Pu) =[P, fl(u)+f-P(u) VfeC™(M)

we remember: (i) supp(f - g) C supp(f) Nsupp(g)
(ii) supp(f +g) € supp(f) U supp(g)}
So we get

supp(P(f - u)) (Q) supp([P, fl(u)) U supp(f - P(u)) Vf € (M)
1) e e —
b%?ggﬁ(ﬁ))n (%supp(f)msupp(p(u))
and we get

) = 1} C C>°(M) follows g - u = u

supp(u

supp(P(u)) C supp(u) Usupp(g) Vg€ G (%)

Let p € supp(u)¢. supp(u)€ is open, so it is a neighborhood of p. M is lo-
cally compact (see 1.2.9) so we find a compact neighborhood K C supp(u)°©
of p. Because of 1.2.9 we get a partition of unity {¢, x} subordinate to
{supp(u)®, K}.

X|supp(u) =1 = ye@
supp(x) € K¢ = pé€ K Csupp(x)°

= p € supp(u)° Nsupp(x)® = (supp(u) Usupp(x))* € supp(P(u))°

()

= supp(P(u)) C supp(u) O
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Note that the above theorem tells us that we can work in local coordinates.
Now we will see that every local operator locally has the form of P in 2.1.9 and
therefore is a PDO. First we need to prove the following preparatory statement:

2.1.13 Lemma: Let P € Op(R" x K,R™ x K) be a local operator, zy € R™.
There exist an open neighborhood Y of xg, m € Ny and C > 0, such that

[Pollr= < C- ggﬁna%nm Vo € DY\ {zo}) (2.3)

~—_——
=:[8ll (m)

Proof. We prove the lemma by contradiction. Let ¥j be an open neighborhood
of x, such that Yj is compact. We assume that (2.3) is false, that means

VY VmeNy, VC >0 3peDY \{zo}): [Pollre>C|¢lom) (2.4)

So by choosing Y = Yy, m = 1 and C' = 22 there must exist a ¢; € D(Yp\ {x0}),
such that
1Pg1]|ze > 27 I gullw)

Let Y; be open, such that supp(¢1) C Yy C Y; C Yy, We see that Yy \ Y] is
also an open neighborhood of zp. So we can choose Y = Yy \ Y1, m = 2 and
C =222 in (2.4) and get a ¢ € D(Yp \ (Y1 U {zo})), such that

[Pl > 272 |2l 2)

Inductively we get a ¢ € D(Yp \ (Ui:ll Y7 U{20})) and an open set Y}, such
that supp(¢x) C Yz C Yi C Yy and

[Pl Loe > 2°% - [l bl i) (2.5)
Now we define

> 1
4= ol

The supports of the ¢, are disjoint, so at every point there is at most one ¢ # 0
and therefore the sum is convergent. Obviously, the series defininig ¢ converges
uniformly in all derivatives. Thus ¢ is smooth. By definition we have

1
¢|Y =5t .o ¢k
AR LA
P is local, so by 2.1.11 we get
1
Poly, = op———— P
f 2RIkl k)

Now we choose a yi € Yy C Yy for every k = 1,2,3,..., such that |Pog(yx)| >
225 || gy (x) (which is possible because of (2.5)) and obtain

1
1Po(yn)| = | Por(un)| > 57— 2% okl = 2°
2k - | Il ) 2k - | # Il ) ()
But Y is relatively compact and so the continuous (actually smooth) function
P¢ has to be bounded on Yp, a contradiction. O
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2.1.14 Theorem: Let E, F be K-vector bundles over the smooth manifold M.
Every local operator P € Op(E, F) is locally given by

P= ) Ay-0":T™(R" xKP) - T™([R" x KY)

laf<m

For some p,q,m € Ny, A, € Hom(R" x KP,R" x K7).

Proof. Let € M and U := U™ be a relatively compact trivializing neighbor-
hood of z, like in 1.2.17, w.l.o.g. for both vector bundles E and F' (if U; is such
a neighborhood for F and Us for F', then the intersection U; N Uy meets the
requirements for both). So we have E|y =2 U x KP and F|y =2 U x K9. Because
of I®(U x K*) 2 (U x K)* and the K-linearity of P it suffices to prove the
theorem for p=q=1.

For y € U we define P, := ¢ — P¢(y) and prove that it is a distribution:

P, is a linear map from D(U) to K by definition. Since U is relatively compact
we can choose a finite cover {U,, | i = 1,...,k} of U such that each U,, C U
satisfies the assumptions of 2.1.13. Let {x; | i = 1,..., k} be a partition of unity
subordinate to {Uy,} and ¢ € D(Uf:1 Uz, \ {z;}) arbitrary. Then

IP,(6)] = [Po(y)] < | Pol = =

k
= P(sz"(b) <
=1 oo
k
<SP0G &)l <
=1
k

< C; - max ||0%(y; - o =
S 2 e 107 )l

k
a
= C; - max 9> By, . 9P <
Z o <ma 2. (ﬁ) i =
=1 18] <|e] [,oo
K a
<D G max |3 ( )IIaaﬁXiuw-w%uw <
— laf<m; B
=1 1BI<|a]
b a
SZCZ;- max | max (||(9’8¢||L°°)' Z ( >|8aﬂXi||L°° <
" Jal<ms | BI<]al s
i=1 18] <|e|
b a
<G (10%0le) - max | 30 ()10 ulin ) <
P} |B]<m; la|<m; 161<a] B
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k
< max )(||8’8¢||Loo) ZQ max Z (g)|3a’BX1|Lw <
i1

T |B|<m:=max(m; || <my;

<C- Z 10° || L

|Bl<m

This means that P, is a distribution on Ule Uz, \ {z:}. The support of P, is
just the point y:

e DU\{y}) = supp(¢) CU\{y}
= supp(P¢) CU\ {y}
= Py(¢)=Po(y) =0

By 1.3.6 we now can conclude that

k
Po(y) = Py(¢) = Y aa(y)-0°¢(y) Yo D(JUs, \{x:}) (2.6)

la]<m i=1

where a,(y) € K,m € Nyg. We check that y — a,(y) is smooth: Let ¢ = y*
locally.

! —

P = Y aal) ()W) = Y. aaly) -y
loe|<m ap,|al<m ’
For 11 = 0 we get ag = P(1) € C*(U) (P: C*(U) — C*(U)!). By induction
over |u| we get aq, € C*®(U) V|a] < m. Thereby we also see that both sides
in (2.6) are smooth, from which we conclude that the formula has to hold for

¢ € D(Uf:1 U,,) = D(U) as well. Because of 2.1.11 and the fact that every
smooth function is locally given by a smooth function with compact support we
get

Po(y) = Y aaly)-0°¢ly) Vo e C®(U)

laj<m O

Let us summarize what we have obtained:
2.1.15 Theorem: Let E, F be K-vector bundles over the smooth manifold M
and P € Op(E,F). TFAE:
(i) P is a local operator

(it) For every point x € M there exists a neighborhood U of x and a number
m € Ny such that P|y is given by

> Ag 0% TR" x KP) — T®(R" x K9)

lal<m

(iii) For every point x € M there exists a neighborhood U of © and a number
m € Ny such that Ply € PDO™ (E|y, F|y)

36



2.2. THE PRINCIPAL SYMBOL

Proof. (i) = (ii): 2.1.14

(i) = (iii): 2.1.9

(#i1) = (i): We cover M by neighborhoods as in (ii) and choose a partition of
unity {xa | @ € A} subordinate to this cover. By 2.1.12 P|y,, is a local operator
for every a € A. Since P € Op(FE, F) we get

supp(Pu) = supp <P <Z Xa u)) =
acA
= supp <Z P(Xa -U)>

a€cA

N

N

c |J supp(P(xa-w))
Csupp(Xa-u)Csupp(u)
C supp(u) .

2.2 The Principal Symbol

In this section we will give a definition for the principal symbol of a PDO,
consider some examples and define ellipticity. For the main definition we need
some preparatory statements:

2.2.1 Lemma: Let E and F' be vector bundles over the smooth manifold M.
VP e PDO™(E,F) Vf,geC®(M): ad(f) (ad(g)P) = ad(g)(ad(f)P)

Proof.

2.2.2 Lemma: Let M be a smooth manifold of dimension n. Forp € M, U
an open neighborhood of p, we define I, :== {f € C>*(U) | f(p) = 0} and
Tp ={f€C>U) | f(p) =0 and df (p) = 0}.

Vpe M 3JU C M open neighborhood of p, such that:

Vi€, Jgihi€Ly: f= gi-hi
i=1
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CHAPTER 2. PDOS ON MANIFOLDS

Proof. Let (¢,U) be a chart around p, with ¢(p) = 0. ¥(U) is open in R™ and
without loss of generality convex (choose an open and convex subset V of ¥(U),
such that p € v =1(V), then (¢,¢~*(V)) is again a chart around p, see 1.2.4),
so we can use Taylor’s Theorem on f := foy~1: R" D Y(U) — R:

~ 1 ~
o= ) + [ Ggrad(ea),a)at =
\,—/ 0

So by composition with ¢ we get:
=foy=) gioth-hiot= i+ hy
f=Fou ;g Yohioy ; g
=19 =:h;

Finally we prove that g;, h; € Z,:

gi(p) = gi(0) =0

1
ha(p) = hu(0) = / (0.7)(0)dt = 0
0 N——

()

—~
*
~
—
Q
~n,
~—
—~
o
~
I
S3
~,
—~
D
~
I

To(fop™")(es) =
= Ty1(0)f @ Tov ™" () = () (Toy ™ () = 0

—— -0

g and f are smooth from ¥ (U) to R, therefore f and g are smooth from U to
R. O

2.2.3 Proposition: Let E, F be vector bundles over the manifold M. P €
PDO(E,F), p € M, fi,g; € C°(M) (i = 1,...,m), such that dfi(p) =
dgi(p) Vi. Then:

{ad(fr)ad(f2) .. . ad(fm) P}, = {ad(g1)ad(g2) . . . ad(gm) P},

Proof. Without loss of generality we can assume that f;(p) = ¢i(p), because
ad(f) = ad(f) + ad(const) = ad(f + const). 2.2.1 tells us that it suffices to
———

=0
prove:

{ad(fr)ad(f2) .- - ad(fm) P}y = {ad(g1)ad(f2) .. . ad(fm) P}y
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2.2. THE PRINCIPAL SYMBOL

Let Q := ad(f2)...ad(fm) P € PDOY and ® := f1 —g1. We see that
—_—

m—1 €PDO(™)
® € J,, so by 2.2.2 there exist oy, 3; € Z,, such that ® = > |, «; - §; in a
neighborhood of p.

{ad(®)Q}, = Z{ad(ai 0@} p =

2 2 ({ad(@)QY o o). + ) {ad(3)QHy ) =0
= =0 =0
So we conclude {ad(f1)Q}|, = {ad(g1)Q}p- O

This proposition shows that the linear map {-1;ad(f1) ... ad(fm)P}p: Ep —
F,, only depends on the §; := df;(p) € T,M*, so we can factorize by ~, where f ~
g <= df (p) = dg(p) and get the map U(P) (&1,...,&m): B, — F,, which is linear
and symmetric in all slots (see 2.2.1). o is uniquely defined by oy, (P) &) =
O'(P) (&,...,&) via polarization:

1 am
ity 9, o (D) Bt tmbin) =
1 om

1o -
=i ot 2t o (P ) =

Z%WMﬁ@mh~@w=
=o(P)(&1,...,&m)

Now we can define the order and symbol of a PDO, notions which are very
important for our further study of PDOs. In particular we can define ellipticity
of operators via the symbol.

2.2.4 Definition: Let P € PDO™). If ¢,,(P) # 0 we say P has order m and
write P € PDO™. In this case o,,(P) is called the (principal) symbol of P.

2.2.5 Definition: Let E, F be vector bundles over M. A partial differential
operator P € PDO™(E, F) is called elliptic if for every point p € M and every
& €T,M*, £ # 0 the principal symbol is an isomorphism from E, to Fj,.

2.2.6 Example: In 2.1.4 we showed for some operators that they are PDOs,
by calculating multiple commutators. The principal symbol is per definition
the highest nonvanishing multiple commutator, so we already calculated the
principal symbols of the above operators and know which order they have:

1. The partial derivative 0;: C°(R™) — C*°(R"™) is a PDO of order 1 with
principal symbol o1 (9;)(§) = &-: R — R.
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2. The Euclidean Laplacian A: C*°(R™) — C*°(R") is a PDO of order 2 with
principal symbol o2 (A)(§) = —[¢[*: R — R. We see that o2(A)(§) #
0 V& # 0. Multiplication by a constant # 0 is an automorphism on R,
so A is elliptic.

3. The exterior derivative d: QF(M) — QF1(M) is a PDO of order 1 with
principal symbol o1 (d) (£) = EA: AFT,M — AFF1T, M.

4. V:T(E) - I'*°(T'M* ® E) is a PDO of order 1 with principal symbol
01(V)(§) =¢@: Ep, = T,M* ® E,,.

5. Let X € X(M). Vx:T'°(E) — I'*°(E) is a PDO of order 1 with principal
symbol o1 (Vx)(€) = &(X)-: Ep, — E,.

For later purposes we want to prove the following proposition:

2.2.7 Proposition: Let E, F, G be vector bundles over the smooth manifold M .
P e PDO™)(E,F) and Q e PDO™(F, Q). Then:

Um—i—n(Q OP) = UH(Q) o U’m(P)

Proof. Let f € C*°(M), such that df (p) = &£. Then

om+n,(QoP)<§>={ - !(ad<f>)m+”<QoP)}

(m +n)

p

1 m—+n

)1 (m ; ") ((adm)’“Q) ° ((ad(f))m+"_kp)

!
22) | (m+n)! P

p
=0 for k>n =0 for k<n

o e (et ) o () ") |

{3 (G (f))”’Q.)}.po{%((”dm)mp)} )

o Q) o rm (P)(E) ”

p

2.2.8 Example: Let P =3, Aq-0%: T*(R" xKP) — I'**(R" x K?). We
calculate the principal symbol of P:

A, € PDO’(R" x KP,R" x K%) and 9; € PDO'(R" x KP,R" x KP) with
principal symbol &;- (see 2.2.6), so by 2.2.7 we get:

om(P)() = Y Aa-0m(0°)(&) = Y Aa-&”

lo|<m lee|=m

In 2.1.9 we saw that P € PDO™)(R" x KP, R™ x K%). Together with the above
we have P € PDO™(R" x KP,R"™ x K?) and o, is the principal symbol of P.
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2.2. THE PRINCIPAL SYMBOL

2.2.9 Example: Let (M, g) be an oriented n-dimensional Riemannian mani-
fold. We calculate the principal symbol for § := *dx: QF(M) — QF~1(M):

Let f € C*°(M), such that df(p) = . = is C°(M)-linear (see (1.8)) so we
have

01(5)(5) = 01(*d*)(£) = {[*d*vf]}’p = *{[d7f]}

p* = %01 (d) (&)* 36 *& N *
and analogously o, =0 Vk > 1 (see 2.2.6). So d is a 1%t-order PDO. In what
follows we will obtain an explicit formula for the principal symbol:

For notational simplicity we assume without loss of generality that [£] = 1
and include it in a positively oriented (that means & A --- A&, = +dVy(p))
orthonormal basis {{ = &1,&2,...,&,} of T,M*. First we calculate the symbol
for basis vectors w = &, A -+ A&, (i1 < da < -+ < iy) of A¥T,M*. The
formula for arbitrary elements of A*T,M* is determined by this special case
because of the linearity of o;1. By (1.10) we get

*(&1 ARRENA glk) = sgn(a) '5]& ARRRNA E.jn—k (27)
where {i1,...,i} U{j1,-- - n—k} ={1,...,n} and
J:<; ok k4T .”)ezn.
1 ... g N P

If i1 # 1 we have:

c1(6)(Qw==x & N*rw=
Ry
:*(i&/\&/\"-/\a/\-“/\@/\"'/\ﬁn):
=0

=0= (-1 Pt ey
~—

(1.4)
And if i; = 1 we get
o1(0)(§w=x* & Nsw=
—~—
=&1

PR CONCTO RPN

(1?0) sgn(p) -sgn(o) <&, A N,
i sgn(p) - sgn(o) - ig;w
where
1 2 ... n—k+1 n—-k+4+2 ... n
= \1/ jio... Jn—k ig g | € Xy
=i
We compare the two permutations o and p: In p the k£ — 1 indices s, ...,

are in the back, we can put them to the front if we make n — k transpositions
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CHAPTER 2. PDOS ON MANIFOLDS

of the form (u(l) p(l — 1)), thereby constructing o out of p and (n — k)(k — 1)
transpositions. For the signum we get

sen(u) = (1) "D . sgn(o).

Altogether (by using the linearity of o1 as mentioned above) we now conclude
that

01(8)(€) = (~1)" P,

2.2.10 Example (Hodge-deRham operator and Hodge Laplacian): Let
M be as above. We calculate the symbol of the Hodge-deRham operator d+ d*,
where d* := (—1)(*=RE=D+15. OF (M) — QF1(M) (k > 1). d and § are of
order 1 (see 2.2.6 & 2.2.9), therefore d + d* is of order < 1.
oy1(d+d* =o1(d + o (d* = A —igx
1( ) (&) = o1(d) (&) + o1 (d")(€) EN —ig

2.2.6 & 2.2.9

=l€ég¢

Hence d + d* is of order 1. By 2.1.7 the Hodge Laplacian (d + d*)? is a PDO of
order < 2. We calculate os:

o((d+d)?)©) = (o(d+ d*)(g))2 _

= (e¢ —igr)* =

= eg 0 eg —€g Olgr —lgx O€¢ + lgx Olgs =
o )

5 — el

(%) ( €g O lgx + Gg~ oeg)(wl/\-“/\wt):

k

(Z 1)+ cwi A /\@;/\---/\wt)—kig*(f/\wl/\--~/\wt)=
i=1 =iWo
k
Z 1)+ C & AL A AD A Awt
i1 v

=iwWo
+Z CWo N NG A Awy =

= g(¢". ¢ )~w1A---Awt+

+Z 1 4 (1) )wi(€) wo A AG A+ Awy =

=0

We conclude that (d + d*)? is a PDO of order 2. Since [£] # 0 for all £ # 0,

—[€]2- is an isomorphism, i.e. (d 4 d*)? is elliptic.

If we compare the symbol of the euclidean Laplacian (2.2.6) with the symbol
of the Hodge Laplacian from the last example, we see that the first is a special
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2.3. FORMAL ADJOINTS

case of the second, —|¢]2- is —|£|§-, where g is the standard metric on R™. Thus
we define:

2.2.11 Definition: Let E be a smooth vector bundle over the Riemannian
manifold (M, g). A second order PDO P: I'°(E) — I'*°(E) is called generalized
Laplacian, if o5 (P) (&) = —[¢]2-.

We observe that generalized Laplacians are elliptic operators.

2.2.12 Example: Let (M, g) be an oriented Riemannian manifold. Every X €
X(M) =T(TM) defines an wx € Q' (M) =T (TM*) by
wx(Y) =¢g(X,Y) VY e X(M)

The map ¢ := X — wx: I'°(TM) — I'*°(T'M*) is C*°(M )-linear and therefore
a PDO of order 0. By 2.1.7 and 2.2.10 we see that the divergence with respect
to g, defined by

divg(X) == —d*(wx)

is a PDO from X(M) to C>°(M). The map ¢ is bijective?, so we may also assign
a vector field X, € X(M) to every w € Q' (M) by

Xy =67 (w)
¢~ is also C°°(M)-linear:
fro7lod(X)=F-X=0¢""0o(f-X)=9¢"'(f-6(X)) VX € X(M)

¢ is bijective, so we get f- ¢~ H(w) = ¢7H(f - w) for all w € QY (M). As above
we conclude that the gradient with respect to g, defined by

grady(f) := Xaf
is a PDO from C*(M) to X(M). The Laplace-Beltrami operator is defined by
Ay = —divg o grady = (d*|q1(ary © ¢) © (67" 0 d|oo(ar)) = d*d|ao ()
Ay is a generalized Laplacian:

02(Ag) (&) = o1 (d* a1 (an)) (€) 0 o1 (|1 (ar)) (§) =

AL(T, M) © €glao(T, ) =

= el

2.3 Formal Adjoints

We will define formal adjoints, see that every PDO has a unique formal ad-
joint, define the notion of formally selfadjoint operators and look at some exam-
ples. In this section (M, g) is a smooth oriented Riemannian manifold and dV/

3see [Kun08b], 2.2.3
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denotes the corresponding metric volume as introduced in 1.2.44. (E;, M, 7;)
(¢ =0,1,2,...) are real or complex vector bundles and (-,-); are symmetric or
Hermitian metrics* on them. Such vector bundles are called Riemannian or
Hermitian vector bundles. We deal with both cases simultaneously and write
complex conjugates whenever they are needed for the complex case, which is no
problem for the real valued case since @ = a for a € R.

2.3.1 Definition: Let P € PDO(E, E2). The operator Q € PDO(FEy, E1) is
called a formal adjoint of P if

/ (Pu,v)2dVy = / (u, Qu)1dV, Vu € T(Er),v € T2°(E2)
M M

where I'2° are the smooth sections with compact support.

2.3.2 Lemma: Any P € PDO(FE, E3) has at most one formal adjoint, which
we will denote by P* hereafter (if it exists).

Proof. Let Q1,Q2 € PDO(Es, Eq) be two formal adjoints of P, Q := Q1 — Q2 €
PDO(E,, E1). By definition and (sesqui-)linearity of metric and integral we get

/ (1, Qu)1dV, — / (1, Q10)1dV — / (11, Qa0)1dV, =
M M M

:/ <Pu,v>2dVg—/ (Pu,v)2dVy =0
M M

Vu e I'2°(Ey),v € I'°(Es)

(-,-)1 is positive definite, which implies Qv =0 Vv € T'2°(E,). If v € I'™°(E»)
does not necessarily have a compact support we can choose a partition of unity
(Xa)aca, such that every y, has compact support. Let U be an arbitrary
relatively compact subset of M. {x,} is locally finite, so we get

vo =) (Xa-0)lu

aEB

where B is a finite subset of A. We use the locality of @ to conclude

Q) =Qlr) =Y Q((Xa v)lv) =D Qxa )| =0

a€EB aEBT
U was arbitrary, so we get
Qu=0 YveTl*(E)
Which means that Q =0, i.e. Q1 = Q5. O

4(.,-) is called symmetric resp. Hermitian metric on the vector bundle (E,B,n) if
(+p: Bp X BEp — K (K = R resp. C; Ep := 7 !(p) is the fibre over p) is a positive
definite symmetric bilinear- resp. Hermitian sesquilinear form and p — (-, -)|p is smooth.
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2.3.3 Proposition: Let P € PDO(Ey, E1), Q € PDO(E1, Es) with formal
adjoints P* and Q*, respectively. Then @ o P has a formal adjoint given by

(QoP) =P oq*
Proof. Let u € TS°(Ey) and v € I'°(E>) be arbitrary. Then

/M<QPu,v)dVg = /M<Pu,Q*v>dVg = /M<u,P*Q*v>dVg .

Now we are going to prove the existence of formal adjoints. First we want
to look into the following special case:

2.3.4 Lemma: Let X = X'9; € X(R"), (-,-) the standard symmetric resp.
Hermitian metric on K* defined by (u(p),v(p))|p = Y 1cics wi(p) - vi(p) (u,v €
I°(R"xK*)). The PDO Vx: I'*°(R" xK*) — I'*°(R" xK*) given by Vx (u) =
X0;(u) (0; as in 2.1.9) has the formal adjoint

V} = —VX — di'l}g(X)-,

where divy(X) is the divergence of X with respect to the Riemannian metric g
on R™ (see 2.2.12).

Proof. Vx is a PDO by 2.1.9. Let u,v € I'°(R™ x K?).

(w,0)(p) = Y ui(p) - v;(p)

1<i,j<s

By the product rule for 0; we get
X ((u,v)) = (Vxu,v) + (u, Vxv).

u and v have compact support, so there exists a constant R € R™ such that
supp(u), supp(v) € Br := {x € R™: |z| < R}. We deduce

/ (Vxu,v)dVy = [ (Vxu,v)dVy =
n Br

[ Xtwoav,- [ @vsoay, 29
Br Br

The second term on the right hand side is already in the form [(u, Pv)dVy,
as we would like it. We try to recast the first term into such a form as well
(f :== (u,v), wx as in 2.2.12):

X, = [ arcoa, =

= d dV, =
(1.9) /BR g1(df> wx) J

= df N xwx =
(1.8) JBR
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= /E d(f/\*wx)—(—l)o [ fAd(xwx) =

(1.5) Br
= (AN rwx) — , 1 dx (wx))dV, =
(1.7)&(1.8) /BBR U x) /BR go(f . (_1")n(n_n> ( X)) !

(1.11)

| S —
=5=(—1)(n=DA-1)+14x

=0, since flopy=0

= | f(drwx)av, =

Br

= /f(u,v)(—divg(X))dVg:
Brg

2.2.12

E » —divg(X) - v)dVe 2.9
divg (X)eC>(R) LR<U Z'Ug( ) ’U> g ( )

We insert (2.9) into (2.8) and get

/W<VXu,v)dVg = - (u, (=Vx — divg(X)-)v)dV, =

- / {u, (=9 x — divy(X))0)dv,

Where we used that supp(u) and supp(v) C Bpr and Vy and divg(X)- are local

operators, to substitute Br by R™. So by uniqueness of the formal adjoint (see
2.3.2) we have proved that —Vx — divg(X)- is the formal adjoint of Vx. O

For the general case we need the following Definition and Lemma:

2.3.5 Definition: Let (E, (-,-)) be a Riemannian or Hermitian vector bundle
over the manifold M and U an open subset of M. A selection of smooth sections
{e1,... e}, e; € T°(E|y) is called E-frame®, on U if {e1(p),...,e:(p)} is an
orthonormal basis of E, with respect to the scalar product (-,-)|, on E, for
every p € U.

2.3.6 Lemma: Let (E,(-,-)) be a Riemannian or Hermitian vector bundle over
the manifold M. For every point p € M there exists a neighborhood U which
admits an E-frame.

Proof. Let p be an arbitrary point in M. By definition of a K-vector bundle there
exist an open neighborhood U®) of p and a diffecomorphism ®: 7=1(U®)) —
U®) x K¢, such that 7 = pri o ®. The plan is to pick an orthonormal basis in p,
push it to the trivialization, copy the vectors from {p} xK* to {¢} xK?* (¢ € U®))
and pull them back to the vector bundle E|; ). After a little manipulation using
the Gram-Schmidt process we will create an E-frame on U® out of them:

We choose an orthonormal basis {e1p,...,e,} of E, and define the sections
él, ey ét by

€i(q) =0 (g, prao ®(eip)) VI<i<t

5this definition is a generalization of the usual frame in 1.2.46
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The map g — €;(¢) is a composition of smooth functions and thereby smooth.
Thus €1, ...,¢ € T°(E|yw ). Moreover

€; = ¢! ,pra o P(e;. =d Lod(e;,) =e;
(p) ( p ,pPro ( p)) ( ,p) \D

=m(ei,p)=prio®(e;,p)

This implies the linear independence of é1(p),...,¢é:(p) and by continuity of
q +— €;(q) we get that €1(q),...,é:(q) are linearly independent for ¢ € U, where
U is a sufficiently small open subset of U®) containing p. We restrict the é;’s
to U, use the Gram-Schmidt process for €;(¢q) (separately in each ¢) to get
orthonormal vectors e;(¢q) and observe that the Gram-Schmidt process maps
€;(q) smoothly to e;(g), so the composition g — €;(q) — e;(q) is smooth as well.
Thus {e1,...,e:} is an E-frame on U. O

By now we have everything prepared to prove the existence of a formal
adjoint in the general case:

2.3.7 Theorem: Let (E;,{(-,-);) (i = 1,2) be two arbitrary Riemannian or
Hermitian vector bundles over the n-dimensional oriented Riemannian mani-
fold (M,g). For Every P € PDO(E, E2) exists a unique formal adjoint
P* e PDO(EQ,El)

Proof. Uniqueness holds by 2.3.2. We choose an open covering U := {U, | o €
A} of M such that every U, is trivializing (cf. the proof of 2.1.14) and admits
an E-Frame. Thereby E;|y, (i = 1,2) are trivial vector bundles and P is given
by a local formula as in 2.1.14 inside of every U,. Now we use a partition of
unity {xa. | @ € A}, subordinate to U to localize P:

P, :=xa- P

If we find formal adjoints to all P,, we get a formal adjoint of P by

Pri=Y"P: (2.10)

a€cA

We choose an E-frame {ey,...,es} on U, and get

(@) o®lp =D wilp)-vi®) {eip), e; (@) = 1;@%’@) i (p)

1<i,5<
<i,j<s —5;

for all p € U,. By 2.3.3 we now have

P; =Y (%) o A T®(R" x K7) — I°(R" x K°) (2.11)
B

where Ag € C*°(R", M, ,(K)). The formal adjoint of Ag is clearly Ztﬁ, the
pointwise conjugate transpose. Lemma, 2.3.4 shows that 9% has a formal adjoint.
Thus by using (2.10) and (2.11) the theorem is proved. O
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2.3.8 Proposition: Let E, F be two Riemannian or Hermitian vector bundles
over the oriented Riemannian manifold M, P € PDO™(E,F). Then:

(i) P* € PDO™(F,E)

(ii) om(P*) = (—=1)"0,,(P)*, where 0,,(P)* denotes the conjugate transpose
of the linear map oy (P): Ey, — Fp

Proof. Let f; € C*°(M) (i =0,...,m). Then
(ad(fo)P)" = (Po fo— fooP)" 5, Joo P =P o fo = —ad(fo)P*
Recursively we get

ad(fo) -+ ad(frm—1)P* = (=1)™(ad(fo) - - - ad(fm-1)P)" (2.12)

and
ad(fo) -+ ad(fm)P* = (—1)"(ad(fo) - - ad(fm)P)" (2.13)

If the right hand side of (2.12) or (2.13) is zero, so is the left hand side. From
this, (i) follows. (2.12) at a point p € M multiplied by -%; is exactly (ii). P
is of order m, so (ad(fo) -+ - ad(fm—1)P): T>®(E) — I'*(F) is a C°°(M)-linear
map. In the proof of 2.3.4 we saw that the formal adjoint of such a map is the
pointwise conjugate transpose. We restrict this map to p and multiply it by %
to get the symbol, which proves the last claim. [l

2.3.9 Definition: Let £ be a Riemannian or Hermitian vector bundle over
the oriented Riemannian manifold M. An operator P € PDO(E, E) is called
formally selfadjoint if P = P*.

We will see that formally selfadjoint operators have many nice properties,
but first we want to give a few examples of formally selfadjoint operators.

2.3.10 Example: Let (M, g) be an oriented Riemannian manifold. Similar to
the calculations in the proof of 2.3.4 we show that the formal adjoint of d (with
respect to the metric g;, induced on A*(T'M*) by g, see 1.2.44) is d* from 2.2.10
(hence the notation):

Let o € QF(M) and B € QF1(M).

/ gry1(da, B)dV, =
M

= da A3 =
(1.8) Jpr

= d(a A *8) — (—1)k/ aANd(x8) =

(1.5) Jp M
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o (o A
(1.7)&(1.8) /M v (a A xp) +
N
=0, since supp(a) and supp(3) are compact
(=0T /M gk ! d % B)dV, =
= (—1) (=R (n=(n=k)
(1.11)
e L / (e e Sav, -
M ~~~ g

=5=(—1)(n—(k+D)((k+1) =D +1 g

_ (_l)k—1+(n—k)k+(n—k—1)k+1/ gk(a,d*ﬁ)d‘/g
M

Because of
E=1+n—kk+n—-k-1k+1=k(l+n—-k+n—-k-1)=
=2k(n — k) =0 (mod 2)

we may conclude

/ gs1 (da, B)dV,, = / g(a, d* BV,
M M

Therefore the Hodge-deRham operator d+d* and the Laplace-Beltrami operator
Ay = d*d|goary are formally selfadjoint:

d+d) =d"+d=d+d* and (d*d)* =d*d™ =d*d

and so is the Hodge Laplacian (d + d*)? by 2.3.3.

2.3.11 Example: Let E be a Riemannian or Hermitian vector bundle over the
oriented Riemannian manifold M. For an arbitrary connection V we define the
Bochner Laplacian by

Av = V*V

Ay is a generalized Laplacian (and therefore elliptic):
V is an order 1 PDO (see 2.1.4) and by 2.3.8 so is V*, therefore Ay is of order
< 2 (see 2.1.7). The symbol of V is £® (see 2.2.6). By 2.3.8 we have

01 (V) = —01 (V) (2.14)

where o1 (V)* is the usual (not formally!) adjoint operator of o1 (V) with respect
to the metrics on E, and T,M* ® E,. We calculate o1(V)*:
Let w € T,M*, s,t € E, be arbitrary.

(n(©) west) =(esa(V)E)guymon =
=(W®s, Q) pegE, =

91(@,€) - (s, ), =

w(f*) ’ <s’t>Ep
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We use (2.14) and get
1 (VYO 5) = —wle) s
By 2.2.7 we conclude
72(Av)(€)(s) = o1(V7) () 001 (V)(€)(s)
=01 (V)(©)(E@s)

— (€) s
=—|§|3-8 Vs € E,

Ay is formally selfadjoint:

Ay = (V'V)' = V' V" = Ay

*
2.3.
=V

In chapter 3 we will see that formally selfadjoint, elliptic operators (like the
Hodge Laplacian or the Bochner Laplacian) have very nice spectral properties.
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Chapter 3

Spectral Theory for elliptic
Operators

This chapter is dedicated to the proof of the spectral theorem for formally self-
adjoint elliptic operators. Along the way we define many important notions, like
L? and the Sobolev spaces on manifolds and analytical realizations of PDOs. In
addition we prove the essentiell tools of elliptic regularity, in particular Weyl’s
Lemma and the Poincaré inequality. Applications of the Spectral Theory can
be found in chapter 4.

Throughout the whole chapter (M, g) is an oriented, Riemannian manifold, dV
will denote the metric volume defined by g and F and F' are complex vector
bundles over M with Hermitian metrics (-,-)g and (-, ) p, respectively on them
(the real-valued case is analogous with symmetric metrics instead of Hermitian).

Many concepts in this chapter are from [Nic07], section 10.2-10.4. For the
proofs we use ideas from [AF03], [BC09], [Fol76] and [GT83] as well.

3.1 Analytical Realizations

The PDOs from chapter 2 are defined only on smooth sections. In this section
we extend them to L2-sections (which form a Hilbert space) by their analytical
realizations. First we have to define what L2-sections are, for which we need
the following proposition:

3.1.1 Proposition: (I°(E),(-,-)) where (¢,¢) = [, (¢, ¢)pdVy is a Pre-
Hilbert space.

Proof. T'%°(F) is a C-vector space with respect to the pointwise addition of
sections (¢ +1 := x — (z,¢(x) +¥(x))). We have to prove that (-,-) is a scalar
product:

Sesquilinearity and hermiticity of (-,-) follow immediatly from the respective
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properties of (-,-)g. (-,) is also positive definite:

(6, ) =/M (6, 6)p AV, > 0

>0

and from

0= (,0) = /M (6, 9) 5 4V,
>0

it follows that (1, 1)r = 0 almost everywhere. The positive definitness of (-, ) g
gives ¥ = 0 almost everywhere, thus everywhere by smoothness of 1. O

3.1.2 Definition: L?(FE) is defined as the Hilbert space which is the completion
of ' (E) with respect to (,-).!

In the next example we see that in general it is not possible to find an
extension of a PDO P: I'°(E) — I'*(F) that maps the whole of L?*(E) to
L%(F):

3.1.3 Example: Let M =]0, 1[ with the Riemannian metric g: (v1,v2) — v1-v2
(v1,v2 € X(M) = C*°(]0, 1]); thereby we get dV,; = dx), E =]0,1[xR a vector
bundle with the same metric (-,-) = g and P = &L € PDO(E,E). Let u =
(z,273) € [°°(E). uis in L%(E):

1

2
/ <u,u>dx=/ (af%) dx:/ 2”5 de =325 =3
10,1] 10,1] 10,1] 0
But v/ = Lu = (z,~127%) is not in L*(E):
1 2 1
/ (u',u') dx:/ (——a:g) dx:/ —z” s dr =
10,1] joa \ 3 10,1]
__ Lo
R

Thus we are led to define the Sobolev spaces. We will see that these spaces
are exactly the right domain to define the extensions of PDOs on. First we
observe:

1. A connection V¥ on the vector bundle E is a PDO of order 1 from I'*°(E)
to T°(TM* ® E) (see 2.2.6). VZ induces a connection V7'M @F from
I*(TM*®F) toI'*(TM*®TM*® E) by definition on splitting tensors:

VIM@E (4, @ s) = (VI W)@ s+ w® (VEs)

for all w € QY(M) and s € I°(E), where V7M" is the dual connection of
the Levi-Civita connection on M, i.e.

(VM 0)(Y) = X (w(Y)) —w(VEMY) VY € 2(M),

1By 1.4.4 this completion exists and is unique (if we identify isometric spaces)
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where X € X(M), w € QY(M) and VTM is the Levi-Civita connection on
M. VIM™®E 350 induces a connection VM ®TM ®F from [(TM* @
TM*QE) toT*(TM*®@TM*®TM*®E) by an analogous formula. If we
continue recursively we obtain connections V7M™ ®E from oo (TM*®kg
E)toI®(TM*®**1@E) (k = 0,1,2,...). We denote all these connections
by V. By 2.1.7 the composition

A
is a PDO of order < m from I'*(E) to (T M*®™ @ F).

2. A metric (-,-)p on E induces a metric on TM*®* @ E by defining on
splitting tensors:

(W1 Qwp QuU, 1 @+ @ i ® V) pe0kgp =
= g1(w1, 1) - g1 (Wi, pre) - <wav>E

where g; is the metric dual to g as introduced in (1.9).

3.1.4 Definition: Let u € L*(E), v € L?(F) and P € PDO(E, F). We say
that Pu = v weakly (v is called the weak derivative of u with respect to P) if

/ (v, 6) pdV, = / (u, P*é)dV, e T(F)
M M

Let V be an arbitrary connection on E. We define the Sobolev space of order
m € Ny as

H™(E) :=
={uel*E)|VYji=1,...,mF; € LA(TM*®* @ E): V/u=v; weakly}
and set .
(U, V) = = (V/u, Vo)
7=0
and
[l = Nully, == v/ (us w)m

In addition we define the local Sobolev space of order m as

HiZ(B) = {u € L*(E) | Y6 € C(M): ¢ -u € H™(E)}

3.1.5 Remark: 1. H™(E) depends on the choice of the metrics on M and
E and the connection V. If M is non-compact this dependence actually
matters.

2. For t < s it follows that H!(F) embeds into H*(E).
3. H™(E) C H".(E).

3.1.6 Proposition: There exists at most one weak derivative with respect to a
given PDO P.
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Proof. Let v,w € L?*(F) such that Pu = v weakly and Pu = w weakly. Then
<U_wa¢> :/ <'U_U),¢>deg =
M
= / <'U, ¢>Fd‘/g - / <w7¢>FdVg =
M M
:/ (u, P*6) pdV, —/ (u, P*8) pdV, =0 V€ T(F)
M M

(-,+) is continuous and I'S°(F) is dense in L?(F), so (v — w,¢) = 0 for all
¢ € L*(F). () is positive definite, from which we conclude that v = w in
L2(F). O

3.1.7 Remark: For v € I'*°(E) there exists the usual derivative, which is a
weak derivative by definition of the formal adjoint. By 3.1.6 we have Pu = v
weakly if and only if Pu = v in the usual sense.

For later purposes we need:
3.1.8 Proposition: (H™(E),(-,-)m) are Hilbert spaces for all m € No.

Proof. Sesquilinearity, hermiticity and positive semidefiniteness of (-, -),, follow
easily from the corresponding properties of (-,-)r2. Moreover, we have

<uu :Zvju Vj >L2:<UUL2+Z Vju Vj >L2><u U>L2

Jj= Jj=1

>0

from which positive definiteness of (,-),, follows by positive definiteness of
(-,-)r2. Hence (-, ), is a scalar product. (H™(E),(,-)) is complete:

Let (uy,) be a Cauchy sequence in H™(E). Thus (V7u,,) is a Cauchy sequence in
LA(TM*®I@E) forall j =0,...,m. L2A(TM*® ®E) is complete, so there exist
u9) € L*(TM*®7 ® E), such that V7u, converges to u¥) in L>(TM*® @ E).
u9) = Viu©) weakly:

Let ¢ € T°(TM® ® E). Then

/ WD), §) par-sropdV, = / (1im Viun, d)rar-eramdVy =
M M

n—oo

= lim (Vi ) rr+0i0pdVy =

n—oo M

M n—oo
- / W (V9)*6) pdV,
M

Hence (u,,) converges to u := u©® in H™(E). O
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So far we have seen that the Sobolev spaces, which depend on the chosen
connection are suitable spaces for PDOs which are multiple compositions of
that connection. The next Lemmata and Proposition demonstrate that Sobolev
spaces in fact are the right spaces for arbitrary PDOs on compact manifolds.

3.1.9 Lemma: Let M be compact and ¥V an arbitrary connection on (E, M, ).

The Space PDO(E, F) is generated by successive covariant derivatives and
Hom(E, F).

Proof. Let P € PDO™(E, F). Claim: P is a combination of covariant deriva-
tives and elements of Hom(E, F'). We prove this by induction over m.

e m=0: PDO’(E, F) = Hom(FE, F) by 2.1.3.

em—1—m:

The symbol of P is given by o, (P) &) = O'(P) (&,...,8), where
o(P)lp(&r,. .. &m): TyM* x -+ x T,M* — Hom(E,, F,)
is a multilinear map (see section 2.2). Thus
o(P)peTpM®---®@T,M @ Hom(E,, F,)
Since O'(P) |, depends smoothly on p we can write
o(P)lv = Z Aig i @ Xy @@ X,
i1yeeerim

where U is a sufficiently small neighborhood of p, X;;, € X(U) (j =
1,...,m)and 4;, ;. € Hom(E|y, F|y). We define

Qu = Z Aiy iy Vx;, 0000 Vx,

LRI 2%

By 2.1.4 and 2.1.7 we get Qu € PDO™)(E|y, F|yy). Hence Ply — Qu €
PDO™) (E|y, F|y). By 2.2.7 and 2.2.6 we get

om(Plu — Qu) (&) =
= om (Plv)(€) — om(Qu) (&) =
a(Plu)(&, .- 6)—
> Aii,01(Vx, )€ o001 (Vx,, )(6) =

i1yeed

Do A 6K E(XG,) -

i1 eeeyim

S Ai i E(X) (X =

i1 eeeriom

=0

Thus Ply —Qu € PDO™ V(E|y, F|y). Since M is compact there exists
a finite cover {U, | 1 < k < N} of such neighborhoods. We choose a
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partition of unity {x% | 1 <k < N} subordinate to {Uy | 1 <k < N} and
define

N
Q=Y xr-Qu,
k=1

We conclude

N N
P—Q=> xk-Plu,— > xx Qu, =
k=1

o
=

Xk - ( P|Uk- - QUk ) € PDO(m_l)(EvF)
—_———
€PDO™ =Y (E|y,F|u)

I
] =

sl
Il

1

By induction P — @ is a combination of covariant derivatives and elements
of Hom(FE, F'). @ is a combination of the Qp,’s, which are combinations
of covariant derivatives Vi, and the maps A;, . € Hom(E, F'). Thus
P =P —Q+Q is also such a combination.

cotm

We conclude that PDO(E, F) is generated by multiple covariant derivatives
and Hom(E, F). O

3.1.10 Lemma: Let E be a Hermitian vector bundle over the manifold M,
u€ T,M*®* @ E, = L*(T,M x --- x T,M;E) and v € E,. Then:

k times
<U,Xik®®X;: ®’U>TPM*®IC®EP = <u(X1,...,Xk),v>Ep vXy,..., X €T p,M

where X € T,M* is the metrically equivalent co-vector to X; fori=1,... k.

Proof. w is a finite linear combination of elements of the form w; ® - - - @ wi @ w,
where w; € T,M*, w € E,. It suffices to prove the formula for v =w; ® --- ®
wk ® w because of the sesqui-linearity of the metrics involved.

(u, X7 ® - ®@ Xp®u)p, mrorgE, =
= <w1®"'®UJ}¢®’LU,Xf®"'®X;€®U>TPM*®k®Ep =
= (w1, X{)1pmx -+ wi, XM= - (W, v) , =
=wi(X1) - we(Xe) - (w,v)E, =
= (W1 (X1) - wr(Xp) - w,v)p, =
=W ® - Qur@w(Xy,...,Xp),v)E, =
= (u(X1,...,Xk),v)E, O

3.1.11 Lemma: Let V be a connection on the Hermitian vector bundle E.
Then:
(Vk)*(Xf ®®X;€‘®y) :V}k o...ov}lv

for all Xq,..., X, € (M), v e T™(E).
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Proof. Let w € T'°°(E) arbitrary. Then

(w, (V)" X] @ @ Xz @v))p = (V'w, X] ® - @ X} @ )rar-srgp =

3.1.10 (VFw(Xq,..., Xp),0)p =

— <VX1 O-..Ovka”U>E —
— 0,V 0+ Vi, )5 0

3.1.12 Lemma: Let u € L?(E). Then VFu = v weakly in L*(TM*®* @ E)
if and only if for any X1,..., X € X(M), Vx, 0---oVx,u=v(X1,...,Xg)
weakly in L*(E).

Proof. V*u = v weakly means that
/(v, )V, = /<u, (VH)d)dV, VéeTS(TM g E)  (3.1)

Since ¢ has compact support, it is a finite C°°(M)-linear combination of sec-
tions of the form w; ® -+ @ w, ® w with w; € QY(M), w € I'°(E). Because
of the sesqui-linearity of the metrics on L?(TM*®* @ F) and L?(E) it suffices
to consider the case ¢ = w1 ® -+ @ wr, @ w. Without loss of generality we may
assume that w has compact support.

Vx,0--oVx,u=uv(Xy,..., X)) weakly means that
/@(Xl, e Xp) w)dV = /(u, Vi ooV wdV, VweT®(E) (3.2)

e Let VFu = v weakly and w € I'>°(E) be arbitrary. We use 3.1.10 and
3.1.11 to conclude

/<U(X1,...,Xk),w>dvg 31210/<U,Xf®--~®X;§®w>dVg =

o [ e e X m w)ay, -

S L0 £ IS SR
for all Xy,..., X, € X(M). This means that

Vx,0--oVx,u=v(Xy,...,Xp)
weakly for all X5,..., X € X(M).

o Conversely, let Vx, o---0Vx,u = v(Xq,..., X)) weakly for all vector
fields X1,..., X, € X(M). By the above it suffices to prove that (3.1)
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holds for ¢ =w; ® -+ @ wi ® w. Let X; such that X = w;. Then

/ (. (V*)* @)V, = / (V9 (01 ® -+ ® oy ® w))dV =

JFu [0 T Vi uja =

= X,...,X dV, =
(3.2)/<’U( 1 ’ k)7w> g

3.1.10 /<U’w1 Q- Qup @u)dVy =

= /(v, ¢)dV, O

3.1.13 Proposition: Let M be a compact manifold. If u € H™(E) and P €
PDO(E, F) then there exists a (unique by 5.1.6) weak derivative Pu €
L*(E).

Proof. If w € H™(E), there exist v; € L2 (TM*®? @ E) (j = 1,...,m) such
that Viu = v; weakly. Let X; € X(M) (i = 1,...,j) be arbitrary. By
3.1.12 Vx, o--- o Vx,u = v;(Xy1,...,X;) weakly. Since M is compact we
have vj(X1,...,X;) € L3(E). By 3.1.9 every PDO of order m is a combination
of covariant derivatives (up to m compositions) and vector bundle homomor-
phisms. By the above all multiple covariant derivatives exist in L2. Hence the
weak derivative Pu, which is the sum over the above derivatives multiplied with
the bundle homomorphisms A;, .. ;,, is in L?(E), since M is compact. O

Now we can define:

3.1.14 Definition: Let M be compact and P € PDO™)(E, F). The operator
P :=u — Pu (in the weak sense): H™(E) — L*(E)
is called analytical realization of P.

We often use the same symbol for a PDO and its analytical realization if

there is no risk of confusion. Now we prove a few technical properties of Sobolev
spaces, which will be very important to us in the next section.

3.1.15 Lemma: Let v € H'(E) and x be a smooth function with compact sup-
port. Then there exists a constant C > 0 such that

lIx - vl < Cllol
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Proof. If v € I'*°(E), then

l
- vlle =D IV (x - v)2 =

§=0

= s VT ) @ V)| <
(7 — | -
== hl(j — h)! Lo
I J
h h

DY gV e V)| <

7=0 h=0

l 7 j'
< sup (H—v (@) ) 19" las <

jzo};TESupp(X) h'(ﬂ - h) TM*®i—h

::Chj
l
< ; - <<
< e (C) Y ol <
<
< max (o)1l
=:C
By density the claim follows for arbitrary v € H'(E). O

3.1.16 Definition: Let (E, M, ) be a vector bundle, m = dim(M) and ¢: E D
U — W x K" a vector bundle chart. We define a norm on H*(E|w) by

2

Jull? = ZZ/W (buu)2d

=1 |a|<s

3.1.17 Lemma: Let (E,M,n) a Hermitian vector bundle over the manifold
M, (¢,U) a vector bundle chart for E, where U is sufficiently small (specified
in the proof) and V a connection on E. Then ||.|m (which depends on V) and
|18, (which depends on ¢) are equivalent on H*(E|y) (V :=n(U)), i.e. there
exist Cy,Cy > 0, such that

Cillull? < llulls < Callull? Vu € H(Ely) (3-3)

Proof. We prove the statement for s = 1, the general case is completely anal-
ogous. In addition it suffices to prove the claim for u € I'S®(E), because
I'°(E) is dense in H*(F) and the norms involved are continuous on H*(E).
By definition of a vector bundle chart ¢ := pr; o ¢|pr is a chart map for M.
Let m := dim(M) and {ey,...,en} be the standard basis of R™. We define
X; :=p— (T,0) " (e;) € X(M) for 1 < j <m. Thus {X;(p) |j=1,...,m} is
a basis of T, M for all p € V and we may choose a frame {X;(p) | j =1,...,m}
on V such that X; = A- )?i for all 1 < i < m where A is invertible and bounded
on V.
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Let n := dim(E,) and { f1,..., fn} be the standard basis of R"”. We define E; =
pr (07 (W(p), fi)) € TX(E) for 1 < i < n. Thus {Eip) |i=1,....,n}is a
basis of E, for all p € V' and we may choose an E-frame {E;(p) | j=1,...,n}
on V such that ||E;| and ||V, E;|| are bounded on V for all 1 < i < n and

FE,=B- E’i for all 1 <4 < n where B is invertible and bounded on V. B
Therefore we may write every u € I°(E|y) as u = Y o w; By = > wEy,
where u;, u; € C*° (V). We have

iju = VXj <Z ulEl> = Z (XJ('U@)EZ + uiVXjEi) (34)

i=1 i=1
Thus
<VX]~U:, le U,>L2 =

=/<VXJ.U,,VXlU,>dVg=
1%

= / Z <X](’U,1)E7 + U@VXJ.Ei,Xl(uk)Ek + UkVXlEk>d‘/g =
14

=/ > (X (i) By Xo(ur) Bi) + Y (X (wi) Ei,unVix, Ex) +
Vo \ik=1 i k=1

(Y x, Ei, Xi(up) Ex) + > (wiVx, By, upVx, Ey) | dV,

n
+
7, k=1 7, k=1

For each term we use the following implication of the Cauchy Schwarz inequality:
Let a;, b, € K and v;,wi, € Ep (1 <4,k <n), then

n n
D@ v b wg) <N flag vl - (b - il =
CSI1

i,k=1 i,k=1

n
= > lail - be] - [fvill - flwr]l <
i,k=1

n

< max(foi] - Juonl) D il + o =
i,k=1

)

— el - o) S sl + b

i=1

=:C
Hence

<VXJ'LL VX, > S

n

/ ( Z (15 (wi)|? + | X ()] )+CbZ(|Xj(Ui)|2+|Ui|2)+

=1

+ CCZ(IWIQ + X)) + Ca Yy (il + luvzlz)) dvy <

i=1 i=1
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< sup (Ca(p) + Co(p) + Ce(p) +2Ca(p)) -

peV

=:C"

5 /V 1 ()| + X0 un) 2 + s 2V,
=1

C’' < oo since Cy, Cp, C. and Cy are bounded in V', because ||F;(p)| and
|Vx,Ei(p)| are bounded for all 1 < i < n by definition. We use [Kun08aj,

(2.4.3) and 2.4.14 and the definitions of )?j and E; to conclude

X;(@;) = 0;(idg o Us 09 V) 0 1) =

=0; (priO(bouow’l)ow:

di((pouocyp™);) ot (3.5)
=¢.u

Thus by 1.2.45
<VXJU”VXI,U‘>L2 <
< Z/ | X (w)|? + | X (ug) | + |uiPdV, <
: \%

< Csup ((AI2, + 1) - 1Bllop) S /V 1 1) 2+ [ X G 2 + [ 2V, =

—.C

c"z / 105 (Ders)s (0(0)) 2 + 101 (dor0)s (0 (0)) 2 + | (bers)s ((p)) [PV, =

—c”Z/ 1062 w)i @) + 101 Seu)i () P+
+ |(dsw)i(z) 2)\/|det gap(2))|dz <
< 20" - sup (v/det(gap(2)) Z > / |0%(ppur)i () |2da =

TEW i=1 |a|<1

—.C"

2
=" (|lull?)
C"" < o0 since | det(gqp)| is bounded on (V). Finally
[ullf = (Vu, V) 2 + (u,u) 2 =

ZX*@VXJUZXl © Ve + [ [l -
j=1

SRR STEY 310 ()l [Eetlganlde <
j =1

j=11=1

[
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NE

2
(Vx,u, Vx,u) +sup(y/[det(gas)]) (ull§ )™ <
=:Cy <ullf

.
I
-

C" (lulf)” + Cy (llull?)* =

Ms

—

I
/\ <.
I

ax(C") - m+ Cy) ([ull])”

=:C2

which proves the second inequality in (3.3) for s = 1. For the first inequality
we use (3.5) and 3.4 to conclude

(Vx,u, Er) = 3 (95 ((62u)i) 0 U{E:, B) +uilVx, B, Ey) )

i=1

Since (E;, Ex) = d;; we may write

9 ((psu);) = < (Vx,u, E;) Zul (Vx, B, E ) (.

Through calculation as above we get

Jull? = ZZ/ 109 ()i 2dz <

=1 |a|<1

1
3 /V (Viu, ViuydVy = Cy[luls
=0

where C; depends on || Xj|ly (j = 1,...,m) and n, which are positive finite
numbers on V. O
3.1.18 Corollary: All norms ||.|Y, |.1Y, ... on a vector bundle E over a com-

pact manifold M are equivalent.

Proof.
[l ~ [l on W A (LIS ~ Il on W' = Ll ~ Il on W W

Since M is compact we may cover the manifold by finitely many open sets of
the form W N W', choose a partition of unity {x; | j = 1,..., N} subordinate
to this cover and conclude

N N
lull = 11 x5 - ully, < Z Z, = Zcz,g Clully, = Collully,
— = .
’ A
=:Cs
for all uw € H™(E). The formula Cy|[u||Y < ||u|Y. follows by symmetry. O
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To conclude this chapter, we consider the Sobolev embedding theorem, which
describes the regularity of Sobolev spaces.

3.1.19 Theorem (Sobolev embedding): Let E be a Hermitian vector bun-
dle over the n-dimensional manifold M. If s > k+ % it follows that H} (E)
embeds into T*(E) (the k-times differentiable sections of E).

Proof. Let w € Hj (E). Now choose a partition of unity {x. | o € A}
subordinate to a covering by relatively compact, trivializing chart neighbor-
hoods. Then xq -u € H*(E|y,). We choose an E-frame on V,, and may write
Xo - u = (uf,...,uy) o ¢, where uf € HZ(Vy) C H*(R") for all 1 <4 < p (p
is the dimension of the fibres of E) by 3.1.17. We use 1.3.11 to conclude that
u® € CH(R™). Thus x4 -u € T*(E). A partition of unity is locally finite, thus
u locally is a sum over finitely many I'*-sections and therefore u € I'*(F). O

3.2 Elliptic Operators

In what follows we concentrate on elliptic operators. Ellipticity guarantees a
kind of invertibility, which will be a key ingredient for our further study of
(elliptic) PDOs. In particular the proof of the spectral theorem (see section 3.3)
relies heavily on the following implications of ellipticity.

3.2.1 Lemma (Young inequality): Let a,b € K (K =R or C) be arbitrary.
For every e > 0 we have

1, - 1
—§(ab+6b) S €|CL|2 + 4_6|b|2

Proof. Let € > 0 be arbitrary. Then
2

b b b
O< E— = —— E— =
<Vt g = (Ver o) (Voo az)
a1
= ¢la|® + 5 + 5 +4€|b|
Hence . .
T, = 2 2

3.2.2 Lemma (Interpolation inequalities®): Let M be a manifold of di-
mension n, U C M be open and relatively compact. Then:

Vke N\ {0} Ve>0 3C. Yue HYEly): |ule-1 < ellulle + Cellull .2

2The idea for part 1 of the proof is from [GT83], Problem 2.15, which is a prototype of
the general Interpolation inequalities: the L?-norm of the gradient of a C2-function u on R™
is interpolated by the L2-norm of u and the L?-norm of Awu.
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Proof. For k =1 this is clear (choose Ce = 1). We prove the case k > 2 in three
steps.

1. We prove that for all € > 0 there exists a C, such that
ullk—1 < €llullr + Cellullp—2 (3.6)

for u compactly supported in a chart neighborhood V' with the properties
of 3.1.17. Since ||.|| and ||Hf are equivalent on V by 3.1.17 ist suffices
to prove (3.6) for the chart norm H||z Let € > 0 be arbitrary and set

/

€ = ﬁ Cleaﬂy (Set ﬁ = ¢*u)
k

P
()= 3 3 [ e e+ (uli )’

jal=k—1 i=1 ~ _
=(02w;)(0%w;)

Let « be an arbitrary multiindex of order k£ — 1. There exists at least one
index (which belongs to some coordinate direction j), which is not zero.
Hence we may write

0 = 0,07

We use integration by parts to get
p R—
3 / (0°%)(0°Tr)d =
i=1'W

- zp: (% /W(aaai)(aaai)dx + % /

[ oo Ts) -

=Yg e emew

=0

_ a—ej~ ate;
. /W(a ) (0T dat

+ (aaﬂi)(aafejﬂ_i)’aw _/W(anrejai)(aafeja_i)dx _

=0

p
=3 [ G e + (0w 0T do <
i=1 YW

< €00 T |24 1|0 T W |2
3.2.1

p P
a+j |2 a—j~ |2
<¢ E /W |09, |2 dx + 1o E /W |0, |*de <
=1 =1
P 1 P
’ B~ 12 B 12
<e€ E E /W|8 Uy dx—|—46/ E E /W|8 u;|“de <

|8|=Fk i=1 |B|=k—2 i=1

1
<€ (lulld)” + 5 (lully_2)’
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Hence
1) 2 _ P a~ 12 1) 2
(lullg_y)” = Z Z 0% Pdz + (Jlull}_,)" <
la|=k—1i=1"W
1
< X (O + g5 (lE)?) + ()’ -
|la|=k—1
n+k—2 2 n+k—2\1 2
— ("It (M) ) (i)
—— ————
—e2 ::(C?)Q

And therefore

lullf_y < ellullf + Cellull_y

2. We prove that (3.6) holds on U. U is relatively compact, so there exists a
finite cover {V; | 1 <i < a} of U (and hence of U itself), where the V; are
chart neighborhoods as in step 1. Let {x; | 1 < i < a} be a partition of
unity subordinate to {V; | 1 <4 < a}. Let € > 0 be arbitrary. 3.1.15 tells
us that |x; - ulle < Ciellull. We define € := ~—“5— and use step 1 for

=1 LR
€ to get

a
lallior = 11" xi - ullyor <
i=1

a
<Dl ulle-r <
=1

a
< S (i ullk + Cerllxi - ullg—2) <

=1

a
< (@Cinllulls + CoCipsllullu—2) <

i=1

a
< ellullr + Zce’ci,k72 llullk—2

i=1

=:C

3. Let € > 0 be arbitrary. Define 4; := §. Using step 2 for the k — 1-norm
and d; we get

lullk—1 < drflullr + Cs, |ullk—2

We set 09 := m and use step 2 for the k — 2-norm and J, to get
1

llullk—1 < o1 |ullx + 5

1
m”uﬂk—l + Cs, - Coz ||ullk-3
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Now setting d3 := m and using step 3 again, we obtain
1 2

lallies < Sullulls + s oy + s a2t
Ulk—1 S 01||U||k 2(k_2)uk—1 2(k_2)uk—2

+Cs, - Cs, - Csglluf[k—a <

< Syllullk + s [l + = [l
S 01| Uk 2(k—2) U|| k-1 2(k—2) Ul k-1

+ 051 : 052 : 053 ||u||k—4

Iterating this procedure we conclude

[ulli—1 < Onlfully + (k= 2) ullb—1 + Cs, -+ Csy_, [|ull 2

- |
2(k —2)
and therefore

lullk—1 < 261 [Julle +2C5, - - Cs,, [Jull2
~~ ———
=€ =:C. O

3.2.3 Theorem (Elliptic estimates®): Let P € PDO™(E, F) be elliptic and
k € Ny arbitrary. For every open, relatively compact set U C M there exists a
constant C' such that

ullkrm < C(I1Pulle + [lullz2)  Vu e H™(Ely) (3.7)

Proof. We prove the theorem in six steps. First we prove the weaker inequality

[ullm < C(IPullLz + ulm-1) (3.8)

for PDOs (and sections) of a very special form. Then in every step we get rid
of some assumption or improve (3.8) towards (3.7).

1. Let u € H™(E) be compactly supported in a trivializing chart neighbor-
hood V with corresponding vector bundle map ¢ as in 3.1.17. There the
local representation P, of P is given by

Pr= ) Au0%: T®(R" x C’) — I*(R" x CY)

la|<m

(see 2.1.15) and u := ¢,u where u; € H'"(R" xC) for 1 < j < p. In
addition we will assume that A, = 0 if |o| < m and that A, is constant
on V. Let 8 € N such that |5] = m. P has constant coefficients, so we
get
0°(Pt) = P(0°0) = ) Aa0®0"u
|a]=m

3A proof for M = R™ is given in [Nic07], section 10.3.1 and [Fol76], 6.25. We use ideas
from both of these books and give a proof for arbitrary M.
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~ ~ ~

We Fourier transform this equation componentwise (ﬂ = (uy,... ,ﬂp))
and use the exchange formula (1.13) to get

mEPa=" Y Al"0%u

la]=m

P is elliptic, so the principal symbol o, (P) (&) = E|a\:m ALY is invert-
ible for all £ # 0. Thus we may write

5= (00 (P)(©)) € Pt VE£0

=:B(P,¢,5)

Since o, is homogeneous of degree m, 0,,! is homogeneous of degree —m
and B is homogeneous of degree 0. Hence for

Cs = lr?li)i: (1,B(P,§,ﬁ)) < o0

we get
1073l > < Cl| Pri]| 2

Using (1.16) in Plancherel’s theorem we have
1074 2 < O Pl 2 (3.9)
Thus we conclude

(lalig)® = S 10%l32m) + (lullf_y)’ <
|Bl=m
n+m-—1
m

<

. 2
) - max (C3) 1Pl + (Jullf)

=:C2>1

and therefore
[ull$, < C(I1Pulls + ull_,)

This shows (3.8) for v € H™(E) compactly supported in a chart neigh-
borhood V' and P “homogeneous” and with constant coefficients.

2. Let u € H™*(E) and P as above. We generalize (3.8):
2 o~
(i)™= > l0all7= =

la|<m+k
= > ecullfa+ > ol =
k<|o|<m+k o] <k—1

~ 2
= >0 lovulls + (lullf,)” =
k<|a|<m+k

SN Yt al. + (Jull_,)? =

J=0|~v|=k|B]=j

3 (et @L)* + (lullf_y)

lvI=k
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we use the statement of step 1 and get

a4 <
< Y et @@, + llully-, <
[vI=k
< (IR )| + 1677 D)) + g <
lvI=k

<[ Y NPl + > " @ @Gy | + llullf_y <

[v|=k [vI=k
< C(1Pullf + ulls, v i) + lullfy <
< max(1, ") (I1Pullf + |l 5 ) (3.10)
———
=:C

3. Let u be as in step 2 and P represented by Z|a\:m A, 0% where A, is
smooth, but not necessary constant. For every x; € V we may define P,
such that its local representation is

|la]=m
From step 2 we know that there exists a C; > 0 such that

lallfn < CilllPesully + ullfypis)

We estimate the difference of Pu and P, u:

[
1Pu=Prulf = {| D 6" ((Aa() = Aa(z))07)|| <
|a]=m k

< Z sup (|| Aa(z) — Aa(®:)|lop) - ||¢*(8aﬂ)”f

la|=m xesupp(u)

where ||.||op is the operator norm of operators from E, to F,. Since A, is
smooth we have that for every ¢; > 0 there exists a d;, > 0, such that

[Aa(z) — Aa(Ti)llop < € Vax € Bs,, (v:)

Letting ¢; = we choose for every z; an appropriate d,, and get for

1
2C;°
every compactly supported u € Hm+k(E|B%> (22))

¢k SCi(IPeullf + lulldhy) =

<
Ci(Il1Pu — Pu+ Poull§ + [|ull® ) <
Ci(|Pulg + | Pu— Poul$ + ull? ) <

il

<
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(||PUH;<+HUHm+k D+
+Ci D0 sw ([ Aa(@) = Aalwi)llop) - 167 ("D <

la|= 1, TESUPP ()

< Ci(||Pullf + HuHerk 1)+

o % oA LAl
Ci(I1Pully + llullf,p—y) + IIUIIm+k
We conclude
[ullf, e < 2C; (|\PUI|k+||UI|m+k 1) (3.11)

— C/
for u € Hm+k(E|Bax‘ (z:)) compactly supported.
. Let u € Hm+k(E|Bsm/ (z)) be compactly supported (Bs, (v;) such that

(3.11) holds) and P € PDO™(E, F) an arbitrary elliptic operator. Since
we are working on a trivializing chart V', P is represented by

Z A,0% = Z Ay 0% + Z A,0%

lo|<m lee|=m lor|<m—1

=:Py =:P

For Py we have the estimate

H“Herk < C/(HPOUHk + ||U||m+k 1)
by step 3. We calculate the norm of Pju:
¢
1Pl = || > ¢"(A0%0)|| <

la|<m—1 k

< Y s ([Aalle) - e @@ <

la|<m—1 z€supp(w)

< sup ( sup (||Aa|\op)). Y lerEea)g <

la|<m—1 N zesupp(a) la|<m—1

=:C"
<c”. ||U||f1+k71

Together we conclude

el < C' (I Poull, + Nullfy i) =
= C'(|Pou+ Pru— Pralf + |lullf 1 y) <
< O (IPull + [ Prullg + lullfspr) <
< C'(I1Pully +C" - Nullfy gy + Il ) <
< max(C',1) - (C” +1) (I1Pullf + l[ullfsp1)

=:C
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By 3.1.17 there exists a C' > 0, such that

[ullmrr < C(I1Pullk + ullms+r—1) (3.12)
for u € Hm+k(E|B%i (22))-

5. For every chart (v, V),
{Bs,,(zi) | i € V,(3.12) holds on Bs, (;)}
is an open covering of V. So we can cover the whole manifold M by
{yi (Bémi (zi)) | (¥, V) chart around w;, (3.12) holds on Bs, (zi)}

For a relatively compact U C M there exists a finite subcover

V= {¢y! (Bs,, (2:) |1 <i < N}

We choose a partition of unity {x; | 1 <14 < N} subordinate to V. Let u €
H*+t™(E|y) be arbitrary. It follows that x; - u € I{f"”"‘(l?hrb,1 (B )))
\4 Sz, Ti

for 1 <i < N. By (3.12) and 3.1.15 we get

Hu||m+k =

N
=D X sk <
i=1

M-

< i - wllmtr <
=1
N
<GP - Wk + X - wllmar—1) <
=1
N
< max (C) Y (1Pl + i - ulbmsir) <
—_—— =1
=.c)

N
<CON (Jlxi- Pulle +1 - [Poal wlle + lIxG - wllmgr—1 )
— M e——— N—— —_——
<CO|Pully ~ ePDO™™1 SCOullmyr—1
In addition for every compactly supported Q € PDO" there exists a C¥)

such that
1Qul| 2 < CW]ju,

because of 3.1.9. Altogether we conclude

”U'Hm+k S
N
< WY (CP)Pullx + CPJullmsn-1 + CPJullmsn-1) <

=1

N
< 00 max(C®, 1) max(C® + W, 1)- 3" (|Pulli + [[ullm-r-1) =

=1

=:C"
=C'N (IPulle + l|ullm+r-1)
=:C
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6. In step 5 we proved
[wllmre < C(I1Pulli + lullm+r—1)

for an arbitrary elliptic operator P € PDO™ (E, F) and u € H**™(E|y),
where U C M is relatively compact. The last step is to exchange the
m + k — 1-norm by the L?-norm of u, therefore we need the interpolation
inequalities from 3.2.2. We set € := QLC, and get

fulle <
< C(IPulli+ Jull s 1) <
1
<0 (IPulh+ ggsllullnss + Colul ) =

1
= C'Pulls + 5llullm-+r + C"Cellull 2

So we conclude

[ullmr < 20" max(1, Ce) (/[ Pullr + [ull22)
—_—
—.c O

3.2.4 Remark: The requirement in 3.2.2 and 3.2.3 that the sections on E|y,
where U is already relatively compact, must have compact support is absolutely
necessary, since the chart image 1 (U) of U is not necessarily relatively compact
(Take for example U =]0,1[ and ¢ = In). Thereby the coordinate functions
of the chart representation (u1,...,u;) of u € H¥(E|y) are not necesarily in
H¥(R™). This feature can only be guaranteed if we require u € H*(E|y).

The above estimates imply the following Lemma, which provides an easy
proof of the elliptic regularity theorem.

3.2.5 Theorem (Elliptic Regularity?): Let P € PDO™(E, F) be elliptic,
u € H (E) and s € Ny arbitrary. From Pu € H{ _(F) it follows that
u€ H(E).

loc

Proof. Let v € H” (E) and Pu € H{ (F). We have to show that x - u €
H™ts(E) for every x € C°(M). We cover supp(x) by coordinate charts

(finitely many suffice) and consider the problem locally. Since
v € Hipo(Elv) & ¢(v)i € Hiyo($(U)) V1<i<p

where (¢, U) is a chart and p is the dimension of the fibres of E (see 3.1.17) it
suffices to prove the theorem on R™. This requires some analytical work with
difference quotients which will not be included in this book. We refer to [Fol76],
(6.21)-(6.30) for a very intelligible proof. O

4A proof for two special cases can be found in [Nic07], Theorem 10.3.6. An explicit proof
for M = R™ is given in [Fol76], (6.21)-(6.30)
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3.2.6 Corollary (Weyl’s Lemma): Let P € PDO™(E,F) be elliptic and
u € H” (E). From Pu e T'™(F) it follows that u € T™(E).

Proof.

PueT>™(F) = PueH). (F) VseNy
= uw€H"(E) VseNg
3.2.5

loc
= qelmts-lzl-1 vyseN,
3.1.19
= uel*(E) O

We use these results about elliptic operators to prove some properties of
their analytical realizations:

3.2.7 Proposition: Let M be a compact manifold. The analytical realization
P of an elliptic PDO P € PDO™(E,F) is a closed, densely defined linear
operator.

Proof. P is lincar by definition. We have I'®(E) C H™(E) C L%*(E) and
I'®(E) is dense in L?(E). Thus H™(E) is dense in L?(E). We have to prove
that graph(P) = {(u, Pu) | u € H™(E)} is closed in L%(E) x L*(F).

Let u, € H™(E) for alln € N and (uy,, Pu,,) converge to (u,v) in L*(E)x L2(F).
Hence (u,) is a Cauchy sequence in L?(E) and (Pu,) is a Cauchy sequence in
L?(F). We use 3.2.3 (M is compact!) and get

ltn = o < (Pt — wi)llzz + g — willzz ) — 0 for n,1 — oo

— 0 for n,k—o0 — 0 for k,l—o0

Thus (uy,) is a Cauchy sequence in H™(FE). In 3.1.8 we saw that H™(E) is
complete, so (u,) converges to some w in H™(E) C L?(E). But (uy,) converges
to u in L?(E), so w = u. Thus (Pu,) converges to Pu in L?(F), which implies
v = Pu. Hence graph(P) is closed in L?(E) x L*(F). O

Thus we can define the adjoint operator of P (see 1.4.11). This is not the
same as the formal adjoint of P from section 2.3 (since it is not defined on the
same spaces), but:

3.2.8 Proposition: Let M be compact and P € PDO™(E, F) an elliptic op-
erator. The adjoint of the analytical realization is the analytical realization of
the formal adjoint:

(P)" = P~

Proof. 3.2.7 shows that Pis closed, densely defined and linear, so we can define

the adjoint operator (P)*. By definition of the adjoint operator, 1.4.11, we have
(Pu,v) = (u, (P)*v) Yue H™(E),v e H"(F)
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Thus Dom((P)*) 2 H™(F) = Dom(ﬁ) and

(P)*=P* on Dom(ﬁ)

Dom((P)*) C Dom(j-jv*): Let u € Dom((ﬁ)*). Then there exists a v € L?(E)
such that B

(v,9) = (u, Pg) = (u, Pp) V¢ € I'Z(E)
This means that v = P*u weakly. We use the elliptic regularity theorem 3.2.5
to conclude u € H™(F). So Dom((P)*)) € H™(F) = Dom(P*). O

3.2.9 Corollary: The analytical realization of a formally selfadjoint elliptic
operator on a compact manifold is selfadjoint.

Proof. (P)* = p*=Pp O

The last aim of this section is to prove the Poincaré inequality. On the way
we need to prove the Theorem of Rellich. For M = R"™ proofs can be found in
[AF03], 6.3, [BC0Y], section 4.5, [Fol76], 6.19 and [Nic07], Theorem 10.2.24. We
use the approach of [BC09] and generalize it to arbitrary manifolds.

3.2.10 Lemma: Let B C C'(R") be bounded. Then B is relatively compact in
C(R").

Proof. B bounded means that for all K € R™ compact there exist Cx and Cl,
such that || f[|z~x) < Ck and ||df||p~x) < C for all f € B. The first part
implies that B is bounded in C'(R™). Now let K be some compact ball. Since

f(@) — fly) = / df (y + tz — ) (o — y)at

we get
|f(x) = fW)| < Cklr—y| VfeB VeyeK

which means that B is equicontinuous. Using the theorem of Arzela and Ascoli,
1.4.20, we deduce that B is relatively compact in C(R™). O

3.2.11 Theorem (Rellich): Let M be compact, s,t € Ng and t > s. The
embedding v: H'(E) — H*(E) is compact®.

Proof. We prove the theorem in three steps.

1. First we prove the theorem locally and for ¢ =1 and s = 0.
Let U be a trivializing chart neighborhood. We use the chart map to
identify U with an open subset of R". Let B C H}(E|y) C HY(R" x K9)
be bounded and all © € B supported in the same compact set K C U.

5bounded sets are mapped to relatively compact sets
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Let (u,) be a sequence in B. We show that there exists an L?-convergent
subsequence of u,,. Since L2(E|y) is a Hilbert space it suffices to find a
Cauchy-subsequence of (uy,).

Let € > 0 be arbitrary. We want to use 3.2.10 for this proof, so we first
smooth out the u,’s. For this purpose we use componentwise convolution:
Let p € D(B1(0)), such that J5,0)p = 1. We define

po(a) = 20l5)

for all 6 > 0. Clearly supp(ps) C B;(0). The mollified sections

ud = D5 * Uy

n *

(componentwise convolution with p) are smooth by 1.3.24 for every ¢ > 0.
We prove that u$ converges to u, in L? as § — 0:
In what follows every integral over a section is meant componentwise.

Uy —ul |2 = Un () — ps * up(x))||?dz =
e — 1 /KH( (@) — ps * un (@) |Pd

= [ ||un(z) | ply)dy— ps(2)un (v — 2)dz|| dr =
K K Bs(0)

- / / p(Y)un(x) — ps (6 - y)un(z — - y)d"dy|| dx =
K ||/ B1(0)

2
dr <

- / / p(y) (un (@) = un(z = 5 -y))dy
K B1(0)

<[] |p(y>|‘

< / / 1p(y) - 16 - essup s, ) ([1Bytun %) dydc =
K JB1(0)

—5 / / 1p(y) -y - essupyg, (| Optn ) dyd
K JB1(0)

=:C(K,un,p,9)

é
/ Opun(x —t-y) - ydt|| dydz <
0

where K5 := {y | d(y,K) < 6}. Since K5 C K;, for § < §p we have
C(K, un, p,8) < C(K,un, p,dp), thus u® converges to u, in L? as § — 0.
Hence we find a d,, > 0 such that

€
lin = a2 <

The sequence (uf{*)neN is bounded in I''(R™ x K9): Let a be a multiindex
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of length <1

10%up ()

80‘/ 05, (2)un(x — 2)dz
Bs,, (0)

=6 / p(y)un(x — 0ny)dy
B1(0)

<

= / p(y) (0%un) (x — 6,y)dy
B1(0)

s/ ()] 1(0%un) (& — 6|y <
B;(0)

1
gnmm«/ | (0%un) (@ — 6a3)[12) * dy =
1.1.8 B1(0)
= ||PHL2 : ||<9O‘Un||L2

Hence

Jugr|lpr = ) sup ul (z)] <
lal<1 7€

< ol - 110%unl| > <
la|<1

< _Cliplzllunll
3.1.17

Since {u, | n € N} is bounded in H!, u~ is bounded in I'!. Now we

choose an E-frame and take a look at the component functions, ul» =:
(fr ..., f9). From the above we get that (f}) is a bounded sequence in

C1(R"™), so by 3.2.10 there exists a C(R™)-convergent subsequence (f! ).

Nk
6"L . . .
The subsequence uy,;* of u®" is again bounded and we can consider the
component sequence fflk, which is bounded in C*(R™). We use 3.2.10

again and get a C(R™)-convergent subsequence ( fflkl ). The corresponding

subsequence of u%" now converges in the first two components in C(R™).
We continue with this procedure until we have constructed a subsequence
for which all component sequences converge, thus the whole subsequence

converges in I'(R™ x K7) and since u%» is supported in the compact set K

for all n € N, it converges in L?(E). We call this convergent subsequence

(v3n) and (v,) the corresponding subsequence of (u,). For m,n € N big

enough we have
On

Som €
an —Un HL2 < g
Finally,

lon = vmllze < Jon = v ll22 + |lup = vl 2 + lvge = vmllz2 <€

< < <

wln
wln
wlm

. We show that the inclusion H'(E) — L?(E) is compact.
Let (uy,) be a bounded sequence in H!(E). We cover the manifold M by
trivializing chart neighborhoods (finitely many suffice, since M is compact)
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and choose a partition of unity {x; | 1 < ¢ < N} subordinate to this
covering. Since supp(x1) is compact we can use step 1 to construct a
convergent subsequence of (x1 - ¢, ), which defines a subsequence of (uy,).
We take this subsequence (uy, ) and consider (x2 - up,). Again we get a
convergent subsequence and continue with y3. In finitely many steps we
construct a subsequence of (u,), such that (x; - u,) converges in the L?
sense for every i. Therefore u,, = Y. X; - un has an L?(E)-convergent
subsequence.

3. Let s,t € Ny such that ¢ > s. The inclusion H*(E) — H*(E) is compact:
Let (u,) be a bounded sequence in H*(E). Because of t > s+ 1 and 3.1.5
the sequence (u,) is also bounded in H*T*(E). Thus (Viu,) (1 <j <s)
is a bounded sequence in H'(FE), so we can use step 2 to conclude that
(V7u,,) has an L?(FE)-convergent subsequence for all 1 < j < s. Hence
(un,) has a subsequence which converges in H*(E). O

3.2.12 Lemma: Let M be compact, m >0, P € PDO™(E, F) and (un)nen @
sequence in H™(E), such that {||unllz2 + [[Pun|z2 | n € N} is bounded. Then
there exists a subsequence of (u,) which converges in L*(E).

Proof. From the elliptic estimates in 3.2.3 we deduce

ltwn|m < C( ||Punl||rz + HunHLz) < const.

bounded

Thus (u,) is bounded in H™(E). Since H™(E) embeds compactly into L?(E)
by 3.2.11, (u,,) contains a convergent subsequence. (|

3.2.13 Proposition (Poincaré inequality): Let M be a compact manifold,
m >0 and P € PDO™(E, F) elliptic. There exists a constant C' > 0, such that

lullz> < CllPullL

for all w € H™(E) which are orthogonal to ker(P), i.e

/ (u,v)pdVy =0 Yu € ker(P)
M

Proof. Denote by (ker(P))L the subspace of sections which are orthogonal to
ker(P).
We argue by contradiction. We assume that for all C' € R there exists a section
u € (ker(P))L7 such that

[ullLz > CllPul| >

In particular for every n € N, there exists a u}, € (ker(P))L such that

lunllzz > nllPug | L2
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We define u,, := HZ%H c (ker(P))l. P is linear, therefore we get

1 = |lunllrz > n||Pun]| L2

Now we have a sequence (up)nen in (ker(P))L such that

1
lunllrz =1 and ||Pun|| 2 < -

Hence {||un||rz + || Pun|/r2} is bounded and we can apply 3.2.12 to get a con-
vergent subsequence (u,, ). We denote the limit by u. Clearly |lul|,2z = 1.
(ker(P))L is a closed® subspace, so u € (ker(P))L. Since P is a closed oper-
ator we have u € Dom(P) and Pu = limy_,o0 Pun, = 0. Thus u € ker(P) N
(ker(P))L = {0}, which contradicts ||u|2 = 1. O

3.3 The Spectral Theorem

In this section M will always be compact. We prove the spectral theorem and
give some short remarks. One very useful feature of the spectral theorem is the
functional calculus, which we consider in section 3.4.

3.3.1 Lemma: Let k > 0 and P € PDO*(E, E) be elliptic. Then ker(P) is
finite dimensional.

Proof. Let § # B C ker(P) be open and bounded. Since B is open and not
empty the dimension of B and the dimension of ker(P) are the same. We show
that B is relatively compact:

Let (uy) be a sequence in B. Since B is bounded in L?(E) the set

{lunllz2 + [ Pun |2} = {l[unllz2}
=0

is bounded in R. By 3.2.12 there exists a convergent subsequence.
Thus C := B is compact and the cover {c+ $C' | ¢ € B} of C contains a finite
subcover {¢; + 2C | 1 < i < N}. We define Y := span({¢; | 1 < i < N}).
Clearly
1 1 1 1
H;/_/

Since C' is bounded we conclude that C CY =Y. Hence

dim (ker(P)) = dim(B) < dim(C) < dim(Y) = N < oo O

6the orthogonal space S+ of any set S is closed: Let u, € S+ converge to u and v € S be
arbitrary.

(u,v) = ( lim up,v) = lim (up,v) =0
n—oo Mn— 00 \ /

0
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3.3.2 Lemma: Let P € PDO"(E, E) be elliptic. Then im(P) is closed and

L*(E) = im(P) @ ker(P*)

Proof. e im(P) C (ker(P*))L: Let v € im(P), i.e. there exists a u € H¥(E)
such that v = Pu. Let w € ker(P*) be arbitrary. Then

(v,w)pz = (Pu,w)p2 = (u, P*w)p2 = 0.
=0

Hence v L w for all w € ker(P*).

e im(P) is closed: Let (v,) be a sequence in im(P) which converges to a
section v in LQ(E). For each v,, there exists a unique” w, € (ker(P))L
such that Pu, = v,. We use the Poincaré inequality, 3.2.13 and deduce

[un = tm| L2 < Cl[P(un — um)|12 = Cllon — vm|| 2
Together with the elliptic estimates, 3.2.3 we get
[tn = umllk < C" (1P (un — tm)l|z2 + [un — tmll12) < (C"+C)l|vn — v 2

Thus (uy,) is a Cauchy sequence in H¥(E). By 3.1.8 there exists a u €
HF(E) such that (u,) converges to u in H*(E). Hence (v,) = (Puy)
converges to Pu. Thus v = Pu, i.e. v € im(P).

. (ker(P*))J' C im(P): We argue by contradiction: Let u € (ker(P*))L,
but u ¢ im(P). By 1.4.5 there exists a v € H*(E) such that

(v, Pw) > =0 Yw e H¥(E)

and
(v,u)p2 =¢c¢>0

From the first equation we conclude that
(P*v,w)p> = (v, Pw)> =0 Yw e H*(E)

and since H*(E) is dense in L%(E), P*v = 0, i.e. v € ker(P*). Since u €
(ker(P*))J' the second equation shows that v ¢ (ker(P*))LL = ker(P*) =
ker(P*), a contradiction.

O

3.3.3 Theorem (Spectral Theorem for selfadjoint elliptic Operators):
Let k>0 and P € PDOk(E7 E) be a formally selfadjoint, elliptic PDO. Then:

(i) The spectrum of P consists only of real eigenvalues of P.

(ii) Every eigenspace is finite dimensional and consists of smooth sections.

Tthis follows from 3.2.13
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(iii) spec(P) is a closed, countable, discrete and unbounded (and thereby non

empty) subset of R.

(iv) There exists an orthogonal decomposition

L*(BE)= @ ker(r-id—P)

A€spec(P)

with projections pry: L*(E) — ker(\ - id — P).

(v) HH(E) = {u € L*(E) | 325 X[praulz. < oo}

Proof. (i) All eigenvalues of P are real: Let p be an eigenvalue with eigen-

(iii)

vector v, ||v|]] = 1. Then by 3.2.9,

p = po,v) = (po,v) = (Pv,v) = (v, P~ v) = {v,p0) = 1lv,v) =7
=P

A € spec(P) means that (\-id — P): H*(E) — L?(E) has no two-sided
inverse map from L?(E) to H*(E) (see 1.4.16). So A-id— P is not injective
or not surjective. If it is not injective, there exists a 0 # v € HF(E)
such that A - v — Pv = 0, i.e. X is an eigenvalue of P. If A -id — P
is not surjective we have im(\ - id — P) # L*(E). Since k > 0 and P
is elliptic, we have that A -id — P is elliptic. We use 3.3.2 to conclude
that ker(\ - id — P*) = ker(\ - id — P)* # {0}, which means that X is an
eigenvalue of P* = P. But all eigenvalues of P are real, so A = ) is again
an eigenvalue of P. Altogether spec(P) consists only of real eigenvalues.

Let X be an eigenvalue of P. Let v € ker(A-id — P), i.e. (A-id—P)v=0.
Since k > 0 we have

O'k(/\ ~id — P) = O'k(P)
We use Weyl’s Lemma, 3.2.6 and smoothness of 0 to conclude that v is

smooth. The eigenspace ker(X - id — P) is finite dimensional because of
3.3.1 and the ellipticity of A -id — P.

Let t € R\ spec(P). Thus t-id — P has a bounded inverse, which we call
T. Clearly T is invertible. T is selfadjoint:

T = ((t-id=P)) = ((t-id—P)) 7 =

=(#- id* —P*)'=(t-id-P)'=T

= id
1.4.13

T is compact: Let v, be a bounded sequence in L?(E). We have to show
that (u,) := (Tv,) admits an L2-convergent subsequence. Since 7T is
bounded, (u,) is a bounded sequence in L?(E). We have

vp =T Y, = (t-id — P)uy,

As in part (ii) from k& > 0 it follows that (¢ - id — P) is elliptic, so we can
use the elliptic estimates, 3.2.3 and the L2-boundedness of u, and v, to
conclude that u, is bounded in H*(E):

lunlle < C(II(t - id — Pyunllzz + unllz2) = C(|lvnllzz + [lunl 2 )
—— =

bounded bounded
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(iv)

Finally we use 3.2.11 to conclude that (u,) has an L?-convergent subse-
quence.

The Spectral Theorem for compact selfadjoint operators, 1.4.18 shows that
spec(T) is bounded, countable, closed and has its only accumulation point
at 0, all « € spec(T") \ {0} are eigenvalues. The eigenvalues of P and T'
correspond in the following way:

A is an eigenvalue of P & ker(A-id — P) # {0}
& ker(A-id— (t-id—T7")) # {0}
& A0 A—thw+T =0
& F#0: v=T({t—Av) =({t—-NTv
1
3 : =T
& v £ 0 Y v
1
=

3 is an eigenvalue of T

Or equivalently
1
spec(P) = {t — " | u € spec(T) \ {0}}

From this we conclude that spec(P) is closed, countable and unbounded,
since spec(T") is closed, countable and has accumulation point 0. In
spec(T) there does not exist any other accumulation point, thus spec(P)
is discrete.

1.4.18 also gives that

L*(E) = @ ker(p -id — T
p€spec(T)\{0}

In part (iii) we saw that the eigenvectors of T' to the eigenvalue u are
precisely the eigenvectors of P to the eigenvalue A :=t — ,ll Hence

LE)= @  ker(t- l) -id — P)
pespec(T)\{0} a

and further (we use the bijection between eigenvalues of T' and P)

L*(B)= @ ker(x-id—P)
A€spec(P)

Let u € H¥(E), then Pu € L%(E). By part (iv) we may write every L%
section v as sum over its projections on the eigenspaces of P. We use the
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orthogonality of the different eigenspaces to conclude

> Nlpraulgs =D A praulis =
) X
2
= ‘ ZP(pmu)
A

= ‘ mePu
A

= ||Pul|7> < o0

L2
2

L2

Conversely: Let u € L?(E) such that Y, A?||praul|2. < co. This condi-
tion guarantees that v := Y, A-prauisin L?(E) and v, := Donj<n A DT
converge to v in L?(FE). We define u,, := 2_|x|<n Prau and observe that

Pu, =P Z prau | = Z P(prau) = Z Aprau = v,

IAl<n IAl<n IAl<n

(uy) clearly converges to u in L?(E). We use the elliptic estimates, 3.2.3
to show that (u,) is a Cauchy sequence in H*(E):

ltn = umlle < C(I1P(un = tm)l| L2 + [tn = tmlz2) =

= C( ”Un - Um||L2 + Hun - Um||L2 ) —0

—0 —0

By completeness of H¥, (u,) converges in H*. Since (u,) already con-
verges to u in L2, u has to be in H*. [l

3.3.4 Remark: 3.3.3, (iv)+(v) show that we may write

idr2(g) = Z Dra
)

on L?(E) and

P:Z)\-pm
A

on Dom(P) = H*(E).

In the next example we see that the Fourier decomposition of periodic func-
tions is just a spectral decomposition of an elementary PDO on the one dimen-
sional sphere.

3.3.5 Example (Fourier decomposition): Let M = S! with the induced
metric from R? (thus dV, = df, where 6 is the angle in polar coordinates),
E = 8! x C with the (standard) hermitian metric

((p,21), (p, 22)) == 2122 € C
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and

P:= —i%: >°(S* x C) — I'*°(S* x C)

P is elliptic: Since P is clearly of first order we calculate o1(P). Let u €
(St x C) =2 C>=(SY,C), f € C°(SY,R) and ¢ := df. Then

0
P flu=—igg(rw -1+ (~igg) =
:_i_.u_f.i%+f.i%:

= il .y

Hence

Since {df)|,,} is an orthonormal basis of the one dimensional vector space (T,,S1)*
and &, € (T,S")* we may write £, = a - df|,, where a € R\ {0} if &, # 0 €
(T,S%)*. Finally

0

ol(P)@p):—i-a-dep(@p

)-7&0 V6, # 0
=1

P is formally selfadjoint: Let u,v € T°(S! x C) = C°°(S!,C) be arbitrary.

/(u,Pv}d@z/ u- Pvdf =
51 51
v
—/Slu-—z%dﬁ—

oo
= u-t—df =
for i

.0 _ Ou _
—/Slz%(u'v)dQ— Slz%-vdﬁ—

zi-u-ﬁ|§7r—|— Pu -vdf =
N—— St

Hence P* = P.
Eigenvalues and eigenfunctions of P: From

—i—U)\ =\ (/5N

06

it follows that
ux(0) = C - exp(iN0)
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The uy’s are functions on the circle, i.e. ux(0) = ux(27), thus A € Z. By the
spectral theorem, 3.3.3 we get that

L*(S' xC) = @ker(k ~id — P) = @ spanc{exp(ikd)}

keZ keEZ

=:eg

and

f= praf

kEZ

where
(prkf) (0) = fr-exp(ik0) with f := (f,ex) = /S1 f(0) - exp(—ik6)do

which is the usual complex Fourier decomposition for periodic functions.

3.4 The Functional Calculus

The functional calculus is a useful tool to define functions of an operator, which
we will use to find solutions for initial value problems where the corresponding
differential operator is elliptic in the space-directions. We use the functional
calculus in chapter 4 to calculate solutions for heat and wave equations.

One may define a functional calculus in many different ways (and in a more
general setting), for which we refer to [Con85], [KR83] and [RS80]. In this
section M is compact and P € PDO*(E, E) is an elliptic PDO.

3.4.1 Definition: Let f: spec(P) — C*(I) (where I C R is an interval) and
{¢n | n € N} a basis of L?(E) of eigenfunctions of P (which exists because of
3.3.3). We define the linear operator f(P): Dom(P) — L?(E) by

f(Pv t)¢n = f(/\n) (t) “ Pn

where A, is the eigenvalue of P for the eigenfunction ¢,,. The map f — f(P,t)
is called functional calculus for P.

3.4.2 Remark: If the f(\,) (n € N) are uniformly bounded functions, the
operators f(P,t) are bounded for all ¢t € I and thus defined on all of L?(E) by
the formula

FP =" an- f(An)(t)- bn

neN

where u ="\ an - fn.

The following theorem will provide a solution u: M X [0,00[— E to many
initial value problems of the form

Dyu(z,t) + Pu(z,t) =0 (3.13)
u(z,0) = v(z) € H*(E)

where D; is a linear PDO in the t-variable.
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3.4.3 Theorem: Let f()\,) € C°([0,0]) solve the equation
Dif(An) +An - f(An) =0 (3.14)
fn)(0) =1

for all n € N and let f(\,) be uniformly bounded. Then f(P,t)v € H*(E) is
the unique solution of (3.13).

Proof. Let {¢, | n € N} be an orthonormal basis of L?(E) of eigenfunctions of
P (see 3.3.3). Thus we may write v as

v = Z an * Pn
neN
We claim that f(P,t)v € H*(E) for all t € [0,00[: Indeed, since v € H*(E) by
3.3.3, (v) we have

C:=Y Mllan-¢allza =Y Aalpra,vlfa < oo
n n

and hence
> Apra, f(P)ol7: = Z/\QIIan n)bnll72 <
< sup (|f ZAQ llan - ¢n||L2 =
neN
— sup (SO - € < o0
neN

which means, again by 3.3.3, (v), that f(P,t)v € H*(E), for all t € [0, oo| since
the f(Ay,) are uniformly bounded.

(t,x) — f(P,t)v(z) solves (3.13): Since f(P,t)v € H*(E) for each t € [0, oo[ we
may calculate

n=0
= _an F(A)(®) Pon =
n=0

=-D.f(xn) ()

Since the partial sums of the right hand side converge uniformly to the infinite
sum we may switch differentiation and summation and get

P(f(P,t)v) <Zan- An) ¢n>:
:_Dt(f(Pvt) )
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And for the initial value:

f(P,0)v(z) = n;)an S (n)(0) -on(z) = v(z)

=1

Since f(Ap) is the (unique!) solution of the linear ODE (3.14), (¢, z) — f(P,t)v(x)
is the unique solution of (3.13), since it is uniquely determined by f, v and the
eigenvalues of P. O
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Chapter 4

Applications

We give solutions for the heat- and wave-equation for arbitrary elliptic PDOs
and provide explicit examples for applications. As usual M denotes a compact
oriented Riemannian manifold, E is a Hermitian vector bundle over M and
Pe PDOk(E, E) is a formally self-adjoint, elliptic operator.

4.1 The Heat Equation

From the last chapter, Theorem 3.4.3 we know that we can find a solution
u: M x [0,00[— F for the homogeneous heat equation

(0 + P)u(t,z) =0 (4.1)
u(0,z) = v(x)

by spectral decomposition of L?(E) in eigenspaces of P and the solution of the
linear ODE

which is f,,(t) := exp(—Ant). The f, are uniformly bounded by 1 on [0, oo], if
An > 0 for all n € N. In this case exp(—t - P)v is the unique solution of (4.1).

0 (4.2)
1

4.1.1 Example (Heating the Stanford Torus'): Let R > r > 0and M be
a two dimensional torus? with external diameter 2(R+7) and internal diameter
2(R—r), ie.

(R+rcosa)cos 3
M= (R+rcosa)sinB | € R®: a,3 €] — 7,7

rsin a

IThe Stanford Torus is a suggested design for a space habitat, proposed during the 1975
NASA Summer Study. It has the shape of a torus and artificial gravity of about 1g is created
through rotation. For the purpose of heating the space habitat it would be interesting to know
how thermal energy flows from one point to another. For simplicity we will assume that it
flows only along the hull of the torus and no energy is radiated into the universe. For more
information on the Stanford Torus see [HJ77].

2For the Stanford Torus: R = 830m, r = 65m

87
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in appropriate coordinates. We endow M with the induced metric g from R3.
We consider the Laplace-Beltrami operator A, = d*d: C*°(M) — C*>(M),
which is elliptic (see 2.2.12) and formally selfadjoint (see 2.3.10). The temper-
ature flow on M is given by the heat equation for Ay (see [Dem06], (10.40)):

T+ Ar - A,T =0 (4.3)

Here T € C°°(M x [0,00[) is the temperature function and Ar is a constant
which describes the temperature conductivity of the material of M.

By the above it suffices to calculate a spectral decomposition of L?(M x R) into
eigenspaces of Ay. For notational simplicity we consider the even bigger section
space L?(M x C) and find a spectral decomposition of it. Since the eigenvalues
of a self-adjoint operator are real, a real valued initial temperature distribution
causes real valued temperature distributions for all ¢ €]0, co[. The functions

(@, f) = /")

with (n,m) € Z? are an orthonormal basis of L?(M x C) by Fourier series theory
(see for example [Heu92], §23). Fortunately these functions are eigenfunctions
of Ay (this is an extension of the above operator to complex functions by Ag(u+
) = Agu+iA4v): By definition of d* (see 2.2.10 and 2.2.9) and d (see 1.2.34
and 1.2.25) and the chain rule we get
Agtpm = d*d(tupm) =

= (=)@ DODH oy G d () =

=—xdxd (ei(”aerﬁ)) =

= —xdx* (m etnetmB) go 4 im - e“"“*’mﬁ)dﬁ)
Since {0y = (da)*, 03 := (df)*} is a frame for M, we use (1.10) to conclude

*(Zn etnatmB)gn 4 im - ei(na-i_mﬁ)dﬁ) =

=1in- ei(""”rm’g)dﬂ —im - e'metmB) g,
Thus again by 1.2.34 and (1.10)

Agpm = — * d(in . ei("a"'mﬁ)dﬁ —im - ei(na+mg)da) _
= _ % ( —n2. einatmb) g, A dB + m2. ei(na+mﬁ)d5 A da) _
= *((n2 +m?) - etnat+mB) g A dﬁ) _
= (n? 4+ m?) . elnatmf) —
= (n* +m?) - tpm

Hence upp, is an eigenfunction of A, to the eigenvalue n?+m? for all n,m € Z.
Since n?+m? > 0 we get a unique solution of (4.3) for every initial temperature
distribution Ty € L?(M xR) by the considerations in the beginnig of this section.
Let for example Ty = 14 with

(R+ rcosa)cosf } - W[ ] - w[
A=<{p=|(R+rcosa)sinf | :a,€ |——,—|,B€ |——,—
rsin a Br&r SRR
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THE HEAT EQUATION

where we assume that R,r > % (otherwise we take a number greater than 8 in
the definition of A). By this definition A is a rectangle® in M with edgelength
2 (independent of R and r, the condition R,r > é guarantees that there is

4

enough space for A on M). We calculate the coefficients of 1 4:

(1A, Unm) > = / 1aUpmdVy = / e~ HnatmB)go A dg
M A

If n # 0 and m # 0 we have

e~ UnetmB) 4o, A dB

We may use the Theore

1

; 1
67l(na+mﬁ)dﬂ o

o

m of Stokes, (1.7) to conclude

—2im

efi(naer,B) da)

) 1 _, 1 _.
<1A7unm>L2 - —e z(na-{—mﬁ)dﬁ _ e z(na—i—mﬁ)da —
2 Jgamn m
i TSR 1 —» &1 .
— _e—z(nw-i—mﬁ)dﬁ _ _e—z(na—kmﬁ)da_’_
2 . on =  m
8R 8r
SF 1 . 1
+ _efz(nngm,B)dﬁ _ _efz(naer BR)dOé _
_% n _81 m
_ lew—: 1 e—imB| FF _ le—i% 1 e—inar| P
2\n —im = m —in =
1 _nr 1 . o|TsR 1 mx 1 | tEr
_|__€_7's_r - e—zmﬁ — 'SR ! e~ ina _
n —im - m —in -
1 s sy s mT s moar s mT ;T ;T
3 3 —1 —lan Aoyl — 1l
= — ([ —¢e'sr (@81?—@ 8R)+@ s (eSr_e r)_
2mn(
— eI (eTTRE — R ) 4 el FR (e1H ei“—:))
= T2 (G i) (R o) =
2mn
4 (mr) . (mw)
= —sin|—)sin {=—
mn 8r S8R

for m,n # 0. If n # 0 and m = 0 we have

e~ Mo NdS =d (

Again by (1.7) we have

(1a,uno) 2

1 .
_.eflnadﬂ
—in

)

"\ ~ 5k
= _Z (67’% — 671%) / ]_dﬁ =
n _
8R

3This could be the shape of a heating installation inside the Stanford Torus.
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2 . /nm\ T
(5 17 =

T . nT

~ R (@)
for n # 0. Because of the symmetry of u,,, we directly get

(La,upm)rz = T sin (m)
2mr 8R

And finally for n = 0 and m = 0 we have
ldaANdp =d(a-dp)

and thus
(1a,u00) 12 —/ adf =
OA
_ﬁ —T % T
/L 8r ﬁ + /_L 8r ﬁ
S8R 8R
T 8R
4r T 6
8R
- 16rR
We may use the function
. . sinz
si(zp) := lim
r—xro X

to get a simple formula for the coefficients in the series expansion:
2

(Las tnm) 2 = 1ZST7"RSi (Z_:) s (%)

o = o 5 (i) () e

,m

Thus

and

T(«a, B,t) = e*AglA(a,ﬁ,t) =
7T2 nm mm A (n2 2 .
_ (Y G (Y - Ar(nf4m )t ji(na+mg)
16ar;EZbl(8r)bl(8R) ¢ ¢

is the unique L2-solution of the heat equation. Omne can see that the mean
2

temperature on M (which is given by (7,1)72 = i) is constant, hence the

thermal energy of the system is conserved.

4.2 The Wave Equation

Similarly as in section 4.1 we get a solution u: M X [0, 0o[— E for the homoge-
neous wave equation

(07 + P)u(t,z) =0 (4.4)
u(0,z) = v(x)
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4.2. THE WAVE EQUATION

by spectral decomposition of L?(E) in eigenspaces of P and the solution of the
linear ODE

fn(0) =1

which is fy,(t) := cos(v/Ant). The f,, are uniformly bounded by 1 on [0, co[ and
real if \,, > 0 for all n € N. In this case cos(t\/]_p)v is the unique solution of
(4.4).

4.2.1 Example: Let M be a two dimensional sphere with radius » > 0. In
appropriate coordinates M is the following subset of R3:

7 COS ¢ sin ¢
M= rsingsinyg | € R®: ¢ €] — m, 7], € [0, 7]
7 CoS Y

We consider the Euclidean Laplacian on R3, A = — Z?Zl 86—;, which is elliptic
(see 2.2.6) and formally selfadjoint (use integration by parts). Its restriction to

M in the above coordinates is given by*

N N A
M="02 sin 1) Oy - oY 72 sin? ¢ 0¢?

Thus Ay, is elliptic and formally selfadjoint on M with the induced metric?
from R3. The spherical harmonics

214+ 1)l —m)

|
Vim(,6) ==\ | =gy M (cosv)exp(ima) (€N, ~l <m <)

where P/" are the associated Legendre polynomials defined by

- (_1)777, m lerm
B a) = S (U= o) ¥ g

are an orthonormal basis of L?(M x R) (see [F1i05], p.101-103). In addition the
spherical harmonics are eigenfunctions of Aj; with eigenvalues l(l%l) (see [F1i05],

(11.8) where we use that we have a minus in the definition of the Laplacian),
ie.

(.232 + 1)[

ApYim = (

Thus the unique solution of
(07 + An)u(t, v, 0) =0
u(0,9, ¢) = v(,1)
with

o0 l
U:Z Z im Yim

=0 m=—1

4see [F1i05], (9.11) where we used our sign convention for the Laplacian
5note that Aj, is indeed the Laplace-Beltrami operator for this induced metric
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is given by

o l
(COS(\/A—M)U) (t’w7¢) = Z Z alm}/lm(wv(b) COS <@t>

=0 m=-—1
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Notation

This list includes short descriptions for commonly used symbols in the text. The
page number refers to the definition of the symbol, if it is defined in the text.

*

]

(a3

Hodge-*-operator, p. 18

Lie bracket, p. 17

isomorph

Laplace operator

Bochner Laplace operator, p. 49

Laplace-Beltrami operator, p. 43

space of smooth sections over the vector bundle E, p. 15
space of smoth sections over E with compact support
space of k-times differentiable sections over the vector bundle F
inclusion map

space of alternating multilinear maps from V* to K, p. 16
Sobolev metric of order s, p. 53

a field, usually R or C

natural numbers including zero

natural numbers without zero

multi-index

space of vector bundle homomorphism from E to F, p. 28
space of K-linear operators from I'*°(E) to I'*°(F), p. 27
space of partial differential operators of order < m, p. 28
space of partial differential operators of order m, p. 39
Borel o-Algebra on the set X, p. 11

space of distributions on Q C R”, p. 20

space of test functions on 2 C R"™, p. 20
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NOTATION

For™
P(X)
§'(Q)
S(Q)
M
Der(R)
dim(M)
dom(T")
essup(f)
graph(7)
im(P)
ker(P)
span(C')
spec(T")
supp(u)
\%

Vx

Fourier transform, p. 21

power set of the set X

space of tempered distributions on 2 C R”, p. 21
space of Schwartz functions on Q C R"™, p. 21
space of (r, s)-tensor fields over the manifold M, p. 16
space of vector fields over the manifold M, p. 15
space of derivations of the ring R, p. 15
dimension of the smooth manifold M, p. 14
domain of the operator T

essential supremum of f

graph of the operator T

image of the operator P

kernel of the operator P

linear span of the set C'

spectrum of the operator T, p. 25

support of the function, section or distribution u, p. 20
linear connection, p. 17

covariant derivative by X, p. 17

space of k-forms on the manifold M, p. 17
tensor product, p. 15

Sobolev norm of order s, p. 53

chart norm of order s with respect to the chart ¢, p. 59
LP-norm, p. 12

operator norm

symbol of P € PDO™, p. 39

space of permutations of n numbers

analytical realization of the PDO P, p. 58
exterior product by ¢ € Q1 (M), p. 16
complement of the set A

p- 28

alternator, p. 16

metric ball around x with radius r
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(M)

divg(X)

T'E
TIM
IV
T,f
T,M
Ty
TM
-
VL

space of smooth functions from the manifold M to R

exterior derivative, p. 17

divergence of X € X(M), p. 43

metric volume for the metric g, p. 18

fibre of the vector bundle (E, B, w) over b € B, p. 15

pullback of the differential form w under the function F, p. 16
push-forward of the differential form w under the function F, p. 16
metric for k-forms, induced by the Riemannian metric g, p. 18
gradient of f € C*°(M), p. 43

Sobolev space of order s on 2 C R™, p. 21

Sobolev (section) space of order s on the vector bundle E, p. 53
space of Sobolev sections of order s on E with compact support
local Sobolev space of order s on the vector bundle F, p. 53
interior product by a vector v, p. 16

identity map on the set X

K is a compact subset of U

square-integrable sections on the manifold E, p. 52

bounded measureable functions from the set X to R, p. 12
p-integrable functions from the set X to R, p. 12

locally p-integrable functions from the topological space X to R
projection on the i-th factor of a Cartesian product

(formal) adjoint operator of T', p. 44 and 24, respectively

(r, s)-tensor bundle over the vector bundle E, p. 16

(r, s)-tensor bundle over the vector bundle TM, p. 16

space of (r, s)-tensors over the vector space V, p. 15

tangent map of the function f at the point p, p. 14

tangent space of the manifold M at the point p, p. 14

tangent map of the function f, p. 14

tangent space of the manifold M, p. 14

algebraic dual space of the vector space V

orthogonal complement of V/

97



NOTATION

98



Index

o-Algebra, 11

adjoint operator, 24
almost everywhere, 12
alternator, 16

analytical realization, 58
Arzela-Ascoli, 26

associated Legendre polynomials, 91

atlas, 13

Banach space, 23
Bochner Laplacian, 49
Borel-
o-Algebra, 11
measurable, 12
bounded operator, 24

chain rule, 14

chart, 13

Closed Graph Theorem, 24
closed operator, 24

compact operator, 25

complete vectorspace, 23
completion, 23

connection, 17

convergence of distributions, 20
covariant derivative, 17

densely defined, 24

derivation, 15

dimension of a manifold, 14
at a point p, 14

distribution, 20

divergence, 43

E-frame, 46
elliptic, 39
estimates, 66
regularity, 71
equicontinuous, 26
exchange formulae, 21
exterior
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derivative, 16, 17, 30, 40
product, 16

fibre, 15
formal adjoint, 44
formally selfadjoint, 48
Fourier

decomposition, 81

transform, 21

of tempered distributions, 21

Fourier, Joseph, 9
frame, 19

generalized Laplacian, 43
gradient, 43

Holder inequality, 12
Heat equation, 87
Hermitian
metric, 44
vector bundle, 44
Hilbert space, 23
Hodge
*_Operator, 18
-deRham operator, 42, 48
Laplacian, 42, 48

integral
of measureable functions, 12
on manifolds, 18
interior product, 16
Interpolation inequalities, 63

k-form, 17

LP-function, 12

Laplace-Beltrami operator, 43, 48
Laplacian, 29, 40

Leibniz, Gottfried Wilhelm, 9
Levi-Civita connection, 17

Lie bracket, 17

local operator, 32



INDEX

local Sobolev space, 53 space, 21
locally finite, 13 on manifolds, 53
Spectral Theorem
manifold, 13 for selfadjoint compact Operators,
with boundary, 18 25
measure, 11 for selfadjoint elliptic Operators,
space, 11 78
measureable, 12 spectrum, 25
metric, see metric tensor spherical harmonics, 91
tensor, 17 Stanford Torus, 87
volume, 18 Stokes’ theorem, 18
support of a distribution, 20
Newton, Isaac, 9 symbol, 39
order of a PDO, 39 symmetrl-c
oriented metric, 44
atlas, 18 operator, 25

manifold, 18 tangent map, 14

at a point p, 14
tangent space, 14

at a point p, 14
tempered distribution, 21

p-norm, 12

partial
derivative, 29, 39
differential operator, 28

partition of unity, 13 tensor, 15
bundle, 16
Plancherel Theorem, 22
Poincaré inequality, 76 field, 16
. " product, 15

Pre-Hilbert space, 23
principal symbol, see symbol
pullback, 16

push-forward, 16

test function, 20
unbounded operator, 24

vector bundle, 15

Rellich Theorem, 73 chart, 15
Riemannian volume form, 18

manifold, 17

metric, 17 Wave equation, 90

vector bundle, 44 weak derivative, 53

wedge product, see exterior product

scalar product, 23 Weyl’s Lemma, 72

space, 23
Schwartz function, 21 Young inequality, 63

selfadjoint, 25
semi-norm, 24
semi-normed space, 24
Semi-Riemannian manifold, 17
smooth
manifold, see manifold
map, 13
section, 15
structure, 13
Sobolev
embedding, 21, 63
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