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Abstract

This work summarizes the many attempts to understand the saturation of
the nonstationary ideal, starting with Solovays Splitting Theorem, proven by a
generic ultrapower construction, which asserts that N.S,; cannot be x-saturated.
The natural arising question wheter NS, is kT saturated is answered for x # Ny,
even when the ideal is restricted to points of a certain cofinality, following the
work of M. Gitik and S. Shelah. Further we prove the consistency of the claim
that NSy, is Ny saturated, using a supercompact cardinal, following the joint
work of M. Foreman, M. Magidor and S. Shelah. The last chapter, according
to the work of M. Foreman, M. Magidor and D.R. Burke, Y. Matsubara respec-
tively, investigates the saturation of the nonstationary ideal on P, (\). We prove
that this ideal cannot be AT saturated, unless k = A = wy.
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Chapter 1

Introduction

1.1 Clubs

Definition 1.1.1. Let k be a reqular uncountable cardinal. A subset C of k is
a closed unbounded subset of k (a club) if C is unbounded in k and if for every
sequence ag, v, ., ., of elements of C of length v < k we have limg_~y a¢ € C.

A subset S of k is stationary if it has a nonempty intersection with every
club of k

Fact 1.1.2 ([11], Theorem 8.3.). The intersection of fewer than k club subsets
of K is a club subset

Definition 1.1.3. Let (X, : a < k) be a sequence of subsets of k. The set
AXy ={{<Kk: €N Xa}

s called the diagonal intersection of the X,. Further we can define the dual
notion, the diagonal sum of (X, @ a < K):

> Xo={{<r:&e | Xa}

a<k a<§

Fact 1.1.4 ([11], Lemma 8.4.). If Cy, a < k is a sequence of clubs of length k.
Then the diagonal intersection of the Cy’s is a club

Definition 1.1.5. An ordinal function f on a set S C On is regressive if f(a) <
a forallae S, a>0.

Lemma 1.1.6 (Fodor’s Lemma). If f is a regressive function on a stationary
set S C k then there is a stationary set T C S and some v < k such that
fla)=v forallaeT.

Proof. Assume to the contrary that for each v < x the set {a € S: f(a) =~} is
nonstationary. Therefore there is for each v < k a club C,, such that C, N{«a €



S: fla) =7} =01ie f(a)#WVWaeC, Let C:= A,.C,. Cis a club, hence
SN C is stationary hence contains a nonzero ordinal and for each a € SN C we
have f(«) # v for every v < «, i.e. f(a) > a which is a contradiciton O

For stationary sets we have this fundamental combinatorial property discov-
ered by Robert Solovay in the 70’s. Its proof uses a technique we will introduce
later.

Theorem 1.1.7. Let k be a regular uncountable cardinal. Then every stationary
subset of k can be split into k many disjoint stationary subsets of k.

Definition 1.1.8. A filter F on a set S # () is a collection of subsets of S such
that

1. SeF,0¢F
2.If X, Ye F then XNY € F
8. IfXeF,YCSand X C Ythen Y F

If X is a reqular cardinal then the filter is A-complete if F is closed under the
intersection of less than A\ sets of F, i.e. If v < X and for alla < v X, € F
then it follows that (.., Xo € F

a<y

Definition 1.1.9. An ideal on a nonempty set S is a collection I of subsets of
S such that:

1. 0eINS ¢TI
2 Xel,Yel=XUYel
3. X, YeS XelINYCX=Yel

If X\ is a regular cardinal then the ideal I is A-complete if it is closed under the
union of less than X sets of I, i.e. if v < X and if for all @« < v X, € I then
Uacy Xa €1

Note that the concept of an ideal is closely related to the concept of a filter.
If Fis a filter on S then the set [ := {S — X : X € F} is an ideal on S, the
so called dual ideal. In a similar way we can define for each ideal I it’s dual
filter which will be denoted by I*. Further we write I'™ to denote P(S) — I, i.e.
IT:={X C S : X €I} and say that I is the set of the I-positive subsets of
S. Lastly if ¢ is an arbitrary property then we say that ¢ holds for almost all
zeSif{xelS: —px)}el

Definition 1.1.10. The collection of all X C k, such that there is a club C C k
with C C X is a filter F on k, the closed unbounded filer on k. Its dual ideal
I is the ideal of all nonstationary subsets of k, the nonstationary ideal NS,.
Since F' is k complete NS, is k complete as well.



Definition 1.1.11. A filter F on & is normal if it is closed under diagonal
intersections:
Vo< kXy€F = ApcXo €F

An ideal I is normal if its dual filter is normal.

Fact 1.1.12 (/11], Lemma 8.11.). If F is a normal filter on k that contains all
final segments {a : ag < a < Kk} then F contains all clubs.

For example the closed unbounded filter on x is normal due to Fact 1.1.2.
We can generalize the concept of a club on a regular x:

Definition 1.1.13. Let A be any set of cardinality at least k

o A set X C Py(A) = [A]<F :={X € P(A) : |X| < &} is unbounded if for
every x € Py (A) there exists a y D x such that y € X

o A set X C P,(A) = [A]<" is closed if for every chain z9 C z1 C .. of
length o < k of sets in X, the union U£<a x¢ 15 i X.

o A set C C P;(A) =[A]<" is closed unbounded (a club) if it is closed and
unbounded

o A set S C P;(A) = [A]<F is stationary if it has a nonempty intersection
with each club of Pg(A)

The closed unbounded filter on P, (A) is the filter generated by the clubs, i.e. the
filter consisting of all sets that have a club as a subset.

The natural question now arises if we are allowed to transform important
results obtained for clubs on « to similar statements for the generalized concept
of a club. This will later be the main theme of this work. At first we notice
that the most basic results still hold in the more general frame:

Fact 1.1.14 ([11], Theorem 8.22.). If Xy, X1, .. is a sequence of length v < K
of clubs of P(A) then e, is a club in P.(A)

Definition 1.1.15. The diagonal intersection of |A|-many subsets X,, a € A
of P.(A) is defined as:

AgenXo={z € Pu(A):z € [ Xa}

acx

Fact 1.1.16 (Jech). ([11], Theorem 8.24.) If f is a function on a stationary
set S C P.(A) and if f(x) € x for every nonempty set x € S then there exists a
stationary set T C S and some a € A such that f(x) = a fora all x € T.

Definition 1.1.17. A set D C P.(A) is directed if for all x and y in D there is
az € D such that x U y C z

Lemma 1.1.18. If Cis a closed subset of P;(A) then for every directed set D
C Cwith |D| <k, D e C.



Proof. By induction on |D|. If D is finite the lemma holds, thus let D =
{Zo : @ < 7 < K} be an enumeration of D of length 7. Assume the lemma
holds for every directed set of cardinality less than . Let a < v and D,, be the
smallest directed subset of D such that z, € D, and D, D U5<a Dg.

We claim now that |D,| < v for all @ <« which we will prove by induction
on a: Let |Dg| < v for all < . Since D, is the smallest directed set extending
all the Dg’s, f < «, D, consists of the following elements:

e all the x% which denotes the i-th element of Dg
e all the xlﬂ{s > xlB u x%

i,5,k,1

o all the 23%%" o 2%’ Uy

It follows that |D,| < 7 and the claim is proven. Now let y, = |JDo. We
have y,, € C for all & < v, and yg C y, if 5 < .. This implies |y D = U(K,y Yo €
C which finishes the proof. O

Definition 1.1.19. Let f: [A]<¥ — P,(A) be a function. A set x € P.(A) is a
closure point of fif the following holds for all finite subsets of A:

eCx= fle)Cx

Note that the set Cy of all closure points of f form a closed unbounded subset
of P;(A). As a matter of fact the sets C; generate the closed unbounded filter
of P(A):

Lemma 1.1.20. For every club C in P,(A) there exists a function f: [A]<*¥ —
P.(A) such that Cy C C.

Proof. Since C'is a club we can find for each finite subset e of A an infinite set
f(e) € C such that e C f(e) and that f(e1) C f(e2) whenever e; C ez. Let x
be a closure point of f. As x = [J{f(e) : e € [x]<“} is the union of a directed
subset of C' of cardinality < xk we have (by Lemma 1.1.18) that 2 € C, hence
Cf cC. O

Definition 1.1.21. Let A C B and |A] > k.
e For Y C P.(B) the projection of X to A is the set

XTA={znA:ze X}

e For Y C P.(A) the lifting of Y to B is the set:
Y ={zxeP.,(B):znAecY}



Lemma 1.1.22 (Menas). Let A C B
o If S is stationary in P,(B) then S| A is stationary in P, (A)
e If S is stationary in P.(A) then SB is stationary in P.(B)

Proof. The first assertion holds because if C is club in P.(A) then CP is club
in P,(B): CP is closed since if 2o C o1 C ... is a chain of length less than & in
CB then (x¢N A) € C for all £ < . Tt follows that Ug<r e N A € C and hence
Ue<r ¢ € CE. OB is unbounded since for each z € P,(B),zN A € P,(A) and
there exists a 1 € C such that 1 D x N A and it follows that 1 U (x — A) D x
and (z; U (x — A))NA=um € C, hence 21 U (z — A) € CP and CP is in fact
a club subset of P, (B). This ends our proof of the first claim since if we would
suppose that S | A is not stationary in P,(A) then there would be a set C
which is club in P,(A) such that C NS [ A = () which implies CBNS =0, a
contradiction to the fact that C® is club.

For the second assertion we want to show that if C' C P,(B) is club then
C' | A contains a club which would implie the claim. If C is club in P,(B) then
by the lemma 1.1.20 there is a function f : [B]<“ — P, (B) such that Cy C C.
Let g : [A]<¥ — P.(A) be the following function: for each finite subset e of A
let = be the smallest closure point of f such that z D e and let g(e) = z N A.
We claim that C; | A=Cy: Let c € Oy [ A,e Czthengle) =1 NACzNA
due to the definition of g, hence x € Cy. Let 2 € Cy and ey C z,e1 € [A]<¥
and g(er) = 1N A C z. For es C o — (x1 N A) there exists zo2 € Cy such
that g(ez) = z2 N A C = and we can continue this way until we obtain a chain
(Za)a<nr of elements of Cy such that x = (Jx, N A holds. Hence z € Cf | A.
This finishes our proof since Cy [ A = C,; we have C, C C | A. O

Before ending the first section we state a result by Kueker, which will be
important later in the text, and which improves Lemma 1.1.20 in the case where
k = wi. Let A be an arbitrary set, let [A]* denote the set of subsets of A of size
w, then a function F : [A]<¥ — A is called an operation on A. Moreover we say
that = € [A]“ is closed under F if for every finite e C x F(e) € .

Theorem 1.1.23 (Kueker). Suppose that C' C [A]“ is a club, then there is an
operation F on A such that

{z € [A]* : =z is closed under F} =: Cp C C
i.e. the family of the Cr is a basis for the clubs in P,(A).

Proof. Suppose that C'is a club. First we define a function f : [A]<¥ — C with
these two properties:

1. Ve € [A]<¥ e C f(e)

2. if e C e then f(e1) C f(e2).



This can always be done since C' is a club, and as in lemma 1.1.20 we have that
Cy C C. Since f(e) is countable for each e we may write f(e) = {fx(e) : k € w}.
Let n — (ky, my) be a bijection.

Now we define an operation as follows: F({a}) = a+ 1 and if a1 < ap <
.. < ay then let F({a1,....,an}) = fi, {o1,...,an}). It suffices to show that
CrCCf.

Thus let = be closed under F, let k € w and let e € [x]<“. We want to show
that fr(e) € z. If e = {a1, ..., } and ag < ... < Quy, then let n > m be so
that k = k,, and m = m,,. Since z is unbounded (as F({a}) = a+ 1), there are
Qg 1y oy Oy € o such that fr({a1,....,am}t) = F({a1,...,an}) € x which is all
we need. O

Note that Kuekers theorem becomes a wrong statement for x > w;: Suppose
that kK > wq thenlet C := {z € P,(A) : || > X;}. It’s hard not to show that C
is a club in P, (A). On the other hand for each operation F' there exists a closed
x € A such that |z| = w, so Cr C C is impossible. Nevertheless we will later
show that there is a reasonable generalization of Kuekers theorem for £ > wj.

1.2 Measurability

The concept of measurability has its origin in the investigations of Henri Lebesgue
in the beginning of the last century. The question wheter there exists a measure
on an arbitrary set S led to the introduction of measurable cardinals, which
turned out to be a too strong concept to be decided in ZFC alone. We start
with the definition of the first large cardinals, the inaccessible ones:

Definition 1.2.1. A cardinal k > w is weakly inaccessible if and only if Kk is
reqular and a limit cardinal.

A cardinal is (strongly) inaccessible if and only if k is weakly inaccessible
and a strong limit i.e. YA < k 2) < k. We will suppress the adverb strongly
from mow on, thus an inaccessible cardinal will always be a strongly inaccessible
one.

We will later derive the basic properties of inaccessible cardinals. Instead we
now present the definition of measure on a set S, axiomatizing some elementary
characteristics of capacity. A definition which looks very harmless at first sight
is the following:

Definition 1.2.2. Let S be an infinite set. A (nontrivial, o-additive) measure
on S is a real valued function p on P(S) such that the following holds:

(i) u(0) =0
(i) if X CY then u(X) < p(Y)
(i1i) u({a}) =0 for alla € S



() if Xn,n=0,1,2... are pairwise disjoint then:

p(J Xn) =D nl(Xn)
n=0 n=0

The easiest case, and thus probably the first one that comes to mind, would
be a two valued measure pu, i.e. a measure with the property that for every
X cCSuX)=0or u(X)=1.If g is so then

U={XCS:uXx)=1}

defines a nonprincial ultrafilter on S which is moreover N;-complete. Conversely
such a filter defines a two-valued measure on S by:

wX)=1eXelU

wX)=0=X¢U.

So these two concepts are equivalent.
The next fact leads the way to the definition of a measurable cardinal:

Fact 1.2.3 ([11], Lemma 10.2). Suppose that & is the least cardinal such that
there is a nonprincipal, Nq-complete ultrafilter, then U is even k-complete.

Thus the following is reasonable:

Definition 1.2.4. An uncountable cardinal k is measurable if there exists a
k-complete, nonprincipal ultrafilter U on k.

Fact 1.2.5 (/11], Lemma 10.4). Every measurable cardinal is inaccessible

If we turn our attention to measures that are not necessarily two-valued, we
discover an important property: Let p be a measure on a set S and consider the
ideal:

I,={XCS:uX)=0}

I,, is a nonprincipal,R;-complete ideal (the so-called ideal of all null sets) and
satisfies these two properties:

1. {a} € I for everyz € S

2. every family of pairwise disjoint sets X C S that are not in I is at most
countable.

A o-complete,nonprincipal ideal I on S, for which those two properties hold is
called o-saturated.

Definition 1.2.6. An uncountable cardinal x is real valued measurable if there
exists a nontrivial (i.e. w({y}) =0 for all v < k) k-additive measure i on k.



Note that beeing real valued measurable implies beeing regular since every
singular cardinal is the sum of less than x many small sets, and k additivity
implies that small sets have measure zero.

Lemma 1.2.7. A k-complete ideal I on k is normal iff for every So € I and
every regressive function f on Sy there is SC So,S & I such that f is constant
on S

Proof. In the forward direction let I be normal and let f : Sy — & be a regressive
function. Let us assume to the contrary that for each v < k, f~1(y) € I.
Since I is normal we claim that I is closed under diagonal unions: If (A, )a<k
is a sequence in I then (k — A,) is in I* and by normality we know that
Aaci(h — Aq € T*. But A(k — An) = {€ < K 1 § € Ngeelh — Ao} =
€<k &¢ UpceAa} = k=3 Aq hence )5 A, € I which shows that I is
indeed closed under diagonal unions. Thus set S := 3" f71(y) then S € I
and 30 f71(y) = {£ <k : £ €U, f(7)} which equals, as f is regressive
U, <r f ~1(y) = k € I which is a contradiction. Hence there must be a v < &
such that f=1(v) € I.

To prove the backward direction we assume that I is an ideal which satisfies
the latter assertion but is not normal. Thus let (A,)a<x be a sequence in I
and assume that A,<.(k — A,) ¢ I*. Consider the regressive function f :
(k — A(k — Ay)) — k defined by f : £ = a <  where « is the least ordinal
such that £ ¢ k — A,. By our assumption f is defined on a set which is not in
I hence there exists an S C k — (A(k — A,) such that f is constant on S. For
each element £ € S we have that f(£) = « for a fixed «, hence £ ¢ kK — A,, i.e.
SN (k—A,) =0 and hence S C k — (k — Ay) = A, which implies that S € I -
a contradiction. O

Definition 1.2.8. A normal measure on k is a normal, k-complete non prin-
cipal ultrafilter on k.

Fact 1.2.9 (/11], Lemma 10.19). If D is a normal measure on k then every set
i D is stationary

1.3 Ultrapowers

This section gives a brief introduction to ultrapowers, a useful tool to construct
from a given model of ZFC a new one. We assume that the reader already feels
familiar with model theoretic concepts. V will always denote a transitive model
of ZFC.

Definition 1.3.1. A formula of set theory is Ao (X0, Ilp) if
1. it has no quantifiers or

2. itis @ AN, @V, —p, @ — 1 or ¢ <> Y where ¢ and ¥ are Ag formulas
or



3. it is (3z € y)p or (Vx € y)p where ¢ is a Ay formula

Definition 1.3.2. A formula is ¥X,,41 if it is of the form JxoIzry... 320 where
¢ is I, and I, 41 if it is of the form VxoVry..Vo,@ where ¢ is ¥, ¢ is BZF
if there is a v which is 3, and ZF = ¢ <» . UZE is defined in the same way;
AZE means both TIZY and 27

Fact 1.3.3 ([11], Lemma 12.9.). If p(vg, v1,...,0n) s Lo, M a transitive class
and xg,x1,...,T, € M then:

M E ¢lzo,x1,...,x0] &V E @z, 21, ..., 2]
The same result holds for AZ¥- formulas:

Fact 1.3.4 (/18], Exc. 4.15.). If ¢ is A?Y M a transitive model of ZF and
Loy T1,..., Ty € in M then:

M = plro, x1,..., 20 & V = plro, 21, .., Tn)
Fact 1.3.5. ,rank(vy) = v “ is AZE; V, = v “is I#F

Proof. Let ¢(f) be the statement , f is a function and Va € dom(f)(z C
dom(f) A flx) = U{f(y) +1 : y € z} “. This can be written by a Ag
formula. ,rank(vg) = v1“ can be written as 3f(¢o(f) A (vo,v1) € f) or as
Vi(e(f) Avg € dom(f) — (vo,v1) € f). The first formula is ¥y, the second one
is H1~

w Voo = 01 iff Yua(vg € vy > Jus € vo(rank(ve) = vs)) which is II4 O

Definition 1.3.6. Let #¢ denote the Gddel number of the formula ¢. A for-
mula T(z) is called a truth definition if it satisfies these two conditions:

1. Vo(T(z) = = € w)
2. if o is a sentence then o + T(#0)
Fact 1.3.7 (Tarski). ([11], Theorem 12.7) A truth definition does not exist

Proof. Assume to the contrary that there is a truth definition T'(z). Let ¢ (z) be
the formula x € wA=T (#¢,(x)). Let k be such that ¢y (z) = 1 (x). Let o be the
sentence ¢ (k). Then we have: o + (k) < ¢r(k) < T (#er(k)) < —T(#0)
which is a contradiction. O

Although a truth definition does not exist we are able to formalize a satis-
faction relation =7, for a transitive class M restricted to ¥, formulas:

Definition 1.3.8. We write ES, p[z1, .., 2] iff p(v1,..,vx) is o and Jy € M
(y is transitive and x1, ..,z €y and (y, €) = ¢[z1, .., zi]).
And recursively )z’](jl iff o(v1, .., V) 8 Bpt1 $aY kg1 . gV (V1, - oo Vgoprr)

where ¥ is Ly, and 3y1 ...y~ (ER Y1, e, Y1, -5 Yr))-
The definition 1.3.8. above is justified by the following fact:
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Fact 1.3.9. Let ¢ be a 3, formula with variables vy, .,.vi. Let#p be its Godel

number. If M is a transitive class and x1,.,.,xx € M then the following holds:
oMxy,., . xp] SEY o(@1, .. 2).
Note that the relation on the right side is a relation in #¢, x1,.,., Tk, N.

Definition 1.3.10. Let My = (My,.,.) and My = (My,.,.) be structures (pos-
sibly of class-size) for a language L. An injective function (which may be a class
again) j: My — M is an elementary embedding of Mo to My if it satisfies the
elementarity schema: For any formula ¢(vy,.,.,v,) of L and 21, .,.,2, € My:

Mo = plzrs 2] & Mo elj(@), 0,5 (@n)]

Note that the definition above is merely an informal one since the relation
M = ¢[xg, ., ., ] is not formalizable in general.

We can overcome this difficulty, using the following stratagem: We don’t
want the full elementarity schema to hold we just want it to hold for ¥,, formulas
for which the satisfaction relation is formalizable.

Definition 1.3.11. The injective function j is a X,-elementary embedding,
denoted j: Mg <, My if the elementary schema holds for all the ¥,,-formulas.

We will often denote a model M = (M, €,..) simply with M, and hope
the reader doesn’t lose his faith in the overwhelming accuracy of mathematical
notation. For inner models we obtain the following basic result:

Fact 1.3.12 (/12], Proposition 5.1.). Let My and M, be inner models and let
j: My <1 M;. then the following holds:

e [For any ordinal o j(«) is an ordinal and j(a) > «

e [f j is not the identity and if either My C My or My = AC' then j(§) > 6
for some ordinal §.

e For anyn € w j: My <, M.

Motivated by the third statemant of 1.3.12. an elementary embedding j will
always be a X;-elementary embedding, and we will treat them informally.

Definition 1.3.13 (Ultrapower of the universe). Let S be a set, U be an
ultrafilter on S and consider the class of the functions with domain S. We define:

o f="go{zelS|fzx)=g@)}eU
o fergo{reS|f(x)eglx)elU

For each f: S — Vdefine [f] :={g| f =" gAVh(h =* f — rank(g) < rank(h))}
and let Ulty (V') be the class of all [f]. The model (Ulty(V), €* ) is the so called

ultrapower of 'V, and we will sometimes just write Ult to denote it.
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Our next theorem answers the question why ultapowers have been studied,
and moreover states the elementary equivalence of V' and Ulty (V):

Fact 1.3.14 (Lo$). ([11], Theorem 12.3.) For every formula ¢(v1,va,..v,) of
Le (i-e. the standard language of set theory containing the relation symbol €
and nothing more) and f1, .., fn, functions : S — V the following holds:

Ulty(V), €7) E ellAl: [fa], - [fall < {i € Slel(f1(3), ..., fu ()]} €U
Proof. Informal induction over the complexity of . O

Note that the fact above is in fact a schema of theorems, one for each ¢.
The function j = jy defined by jy(a) = [cq] (where ¢, : S — {a} is the constant
function) is an elementary embedding of V' in Ult. Of particular interest is the
case where Ult is well founded, i.e.

e Every nonempty set X C Ult has an €*-minimal element
o {[g] : g €* f}is aset for each f

The second condition is always satisfied and using AC the first one is equiva-
lent to the non-existence of an infinite descending €*-sequence. We have the
following characterization:

Lemma 1.3.15. U is a o-complete ultrafilter if and only if (Ult, €*) is a well
founded model.

Proof. ' =': Assume to the contrary that there is such a descending sequence
of infinite length f1, fo,... Let X, :={x € S : fot1(z) € fu(x)}. Each X,, € U
and so (X, is not empty (since it is an element of U). This would lead to an
infinite descending sequence f1(z) 3 fa(x) > .... for each x € (| X,, which is a
contradiction.

For the reverse direction we assume that there would be a sequence (X;);<y,
of elements of U such that (| X; ¢ U. For each k < w let gi : S — V be defined
as follows:

i) = {n—k‘ ifi € Om<nXm - X,
0 otherwise

Then {i € S ¢ gr+1(1) < gr(D)} D Nk Xm — Npecw Xn € U for k € w
and 80 ([gn])n<w is an infinite descending sequence in Ult which is again a
contradiction. O

Now if the ultrapower Ult is well founded we can apply the Mostowski Col-
lapsing Theorem to obtain an isomorphic transitive model M = =w(Ult). Its
elements 7([f]) will be, in an abusive way, denoted again with [f] to simplify
the notation.

Lemma 1.3.16. If U is a k-complete ultrafilter over a measurable cardinal k
and j : V < M its canonical embedding then crit(j):= the smallest ordinal such
that j(a) > a equals K

12



Proof. At first we show that for each a < k j(a) = . If not then let o < k be
the least ordinal such that j(a) > a. If [f]| =awehave {{ <k : f(§) <a}leU
due to our assumption. Let X5 :={{ < k : f(§) = B(< a)} for each 8 < «a.
That’s a partition of an element of U into a-many sets and k-completeness
implies that there is a f < « such that Xg € U which would implie that
[f] =7(B) = B = « a contradiction.

Next if we consider the diagonal function d : kK = k d(«) := « we observe
first that « < [d] for each a < £ due to the k-completeness, further [d] < j(k),
which combined gives us k < [d] < j(k) and so « is the critical point of j. O

The converse is also true:

Lemma 1.3.17. Let j be a nontrivial elementary embedding j: V < M then
there exists a measurable cardinal

Proof. If j is such an embedding then there exists an ordinal « such that j(«)
> «a due to Fact 1.3.12. Set x:= crit(j) and we have x > w. What remains to
show is that k is measurable: Let D be the collection of subsets of x defined as

follows:
XeDorej(X) (XCr)

We have that £ < j(k) and so k € D, also ) ¢ D because j(@) = 0. If
X,Y e Dthenk € j(X)Nj(Y) & re j(XNY) & XNY €D. If X €D
and Y D X then x € j(X) C j(Y) = Y € D. And finally if X ¢ D then
because of j(k — X) = j(k) —j(X) = j(k — X) and so Kk — X € D. Also
i{a}) ={j(a)} = {a} F & for all @ < k and so D is a nonprincipal ultrafilter.

It remains to show that D is k-complete. Thus let v < k and let (Xq)a<y
be a sequence of elements of D. We have: j((Xa)a<y) = ((Xa))a<jy) =
(j(Xa))a<y and so if X =, ., Xa we get j(X) = j(Ny<y Xa) = Ny J(Xa)
and so k € j(X) hence X € D. O

Remark : The measure D = {X C k : k € j(X)} is even a normal one.
This follows from the following observation, together with Fact 1.2.10. : Let f
be a regressive function on some X € D. Then (jf)(k) < k. Let v = (5 f) (k).
We have: 7 = (jf)(x) < 5 ¢ 1 € {a : (Gf)(0) =7} > 5 € j({a : f(@) =
vH < {a: fla) =7} € D+ f(a) =~ for almost all @ < &

Lemma 1.3.18. Let D be a nonprincipal k-complete ultrafilter on k. Then the
following are equivalent:

(i) D is normal

(ii) In the ultrapower Ultp(V): k = [d] where d is the diagonal function :xk —
K, d(a) =«

(i1i) For every X C k, X € D if and only if k € jp(X).

Proof. (i) — (ii): If [f] €* [d] then there exists a g : kK — K such that g =* f
and g is regressive. Due to Fact 1.3.12.(1) g is constant on a set in D hence
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[f] = [9] = @ < k and we have [d] C k. To show that x C [d] let @ < k. Since
a = jla) = [a] €* [d] we are done.

(if) — (iii): If X C k then X € D <+ d(«) € X for almost all a +» [d] € j(X).
If [d] =k we get X € D <> k € jp(X).

(iii) — (i): by the remark preceding the lemma O

Lemma 1.3.19. Let U be a nonprincipal k-complete ultrafilter on k, let M =
Ulty (V) and let j = jy be the canonical elementary embedding of V in M.

(i) j(z) =z for every x € V,; and so VM = V.; j(X)NV,, = X for every
X CVy,and so VM, =V,i1 and (kMM = k7.

(i) M" C M, i.e. every k-sequence (aqo)a<wk Of elements of M is itself a
member of M

(iii) U ¢ M
(i) 2% < (29)M < j(k) < (2%)F

(v) If X is a limit ordinal and if cf(X) = k then j(\) > lima_aj(e), if
cf(N) # £ then j(A) = lima—xj(@)

(vi) If X > K is a strong limit cardinal and cf(\) # K then j(A) = A.

1.4 Some Large Cardinals

We have already introduced measurable cardinals and derived some easy con-
sequences. In this section we will define some other large cardinals that will
later in this text become important. We start with a property which all large
cardinals have in common and which is crucial for its theory. The existence of
an inaccessible cardinal is not provable in ZFC, further the relative consistency
of the statement there exists an inaccessible cardinal is not provable:

Fact 1.4.1 (/12], Theorem 1.2.). Suppose that & is inaccessible. Then:
(i) If e CV, then: z € V,, <> |z] < K
(i6) (Vi €) = ZFC

Fact 1.4.2 (/11], Theorem 12.12.). (i) ZFC t/ (Con(ZFC) — There exists
an inaccessible cardinal)

(i) ZFCW ( Con(ZFC) — Con(ZFC + There exists an inaccessible cardinal))
The next large cardinal notion is due to Paul Mahlo
Definition 1.4.3. Let k be a limit cardinal

(i) k is weakly Mahlo if and only if {o < k : « is regular} is stationary in k.
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(i1) K is (strongly) Mahlo if and only if {o < k : « is inaccessible} is station-
ary in k. Again the strongly will be supressed

A weakly Mahlo cardinal is regular (to see this assume to the contrary that
there is an unbounded X C & such that |X| < . The limit points of X — |X|
other than xk form a club which doesn’t contain any regular cardinal). Hence
a weakly Mahlo cardinal is weakly inaccessible. Moreover a Mahlo cardinal is
regular (since it is weakly Mahlo) and obviously a strong limit. Thus a Mahlo
cardinal is inaccessible.

Fact 1.4.4 ([/12], Proposition 6.2.). The following holds:
(i) k is inaccessible if and only if VR C Vida < k& (Vu, €, RNV,) < (Vi, €, R)

(i) k is Mahlo if and only if VR C Vida < k such that « is inaccessible and
(Vo €, RNV,) < (Vi, €, R)

The next large cardinal we want to introduce is the weakly compact: To
motivate our definition we need some definitions first.

Definition 1.4.5 (Arrow notation). Let k, A be infinite cardinals, let n be a
natural number and let m be a (finite or infinite) cardinal. We write

w = (M

if every partition of [k]™ into m pieces has a homogeneous set of size A, i.e.
every F : [k]" — m is constant on [H|™ for some H C k such that |H| = A

The arrow notation was invented to faciliate the study of possible generaliza-
tions of the quite famous theorem of Ramsey, who could prove that Xg — (Ro)?
holds for all n, k € w. An obvious question is if there are uncountable cardinals
k that satisfy k — (k)%, which is the weakest case of k — (k)7 (as k — (A7,
remains true if n, m are made smaller).

Definition 1.4.6. An uncountable cardinal k is weakly compact if it satisfies
k= (K)3

This is a stronger principle than inaccessibility:
Fact 1.4.7 ([11], Lemma 9.9.). Every weakly compact cardinal is inaccessible
It is also stronger than Mahloness

Fact 1.4.8 ([11], Theorem 17.19.). Every weakly compact cardinal £ is a Mahlo-
cardinal. Moreover the set of Mahlo cardinals below Kk is stationary

Its name refers to another equivalent definition: It can be shown that for
weakly inaccessible cardinals the infinitary language L, , satisfies a variation
of the Compactness Theorem in Model Theory, which explains its name. We
will later use another characterization of weak compactness using some tree
terminology:
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Definition 1.4.9. Let x be a regular uncountable cardinal.  has the tree prop-
erty if every tree of height k whose levels have cardinality < k has a branch of
cardinality k.

This concept is closely related to an old result by Aronszajn who showed
that wy doesn’t have the tree property.

Fact 1.4.10 (/11], Theorem 9.26.). (i) If k is weakly compact then k has the
tree property

(ii) If k is inaccessible and has the tree property then k is weakly compact.

The next lemma determines the position of measurability in the hierachy of
the large cardinals that we have already defined:

Lemma 1.4.11. FEvery measurable cardinal is weakly compact

Proof. We already know that k is inaccessible, thus 1.4.10 tells us that we only
have to show that x has the tree property. Let (T, <) be a tree of height x with
levels of size < k, and let U be a k-complete ultrafilter on 7.

We consider the first level Ty := {x¢ : £ < v}y < k of the tree T. For
each x¢ € Ty let Ug be the set of all successors of z¢ inT. The (Ug)¢<, form a
partition of T of size less than x, hence due to k-completeness there is a £ €
such that Us € U. We apply the same argument to the set 75 N Ug, where T3 is
the set of elements of the tree of level 2 and get an :Cé, € Ug NIy such that the
set of the successors of w’g, is in U. Continuing this way we obtain a branch of
T whose length is k. This shows that x has the tree property. O

The last of the large cardinals we will need is the supercompact cardinal.

Definition 1.4.12. A k-complete filter F' on P,;(A) is normal if for everya € A,
{r e P,(A) : acx} € F and if F is closed under diagonal intersections.

Lemma 1.4.13. Let U be a k-complete ultrafilter on P.(A) and assume that
for everya € A, {x € P.(A) : a € x} € F. Then U is normal if and only if for
every function [ : Po(A) — A such that [ is regressive, i.e. f(x) € x holds for
each x, fis constant on a set in U.

Definition 1.4.14. A cardinal k is supercompact if for every A such that |A| >
K there exists a normal ultrafilter on P,(A).

We will see soon that a supercompact cardinal is always measurable, in fact
it is the x-th measurable cardinal.

Fact 1.4.15 ([11], Lemma 20.13.). Let U be a normal ultrafilter on P.(A), let
d:P,(A) — P.(A) be the diagonal function i.e. d(z)=z for each x in P.(A).
Then if we consider [d] in Ulty(V) we have [d] = {j(v) : v < A}= j“\.
Moreover for every X C P.(A):

X €U if and only if 74\ € j(X)
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It follows that if f and g are functions in P, () then: [f] = [g] «> X = {« :
f@) =g(@)} €U« A e j(X) < i Aedy : jfly) =igw)} < if([*A) =
7g(G*N). So

(1) [f] = [g] if and only if jf(j%X) = jg(7*})
Moreover [f]=[g] <> X :={z : f(z) €g(z)} €U < j“N € j(X) & j“NA e {y :
3f(y) € 39(y)} < f(GA) € jg(G*A) So
(2) [f1elgl < ifG*A) €4g(G*N)
(1) and (2) implies that
() [T =3FG"N).

Lemma 1.4.16. Let U be a normal ultrafilter on P.(\). Consider the ultra-
power Ulty (V). Then:

(i) A is represented in Ulty (V) by the function f : x — ot(x), where ot(x)
denotes the ordertype of .

(ii) k is represented by the function g : x — x N K.

Proof. (i): Let f : x — ot(z). Then [f] = jf(§“\). Due to elementarity of j the
function jf still maps eachz to ot(z), thus [f] = jf(j*X) = ot(j“\) = A. Note
that this implies, as ot(z) < & for each z, j(k) > A.

(#): Let g : x — kN x. Then jg: z — j(k) Nz and hence [g] = jg(§“N\) =
Jj(k) N j“\. Now, by the usual argument, the x-completeness of U implies that
j(vy) = v for each v < K, whereas j(k) > A by (¢). Hence [g] = j(k) N j“\ =
K. O

Fact 1.4.17 ([12], Lemma 22.4.). Let U be an wi-complete ultrafilter over a set
S, and let j : V < M 2 Ulty (V) be the canonical elementary embedding. Then

(i) If j“X € M for some set X and Y C M is such that |Y| < |X]|, then
YeM.

(ii) For any~y, j“y€ M < MY C M.
(iii) j“(SI*) ¢ M
(iv) U ¢ M

The last lemma together with (%) imply the following characterization of
supercompact cardinals:

Fact 1.4.18 (Solovay,Reinhardt). ([11], Lemma 20.14.) Let A\ > k be two
cardinals, the latter should be regular. A normal ultrafilter on Py(X\) exists if
and only if there exists an elementary embedding j : V — M such that:

(1) () = for all v < ;
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(ii) j(k) > K;

(i) M> C M; i.e. every sequence (as : o < \) of elements of M is a member
of M

Note that the last theorem is not a result of ZFC since the expression ,,there
exists an elementary embedding j¢ is not formalizable (j could be a class). Nev-
ertheless this doesn’t make any problem in the = -direction since the elementary
embedding j is a definable class. Hence in this direction the Theorem should
read: ,,if there is a normal ultrafilter then the class j defined by ¢(x) (where
(x) is so chosen that it defines the class j) satisfies the elemetarity schema®.

This doesn’t work for the other direction though. To mention a frame for
which the theorem remains exprssible consider the usual language L, together
with a function symbol j and a predicat for M, and augment ZFC with the for-
mula schema, verifying that j is an elementary embedding satisfying conditions
(i)-(ii) in the last theorem, and M is a model of ZFC satisfying (iii). Then this
new axiom system proves that there exists a normal measure on Py (\).

Definition 1.4.19. Let k be a cardinal that satisfies the conditions (i)-(iii) in
the theorem of Solovay and Reinhardt. Then k s called A-supercompact.

Lemma 1.4.20 (/11], Lemma 20.16.). If & is supercompact then there ezists a
normal measure D on K such that almost every a < k (modD) is measurable.
In particular, k is the k-th measurable cardinal.

1.5 Forcing

I will only give a short review of the basic facts of forcing. The reader will find
more in Bells [1], Jechs [11] and Kunens [13] books.

Definition 1.5.1. A forcing notion P satisfies the k-chain condition (k-c.c.) if
every antichain in P is of size less than k. P has the countable chain condition
(c.c.c.) if P satifies the wy-chain condition.

Fact 1.5.2 ([11], Theorem 15.3.). If k is a regular cardinal in V (where V
denotes as always the ground model) and if P has the k-c.c. then k remains a
reqular cardinal in the generic extesion V/[G].

Fact 1.5.3 ([12], Proposition 10.5.). Let P be a notion of forcing, k be a regular
cardinal, P has the k-c.c., and let A be an arbitrary cardinal. If we let 0 =
(|P|<®)* and G be a generic filter then

VG| E2* <0

Definition 1.5.4. A partial order P is k-distributive if the intersection of less
than k open dense sets is open dense.

Definition 1.5.5. Let k be a cardinal. A forcing notion P is k-closed if for
every A < K, every descending sequence (po : o < X) has a lower bound. We
say that P is o-closed if P is wy-closed.
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Fact 1.5.6 ([/11], Lemma 15.8.). If P is k-closed then it is k-distributive.

Fact 1.5.7 ([11], Theorem 15.6.). Let V be the ground model. If the forcing
notion P is k-distributive, if G is a V-generic filter for P, and if f € V[G] is a
function from X to V (where A < k), then f € V. As a consequence such \ have
no new subsets in V[G]J.

Definition 1.5.8. Suppose that P and @ are two notions of forcing. The partial
order P x @ is defined as the set of all pairs (p,q) such thatp € PAq € Q and
such that

(P1,q1) < (P2, q2) if and only if p1 <p2 Aq1 < g2
If G is a generic filter on P x @ let
Gi:={peP:3qpq) €G} Go:={q€Q : Ip(p,q € G}

Fact 1.5.9 (The Product Lemma). ([11], Lemma 15.9.) Let P and Q be
two notions of forcing. Then the following are equivalent:

e G C P xQ is V-generic.
e G =G1xGy and Gy C P is V-generic filter and Gy C Q is V[G1]-generic.

As a consequence V|G] = V[G1][G2]. Further if Gy is generic over V and Gy is
generic over V[G1] then Gy is generic over V[Gs], and V[G1][G2] = V[G2][G1]

Fact 1.5.10 (/11], Lemma 15.12.). If P and Q are A-closed partial orders then
P x Q is A-closed.

A generalization of product forcing is the iterated forcing:

Definition 1.5.11. Let P be a notion of forcing and let Q € V' be a name for
a partial ordering in V. Then

(i) PxQ:={(p.d) : p€ PAlFp i€ Q}
(it) (p1,q1) < (p2,G2) if and only if p1 < p2 A p1l- g1 < ga.
Fact 1.5.12 (/11], Theorem 16.2.). Let P and Q be as above in the definition

(i) Let G be a V-generic filter on P, let Q@ = QF, and let H be V[G]-generic
filter on Q. Then

GsxH:={(p,§) ePxQ :peGAG° e H}
is a V-genric filter on P % Q and V|G x H| = V[G][H].
(ii) Let K be a V-genric filter on P x Q. Then
G:={pecP:3q(p,q) € K} and H :={¢" : Ip(p,q) € K}
are, respectively, a V-generic filter on P and a V[G]-generic filter on Q =
QF, and K =G+ H.
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Definition 1.5.13. Let {P;, : i € I} be a family of partial orders, each having
a greatest element 1. Let k be a reqular cardinal. Then the k-product P of the
P; is the set of all functions p on I with p(i) € I such that the support s for
each p, i.e. the set {i € I : p(i) # 1}, has size less than k. The ordering of the
k-product is coordinatewise:

Vp,q€ P: p<q<+ p(i)<qi) for each i € T

Definition 1.5.14. Let I be a class (or a set) of ordinals. Let {P; : i € I}
be a collection of notions of forcing. The FEaston product P of the P; is the set
of all functions p € [[,-; Pi, ordered as usual coordinatewise, which satisfy this
additional condition:

iel

For all regular cardinals v : |s(p) Ny| < v where s(p) denotes the support

Lemma 1.5.15 ([11], Lemma 15.19). Let G x H be a generic filter on P X
Q, where P is At -closed and Q satisfies the AT -chain condition. Then every
function f: X — M in M[G x H] is in M[H]. In particular:

PM[GXH]()\) — PM[H]()\)

Definition 1.5.16 (Iteration of arbitrary length). Let « > 1. A forcing
notion P, is an iteration of length « if it is a set of sequences of length «
satisfying the following properties:

1. If a« =1 then there exists a forcing notion Qg such that:
(a) Py is the set of all sequences of length 1 (p(0)) where p(0) € Qo.
(b) (p(0)) <1 (q(0)) if and only if p(0) <q, ¢(0)
2. Ifa=p+1then Ps=P, [B={p|p ‘pE P,} is an iteration of length
B, and there exists a notion of forcing Qs € VF5 such that
(a) p€ P, if and only if p | B € P3 and kg p(B) € Qg
(b) p <a qifand only if p [ B<gq| B and p | Blrpeta p(B) < q(B).
3. If a is a limit ordinal, then for every < o, Ps=P, [ f={p B :pE€
P,} is an iteration of length 8 and:
(a) the a-sequence constant 1, (1,1,...,1) is in P,

(b) if p € Py,B < o and if ¢ € Pg is such that ¢ <g p | B then r € P,
where for all § < a,r(§) = q(§) if§ < B andr(§) =p(§) if B<E <o
(¢) p<aqifandonly if V3 <ap| B <pgqlp.

A general iteration depends not only on the Q,g but also on the limit stages
of the iteration.
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Definition 1.5.17. Suppose that P, is an iteration of length o, and « is a limit
ordinal. We say that P, is a direct limit if for every a-sequence p:

peEPy & IB<aplBePsand V> Pp(€) =1
Further P, is an inverse limit if for every a-sequence p the following holds:
peP,&VE<ap|pePs

Fact 1.5.18 ([11], Theorem 16.30.). Suppose that k > Rq is regular, and «
1s a limit ordinal. If P, is an iteration with the property that for each f < «
Pg = P, | B satisfies the k-c.c. and if P, is a direct limit, and either cf(a) # K
or (if cf () = k) ) there is a stationary set of 8 < o with Pz a direct limit, then
P, has the k-c.c. too.

Definition 1.5.19 (Countable support iteration). Let a be an ordinal and
let I be the ideal on «, consisting of the at most countable sets. Then we say
that the iteration P, has countable support if and only if the following holds for
each limit ordinal v < «

p € Py if and only if VB <y p | B € PsA s(p) €1.
Where s(p) denotes the support of p, i.e. the set {8 <~ :Ifg p(B) =1},

We have seen that a c.c.c. notion of forcing doesn’t collaps X;. However the
c.c.c. property is a quite strong one, therefore set theorists were looking for a
weaker characteristic for a notion of forcing to preserve N;. Shelah eventually
arrived at this definition:

Definition 1.5.20. We call a notion of forcing (P, <) proper if for every un-
countable cardinal X\, every stationary subset of [\]* remains stationary in the
generic extension V|G| via P.

Lemma 1.5.21 (/11], Lemma 31.2.). Let P be a c.c.c. notion of forcing. Then
P is proper

Fact 1.5.22 (/11], Lemma 31.3.). Let P be an w-closed notion of forcing then
P is proper.

Lemma 1.5.23 (/11], Lemma 31.4.). Let P be a proper notion of forcing and
G be a V-generic filter over P. If A is a set of countable ordinals in V/G] then
there is a set B, that is countable in V such that A C B. As a consequence Ny
is preserved in V/[G]J.

There are some other definitions of proper forcing which we will use later
in this text. First we introduce a notion which is often used in the context
of proper forcing. Let P be any fixed poset and let A be a cardinal such that
A > 2IP1 then we say that \ is sufficiently large.
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For any cardinal A we may define the set H, which is the collection of sets
whose transitive collapse has size less than A, i.e.

Hy = {z : |te(x)] < A}

Each H) is transitive and if X is regular then H) is a model of ZFC with the
power set axiom deleted.

Definition 1.5.24. Let P be a notion of forcing, \ a sufficiently large cardinal.
Let Hy denote (in an abusive way) the structure (Hy, €, <, P,..) where < is a
wellordering of Hy and let M < Hy. Then a condition q is (M,P)-generic if
and only if for every maximal antichain A € M, the set ANM is predense below
q, i.e. every p < q is compatible with an element of AN M.

This gives us a new characterization of properness:

Lemma 1.5.25 ([14], Theorem 3.2.8.). A notion of forcing P is proper if and
only if for all sufficiently large cardinals A there is a club C of countable ele-
mentary submodels M < (Hy, €,<, P, ...) such that

Vp € M 3dq < plq is (M, P)-generic)

Lemma 1.5.26 (/11], Theorem 31.16.). A notion of forcing P is proper if and
only if for every p € P, every sufficiently large cardinal X and every countable
M < (Hy,€,<,P,...) withp € M, there exists a ¢ < p that is (M, P)-generic.

Definition 1.5.27 (The proper game). Let P be a notion of forcing and let
p € P. The proper game for P below p is defined as follows: Player I plays
P-names &, for ordinals and player II plays ordinals B,. II wins if and only if
there is some q < p such that for each n:

q 'k VYn3k &, = Bg.

Theorem 1.5.28 ([10]/, Theorem 2.10.). A notion of forcing is proper if and
only if for every p € P player II has a winning strategy for the proper game.

Definition 1.5.29 (The semiproper game). Let P be a poset p € P. The
semiproper game for P below p has the following rules: Player I plays P-names
for countable ordinals and player II plays countable ordinals. Again player IT
wins if and only if there exists a ¢ < p such that:

q IF VYn3ké, = Bk

A notion of forcing is semiproper if and only if for each p € P player II has a
winning strategy in the semiproper game for P below p.

The notion of semiproperness has again equivalent definitions:
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Definition 1.5.30. Let P be an arbitrary poset, \ be sufficiently large and
let M < (Hx,€,<,P,...) be a countable elementary submodel. A condition g
€ P is (M, P)-semigeneric if and only if for every name & € M such that
IF & is a countable ordinal the following holds:

qglF3BeMa=2

Lemma 1.5.31 ([11], Ezercise 37.6.). P is a semiproper notion of forcing if and
only if the following holds: Let X\ be a sufficiently large cardinal, M < (Hy, €, <)
countable, and let p € P be arbitrary such that p € M and P € M. Then there
exists a ¢ < p such that q is (M,P)-semigeneric.

Definition 1.5.32 (PFA, SPFA). The proper forcing axiom (PFA) is the
assertion that for any proper notion of forcing P and for any collection D of Ny
dense subsets of P there exists a D-generic filer on P i.e. a filter which meets
every element of D. The semiproper forcing axiom (SPFA) is defined the same
way but with the different assumption that P is semiproper instead of proper.

A very useful fact is the following:

Theorem 1.5.33 (Shelah). ([14], Theorem 3.5.2.] If Py, is a countable support
iteration of {Qp : B < a} such that every Qg is a proper forcing notion in
VPalB then P, is proper.
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Chapter 2

The saturation of N.S.

2.1 The saturation of an ideal

We now turn to the central notion of this work, introduced by Tarski:

Definition 2.1.1. Let k > w and A be cardinals. A k-complete ideal I on Kk is
A-saturated if and only if for any set {X, : o < A\} with X, ¢ I (or equivalently
Xo € IT) for each «, there are § < vy < X such that Xg N X, € I'". Moreover
set

sat(I) ;= the least A such that I is A — saturated.

We can think of sat(I) as a measure of how close I is to being a maximal
ideal. The lower sat(I) is, the more maximal is I and sat(I) = 2 if and only if T
is maximal. The natural question arising now is the following: Are there ideals
I,,, n € w such that sat(l,) = n? The answer is yes assuming the existence of a
measurable cardinal. From now on x will always denote a regular, uncountable
cardinal.

Lemma 2.1.2. Let k be a measurable cardinal then there exists an ideal I such
that I is k-complete and sat(1)=3

Proof. Let I be a maximal ideal on . Let f : x x {0,1} — & be a bijection
which induces a function, also denoted by f : P(k x {0,1}) — P(x). Then
F(Ix{0}UI x {1}) generates a x complete ideal J on « for which the following
holds: VX C k(X € J & JY, € I x {0}3Y2 € I x {1} X C f(Y1)U f(Ya)). Thus
if X € J" and X C f(Y1)U f(Y2) then at least one Y; € I for i € {0,1}. On
the other hand if without loss of generality Y7 € IT and X = f(Y7) U f(Y2),
then X ¢ J.

Now we claim that sat(J) = 3. If we set X1 = f(k x {0}) and Xy =
f(k x {1}) then X; ¢ J, Xo ¢ J and X3 N X3 = (). Hence sat(J) > 2. But
if X1,X, X5 € J* then X; = f(Y3) U f(Y7!) and without loss of generality
Yi e I, Xo = f(Y?) U f(Y?) and without loss of generality Y2 € It last
X3 = f(Y$) U f(Y}) and we may assume that Y3 € IT. We conclude that
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XiNXs=fYgnYHufYInY?) and as Yy, Y3 € I and sat(l) = 2 we
conclude that Y N Y € I hence X; N X3 € J* and so sat(J) = 3. O

If we generalize this construction in an obvious way we see that ideals of
any finite saturation are possible. The next step would be an ideal such that
sat(I) = w. This is impossible though. To faciliate our next proof we briefly
introduce some useful notions. Let I be an ideal on a set, which should be
without loss of generality a cardinal k. Then an I-partition of k is a maximal
family W of I-positive subsets of x (i.e. the sets belong to I), that are pairwise
almost disjoint (i.e. if X, Y € W and X #Y then X NY € I). If X € I'" then
X is an atom if there are no Y, Z € I'", with YN Z € I such that X =Y U Z.
If X is not an atom then we say that X splits. Moreover if X € IT then we
define sat(X) := sat(I | X) (see 2.2.12 for the definition of I [ X), and say that
X € IT is stable if sat(X) = sat(Y) for all Y C X such that Y € I't.

Lemma 2.1.3. Let I be a k-complete ideal over k. If sat(l) is infinite then
sat(I) is a regular, uncountable cardinal.

Proof. Assume first that sat(I) = w. We will construct an antichain in I+ of
size w, contradicting our assumption. Let T be a tree whose elements are coded
by sequences s € 2<%, defined inductively like this: The first level of T' consists
of two almost disjoint elements of I™, T and 717, coded by the sequence 0 and
1 respectively. Now if X € It is in T and is coded by an s € 2", n € w, and
if X splits, i.e. X =Y U Z then Y and Z are the successors of X in T, coded
by s70 and s™1. If X does not split then X has no successors in T. Now as
sat(I) = w each so defined tree T has heigth w and each level of T is finite,
hence has an infinite branch b. If we pick for each X € b the Y € T such that
Y is the offshoot of X (i.e. the Y in T whose code differs from the code of X
only in the last digit) then this defines an antichain of length w.

Now we turn to the regularity of sat(I) := p. We assume that pu is singular
and build again an antichain of length sat(I). First we observe that p equals
the smallest cardinal such that there is no antichain of its length in the Boolean
algebra P(k)/I. As P(k)/I is dense in its completion B this still holds for B,
thus we may say that p is the least cardinal such that there is no partition of
B of its length, and assume its singularity to obtain a contradiction.

Let S be the set of stable elements of B, then it is dense in B as can
be seen as follows: Assume not then there would be a descending sequence
Ug > Uy > Ug... with a corresponding decreasing sequence sat(ug) > sat(uq)...
which is a contradiction. Let T" be a maximal subset of pairwise disjoint elements
of S. From its maximality we deduce that sup{sat(u) : u € T} = p, as for
every regular A\ < pu there is a partition W of B of size A\, which yields a partition
of an element u € T of size .

Now we split into cases

1. If there is an u € T such that sat(u) = p then since cf(p) < p there is a
partition W of u: W = {uq : a < cf(u)}. Let (fta)a<cfu be an increasing
sequence with limit u, then we let for each o W, be a partition of w, of
Size fiq. Ua<cm W, is a partition of u of size p.
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2. If for all w € T sat(u) < p holds then again let (1q)a<cfu converge to
. As sup{sat(u) : u € T} = p we can define by induction a sequence
(Ua)a<cfp in T such that each u, admits a partition W, of size . Then
Ua<cfu Wa is an antichain of length 4 in B.

O

The question whether there are any A-saturated ideals on A needs at least
the assumption of the existence of weakly inaccessible cardinals by the next
lemma:

Lemma 2.1.4. For any A, there is no \*-saturated, A\ -complete ideal over AT

Proof. Assume that there exists a AT-saturated, A™-complete ideal I on A\™. For
each £ < AT let f¢ be a function fe : A — AT such that ran(fe) D & Further
let Ay, a0 < AT < X be a family of subsets of A™ defined by:

£ €A,y if and only if fe(n) =«
The family of the A, ,’s form a so-called Ulam-matriz, that is it satisfies:

(i) Aoy N Ag, = 0 whenever  and 8 are nonequal ordinals below At and
n <A

(il) (AT = U,<x Aanl < A for each o < AT

Now if we fix an &« < AT and consider the (Aq.;)y<x, then by the AT-completeness
of I and (ii) there must be an 7, such that A, , € I'". Hence there is an 1 and
a W C AT of size AT such that 7, = n for each a« € W. Then (Aa)acw is a
pairwise disjoint sequence of elements of I of length AT, a contradiction.

O

Lemma 2.1.5. Let I be a k-complete ideal over k then the following holds:
(i) If I is A-saturated where 2<* < k then k is measurable.
(ii) If I is k-saturated and k is weakly compact, then k is measurable.

Proof. Assume first that I has an atom A. Then it is easy to check that the
set {X Ck: XNAe€I"}isa k-complete ultrafilter, hence witnessing the
measurability of k. So we can assume that in both cases (7) and (i), I has no
atoms. We shall derive a contradiction.

We build a tree T ordered by D inductively: We consider the set of the
sequences s € 2<% and the corresponding X C x defined inductively like this:
Set Xy = x and if X is already defined then let X~ () and X,~(;) be two
I-positive sets witnessing that X, splits. Finally if ¢ is a limit and s € 2% then
let X; = (),c5 Xsja- This definition makes sense as I is assumed to have no
atoms.

The tree T has the following property:
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x) If v < k and s € 27, then the set { X 1o~ @ @ < YAX 1(ag1) i defined A
ta(4) [(a+1)
s(a) # i} is pairwise disjoint.

For (i) (%) and A-saturation imply that T has heigth at most A. But then
k is the union of the 2<* < k many X,’s without tree successor, contradicting
the k-completeness.
For (ii) note that if 7" had heigth less than s, then by the inaccessibility of
k and the argument above, the k-completeness of I would again be violated.
Thus we may assume that 7" has heigth £ and by the weak compactness of k
there must be a branch of length x. Again with (x) this yields a sequence in I
of length k, contradicting the x-saturation of I.
O

The next method we want to present is the Kunen-Paris-Forcing. Let U be
a normal ultrafilter over a measurable cardinal k. Let j : V < Ulty(V) & M
be the canonical elementary embedding. Let P be a forcing poset in V' and let
j(P), which is again a partial order in V, satisfy two certain conditions, that
will enable us to extend the elementary embedding j. Let us assume that:

(i) j(P) = P Q under an identification through which
(ii) j(p) = (p,1g) for every p € P (ig denotes the maximal element of Q).

Now let G be a j(P)-generic filter over V. Then by Fact 1.5.10. there exist
two filters Go, G1, such that G = Go * G1, where Go is P-generic over V' and
G is Q%0-generic over V[Go], and V[G] = V[Gy][G1]. Further by (i)

(%) If p € Gp then j(p) € G

As Ulty (V) =2 M C V we observe that G is also a j(P)-generic filter over
M, and now we can construct the generic extension M|[G]. The crucial point is
that with (x) the canonical elementary embedding j : V' < M can be extended
to an elementary embedding j : V[Go] < M[G], if we apply j to the names:

Let z € V[Gy] and let & be a name for it. Then due to elementarity j(&) is
a j(P) name and we can therefore set:

jla) = (@)™

The next easy lemma tells us that our concept does make sense:

Lemma 2.1.6. Let j be defined as above. Then j is a function, moreover
satisfies the elementarity schema, and extends j, i.e. j(x) = j(x) for allx € V.

Proof. At first we notice that j is indeed a well-defined function: Suppose that
&, y are two different names for © € V[Gy]. Then there is a p € Gy such
that p IFp @ = g and by (x) j(p) € G and j(p) IFjp) (%) = j(¥), hence
(F(£)MICT = (j(y))MIC] and § is well-defined.

Next we show that j is elementary: Let ¢(vi,...,v,) be a formula, let
X1, ., Zn € V[Gy], and let p € Gy be such that p IFp @[#1,...,2,]. Then
J(p) € G and §(p) Ijip) @lj(&1), - ()], hence MIG] = @F(@0), s ()]
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The last thing remaining is to show that j extends j: If € V then z = %0

and j(z) = (j(2)M = (j(x))M[¢] = j(z) and the proof is done. O
Lemma 2.1.7. Let G, G1, Gy, j, j be as above and let U be defined by:
XeU«+ XePk)NV[Gy Ak e jX)

Then U is a V[Go]-normal ultrafilter over r which estends U. With V[Gy]-
normal we mean that U is an ultrafilter on P(k) NV[Go] and further that for
any function f in V[Go] with domain k, which is almost everywhere regressive
(in the sense of the ultrafilter U ), we may conclude that f is almost everywhere
constant.

Note now that if the forcing with Q in j(P) = P *Q adds no new subsets of
x then the U of the lemma above witnesses the measurability of x in V[G].

Definition 2.1.8. Suppose that N is a model of ZFC. We say that J is a
N-\-saturated ideal over k if and only if:

(i) J is an ideal on P(k) N N such that if v < K and f € JY NN, then
Uacr fl@) € J

(11) For any function g : X\ — J* which is in N there are a < 8 < X such that
g(@) Ng(B) € J*.

Lemma 2.1.9. Let k, A be regular cardinals, and let P be a notion of forcing
which has the A-c.c. then: If

IFp J is a V-A-saturated ideal over k

then 5 '
I={XCk:lFp Xe J}

18 a A-saturated ideal over k.

Proof. Assume that {X, C £ : @ < A} C I'". Then there exists a p € P such
that 5 '
plF{a<X: X, et} =

Because: Suppose not then by the regularity of A and the A-c.c. of P there
would be a v < A such that

F{a<\A: X,eJt}cy.

But then X, € I by the definition of 7, which is a contradiction.

Now p I |[{a < X : X, € JT}| = X together with the V-A-saturation of .J
implies that there is a ¢ < p and o < 8 < A such that ¢ I X, N Xg e Jt, ie.
XoNXgelt. O

The next theorem gives us the consistency of sat(I) = k:
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Theorem 2.1.10 (Kunen-Paris). Let x be a measurable cardinal. Then there
1s a partial order E such that every E-generic extension of V satisfies the fol-
lowing three claims:

(i) 2% =k
(i) There is a k-saturated ideal I over k

(i1i) For no A < k is there a A-saturated ideal I over k.
Therefore: V|G k= sat(I) = k.

Proof. Let P be Easton product of the forcing notion which adds x new subsets
to w and to each successor cardinal below k. That is P is the set of all functions p
with dom(p) = k x k x k and ran(p) C 2, such that the folllowing two conditions
are satisfied:

(i) For any (&, ¢, n) € dom(p) we have that £ = w or a successor cardinal
below k , and ¢ < €.

(ii) For any regular v, |{(§, ¢, n) € dom(p) : £ € v}| < v.

P is ordered by reverse inclusion: p < ¢ if and only if p D ¢. Note that this
definition implies that |p| < k for every p € P.

We note also that P has the k-c.c.: Suppose that A C P is a maximal
antichain. We have to show that |A| < x. Let § < x be inaccessible such that

(Vs, €, PNVs, ANVs) < (Vi, €, P, A)

Such a § always exists due to Lemma 1.4.5.(ii). Then for any p € P [pNVs| <4
(stipulation (ii)) and therefore, due to Lemma 1.4.2.(i), pN Vs € V5. So by the
maximality of AN Vs in Vs, pN Vs is compatible with some element of A N Vj.
But then p itself is compatible with that element. Hence A N Vj is a maximal
antichain of P, and so A = ANV and |A] < k.

Suppose now that U is a normal ultrafilter over k and j : V- < M = Ulty (V)
the canonical elementary embedding. Let

Pri={pej(P): pC(i(r) —rxjk) xjk)x2}

Py:={pej(P):pCrxrx(jk)—r)x2}

Then:
J(P)XPx P x Py

through a natural identification and if p € P then j(p) may be identified with
(p, 1p,, 1p,), since |p| < k and hence j(p) = p. So the Kunen-Paris conditions
are satisfied.

We now proceed to show that P x P; is our desired notion of forcing F.
Let Gy be P-generic over V and let Gy be Pj-generic over V[Gy]. To invoke
the Kunen- Paris scheme let G be Pz-generic over V[Gy|[G1] and set G :=
Go x Gy X Go. Since P is kt-closed (as & is not a successor cardinal), it follows
from fact 1.5.15. that forcing with P; after P adds no further subsets of k.
Therfore:
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(x) The ultrafilter U from lemma 2.1.7. is even a V[Gy][G1]-normal ultrafilter

We continue the proof by noting that IFpx p, P, has the k-c.c.. To see this
let {po : @ < K} C Ps, and let

X :={n: a3 (& ¢, n) € dom(pa)} C j(K) — k.

Then by stipulation (i¢) Vp € Ps|p| < &, hence |X| < &, and so an injection
g : X — k associates to each p, a ¢, € P by taking the n € j(k) — k to the
corresponding ¢g(n) € . Note that this preserves incompatibility i.e. p, L pg if
and only if g, L gz. Thus the s-c.c. of P implies the k-c.c. of P,. Now because
of the k-c.c. of P k is preserved in V¥ hence IFp P, has the k-c.c.. Moreover
Py is kT -closed and so we apply fact 1.5.15. to obtain our desired IFpy p, P
has the x-c.c..

Now we can conclude: By (x) there exists a V[Gy][G1]-2-saturated ideal over
#, and by the s-c.c in V> we may apply 2.1.9. to see that V[Go][G1] contains
a k-saturated ideal over k.

Moreover note that I-pyp, 2% = g holds due to fact 1.5.3. and the -
c.c. which can be seen as follows: We have already noticed earlier that forcing
with P x P; doesn’t raise the size of P(k), compared to forcing only with
P. In particular (280)VIGollG1] — (2R0)VIGo] and invoking fact 1.5.3. gives us
IFp 2% < @ where 6 = (|P|<%); as P consists of functions p with |p| < &
we may conclude with the measurability of k that |P| = k, moreover k<" = k
which gives us = k. Hence (2%)VIGollG1] = g which is what we wanted to
show.

Thus it is left to show that there are no A-saturated ideals over x in VI *P1:
We show this by contradiction: Suppose that there is an ideal which is A-
saturated for a A < k. Due to the already shown fact that each measurable
cardinal is Mahlo, we may assume without loss of generality that A<* = \. We
split the forcing notion P into two parts:

o (P)r:={peP:pCAXKxKXx2}
o (PP:={pecP :pn(Axkxrx2) =0}

It is possible to show that P = (P)y x (P)* and further that (P), has the A\*-c.c.
and (P)* is A*-closed. Gy can thus be considered as Hy x H; where Hy C (P)y
and H; C P*. If V[Gy|[G1] is regarded as a generic extension of V[H;][G1] using
(P)y, then by 2.1.9. there is a A*-saturated ideal in V[H;][G1]. As (P)* is A*-
closed, Py is kT-closed, we know by fact 1.5.10. that (P)* x P; is AT-closed.
As I is AT saturated in V[H;][Gy] and (2<27)VIHIG1] — (9 VIHL]IG1] — (22)V
(the last equality holds due to the A*-closedness of (P)* x P;) and the latter
term is less than k; hence we may use 2.1.5(i) to conclude that & is measurable
in V[H;][G1]. However 22" = & also holds in the model because (P)* adds to
P(A\T) k-many elements. This is our desired contradiction. O

Theorem 2.1.11 (Kunen-Paris). Suppose that x is a measurable cardinal.
Then there is a notion of forcing E such that the following three properties hold
in VE:
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(i) k is weakly compact
(i1) There is a k™ -saturated ideal over k
(#ii) There is no k-saturated ideal over k.

Proof. Let P be the Easton product of the notions of forcing for adding a generic
subset to each regular cardinal less than x, i.e. P consists of the functions p with
dom(p) C k x k and ran(p) C 2 that additionally satisfy these two conditions:

1. if (&,¢) € dom(p) then & is a regular cardinal less than x and ¢ < &

2. for any regular p, |{(&,¢) € dom(p) : £ < p}| < p.

Again P has the k-c.c..
Suppose that U is a normal ultrafilter over k and j : V. < M = Ulty (V).
We split:

o Pri={pe(P): pC (i(R) — 1) x j(s) x 2)
o P:={pej(P):pC{r}xrx2}

Then:
j(P)%Pxpl XPQ.

and the Kunen-Paris conditions are satisfied if we identify j(p) with (p,1,1).
Moreover by the usual sum-argument P; is x1-closed, and P, is x-closed. Also
P; has the kt-c.c.

We now proceed very similar to our last proof, and show that P x P; is our
desired notion of forcing. Let Gy be P-generic over V' and let G; be P;-generic
over V[Gy]. Again, to invoke the Kunen-Paris scheme, we let G be a Py-generic
filter over V[Gy][G1] and G := Gg x G1 X G2. As in the previous proof, the
kT -closure of P; implies that the normal V[Gp|-ultrafilter is in fact a normal
V[Go][G4] ultrafilter over k. And with lemma 2.1.9 we may derive from the
kT — c.c. of Py that there exists a kT -saturated ideal over x in V[Gy][G1].

The next thing is to show that & is forced to be weakly compact. We already
know by theorem 1.4.11. that x is weakly compact if and only if « is inaccessible
and has the tree property, thus we continue the proof by showing these two
characteristics. Due to fact 1.5.15. it suffices to show them in V[Gy]. First & is
inaccessible in V[Gy] because: Let v be a cardinal < x such that v<7 = ~ (for
example if v is inaccessible) then again set

(P)y:={peP :p<yxrx2}

(PYY:={peP :pn(yxrx2)=0}

We know that (P), x (P)? = P and (P), has the yT-c.c. and (P)7 is
yt-closed. Hence by fact 1.5.15. forcing with (P)" after (P), adds no new
subsets to 7, yT is preserved and since the inaccessible cardinals below x form

31



an unbounded set we know that x remains inaccessible after forcing with P and
thus in V[Gp)].

Next suppose that (T, <) is a s-tree in V[Gy], T C k. Our goal is to produce
a branch in V[Go] of length k. Let j : V[Go] < M[G] be the canonical extension
of j. Then (j(T),j(<)) is a j(x)-tree in M|[G]. We know that j(T) Nk =T and
therefore v which is an element of the x-th level of j(7T') determines a branch of
length  in T. Unfortunately this branch sits in M[G] C V[G]. Thus we have
to show that this branch actually lies in V[G).

We work in V[Go] and use the fact that V[G] is a generic extension by Py x Py
which is a k-closed notion of forcing. We already know that for each generic
G1 x G there is a branch 7 in V[G]. Therefore

IFp, x p, 37(7 is a k-branch in T)
and by fullness there is a P; X Py-name 7 such that
IFp1xp, (7 is a k-branch in T)

. Now we can define recursively conditions p, € P; x P and sets b, C k for
a < Kk (the k-closedness of P; x P; is crucial at the limit steps) such that

(i) palFTNa= by
(11) Ps Spa

If we set b := (J,.,
bo A ( by is an a-branch) and the latter formula written inside the brackets
is A thus || b, is an a-branch|| = 1 hence b, is an a-branch and (Jb, is a &
branch).
To finish the proof we have to show that there are no k-saturated ideals over
k in V[Go][G1]. Using lemma 2.1.5.(ii) it suffices to show that in V[Go][G1] K
is not measurable: Let o < k be regular then P added a generic set g(a) C «
such that g(a) N & € V for each £ < a. Now assume that x were measurable.
Let W be a normal ultrafilter over &, let = [g]ly. Then due to normality x is
a subset of £ in the ultrapower hence by 1.3.19.(i) [g]w = = = jw () Nk which
means that {a : g(a) = xNa} € W. But if a; < as are elements of this set
then g(ag) = zNas D zNa; = glag) =zNa; = (zNaz)Nag = gla)Nag € V.
O

bo then b is a k branch in V[Gg] (because p, IF 7 Na =

2.2 The saturation of the nonstationary ideal

In this section we focus our interest on the saturation of the nonstationary
ideal on k, denoted with NS,. For this purpose we introduce the so called
generic ultrapower construction, a useful method which combines forcing and
ultrapowers.

Let k be a regular cardinal and let I be an ideal on . Consider this notion
of forcing: The set of conditions P is the set of all I-positive sets and p € P is

32



stronger than ¢ € P if and only if p C q. Let V denote the ground model and
let G be a V-generic filter on P. Certain properties of the ideal are conveyed to

G:

Lemma 2.2.1 ([11], Lemma 22.13). (i) G is a V-ultrafilter on k extending
the filter dual to I

(i) If I is a k-complete then so is G
(i) The normality of I implies that G is normal

Having constructed a V-ultrafilter on x we are now able to construct in V[G]
the ultrapower Ultg(V). This ultrapower is the so called generic ultrapower,
which is a model of ZFC though not necessarily well-founded. Of course Lo$
theorem still holds here and we have:

Ultg(V) = @([fils s [fn]) & {a 2 VI @(fi(@), s fu(@)} € G

where fi,...f, € V are functions from x to V. Again j: V — Ulte(V) denotes
the canonical elementary embedding.

Note that the generic ultrapower may be constructed with an arbitrary set
A instead of k, and an ideal I on A instead on k. Thus the last lemma, and the
generic ultrapower construction apply also in the case where A = P, ().

Lemma 2.2.2 ([11], Lemma 22.14). Let k be a regular cardinal and let I be
a k-complete ideal on K, containing all singletons. Let M = Ultg(V) be the
generic ultrapower. Then the following holds:

(i) Vv < k j(v) = v, hence Ord™ (though maybe not well-ordered) has an
initial segment of order type k.

(ii) j(k) #
(i1i) If I is normal then [d] = k where d(a) = « is the diagonal function.

As already mentioned the ultrapower Ults (V) needs not to be well-founded,
even if G is countably complete, as G is only a V-ultrafilter. Nevertheless the
well foundedness of the generic ultrapower is a very useful thing, thus it is
reasonable to consider ideals for which the generic ultrapower is well founded:

Definition 2.2.3. Let k be a regular cardinal, and let I be a k-complete ideal,
containing all singletons. Then I is precipitous if and only if Ultg(V) is well-
founded for every generic filter G.

We will characterize precipitous ideals soon. First of all we need some new
notions. Suppose that I is an ideal as in the definition above, and S C k with
S ¢ I. Then we say that W C P(S) is an I-partition of S if W is a mximal
antichain in .S with respect to I, i.e. W is maximal with the property that each
X in W has positive measure and if X,Y € W then X NY € I. Further an
I-partition Wi is a refinement of an I-partition Wo, W1 < Wh, if every X € W,
is a subset of some Y € Ws.
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A functional F on S is a family of functions such that Wr = {dom(f) : f €
F'} is an I-partition of S. Moreover we say that for two functionals F,G F < G
holds if

1. Vf € FUG f is a function into the ordinals
2. Wrp < Wg

3. if f € F and g € G are so chosen that dom(f) C dom(g) the f(a) < g(«)
for each « in the domain of f.

With these notions we assert:
Lemma 2.2.4 ([/11], Lemma 22.19). The following are equivalent:
(i) 1 is precipitous

(ii) Whenever S is a set such that S ¢ I and {W,, : n < w} are I-partitions
of S such that Wy > W1 > ..W,, > ..., then there exists a sequence of sets
Xo D X1 D Xs... such that X,, € W,, for each n, and (X, # 0.

(iii) There is no set S of postive measure such that there is a sequence of func-
tionals on S with Fy > Fy > Fj...

Lemma 2.2.5 (Solovay). If I is a k-complete, k*-saturated ideal where k is a
regular cardinal then I is precipitous

Proof. Let S be a set of positive measure and let Wy D Wi, D ... be I-partitions
of S. We want to show that there are Xg D X1 D X5 D ... , X; € W; such that
N,—, X, is nonempty.

We start to modify by induction on n the partitions W; to obtain more
suitable W;. Let Wy = {X, : a < 6}, # < & be an enumeration of Wy. For
each o < 6 let X, == X, — Up<a X and set Wy = {X, : a <08} W,is
clearly a pairwise disjoint family of sets, moreover it is an I-partition of S since
for each X, we have X, — X, = (X, N Us<a X8) = Upsca(Xa N Xp) € I due
to the k-completeness of I; and hence X; ¢ 1.

Having constructed W,, we enumerate W, 41 = {X, : @ < 0}, 0 < s and let

’

Xo = (Xo —Ugca Xp) N Z where Z is the unique Z € W, that is almost all
of the unique Y € W,, such that X, C Y. We set W;H_l ={X : X e€Wp}
Again VVT’H_1 is a partition of Sp4+1 :=J W;H_l ,S—Sppieland X, — X, €1
for all v < @ (because X, — X, = (Xo N Ups<a Xp) — Z and Usz_, Xp € I due
to k-completeness).

To finish the proof we observe that 1, .., Sn # 0 (otherwise S — (S, = S
and S — (S, = J,;(S —S;) € I - a contradiction). Let z € (|S,. For each n
there is a unique Y,, € W,; such that z € Y,, and let X,, be the unique X,, € W,
such that X,, DY, ( If there would be a second X;l € W,, such that X;l oY,
then X, N X, DY, ¢ I - a contadiction to the fact that W, is an I- partition).
Now we have that Xg D X7 D ... because if X,,41 ¢ X,, then, since W,,4; is a
refinement of W,,, there would be a X' e W.,, such that X' o Xp+1. But now
Y,11 C X' N X, € I would follow which is a contradiction) and (| X,, # 0. O
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Note that our last lemma still applies if I is an ideal over Py ().
The next few lemmata will be used later to prove the splitting theorem of
Solovay.

Lemma 2.2.6. (i) Ifk carries a k-saturated, k-complete ideal then k is weakly
inaccessible.

(i) If there exists a k-saturated, k-complete ideal on an uncountable cardinal
Kk then there exists a normal k-saturated, k-complete ideal on k.

(iii) Let I be a normal k-saturated, k-cpmplete ideal on k. If S ¢ I and if
f S — K is regressive, then there is a v < k such that f(a) < 7 for
almost all « € S.

Proof. (i) Follows immediatly from 2.1.3. and 2.1.4.

For the proof of part (i¢) take a look at [11] 22.3 (i) pp 410.

(#i7) Due to lemma 1.2.7 for every X C S of positive measure there isa ¥ C X
of positive measure where f is constant. Thus let W be a maximal disjoint
family of sets X C S of positive measure such that f is constant on X. W has
cardinality less than x and hence f(|JW) < v < k and |JW has measure one
due to the maximality of W. O

Lemma 2.2.7. Let k > w be a regular cardinal, P be a notion of forcing, which
has the k-c.c., V[G] be its generic extension. Then every club C C k in V[G]
has a closed and unbounded subset D € V. It follows that each S C V which is
stationary in V remains stationary in the generic extension.

Proof. For a < k set
X, :={& <k :3¢<p(qlF & is least member of C' — (o + 1))
By the k-c.c. |Xq| < &, so set f(a) := sup(X,) < k. Finally, let
D:={p <k :Ya<B(f(a) <P}

which is a club as can be seen easily.
To show that p IF D C C, assume to the contrary that there is a ¢ <panda
B € D such that ¢ IF¢ C. Then for some r < g and a < 3, 7 IF a = sup((C)NB).
For some s < r and € € X, € is the least element of C' — (a+1). But £ < 8 as
B € D, contradicting the choice of a.
O

Theorem 2.2.8. Let k be a regular cardinal > w and let I be a k-complete,
k-saturated ideal on k. Then the following holds:

(i) K is weakly Mahlo

(i) The set of the weakly Mahlo cardinals below k is an stationary subset of Kk
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(iii) If I is additionally normal and if X C  has measure one then X N M (X)
has measure one, where M(X), the Mahlo operation is defined as

M(X):={a <k :cf(a) >wAXNa is stationary ina}

Proof. The existence of a k-saturated ideal implies that k is weakly inaccessible
and also implies the existence of a normal k-saturated ideal by lemma 2.2.6.(i)
and (ii). Thus we assume that I is normal. We start with the following

Claim: If S C k is stationary then for I-almost all & < k SN« is stationary.

We want to prove the claim first: Assume to the contrary that there is
an X ¢ I such that (S N «) is not stationary in « for all & € X. Choose
a generic filter G such that X € G and build Ultg(M). We have Ultg(M) =
“les]N[d] is nonstationary” where d is the diagonal function d : K — &, d(a) = a.
Since I has the k-c.c. Ultg(M) is wellfounded, thus we can identify it with its

transitive collaps N = Ulte(M) and also the canonical elementary embedding
j: M 5 N exists. Since I is normal,  is represented by d, thus N = “(7([es])N
k) is not stationary”. And since S = j(S) Nk = 7([cs]) N k we obtain N |=
“S'is not stationary”. However, the notion of forcing is x-saturated and hence
Kk is a regular cardinal in M[G] and by lemma 2.2.7. M|[G] = “S'is stationary”,
but N C M[G], hence N = “S'is stationary” which is a contradiction and the
proof of our Claim is finished.

Now we can tackle (iii): At first we notice that for I-almost all a < & cf(«)
> w: If there would be a set X of positive measure such that for all a € X
cf(or) = w we could choose again a generic G and construct Ultg(M) to get
Ultc(M) = cf[d] = w which would lead to N = ¢f(k) = w. But & is a regular
cardinal in M and I is k-saturated, thus & is regular in M[G], but N C MI[G] -
a contradiciton.

Now if X has measure one, then since Lemma 2.2.6.(iii) X is stationary
and the set {& < £ : ¢f(a) > w} has measure one (due to our claim). Also
{a < K : ¢f(a) > w} has measure one and so X N M (X) has measure one which
ends our proof of (iii).

To prove (i) it suffices to show that I-almost all & < k are regular cardinals.
Otherwise let X ¢ I be such that all & € X are singular. Let G be generic with
X € G. Then Ultg(M) = “[d]is singular” hence N |= “k1is singular” - again a
contradiction.

And for (ii) let {o < & : aisregular}then M(X) = {a < x : cf(a) >
w A X Na is stationary ina} has measure one and so: X N M(X) = {a < & :
« is weakly Mahlo} has measure one, hence stationary. O

To prove eventually Solovays Splitting Theorem we need one last Lemma:

Lemma 2.2.9. Let S be a stationary subset of k and assume that every a € S
is a regular uncountable cardinal, Then T = SN (k — M(S)) = {aa € S :
S Na is not stationary in «} is stationary in k.
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Proof. Let C be any club subset of x and let C’ be the set of the limit points
of C' which is also a club. Hence S N C’ # @ and let « be its minimal element.
Since « is regular, and a limit point of C' we have that C' N« is a club in «, yet
(CNa) =C"Na. As «ais the least element of SNC’, (C'"Na)N(SNa)=10
and so S N « is nonstationary in «, hence « € TN C O

Theorem 2.2.10 (Solovay). If S C « is stationary then S can be split into
k-many sationary, pairwise disjoint subsets (Sg)e<r-

Proof. If not then let S be a stationary set for which such a decomposition
is impossible. Counsider the set I := {X C k : X N S is stationary }. It is
straightforward to show that I is an ideal which is k-complete, normal, and
due to our assumption k-saturated. The Claim in the proof of Theorem 2.2.8.
tells us that M (S) has measure one, thus S — M(S) has measure zero, i.e. is
nonstationary (S—M(S) € I implies S—M (S)NS = S— M (S) is nonstationary)
which is a contradiction to Lemma 2.2.9. O

Remark: The proof above is Solovays original proof and the theorem is one
of the most prominent basic results of set theory which were discovered first in
the context of large cardinals. An elementary proof which avoids large cardinals
can be found in [11] (pp. 94-95).

Definition 2.2.11. Let s be a reqular uncountable cardinal. Then
NS, :={X C k : X is nonstationary }

is an ideal, the nonstationary ideal on Kk

Remark: NS, is k-complete and normal, since its dual filter is the closed
and unbounded filter. The theorem of Solovay shows that NS, is not k-
saturated. The question arises if NS, is at least x™-saturated and that is
what we want to start to investigate now. Our goal will be a result of Gitik and
Shelah who showed that the answer is no if K > N;. We will prove this assertion
in a series of lemmas:

Definition 2.2.12. If I is an ideal on k, S € IT then we define
INS={XCck:XnSel}

We say that IS concentrates on S

Lemma 2.2.13. If [ is a normal k-complete ideal then so is I | S

Proof. Straightforward: Let (X¢)e<ry, ¥ < k be asequencein I [ S, ie. XeNS €
I V¢ < ythen UXenNS el = UXe € I] S. Moreover by definition
I | S is normal if and only if its dual filter (I [ S)* is so. Thus assume that
VE < kXe € (I]9)*. We want that A, Xe € (I [ S)*. Since Xe € (I [ S)*
it follows that (v — X¢) NS € I and hence x — ((k — §) U X¢) € I, thus
(k—8)UXe € I'* which implies that A((k —S)UX¢) € I* due to the normality
of I. But A((k —S)UX¢) = (k—S)NAXe € I*. Hence k — ((k— S)NAXe) €
I SU(Kk-AX)el=(k—AX)NS el & AXe € (I]S5)* which we
wanted to show. O

37



Lemma 2.2.14 (Smith-Tarski). ([12], Lemma 16.5) If I is a k™ -saturated
ideal over Kk then P(k)/I, i.e. the Boolean Algebra P(k) modulo the ideal I is a
complete one.

Lemma 2.2.15. Let I be a normal, x-complete, x*-saturated ideal on k. Let
(P, <) be the forcing with I-positive sets, G be the generic ultrafilter and let
M = Ultg(V). Then PM(x) = PVIS(x) and all cardinals and cofinalities < r
are preserved.

Proof. We first state again that the Boolean algebra B = P(k)/I is complete.
Hence if A is a name for a subset A C &, A € V[G], there are sets Sy, ¢ I such
that || € A|| = [S,]. If j : V — M is the canonical embedding we get for each
a:a€As S, €G S k€ j(S,) (the last equivalence is due to lemma 1.3.18).
Moreover, since for each « j(S,) € M we have that the sequence (§(Sa)a<s is in
M (which is a consequence of Lemma 1.3.19 (ii)) hence A = {a € k : k € j(S4)}
is a set defineable in M, thus A € M and we have PVI(k) = PM (k).

If A < k is a cardinal then since k is the critical point of j (Lemma 2.2.2)
we have that j(A) = A and A remains a cardinal in M due to elementarity of j.
Since PVICl(k) = PM(x), X is a cardinal in V[G]. O

Definition 2.2.16. Let A be a cardinal and let o < AT be a limit ordinal. A
family {X¢ : € < AT} of subsets of a is called strongly almost disjoint if every
Xe C a is unbounded and if for every v < At there exist ordinals ¢ < « for
& < v such that the sets X¢ — 6¢, & < v are pairwise disjoint.

Lemma 2.2.17. Let k be a reqular cardinal then there exists a strongly almost
disjoint family of k™ -many subsets of k.

Proof. We first observe that there are x™-many almost disjoint functions from
k to k: It suffices to show that given a list f, of k almost disjoint functions,
there is an f which isn’t included in the list and which is almost disjoint from
each f,, v < k. We define f(«) # f,(a) Vv < «, which is well defined because
of the regularity of x. Thus we have at least x-many almost disjoint functions
f:r—k

Next we consider a bijection h : k X k = K. If (fo)a<w+ 18 an almost disjoint
family of functions from & to k then (A" fu)a<x+) is an almost disjoint family
of subsets of &.

And now it can be seen that each almost disjoint family of subsets of k is
in fact strongly almost disjoint: Let (X4 )a<x be an almost disjoint family. We
define inductively X, := Xy, (Xa) := X4 — 04 where §,, is an ordinal such that
(Xo —04)NX3=0VS < . Such a d, always exists due to the regularity of .
The (X,)" are strongly almost disjoint. O

Lemma 2.2.18. Ifa < AT Acf(a) # cf(N\) then there ezists no strongly almost
disjoint family of subsets of o of size AT.

Proof. If not then there would be a family (X¢)e<r+ which is strongly almost
disjoint. Since by the definition each X¢ is cofinal in «, we may assume that
each X has ordertype cf(a). Let f be a function that maps A onto a.
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Claim: For each £ < AT there exists some 7 < A such that X¢ N f"v¢ is
cofinal in «

We proof now the claim: Since ¢f () # ¢f(\) we can distinct two cases:

(a) cf(a) > c¢f(X): Assume to the contrary that there is a 8 < A" such that
for all v < AXgN f"7 is bounded ina.. Let (7e)e<cf(n) be a sequence cofinal
in \. Let ¢’ be any element of « then there is a 6 > ¢’ such that § € Xg. If
v € X denotes an element such that f(r) = § then thereis a & < ¢f(\) such
that v¢ > v, hence § € f"y¢NXg and § < sup(f’v:NXp) # o (due to our
assupmtion). Thus the non-decreasing sequence (sup(f”’ve N X3))e<cra 1S
unbounded ina which implies ¢fa <= c¢f\ which is a contradiction.

(b) cfa < cfA: Let (x¢)e<cra be an enumeration of any Xz, 3 < AT, then
for each x;, i < cfa there is a y; < A such that z; € f(y;). We obtain
a sequence (Y;)i<cfa in A, hence g := lim(y;) € X and Xg N f"v5 D
(x¢)e<cfa = Xp which ends our proof of the claim.

We continue with the proof of the lemma: There exixts some v and a set
W C At of size A such that 7¢ = v for all £ € W. Let n > sup(W). By
our assumption on the X¢ there exist ordinals é¢ < «, £ < 7 such that the
X¢ — & are pairwise disjoint. Thus f~1(X¢ —d¢), £ € W are A pairwise disjoint
nonempty subsets of v < A which is a contradiction. O

Corollary 2.2.19. If k is a reqular cardinal and if a notion of forcing makes
cfk # cf|k|, then P collapses k™

Proof. Assume to the contrary that 1 is preserved. Then V[G] thinks that
(k7)Y = At where A\ = |k|. By Lemma 2.2.17. there exists a strongly almost
disjoint family (X¢)e<,+ of subsets of x and it remains strongly almost disjoint
in V[G], but its length changes to AT. Since c¢fr # cf|k| = cfA (in V[G]). This
is a contradiction to Lemma 2.2.17. O

Corollary 2.2.20. If sk = AT, if v < A\, v # cf X is reqular and if I is a normal,
k-complete, Kkt -saturated ideal on k. Then Ef :={a <k : cfa=v}el.

Proof. Assume that EJ ¢ I, let G be generic on P(k)/I such that EY € G. By
Lemma 2.2.14. all cardinals < k i.e. < X are preserved as well as kT (I is -
saturated, hence the notion of forcing P(k)/I has the x*.c.c.). We construct the
generic ultrapower M = Ultg(V) in V[G], which is well founded due to lemma
2.25. Wehave Ef e G {a<k:cfa=vieGe MEcfldl=ve ME
c¢fr = v (The last equality holds because I is normal hence G) Hence V[G] =
cfrk =v. We also have that {« € k : |a| = A} € G which implies M | || = A
and VI[G] £ || = A follows. Thus V|G| = c¢fk =v A cf|c| = cfA A v #cfA
which contradicts corollary 2.2.19. O

Now we can easily proof the Theorem of Gitik and Shelah, at least for
successor cardinals:
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Theorem 2.2.21 (Gitik-Shelah). Let x be a successor-cardinal such that x >
Ni. Then the nonstationary ideal on x is not kT -saturated. Moreover the ideal
NS, | E¥ is not kT -saturated for all reqular v # cf\ where \ is the predecessor
of k.

Proof. The sets E} are stationary subsets of x. Thus if NS, | EJ would be
kT -saturated then because of Corollary 2.2.20. E% € NS,; | Ef since NS, | Ef
is a k-complete normal ideal on k which is impossible. O

What is now still opened is the question wheter N.S,; is kT-saturated when
K is a limit cardinal. Its answer is again a negative one and its proof goes in a
diffrent direction: Again we will obtain our desired result in a series of lemmas.
We start with:

Definition 2.2.22. Let x be a regular uncountable cardinal and let E be a
stationary subset of k. Let C be a club on k and let for each o € E ¢, be a
cofinal subset of a. Then we say that the sequence (¢o)acr guesses C if for all
a€ Edp<alC Dcy—pBi.e Ccontains for each o € E an end segment of c .

Lemma 2.2.23. Let x and )\ be reqular, A > Ny and A\* < k. Then there exists
no sequence (cq : a € EY) with each co C o closed and unbounded that guesses
every club C C K almost everywhere [i.e. the set

G(C):={a€Ef : 3P <alCDcy—p}
has measure one in the ideal NSi| and additionaly satisfies this property:

(x) if « € E is a limit of ordinals of cofinality greater than X, then all nonlimit
elements of c, have cofinality greater than X

Proof. Assume to the contrary that (co : a € EY) is such a sequence. Set
Ey :={a € k : ais a limit of ordinals of cofinality > A}. Ejp is clearly a club
in k. Now we define inductively: If the club E, is already defined then we
consider the club E/, the set of the limit points of E,. Due to our assumption
the set G(E]) = {a € Ef : 38C D cq — S} has measure one, ie. it is an
element of the dual filter of NS, the closed unbounded filter, hence G(E)
contains a club C. Notice that if @ € C' then EJ, contains a final segment of ¢,
Set Ep41:=E, NC.

Finally we let E := ()| E,, which is a club. Due to the stationarity of
EY, EN EY is nonempty and we set § := min(E N EY). For every n < w EJ,
contains a final segment of ¢s since 6 € E, 1. But ¢fd = A > Xy and so a final
segment of ¢s is contained in E. Pick some 8 € ENc¢s. By (%) e¢f(8) > A. Since
E! D E,41 8 € El, for every n € w. So it is a limit point of E,,. Hence E, N 3
is a club in 8 for every n € w. Since c¢ff > Wy also EN S is a club in 8. But
cfB > A, hence there is some v € E N of cofinality A which contradicts the
minimality of dg. O

A only slightly different concept is this one, invented again by Shelah:
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Definition 2.2.24. Let k, 0 be regular cardinals, k > Ro A k> 07, If S C Ef
is stationary in k then {7, (S) denotes the following: There exists a sequence

(So : o € Ef) which satisfies:
(i) Sa C «

(i) sup So = «

(i) |Sa| =6

(i) if « is a limit of ordinals of cofinality > 0 (and > Ny if 0 = NXg) then for
every B € S, cf 8> 6 (and if 0 = Xg then cfB > Ry)

(v) For every club C C k the set {a € S : 3 < a C D S, — B} is stationary

The next very small lemma emphasizes the similarites between the two no-
tions, ¢’ ,(S) and the sequence defined in Lemma 2.2.23.

club

Lemma 2.2.25. If ¢/, . (E) holds then there exists a squence (co)acr Such
that:

(i) co C ais a club for each o € E

(ii) if a« € E is a limit of ordinals of cofinality greater than 6 then all nonlimit
elements of c, have cofinality greater than 0

(111) if Cis a club then{a € E : 38 € a C D ¢ — B} is stationary.

Proof. Just define ¢, := S, where S, denotes the completion under the limit
of sequences in S,, and S, is the ', . (F)- sequence. Then the ¢, have the

club

desired properties. O

We see that the only difference to the concept of lemma 2.2.23. is point (#ii),
where we have postive measure instead of measure one. Surprisingly this turns
the existence upside down since:

Theorem 2.2.26. Let k> 0 are regular cardinals, k > 01 ANk >Ry, If S C Ef
is stationary then ', . (S) holds in ZFC.

club

Proof. Suppose otherwise that 07 > Ry (otherwise we do the same proof only
with 6% replaced by 61). We will show that there is even a sequence (Sg)acs
witnessing <$’,,,(S) such that for every club C C k {a € § : C D S,} is
stationary. Suppose that for some stationary S C E? Ol (S) fails. We shall
define sequences (C; : i < 0T) of clubs on k, (T : i < 0T, a € S) of trees which
nodes are elements of o and subsets (S?, : i < 07, € S) of a. We start with the
definition of the trees T.: Let C be a club with nonlimit points of cofinality > 0
and let o € Ej be an ordinal which is the limit of ordinals of cofinality> §.We
define in this case a canonical tree T, (C). The first level of T, (C) will consist
of a closed cofinal in « sequence F' of order type 6, whose nonlimit points have
cofinality > 6. We pick such a sequence to be the least one in some fixed well
ordering. Now let n be a point from the first level. Let n* be the predeccessor
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of 7 in the sequence F if there exists one and let ' := sup(C' N (n+ 1)). Now
we want to define the set of the immediate successors of 1 in the tree T, (C),
i.e. the set sucy, (cy(n). We distinguish these three cases:

(a) if 7 is a limit point of F' then sucr, (cy(n) = 0
(b) if n is not a limit point and 7’ < n* then again sucr, (c)(n) =0
(¢) n* <n' <nand

(i) if ¢fn’ > 6 then set suc(n) = {n'} and suc(n’) =0

(ii) if efn’ < 6 then as above we pick the least closed cofinal in 1’ sequence
F’ of length ¢f7n’ with nonlimit points of cofinality > 6 and the first
element above n* if it exists. Otherwise set suc(n) = 0.

Using the points (a) — (¢) we continue to define T, (C') above n. T, (C) is a tree
of cardinality < 6 and is wellfounded.

Now let us define the sequences of clubs: Let Cy be a club with nonlimit
points of cofinality > 6. For « € S which is a limit of ordinals of cofinality > 6
we set T2 := T,(Cp) and S := T2 N Cy N E%, i.e. the set of all points of all
the levels of T which are in Cy and have cofinality bigger than 6. We have
that for all but nonstationary a’s in S, SY is unbounded in « (if Cop N« is a
club in a then S5 = T) N Cy N E%, is unbounded in «, and the set {a € & :
anCy is a club in o} is a club in &, hence the set {a € S : aNCjy is bounded }
has measure zero). We will ignore this nonstationary set where S9 is not defined
or bounded and let S be an unbounded, in « cofinal sequence of length 6 in
these cases.

Now due to our assumption, there exists a club C; D Cj such that every
nonlimit point has cofinality > 6, and C; witnesses the failure of (S, : a € 5)
being a <., (S)- sequence. We define T and S as above with C; replacing
Cy and continue by induction. At limit stages we take C; to be a club subset of
j<; Cj with nonlimit points of cofinality > 6.

Finally let D = (,_4+ C;, and D is a club since x > 0. Let o € DN S
be such that the elements of D of cofinality > 6 are unbounded in it (such an
o always exists: Let D be a club subset of D such that every nonlimit element
has a cofinality > 6, and consider the club D’ (i.e. the set of all limit points
of D). Then D' NS # 0 and if « € D’ N S then it has the desired property).
Now let us show that the trees T, (C;), i < 67 must stabilize, i.e. there is an
io < 071 such that T, (C;) = T, (C;) for all i, j > iy: If not then there would be
a o € Levy(T?) such that there is no stabilisator above it ( this is due to the
fact that there would be §T-many diffrent trees but only #-many elements at
level 1). The first level of all the trees is the same by definition. 1y can not be a
limit, because it would have no successors in the tree in this case (by (a) in the
definition of the tree), so let 1} be again the predeccessor of 79 in the sequence
or 0 if there is none. Since there is no stabilization above 7y in the trees and
C;’s are decreasing, the sequence (1g,; : i < 07) where o ; := sup(C; N (o +1))
will be a nonincreasing sequence of ordinals inside the interval (n°, 7). Hence
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it is eventually constant, so there is some 11 € (1,70, cfm < 6 such that
no,; = m for all ¢ bigger than some ;. By the definition of the trees the set of
the immediate successors of n; will be the same in every T, (C;) (i > i1). Pick
12 to be one of them with no stabilization above it. Deal with it as it was done
with 79. We will obtain s, 13, ... which form an infinite decreasing sequence
of ordinals which is impossible.

Hence there is an i, < 6% such that T! = Ti« for every i > i,. Then
there are i* < 7 and a stationary S* C S such that for every o € S* : i, =
i* A supS’ = a. But this contradicts the choice of Cj- 1.

O

Now we can prove the Theorem of Gitik-Shelah for every cardinal > No:

Theorem 2.2.27 (Gitik-Shelah). Let k, A be reqular uncountable cardinals,
k > Rz. Then the ideal NS, [ EY can not be kT -saturated.

Proof. Let E C EY be stationary. Then by Lemma 2.2.25. there exists a

sequence (Cq)acp that witnesses ¢/, . (E). We have the following

Claim: If NS, | EY is x'-saturated then there exists a stationary set
E C E such that for every club C, E—G(C) ={a€F :3P<alCDcy—LPis
nonstationary. (With Definition 2.2.20. in mind we can say that C' is guessed
by (co) at almost every o € E).

We prove now the claim: If not then for every stationary S C E there exists
a club C such that S — G(C) is stationary. Thus there exists a family of pairs
(Si, C;) which has cardinality at most & such that W = {S; —G(C; : i < Kk} is a
maximal antichain in P(k)/NS, below E. If we set C := A;«,(C; then for every
i < k C; contains an end segment of C' thus G(C;) contains an end segment of
G(C) and hence G(C) is stationary. But we have that G(C) — (S; — G(C;) €
NS, because G(C) N (S; — G(C;)) € G(C) N (k — G(C;)) is bounded hence
nonstationary. This contradicts the maximality of W, which ends the proof of
the claim.

We continue with the proof of the theorem: Assume now to the contrary that
NS, | Ef is kT -saturated. By the saturation there exists a maximal antichain
{Si : i <~} of pairwise disjoint stationary subsets of E{ with v < k and for
each 7 there exists a sequence of clubs (cq)aes; (by lemma 2.2.25.) witnessing

! 1up(Si)- The sets S; are so chosen that every club C' C & is guessed at almost
every a € S;. Then (co : a € |J,_, Si) guesses every C almost everywhere
which contradicts lemma 2.2.23.

O

The theorem above doesn’t tell us anything about the case where A = w.
Indeed its proof doesn’t work if A is countable as the proof of lemma 2.2.23 fails.
However we can define a sequence in the sense of 2.2.23 which works for w too,
quickly leading to the assertion that the theorem of Gitik-Shelah still holds for
A = w. We follow the lines of [9]:
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Definition 2.2.28. Let k and X be two reqular cardinals with Kk > No and
k > At. Then $F,, (K, A) denotes the following: There exists a sequence (Sy :
a € E)) with the following properties:

1. Va€ E}S, Ca
Va € B} sup(S,) = a

Vo € B Sq| = A

e M

if « is a limit of ordinals of cofinality > X (and > Ny if A = w) then for
every 8 € Socf(B) > A (and cf(B) >Ny if A=w).

5. for every club C C k the set
GC)={a€cE):IP<alC>DS, -4
has measure one in NS, i.e. contains a club intersected with E?.

Note that if A > w then a &%, (k, A) sequence is exactly the sequence of
lemma 2.2.23, hence such a sequence can’t exist. This remains true in the
countable case:

Lemma 2.2.29. %, (k,w) doesnt hold in ZFC' for each regular k.

Proof. Similar to the proof of 2.2.23: Let Ey := {8 < £ : ( is a limit of ordinals
of cofinality > 8;}. FEj is a club, hence so is E{, the set of its limits, thus there
exists a club C' C & such that for each o € CNEY, E{ contains a final segement of
Se. Let By := E{NC and continue this way. We obtain a sequence (E; : i < wy)
and set I :=[,_,,, Ei. As in the proof of 2.2.23 let § denote the minimum of
ENEY. We know by (3) of the definition that |S5| = w, thus let (s,, : n € w) be
a sequence in Sy, cofinal in §. Since F; 1 contains a final segment of S5 for each
i, there must be an ng € w such that for 8y many i’s F;11 D {s, : n > ng}.
But the E;’s are decreasing hence for each ¢ € 8y E; D {s,, : n > ng}. Hence
there is a f € F N S5, which satisfies ¢f(5) > Ry (§ € F and point 4 in the
definition). S is a limit point of each E, as E!, D E,t1, which implies that
E, NS is a club for each n. Since cf(8) > Ny also EN B is a club in 3, thus
verifying the exsistence of a v in E N of cofinality w which contradicts the
minimality of §. O

Lemma 2.2.30. Let k, A be reqular cardinals with k > AT and k > Ry. Assume
that NS, | E) is kt-saturated. Then for any stationary S C E and for any
Orrun(S) sequence (S = a € S) there exists a stationary S* C S such that for
every club C C k the set

G5 (C):={ae S : 3B <al D S,—fF}

contains a club intersected with S*.
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Proof. Assume that the lemma is false. Let S C E2 witness this. We define
inductively a modulo NS, decreasing sequence of clubs (C, : a < k") and an
almost disjoint sequence (A, : o < xT) of stationary subsets of S:

If C is a club then G(C) denotes as always the set {« € S : I < aC D
So—B}. Let Cy be a club such that S—G(C)) is stationary. Set Ag := S—G(Cyp).
Now assume that (Cg : f < o) and (Ag : B < «) are already defined. First
take a club C' which is almost contained in every Cjs for f < « (such a C
always exists, take for example the diagonal intersection of the previous Cg).
Then consider the stationary G(C) which is almost contained in every G(Cj)
for f < a. As G(C) is stationary there exists a club C, C & such that {y €
G(C) : 3B < ~vCy D S, — B} does not contain a club intersected with G(C'),
i.e. there exists a club C, such that G(C) — G(C,,) remains stationary. Finally
let A, := G(C) — G(Cy,). This completes the inductive definition.

Now we obtain a sequence of length xT of stationary subsets A,, whose
intersections are nonsationary, contradicting the x*-saturatedness of NS, |
E). O

Now the proof of the full theorem is easy:

Theorem 2.2.31 (Gitik-Shelah). As always let k and \ be two regular car-
dinals, k > Ny and At < k. Then NS, | E) is not kT -saturated.

Proof. Assume that NS, | E? is kT-saturated. Then we pick a maximal se-
quence of almost disjoint stationary subsets S*, given by our last lemma, which
must be of size k. Then we make them completely disjoint, and glue the O;lub—
sequences together to finally obtain %, (k, A) which is a contradiction. O

2.3 The saturation of NSy,

The theorem of Gitik-Shelah leaves the case k = N; unanswered, thus our
next attempt will be to present a solution to the question: May NSy, be No-
saturated? We show in this section that relative to the existence of a super-
compact cardinal, it is consistent that NSy, is Na-saturated. Hence the result
of Gitik and Shelah is best possible. We start with a technical lemma:

Lemma 2.3.1 (Laver function). Suppose that k is a supercompact cardinal.
There exists a function f : kK — V,, such that for every set x and every A > K with
x € Hy+, there exists a normal measure U on Pg(\) such that ju(f)(k) = x.
Such an f is called a Laver function.

Proof. By contradiction. Thus assume the lemma is false. For each f: x — V,
let Ay be the least cardinal such that there exists an x € Hy+ and x witnesses
the Non-Laverness of f, i.e. jy(f)(k) # z for every normal measure U on
P.(Af). Choose a v, greater than all of the Af’s and let j : V' — M witness the
v-supercompactness of k.

Let ¢(g,0) be the following statement: There exists a cardinal a, g : @« — V,
and ¢ is the least cardinal § > « for which there exists an z with x € Hz+ such
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that there is no normal measure U on P,(0) with jy(g)(a) = z. Again let \g
denote this §. Since k is the critical point of j we know that each f: x — V, in
V is also a function f : & — (V)M hence f : Kk — M and since M* ¢ MY C M,
we know by elementarity that M = ¢(f, Af) for all f : k — V. Let A be the
set of all & < k such that ¢(g, Ag) holds for all g : @ — V,,. By our assumption
we know that k € j(A), hence A cannot be empty.

Now inductively define f : k — V,; as follows: If & € A we let f(a) = z,
where z, witnesses ¢(f | @, Af}a), otherwise f(a) = 0.

From now on the proof will be more sketchy. Let x = jf(k). It follows
from the definition of f that x witnesses ¢(f,Ay) in M and hence in V. Let
U :={z € P\ : j“\ € j(z)}, which is a normal ultrafilter and induces
an elementary embedding ji due to the Solovay-Reinhardt characterization of
supercompact cardinals. Thus we can write j = ko jy where k : Ulty (V) = M
is an elementary embedding. It’s not hard to verify that k(z) = x and therfore
Jju(f) (k) = k715 f)(k) = k~(x) = x which is a contradiction. O

Next the mother of all the forcing axiom ever studied - Martin’s Axiom

Definition 2.3.2 (Martin’s Axiom). Suppose that (P, <) is a partial order
with the c.c.c and let D be a collection of fewer than 2%° dense subsets of P,
then there exists a D-generic filter on P.

Further let k be an infinite cardinal, then M A, is the following assertion:
Let (P, <) be a partial order, satisfying the c.c.c. and let D be a collection of at
most k many dense subsets of P, then there exists a D-generic filter on P.

Note that PFA implies M Ay, . We will need only one (of the many interesting
consequences) of MA:

Fact 2.3.3 ([11], Ezercise 16.10). M A, implies that < 2%

Theorem 2.3.4. If k is a supercompact cardinal then there is a proper forcing
extension in which k equals No and PFA holds.

Proof. Let f: k — Vi be a Laver function. We construct a countable support
iteration Py of {Qa : a < K} as follows: At stage a, if f(a) is a pair ((P), (D))
of P, names such that P is proper and Dis a ~v-sequence of dense subsets of
P for some vy < k then set Qo = P. Otherwise let Q. be the trivial forcing.
Note that each notion of forcing used in the iteration is proper by definition,
hence P, is proper and 8 is preserved. Further each P, (i.e. the iteration of
{Qs : B < a}) has size less than &, as f(a) € Vi, hence (due to fact 1.5.18.)
P, has the k-c.c. and all cardinals > k are preserved. Let G be a generic filter

on P,. Now we

Claim: In V[G] holds that if P is proper and D := {D, : a < k} with
v < k is a family of dense subsets of P, then there is a D-generic filter on P.

First we prove this claim: Let P, D be P, names for P and D. Let A > 92"
and w.l.o.g. we may assume that P < A. Remember that f is a Laver function,
therefore there is an elementary embedding j : V' — M with critical point
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% such that j(k) > A\, M* ¢ M and jf(k) = (P, D). By our assumption P is
proper in V[G] and by lemma 1.5.25. this is witnessed by a club C' of elementary
submodels M < (H,,...) where 2Pl < 5 < \. Since M* € M and P, has the
k-c.c., V[G] thinks that M[G]* ¢ M[G] (let f € M[G]* then f has a name f,
hence each f € M[G]* can be seen as a f € M* which is itself in M and so
f € M[G]). Thus C is a club inM[G], witnessing that P is proper in M[G].

Now consider the forcing notion j(Py) in M. Due to elementarity it is a
countable support iteration of length j(k), generated by the Laver function
J(f). We note that j(P,) | kK = P (as j | Vj is the identity), and as jf(k) =
(P, D), P proper in M[G] (which implies that if P is a name of P in M[G],
then P is proper in j(P.) | & = P, in M) it follows that j(Q). = P and
j(P.) = P.* P« R for a forcing notion R. Thus j(P,) satisfies the Kunen-
Paris schema and if H * K denotes a V[G]-generic filter on P % R, then in
V|G * H x K] we may extend j to the elementary embedding j : V[G] —
M[G*Hx*K]. The filter H on P is V[G]-generic, hence has nonempty intersection
with every D, € D. Let E = {j(p) : p € H} then E belongs to M[G *
H x K] and generates a filter on j(P) that is j(D)-generic. Hence M[G * H *
K] E “there exists a j(D) generic filter on j(P)” and due to elementarity we
have V[G] = “there exists a D-generic filter on P”. This is the end of the proof
of the claim.

Now the rest is easy: For every v < k let P be the forcing that collapses
~ onto wy, with countable conditions and for & < v let D, := {p € P :
a € ran(p)}. Due to our claim there exists a bijection between v and w; and
as V[G] preserves k (P, has the k-c.c.) we conclude that V[G] E k = N,.
The already proven claim thus shows that in V[G] PFA holds. The last thing
remaining is to show that 2% = R, in V[G]. On the one hand we have that
(2RYWVICT < (|P,R0)V = (k%)Y = k. On the other hand PFA implies M Ay,
and so 2% > N; and so 2% > Ny = g, thus 2% = k = R, in V[G]. O

There exists a notion of iteration, the so called revised support iteration
(RCS) for which semiproperness of the {3 : S < a} implies semiproperness
of P,. We can use the RCS to obtain a result, similar to our last theorem:

Theorem 2.3.5. If x is a supercompact cardinal than there is a semiproper
forcing extension in which SPFA and k = N holds.

Thus SPFA and PFA are consistent relative to the existence of a supercom-
pact cardinal.

Definition 2.3.6 (Martin’s Maximum (MM)). If (P, <) is a stationary set
preserving notion of forcing, and if D is a collection of Xy dense subsets of P
then there exists a D-generic filter on P.

Definition 2.3.7. A sequence (M, : a < w1) of countable elementary submod-
els of Hy = (Hy, €,<) is called an elementary chain if it satisfies additionally
M, C Mg fora < B, My € Mg for o < 8 and M, = U5<a Mg for each limit
Q.
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MM is consistent relative to the existence of a large cardinal. This follows
from the next theorem:

Theorem 2.3.8 (Shelah). SPFA implies that every stationary set preserving
notion of forcing is also semiproper. As a consequence SPFA implies MM.

Proof. First we define a new notion: If X is a set of countable elementary
submodels of Hy = (Hy, €, <) then:

X1 = {M € [H))* : M < Hy andN ¢ X for every countable N that
satisfies M < N < Hy and NNw; = M Nwy}

Lemma 2.3.9. Assume SPFA and let wy < k < X with A reqular and sufficiently
large. Let Y C [Hy]¥ be stationary and let X = {M € [H)\]*¥ : MNH, €Y}
be the lifting of Y to Hy. Then there is an elementary chain (M, : a < w1) of
submodels of (Hy, €<) such that M, € X UX* for all a < w;.

Moreover the assertion remains true if we consider any X' D X

Proof. Let P be the forcing that shoots on elementary chain through X U X,
i.e. the conditions of P are elementary chains (M, : a <y < w;) in X U X+
and stronger conditions are extensions of the weaker ones. In order to show that
this definition of P does make sense (and is not the trivial forcing) we prove
first that the sets {(M, € X UX™ : a <7) : v > ¢} = D¢ form dense sets in
P.

Thus let (M, € X UX* : a < ) be a sequence of countable length in V.
Let P be the forcing notion that collapses |Hy| to w; with countable conditions.
Let G be V-generic over P. In V[G] there exists an elementary chain C of length
wy with limit (Hy)Y. Since X U X+ is stationary, and the forcing is proper,
and the elementary chain is a club, hence we know that X U X+ N C is itself
a stationary subset of [(Hy)Y]“ of size ;. Due to the theorem of H. Friedman
[7] we know that (X U X1) N C contains a closed subset of length v < w; for
any 7 < wp. This subset is an elementary chain. Thus in V[G] holds that for
every v < w; there is an elementary chain C of length ~ such that C ¢ X UX*.
Since P is < wj-closed and therefore all functions f : v — V in V[G] with v
countable are in V. Hence V contains elementary chains through X U X+ of
any countable length.

The next thing we want to show is that the forcing notion P is semiproper:
Let g > A, let M < (H,,€,<) be countable with P € M and let p € PN M.
Due to fact 1.5.31. we only need to find a ¢ < p that is (M, P)-semigeneric.

Claim: There exists a countable N with N < M < H,, such that N Nw; =
MNw,and NNHy, e XUXt

We proof this claim: If M N Hy € X+ then set N = M. If not then
there exists a countable N’ < Hy such that M N Hy C N/, N'Nw; = M Nw;
and N € X. Let N be the Skolem hull of M U (N’ N Hy) in (H,, €, <).
Then NN H, D (MU(N' NH,)NH, = (MnH,) U(N' NH,) and as
MnNHyCN',N'NnH, D MNH,, hence NNH, D N'NH,. On the other hand
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NNH, C N’ as for every Skolem function h for H,, hN H, € M N Hy C N'.
Thus NN H, = N'N H,, which gives us NNw; = N'Nw; and NN H, €Y (as
N <H,,NeX=NnNH,e€Y =NNH, €Y) hence NN H, €Y and this
ends the proof of our claim.

Using this claim we can finish the proof of lemma 2.3.9. We can find a
decreasing sequence of conditions p,, € N with p = pg such that p, = (M, :
a < v, and such that every name for a countable ordinal in N is decided by some
Pn (as an ordinal in N). We may also assume that J,,.,, Uag% M, = NN H,.
Set v = U~vn and M, = N N H), then as already shown in the proof of our
claim M, € XUX" hence ¢ = (M, : a <) is a condition in P, stronger than
p and by construction (N, P)-semigeneric. Since M C N and M Nw; = N Nwy,
q is also (M, P)-semigeneric which is all we wanted to prove our lemma O

Now we are finally ready to finish the proof of the theorem. We go on
indirectly, assume that SPFA holds, further that @ is a stationary set preserving
notion of forcing, that is not semiproper. Let x be sufficiently large so that all
() names for countable ordinals are in H,.

By our assumption @ is not semiproper, hence there is a condition p € @ for
which theset Y = {M € [H,]* : M < H,A there is no (M, Q)-semigeneric ¢ <
p} is stationary. Let A > k be regular and lift the set Y to Hj, i.e. con-
sider X = {M € [H)\]* : M NH, € Y} which remains stationary. Due
to our choice of k we may rewrite: X = {M € [Hy\]¥ : MNH, < H, A

there is no (M N Hy, Q)-semigeneric ¢ <p } = {M € [H)\]* : M N H, <
H, A there is no (M, Q)-semigeneric ¢ < p }. By our last lemma there exists
an elementary chain (M, : o <w;) in X U X+. We

Claim The set {a < w; : M, € X} is nonstationary in V[G] hence in V.

We proceed by proving the claim: Towards a contradiction we assume that
S is stationary. Let G be a generic filter on @, p € G. Remember that
(@ is assumed to be stationary set preserving, hence S remains stationary in
VI[G]. Let d¢, £ € wi be an enumeration of all the names in {J,_, M, for
countable ordinals. We define in V[G] the set C := {a < w1 : My Nwy =
a}N{a <w V€ < a(de € My N{a <w : V§<a55G <aln{a<w :
each name of a countable ordinal in M, is in {§¢ : € < a}}. Tt is straightfor-
ward to check that each of the sets is a club, hence C' is a club itself. Moreover
if @ € C then there is a ¢ € G below p such that for every 55 € M,qlF38 €
a55 = and as « C M, we have ¢ IF 38 € Ma(;g = . Thus q is (M4, Q)-
semigeneric. Hence if S is indeed stationary then there is an a« € C'N S which
leads to an M, € X which includes a (M, Q)-semigeneric condition < p, which
is a contradiction to the way we defined X. Hence S has to be nonstationary
and our claim is proven.

With the last claim in mind we derive that there exists an elementary chain
(M, : a < wp) in X*t. Let p > ) be sufficiently large, pick a countable
M < (Hu,€,<,Q,(My : o < wrp)) with p € M and set 6 = M Nws, which
implies Ms € M N Hy and § = Ms Nw;. Since Ms € X we know that
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M N Hy ¢ X and by the definition of X there exists an (M, Q)-semigeneric g
below p. So for each p € @ there is a club of countable M < (H,, €, <) and an
(M, Q)-semigeneric ¢ < p. If we take the diagonal intersection then we obtain
a club of countable M < (Hj, €,<) such that for every p € M there is an

(M, Q)-semigeneric condition below p, establishing the semiproperness of Q.
O

Theorem 2.3.10. MM implies that NSy, is Ra-saturated.

Proof. Let {A; : i < 6} be a maximal, almost disjoint collection of stationary
subsets of wl. Assume that MM holds. Our goal is to find a subset Z C § such
that [Z| < Ny, and )., A; contains a club () denotes the diagonal union).
This suffices because: Suppose that S is a stationary subset, that doesn’t equal
any A;. Suppose further that SN A; € NS for each i then ), (SN A;) € NS,
and this contradicts the fact that > A; contains a club.

Let P be the set of all pairs (p, ¢q) with the following properties:

1. g:v+1— for some v < wy

2. p C wy is a closed subset of wy of countable size such that o € p = a €
Ue<a Aace)

On P we consider the following ordering: (¢’,p’) < (gq,p) if and only if ¢’ D ¢
and there is an « such that p’ Na = p, i.e. p’ is an end extension of p.

Thus P is a 2-step iteration P = @ x R where Q collapses || to w; and
R shoots a club through S := > ics Ai, the diagonal union of the A;. P is
stationary set preserving: Let A C w; be stationary then, by maximality there
is some ¢ < 0 such that A N A; is stationary. As @Q is w-closed, it preserves
stationarity, hence AN A; N S is stationary inV?. We further

Claim: The forcing for shooting a club through the stationary set S pre-
serves stationarity of any stationary subset of S.

We prove the claim: To faciliate our notation we write S instead of S (our
ground model is V& but we will not denote its elements with a dot) Our forcing
notion consists of closed subsets p C S of countable length (they exist due to
H. Friedmans theorem [7]), and p is stronger than ¢ if and only if there is an
o < wy such that p N a = ¢q. We shall show that if 7' C S is stationary and if p
is a condition such that p IF C is a club in w; then thereisag<pandaleT
such that ¢ IF X € C.

We construct a sequence of sets of conditions like this: Set Ay = {p}
and A, = Uﬁ<a Ap if o is a limit. If A, is already defined we let v, :=
sup{maz(q) : q¢ € A,} and further we let r(g) be a condition stronger than ¢
such that maz(r) > 7, and there exists a 8(q) > vo with 7(¢) IF 8(q) € C.
We may additionally assume that maz(r(q)) > B(¢). Then we let Ag41 =
Ao U{r(q) : g€ Aa}.

Consider the set C:= {A <w; : @ < A= 7, < A}. Cis aclub hence CUT
contains limit ordinals, let A be one of these, then there is a sequence of o, that
converges to A. As A € C we also have that v,, — A. Let p,, € A,, be a
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corresponding, decreasing sequence of conditions, then sup{maz(p,,) : a, <
A} = A, hence ¢ := | pa,, U{\} is a condition and we have: ¢ IF Vn < wB(pa,, ) €
C' which leads to ¢ IF 38 = limB(pa,,) € C but limB(pa, ) = limvy,, = A and
therefore ¢ IF A € C'N S which gives us the claim.

Therefore AN A; NS remains stationary in VF | and so does A.

Now define for each o < wy: Dy, :={(q,p) € P : a < max(p)}. D, is dense
for each o < wy, and since MM holds, there is a generic filter G on P that meets
every D,. Set

F:= U{q : (¢,p) € G for some p} C := U{p : (¢,p) € G for some ¢}

Then C'is a club and F' a function w; — [6] and moreover C' = {« : I < o €
Ape))}. Now it follows that if A is an arbitray stationary set then ANC' is a
stationary subset of C', and due to the closedness of NSy, under diagonal unions
we know that there must be 8 < w; such that CN AN Ap(g) is stationary which
means that {Ap@) @ a < wi} is already a maximal pairwise almost disjoint
collection. Thus NSy, is Na-saturated. O
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Chapter 3

The saturation of the
generalized NS

3.1 The generalized Splitting Theorem

The first result we obtained, concerning the question of the saturation of the
nonstationary ideal on k, was Solovays Splitting Theorem, asserting that NS,
cannot be k-saturated. It is reasonable to think about an analogue in the more
general notion of stationarity, defined in 1.1.13.

Our first expectation would be something like ,every stationary subset of
P,()\) can be partitioned into (A\)<"* pairwise disjoint stationary subsets“. How-
ever this is impossible as we will see after some lemmas.

w

Lemma 3.1.1. There ezists a stationary set S C [wa]” of size Ra.

Proof. Due to the Theorem of Kueker the clubs and the strong clubs coincide
on [wz]¥. Thus there is for every club C' a functional F : [wy]<¥ — wy such that
C=Cp.

For each uncountable a@ < wo let f, : @ — w;y be a bijection and set
Xog={B<a: fa(B) <&}
Now we claim that the set
Si={Xae: a<wy,&<wi}

is stationary.

Let f : [we]<® — [w2]“ be an arbitrary function. It suffices to show that
there are a@ < wo and ¢ < w; such that X, ¢ is closed under f. We first claim
that there is an o < wy such that « is closed under f: Let g := w; and consider
the union Uee[wl]@ g(e). As ws is regular there exists an a3 < wo such that

Ug(e) € ;. We continue like this: Again build | 1< g(€), for which an

e€lay
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g < wy exists such that |Jg(e) C as and so on. If we let o := sup;c,a; then
this is our desired ordinal less than we, which is closed under f.

Next let & := w. Consider X ¢, and take the union J.¢ [y, <o 9(€). As
Xa g 1s, by our assumption countable, |Jg(e) is countable as well, moreover
Ug(e) C a, hence there exists an ag < wy such that (Jg(e) C Xq¢,. We loop
this construction to obtain a sequence X, ¢, Xa.¢,, ... and if we let £ := sup;c,&;
then X, ¢ is closed under f, which ends the proof of the lemma.

O

The lemma above shows that a partition of a stationary subset of Py (\)
into A" many sets might be impossible. For instance if x and A are regular
cardinals such that A<* > k and a stationary subset S of P.(\) of size A exists
then a partition of S into A<* many parts is impossible.

But there is even another reason why our first attempt of the generalization
of Solovays Theorem fails; Large cardinals affect the size of sat(N.S) too.

Theorem 3.1.2 (Gitik). (/8]) If there exists a model of ZFC in which a super-
compact cardinal exists then there exists a model of ZFC and a stationary set
S C P.(k") in it, such that S cannot be split into k™ many stationary sets.

Although we know now these delimiting results a similar assertion to Solo-
vays theorem is still provable.

Lemma 3.1.3. If k is a regular cardinal and A\ a cardinal > k. Then let
E:={x € P.(\) : |[xNk|=|z|}. We have

(i) E is stationary
(i) If k is a successor cardinal then E contains a club.

Proof. For (i) let C be a club, g € C. Assume that |zg > |zo N k|. Let
|zo| = & < K, set y1 := xo U&p and notice that |y; N k| = |y1|. Let x; € C be
such that 1 D y; and check again if |z1| = |x1 Nk|. If not then let yo := z1 U&
where & = |x1|. If we loop this contruction then it yields an increasing sequence
(7i)icw and x := {J;c, 2 isin CNE.

For (i) let E' := {x € P;(\) : |z| = |x N k| = |k~ |} where K~ denotes the
predecessor of k. It is easy to see that E’ is a club. O

Lemma 3.1.4. Assume the same sitution as in the lemma above and define E
in the same way. Then every stationary subset S C E can be split into A-many
disjoint stationary sets.

Proof. If & = X then for each club C' C P,()\), theset C := {z € C : z € On} is
a club subset of C. Hence if S is stationary then S := {z € S : € On} remains
stationary in P,(k), and can be considered as a stationary set in x. Therefore
there exists a partition of S {S; : ¢ < k} and each S; is still stationary in P, (k)
which is all we wanted.
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Thus assume x > X and assume first that A is a regular cardinal. Let S C F
be an arbitrary stationary subset. For each x € S we may choose a bijection
fo :x = xN k. Now an elegant trick: for arbitrary = € S and a € = we set

9o () = fo(a).

It is immediate that g, is a function, defined on the stationary set SN {z €
P.(A) : a € z}, and go(z) = fo(@) € x Nk C x, hence g, is a regressive
function on SN {z € P;(\) : « € z}. By Fodors theorem there exists for each
a < A a stationary set S, C S such that g, is constant on it with value v, < k.

Now there must be a set X C \ of size A such that vy, = ~ for each o € X, and
we claim that the corresponding subsets {S, : a € X} are pairwise disjoint.
If not then x € S, NSz and go(x) = gg(xr) = v but go(z) = fz(a) and
gs(xz) = fu(B) and f, is one to one, which is a contradiction. Thus every
stationary subset S C E can be split into A-many pairwise disjoint stationary
sets.

If X is singular then the argument just described shows that E can be parti-
tioned into v many subsets, where 7 is an arbitrary cardinal less than \. If E is
not scissible into A many parts then sat(N.S [ E) = A, but this is a contradiction
as sat(I), if infinite, is always a regular cardinal. Hence E can be devided into
A many parts as well. O

Lemma 3.1.5. Let k be as always a reqular cardinal and let A > k. Assume that
GCH holds. If cf(\) < k then every stationary set in Py (\) can be partitioned
into A1 disjoint stationary sets.

Proof. Note first that the regularity of x and ¢f(\) < k implies that A # « hence
A > k. We observe that |P.(\)| = A<" = sup,<xA*. And as cf(A) < kK < A
we may conclude with GCH that sup,<.,A\* = AT. Moreover every unbounded
Y C P.()) has size AT as Py(\) = U,y P(2).

Let (fa)aca+ be an enumeration of the set of all functions f, : [\]<¥ —
P, (X) such that each function appears cofinally often. We remember lemma
1.1.20. which states that for each club C' C P.(\) there is a function f :
[A]<¢ — Py () such that the club of the closure points Cy C C. Thus for every
club C' C P.()) and every v < AT there is an a > v such that C D Cy, = {x :
f(e) C z for all finite e C = }.

Now let S C P.(A) be stationary. We define inductively sequences (z§ :
£ <a) C SNCy, for each a < AT, such that (z¢ : { < a) and (m? 1 £ < B) are
pairwise disjoint if o # B (note here that S N Cy, is an unbounded set of size
AT, hence the pairwise disjointness causes no problem). For each £ < AT we set

Sei={zf : E<a< AT}

The S¢ form a set of size AT of pairwise disjoint subsets of S. What remains
to show is that each S¢ is stationary. Fix an Sg, if C' is an arbitrary club then
there is an a > ¢ such that €' O Cy,, and zg € S¢ N CY,, hence each S¢ is
stationary. O

o4



In the light of 3.1.1 and 3.1.2 the next theorem is our best possible result-
not as good as expected though:

Theorem 3.1.6. Let k be a regular uncountable cardinal and let X\ > k. Then
the following holds:

(i) P.(\) can be partitioned into A pairwise disjoint stationary subsets.

(i) If k is a successor cardinal then every stationary subset of P,(\) can be
split into A disjoint stationary subsets.

(iii) If GCH holds then P.(X) can be partitioned into A<" stationary subsets.

Proof. (i) Follows directley from 3.1.4

(ii) Let S C P4(\) be stationary. Then as k is a successor cardinal, E
contains a club, hence S N E is stationary and by 3.1.4 can be split into A
disjoint stationary sets.

(iii) If ¢f(A\) < & then by the last lemma P, (\) can be split into AT many
disjoint stationary subsets. In this case also A<* = A" holds by the GCH. Hence
(iii) is true. If ¢f(A) > & then aagain by the GCH for all p < kK A* = X and
part (i) of the theorem applies. O

3.2 The saturation of the generalized NS

We enventually arrived at the highlight of this work. When considering the
result of Gitik-Shelah, it is natural to ask wheter their result still holds, when
exchanging the nonstationary ideal on s with the the nonstationary ideal on
P.(X\). This chapter is devoted to the answer of this question. Since it’s proof
is long we will give a short preview of the things to come.

Question: If k < A is a regular cardinal, NS the nonstationary ideal on
P.()\). May NS be A*-saturated?

Answer: No, it is impossible, unless kK = A = w; (where 2.3.10. applies).
We show this answer in this way:

e First we will prove a result of Burke-Matsubara stating that if
(i) & limit and ¢f(A) > & or
(ii) & a successor, kK > wy and ¢f(\) > K

then NS cannot be A\T-saturated. In the next section we consider the case
where

e kv = w; and A > Ny is arbitrary. We show again that NS cannot be
AT -saturated.

e c¢f()\) < kK, where k is arbitrary but regular. We even show that NS
cannot be AT T-saturated.

e The only remainig case is: £ a limit, and ¢f(\) = k. Then NS cannot be
AT-saturated.
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3.2.1 The Result of Burke and Matsubara

If we look back to the proof of Corollary 2.2.20. we can detect the following
strategy: Define a subset S of x which is so chosen that it changes the cofinality
of k in Ultg(V) and hence in V[G] (where G is a generic filter for the forcing
below S), in order to obtain a contradiction to Corollary 2.2.19. This argument
does also work (with the right assumptions) in the more general frame: the
nonstationary ideal NS on Py ().

For practical reasons we state Cor 2.2.19. again:

Theorem 3.2.1 (Shelah). Let A be a regular cardinal and let P be a notion
of forcing that preserves A\T. Then for all generic G C P : VI[G] satisfies

cf([Al) = ef(N).

There exists a variation of the theorem above, which works for singular A
under different circumstances:

Theorem 3.2.2 (Cummings). (/3/) Suppose that X is a singular cardinal and
P is a notion of forcing that preserves stationary subsets of AT. Then:

IFp cf(IA]) = cf ().

Note that any notion of forcing P that satisfies the A*-chain condition sat-
isfies the hypothesis of the both theorems above.

Theorem 3.2.3. ([4], Theorem 2.25. pp 903) Let I be a normal ideal on P,,(X\)
and assume that I is \*-saturated. Then I is precipitous and further the generic
ultrapower M=Ultg (V') is closed under sequences of length X, i.e. M* N M =
M*NV[G].

Lemma 3.2.4. Let k and X be cardinals, and let k be regular.
(i) Suppose that cf(N\) > k and that p, v are reqular cardinals less than k. Let
S={zx €PN\ :|z|=|zNk|, cfl(xnk)=pu, and cf(sup(z) =v}
Then S is stationary in P,(\)
(i1) Suppose that k = 0% and cf(N\) > k. If we let
S=A{ze PN : cf(xNk) = cf(sup(x)) # cf(0)}
then S is stationary.

Theorem 3.2.5 (Burke-Matsubara). (/2]) Let NS denote the nonstationary
ideal on P.()\), where k is a regular cardinal and \ a cardinal > k. Assume
further that one of these two assumptions holds:

(i) cf(A) >k and k is a limit

(i) Kk is a successor cardinal, k > wy and cf(\) > k
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Then the nonstationary ideal NS is not AT -saturated.

Proof. (i):Thus let ¢f(A) > k and let x be a limit. Assume to the contrary that
NS is A\T-saturated. Then by lemma 3.2.4 the set S := {z € P.(\) : |z| =
|z N k|, ef(x N k) = pand cf (supx) = v} is stationary in P,(A). Let P be the
forcing with INV.S-positive sets below S and let G be a generic filter.

The next thing we observe is that in the ultrapower Ultg(V) cf(k) is
represented by the function f : x — cf(ot(k N z)) because then jf : = —

cf (ot(j(k) Nx)) and [f] = jf(f*X) = cf(ot(j(k) N j*A)) = cf (ot(k)) = k.

Further c¢f(\) is represented by the function g :  — cf(supx) as jg : x —
cf(supx) and [g] = jg(j“\) = cf (sup(7“X)) = cf(A). This together with the
representation of x we obtained in lemma 1.4.16 tells us that

Ulta(V) = M = Al = [s[ Acf(r) = pAcf(A) =v
As M is closed under V[G] sequences of length A we know that:
VIGI = Al = sl Aef(r) = nAef(X) = v
And as & is a limit cardinal it remains a cardinal in M hence in V[G]. Thus
VIGI = M =k Acf(k) =pncf(A) =v

which leads to
VIG] E cf(IA]) = cf (k) # cf(N)

and this is a contradiction to Shelah’s theorem if A is regular. If A is singular
then this is a contradiction to Cumming’s theorem.

(i4): Assume again that NS is AT-saturated. If k = p™ and p > w; and
cf(A) > kthen S ={z € P,(\) : cf(xNk) = cf(sup(z)) # cf(n)} is stationary
due to lemma 3.2.4. If we force again with N S-positive sets below S then S € G
(where G is the generic filter) hence

Ulta(V) = M = X = p Aef(\) # ef(n)

as the set {z : |ot(z)| = p} € G and as {z : cf(sup(x)) # cf(p)} D S € G.
Because M is closed under V[G]-sequences of length A\ we know that

VIGI = A =v Acf(A) # cf(p)
. Again this contradicts either the theorem of Shelah or the theorem of Cum-
mings. O
3.2.2 Mutual stationarity

Definition 3.2.6. Let A be a set. An Algebra A on A is a structure (A, fi<w),
where ficy, : A = A. A is the so called universe of A. Equivalently an algebra
is a structure (A, F) where F is a operation on A. A subalgebra B < A is a
subset of the universe of A which is closed under the operation F.
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Definition 3.2.7. Let K be a set of reqular uncountable cardinals, let sup(K) =
0, and let S,, C K for each k € K. Then the collection (S, : k € K) is mutually
stationary if for every algebra A on § there is an N' < A such that

Ve e NNK sup(NNK)e€S,
where N denotes the universe from N .

We will derive some easy consequences from the notion of mutual stationar-
ity:
Lemma 3.2.8. Let K be again a set of regular cardinals and S, be subsets of
k. Then the following holds:

(i) If (Sk : k € K) is a sequence such that for every k: Sy is a club in k then
the sequnce of the Sy is mutually stationary.

(i) If (Sk : k € K) is mutually stationary then Sy is a stationary subset of Kk
for each k € K.

Proof. (i) Suppose A is an algebra on 0 := sup(K). Choose a countable subal-
gebra My < A.Let Ny denote the universe of Ny. If K N Ny = () we are done,
thus let k € K N Ny. If sup(k N Ng) € S, we are finished again, thus assume
that sup(k N Ny) ¢ S,. Since the S, is a club, there exists an zy € S, such
that zo > sup(k N Np). Build now Ny := (No U {x0}) (i.e. the subalgebra
generated by the elements of Ny and zp) and continue with checking wheter
sup(N1 N k) € S, or not. In the latter case there is an xz; € S, such that
z1 > sup(N1 N k) and we set Ny := (N7 U {z1}). We obtain this way an in-
creasing chain of subalgebras A of A: Ny <N} < .... Let N :=[JN; then N
is closed under the operations of (A), hence universe of a subalgebra N and we
have that sup(N N k) = sup(k N |JN;) = sup(k N N;) € S,.

This construction can easily be generalized to handle the case where N N«
has more than one element and we are finished.

(i4) We start with a

Claim: Let C' be a club on k € K. Then there exists an Algebra A on
§ := sup(K) such that for all nonempty N' < A: k € N and if sup(N Nk) € k
then sup(N Nk) € C.

Using this claim we can continue as follows: Let C' be a club on k. We
want to show that C' NS, # () which would justify the stationarity of S,.. We
choose for C' an algebra A which satisfies the properties of our claim. Due to
the mutual stationarity of the S, there is an ' < A such that sup(NNk) € S,
which implies that sup(N N k) € &, hence sup(N Nx) € C.

What remains to prove is our claim: Consider (E§ N C) and for each z; €

ER, N () a cofinal sequence (x{)j<w — x;. For each o < K there is an z; €
Ef, N C) such that x; is the least element of Ef N C) > a. Define now

! if a # 27 Vj where z is the least element such that 27 > o
file) =2l ifa=a)
153 if « = x; or @ > k and (8 is any ordinal bigger than s
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and fo(a,B) = & Va, 8 € 6, f3(a, B,7) = k Vo, 8,7 € 6... and so on. Then
(6, f1, f2,...) has the desired attributes. O

The last lemma states that mutual stationarity is a property stronger than
the usual stationarity but weaker than closed unboundedness. The concept
of mutual stationarity can be reformulated by the means of the notion of a
strongly closed unbounded set (a strong club). A subset X C P, () is strongly
closed and unbounded if there is an algebra A on A such that X = {N €
P.(\) : N < A}. A set X is strongly (or generally) stationary if and only
if it has, as one would expect, nonempty intersection with every strong club,
i.e. for each algebra A there is an N < A, N € P,(A) such that N € S. Tt
is immediate that {S, : x € K} is mutually stationary if and only if the set
{X Csup(K) : Vi € X N K(sup(X Nk) € S,)} is a strongly stationary subset
of P(sup(K)). Using the following lemma we will obtain another despriction of
mutual stationarity:

Lemma 3.2.9 (/6], Lemma 0). Let p < k < X be regular cardinals, Fs(\, ),
Fs(k, 1) be the filters generated by the strong clubs on [A\|<* and on [k]<* respec-
tively. F(k,un), F(A p) denote the corresponding club filter. Then the following
holds:

(i) F(\, ) is the filter generated by Fs(A,p) U{{z € [A]<# : 2Np € p}}

(it) If C C [A]<F is a strong club then {y Nk : y € C} is a strong club in
(k] =0

(iii) If C C [K]<F is a strong club then {z € [\]<* : 2Nk € C} is a strong club
in [A]<H.

Lemma 3.2.10. Let K be as always a set of reqular cardinals, and let Y be a
set with sup(K) CY. Then {S. : k € K} is mutually stationary if and only
f{X CY : Ve € XNk (sup(X Nk) € S,)} is a strongly stationary subset of
PY).

Thus if YV is a set with sup(K) C Y then (S, : x € K) is mutually stationary
if and only if the set {X CY : Vk € KN X (sup(X Nk) € S,;)} is stationary in
PY).

We will use the notion of mutual stationarity to investigate the saturation
of the nonstationary ideal on P,()\) in the case where k = w;

3.2.3 The generalized saturation of NS when k = w;

Next we consider the case where kK = w; and A is an arbitrary cardinal. We
shall show that the nonstationary ideal in P,, (\) cannot be AT saturated. At
first let A > w; be a regular cardinal. then we already know by 2.2.31 that
the nonstationary ideal on A, restricted to the elements whose cofinality is w is
not At-saturated. Thus the next lemma suffices to show that the nonstationary
ideal on P,, ()\) is not AT-saturated whenever X is regular:
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Lemma 3.2.11. Let k < X\ be two regular cardinals and let A C X be such that
cf (@) =~ < Kk for every element o of A. Then

A is stationary iff A := {x € P.(\) : sup(z) € A} is stationary in Pe()\)

Proof. We start with the direction from the left to the right: Suppose that
C C P;()) is a club. Let f: [A\]<¥ — P.()\) be such that the set of the closure
points of f, C¢ is a subset of C. Let D be the club in A, consisting of the
ordinals which are closed under f. Then DN A # (), and if 3 € AN D, then
there exists a sequence (8q)a<~ Which converges to 8. Build the closure B of
(Ba)a<~ under f, then B € C and sup(B) = 3 € A, hence B C'N A and A is
stationary in P, (X).

For the other direction assume that C is a club in A, then C := {X €
P.(\) : sup(X) € C} is a club in P.()\), hence there is an X € C N A and
sup(X) € C' N A, witnessing the stationarity of A.

O

Corollary 3.2.12. If A\ > w; is regular then the nonstationary ideal on P, ()\)
is not AT -saturated.

Note that the just described strategy isn’t limited to the case kK = wy. In
fact it works for all regular x and all regular A > k.

The remainig case is where A is a singular cardinal. Unfortunately non-
saturation is way harder to show here. It turns out that the notion of the
mutually stationarity is crucial in that case. We start with a small technical
result:

Lemma 3.2.13. Suppose that k < 6 are reqular cardinals. Then

S C k is stationary < VA= (H(0),€,<..)3M < A, |M| < & with sup(MNk)

Proof. We start with the = direction. Consider for a fixed A the set
Ca:={sup(MNk): M <A |M| <&k}

Then C 4 contains a club as we can define a sequence of length k of elementary
submodels (Mq)a<w of A for which Mg < M, holds whenever £ < 7, and
|Mo| <k for each o < K and moreover My = (Jz.,, Mp holds for every limit
a. Now if we consider sup(M, N k) then this is a club and a subset of C4, thus
CaNS #0 as S is stationary and this is what we wanted.

For the other direction let C' be an arbitrary club in x. We claim that
there exists a structure A = (H(6),..) such that for each M < A sup(M N
k) € C. Indeed let f : k — Kk be an increasing function with f : a —
B € C where (3 is the least such ordinal that is larger than . Now set A :=
(H(9),€,<, f) and whenever M < A with |M| < k then sup(M N k) can be
approached by a sequence of the form (f(5))s<, which is a sequence in C hence
sup(MnNk) € C. Now by our assumption there is an M < A and sup(MNk) € S,
thus S is stationary. O

Our main result is this one:
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Theorem 3.2.14 (Foreman-Magidor). Let (ko : o € %) be an increasing
sequence of reqular cardinals, let (S, : « € ) be a sequence of stationary
subsets of kq, such that each S, consists of points of countable cofinality. If
A 1= Supa<~(ka) and A is an algebra on X, then there is a countable N < A
such that for all kK, € K NN sup(N N Ky) € Sa, i.e. if the S, are stationary
for each a < 7y and each x € S, has countable cofinality then (S, : o € 7y) is
mutually stationary.

Proof. Let A be any algebra on A and let 7 C A<% be a tree constructed in a
way that there is a function I : 7 — {k, : a < 7} which satisfies these two
conditions:

1. f o € 7 and l(0) = k4 then {v : 07y € 7} C ko and has cardinality k.

2. If 0 € 7 and Kk, € sk**(0) then there are infinitely many n € w such that
if o D o and o’ has length n then I(¢”) = Kq.

Let 7/ be a subtree of 7 with stem o9 and let A1, A2, ..., A, be a finite collection
of the k,’s such that each \; € sk**(0g). We say that 7/ is an acceptable subtree
(for {A1,...,A,) if and only if for all nodes o € 7':

o if I(0) ¢ {A,)2,., A} then {y : 0 ~ v € 7'} is a subset of I(0) with
cardinality (o).

e and if I(0) € {\1,..., \,} then there is a unique ~y such that o ~y € 7/.

We say that the tree 7/ is fixed for k,, if 7/ is acceptable for a set {\1, ..., A\, }
and Kq € {A1, ..., \n}. Our goal is to produce a decreasing sequence of subtrees
Tn, and a non-decreasing sequence of finite subsets A, of {k, : « € v} such
that the following three conditions hold:

(i) 7, is an acceptable subtree for A, and the length of the stem of o, is at
least n.

(ii) If Kk, is in the skolem hull of the stem of one of the 7,, then there is an
m > n such that 7, is fixed for k.

(iii) If 7, is fixed for k, then there is a 8, € S, such that for all branches b
through 7,,: sup(sk(b) N ko) = Ba-

If we could prove the existence of such a sequence then we could end the
proof of the theorem: Due to (i) the intersection of the 7, is nonempty and is
a branch b through each 7,,. Now if N := sk (b) then N < A, |N| = w and if
Ko € N then there is a stem o, of a tree 7, such that x, € sk*(0,,). Due to
(ii) there is an m > n such that 7, is fixed for x, and (iii) tells us that there is
a Ba € S4 such that sup(N Nky) = Ba € Sy which is exactly what we wanted
to prove. Thus we need to show that there is such a decreasing sequence of the
Tn, Which is done if we could prove:
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Lemma 3.2.15. Suppose that T is an acceptable tree for \i,..., A\, and Ky €
skA(o), where o is the stem of T. Then there is a Bo € So and a subtree 7/ C T
such that 7' is acceptable for {A1, ..., \n, Ko} and such that for all branches b
through 7' : sup(sk(b) N ko) = Ba-

Proof. We proof this lemma by defining a game Gy for each ordinal § € k,
played on the tree 7 with two players G (good) and B (bad), who play nodes
of the tree determining a branch b of the tree. At a stage of the game where a
node o € 7 has been determined:

1. If l(o) € {A1, ..., A\n} then there is only one v such that ¢ ~+ € 7. B must
play this ~.

2. If l(0) < Kq then B has to play a v such that o ~y € 7.

3. If (o) > Ko then B chooses a subset D of [(0) with |D| < (o) and G
chooses an element of {y : 0"y €7} — D.

4. If (o) = Kq then B chooses an ordinal 5 < 6 < £, and G chooses a v > 8
such that 67y € 7.

If the game described above determines a branch of 7 such that sk4(b)Nk, <
§ then G wins, otherwise B. Note that if B wins then sk (b) N ko > & after a
finite number of steps, hence the game Gy is determined for every § € k.

Claim: There is a closed unbounded set § < &, such that G has a winning
strategy in the game Gy

Assume to the contrary that S C k, is stationary and G doesn’t have a
winning strategy Ss for each 6 € S. Let 6 be a cardinal > AT and N <
(H(0),€,<,(S5 : § € 5),..) be such that |[N| < k, and N Nk, = &g € S.
Such an N always exists as the previous lemma justifies the existence of an
N’ < (H(0),¢€,..) such that sup(N' Nk, € S. Now let N < N’ be such that
N'NKkq C N and |N| < k. This N has now the desired properties.

We will derive a contradiction by exhibiting a game according to Sj, that
produces a branch b with sk(b) N ke < do. As B plays with strategy Ss, we
only need to describe what G does. We will show that each player in each step
plays ordinals that are elements of N and as N is closed under finite sequences
by elementarity we can say that for all nb [ n € N.

Assume inductively that the play has constructed o of length n and I(¢) € N.

1. If I(o) € {A1,..., A, then there is exactly one 7 such that ¢~y € 7 and
this v also lies in V.

2. At a stage where (o) < Kq, B has to play a v so that 07y € 7. As
N Nkq € Kg any v < I(0) is in N.

3. If the play has arrived at a o of length n so that (o) > k, thenasi(o) € N,
and as the cardinality of U = [ J{Ss(c) : § € S} is less than (o) we know
that N = l(o) — U # 0, and so G plays an element v € N N (I(c) — U).
Since v € N 67 € N, and by construction v ¢ Ss(o).
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4. Suppose now the game has constructed a o of length n and I(0) = Ka,
and Ss, forces B to play an ordinal S < dp. Then G plays an ordinal ~
so that 07y € 7 and 8 < 7 < dg, and such a v € N always exists as by
elementarity N = 7 the successors of o are unbounded in r, “

Now let b be the resulting branch through 7 and let M = (skA(b))™. Then
M < N and hence supM N ko < dy. This contradicts the fact that b is the
result of a game according to the winning strategy for B Ss,. Thus our claim is
proven.

O

We go back to the proof of the theorem. Since each S, is stationary there
is a fo € S, such that G has a winnig strategy for Gg,. Let S denote this
strategy. Due to our assumption S, has countable cofinality thus let (0,)mew
be a sequence cofinal in 3,. Let us now define the subtree 7/, which should have
the desired attributes: We take a look at each o € 7 and decide wheter o is in
7/ or not. Assume inductively that each o € 7 is the result of a partial play by
G according to S and that if [(0) € {\1,.., A\, Ko} then the set {y : ™7} has
cardinality [(o).

Suppose we have put o € /. Then:

1. If i(o) € {A1,..., A\n} then o has a unique successor in 7. We put this
successor into 7’. Notice that this is done by B, thus it doesn’t contradict
our strategy.

2. If I(0) < Ko then we let the successor of o in 7 be the successors of 7.
Note again that this is a legal play of the game according to S.

3. If [(o) > K then in the game B chooses a subset D of I(o) of cardinality
< l(o) and then G an element of {y : 07~v}. To ensure that the set of
successors of ¢ has cardinality (o), we define by induction on v < (o)
ordinals v, € (o) such that ~, is the response by S to B playing {7,/ :
v/ < v}. Then we let the set of successors of o in 7/ be {c7, : v € l(0)}

4. If i(0) = ko then we want 7’ be fixed for k, i.e. o has only one successor
in 7. The rules of the game require B to play an ordinal 8 < 3, and G
to play an ordinal v such that v > 8 and (67) € 7. If the length of o
is m then we let {y : 07y € 7'} be the well defined v such that v is G’s
response to B playing §,,.

This defines a subtree 7 C 7, and we checked in each step that 7’ is accept-
able for {A1, ..., A\n, Ko t- Thus it remains to show that for all branches b in 7/
sup(sk”(b) N ko) = Ba. Since such a branch is the result of a game with G
following his winning strategy S we have that sup(sk(b) N k) < Ba. On the
other hand, since k. is in the skolem hull of the stem of o of 7 we have that
there are infinetly many m such that {(b | m) = K, and for each such m we
have that the unique v with b | m~v € 7’ is bigger than §,, cofinal in 3., hence
the equality is verified.

O
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Theorem 3.2.16 (Foreman-Magidor). Let A be a singular cardinal with co-
finality . Then the nonstationary ideal on P, (\) is not M -saturated.

Proof. We pick an increasing sequence (K, : « < u) of regular cardinals, cofinal
in A. For each a we divide the stationary set of the elements of ., with countable
cofinality into k, pairwise disjoint stationary sets (S/gy : B < Kq). Then we
define for each function f € [ ¢, Ka:

Sy ={N € P,,(\) : Vha € N (sup(N N kq) € S50}

Our last theorem witnesses the strong stationarity of each Sy in P, (X).
Due to Kueker’s theorem strongly stationary and stationary are the same in
P,,(X), hence each Sy is even stationary in P, ()\). Further if f # g then
there is an « such that f(a) # g(«), hence Sy NS, is nonstationary as it
has empty intersection with the club {N € P, (\) : ko € N}. So the set
{8y ¢ f €lla<p kot forms an antichain in F,, (A) of cardinality A*. O

3.2.4 The cofinality of ) is less than «

Now we consider the case where, as already mentioned, the cofinality of A is less
than k. We will show an even better result than the one we already got by Burke-
Matsubara: namely that the nonstationary ideal cannot be At *-saturated. Our
proof relies on a fact by Shelah which will be stated without proof, and makes
heavy use of the PCF theory. Therefore we need to introduce first some defini-
tions and properties of this theory.

Definition 3.2.17. Suppose that X is a singular cardinal, (A\;)iccp(n) is a co-
final sequence of regular cardinals and I is an ideal on cf(\). Then a scale
n Hiecf()\) Xi/I is a sequence of functions (fo : a < n) such that each f, €
Hiecf()\) Ai and the following two properties hold:

(i) Va < o' {i : fo(i) > for (i)} € I, i.e. the sequence is increasing.
(it) Vg € [Licepony Aida <nfi: g(i) = fa(i)} € I, i.e. the sequence is cofinal

Fact 3.2.18. Let A be a singular cardinal, let I be the ideal of the bounded
subsets of cf(X), and let (A\;)iecs(n) be a cofinal sequence in \. Then there is a
scale in [ Xi/I of length X*. We will say that [[\;/I has true cofinality A*.

Definition 3.2.19. Let (f, : a < 1) be a sequence of functions fo : cf(\) —
A\, and moreover let g € XfN . Then g is called an exact upper bound for
the sequence if and only if g is greater than each f, almost everywhere, i.e.
{i : fa(i) = g(i)} € 1, and if h € [J;c.p(n) Ai s such that {i : h(i) = g(i)} € 1,
then there exists an a such that {i : h(i) > fo(i)} € 1.

Moreover we say that a scale is continous if and only if for all B, whenever
there is an exact upper bound for (fo : o < B) then fg is the exact upper bound.

Definition 3.2.20. Let (f, : a <) be a scale and let B be an ordinal. Then
B is called good if and only if there exists a set B := {he : & < ¢f(B)} C
HieCf()\) Ai and a set S € I such that:
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1. for all§ <n<cf(B),i€cf(B),i€cf(N)—8 he(i) < hy(i)
2. for all oo < B there is an h € B such that {i : fo(i) > h(i)} € I.
Fact 3.2.21. There exists always a stationary set of good points

Fact 3.2.22 (Shelah). ([15]) Suppose that X is a singular cardinal, and p <
A is a reqular uncountable cardinal. then there exists a set R C AT and a
stationary set A C AT consisting of ordinals of cofinality p, such that whenever
N < (H(0),e,<,R,..), if a = NN X" € A, then there is a cofinal sequence
C C « of order type p such that for all B < a, CN B EN.

Fact 3.2.23 ([5]). Let X\ be a singular cardinal, and let u be a regular cardinal
less than . Then there exists a stationary set A C A\t such that for all sta-
tionary B C A and all expansions of H(0) := (H(0),€,<, R, ..) -where 0 is as
always a sufficiently large cardinal, and R is as in our previous fact- there is an
elementary submodel N < H(0) such that:

(i) IN| <k and NNk € K
(ii) sup(NNAt)eB
(#ii) N is internally approachable of length 1

Definition 3.2.24 (Internally approachable). Let N be an arbitrary set
and p an ordinal, then N is internally approachable of length p if and only
if there is a sequence (N, : a < p) such that N = | N, and for all
B<p, (Ny: a<f)eN.

Note that if N < (H(#),€) and N is internally approachable of length pu,
then due to the definability of i as the length of the sequence (N; : ¢ < u) and
by the elementarity of N, u C N and moreover N; € N for each i < p.

a<p

Lemma 3.2.25. Let A be a singular cardinal, cf(X) < &, let (Xi)icerr be a
sequence of regular cardinals cofinal in X and let (fg : B < AT) be a continous
scale. Further let I be the ideal of the bounded subsets of cf(\), and N <
(H(0),€,<,(fs : B<AT),...) be an internally approachable structure of length
w# cf(N) (where p is a regular cardinal), with |N| < k,cf(\) € NNk € k and
sup(N N A1) = « then

XN = fa almost everywhere modulo I

Proof. Pick a sequence (N; : i < p) that witnesses that N is internally ap-
proachable. We already know that N; € N for all i < p, as well as p C N. As
N < H(0) we may assume that the N;’s are increasing, i.e. N; C N, if ¢ < j.
Additionally we may assume that each A\; € N, which gives us that xn, € N
for every i < p. Now we

Claim: There are cofinal subsets X C pand Y C aNN and a jo < cf(A)
such that if 4,4 are successive in X then there is a unique 8 € Y such that for
all 7> Jo:

xw; (7) < fs(5) < xw, (4)
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We prove the claim. Let xn, € N be the characteristic function for an
arbitrary ¢ < p. As the (fs : B < A1) form a scale in N there exists a
B € N NAT such that xn, <; fz. Moreover as u # c¢f(A) and as the cofinality
of the approaching sequence is uniquely determined, there exists an i’ such that
fs C N/. For the N/ there exists again a 2/ € N N AT such that fz >; N/
and so on. We obtain a cofinal X C pand Y C anN N and for each successive
i,i" € X there is exactly one 8 € Y N« such that xn, <; fg < XN/, i.e. there
is a ji < cf(A) such that for all j > j; xn,(j) < f(j) < xw:(j). Thus it is only
left to show that there is even a jo < ¢f(A) such that the inequality above holds
for all 5 > jo. We break into cases:

1. p < cf(XN). Then sup;<,j; < cf(M), thus there is a jo such that supj; <
Jo < ¢f(\) which works.

2. u > c¢f(A\). Then since the function h : i — j; goes from p to cf(A), we
know that there is a jo € c¢f(A) such that jo is hit by p-many ¢’s. If we
let X’ := h™!(jo) then X' C X and if we build Y’ just in the same way
as our Y, then we obtain a cofinal X’ C p and a cofinal Y/ € anN N. For
these X’ and Y’ now the claim holds.

This ends the proof of our claim.

Now we continue with the proof of the lemma. Again we break into cases

1. ¢f(X) > p. Then as a = sup(NNAT) which implies that cf(a) < p and as
Y] = p we know that Vj < jo : fa(j) = supsey f5(j) = supiexxn;(j) =
xn (4)-

2. ¢f(M\) < p. Then Y and jp witness that « is a good point, hence again for

sufficiently large j > jo: fa(j) = suppey f5(j) = supiexxn,(j) = xn(j)
and we are done

O

Theorem 3.2.26. If k > ws is a reqular cardinal and X\ > k is a cardinal wirh
cf(N\) < k. Then the nonstationary ideal on P, (\) is not AT T -saturated.

Proof. As k > Ny we may pick a regular cardinal p1 < k such that p # cf(A). Let
A C AT be a set as in fact 3.2.23. As AT is regular we already know that there is
an antichain D of cardnality A** in P(A)/NS. Thus let {B, : a < ATt} be an
enumeration of this antichain. For each £, < A*T™ let C¢,, be a club such that
BeN B, NCg, = 0. By taking a bijection between the A™* x AT+ and A" we
define C¢ for all £ < AT and build A¢y\++Ce. We set B), := Bo N Agcy++Ce
for every a < A**. Then each By, is stationary and if o # 3 then B, N B} is
bounded. Thus we may assume without loss of generality that for all B¢, B, € D
B¢ N By, is bounded.
Each stationary B C A induces a stationary set

Sp = {N € P,(H(9)) : sup(NNAT) € Band N is LA. of length yu}.
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Because if C'is a club in P, H(6) then by 3.2.9 there is a function F : [H(0)]<¥ —
H(9) such that {z € P,(H(0)) : Nk € Kk A F¢z]<¥ C z} is a subset of
C'. Now fact 3.2.23 witnesses that there exists such an N < (H(6), F, ...) which
additionally has sup(NNA") € B and is I.A. of length y, hence Sp is stationary.

If (fo : @ < AT is a continous scale then the set {N € P,(H(0)) : (fa : @ <
AT) € N} is a club and we may assume that each element of Sp additionally
contains the scale.

Now we set for each B€ D T :={NNAX : N € Sg} which is a projection
of a stationary set and therefore remains stationary. We shall show that

if B,C are distinct elements of D then T NTs is nonstationary.

Let v < AT be large enough that BNC —« = 0. Let N € S and assume that
f+(4) € NN\ € Tp for each j < ¢f(X) (this is always possible since the set {A €
P.(\) : Vjfy(j) € A} is a club). As N € Sp we know by lemma 3.2.25 that
there is an « € B —+ such that xy =1 fo. Assume now that there is an M € S¢
such that M N A =N N A, then xn(j) = sup(IN N A;) = sup(M N A;j) = xm(4),
but xy =71 fo, @ € B—~y and xp =1 fg, f € C —~, which is a contradiction.
Thus we have shown that if E is the club in P,;(\) whose elements contain all
the ordinals f,(j) for j < cf(X), then ENTpNTe = 0, which shows that Tz and

Tc have indeed nonstationary intersection, hence P, ()) is not AT+ saturated.
O

3.2.5 k is weakly inaccessible

Our last remaining case is where k is weakly inaccessible and A has cofinality
k. We shall show:

Theorem 3.2.27. Let k be weakly inaccessible and let A\ > Kk be such that
cf(X) = K. Then the nonstationary ideal on Py (\) is not AT -saturated.

The theorem will be proven after a series of lemmas are settled. Our proof
is indirect, thus we assume within the whole section that the nonstationary
ideal is AT-saturated. Define a map 7 : P.(AT) — P.(\) by w(z) = 2 N\
Moreover this function induces a map, which we will denote confusingly again
with m : P(P,(A")) — P(P.(\)). The second 7 preserves stationarity, as well
as it’s inverse function 7~ 1.

Lemma 3.2.28. If S C P.(\") is a stationary set, and if the nonstationary
ideal restricted to m(S) is AT -saturated, then there is a club C C P,(\T) such
that for each stationary S’ C ©(SNC), the set SNw=(S") is stationary.

Proof. Let B C 7(S) be stationary. We say that B is bad if and only if the
set {N € S : NnXe B} =Snna(B) is not stationary. Suppose that
A C P(P.()) is a maximal antichain of bad sets. By the AT-saturation we may
assume that A = {B, : a < A}. Since for each « < A Dy, :={z € P;(\) : o €
x} is a club, we may also assume that if N € B, then a € N.
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Now since each B, is bad, for every « there exists a club C, C P,(AT) such
that CoNS C{N €S : NNA ¢ B,}. Let C:= Ay Cy and let T C 7(C'NS)
be stationary.

If SNm~Y(T) is not stationary, i.e. {N € S : NNA € T} € NS, then T is bad
and by the maximality of B, there must be an a such that B, NT is stationary.
Hence we may assume without loss of generality that T' C B, for an a < A. Let
NeSNC with NnAeT. Then since T C B,, NN A € B, and thus o € N.
As AC, = {r € P.(\) : © € Ny, Ca}, o€ Nand N € CNS = AC, NS,
NelC,nS and so NN ¢ B,, thus NN A ¢ T which is a contradiction. So
{N €S : NNXe&T} must be stationary. O

Now we pick a cofinal sequence of regular cardinals (A; : i < k) such that
the true cofinality of the reduced product of the \;’s modulo the bounded sets
on k is AT. We choose a continous scale (f, : @ < A1) in this reduced product.

Lemma 3.2.29. Let T be the subset of Py(AT) such that its elements M satisfy
(i) cf(MNEK)=uw

(ii) there is a sequence (8, : n € w) C M N AT and an ig € M Nk so that
X (i) := sup(M N N;) = sup(fs,)(@) : n €w) foralli € kN M, i > ig.

Then T s stationary

Proof. Let 0 be a sufficiently large regular cardinal such that all the neccessary
things (the scale, the cardinals mentioned) lie in H (). We shall show that there
exists an elementary submodel M < H(#) with M € T, such that M Nk € k.
This suffices as we know by lemma 3.2.9 that {N € P,(A* : N < (H(0),€,<
,...) AN NNk €k} forms a basis for the clubs in P, (AT).

Pick an M < H(0) such that x € M, M has cardinality . We may demand
that M is internally approachable by an increasing sequence (Nj : k € w) of
length w as can be seen as follows: Let My < H(6) such that |My| = K, kK C M.
Pick an M; < H(0) with My C My, My € My and |M;| = kappa. Moreover let
My D My be such that My < H(0), (Mo, M1) € M, |M2| = k and so on. Then
M := {U,c,, M; has the desired properties.

Then (maybe after thinning the internally approaching sequence out) for all
k there is a 0p € Ngy1 such that xn, <* f5, <" Xn.,,- Next we choose an
increasing sequence (M, : a < k) such that (M,Nk) € K, |My| < K, each Ny, €
My and M, C M. Then for some a with cf (o) = wy, (Mo, (fs5,)) < (M, (f5,))-

Now we claim that for this M,, M, NA € T. Note that since each fs, € M,
and cf(a) = wy there is an iyp € M, N k such that for all ¢« with ig < i < &,
and all k € w xn, (1) < f5,(1) < Xnpy, (7). Thus for all i between ig and &
X, (1) = sup{xn, (7) : k € w} = sup{fs,(i) : k € w}. O

Now for every N € T we fix an increasing sequence (o

;e 1 € wl) of
ordinals cofinal in N N k. Moreover we pick a G C P(P,()\))/NS that is generic
with 7(7) in G and build the generic ultrapower of V' by G. This gives us an

embedding j : V — M C V|G|, M transitive, and j“\ € M and the sequence
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(a{ A : 1 € wy) is a cofinal increasing sequence in k. This sequence determines a
subsequence of the cardinals (\; : ¢ € k), which we will denote by (Af : i € wq).
Thus it is reasonable to view each f, as an element of [[;,, A;. Further for
N € T, the sequence (o : i € w;) determines a version of the sequence A}
relative to NN A, and for ¢ > iy each NN} has cofinality w. By our penultimate
lemma by intersecting T with a club if necessary we may assume that for all
stationary S C «(T), #=1(S) N T is stationary.

Lemma 3.2.30. For every generic G C P(P.(\))/NS with n(T) € G,

VIG) = ((f% : a € A1) is unbounded in H A (mod the filter of countable sets))

(o7
1<wi

Proof. Assume to the contrary that the lemma is false, take G generic with
m(T) € G as a counterexample and let j : V. — M C V[G] be the generic
elementary embedding, where M is transitive. We may assume that 7(7T) IF
((fa + a < XT)is bounded in [[;c, Af). Hence there is an h € [];c,,, 7N
such that for all a € A™ and all large enough i < wi, h(i) > fj,(i). Note
that h € M. Hence by the saturation there is a g : #(T) — V such that for
almost every = € 7(T), g(z) € [[;c,, (Af N ), and such that for all @ < A*,
7(T) I ( for all sufficiently large i € w1, [glar(i) > 7, (2).

Let N € T then g(NNA) € [[;e,, (AfNN). In particular for all i € wy, g(NN
A)(i) < xN (@) (where x§ (i) = sup(N N A})). Since N € T, there is a sequence
dn @ m € w) such that for all large enough i € wy, X3 (i) = sup{f; (i) : n € w}.
Hence for all large i € wy, there is an n such that g(N N A)(i) < f5 (i). Hence
there is an unbounded set of i < wi, and an n such that f5 (i) > g(N N A)(i).

Now by Fodor there is a § and a stationary 7" C T such that for all N € T",
g(NNA)(t) < f5(i) for cofinally many i € omegay .

Assume that m(T") € G, then j(g)(j*A)(i) < fj (i) holds in M for un-
boundedly many 7 < wi, a contradiction. O

proof of theorem 3.2.27. We are finally ready to prove the theorem 3.2.27: With
the help of our last lemmas we can find a generic G C P(P,()\)) such that in
V[G] the following holds:

(a) (f* : o < A™") is unbounded in [] A

ST
(b) ¢f(k) = wy and for all i, cf(A\}) = w.

Working now in V[G] we may apply Shelahs trichotomy theorem ([15], Claim
2.1.2) to see that in On*'/ bounded sets the sequence (f : a < A1) either

1. has an exact upper bound g in On®*/ bounded sets such that for almost
all 4,7 € wi, Cf(g(J)) = cf(g(i)), or

2. there are sets A; C A}, with |A4;| < wy, and an ultrafilter D C P(w) such
that for all @ < A" there is a 8 < At and a g € [[,__ A; such that
fo*é <p g<p f; or

1<wi
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3. there is a g € [], <w; Af such that the sequence of equivalence classes of
{i : fx(i) < g(4)} modulo the ideal of bounded sets in wy is not eventually
constant.

Note that by our last lemma, if the sequence (f} : a < AT) has an exact
upper bound then it must be given by the function g(i) = Af. As each I has
cofinality w, we can choose cofinal countable sets A; C Af. Since g is an exact
upper bound, for every function h € HiEwl A;, there is a 3 such that h <* f7.
Further since the A; are cofinal, for all 3 < A%, there is an h € Hi<w1 A; such
that f3 <* h. Hence if there is an exact upper bound the sets{A;} are a witness
to being in case 2 for any ultrafilter D.

We shall show that both cases 2 and 3 lead to a contradiction. In either case
there is an ordinal 6 € AT of cofinality wy (in V and V[G]) such that either for
all a < § there is a 8 < § and a g € [, Ai such that f; <p g <p f (in
case 2). Or the sequence of equivalence classes of {i : f < g%} (modulo the
ideal of bounded sets in wy) for a < § is not eventually constant (in case 3).

We return to V' now and choose there a cofinal X C § of order type ws.
Then since x is regular in V there is a j < & such that for all ¢ > j and all
a< pBin X, fo(i) < fg(i). Thus in V[G] there is an iy € wy such that for all
a< B, a,f€X and all i > ig, f3(i) < f5(9).

We work in V[G] again: If 2 holds then we construct a cofinal set X' C X
such that for all « < 8 in X' thereis a g € [[,, A such that f; <p g <p f3.
If o < o' are successive elements of X', pick i, > iy and a g, € HiEwl A; such
that fo(ia) < ga(ia) < for(ia). Then there is a j > ig such that for cofinally
many o € X’ we have that i, = j, and hence we can assume that for all a € X’,
i = j. But then, if o < § are arbitrary elements of X’

fald) < 9a(G) < for (i) < f5(5) < 98(j)

which is a contradiction, since it implies that A; has cardinality at least wo.

If 3 holds then choose X’ C X cofinal in § so that if a, 8 € X’ are distinct
then modulo the bounded subsets of wy, [{i : fo(i) < g(0)}] # [{7 : fs(i) <
g(i)}]. Since the f,’s are increasing with a € X' at every i > g, the sets
{i > ip : fa(i) < g(i)} are strictly decreasing with @ € X', however it is
impossible to have a stricitly decreasing sequence of subsets of wq of length ws.
So our theorem is finally proven. O
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