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1. INTRODUCTION

Frege systems are the typical “incarnations” of propositional proof systems. They
are not only of interest in logic but also in computer science because of their rela-
tionship to exhaustive search problems. This relationship basically states that the
complexity of a Frege proof is equivalent to the complexity of a calculation of a
Turing machine that runs an exhaustive search algorithm. So for the class of N P-
complete problems, where only exhaustive search heuristics are known, the runtime
of such a search is equivalent to the size of the corresponding Frege proof. A con-
sequence of Ajtai’s work is that an algorithm for finding a Frege proof for PHP
cannot have sub-exponential runtime. As indicated in the abstract, an analogous
proposition holds for the Parity Principle: the runtime cannot be sub-exponential
even considering Turing machines with PH P as an oracle. As a conclusion one can
consider a hierarchy of stronger and stronger tautologies that cannot be computed
in sub-exponential time relative to an oracle lower in the hierarchy. Later Ajtai’s
results were improved even further [BIKPPW, BPU, [KPW| [BP] by eliminating the
need for nonstandard models and by giving a more exact super-exponential lower
bound to PHP in a more constructive way. Lower bounds to Frege proof systems
have consequences for even broader complexity issues. The important, still open
problem “NP? = co — NP”, that is, the question whether the class of predicates
accepted by a non-deterministic polynomial time Turing machine is closed under
complementation, is equivalent to: ”Is there a Frege proof system in which the
correctness of a derivation can be checked in polynomial time and which admits

polynomial size proofs of all tautologies?”



2. PARris & WILKIE'S WORK

In this section I present the required definitions and use them to give a general

understanding of the subject (most of these are from [K]).

Definition 1. (language of arithmetic Lpa):
Lpa=1{0,1,4, x,<,=}, where 0, 1 are constants, < , = are binary relations and

+, X are tertiary relations.
Definition 2. (bounded arithmetical formulas Ay):

(1) Eg = Uy is the class of quantifier free formulas.
(2) Class E; 41 is the class of formulas logically equivalent to a formula of the
form

dxy < t1(a)... 3z, < ty(a)o(a,z)

with ¢ € U; and t;(a)’s terms of the language Lp4.

(3) Uit is the class of formulas logically equivalent to a formula of the form
Ve < t1(a)... Vo, < tp(a)o(a,z)

with ¢ € E; and t;(a)’s terms of the language Lp4.

(4) Class Ag of bounded arithmetic formulas is the union of classes E; and U;

A= JE =]U:
4 i

Definition 3. (theory of bounded arithmetic IAg):
The theory of bounded arithmetic is a first order theory in the language Lpa is

axiomatized by the axioms
(1) PA—:
(a) a+0=a
(b) (a+b)+c=a+(b+c)
(c) a+b=b+a
(d) a<b—Izr,a+x=>b
e) 0=aVvVO0<b
)

fy o<1

(
(



(g 0<a—1<a
(hy a<b—=a+c<b+c
(i) a+0=0
(G) ax1l=
(k) (axb)xec=ax(bxc)
() axb=bxa
(m)
(n) ax (b+c)=(axb)+ (axc)
(2) and the Ag-induction scheme Ag-IND

(a<bAhc#)—axec<bxc

(¢(0) AV (p(x) = d(x +1))) = Vao(x)

where ¢ is a Ag-formula, which may have other free variables beside x.

Definition 4. (least number principle LN P scheme):

d(x) — FVa(p(d) A (a < b — —¢(a)))

where ¢ is a Ag-formula, which may have other free variables beside x.

Definition 5. (induction up to n IND,,):

(@(0) AV(d(x) = d(x +1))) = Va < ne(x)

Definition 6. (theory of ezistential arithmetic 13;):

(1) consist of the axioms PA~

(2) and the 3y-induction scheme:

(0(0) AV(d(z) = ¢(x +1))) = Vao(x)
where ¢ is a Ej-formula, which may have other free variables beside zx.

Definition 7. ([A]"):

For any set A and any natural number 0 < n € w

[A]" = {X C A X]| =n}



is the set of all subsets of A that have exactly n elements.

Definition 8. (the Pigeonhole Principle PHP):
Fix k € w. For every
F:lw'—={1,... Kk}

there exists an infinite H C w s.t. F is constant on [H]!

Definition 9. (the propositional Pigeonhole Principle PH P,, by Cook and Rechkov):

PHP, = =[N\ wiy)A

i€En jen—1

(A Vai)n

jeEN—1ieEn

( /\ ﬁ(l‘i’j /\xi,k)/\

icjken—1,j#k

« A (@i Axg)))]

jen—1ileni#l

To show the consistency of I3, (F) + 3xF : x — x — 1, Paris and Wilkie applied
a simple forcing argument to a non-standard model M of I3; to get an extended
model MI[F] with M[F] = I3;(F) + 3zF : © — x — 1. Because this is the
first important technique for understanding the following arguments, it is worth
discussing the origins of forcing.

The general idea of forcing was introduced by Paul Cohen in his proofs that the
Continuum Hypothesis and the Aziom of Choice are independent of ZF. In the
following I give those definitions, that are appropriate for applications to bounded

arithmetic.

Definition 10. (Initial segment of a model of PA):

If M =< M,0,1,+, x,<,=> is a model of Peano Arithmetic and n € M then

M, ={z e MM Ez<n}

Definition 11. Let A be an i-ary relation symbol and R a binary relation symbol,

then L = Lpy U{A} and L' = LU {B}.
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Definition 12. (M-definability):

Let i € w, R C M’ (a i-ary relation on M),

then R is definable in M

if there exists a 1st-order formula ¢(z1, . .., z;, y) of Lp4 with free variables x4, ..., z;,

y and there exists a ¢ € M s.t. for all ay,...,a; € M we get R(ay,...,q;) ifft M|
o(aq,...,a;c).

Definition 13. (M-definability on M,):

Let i,n € w, R C M} (a i-ary relation on M,),

then R is M-definable on M,

iff there exists a single 1st-order formula ¢(z1,...,z;,y) of Lps with free vari-
ables z1,...,x;,y and there exists cg € M s.t. for all a1,...,a; € M, we get

R(al,...7ai) iff M lZ qﬁ(al,...,ai,cR).

Remark 14. So we can treat definable relations on M,, as elements of M, by coding

R as above as 2#(®)3¢r ¢ M.

Definition 15. (w-definability in M):

Let i € w, R C M?,

then R is w-definable in M

iff there exists a 1st-order formula ¢(z1,...,;,y,2) of Lpa with free variables
Z1,...,%,Y, 2 and there exists b € M s.t. forall ay,...,a; € M we get R(aq,...,a;)

iff (there is cg € w s.t. M = é(ay,...,ai,cg,b)).

Definition 16. (Forcing):

(1) Let M be a countable model of PA~.
(2) notion of forcing:
(a) Let P € M be nonempty, definable in M and <p a partial, M-
definable ordering on P,
then < P, <p> is definable in M and called an M-definable notion of
forcing.
(b) Let P C M be nonempty, w-definable in M and <p a w-definable in

M, partial ordering on P,



then < P, <p> is w-definable in M and called an M-w-definable no-
tion of forcing.
(3) The elements p € P are called forcing conditions.
(4) For p,q € P we say q is stronger than p iff ¢ <p p.
(5) If p,g € P and there is r s.t. r <p p and r <p ¢ then p and ¢ are called
compatible.

(6) A set D C P is dense in P if for every p € P thereis g€ D s.t. ¢ <pp .

Definition 17. (Filter):

A set F' C P is called a filter on P if the following holds:

(1) F #0.
(2) If p<pgq,p€ F,q€ P, then g € F.

(3) If p,q € F, then thereisr € Fs.t. r<ppandr <pgq.

Definition 18. (P-genericity):
Let P be an M-definable forcing notion,

then a set G C P is called P-generic over M if the following holds:

(1) G is afilter on P .
(2) If D is dense in P and D M-definable, then G N D # 0.

Definition 19. (P-w-genericity):
Let P be an M-w-definable forcing notion,

then a set G C P is called P-w-generic over M if the following holds:

(1) G is afilter on P .

(2) If D is dense in P and D w-definable, then G N D # 0.

Definition 20. (Forcing relation):
Suppose < P,<p> is a notion of forcing, ¢(?) a lst-order formula with a new
relation symbol, @ € M, p € P. We say p IF (;5(7) (p forces ¢) iff for any G

P-generic over M s.t. p € G we get M[G] | ().

Here M|[G] is the model (the generic extension) obtained from M (the ground

model) by adjoining the generic set G as a new unary relation to get a richer model.
7



What is important for the definition of the forcing relation is that the “external”
definition of p I- ¢ is equivalent to its “internal” definition. This is done to ensure
that the properties definable in M[G] are “expressible” in M. To get a nontrivial
case where M([G] is a model of a theory T” stronger than T, the forcing conditions
have to be understood as “partial examples* of the new properties denoted by T".
Using the partial ordering < P, <p> of the forcing conditions defined in the ground
model, we can understand a filter F' C P as a consistent sequence of such partial
examples that each belong to the ground model. So a generic G C P, consisting
of forcing conditions in the ground model, can arbitrarily approximate this new
property. This approximation further fully defines what else is true in the generic

extension and can be formalized by the following three conditions:

Definition 21.

(1) Truth: M[G] = ¢ iff there is some condition p € G,p I+ ¢.
(2) Definability: For every ¢ fixed the relation p I ¢ must be definable in M.
(3) Coherence: If pIF ¢ and ¢ <p p, then g IF ¢.

Paris and Wilkie defined their forcing conditions this way:

Definition 22.
Suppose M is a countable nonstandard model of Id;, n € M and n nonstandard.

A forcing condition p is a finite set of the form

p={R(z1) = y1, R(x2) = y2, ..., R(xi) = yi}

with 7 < n, 7 <nand R C nxn—1is one-to-one and for two forcing conditions

p,qis g <ppiff ¢ Dp.

Remark 23. In this case P, the set of forcing conditions p, can be regarded as an

M-definable notion of forcing, by coding the forcing conditions using elements of

M.

Theorem 24.

I3:(F) 4 3zF : x - x — 1+ F is one-to-one
8



s consistent.
Proof.

Remark 25. Suppose p is a forcing condition, d)(?) a formula from Lps (i.e. ¢

does not involve R) and @ € M, then

plk¢(d) = ME ¢(d)and pl- R(a) =b <= (R(a) =b) € p

Claim 26. ("Decision Lemma’”) Suppose ¢(z) = 37/ 60(z, i) € 31(R) in the language
Lpa(R) =: Lpa U R, then there is a fixed jy € w depending only on 6 s.t. for any

condition p and a € M, either p I =¢(a) or Ip’ <p p, p’ Ik ¢(a) and |p’ — p| < jo.

Proof. To decide (x,y1, ..., ym) we need to know the values of R'(z),R(y1),. ..,
R (ym),Ri(e1),. .. ,Ri(ex) where eq, ..., e are the constants in 6 and i < j, j fixed.
Suppose there exist jy such values, then either p I —¢(a) or Ip' <p p73> €
ran(R) s.t. p' Ik 6(a, ?) Since |p| is finite and n is nonstandard we can pick
a p’’ compatible to p’ (i.e. p”" Up' I+ O(a, 7)) s.t. p” extends p by defining
RY(z), R*(y1), ..., R{(ym), R'(e1), ..., Ri(e;,) for i < j and hence p” decides G(a,?).
Then also p” I+ 9(&?) and p” IF ¢(a), [p” — p| < jo. O

Now we can pick a generic set G of forcing conditions p s.t. F =: [JG and
< M,F > 3JaF : a — a— 1+ F is one-to-one.

To show that < M, F > I3, (F), we have to show that every nonempty 3; (F)
set has a least element:
Suppose that p a forcing condition, ¢(x) € 31(F) and jy € w are as in the Claim,

p Ik ¢(a). Then
{a’ < a] there is a forcing condition p’ <p p, |p' — p| < jo and p’ I ¢(a)}
is definable in M and has a least element . By the Claim above p IF —¢(a) for all

a < 1, hence p’ forces that [ is the least element satisfying ¢(x) in < M, F > O
9



The second important idea of Paris and Wilkie was the connection between

bounded arithmetic and Frege systems in their consistency result for TAg(F) +

dx, F : © — x — 1, under the assumption of the Cook-Reckhov Conjecture:

Definition 27. (Frege system [U]):

(1)

(2)
(3)

(4)

A Frege Rule is defined to be a sequence of propositional formulas of the
form Aq,..., A F Ap.

If Ay =..= A, = 0 then I Ay is called an aziom scheme.

A rule is sound if ever truth-assignment satisfying Aj, ..., Ay also satisfies
Ao (41,..., A E Ap).

Cy is inferred from Cq,...,Ck by a Frege rule Ay, ..., Ay F Ay, if there is
a sequence of formulas By,..., B, and variables x1,...,x,, s.t. for all 4,
0<i<k,C;=AB1/x1,...,Bn/xy]. Bi/z; refers to the substitution of
the variable z; by the formula B;.

If § is a set of Frege rules and A a formula, then a proof of A in § from
Ay, ..., Ag is a finite sequence of formulas s.t. every formula in the sequence
is either one of the Ay, ..., Ay or inferred by a rules in § and the last formula
is A.

The length of a Frege proof is number of formulas in this sequence.

The size of a Frege proof is the number of its symbols.

A set § of Frege rules is implicationally complete if whenever Ay, ..., A
Ap, then there is a proof of A in § from Aq,..., Ag.

A Frege system is a finite, sound, implicationally complete set of Frege

rules.

Definition 28. (Cook-Rechkov Conjecture):

Vkdn s.t. every Frege proof of

has size bigger than n".

CR = /\ \/pi,j - \/ \/(Pi,j A De,j)

i<nj<n i<e<nj<n

k

Theorem 29. (Paris, Wilkie):

Suppose the Cook-Reckhov Conjecture holds,

10



then

IANG(F)+3n,F:n—n—1

15 consistent.

Proof.
Suppose M is a countable, nonstandard model of IAy. Take n,k € M and non-

standard s.t. every proof of

/\ \/Pw‘ — \/ \/(pi,j A Pe,j)

i<nj<n i<e<nj<n

has size bigger than n.

Definition. Definition (bounded arithmetic <+ propositional calculus)

For ¢ formula from Lpa(R) =: Lpa U R, R a new binary relation symbol and

@ < n we define a formula ®(@) of a Frege system

o P
R(ay,a9) Tay,az
a; +as = asg Sai,az,a3
a; X ag = as tal,az,as
a; = as €ay,az
o1 N\ ¢2 1 A Py
—¢ -P

Jzg(x) \/ ®(a)
V() /\ ®(a)

, with p, s, t new propositional variables.
11



Now we define a sets of propositional formulas 7" such that any proof of incon-

sistency uses more than n* symbols:

T = CRU
{®|¢ is an atomic sentence or negation of an atomic sentence of Lp 4

and n+ 1 E ¢}

Define an increasing sequence of sets of propositional formulas
T=TyCThCTy C..

s.t.

(1) each T; is coded in M,

(2) there is no proof of inconsistency in M from T; using less than nk/2' sym-
bols,

(3) for each ¢(7’) € Lpa(R) and @ < n there is an i € N s.t. () € T} or
~®(d) €T,

(4) if V., ®(d) € T; then there is 3j,m € w,j > i and m < n s.t. d(7) A

Na<m ~®(d) € T;.

Define a new relation
RC(n+1)x(n+1) <744 < JT
1EW
then

<n+1,R>E AgIND + {¢® € | J T:}
1€EW

For a < n define

F(a) = the least b s.t. R(a,b)

then F' is an one-to-one map from n + 1 into n, because CR € T; for all i and
<n?,F >=Ap-IND(F)+F:n+1—-n

where n denotes the substructure of M with universe {m|m <n’", e € w}.

12



3. AJTal

Ajtai combined the ideas of forcing on nonstandard models and the connection
of Frege systems with the provability in bounded arithmetic to prove that IA(F)+
InF : n — n—11is consistent, if we consider only Frege proofs of polynomial size and
constant depth [AJ2]. As the existence of such a function F' is a simple application
of the ideas of forcing, the consistency gives deep insight into the complexity of the
construction of this function.

The argument is the following: The Paris-Wilkie proof above shows that PH P
can only be proven if we have a model where a polynomial size and constant depth
Frege proof of PHP, exists. Now assume that there is such a model M where a
polynomial size and constant depth proof for PH P,, exists for some nonstandard
n. We restrict our model to the initial segment containing only elements less than
n. We add the function p : n — 1 — n — 2, p one-to-one via forcing. Furthermore
by a combinatorial argument, IND,, also holds in this extended model and with
this we can check the proof of PH P, for p. This contradicts our assumption, by
finding a formula in the proof that contradicts the injectivity of p.

Thus the consistency proof splits into two main parts:

First we define a model M and special notion of forcing < P, <p« > and show
that for any generic subset G, M[G] = -PHP, .

The second part, showing that induction holds in the generic extension, is the
more difficult part. To decide the truth value of a 1st-order formula ¢(a) for a fixed
a € M, in the new model, means that there exists a p, s.t. either for all generic G
containing p, M[G] = ¢(a) or M[G] = —¢(a). We have to show that this can be
done by looking at the values of p and p~! on a small, standard number of elements
and taking into account the combinatorial structure of the notion of forcing. We
essentially show:

If ¢ is a 1st-order formula and G P -w-generic over M and p € G, then

(1) YaeM,, Ipa€G Fj€w pa<pop A |dom(p,) — dom(p)| < j A p, decides ¢(a)
(2) VaeM,, U (a)CM,, Jwew |U(a)|<pew and YVg<pop U(a) C dom(q)AU (a)N

M,,—1 C ran(q) — q decides ¢(a)
13



The meaning of ([1)) is, if we already know p € G then there exists a p, only a “little”
stronger (at most “j-much” stronger) than this and p, decides ¢(a). The meaning
of is, if we already know p € G then the truth value of any fixed ¢(a) can be
decided by looking only at the values of p and p~! on U(a) which contains only w
many elements.

Now I give a rigorous definition of these ideas:

3.1. Forcing < M,p > -PHP.

Definition 30. Let T be a theory of the language L,

then 7' describes a large initial segment of Peano Arithmetic,

if for each | € w then there is a model M of PA and an n € M st. M En > 1
and there is an ¢ € w and an i-ary relation A C M}l definable in M s.t. with the
interpretation T defined by, 7(+) = + a1 | My, 7(X) = X pq | My, 7(<) =< | My,
we get M, =< My, 7(+),7(x),7(<),=, A >=T.

Definition 31. Let 7/ D 7 be an interpretation of the language L'.

Let T describe a large initial segment of PA and let M = PA and n € M s.t.
M, E T with n nonstandard. To get Ajtai’s result we have to extend M,, by
adding a generic set G via forcing s.t. the extended structure M|[G] satisfies a new
binary relation p:

(1) p is an one-to-one map of M,, onto M, _1

(2) if 7/(R) = p, then < M, p > IND,(p).
We will define a notion of forcing < P, <p+ > where its elements p € P will
consist of partial one-to-one maps between two sets definable in M, with domain of
size at most n —n®, e > 0, € standard rational which are definable in M and ordered
by set-inclusion. We take a filter G C P which is P -w-generic over M. Since
M,, is countable, | JG is defined everywhere on M,,, takes every value in M,,_1, is

one-to-one and onto. Thus p := |J G will serve as the desired new binary relation.

Definition 32. (Ajtai forcing)
Let € > 0, standard, P, := {p € M|p is one-to-one from M,, into M,,_1 A M [
|dom(p)| < (n —n°)}, P = Ul/t{Pl/t|t € w} and ¢ <po piff ¢ D p,

then < P, <p« > is a notion of forcing which is w-definable in M.
14



Fact 33.
The following hold:

(1) eachp € P is definable in M (because of the remark above every definable
relation on M, is an element of M ).

(2) P is not definable in M, because P has no minimal elements.

(3) P is w-definable in M, because for every p € P there is at € w, p €
Py

(4) P has a greatest element 1p, that is the empty function.

(5) for each fixred x € M, D, := {p € P |p is defined at x} is dense in P
and w-definable in M: D, has no minimal elements; for all p € D, there
ist €w, p€Pyyy.

(6) for each fixred y € M,,_1, DY := {p € P*|y is in the range of p} is dense
in P and w-definable in M: DY has no minimal elements; for all p € DY

there is t € w, p € Pyy;-

Lemma 34.
Let G be P*" -w-generic over M and p :=|J G, then p is an one-to-one map of M,

onto My,_1.

(1) for all x € M, p is defined in x:
for each fized x € M,, D, is dense in P and so by definition of genericity
D, NG #0.

(2) for ally € M,,_1 y is in the range of p:
for each fizedy € M,,_1 DY is dense in P and so by definition of genericity
DYNG #0.

(3) p is one-to-one:
for all p,q € G p,q are compatible, partial one-to-one maps of M, into

My_q.

Corollary 35. < M,p > -PHP

3.2. Truth of 1st-order formulas in < M,p >.

15



Lemma 36.
Let j € w, G P «w-generic, p :=|JG and R C M} s.t. R is definable in < M, p >,

then the following holds:

(1) for all ay,...,a; € M, there is a p € G s.t. p - R(ai,...,a;) orp IF
-R(ai,...,q;)

(2) for all p € P there is ap’ € P, p' <pw p s.t.

e the relation ¢ I R(ai,...,a;) restricted to ¢ <p- p',q € P,
ai,...,a; € My, is w-definable

and

o for all standard € > 0 the relation q I R(ai,...,a;) restricted to
q<pop,q€ P ag,...,a; € M, is definable in M.

(3) for all p € P there is a p' € PT,q <pe P/, w € w and a function
U : M} — M,_; that is definable in M s.t. for all ai,...,a; € M,
Ula,...,a;) € M, UM,_1,|U(a1,...,a;)] = w, and for all ¢ € P if
q <pe p,Ula,...,a;)NM, C dom(q) and U(a,...,a;)NM,_1 C ran(q)
then either

gl R(a1,...,a;j) or ¢IF =R(a1,...,a;).

To prove this, we introduce:

3.2.1. Unlimited fan-in Boolean formulae.

Definition 37. (unlimited fan-in Boolean formulae):
Let X be a set of Boolean variables.

By induction on ¢ € w we define B,:

(1) Bo=XU{0,1}.
(2) Induction step:
(a) f H Cw, |H| <w,h:H — B._1,
then \/ .y h(z) € Be and A,y h(z) € Be .
(b) ¥ ® € B,_y,
then ®,-® € B..

B =:J, B. is the set of unlimited fan-in Boolean formulae with variables in X.
16



Definition 38. (depth of a formula):
Let ® € B,

then the depth(®) is the smallest ¢ € w s.t. ® € B..

Definition 39. (size of a formula):
Let ® € B,
then |®| (the size of ®) is defined by induction on d = depth(P):
(1) d=0: If ® € By, then |®| = 1.
(2) define |=®| =: ||+ 1
(3) Let |h(x)| be defined for all h(z) € Bg_1. Then
Avert h@)] = Len I0@)] = |V ey (@)

Definition 40.

Let Dy, Dy be arbitrary sets s.t. DoN Dy =0. |Dol =n <w,|Di]=n-1<
w, D :=DgU Dy,

then define the set of Boolean variables indexed by Dy, D1: Xp, p, =: {24 for all
a € Dy, b€ D}

Remark 41. In the following we consider Bp, p, =: {® € B| for all z,; which

appear in ® we have z,, € Xp,.p, }-
Notation 42. For simplicity we will denote Bp, p, as B. And Xp, p, as X.

3.2.2. (Partial-) Truth assignments and evaluations of Boolean formulae. Now we
define an assignment of truth values on the Boolean variables. We’ll start with an
e-partial assignment R. on Xpe pc C Xp, p, s.t. D C D1, D C Do, n—n* = |Df|
for 0 < € < 1. Then we'll define an §—partial assignment Qs on DS,D‘f that acts
as a kind of complement to R.. The common extension R, o Q5 will be a d—partial

assignment on Dy in a natural way.

Definition 43.

Let p be an one-to-one map of D§ C Dy onto D§ C Dy, Q. : X' C X — {0,1},
then Q. is an e-partial assignment (on D§, D5 ),

if the following holds:

(1) n—n®=|Dj|
17



(2) (Qe(zap) =0o0r Qc(zep) = 1) iff (a € dom(p) or b € ran(p))
(3) Qe(xap) = 1iff p(a) = b.

Notation 44. map(Q.) =: p, val, =: Q. and set(Q.) =: dom(p) Uran(p).

Definition 45.
Let ® € B and Q). an e-partial assignment,
then ®@< denotes the Boolean formula that we get

if we apply the truth assignment (). on @, i.e replace the z,; appearing in ® by
Qe(Tap).

Definition 46.
Let p be an one-to-one map of D(I)dom(p)| into Dy, |[dom(p)] < n —mn, e > 0 and
€ < €p,

then R is a random element of {Q:|Q is an e-partial assignment and p C map(Q.)}.

Definition 47.
Let R, be a random, e-partial assignment, D} C Do —dom(R.), D{ C D —ran(R.)
and Qs a d-partial assignment on D3, D?,

then R, o Q5 is the common extension of the assignments R, and Q5.

Fact 48. FEach R. o Qs is a d-partial assignment on Dy, D1 and the probability of
choosing a particular common extension R.oQs is the same as choosing a particular

d-partial assignment.

Definition 49. (evaluation of a Boolean variable):
Let p be an one-to-one map of Dy onto D1, 245 € X a Boolean variable,

then define a Boolean evaluation e, : X — {0, 1} by:

e (Tap) = 1iff p(a) = b.
Notation 50. We denote this evaluations e., defined by p as val,.

Definition 51. (evaluation of a Boolean formula):

Let p be an one-to-one map of Dy onto D1, ® € B,

then e(®) is the truth value of ®

where each Boolean variable z,; appearing in ® is replaced by its evaluation

val,(a,b).
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Remark 52. By Lemma [36] and definition [51] we can understand the truth value of
a lIst-order formula ¢(aq,...,ax) in the language L’ by an evaluation of a corre-
sponding Boolean formula ¢ by the map p.

In the following we will just consider Boolean formulae T" s.t. depth(®) € w. For
these it is possible to define the truth value e(®) even if p ¢ M, our non-standard
model of PA.

3.2.3. Equivalence of Boolean formulae.

Definition 53. (Equivalence of Boolean Formulae):
Two Boolean formulae ®, ¥ are equivalent (® =, ¥),

iff for all evaluations e, e(®) = e(¥).

Definition 54. (Equivalence of Boolean Formulae in M):
Two Boolean formulae ®, ¥ are equivalent in M (® = ¥),

iff for all evaluations e € M, e(®) = e(P).

Fact 55. For every ¢(a1,...,ax) € L', a1,...,a; € M, thereis ad € w and ® € B

s.t. depth(®) < d and < M,p > ¢(ai,...,a;) iff e(P) =1, e = val,,.

Remark 56. We want to replace ® by a “simpler” ¥ s.t. ® =.,,; V. The construction
of ¥ will be in M but since there are evaluations e ¢ M, ¥ needs not to be in M.
However, there is one problem: If two Boolean formulae ®, ¥ s.t. ® =, V¥, then
still there may exist an evaluation ¢’ ¢ M s.t. €/ (®) # €¢/(¥). So we need to define

a stronger kind of equivalence relation L € M s.t. LY = e(P) =,pq e(P).

Definition 57. (Boolean identity):

We define the syntactic equivalence of Boolean formulae (=;) as follows:
(1) If H Cw, |H| <w, g,h: H— B and ran(g) = ran(h),

then A\ cp 9(z) =5 Nyeg h(2).

(2) If H; C w, |H;| < w, pairwise disjoint, h; : H; — B, H = J;c; H;,
hi Ch:H — Band A\, .y h(z) € B,
then A cp h(7) =5 Nics Apem, hi()-

(3) If & € Band A,y h(a) € B,

then @V Ay h(z) = Npepy (@ V h(z)).



(4) I A\, cpyh(x) € B,
then — /\er h(z) = VzeH —h(z).
(5) If ® € B,

then OV® =, &, 0NDP =,0,1VIP =1, 1ANDP =, &, PV D =, 1,

PAN-D=,0, D=, ].

Remark 58. Each identity in the above definition has a dual form that we get by

replacing A with \/ and vice versa.

Definition 59. (k-map):

K € B is called a k-map,

if there is an one-to-one map px of Do(K) C Dy onto D1(K) C Dj s.t.

Nowyers. Tas I Do(E)| = k.
Definition 60. D(K) = Dy(K) U D;(K).
Fact 61. Do(K)N Dy(K) = 0.

Fact 62. |K| =k.

Definition 63.
Let K € B be a k-map,
then define a function ng : D — D by
pr(x) z € Dy(K)
() =4
pi () x € D1(K)
Definition 64. (cover of a k-map):
Let K € B be a k-map and V C D,
then V covers K,

ifforallz € D(K) =2 €V orng(z)eV.

Definition 65.
Let K € B be a k-map and K’ € B a k’-map,
then K and K’ are contradictory,

if there is a x € D(K) N D(K') s.t. 7wk (x) # mr ().
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Definition 66. (k-disjunction)
Let A € B,
then A is a k-disjunction

if there is a set x = {K| thereis a ' <k s.t K is a k’-map} and A = \/,, K.

Definition 67. (cover of a k-disjunction):
Let V C D, and a k-disjunction A = \/ ., K,
then V' covers A

if V covers all K € k.

Definition.
Let w e D,

then we define

\/ Tyw N /\ (:Eu,s — ﬁ-'lfu,t) u € Dy

veED s,t€Dy, s#t
F, =

\/ Ty,u N /\ (555711, — ﬁ.’lft’u) u e D1

vEDy S,tED[;H s#t
and

Op,.p, =: /\ F,
ueD

Fact 68.

If there is a 0,1-assignment for x, ., 5.t Op,.p, =1,
then the function p defined by p(a) = b iff o = 1 is an one-to-one map of Dy

onto D1.

Fact 69. If |Dy| # | D1,

then the equation Op, p, =1 has no solution.

Definition 70.

Let A =/, K be a k-disjunction, V' C D covers A, |[V| =1,

then the [-disjunction ¢(A, V) is defined,

if p=: {M| thereisal <1lst M is a l'-map, V covers M and for all K € x, M

and K are contradictory}, and ¢(A, V) =V, M.
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Remark T1. ¢(A, V) serves as a complement of A, if restrict the evaluations of the
Boolean variables x, to val,(a,b) s.t p is an one-to-one map on V.

Even if V' is a minimal cover of A, it is possible that [ > k.

Fact 72. If p is an one-to-one map of Dy onto D, , A € B a k-disjunction and e
the evaluation defined by p, then e(—A) = e(c(A,V)).

Notation 73. We say A and ¢(A,V) are k-equivalent.

Definition 74. (L,,)

Let wew, ®,¥ € B,

then define the binary relation ®L,,V,

if there is a set .S of pairwise disjoint sub-formulae of ® s.t.

if we replace each formula A € S by a formula A’ that is either =,-equivalent or a

k-equivalent k-disjunction A, k < w, then we get .

Definition 75. (L, )
Let w,r e w, &,V € B,
then define the binary relation ®L,, , ¥,

if there is a sequence ® = @4, ®¢,... @, =¥ st. forall 0 < j <7r—1 P;L,,Pj44.

Definition 76.

Let A, A’ be k-disjunctions,

then ALA/,

if A=\, cpyh(z), A=\, cph(x), H = {x € H| for all y € H, h(z) # h(y) —

map(h(z)) £ map(h(y))}-
Remark 77. We get A’ from A by deleting h(x) with non-minimal map(h(z))’s.

Fact 78. There are w,r € w constant for all A, A’ k-disjunctions s.t. ALA —
AL, A

Notation 79. For ALA’ the unique A’ is denoted by min(A).
Fact 80. If Q is an assignment of the Boolean variables in A,

then min(A®) = min(min(AR)).
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3.2.4. Properties of k-disjunctions. We’ll now state what a property of a k-disjunction
is, what it means that a property holds and how one property can be reduced to

another one:
Remark 81. The following two Lemma are from [AJ1]

Lemma 82.
Ifo<e< %, 0 <6< g, gisa function, dom(g) = H, |H| = n, for all x € H
g(x) C H, |g(x)| < |H|'™, = & g(x), j < |H|*, H' random subset of H, |H'| = j

then for all t > 0, P(|{y|ly € H' there isx € H',y € g(z)}| > t) < n~cttez,

Lemma 83.

If0<6<%,k€w,

then there are § > 0 for all H, |H| =n, x =< x1,...,x}, >€ H*,

if g is a function, dom(g) = H*, g(x) C H, |g(z)| < |H|*", g(< x1,..., 2% >
YN {xy,..., 21} =0, H random subset of H, |H'| = |H|°,

then for allt > 0 P(|{y € H'| there is x € H'*, y € g(z)}| > t) <n~ctte ¢ >0,

c1,co depend only on € and k.

Definition 84.
Let k € w and A € B be a k-disjunction,
then Py (A, w) is a property of A,

if it is a binary relation defined on all pairs A, w, all elements a € D are a € w:
P, C {(A,w)|A is a k-disjunction for some Dy, D; and w € w}

Definition 85.

Let k,w € w, A € B be a k-disjunction and Q (A, w) be a property,
then € is the trivial property,

iff Ok (A,w) holds for all A and w.

Definition 86.

Let k,w € w and A € B be a k-disjunction,

then we say that the property I (A, w) of the k-disjunction A holds (we say that
the weight of A is at most w),

iff there is a set V.C D s.t. V covers A and |V| < w.
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Definition 87.

Let R. be a random e-partial assignment, k¥ € w, A a k-disjunction and P, P;,
properties of k-disjunctions,

then P, < P, (P can be reduced to P}),

if for all w’ there are € > 0, wy € w, h €Y w with lim,_,h(z) = oo s.t. for all
w > wy, n sufficiently large, |Do| = n, |D1| =n — 1 and Py (A, w’),

then with a probability> 1 — n="(*) there is a k-disjunction A’ s.t. Af<LA’ and

P(A, w).
Fact 88. < is transitive.

Theorem 89. Let R, be a random e-partial assignment. For any k € w Qp < 1.

Proof. (Theorem [89]for k = 1):
If A is a 1-disjunction, A is of the form V(a,b)ew Zap st. W C Dg x Dy, then
\/(a,b)ew is an abbreviation for \/aeD0 VbeWa Zqp s.b. for all a € Dy, W, C D;.

Let € > 0 and G = {a € Dg| |W,| > n'~¢}.

Case 1. |G| > n*
2e

With a probability of a least (1 — (1 — "7))” >1- n*”%, there is at least one

valg, (a,b) =1 s.t, b € W,. So the empty set covers min(Af) .

Case 2. |G| < n?
We apply Lemma [82) with D in the role of H, then we define a function
Wex € Dy —G
fz) =
0 else
. Let D' = D — set(Rs). Strictly speaking D’ is not a random subset of D with

uniform distribution since |D’ N Dy| is the same for all R;.

Fact 90. There is a random assignment D" s.t. with an uniform probability we
choose D" as the subsets of D with 4[n°] elements and with high probability D' C

D"
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This implies that Lemma [82] holds for D’ too. Let V = {y € D’| there is z €
D’ s.t. y € f(x)}, then V covers the 1-disjunction Af< and Lemmaimplies that

with high probability |V] < w.

Now we want to prove Theorem [89] for £ > 1:
We prove if A is a k-disjunction then there is a k-disjunction E and a k — 1-
disjunction E’ s.t. AF<L(E V E') and TI(E,w). Then applying the induction

hypothesis to ' we get the wanted result:

Definition 91.

Let A = \/ gy h(x) be a k-disjunction s.t. each h(z) is an &’-map, &' < k and
min(A) =\, ¢y h(z) for some H' C H,

then we define the k-disjunction (A)y,

if there is a set H" = {x € H'|map(h(z)) is a k-map} and (A)x = \/ ¢y h(z).

Definition 92.

Let Py be a property of k-disjunctions,
then we define (P)y,

if Pp(A,w) iff Py((A)g,w).

Definition 93. Let A =\/__, h(z) be a k-disjunction and a € Dy, b € Dy,
then A%? denotes a k-disjunction,

if there is a set H' = {& € H|map(h(z))(a) = b} and A%* =\/__,. h(z).

Claim 94. Let Py be the property “ for all @ € Dy, b € D; I (A% w)” , then
Qk < (P)k

Proof.

Let a € Dy, b € Dy be fixed, A%* = \/,_p;, h(i). For each fixed i € H’, h(i) is a
k'-map, k' < k. Let h'(#) be the k — 1-map that we get from h(:) by deleting the
term z44. Let E'=\/,. h(i) be a k — 1-disjunction, then by induction hypothesis
with high probability there is k — 1-disjunction A’ s.t. Af<£A’ and a set with w—1
elements covers A’. That implies the Claim. (]

Claim 95. P« (H)k
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Proof.
We apply Lemma [83] with D in the roll of H and 2 as k. If a € Dy, b € Dy, then
according to Py there is V, [V| < w s.t. V covers A%’. We define the function f:

V. a€ Dy,be Dy

f(<a,b>)=

0 else
As in the proof of Case [1]for k =1, Lemma holds for an D', D' = D — set(R.).
Let V = {y € D’'| there are a,b € D' sty € f(< a,b >)}, then by the Lemma
P(|V| >t) <n=ct*tez ¢ >0, ¢, ¢y depend just on e. V covers (Affe),:

Let A =\/,cp h(i) and for each fixed i € H map(h(i))(x) = y. It is sufficient to

prove that if |dom(h(i)) — set(R.)| = k then either z € V or y € V k > 2 implies

there are a,b € D, a # x s.t. map(h(i))(a) =b. So V covers A%°. O

Lemma 96.

For all k,u € w there are ¢ > 0,w € w for all sufficiently large n,

if |Dol = n, |Di| =n—1, A € B is a k-disjunction and R, a random e-partial
assignment,

then with probability > 1 — n~% there is V. C D s.t. V covers min(A%<) and

V| <w.

Proof.

Starting with an arbitrary k-disjunction A and Re =: Rc(1)0- -0 R¢(,y. We con-
struct a sequence of k-disjunctions s.t. A = Ay,..., A, = min(AFe), Af“""ﬁAjH
for 0 < j <r—1land r depending only on k,u. We construct this sequence in such a
way that later k-disjunctions satisfy additional properties: If A; is a k-disjunction
and property Py(A;, w) holds for sufficiently large w (for all w > wg, w depending
just on k, u), then with a probability of at least 1—n~"* we have Af"(j)EAjH, where
€(j) depends just on k,u and Ajyq is k-disjunction with a property P, (Aj41,w).
This is sufficient as we know that 2 trivially holds for A and after r steps we reach

min(ARe) s.t I holds for it with a high probability.

Theorem 97.

For all k,d,u € w,§ > 0 there are ¢ > 0,w,r € w s.t. for all sufficiently large n,
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if |Do| =n, |D1| =n—1, ® € B, |®| < nF, depth(®) = d, p an one-to-one map of
D}, C Dyg into D1, |Dj| =n —n° and R g e-partial assignment,
then with probability > 1 —n"" there is a w-disjunction A and V C D s.t. V covers

A, V| =w and @REP)LU,,TA.

Remark 98. A being a k-disjunction is replaced by ® being an arbitrary Boolean
Formula with |®| < n* and depth(®) = d, because the size of a k-disjunction on n

variables can’t exceed 2n2*.

Fact 99. § > ¢, because the e-partial assignment REP) defined on an subset of Dy

with n—n¢ extends the map p that is defined on a subset of Do with n—n? elements.

Proof. [07]
Let
Ky = {® € B||¥| < n*}

Definition 100. Define U¥, by induction:

(1) For each ! € w let
Uéfl =:{A € Ki|A is a l — disjunction}

(2) Suppose Uj_, ; is already defined,
then let

Ui, = {AeKiA=\/ hx), h(z) e Uj_,, forall z € H}
reH

U{® € Kx|®=-A, Ae Uclzc—l,l}

Fact 101. If ® € K and depth(®) < d, then by the Boolean identities there is a

A€ Uéfd’l and there are w,r € w depending only on d s.t PL,, ,A.

Suppose ® € Uf, if ® is of he form \/ h(x) we can transform it into a formula in
Uf, then Lemma can be applied.

Suppose that A is of the form —=® and ¢ € Uéﬁl, then by Lemma (96| we have a
high probability that ®f< LA s.t. A is a w-disjunction covered by a set V, |V| = w.

A is w-equivalent to c(h, V), so ®F<L,, . 1c(h, V).
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3.2.5. Proof of the truth Lemma. Proof of Lemma [36]

Proof. (3612) According to the definition of P the ¢ € P are maps of M,
into M,,_;. We define two relations Wy and W7 Wi(q, a1, ...,a;) will imply ¢ I-
R(aq,...,a;) and Wy(q, a1, ...,a;) will imply ¢ I =R(a1,...,a;;). For each fixed
a € M} let T, € B be the Boolean formula defining the relation R(ai,...,a;).
There is such a formula I', because R is definable in < M, p > and p can be seen
as an evaluation of the variables z,4, a € Dy, b € D;. We may assume that for
each T, depth(T,) < d, |T'y| < n*, where d, k € w depend only on |T',| and not on
a or n. We apply Theorem 97| with v = j 4+ 1 for each I',, then € > 0, w, r, REP),
Vo, |[Va| = w is as in the Theorem (Since u > j there is such an REp)). We define
p = map(REp )) s.t. wal, satisfies the conclusion of (97| for all I', simultaneously,
Wy iff “there is a t € w s.t ¢ € P, and F”‘”‘ILt’tl” and W, iff “there is a ¢t € w s.t.

1/t
qc Pﬁt and Fvaqut’ton‘

Fact 102. Wy and W1 are w-definable.

Theorem concludes: If ¢ < p’, then W; is equivalent to the relation ¢ IF
R(aq,...,a; ).

Let § > 0, then by Theorem [97] the relation W1, ¢ <p« p’ restricted to ¢ € P§
is equivalent to ¢ € P and T'*@ L, 1 w,r depending just on j and |I'|. So
q IF R(ao, ..., a;) is definable in M if ¢ <p~ p’ and ¢ € P”.

(36]3) We take V, for U(a).

(36]1) Follows from [36]2.
O

Using this Lemma we can prove that induction up to n holds, we’ll do this
by showing first that any nonempty subset of the natural numbers definable in
< M, p > with less than log(n) is already definable in M. As a last step we’ll show

that induction up to log(n) in < M, p > implies induction up to n:

33. <M,p>EIND,.
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Lemma 103.

If G is a P -w-generic over M, p=JG, R an unary relation on M,, definable in
< M,p> and for all a € M, R(a) — a <log(n),

then R is definable in M and therefore the induction principle for R holds up to

log(n) in < M,p >.

Proof.

By Lemma [36] there exists a p’ € P s.t. for all @ < log(n) there is an U(a),
|U(a)] < w st. if ¢ <po p', Ula) C dom(q), U(a) N M,_1 C ran(q) then
either ¢ I+ R(a) or ¢ IF =R(a) and U is definable in M. Let p’ € P57, € > 0.
| Ua<togm) Ula)| < w log(n), w € w. So the definition of our notion of forcing
implies that T' = {¢' € P7|¢' <po ', Us<ingn) Ula) € dom(q") AU, <ig(n) (U (@)D
M,_1) Cran(q’)} is dense in P**. So thereis a ¢ € GNT. We may assume ¢ € P
for a fitting e. Also by Lemma |36| we have either ¢ I R(a) or ¢ I =R(a) for all
a < log(n) and the relation p IF R(a) is definable on P, therefore R is definable

in M. O

Lemma 104.
If the induction principle up to log(n) holds in < M, p >, then also induction up

to n holds.

Proof. By contradiction

Let H C M, H # (), definable in < M, p > s.t H has no smallest element. We

show there is also a nonempty subset of {0, ..., [log(n)]} without a smallest element.
We may assume that for all x € Hif x <ythenalsoy € H. Let H ={z—y €

M,|lx € Hyy € M,,y¢& H}, then H' is a cut too.
Claim 105. If w € H' then [w/2] € H'.
Proof. Ww=xz—y,x € H,y¢& H then let z = y + [w/2].
Case 1. If z € H, then clearly [w/2] € H'.
Case 2. If z ¢ H, then x — 2z € H’'. Since x — z may differ from w at most by

one, (w/2] € H'.
29



Let H” = {z|2* € H'}. Then H” is definable in < M, p >. Because H’ is closed
under division by 2, H” has no smallest element and for each z € H”, z < log(n).

That gives the desired contradiction.

4. THE NONTRIVIAL HIERARCHY

Later Ajtai used the same ideas in his search for further tautologies whose proofs
are even more difficult than that of PHP. PHPA, will be the axiom system that
we obtain if we add to IAj the axiom scheme Vn PHP,. These other tautologies
arise in a natural way if we understand the Pigeonhole Principle as another for-
mulation of the Parity Principle PAR, where the Parity Principle for n, PAR,,
states that the set 2n + 1 = {0,...,2n} has no partition into subsets with exactly
two elements. Clearly PAR implies PH P, if we state it in the form that there is
no one-to-one map of {0,...,n — 1} onto {0,...,n — 2}. The other direction, that
PAR,, cannot be proven relative to PHPA, has one difficulty that did not arise
in the last section. While in the last section one could use the nice property of
induction that induction up to n implies induction up to n¢ for any fixed ¢, no such
property is known from PHP,. As a consequence we have to prove that PAR,,
cannot be proven even when assuming PH P,.. So the first part of this proof will
essentially be the same as in the last, whereby we construct a new model by forc-
ing where PAR,, holds in a natural way. The second part, showing that PAR,,
cannot be proven from PH P,,c, however must be reduced to a completely different

combinatorial question.

Definition 106.

Let C,i cw, (p17"'ap0)7 (h17"'7h6)7 (917-~-7yi) and (b((pla"'7p6)7(h17"'7h0)7

(y1,--.,9:)) a lst-order formula of the language L', written in the form (hy,...,h.) =
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f(ylv_..,yi)(p]_’ e ,pc); then

PHP(b’C = v(ylw"ayi)
(V(p1,...,pe)AN Ry, ... he) (ha,. .. he) = fO0%) (py 0 p,))
— ((ﬂ(hl, ceey hC)V(pl, . ,pc)ﬁ(hl, ey hc) = f(yl’“"yi)(pl7 . ,pc))

— (H(I)Ia"'apt:)a (p/17 5p/c) (p17"'7p0) 7é (p/I’ 7p/c)

is the Pigeonhole Principle with parameters ¢, c.

Definition 107.
“r,y(Vez<z) 2 +1=2y+1"

then ”the cardinality of the universe is odd”.

Definition 108. Let R be a binary relation and ¢ = “if the cardinality of the
universe is odd, then R is not a partition of the universe into subsets with two
elements” of the language L,

then ¢ is the Parity Principle for R.

Theorem 109.

Let T be a theory of the language L that describes a large initial segment of Peano
Arithmetic ,

then

T +V¢,c PHP®* + = "the Parity Principle for R’

1s comsistent in L',

Theorem 110.
Let M be a model of Peano Arithmetic, n € M odd, nonstandard, i € w and
A C M} an i-ary relation definable in M,

there is a partition R of n into subsets of size 2 s.t. < M,,, A, R > PHP®°.

Definition 111. (partition)
We consider partitions as the set of their classes, so e.g. p’ C p means each class of

p’' is a class of p
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Definition 112. (2-partition)
If S is a set and p is a partition of S,
then we call p a 2-partition,

iff every class of p contains exactly two elements.

Definition 113.
Let p be a 2-partition of some S’ C S,

then p is a partial 2-partition for S.

Definition 114.
Let p, p’ be (partial) 2-partitions and p C p/,
then p and p’ are compatible,

if every class of p is either in p’ or disjoint from every class of p’.

Definition 115. (cover)

Let p be a (partial) 2-partition of S and V C S,

then V' covers p,

iff every class of p contains at least one element of V (for all (z,y) € p = x €

VvyeV).

Remark 116. The definition of a cover of a 2-partition is very similar to the defini-

tion of the cover of a k-map.

Definition 117. (inside)

Let p be a (partial) 2-partition of S and V C S,
then V is inside p,

it v CUp.

Definition 118. (support)
Let p be a (partial) 2-partition of S and V C S,
V supports p,

iff V' is inside p and covers p.
4.1. Forcing < M,o0 > —~PAR,,.

Definition 119.

Let ¢ > 0 and H. = {p € M|pis a partial 2-partition of M,, A M E |Up| <
32



(n—=n)}, P= =U, {Hiplt €w} and g <p=piff ¢ 2 p,

then < P=, <p=> is an M-w-definable notion of forcing.

Fact 120.

the following holds:

(1) each p € P= is definable in M, because every definable relation on M, is
an element of M.

(2) P= is not definable in M, because P= has no minimal elements.

(3) P= is w-definable in M, because for every p € P= follows there is a t €
w, p € Py

(4) P= has a greatest element 1p=, that is the empty relation.

(5) For each fixed z € M,, D, = {p € P=|x € Up} is dense in P= and w-
definable in M: D, has no minimal elements; for all p € D, follows there

istGw,pGPlz/t.

Lemma 121.

Let G be P=-w-generic over M and o := |G, then o is a 2-partition of M,.

(1) o is a partial 2-partition of M,:
for all p,q € G p,q are compatible partial 2-partitions of M,,.
(2) forall x € M,, Yo = M,,:
for each fixed x € M,, D, is dense in P= and w-definable in M and so by

definition of genericity of D, NG # 0.
Corollary 122. If 7(R) = o, then < M,o0 > -PAR
4.2. The truth Lemma revised.

Lemma 123.
Let ij € w, G C P= P=-generic, 0 .= |JG and R C M s.t. R is definable in
<M,o >,

then the following holds:

(1) for all ay,...,a; € M, there is a p € G s.t. p Ik R(aq,...,a;) or p IF

ﬁR(al, cee ,aj)
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(2) the relation ¢ IF R(a1,...,a;;), ¢ € P=,ao,...,a; € M, is definable in M.

(3) for all p € P= there are p’ € P=, p’ <p= p, w € w and a function U : MJ —
M, that is definable in M s.t. for all ay,...,a; € M, U(ai,...,a;) C
M,,|U(a1,...,a;)| = w s.t. if all 2-partitions p” of M,, are compatible to
p’ and supported by Ul(as,...,a;),
then either p’ Up” IF R(a1,...,a;) or p’ Up” IF =R(as,...,a;).

(4) if j = 2c and for all x € M, there is exactly one y € M¢ s.t. R(xq,..., .,
Y1s---,Yc) is a function (That is y = Y (z) iff R(z1,...,2c,y1,.--,Yc)) de-
finable in < M, o >), then U(x1,...,2.,%1,...,Y:) can be chosen s.t. for

all mvyay/ GM’I?L U(xlv"'vxcvyla'“ayc) :U($17.~~,$c,y/17~'~ayé)~

Fact 124. U(a,...,a;;) € M, — Jp', because those classes of p” that contain at

least one element from |Jp' coincide with the corresponding classes of p’

Definition 125. Let D be an arbitrary set s.t. |D| =n < w,

then define another set of Boolean variables indexed by D: Xp =: {z,| for all a,b €

D, a # b}.

Remark 126. In the following we just consider Bp =: {x € B|forall z,; €

k it follows that z,, € Xp}.
Notation 127. From here on we will denote Bp as B and Xp as X for simplicity.

Definition 128. Let D be a finite set, 2, € X a Boolean variable,
then define a Boolean evaluation e= : Xp — {0,1} by:

e=(zqp) = 1iff (a,b) € 0.

Definition 129. (k-collection):
K € B is called a k-collection,

if there is a 2-partition p of D(K) C D s.t. £ = A\, j1ep Tap, [Do(K)| = 2k.

Definition 130.
Let a € D,

then define

F = ( \/ Tap) A ( /\ Tab = "Tab)
beD,atb b,b' €D, asb,atb’
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and

Op =: /\ (Tap € Tpa) A /\ F!

a,beD,a#b a€D

Fact 131.

If there is a 0, 1-assignment for xqp s.t Op =1,

then we define a 2-partition o of D defined by (a,b) € o iff xap = 1.
If |D| # 2c for c € w,

then the equation Op = 1 has no solution.

Definition 132. Let ¢ > 0, p a 2-partition of D¢ C D, Q. : X — {0,1},
then Qe is an e—partial assignment (on D€),

if the following holds:

(1) 2[(n —n)/2] = |D*|
(2) Qc(zap) =0 or Qc(zayp) = 1iff (a € D or b e D)
(3) Qc(zap) = 1iff (a,b) € p.

Notation 133. part(Q.) =: p, val, =: Q. and set(Q.) =: D.

Remark 134. The following two statements are essetially the same as Lemma

and Theorem [07] but in the context of partial 2-partitions.

Lemma 135.

For all k,d,u € w there are ¢ > 0,w,r € w s.t. for all sufficiently large n,

if ID| =n, ® € B, |®| <n*, depth(®) = d and R, is an e-partial assignment,
then with probability > 1 —n~" there is a w-disjunction A and a set V C D s.t. V

covers A, |V| =w and ®F< L,, . A.

Theorem 136.

For all k,d,u € w,§ > 0 there are ¢ > 0,w,r € w s.t. for all sufficiently large n,

if |D| = n, ® € B, |®| < n*, depth(®) = d, p € P= a partial 2-partition of D¢,
Ip| <n—n’ and R s an e-partial assignment,

then with probability > 1 —n~" there is a w-disjunction A and a set V C D s.t. V

)
covers A, |V| =w and ®%" L, . A.

Proof. of

According to the definition of P= the ¢ € P= are (partial) 2-partitions of M,, . We
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define two relations Wy and Wi, Wi(q, a1, ...,a;) will imply ¢ IF R(a1,...,a;) and
Wol(g, a1, ...,a;) will imply ¢ IF =R(a1,...,a;):

For each fixed a € M let T', € B be the Boolean formula defining the relation
R(aq,...,a;). There is such a formula I', because R is definable in < M, ¢ > and
o can be seen as an evaluation of the variables x4, a,b € D. We may assume that
for each T, depth(T',) < d, |T'| < n*, where d, k € w depend only on |T',| and not
on a or n. We apply Theoremwith u = j+1 for each T'y, then € > 0, w, r, REP),
Va ; |Val = w is as in the Theorem (Since w > j there is such an REP)). We define
p = map(REp)) s.t. valysatisfies the conclusion of for all I, simultaneously,
Wy iff “thereis at € ws.t g € Plz/t and I‘”“lQLtytl” and Wy iff “there is a t € w s.t.

qc Plz/t and Fvaqut7t077‘

(1) Theorem|136|implies that D' = {p € P=|3w,r € w s.t T?¥» L, . 1vIv%» L, .0}
is dense in P= and D’ € M. Therefore there is a ¢ € D' N G and
gl R(a1,...,a;5) or ¢lF —R(ai,...,a;).

(2) Let § > 0, then by Theorem 1 for some g <p= p’ restricted to ¢ € P5
we get w,r € w s.t. I‘”“lQLw,rl v IvelaL, .0 and q IF R(a1,...,q;) iff
q € P= st. TvelaL,, 1. So the relation ¢ I R(ay,...,a;) is definable in
<M,o>if ¢ <p' and p € P=.

(3) D' = {p € P=|Fw,r € w s.t Yw-disjunctions A,, V, C D, |V,| = w, V,
covers A, and FRE,J)L,,,7TA&}. If for some w, r there are A,,V,, then they
are definable in M, so D’ is definable in M. As a consequence we only
have to show that D’ is dense in P=. Since there are only n/ different a’s
this is a consequence of

(4) Let Yi(a) be the k-th bit of the binary code of the number Y (a). Apply
3 to the relation Yy(a) = 1 for k = 1,...,log(c). Theorem implies
that there is a single p’ <p= p s.t. for each k there is a function V.
Let V'(a1,...,a5) = ngzog(c) Vi(a1,...,a;), then V' satisfies the needed
properties for U of statement 3 of the Lemma, except |V'(aq,...,a;)] <
w. We pick ¢ <p= p/, ¢ € P= st. for all a1,...,a; € M, we get
[V'(a1,...,a5) —UJg¢| < w simultaneously. ¢ — p’, V! — U satisfy all

the requirements of statement 3.
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O

43. < M,0 > PHP. Suppose < M,o > —~PHP, then there is a ¢ € w and

cX

. ——
an one-to-one map p of ME into M — (0,...,0) s.t < M, o >k p.
Remark 137. From now on p will serve as the function Y in Lemma 4.

Let p’ € P= and U” as in the Lemma 4. Let p~! be the inverse of p, not nec-
essarily defined on all a € M¢. We may suppose that p’ IF p is a one-to-one map of
M¢ into MS — (0,...,0) and p~! is the inverse of p.

1

Let pf1 € P= and U” ' be the function corresponding to p~' as defined in

4 and p(a) = UP(a) UUP ' (a), for all a € ME.

Remark 138. We may suppose that |u(a)| = |pu(a’)| € w for all a,a’ € M and
p =p” . Because of the Fakt we may also assume that pu(a) C M, —Jp" and
that M |=m =n —Jp/, as a consequence we can identify m and n — Jp’. T will
be the set of w-tuples formed from the elements of m. We’ll also identify n¢ and

M¢, because |MS| = nc. Suppose p maps n into n — {0}.

Since the function p and the relation I+ are definable in M there exist functions
f, g definable in M s.t. the following holds:
Let a € MS and p any partial 2-partition supported by p(a) compatible to p’, then
(1) pup' Ik pla) = f(a,p)
(2) if g(a,p) is defined then pU p’ IF p~1(a) = g(a,p) and

if g(a, p) is not defined then p Up’ I " p~ltis not defined”.
Proposition 139. some properties of u, f,g:

(1) p:n®—T.
(2) dom(f) = {(a,p)|la € n°Ap is a partial 2-partition of mAu(a) supports p}.
(3) dom(g) C {(a,p)|la € n°Ap is a partial 2-partition of mAu(a) supports p}.
The following conditions hold for all z,y, p,q where x,y € n®, p,q com-
patible, partial 2-partitions of m, p(z) supports p and p(y) support g,

respectively.

(4) f(z,p) € n°, f(x,p) # 0, because ran(p) = n® — {0}.
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(5) If g(w, p) is defined, then g(x,p) € n¢, because ran(p~1) = ne.

(6) If © # y € n°, then f(x,p) # f(y,q), because p is an one-to-one function
and p, ¢ are compatible.

(7) y = f(z,p) iff (9(y,q) is defined and x = g(y, q)), because p, ¢ are compat-
ible and by Lemma [I23]4 we get y € n® s.t. pUqU ' IFy = p(z).

Definition 140.
Let w,n® m € w,
then Wy(w,n®, m) hold,

if there are functions u, f, g s.t. 1-7 hold.

Definition 141.
Let U,V € T and p a partial 2-partition,
then p is a position over U,V

iff each class of p contains at least one element from U and V.

Definition 142.

Let U,V € T and p C p’ partial 2-partitions,

then p’ is based on p over U,V

iff each class of p’ that contains at least one element from U and V is also a class

of p.

Definition 143.
Let U € T, p be a 2-partition of m and U inside p,

then py is a minimal partial 2-partition of m that is compatible to p and covered

by U.
Fact 144. py is unique for U, because U has to be inside py and has to cover py .

Lemma 145. (M0)
If < M,0 > ~PHP,c,

then there is a w € w and n°,m € M s.t. M |= Wy(w,nc,m).

Lemma 146. (M1)
For all w € w if m € w is sufficiently large and n° € w,

then PA E —~Wy(w,n®, m).
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Proof.  Case 1. m is even:

Suppose that contrary to our assertion there are w,n® € w s.t. Wy(w,n®, m) holds
for infinitely many even m’s. Let us fix such a m > 4w. Let p be a 2-partition of m.
For all p(x) € T let p,(,) be the unique partial 2-partition of m that is compatible
to p and supported by u(z). Now we define a function i on n® by h(z) = f(x, pu(a))-
h contradicts the Pigeonhole principle, because h is one-to-one by by Fact [139]5
but maps n¢ into n¢ — {0}.

O

For Wy to hold we required that f(z,p) is defined if p is just supported by u(z) € T.
Now we want f(z,p) to be defined even for any p s.t. a U € T is inside p. In the

same way we define g(z, p).

Lemma 147.
Let Wo(w,n®, m) hold for m > 4w , U,V € T, p is a position over U,V and p',p”
are 2-partitions of m s.t. they are based on p over U,V and U is inside p' and p",

then

(1) for all z,y € n® s.t. p(x) = U, puly) =V follows: y = f(x,p) iff y =
ACH
(2) for all x,y € n® s.t. u(x) = U,u(y) =V follows: (g(x,p’) is defined and

y = g(x,p")) iff (9(x,p") is defined and y = g(x,p")).

Proof. (1)

We may suppose that V' is also inside p’ and p”, because else we may extend p’ and
p”" without changing the values of f and g. Let x, y be given as required, y = f(x,p’)
and pf;, p{; the unique minimal subsets of p’ and p” respectively supported by U.

P, pY- are defined alike.

Case 1. py; and py, are compatible:

Then by [139/4 y = f(x,py) implies z = g(y,p},) and because p{; and pf{, are

compatible too F4 also implies that from = = g(y, py,) follows y = f(x,p").

Case 2. py; and p{, are incompatible:

" /11

We want to construct a p”’ from pj; s.t. p{y and p{, are compatible and s.t for

all z,y as required y = f(x,p’) iff y = f(z,p""), so we can apply the first case.
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The classes of p}; that are incompatible to p{, cannot be covered by V, since p’
and p” are both based on p over U,V and so these classes would already be classes
of p.

These incompatible classes are also incompatible to pf,, else they would be sup-
ported by V and as well covered by V.

We replace these classes of pj; with new ones to get p’”’ s.t.:

e cach new class contains exactly one element from U.

e cach element of U is contained in a class of p'”’.

e the set of elements not in U but contained in a new class is disjoint from Jp},

and |Jp?.
Remark 148. This can be done, because m > 4k, Fact and Remark

The definition of the replacement implies that p””’ is supported by U and com-
patible to pi, and p{,. For all z,y as required y = f(x,p’) iff y = f(z, p}) trivially
holds and with p”’ compatible to p{, and [139 also y = f(z,p} ) iff y = f(z,p")
holds.

Definition 149.
Let p’ be a partial 2-partitions and U,V € T,
then py,v, is the unique position over U, V,

if p’ is based on p over U,V and U is inside p'.

Remark 150. We have shown that the truth value of the relations y = f(x,p) and
x = g(y,p) st. pu(x) = U, u(y) = V is constant for all 2-partitions p’ based on

pu,v,y over U,V where U is inside p'.

Now we define a function that gives for all U,V € T and positions p over U,V
the number of pairs < z,y > s.t. y = f(x,p’) is true for a p’ based on p over U, V.
In a similar way we define a counting function for the number of defined and true

x = g(y,p’) relations.
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Definition 151. Let Wy(w,n®,m) hold, m > 4w, U,V € T and p a position over
u,v,

then

e d(U,V,p) is the number of all pairs z,y € n° s.t pu(z) = U, pu(y) =V and
for any 2-partition p’ based on p over U, V, U inside p’ follows: y = f(z,p’).
e ¢(U,V,p) is the number of all pairs x,y € n¢ s.t. u(x) =U, u(y) =V and
for any 2-partition p’ based on p over U,V U inside p’ follows: g(x,p’) is

defined and y = g(x,p’).

Definition 152.
Let U € T and p’ a partial 2-partition of m supported by U,
then

r(U,p) = Y _(d(U.V,pu.vy) — (U, V,puvy))
Ver

Lemma 153.
Let Wo(w,n®, m) hold, m > 4w,

then the following holds:

(1) If U,V €T and p is a position over U,V , then d(U,V,p) = e(U,V,p).

(2) If U € T and p’ is a partial 2-partition supported by U, then r(U,p") > 0.

(3) If there is an Uy € T, then for all partial 2-partitions p’ that are supported
by Uy, follows r(Uy,p’) > 0.

Proof. (1)

Let p/,p” be two compatible, partial 2-partitions of m, based on p over U,V and
supported by U respectively V. m > 4w implies that such p’, p” exists. The Lemma
is a direct consequence of the definitions and [T394.

(2) Let p(z) = U, then f(z,p’) is defined and y = f(x,p’). The pair (z,y)
occurs just in the d(U,V, py,v,) defined by V' = p(y). Then Everd(U,V,pu,vyp)
equals to the number of x € n s.t pu(xr) = U. The same argument works for
e(U,V,puvy) except g(y,p’) may not be defined for some y, the consequence:
YSvere(U,V.puvy) < Zverd(U, V,pu vy )-

(3) This is a special case of 2 where Uy = p(0) O
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Definition 154.
Let m,w € w, m > 4w be fixed we define:
e Let A =:{(U,V,p)|U,V €T and p is a position over U, V' }.

e For all (U,V,p) € A we define a variable z(y,v,,).

Let T =: {(U,p)|U € T and p is a partial 2-partition of m supported by U}

For all (U,p’) € I' we define the inequity Ly ,:

EVET(x(U,V,;DUYV,p/) - x(V)U)pV‘U,p/)) >0

For all w,m € w, (U,p’) € T we define the system L™ consisting of all the

L(U,p’)'

Remark 155. We search for solutions to such a system of inequities over the field

of real numbers s.t. at least one sum is strictly bigger than 0.

Definition 156. (proper solution)
Let L™™ be as above and z(y,y,p) a solution of the system,
then we call z(y,y,,) a solution proper,

if there is at least one Ly, > 0.

Lemma 157.

If w,n®,m € w, m > 4w and Wy(w,n®, m) holds,

then L™ has the proper solution x v,y = d(U,V,p),
if (U, V,p) € A

Proof.

This Lemma is a consequence of Lemma [153 (]

Lemma 158.
If w,m € w, m is even and p is a 2-partition of m

then the following holds:

(1) TverLw,p,) =0

(2) L™™ has no proper solution in the field of real numbers.
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Proof. (1)
Let p be a 2-partition of m. If we consider all the unequations L, ) for U € T',

then a fixed zv, v;.po, v, ,,) OCCUT exactly twice:

e In the unequation Ly, 4, ) = EVET(m(UvaaPUO,V,qUO)_x(V7U07PV,UO,qV)) where
V =V, and
e In the unequation Ly, 4y, ) = EUGT(x(Vo,U,pVO,U,%O)*$(U,Vo,pu.vo,qu)) where
U =Uy.
Therefore the sum on the left hand side is 0.
(1-2):
The first clause of the Lemma states that no L) can be positive, hence L*"™

can’t have a proper solution. O

Definition 159. Let Part(w) be the set of finite partial 2-partitions of w.
Let SP(w)y =: [w]” U Part(w).
Let Seq(SP)y,; be the set of sequences from SP(w),0f length 1.

Fact 160. If A is an one-to-one map of w into w, then it induces in a natural way
a one-to-one map on [w|¥ for fized w and on Part(w) and therefore on SP(w),,

and on Seq(SP)y; for w,i fized.

Notation 161. If A, B € Seq(SP)w.,
then we say A and B are isomorphic (A & B),

if there is an one-to-one map A : w onto w s.t. A(A) = A\(B).

Definition 162. If A € Seq(SP),,; for some w,i € w,
then let type(A) =: {B| B € Seq(SP),; and A = B}. We say that type(A) is the
isomorphism type of A.

If S C Seq(SP)y,; for some w,i € w,

then T'ype(S) =: {type(A)| A € S}.

Definition 163. For all (U, p’) € T' we define an inequity J ) from Ly ) by re-
placing all 2,y for (U, V,p) € A with a variable y,,c((v,v,p)) Where type((U, V, p)) €
Type(A):

LV eTYtype((UVipy.vp)) ~ Ytype(ViUpy.p ) = 0
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Remark 164. If (V,q),(V',q') € type((U,p’)), then the inequalities .J(y,q) and

Jv+,q) are identical.

Notation 165. By Jiype(w,py) we'll denote the inequity Jiy,qy s.t. (V,q) is an arbi-

trary element of type((U,p")).

Definition 166. For all w,m € w and (U,p’) € T, we define the system J*™

consisting of all the Jyype((u,pr))-

Remark 167. For a fixed w € w Type(A) and Type(T') do not depend on m if
m > 4w, as a consequence the systems J%™ share the same set of variables and
have the same number of equations. The coefficients of the variables of the equations
Jiype((U,p)), however depend on the specific choice of m; namely:

The coefficient of Yy, pe((v,v,p)) is @ polynomial of m whose degree and coefficients

may only depend on w, type((U,p")) and type((U,V, p)).
Lemma 168.

(1) For each w € w,d =: type((U,V,p)) € Type(A) there is a polynomial
fuw,s,~(m) with rational coefficients s.t. for any m > 4w and y =: type((U,p’)) €

Type(I') the inequity Jyype((v,pr)) €quals to:

Sverfuws~(m)ys >0

(2) For each w € w,vy =: type((U,p’)) € Type(T) there is a polynomial f,(m)

with rational coefficients s.t for any m > 4w and p a 2-partition of m, then

fy(m) = {(U,pv)| U € T}

Proof. (1)
Suppose w is fixed and v =: type((Uy,py)) € Type(I'). Let n =: (Uy,py) s.t.
type(n) = v. We want to find the coefficient ¢s of the variable ys where § =:

type((Us, Vs, ps)) € Type(A) in the inequity J:
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cs itself is the sum of the coefficients of the variables x (v, with type((U,V, p)) =
4 in the equation J,. J, was given in a way s.t. each z(y,v,;,) may occur once with
coefficient 1 and once with coefficient —1, so its enough to determine the number
of v,y with coefficient 1 and type((U,V,p)) = ¢ for all § € Type(A) and the

number of z (¢ v,y with coefficient —1, respectively.

Case 1. The coefficient of z(y,y,,) is 1:
Let § € Type(A) and let (Uo, Vo, puy,vi.pe) € A s.t. type((Uo, Vo, buy,vepo)) = 6
occurs

and z (g, Vo.ro) has coefficient 1 in J,. By definition any zy,

Vo,pu,, Vipu,v,p)

in J,, if there is a Vx € T with (U,V,pu,vyp) = (Uy, V*,pu, v«p,), 50 its enough
to determine the number of Vx € T s.t. (Uy, V. pu, v,p,) = (Uo, Vo, PUs, Vo po):

By definition py vy, is unique for all triples (U,V,p’) with U,V € T and p’ a
partial 2-partition. The isomorphism types § and  uniquely define the numbers
i=|V—-(UuUlp)| and j =|UUJp| . We find a sufficient V* by two steps:

(1) We choose one of the (mj*i) j-elementary subsets X of m — (U UJp).
(2) We choose a subset H of UUJp with |H| =ist < U, XNV,p >=< U, H,p >.
The number c¢ of such appropriate sets H depend just on the isomorphism types
n and § but not on m.
m—i

So the number ¢ . ) of appropriate Vs is really a polynomial of m and its

coefficients depend just on w and the isomorphism types § and ~.

Case 2. The coefficient of z(yv,p) is —1:

Similar to the case above.

The sum of these polynomials gives fy, s.(m).

Proof. (2) similar. O

Lemma 169.

If m > 4w, 6 € Type(A) then X epyper)fy(M) fuw,s~(m) equals 0.

Proof.
Let w,  be fixed. We prove that the polynomial X, crypery f5(m) fuw,s,,(m) is the 0-

polynomial by proving the fact for infinitely many m’s, namely the even ones: If p is
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a 2-partition of m, then f5 is the number of inequalities Ly, s-t. type((U,pv)) =
v. In all Ly, the sum of the coefficients ¢y, of the 2y, v,y with (U,V,p) € ¢
is fuw,5(m). According to 2 of the Lemma above the sum of all the lefthandsides
equals 0. So the sum of the coefficients of the variables x v,y with (U,V,p) € ¢

is 0, which implies the Lemma. O

Lemma 170.
Let m,n®, w € w, m > 4w and Wy(w,n®, m) hold,

then the system J™™ has no proper solution.

Proof.
Let .J, be the lefthand side of J,. Lemma|168{and [169|imply that 3. cpype(r) fy(m)Jy =
0: The coefficient of ys in J, is f, 5 according to Lemma@ So the coefficient

of ys is Xy erype(r) fr (M) fw,s,,(m) and this sum is equal to 0 according to Lemma

169 O

Lemma 171.
Let m,n®, w € w, m > 4w and Wy(w,n®, m) hold,

then the system J"'™ has a proper solution.

Proof.

Suppose that Wy(w,n® m) holds for m,n¢,w € w, m > 4w. Lemma implies
that L™ has a proper solution z(yy,) = d(U,V,p). Let S,, be the group of
permutations of w which leaves everything outside the set m untouched. We define
another evaluation of all variables (v, = X, vp) = (1/m!) Y cs  To(u,vp))-
Since x(y,y,p) is a proper solution of L™, x,(u,v,p)) s.t. o € Sy, is a proper
solution and their average Xy v, is a proper solution too. The definition of
X,v,p) implies that its value just depends on type((U,V,p)). Let 0 € Type(A) s.t.
for all (U,V,p) € 6 follows ys = X(y,v,p). The definition of J*>™ implies that ys is

a proper solution of J*™.

Proof. (4.3) O

Case 1. m is odd:

Suppose that contrary to our assertion there are w,n € w s.t. Wy(w,n® m) holds
16



for infinitely many odd m’s. Let us fix such a m > 4w. Lemma implies that

J*¥™ has a proper solution. This contradicts the Lemma [I71] above.
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ABSTRACT

Here Ireview some articles of Paris, Wilkie [PW] and Ajtai [AJ2,[AJ3] concerning
connections between complexity and proof theory.

J. Paris and A. Wilkie [PW] were interested in the question whether every A,
subset A of N has a Ay definable counting function: {< n,m > |m =|ANn|}. A
closely related question is whether the Pigeonhole Principle PHP can be proved
in the weak fragment of Peano Arithmetic called IAy. TAq consists of the axioms
of Peano arithmetic with the induction scheme restricted to bounded formulas.
They showed the consistency of I3;(F) + JzF :  — x — 1, by an application of
forcing. They also showed the consistency of IAy(F) + J=F :  — = — 1 under
the assumption of the Cook-Reckhov Conjecture, that is, the assumption that it is
“hard to prove” the propositional form PHP, of PHP. This proof establishes a
connection between A, and Frege systems.

Ajtai [AJ2] combined the application of forcing and this connection to prove the
consistency of IAg(F)+3xF : x — x—1 (if we only consider Frege proofs of constant
size and polynomial depth) without assuming the Cook-Reckhov Conjecture. His
main idea was the following: Take a non-standard model M of IAg. Assume there
is a “simple” proof of PHP, for some n. Take the substructure M, = M | n,
extend it by forcing to some M[G] where PHP cannot hold. By a combinatorial
argument M[G] is also a model of complete induction up to n, so we can step-wise
check our “simple” proof of PHP, and get a contradiction to the soundness of its
construction.

Later [AJ3| Ajtai generalized this technique and showed that PHPA( I/ PAR,
where PHPAy = IAg U PHP and PAR is the assertion that no odd set has a
partition into subsets with two elements. PAR can be generalized further [AJ3|
to “the modulo p Counting Principles” C'P, , where PAR = CP,. He also showed
that for all primes p # ¢, CP, and CPF, are pairwise independent.

As a consequence of these observations we get a hierarchy of stronger and stronger

weak theories of Peano Arithmetic:

I3, C IAg C PHPAy C CP,Ay for every prime p
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ABSTRACT DEUTSCH

In dieser Arbeit betrachte ich einige Arbeiten von Paris, Wilky [PW] und Ajati
[AJ2,[AJ3] welche einen Zusammenhang zwischen Komplexitéits- und Beweistheorie
herstellen.

J. Paris und A. Wilkie [PW] betrachteten die Fragen ob jede Ag—Teilmenge A
von N auch eine A definierbare Zahlfunktion {< n,m > |m = |A N n|} besitzt.
Eine damit eng verwanndte Fragestellung ist, ob das Schubfachprinzip PHP in
einer schwachen Teiltheorie Ay der Peano Arithmetik bewiesen werden kann. 1A
umfasst die selben Axiome wie die Peano Arithmetik. Das Axiomenschema der In-
duktion ist jedoch nur fiir beschriankte Formeln gegeben. Paris und Wilky konnten
mithilfe der Forcing-Technik die Konsistenz von I3;(F') 4+ 3zF : x — x — 1 zeigen.
Weiters konnten sie unter Verwendung der Cook-Reckhov Vermutung, die Konsis-
tenz von IAg(F)+ 3z F : x — x — 1 zeigen. Die Cook-Reckhov Vermutung besagt,
dass ein Beweis der aussagenlogischen Form PH P, von PH P ”schwer” ist. Dieser
zweite Beweis benutzt einen Zusammenhang zwischen /Ay und Frege Systemen.

Ajtai [AJ2] verband die Verwendung der Forcing-Technik und dieses Zusammen-
hangs um die Konsistenz von IA¢(F) + 3zF : © — = — 1, ohne der Verwendung
der Cook-Reckhov Vermutung, zu zeigen. Dazu nahm er an, dass in einem nicht-
standard Modell M von IAg ein “einfacher” Beweis von PH P,, fiir ein n existiert.
Dieses M beschréinkte er auf die Substruktur M,, = M | n, welche er dann durch
Forcing zu einem M|G] erweiterte in welchem PHP auf natiirliche Weise nicht
wahr sein kann. Eine kombinatorische Uberlegung zeigt, dass in M[G] aber das
Axiomenschema der vollstdndigen Induktion bis n wahr ist. Damit kann man nun
den “einfachen” Beweis von PH P,, Schritt fiir Schritt priifen, was zu einem Wider-
spruch fiihrt.

Spater [AJ3| verallgemeinerte Ajtai diese Art der Beweisfithrung, um zu zeigen,
dass PHPAy I/ PAR, wobei PHPAy = IAgU PHP und PAR folgende Aussage
ist: Keine Menge mit einer ungeraden Anzahl von Elementen kann in Teilmengen
mit genau zwei Elementen partitioniert werden. PAR kann weiter zum “module p
Counting Principle” C'P,, verallgemeinert werden [AJ3]. Schlussendlich zeigte Ajtai

fiir alle Primzahlen p # ¢, dass die C'P, paarweise unabhéngig sind.
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Als Konsequenz dieser Erkenntnisse bekommen wir eine Hierarchie von schwachen

Theorien der Peano Arithmetik:

I3, C IAy C PHPAy C CP,A fiir alle Primzahlen p
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XDpy,p15 7]

INDEX

of a Boolean Formula,

of a Boolean Variable, [T§]

Xp, B4
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k-disjunction, [21]
Cover of,
Property of a,
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Forcing, [f]
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