Lniversitat
wien

DISSERTATION

Titel der Dissertation

,Quantum Field Theoretical Green Functions
and

Electronic Structure®

Verfasser

Diplom-Physiker Ronald Starke

angestrebter akademischer Grad

Doktor der Naturwissenschaften (Dr. rer. nat.)

Wien, 2012

Studienkennzahl It. Studienblatt: A 791411
Dissertationsgebiet It. Studienblatt: Physik

Betreuerin / Betreuer: Univ.-Prof. Dipl.-Ing. Dr. Georg Kresse






Ronald Starke: Green Functions and Electronic Structure Theory 1

Thesis, Vienna, July 4, 2012



2 Ronald Starke: Green Functions and Electronic Structure Theory

Thesis, Vienna, July 4, 2012



Ronald Starke: Green Functions and Electronic Structure Theory 3

Abstract

The present thesis is a purely theoretical study, the main goal of which is the theoretical de-
velopment of Electronic Structure Theory from the quantum field theoretical and many-body
theory point of view.! I have tried to introduce all concepts and definitions in the quantum
field theoretical framework. The independent electron approximation is always treated as a
special case of the general many-body theory, but does not play any conceptual role. Another
goal of this thesis has been the elucidation of various analogies between Electronic Structure

Theory and other branches of physics.

The concrete topic of this thesis is the application of Green function methods to the quan-
tum theory of materials properties in the solid state, in particular to Electronic Structure
Theory. The thesis is divided into two parts, (i) a review and discussion of some aspects of
the general Many-Body Theory and non-relativistic Quantum Field Theory background and

(ii) electronic Green functions methods.

The first three Sections of Chapter 1 are included to make this document as self-contained
as possible. In the first section of Chapter 1, I review the fundamental Hamiltonian of solid
state physics and briefly discuss its limitations. In the second section, I investigate the role
of Green functions (or propagators) in standard Quantum Mechanics. This will be useful for
the application of Green functions in many-body physics because Green functions in stan-
dard Quantum Mechanics display a number of analogies to their many-body (or quantum
field theoretical) counterparts. In the third section, I give a very condensed review of Density

Functional Theory.

In the fourth section, I deal with Linear Response Theory in both classical electrodynam-
ics and thermodynamics and discuss its quantum mechanical formulation within the Kubo
formalism. I placed some emphasis on the interpretation of electrodynamics in continuous
media in terms of internal fields and its relation to the so-called Modern Theory of Polariza-
tion. A master formula is derived which allows for the determination of all electrodynamic
materials properties from the microscopic conductivity. I also comment on the connection
between quantum mechanical response functions and thermodynamic susceptibilities, on the

classification of response functions in general, and on the derivation of so-called relaxed re-

!Electronic Structure Theory can be defined as non-relativistic, fermionic Quantum Field Theory at tem-
perature T' = 0. P.C. Martin and J. Schwinger [67] are credited with the introduction of field-theoretical

methods for quantum many-body systems.
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sponse functions from Mean Field Theory.

As all these topics can be treated without ever taking recourse to field theoretical meth-
ods, the first Chapter is called “First Quantization”. In the second Chapter, I then review
the formulation of multi-particle Quantum Mechanics in the Fock space and discuss its re-
lation to Quantum Field Theory. Some effort is devoted to a field-theoretical formulation
of quantized lattice oscillations which displays numerous analogies to the electronic Green
function theory. In particular, I have emphasized the formulation of phononic Field Theory

in real space.

The second part of this thesis, “Green Function Theory”, is dedicated to the theory of
Green functions in Electronic Structure Theory. At the beginning, I introduce the notion of
many-body Green functions in its most general form, discuss some of their elementary prop-
erties and review the equation of motion theory for Green functions as well as the Lehmann
representation. Some minor lemmata about the Lehmann representation are proven. For
the convenience of the reader, a final subsection treats some aspects of solid state physics.
This paves the way for a discussion of the definition and measurement of band structures
and Fermi surfaces from a many-body point of view. The fourth Chapter starts with an
introduction of Green function perturbation theory. Although this introduction is rather
sketchy in other respects, a detailed proof of the Gell-Mann and Low theorem is given in
which several arguments which have been treated only cursorily in the standard reference
[21] have been worked out in detail. After a short review of the Bethe-Salpeter equation, I
derive a self-consistent set of three equations which encapsulates the whole Green function
theory and show its equivalence to the well-known Hedin equations. This set of three equa-
tions, henceforth called the self-consistent set of equations, is a central result of this thesis.?
The second part of Chapter 4 is dedicated to a discussion of several standard approximations

within the context of the self-consistent set of equations.?

2R. Starke, G. Kresse: Phys Rev B 85 7 075119 (2012)
31 want to remark that the renormalization of Feynman graphs is a topic which has been completely skipped

in this work while it is actually highly relevant. The reason for this is that this thesis is centered around
the Electronic Structure Theory as it is implemented in modern computer codes, e.g. VASP. These codes
ultimately calculate everything in finite dimensional Hilbert spaces where all Feynman graphs collapse
to matrix products. Usually, it is then investigated empirically whether the resulting values stay roughly
constant as a function of a suitably defined cut-off momentum. In other words, the Feynman graphs are
supposed to converge anyway. Intuitively, this has the smack of truth to it in that condensed matter
physics is low-energy physics and therefore the high-energy degrees of freedom may somehow become
irrelevant leaving us with a (finite-dimensional) Hilbert space of low-lying degrees of freedom. We stress,

however, that in principle the necessity of renormalization is in no way restricted to high energy physics.
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A decisive conceptual advantage of the self-consistent set of equations developed in Chapter
4 is that it is independent of the concrete form of the two-particle interaction and of the
orbital basis in the one-particle Hilbert space. This motivates the fifth Chapter in which
effective electron-electron interactions are introduced. They are not included in the standard
model of solid state physics discussed in Chapter 1. The first part of Chapter 5 discusses
some general aspects of the theory of effective Lagrangeans. The application of this the-
ory to classical electrodynamics shows that effective theories are in general non-local field
theories. I then discuss the equivalence of the effective Lagrangean approach in classical
Field Theory to a quantum mechanical approach through the Gell-Mann and Low theorem.
After a short discussion of non-local field theories, the central result of which is the deriva-
tion of the connection between the non-local interaction Lagrangean and the interaction
Hamiltonian, the effective Lagrangean approach is applied to the full electromagnetic inter-
action of electrons, yielding a purely electronic but time-dependent Hamiltonian containing
current-current terms. I then derive a static approximation to this Hamiltonian and the
corresponding Hartree-Fock equations. Finally, the results from the electromagnetic case are
used as a motivation to derive and discuss effective electron-electron interactions mediated
by phonons. A relation between the effective, phonon-mediated electron-electron interaction
and the nuclear polarizability is derived and discussed. This allows for a rederivation of
effective interactions in general from a mean-field theoretical point of view. Within this con-
text it becomes possible to introduce a new way to decouple electronic and nuclear degrees
of freedom and to generalize the standard phononic Hamiltonian, which is recovered in a
suitable zero-frequency limit. This leads to the ultimate goal of this thesis: the unification

of electronic and phononic propagator theories into one self-consistent system of equations.

The appendix mainly assembles conventions and formulas of the ubiquitous theory of Fourier

transforms and related topics.

Chapter 4 follows the paper: R. Starke, G. Kresse, Phys Rev B 85 7 075119 (2012).

(Cf. e.g. [86]) A systematic investigation of Feynman graph theory in Electronic Structure Theory with
regard to the possible necessity of renormalization would of course constitute a dissertation in its own
right.
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Kurzbeschreibung

Die vorliegende Arbeit stellt eine rein theoretische Untersuchung dar, deren Hauptziel darin
besteht, die Theorie der elektronischen Struktur vom Standpunkt der Quantenfeld- und Viel-
teilchentheorie aus zu entwickeln. Dabei habe ich versucht, alle Konzepte und Definitionen
im quantenfeldtheoretischen Rahmen einzufiihren.* Die Einteilchenniherung hingegen wird
nur als Spezialfall behandelt, spielt jedoch keine konzeptionelle Rolle. Ein weiteres Ziel dieser
Arbeit besteht darin, Analogien zwischen der “Electronic Structure Theory” und anderen Ge-

bieten der Physik zu erhellen.

Das konkrete Thema dieser Dissertation ist die Anwendung von Greenschen Funktionen
auf die Quantentheorie der Materialeigenschaften des Festkorpers, insbesondere der elektro-
nischen Struktur. Die Arbeit ist in zwei Teile gegliedert: (i) eine Zusammenfassung und
Diskussion des allgemeinen vielteilchen- und quantenfeldtheoretischen Rahmens und (ii) die

Theorie der elektronischen Green-Funktionen.

Die ersten drei Abschnitte von Kapitel 1 wurden aufgenommen, um diese Arbeit moglichst in
sich abgeschlossen zu halten. Im ersten Abschnitt definiere ich den fundamentalen Hamilton-
Operator eines Festkorpers und diskutiere die Grenzen seiner Anwendbarkeit. Im zweiten
Abschnitt wird die Rolle der Greenschen Funktionen in der Standard-Quantenmechanik un-
tersucht, was sich als niitzlich im Vielteilchenfall herausstellen wird, da die quantenmechanis-
chen Greenschen Funktionen einige Analogien zu ihren quantenfeldtheoretischen Pendants
aufweisen. Der dritte Abschnitt stellt eine kurze Einfithrung in die Dichtefunktionaltheorie

dar.

Der vierte Abschnitt widmet sich der “Linear Response Theory” sowohl vom Standpunkt
der klassischen Elektrodynamik, als auch aus der Sicht der Thermodynamik und Quan-
tenmechanik. Ein Schwerpunkt liegt hierbei auf der Interpretation der Elektrodynamik
kontinuierlicher Medien im Sinne einer Unterteilung in externe und induzierte Felder und
ihrem Zusammenhang mit der sogenannten “Modern Theory of Polarization”. Es wird eine
Schliisselformel abgeleitet zur Berechnung aller elektrodynamischen Response-Eigenschaften
aus der mikroskopischen Leitfahigkeit. Weiterhin untersuche ich den Zusammenhang zwis-

chen quantenmechanischen Response-Funktionen und thermodynamischen Suszeptibilitéiten,

4Elektronische Strukturtheorie kann als nichtrelativistische, fermionische Quantenfeldtheorie bei Temper-
atur 7" = 0 definiert werden. Die Einfithrung feldtheoretischer Methoden in die Vielteilchenquanten-
mechanik wird P.C. Martin und J. Schwinger [67] zugeschrieben.

Thesis, Vienna, July 4, 2012
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die allgemeine Klassifikation von Response-Funktionen und die Ableitung von relaxierten

Response-Funktionen aus der “Mean Field Theory”.

Da alle diese Themen im Grunde ohne Zuhilfenahme quantenfeldtheoretischer Methoden
behandelt werden konnen, wurden sie im ersten Kapitel unter der Uberschrift “First Quan-
tization” zusammengefasst. Im zweiten Kapitel bespreche ich dann die Formulierung der
Vielteilchen-Quantenmechanik im Fock-Raum und deren Zusammenhang mit der Quanten-
feldtheorie. Dem folgt eine feld-theoretische Formulierung von Gitterschwingungen, die viele
Analogien zur elektronischen Green-Funktionen-Theorie aufweist. Insbesondere habe ich im
Gegensatz zur iiblichen Darstellung von Gitterschwingungen — insbesondere des Phononen-

Propagators — im Fourier-Raum alles konsequent im Ortsraum behandelt.

Der zweite Teil dieser Dissertation, “Green Function Theory”, gilt der Theorie der Green-
schen Funktionen im Rahmen der elektronischen Strukturtheorie. Zunéchst fiithre ich noch
einmal den Begriff der Greenschen Funktion ein und diskutiere einige elementare Eigen-
schaften sowie die Bewegungsgleichung und die Lehmann-Darstellung der Greenschen Funk-
tion, wobei einige kleinere Lemmata formuliert werden. Im Sinne des Lesers fasst ein weit-
erer Unterabschnitt einige Schliisselformeln der Festkorperphysik zusammen, die dann im
Weiteren verwendet werden, um die Begriffe der Bandstruktur und der Fermi-Flache vom
quantenfeldtheoretischen Standpunkt aus zu diskutieren. Das vierte Kapitel gibt zunéchst
eine Wiederholung der storungstheoretischen Behandlung von Greenschen Funktionen. Ob-
wohl sich dieses Kapitel im Allgemeinen eher als skizzenhafter Uberblick versteht, wurden
einige Argumente, die in dem Standardwerk [21] nur oberfldchlich erwidhnt wurden, im vollen
Detail ausgefiithrt. Nach einer kurzen Besprechung der Bethe-Salpeter-Gleichung folgt dann
die Ableitung eines selbstkonsistenten Gleichungssystems, welches die komplette elektronis-
che Green-Funktionen-Theorie enthélt. Dieses System dreier Gleichungen, im Folgenden das
selbskonsistente Gleichungssystem genannt, ist ein zentrales Ergebnis dieser Arbeit.> Der
zweite Abschnitt des vierten Kapitels diskutiert dementsprechend die géingigen Naherungen

im Rahmen dieses Gleichungssystems.®

°R. Starke, G. Kresse: Phys Rev B 85 7 075119 (2012)
6 An dieser Stelle moéchte ich anmerken, dass die Renormierung von Feynman-Graphen ein Thema ist, das in

der vorliegenden Dissertation vollig ausgelassen wurde, obwohl es eigentlich hochgradig relevant ist. Der
Grund dafiir besteht darin, dass diese Arbeit sich um die elektronische Strukturtheorie dreht, so wie sie in
modernen Computer-Programmen, beispielsweise VASP, implementiert wurde. Dergleichen Programme
berechnen letzten Endes alle Groflen in endlichdimensionalen Hilbertraumen, was zur Folge hat, dass
sich Feynman-Graphen zu bloflen Matrixprodukten reduzieren. Es wird dann {iblicherweise empirisch
untersucht, ob die resultierenden Ergebnisse in Abhéngigkeit eines entsprechend definierten Cut-Off-

Impulses konstant bleiben. Mit anderen Worten, es wird davon ausgegangen, dass die Feynman-Graphen

Thesis, Vienna, July 4, 2012
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Ein Hauptvorteil des selbstkonsistenten Gleichungssystems, so wie es im vierten Kapitel
entwickelt wurde, besteht in seiner Forminvarianz unter Basiswechseln im Hilbertraum und
seiner Unabhéngigkeit von der konkreten Form der Zweiteilchen-Wechselwirkung. Dieses
mag als Motivation des fiinften Kapitels dienen, in welchem effektive, elektronische Wech-
selwirkungen eingefithrt werden, die nicht Teil des Standardmodells der Festkoérperphysik
sind, so wie es im ersten Kapitel diskutiert wurde. Im ersten Abschnitt des fiinften Kapi-
tels werden zunéchst einige allgemeine Ziige effektiver Lagrange-Funktionen diskutiert. Die
Anwendung dieser Erkenntnisse auf die klassische Elektrodynamik erweist effektive Theo-
rien als nicht-lokale Feldtheorien. Ich diskutiere weiterhin die Verbindung zwischen effek-
tiven Lagrangeans und dem Gell-Mann-Low-Theorem. Nach einer Ableitung nicht-lokaler
Euler-Lagrange-Gleichungen wird die effektive Feldtheorie dann auf die volle elektromag-
netische Wechselwirkung der Elektronen angewendet, was zu einem rein elektronischen, je-
doch zeitabhéngigen Hamiltonian fiithrt, der Strom-Strom-Wechselwirkungen beriicksichtigt.
Fiir diesen leite ich dann eine statische Ndherung und die daraus resultierenden Hartree-
Fock-Gleichungen ab. Schliellich werden die Erkenntnisse aus der effektiven elektromagnetis-
chen Wechselwirkung verwendet, um eine effektive, phononen-induzierte Elektron-Elektron-
Wechselwirkung sowie deren Verhéltnis zur nuklearen Polarisierbarkeit abzuleiten. Diese
ermoglicht dann eine Neuinterpretation effektiver Wechselwirkungen im Sinne einer dann zu
erlauternden “Mean Fluctuation Theory”. In diesem Zusammenhang ergibt sich auch ein
neues Entkopplungsschema fiir elektronische und nukleare Freiheitsgrade. Der Standard-
Hamiltonian der Phononen ergibt sich daraus dann als ein statischer Limes. Damit gelingt
es schlieflich, phononische und elektronische Freiheitsgrade in einem geschlossen, selbstkon-

sistenten Propagator-Gleichungssystem zusammenzufassen.

Der Anhang fasst hauptséchlich Formeln und Konventionen der allgegenwértigen Fourier-

Transformation zusammen.

Kapitel 4 folgt der Publikation: R. Starke, G. Kresse, Phys Rev B 85 7 075119 (2012).

ohnehin konvergieren. Das klingt intuitiv plausibel, da Festkorperphysik auch Niedrigenergiephysik be-
deutet und man folglich vermuten mag, dass die Hochenergiefreiheitsgrade irgendwie verschwinden und
dabei einen (endlichdimensionalen) Hilbertraum der Niedrigenergiefreitheitsgrade zuriicklassen. Es ist
jedoch zu betonen, dass im Prinzip die Notwendigkeit der Renormierung in keiner Weise auf den Bereich
der Hochenergiephysik beschrinkt ist. (siehe beispielsweise [86]) Eine systematische Untersuchung der
Feynman-Graphen-Theorie in der elektronischen Strukturtheorie im Hinblick auf die Notwendigkeit der

Renormierung wére natiirlich eine Dissertation fiir sich.

Thesis, Vienna, July 4, 2012
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Part |I.

Many-Body Theory

15






1. First Quantization

1.1. Quantum Mechanics of the Solid State

1.1.1. Standard Model

Hilbert Space for Solid State Physics We begin this work by reviewing the first-
quantized, non-relativistic Hamiltonian of a system of N nuclei with charge Ze and Z x N

electrons (Z, N € IN) where N is large (> 10?®). The Hilbert space of this system is a

N

N @ HZN which is spanned by functions of the form

subspace of H

\I/(yl, ey YN, Xy ,XZN) = %U(Yh Ce ,yN)qf)(Xl, P ,XZN) (].].)

where the arguments are to be understood as joint spin and space variables. The electronic

one-particle Hilbert space He = H is given by
H~ C*® L2(R? C,dx) ~ L2(R?, C,dx) @ L*(R?, C, dx) ~ £*(R?, C?, dx). (1.2)

The definition of the nuclear one-particle Hilbert space depends on the spin s of the nucleus.

For the eigenvalue mg of the spin operator in a given direction, we have the inequality
—s<my<s (1.3)

which gives 2s + 1 possible values. The spinorial space is therefore C**™! and the nuclear

one-particle Hilbert space is given by
Mo = € @ L2(R?, €, dy) ~ @ £2(R?, €, dy) ~ L2(R?, C**T', dy). (1.4)

The ZN-electron Hilbert space H#Y is given in terms of H as A?YH and the N-nuclei
Hilbert space is given by AN H,ua for s € %]N and VVH,ua for s € N. In other words, the
Hilbert space restricted to the subspace of functions which are totally antisymmetric with
respect to the x; and totally symmetric or antisymmetric with respect to the y; depending

on the spin of the nuclei (symmetric for integer spin, antisymmetric for half-integer spin).

17
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Hamiltonian for Solid State Physics The Hamiltonian of the system reads!

H = (Tnucl + Vnucl—nucl) + (Tel + ‘A/el—el) + ‘Zel—ion (]-5)
h2
_ 1.6
2M - 47"'50 Z |Yz ( )
B2 ZN 702 N_ZN ]
- _ 1.7
2m 4 47&50 Z |x; — xj| dreg Zz; ; ly: — %] (L.7)

The model consisting of this Hamiltonian and the Hilbert space HY , @ HZN will be called
standard model of solid-state physics. In fact, the above Hamiltonian describes more generally
any non-relativistic system of electrons and nuclei interacting through the Coulomb potential,
e.g. the corresponding liquid would have the same Hamiltonian. Surprisingly enough, the
ground-state is in most cases crystalline. The dynamics of the system is described by a

Schrodinger equation
O U (y1,. .y, X1, Xgnit) = HU(y1, ... YN X1, ... Xzn: b). (1.8)

Here, the time ¢ enters as parameter. That means, for ¢ being given ¥ € H but ¥ is not
square-integrable with respect to dt. In practice, one is not interested in the full dynamics.

In most cases, one wants to find the values of certain observables in the ground-state

EO\IIQ(yl, ey YN, Xy ,XZN) = ﬁ\ljo(yl, ey YN, Xy 7XZN) (]_9)

or the canonical ensemble, i.e. the density-matrix

5= Lo _H (1.10)
A ‘

with Z = Trexp (—%).

Usually, the full Hamiltonian of the electrons and nuclei is too complicated. One therefore
tries to eliminate the nuclear degrees of freedom in favor of a purely electronic Hamiltonian
which, although being inequivalent, entails for many realistic situations the most important

information. For this purpose, one usually proceeds in the following way:

le denotes the charge of an electron including the sign. The advantage of this definition is that all formulas

generalize with the simple replacement e — q.

Thesis, Vienna, July 4, 2012
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1. One introduces the so-called Born-Oppenheimer approzimation (see e.g. [55]), an ex-

pansion of the fundamental Hamiltonian in the parameter

K= (%)1/4 (1.11)

where 77 is the mass ratio of nuclei and electrons. One writes the time-dependent

wave-function as

\Il(ylﬂ"'7yN7X17"'aXZN;t) :Zl/}i(Yh-‘-aYN§t)¢i(YIa--‘»YN,Xla---aXZN)-

(1.12)
This form of the wave-function is still completely general. Now one assumes that the

Oi(y1, - YN X1, -, Xzn) = ¢i(Y, X) are determined by the Schrodinger equation
(Tt + Vermet + Vercion () 6:(Y, X) = Ei(Y) (Y, X). (1.13)

This assumes that the ¢;(Y, X) = ¢,y (X) are the electronic eigenstates corresponding
to the fixed nuclear position eigenstate configuration Y = (yi,...,yn). One can now
plug this ansatz in the Schrodinger equation. The v;(Y) then have to obey ([55], p.9,
equation (1.7))

ihatwi<Y: t) = (Tnucl + Vnucl—nuel + E( ))wl (Y t)

—me@wﬂt 222 vkaYt><¢Z\vkr¢J>
J

where V; = Vy,.? One now assumes that the system if suitably prepared at an initial
time stays the whole time in a state of the form ¢. This is not general any more.
The loss of generality comes in because the electronic wave-functions ¢y (X) are not
wave-functions with respect to nuclear coordinates Y. These enter only as parameters.
If such a diagonal expansion works the system is said to be adiabatic because under
the time-evolution the electrons run through a sequence of energy eigenstates of the
instantaneous nuclear configuration. The crucial point is now that a perturbative
inclusion of the non-adiabatic effects leads to a formal Taylor series in x. However,
even within this adiabatic approximation, the nuclei are still delocalized. Although
the electronic states ¢;(Y,X) correspond to fixed nuclear configurations Y, the total

state is still a superposition of such electronic states with expansion coefficients ¢;(Y).

2 As this equation couples different nuclear eigenfunctions, the resulting theory is not of Schrédinger form
any more and will therefore not be considered in the sequel. An alternative decoupling will be proposed
in the last Chapter.
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One therefore proceeds further by introducing the classical nuclei approximation which
neglects Tnud. Furthermore, one momentarily neglects f/gl,ion. The eigenstates of
the resulting Hamiltonian for the nuclei are position eigenstates. In principle, any
configuration of eigenstates would solve the corresponding Schrodinger equation for
the nuclei. From experiments we know that the atoms in a crystal form regular arrays.

Therefore, we choose nuclei to form a Bravais lattice
Xno = N1a; + Ngag + naag (114)

with n € Z? and |a; - (a3 X a3)] = V. # 0. That means, the nth nucleus is in state

¥(x) = 0(x — xp0) and the total nuclear state is a Slater determinant or permanent.

. From experiments we know that low lying electronic spectral lines in a crystal are

only slightly shifted with respect to the spectral lines of the corresponding free atoms.
It therefore seems plausible to group the electrons into core electrons and valence
electrons. The core electrons are described by solutions of the atomic Schrodinger
equations centered around a nucleus of the lattice. Thus, the nuclei become ions. The
influence of the core electrons on the valence electrons is taken into account by the
introduction of the so-called pseudo-potentials. The simplest and most intuitive way
to do this is to compute the core electronic density n(x) from the atomic solutions and

include an operator of the form

v(x) = < /dx’ln(—X/) (1.15)

4w X —X/|

in the Schrodinger equation for the valence electrons. This corresponds to a purely clas-
sical interaction between core electrons and valence electrons. In actual fact, however,
there is not even a basis to say that an electron is core or valence because the all-electron
solution would be antisymmetrized. Therefore, a proper core-valence interaction would
include exchange effects. As all-electron calculations are usually unfeasible, one tries
to compensate for this with more involved pseudo-potentials. (see e.g. [66]) Finally,
one replaces the initial V;l,ion by the effective, external potential of the static regular

lattice and the valence-electrons. This new potential then obeys in the limit N — oo

V(n1,n2,n3) € Z% : Vet (X + n1a; + noay + n3az) = vey(X). (1.16)

With these approximations, we get a purely electronic Hamiltonian of the form

~

. R . N K2 e & 1
H = (Tel + ‘/ext) + ‘/;31—e1 == E (_ Axi + Uext(xi)) + dre E |X (117>
0 i<j )

— 2m — X
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where we renamed the electron number into N. Note, that this Hamiltonian is not transla-
tionally invariant anymore. The model consisting of the Hamiltonian (1.17) and the Hilbert
space HY = ANH will be called standard model of Electronic Structure Theory. Even for
the full standard model of solid-state theory, the standard model of Electronic Structure
Theory is a good starting point. The nuclear degrees of freedom are then reintroduced by
the concept of phonons (for details and definitions see sections 2.3 and 3.3 or [15]) with a
free Hamiltonian

. 1
Hy =Y hwy (bfdbkA + 5) (1.18)
kA

and a photon-electron interaction Hamiltonian typically written in the form ([15], Chapter
3)

- 1

_ T
Ver—ph = % Z Z Z 9aG Oict.qr k(b +b-q)- (1.19)
k qel™ ger

The full (all-electron) electron-phonon system Tel + Vext + Vel,el + lﬁlph + Vel,ph differs from the
standard model of solid-state physics only in that the ionic potential operator is expanded
linearly around a Bravais lattice of equilibrium positions. The introduction of phonons
regroups the nuclear degrees of freedom. The Hamiltonian with (1.19) is called the Frohlich-

Hamiltonian.

1.1.2. Limitations of the Standard Model

The standard models have a number of restrictions:

1. Nuclei are completely described by their position and spin. In other words, the internal
structure of the nuclei is neglected in the description of the solid state. In actual fact,
every nucleus is a complicated many-body system in its own right. On an intuitive
level, disregarding the nuclear structure can be justified by the mental picture of a
nucleus which is highly localized on the electronic length scale (the length scale at which
the electronic wave-function typically varies). This localization makes it plausible to
treat the nuclei as point-particles. Within this approximation, the only vestige of the
complicated internal structure of the nucleus is the nuclear spin which, of course, is
the total spin of the nuclear many-body system and cannot be associated with the
individual elementary constituents of the nucleus. The effect of nuclear spins on the
electronic structure makes itself felt through spin-spin interactions of electrons and
nuclei. On an experimental level, disregarding the nuclear structure is justified because
the spectrum of nuclei in the bulk practically coincides with the spectrum of the free

nuclei. Nonetheless, the fact that the nucleus is not a point particle and displays a
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rich internal structure can make itself felt, e.g. by quadrupole terms in the interaction

potential Vel,ion.

. The standard model is completely non-relativistic. Surprising as it may be at first sight,

relativistic effects make themselves felt in a broad variety of solid-state experiments

and therefore cannot generally be neglected. In principle, there are two different kinds

of relativistic corrections:

a)

First, relativistic corrections stem from the fact that the Schrédinger equation
(or rather the Pauli equation) is the non-relativistic approximation to the Dirac
equation. In other words, these corrections come from a modification of the wave-
equation as such. In solid state physics, this is usually taken into account by
expanding the relativistic dispersion relation

p°  1(p?)’

E = \/c2p2 + m2c* ~me® + — — =
P 2m 8 m3c?

(1.20)

The term %% — the so-called mass-velocity term — is then promoted to an
operator through the replacement p — —ihAV and treated as a perturbation to
the Schrodinger equation. In hydrogen-like systems this leads to a first-order shift
given by

Za? n 3
AFE, = — ——-|E, 1.21

T2 (l +1/2 4) (1.21)
where o = e?/4mweghc ~ 1/137 denotes the fine structure constant (cf. [20] p.23f).
The connection to the relativistic Dirac theory consists in the fact that the mass-

velocity term corresponds to a term in a Foldy-Wouthuysen transformed Dirac
Hamiltonian (cf. [47] p.69f).

Secondly, relativistic corrections stem from the fact that within the relativistic
regime new force terms arise. In other words, the inclusion of these corrections
does not consist in a modification of the wave-equation as such but only in the
additional inclusion of new potential terms. The most notable of these effects is
the so-called spin-orbit coupling which stems from the relativistic transformation
properties of the electric field (cf. [48] p.364f; [47] p.16). This leads to the inclusion

of a potential term

Voo = —S - L= (1.22)

where v(r) is the Coulomb potential of the nucleus, r being the relative coordinate.

Thesis, Vienna, July 4, 2012



Ronald Starke: Green Functions and Electronic Structure Theory 23

1.2. Green Functions in Standard Quantum Mechanics

1.2.1. Definition and Properties

Definition For a particle with associated Hilbert space H = £2(R?, C, dx) and Hamiltonian

H= —%A%—v(x) a single-particle Green function in the space-time domain is a distribution
obeying

(mat ~ H(x, ax)) G(xt, x't') = §(x — x')3(t — t'). (1.23)
Remarks

1. For time-independent external potentials v(x), the Green function can be chosen such

that it depends only on the difference 7 =t — t'.

2. A Green function is in general not uniquely defined by equation (1.23). Therefore,
(1.23) has to be supplemented by initial or boundary conditions. We postulate G® — 0

for 7 = —oo and G* — 0 for 7 — oo and the initial-value condition

ihGR/A(x,x'; 7 = 0F) = £6(x — X). (1.24)
3. The importance of the Green Function lies in the following;:

Theorem 1.2.1 Consider the inhomogeneous Schrodinger equation
iho ) (xt) = Hip(xt) + f(xt) (1.25)
subject to the initial (final) condition
The unique solution of this problem is given by the Duhamel Formula:
+o0
Y(xt) = ih/dx' G(xt,x'tg)1o(X) +/ dt'/dx’ G(xt,x't'") f(x't") (1.27)
to

where G = £G4 for t >ty or t <ty respectively.

The Duhamel formula shows that the Green function has two different roles: one is to
relate the solution to the inhomogeneity (the original meaning of “Green function”),

the second is to relate the solution to the initial value condition (“propagator”).
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Green Functions as Propagators Consider now the homogeneous Schrodinger equation
and suppose we know 1 (x't’) at some initial time #'. Then, we can obtain ¢ at a later time
t by

P(xt) = ih/dx' GR(x,x';t — ) (x't). (1.28)
On the other hand, expanding ¥ with respect to a complete system of energy eigenstates

yields
an ) (Wt (¢) e mEn (). (1.29)

This implies that the time—dependent integral operator

an e~ nen(t=t) (1.30)
propagates v from t to t’. We rewrite the last expression as
(XD ) (Wnle™m=n =) (1.31)

and interpret

S e h g (4 (1.32)

as the spectral resolution of U(t — t') = exp(—iH(t — t')). Hence, the propagator can be

recast as )
(x|U(t,t)|x') = (x| exp (—%H(t - t’)) X') = (xt|x't"). (1.33)

Consequently, the propagator can also be interpreted as the amplitude for propagation from
(xt) to (x't'). This can also be deduced from the theorem of Stone according to which the
time evolution of the wave-function is given by the one-parameter unitary group generated
by H, ie.

Y(t) = exp (—%]:I(t - t’)> U(t). (1.34)

Writing this in the position state representation, we get

pcloto) = vxt) = [ ax (e (<3 fH0— ) ) WIRIE). (139

As it stands, the propagator propagates the state both into the future and the past. In
accordance with the conventions met above, we define a retarded and an advanced propagator

by means of:

hGR(x,x;t —t') = O(t —t'){x|exp ( H(t - t’)) |x") (1.36)

ol

Dr‘IH'

—ihGA(x, Xt —t') = 0(t’—t)(x|exp( ﬁ(t—t')) ). (1.37)
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1.2.2. Examples

Free Green Functions The free Hamiltonian reads

X h2
Hy = —5 A (1.38)

The corresponding Green functions fulfill in the respective domains:

( A+ mat) G(xt,xt) = 8(x—x)o(t —t). (1.39)
( +ihd ) Gk,t) = do(t—1). (1.40)
( A +e) G(x,x,¢) = d(x—x). (1.41)

( L )G = 1 (1.42)

The last equation can be solved easily:

Glie) = - —15(1{) - — — (1.43)

2m

The remaining domains can be regained by Fourier backtransforms. However, these trans-
forms are not well defined because there are different distributions which can be considered
to be the regularization of 1/(e — hi*k?/2m). Therefore, we redefine

1 :
with the limit in the distributional sense. The choice +in corresponds to the retarded Green
function whereas —in corresponds to the advanced Green function. In particular, in the

retarded case we have

‘ ' , m : im(x — x')?
_ _ - . 1.4
ihG(xt,x't") o(t —t) (27rih( /)) exp ( Sh(E— 1) ) (1.45)
ihG(kt, Kt = 0t —t)ogee =R (1.46)
k ik(x — %/ _ik|x — x'
HG(x K E) = ih/ d : exp(lﬁﬁlii2 x')) _ m2 exp( 1k]x/ x'|) (1.47)
Grf) - EEE L T oniE x—x)

where k = v/2me/h.
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Spectral Resolution We now suppose the Hamiltonian to be of the form:
H=Hy+V (1.48)

with the multiplicative potential (Vi))(x) = v(x)(x). A formal expression for G can be

easily found, if we express 0(x — X’) in terms of a complete set of eigenfunctions of H:
= ba(x)U5 (). (1.49)
Similarly, G can be expanded as:

G(x,x;¢) ZGnmwn (x). (1.50)

Plugging this into the Schrédinger equation, we get:

6nm
G p— (1.51)
" Pal(X)5 ()
X X
) = Rkl A A ko 1.52
Glxxie) = 322 (1.5
In general, for the time-dependent Green function
(ih% —ﬁ) G(xt,x't") = d(x —x')o(t —t'). (1.53)

we now have the formal solution:

ihG (xt,x't") / 2%8_5” exp( h(t t)>. (1.54)

Again as it stands, this integral is undefined due to the integration over the poles ¢,. Hence,

we redefine the integral according to

G0, X5t — 1) = lim / Z%exp (—%5(15—15’)), (1.55)

GR(x,x,c) = Z—infng’ﬁ? (1.56)
GA(x,x,e) = Z—inﬁxg)fz_();;) (1.57)

n
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leading to

G (o, x5t — 1) = 0t — 1) Y ()5 (x) exp (—i%"(t - t’)) (1.58)

n

—GAx, Xt =) = 0 — 1) da(x)d(x) exp (—i%(t—t’)). (1.59)

n

Perturbation Theory for Green Functions The equation
(ihd; — Ho)t(xt) = f(xt), (1.60)
can be solved by the Green function as
P(xt) = o(xt) + /dx’dt/ Go(xt, x't") f(x't) (1.61)

where 1)y is a solution of the homogeneous equation. Now, consider the homogeneous

Schrodinger equation

(ihdy, — H)w(xt) = 0 (1.62)

with the Hamiltonian H = Hy + V. We rewrite this equation as
(ihdy, — Ho)h(xt) = v(x)1h(xt). (1.63)

This can again be treated like an inhomogeneous equation with perturbation f(xt) =
v(x)1(xt). Hence,

P(xt) = Po(xt) + /dx’ Go(xt, x't")v(x" ) (x't") (1.64)
where 1) is a solution of the unperturbed, homogeneous equation. By iteration it follows
w(xt) = ho(xt) + /dx'dt' Go(xt, x't")v(x )b (xt") +
/dx'dt'dx”dt” Go(xt, x't")o(x)Go(x't', x"t")v(x" ) o (x"t") + ... (1.65)
This means, in terms of Green functions that
G(xt,x't") = Go(xt,x't) +/dx"dt” Go(xt, x"t"v(x")Go(x"t",x't") +
/dx”dt"dx’”dt”’ Go(xt, x"t"v(x")Go(x"t", x"t"v(x")Go(x"t",x't') . ..

or symbolically
G =Go+ GoVGo+ GoVGVGy+ ... (1.66)
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By factoring out Gg, we find
G =G+ GVG. (1.67)

This is the so-called Dyson equation. For one-particle Green functions, it is a rigorous identity
which can be seen as follows: if we interpret d(x — x’) as the integral kernel of the identity

14, then we get in the frequency domain
(e — H)G(e) = 14. (1.68)

In other words, G(e) is (minus) the resolvent of H at e € C\ o(H), o denoting the spectrum.
If we now have two self-adjoint operators My, H, with resolvents G, (g) and Ga(e), then the

so-called second resolvent identity says that
G1(e) — Go(e) = Gy(e)(Hy — Hy)Gy(e). (1.69)

In particular, for Hy, = H and H, = I:Io, we retrieve the Dyson equation because we have
Hy—H, =V, Gi(e) = Gole), Go(e) = G(e). In other words, for one-particle Green functions,
the Dyson equation is equivalent to the second resolvent identity. This would not be obvious

if we had worked in the space-time domain.

1.3. Density Functional Theory

1.3.1. Hohenberg-Kohn Theorem

Introduction We consider a family of many-electron Hamiltonians of the form
H=T4Via+ Ve (1.70)

where T corresponds to the kinetic energy of the electrons, Vel,el to the electron-electron
Coulomb interaction and Vi is an external potential (typically the potential of the classical

nuclei) of the form

~

Vi = / AX Vet (X)) (%) 1) (x). (1.71)

In the N-particle sector, this reduces to
N
‘/ext = Zvext(xi) (172)
i=1

where V.., acts in H via (Aeth)(X> = Vext (X)(x). In particular, for ¥ € HY we have the
identity

(U Vi | ) = / Ax 72(X) Vexs (). (1.73)
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We think of the external potential as indexing the family of Hamiltonians. Furthermore,
we assume a fixed particle number N. The ground-state energy £ = E}¥ is the absolute

minimum of the functional

E[¥] = (U|H|D) (1.74)

where W varies in H™ and is subject to the constraint ||| = 1.

Definition An electronic density n(x) is called v — representable if it can be written as
n(x) = (¥ (x)(x)|0) = N/dXQ...de U (X, X, ..., XN)U(X, Xp, ..., xXy)  (1.75)

where WU is the ground-state of some Hamiltonian H of the form (1.70) with a suitably chosen

external potential v.

Theorem 1.3.1 (Hohenberg-Kohn) If Wy and Wy are ground-states of the many-electron
Hamiltonians Hy and Hy of the form (1.70) respectively which yield the same density n(x),
then the respective external potentials entering in the Hamiltonians H; differ only by a con-
stant (which of course can be set zero). Put differently, the ground-state density uniquely

determines the external potential which gives rise to it.

Lemma 1.3.2 The ground-state wave-functions of two Hamiltonians H, and H, of the form

(1.70) with external potentials which differ by more than a constant cannot coincide.

Proof Assume the contrary:

(T + ‘761—61 + ‘Zextl)lpo = Eé\lfo
(T + Vil + Vexi2)Wo = B3y,

Consequently, ¥y would be an eigenfunction of Ve — Viyez with eigenvalue E} — E2 which
is impossible, because an eigenfunction of a Hamiltonian of the standard form vanishes only

at a set of measure zero. [99]

Proof of the Hohenberg-Kohn Theorem Assume ﬁl and ]:12 are Hamiltonians with
essentially different external potentials veyy1(X) and vex2(x) and ground-state wave-functions
U, and Uy (which by the lemma have to be different) such that

n(x) = (W1]()[0) = (W) W), (1.76)
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Consequently;,
(U4 | H | W0) < (Do) H1| D) (1.77)
= (Wo| Hy|Wy) + (Wo| Hy — Ho|Ws) (1.78)
= (‘I’2|[:[2|\I’2> + <\I’2|Vext1 - ‘stt2|\112> (1.79)
— (el o) [ o) (s () — i) (1.80)
That means
By < By + / 1 72(5) (Ve (X) — Vexta (%)) (1.81)
By symmetry,
E, < Ey + /dx 1(X) (Vext2 (X) — Vext1(X)). (1.82)
Therefore
Ey+ E, < Ey + Es. (1.83)

This contradiction shows the impossibility of the assumption.

Remarks

1. The converse is not true. Different ground-states of one and the same Hamiltonian (in

the case of a degenerate ground-state energy) can give rise to different densities.

2. The proof of the Hohenberg-Kohn theorem shows that, more generally, the ground-state
density determines the Hamiltonian uniquely within an equivalence class of Hamilto-

nians differing by external potentials.

3. Since the Hamiltonian is fully determined (up to a constant) by the ground-state den-
sity, it follows that in principle all properties (all time-independent many-particle wave-
functions and the corresponding values of observables) of the system are determined

by the ground-state density.
Energy Functional We define the energy functional E = E|[n| by
E: {nx)}—-R (1.84)
60) 1> B[ = Fli + [ dx i) (9 (1.85)

where 7 is non-negative and normalized to the total particle number ( [ dx n(x) = N), {n}

denotes the set of v-representable densities and F' is is given by

P[] = (Wo[it]|T + Ve[ Wo[i]) (1.86)
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where Uy[7] is the ground-state of a Hamiltonian of the form (1.70) with an external potential

which has n as its corresponding ground-state density.

Theorem 1.3.3 The exact ground-state energy corresponding to Vit 15 given by the global
minimum value of this functional, and the respective minimizing density equals to the ground-

state density.

Proof First, we prove that the value F'[n] does not depend on which of the possibly degener-
ate ground-state wave-functions is chosen: let ¥, and ¥y be two ground-state wave-functions

corresponding to n and the Hamiltonian T + Vel_el + Vext a. Then

(0| H|Wy) Uy H| W)
= <‘P1’T + ‘A/elfel + Vext al W) ‘Pz\f + ‘A/elfel + Vext il Wa)

= (U|T + Va_a| W) + [ dx 2(X)vext 5(X)

-
=
= <\IJ2‘T + Vel—e1|\I’2> + /dX 1(X)Vext 7(X)
=

= (‘I’1|T+ Vel—el|‘l’1> \112|T+Vel—e1|‘112>

which shows the equality. In particular, this shows that E[n] is the evaluation of the Hamil-
tonian 7' + Vi_a + Vi in the ground-state corresponding to n. Finally, Vit is the uniquely
determined potential which has n as a ground-state density. Therefore, by the Rayleigh-Ritz
principle V 7 # n : Ey = E,_[n] satisfies

Ey < E,._[f]. (1.87)

1.3.2. Kohn-Sham Equations

Introduction Obviously, it is impossible to write down F[n] explicitly. Kohn and Sham
therefore proposed to introduce a non-interacting many-electron reference system with the
property that the non-interacting ground-state has the same density as the ground-state
of the interacting system under consideration. In principle, it is not clear whether such a
non-interacting system exists, but if it exists, then the external potential which gives rise to
it is uniquely determined. This is because by the remark to the Hohenberg-Kohn theorem,
the ground-state density determines the Hamiltonian uniquely within an equivalence class of
Hamiltonians differing by external potentials, i.e. the proof of the Hohenberg-Kohn theorem

works also for a family of Hamiltonians of the form f]o =T + V.

Constrained Search Algorithm We consider now a reformulation of the Rayleigh-Ritz
variational principle. In the first step, we fix an electron density n(x), consider all wave-

functions ¥ that yield this very density and search for the constrained minimum of the
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functional
Buvali) = Fln) + [ dx v (x)nx) (1.88)
where
Fn] = minwa(@)|w)=n(x)(Y|T + Va-a|¥). (1.89)

We then minimize E,_,[n| with respect to n(x). This allows for an alternative definition of

the functional F[n]. The different definitions read explicitly:

1. F[n] is given by (U[n]|T 4 Vi_a|¥[n]) where ¥[n] is an arbitrary ground-state of
the uniquely (within its equivalence class) determined Hamiltonian with ground-state

density n.

2. F[n] is given by the global minimum of (¥|7+Vy_q|¥) where the variation goes over all
many-body wave-functions with density n (no matter whether they are a ground-state

of some Hamiltonian or not).

The equivalence of the two definitions can be seen as follows: Consider a given set of many-
electron wave-functions yielding the same density n. For all ¥ in this set the expectation
value of an arbitrary external Vit yields the same value [ dX ve(x)n(x). In particular, this
applies to the uniquely determined external potential corresponding to the density n. The
minimization of the expectation value (U|H|®) of the thus defined Hamiltonian within the
fixed class of wave-functions with the same density is therefore completely determined by
the minimization of the functional (U[n]|7 + Va_a|¥[n]) because on Vi all wave-functions
give the same value. On the other hand, this minimum is (by the Rayleigh-Ritz principle)
obtained for the ground-state of the Hamiltonian with the given ground-state density. The

Constrained Search definition of F'[n] suggests to consider the functional variation of E,_, [n]:

Bualnct o] = Bl = [ ax (52

+ vext(x)> on(x) + O(n?) (1.90)

Hence, the ground-state energy satisfies:

dF[n|
on(x)

= —Vext (X) (1.91)

under the constraint:
/dx n(x) = N. (1.92)

Derivation of Kohn-Sham Equations One introduces a new energy functional:

E%[ii] = Tiii] + / dx vies (x)7(x) (1.93)
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with
T[n] = mingwja) v =) (Y T1P) (1.94)
and an external potential vks(x) yet to be defined. The stationarity condition for the func-

tional EXg[n] reads:

>3

Linl _ —vks(x
sa(x) Ks(X)-

(1.95)

On the other hand, the minimization of E%¢[n] is equivalent to minimizing (¥|Hy|¥) with

the non-interacting Hamiltonian Hy = T+Vks. We therefore have the following equivalences:
1. minimizing EY%¢ is equivalent to

2. finding the ground-state density of a non-interacting electron system subject to the

external potential vgg which in turn is equivalent to

3. solving the Kohn-Sham equations

<_2h_mA + UKs(X)) Vi(x) = ei9i(x) (1.96)

for the lowest-lying energies €; < ... < ey, the ground-state density being given by
N
n(x) =) |vi(x)[* (1.97)
i=1

Now, we return the exact functional F'[n| for which we can make without loss of generality

the ansatz
F[n] = Ts[n] + Eu[n] + Ex[n] (1.98)
where ) )
Jo / dxdx PX) (1.99)
87 |x — x|

whereas F,. is defined by this ansatz, that is
E.=F—-T,— Fy. (1.100)

The stationarity condition for the exact functional F' then implies

dTs[n]
on(x)

= —Vext (X) — vH(X) — Vxe(X) (1.101)

where

v (x) = — /dx’ n(x) (1.102)
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and 5, [n]
xc|T
e = ) 1.103
Use(X) on(x) ( )
We now define
VKS = Vext + VH + Uxc- (1104)

This definition (1.104) makes the stationarity conditions (1.95) and (1.101) coincide. The
non-interacting reference energy functional and the exact functional therefore have the same
stationarity conditions. Furthermore, as the minimizing densities correspond to the ground-
state densities of the respective systems, the density (1.97) of the Kohn-Sham system co-
incides with the exact ground-state density. In other words, the Kohn-Sham system is the
uniquely determined non-interacting system which has the same ground-state density as a

given interacting system.

Remarks

1. The ground-state energy of the many-electron system is not given as the evaluation of
the Kohn-Sham Hamiltonian in the respective ground-state, but by the evaluation of
the energy-functional at the Kohn-Sham ground-state density. The relation between
the ground-state energy of the many-electron system and the ground-state energy of

the Kohn-Sham system (sum of eigenvalues) is given by

N 2 /
e n(x)n(x’)
E = ; € — 871'80 /dXdX/ W — /dX n(X)'ch(X) + Exc[n]- (1105)
In particular, the Kohn-Sham orbitals have to be chosen such that they minimize this
energy functional. These do not necessarily correspond to the Kohn-Sham orbitals

with the lowest Kohn-Sham eigenvalues.
2. The fundamental band gap is defined as
A=E"+ Bt —2EY. (1.106)

For a non-interacting system, this yields the difference between the lowest unoccupied
and the highest occupied orbital energy. In the case of the Kohn-Sham system, we have
the problem that vks(x) per constructionem depends on the particle number (through
the density whose integral equals N). Therefore, the difference between the lowest
unoccupied and the highest occupied Kohn-Sham orbital energy does not equal the
band-gap. However, in the spirit of a thermodynamic limit, the Kohn-Sham potential
may be roughly independent of the particle number (for large N). If this approximation
holds, the Kohn-Sham system may be used to compute the band-gap.
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3. Thermodynamic susceptibilities at temperature 7' = 0 — being second derivatives of
the ground-state energy with respect to external fields — can be calculated from the

Kohn-Sham ground-state.

4. The exchange correlation potential is unknown as a functional of the density. In prac-

tice, there are several ansitze. [35, 55, 66, 74]

5. One may drop the assumption about the existence of a non-interacting reference system
because the definition of vkg is independent of this assumption. However, it is then
not clear whether the ground-state density is given by the ground-state of the reference

system because any eigenstate fulfills the stationarity condition.
Adiabatic Connection Theorem Consider the many-body Hamiltonian
H=H,=T+V\) + \NV_a (1.107)

where A € [0,1]. The A-dependence of

A~

V= /dx ox (%) (x)1(x) (1.108)
is defined in the following way:
1. For A = 1, the system reverts to the full, interacting system, i.e. v =1(X) = Vext(X).

2. For A € [0,1), vy(x) is such that the corresponding ground-state density has the same
value as in the case A\ = 1. If such a potential exists, it is unique. In particular, for

A = 0 we have vy_o(x) = vks(X).

Theorem 1.3.4 Let W(\) be the ground-state ofﬁ,\ and assume that the ground-state energy
is non-degenerate. Then the sum of the Hartree and the exchange correlation energy of the

full, interacting system can be written as
By + Ex = /0 A (O[T a O (1.109)
Proof The total ground-state energy is defined by
By = (W(1)| Brei (1)), (1.110)
On the other hand Ej is given within DFT as

Ey = Tin| + Euln] + Ex[n] (1.111)
— (U V0)) — Eula] + Bl — [ dxnpvet. (1112
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Equating these expressions for the ground-state energy, we get
(U(1)[Haza [t (1)) = (U(0)| Hazo|W(0)) = —Euln] + E[n] — /dx n(X)vge(x).  (1.113)

For the RHS we make a formal ansatz and using the Hellmann-Feynman theorem we get:

0

(U(1)[ Hralto (1)) — (W(0)| Hamo| ¥(0)) = /OdA 5<‘1’(A)\FIAIW(A)>

— /1 A\ (T(N) |0\ H AT (N))

0

_ / AN ()| Vi T(N))

0
1
+ [ ax @A),
0
The last integral can be transformed as

/d)\ (O TAT(Y) = <\IJ(1)\VA:1\\IJ(1)>—<\IJ(O)WA:0\\IJ(O)>—/dx ox (x)9ymia ()

= (W(1)[Vext| T (1)) — (¥(0)|Vic
)

®
—~

o
N—
=

(
= —2By — (U(0)|Vie| T(0)).

In the first line, the last integral accounts for the difference between (¥(X)[0\Vi|¥(\)) and
O\(T(N)|VA|T(N)). This difference vanishes because n, equals the ground-state density for
all A and hence d\ny)(x) = 0. Collecting everything together yields the theorem.

Reformulation The electron-electron interaction reads explicitly

~

Viieel = / dxdx’ v(x — x)oT (%)) (x)ih(x ) (x). (1.114)

This translates into the expression

~ ~

(Wo| Ver—at| o) = /dde' v(x = X)W1 (%) (x )b (x)ih (%)) (1.115)

for the expectation value. On the other hand, the pair correlation function g(x,x’) is defined
in second quantization :

() ) EDE)) _ ma(xx) _ (ax)ax) — 6(x - x)n(x) (1.116)

~

(W) (x)) (W (x)b(x))  nx)n(x) n(x)n(x')
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where n(x) = (A(x)) = ()T (x)ih(x)) etc. Therefore, we can rewrite (Va_q) in terms of the

pair-correlation function as
2

(lVa- o) = - [ axax neInx) o ). (1.117)

81 |x — x|

Let gx(x,x') denote the pair correlation function with respect to the ground-state of H(\).
The adiabatic-connection theorem can then be written as

:  non(x)
/0 d)\/dxdx x— gn(x,x") (1.118)

EH + Exc =
871'80

or

E. = / d)\/dxd ! )(g)\(X x') —1). (1.119)

7T€Q ‘

On the other hand, according to equation (1. 116) we have:
(W )P (X ) (x)0(x)) = (Ax)n(x)) — d(x — x)n(x). (1.120)

But, (n(x)n(x’)) equals the time-ordered density-density response-function evaluated at

equal times:

(n(x)n(x")) = ihx(x,x";7=07). (1.121)
X(x,x’;7 = 0) can be expressed in terms of the Fourier transform y(x,x’;w) as
d
X(x,x;7=0)= /2_w X(x, x5 w). (1.122)
T

Using all this, we get the Adiabatic-Connection-Fluctuation-Dissipation Theorem:

87750/ dA/dde X — x| (/— ihy (%, x5 w) — 5(X—X’)n(><)>.

This expression is apparently divergent due to the Dirac delta which enforces x = x’. One

EH + EXC =

can show, however, that this divergence is cancelled by the term involving x(x,x’) (see e.g.
88]).

1.3.3. Time-Dependent Density Functional Theory

Runge-Gross Theorem Again we consider a many-body system with a Hamilonian of
the form (1.70) where the external potential Vext is now given by a time-dependent function
Vext (xt). Time-dependent solutions W (xy,...,Xy,t) of the Schrodinger equation give rise to

time-dependent densities n(xt) explicitly given by
n(xt) = (U] (xt)(xt)| ) = N/dx2 Cdxy (U W) (X, Xy, ..., Xy) (1.123)

In this situation, the analog of the Hohenberg-Kohn theorem is the Runge-Gross theorem

which we state without proof. (see e.g. [64])
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Theorem 1.3.5 If the densities n(xt) and n'(xt) evolving from a common initial state V(t =
0) under the influence of external potentials vey(xt) and vl (xt) agree for all t and all x
then

Uext(Xt> - Uext(Xt) - f(t)7 (1124>

1.e. the respective external potentials differ by a purely time-dependent function.

As in the time-independent case, this has the consequence that the external potential is
a functional of the density. However, there are also some new features which have to be

commented.

1. External potentials which differ by a function f(t) essentially coincide: a purely time-
dependent function f(t) in the Schrodinger equation leads only to a purely time-
dependent phase factor exp(—i/h [ "d¢’f(¥')). This phase-factor cancels out in all ex-
pectation values (V| - |W) because observables are operators in a Hilbert space and

hence act only on the spatial variables.

2. The functional of the density giving the external potential would in principle be dif-
ferent for every initial wave function W(¢ = 0). In practice, one therefore considers

non-degenerate instantaneous ground-states.

3. The functionals of the density are to be understood as functionals of the whole function
n(xt), i.e. of the entire history of n, not as a family of functionals which for every ¢

give Ve (xt) in terms of n(xt).

Precisely as in the time-independet case, one now considers an auxiliary Schrédinger equa-
tion:
2

ihopp;(xt) = <—2h—mA + va(xt)> i(xt) (1.125)
with the condition that

n(xt) = Z s (xt) |2 (1.126)

From the details of the proof of the Runge-Gross theorem, one can establish that the unique-
ness of the external potential vkg is also guaranteed in the non-interacting case. Similarly,

one makes again the ansatz

VKs (Xt) = Vext (Xt) + vy (Xt) + Ve (x1) (1.127)
with (1)
£) = dx’ 2% 1.12
on(xt) Areg / * |x — x| (1.128)

Thesis, Vienna, July 4, 2012



Ronald Starke: Green Functions and Electronic Structure Theory 39

which corresponds to a time-dependent, self-consistent Hartree kernel.

Pseudo-Dyson Equation for the Density Response Function Recall that the time-

dependent density-density response function is defined by

on(xt)

x(xt, x't") = —6vext 1)

(1.129)

Consider the change of the time-dependent exchange-correlation potential under the density

variation dn(xt):

Ve[ + On](xt) — vgc[n](xt) = /dt'/dx’ Jre(x, X5t — t)on(x't") (1.130)

o Ouge(X't') 62 Exe[n]
Fre Xt =t ) = T = S ) on(xT) (1.131)

The density-density response function ykg of the Kohn-Sham auxiliary system is defined by

on(xt) = /dx'dt’ Xks (Xt, X't") (0Vext (Xt") 4+ dvp (X't') + dvye (X)) (1.132)
or n( t)
X

Using the chain-rule in the form

n(xt) v on(xt)  dugs(x"t")
o\ 1.134
Oyt (X'T) /dx dt dvKs (X)) OVt (X'E) (1.134)

the definition of f,. as well as

dx"dt

(1.137)

5vext(Xt _ /
6'Uext( /t/) B 5(I x) (1135)
5UH(X ) / 1" 340 " " T/

= — 1.1
&}em( <0 dx"dt" v(x,x")o(t — t")x (x"t", x't") (1.136)
5ch(x ) / I 5UXC(Xt) 5n(X//t//)

IN(X"") OVt (X/t")
one finds for x(xt,x't")
XKS (Xt’ X/tl) _"_ / dX//dX/// XKS (Xt’ X//t”) X ('U(X”t”, X/”t///) + fXC (X//t//’ X///t///)) X(X,//t”/’ X/t/) )

Neglecting the exchange-correlation kernel in this equation and using the formal density

response function from time-independent DFT is known as Random Phase Approximation
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(RPA),? an approximation which in combination with the Adiabatic Connection Theorem is

now at the very heart of a great deal of progress in complex problems of materials science.
(see e.g. [88])

1.4. Linear Response Theory

1.4.1. Classical Electrodynamics

Maxwell’s equations read

VE =2 (1.138)
€0

VxE = -9B (1.139)

V-B = 0 (1.140)

VxB = /,Loj—f-go/,LOatE. (1141)

They determine the fields E(xt), B(xt) as functionals of the sources p(xt), j(xt).

Splitting into External and Internal Quantities Due to the linearity of the homo-
geneous Maxwell equations, we can without loss of generality arbitrarily split the source

term pa.] = ptotvjtot into

Ptot =  Pext + Pint (1142>
jtot = jext + jint- (1143)
such that
E=Ew = Eext + Eint (1.144)
B= Btot = Bext + Bint (1145)

where the external fields fulfill Maxwell’s equations with the external sources and the internal
fields fulfill Maxwell’s equations with the internal sources. For a fixed splitting of the sources,

the splitting into external and internal fields is unique up to a solution of the homogeneous

3Note, however, that this RPA has only a formal resemblance to the RPA within the context of Green
Function Theory. After all, where is the Random Phase in neglecting fy.? Strictly speaking, a random
phase approximation is an approximation of the form (A(t)B(t')) ~ (A(t))(B(t')). Inserting a complete
system of energy eigenstates shows that this corresponds indeed to neglecting the relative phases which
one may think of averaging to zero. Now, the RPA is really of this kind in that it approximates the
four-point propagator by a product of two-point propagators. This kind of RPA is therefore the quantum
analog of Boltzmann’s famous stoffzahlenansatz.
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Maxwell equations which can be arbitrarily partitioned between the external and the internal
fields. Physically, we think of the internal field E;,, Bj,; as belonging to the system we study
whereas the external fields E.y, Beyxy are prescribed. Furthermore, we may think of piu, jint
as somehow localized (e.g. in a probe) whereas we think of pey, jexy as “far away”. We stress,
however, that the source splitting as such is indepedendent of such an interpretation. For
example, we could also split the sources into high frequency and low frequency components.
Furthermore, it is noteworthy that a spatial separation between the external and the internal

sources implies that external and internal sources separately obey continuity equations

atpint + % jint = 0 (1146>
atpext + V. jext = 0. (1147)

Note that in the standard parlance of classical electrodynamics

—oEyw = P
EoBexy = D
Eiww = E
Bine = poM
Bext = uoH
B.x = B.

Historically, this comes about because one thinks of P and M as electric and magnetic dipole
densities. The reason for this is a topic in its own right.? First, we assemble some mathe-

matical prerequisites.

Helmholtz Decomposition The energy of the free electromagnetic field (E, B) is given by
1 1
E(t) = 5 /dx <5OE2(xt) + —BQ(xt)) . (1.148)
Ho
We conclude that for the energy to be finite, the fields have to be square-integrable. The
state space for E and B respectively is given by Hy = L(R?) ® R? at fixed time . Any

vector field F € £(RR?) ® R? can be decomposed uniquely into a divergence and rotation free

part (the so-called longitudinal and transversal part) according to

F=Fr+FyL (1.149)

4Modern textbooks as [26, 57] introduce electrodynamics in media in terms of internal and external fields
whereas classical textbooks as [37, 48] rely on dipole densities. In condensed matter and many-body

theory [15, 35, 50], the partition in external and internal fields is common practice.
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with
V x F(x')
Fr = — dx! ————~ 1.1
. 47TV></ |X_X,| (1.150)
F, = x - 1.151
such that
V-Fr = 0 (1.152)
VxF, = 0. (1.153)

The longitudinal and the transversal part can be shown to be orthogonal in Hy. In other
words, we have an orthogonal decomposition Hy = Hrt & Hy. The respective projectors Pr
and Py, are given through equations (1.150, 1.151). It follows that P, + Pr = 1,2grs which
can also be read off from —V x V x +VV- = A and A(1/|x — x'|) = —4nwd(x — x'). In the
following, we perform a lot of partial integrations which strictly would require the inclusion
of boundary or surface terms. As we require the fields to be square-integrable, these surface
terms vanish. On the other hand, such a mathematical assumption on the decay behaviour
seems to be the right idealization for conceptual matters as the real solid can always be
thought of as embedded in R?® without any sharp boundary. Systems in a finite volume V

with definite conditions on the behaviour at 0V constitute an idealization.

Internal Field vs Dipole Moment Density Standard textbooks define P(x) and M(x)
respectively as the densities of electric and magnetic dipoles. To clarify this we have to define
the notion of electric and magnetic dipole densities in the first place. We begin with the

electric case. The dipole moment of a charge density p(x) is defined as the constant vector

= /dx xp(X). (1.154)

The potential p(x) corresponding to the charge density p(x) is given by

p(x) = ! /dx’ p(xl), (1.155)

Areg |x — x|

The Taylor expansion (around the origin) of the Coulomb kernel under the integral leads to
the multipole expansion
1 q 1 P-x

2 4 - - = 1.156
dmeg |x|  Amey |x]3 ( )

p(x) =

where ¢ = [dx p(x) denotes the total charge. The first term in this infinite expansion

— the so-called monopole term — corresponds to the field resulting from the whole charge
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concentrated at the origin. The second term corresponds to a pure dipole field. Consider
now a charge distribution
p(x) = qd(x) + (—q)d(x +1). (1.157)

This charge distribution has a dipole moment given by
P =ql (1.158)

The charge distribution of a point dipole (located at the origin) is obtained from the charge
distribution (1.157) by performing 1 — 0 such that P = const. This limit can be easily

performed by considering

pu(x) = %5(){) + “TQ)(S(X +l). (1.159)
We then have
lim p,(x) = —(P - V0)(x). (1.160)

n—0

This is the charge distribution of a point dipole. From

olx) = — /dx’ pix) (1.161)

dmeg |x — x/|
I /dx’ (P Vo)(x) (1.162)
Ameg |x — x/|
_ vl (1.163)
Areg x|
1 P-x
= o (1.164)

we read off that the charge density of a point dipole gives rise to a pure dipole field. The
charge distribution of a point dipole makes it plausible to define the charge distribution of a

continuous dipole density P(x) as

p(x) = / dx' P(x) - (V&')(x — x). (1.165)
This charge distribution gives rise to the electric field

o) = — /dx’ Pix) - (x—x) (1.166)

 dreg |x —x/|?

Of course, in general this is not a pure dipole field. We now come to the magnetic case. The

dipole moment M of a current density j(x) is defined by the constant vector

M:%/dxxxj(x). (1.167)
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The vector potential A(x) corresponding to the current density j(x) is given by

A(x) = @/dx’ i) (1.168)

C 4n Ix —x/|

The Taylor expansion (around the origin) of the Coulomb kernel under the integral leads to

the multipole expansion
o M X x
Ax)=———
S A e E

i.e. in the magnetic case the first non-vanishing term corresponds to a pure dipole field.

T (1.169)

Consider now the constant current distribution of a circular loop with radius ry centered

around the origin in the z-y-plane. This current distribution is given by

d
jx) = 1/ A= 5(x — x(t)) (1.170)
S
27
= Ired(z) / dt e, (t)d(x — rocost)é(y — rosint) (1.171)
0
where C': R — R3 is given by
x(t) = ro(cost,sint,0) (1.172)
and
e,(t) = —sint e, + cost e, (1.173)
With x = |x|e, and
e, X e,(t) = const. = e, (1.174)

we then find for the corresponding magnetic moment

1
M = i/dxxxj(x) (1.175)
T ) 2m )
= —rie, [ dx dt §(x —rocost)d(y — rosint)d(z) (1.176)
2 0
2
= érgez/ dt/dx d(x —rocost)d(y — rosint)d(z) (1.177)
0
L [Ty 1.178
= 2roez ; t (1.178)
= Inrle.. (1.179)

Hence, the resulting magnetic moment is given by

M = I Ae, (1.180)
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where A = 7mrZ. The charge distribution of a magnetic point dipole (located at the origin) is
obtained from the charge distribution (1.170) by performing ry — 0 such that M = const.
This limit can be performed by considering the rescaling I — I/n?, ro — nry and performing
lim,,_,¢ j,. The concrete calculation is somewhat more complicated than in the electric case.

First consider

2m
jn(x) = ]rg/ dt e¢(t)L5(x —nrocost)d(y — nrosint)d(z)
0 Mo

2m
= Irg/o dt (—sint e, + cost ey)%(&x —nrocost)d(y — nrosint)d(z) — d(x))

where we inserted a t-independent term §(x) because

/QW dt e,(t) = 0. (1.181)

Now, in the limit 7 — 0 the delta terms in the integrand simply yield

—cost 0'(x)d(y)d(z) — sint §(x)d (y)d(2). (1.182)
With
2m
/ dt sintcost = 0 (1.183)
’ 2m
/ dt cos’t = 7 (1.184)
° 2T
/ dt sin’t = = (1.185)
0
we get multiplying out
jnoo(x) = Imrg(e,0, — e,0,)0(x). (1.186)

Obviously, this generalizes to the formula
j(x) = —=(M x V)(x) (1.187)

for the current density of a magnetic point dipole at the origin in the plane orthogonal to M.
With the formulas for electric and magnetic point dipole charge and current density we can
now define electric and magnetic dipole densities P(x) and M(x) through the corresponding

charge and current densities as
p(x) = /dx’ P(x')- (V') (x —x) (1.188)

ix) = /dx’ M(x') x (V§')(x — x'). (1.189)
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With

0 = b [

Ameg |x — x|

A(x) Ho [ RICIN

A |x — x|
these densities give rise to the fields
1 P(x)-(x—x)
= dx’ 1.190
(%) 4req / X |x — x| ( )
M(x') x (x — %)

A(X) _ /’LO d /

4 |x —x'|3

(1.191)

For continuous media, one assumes that these equations also hold in the time-dependent

case in the sense that

1 , P(x't) - (x — )

o(xt) = Tnes /dx m——E (1.192)
_ Mo , M(x't) x (x —x)

A(xt) = g dx X —x[f (1.193)

In principle, these relations are the definition of the time-dependent dipole densities P(xt)

and M(xt). Now, the fields E, B are given in terms of the potentials as

E(xt) = —Ve(xt)— 0,A(xt) (1.194)
B(xt) = V x A(xt) (1.195)
and hence with the idenities
1 P(x't) - (x — x) 1 V' P(x't)
dx’ = — dx’ ———= 1.1
dreg / * |x — x'|3 Areg / * |x — x| (1.196)
Ho , M(x't) x (x — %) Ho , V! x M(x't)
dx = dx’ ——= 1.1
4mr |x — x/|3 4 |x — x| (1.197)
we find that
(x't)  po V' x M (x't)
E = f— ! 1.1
(xt) 47r€0v/d |x x’\ An /dx |x — x/| (1.198)
V' x M(x't)
B = — 7 1.1
(xt) 47TV X /dx x— x| (1.199)

Within the realm of electrodynamics in continuous media, this is to be interpreted as

1 V-PXt) po / V' x O;M(x't)
E.(xt) = dx! ——— 2 dx’ 1.200
(xt) 47r50v/ * |x — x/| 47 |x — x/| ( )
!
M(x
Bi(xt) = v /d ’V;—X,'). (1.201)
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where P(xt), M(xt) denote the dipole densities in the medium. On the other hand, the
so-called macroscopic Maxwell equations say that

V X Eoi(xt) = V x E(xt) = —0;Byot (xt) (1.202)
and with
1 1
E(xt) = 6—0D(xt) - aP(xt) (1.203)
B(xt) = poH(xt) + poM(xt) (1.204)

and the fact that the D(xt), H(xt) fulfill the vacuum Maxwell equations, it follows that

giv X P(xt) = o0 M(xt) (1.205)
0

which we now reinterpret as a microscopic equation. Independently from electrodynamics in
continuous media, one could argue that the expression of ¢(xt), A(xt) in terms of the dipole
densities shows that P(xt), M(xt) can be altered by transversal/longitudinal vectors fields

without effect on the observable fields. We use this “gauge freedom” to postulate

V x P(xt) = gopo0:M(xt), (1.206)
V- M(xt) = 0. (1.207)
All in all, we have
, xt) 1 / , Vi x (V' x P)(x't)
E(xt) = dx d 1.208
(xt) 47reov/ ]x x’\  4neg * |x — X/| ( )
- V/d / xt) 1 Vx/dx’ VIXPO () 909
Areg x’ | dme |x — x|

Comparison with the Helmholtz decomposition shows that

1
E(xt) = —g—P(xt). (1.210)
0
Similarly it follows that
B(xt) = poM(xt) (1.211)

where one has to use V - M(xt) = 0 which again follows from the Maxwell equations. In
summary, we say: electric and magnetic dipole densities are — up to conversion factors —
identical to electric and magnetic fields. This has nothing to do with electrodynamics in
continuous media. Instead, it is a mathematical identity which applies in particular to the

fields inside the medium. For the special case of electrodynamics in continuous media, this
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means: P(xt), M(xt) are the dipole densities of the medium, —D(xt), H(xt) are the dipole
densities without the medium and —egE(xt),1/10B are the total dipole densities. With
the introduction of the notion “dipole density” we simply recover the fields. Furthmore,
the equations of motion for the dipole densities which are derived for continuous media are

simply the Maxwell equations for the internal fields and therefore do not need any derivation.

Local Fields The simple interpretation of E as the total field in the medium seems to be
in contradiction with well-known arguments leading to the Clausius-Mosotti formula. The
standard reference [48] p.116 argues that in order to calculate the induced electric dipole
moment of a molecule, one cannot simply take the “macroscopic” E-field. Instead one has
to introduce still another quantity (in addition to D, P, E), namely the so-called local field
at the molecule (“internal field” as by Jackson; in german: “Nahfeld”). How does this square
with the fact that E actually is the total field in the medium? To answer this question, we
first have to note that although P simply is the electromagnetic field generated by the charges
in the medium, this does not imply that its contribution to the total field E is restricted to
the domain “where the medium is”. Instead, the field P outside the medium is determined by
the facts that (i) it has to obey the vacuum Maxwell equations V-P = 0, V x P = 0 because
its sources lie in the medium and (ii) it has to fit the boundary condition that it equals P
within the medium at the surface. In the case of the Clausius-Mosotti model, one thinks
of a given molecule the dipole moment of which is to be calculated as enclosed in a little
cavity (typically a sphere) which contains only the molecule under consideration. One then
thinks of P as the field inside the medium (which means in particular outside the cavity)
and calculates the resulting field in the center of the cavity. In other words, one calculates
the field inside an empty cavity embedded in a (homogeneously) polarized material. The
logic behind this is that the macroscopically measurable bulk P describes the field inside the
sample only on very large length scales. Obviously, this is due to the fact that in standard
treatments P is thought of as a macroscopic quantity resulting from a suitable averaging.
This loss of information is then compensated for by introducing yet another quantity, the
local field, which roughly reinstalls the original internal field P(x). Without the transition
to macroscopic fields, the field which induces the dipole moment of a given molecule located

at x is of course simply E(x).

Caveat about Singular Dipole Densities The equations

B(xt) — —%P(xt) (1.212)
B(xt) = poM(xt) (1.213)
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constitute rigorous identities relating the smooth, integrable dipole densities to “their” fields.
If we consider instead a singular dipole density, e.g. a point dipole, then these identities seem
to imply that the field would be zero everywhere except for where the dipole is and there
it is given by —1/eqP or oM respectively. Of course, this is not true. Instead, the fields
generated by an electric or magnetic point dipole at the origin are given by the well-known
formulas [29, 30, 37]

1 3P -x)x—|xPP 1

E = —P 1.214

®) = = mE 32, POx) (1.214)
_ o 3(M-x)x — Ix|°M  2uq

B(x) pm mE + 3 M (x). (1.215)

Indeed, for a singular dipole density the field is singular where the dipole is. Intuitively, one
has to think about this in the following way: at the location of the dipole the singular con-
tribution “dominates”. This singular contribution is just proportional to the dipole moment.
So, if one goes to the limit where one has such a dipole P or M at every point in space,
then the contribution from the singular term ultimately dominates at every point yielding a
contribution proportional to P(x) or M(x). In fact, we can also start with equations (1.214,

1.215) and define the fields corresponding to continuous dipole densities as

E(X) _ /dXI ( 1 3(P(XI) i (X — X/))(X — X/) — |X — Xl|2P(X/) N LP(X’)(S(X N X/)>

4reg |x — x| 30
_ p (o 3M(X) - (x = X)) (x —X) — [x = xX'PM(x) | 2p0 :
B(x) = /dx (E e + 3 M(x)é(x—x)) :

An elementary reasoning using the same vector identities as above then yields

Ei(x) — —iP@) (1.216)
B(x) = poMr(x). (1.217)

As the point dipole fields correspond to an electrostatic or magnetostatic situation, this

implies precisely

B(x) — —%P@) (1.218)
B(x) = poM(x). (1.219)

In fact, this breakdown of the dipole-densiy identification as electromagnetic field is at the
very heart of the present argumentation. For singular point dipoles, the dipole density as a
discrete sum over point dipoles divided by the volume is a well-defined distributional object

which is not identical to the electromagnetic field. These singular densities are motivated
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by classical physics where one can imagine them to be created by point particles. If, how-
ever, we are confronted with a continuous, microscopic charge density (as we expect it in
Quantum Mechanics), then it is not so obvious what the dipole density corresponding to this
continuous charge density is (as opposed to the total dipole moment of the charge density
which is well-known). The above arguments made it clear that the dipole density correspond-

ing to a continuous charge density is the electromagnetic field generated by that very density.

Alternative Definition of Dipole Densities involving Retardation Effects The def-
inition of the dipole densities through the corresponding fields via equations (1.192, 1.193)
seems to imply that the time-dependent dipole densities cannot — as in the static case —
literally interpreted as continuous distributions of “oscillating” dipoles because these latter
would lead to radiation, retardation effects etc. The derivation of the electromagnetic fields
starting from the fields of time-dependent point-dipoles as in radiation theory and then mak-
ing the transition to continuous distributions is an interesting problem in its own right. It

has been solved explicitly by Vrejoiu and Zus [101] leading to the result®

1 (V- P)(x'tret)
t) = — dx’ ——— 22—~ 1.22
plxt) dmeg / x |x — x/| (1.220)
M /
At) = 10 [ g VXM ha)
47 |x — x/|
o ) O P)(K'tret)
— —_— . 1.221
* 4 /dx x — X/| ( )
where
x — x|
b =1 — . (1.222)
c

and in an expression like (V - P)(X't,et), the brackets mean that the operation is performed
for P(xt") which is afterwards evaluated at ¢’ = t,o. We will now show that this definition

of the dipole densities agrees with our approach. First, observe that with

PR Gy
G(xt,x't') = (1.223)

T ar |x — x/|

the equations for ¢ and A can be rewritten as

1
o(xt) = o dx'dt’ G(xt,x't")\V - P(x't')

A(xt) = ,uo/dx’dt’ G(xt, x't")V x M(x't')

+ ,uo/dx’dt' G(xt,x't"oyP(x't").

>This corresponds to equations (11) and (13) in [101]. The surface term has been neglected because here

we deal with square-integrable functions for which we can move the surface infinitely far off.
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On the other hand, G is just the retarded Green function for the d’Alembert operator O, i.e.

an “inverse” operator 07! in the sense that
OG(xt,x't") = §(x — x')o(t — t'). (1.224)

Therefore, acting on the above equation with O yields

Op(xt) = —glV - P(xt) (1.225)
OA(xt) = pueV x M(xt) + o0, P(xt). (1.226)

In the Lorentz gauge, we can identify

Op(xt) = '0(:) (1.227)
OA(xt) = poj(xt). (1.228)

A comparison shows that P and M fulfill the Maxwell equations in the sense that P = —¢gE
and oM = B. Therefore, also in the retarded approach, the dipole densities can be identified
with the fields. At first sight, it seems to be astonishing that the definition of electric
and magnetic dipole densities in terms of the retarded expressions (1.220, 1.221) should be
equivalent to the naive approach given by the instantaneous expressions (1.192, 1.193). Once
we understand the general identities P = —¢gE, oM = B, the reason for this apparent
paradox becomes clear: it resides of course in the gauge freedom A* +— A* — 9#f6 1In
fact, through the identification of the dipole densities with the electromagnetic fields, the
definitions (1.220, 1.221) and (1.192, 1.193) simply correspond to different expressions in
different gauges for the potentials (¢/c, A) through the fields (E, B). Concretely, (¢/c, A)
can be represented as

o(xt) = —% dx’ E(Xg’_(z’; x) (1.229)
A(xt) = ﬁ dx’ B(XTZ iSP_ x) (1.230)
in the Coulomb gauge and as
p(xt) = —ﬁ/dx’ % (1.231)
A(xt) = ﬁ dx’ Vv TX]?:(itlreQ
+$ dx’ —ath;E_(X;rt). (1.232)

6This settles the dispute Leung/Ni vs Vrejoiu/Zus. [60, 101]
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in the Lorentz gauge as will be shown now. These formulas prove that the different definitions
of dipole densities (through equations (1.192, 1.193) and equations (1.220, 1.221)) correspond
to different gauges. We begin with the Lorentz gauge for which the equations of motion

simply read
OA*(x) = poj" (). (1.233)

Expressing then A#(x) in terms of j#(z) through the retarded Green function and using

Maxwell equations in the form

p = &V -E (1.234)
1

= —V xB-—-¢0E (1.235)
Ho

immediately leads to the expressions (1.220, 1.221) under the identification P = —gE, poM =
B. In the Coulomb gauge, things are only slightly more complicated. The equations of mo-

tion in the Coulomb gauge read

Ap = -2 (1.236)
€0
OA = pojr (1.237)

where jr denotes the transversal part. Using Gauss’ law, the first equation immediately leads
to the expression of ¢ in terms of the dipole density. In order to reproduce the instantaneous

relations between A and M (or B) we rewrite the second equation as
AA = —pojr + 0F A (1.238)

and replace 9?A by —d;Er because in the Coulomb gauge, the vector potential is purely
transversal and hence the transversal part of the electric field is given by —9,A. Now, the
last equation can be solved for A using the inverse Laplace operator, i.e. the Coulomb kernel.
It remains to show that the integrand —pugjr — 0, E1 equals —V x B. This follows easily by

considering the Maxwell equation
VxB= Moj + MoéoatE. (1239)

The continuity equation 9,j* = 0 implies that the longitudinal part of the RHS vanishes (as
it is in fact necessary on grounds of consistency). Still we have to emphasize that also in the

Lorentz gauge, only the inhomogeneous equations

V-P = —p (1.240)
VxM = j—oP (1.241)
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follow rigorously whereas the longitudinal part of M and the transversal part P remain
arbitrary. The reason behind this is that even within a given gauge, the potentials (¢, A)
uniquely fix the fields (E, B) but not vice versa.

Maxwell Equations for Dipole Densities Once we identify P(xt), M(xt) as the elec-

tric and magnetic fields of the medium, we can write down the Maxwell equations for them

in the form
V- -Pxt) = —p(xt) (1.242)
V xP(xt) = equo0M(xt) (1.243)
V- M(xt) = 0 (1.244)
V xM(xt) = j(xt)— oP(xt). (1.245)

Note that this implies that in the general time-dependent case, the relations
pix) = [ ax P(x) - (V8)(x—x)
jx) = /dx’ M(x') x (V') (x — x).
do not hold any more. In fact, the above equations can be integrated by parts yielding

p(x) = =V -P(x) (1.246)
ix) = VxM(x). (1.247)

Obviously, these are just the static Maxwell equations. In particular, they imply V-j =0
and hence 9;p = 0. This shows again that in the time-dependent case, the static connection
between dipole densities and sources does not constitute the definition of the dipole densities.
Instead, the defining equations of time-dependent dipole densities are the aforementioned

equations

o(xt) = — / ax P (x =)

dreg |x — x/|?

Lo , M(x't) x (x —x')
Axt) = — [d
(xt) 47 x |x — x/|?

These equations determine P (xt) and M(xt) only up to transversal and longitudinal vector
fields respectively. This “gauge” freedom allows one to determine P (xt) and M(xt) such that
they fulfill the Maxwell equations.
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Modern Theory of Polarization We define the macroscopic electric and magnetic polar-

ization as
P(t) = /dx P(xt). (1.248)
M(t) = /dx M(xt), (1.249)
In fact, it is well-known that the volume integrals of electromagnetic fields generated by

localized sources yield the corresponding dipole moments [49, 57].7 In the electric case this

can be shown easily by considering the Gauss law in the form
xV -P(xt) = —x p(xt), (1.250)

integrating this over the volume and performing a partial integration. This leads to

/ dx P(xt) = / dx xp(xt). (1.251)

Similar arguments hold for the magnetic case. ([57], p.78f) On the other hand, the consti-

tutive equation of the Modern Theory of Polarization reads

P(t) = /t dt’ j(t), (1.252)

where j(t') = [dx j(x,t'). We now show this equation directly from the Maxwell equations
for the microscopic quantities P(xt) and M(xt). Integrating the fourth Maxwell equation
(Ampere’s law ) yields

/dx V x M(xt) = j(t) — 0, P(t). (1.253)
If we can show that the LHS vanishes under realistic assumptions, then a time integration

yields immediately
P(t) :/dt’j(t’). (1.254)

This is the fundamental equation of the modern theory of polarizability. [77, 78, 79] The

equation of motion for M(xt) in terms of j(xt) reads
OM(xt) =V x j(xt). (1.255)

This can be solved for M using the retarded Green function as

_ i % (V X j) (x'tret)
M(x,t) = = /d X — ] (1.256)

"Kovetz uses these formulas to motivate the identification of dipole densities with internal fields.
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where (V X j)(xtwet) means (V x j)(x't') evaluated at t' = t,r. In condensed matter systems,
it is reasonable to assume that j stays inside a finite volume V for all times. Furthermore,
considering typical measurement setups for induced polarizations, we may assume that the
current starts to flow at a finite time ¢3. This implies that for all times ¢, there exists R > 0
such that for x’ € V' and all x with |x| > R, we have t,.; < to and consequently M(xt) = 0.

Consider now

/ dx (V x MYi(xt) = / dx 03 (V x M)¥(xt). (1.257)
Using 0;; = 0;z; and performing a partial integration yields
/dx 2:0p(V x M)*(xt) + /dx O (z:(V x M)F(xt)). (1.258)

The first integral vanishes since it involves the divergence of a rotational vector field. The

second integral can be converted into a surface integral by Gauss’ theorem leading to

lim dA z;n - (V x M)(x,t). (1.259)

R—o00 \x|:R

This equals zero as M(x,t) = 0 for sufficiently large R.

Permittivity Consider now Gauss’ law (1.138) in the form

V Eo. = 2= (1.260)
€0

V. By = 2o (1.261)
€0

In many situations it is then a well justified hypothesis to assume a linear relation between

E. and E;y in the general form

El (xt) = /dt’dx’ e’ (xt, X't Bl (x't)) (1.262)
where ¢ is called permittivity tensor. In the case of an isotropic permittivity €; oc 6%, it is
more convenient to work with the potential ¢ such that

E=-Vyp (1.263)
Ap=-L (1.264)
€o
Due to linearity, for homogeneous systems the splitting carries over to the potential as
Ptot =  Pext + Pint (1265>
Pext (Xt) = /dx’dt' e(xt, x't") pror (X't") (1.266)
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because
Eext(xt) = —Viex(xt) (1.267)
_ vy / X't 2(xt, X ) pro (X'F) (1.268)
= — / dx'dt’ Ve(x — x';t — t") ot (Xt) (1.269)
— [t Vet xit = ) (x) (1.270)
= — / dx'dt’ e(x — x';t — ')V pior (X't) (1.271)
= /dx’dt' e(x — X't — ") Eqor (Xt) (1.272)

where suitable boundary conditions have been assumed. Recalling the fundamental solution
for the Laplace operator, one sees that the internal potential can be written in terms of the

internal charge density as

Pint (Xt) =

/ ax’ LoXD) (1.273)

drreg lx — x|

This ansatz removes the arbitrariness in the definition of ¢,;. The external density response

function x(xt,xt") is defined by the linear ansatz

Pt (xt) = /dx’dt’ X (xt, X't) Pext (X'T) (1.274)
5pint(Xt)

t.xt) = —/mM—~L_. 1.275

Aty = ml (1273

Again, we stress that the second equation is the more general definition which also applies

for non-linear systems. Comparison with the defining equation for the permittivity yields
e (x,xw) =6(x —x') + /dx” v(x,x")x(x", x';w) (1.276)
with

1 1
/ puy
v, x) dmeg |x — x

(1.277)

/‘ ’
Analogously, the total density response function y(xt,xt') is defined by relating the internal

charge density to the total potential

Pt (Xt) = / dx'dt" x(xt, x't") ot (X't) (1.278)
~ 6,0int(Xt>

t,x't —_— 1.2
XOEXE) = ) (279
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In terms of the total density response function®, the permittivity reads
e(x,x;w) =0(x —x') — /dx" v(x, x")x(x", x';w). (1.280)
Comparing (1.276) and (1.280) in the compact form

e = 1—wx (1.281)
et = 14wvx (1.282)

and using the geometric summation formula we see that xy and x are interrelated by
X = X+ XvX + Xoxvx + ... (1.283)

which can also be written as a Dyson-like equation x = x + yvy, i.e.

x(x,x;w) = x(x,x';w) + /dx”dx”’ X(x, x"; w)o(x", x")x (%", x';w). (1.284)
This equation can also be shown directly through a functional chain rule as
5pin xz
X(z,2') = (SQO—EEI)) (1.285)
0pint () dpror (")
= /dg:” ENEITT (1.286)
Prot (") Opext (')
_ da” 5P1nt<x (Qpext( ) + Qpint(x//)) (1 287)
N 4] i 4] ! '
Prot(2”) Pext (')
Opume () ( it (") )
= " d(2" — 2"+ ———= 1.288
/ Sea) VT @) .
~ 5pint(x///)
= dz"dz" x(z, 2" v(2", 2" ———= 1.289
?)+ [ arae ool oL (1280)
= x(x,2) —i—/dx"dx"’ X(z, 2ol ") x (2", 2"). (1.290)
Alternatively, assuming suitable invertibility properties, we can write
Yl=x""+w (1.291)

For a homogeneous systems, some equations become particularly lucid in the Fourier domain,

e.g.
SOext(k W)

ko) (1.292)

Prot(k, w) =

8The terms “total” and “external density response function” are shorthand for “response function for vari-
ations with respect to the total/external field”. This does not imply that the total response function is
the sum of the external response function plus some rest. Instead, as we will see shortly, the relation

between the total and the external response function is given by a Dyson-like equation.
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Therefore, we can write mode-wise

Pext = EPtot
Yt = (1 —€)Ptot
1—c¢
Pint — Pext
IS

or multiplying through with —|k|? (cf. [51], p.345)

Pext = EPtot
pint = (1 —€)prot
1—¢
Pint = Pext -
9

Conductivity In order to turn Maxwell’s equations into a fully consistent and self-contained
theory, one has to specify the equation of motion of the sources in terms of the fields. Within
the realm of solid-state physics, one often assumes a simple, linear relation between j and E.

The most general linear relation is given by
ji(xt) = / dt'dx’ o' ;(xt, x't') B’ (x't"). (1.293)

o is called microscopic conductivity tensor. We read off that the conductivity tensor can also
be characterized as '

i 9" (xt)
This relation can be reinterpreted as the definition of the conductivity for a system in which
the current and the electric field are not linearly related. A special case is the homogeneous,

local, isotropic, time-independent conductivity
o' (xt,x't") = opd(x — x)o(t — ')d'; (1.295)

leading to
j=oE. (1.296)

Of course, on a fundamental level such a relation cannot be true already because it is at odds
the transformation properties (E is a spatial three-vector whereas j is the spatial part of a
four-vector). In the spirit of the above distinction between external and induced quantities

we now reinterpret Ohm’s law as
jint = UEext- (1297)
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mode-wise. The external and the induced quantities fulfill the local current conservation law

separately yielding in the Fourier domain

—iwpint (k, w) + ik - jint (k,w) = 0. (1.298)
On the other hand
Pt ) = e = - - = K20t (K, ). (1.299)
Using E = —ikyp, the combination of these leads to
o(k,w)

elkw)=1-i (1.300)

WEo
It is noteworthy that sometimes the conductivity is also defined with respect to the total
electric field
Jint = 0Exo. (1.301)

It is moot to discuss which of these is the “right” definition. Instead, we state that these

notions of conductivity are related by
0 = 0¢. (1.302)

Finally, we note that within the realm of classical electrodynamics, conductivity and per-
mittivity are concepts which are introduced ad hoc and which should be considered as the
introduction of free parameters characterizing materials. That is, classical electrodynamics

alone does not provide a basis to calculate these quantities.

Induced vs Macroscopic Quantites In the derivation of many relations we assumed
the material (described by pint, jing) to behave linearly. The linear relationship between eyt
and piy, implies that the charge density of the system vanishes in the absence of an external
field. This cannot be true for a system composed of charged particles. Instead, it is realistic
to assume that the difference between the charge density of the system in the absence of an
external field and in the presence of an external field responds linearly to that very external
field. We call that difference the induced charge density pinq. In other words, pine = po + Ping
where only the second term responds (linearly) to the external field. This distinction is some-
times blurred by the usage of macroscopic fields. Here, we have to stress that in principle the
introduction of external and internal fields has nothing to do with the distinction between
microscopic and macroscopic fields: the first distinction results from a splitting of the source
terms in Maxwell’s equations, the second distinguishes between averaged and non-averaged

fields. By an averaged field we mean

F(xt) = /dx f(x —xF(x't) (1.303)
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where the averaging function f fulfills some natural properties (e.g. f is symmetric, localized
around the origin and integrates to 1). Now, within the realm of Linear Response Theory
one defines the averaging process such that the charge density in the absence of the external
field just vanishes (where we assume that the overall charge of the system vanishes any-
way). Therefore, if one works with the macroscopic quantities, the system behaves linear in
the sense that Linear Response Theory provides a first-order functional Taylor expansion of
the internal fields in terms of the external fields. The higher order terms are usually (but
not always) negligible because the external fields are very weak as compared to the field
strenghts in the vicinity of the atomic nuclei which constitute the material. However, an
explicit treatment of the averaging is unnecessary if one interprets from the very outset the
linear relations as referring to the induced instead of the internal quantities. In this text,
we therefore do not perform any averaging process of the fields. Instead, we reinterpret the

linear relations as referring to the induced quantites.

General Theory of Electromagnetic Response Functions We now come to the prob-
lem of the anisotropy and the inhomogeneity. For anistropic, inhomogeneous systems, the
relation between induced and external fields cannot be given by scalar quantities which in
the Fourier domain essentially depend on only one k-vector. The response of a system to
an external electromagnetic perturbation is usually described by a very huge number of

quantities:

e The conductivity tensor o describes the response of the current density ji,q to an

external electric field E.y.

e The electric susceptibility tensor x, describes the response of the polarization P to the
total electric field Ei.;.

e The magnetic susceptibility x,, describes the response of the magnetization M to an

external magnetic field Bey.

All in all, this makes 3 - 9 = 27 material parameters. Empirically, this way of describing
materials has proven to be highly effective. On the other hand, in view of the fact that
all electromagnetic quantities of the system can ultimately be traced back to the induced
electromagnetic 4-current j* = (¢ping, jina) Whereas all external quantities ultimately result

from an external 4-potential A" = (pexi/c, A), the 4 -4 = 16 response functions

ogh 4 (x
Xﬂu(‘raxl) = MV—(1<(C(]/)) (1304>
ext
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corresponding to the effect of AL, on j7, — we will henceforth call them the fundamental
electromagnetic response functions — suffices to deduce all the different responses.” Apart
from reducing the total number of independent response functions, focussing on the fun-
damental response functions in the first place bears several advantages. First of all, the
fundamental response functions constitute a second-rank Lorentz tensor and therefore yield
a relativistic description of the materials responses, in particular a relativistic generalization

of Ohm’s law,
Jina() = / da'x", (z,2") A (2). (1.305)

It will later become apparent that the thus determined induced current is independent of
the gauge in the external field. The transformation property of the fundamental response

functions reads explicitly
W (,a) = NOA P\ (A, A7) (1.306)

with a proper, orthochronous Lorentz transformation A € L’l C O(3,1). The transforma-
tion property w.r.t the current coordinates is obvious whereas the transformation properties
with respect to electromagnetic potential can be shown by a functional chain rule. Another
important advantage is that, as opposed to the fields (E, B) the coupling of A* to a Hamil-
tonian can easily be written down on the most fundamental level. It is given by the minimal
coupling prescription p* — p* — eA*. As this corresponds to a field theoretical interaction
Hamiltonian j, A", a quantum mechanical expression for the fundamental response function

can easily be calculated from the Kubo formula, i.e.,

" .

S — 0l = ([0, 3l (1.307
As the current operator is bilinear in the field operator, this implies that the fundamental
response function can be calculated from the four-point propagator by taking suitable equal-
time limits'®. However, the crucial question is whether or not one can derive a closed
analytical formula which expresses the usual response functions in terms of the fundamental
response functions. Now, we are facing two different problems: (i) how can we relate the
response of the induced 4-current to the response of P, M and (ii) how do we express the
reaction with respect to the external fields Eqy, Bexe in terms of the response to the external

four-potential AL,. We start with the first problem which is the trivial one. In fact, we

9These response functions are indeed standard in the electronic structure community. [35]
10Usually, one works with the time-ordered four-point propagator instead of its retarded counterpart. This

does not affect our argument because in the frequency domain the time ordered and the retarded response

function differ only by infinitesimal in in the denominator and therefore carry the same information.
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argued that P and M can be identified with the microscopic fields E;.q, Bing generated by
the current j! . The first problem therefore simply amounts to the calculation of the fields
in terms of the sources. That means, if e.g. the magnetic field B is given in terms of the

current j as
B(z) — / da' G(z,2)j(x') (1.308)

where G is an appropriate (matrix valued) integral operator, then the response x,, of M =

B;.q4 can be expressed in terms of the response of j as

oM (x 0jMy)
d GZ . 1.309
MBI () Z/ v Gilesy) SBI_ () (1.309)

ext

On the most fundamental level, the integral operator which relates the fields to the sources
can be calculated as follows. We fix a gauge (e.g. the Lorentz gauge) and observe that
OA* = pgg* and

E(xt) = —Vp(xt)— 0,A(xt) (1.310)
B(xt) = V x A(xt). (1.311)
implies
OE(xt) — —glvp(xt) — podhj(xt) (1312)
OB(xt) = puoV x j(xt). (1.313)

These equations can also be shown directly from the Maxwell equations. Choosing a Green
function for the d’Alembert operator then gives the fields in terms of the sources. Of course,
usually the precedure is way to complicated for solid-state physics because there retardation
effects usually do not matter. For example, in most cases it will sufficient to simply set
E=-V¢, B=V x A where

1 , p(x't)
t) = d 1.314
p(xt) 47r50/ x |x — x/| (1.314)
_ Mo , J(x')
A(xt) = y dx x|’ (1.315)

We now come to the second problem. Indeed, this problem also seems to be trivial if one

considers the functional chain rule

5] d( ) / 5j'“d($) 5Aat<y>

in — d n X 1.316
SEa) ~ 2= ) W A () 0E () (1.816)
5] d 55) / 59'“(1(55) 5Aat(3/)

Slwa ) dy ~Zin ext ) 1.31
SBia) — 2= Y 5a% ) sBa(w) (1317)

Thesis, Vienna, July 4, 2012



Ronald Starke: Green Functions and Electronic Structure Theory 63

However, the problem is now that the explicit dependence of the four-potential on the fields
depends on the gauge. We therefore have to show that equations (1.316), (1.317) do not
depend on the gauge. It is well-known that A" and A* — 9" f give rise to the same fields.
The converse also holds true: if two potentials A* and A" determine the same fields E, B
they differ by a gauge transform. It is then sufficient for the equations (1.316), (1.317) to be

gauge independent if
5-]1nd 50&]"( ) _
Z/ Y 5A (y) B () " (1.318)

ext ext

and similarly for the second equation. As the functional derivative commutes with the partial

derivative we conclude that — assuming partial integrability — that

5-]51d( ) _ ala. B AN
0 m—a Xa(x,ZE)—O (1319)

is sufficient for the gauge independence. This will be shown now. For this purpose, we use

again the functional chain rule

(r) 0FP(y)
6AV Z / 5Faﬁ (y) 6A¥ (') (1.320)

where the field strength tensor is given by F* = gt A — 0¥ A*. We can calculate explicitly

SEP(z) 5/ na . o nf ,
() =0°,(0%0)(x — 2') = 6°,(8"6)(x — o). (1.321)
This yields
5 (0) o 05(a)
sy 20 e () (1.322)
and hence 579 (2) 5i4(2)
/v J\z _ v o J7\Z _
514’/(1',) = —20"0 (5FO‘V(I/> 0 (1323)

because this corresponds to the contraction of a symmetric with an antisymmetric tensor.

Conductivity as the Fundamental Response Function We now compute the con-
ductivity in terms of the fundamental response. As we have shown that the overall result is
gauge independent, we may choose any gauge we want. For the conductivity, it seems to be

particularly suitable to work with a gauge where p = 0 (Weyl or axial gauge), i.e
E(xt) = —0;A(xt). (1.324)

This leads to .
A(xt) = —/ dt’ E(xt) (1.325)
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and to the formal functional derivative

4o ([ o

Here, we introduced an integrated Dirac distribution via the prescription

( / t 5) -/ ; at’ f(t).

In four dimension, this means explicitly

(/t 5) (x —2') = 0(t — t)d(x — x).

We now find

o (x,2) =

Observing that!!

we find that in the Fourier domain we have

o' (x,x;w) = Exij(x’ x5 w).

(1.326)

(1.327)

(1.328)

(1.329)
(1.330)

(1.331)

(1.332)

(1.333)

Within the Kubo formalism, we can identify x* ; with the current-current response function.

This yields the standard formula for the conductivity.!> The above discussion makes it

clear that the microscopic, frequency dependent conductivity already contains the complete

information about all electromagnetic response functions. Trivially, ! ; can be reconstructed

from ¢;. Using the constraints

Xt (z,2") = 0
I\ (x, ) = 0

1 QOperator kernels transform as [ dtdt’ ety (¢, t')e™ ",

12Compare Bruus/Flensberg [15], equation (6.28). The second term stems from the non-classical contribution

p(z)A(x), which is not consiered here. The different sign is due to x*; = —x*.
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and observing —d) = 0p,"* we can express x'o, x*; and x° in terms of ¢*; as

X’(w) = 8i0';(w) (1.334)
Xolw) = —0'jaij(w) (1.335)
o) = —%@.a’ﬂ‘afj{w). (1.336)

On the other hand, X% = x = 0p/0@ex; is just the usual density response function related to

1

the (scalar) permittivity through e~ = 1 + vy and hence

1 o
el =1-v—08,070";(w). (1.337)

1w

In the particular case of an isotropic, homogeneous material, we have o ;X 5; and o(x,x') =
o(x—x'). The partial derivative 9" can then be replaced with —d; and thus 9,07 — —9,;0° =
0;0; reverts to the Laplace operator which cancels after convolution with its inverse, minus
the Coulomb potential. We therefore recover the well-known formula

i

etkiw)=1-— Ea(k;w). (1.338)

Finally, we express the microscopic magnetic susceptibility in terms of the microscopic con-

ductivity. To do this, we start from the fundamental relation

SM(z SMi(z) ojF SAL (v
P [y ) D) )
5Bext(x ) 6jind(y) 5Aext(y ) 5Bext(‘r)
SM(z) §AL . (v)

d d/ : k 7 / gxt )

/ Y 5w Y S )

For 6 M (x)/8j% 4(y) we find

OM'(x) _ Mo
Shaly) ~ dm "

For A* we impose the Coulomb gauge such that dA°/6B7 = 0 and V - A = 0. With the

Helmholtz decomposition theorem we get

5(t—1)

x —x'|

(1.339)

1 , B(x)
We then find again .
A 1 —t
0Az) _ ) ot —t) (1.341)

0BE,(y) — am T x - x|

13The response functions depend on the time differences.
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Now, a double partial integration shows that

, 1 g 0 1
W) (xt, Xt :—ﬂ/d Ay —— i Eimt —— —— X" (yt, y't) ————.  (1.342
(Xm)"j (xt, xt") e | Y k&t]zaymay,nxl(y,y )|y,_x,| (1.342)

Defining the current-rotation response function

o 0
X3,V (T, ') = Eimk €jmi 927 B X (z, ), (1.343)

and using the Coulomb kernel v, the result can be written compactly as'4
Xm = —uo/dydy’v(x,y) Xvxjvxi(y: y) vy, ). (1.344)

Substituting back the expression for y* ; In terms of o ;» we obtain a closed formula for the
magnetic susceptibility tensor in terms of the microscopic conductivity tensor. Furthermore,
expressing the above result in the Fourier domain and specializing to homogeneous and

isotropic systems leads to

’ 1
(Xm)'; = Mow Eimk €l kmkn 05X (K), (1.345)
or equivalently,
; 1 [ kik;
(Xm) i = HJOW W — 65 | x(k). (1.346)

By noticing that the term in brackets corresponds to minus the projector on the transversal
part of x(k), we recover the well-known relation between the magnetic susceptibility and the

transversal current response function!®:

(1.347)

Here, the limit £ — 0 corresponds to integrating out spatial dependence whereas w = 0
corresponds to the transition from response functions to thermodynamic susceptibilities at

temperature 7' = 0.

Maxwell Equations in Matter per definitionem give the total fields in terms of the
external sources. Now, in principle the external fields fulfill the Maxwell equations with
the external sources. Therefore, in order to express the total fields in terms of the exter-

nal sources, one has to express the external fields in terms of the total fields and feed this

14 A Fourier space version of this equation for homogeneous materials has been found by a different method

by Takimoto. [94]
15Cf. Giuliani/Vignale [35], p. 147.

Thesis, Vienna, July 4, 2012



Ronald Starke: Green Functions and Electronic Structure Theory 67

expression back into the Maxwell equations. This necessitates e.g. the introduction of the
somewhat counterintuitive quantity & which is actually not a response function because the
external field does not respond to the total field but vice versa. Consequently, ¢ is not re-
tarded either. Macroscopically, one restricts oneself to the case where the induced electric
field only depends on the external electric field and the induced magnetic field on the external
magnetic field. The dependence is given by a constant (tensor). Microscopically, things get
more complicated. The constant tensors are to be replaced by time and non-locally space
dependent integral operators and furthermore the induced fields depend on all external fields.
Therefore, it is more convenient to work with the fundamental response functions. First we

derive the connection between the external field A%, and the total field AL, .1® We have

ext
DAL, = fojlag (1.348)

and hence
Aby = mGing = (Gx)! AL (1.349)

ext

where y denotes the fundamental response function and G is a Green function for the

d’Alembert operator. Therefore

Al = (1 +GX) ™" Aot (1.350)
Maxwell equation in matter therefore read in their most general form

O(1 4 Gx) ™" Ator = HoJext- (1.351)

Of course these equations are in general highly complicated integro-differential equations and

therefore not of Maxwellian form any more.

1.4.2. Thermodynamics

Thermodynamic Systems or macroscopic systems in equilibrium are characterized by a
set of degrees of freedom (E,T,{X;}i—=1. ), where E is called energy, T temperature and
the X; are the so-called estensive or external parameters. The space R"*? spanned by
the degrees of freedom is called state space. In equilibrium, not the whole state-space is
accessible, but the possible combinations of the (E,T,{X;}i=1, ) are restricted to fulfill a

so-called equation of state
F(B.T,{X}) = 0. (1.352)

16Tn the following we use a formal notation.
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Under suitable regularity conditions on f,'7 this equation defines a manifold M, the manifold
of states. Any (sufficiently regular'®) function f : M — R is called state variable. State
variables form an algebra. In particular, £ = FE(T,{X;}) is a state variable. In this form, the
energy dependence is called caloric equation of state and the (T, {X;}) can be interpreted as
local coordinates on the manifold of states. For any function f on a manifold, we can form
the corresponding one-form df (also called “differential”). It is a fundamental tenet that the

differential of the energy can be written as

dE =TdS + ) AdX; (1.353)
i=1

with states variables (S,{A4;}i=1.. ). This is called Gibbsian fundamental form. S is called
entropy. It is noteworthy that this form of writing dE is completely general in the sense
that it does not depend on the local coordinates on the manifold. Instead it relates in a
coordinate independent way the differential of the energy to the differentials of the state
variables (S,{X;}). If we use indeed (7', {X;}) as local coordinates (as we did in the caloric
equation of state), then with S = S(T,{X;}) we have

oF oS

o7 = Tor (1.354)

oF oS

X T@Xi + A;. (1.355)
If we have a set of functions f,zq,...,Zp,, Y1, ..., Y, on a manifold M with dim M = n such

that the differentials are related via
df = indyh (1.356)
i=1

then the y; are called natural coordinates for f and the {z;}. In the natural coordinate
system x; = Jf /Jy; necessarily holds. (We assume tacitly that the lines of constant y; define
a local coordinate chart.) Consequently, in the natural coordinates for the energy we have

E = FE(S,{X;}) and

oF
— T 1.
55 (1.357)
oF
X, A;. (1.358)

Tn particular, f should be differentiable with non-vanishing gradient on the niveau surface. (cf. e.g. [83]

Chapter 1, [43] Chapter 2)
18Usually, on a manifold, one considers smooth functions f € C°°(M). Physically, however, this is far

from being a necessity. Quite to the contrary, when it comes to phase transitions, it might just be the
non-regularity of a state variable which turns out to be the decisive feature. As this is not our concern

here, we will always tacitly assume sufficient regularity to compute formally.
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The A; are the so-called generalized forces. Conversely, from the Gibbsian fundamental form,
we read off that

1 "L A
dS = —dE — ; =X (1.359)

i.e. the natural coordinates are given by S = S(F, {X;}) and
s

_ 1 (1.360)
OE T '
05 A;
ox. ~ T (1.361)
Next, we introduce the Helmholtz free energy
F=FE-TS. (1.362)

Note that at 7" = 0 (the relevant case for Electronic Structure Theory), F = F. For the

associated one-form, we find using the Gibbsian fundamental form
dF = —SdT + )~ AdX,. (1.363)
i=1
Therefore, in the natural coordinates F' = F(T,{X;}). The

(1 ) = PR SR

(1.364)

are the so-called generalized susceptibilities. This terminology stems from the study of mag-
netism: for a thermodynamic system in an external magnetic field Bo = poH, the magne-

tization (in the i-th direction) and the susceptibility are defined as

oF
M; = 1.365
9B, (1.365)

oM,
Xij = : (1.366)

! 0B,

The extensivity of F in the sense that

E(AS, {AXi}) = AE(S,{X:}) (1.367)

for A € R, is a frequent assumption which will certainly not hold in general. It leads to the

so-called Gibbs-Duhem equation

E(S{X;}) =TS + Z X A;. (1.368)
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By the Gibbsian fundamental form we obtain the Euler equation
SdT + i X;dA; = 0. (1.369)
The Gibbs-Duhem equation for the Helmholtz free energy reads
F = zn:AiXi. (1.370)

Linear Response Theory is defined by the ansatz

Xij = [ij(T) (1.371)

or A; = Ai(T)+>77_; xi;(T)X;. Within Linear Response Theory, the Helmholtz free energy

is given by the simple expression
1
F(T,{X;}) = Z An(T)X; + 5 Z Xij (T) X X;. (1.372)
irj
This can be interpreted as the leading term of a Taylor expansion

F(T{X}) = ZAZo X+2,qu )XiX; +3,wak )X X Xi+... (1.373)

1,7 4,9,k

around X; = 0. This latter ansatz is of course independent of the validity of the Gibbs-
Duhem relation.

Work done on the System by the External Field The formula

E= %/dx p(x)p(x) = %/dx IB(x)? (1.374)

for the energy of the static charge density in the field created by itself is of unrestricted gen-
erality.! Within the realm of thermodynamics, we interpret the splitting p = pext + pint; © =
Dot = Pext + @int sSuch that the induced quantities refer to the thermodynamic system under
consideration whereas the external quantites are to be interpreted as a continuous family
(indexed by i +— x)% of external parameters X;. The total energy then splits into four
terms proportional t0 Qext Pexts Pext Pint, Pint Pexts PintPint- Lhe first term is simply not consid-

ered because it does not refer to the thermodynamic system. The third term describes the

19The characterization of the electric field energy as an integral of the square of the field strength actually

goes beyond the static realm.
20Strictly speaking, this would require the introduction of infinite-dimensional state manifolds.
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back-reaction of the system on the external source and is therefore neglected (otherwise the

source would not be external). The remaining terms give

1

E= é/dx Pint (X) Dot (X) (1.375)

As in the general case, we can use V - Ejyy = pint /€0 and —V¢ = E to get
1
E=FE,= % dx Bine(x) - Buor(X) = =3 /dx P(x) - E(x) (1.376)

by a partial integration. Similar arguments starting from the expression for the static mag-

netic field generated by a static current

1 1
F = ——/dxj(x) CA(X) = = /dx B(x)[? (1.377)
2 2410
lead to the expression
1
E, = 5 /dx M(x) - B(x) (1.378)

for the energy of a magnetized medium in a total field B. A main advantage of these formulas
is that they allow for a characterization of the polarization P and the induced charge density
pint as suitable functional derivatives of the energy with respect to fields or potentials. This
paves the way for a connection with thermodynamics. Note that if only the energy in the
external field is relevant (i.e. the self-energy of the induced charge can be neglected as in

dilute systems), then we can even replace the total quantities with the external. The quantity

1

F= B /dX Pint (X) Pext (X) = Z—O/dx Ein(x) - Bexi(x) = _2%0 dx P(x) - D(x) (1.379)

can be identified with the Helmholtz free energy for a system with external parameters
£oEex = D within the limits of the Gibbs-Duhem equation for F'. In particular, this implies

1

15 = / dX prag(X)ing(X) =

€o

. / dx By (x) - B (%), (1.380)

Indeed, the integral is positive definite. We now think of the induced charge density pi,; as

a temperature-dependent functional

Pint = Pint([BEext], T') (X). (1.381)

Now, F' depends on its natural coordinates and we have

1 1
dF = 5 /dX 5pint(x)(pext(x) + 5 /dX pint(x)(sgoext(X)' (1382>
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Identifying this with = —5SdT"+ ). A;dX; and using

or
L 1.
A o (1.383)
as well as
§F 1 1 / ) 0P (X') /
= —pPint(xX)+ = dx’ ———= ext | X
OPext (X) 20 t( ) 2 OPext (X)(p t( )
1 1 / / /
= +§Pint(X) + BY /dX X (%, X)) pext (X)
1 1
= 3 Pint (X) + épint(x)
or oF
- (x) = 1.384
Pint (X) 8 Pexct (X) ( )
leads to 52F
x.x) = 1.385
X( ) 690ext (X)(;Spext (X’) ( )

for the generalized susceptibilities.?! Similar formulas hold in the magnetic case.

1.4.3. Quantum Mechanics

Quantum Mechanics can be related to classical thermodynamics by identifying the energy

E at temperature T and external parameters {X;} with the expectation value
E=(H) (1.386)

in the canonical ensemble

(1.387)

H=H+Y XA. (1.388)
In particular, the partition function

Z(T,{Xi}) =Tr exp (—%) (1.389)

21Tf the Gibbs-Duhem equation does not hold, this equality is to understood as a definition where the

funtional derivative is evaluated at pext = 0.
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formally depends on the natural variables of the Helmholtz free energy. Indeed, we have the

well-known formula

F(T,{X;}) = —kpTln Z (1.390)
and hence

E(TAX:}) = _aglﬂz (1.391)

AT (X)) = g)];. (1.392)

where 8 = (kgT)~!. In particular, this shows that the Gibbs-Duhem equations in general

do not hold because

—kpTln Z # Y X;A;. (1.393)
Furthermore, as
1
S==(E-F) (1.394)
T
and
Inp=—FH —Tr exp(—SH) (1.395)
implying
(Inp) = —B(H)—Tr exp(—BH) (1.396)
1
= —(-E+F 1.397
—H(—E+F) (1.397)
we have
S(T,{X;}) = —kgTr pln p. (1.398)

This is the famous von-Neumann entropy.

Kubo Formula Consider a quantum system which is initially described by the time-
independent Hamiltonian H. Suppose, that at some time ¢ = ¢y an external perturbation
is applied to the system:

H(t) = Ho 4 0(t — to) X;(t) A;. (1.399)

with some real-valued function X;(¢). Furthermore, consider the observable A; and suppose,
the system is initially in thermal equilibrium. Then the expectation value of A; is given by
Tr(ﬁoz‘iz’) 1

= (A, S Ul i ——— A —BE:
A= (e = =720 = 7 S WA (1.400)

Thesis, Vienna, July 4, 2012



74 Ronald Starke: Green Functions and Electronic Structure Theory

with A
o)

Po = .

Tr exp (—,i—‘})

After the perturbation is turned on, the system is in a non-equilibrium state. That means,

(1.401)

initially, the states are distributed according to the canonical ensemble, but after the pertur-
bation is switched on, the distribution is still the same, but the states are now time-dependent
and evolve according to the perturbed Hamiltonian. This leads to a time-dependent change

in the expectation value of A; given by

SA; (1) = (A — (A, (1.402)
Theorem 1.4.1 Up to linear order in the perturbation the change in the expectation value
s given by:
.ot
1 / A A (4 /
SA) = 5 [ 4t A AN ) (1.403)
to
= 5 [ - OA® AEN ) (1.404)
to
1 > ’ / / A A (4! /
= g A= 00 — WAL AENXE) (1405)

where (-)o refers to the expectation value in the unperturbed ensemble py (which will not be
written explicitly in the sequel) and the time-dependence of Ay(t) and A;(t) is given by the

unperturbed Hamiltonian H,.

Remark Equation (1.403) is the famous Kubo formula. (see e.g. [15] or [35])

A

Proof We make a transition to the interaction picture where f[pert = (t — to)X;(t)A,;

is the perturbation. In the interaction picture, we have

Uit = erfloly, (1) (1.406)
Uity = W, fort <t (1.407)
H(t) = enfolf(t)e nhot (1.408)
-t
~ 1 ~
O'(t) =~ 11 /t at' fl, () (1.409)
0
AL (1) = 6t —to)X;(t)er ot 4o Hot (1.410)
1 ) 1 A
7 o PE (W, (6)| AW, (1)) = 7 o PE O (W) A] (1) W (1), (1.411)

The Kubo formula now follows from plugging the time evolution operator in the interaction

picture into this formula and retaining only terms up to first oder in X;.
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Definition The quantities

(1) = =200 = (A0, 4 0) (1.412)
X1 = 00 = YA, A (1) (1.413)
it t) = —5(TADAW) (1.414)

are called retarded, advanced and time-ordered response function. T denotes the time-

ordering operator.

Remark The importance of the time-ordered response function lies in the fact that it can
be calculated from the time-ordered Green functions for which there exists a perturbation
theory in terms of the electron-electron interaction. For the retarded and advanced response
functions, this is not the case. On the other hand, the following formulas show that the
time-ordered response functions being given, one can reconstruct the retarded and advanced

response functions.

Explicit Form By inserting complete systems of energy eigenstates of the reference Hamil-

tonian, we read off that in the frequency domain the response functions read

1 U | AWMU AW U AN, |A, | W

Biw) = _Ze_mruo) (W, | AW ) (W] Ayl .r>_< P A W) (W, | A .r> (1.415)
Zy “— hw— (Es — E,) +1n hw+ (Es — E,) +1in
1 — <\IJT|A,|\I/8><\IJS|A|\IIT> <\IJT|A|\IIS><\IIS|AZ|\I/T>

A _ 1 BE,(to) J _ J 1.41

X () ZO;G o= (B.—F) -1  hwt (BB - )Y
1 U | AWMU AW U AN, A, | T

Xij(w) — _Ze—,@Er(to) < 7“’ l‘ S>< 8| ]‘ .T>_< 1“‘ j| s>< s‘ z’ ‘r> (1417)
Zy “— hw— (Es— E,)+1in hw+ (Es— E,) —1in

In particular, the response functions at temperature 7" = 0 read

R. o\ _ (o Ay W) (W, Aj[Wo) o (Wol A W,) (W] Ai[ W)
W@ = T B b her BBy 9

s

A o <\IJO|A1|\P5><\I}S‘A]’\PO> <\DU’AJ’\DS><\I]5’AA\IJO>
i) = Z hw — (E, — Eo) — 17 -2 hot (B —Fo)—i 1Y

hw — (Es — Ey) +1in hw+ (Es — Ey) — in

s

where the sum goes over a complete system W, of energy eigenstates in the N-particle space

and E, = E,(ty). This explicit form of the response functions is analogous to the Lehmann
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representation of the Green function which will be treated later.

Response Function vs Fluctuation Response Function The response function gives
the reaction of the expectation value A;(t) = (U(¢)|4;|¥(t)) upon a switch in the pertur-
bation X j(t)Aj at time t’. Equivalently, one could say that the response function gives the

reaction of the expectation value of the fluctuation operator

~ ~

Furthermore, the perturbation can also be redefined as

A

Aj s 0A; = A; — (Al (1.422)

A

because this would yield an extra perturbation X (¢)(A;)1 which only leads to time-dependent
phase factor, but does not change the eigenvectors ¥,.. We conclude that the response func-

tion and the fluctuation response function coincide, i.e.

Xyt 1) = —%9(75—t')<[5ﬁi(t)75ﬁj(t’)]> (1.423)
At = %H(t’—t)([éfli(t),éflj(t’)]) (1.424)

This can also be read off from the explicit form of the response function or from the defining
formulas where one has to note that a term proportional to the identity has a vanishing
commutator with every operator. For the time-ordered response function, however, this

does not hold true. There, we earn the extra term

t
_Ethermal(AiAj)/ dt/ X] (t,) (1425)
to
with X
Ethermal(4i4;) = — > e PR W, | A0, ) (T, A |T,) (1.426)
0 T

if we make the replacements A; s 8A;. This fact should be interpreted as a mathematical
pathology because for the time being the importance of the time-ordered response function
consists in that it allows for the reconstruction of the retarded or advanced response function.
In fact, the time-ordered response function is the only one for which the terms r = s in the
sum Zm do not cancel between the first and the second expression. It is these terms that

are responsible for the inequality

A

(TA(DA; (1) # (TOA()SA; (). (1.427)
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We are therefore free to redefine the time-ordered response function as
Xii(t, ) = —%<T&Ai<t)5/1j () (1.428)

whenever it suits our purposes. In particular, with the time-ordered density response func-
tion y, we introduce the time-ordered fluctuation response function which is often denoted

by P and called polarizability.??

Kubo Response Function and Susceptibility From the Kubo-formula, we read off that

the retarded response function can also be characterized as

0A;(t)

R / ? /

R = 0 > >t 1.429
where it is understood that the derivative is evaluated at X;(¢) = 0.%* In other words, up to

linear order in the perturbation we have
Ay(t) = A;(0) + / 4 X (8,8 X; (1) (1.430)

or more generally

Ai(t) = A;(0) + /dt’zxg(t,t’)){j(t’) (1.431)

for a perturbation 3 X;(t)A;(t). As the response functions depend only on the time-

difference, a Fourier transform with respect to 7 =t — t’ yields

Ai(w) = Apd(w) + Z (W) X (w) (1.432)

giving the response of the mode A;(w) to a perturbation with the same frequency. In partic-
ular, X% (w = 0) yields a constant shift in A; due to a constant perturbation. It is therefore
plausible to consider the Fourier transform of x;%(t,t') = x3i(7) with respect to 7 = ¢t —#/
at frequency w = 0 and to interpret Xf}(w = 0) as the thermodynamic susceptibility x;;-.
Obviously, numerically X%(w =0) = xjj(w = 0) = xjH(w = 0), i.e. x5 is symmetric in the
indices. Furthermore, Xf}/ (w=0) < 0. To check this idea, we have to calculate
_O°F
N = 9X,0X;

22As we will see later, the distinction between Y, S@P,P has a clearcut interpretation in Quantum Field
Theory. The transition from y, XY to P, P corresponds to the transition from the four-point propagator
G(1,2,3,4) to L(1,2,3,4) = G*(1,2,3,4) — G(1,3)G(2,4) whereas the distinction between x, P and ¥, P
corresponds to the difference between reducible and irreducible quantities in the sense of a Feynman

graph summation.
23This condition garantuees that our definitions also hold true for non-linear systems.
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We find
7
= —kBTa]? (1.434)
B, —BEr
- Zrafze . (1.435)

For the second derivatives 0,0;F, we get

_ 627" 8ZE7~ e PEr ZS @Es e PEs n ZT @OJET e PEr Zr @E,ﬁjEr e PEr ‘

Z Z Z -5 Z
With the Hellmann-Feynman theorem we get
OB, = 0(U({XHIH{X}W.({X.})
= (T ({XDIOH{X )T, ({X}))
= (U ({ XAV ({X3))
= A,({X:})
and therefore
0,0,E, = 9i(¥,({X:})|A; 1V, ({X:})) (1.436)
= (00, ({X: DA ({X 1) + (U, ({ X HIA; |00, ({X;}) (1437
= 29%(\IJT({XZ-})]Aj|8i\11r({Xi})). (1.438)
We assume that U,.({X;}) can be treated perturbatively as
B0+ ) = () YD Ay (1439
S#T
and hence R
S?é’]" T S
We now find
0,0;E, = Z ( (¥, |A f; <\I;?|A|\IIT> + <\I/T|Aj|gs>_<qgl&|%>> . (1.441)
SFET r s

It is this term which obviously coincides with y®(w = 0). (Note in this context again that

the divergent contributions to x®(w = 0) resulting from the terms r = s just cancel between
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the two sums.) The remaining terms which can be compactly written as the thermal expec-
tation values B(—Ehermal(4iA;) + Etnermal (Ai)Ethermal(4;)) are in general neither zero nor

even negligible.?*

Susceptibility and Response Function at Zero Temperature The surprising differ-
ence between the static response function y;;(w = 0) and the susceptibility x;; results from
the fact that the susceptibility involves effects due to the thermal weighting e #£* /Z. Upon
a perturbation, not only the expectation values A;, but also the weighting factors change.
The Kubo formula ignores this in that it works with a constant partition function Z,. It is
intuitively clear that the difference vanishes at zero temperature because there the thermal

weighting does not matter. We now show this explicitly by prooving that

BZT 8ZET e_ﬁE’" Er @ET e_BE’" ﬁZT aiErajEr e_ﬁE’"

7 7 7 (1.442)
goes to zero as f — co. We find
. 0,E, e PEr 0, E, e PEs 0,E,.0.F, e BEr
T 6ZT @ET e BB Zs 6jE8 e PEs B BZT’S @ErajET e BEro=BEs (1 444)
N ﬁl—gjo A 7 72 :
aiEra'Es - azEr@Er eiﬁEriﬁEs
— 51220 2ors d 7 iEr) B (1.445)
_ oy re(OE OB, — OE0,E,) et E)AE ) (1.446)
T pho S e BB—E0) S o-BE—E0) ~
Zr,s hmﬁﬁoo(alErajEs - aiET‘ajET> 5G_B(ET_E0)_5(ES—EO) L
N Zr limﬁ_wo e—B(Er—Eo) ZT hmﬁ—)oo e—B(Er—Eo) ( ’ )
Zr,s hmﬁ—)oo(alEra]Es - aZEra]Er) Beiﬁ(ErfEO)fﬁ(Es*EO) 1 448
N ZT limg_m, e—B(Er—Eo) ZT hmﬁ—mo e—B(Er—Ep) ( ’ )
=0 (1.449)
because
lim Be~B(Er—Eo)—=B(E:—En) _ () (1.450)

B—o00

24This result coincides with equation (3.119) of [35] p.135 which there goes under the name “adiabatic versus

isothermal response” and has been derived within a different setup.
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except when E, = E; = Fj in which case 0,E,.0;E; — 0;E,0;E, = 0.%

Classification of Response Functions The above discussion made it clear that the re-

sponse function

04 (1)
5X()

is not a well-defined object without further specifications. In fact, if the response function is

Xij(t,t) = (1.453)

to be calculated from a thermal ensemble, then for the response function to be well-defined

it is necessary to fix
1. the perturbation theory by which the states evolve and
2. the evolution of the weighting factors of the states.

The Kubo response theory specifies the first point by the ordinary time-dependent pertur-
bation theory. An alternative choice would be the adiabatic approximation®® (cf. [28], [68])

U, (1) = exp (_% / dt'E, (t') )xpE )+ ‘I’Est g‘i? >>\I/E5(t) (1.454)
to s#r s r

where
U.(t <ty =Vg, (1.455)

25Tn this proof we interchanged such limits as e.g.

N N
lim lim = lim lim (1.451)
B—o00 N—o0 e N—o00 - B—o00
N M N M
li li = 1 li . 1.4

For this it would be sufficient if the fi(3) = \/B[)iET$ and f7(8) = BO,E.0; E.& " 22 - constituted
uniformly convergent series, i.e. F*(8) = Y2 fi(8) converges uniformly for, say, 0 < By < 8 < co. A
sufficient criterion for the uniform convergence would be the normal convergence, i.e. the convergence of
the supremum norms ., || f||o within the domain of definition [y, oc]. For the supremum norm, we
have || fi|lo = |0; E,Je”P2Fr. Convergence cannot be proven without further assumptions on the functional
dependence F,.(X1,...,Xy). In any case, it would be sufficient if the A; were bounded. Accepting free
interachangebility of all limits (including the derivatives 9;), the equality qu;:O(w =0) = Xz;:o becomes
trivial if we identify F' = FE for T = 0 in the first place. Therefore, the formal calculation yields the right
physical result.

26We follow the formula given by Fradkin [28] p.274 which does not include a “quantal phase factor accom-
panying adiabatic changes” ([10], [71]) In fact, it has been the merit of the Modern Theory of Polarization
to relate the concept of Polarization to a Berry Phase. Fradkin’s formula can be recovered by writing

the scalar product in the interaction picture and replacing the perturbation by ik0;.
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and

H(t) g, (t) = E,(t)Vp, (1), (1.456)
i.e. the Up (t) are the instantaneous eigenstates.?” In fact, it is this approximation which
is used for the derivation of the so-called Kubo formula?® for the Hall conductance, as used
for example in the famous TKNN paper [96] on the quantization of the Hall conductivity.
As to the second point, a priori everything is possible, but in praxi only two cases seem to
be relevant: (i) the weighting factors remain constant e=##(t)/Z(ty) or (ii) the weighting
factors are given by the instantaneous Boltzmann factors e ##-®) /Z(¢). In the last case,
the response function should be called isothermal because it corresponds to a system always

being in the instantaneous canonical ensemble corresponding to the fixed temperature 7".2°

Isothermal Response Function and Susceptibility We now calculate explicitly the
isothermal Kubo response function. The expectation value A; is now given by
e_/BET(t)

Z(t)

~

Alt) = W, (1) i, (). (1.457)

r

Consequently,

0A;(t § e BE®) R o BE() 5 .
(SXjEt’)) :zr:((sxj(ﬁ) Z(t) )N”“(t)'Ai"I’T(t)HXT: 20 5Xj(t/)<qj7‘(t)|f4i|qu(t)>'

For the second term, we find as in the case of the Kubo formula
e_BET(t)

—ﬁg(t —t) zr: W(%H!‘L(t% Ay, (1.458)

which corresponds to the ordinary Kubo response but with the thermal weighting determined
by the instantaneous Hamiltonian.®® For the first term we calculate

§ e PE®) o—BE:(t) o—BE-(t)
- _ _ ¢ . _ . —BEs(t)
OX;(t")  Z(t) pott = )4 (1) Z(t) + Bo(t =) Z2(1) ES:Ags(t)e :

2"The adiabatic approximation simply corresponds to a formal time-independent, first-order perturbative
expansion where the eigenvectors and eigenstates have been replaced by the instantaneous eigenvectors
and eigenstates.

28The Kubo formula therefore does not give a Kubo response function but rather an “adiabatic” response
function.

29Note in this context that in the ordinary Kubo response, T is only a parameter after the perturbation is
switched on.

30Per definitionem, one has to set X;(t) = 0 after performing the functional derivative. Therefore, in the

end this expression really collapses to the ordinary Kubo response.
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leading to the overall contribution

BB (1) By (1)

—BE-(t
=83t =) 3 Air (D Au(t) =55~ +Bat Z 7 ZAJS

to the isothermal response function. Obviously, this is indeed the time-dependent generaliza-

. (1.459)

tion of the thermodynamic susceptibility calculated from the quantum mechanical partition

function.

Frozen vs Relaxed Response Functions Up to now, we considered a fixed reference
Hamiltonian H, which beginning at some time ¢y is perturbed such that the overall Hamil-
tonian reads
H(t) = Ho+ > _0(t —to)X;(t)A;. (1.460)
J

In the special case of Electronic Structure Theory, the unperturbed Hamiltonian reads

X h2
Hy = Z A; + Z Vext (X;) + €l — el interaction terms (1.461)

1+1

where vq is to be understood as the external potential generated by the nuclei. In other
words, the external potential depends parametrically on the positions of nuclei X;. These
classical nuclear positions are to be understood as the equilibrium positions of the nuclei or,

in a more quantum mechanical parlance, as the expectation value
Xn = (Xn) (1.462)

of the nuclear position operator evaluated in the nuclear state (typically the ground-state).
This makes it clear that the nuclei constitute a complicated quantum mechanical system
of its own right and the external perturbation does in general not naively couple to the
electronic system by an operator of the form . 6(t — to)X;(t)A;. Instead, the external
perturbation also influences vq. A response functions which also takes into account the
effect of the perturbation on the external potential will be called a relazed response function.
We now develop a simple theory of relaxed response functions. For this purpose, we expand

the external potential

Vext (X3 {Xn(t)}) = ext(X; {Xno})+Z(Vxnvext)(x; {xn}) - (Xu(t) — Xno) (1.463)

Vext (X) — Z F(x — xn) - u(Xno, t) (1.464)
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with the displacement field u(xyug,t) which is defined on the Bravais lattice x,9. We assume
that the electronic perturbation . 0(t — to)X;(t )A; couples to the nuclear system in the

form

> 0t —to) X;(1)B; (1.465)

with an appropriate operator B%. For the expectation values u(x;g,t) we use again the Kubo

response formalism
u(Xpo;t) = —— / dt’ Z ti(xn0, ), B; (1)) X;(t). (1.466)

This leads to an additional electronic perturbation of the form
3 A
DD 6t —to)Yi(t)CE (1.467)
n k=1
where

Ck = — /dx FR(x — Xp)p(x) (1.468)

and
YF(t) = uF (xq0; 1) (1.469)

We therefore get an additional term in the response formula for A; given by

S5A;(t)

myremx = / dt”ZZéYk 4 5yk ))
_ (_> (t—1) /dtffzz ([Au(e), CR M (eno, ), By (1)

_ _<i> (t— 1) / " [ ax > (T (%) -
(@m0, "), By (¥

_ _(1> ot — 1) /dt”/dx > A (¢ = o) -
{1(xno, "), B;(t'

This formula will get important later when it comes to electron-phonon interactions. With
hindsight to these later applications, we specify this formula to the case of the density
response with respect to an external potential which couples to both electrons and nuclei. In

that case, A; to be replaced with the electronic density (fluctuation) and Bj with the nuclear
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density (fluctuation). It will later be shown that the nuclear density fluctuation operator

can be written as

Opmiel(Xt) = = > 0(%n0t)(V'6) (X — Xno). (1.470)
We therefore get
> F(x — Xno) - 0(Xno, ") (1.471)
nel’
= =) (Ve (X — Xno) - (%o, t") (1.472)
nel’
= —Z/dx (VUext) (X — X' ) (x" — Xpo) - @(Xno, t") (1.473)
nel’
- / A’ e (% — ¥ ) (V) (X' — %no) - (0, ') (1.474)
nel’
. / A’ Vo (% — X')5p(x2). (1.475)

Identifying A; with the electronic charge density, B; with the nuclear charge density and X

with an external field, this leads to the intriguing formula

dpe
&Op l(( )) ’relax = thlalax(x7 CL’,) — /dx//dxuxgozen(x’ :L‘”)U(Z)S”, x/”)Xnucl(xm :E) (1476)
ext

or

tot — . frozen relax frozen

Xt = yloren o yrelax = yfrozen 4y frozeny tot | (1.477)

This formula is actually of a more fundamental nature and its validity is in now way restricted
to the Kubo regime. Instead, this general formula follows directly from a functional chain

rule of the form

relax 51061(1‘)
g™ = m’rclax (1.478)
0pel(T) SVext (")
= dz” 1.479
/ v 5Uext(x//) 5¢ext(x/) ( )
0Pe )
— /dlL‘”dZL‘/” 6Up iEi/)/) 69@ t(x,)v(iﬂ”, -r,//)pnucl(xm) (1480)
— /dl'lldl'/,/ frozen(x’ 33”)’0(1'”, x///)X‘Iclfl)ltCl(x/// Z’) (1481)

Behind this formula lurks a still more general structure which can best be elucidated within

the Mean Field Theory formalism.
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Relaxed Response Theory from the Abstract Mean-Field Theoretical Point of

View Mean Field Theory considers two coupled systems with the fundamental Hamiltonian
HE @ T4y, + 13y, @ HE + Ay @ By, (1.482)

The goal of Mean Field Theory is to formulate standard Quantum Mechanics with a time-
independent Hamiltonian for the, say, first system. Of course, for such a coupled system this
can only be approximately true. As the name suggests, Mean Field Theory achieves this by
replacing By by its “mean field” By = (§k> The mean field Hamiltonian for the first system
then simply reads

H) + B A, (1.483)

To this system, we can now couple a time-dependent perturbation
0(t — o)X, (t)A;. (1.484)

The “naive” or “frozen” Kubo formalism now has it that the expectation value of still another

observable, § A, say, fluctuates as
5A;(t) = / dt’ x5 (t, 1) X;(1). (1.485)
The relaxed Kubo formalism assumes instead that associated with the perturbation
0(t — o)X, (t)A; (1.486)
of the first system, we have a perturbation

0(t — to) X;(£) B (1.487)

of the second system. We therefore get the fluctuation

SBi(t) = / A’ B, (4,8) X, () (1.488)
((55)%((;)) = x5 (t. ). (1.489)

The total perturbation of of the first system then reads

O(t — o) X;(1) A, + 0(t — t0)5By(t) Ay (1.490)

leading to an additional “relaxed” fluctuation in A; given by
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Consequently, the relaxed contribution is
SA;(t
5X(0) t, |relax = Z / dt” i () (). (1.492)

This formula generalizes to

5A
5 (1) e = Z / dt” iy (6, ") Lxiy (", 1) (1.493)

for a fundamental interaction Hamilonian
Hiy =Y LiA;i® B;. (1.494)
4,J

This formula will be important in the context of effective interactions.

Self-consistent Equations for Relaxed Response We already showed that

dpel(T )
5908)(1:( )

We will later discuss in detail that the decoupled Hamiltonian is completely symmetric in

lrelax = Xoy (2, 2') = / dz”dz”" xoren (2, 2" Yo (2", 2" ) Xaua (27, ).

the electronic und nuclear degrees of freedom. We therefore conclude in anticipation of this
result that

5pnucl (I)
0 Pexct (')

or in an obvious shorthand notation

e = (2, ) = / A" da oo (2, Yo (o, " xa(a, ) (1.495)

Xel = Xirlozen"i‘xgozenvxnucl (1-496>
Xouel = Xood™ 4 Xoort ™0 Xel- (1.497)

Iterating this system of equations shows that we have a formal solution for the total response

functions in terms of the frozen response functions given by

Xa = (1= uxma oxd™™) ™ (™™ + X" vxme ) (1.498)
Xoue = (1= oxX@™ X ™) ™ O™ + X " 0Xel ") (1.499)

Furthermore, with vphon = VXnua?, We find immediately

Xar 0 = X5 Vphon (1.500)

relax tot frozen

where X = X' — Xe
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2. Second Quantization

2.1. Many-Body Quantum Mechanics

2.1.1. Fock Space

Quantization of Multiparticle Systems The quantization of a system of one particle with
position degree of fredom x, conjugate momentum p and phase space R? x R? is implemented

by postulating the commutator relations

The John-von-Neumann uniqueness theorem says that these commutator relations have —

up to unitary equivalence — an unique irreducible Hilbert space representation given by
(@'Y)(x) = 2'P(x) (2.1)
(Bp)(x) = —ihdap(x). (2.2)

where 1 € L?(R?,C,dx). If we deal instead with two particles, the commutator relations

read

&%, p]] = iho';6°7

#,35] =
b5 =0,
(with «, 8 € {1,2}) and the (up to unitary equivalence) uniquely defined representation
reads
(@) (x1,%0) = 2" P(x1, Xs) (2.3)
(D) (x1, %) = —ihdl (%1, %2). (2.4)

This makes it clear that the state is now a function on the configuration space RS. In other

words, such a two particle system can by no means considered as a classical Field Theory
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(dealing with fields in ordinary three-dimensional space). We can formalize as follows: if
there are two systems with Hilbert spaces H; and H,, then the total system has the Hilbert
space Hi ® Ho. In particular, if the two particles have Hilbert spaces Hi = Ho = H =
L%(R3, C, dx), then the two-particle system has the Hilbert space

L2(R? C,dx) ® L2(R?, C,dx) ~ L*(R?* @ R?, C, dx) ~ L*(R®, C, dx). (2.5)

If {a} denotes a complete orthonormal system in H, then {p,® s} is a complete orthonor-
mal system in H ® H, where

(X1 ® Xa2| P @ @5) = (X1Xa2|Pas) = Pa(X1)ps(X2). (2.6)

Fock Space We can be easily generalize to a system of N particles by defining the corre-

sponding Hilbert space as
N
HY = Q) H. (2.7)
i=1

Furthermore, we introduce a zero particle space defined as H° = C. The unit vector which
spans H° is denoted by |0) and called vacuum. If we want to consider states with arbi-
trary particle number (including in particular superpositions of states with different particle

number), we have to introduce the Fock space over H defined as

]—":éHN:é®H. (2.8)

N=0 =1

Elements of F are infinite sequences W = (W,, ¥y, Wy, ...) where every Wy is a N-particle

RSN
1=0

In this parlance, |0) = (1,0,0,...). The metric in the N-particle Hilbert space is given in
terms of the scalar product as |V y||lyy = /(¥n|¥n)y~ where

wave-function in HY and

2, < 00. (2.9)

(0| )ag = /dx1 oy T (e, ) B (XX, (2.10)

The following exposition and the corresponding proofs are sketchy (for details, see e.g.
[31, 39, 86, 87, 89]).

Completely Symmetric and Completely Antisymmetric States By the Bose-Fermi
alternative, states of indistinguishable particles have to be either completely symmetric or

completely antisymmetric. Therefore, the states of N indistinguishable particles are actually
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restricted to a subspace of @V H. It can easily be shown that the completely (anti)symmetric
elements of ®VH form a Hilbert subspace, i.e. a subspace which is closed in the norm in-
duced by the scalar product. From now on, the completely symmetric subspace of @VH will
be denoted by VNH and the completely antisymmetric subspace will be denoted by AVH.
The corresponding subspaces of F are called bosonic Fock space and fermionic Fock space.
We introduce the (anti)symmetrizing operator AY = A : @V H — ®@VH defined by

1 s
A1 ® . ®pN) =55 D (F) 6x) ® . ® i) (2.11)
" resN

where (—1)™ means —1 up to the sign of the respective permutation. In the position state

basis, the action of the (anti)-symmetrizer reads

(x1...xN[AL(p1 ® ... ® @N)) = % D ED) 1 (Xe) - - o (n ). (2.12)

TesSN

Completely symmetrized, normalized products will be denoted by ¢, V...V ¢,, and com-

pletely antisymmetrized, normalised products will be denoted by ¢, A ... A @a,. That

N!

(,01/\.../\90]\7 = VN‘A,QO1®®QON (214)

implies

where n; 4+ ... +n; = N and are n; the occupation numbers > 1 of orbitals entering into
the tensor product ¢, ® ... ® ¢y. Ay is the projector on VNH or ANH respectively. In
particular, this means

A=A%=AT (2.15)
and

Allyvy = 1 (2.16)

A vy = 1, (2.17)

ie. ALU = U if U € ®@VH is already (anti)symmetric. Furthermore, if {p,} denotes a
complete orthonormal system in #, then {¢a, V...V @, } is a complete orthonormal system
in VNH and {¢a, A ... A @ay} is a complete orthonormal system in ANH. pa, Ao A Qay

is called a Slater determinant and reads in the position state basis

O A S S g \/%det(goai(xj)). (2.18)
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Equation (2.10) induces (by restriction) a scalar product on ANH which reads in terms of
the orbitals

In particular, for two Slater determinants ¥ = ¢;, A ... Ap;, and ¥ = p;, A ... A, over

the same complete, orthonormal set of orbitals {¢; € H|i € N} we have

(=)™ if {i1, ... int = {1, dn}

<90i1 /\"'/\gpiNkOjl /\“'/\(:OJ'N>/\N"H :det(éika) = .
0 otherwise.

where 7 is the permutation which translates the tupel (i1,...,ix) into (j1,...,7n)-
Creators and Annihilators Finally, for Hilbert space functions ¢ € H, we introduce

creators af(p) : HY — HN*L and annihilators a(p) : HY — HY ! which are componentwise
defined by

W) ®...®pn) = VN(plor) p2®... @ pn (2.20)
(@)1 ®..0pon) = VNT1p0pi®p:®...Q py. (2.21)

These operators push forward to operators F — F. From the explicit definition, we read off
that ¢ — a'(y) is a linear mapping whereas ¢ + a(¢) is antilinear. Fermionic creators and

annihilators are defined by

al (p) = A_al(p)A_ (2.22)
a_(p) = A_a(p)A_. (2.23)

Bosonic creators and annihilators are defined by replacing A_ with A,. From now on, we
will omit creator and annihilator indices hoping that the character of the operators will be

clear from the context.

Lemma 2.1.1 For SLATER(p1,...,o8) = @1 A ... AN we have

a'(pn41)SLATER (1, ..., on) = (=1)NSLATER(p1,...,on41) (2.24)
a(@l)SLATER(gol, Ce ,QDN> = (-1)2718LATER(Q01, Ce ,@, ey §0N+1> (225)

where {@; }ien s a complete, orthonormal system. Furthermore,

a'(p;)SLATER (¢4, ..., on) = 0 (2.26)
a(e;)SLATER(¢1,...,on) = 0 (2.27)

forie{l,...,N} and j > N.
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Proof The last statement is trivial because it follows directly from the construction of the

creators and annihilators. We come to
a'(pn41)SLATER (@1, . .., on) = SLATER(¢1, . . ., on41)-

First, note that a'(y) is linear in . Furthermore, the whole expression is completely anti-
symmetric due to the construction of the fermionic operators. As SLATER (g1, ..., ¢N) is
linear in every slot anyway, the whole expression is completely antisymmetric and linear and
therefore has to be proportional to SLATER(¢1,...,¢n+1). The only thing to be checked
is the normalisation. This, however, follows from the fact that m&,¢1 ... ON+1
is normalized to one. A similar argument works for a(y). The prefactor can be shown from

the definition of the antisymmetrization operator.

Lemma 2.1.2 For ¥ € ANH and ¢ € H with | V|| ,vy = |l¢lln = 1, we have

laf (@) ¥l ansp < 1 (2.28)
la() vy < 1. (2.29)

Proof Expand V¥ in the Slater determinants ®; over {¢;};en and assume without loss of
generality that ¢ € {p;}ien, ie. ¥ = >, ¢;P; with >, |e;]*> = 1. Therefore af(p)¥ =
Socral(p)®r = >, ¢;®). Now, with the ®; being orthonormal (in ANH), the @) are again
orthonormal (in ANT'H) or zero. Therefore || Y, ¢;®}|| < 1 which proves the lemma. A

similar argument works in the annihilator case.

Remark Note that the lemma shows in particular that creators and annihilators are bounded
operators HY — HN*! and bounded operators F — F. (This last statement does not hold
true for bosonic creators and annihilators which are unbounded on F.) Furthermore, the

lemma is in accord with!
(Ulala; U) = (a;0)a;T) < 1 (2.30)

implying that the occupation number of state ¢ is never bigger than 1.

Commutation and Anticommutation Rules It is straightforward to show that for

fermionic creators and annihilators the following anticommutation relations (CAR) hold:

la(p), a" (V)] = (pl)u 15 (2.31)
[a(p), a(¥)] =0 (2.32)
[at(),af(¥)]+ = 0. (2.33)

f the function ¢ created or annihilated by af(¢) or a() respectively can be characterized by some index

(tupel) of quantum number, k say, we write concisely a'(py) = aL.
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The bosonic operators fulfill the corresponding commutation relations (CCR).

Field Operators For the creators and annihilators of the (generalized) position eigenstates,

we write
dl(6) = Dl(x) (2.34)
a(by) = ¥(x). (2.35)

For reasons which will become clear later, the zﬂ(“ (x) are called field operators (corresponding

to the Schrodinger field and its complex conjugate). The CAR for the field operators reads

D), &1 ()] = 3(x — x). (2.36)

As the action of the annihilator a(y) on HY reads in the position state basis explicitly

(a()¥)(xa, ..., XN) = \/N/dxl 0 (x1) U (X1, X, ..., X ), (2.37)

we find for ¢ = d, the important formula

(P(X)T) (X, ..., xn) = VNU(X, X, ..., Xy). (2.38)
Note, however, that this formula is a typical non-relativistic result which in no way general-

izes to all kinds of field operators.

Quantum Harmonic Oscillator as a Many-Body System Consider a particle with
no degree of freedom. The corresponding state space H is obviously C and the Hamiltonian

operator is a constant, Fy say. The one-particle Schrodinger equation then reads
hoyp(t) = Eop(t) (2.39)

where Vt € R : ¢(t) € C. Now, consider the system of arbitrarily many, indistinguishable
particles without degree of freedom. This system has a degree of freedom, namely the particle

number N. As we have the general relation

Xc=c (2.40)

the Fock space turns out to be £, i.e. the set of all sequences (cg,cy,...,¢Cn,...) With
Sooooleil® < oo. As there is now only one state in the one-particle Hilbert space, the only
nontrivial CCR reads

[a,a'] =1 (2.41)
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which is obviously the harmonic oscillator CCR. This gives an intuitive justification for the
fact that the spectrum of the harmonic oscillator consists of infinitely many equidistant

levels. The usual representation on £2(R, C,dx) given by

L ¢ +ip)

a = —\ZT 1

VoA
1

E@ —ip)

is equivalent to the Fock space representation. The action of a and a' reads in the Fock

o =

space

alco,c1,¢0,..) = (V1e,V2¢,..)
a'(co,c1,c9,...) = (0,\/100,\/501,\/502,...).

This is — up to the prefactors — the so-called shift-algebra well-known from functional analysis.

A similar construction using [a, a']; = 1 yields the 2-level system.

2.1.2. Second Quantization of Operators

Self-Adjoint Operators Let Abea self-adjoint operator on the one-particle Hilbert space
H. Second Quantization is an algebra homomorphism of the self-adjoint operators in H into

the linear operators in F(H) which is explicitly given by:

(A =00A0 (A1 +10A) B (A1IRT+10ART+...)d... (2.42)

A

It can be shown that g(A) is indeed essentially self-adjoint on F. A simple example is the
projection operator |p;){(p;|, vi € H, the second quantization of which is the occupation
number operator 7;. Correspondingly, the second quantization of the identity (sum over

projectors) yields the total number operator N. The homomorphism property means that
gNA + pB) = Aq(A) + pg(B) (2.43)
and, as a simple calculation shows, that the commutator relation
[A,B]=C (2.44)

implies

[a(A),q(B)] = 4(C). (2.45)
In other words, second quantization preserves commutator relations. Note, however, that
even for bounded A, ¢(A) is in general unbounded. (1 € B(#) bounded; ¢(1) = N un-

bounded.)

Thesis, Vienna, July 4, 2012



94 Ronald Starke: Green Functions and Electronic Structure Theory

Unitary Operators In the case of a unitary operator, U, we define:

A

qU)=10leUel)®...o @ U)a... (2.46)

This definition is consistent with the fact the self-adjoint operators generate one-parameter
unitary groups. In fact, if H generates the time-evolution U(t) = exp(—i/hHt) then the

N ~

second quantized (free) time evolution ¢(U) is generated by ¢(H). Similarly, one can define
the second quantization of two-particle operators (e.g. the two particle potential). With
these definitions, one shows easily that

Udt(p) U™ = al(Up) (2.47)
Ua(e)U™' = a(Uy). (2.48)

In particular, if U(t) = exp(—%lflt), then

al(p,t) = Ul(t)al()U(t) = o' (U(~1)) (2.49)

ihdat(p,) = lal(), A (2.50)
For the field operators this implies
Ui (xt) = U tal (6,)U = o (U(—1)6y), (2.51)

i.e. Yf(xt) creates the wave-function U(—t)d, which after a time lapse ¢ will take the form
of a Dirac delta U(t)U(—t)dx = 0y localized at x. In other words, v)(xt) creates a particle at

the space-time point (xt). Indeed, for an energy eigenstate @, (xt) = @, (x)e~ /"t we find

(xtlon) = (Ol (xt)]pn)
= (0] (xt)a}|0)
= (0] Z e_i%nt‘pm (x)amal|0)

= ) e pu(x)(0lanal|0)

= D e o (x){010,m0)

= " (x)(0]0)
_j&n¢

= e "nlpu(x).
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Normal Form Usually (at least for all bounded operators; cf. [9]), it is possible to write
A in terms of creation and annihilation operators (normal form). The normal form of the

second-quantized operator q(A) where A € B(H) reads

g(A) = (pilAlpy)ala; (2.52)
where ¢, 7 index a complete orthogonal system in . This can be easily seen by thinking of

A as replacing every ¢ with fl(p and using the important formula

¢ (lps)(wi]) = a'(@i)alyy)- (2.53)
Consequently,

q(4) = ZQT(ASOJ)CL(%‘) = ZGT(<90JA|SDJ‘>%)@(SOJ) (2.54)

~

where we used the linearity of ¢ + af(¢). The restriction of g(A) to H then coincides
with A. If we allow for generalized coefficients (i.e. distribution valued), then every second

quantization g(A) can be written in terms of creators and annihilators. For example, the

second quantized kinetic energy operators reads:

o h2 o A
- _ T
(1) = —5— | dx ¥(x)Axt)(x). (2.55)
Of course,
R 2
q(T) |y~ = T om < Ay, (2.56)

~

From the expression for ¢(7T") we read off the following rule of thumb for the construction of
the second quantization in terms of the field operators: (i) write the expectation value of the
first quantized one-particle operator in some state and (ii) replace in this formal expression
the orbital with the field operator (annihilator) and the complex conjugate orbital with the
adjoint field operator (creator). If we promote a one-particle Hamiltonian H to a second

~

quantized Hamiltonian ¢(H) and postulate a Schrodinger equation

~

ih9,U(t) = q(H)U(t) (2.57)

for W(t) € F Vt € R, then the resulting theory is componentwise equivalent to standard
Quantum Mechanics (cf. [89] Chapter 6), i.e.

ihdy pron U (t) = q(H) | proy~¥(t) (2.58)
where pry,~ V() is an ordinary N-particle wave-function. This result loses its validity as soon
as [ﬁ N | # 0, i.e. as soon as the Hamiltonian does not conserve the particle number. For a
typical two-body multiplicative potential v(x; — X2), we can write the second quantization:

~ 1 o
V=q) = 3 Z(zlzz|v|23z4)aglagai4ai3. (2.59)
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The restriction of V on H? then coincides with the multiplicative potential v(x; — X5). On

H = H', the operator V vanishes identically.

Density Operator The second quantized density operator is given by

(x) = 1 ()Y (x). (2.60)

In the pure N-particle state ¥ the expectation value equals
n(x) = (¥|n(x)|V) = N/dx2 coodxy UH(x, X, ., XN) P (X, Xe, L, XN (2.61)

This shows that n(x) is the second-quantization of the first quantized integral operator

d(x — %), ie.
ﬁ(X) = 5(X - )21) D ((5(X - )21) (%9 ]lHQ + ]17'[1 & 5(X - 5(2)) D... (262)

The density operator can also be considered as the occupation number operator for the
position eigenstate. In particular, the density-operator evaluated in the one-particle state 1
gives n(x) = ([T (%) (x)[1) = ¥*(x)1h(x).2 Now, consider the Fourier transform of the

expectation value of the density

n(k) = /dx exp(—ikx)n(x). (2.63)
One shows easily, that n(k) is the expectation value of the operator

i(k) = af_,aq. (2.64)

q

Finally, the time derivative of the density operator yields
dn(x) = =V - j(x) (2.65)

which implies current-conservation for the respective expectation values. Note that the
derivation of the current conservation in standard (one-particle) Quantum Mechanics would

imply for a N-particle system a conserved current on the configuration space R .

Density Matrices A density matrix p is a bounded operator, i.e. p € B(H), with (i) pf = p
(self-adjointness), (i) p > 0 (positive definiteness) and (iii) Try p = 1 (trace-class-property).

2Often, 21111 d(x — x;) is adressed as the (second quantized) density operator. Strictly speaking, this is
only the integral kernel. By contrast, (x —X) is rarely identified as the (first quantized) density operator.
Notable exceptions include [35, 70].
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Such an operator is necessarily compact and hence has a discrete spectrum. Consequently,

p has a spectral resolution of the form
p= plW)(Ly (2.66)

where p; > 0 and ) ps = 1. p, can be interpreted as the “classical probability” (incoherent
superposition) for the system to be in the state U,. The expectation value of the observable
A in the state p is defined via

(A), = Try pA. (2.67)

The trace-class operators form a two-sided ideal in B(#). Therefore, with p the operator
ﬁfl is again trace-class and hence Try ,6121 converges. The density matrix corresponding to a

pure state ¥ € H is given by the projector |¥) (/.

Reduced Density Matrices Now, let H = H; ® Hy. The reduced density matrix p;
is defined by the partial trace

p1 = Try, p. (2.68)

Then, p; is a density matrix on H;. p; corresponds to the measurement of observables of
the form A = A; ® 1, in the sense that

TI"H ﬁA = ']__‘I'q.[1 ,(311211‘ (269)

Multi-Electron Reduced Density Matrices Consider now a many-electron state ¥ &
HN = ANH. The s-particle reduced density matriz is defined by

ps = Trpn—s |U)(T| (2.70)

Evaluating the trace in the position-state basis shows that

(X1 ... Xg|ps|X) - X)) = pe(xy, . X6, X, -0, X)

= /dst coodxy (X, Xy X1 e X)X, - X X1y e, XN
As with every operator, the time-evolution of p is defined by the Heisenberg equation of

motion, which due to a different sign, in the case of the density matrix is called Liouwville

equation. That means

ho,p(t) = [H, p(t)] (2.71)

whereas time-dependent operators evolve according to

ihd, A(t) = [A(t), H). (2.72)
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For the pure state W, the Liouville equation for |¥)(W¥| is of course equivalent to the
Schrodinger equation ih0, ¥ = HU. The general case can be obtained from the spectral res-
olution, the components of which get their induced time-dependence from the Schrodinger
equation iho, ¥, = HU,. In particular, the time evolution for ¥ induces time dependences
ps(X1, ..., Xs, X, ..., X5 t). By taking the derivative ihd;, one can then derive equations of
motion for the p. If the time-evolution of ¥ is governed by a Hamiltonian H = Hy+V con-
taining a one-particle part H, and a two-particle part V, then every equation of motion for
ps involves a term with pg.o. (cf. [17]) In other words, the py form a hierarchy, the so-called
quantum BBGKY hierarchy (the quantum analogon of the classical BBGKY hierarchy [46]).
With the ps; we introduce the ng by

N!
= —— .. 2.73
For example, if the N-particle wave-function is given by a Slater-Determinant
1
\I/(](Xl, Ce ,XN) = m det §01'<Xj) (274)

the corresponding free n; is given by
N
no= Z |p:) (il (2.75)
i=1

N
mx,x) = Y e (x)ex). (2.76)
i=1
In general, the free n, factorize as
ns(X1,. .., Xs, Xq, ..., X,) = det(n(x;, X)), (2.77)
With the normalization of the n, it is possible to write
Ne(Xy, ..., Xe, X5, xX0) = (U (x1) .. T (x)0(x]) .. b (x))|T). (2.78)
The equation of motion for n; (first equation in the BBGKY hierarchy) reads
1hdyna (t) = [y, Hol + Tryg, g, V. (2.79)

Later, we will work with a time-dependent generalization of these expressions, where ev-
ery field operator @/A)(X) is replaced with a time-dependent field operator ﬁ(xt), the time-
dependence being given by the Heisenberg equation of motion. This will lead to the notion

of Green functions. The BBGKY hierarchy for the reduced density matrices will then turn
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out to be a special case of the corresponding hierarchy of equations of motion for the Green
functions and the factorization property for the reduced density matrices will turn out to be

a special case of the so-called Wick theorem.

Second Quantized Coulomb Potential In the N-particle sector, the first quantized
Coulomb potential reads

N
- 1
Voot = = 3 0(x1,x7) = E: 2.80
Coul 21,],:11}(}( XJ 877'502j 1|X1—X] ( )

This translates into the second quantized form

~

~ 1 o ~ “
o(Veor) =V =5 / dxdx’ § ()T (5o (3, % )ob (%)) (). (2.81)
The matrix elements of V in H2 can be calculated as

Vijkl = ; & ¢J|V‘¢k & ()Ol>
® oyl [ s B0 et VB @ 1)
dxdx’ v(x, ') (@i © [ ()T () () (%) ok @ 1) 2

(i
(i
1
2
%(MMWKﬂMWWU%®mM)()%®W
1

2

—— —

dxdx’ v(x, x") (V2! (x)p; (X)) V2l (%) 01 (X)) e
N / dxdx’ ¢} (%)} (x)v(x, X )i (%) 21(X).

The matrix element Vijkl is neither symmetric with respect to the upper nor to with respect

to the lower indices but only with respect to a simultaneous switch in the sense that
VY, =V, (2.82)
This is to be compared with the hermiticity of V which translates into the orbital basis as
*\1] kl
(V )Jkl =V ij (283)

Equally important is the expectation value (V)¢ evaluated in a Slater determinant & =
SLATER(¢1, ..., ¢n). We calculate at first (ipf(x)p!(x')h(x')1h(x)) for which we find (de-
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noting (—1)" = ¢(m))

= e(m - )51y (X) 5 2) (X)) (1) () 0r(2) (X ) (Po(3) [n(3) * - - -+ (o) [ Or(v))
Z
WJESN
—%Z (7 0105 (X)) ()00 (X)) (- - -
- (V-2 T 0)Pe(1)\X)Po(2) (X )Pr (1) X)Pr(2) o@B)m(3) " -+ Oo(N)m(N)
moeSN
= Z e(m - U)SOZ(D(X)SOZ(Q) (X')%(l)(x)%(z) (x')
mo€SN, m(3)=0(3),...,n(N)=c(N)
= Z e(m - 0)90;(1)(X)90§(2) (X/)%a) (X)@r(2) (x') +
7(1)=0(1),m(2)=0(2),7(3)=0(3),...,7(N)=0c(N)
Z e(m - 0)902(1)(3()902(2) (X)@r(1) (X)Pr(z) (x)
w(1)=0(2),m(2)=0(1),7(3)=0(3),...,7(N)=0c(N)
N N
= Y el X)e;(X)eix)ei(x) = > @i (%) (X ) (x)pi(x)
i,9 i,J

For (\IIO|VCOU1|\IJO), we now have

—Z/dxdx o (50)7 ()3, 5 )0 () ——Z/dxdx 07 ()5 (<)o (3,3 ), (%) i ()

2,J=1 2,7=1

Consequently, the expectation value in the state SLATER (¢, ..., ¢n) can be expressed in

terms of the matrix elements with respect to {¢;} as

N
(Veou) = Z VY- % > v (2.84)
.3

The first term is usually called direct term whereas the second is called exchange term. One
shows easily (in the case of the exchange contribution by taking the Fourier transform)
that both the direct term and the exchange term are positive definite. Therefore, the total

Coulomb energy is always smaller than the Hartree energy.

Spin in Second Quantization Until now, we never treated the spin explicitly. The formu-
lary worked out automatically carries over to systems with spin if we implicitly understand
by the orbitals ¢; elements of £?(RR?, C?,dx). When dealing with spin systems, however, it

comes in handy to write down a spin index explicitly, e.g.

¥l (x) (2.85)
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with o € {1, ]} denotes the creator of §,(1,0)" or dx(0,1)T respectively. This allows for the

definition of a spin density operator via

P (%) = D5 ()95 (). (2.86)

The first quantized spin observable S = ga, o = (01,09, 03) reads in second quantization

s D : :
q(S) = B Z (CL@TWH + a;rTaw, 1a;r¢a2¢ — 1aZTTaZ¢, a%aﬁ — a;riau> (2.87)
i
where the sum goes over a complete system {¢;} in the one-particle Hilbert space. The
vector valued quantity

M = —(¥|¢(S)|P) (2.88)

e
m
can then be identified with the classical magnetization. This will now be discussed.

General Form of the Electromagnetic Current Operator in Nonrelativistic Elec-
tronic Quantum Field Theory In many parts of this thesis we will start with a classical
model and deduce from it interaction terms which contain the classical (electronic) density
and current. These models are then quantized by replacing the classical density and cur-
rent by their quantum field theoretical operator counterparts. This raises immediately the
question, which one are the right operator counterparts? To answer this question one has
to go back to the classical theory of fields where one considers a classical (one-electron)
field interacting with the electromagnetic field. This model is then quantized by replacing
the classical field with the quantized field operator (as determined by the CAR). This re-
placement then carries over to all observables (up to possible ordering ambiguities, normal
order prescriptions etc.). Therefore, in order to find the general form of the current operator
one has to write down the general classical, free, electronic Field Theory in the first place.
One then couples the electro-magnetic field to the free theory via the gauge principle. The

expression for the current is then determined by the postulates that
1. the interaction Lagrangean density is of the form —A*j,* and;
2. the current is conserved in the sense that 9,5* = 0.

The first condition implies that the inclusion of a term —1/440F*" F),, into the Lagrangean
leads to Maxwell’s equations with j# as source terms.* Of course, it is the very definition of an

electromagnetic current that it acts as a source in Maxwell’s equations. The second condition

3 Alternatively, one defines j, = 6S/5A*; see e.g. [91] p.75.
4Strictly speaking, we run into trouble here because already the usual conserved current of the Schrédinger

equation depends on A*. The formal Maxwell equation 0, F'*" = 19j* would then imply a "gauge break-
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is necessary because the Maxwell’s equations are only compatible with converved currents
and the conservation of j, in an interaction Lagrangean A*j, implies gauge invariance. Now,
the general (= comprising all degrees of freedom) classical, nonrelativistic, electronic theory

is given by the Pauli equation

oL eet) = %@w (2.89)

with ¢ € £L2(R3, C?,dx), o = (01,09, 03) and

01 0 —i 1 0
o1 = , o= 1| , 03 = .
! 10 2 i0 5 0 —1

The Pauli equation can be derived from the Lagrangean density

(p-o)?
2m

L(x) = (x)ihop)(z) — ™ (z) (z). (2.90)

The action reads
s= [t o) = [au <w*(x)ih8t¢(x) T ﬁp-aw*(wp-aw(x») (2.01)

where ¢*(x)(x) denotes the scalar product in C?. Variation with respect to ¢*(z) then
directly yields the Pauli equation. The electromagnetic field now couples to the free Pauli

system by virtue of the gauge principle
P! ptt — e Al (2.92)

Defining the spin-density as

S(xt) = v (x) b () = (1(a) (o)) (2.93)

we get the action S as the integral [ d*z of

U ()ihd () — A (a)i(n) — 5 (b — A () (P — cA)(x)) — “B(r) - S(a).

2m
(2.94)

ing”. Presently, I am not sure about the interpretation of this fact. It may be a non-relativistic artefact
because the Dirac current is given by j*(z) = ew(z)y"1(z) even in the presence of an external field.
On the other hand, one may argue that the vector potential entering the non-relativistic current cannot
be identified with the vector potential generated by that current within a semi-classical approximation.
However, the prescription to write the interaction Lagrangean in the form —A*j, leads to the right

definition of the current even for the case of the Schrodinger equation in an external four-potential.
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Factoring out A* in the interaction term and observing that B = V x A we get with a

partial integration an interaction Lagrangean of the form —A*j, where the Pauli current is

given by
@) = e (2)y(w)
i) = ;—;;(W(zv)(p — eA(@)(z) — ((p — eA(x)y" (z))(z)) + %V x S(z).

The last term is obviously the spinorial contribution to the current. This current is conserved
as can be easily shown by the equation of motion. In fact, the divergence of the spinorial
contribution vanishes identically. Consequently, the continuity equation can be proven pre-
cisely as in the case of the Schrodinger equation.® In other words, the spinorial source of
magnetism s a current, namely a current term corresponding to the Pauli equation. Finally,
a word of warning is in order here. In general, the quantity S(xt) cannot be identified with
the classical magnetization. In other words, poS(xt) is not (the spinorial contribution to)
the internal magnetic field, already because in general V - S # 0. This suggests to consider
instead the projection on the transversal part. This intuition is right indeed. In order to find
the classical magnetization, one has to consider the magnetic field generated by the spinorial
current js = ¢/mV x S. This is given by

B(x) = Z—;v ></ o ) (2.95)

A comparison with the Helmholtz decomposition theorem shows that the magnetization
density is given by the projection of S on the transversal part, i.e. M(xt) = e/mSr(xt).

Note, however, that in products of the form

/dx Bex(x) - S(x) (2.96)

we can identify S with the magnetization because the rotational vector field B, automati-

cally projects out the longitudinal component of S.

Spin Current As
(p-0)’ =p’laxs (2.97)
the action for the Pauli equation is SU(2, C) invariant. The most general SU(2, C) transfor-

mation reads
U(p,n) = exp (igpn : %) = cos(p/2) +in - osin(p/2). (2.98)

®The “spinor current” term V x S(z) is usually not mentioned in the literature. I found two references
which contain it. ([56], [73]) The reference [73] derives the spinor current of the Pauli equation from the
usual current of the Dirac equation in the nonrelativistic limit, whereas in [56] p.107 the spinor current

term comes somehow out of the blue.
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This leads to the infinitesimal transformation

ou i
0p(x) = ( 3~-le=00p ) Y(x) = ( on-odp | P(x). (2.99)
Op 2
From the Noether theorem (][40, 47, 63, 102]) we get the general formula for the conserved
current ac
6o =S —2% 5y, 2.100
8 Z 5,0 (2.100)

where the sum goes over all fields entering the Lagrangean (in this case the Pauli field and its
complex conjugate). As the resulting current has to be conserved for every n, we conclude

that we have a vector-valued conserved current

Pla) = Swr@outs) = s (2.101)
@) = (@)oo - 00) @) (2,102

such that
0,j° + 0,5' = 0. (2.103)

This equation can also be shown directly from the equation of motion. The proof is analo-
gous to the proof of current conservation in elementary Quantum Mechanics if one observes
0,0;] = [0 ®@ 1,2, 1¢2 ® 0;] = 0. We conclude that the SU(2, C)-invariance implies the

conservation of the spin current.

2.2. Field Quantization

2.2.1. Canonical Quantization of Fields

Canonical Quantization of Point-Particles A point-particle is described by a Lagrangean
L which is a function on some manifold (typically the tangent bundle to some configuration
space Q). The Lagrangean may depend on the position and its derivatives (velocity). The

transition to Hamiltonian mechanics is implemented by identifying the canonical momentum

. 0L
b= 2.104
P = o (2.104)
and performing a Legendre transform
H =p'i; — L. (2.105)
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The resulting Hamiltonian is to be understood as a function of x and the canonical momen-
tum p.% For the sake of simplicity, we suppose the phase space to be R* x R3. The time
evolution of an arbitrary time-independent function f : M — R on the phase space is given
by the Poisson bracket [3, 36]:

f={f H. (2.106)

In classical mechanics, the state of the point particle is completely described by the instan-

taneous values x(t) and p(t). These are identical to the respective observables. In short:
1. State of the system: (x,p) € M = R? x R3.
2. Observable: function f : R3 x R?* — R on the phase space.
3. Time evolution of the state: &; = {x;, H} = g—g, pi=A{pi, H} = —g—g.
By contrast, the framework of Quantum Mechanics reads:
1. The state of the system is described by a function v € ‘H where H is a Hilbert space.

2. Expectation values of observables are given by <1/J|fl|w), where A is a self-adjoint op-

erator on H.

3. Position and momentum operator obey [X, p| = iily. By the von-Neumann theorem,

for irreducible representations this is equivalent to

H = L(R? Q) (2.107)
X)(x) = xi(x) (2.108)
BYx) = “V)X) (2.100)

i
up to unitary transformations. We interpret 1(x) to be the amplitude for the particle

to be at x.
4. The time-dependence of the operators is given by
ihd, A(t) = [A(t), H]. (2.110)

This time-dependence of the operators can be pulled back onto the states yielding the

Schrodinger equation.

6The case where the velocities cannot be expressed in terms of the momenta is indeed physically relevant;

see the illuminating discussion in [34].
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Consider now the space of polynomials in z and p up to second order. Let f, g be such
polynomials. By f we denote the operator resulting from f by the replacement x — 2 and
p+— p. Then

{f.9) = —,%[f,é] (2.111)

irrespective of the ordering ambiguities. That means: the quantization of the Poisson bracket
is identical to the commutator of the quantization up to second order. For third order poly-
nomials, this correspondence breaks down.” In other words, for polynomials up to second
order, the canonical commutator ensures that under quantization classical Poisson brackets
go over into commutators. On the other hand, the time-dependence of operators is given
by their commutators with the Hamiltonian. For free field it is required to be of second
order. Consequently, the (second order) operators fulfill the classical equations of motion as
operator identities. These identities can be sandwiched between Heisenberg states. Hence,

the classical theory is recovered in the limit of expectation values.

Field Quantization Consider now a classical Field Theory given by a Lagrangean den-
sity L(¢(x), 0,%(x)). Usually, the Lagrangean depends on the field and its derivatives up to
first order.® The classical equations of motion are then determined by the Euler-Lagrange

equations

oL 0 oL

where 1), = 0,9 and x = (xt). We identify the canonically conjugate variable to ¢(x) as

08 _ OL(Y(x),0u¥(x)) (2.113)

B 30 (x) 90y ())

where S = [ d*xz £ denotes the action. A straightforward adaption of the canonical quanti-

()

zation procedure to the quantization of a classical field reads:

1. The state of the field is described by a functional ¥ = W[)]. We interpret W[t)] to be
the amplitude for the field to be in the classical field configuration .°

"This is known as Groenewold-Van-Hove theorem. [38] Another way to put it is to say that the correspon-

dence between Poisson brackets and commutators only holds to first order in A.
8The Euler-Lagrange equations generalize easily to higher order derivatives. (cf. [52, 53])
9This field-functional point of view is not so widespread in field theory as it is very hard to perform real

calculations with the functional. (For explicit calculations with the functional see e.g. [40] Chapters
9-11. The functional point of view is also emphasised in [46, 89].) However, the field-functional point of
view is imperative, when one wants to interpret Quantum Field Theory as Quantum Mechanics applied
to systems with infinitely many degrees of freedom. Then, the functional is the direct analog of the
wave-function. Another problem with the functional point of view is that the functional Schrodinger
equation breaks manifest Lorentz invariance. Finally, the field functional point of view is important in

the context of canonical quantum gravity and the Wheeler-deWitt equation. [34, 72]
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2. Expectation values of observables are given by (U|A|¥) where

(o) = [ Do ¥ i) .11

3. The field operator and its canonical momentum obey the (equal-time!®) CCR or CAR

[ (xt), 7 (x't)]+ = ihid(x — X). (2.115)

For the canonical commutator, we usually write shortly [-,-] = [-,]-. In the case of
CCR, this can be realized by

D)V = G V(Y] (2.116)

O (2117)

The Schrodinger field can be quantized using the CAR or the CCR. This is because

the spin-statistics theorem is a relativistic effect. (see e.g. [2])

4. The state of the field obeys a functional Schrodinger equation (also called Schwinger-
Dyson equation; see e.g. [40, 46, 70])

/ dx H(xt)¥(t) = ihd, ¥ (t). (2.118)

where the Hamiltonian H (xt) density is given in terms of ¢)(xt) and 7 (xt) by the clas-
sical expression for the field energy density (disregarding ordering ambiguities). The
classical expression for the Hamiltonian density can be found by a Legendre transfor-

mation of the Lagrangean density:

H(z) = n(@)(x) — L(¥(2), 8t (x)) (2.119)

On a fundamental level, the Lagrangean does not explicitly depend on space and time.

The Noether theorem then implies the existence of four conserved currents'!

8, 1" =0 (2.124)

0Within the non-relativistic regime, we do not have to care about a Lorentz invariant form of the

(anti)commutator relations as there is a preferred time variable.
1This can also be shown directly. (cf. e.g. [70]) If £ depends on z only through the fields, then

0,8",L = 0L (2.120)
- afo)6“¢($)+<9(a?1f(maﬂa”w(x) (2.121)
= <8y a(afj(x»)aﬂw(xw(mif(m))a#am(x) (2.122)
= 9, (awif(x))aw(m)). (2.123)
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where

oL
T 000u)

T is called energy-momentum tensor. 7% equals the Hamiltonian. In non-relativistic

Tﬂ

Ot — 6" L (2.125)

Quantum Field Theory, we usually have systems in external potentials which destroys
spatial translation invariance. Although unusual, in principle also in non-relativistic
quantum physics the Hamiltonian can be interpreted as the 00-component of the

energy-momentum derived from a suitable Lagrangean. (see e.g. [16])

5. Equivalently, one can postulate Heisenberg time evolution for the field operators. The
Heisenberg equation of motion then implies that the field operators formally fulfill the
classical equation of motion as operator identities, which can be sandwiched directly
between state vectors. This ensures that the classical theory is recovered in the limit
of expectation values.'? In the case of standard Quantum Mechanics, this is known as
Ehrenfest theorem. The importance of the Heisenberg picture is that it allows to get
rid of the Schrédinger picture which sometimes — not only in the relativisitic domain

— leads to conceptual problems.

2.2.2. Quantization of the Schrodinger Field

Heuristic Approach to the Quantization of the Schrédinger Field Consider a quan-
tum system with Hilbert space H = £?(R?, C,dx) and a Hamiltonian H with a purely
discrete spectrum. A solution 1 (xt) of the Schrédinger equation can then be expanded in

the complete system {p,(x): n € Ny} of eigenfunctions of the Hamiltonian:

Y(xt) = > pn(x)an(t) (2.126)
a,(t) = /dx ©or (x)(xt). (2.127)

If ¢)(xt) is to fulfill the Schrodinger equation ihdy)(xt) = H Y (xt), then the time dependence

—ien /Rt

of the expansion coefficients a, has to be given by a,(t) = a,(0)e . The expectation

value of the energy reads:

= (Y|Hp) = Zena an = Zhw ay . (2.128)

12This statement is to be understood cum grano salis. For example, for a one-particle system the expectation
values fulfill p = —V¢ but in general (p(x)) # ¢((x))
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This is reminiscent of the Hamiltonian operator of independent harmonic oscillators with

frequencies w, which would formally read

P 1
H=Y huo, (a;an + 5) . (2.129)
=0

n

This harmonic oscillator analogy can be pushed further by investigating the equation of
motion for a,(t)
ihoya,(t) = epan(t). (2.130)

Now, in general a,, is a complex amplitude which we write as

1 .
ap = 7 (rn +1isp) (2.131)

with r,, s, € R. The equation of motion for a,, then implies

8tTn = WnSn (2132)

OiSn = —WwnTy (2.133)
which after eliminating yields

P = —wir, (2.134)

5, = —w’s,. (2.135)

The coupled equations of motion show that r, and s, are conjugate in the sense that

0H,
= 2.136
r 3. (2.136)
0H,
o= 2.137
s ary, ( )
if we set
H, = “n (33Z + ri) = Wy, Q. (2.138)

2
On a heuristic level, we quantize by replacing these classical harmonic oscillators with quan-

tum harmonic oscillators. The commutation relation for the conjugate variables
[P, 8n] = 1 (2.139)

then translates into
M =1. (2.140)

[aﬂ? a’n
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To quantize the whole Schrodinger field, we suppose that through second quantization all
the a,(t) are replaced by harmonic oscillator annihilators as above whereas the ¢,, remain

classical fields. We then have for the commutator:

[t (xct), 1 (D) = Y [an (D), afy (D)]on (%) 5 (X). (2.141)
It follows that
[(xt), 9l (x't)] = 6(x — ) (2.142)
is equivalent to
[an(t)7 a;rn(t)] = Onm- (2.143)

The Hamiltonian operator for the field now reads:
H=> e.ala,. (2.144)

From this we read off that the quantized field can be interpreted as an infinite ensemble of
independent harmonic oscillators. The quantum harmonic oscillators are the amplitudes of

the respective field modes.

Canonical Quantization Consider the classical Lagrangean density for a classical com-
plex valued field ¢ : R* — C in the external potential v(x) = v(xt):

h2

L, Oy z) = iy (2)0(2) — 5V (z) - V() — v(2)¥" (2)(z). (2.145)

The corresponding Hamiltonian density reads:

h2
H(v.0y050) = 1 (509 (0)  T0ta) + ol (2.146)
with the conjugate momentum
08 N

m(x) = 30,00) = i)™ (x). (2.147)

The Euler-Lagrange equation for the classical field v leads to the classical equation of motion:
2

ihop(z) = —;—mAzb(x) + v(z)(z). (2.148)

The transition to the corresponding Quantum Field Theory (cf. [76, 89, 95]) is implemented

by replacing the classical fields with operators such that the operators corresponding to
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conjugate variables fulfill the canonical (anti)commutation rule (CCR/CAR). For the field
operators of the Schrodinger Field, the nontrivial CCR or CAR at fixed time t read:

[ih(xt), 7(xt)]+ = ihd(x — x'). (2.149)
This obviously agrees with the result we already found by the heuristic approach. The main

advantage of the canonical approach is that it works for any system which allows for a La-

grangean description and is not dependent on the identification of harmonic modes.

General Connection between Quantum Field Theory and Many-Body Physics
We now want to represent the CAR for the field operators on some concrete Hilbert space
F. Therefore, we consider the operator al on the fermionic Fock space creating a particle
in the state ¥(x’) = 0(x’ — x). The corresponding annihilator is written ax. Clearly these
operators fulfill the CAR (see Chapter 2.1.1):

Ll =6(x —x). (2.150)

X/

lax, a

Therefore, we can represent the field operator Q/AJ(X) on the Fock space F by the replacement
d(x) — ayx. Indeed, within the realm of non-relativistic Quantum Field Theory, one can
even prove that any irreducible representation of the CCR/CAR is unitarily equivalent to the
bosonic/fermionic Fock space representation. [87] This is in sharp contrast to the relativistic
case where in general (in the interacting case) one does not have a Fock space at all. (see e.g.
[39]) Furthermore, it is impossible to find a relativistic transformation law for an N-particle
state of the form Wy (xy,...,xy;t) which depends on N spatial arguments but only one time
argument'. Clearly this leads to a conflict with Lorentz transformations which in general
mix spatial and temporal coordinates.

We conclude that the quantization of the Schrédinger field corresponds to the transition
from one-particle Quantum Mechanics to Many-Body Quantum Mechanics (with arbitrary
particle number!?). In particular, this explains why the creators and annihilators of position

eigenstates are referred to as field operators.

13Indeed, in the early days of Quantum Field Theory, Dirac developed a multi-time formalism within which

a generic n-particle wave-function depends on n different times; cf. [90].
14The deeper reason for this is that both many-particle systems with variable particle number and classical

fields are systems with an infinite number of degrees of freedom.
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2.3. Phononic Field Theory

2.3.1. Quantization of Lattice Oscillations

Classical Lattice Dynamics Consider a one-dimensional, finite, classical, harmonic lattice,
i.e. a discrete collection {u,} of classical degrees of freedom indexed by n € Zy = Z/NZ.
The advantage of interpreting the indices n as a group is that this automatically implies the
periodic boundary conditions u,y = u,. In the context of Electronic Structure Theory the
lattice is interpreted as the crystal lattice and the {u,} as the nuclear (or ionic) elongations
(or displacements). In principle, the u,, can also be interpreted as some more general quantity
associated with the lattice site n. In the latter case, u, actually denotes a discretized field,

i.e. a field u = u(x,0) on a discretized space:
Uy, = u(an) = u(xy,). (2.151)

The interpretation of this equation is that the “elongation” at lattice site x, is given by the
evaluation of the (“elongation” or “displacement”) field at that very point na. The position

of the n-th particle is then given by
Ty = Tpo + Up. (2.152)

“Classical” means in this context that the system has a configuration space RY corresponding
to the N positions of the particles or (in the more general interpretation) of the N values
which determine the field configuration. The state of the system is at every instant ¢ given by

a point in the phase space R x R" and the time-evolution is given by Hamilton’s equations

dz,(t) oOH

= 2.153
dt opn, ( )
dpn(t) OH
= — . 2.154
dt ox,, ( )
In the harmonic approximation, the Hamiltonian is given by
N o2 o N
H=Y) *fr .= n— Upat)? 2.155
n12M+2;(u Un+1) (2.155)
corresponding to the equation of motion
d%u,, (t
M dt2< ) = K(tup_1(t) — 2un(t) + unps1(t)). (2.156)
This equation has solutions of the form
Un(t) = u, (0) exp(—iwgt + 1kxyo) (2.157)
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where

27 2T
k 0,—,.... (N —1)—
E{’OLN7 3 >aN

4k, . (ak 2K
w(k:)zwkzwﬁbm <7> |:\/M|coska—1|. (2.159)

In the following, summations over the wavevector k always denote a summation over the

(2.158)

and

finite set 5
0
7 2.160
2, (2.160)
with L = Na, i.e.
=) (2.161)
k k‘e%rZN

The general solution of the equation of motion is given by
1
To(t) = —= )  qr exp(—iwgt + ikzpo) (2.162)
gD

where the g, have to be fixed by the initial conditions. For later purposes, we note that the

inclusion of an additional coupling of the particles

Ay

to their equilibrium positions leads to a modification of the dispersion relation as
2 A
Wi = Mﬁ(l — coska) + U (2.164)

The original Hamiltonian leads to a wave-equation in the continuum limit a — 0 whereas
the coupling to the equilibrium positions modifies this wave-equation to a Klein-Gordon
equation. The coupling constant corresponds to an effective mass p of the quasiparticles
given by
h | A
p=\ 15 (2.165)
This fact is sometimes used as a heuristic introduction for the Klein-Gordon equation. (cf.

e.g. [95])

Quantization The quantization is now implemented by replacing the classical observables

x, and p,, with operators z,, and p,, such that

[, Prn] = 1AG (2.166)
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where
Ty = Tpol + Uy, (2.167)

The state of the lattice is then described by a wave-function

U(zy,...,2n;t) € L2(RY, C) (2.168)

which obeys a Schrodinger equation

A

1hO (21, ..., xn;t) = HU(xq, ..., 2N; 1) (2.169)

where the Hamiltonian operator H is given by

N~
2 Dy K ~ ~ 2
_ BN — )2, 2.170
2900 + 3 n:1(u ln+1) (2.170)

So far, this is simply the canonical quantization of a system of N particles. The role of
the lattice consists in making plausible the concrete form of the Hamiltonian. We will now
perform a transition to normal coordinates which will pave the way to the field-theoretical
point of view. Equation (2.162) suggests to use the expansion coefficients of the general

solution as coordinates, i.e. we define the coordinates g by the point transformation

1
Uy, = ﬁqu exp(ikzn) (2.171)
k

or
u = Uq (2.172)
with
1 1 1 2
Uij = ﬁ exp(iijig) = \/_N exp(iakji) \/N exXp ( WIZ]) (2173)
2
ki = %j (2.174)

where L = Na. As p = ma, this induces the transformation
1
P = — Y mpexp(ikxno) (2.175)
/v 2

for the momenta 7 (t) = mqx(t). As x, and p, are real, the new coordinates fulfill

G = 4k = QeN/L—k (2.176)

7TZ = W,kEﬂ'QWN/L_k (2177)
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because

1 . .
ut = \/—NqueXp(—lkl’no)
k

21

1 .
= \/_N Z Q2rN/L—k €XP (lfNifno - lkan)
k
1 2T
= iy Z (orN/L—k €XD (1 (fN - k’) SCno> :

27rN/L—k

(2.178)

(2.179)

(2.180)

The matrix U is a discrete Fourier transform (cf. appendix (A.2.2)), therefore induces a

unitary transformation CV — CV and hence preserves the standard norm. In particular, we

have
N

dul= > g

i=1 ke2mzy

This implies immediately

Zui = Zu121+1 = ZQZ%-

For the mixed term » u,1u, we find

N
_ 1 ikxno Jilzno Lila
Un41Up = —5 qr4qi€ € €
N
n=1

n ki
_ 1 Z e Z ik )zn0
N k,l n
1 .
= N Z Q@i N ok,
k,l
= Z Qeq-ke "
k
_ quqze—ikza.
k
Furthermore, the reality conidition ) u,4iu, € R implies

Z qquefika _ Z qqueika.
k k

(2.181)

(2.182)

(2.183)

(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)
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In the new coordinates, the Hamiltonian therefore reads:

N 2 N
NP )
"= ; oM T2 nzl(“" = Uni1) (2.190)
N 2 N
pn K 2 9
=t T3 nzl(“n — 2t + ) (2.191)
TETE, R * * ika x _—ika «
- Z 2]}\4 + 9 Z(Qka — qrgie™ — qugie ™™ + giar) (2.192)
k k
= ﬂ-zﬂ-k K * ika —ika
B ; 2M —ququ(e —24e™™) (2.193)
B mime  Mw? o,
a Zk: ( oM T2 Mk) ' (2.194)

Introducing yet again new coordinates a; and aj, via

h *

@ = \/Qka(ak‘f‘a,k) (2.195)
hM

% = i/ 2“’“(a;—a,k) (2.196)

the Hamiltonian takes the particularly simple form

1
H=>" hu (a;;ak + 5) . (2.197)
k

The quantization procedure x,,, p, — T, p, now translates into a replacement of the classical

coordinates ay, a;, by operators ay, aL which fulfill

[almaﬂ = Om
[ak,al] = 0
laf,af] = 0

and the Hamiltonian can be rewritten as
. 1
H= g hwy, (a,iak + 5) . (2.198)

This shows that in the new coordinates the system is a collection of independent harmonic

oscillators. Consequently, the ground-state can easily be written down

Vo = Qpezrgy |Or) (2.199)
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where |0) is the ground-state of the k-th harmonic oscillator characterized by:

However, it is worth noting that all this is still completely equivalent to the canonical quan-

tization of N non-relativistic particles with Hamiltonian (2.170). In fact
\If()(.??l,...,LEN)I <x17"'7xN’®k€2%ZN ’0k> (2201)

is the ground-state of the Hamiltonian (2.170). This is to be understood in the following

sense: |0x) is the function

ka 1/4 ka «
%(%)Z(ﬁ) exp | 55 Wk (2.202)

(ground-state of the harmonic oscillator in the position state representation) with
@ = qr(x1, ..., TN). (2.203)
U, is then given by
Uo(z1,...,2n) X polqr(z1,...szn)) - o polan(x, ..., 2N)). (2.204)

This shows that the quantization of a (“displacement”) field on a lattice with N lattice points

is completely equivalent to the standard Quantum Mechanics of N particles.

Lattice Dynamics of One-Quasiparticle Wave-function Denoting ¥, = |0), we now

consider a general one-quasiparticle state
1) = fra}l0) (2.205)
k
with the wave-function in Fourier space fi. The dynamics of the whole lattice implies

: - 3
iho,[1) = H|1) = 5 > fehwial]0). (2.206)
k

As the free Hamiltonian preserves the functional form of |1) (does not change the quasi-
particle number), the time-dependence of the state |1) can be completely absorbed into the

expansion coefficient fy := f(¢) which implies for these

0 it) = Sho fult) (2.207)
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or

Fi(t) = froe13/2Mnt, (2.208)

We now define a quasiparticle wave-function in real space by

2
L

eXP@ijm)fkj

1 o I, 2
V() = —= Z exp <i—ij) Jo, = ——= exp (imjia> Je, =

2l
é

.

and the respective time-dependence by
| N1
Y(wio ) = —= Y exp(ik;zio) fi, (t) (2.209)
VN 2

Our goal is now to derive an equation of motion in real space for the wave-function ¥ (z;o, t).

We therefore introduce the operators

f(@wmr1y0) = f(Tno)

(Vo N)(@no) = . (2.210)
(Vo ) (@n0) = f(m”)_ﬁ(x(””(’) (2.211)

which we call forward and backward lattice derivative. From this definition, we find

F(@may0) = 2f (2no) + f(Z@n-1)0)

(Va V) () (@no) = " (2.212)
In particular, for f(z,0) = e**n0 we find
VD) = L (2.213)
(V; o) = () .21
ViV ) = Spleoska—1) (2215)

Thesis, Vienna, July 4, 2012



120 Ronald Starke: Green Functions and Electronic Structure Theory

We now compute

N-1
1 )
at2¢<xi0a t) = T = eXp(lijiO)affkj (t)
N =
e exp(ik;x )9w2f (t)
= T 230 ) 7 Wk Jk;
VN & 4
g NI
9 .
= - Z wy, exp(ik;xio) fr; (t)
VIGN
N-1
9 2K
== — (1 — cos ka) exp(ik;zqo) fx, (t)
I6N < M
18ka? g

7=0
Ika® _ | 1 =
- - ko) fo (4
AM Va, Va, \/N ~ eXp(l ngzO)fk]( )
9ka®
- AM V:V;Qp(xz()?t)
or 1
(ﬁ@? - Vjva) w($lo,t) =0. (2216)
with

q
9xa? 3 [ka?
= = =4/ —. 2.21
N T2V (2217)

We now compare this one-quasiparticle wave-equation with the original equation (2.156) for
the classical displacement field x;(t) — x;0 = u(x;0,t). By the help of the lattice derivatives,

the equation of motion can be rewritten as

1
(EGE — vjv;) u(wi,t) = 0. (2.218)
where
2
Ve = % (2.219)

In the continuum limit @ — 0, both equations become wave-equations of the standard form
1
(;6,52 — A) flz,t) =0f(z,t) =0 (2.220)

where the divergence in 1/v? has to be absorbed in a suitable dependence k = r(a). The
astonishing difference in the velocities v. and v, due to the factor y/9/4 = 3/2 is a quantum
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effect which is is caused by the zero point energy 1/2hwy. Without this zero-point energy,

the equation of motion for the Fourier mode would read
1h0, f1.(t) = hwy fr(t) (2.221)

and a similar calculation would yield v, = v.. In other words, due to the zero-point energy

phonons do not move we the speed of sound!

Hilbert Space of One-Phonon Wave-functions, Local Phonon Creation and An-
nihilation Operators The Hilbert space H of one-phonon states is given by CV. In the
reciprocal space, a one-phonon state f : Zy — C is a function on the FBZ with the inter-
pretation that f; is the amplitude for the phonon to have the lattice wave vector k. The

induced scalar product reads

(flg) = figw(Olaral,|0) = fror. (2.222)
k

kK

With the one-phonon Hilbert space being given, one can easily construct the (bosonic) Fock

space for arbitrarily many phonons. A general eigenstate of the phonon number operator
N=> alay (2.223)
k

reads
W)= > flki,... ka)al, -..af |0). (2.224)

klz"~7kn

Due to the commutation rule [az, azr] = 0 Vk, [ the many-quasiparticle wave-function

flky, ... k)

can without restriction of generality be chosen totally symmetric. In other words, on the
level of the quasiparticles the quantum dynamics of the lattice induces a bosonic theory with
arbitrarily many particles in contrast to the constituent lattice N-particle wave-function
U(zy,...,zx) (N fixed!) which in general is neither symmetric nor antisymmetric (the
constituent particles can be distinguished by their lattice number). Furthermore, the quasi-
particle number is in general neither conserved nor bounded (disregarding the physical fact
that for too high energies, the lattice may be blown apart) as opposed to the constituent
particles, whose number is fixed. Note that phonons are not quite quantized lattice oscilla-

tions (whatever this actually means), but quantum states of the lattice which can be written
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in the form (2.224). Starting from the phonon creation and annihilation operators a; and

a,t we can construct local creation and annihilation operators

o 1 .

wT(mno) = —_N zk: exp(—lk:xng)az (2.225)
~ 1 )

U(xno) = TN zk: exp(ikxno)ag (2.226)

which we can sloppily interpret as operators creating or annihilating a phonon at x,q, i.e. a

phonon with the real space wave-function ¥(2,,0) = dpn-

2.3.2. Phonon Propagator

Quantum Displacement Field We want to compute expectation values of the displace-

ment field operator

and its products in various states, in particular in the field theoretical vacuum state |0)
(ground-state of the lattice). Using equations (2.171, 2.195) and replacing —k +— k under

the sum, we can write

h 1 . .
B = o = W(wn0) = || 5377 > \/W_k(%e"“”"0 + af e eno), (2.228)
k

We call u(x,0) the quantum phonon field. In the language of first quantization, it is the

indexed position operator of the constituent particles. Note that the quantum phonon field

(o) does not create a phonon at z,0 because (i) it contains both creators and annihilators
and (ii) it contains \/%.15 Obviously 2l = #,. From (0|a,|0) = (0|a}|0) = 0, we conclude

(Z,) = 0. This result generalizes to any phonon number eigenstate. By equation (2.228) one

easily establishes the following equal-time commutators

[ (8), @ ()] = 0 (2.229)
Oyt (1), it (t)] = 0 (2.230)
[n (), Byt ()] = %%. (2.231)

15Tn this respect, the quantum phonon field behaves as almost all quantized fields, in particular in the rela-
tivistic domain. Only the quantized Schrédinger field has the property of creating/annihilating particles
at a certain point stricto sensu, i.e. in the sense of the many-body Fock space. This is due to the fact

that the Schrodinger equation is first order in time.
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This shows that the phonon field fulfills the canonical commutators of a a quantum field on

a lattice. We now establish the time dependence of the operator

V QJ?M 2. \/iu_k (ar(D)e™ + aj (t)e™*m0), (2.232)

From
ihdyar, = —[H,a] = hwgay (2.233)
ihdwal, = —[H,al] = —hwgal (2.234)
we conclude
ap(t) = aze 'kt (2.235)
al(t) = ale“ (2.236)

This implies

Tn(t) = Tpo = W(Tpot) = w/ Z F (agewrttikeno 4 gl glwnt=tkznoy (9 937)

By the dispersion relation w = wy, it follows that the phonon field operator fulfills the clas-

sical equation of motion (2.218).

Phonon Propagator The phononic Green function is defined by
—ithhon(SEn()t, ZL’motl) = <O|Tﬁ,(l’n0t)ﬁ($m0t,)|0> (2238)

Using 0,0(t) = d(t), the CCR (2.229, 2.230, 2.231) and the fact that z,,(¢) fulfills the classical
equation for the displacement field, one shows easily that the phonon Green function fulfills

the equation of motion
(]\4@2 - aQHV:V;) D phon (Tnot, mot') = 0(t — t')pm. (2.239)
An explicit calculation yields for —ihDpnon(Tnot, Tmot')

_ (t—t) 1k(xn0—xmo)—iwk(t—t’) O = 1) k(o —iemo)—ion (#'—1)
- 2NMZ( LT

( k(zno—2mo)—iw(t—t") 1 eik(mmo—mno)—iw(t—t/))

w—wi +1in W WA wE —1n

dwe (Tno—Tmo)—iw(t—t")

w? —wi+1in
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where we again substituted & — —k under the sum ) _,. The transformation from the second
to the third line holds in the limit n — 0. We read off that

1 _5kk/

Dppon (b, Kw) = — —————
P Mw?—w+in

(2.240)
Recall in this context that k& varies over the finite set of wave vectors in the FBZ.

Generalization to 3 Dimensions In the case of three dimensions, the most general har-
monic Hamiltonian reads
1
H=T+V = Z u)?(Xno, 1) + 3 D (X0, 1)K (Xno, Xmo)u(Xmo, £)) g2

n,m

where we think of K as the Hessian matrix of some kind of potential energy E({x(xno)}).
In other words, the Hamiltonian corresponds to a truncated Taylor expansion around the
equilibrium positions X,g. In general, the potential energy F({x(xn)}) includes the static
nuclear Coulomb interaction and the electronic ground-state energy as a function of the
nuclear positions. Therefore, F({x(xn0)}) does not have a classical origin and instead repre-
sents an “electron-mediated” interaction. Interactions of nuclei at arbitrary distance X,0—Xmo
correspond to higher order lattice derivatives in the field-theoretical picture (as opposed to
nearest neighbor interactions which imply first-order lattice derivatives). The potential term

of the Hamiltonian reads in full detail
- Z Z K5 (%0, Xm0) U (Xn0, 1)1 (Xmo, 1) (2.241)
nm g,j=1

and has a number of well-known symmetries. These will be derived in the following. We
start with a some of definitions. The Bravais lattice of the crystal under consideration can

be written as
Fai,L = {n1a1 + noas + nzas; (nl,nQ,ng) €l X1 X Z, a; 1= 1,2,3 lin. 1ndt} (2242)

We interpret Iy, 1, as a subset of R*. Let R be an element of the euclidean group of R?. If
R enjoys the property
R(la,r) =lar (2.243)

it is called a symmetry of the lattice. A lattice function

fiTx..xI - Ke{R,C} (2.244)

(ano, . 7Xnm0) — f(ano, .. 7Xnm0) (2245)
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is said to be Bravais invariant if for any lattice symmetry transformation R, the equation

f(ano, e 7Xnm0> = f(Rano, e ,R,Xnmo) (2246)

holds. (In particular, if f(x,0) is Bravais invariant, it is constant.) Furthermore, the lattice

function f being given, we define its pull back R* f to be given by

(R*f)(ano, Ce 7Xnm0) == f(Rano, Ce ,Rxnmo). (2247)

Bravais invariance then simply means R*f = f. For a vector valued lattice function f, we
define the push forward R.f through

(R*f)(xmo, . 7Xnm0) = R/f(Rilxnlo, . ,Rilxnmo) (2248)

where R’ denotes the differential (tangential map) of R. A vector valued function on the
lattice is said to be Bravais contravariant if R,.f = f. The generalization to Bravais covariant
and contravariant tensors of various degrees is obvious. Finally, a functional E[f, g, ...] of

vector valued lattice functions is called Bravais invariant iff
E[f,g,..] = FR.f R.g,.. .| (2.249)

Lemma 2.3.1 The potential enerqy

5 Z XnOa |K Xno, XmO) (Xm[b t))]R3 (2250)

1s a Bravais invariant functional.

Corollary 2.3.2 With u(xno,t), the push-forward (R,u)(xno,t) is a solution of the equation

of motion.

Proof For this to hold true, it suffices that

PE({x})

T | (u(x10)=0, I} (2.251)

K(Xn0> XmO) -

is a Bravais covariant tensor. The energy is explicitly given as

e S

871'6

where H depends on x,, through ve(x). Using second-order perturbation theory and the

Hellman-Feynman theorem, we find

(Wo| G52 W, ) (W, | 2o | W) 021
K (Xn0, Xmo) = 2%; " E,—F, 5nm<‘1’0|ﬁ|%>
Z2e? 0? 1

8meo L 0x},07m [Xn — Xm|
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where all electronic eigenvectors, energies and derivatives of the external potential are evalu-
ated at x,, = Xpo. The lattice symmetry is also a symmetry of H({xy}) and the derivatives
of Vi, evaluated at the equilibrium positions are lattice covariant. The same applies to the
derivatives of the electrostatic energy of the ions. (The derivatives of the potentials are even
covariant under the full euclidean group.) Therefore, every of the terms involved possesses
the lattice symmetry and we conclude that K;;(Xno, Xmo) is a lattice covariant tensor.

O

In particular, K is invariant under inversion and lattice translation K(x+a, x'+a) = K(x, x/)

and can therefore be written as

Kij(Xno — Xmo) (2.253)
with
Kij(xn0) = Kij(—Xno) (2.254)
Kji(xno) = Kij(Xno) (2.255)
where we used the trivial identity
Kij(Xn0, Xmo) = Kjji(Xmo, Xno) (2.256)

which follows from the characterization of K as a second derivative tensor. Using the sym-
metry properties, we see that the equation of motion for the classical displacement field

reads
82 l XnO; Z K XnO - XmO) (Xmo, t) (2257)

We consider a pure Fourier mode
Uir (Xno, 1) = €@ im0 (2.258)
with k € FBZ. We then have
MO?ujy (Xno, 1) = —Mwiyup (Xno, t) (2.259)
and

1 J _ i 7 —lwgattik-x
E K';(Xn0 — Xm0)Upy (Xm0, 1) = E K" (Xno — Xmo)€j e m0
m?j j
_ E e—lwk)\t-ﬂk‘xnoej E KZ~ Xno _ Xmo)elk'(xmo_xno)

— 2 e—lwk)\t-‘rlk Xno e 2 K XmO —ik-Xmo

— E Kz j —1kat+1k-xno
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In other words, ug)(xno,t) is a solution of the equation of motion iff ey, is an eigenvector of
the dynamical matrix
=K' (xpp)e Xm0 (2.260)

with eigenvalue Mwg,. The phononic field (3-dimensional quantum displacement operator)

can then be expanded as

f{n(t) — Xpo = Xn(], / Z akAekAe—iwk)\t—‘rik'xno + eik{)\aLAeikat—ﬂcxno)
,\ keFBZ
(2.261)
and is an operator-valued solution of the equation of motion, i.e.
M (Xno, t Z K'(Xn0 — Xm0) @ (Xmo, ). (2.262)
or
(M7 + K)liXno,t) =0 (2.263)
where
XnO Z K XnO XmO (Xmo, t) (2264)
The creators and annihilators fulfill
[ak,\, alu] = O (2265)
lalyal] = 0 (2.266)
[k, CLLL] = Ol (2.267)
which is equivalent to the equal-time commutators
[G(Xn0, 1), @(Xmo, )] = 0 (2.268)
[8tﬁ(xn0, t), 8tﬁ(Xm0, t)] =0 (2269)
N . ih
[H(Xno, t), 8t11(Xm0, t)] = Ménm]l?)x?r (2270)
The Hamiltonian can be written as
. 1
H = Z Ao <a};)\ak,\ + 5) . (2271)
K\
In 3 dimensions, we define the phonon propagator as
—1hD phon (Xnot, Xmot') = (0] T0(Xnot )0 (Xmot’)|0). (2.272)
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For 92(0| Tt (xnot ) 0(xmot’)|0), we find

o 5<t ) ()8 Xt + O(E — 1) (D08 (Xt 3 (emo)))
— 1)(0(xXmot ) (xnot)) + (' — £)(0(Xmot')0r i (Xnot)))
(5(15 ") (0(Xnot) 0 (Xmot)) + 0(t — ') (04 0(Xnot) T (Xmot')))
(1 — 1)Kot 8 (Xnot)} + O — 1) (Bmot)) 3 (0))
5~ )Xot 3mt)) + B — )0 (Kot (em)} + 5L — )Xot (Xomot)
+0(t — 1)(0rt(%n0t) & (mot)) + Ot — t')(0; 4(%n0t) & (¥mot))
(1~ )8 (Xomot)Xe0)) — S — )0 (Kan) A K)) — B(E — ) (8(Xen) O (X))
(Xm0t ) 0pi(Xnot))) + O(t' — ) (&(Xmot’) 0} & (%not)))
(Xnot )0 (Xmot')) + 28(t — ') {0y (Xnot ) 0 (Xmot)) + O(t — ') (970 (Xnot ) O (Xmot))
FO(t— ) (80 (Xemo)) — 3¢ — ) (0t (Xomol) X))
=0'(t — ¢')(Q(Xmot) 8 (Xnot)) — 26(t — ¢'){Q(Xmot )0, G (Xnot)) + O(t' — £)(W(Xmot') 07 (Xnot))
P (xnot ) (xmot')) + 0(t — ) (&(xmot’) 0} & (%not))
(Xnot) 0 (Xmot) — W(Xmot) 00 (Xnot))
)
)

[\
(=)
~~
~
|
st
~—r
Q
C >

(&
+0(t — ') (0(Xnot) 040 (Xmot) — 040 (Xmot ) 0(Xnot))
= Ot — t){0F0(Xpot)0(Xmot')) + O(t' — ) (A(Xmot') 07 U (Xnot))

We read off that the phonon propagator fulfills
(M@f + K) Dphon(XnOty Xmot/) = 5(t — t')5nm]13X3 (2273)

or in full detail
<M8t2 + Z K(Xno, X10)> Dphon(X107 Xmo;t — t/> = 5(t — tl)(snm]l3><3. (2274)
lel

This implies for the Fourier domain

( Mo+ > K kk”) Dphon(K”, k;w) =

K€l
(—Mw2+ Z MwiAékkue)\(k)@ef\(k)) Donon (K", kjw) = Tsxs.
K€"

Using

> eak) @ej (k) = lgys (2.275)
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we see that the phonon propagator in the Fourier domain therefore reads

3
1 — Ok
/. . *
Dph0n<k7 k ,CU) = M Z me)\a{) ® e)\(k). (2276)

A=1
The regularization factor in has been inserted ad-hoc to recover the time-ordered propagator.
This framework can be generalized to polyatomic bases by introducing a number of displace-
ment fields u;(xpot) (one for each sort of atom) and including a suitable (linear) interaction

between these.

Remark about the Dependence of the Green Function on the Quantum State
In the proof for the quantum field theoretical propagator constituting a Green function of
the classical equation of motion, we used only the derivative of the Heaviside function, the
fact that field operator fulfills the classical equation of motion and the linearity of the ex-
pectation value functional (-) (which allows one to pull the equation of motion into the
expectation value). The fact that the time-ordered product is evaluated in the ground-state
has not been used. Any other (time-indepedendent) state (even mixed!) would do. On the
other hand, the general form of the Green function in terms of ey (k), w, etc. can be deduced
from purely classical considerations. At first sight, this seems to imply that the quantum
field theoretical Green function is indepedendent of the quantum state. This, however, is
not true. In fact, the quantum state comes into play when one is to fix the regularization
in of the poles which in principle has to be done separately for each pole. Even real-valued
superpositions of different regularizations are possible which becomes relevant in the case of
mixed states. Classically, the regularization is completely undetermined and therefore has
to be fixed by so-called physical considerations (“causality”). Quantum mechancially, the

regularization is fixed by the underlying quantum state.!®

Phonon Propagator vs Lagrangean A straightforward calculation shows that in terms
of the phonon propagator, the classical Lagrangean of the displacement can be written suc-

cinctly as

1
L(t) =T-V = —5 /dt, Z(LI(XH(), t)|D;hlon(Xn0t, Xmot/)u<Xm0, t/)>]R3 (2277)

the action being given by S = [d¢ L(¢). This formula will become extremely important
for the derivation of effective phonon-mediated interactions. It is a lattice analogon of well-

known field-theoretical facts (cf. e.g. [54, 85, 86]): the (free) propagator is the inverse of the

16 As we will see later, mutatis mutandis the same applies the electronic Green function where the regular-

ization prescription can be expressed in terms of occupied and unoccupied one-particle states.
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operator in the quadratic part of the Lagrangean.

Phonon Propagator vs Density Response Functions In order to express the nuclear
density and current response functions in terms of the phonon propagator we first take a
somewhat alternative route to the density and current operators. Consider a quantum one-
particle system with wave-function ¢ (x) which we interpret as the quantization of some
classical one-particle system described by the Hamiltonian function H(x, p). Classically, the
density is given by

n(xt) = d(x — x(t)), (2.278)

where x(t) denotes the classical trajectory. We postulate that the density operator simply
results from the classical density by the replacement x(¢) +— X(t) where X(¢) is the position

operator in the Heisenberg picture. Using the spectral resolution, this yields the operator

A(xt) = / dy 5(x — y)lyt)(yt] (2.279)

where |yt) = ¢!(yt)|0). The evaluation of this operator in the state ¢ yields indeed the

standard expression

n(xt) = (Yla(xt)[y) = " (xt)i(xt). (2.280)
Similarly, for the current we have the classical expression
j(xt) = d};—it)é(x —x(t)) (2.281)

which translates into the quantum operator

_ _%[fc(t), 16(x — (1)) (2.283)
- %5@( —R(1)) (2.284)
= [y Rox—ylynivel (2.285)

The evaluation of this expression in the state ) shows that the resulting current is in general
not real-valued. Of course, this is due to ordering ambiguities and can therefore easily be
remedied by starting from the classically equivalent expression

dx(t)

j(xt) = % (%f)m —X(t)) +6(x — )‘((t))w) (2.286)
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which leads to the standard current

. < h * *
i) = Whxt)[¥) = 5~ (" (x) Vi (x) = (V" (x)¢(x))- (2.287)
This result can now be applied to solid state physics. The charge density of the nuclei is
given by
Prucl (Xt) ZZeé X — Xp(1)). (2.288)
17

The first order deviation from the equilibrium density is then given

8 prel (xt) Z Zeu(xno,t) - (V) (X — Xno). (2.289)

This translates into the operator

d Pruct (Xt) Z Zel(Xpo,t) - (VO)(X — Xno)- (2.290)
The (time-ordered) polarizability

Xonwel (X, Xt) = —%(T(Sﬁnud(xt)éﬁnud(x’t’)> (2.291)
can then be expressed in terms of the phonon propagator as

Xouet(xt, X't') = 22> (V) (X — Xn0) | Dphon (Xnots Xmot) (V) (Xmo — X' ))ps. (2.292)
A similar formula can be written down for the current response function in terms of the
phonon propagator. These formulas will become relevant in the theory of effective phonon-
mediated interactions. The formula n(x) = §(x—X) ~ d(x—%¢) — (X —x0) - (VI)(x —x0) can
also be used to derive the standard dipolar Hamiltonian E. - X for an atom in an external
electric field as

Hy = / AX et (%) p(X) (2.293)
Gext(0) — X - /dx ePext (%) (V0)(x) (2.294)

Pext(0) — eEext (0) - X (2.295)

= Qi(0)—E-P (2.296)

1"The Taylor expansion of the Dirac distribution ultimately has the meaning of a Taylor expansion of the
respective test functions which in this context are assumed to be analytical. The first order Taylor
expansion therefore does not mean that the Dirac distribution is really approximated by its Taylor series
of a certain order. Instead, it means that the first order expansion is a good approximation for the state
on which it acts.
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where P denotes the dipole operator. Note that in this context X is an abstract operator in

the Hilbert and therefore does not “feel” the integration over x.

Condensed Matter vs Quantum Gravity The classical displacement field u : I' — R?
is naturally defined on the lattice I'. For the moment, we consider the displacement field on
large length scales which allows one to perform the continuum limit. In that case, the “source
space” becomes I' = R?. Equipping the “target space” R? with the usual euclidean metric,
we consider the pull back under u of the metric on the source space.’® It is well-known [58]

that the induced metric on the source space reads

9ij = 0ij + wij (2.297)
with L /o 3
