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Abstract

The field of cavity quantum optomechanics is now established as one of the newest
branches of quantum optics. Utilising electromagnetic radiation circulating inside an
optical resonator, the research field exploits optical forces for the precise control and
high precision measurement of the motion of micro- and nano-fabricated mechanical
oscillators. With a broad scope, the field has significant potential to contribute to
applied science, e.g. by improving weak force sensing or the development of hybrid-
quantum-system quantum-information applications, and fundamental science, e.g.
by ultimately probing the existence of gravitationally induced wavefunction collapse
or other quantum gravitational phenomena.

The research summarised in this cumulative dissertation was conducted over a
period of approximately five years (March 2008 to January 2013), and made both
theoretical and experimental developments towards the preparation of a non-classical
motional state of a mechanical resonator. The main optomechanical system studied
here is a deformable Fabry-Pérot cavity that has one large rigid input mirror, and
a second mechanically compliant micro-scale back mirror, which can move simply
under the reflection of light.

During the first two years, this research concentrated on experiments with a con-
tinuous interaction between an optical field and a mechanical element. We made
improvements to cooling the mechanical thermal motion of a high quality factor me-
chanical oscillator by combining cryogenics and laser sideband cooling; and we also
performed the first experimental demonstration of normal mode splitting between
the cavity field and the mechanical motion, which emerges given sufficiently strong
coupling. A complementary line of research also performed during this time was
to study mechanical geometry dependent clamping losses, i.e. how the shape and
vibrational profile of a mechanical resonator affects the mechanical quality factor by
unwanted phonon coupling into the surrounding thermal bath.

In the latter three years, this research changed course from a continuous inter-
action and pioneered the regime of pulsed quantum optomechanics. As is detailed
below, a pulsed interaction that is much shorter in duration than a mechanical pe-
riod provides a number of opportunities that are not available with a continuous
interaction. These include a mechanical position measurement precision that can
surpass the standard quantum limit, and the ability to perform optomechanical ex-
periments that investigate dynamics rather than the steady-state, to list two primary
advantages. We theoretically developed the framework to conditionally prepare a
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squeezed state of mechanical motion using a pulsed measurement, and, importantly,
proposed a technique for motional quantum state tomography. These concepts were
then experimentally implemented, where the position uncertainty was reduced to
less than 20 pm in addition to performing full motional state tomography. A fur-
ther theoretical work in this direction was to exploit the optical nonlinearity of
the optomechanical interaction to allow for strong mechanical displacement squared
measurements.

Using a time-domain approach also allows one to develop experimental protocols
comprising several (coherent) pulsed interactions. Within this research, two proto-
cols utilising a sequence of four pulsed optomechanical interactions were developed.
Both protocols exploit a geometric phase, i.e. a phase resulting from a closed loop in
phase space, albeit for quite different purposes. Our first scheme is an experimental
proposal to probe quantum gravity using the tools of quantum optomechanics. The
scheme uses a geometric phase imparted to the light after the four interactions to
infer the mechanical commutation relation between the position and momentum. In
various models of quantum gravity, including string theory for example, this commu-
tation relation is modified to accommodate a minimum length scale in the universe.
The second proposal, where the roles of light and the mechanical oscillator are re-
versed, uses a closed loop in optical phase space to impart a nonlinear, i.e. state
dependent, phase shift onto the mechanical resonator for deterministic quantum
state engineering.

Finally, an additional theoretical project was completed during the final year of
this research that explored the regime between a continuous and a pulsed interac-
tion. This project developed the theoretical framework to manipulate a mechanical
resonator at the single phonon level by introducing a tool that can perform a con-
trollably weighted superposition of phonon addition, subtraction and the identity
operation. Our framework is applicable to other physical systems, such as trapped
ions and spin ensembles, and can be used to perform arbitrary quantum state engi-
neering and for mechanical resonator based quantum information applications.



Zusammenfassung

Das Feld der Resonator-Quanten-Optomechanik ist heute einer der neuesten eta-
blierten Zweige der Quantenoptik. Die Nutzung von elektromagnetischer Strahlung,
die in einem optischen Resonator zirkuliert, erlaubt die Strahlungsdruck Interak-
tion fiir hochprézise Messung und prazise Kontrolle der Bewegung von mikro- und
nano-fabrizierten mechanischen Resonatoren zu nutzen. Das Feld hat eine weite
Bandbreite, und damit signifikantes Potential angewandte Forschung, so wie zB.
hoch-sensitiven Kraftsensoren oder die Entwicklung von hybriden Quantensystemen
fiir Anwendungen in der Quanteninformation, und fundamentale Forschung, zB um
die Existenz von Schwerkraft-induziertem Kollaps der Wellenfunktion oder anderen
Quanten-Schwerkraft Phanomenen, voranzutreiben.

Die Forschung, die in dieser Kumulative Dissertation zusammengefasst ist, wurde
iber eine Periode von fiinf Jahren (Méarz 2008 bis Janner 2013) durchgefiihrt, und
beinhaltet sowohl theoretische als auch experimentelle Fortschritte zur Herstellung
von nicht-klassischen Bewegungszustanden von mechanischen Resonatoren. Das
opto-mechanische System das die Grundlage dieser darstellt ist ein verformbarer
Fabry-Pérot Resonator mit einem fixen Spiegel, und einem zweiten, mechanisch ver-
formbaren mikro-Skalen Spiegel, der auf eingestrahltes Licht reagiert.

Die Forschung der ersten zwei Jahren war auf Experimente mit kontinuierlicher
Interaktion zwischen optischen Feldern und einem mechanischen Element fokussiert.
Wir haben Tieftemperatur mit Laser Seitenband Kiihlung kombiniert um die Kiih-
lung der mechanisch-thermischen Bewegung eines mechanischen Resonators mit ho-
hem Qualitatsfaktor zu verbessern. Ebenso haben wir zum ersten Mal Normalmod-
entrennung zwischen dem Resonator Feld und der mechanischen Bewegung exper-
imentell demonstriert, ein Effekt der bei ausreichend starker Kopplung entsteht.
Komplementir dazu haben wir in dieser Zeit mechanische, Geometrie abhéingige
Klemmungsverluste untersucht, d.h. den Einfluss von Form und dem Vibrationspro-
fil von mechanischen Resonatoren auf ihren Qualitdtsfaktor durch ungewollte Pho-
nonen Kopplung mit dem thermischen Umgebungsbad.

In den folgenden drei Jahren vollzogen wir einen Kurswechsel von kontinuierlichen
Interaktionen hin zu Pionierarbeit im Bereich der gepulsten Optomechanik. Gepul-
ste Interaktion auf Zeitskalen unterhalb der mechanischen Schwingungsperioden 6ff-
nen eine Anzahl an neuen Moglichkeiten die im kontinuierlichen Regime nicht zur
Verfligung stehen. Diese beinhalten, unter anderem, die zwei betréichtlichen Vorteile,
mechanische Positionsmessungen mit Prazision jenseits des Standard Quantenlim-



Contents

its, und die Fahigkeit, opto-mechanische Experimente durchzufiihren, die Dynamik
anstatt nur stationdres Verhalten untersuchen. Wir haben theoretische Grundla-
gen entwickelt die es erlauben gequetschte Zustdnde mechanischer Bewegung durch
gepulste Messungen herzustellen, und eine Methode fir die Tomographie von be-
weglichen Zustdnden vorgestellt. Diese Methoden wurden von uns experimentell
implementiert, mit dem Resultat dass ein neuer Rekord fiir die Quetschung von ther-
mischen Rauschen mit einer Reduktion in der Unsicherheit von Positionsmessungen
unterhalb von 20 pm unter gleichzeitiger Bewegungszustands Tomographie erreicht
wurde. Weitere theoretische Arbeit in diese Richtung nutzte die Nichtlinearitit der
opto-mechanischen Interaktion fiir starke quadratische Positionsmessungen.

Das Studium der Zeitdoméne hat uns erlaubt experimentelle Protokolle zu en-
twickeln die aus mehreren (kohérenten) gepulsten Interaktionen bestehen. Im spe-
ziellen haben wir zwei Protokolle entwickelt die eine Sequenz von vier gepulsten
opto-mechanischen Interaktionen ausniitzen. Beide Protokolle beruhen auf einer ge-
ometrischen Phase, d.h. einer Phase die aus einer geschlossenen Kurve im Phasen-
raum entsteht, allerdings fiir unterschiedliche Zielsetzung. Das erste Schema ist ein
experimenteller Vorschlag um Quantenschwerkraft mit den Werkzeugen der Quan-
ten Optomechanik zu testen. Das Schema erlaubt es, vom der geometrischen Phase,
die Licht nach vier Wechselwirkungen erfihrt, auf die mechanische Kommutator Re-
lation von Position und Impuls zuriickzuschlieen. In verschiedenen Modellen der
Quantenschwerkraft, zB der Stringtheorie, wird diese Relation modifiziert um eine
minimale Langenskala des Universums zu beinhalten. Unser zweiter Vorschlag, in
dem die Rolle des Lichts und des mechanischen Resonators vertauscht sind, nutzt
eine geschlossene Kurve im optischen Phasenraum um einen nichtlinearen, d.h. zu-
standsabhéangigen, Phasenschub in dem mechanischen Resonator zu induzieren und
dadurch deterministische Kontrolle des Quantenzustands zu ermoglichen.

Ein weiteres theoretisches Projekt, das im letzten Jahr dieser Arbeit fertiggestellt
wurde, befasste sich mit der Doméne zwischen einer kontinuierlichen und gepul-
sten Interaktion. Wir entwickelten theoretische Grundlagen um einen mechanischen
Resonator im Einzel-phonon Bereich zu manipulieren, durch eine Methode die kon-
trollierte, gewichtete ﬁberlagerungen von Phononen Addition, Subtraktion, und der
Identitdtsoperation erlaubt. Unsere Resultate konnen generell Anwendungen fiir
Quanteninformationsprotokolle die auf mechanischen Resonatoren beruhen finden,
und im speziellen benutzt werden um beliebige Quantenzustéinde herzustellen, und
weiters auf andere Systeme so wie zB in Fallen gefangenen Ionen und Spinensembles
angewendet werden.



1 Introduction

1.1 Optomechanics and Radiation Pressure

Radiation pressure — the force per unit area exerted by electromagnetic radiation
on a surface — is the term that refers to a broad class of forces, e.g. optical gradient
forces, the force due to the reflection or absorption of light, and even radiometric
(light induced thermal) forces. It was realized in the early 17th century that optical
radiation could exert such forces by Kepler who (correctly) believed that radiation
pressure from solar radiation played a role in comet tail formation. More than a
century later in 1871 Maxwell provided a rigorous theoretical description of radiation
pressure due to the reflection of light, which was experimentally observed by Nichols
and Hull [1, 2] and Lebedev [3] in the early 1900s. Shortly after these experiments
came the dawn of relativity and quantum mechanics and research on, or utilizing,
radiation pressure did not actively continue until the late 1960s. At that time,
radiation pressure became one of the key tools of atomic, molecular and optical
(AMO) physics for the trapping and cooling of atoms and particles [4, 5, 6].

With the exception of chapter 10, the research in this thesis utilizes radiation
pressure from the reflection of light. The key to understanding the origin of a force
from a reflection is that light itself carries momentum. A pulse of light with energy
E carries momentum FE/c, where ¢ is the speed of light in vacuum, and a reflection,
due to conservation of momentum, will transfer 2F /¢ momentum to the surface. The
force, or momentum transfer per unit time, is then F' = 2P/¢, where P is the optical
power. Note that the radiation pressure force is halved for the case of absorption of
the light by the surface.

Radiation pressure is the central interaction in the field of optomechanics, which
uses light to measure and manipulate the motion of mechanical objects. The basic
optomechanical system has a mechanical element that has been engineered to be
sufficiently low mass and compliant to move even under the feeble force of radiation
pressure. As radiation pressure is such a weak force optomechanical setups often
employ an optical resonator to enhance the radiation pressure force. A typical and
conceptually simple configuration is a Fabry-Pérot cavity that has one massive rigid
mirror and one end mirror that is small and vibrates in a (typically harmonic) po-
tential. Such a system is of considerable practical interest because the mechanical
oscillator is susceptible to weak external forces that can be measured with high preci-
sion via the optical readout. Moreover, and of particular interest of this thesis, such
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a system offers an attractive experimental route to prepare and investigate quantum
mechanical behavior of the motion of the macroscopic mechanical resonator. In such
a regime, i.e. quantum optomechanics, the quantum noise on the intensity of light
causes a significant change to the mechanical resonator’s momentum. In this regime,
the momentum carried by each photon will transfer momentum 2hk = 2w /c.

1.1.1 Some History and Motivation of Quantum Optomechanics

The field of quantum optomechanics has a history about half as long as quantum
mechanics itself, i.e. four to five decades. For much of that time, research on
optomechanics came under numerous different guises and it was only quite recently
that such research became a field in its own right. It is not the purpose of this
cumulative dissertation to provide a thorough review of the developments of the field
and the reader is instead directed to the review articles, Refs. [7, 8, 9, 10, 11, 12].

The main line of research from which quantum optomechanics emerged is grav-
itational wave detection via optical interferometry [13, 14]. There, the stochastic
back-action forces imparted to the interferometer mirrors by the reflected optical
fields placed a limit (the standard quantum limit) on the sensitivity of the device
and a quantum mechanical treatment of the radiation pressure interaction between
the optical field and the motion of the mirrors was important [15]. Much of the
discussion and thoughts of that time on the quantum optical aspects of radiation
pressure can be found in the collection of conference contributions in Ref. [16]. A
particularly important development of that time was that methods were conceived
to circumvent the standard quantum limit, which gave rise to the concepts of back-
action evading or quantum non-demolition (QND) measurements [17]. The QND
concept now plays a key role throughout all of quantum optics. Both the standard
quantum limit and the concept of QND measurement were developed by V. B. Bra-
ginsky [18] and undoubtedly Braginsky is the father of optomechanics. His book
‘Quantum measurement’ [19] has perhaps had the strongest influence on the field
and despite being published in 1995 ‘Quantum measurement’ still serves to describe
many of optomechanics’ main current research directions.

Another line of research that contributed to the birth of quantum optomechanics
is nonlinear optics. The field of nonlinear optics is primarily concerned with the de-
velopment and study of materials or systems that permit an optical field to interact
with itself or other optical fields. In most cases the influence of light on a material
is very weak and it is challenging to find a system that exhibits a sufficiently strong
non-linearity to allow light-light interaction at low optical intensities. An optome-
chanical cavity, due to its length dependence on the optical intracavity intensity,
has now become a prime example of a nonlinear optical system. For a fixed laser
frequency incident upon an optomechanical cavity, the amount of light entering the
cavity depends upon the cavity length, and in turn the cavity length depends upon
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the optical intensity. This type of radiation pressure induced (Kerr) nonlinearity was
observed in an early and elegant experiment by Dorsel and colleagues [20]. In their
experiment a laser field with a fixed frequency was incident upon a Fabry-Pérot
cavity with one large rigid mirror and a smaller low mass suspended mirror. By
slowly scanning the incident optical intensity initially from a low power to a higher
power and then back down, Dorsel et al. observed a sudden jump in the transmitted
intensity with a hysteresis cycle that demonstrated bistability in the optomechan-
ical system — a characteristic feature of Kerr media. Following this experiment it
was considered by Mancini and Tombesi [21] and Fabre et al. [22] that for inci-
dent intensity levels close to bistability the nonlinearity can be utilised to squeeze
the quantum fluctuations of the optical field. Such ponderomotive squeezing, i.e.
optical squeezing resulting from a radiation pressure interaction, was recently ex-
perimentally observed with an optomechanical system of trapped cold atoms inside
an optical cavity [23, 24, 25]. A potential application of such ponderomotive squeez-
ing is that it can provide low frequency squeezing (below 1 kHz) with a spectrum
well suited for injection into gravitational wave detectors [26, 27, 28].

In present day quantum optomechanics, research focus has broadened and con-
siderable efforts are now made towards the preparation of non-classical motion of
the mechanical element itself. Many of the quantum-state-engineering techniques
now being employed build upon methods previously developed in cavity quantum
electrodynamics [29], spin ensemble [30], trapped ion [31], and quantum optical ex-
periments [32]. However, there are directions in quantum optomechanics that are
distinctly different from established quantum optics research programs. An early
notable theoretical proposal for quantum state preparation of mechanical motion
using a quantum state of light and radiation pressure is that by Bose, Jacobs, and
Knight [33, 34], where an optical field inside an optomechanical cavity is prepared
in a quantum superposition of the vacuum and a single photon. The radiation pres-
sure interaction between this non-classical optical field and the mechanical resonator
generates a light-mechanical resonator ‘Schrodinger’s-cat-like’ entangled state, which
can be used to investigate mechanisms of quantum decoherence. Another notable
work is that by Mancini, Manko, and Tombesi [35] who also considered preparing
‘Schrodinger’s-cat-like’ states between light and the motion of a mechanical element.
Building upon these ideas Marshall et al. [36] and Armour et al. [37] developed
schemes to probe such entanglement in optomechanics and electromechanics, re-
spectively. Experiments that realize these proposals will be able to probe so called
‘collapse models’ of the wavefunction [38, 39, 40, 41] that consider modifications
to quantum dynamics for macroscopic systems that result in a degradation of large
spatial superposition states. Other notable works include schemes for teleportation
from an optical field to mechanical motion [42] and entanglement between two me-
chanical elements [43, 44, 45]. Recently the author, together with colleagues M.
Aspelmeyer and M. S. Kim, proposed a technique to allow manipulation of mechan-
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ical motion at the single phonon level that can be used for arbitrary quantum state
preparation and quantum information applications [46]. At the time of writing this
thesis it is certainly an exciting time in the field of quantum optomechanics. The first
signs of quantum motion of mechanical resonators have been observed [47, 48, 49]
and there are still numerous intriguing questions to answer both theoretically and
experimentally.

1.1.2 The Cavity Optomechanical System

A cavity optomechanical system is shown schematically in Fig. 1.1. The system
consists of a large rigid mirror and a smaller mechanically compliant mirror that is
able to move under the influence of radiation pressure. Such a deformable Fabry-
Pérot cavity is a common configuration for optomechanics experiments and also
serves to provide a conceptually simple picture to understand and model most cavity
optomechanical systems. In this thesis, and in the majority of cavity optomechanical
schemes, just a single optical longitudinal mode of the cavity, here described by field
operator a where [a,a!] = 1, is excited. The cavity has a mean length L and hence a
mean resonance frequency (w.) = wen/L, where n is the longitudinal mode number.
The cavity is driven by an external field in a coherent state, which may be detuned
from the cavity resonance frequency, through the larger rigid cavity mirror. This
mirror has a lower reflectivity than the mechanical mirror that allows the light to
enter and exit through this mirror with minimal transmission through the mechanical
mirror, i.e. the cavity is ‘single-sided’. The mechanical mirror is harmonically bound
with angular frequency wjys. An important property of the mechanical oscillator is
its quality factor @ = was/~var, where 7, is the mechanical amplitude decay rate.
When the mechanical oscillator moves away from the equilibrium position z; = 0
this causes a time-dependent modulation to the cavity resonance frequency, i.e.

welnr) = TM:M/L ~ (we) (1 = mar /L), (1.1)
This expression is a convenient point to determine the quantized Hamiltonian for
the optomechanical system. The form of the optomechanical Hamiltonian has been
known in the quantum optics community for quite some time and an early pub-
lication that explicitly utilizes the Hamiltonian is the work by Pace, Collett, and
Walls [50]. A more rigorous analysis and derivation of the optomechanical Hamilto-
nian can be found in the work of Law [51]. First the mechanical position is quantized,
ie

(we) (1 = e /L) = {we) (1= 2o+ 0h) | (12)

where the mechanical field operator b with commutation relation [b, b'] = 1 has been
introduced to describe the center of mass motion; z¢g = \/h/2mwy; is the standard
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deviation of the mechanical ground-state width; and m is the mechanical effective
mass. To arrive at the full Hamiltonian we then consider the sum of the mechanical
energy, the mechanical position dependent energy of the intracavity optical field,
and the external drive. In a frame rotating at the drive frequency the Hamiltonian
is then

H
== wpb'b 4+ Aata — goata(b + b)) +i&(al — a), (1.3)

where A is the detuning between the external drive and the mean cavity resonance
frequency and £ quantifies the drive strength where the phase of the drive was chosen
to give a real intracavity amplitude. An important parameter introduced here is the
optomechanical coupling rate gy = (w.)zo/L, which quantifies the rate at which the
mechanical oscillator is displaced per photon, and concurrently, the rate at which
the light accumulates a phase shift for a given mechanical displacement.

S

k.

1
1 L ._’1,_]\7

Figure 1.1: Schematic for a cavity optomechanical system. The mechanical oscil-
lator, which forms one end mirror of a Fabry-Pérot cavity with mean

length L, is described by field operator b, elongates the cavity by dis-

placement xj;, and has an amplitude decay rate vyjs. The intracavity

field is described by field operator @ and has an amplitude decay rate of

K.

1.1.3 System Dynamics

Before proceeding to discuss the equations of motion that describe the dynamics and

stochastic processes of such an optomechanical system it is instructive to connect

the above Hamiltonian description to the classical radiation pressure force described

in section 1.1. Applying Hamilton’s equations to the interaction term the force is
OH;pnt h(wc>aTa

As the optical power inside the cavity is enhanced in proportion to the cavity finesse
F = me/2Lk, where k is the optical amplitude decay rate, the force is then written
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as
i 2h We aTaJ 2Pcav 1.5
- < > . - ’ ( . )

xe C

where the intracavity power P.,, has been introduced.

Returning now to the quantised Hamiltonian (1.3) we can write the stochastic
differential equations of motion that describe the time evolution of the optical field
inside the cavity and the mechanical field operator, i.e. the Langevin equations

d
da _ . (A_go(b+bf)>a+5—m+\/%am,

gé (1.6)
E = —jwpb+ z‘goaTa — vYmb+ \/M@m

where the noise operators a;;, and b;, have been introduced. These noise operators
describe any classical, e.g. thermal, noise if present and the ubiquitous quantum
noise that is present in all quantum systems and is responsible to maintain the
commutation relations. (An excellent text that greatly assisted the research in this
thesis is Quantum Noise by Gardiner and Zoller [52].) Firstly, it should be noted
that these are coupled equations, i.e. a depends on b and vice-versa, and secondly,
the equation for a is non-linear, i.e. the optical dynamics depend upon the optical
intensity and not the amplitude. For these two reasons, most works in the field
of optomechanics linearise these equations, see Refs. [53, 54] and chapters 5, 6, 2,
and 3, for more detail. By contrast, in chapter 8 this linearisation approximation
is not made and the optical non-linearity is exploited to yield a route for a strong
measurement of the mechanical position squared.

The mechanical resonator when in thermal equilibrium with its surrounding en-
vironment at temperature 7' has a mean thermal occupation described by Bose

statistics
1 kT

exp(hwar /kpT) — 1~ hwp’
where the approximation made on the right is accurate for large thermal occupation,

i.e. m > 1. It should also be noted that a particular form of mechanical bath coupling
is assumed in (1.6) where the noise affects the position and momentum equally. The

(1.7)

n =

noise has zero mean, i.e. (by,) = (bjn> = 0 and for high @) mechanical oscillators it
is delta correlated, i.e. the noise is white

<bj.n(t)bm(t')> —ad(t—¢) and <bm(t)bjn(t')> —(+ D)3t —1).  (1.8)
Similarly, the optical input vacuum noise has zero mean and is delta correlated,

however, has zero thermal occupation so (azn(t)am(t’ )) = 0 and <am(t)azn(t/ ) =
5t —t).

10



1.2 This Thesis

Finally, to obtain the output optical field as it decays out of the cavity, as is
required to determine the field at an external detector, one applies the input-output
relation

Qout = V2Ka — a;p. (1.9)

While the system and dynamics may be concisely summarized in these two sub-
sections all the diversity and richness of the field of optomechanics stems from these
equations and small variations thereof.

1.2 This Thesis

To summarize the direction of this research with a single sentence: This thesis
worked, both experimentally and theoretically, towards the preparation and state
reconstruction of non-classical motional states of a macroscopic mechanical resonator
to experimentally investigate quantum decoherence, develop quantum information
and quantum-physics-enhanced sensing technologies, and ultimately experimentally
probe potential quantum gravitational phenomena.

In the first two years of this research, from the beginning of 2008, we focussed on a
continuous interaction between the optical field and the mechanical element. During
this period we further developed cooling of mechanical motion by simultaneously
employing cryogenic and laser cooling techniques, see chapter 2. Furthermore, by
using large amplitude optical driving fields we were able to observe normal-mode
splitting between the intracavity field and the harmonic mechanical motion. These
experimental efforts built upon prior work performed by Gigan, Bohm, et al. [55]
and many of the technical details are outlined in Hannes Bohm’s thesis [56]. For
further details and discussion, in particular on the improvements to the mechanical
resonators and the optical setup used for the cooling and strong coupling, see the
thesis of Simon Gréblacher [57].

Monitoring the position of a mechanical resonator continuously is fundamentally
limited to a measurement precision set by the standard quantum limit. This limit to
the precision of position read-out needs to be surpassed in order to resolve features
in the mechanical position probability distribution smaller than the ground state
extension, which is important for quantum state reconstruction. An experimental
technique able to perform quantum state reconstruction of the mechanical motional
state is yet to be realized and developing such a technique was a primary goal of
this thesis. To this end, in late 2008 we considered a pulsed optomechanical inter-
action of duration much shorter than a mechanical period to surpass the standard
quantum limit. Such an interaction was first considered in the seminal works by
Braginsky [58, 19] for an improved force detection scheme. We utilized the pulsed
interactions to develop a fully quantum mechanical protocol for the preparation of
squeezed states of motion via measurement and, importantly, for quantum state

11
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tomography by measurement of all the mechanical quadratures. In this theoreti-
cal proposal, discussed in chapter 6, we use an initial pulse for mechanical state
preparation and then a second pulse made at a later time for mechanical state
reconstruction. Prior to this proposal being published we began implementing this
technique in the laboratory and a proof-of-concept experiment, using a relatively low
frequency mechanical cantilever, was completed at the end of 2012. Details of this
experiment are provided in chapter 7. This theoretical proposal and experimental
implementation form the primary project of this thesis.

In parallel to work on the experiment, further exploration down this path with
short optical pulses led to novel schemes to prepare quantum states of motion of
the mechanical element. In particular, chapter 8 discusses a scheme to perform a
measurement of the square of the mechanical position, which can be used to generate
position superposition states via measurement. Other techniques using a dispersive
interaction were known at the time to perform such measurements, however, the
approach offered here provides a significantly stronger measurement strength and
is therefore considerably more feasible to implement experimentally. Furthermore,
the mechanical state tomography mentioned above can be readily implemented in
this scheme and thus a complete framework for quantum state preparation and
reconstruction can be implemented.

Using a pulsed approach not only has the advantage that the standard quantum
limit can be surpassed it also allows one to consider various protocols involving more
than one pulse in time. Our first idea in this direction was to use a sequence of four
optomechanical interactions separated by quarter periods of mechanical motion to
probe the canonical commutator between the mechanical position and momentum,
see chapter 9. Our primary motivation to experimentally investigate the mechani-
cal commutation relation is that numerous models of quantum gravity predict the
existence of a minimum length, of order of the Planck length, and thus a modifica-
tion to the Heisenberg uncertainty relation. By inferring the value of the canonical
commutator using this four pulsed scheme one may then, given an experimental pre-
cision, detect or place limits on such a potential quantum gravitational modification
to regular quantum mechanics. The other idea in this direction was to again use
a sequence of four optomechanical interactions, however, displace the optical field
between the interactions in a closed loop in phase space. In this manner the mechan-
ical oscillator gains a state dependent phase shift and can be used for unconditional
quantum state preparation, see chapter 10.

There is a third regime for the optomechanical interaction time-scale that is be-
tween the continuous interaction, which looks at the steady-state of the system,
and the short pulsed case, which probes and manipulates the mechanical dynam-
ics. This third case uses optical pulses that are much longer than the mechanical
period, which allows optical sidebands to be generated due to the modulation from
the mechanical motion but can still be used in multi-pulse time-based protocols. In
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1.2 This Thesis

mid 2008 we conceived a scheme that uses single photon detection on the optical
sidebands to perform phonon addition or subtraction. Later we further developed
this to allow for a controllable coherent superposition of these two operations and
used this to form a continuous-variable quantum state orthogonalizer that may have
future applications in quantum information and quantum state engineering. See
chapter 5 for details. These three regimes of interaction time-scales are compared
in the section below.

1.2.1 Three Temporal Interaction Regimes
To clarify and contrast the three temporal interaction regimes interactions explored

in this thesis, Fig. 1.2 provides a comparison.

Continuous Long Pulsed Pulsed

T — 00 T> 21wy T L2 [wpy

| ]
Light: | \ j\
>t >t >t

K <Wp k< Wy K> Wi

Figure 1.2: The three temporal interaction regimes explored in this thesis. In order
of increasing interaction time 7 (left to right) there is the continuous
regime, the long pulsed regime, and the pulsed regime, respectively. The
optical drive amplitude is compared to the mechanical oscillation period.
In the continuous regime the interaction occurs for many mechanical
periods and the steady state is analyzed. In the long pulsed interaction
regime the optomechanical interaction again proceeds for many periods,
so that the optical sidebands are generated by the modulation provided
by the motion of the mechanics, however, the light may be switched
on and off so that the state of the mechanics immediately after the
interaction can be analyzed. In the pulsed regime the interaction is
much faster than a mechanical period and the mechanical position is
essentially a constant during the interaction. No optical sidebands are
produced in this regime.
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1 Introduction

As will be detailed in the publications included in the chapters below, in the
continuous and long pulsed regime one typically detunes the optical drive by one
mechanical frequency away from cavity resonance. Provided that the cavity am-
plitude decay rate s is much smaller than the mechanical frequency wj; the drive
then creates a sideband at the cavity resonance frequency only, i.e. the sideband at
2wy away from resonance is suppressed and the situation is accurately described
using a rotating-wave-approximation. In this regime, when the incident drive has a
frequency lower than the cavity resonance an optomechanical beam-splitter interac-
tion occurs, i.e. Hj, o ab’ + a'b, and when the drive has a higher frequency the
two-mode-squeezing interaction occurs, i.e. Hj,; o< ab + a’b'.

By contrast, in the pulsed regime, as there is no interplay between mechanical
evolution and the radiation pressure interaction, regardless of the detuning the in-
teraction is always H;,: ataX M, which may be linearised to H;,: o< X1 X7, where
X7, describes the optical amplitude quadrature.

1.2.2 List of Publications

The following is a list of publications in chronological order resulting from the re-
search performed during this thesis. A complete list of publications by the author
may be found in the curriculum vitae provided at the end of this thesis.

1. Demonstration of an ultracold micro-optomechanical oscillator in a
cryogenic cavity
Simon Groblacher, Jared B. Hertzberg, Michael R. Vanner, Garrett D. Cole,
Sylvain Gigan, Keith C. Schwab, and Markus Aspelmeyer
Nature Physics 5, 485 (2009)

2. Observation of strong coupling between a micromechanical resonator
and an optical cavity field
Simon Gréblacher, Klemens Hammerer, Michael R. Vanner, and Markus
Aspelmeyer
Nature 460, 724 (2009)

3. Phonon-tunnelling dissipation in mechanical resonators
Garrett D. Cole, Ignacio Wilson-Rae, Katharina Werbach, Michael R. Van-
ner, and Markus Aspelmeyer
Nature Communications 2, 231 (2011)

4. Pulsed Quantum Optomechanics
M. R. Vanner, 1. Pikovski, G. D. Cole, M. S. Kim, C. Brukner, K. Hammerer,
G. J. Milburn, and M. Aspelmeyer
Proc. Natl. Acad. Sci. USA 108, 16182 (2011)
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1.2 This Thesis

5. Selective Linear or Quadratic Optomechanical Coupling via Mea-
surement
Michael R. Vanner
Phys. Rev. X 1, 021011 (2011)

6. Probing Planck-scale physics with quantum optics
Igor Pikovski, Michael R. Vanner, Markus Aspelmeyer, Myungshik Kim,
and Caslav Brukner
Nature Physics 8, 393 (2012)

7. Quantum State Orthogonalization and a Toolset for Quantum Op-
tomechanical Phonon Control
M. R. Vanner, M. Aspelmeyer, and M. S. Kim
Phys. Rev. Lett. 110, 010504 (2013)

8. Quantum state preparation of a mechanical resonator using an op-
tomechanical geometric phase
K. E. Khosla, M. R. Vanner, W. P. Bowen, and G. J. Milburn
New J. Phys. 15, 043025 (2013)

9. Cooling-by-measurement and mechanical state tomography via pulsed
optomechanics
M. R. Vanner, J. Hofer, G. D. Cole, and M. Aspelmeyer
Nature Communications 4, 2295 (2013)

1.2.3 How This Thesis May Be Read

After reading this introduction there are various ways to navigate the following chap-
ters. Each subsequent chapter in this cumulative dissertation provides a project syn-
opsis and the published journal article. Each chapter could be read independently,
however, in Fig. 1.3 a reading guide is given, as some chapters build upon and follow
naturally from earlier chapters.

Although not shown in Fig. 1.3 there are, of course, connections between all of
the three temporal interaction regimes; ‘Continuous’, ‘Long Pulsed’, and ‘Pulsed’,
and it has been insightful to compare these three regimes, which is discussed in the
publications in chapters 5, 6 and 7.
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1 Introduction
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Figure 1.3: How this thesis may be read. Lines with arrows indicate recommended
routes. The three temporal interaction regimes; ‘Continuous’, ‘Long
Pulsed’, and ‘Pulsed’ are shown from left to right, respectively, where the
optomechanical interaction time-scale 7 is compared to the mechanical
period of motion 27 /wyy.
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2 Sideband Cooling of Mechanical
Motion

For quantum state preparation of the motion of a mechanical oscillator it is impor-
tant that the oscillator have a low entropy initial state so that any non-classical
motion is not ‘washed away’ by the thermal or incoherent contribution. To this end,
a significant amount of research is spent on developing and improving techniques to
cool the motion to low thermal occupation.

Sideband or laser cooling is now a well established approach to achieve such low
entropy states and has been successfully demonstrated in a number of physical sys-
tems. The approach is implemented by injecting electromagnetic radiation with a
detuning below the cavity resonance frequency so that the radiation scattered by the
motion of the mechanical system is preferentially scattered into a higher frequency
sideband. Scattering radiation into a higher frequency mode requires energy, which
in this case, is obtained from the mechanical motion itself due to conservation of
momentum. Experimentally such cooling will be seen as an increase in the me-
chanical damping and importantly a reduced noise power, i.e. the integral over all
frequency components of the noise power spectrum. For a narrow linewidth cav-
ity, i.e. kK < wys the optimum detuning is approximately equal to the mechanical
frequency and we can then understand this type of cooling as a result of the beam-
splitter interaction resulting in a partial state transfer from the low entropy optical
field onto the mechanical resonator.

This technique was first experimentally demonstrated by Braginsky in 1970 [59]
to cool the motion of a mechanical oscillator and it is closely related to the in-
dependently studied cooling of the motion of trapped ions [60]. Following these
experiments, modern cavity optomechanics based laser cooling experiments were
initiated by Refs. [61, 55, 62].

The contribution covered in this thesis [63] combined a number of technical im-
provements that resulted in cooling a MHz scale mechanical resonator to a final
thermal occupation of 1 ~ 30, which set the state-of-the-art at the time. We im-
plemented a two-field experiment with a weak ‘signal’ kept on resonance with the
cavity for mechanical position monitoring via optical homodyne interferometry and
a stronger ‘cooling’ field with an intensity and detuning that could be controlled
independently from the signal field. A second improvement was to employ high me-
chanical @ oscillators comprising a thin mechanically compliant silicon-nitride base
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2 Sideband Cooling of Mechanical Motion

with a high reflectivity dielectric mirror. My specific contributions to this inter-
disciplinary team project were: align and optimize the homodyne interferometers;
develop the calibration procedure; work together on the experimental runs for data
collection; and write the software for and together complete the data analysis.

After this work performed in 2008/2009, the thermal ground state, i.e. 7 <
1, has now quite recently been observed in both electro-mechanical [47, 64] and
opto-mechanical [65] systems, marking a convenient starting point for experiments
towards the observation of non-classical mechanical motion.
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Demonstration of an ultracold micro-
optomechanical oscillator in a cryogenic cavity

Simon Groéblacher'?, Jared B. Hertzberg®*, Michael R. Vanner'?, Garrett D. Cole'®, Sylvain Gigan®,

K. C. Schwab®* and Markus Aspelmeyer'’

Preparing and manipulating quantum states of mechanical
resonators is a highly interdisciplinary undertaking that now
receives enormous interest for its far-reaching potential in
fundamental and applied science™2. Up to now, only nanoscale
mechanical devices achieved operation close to the quantum
regime®*. We report a new micro-optomechanical resonator
that is laser cooled to a level of 30 thermal quanta. This is
equivalent to the best nanomechanical devices, however, with
a mass more than four orders of magnitude larger (43 ng
versus 1pg) and at more than two orders of magnitude higher
environment temperature (5K versus 30 mK). Despite the
large laser-added cooling factor of 4,000 and the cryogenic
environment, our cooling performance is not limited by
residual absorption effects. These results pave the way for
the preparation of 100-um scale objects in the quantum
regime. Possible applications range from quantum-limited
optomechanical sensing devices to macroscopic tests of
quantum physics®>®.

Recently, the combination of high-finesse optical cavities
with mechanical resonators has opened up new possibilities for
preparing and detecting mechanical systems close to—and even
in—the quantum regime by using well-established methods of
quantum optics. Most prominently, the mechanism of efficient
laser cooling has been demonstrated’™"* and has been shown to be
capable, in principle, of reaching the quantum ground state'*6.
A particularly intriguing feature of this approach is that it can be
applied to mechanical objects of almost arbitrary size, from the
nanoscale in microwave strip-line cavities'® up to the centimetre
scale in gravitational-wave interferometers''. In addition, whereas
quantum-limited readout is still a challenging development step
for non-optical schemes®>'”!8, optical readout techniques at the
quantum limit are readily available'®.

Approaching and eventually entering the quantum regime
of mechanical resonators through optomechanical interactions
essentially requires the following three conditions to be fulfilled:
(1) sideband-resolved operation; that is, the cavity amplitude decay
rate x has to be small with respect to the mechanical frequency
®m; (2) both ultralow noise and low absorption of the optical
cavity field (phase noise at the mechanical frequency can act as a
finite-temperature thermal reservoir and absorption can increase
the mode temperature and even diminish the cavity performance in
the case of superconducting cavities); and (3) sufficiently small cou-
pling of the mechanical resonator to the thermal environment; that

is, low environment temperature T and large mechanical quality
factor Q (the thermal coupling rate is given by k3T /AQ, where kg
is the Boltzmann constant and % is the reduced Planck constant).
So far, no experiment has demonstrated all three requirements
simultaneously. Criterion (1) has been achieved'®!*?°; however, the
performance was limited in one case by laser phase noise'® and in the
other cases by absorption in the cavity'**?. Other, independent, exp-
eriments have implemented only criterion (2)!"!>1%2!, Finally, cri-
terion (3) has been realized in several cryogenic experiments®!>?122,
however not in combination with both (1) and (2).

We have designed a novel micro-optomechanical device that
enables us to meet all requirements at the same time. Specifically,
we have fabricated a Si;N, micromechanical resonator that carries a
high-reflectivity, ultralow-loss Bragg mirror (Fig. 1a), which serves
as the end mirror of a Fabry-Pérot cavity. We designed the
system to exhibit a fundamental mechanical mode at relatively high
frequency (of the order of 1 MHz; Fig. 1b) such that sideband-
resolved operation (criterion (1)) can be achieved already with a
medium-finesse cavity. Criterion (2) can first be fulfilled because
our solid-state pump laser used for optical cooling exhibits low
phase noise (laser linewidth below 1kHz). Second, absorption in
the Bragg mirror is sufficiently low to prevent residual heating in
the mechanical structure. Absorption levels as low as 107 have
been reported for similar Bragg mirrors® and recent measurements
suggest even lower values of 4 x 1077 for the specific coatings
used in this experiment (R. Lalezari, private communication). In
addition, although absorption in Si;N, is comparable to silicon,
the transmission mismatch of the two cavity mirrors (~10:1)
and the resulting low transmission through the Bragg mirror
prevents residual heating of the resonator as has been observed
for cryogenically cooled silicon cantilevers®. Finally, criterion
(3) requires low temperature and high mechanical quality. The
mechanical properties of our design are dominated by the Si;Ny,
which is known to exhibit superior performance in particular at low
temperatures, where Q-factors beyond 10° have been observed at
millikelvin temperatures®.

We operate our device, a 100 um x 50 um X 1 um microres-
onator, in a cryogenic *He environment at 1077 mbar and in direct
contact with the cryostat cold finger. To measure the mechanical
displacement, the frequency of a 7 uW continuous-wave Nd:YAG
laser is locked close to resonance of the cryogenic Fabry-Pérot
cavity (length L ~ 25 mm), which consists of a fixed macroscopic
mirror and the moving micromechanical mirror. The optical
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Figure 1| High-quality micro-optomechanical resonator. a, Scanning electron micrograph of the basic mechanical system, which is formed by a doubly
clamped SizsN4 beam. A circular, high-reflectivity Bragg mirror is used as the end mirror of a Fabry-Pérot cavity. The Bragg mirror is made of
low-absorption, alternating dielectric stacks of TapOs/SiO». The magnified section in the inset shows the stacking sequence. b, Micromechanical
displacement spectra shown as noise power spectra of the readout-beam phase quadrature for a locked and an unlocked cavity. The fundamental mode at
wm = 21t x 945 kHz and all higher mechanical modes are identified by finite element simulation. For the cases that involve large Bragg mirror

displacements, we provide the simulated mode profile.

cavity of finesse F = 3,900 achieves moderate sideband resolution
(k ~ 0.8wy,), which in principle would allow cooling to a final
occupation number (1) min = (k2 /4w?,) ~0.16, that is, well into the
quantum ground state'*". The experimentally achievable tempera-
ture is obtained as the equilibrium state of two competing processes,
namely the laser cooling rate and the coupling rate to the thermal
(cryogenic) environment. In essence, laser cooling is driven (in the
ideal resolved-sideband limit and at detuning A = w,,) at a rate
I' ~ G*/(2«) (G is the effective optomechanical coupling rate, as
defined in ref. 16), whereas mechanical relaxation to the thermal
environment at temperature T takes place at a rate (kg T /RQ). The
final achievable mechanical occupation number is therefore, to first
order, given by n;~ (1/I") x (ks T /hQ). A more accurate derivation
taking into account effects of non-ideal sideband resolution can be
found, for example, in refs 14—16, 26. Our experimental parameters
limit the minimum achievable mode temperature to approximately
1 mK (n; &~ 30). The fact that we can observe this value in the
experiment (see below) shows that other residual heating effects
are negligible. The micromechanical flexural motion modulates
the cavity-field phase quadrature, which is measured by optical
homodyning. For Q 3> 1 its noise power spectrum (NPS) is a direct
measure of the mechanical position spectrum Sy(w), as described in
ref. 16. We observe a minimum noise floor of 2.6 x 1077 m Hz %7,
which is a factor of 4 above the achievable quantum (shot-noise)
limit, when taking into account the finite cavity linewidth, the cavity
losses and the non-perfect mode-matching, and due to the residual
amplitude noise of the pump laser at the sideband frequency of
our mechanical mode. We observe the fundamental mechanical
mode at w,, = 27 x 945 kHz with an effective mass m.q=43+2ng
and a quality factor Q =~ 30,000 at 5.3K (Q ~ 5,000 at 300 K).
These values are consistent with independent estimates based on
finite-element method simulations yielding w,,, = 27t x 945 kHz and
e =53 £ 5 ng (see Supplementary Information).

Optomechanical laser cooling requires driving of the cavity
with a red-detuned (that is, off-resonant), optical field®'*. We
achieve this by coupling a second laser beam—detuned by A in
frequency but orthogonal in polarization—into the same spatial
cavity mode (Fig. 2a). Birefringence of the cavity material leads to
both an optical path length difference for the two cavity modes
(resulting in an 800kHz frequency difference of the cavity peak
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positions) and a polarization rotation of the outgoing fields. We
compensate both effects by an offset in A and by extra linear optical
phase retarders, respectively. A change in detuning A modifies
the mechanical rigidity and results in both an optical spring effect
(wer(A)) and damping (y.r(A)), which is directly extracted by
fitting the NPS using the expressions from ref. 16. Figure 2b shows
the predicted behaviour for several powers of the red-detuned
beam. The low-power curve at 140 uW is used to determine both the
effective mass of the mechanical mode, #.g, and the cavity finesse,
F. For higher powers and detunings closer to cavity resonance, the
onset of cavity instability prevents a stable lock (see, for example,
ref. 16). All experimental data are in agreement with theory and
hence in accordance with pure radiation-pressure effects'

The effective mode temperature is obtained through the
equipartition theorem. For our experimental parameter regime,
Q> 1 and (n) > 0.5, the integrated NPS is also a direct
measure of the mean mechanical mode energy and hence, through
the equipartition theorem, of its effective temperature through

Tee = (Mer w0’/ ki) f +oo NPS(w) dw. Note that, for the case of strong
optomechanical couphng, normal-mode splitting can occur and has
to be taken into account when evaluating the mode temperature?”
In our present case, this effect is negligible because of the large
cavity decay rate k. The amplitude of the NPS is calibrated by
comparing the mechanical NPS with the NPS of a known frequency
modulation applied to the laser (see, for example, ref. 28). For a
cold-finger temperature of 5.3 K, we obtain a mode temperature
T = 2.3 K, which is consistent with an expected moderate cooling
due to slightly off-resonant locking of the Fabry—Pérot cavity (by
less than 3% of the cavity intensity linewidth). The locking point
is deliberately chosen to be on the cooling side to avoid unwanted
parametric mechanical instabilities. The mean thermal occupancy
was calculated according to (n) = kg Ter/hiwer. We note, however,
that Bose—Finstein statistics will have a dominant role as one
approaches the quantum ground state.

Figure 3a shows mechanical noise power spectra with the cooling
beam switched off and with maximum cooling beam pump power
at 7mW. For a detuning A ~ w,,, we demonstrate laser cooling
to a mean thermal occupation of 32 &4 quanta, which is more
than 2 orders of magnitude lower than previously reported values
for optomechanical devices'® and is comparable to the lowest
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Figure 2 | Experimental set-up and characterization of optomechanical radiation-pressure interaction. a, The laser is split at a polarizing beamsplitter
(PBS) into a weak locking field (red) tuned near cavity resonance w. and the cooling field (blue) tuned off-resonant with an acousto-optical modulator
(AOM) to wc + A ~ wc — wm. An electro-optical modulator (EOM) in the weak field is used to generate a Pound-Drever-Hall error signal for cavity locking.
The beams are recombined on a PBS into the same spatial mode at orthogonal polarization before they enter the cavity comprising an input mirror (IM)
and the micro-mechanical mirror. The phase quadrature of the locking beam is measured in a homodyne detection scheme (BS: beamsplitter; LO: local
oscillator; @: local oscillator phase; SA: spectrum analyser). @ is stabilized in a separate proportional-integral-derivative controller (PID). A combination
of a Faraday rotator (FR) and a half-wave plate (A/2) separates the reflected from the original signal. b, The effective frequency west and damping yes of the
micro-mechanical motion for different detuning and power settings. All power levels follow the theoretical predictions for pure radiation-pressure interac-
tion. The symbols are experimental data, and the solid lines are simulations based on ref. 16. The inset shows the data set taken at 140 uW optical power.
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Figure 3 | Optomechanical laser cooling inside a cryogenic cavity. a, Calibrated noise power spectra for the fundamental mechanical mode at 5.3 K
environmental temperature with small cavity cooling (top) and at maximum cooling (bottom). The thermal energy is reduced from ~53,000 quanta at
7 uW laser power to 32 +4 quanta at 7 mW. The vertical axes in both plots are logarithmic. The change in the technical noise floor is due to different
locking levels of the local oscillator phase @ in the homodyne detection. b, Plot of the calibrated effective temperature Tesf versus the observed damping
vetf for various power and detuning values of the cooling beam. No deviations from the theoretically expected power-law dependence (red solid line) can
be observed. The inset shows the mean thermal occupation (n) as a function of detuning for maximal laser power. Cavity instability prevents detunings
arbitrarily close to resonance. The red solid curve is a simulation based on ref. 16 that uses only experimentally obtained parameters.

reported temperature of 25 quanta for nano-electromechanical — performance: a fraction of approximately 10~ of the intra-cavity
systems* (NEMS). In contrast to previous experiments'®'’, the power is absorbed by the Bragg mirror (~13uW at maximum
achieved cooling performance is not limited by optical absorption  cooling) and a maximum of 1% of the transmitted power is
or residual phase noise, but follows exactly the theoretically absorbed by the Si;N, beam® (~14 uW at maximum cooling and
predicted behaviour (Fig. 3b). This agrees with the expected device  taking into account the impedance mismatch of the cavity mirrors).
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The cryogenic cooling power of the cryostat used is orders of
magnitude larger than the maximum heat load expected on the
micromechanical structures. The absence of absorption can also
be seen from the inferred mode temperature T.g, which decreases
with the mechanical damping rate y.¢ in strict accordance with the
power law T o ygfl. This relation follows immediately from the
simple expression for the mechanical occupation #; given above
(ngoc ') and from the fact that the laser cooling rate I” is to first
approximation equivalent to the effective mechanical damping ye,
at least for all data points of our experiment. Both heating and the
onset of normal-mode splitting for strong coupling?” would result
in a deviation of this behaviour.

The remaining obstacle that prohibits us from reaching the
quantum ground state is the intrinsic phonon coupling to the
thermal environment at rate k3T /hQ ~ 1.4 x 107 Hz. By reducing
the reservoir temperature to that of NEMS experiments (20 mK),
this coupling will significantly reduce, not only owing to the
lower bath temperature but also because Si;N, resonators markedly
improve in mechanical Q with decreasing temperature. For
example, thermal heating rates as low as 3 x 10° Hz have been
observed for Si;N, at 300 mK (ref. 25), which would place our
effective mode temperature already well into the quantum ground
state using otherwise unchanged parameters.

In summary, we have demonstrated optical cooling of the
fundamental mode of a 100 um scale mechanical resonator in
a cryogenic cavity to a thermal occupation of only 32 + 4
quanta. This is comparable to the performance of state-of-the-
art NEMS devices. In contrast to previous approaches, the large
laser cooling rates attained are no longer limited by residual
absorption or phase-noise effects. This is achieved by a new micro-
optomechanical resonator design with exceptionally low intrinsic
optical absorption and both high optical and mechanical quality.
This leaves the reduction of the thermal coupling, for example, by
further decreasing the environment temperature to those available
in conventional *He cryostats, as the only remaining hurdle to
prepare the mechanical quantum ground state. Our approach hence
establishes a feasible route towards the quantum regime of massive
micromechanical systems.

Methods

Micro-mirror fabrication. Our micro-mechanical oscillator is made of 1-pum-thick
low-stress Si3N, deposited on a Si substrate and coated through ion beam sputtering
with a high-reflectivity Bragg mirror. Standard photolithography and plasma
etching is used for forming, in subsequent steps, the mirror pad and the
micro-mechanical resonator, which is finally released from the Si substrate in a
XeF, atmosphere. The mirror stack, designed and deposited by ATFilms, comprises
36 alternating layers of Ta,Os and SiO, with an overall nominal reflectivity of
99.991% at 1,064 nm. The measured finesse of 3,900 is consistent with an input
coupler reflectivity of 99.91% and with extra diffraction losses due to a finite size
of the cavity beam waist.
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Demonstration of an ultracold micro-optomechanical oscillator in a cryogenic cavity

Simon Gréblacherl’z, Jared B. Hertzberg3’4, Michael R. Vannerl’z, Garrett D. Cole', Sylvain
Gigan’, K. C. Schwab’ & Markus Aspelmeyer’

SUPPLEMENTARY INFORMATION
Effective Mass

We have estimated the effective mass of the fundamental mode of our micromechanical
structure using both analytic models and FEM analysis. The experimentally observed value of

43 £ 2 ng agrees to within 10% with the estimated value of 53 + 5 ng.

The total mass of the dielectric Bragg mirror (radius R = 24.5+0.5 um) made of 36
alternating layers of Ta,0s ( p = 8200 kg/m’, ¢ =126.4 nm) and SiO, (p = 2200 kg/m’,

t =179.6 nm) is 45 + 5 ng, not taking into account the lateral etch and tapering of the mirror
pad. The large error stems from the uncertainty in the exact value of the Ta,Os density, which
can vary between 6800 and 8300 kg/m’. The mass of the SizNj resonator ( p = 3000 kg/m’,
approximate dimensions of 100x 50 x1 um?) is approx. 11 ng, resulting in a maximum total

mass of 56 £ 5 ng for the full optomechanical device.

The mode mass, i.e. the actual mass contributing to the motion of the Si;N, resonator
fundamental mode, is approx. 74% of the total mass of the Si3N4 resonator (see any standard
literature on elasticity theory, for example [S1]). This would result in a total mode mass of the
optomechanical resonator (SizN4 beam plus micromirror) of approx. 53 + 5 ng. However,

because of the flat-top mode shape of our actual device (see the FEM simulation shown in
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Figure S1), this value is only a conservative lower bound. A more realistic value that takes
into account the actual mode shape can be obtained directly from FEM simulation and is

approx. 56 = 5 ng (see below).

Finally, to calculate the effective mass one has to take into account the mode overlap between
the mechanical resonator mode and the mode of the optical probe beam (for a detailed
analysis on the calculation of the effective mass see for example [S2]). Based on the
experimentally obtained optical finesse, which is limited by intensity losses due to a finite
mirror size, we can provide an upper bound on the cavity beam waist at the micromirror
position of 8 £ 2 um. If we assume a mechanical mode shape of an ideal doubly-clamped
beam of dimensions 100x 50x1 pm® we would calculate an effective mass (see e.g. [S2,S3])
of 50 + 5 ng, Again, the actual flat-top mode shape of our device results in a decreased mean
square displacement (by approx. 6%) compared to the ideal doubly-clamped beam. Taking
this into account yields a final effective mass of 53 + 5 ng, which agrees to within 10% with

the experimentally observed value of 43 = 2 ng.

The abovementioned FEM simulations make use of the exact geometry and material data for
our resonator. The main idea is to impose a force on the structure and have the FEM

simulation calculate the deflection. Using Hooke's law one can then extract the spring

constant & of the device. The mode mass can be extracted by using w,, = \/k/m . For our

mode

specific device the FEM solver provides us with a spring constant of 2196 N/m and a

fundamental mode at @, =27 x945 kHz, which results in m_,, =57 %5 ng.

mode

Figure S1: FEM simulation of our
optomechanical device. Shown is the side-

view of the fundamental resonance mode at
its maximum displacement (below). The
cylindrical mirror pad on top of the Si3Ny
beam induces a flat-top mode shape (inset).

|

|
)
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Error Analysis

The error associated with the noise power spectra peak areas, which provide the mechanical

mean square displacement, can be estimated as follows: Assuming that the NPS comprises a

sequence of N independent data points (x,,y,) (with i =1... N ) with measurement

uncertainty (Jx,,0y,) one can calculate the area underneath the NPS by Riemann integration

as A= Nzil(xi+1 —x; )y, with an uncertainty 64 = \/ l\f(xi+1 —x;)(,) , which is obtained by

i1 i1
Gaussian error propagation and neglecting the uncertainty in x. The strongly cooled NPS
shown in Figure 3a is given by a data set of N =5000 points with x,,; —x, =100 Hz and with
&, ~1x10* m* Hz' for all i. We obtain 4 =3.780x10* m? (by numerically integrating the
data set), A = VN x100 Hz x1x10™** m? Hz"! =7.1x10”" m” and an integrated noise floor
of N x100 Hz x7.3x10** m® Hz'=3.65x10 m’. This results in an integrated “real

thermal noise” of (3.78 —3.65)x10* m* =1.3x10> m? with an overall error of approx.

V2x73x107" m? ~1x107° m?, i.e. with an error of approx. 8%. The SNR of our

measurement is therefore sufficient to support our result of <n> =32 and accounts for an

uncertainty of §<n> ==+1.5.

Other possible sources of experimental uncertainty are: an uncertainty related to the absolute
displacement amplitude calibration (amounting to approx. 12% relative uncertainty), an
uncertainty related to determining the mechanical resonance frequency (known up to an error
of approx. 5%) and an uncertainty related to the absolute power calibration of the intracavity
optical pump field (known up to an error of approx. 10%). These additional experimental

uncertainties add up to an overall error of approx. 25%. All errors are conservatively

estimated and finally result in (n)=32+4.

Shot-Noise

The noise floor of our measurement is limited by optical shot-noise. The corresponding

displacement noise can be calculated according to [S4] as

NATURE PHYSICS | www.nature.com/naturephysics 3
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Our experimental parameters (finesse F =3900, input power P =14 uW, 4 =1064 nm,

o, =27 x945 kHz, k =27 x 770 kHz, input coupler transmission 7" =900 ppm, overall

intra-cavity losses / =620 ppm, optical input power (corrected for imperfect mode-matching)

P,,, =7 uW) result in a minimal noise-floor of &, =6x10™"* m Hz"".
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3 Optomechanical Normal Mode
Splitting

An important line of research in quantum optics is the development of the ability
to coherently exchange quantum states from one system to another. A prominent
application of this research is quantum memory [66] where a a travelling light field,
which carries the quantum information to be stored, interacts with a stationary
quantum system and coherently transfers its quantum state onto the stationary
system for later retrieval. In order for such a transfer to occur, the coherent or
reversible dynamics must proceed faster than any of the irreversible dynamics, e.g.
damping and decoherence. This parameter regime has been explored in the cavity
quantum electrodynamics community [67, 68] for light interacting with atoms inside
a cavity and is now of vital importance for the research in that field.

A key step towards meeting this goal in optomechanical systems is to achieve nor-
mal mode splitting [69, 70], i.e. a splitting of the mechanical noise power spectrum
due to the emergence of hybrid light-mechanical modes brought about by their mu-
tual interaction. This is observable when g = goax > K, yar, i.e. the coupling is larger
than the optical and mechanical damping rates, and the situation then resembles
two coupled masses on springs. When the central spring that couples the two masses
is sufficiently stiff the motion of each mass strongly influences the other mass and
they will then tend to move either in phase or out of phase — the two normal modes
of the system.

As a natural extension to our sideband cooling work, we used the same experimen-
tal setup to observe optomechanical normal mode splitting [71]. We implemented
some key changes to our setup, however, that allowed us to enter the required pa-
rameter regime. Foremost, improvements were made to the cavity that increased
the finesse from approximately 4 000, which was used for our sideband cooling work,
to 14000. These challenging improvements were implemented by the excellent work
of Simon Gréblacher that reduced the amplitude decay rate from x/2m ~ 770 kHz
to k/2m ~ 214 kHz. My specific contribution in the laboratory remained largely
the same as our sideband cooling project. I worked in the lab to align a second
homodyne interferometer to measure the stronger cooling beam in addition to the
signal beam. (It was realized during our theoretical modeling of the experiment that
better performance could be attained by measuring this stronger field.) In addition,
I worked together to complete the data analysis and played an active role in under-
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3 Optomechanical Normal Mode Splitting

standing the theory of this phenomena and gauging the experimental feasibility in
the early stages of planning the experiment.

Following this experiment, which to the best of our knowledge is the first demon-
stration of optomechanical normal-mode splitting, this parameter regime has been
attained for electro-mechanics [72] and has also been attained in an optomechanical
system with simultaneous low thermal excitation showing signs of coherent coupling
between the light and a mechanical resonator [73].

28



nature

LETTERS

Vol 460|6 August 2009 |doi:10.1038/nature08171

Observation of strong coupling between a
micromechanical resonator and an optical cavity field

Simon Gréblacher'?, Klemens Hammerer™*, Michael R. Vanner"* & Markus Aspelmeyer'

Achieving coherent quantum control over massive mechanical
resonators is a current research goal. Nano- and micromechanical
devices can be coupled to a variety of systems, for example to single
electrons by electrostatic’” or magnetic coupling™*, and to photons
by radiation pressure®” or optical dipole forces'™'". So far, all such
experiments have operated in a regime of weak coupling, in which
reversible energy exchange between the mechanical device and its
coupled partner is suppressed by fast decoherence of the individual
systems to their local environments. Controlled quantum experi-
ments are in principle not possible in such a regime, but instead
require strong coupling. So far, this has been demonstrated only
between microscopic quantum systems, such as atoms and photons
(in the context of cavity quantum electrodynamics'’) or solid state
qubits and photons'>'*. Strong coupling is an essential requirement
for the preparation of mechanical quantum states, such as squeezed
or entangled states'>'®, and also for using mechanical resonators in
the context of quantum information processing, for example, as
quantum transducers. Here we report the observation of opto-
mechanical normal mode splitting'**°, which provides unambigu-
ous evidence for strong coupling of cavity photons to a mechanical
resonator. This paves the way towards full quantum optical control
of nano- and micromechanical devices.

A common feature of all coupled quantum systems is that their
dynamics are dominated by the competition between the joint coup-
ling rate and the rates at which the coupled systems decohere into
their local environments. Only for sufficiently strong coupling can
the effects of decoherence be overcome. This so-called ‘strong coup-
ling regime’ is, in all cases, indispensable for the experimental invest-
igation of a manifold of quantum phenomena. Nano- and micro-
optomechanical oscillators are currently emerging as a new ‘textbook’
example for coupled quantum systems. In this case, a single electro-
magnetic field mode is coupled to a (nano- or micrometre sized)
mechanical oscillator. In analogy to cavity quantum electrodynamics
(cQED), one can identify strong coupling as the regime where the
coupling rate g exceeds both the cavity amplitude decay rate x and
the mechanical damping rate y,,—as required, for example, in refs 15—
17. Another class of proposals requires the weaker condition of ‘large
cooperativity’, that is, g > /iy, (refs 18, 21). Strong coupling, ideally
in combination with the preparation of zero entropy initial states (for
example, by ground-state cooling of the mechanical resonator), is
essential to obtain (quantum) control over this new domain of
quantum physics. Whereas ground state preparation is a goal of con-
tinuing research (in which much progress has been made, in particular
by using optical laser cooling techniques®), here we demonstrate
strong optomechanical coupling using state-of-the-art micromecha-
nical resonators.

Consider the canonical situation in which a mechanical resonator is
coupled to the electromagnetic field of a high-finesse cavity via

momentum transfer of the cavity photons (Fig. 1). The system naturally
comprises two coupled oscillators: the electromagnetic field at cavity
frequency . (typically of the order of 10'>Hz) and the mechanical
resonator at frequency mp, (~10”Hz). At first sight, the large discre-
pancy in the oscillator frequencies seems to inhibit any coupling; it is,
however, alleviated by the fact that the cavity is driven by a laser field at
frequency wy, which effectively creates an optical oscillator at frequency
A= o, — oy, — Oy (in a reference frame rotating at oy ; d,, is the mean
shift of the cavity frequency due to radiation pressure). Each of the two
oscillators decoheres into its local environment: the optical field at the
cavity amplitude decay rate x and the mechanics at the damping rate y,.,.
Entering the desired strong coupling regime requires a coupling rate
g2 K Y

The fundamental optomechanical radiation-pressure interaction
H;, = —higyn X, couples the cavity photon number 7, to the position
X of the mechanics (# is h/2m, where h is Planck’s constant). On the
single-photon level, this interaction provides an intrinsically non-

. . . ¢ h
linear coupling, where the coupling rate gy= /5~

length; m, effective mass) describes the effect of a single photon on
the optomechanical cavity. In all currently available optomechanical
systems, however, g, is well below 100 Hz. Because the corresponding
cavity decay rates are typically much larger than 10kHz, the effect is
too small to exploit the strong coupling regime on the single-photon
level. For our experiment g, = 27 X 2.7 Hz, which is smaller than both
K (2m X 215kHz) and y,, (2 X 140 Hz). To circumvent this limita-
tion, we use a strong optical driving field (4 = 1,064 nm), which shifts
the optomechanical steady state by means of radiation pressure from
vacuum to a mean cavity amplitude o (mean cavity photon number
{n.) =0?) and from zero displacement to a mean mechanical displace-
ment f. The resulting effective interaction is obtained by standard
mean-field expansion, and resembles two harmonic oscillators that
are coupled linearIX in their optical and mechanical position quadra-
tures X. = (a. + a.') and Xy, = (ap, + an,'), respectively. This strongly
driven optomechanical system is then described by equation (1)
(see Supplementary Information):

(L, cavity

hA hoy
H=" (04 + 20 (B —hghX (1)

The effective coupling strength ¢ = gyo is now enhanced by a factor of
o=/ (n.). Note that this enhancement comes at the cost of losing the
nonlinear character of the interaction. Although there exist proposals
that do require strong nonlinear coupling at the single-photon level'’,
the majority of schemes for quantum optomechanical state manipu-
lation work well within the regime of linear albeit strong coupling.
They rely on the fact that linear interactions allow for protocols such as
quantum state transfer and readout™, generation of entanglement'>"’,
conditional preparation of states via projective measurements on

"Institute for Quantum Optics and Quantum Information (IQOQI), Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria. *Faculty of Physics, University of
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Figure 1| Experimental set-up and characterization of the uncoupled
mechanical and optical oscillator. a, Our micromechanical resonator with a
high-reflectivity mirror pad (R > 0.99991) that forms the end-face of a 25-
mm-long Fabry—Pérot cavity (magnified view circled, bottom right). A
strong continuous-wave Nd:YAG laser is used to drive the optomechanical
system (purple beam). By splitting off a faint part (15 pW) of the drive laser,
the laser frequency is actively locked to the Fabry—Pérot cavity frequency
(orange beam). Locking is achieved by phase-modulation (electro-optical
modulator, EOM) and by obtaining a Pound-Drever-Hall error signal
required for feedback with a proportional-integral-derivative controller
(PID). Acousto-optical modulators (AOM) control the relative frequency
detuning 4 and thus allow for off-resonant driving of the cavity. Data
presented here have been taken by varying the detuning 4 and the power of
the drive beam. Both beams are coupled to the Fabry—Pérot cavity via the
same spatial mode but orthogonal in polarization. The measured cavity
linewidth (full-width at half-maximum, FWHM) 2k = 21t X 430 kHz
corresponds to an optical finesse F = 14,000. The fundamental mechanical

light'**', and so on, a fact which is well established in the fields of
quantum optics and quantum information. In our experiment, by
using external optical pump powers of up to 11 mW, we are able to
achieve an increase in coupling by more than five orders of magnitude,
sufficient to reach the desired strong coupling regime.

An unambiguous signature of strongly coupled systems is the
occurrence of normal mode splitting, a phenomenon known to both
classical and quantum physics. In the simplest case, two independent
harmonic oscillators coupled via an additional joint spring will
behave as a pair of uncoupled oscillators—so-called normal
modes—with shifted resonance frequencies compared to the indi-
vidual resonators. For the particular case of resonators with equal
bare frequencies, a sufficiently strong coupling will introduce a spec-
tral splitting of the two normal modes that is of the order of the
coupling strength g. Normal mode splitting has been observed in a
number of realizations of cQED, where it is also known as Rabi-
splitting, with photons coupled either to atoms***>?, to excitons in
semiconductor structures®”*** or to Cooper pair box qubits in cir-
cuit QED™. In case of the strongly driven optomechanical system
described by equation (1), the normal modes occur at frequencies

o’ =1L+l + \/(A2 —2)* +4g*wnA) and exhibit a splitting
of ;. —w_ =~ g In the given simple expression for normal mode
frequencies, cavity decay and mechanical damping are neglected. A
more careful analysis is carried out in the Supplementary Information,
and shows that normal mode splitting occurs only above a threshold
g2 i (refs 19, 20) for our damped optomechanical system. The
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mode of the microresonator at w,, = 21 X 947 kHz has a natural linewidth
(FWHM) of y,,, = 21t X 140 Hz (mechanical quality factor Q =~ 6,700) at
room temperature. With r«/w,, = 0.2, these parameters place us well into the
resolved sideband regime x/w,, < 1. The effective mass of 145 ng was
obtained by direct fitting of the optomechanical response at low driving
powers. After interaction with the optomechanical system, both (drive and
lock) beams are separated by a polarizing beamsplitter and Faraday rotators
(FR) and are each independently measured by optical homodyning
(Supplementary Information). Each homodyne phase can be either scanned
or locked to a fixed value by actuating a piezo-driven mirror. b, Mechanical
noise power spectrum obtained by homodyne detection of the lock beam.
Red line, fit to the data assuming an ideal harmonic oscillator in thermal
equilibrium. ¢, Intensity of the drive beam that is reflected off the
Fabry—Pérot cavity when scanning its detuning 4, which provides direct
access to the cavity transfer function. Dashed red line, Lorentzian fit to the
data.

Hamiltonian can be re-written in terms of the normal modes and
one obtains:

hﬂ)+

hao
n="0 e ) ey @
For the resonant case 4 = w,, equation (2) describes two uncoupled
oscillators ~ with  position and momentum  quadratures

Xy = /%(xcixm) and P, = m(ﬂiﬂn). These new

dynamical variables cannot be ascribed to either the cavity field or
the mechanical resonator, but are true hybrid optomechanical degrees
of freedom. The overall system energy spectrum E,,, ,, is therefore given
by the sum of the energies of the two normal modes, that is,
E,..=h(mw; + nw_). The degeneracy of the uncoupled energy
levels is lifted, and normal mode splitting of adjacent levels occurs
with a separation that is equivalent to the coupling strength g. In the
presence of decoherence, the spectral lines are broadened to a width of
(% + ym) and the splitting can therefore only be resolved for ¢ = «, ',
that is, for strong coupling.

We observe normal mode splitting via direct spectroscopy of the
optical field emitted by the cavity. Emission of a cavity photon can in
general be understood as a transition between dressed states of the
optomechanical system, that is, between mechanical states that are
dressed by the cavity radiation field. The structure of the opto-
mechanical interaction only allows for transitions that lower or raise
the total number of normal mode excitations by one (see Sup-
plementary Information). Photons emitted from the cavity therefore
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have to lie at sidebands equal to the dressed state frequencies @
relative to the incoming laser photons of frequency wy, that is, they
have to be emitted at sideband frequencies w; = w4 or wy = w_.
Homodyne detection provides us with direct access to the optical
sideband spectrum, which is presented in Fig. 2a for the resonant case
4 = @y,. For small optical pump power, that is, in the regime of weak
coupling, the splitting cannot be resolved and one obtains the well-
known situation of resolved sideband laser cooling, in which Stokes
and anti-Stokes photons are emitted at one specific sideband fre-
quency. The splitting becomes clearly visible at larger pump powers,
which is unambiguous evidence for entering the strong coupling
regime. Indeed, at a maximum optical driving power of ~11 mW,
we obtain a coupling strength ¢ = 271t X 325 kHz, which is larger than
both x=2nX215kHz and 7y, =2n X 140Hz and which corre-
sponds to the magnitude of the level crossing shown in Fig. 2b. As
is expected, for detunings 4 off resonance, the normal mode frequen-
cies approach the values of the uncoupled system.

These characteristics of our strongly driven optomechanical sys-
tem are reminiscent of a strongly driven two-level atom, and indeed a
strong and instructive analogy exists. If an atom is pumped by a
strong laser field, optical transitions can only occur between dressed
atomic states, that is, atomic states ‘dressed’ by the interaction with
the laser field. For strong driving, any Rabi splitting that is induced by
strong coupling is effectively of order Gy+/ (1) (1, mean number of
laser photons; Gy, electric dipole coupling) and one therefore obtains
an equally spaced level splitting, fully analogous to the coupled opto-
mechanical spectrum. From this point of view, the optomechanical
modes can be interpreted in a dressed state approach as excitations of
mechanical states that are dressed by the cavity radiation field. The
origin of the sideband doublet as observed in the output field of the
strongly driven optomechanical cavity corresponds to the resonance
fluorescence spectrum of a strongly driven atom, in which strong
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coupling gives rise to the two side-peaks in the so-called Mollow
triplet. It is interesting to note that the analogy even holds for the
single-photon regime, in which both systems are close to their
quantum ground state. For both cases (that is, the atom—cavity sys-
tem and the cavity—optomechanical system), a sufficiently strong
single-photon interaction g, would allow one to obtain the well-
known vacuum Rabi splitting as well as state-dependent level spa-
cing, which is due to intrinsic nonlinearities in the coupling.

We should stress that normal mode splitting alone does not establish
aproof for coherent dynamics, that is, for quantum interference effects.
With the present experimental parameters, such effects are washed out
by thermal decoherence and normal mode splitting has a classical
explanation in the framework of linear dispersion theory™. Still, the
demonstration of normal mode splitting is a necessary condition for
future quantum experiments.

We finally comment on the prospects for mechanical quantum
state manipulation in the regime of strong coupling. One important
additional requirement in most proposed schemes is the initializa-
tion of the mechanical device close to its quantum ground state.
Recent theoretical results show that both ground state laser cooling
and strong coupling can be achieved simultaneously, provided that
the conditions ’2‘—QT<<K<<wm are fulfilled*>*. Thus, in addition to
operating in the resolved sideband regime, a thermal decoherence
rate that is small compared to the cavity decay rate is required.
Cryogenic experiments have demonstrated thermal decoherence
rates as low as 20 kHz for nanomechanical resonators for a 20 mK
environment temperature’. For our experiment, temperatures below
300 mK would be sufficient to combine strong coupling with ground
state cooling.

We have demonstrated strong coupling of a micromechanical
resonator to an optical cavity field. This regime is a necessary pre-
condition to obtaining quantum control of mechanical systems.
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Figure 2 | Optomechanical normal mode splitting and avoided crossing in
the normal-mode frequency spectrum. a, Emission spectra of the driven
optomechanical cavity, obtained from sideband homodyne detection on the
strong driving field after its interaction with the optomechanical system (see
Supplementary Information). The power levels from top to bottom (0.6, 3.8,
6.9, 10.7 mW) correspond to an increasing coupling strength of g = 78, 192,
260 and 325kHz (g = 0.4, 0.9, 1.2, 1.5 k). All measurements are performed
close to resonance (4 = 1.02 ®,,). For strong driving powers a splitting of the
cavity emission occurs, corresponding to the normal mode frequencies of
true hybrid optomechanical degrees of freedom. This normal mode splitting
is an unambiguous signature of the strong coupling regime. All plots are
shown on a logarithmic scale. Green dashed lines are fits to the data
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assuming two independent Lorentzian curves, red solid lines are the sum
signal of these two fits. b, Normal mode frequencies obtained from the fits to
the spectra as a function of detuning 4. For far off-resonant driving, the
normal modes approach the limiting case of two uncoupled systems. Dashed
lines indicate the frequencies of the uncoupled optical (diagonal) and
mechanical (horizontal) resonator, respectively. At resonance, normal mode
splitting prevents a frequency degeneracy, which results in the shown
avoided level crossing. Error bars, s.d. Solid lines are simulations (see
Supplementary Information). For larger detuning values, the second normal
mode peak could no longer be fitted owing to a nearby torsional mechanical
mode. ¢, Normal mode spectra measured off resonance.

©2009 Macmillan Publishers Limited. All rights reserved



NATURE| Vol 460|6 August 2009

Together with the availability of high-quality mechanical resonators
operated at low temperatures, which minimizes thermal decoherence
of the mechanics, strong optomechanical coupling provides the basis
for full photonic quantum control of massive mechanical resonators.
We suggest that future developments will eventually also allow strong
coupling to be achieved in the nonlinear regime, that is, at the single-
photon level'"'®, to exploit optomechanical vacuum Rabi splitting.
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SUPPLEMENTARY INFORMATION

I. NORMAL MODE FREQUENCIES AND
DAMPING RATES

As shown in [1-3] the linearized Hamiltonian for a
driven cavity mode coupled via radiation pressure to a
harmonically bound mirror is

hA hw
(1)
with an opto-mechanical coupling rate g = goa =

2, /% (following [3]) for an input power P of

the driving laser (L, w. and k are cavity length, reso-
nance and amplitude decay rate respectively, m the ef-
fective mass of the mechanical oscillator). For a two-sided
cavity with decay rate x through the input-coupler and
R through the oscillating mirror, this formula generalizes

_ 2 Prwe
t0 9= T\ manrt 5787
It is convenient to define R = (Xe, Pey Xim, Pp) and
express the Hamiltonian as H = gRTJW R where

A0 g O

0A 0 O

M= g 0 w, O

00 0 wny
The transformation to mnormal modes RNM =
(X4,Py,X_,P_) is achieved with a linear
transformation RYM = SR, where S fulfills
M = STdiag(wy,w,,w_,w_)S and is symplectic,

i.e. it obeys J = SJST where

0

1 00
-10 0 0
J= 0 0 01
0 0-10
The latter property guarantees that canonical com-
mutation relations are conserved, ie. [R;,R;] =
[R'FM,}??IM] = 4J;;. The explicit form of S can in prin-
ciple be determined, but is quite involved and does not
give much insight. As will become clear in a moment,
the normal mode frequencies wy can be easily calculated

without constructing S and are given by

1
Wi =5 (84l % VBT =BV F dgPwmB) . (52)

The canonical operators evolve according to

R(t) = i[H, R(t)] — DE(t) — V2D R (t)

— (JM — D)R(t) — V2D Ry (1), (S3)

where we included damping of the cavity field and the
mechanical resonator with D = diag(k, x,79,,7%,) and
Langevin forces Rin(t) = (%in, pin, fx,,. fp,, ). For white
vacuum noise input to the cavity and a thermal white
noise bath coupling to the mechanical system, all first
moments vanish (R(t)) = 0 and the only non-zero two
time correlation functions are

(i (0530 () = (i (Opin () = 300~ 1),

O, ) = {0, (0) = (4 ) 8- ),
(51)

where 1 ~ h]‘—T
Wi

From Eq. (S3) it is clear that eigenfrequencies and ef-
fective damping rates of the system are given by, respec-
tively, the imaginary and real parts of the eigenvalues of
i(JM — D). The eigenvalues occur in complex conjugate
pairs and the imaginary parts of the ones in the upper
half plane determine eigenfrequencies. For the undamped
system, D = 0, the eigenvalues are purely complex and
one arrives at expression (S2) for the normal mode fre-
quencies. For the damped system, D # 0, the eigenvalues
of i(JM — D) will in general be complex and thus deter-
mine normal mode frequencies wy and effective damp-
ing rates v+ of normal modes, as exemplified in Fig. S1.
The theoretical values of the normal mode frequencies
wy in Fig. 2a of the main text were as well determined
in this way. While normal mode splitting (NMS) occurs
for any non-zero coupling ¢ in an undamped system, a
threshold of g 2 k has to be surpassed to observe NMS
[2, 4]. Effective damping rates behave complementary
and merge above the same threshold. Comparison of the

normal mode damping rates y1 to the effective mechan-
29° K Awy,

ical damping rate v, = 7,‘; + LN N L) i prwmmm i
as derived in the theory for cavity-assisted cooling [1, 3],
shows that the condition for resolving the normal mode
peaks is g > K, Vim.-

www.nature.com/nature



doi: 10.1038/nature08171

(a)

(b)

SUPPLEMENTARY INFORMATION

©

]154 T T T T 3
110} 1 0.8 1.0
_1.05¢ / e _ o8t
£ 100 ~ 3 ol
e 2 X 06
3095} ;x4 &
0.4
0.90F b 02
0.85F 1 02¢
‘ ‘ ‘ s ‘ 0.0k ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ,
0 2 4 6 8 0 2 6 8 07 08 09 10 L1 12 13 14

P[mW]

A [wm]

FIG. S1: (a) Normal mode frequencies w4 for undamped system (red) and damped system (blue) for varying power of driving
laser. (b) Same for effective normal mode damping v+. (c) Effective damping rates of normal modes (blue), cavity amplitude
decay rate k (red) and effective mechanical decay rate v, (green) for varying detuning. Not shown is the natural mechanical
damping rate as 79, /k =~ 107%. Parameters are as in the main text, wm = 27 x 947 kHz, 79, = 27 x 140 Hz, m = 145 ng,
L=25cm, we = 1.77 x 10*® Hz, k = 27 x 172 kHz and & = 27 x 43 kHz. In (a) and (b) A = wy, and in (c) P = 10.7 mW.

II. CAVITY EMISSION SPECTRUM

A. Dressed States and Exact Diagonalization

In terms of normal mode operators the linearized
Hamiltonian (S1) is given by H = ™%=(X2 4 P?) +
erT’(XE + P2%). It can be expressed also in terms of cre-
ation and annihilation operators a+ = (X1 +iPy)/Vv?2 as
H = hwy (aLaJr + %) + hw_ (aT_a, + %) The Eigen-

states and -energies are thus H|n,m) = E, ,|n,m),
where
fn.m) = ——— (a})"(a! )"]0,0)
’ Valm! e
1 1
Epm = hwi(n+ 5) + hw_(m + 5).

Emission of a cavity photon is in general accompa-
nied by a transition of the opto-mechanical system from
one eigenstate to another by changing a single excitation,
|n,m) < |n—1,m) and |n,m) < |n,m —1). The energy
splitting between these states is Ey ,;, — En—1,m = hwy
and E, . — By, m—1 = hw_ respectively. Photons emit-
ted from the cavity have to carry away this energy ex-
cess/deficiency relative to the incoming laser photons of
frequency wy, i.e. they have to have frequencies wy +w
or wy + w_. Transitions between the dressed opto-
mechanical states and the associated emission dublett is
illustrated in Fig. S2.

In order to compare the low-energy part of the opto-
mechanical spectrum to the one of the Jaynes Cummings
system, as shown in Fig. 2 of the main text, we give
here the exact eigenstates and -values of the non-linear
radiation pressure Hamiltonian

H = hwpal, am + hAata. — hgoal, am (ac + af).

It is straight forward to check that H|vYy n) = Egp

d%,n)

with

[en) = exp [ 22(a — afy)| [Kpmln)e,

Eyn=nh (u.;mk: + An + %7?) .

That is, the eigenstates are shifted Fock states of the un-
coupled system and the energy spectrum is anharmonic
with a quadratic dependence in the photon number. The

9%

”opto-mechanical Rabbi splitting” is thus
Fig. S2.

see also

I
m

B. Emission Power Spectrum

The power spectral density of light emitted by the cav-
ity is explicitly determined as follows: In frequency space
[R(w) = fdwﬁ(t) exp(iwt)/v/27] the steady state solu-
tions to the equations of motion (S3) are

= 1

B = o r—p V2P e ()

(S5)

With the quantum optical cavity input-output relations
it follows that

Rowt(w) = V2DR(w) + Rin(w)

1 .
(\/ 2Dm\/ 2D + 1) Rin(u})7

—

where Rout (W) (xout ; Pout s me,ouh me,out) .
(Zout, Pout) are quadratures for the cavity output
field which are subject to homodyne detection. In order
to calculate their stationary properties we formally in-
troduce also ”phononic output fields” fx,. out; [P, out)-
The spectral correlation functions can be collected
in a Hermitean spectral 4 x 4 correlation matrix

Y (w,w") = ((Rout(w))i(Rout(w));). Straight forward
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FIG. S2: Energy spectrum of a driven opto-mechanical cav-
ity. For a degenerate, uncoupled system (left), wm, = A,
go = 0, the spectrum consists of equidistant multipletts of
energy hNw,, and degeneracy N (h: Planck’s constant; N:
number of excitations; wy,: mechanical resonance frequency).
For a coupled system (right), go # 0, the degeneracy is bro-
ken. In the strongly driven regime, where the cavity is in a
coherent state with mean number of photons (n.), the levels
in each N-multiplett split up by g = goy/(nc) into dressed
states |m,n) with m +n = N. Emission of a cavity pho-
ton is accompanied only by transitions |m,n) < |m — 1,n)
or |m,n) < |m,n — 1) between dressed states. Accordingly,
emitted photons have to lie at sideband-frequencies wr, + w+.
This gives rise to a doublet structure in the sideband spec-
trum (bottom) with a splitting wy — w_ = g. The observed
normal-mode splitting is shown in Figure 2 of the main text.
In the single photon coupling regime, the fundamentally an-
harmonic nature of the spectrum becomes important, with
a splitting between dressed states scaling like _qénf (shown
is the ”opto-mechanical vacuum Rabi-splitting” for n. = 1).
In the present experiment we cannot access this nonlinear
regime, which would require a large single photon coupling
go > Ky Ym-

calculation yields 7" (w,w’) = §(w + w’)[(w) where

[(w) = (@ L V2D + I)N

iw+JM —-D

1 T
VaD——— 3D +1
x < “wiam-p" 7t )

and N = diag (%, %,ﬁ + %,ﬁ—i— %) If losses through the
second mirror with amplitude decay rate & are taken into

SUPPLEMENTARY INFORMATION

account, the last expression generalizes to

1
rw=(v2b—— D +1)N
@) ( iw+JM DD +)
1 T
V2D _\/3D 4 1
X( S+ JM_-D_D +)
1 -\ _
Vab—— 1 _\hp)N
+( iw+JM—-D—D )

- 1 T
x (\/E—iw—i-JM—D—D\/E) » (86)
where D = diag(®, &,0,0) and N = diag(%, %, 0,0).
Finally, the spectral density S(w) is defined as
S(W)b(w + ') = {(al (W)agy(w)) where the ampli-
tude operator for the cavity output field is a,,(w) =
(Tout (W) + iPout (w))V2. Tt follows from the definition of

the spectral correlation matrix given above that
1 .
Sw) = 5 M1 (W) +Taz(w) +i(l12(w) = P21 ()]

This expression gives the spectral density of sideband
modes at a frequency wy + w. In homodyne detection
of sideband modes we do not distinguish sideband fre-
quencies wr, +w and extract only the overall noise power
spectrum at a sideband frequency |w|, which is given by
Snps(w) = /S(w)? + S(—w)? and shown in Fig. S3.
The simple consideration in terms of dressed state tran-
sitions as given above shows good agreement with the
exact calculated positions of spectral peaks, which are
in turn in excellent agreement with measured data pre-
sented already in Fig. 2b of the main text.

III. HOMODYNE DETECTION OF OPTICAL
AND MECHANICAL QUADRATURES

We obtain the generalized optical and mechanical
quadratures X, and X,, via two independent, simulta-
neous optical homodyne measurements. Homodyne de-
tection requires the mixing of a strong local oscillator
field with the signal beam at a symmetric beamsplit-
ter and a balanced photodetection at the beamsplitter
output ports. The difference photocurrent then pro-
vides a direct measure of the generalized quadrature
X (¢,t) = a(t)e’® + af(t)e™*® of an optical beam (¢: lo-
cal oscillator phase), where X (¢ = 0,t) and X (¢ = 7,1)
are the well-known amplitude and phase quadratures, re-
spectively. To measure X., homodyning was performed
on the driving beam after its interaction with the cavity.
The second homodyning measures the locking beam af-
ter its resonant interaction with the cavity. Because of
the weak interaction (we choose the power of the lock
beam such that g < k) the cavity field phase quadrature
adiabatically follows the evolution of the mechanics and
hence provides direct access to X,,. The local oscilla-
tor phase in the homodyne measurement of the locking

www.nature.com/nature
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FIG. S3: (a) Emission spectrum Syps(w) of opto-mechanical system for varying detuning (colors refer to a logarithmic scale
of arbitrary units). Peak positions are well described by the normal mode eigenfrequencies w+ (black lines). For comparison
we reproduce also the measured data of presented in Fig. 3b of the main text. Parameters are as in S1, the input input power
was P = 10.7 mW. Expression (S6) was used to evaluate the spectrum with a cavity decay rate through the input-coupler
Kk = 271 x 172 kHz and at rate & = 27 x 43 kHz through the oscillating mirror. (b) Same for a power value P = 3.8 mW just

below threshold for normal mode splitting, cf. Fig. Sla.

field was always actively stabilized to detect the locking
beam phase quadrature. Each of the two difference pho-
tocurrents was recorded independently by a high-speed
analogue-to-digital converter (14 bit, 10 MSample sec™1).

The mechanical and optical noise power spectra from Fig-
ures 1b and 2a, respectively, were directly inferred from
these recorded time traces. In that case, the local oscil-
lator phase of the drive field was locked to a fixed value.
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4 Geometry Dependent Mechanical
Clamping Losses

In both optomechanics experiments and applications employing mechanical oscilla-
tors the mechanical quality factor @ is often a primary performance limitation. For
instance, fundamental physics experiments that aim to explore non-classical prop-
erties of mechanical motion must minimize decoherence by sufficiently isolating the
mechanical oscillator from the surrounding environment. This requires n/Q < 1,
where 7 is the thermal occupation of the oscillator when in thermal equilibrium,
and thus higher quality factors are desired. As a second prominent example, the
sensitivity of mechanical oscillator based force sensors improves with an increasing
mechanical quality factor. Because of this there is currently a significant amount
of physics and engineering based research spent on improving the quality factor of
mechanical resonators.

The mechanical quality factor in any given implementation is determined by a
number of physical mechanisms, e.g. material losses, thermoelastic damping, and
viscous damping from any surrounding gas or fluid. Each of these mechanisms will
independently increase the damping rate and hence the overall quality factor is
determined via

L T )
Q @ 2 3 '
where the subscripts label each damping mechanism.

In this work [74] we experimentally studied mechanical clamping losses [75], oth-
erwise known as phonon tunneling, where damping occurs due to the mechanical
resonator coupling to the surrounding support or substrate. This damping mecha-
nism is strongly dependent on the shape of the mechanical resonator that determines
the profile of each particular mechanical flexural mode. Because of this geometry
dependence careful design and fabrication can thus minimize this deleterious damp-
ing mechanism. To this end, we studied the change in mechanical ) for a controlled
change in its geometry and developed a numerical solver to estimate the clamping
loss contribution for a given geometry. My specific contribution to this project was
to design and build a fiber based optical setup to probe the mechanical motion.
The fiber based interferometer proved to have excellent phase stability and mechan-
ical position sensitivity that the design developed for this work was used again,
with modifications, to implement the pulsed optomechanics experiment discussed in
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is in many cases limited by the deleterious effects of mechanical damping. In this study, we
report a significant advancement towards understanding and controlling support-induced
losses in generic mechanical resonators. We begin by introducing an efficient numerical solver,
based on the ‘phonon-tunnelling’ approach, capable of predicting the design-limited damping
of high-quality mechanical resonators. Further, through careful device engineering, we isolate
support-induced losses and perform a rigorous experimental test of the strong geometric
dependence of this loss mechanism. Our results are in excellent agreement with the theory,
demonstrating the predictive power of our approach. In combination with recent progress on
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towards accurate prediction of the mechanical quality factor.

"Vienna Center for Quantum Science and Technology (VCQ), Faculty of Physics, University of Vienna, Boltzmanngasse 5, Vienna A-1090, Austria.
2 Technische Universitat Minchen, Garching 85748, Germany. *These authors contributed equally to this work. Correspondence and requests for materials
should be addressed to G.D.C. (email: garrett.cole@univie.ac.at) and to LW.R. (email: ignacio.wilson-rae@ph.tum.de).

NATURE COMMUNICATIONS | 2:231] DOI: 10.1038/ncomms1212 | www.nature.com/naturecommunications 1
© 2011 Macmillan Publishers Limited. All rights reserved.



ARTICLE

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms1212

echanical coupling of a suspended structure to its sup-
M ports is a fundamental energy loss mechanism in micro-

mechanical and nanomechanical resonators'. Referred to
variously as clamping? or anchor loss®, this process remains signifi-
cant even in devices fabricated from high-quality materials operated
in vacuum and at cryogenic temperatures, and is in fact unavoidable
in any non-levitating system. Although much progress has been
made towards the understanding of mechanical dissipation at the
microscale and nanoscale?*, obtaining reliable predictions for the
fundamental design-limited quality factor, Q, remains a major chal-
lenge while direct experimental tests are scarce®”. At the same time,
the implementation of high-quality micromechanical and nanome-
chanical systems is becoming increasingly important for numerous
advanced technological applications in sensing and metrology, with
select examples including wireless filters*®, on-chip clocks’, micro-
scopy'®"* and molecular-scale mass sensing'*'®, and recently for a
new generation of macroscopic quantum experiments that involve
mesoscopic mechanical structures'®?*. Here, we introduce a finite-
element-enabled numerical solver for calculating the support-
induced losses of a broad range of low-loss mechanical resonators.
We demonstrate the efficacy of this approach via comparison with
experimental results from microfabricated devices engineered to
isolate support-induced losses by allowing for a significant variation
in geometry, while keeping other resonator characteristics approxi-
mately constant. The efficiency of our solver results from the use of a
perturbative scheme that exploits the smallness of the contact area,
specifically the recently introduced ‘phonon-tunnelling’ approach®.
This results in a significant simplification over previous approaches
and paves the way for CAD-based predictive design of low-loss
mechanical resonators.

The origins of mechanical damping in microscale and nanoscale
systems have been the subject of numerous studies during the last
decades, and several relevant mechanisms for the decay of acoustic
mechanical excitations, that is, phonons, have been investigated>*.
These include: (i) fundamental anharmonic effects such as pho-
non-phonon interactions**, thermoelastic damping (TED)**2
and the Akhiezer effect**; (ii) viscous or fluidic damping involving
interactions with the surrounding atmosphere or the compression
of thin fluidic layers®-*'; (iii) material losses driven by the relaxation
of intrinsic or extrinsic defects in the bulk or surface of the resona-
tor*>~” for which the most commonly studied model is an environ-
ment of two-level fluctuators®* and (iv) support-induced losses,
that is, the dissipation induced by the unavoidable coupling of the
resonator to the substrate®”***!, which corresponds to the radia-
tion of elastic waves into the supports>®**#-# This last mechanism
poses a fundamental limit, as vibrations of the substrate will always
be present.

These various dissipation processes add incoherently such that
the reciprocals of the corresponding Q-values satisfy 1/Q,,,=2.1/Q,
where i labels the different mechanisms. Thus, in a realistic set-
ting, care must be taken to isolate the contribution under scrutiny.
In contrast to all other damping mechanisms (i-iii), which exhibit
various dependencies with external physical variables such as pres-
sure and temperature, support-induced dissipation is a tempera-
ture- and scale-independent phenomenon with a strong geometric
character that is present in any suspended structure. Moreover, its
scale independence implies that the same analysis can be applied to
both microscale and nanoscale devices. We exploit this geometric
character to isolate the support-induced contribution and obtain a
direct experimental test of phonon-tunnelling dissipation.

The numerical solver we introduce provides a new technique
to efficiently model support-induced losses for a broad class of
mechanical structures. Previous approaches have relied on either
the direct solution of an elastic wave radiation problem involving
the substrate®”** or the simulation of a perfectly absorbing arti-
ficial boundary>*, with systematic tests as a function of geometry

limited to a few specific cases®”. In contrast, our technique repre-
sents a substantial simplification in that it reduces the problem to
the calculation of a perfectly decoupled resonator mode together
with free elastic wave propagation through the substrate in the
absence of the suspended structure. A key feature of our method
is to combine a standard finite-element method (FEM) calcula-
tion of the resonator mode together with the use of an extended
contact at the support. This allows us to treat complex geometries,
taking proper account of interference effects between the radiated
waves.

In summary, we develop and test an efficient method for calcu-
lating the clamping loss of high-Q mechanical resonators. Our anal-
ysis includes a thorough experimental verification of this theoretical
framework by employing resonators that are specifically designed to
isolate the clamping-loss contribution to the total dissipation 1/Q.
The measured damping in these structures matches the theoretical
predictions and demonstrates in a direct manner the strong
geometric character of this fundamental dissipation channel.

Results

Phonon-tunnelling approach. In analogy to radiation tunnelling
in photonics and electron tunnelling in low-dimensional structures,
we adopt a ‘phonon tunnelling’ picture to describe the support-
inducedlosses*. In this picture, the mechanical resonance of interest,
characterized by frequency @y, is regarded as a phonon cavity that
is weakly coupled to the exterior by a hopping process, whereby
the elastic energy leaks out of the resonator through the narrow
contact areas from which it is suspended. Within this framework,
one can start from the harmonic Hamiltonian associated with the
elastic scattering eigenmodes of the entire structure, including the
substrate, and derive a quantum model for the Brownian motion
experienced by each resonance of the suspended structure.

The corresponding weak tunnel couplings can be obtained to
lowest order in the small parameter kpd, where 1/k; is the charac-
teristic length scale over which the resonator mode varies appre-
ciably and d is the characteristic dimension of the contact area S
from which the resonator is suspended. For typical structures that
exhibit high-Q mechanical resonances, k,d<1 is comfortably satis-
fied. This justifies the weak coupling approximation and leads to a
general expression for the associated dissipation 1/Q in terms of the
‘overlaps’ between the scattering modes and the resonator mode. In
the limit d—0, the leading contribution is obtained by replacing the
scattering modes by the free (unperturbed) modes of the supports,

which yields*
1_ .7 —(0) ‘2
Q 2p pr3 ) U & W)
x8[wg —0(q)]. (1)

Here, O';{ and 1/71,{ are the stress and displacement fields asso-
‘(10) and u( )
analogous fields for the continuum of support modes labelled by q
(eigenfrequencies @(q)), and p, and py are, respectively, the densi-
ties of the substrate and resonator materials. The resonator mode
should satisfy either (i) free or (ii) clamped boundary conditions at
the contact area, S, depending on the behaviour of the eigenmode
when § is small, whereas the unperturbed support modes should
satisfy the converse. These homogeneous boundary conditions cor-
respond, respectively, to dS-op =0 and g =0 so that only one of
the two terms in the surface integral is finite. In general, the decom-
position between ‘resonator volume’ and ‘supports’ consistent with
the weak coupling condition need not be unique. Examples of case
(i) are pedestal geometries, such as microspheres, microdisks or
microtoroids, when the pedestal is included in the support®. It is
worth noting that for these geometries, if the pedestal is assumed

ciated with the normalized resonator mode, ©, are the
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to have perfect impedance match with the substrate, equation (1)
leads to a particularly simple result for the Q of an axially symmetric
resonance”*, which has been verified in ref. 7 for the radial breath-
ing mode of microtoroid structures. On the other hand, examples
of case (ii) include the planar structures investigated here, when the
resonator volume consists of the portion of the structure that is free-
standing.

A rigorous derivation of equation (1) is given in ref. 24. Alterna-
tively, if one uses a decomposition of the displacement field in terms
of the unperturbed support modes and the discrete modes of the
resonator volume, equation (1) follows simply from applying Fer-
mi’s Golden rule to phonon decay, with the interaction Hamiltonian
between the resonator volume (labelled <) and the surrounding sup-
ports (labelled >) givenby jst -0, - for case (i) and —deS ‘O Uy
for case (ii). Within this framework, it is straightforward to realize
that the validity of equation (1) is more general than the condition
kyd<1 and will also apply to any resonance, for which the sup-
port-induced frequency shift is small compared with the relevant
mode spacing (that is, the free spectral range at the corresponding
resonant frequency) so that the weak coupling assumption is
warranted. For our case, the use of this master formula is completely
equivalent to previous intuitive approaches based on forcing the
substrate with the stress source generated by the resonator mode®*-
#, as can be shown rigorously by using—for the elastic Green’s
function of the substrate—a spectral decomposition in terms of
its free modes. In the presence of mode coupling®” not induced
by disorder, our treatment remains valid provided that the mode
mixing is not dominated by support-induced interactions, which
includes the case where it is accounted for by FEM assuming per-
fect clamping and excludes cases where symmetry breaking induced
by the support is relevant. Finally, one should note that in the
weak-coupling regime, it is straightforward to incorporate mode
coupling not accounted for by the FEM into our phonon-tunnelling
formalism.

Q-solver. Though the aforementioned framework is completely
general, to investigate the predictive power of our approach, we
focus specifically on the flexural modes of a symmetric plate geom-
etry of thickness ¢ that is inscribed in a circle of radius R, with the
contact area S corresponding to the outer rim of an idealized cir-
cular undercut (undercut distance of L, ). To calculate the theo-
retical Q-values of such devices via equation (1), we have developed
a numerical solution technique that determines the normalized res-
onator eigenmode and eigenfrequency via FEM (with ug =0 at S)
and is based on a decomposition into cylindrical modes for the
support, which is approximated by the substrate modelled as
anisotropic elastic half-space. Thelatter approximation is expected
to be quantitatively precise for the low-lying flexural resonances
when the underetched gap between the suspended structure and
the substrate satisfies h <R (where h is the gap height), and the
largest resonant wavelength for elastic wave propagation in the
substrate is smaller than the relevant length scales characteriz-
ing the mounting of the sample (see below). The aforementioned
weak-coupling condition, k;d<1, follows in this case from t<R.
From equation (1), exploiting the fact that the eigenmodes of
an elastic half-space are given by straightforward analytical
expressions®®, we obtain (see Methods section for details of this
derivation)

1 | fon P
(@gR/c) V). @)
Q 2psprRZ R v

Here we introduce the dimensionless functions i, y¢5(q,vs)—
271:J d0$1n0|u,(10;,, o,v, )| ]n(qsme) ity (G, V) = 27r|uq SZ(O v, )|

with n =0 +1, £2, .... The different types of relevant plane-wave

modes 7! 7,V,) ofthe half-space® (that is, longitudinal (/), trans-

V(7
verse Verftzlgal () and surface acoustic waves (s) given that transverse
horizontal waves do not contribute) are labelled by y=1, £, s with ¢,
the corresponding speed of sound—as determined by the density p,,
Poisson ratio v, and Young’s modulus E; of the substrate. We adopt
spherical coordinates for the incident wave vector 4 with polar
angle 6 and cylindrical coordinates for the position 7 . The squared

displacements |u 0,v)[* are given by analytical expressions,

9,72
that only depend on v, cosf and v***, which lead to straightforward

integrals for the functions #,, ;.(4, V) detailed in the Methods section.

If one considers low frequency modes that are symmetric with
respect to both the x—z and y-z planes so that f,#0 and w,<c /R
v}, one can approximate the series in equation (2) by the n=0 term
with the %,y evaluated at §=0. For a Poisson ratio v,=1/3, this
yields the following approximation

progE;" ®)
\//Ts | fz,O |2

where f,, corresponds to the total force applied on the contact
area S. For the typical micromechanical resonators analysed
here (see below), this approximation deviates from equation
(2) by 20%. Finally, we highlight that it is straightforward to
generalize the above to in-plane modes and the rim need not be
continuous, as in cases where the resonator volume makes contact
with the support at a disjoint set of small areas (for example, a bridge
geometry with no undercut).

Q=18

Free-free design. To experimentally verify our solver, we have
developed ‘free-free’ micromechanical resonators consisting
of a central plate (resonator) of length L and width w suspended
by four auxiliary beams as depicted in Figure la. These struc-
tures are etched from a high-reflectivity monocrystalline distrib-
uted Bragg reflector (DBR)—as described in the Methods section,
suited for Fabry-Perot-based optomechanical systems*. The devices
used in this study constitute a variant of the previously demon-
strated free-free flexural design in which auxiliary beams with
widths w<w and lengths L .=A/4 (where A, is the resonant
wavelength for the propagation of torsional waves) placed at the
nodes of the central resonator mode provide noise filters to suppress
support-induced losses®. A major drawback with the A/4-beam
design is that the resulting auxiliary beam length can be exces-
sive. In fact for the eigenfrequencies investigated in this work, the
corresponding beam length (>400um at 1.7 MHz) leads to proli-
feration of low-frequency flexural resonances that compromise the
stability of the optical cavity and render mode identification diffi-
cult. We circumvent this issue by utilizing instead a reduced length
L.<A/4 chosen to avoid spectral overlap between the free-free
resonance and flexural resonances of the auxiliary beams.

The free—free design provides an ideal platform to isolate and
measure phonon tunnelling dissipation: first, by altering the attach-
ment position of the auxiliary beams, this design allows for a signi-
ficant variation of geometry, while approximately preserving the
frequencies and effective surface-to-volume ratios of the resona-
tors. As these characteristics are kept constant, one can rule out the
influence of additional damping mechanisms (specifically those
driven by internal losses and surface effects) on the variation in Q
and hence isolate support-induced losses in the measured devices.
Second, the free-free resonators provide an intuitive illustration of
the strong geometric character of the support-induced dissipation.
Heuristically, the clamping loss will be proportional to the elastic
energy radiated through the auxiliary beams, which should approx-

dthels E i, ng  imately scale as the squared deflection of their contacts with the
Ta (4} and the linear stress Fourier components f,,, .[ GR 2 central resonator (see Fig. 1b,c). Thus, varying the contact position
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Figure 1| Mapping out phonon-tunnelling dissipation in a free-free
resonator. (a) Schematic diagram of the resonator geometry. (b) Normalized
squared centre of mass displacement of a single auxiliary-beam central-
resonator contact calculated via FEM (the inset shows the profile of the
free-free mode as approximated by Euler-Bernoulli theory). (¢) Simulated
dissipation (see equation (2)) as a function of the auxiliary beam's y-
coordinate (y,). Values corresponding to eight discrete geometries were
calculated here with t=6.67um, w,=7um, w=42um, L =132pum, R=116 um
and L,,4=27 um—the line is simply a guide for the eye. The FEM-calculated
mode shapes correspond to the three extreme examples of the resonator
design, from left to right: auxiliary beams near the resonator centre
(y,=13um), beams near the ideal nodal position (y,=37.4um) and beams
attached at the ends (y,=62.5um). The theoretical clamping loss limit 1/Q,,
for nodal positioning is always finite with the geometry closest to this position
(indicated by the arrow) yielding 1/Q,=2x107".

of the auxiliary beams results in a characteristic modulation of the
damping rate, which approximately maps out the central resonator
mode shape (Fig. 1b). As expected, the minimum-loss design corre-
sponds to the geometry in which the auxiliary beams are attached at
the nodes of the fundamental resonance of the central resonator. It
is interesting to note that the theoretical clamping loss limit 1/Q,, for
nodal positioning is always finite as described in Figure lc. In turn,
for generic placement away from the nodal points, one obtains for
the improvement in Q with respect to the clamped-clamped con-
figuration the heuristic relation Q;_/Q._.~(w/2w,)? which assumes
that @y and the effective mass m; are the same for both configura-
tions and w lies away from the flexural resonances of the auxilliary
beams. This figure of merit can be derived from equation (3), if one
uses the approximate scalings | f, o |._~ ERt3ka1/ pr/mg /6 and
| fz0 le—~ Egt*wiki Jpr /mg /3, which follow from neglecting
the undercut, using thin-plate elasticity, and exploiting the fact that
w,<L to analyse the elastic wave propagation in the auxilliary beams*.

Measured dissipation. To identify the mechanical modes of our
microfabricated resonators (see Figure 2a for an example of a
completed device), we compare the optically measured resonator

frequencies, as a function of the auxiliary beam position, with the
theoretical eigenfrequency variation. The simulated values are gen-
erated using the geometric parameters determined via careful anal-
ysis of the completed resonators (see Supplementary Method). As
can be seen in Figure 2b, in addition to the symmetric free—free res-
onance, there is also an antisymmetric eigenmode with comparable
frequency. We observe no mode coupling between these resonances,
which is consistent with the specific mirror symmetries of the struc-
ture. The frequencies are accurately reproduced by the FEM simula-
tion, if we allow for frequency offsets that are solely dependent on
the mode parity (262 kHz offset for the free-free mode and 89kHz
offset for the antisymmetric mode). We attribute these shifts to a
material-related dissipation mechanism involving both surface and
bulk contributions (see Supplementary Method for further details).

All dissipation measurements have been performed at high vac-
uum (10~7mbar) and at cryogenic temperatures (20K) to suppress
fluidic and thermoelastic damping in the devices (Fig. 2¢,d). Under
these conditions, we record quality factors spanning 1.4x10* to
5.1x10%, with the minimum Q corresponding to the free—free mode
of devices with an auxiliary position of 62.5um and R=116 um, and
with the maximum Q to the geometry closest to nodal positioning
(37.4um) for the same radius and type of mode (see Fig. 3). For
the symmetric mode, we readily observe the expected characteris-
tic modulation in Q as a function of the placement of the auxil-
iary beams with a relative variation of AQ,,,/Q.,,~260% (~80%) for
R=116pum (R=131um). At the same time, the use of the free-free
geometry ensures that the frequency variation is kept small, with
a range of Af/f~20% (~10%). In contrast, the Q-values for the
antisymmetric mode are nearly constant with Q=2.1x10* (Fig. 3c).
This is expected as the theoretical support-induced loss for this
mode is negligible. Additionally, as this resonance involves mainly
deformations of the auxiliary beams, its dissipation is not correlated
with the mode shapes of the central resonator. The damping of this
mode is instead dominated by other sources of dissipation, most
likely by the material-related losses that are also responsible for the
frequency shifts. Thus, we obtain an independent corroboration
that the characteristic Q-variation observed for the free—free mode
is indeed induced by the modification of the geometry rather than
by the small frequency variation present in the devices.

Discussion

To quantitatively compare the measurements with our numerical
predictions, two issues must be considered: (i) our model only cap-
tures support-induced losses, although other loss mechanisms may
still contribute to the overall damping in the devices and (ii) the
parameters for the half-space model of the substrate must be prop-
erly chosen. Consideration (i) together with the fact that we have
designed sets of resonators for which the frequencies and effective
surface-to-volume ratios are kept approximately constant implies
that any additional damping mechanism that is relevant at low
temperatures and high vacuum, but is insensitive to the variation
in geometry, should contribute a constant offset 1/Q. in the meas-
ured dissipation 1/Q,,. Consideration (ii) is non-trivial given the
long-wavelength nature of the elastic waves radiated into the sub-
strate. For an average resonator frequency of 2.12 MHz, estimates of
the maximum wavelength for the freely propagating elastic waves
yield a value of 2.5 mm, which largely exceeds the wafer thickness
(300+25um). Thus, the mechanical material parameters for the
substrate should be determined by the properties of the underlying
stage and positioning mechanism in the cryostat rather than those
of the chip itself. Hence, we assume for the half-space the mechani-
cal properties of polycrystalline commercially pure (grade 2)
titanium (see the caption of Figure 3 for more details), of which the
bulk of the structure beneath the resonator consists. Taking all of
this into account, the theory shows remarkable agreement with the
measured dissipation (as shown in Fig 3). It is important to note that
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Figure 2 | Characterization of the completed free-free resonators. (a) Optical micrograph of the 5x5mm chip containing the batch-fabricated
microresonators as well as an electron micrograph highlighting a single suspended structure; the scale bar in this image is 20 um. (b) Simulated (left) and
measured (right) eigenfrequencies as a function of the auxiliary beam y-coordinate. The measured values (discrete points) show excellent agreement
with the simulated data set, albeit with a slight offset dependent on the parity of the mode. The fitting lines in the right plot correspond to a mean
frequency offset of 262 kHz for the symmetric (sym) free-free modes and 89 kHz for the neighbouring antisymmetric (antisym) modes (inset images
show the FEM-derived mode shapes). Lower panels—examples of the fitting techniques utilized for Q-value extraction including: (¢) Lorentzian fitting

of the free-free resonance (captured on a spectrum analyser) for a device with R=116 um and y, =29 um resulting in Q=4.5x10* and (d) ringdown fitting
of the same device using linear regression of the natural log of the mean square of the free-ringdown signal captured single-shot with a high-speed
oscilloscope yielding Q=4.46x10% The inset includes the residuals to the linear fit showing an excellent agreement with the expected exponential decay.

the only free parameter used in the model of the free-free mode high-performance Fabry-Pérot cavity, we obtain a theoretical limit
is a constant offset of 1/Q.=2.41x107°. Although the exact nature =~ Q._.~10* in line with previous measurements on monocrystalline
of the corresponding dissipation mechanism is currently unknown, =~ DBR optomechanical structures®.
we assume that it arises from material losses in the resonator Given the scale-independent nature of support-induced losses,
epi-structure. our solver can be applied equally well to nanoscale mechani-
It should be noted that most commercially viable resonators cal devices. We find that for a recent demonstration of a nano-
operate in a regime where TED dominates, and in some instances, ~mechanical doubly clamped beam coupled to a superconducting
intuitive understandings of the support-induced damping®**° have  qubit at milliKelvin temperatures®, the measured values for the
allowed for its suppression below other limiting damping mecha-  resonator’s maximum Q (=6x10*) can be understood solely via the
nisms. Nonetheless, if current efforts to minimize TED in such  phonon-tunnelling loss model (beam geometry of 0.3x0.18x6 um;
structures at room temperature are successful®®, support-induced M. LaHaye, private communication), which predicts a Q-value
losses may pose the next challenge for maximizing Q. On the other  of 5.4x10% in excellent agreement with the experimental value. In
hand, in fundamental research thrusts employing high vacuum and  addition, the phonon-tunnelling framework is also applicable to
cryogenic systems, support-induced losses can become a dominant  prestressed nanoresonators such as Si;N, strings* or membranes
factor”*. For example, the free-free designs explored here provide and has recently been experimentally verified for the latter®.
a route to minimize support-induced losses for application in opto- In conclusion, we have developed an efficient FEM-enabled
mechanical experiments utilizing the micromechanical resonator as  numerical method for predicting the support-induced dissipation in
an end mirror in a high-finesse Fabry—Perot cavity*. To gauge the = microscale and nanoscale mechanical resonators. In combination with
relevance of our ‘free-free’ micromirror design in this context, it  existing models for other relevant damping channels (for example,
is instructive to compare the fundamental limit at nodal position-  fluidic and TED**), our ‘phonon-tunnelling’ solver makes further
ing Q,=5x10° and the maximum measured Q-value of 5.1x10* strides towards accurate prediction of Q. Furthermore, we provide a
with the corresponding results for the fundamental flexural mode  stringent experimental test of the corresponding theory using resona-
of a clamped bridge of comparable dimensions. In fact, for the tors engineered to isolate support-induced losses. Our results unam-
typical dimensions considered, as required for integration in a  biguously demonstrate that phonon-tunnelling plays a significant
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role in the mechanical dissipation of these devices and illustrate the
strong geometric character of this fundamental damping mechanism.
Finally, we note that as the weak-coupling approximation underly-
ing our treatment is more general than the condition of small contact
area, our numerical solver can in principle be extended to other
relevant scenarios such as phononic-band-gap structures®’.

Methods
Numerical calculation of Q-values. To derive equation (2) from equation (1),
we adopt for the free elastic half- space"5 modelling the decoupled support,

a decomposition into eigenmodes u; o y(r) (withn=0, £1, £2, ...) that have

axial symmetry with respect to z (see Fig. 1). These are related to the plane
wave eigenmodes a y(r) by
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where we adopt spherical coordinates for the incident wavevector

q(g,0,9) = q(sinBcos@,sinBsin@,cosB) (6=m/2 for y=sand O<7/2 otherwise).
We note that for the suspended plate geometry considered, the appropriate resona-
tor mode satisfies i =0 at the contact S so that we need to evaluate the second
term in equation (1).

The thin-plate condition t<R directly allows us, given the flexural nature of the
modes of interest, to neglect stresses at S that are parallel to the substrate, with the
possible exception of bending-moment contributions”®—this also applies if there
are small transverse dimensions comparable to t. However, the bending-moment
contributions also become negligible in the limit t/R%O as can be shown by using:
(i) that, given @<c,/R v}, we can Taylor expand uq 6.1,y (T) at the origin in the
mtegral over S, (ii) that we can assume relevant stresses to be concentrated around
the ends of the auxiliary beams so that the bending moments at S are mostly ori-
ented along y, (iii) the reflection symmetries with respect to the y—z (operator

) and x - z (operator R ) planes and (iv) that, barring interference effects,
these bending-moment contributions are at most of relative order® kyt—here
kp =(12pg/ ER)MJLOR /t is the resonant wavevector for the propagation of
flexural waves. Thus, we find that for all mode types other than — + (antisymmet-
ric (symmetric) with respect to R, (Ry)), the correction associated to neglecting
the bending moments scales as AQ/Q~(kyt)*, whereas for — + modes, it scales
as AQ/Q~(kt) (note that L~R). In turn, we find that the relative error in using
equation (1), arising from the weak-coupling approximation, scales in this case
as AQ/Q~|Aax|/ @y~|A(@x)|/20,~(kyt)?, where the phonon-tunnelling-induced fre-
quency shift Aw, is approxlmated by Aj(wg)/2=—(1/ n)_[ dol(w)/ o where I(w)
is the environmental spectrum?®.

Hence, we can assume dS - O'R ||z and neglect the variation of 7(0) MG
across the thickness f (that is, the z-dependence at S), so that the support modes
only enter into equation (1) through u;%m,y;z (7)],=0 . To determine the latter, we
adopt cylindrical coordinates 7 = (r cos ¢,rsin ¢, z), exploit that reflection at the
free surface preserves the tangential component of the wavevector implying

(0) - _,,(0) irgsin 6 cos(p—¢)
Ug(g.0.0.p2 (T )‘220 = Ugg,0.0),7:2(0)e > (5)
and use the Bessel integral
1 [T
]n(x):g'l.fndee i(ng xsm(p). ©)

Thus from equations (4-6), we obtain

S0
J_ Y3(9.0.0).7:2

271:14;0()q 0.07; Z(O)]n(rqsine)eim,

‘(10‘)9 - L(F)]oeo= (O)J‘fﬂei[n(wrrqsin9c08(¢*fﬂ)]d(p

@)

where we have also used that u; L ,(0) is independent of ¢. Subsequently,
substitution of equation (7) into equat1on (1) leads to equation (2) after

using that here
[~X [ aaq™" [(1 ~5,,)[ " aosin0 + 575}
ny

where d, is the dimensionality (that is, d, =3 for s and d =2 for y=s), performing
the substitution w=c g (for each y), and integrating over . Finally, substitution
of the explicit expressions for the plane wave eigenmodes ﬁg); (7) (see for example

Figure 3 | Compiled dissipation results displaying excellent agreement
between the theory and experiment. (a,b) Comparison of experimental
measurements at T=20K, with theoretical dissipation values for the free-
free mode of resonators with measured central dimensions of 132x42 um
and radius R=116 um and R=131um, respectively. Panel (a) includes SEM
images of the three extreme designs (for R=116 um) with overlaid CAD
models of the resonator geometry. Both ringdown and spectrally-derived
data are included, with values averaged over two nominally identical chips
(error bars denote a confidence interval of 99%). We include both raw
simulated data as well as fitted data (continuous lines are a guide to the
eye) incorporating a constant offset 1/Q.=2.41x10"°. For the effective
substrate, we utilize the mechanical properties of Ti, which is the main
constituent of the positioning system on which the chips are mounted
(p=4,540kgm™3, £, =116 GPa and v,=0.34). (c) Measured dissipation for
the antisymmetric (antisym) mode of the same structures exhibiting a lack
of geometric dependence.
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Appendix A in ref. 24) and v=cos8 into the definition of ﬁn,y(q,vs) allows us
to obtain:

(1—20 + 200 V22 (GN1-v?) ‘
2
|:4a3/2\/1—a+0w2 (l—vz)v+(1—2a+2av2)2:|

JU 11
i@ V)= — [ v

o=ofvg]
i Gvy=t Imdv 1—a—v)A- VW GN1-?)
VeI =o by 16— —v¥)(1=v*)*v? +(2v* —1)*
(@ -1+ A=W G1—2) ®)

1
+ dv
Jﬂ [4\/(1 1+ 0 -+ (v - 1)2}2

a=alv]

2
o C3 () 5 1-E@)i2| .
s (@ V) =—| J1-a&* (o) - ——=—==| ], (§)
Uy, s\q T |: 4 '71—52(05) q

o=alvs]

where we use the ratio o=(c,/c))*= (1-2v,)/2(1 - v,) for the supports’ material
(v, is the corresponding Poisson ratio). In turn, &(e) is the ratio of the propagation
velocity of surface waves to ¢, which is always less than unity*, and

2-8(a)
I:l _ 52 (a):|3/2

) 20 (@) -1/2
J1-0& ()

The sum in equation (2) can be reduced to a sum over #>0 by noting that
J_,(x)=(=1)"],(x) and that as the resonator mode is real, the linear stress Fourier
components satisfy f, _, = f, . Furthermore, the length of the central resona-
tor L is comparable to the radius R, and we focus on low-lying resonances of the
suspended structure so that the aforementioned condition @,<c /R vyis always

Cl)= [£@)/4+& (@)-1]

)

satisfied. This implies | X, d,, , /X, i, , |<1form>nand X4, , #0, which

can be understood by considering the behaviour of the Bessel functions for small
arguments. Thus, we find that in equation (2), the sum over the index n is domi-
nated by the first non-vanishing term as determined by the reflection symmetries
R,,R,. The latter also imply (n=0, 1,2, ...):

2 .
= Rfﬂdq)j;/zdz i ox" (7)- zcos2ng,
_ T t/2 " —— A
e = RJlﬂdq)Jledz t-ox ()-2sin(2n+1)9,
_ T t/2 A e\ A
fiann = R.[,ﬂd(p.'.,,/zdz #-0x () zcos(2n+1)g,

t/2 N e
from =RJ” d¢j dz 7-0o " (7)- zsin2ng,
B - —t/2 (10)
z+,2+n+l = Z;ﬂ = f;;n = fzj;n-#l =0;

where the resonator mode of type o, f3 satisfies ﬁxcg’ﬁ = txdﬁ“ﬂ and

Ryo-]l{) =fo] g,ﬁ. To efficiently extract the above from the FEM simulation, we
convert them into volume integrals using an adequate Gaussian weight so that, for
example, for a fully symmetric mode, we have

r—-R

>
2 _( a. ] A s
o= lim J. dre 7+ Oog(F)- zcos2ng,
a, »0~Ta, Vv

(11)

where we again use cylindrical coordinates and V denotes the resonator volume. In
addition, we exploit that the reflection symmetries naturally allow to perform the
FEM simulation on a single quadrant. Thus, numerical evaluation can be conven-
iently performed using a fixed a. and a mesh size M such that (V/4 M) <a.<t. We
have checked the convergence and estimate the numerical error to be of order 5%.
Numerical simulations of the resonator mode are performed with the aid of
COMSOL multiphysics. Accurate three-dimensional CAD models representing the
resonator geometry are generated using Solidworks (matched with high-quality
scanning electron microscope images as described in Supplementary Method),
and the bidirectional interface between the two programs is exploited to perform
a parametric sweep of the auxiliary beam contact position for determining the
pertinent information about the relevant mode, namely its eigenfrequency, linear
stress Fourier components f, , and normalization constant. In this instance, a single
CAD file is used with a global variable incorporated to control the lateral position
of the auxiliary beams with respect to the centre of the central resonator. We use
for the mechanical properties of our single-crystal resonators an anisotropic
material model incorporating the elastic stiffness matrix for the epitaxial

structure as obtained from a weighted average between the relative content of
GaAs and AlAs (46.37% GaAs/53.63% AlAs). The corresponding parameters are:
C,,=119.6 GPa, C,,=55.5GPa, C,,=59.1 GPa and p;=4,483kgm . The resonator
axes are aligned along (100) (zinc-blende structure). Note that we ignore the 6°
misorientation of the germanium substrate, as we have checked that it has a negli-
gible impact (error of 0.3%) on the simulated frequency response of the resonators.
Finally, as a non-trivial check, we have applied our numerical method to bridge
geometries with no undercut for which a simple analytic expression is valid in

the limit of large aspect ratio (see Supplementary Method).

Epitaxial material structure and resonator fabrication procedure. The layer
structure for our high reflectivity resonators consists of 40.5 periods of alternating
quarter-wave GaAs (high index) and AlAs (low index) grown lattice-matched

to an off-cut monocrystalline germanium substrate. The ideal total thickness of
the heterostructure is 6,857.6 nm, with individual layer thicknesses of 77.6 and
91.9nm for the GaAs and AlAs, respectively, yielding a nominal peak reflectivity
at 1,064 nm, as with our previous optomechanics experiments*. With this design,
the germanium substrate enables the use of a high-selectivity gas-phase etching
procedure, based on the noble-gas halide XeF,, to rapidly and selectively undercut
the underlying germanium substrate. Thus, we realize a free-standing epitaxial
Bragg mirror via a simple and fast-turnaround fabrication procedure. The details
of both the epitaxial material design and microfabrication procedure are covered
in ref. 50.

Measurement technique. To characterize the frequency response of our micro-
resonators, we utilize a custom-built optical fibre interferometer featuring a con-
tinuous flow *He cryostat as the sample chamber®'. High-sensitivity displacement
resolution is achieved in this system via optical homodyne interferometry. Cryo-
genic testing of these devices is necessitated because of the limitations imposed by
TED at room temperature. Estimation of the magnitude of TED is possible using
the analytical and finite element models developed previously*-%, which predict

a Q-value of ~4,000 for the current DBR composition and thickness at 1.8 MHz
and 300 K—consistent with performed measurements. To avoid TED, our cryostat
enables interrogation down to 20K (resulting in an estimated TED limited Q of
9.9x10%); the minimum temperature is currently limited by the large view-port
above the sample stage. Additionally, this system is capable of vacuum levels down
to 2.5x10"7 mbar at cryogenic temperatures, removing any additional damping
induced by fluidic or squeeze film effects*=*!. The eigenmodes of the resonator are
excited by driving a high-frequency (10 MHz) piezo disc soldered to a copper stage
in thermal contact with the cold finger. For spectral characterization, the piezo
disc is driven with white noise and the resonator frequency response is recorded
on a spectrum analyser. For the free-ringdown measurements, the decay of a
resonantly excited device is recorded in a single shot on a high-speed oscilloscope
(see Supplementary Method for further details).
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bistable driven response of the antisym-
metric mode — For large drive amplitudes
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Supplementary Methods

A: Numerical verification with bridge geometries

Our generic symmetric inscribed structure includes the particular case of bridge geome-
tries with no undercut for which a simple variant of the method used in Ref. [24] allows us to
obtain an analytical approximation for the ()-value of the fundamental mode @)._. valid for
3nt/2L < 1. Our scenario differs from the one considered in Ref. [24] in two ways: (i) there
is now a single half-space support instead of two and (ii) its free surface is oriented parallel
to the beam’s axis instead of perpendicular to it. Thus, for the fundamental flexural mode
as the resonant wavelength in the support is much larger than the bridge length L, to lowest
order in (t/L)? the stresses at both clamping points add coherently so that the overall effect
of (i) is to double the dissipation. In turn (ii) implies that the roles of the dimensionless
displacements for compression and bending are interchanged so that the dissipation of the
vertical bending modes are further corrected by a factor of @./u,. Thus if we consider that
the support and resonator are made of the same material characterized by a Poisson ratio

v = 1/3 we obtain

0.92L°

Qe—c = (S1)

riwtt
Hence as a non-trivial check we have applied our numerical method to the fundamental mode
of clamped-clamped square beam monolithic geometries with no undercut, v = 1/3, and
aspect ratios L/t ranging from 15 to 40 and compared the results with those corresponding
to Eq. (S1). We find a discrepancy e that decreases monotonically from 20% to 4% which is

consistent with the rough heuristic estimate € ~ 3wt/2L.

B: Analysis of Completed Devices

The resonator layout we have designed features 16 devices on chip, each with identical
central resonator dimensions (nominally 130 x 40 um?). The 16 devices are divided into
two sub-units featuring different outer radii (116 um and 131 um respectively), which are
included in order to probe the effects of the auxiliary beam length on the dissipation. Finally,
each of the two subsets contains 8 variations of the auxiliary beam contact position, varying

from the center to the extreme outer edge of the central beam, with a single design chosen



to match the theoretically calculated node position (auxiliary beam positions of 13, 21, 29,
37.4, 44, 50, 56, and finally, 62.5 um). To ensure a thorough investigation of each geometry,
two separate but nominally identical chips are measured.

Central to this study is an accurate determination of the geometric properties of the
optomechanical resonators. Thus, we employ a variety of analytical techniques for the
characterization of these devices as detailed below. We find that the actual thickness of the
DBR is 6.67 um, the central resonator dimensions are enlarged by 1 um at each free edge as
compared with the nominal design values, and finally, L,.q is destructively measured post
characterization and found to be on average 27 ym. In turn the microfabrication procedure
detailed Ref. [50] entails h ~ Lypq.

Thickness: In order to accurately determine the physical thickness of the resonators, we
rely on measurements of the DBR reflectance spectrum. This procedure begins by recording
the reflectance of the mirror stack (on wafer) as a function of wavelength via spectropho-
tometry. A transmission matrix model is then used to fit the measured high-reflectivity
stop-band; the individual layer thicknesses are adjusted assuming constant (fixed percent-
age) growth errors for the constituent films. Note that the wavelength of peak reflectivity
of the mirror is highly sensitive to variations in layer thickness. In fact for this structure, a
1 nm variation in the individual layer thickness shifts the wavelength of peak reflectivity by
approximately 10 nm. Relying on accurate knowledge of the room temperature refractive
index of the binary films, we realize a minimum wavelength resolution of +1nm; thus, the
thickness accuracy is better than 20 nm for the DBR. From this analysis we have determined
that the actual thickness of the DBR is slightly shorter than desired at 6.67um with a peak
on-wafer reflectance near 1060 nm at room temperature (ideal target thickness of 6.86um,
corresponding to a peak wavelength of 1078 nm at 300 K). The thickness is further verified
by scanning probe measurement of the DBR following the anisotropic etch of the epitaxial
layers. The profilometer provides an upper limit to the DBR thickness, as additional etching
arising from surface sputtering of the Ge substrate is unavoidable. These measurements yield
a conservative thickness estimate between 6.7pum and 6.8um, verifying the more accurate

spectrophotometer derived value.

Resonator Dimensions: The lateral dimensions of the resonators are determined by ob-

taining high resolution micrographs of each individual structure in a field emission scanning

electron microscope (Zeiss Gemini). Image analysis shows that the lateral dimensions of the



resonators have expanded by +1 um on each edge, with the following results: reducing the
nominal external support diameter by 24 0.3 ym, increasing the auxiliary beam width from
5pm to 74 0.3 um, and increasing the overall lateral dimensions of the resonator by 2 um
to 13240.3 um and 42+ 0.3 pm. Additionally, a combination of process non-idealities (non-
optimized exposure or development times) during lithography result in the formation of a
3-um-radius fillet of at each corner of the device. These results are fed back into the CAD
model of the resonator in order to generate the true resonator geometry for simulation. An
overlay of the simulated resonator geometry and micrographs obtained via scanning electron
microscopy can be seen in Fig. 3(a). Note that the resonators used in this study were not
subject to potentially damaging energetic processes beyond the required plasma etching,
including both SEM and FIB (as described below), until all dissipation measurements had
been completed.

Undercut: In order to perform measurements of the support undercut distance, a dual
beam SEM/FIB (Zeiss Gemini) is utilized to mill a window through the DBR and expose
the underlying germanium. Because the GaAs/AlAs heterostructure is opaque to visible
light, it is not possible to simply view the undercut distance with an optical microscope.
This method allows for an accurate determination of the lateral etch distance below the
supports. Image analysis yields an average distance of 27 pum for the structures. Note that
multiple chips of identical geometry were released simultaneously in a single process run, in
order to ensure repeatability in the resonator dimensions. Selected measurements across the
chip verify that the undercut length is constant for the resonators studied here (measured

values fall between 26.5 and 28.2 ym).

C: @-value and frequency measurements

We utilize two options for driving and characterizing the resonance of interest: (i) by
applying broadband white noise to the piezo disc for extraction of the mechanical frequency
spectrum (simultaneously driving all modes within the system bandwidth), and (ii) by excit-
ing a desired mode resonantly with a sinusoidal voltage input, abruptly shutting off the drive,
and then recording the free-ringdown of the structure. In the first method, @ is extracted
by measuring the width of the resonance of interest, while in the latter, the single-shot

amplitude decay time of the ringing structure provides the damping rate of the resonator.



For data analysis, we employ a combination of spectral fitting with a Lorentzian function,
with linear-regression-based fitting of a decaying exponential in the case of the ringdown
data. The envelope of the raw ringdown signal is created by first squaring the dataset (in
order to utilize both the positive and negative components of the decaying sinusoid) and
then averaging over a 10-20 period window (it is important to note that a typical ringdown
dataset contains more than 1.5 x 103 periods of oscillation). Finally, to linearize the data,
we simply take the natural logarithm of the mean-squared amplitude. In contrast to the
single-shot ringdown datasets, the spectral measurements require multiple averages for a
clean signal (typically ~ 50 — 100). The Lorentzian fit parameters include the amplitude,
center frequency, and full width at half maximum (FWHM), with the latter two used for
calculating @ from their ratio. The fast Fourier transform (FFT) of the ringdown signal
can also be used to determine the eigenfrequency, while the 1/e decay time 7 allows for the

extraction of the resonator quality factor via the relation 7 = Q/7 f.

Mode identification is realized by comparing the resonator frequency response as a func-
tion of geometry with the simulated eigenfrequency values. The modes are further distin-
guished by the relative geometric-induced nonlinearity at resonance. The desired free-free
mode remains linear to the limits of our piezoelectric-based inertial drive. On the other
hand, the neighboring anti-symmetric mode exhibits a significant hardening spring Duff-
ing response and can readily be driven into a bistable regime as shown in Supplementary
Figure S1. Care is taken to drive this mode below the threshold for bistability to avoid
complications in dissipation extraction. This marked difference in the responses of these

two types of modes is consistent with their free-free versus clamped-clamped nature?.

To each dissipation mechanism there is an associated dispersive effect induced by the
interactions with the corresponding environment that shifts the resonant frequencies. For a
given resonance (wg) this shift can be positive or negative depending on whether the envi-
ronmental spectrum is dominated, respectively, by modes with frequencies lower or higher
than wg. In turn, the two types of modes have markedly different surface-to-volume ratios,
larger for the antisymmetric resonance and smaller for the symmetric one; exhibit a positive
shift which is substantially larger for the symmetric mode, and a “background” dissipation
that is larger for the antisymmetric one (cf. Fig. 3). These facts can be reconciled by assum-
ing that two materials-related dissipation mechanisms contribute to the “background”: a

bulk one leading to an overall positive shift which is the same for both types of modes, and a



surface one leading to a smaller negative shift that naturally scales as the surface-to-volume
ratio. In turn, theoretical estimates for the phonon-tunneling induced shift yield a negligible
negative shift that should also follow the mode profile leading to a significant modulation
that is not observed. Likewise, mode coupling between the different resonators would also

be incompatible with a constant shift.

Currently, the nature of the background dissipation mechanism in these resonators is
unknown. It is important to point out that these devices are grown using a heteroepitaxial
materials platform: in this implementation the GaAs/AlAs DBR is grown on an off-cut
germanium substrate®. The advantage of the germanium substrate is that it significantly
simplifies processing (enabling the use of a gas-phase release process via XeF,), resulting
in an extremely high yield and excellent geometric control — ideal characteristics for our
dissipation study. Unfortunately, as discussed in Ref. [50], the materials quality is compro-
mised in this implementation due to the slight lattice mismatch between Ge and GaAs/AlAs.
Here misfit dislocations and residual anti-phase boundaries in the bulk of the resonator lead
not only to a reduced surface quality (with an RMS roughness value exceeding BOA)7 but
also an enhanced background dissipation level. In comparison, we have fabricated nominally
identical resonators (i.e. utilizing the same lithographic mask) from a homoepitaxial AlGaAs
Bragg stack grown on a binary GaAs substrate®’. The improved surface roughness measured
for this structure (~ 6A) points towards a significantly reduced defect density; this is also
supported by the increased maximum quality factor, @, which is measured to be > 8 x 10%

at cryogenic temperatures51.

We have additionally investigated the temperature dependence of the quality factor,
albeit over a limited range. As mentioned in the Methods Section, at room temperature
thermoelastic (TED) damping limits the achievable @ to < 10. In Supplementary Figure S2
we include the temperature dependence of () in the range 20—80 K for a resonator dominated
by the background dissipation given that the auxiliary beams are placed near the nodal
positions. By 80K, the theoretical TED limited ) exceeds 5 x 10°, at this point the device
becomes limited by the aforementioned background damping channel. As the temperature
decreases, the device exhibits a reduced dissipation with a local maximum in @) near 50 K,
potentially corresponding to the zero-crossing of the thermal expansion in GaAs as previously
observed in Ref. [52]. The large viewport in our cryostat as well as the thermally-insulating

piezoelectric disc, limit the minimum realizable temperature to ~ 15 K. It appears that with



further cooling it would be possible to realize even higher quality factors.
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5 A Toolset for Quantum
Optomechanical Phonon Control

In this work [46] we introduced a method to control the motion of a mechanical
resonator at the single phonon level. Specifically, we theoretically developed a tech-
nique to allow for an arbitrary superposition of phonon subtraction, addition, and
the identity operation, which provides considerable versatility for mechanical non-
Gaussian quantum state engineering and continuous variable quantum information
applications. Utilising this tool, we introduced the concept of a quantum state or-
thogonalizer T | that generates a state that is orthogonal to the input state, i.e.
(WY L[ = 0.

Experimentally, quanta subtraction and addition processes have been used to
great success on traveling light fields, with leading examples being superposition
state preparation via photon subtraction from squeezed vacuum [76, 77] and non-
classical state preparation by photon addition [78]. Also, optical phonon addition
and subtraction has recently been experimentally performed to a bulk lattice vibra-
tional mode in diamond [48, 49]. Our theoretical proposal brings these operations to
the field of quantum cavity optomechanics. Applying such operations to a stationary
mechanical system has the advantage that one can more easily repeat the process to
coherently and controllably perform multi-quanta operations. Using this fact, our
work also introduced a protocol how to transform a known initial pure state into
any other desired target pure state, i.e. quantum state transformation.

My specific contributions to this project were: in late 2008, during discussion
with Markus Aspelmeyer in Vienna, I conceived how to perform phonon addition
and subtraction; then during discussion with Myungshik Kim at Imperial College
London we realized that these operations can be performed in a coherent super-
position and Myungshik had the insight that such a superposition could be used
for quantum state orthogonalization; I later conceived the arbitrary quantum state
transformation protocol; and I played the leading role performing the calculations,
preparing the manuscript, and working through the peer review process.

This work uses the long pulse interaction regime and thus, although this project
was completed during the latter stages of my PhD, this chapter bridges the contin-
uous and pulsed regimes, see Fig. 1.2.
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We introduce a method that can orthogonalize any pure continuous variable quantum state, i.e.,
generate a state | | ) from | i) where (| | ) = 0, which does not require significant a priori knowledge
of the input state. We illustrate how to achieve orthogonalization using the Jaynes-Cummings or
beamsplitter interaction, which permits realization in a number of physical systems. Furthermore, we
demonstrate how to orthogonalize the motional state of a mechanical oscillator in a cavity optomechanics
context by developing a set of coherent phonon level operations. As the mechanical oscillator is a
stationary system, such operations can be performed at multiple times providing considerable versatility
for quantum state engineering applications. Utilizing this, we additionally introduce a method how to
transform any known pure state into any desired target state.

DOI: 10.1103/PhysRevLett.110.010504

A qubit basis formed by a pair of orthogonal quantum
states is central to quantum information processing.
Currently there is considerable effort towards implement-
ing quantum information processing with two-level sys-
tems. For such systems, an intriguing and fundamental fact
is that quantum mechanics prohibits the construction of a
universal-NOT gate that would produce an orthogonal qubit
from any input qubit [1]. This quantum mechanical prop-
erty is closely related to the quantum no-cloning theorem
[2]; however, faithful cloning can be achieved probabilisti-
cally provided that the set of input states is linearly inde-
pendent [3]. Similarly, using such an input set of states, it
is possible to construct a probabilistic NOT operation for
qubits [4]. A qubit basis may, however, also be formed
using two orthogonal continuous variable states. Thus far,
efforts to construct such a basis have mainly concentrated
on using a superposition of coherent states [5]. Also,
recently a qubit basis was realized using photon subtrac-
tion from squeezed vacuum [6].

In this Letter, we introduce a method for quantum state
orthogonalization for continuous variable quantum sys-
tems. Notably, the method only requires knowing the angle
¥ made by the state’s mean amplitude (b) = |(b)|e?,
where b is the annihilation operator, and hence the scheme
is magnitude independent. Furthermore, our method is
readily extended to generate an arbitrary superposition of
the initial state and an orthogonal counterpart to allow the
encoding of quantum information. The orthogonalizer
Y| « be i + bte!® is formed by a linear superposition
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of the bosonic annihilation and creation operators, and
generates a state orthogonal to any pure state |¢), i.e.,
(g|Y |¢) =0, when ¢ = & + 7/2. Thus, Y is a quad-
rature operator that is perpendicular to ¢ [7].

The orthogonalizer can be realized with interactions that
are available in many physical systems; e.g., torealize Y | in
cavity quantum electrodynamics [8,9], one prepares an input
qubitin the state A|g) + B|e) which then weakly interacts via
the Jaynes-Cummings Hamiltonian H/h = —iQ(bo, —
bt o _), where () is the coupling rate and o _ are the raising
and lowering operators. A controllably weighted superposi-
tion of addition and subtraction is achieved by projective
measurement of the qubit onto B*|g) — A*|e) following the
interaction. The measurement operator is then Yqpp =
(glB = (elA)1 — Q7(bory — blo )](Alg) + Ble)) =
Qr(A%b + B?b'), see Fig. 1(a). With this interaction, opti-
cal [8] or microwave [9] fields in a cavity, or the motional
state of trapped ions [10] can be orthogonalized by appropri-
ately setting A and B. Similarly, a pure state of a traveling
optical field can be orthogonalized by interaction on a beam
splitter and then measurement of an optical qubit comprising
a superposition of zero and one photons [11], see Fig. 1(b).
As these interactions are common throughout quantum op-
tics, adaptations of this orthogonalization protocol to other
physical systems can be readily achieved. Moreover, a differ-
ent scheme to perform a superposition of photon subtraction
and addition was recently proposed [12], which could also be
used to realize state orthogonalization.

The tools we introduce for orthogonalization can also
be utilized for quantum state engineering applications.
Currently, single quanta manipulation techniques per-
formed on traveling light fields [13] have prepared super-
position states via photon subtraction [14], observed
the bosonic commutation relation [15], and engineered
arbitrary quantum states up to the two-photon level [16].

Published by the American Physical Society
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FIG. 1 (color). A continuous variable pure state can be orthogo-
nalized by coupling with a qubit via the Jaynes-Cummings (a) or the
beamsplitter (b) interaction and then measurement of the qubit.
Alternatively, simultaneously using the beamsplitter and two-
mode-squeezing interactions can be used for state orthogonaliza-
tion. This can be realized with cavity optomechanics to coherently
manipulate the quantum state of motion of a mechanical oscillator
(c). (PBS, polarizing beam splitter; FR, Faraday rotator). One of
the drive fields is blue detuned and gives rise to a phonon-number-
increasing process, whereas the other is red detuned and gives rise
to a phonon-number-reducing process. This is shown in (d); a
truncated energy level diagram of the optomechanical system
where the left kets describe the intracavity photon number and
the right kets describe the mechanical phonon number. Each drive
generates a sideband at cavity resonance, which is shown in (e), an
example optomechanical spectrum. Thus, after erasure of the
polarization information, photon detection at the cavity resonance
frequency causes the mechanical element to undergo a coherent
superposition of phonon addition and subtraction.

Much progress has also been made for arbitrary quantum
state preparation of the motion of trapped ions and micro-
wave field states [17]. As mechanical elements are now also
considered for quantum applications, experimental tools
are required for the coherent manipulation of phononic
modes. Examples of progress in this direction are the obser-
vation of low thermal excitation [18-20], steps towards
single-phonon manipulation by coupling to a superconduct-
ing phase qubit [18], strong coupling [21], and mechanical
mode thermometry via sideband asymmetry [22]. Also,
recently the lattice vibrations of two diamonds were
entangled by coherently distributing one quanta across the
two vibrational modes [23].

Coherent phonon manipulation.—In this section we dem-
onstrate how to perform an arbitrary coherent superposition
of phonon subtraction, addition, and the identity operation to

a mechanical oscillator using cavity optomechanics. The
prototypical optomechanical system is a Fabry-Perot cavity
where one of the mirrors is sufficiently compliant that the
reflection of light can modify the mirror momentum via
radiation pressure. Concurrently, the motion of the moving
mirror modulates the optical phase and generates sidebands.
To realize phonon subtraction (addition) one can optically
drive an optomechanical cavity at the red (blue) sideband,
and then perform single photon detection on the field scat-
tered onto cavity resonance. Provided that the sidebands are
well resolved and the optical phase shifts are small allowing
linearization, the red-detuned drive gives rise to a beamsplit-
ter interaction and the blue-detuned drive gives rise to a
two-mode-squeezing interaction. This linearization proce-
dure was discussed for optomechanics in Ref. [24], where
quantum state transfer between light and mechanics was
proposed. Drive on the blue sideband has also been consid-
ered for continuous-variable teleportation from light to the
mechanics [25]. Some other applications utilizing these
sidebands are reviewed in Ref. [26].

Our proposed setup for coherent phonon control uses
two orthogonally polarized optical fields to interact with
the mechanical resonator, see Fig. 1(c). We consider a pulsed
protocol where the conditional mechanical state following
the pulsed interaction and measurement is determined. The
optomechanical Hamiltonian [27] for the two independent
optical modes in the optical rotating frame at the drive
frequencies is

H H
o wubtb+ Y [Aala;— goala(b+bh)]+ 7" (1)

where H;/h = Y ; \2kN;(Efa; + Eia;r) is the drive term,
the subscripts label the two orthogonally polarized modes
i € {h, v}, and a (b) is the cavity (mechanical) annihilation
operator. (w;; mechanical angular frequency; A optical
detuning; g, optomechanical coupling rate; x cavity ampli-
tude decay rate; N photon number per pulse; £ drive ampli-
tude, where [ dt|€]*> = 1.) Neglecting mechanical damping
and input noise, as the interaction time can be made shorter
than the decoherence time scale, we compute the dynamics in
a similar manner to Ref. [24]. The mechanical evolution
is computed via the Hamiltonian, and the cavity field is
computed via the Langevin equation a&; = —ia[A; —
go(b + bH] + V2k(ay,; — iVNE;) — ka;, where a;, is
the optical input noise. We enter a displaced frame to follow
the mean of the operators, i.e., a; — /N;a; + a; and b —
B + b. Provided that the intracavity intensity varies much
slower than the mechanical frequency, the mechanical mean
amplitude is B8 = 5—;2,-M|ai|2- This displacement, due to
the optical steady state intensity, shifts the mean cavity
length. Introducing A} = A; — 2g,3, the intracavity ampli-
tude is a; = —i2«E;/(iA} + k), where it has been
assumed that £ varies much slower than k. In the proceeding
discussion this change to the detuning is neglected as the
effect is small and can be readily compensated by frequency
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stabilization and/or appropriate predetuning. We turn now to
the noise operators, and for brevity discuss the dynamics for a
single drive frequency. We enter the mechanical and optical
rotating frames via a — ae 2" and b — be " “M' respec-
tively. Assuming k < w,;, we make the rotating-wave ap-
proximation and obtain a = igyv/Nab"1) + \/2_Kain — Ka
and b = iggv/Na®™)al-?), where the brackets in the super-
scripts are used to describe the two detunings we consider
(A = +wy, A = —wy), respectively. For gO\/Na < K,
we use the adiabatic solution g = i £ VNab't) + ¢, where
() = V2« [t di'e *""a; (¢). The photon number
scattered by the optomechanical interaction is n =
B dta:ﬁmaout, which has been approximated to include de-
tection up to the drive duration 7> k~!, and a,, =

2ka — a;, is the cavity output. For the A polarization
driving the beamsplitter interaction (A = +wy), {(n,)=
(1—e 267\ (bl by), where G; = S0N;|a;|> and by is the
mechanical field operator at the beginning of the interaction,
time r = 0. For the v polarization (A = —w,,), which drives
the two-mode-squeezing interaction (n,) = (2™ — 1) X
(bobg ). We now consider weak drive such that the probability
of more than one quanta being scattered is negligible. In this
case, from the scattered photon number expectations, we
introduce an effective beamsplitter parameter § = \/2G, 7
and an effective squeezing parameter r = /2G,, 7 [28], and
we describe the interaction using the effective unitary U, =
1+ @afbe™® — ralbte — H.c.) [29]. Here, ¢ and ¢
are the beamsplitter and two-mode-squeezer phases, respec-
tively, which can be controlled via the phase of the drives.
The fields at cavity resonance generated via U, are spatially
combined and filtered from the drive fields. Next, to control
the weighting of identity in the operation, a weak displace-
ment of amplitude w is performed [30]. Doing this to the
h polarization, Uyg— 1+ (ajbe™'® —ralbte + paf —
H.c.). At this point the polarization of a scattered photon
reveals how the phonon number changed. The field then
passes through a wave plate that performs a; — \/%(a,, +
a,) and av—>\/%(av —ay,), and is then incident upon a polar-
izing beam splitter to conceal this information and allow for a
quantum superposition. Conditioned on an 4 photon detec-
tion, the resulting mechanical state is pst="Y, pity YZ /Pr(h),
where Pr(h) = TrM(YZ Y,,pu) is the probability of photon
detection and

1 . .
Y, = —=Ebe ® + rbte’® + p). )
h \/i 2 M
A v photon detection gives a measurement operator of the
same form, however, with a 7= phase shift on the identity.
Applications.—Y,, provides a method to prepare and
manipulate quantum coherence between the mechanical
energy levels. Setting u = 0, g =randp=p=39+7/2
we obtain the quantum state orthogonalizer Y | =
be=i@+7/2 4 ptei+7/2]/ /2 = rP\?) This quadrature

is depicted in Fig. 2 as is its action on a displaced squeezed
state. Such orthogonalization is heralded by the detection

of a single photon that occurs with probability Pr(h) =

r2((P\)2), which is greater than zero for all physical states
[31]. We also note here that for states with zero phase space
mean, i.e., {¥|bly) = (y|bt|y) =0, one can see that
quanta subtraction or addition to the state | i) yields a state
which is orthogonal to | ). Addition alone can orthogonalize
all such states with a heralding probability of r2({bTh) +
1)/2, whereas subtraction alone has a heralding probability
of (9)*(bTh)/2. We thus further note that the operations
b — B and bt — B* can orthogonalize all pure states with
(b) = . These operations may be simpler to experimentally
implement; however, they are less versatile, as complete
information of the state’s mean is required as opposed to
the partial knowledge required by Y | . Returning to Eq. (2),
one can now form a superposition of orthogonalization and
identity Y;, = u/~/2 + Y| to prepare a superposition of the
initial state and an orthogonal state, i.e., a qubit, see Fig. 2(d).

A mechanical resonator is a stationary system that
allows Y/, to be conveniently performed at multiple times.
Moreover, as the superposition weightings can be changed
between applications, this provides considerable versatility
for quantum state engineering and quantum control proto-
cols. For instance, one could realize the protocol by Dakna
et al. [32] to synthesize an arbitrary mechanical motional
state. As another application, here we show that with N
applications of Y, one can transform the state |i¢) =
SN ,|n) into any target state |p) = SN ¢,|n), i.e., arbi-
trary quantum state transformation. Our method uses only
the subtraction and identity components of Y, [33] and
proceeds in a manner similar to Ref. [32] and generalizes
the scheme presented in Ref. [34]. Specifically, by apply-
ing ® =TV, (u; + v;b)/N2 = 3N Cib', where v =
%e”"z’, to the state |¢) one can obtain |¢) provided that
the set of coefficients C; is such that

N Cithisn(i + n)!/n! = ¢,. Determining C; can be

readily achieved via matrix inversion, and a solution exists

FIG. 2 (color). An equally weighted superposition of quanta
addition and subtraction can orthogonalize any pure quantum
state. (a) The orthogonalizer Y | is a quadrature perpendicular to
the angle ¥ made by the input state’s mean in phase space. The
Wigner function (blue-cyan, positive; red-yellow, negative;
larger ticks mark the origin and they increment by unity) of a
displaced squeezed state (b), which has been orthogonalized (c).
A superposition of an initial state with an orthogonal state may
be prepared to create a qubit from any initial pure state. In
(d) such a superposition is shown by action with Y, +
lwle™ /2 /\/2, where |u| = r.
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provided that ¢y # 0 [29]. For the initial state having
(b)Y = 0, the probability of successful quantum state trans-
formation is [T, [(DXbTh); + |mil*1/2, where (bTb); is
the phonon number expectation prior to the ith pulse. This
probability may seem low; however, the experiment can
readily be performed with a megahertz repetition rate using
a ~100 MHz mechanical oscillator, and thus a practical
number of heralding events can be attained in a reasonable
time. Also, if the target state has a larger (smaller) dimen-
sion than the initial state, one can apply creation (annihi-
lation) as many times as necessary in order to make the
dimensions the same prior to using ®.

An experimental approach.—There are numerous real-
izations of optomechanical systems and much progress has
been made that can be built upon; the most pertinent being
Refs. [23,35] where phonon addition and subtraction were
realized as separate operations. Combining these opera-
tions into a coherent superposition can be achieved with
the setup in Fig. 1(c). Here we present an alternative route
to fulfill the requirements of our proposed scheme using a
mechanical element with a bulk-acoustic-wave vibration
that forms an end mirror of a Fabry-Perot cavity [36]. This
configuration has the advantage that the cavity decay can
be controlled independently of the mechanical properties,
and such vibrational modes offer high mechanical reso-
nance frequencies [37]. Moreover, simultaneous high re-
flectivity and high mechanical quality can be realized with
multilayer crystalline reflectors [38]. A 40 um diameter
and several micrometer thick mirror has a mechanical
resonance /27 = 200 MHz with a 20 ng effective
mass. With a finesse of 5 X 10%, to achieve resolved side-
band operation, i.e., wy/x = 10, a 75 um cavity length
can be used. For a drive laser with wavelength 1064 nm and
a pulse duration of 100 mechanical periods, an optical
power during the pulse of 1.3 mW is needed to achieve
r> = 0.01. During the interaction the mechanical resonator
also interacts with its thermal environment. To neglect the
effects of environmental coupling we require that ¢ =
(7/ Q) (7w /27) < 1, where 7 is the mechanical phonon
occupation in thermal equilibrium and Q is the mechanical
quality factor. For Q = 10’ and a 100 mK bath, which can
be readily achieved using dilution refrigeration, & =~ 1072,
Following the interaction the sideband needs to be sepa-
rated from the drive field(s) prior to photon detection. For
higher mechanical frequencies the filtering requirements
simplify. However, it is possible to achieve sufficient filter-
ing even for a 200 MHz mechanical frequency using an
optical displacement and spectral filtering [39]. Realizing
the displacement with optical fiber-based components,
which provide excellent spatial mode matching, one can
achieve an interferometric visibility of 99.99% that
suppresses the drive by 10*. The remaining drive can
be further reduced by filtering with a cavity that has the
same resonance frequency as the optomechanical cavity.
To achieve a drive transmission 10? times smaller than

sideband transmission, a filter cavity amplitude decay
rate of 2 kHz is required [40]. We would also like to
emphasize that our scheme is robust against optical loss,
and inefficient detection as an optomechanically scattered
photon that goes undetected does not trigger Y,; hence, the
primary effect of loss is to merely reduce the heralding
probability [41]. To characterize the mechanical motional
state, as the parameter regime considered here is suited
for the beamsplitter interaction, quantum state transfer of
the mechanical motional state to the light [24,42] can be
performed followed by optical homodyne tomography.
This interaction following action(s) with Y, to the sta-
tionary mechanical element, also provides a route to pre-
pare optical continuous variable qubits or to synthesize
arbitrary quantum states of a traveling optical field.

Conclusions.—A superposition of quanta addition and
subtraction can orthogonalize any pure continuous-variable
quantum state with known angle made by the mean of the
state’s amplitude in phase space. Such a superposition in
combination with a controllable amount of the identity
operation provides extensive control for quantum state engi-
neering and quantum information applications. For station-
ary systems it is convenient to apply this tool multiple times,
which we have utilized to illustrate how to perform arbitrary
quantum state transformation. As the interactions we have
used are available in many of the facets of quantum optics
[43], the tools we introduce can be realized in numerous
physical systems.
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A. Determining the Effective Unitary Interaction

Central to our discussion in the main text is the mea-
surement operator Y,, which is used to describe the
operation to the mechanical resonator via the optome-
chanical interaction and then single photon detection.
T, = (1,0| Ueg |0, 0), where the ket is the initial state of
light at the cavity resonance for the two orthogonal polar-
izations used, the bra describes a h-polarization photon
detection with no v photon detection, and U.g is the ef-
fective optomechanical interaction including the manipu-
lations to the optical field made after interaction with the
mechanical resonator. In this supplementary we provide
a discussion how U, is obtained.

The time evolutions described in Eq. (2) of the main
text are generated by the beam-splitter and two-mode-
squeezing effective interaction Hamiltonians. In the for-
mer case a accumulates correlation with b and in the lat-
ter case a accumulates correlation with 4. For vacuum
on the input of mode a, the expectation of the number
operator in the output of mode a for the beam-splitter
and two-mode-squeezing interactions are

n?% (b'b), and sinh?r (bb'),

respectively, where sinz(g) is the (intensity) reflectivity
of the beam-splitter and r is the squeezing parameter.
In the optomechanical scheme we have considered, the
mean photon number scattered by the optomechanical
interaction for the beam-splitter and two-mode-squeezing
interactions are

() = (1-

respectively. For small

72T (Blbg), and (n,) = (€267 —

1)(bobh),

g, r, and GT we then have

and 7 =+/2G,T,

for the effective optomechanical beam-splitter and two-
mode-squeezing parameters, respectively. It is noted
here that computing the mean number output in mode
b can also be performed to yield these parameters. As
both the beam-splitter and two-mode-squeezing pro-
cesses are driven simultaneously, we expect that the
effective optomechanical unitary take the form U.g =
exp [—#(Hps + Hsq)7|, where Hpg o< a'b + ab’ and
Hgg o ab + a'b are the beam-splitter and two-mode-
squeezing Hamiltonians respectively. To first order in

2G,T,

the beam-splitter and squeezing parameters the effective
unitary describing the cavity optomechanical interaction
is then

U =1+ (ga,tbe_i‘zs —ralble’ — H.c.).

Finally, to obtain the effective unitary used for the mea-
surement operator, the polarization manipulations to the
optical fields, as discussed in the main text, must be per-
formed.

B. Arbitrary Quantum State Transformation

In the main text we introduced a scheme for arbitrary
quantum state transformation that generates a target
state from a known input state. Here we further dis-
cuss our protocol and provide a specific quantum state
transformation example.

The protocol works as follows.
state

For a known initial

N
6 =3 v ln),
n=0

which has no excitation beyond N quanta (or has been
approximated by truncation at this level), any target
state of the form

N
= éuln),
n=0

can be generated by applying a controllably weighted su-
perposition of identity and subtraction NN times, i.e.

O = [J(u +vb)/V2=> Civ'.

j=1 i=0

(B.1)
Applying this operation to the initial state we have

where we have used b |n Vnn —1).
The operation ® is a non-unitary process and the un-
normalized matrix elements of the state after application

of ® are
H—n
(n] @ ) = Z Gt

Pl) =

(B.2)



The target state |¢) is reached when (n|® |¢¥) = ¢,.
Provided that ¢y # 0 a set of coefficients C; fulfilling
(n|® |¢p) = ¢, can be determined via matrix inversion.
Once a set of coefficients C; is determined, a set of com-
plex coefficients p; and v; that satisfy (B.1) can also
readily be determined via matrix inversion.

We now provide a specific example of a quantum state
transformation. Starting with an initial state [¢)) = |4)
we wish to reach the target state |¢) = (|1) + |4))/v/2.
This target state can be reached with three applications
of identity and subtraction. Solving (B.2) we find that
Cy = V24C5 and C; = Cy = 0. As identity has been
used with each application we set 4 = 1 and obtain

141 + 1] + V3 = 0.,
vivo + mvs + Vo3 — 0.,
Va3V 24 = 1.

Initial

Ty =1-(0.294 4 0.510i)b

Ty =1—(0.294 — 0.5104)b

These equations can be readily solved exactly to pro-
vide the relative amplitudes between identity and sub-
traction to produce the target state. Numerical approxi-
mations to the solutions and the intermediate states dur-
ing the quantum state transformation process are shown
in Fig. B.1.

Target

T5=1+0.589b

FIG. B.1: An example quantum state transformation. Shown are Wigner functions (blue-cyan: positive, red-yellow: negative,
larger ticks mark the origin and they increment by unity) of an initial Fock state (left) to a target state (right). The target
state is reached by a sequence of three operations of a controllably weighted superposition of identity and subtraction. The
relative amplitude between identity and subtraction for each step is shown.







6 Pulsed Quantum Optomechanics

An important tool in the field of quantum optics is quantum state tomography
(QST). When implemented, such a tool provides an experimentalist the ability to
completely characterize a quantum state and thus explore the state’s coherences
and complimentary properties. QST has been utilized to characterize quantum me-
chanical behaviour in a number of physical systems such as light [32, 79], molecular
vibration [80], trapped ions [81], and spin ensembles [82], however is yet to be ex-
perimentally realized for mechanical resonators.

In this theoretical work [83] we proposed a method for QST of a mechanical
resonator utilizing a pulsed optomechanical interaction with optical pulses much
shorter in duration than a mechanical period of motion. During the short interac-
tion the mechanical position is essentially constant and so the back-action associated
with the optomechanical interaction, i.e. the momentum transfer to the mechan-
ical oscillator, does not evolve into mechanical position noise thus allowing for a
back-action-evading measurement of the mechanical position. Such a measurement
is not constrained by the standard quantum limit and so mechanical position fea-
tures smaller than the ground state width can then be observed, which is vital for
quantum state tomography. After mechanical state preparation at a known time,
our QST protocol is to perform a pulsed position measurement after a controlled
time of mechanical free harmonic evolution to sample that quadrature. This is then
repeated numerous times for a large set of mechanical quadratures. Histograms of
the measurement outcomes are then constructed and this set of histograms can then
be used to determine a phase-space (quasi-)probability distribution by a numerical
inversion process such as the inverse Radon transformation.

Performing a pulsed measurement of the mechanical position can significantly
reduce the uncertainty of this observable below the width of a mechanical thermal
state or even the ground state of motion. The conditional mechanical state, i.e. the
state after updating the mechanical probability distribution, is therefore a squeezed
state of motion that is an asymmetric Gaussian in phase-space with a narrow position
width and large momentum width. The increase in knowledge of the mechanical
state also results in a reduction in the entropy, which, as explained in the publication
below, can be conveniently expressed in terms of effective thermal occupation. In
addition to QST, we considered utilizing the pulsed measurements to conditionally
prepare a low entropy squeezed state of motion and then a subsequent pulse can be
used for QST, therefore providing a complete framework.
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6 Pulsed Quantum Optomechanics

My specific contributions to this project were: in mid 2008 I conceived the re-
search direction; I realised that a pulsed interaction could conditionally prepare a
mechanical squeezed state of motion and I conceived the protocol for QST; I per-
formed the calculations together with Igor Pikovski; and refined our ideas together
with all co-authors. This was my first theoretical project and I tremendously enjoyed
learning many of the mathematical tools of quantum optics.

To the best of our knowledge this work is the first quantum optomechanical pro-
tocol that uses a short optical pulses as defined in Fig. 1.2. This theoretical proposal
formed the backbone for three further theoretical projects and we also completed a
proof-of-principle experiment, which form the following four chapters.
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Studying mechanical resonators via radiation pressure offers a
rich avenue for the exploration of quantum mechanical behavior
in a macroscopic regime. However, quantum state preparation
and especially quantum state reconstruction of mechanical oscilla-
tors remains a significant challenge. Here we propose a scheme
to realize quantum state tomography, squeezing, and state purifi-
cation of a mechanical resonator using short optical pulses. The
scheme presented allows observation of mechanical quantum fea-
tures despite preparation from a thermal state and is shown to be
experimentally feasible using optical microcavities. Our framework
thus provides a promising means to explore the quantum nature of
massive mechanical oscillators and can be applied to other systems
such as trapped ions.

optomechanics | quantum measurement | squeezed states

oherent quantum mechanical phenomena, such as entangle-

ment and superposition, are not apparent in the macroscopic
realm. It is currently held that on large scales quantum mechan-
ical behavior is masked by decoherence (1) or that quantum
mechanical laws may even require modification (2-5). Despite
substantial experimental advances, see for example ref. 6, probing
this regime remains extremely challenging. Recently however, it
has been proposed to utilize the precision and control of quantum
optical fields in order to investigate the quantum nature of
massive mechanical resonators by means of the radiation-pres-
sure interaction (7-13). Quantum state preparation and the
ability to probe the dynamics of mechanical oscillators, the most
rigorous method being quantum state tomography, are essential
for such investigations. These important elements have been
experimentally realized for various quantum systems, e.g., light
(14, 15), trapped ions (16, 17), atomic ensemble spin (18, 19),
and intracavity microwave fields (20). By contrast, an experiment
realizing both quantum state preparation and tomography of
a mechanical resonator is yet to be achieved. Also, schemes
that can probe quantum features without full tomography [e.g.,
(9, 10, 21)] are similarly challenging. In nanoelectromechanics,
cooling of resonator motion and preparation of the ground state
have been observed (22, 23) but quantum state reconstruction
(24) remains outstanding. In cavity optomechanics significant
experimental progress has been made towards quantum state
control over mechanical resonators (11-13), which includes clas-
sical phase-space monitoring (25, 26), laser cooling close to the
ground state (27, 28), and low noise continuous measurement of
mechanically induced phase fluctuations (29-31). Still, quantum
state preparation is technically difficult primarily due to thermal
bath coupling and weak radiation-pressure interaction strength,
and quantum state reconstruction remains little explored. Thus
far, a common theme in proposals for mechanical state recon-
struction is state transfer to and then read-out of an auxillary
quantum system (32-35). This technique is a technically demand-
ing approach and remains a challenge.

In this paper we introduce an optomechanical scheme that
provides direct access to all the mechanical quadratures in order
to obtain full knowledge about the quantum state of mechanical
motion. This quadrature access is achieved by observing the

16182-16187 | PNAS | September 27, 2011 | vol. 108 | no. 39

distribution of phase noise of strong pulses of light at various
times throughout a mechanical period. We show that the same
experimental tools used for quantum state tomography can also
be used for squeezed state preparation and state purification,
which thus provides a complete experimental framework. Our
scheme does not require “cooling via damping” (11-13) and
can be performed within a single mechanical cycle thus signifi-
cantly relaxing the technical requirements to minimize thermal
contributions from the environment.

Using a pulsed interaction that is very short compared to the
period of an oscillator to provide a back-action-evading measure-
ment of position was introduced in the seminal contributions of
Braginsky and coworkers (36, 37), where schemes for sensitive
force detection were developed. In our work, the quantum nature
of a mechanical resonator is itself the central object of inves-
tigation. Here, the pulsed interaction is used to provide an ex-
perimentally feasible means to generate and fully reconstruct
quantum states of mechanical motion. The proposed experimen-
tal setup is shown in Fig. 1. A pulse of duration much less than the
mechanical period is incident upon an optomechanical Fabry-
Pérot cavity which we model as being single sided. Due to the
entanglement generated during the radiation-pressure interac-
tion, the optical phase becomes correlated with the mechanical
position while the optical intensity imparts momentum to the
mechanical oscillator. Time-domain homodyne detection (15) is
then used to determine the phase of the field emerging from the
cavity, and thus to obtain a measurement of the mechanical posi-
tion. For each pulse, the measurement outcome P; is recorded,
which for Gaussian optical states has mean and variance

(Pr) = y(Xin),

respectively. X is the mechanical position quadrature immedi-
ately prior to the interaction and Pi" describes the input phase of
light. The position measurement strength y is an important para-
meter in this work as it quantifies the scaling of the mechanical
position information onto the light field. A derivation of Eq. 1
including an optimization of y by determining the input pulse
envelope to gain the largest cavity enhancement is provided in
the Appendix.

In order to describe and quantify the pulse interaction and
measurement we use the nonunitary operator Y that determines
the new mechanical state via pSi* o Ypit Y. This operator is
mechanical state independent and can be determined from the
probability density of measurement outcomes

Pr(P.) = Try (YT Ypi). [2]

2 _ 2 2,52
Op, = Opin +x Oxins [1]

For pure optical input, it takes the form
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Fig. 1. (A) Schematic of the optical setup to achieve measurement based
quantum state engineering and quantum state tomography of a mechanical
resonator. An incident pulse (in) resonantly drives an optomechanical cavity,
where the intracavity field a accumulates phase with the position quadrature
Xum of a mechanical oscillator. The field emerges from the cavity (out) and
balanced homodyne detection is used to measure the optical phase with a
local oscillator pulse (LO) shaped to maximize the measurement of the me-
chanical position. (B) Scaled envelopes of the optimal input pulse, its corre-
sponding intracavity field and the optimal local oscillator as computed in the
Appendix.

1 . P - X 2
Y = (2203,)* exp Xy - “4(77’5?4) , [3]
Py

where Q quantifies the momentum transfer to the mechanics due
to the pulse mean photon number. Y can be readily understood
by considering its action on a mechanical position wavefunction.
This operator selectively narrows the wavefunction to a width
scaling with =2 about a position which depends upon the mea-
surement outcome. Moreover, the quantum non-demolition-like
nature of Y allows for back-action-evading measurements of X,
i.e., the back-action noise imparted by the quantum measurement
process occurs in the momentum quadrature only*. Other meth-
ods, such as the continuous variational measurement scheme
(38), which has recently been considered for gravitational-wave
detectors (39, 40), also allow for back-action-evading measure-
ments. However, using short pulses offers a technically simpler
route for quantum state tomography and is readily implementa-
ble, as will be discussed below.

In the following, we consider coherent drive i.e., af,iLn =1/2.
We first address the important challenge of how to experimen-
tally determine the motional quantum state of a mechanical
resonator. We then discuss how such a measurement can be used
for quantum state preparation and finally we provide details for
a physical implementation and analyze a thorough list of poten-
tial experimental limitations.

Mechanical Quantum State Tomography

Of vital importance to any experiment aiming to explore quantum
mechanical phenomena is a means to measure coherences and
complementary properties of the quantum system. Such measure-
ment is best achieved by complete quantum state tomography,
which despite being an important quantum optical tool has
received very little attention for mechanical resonators’. Any
measurement made on a single realization of a quantum state
cannot yield sufficient information to characterize that quantum
state. The essence of quantum state tomography is to make mea-
surements of a specific set of observables over an ensemble of
identically prepared realizations. The set is such that the mea-
surement results provide sufficient information for the quantum
state to be uniquely determined. One such method is to measure
the marginals (X|e~ pe'™"|X), where n is the number operator,
for all phase-space angles 6, see refs. 14, 15, 42 and e.g., ref. 43.

*No mechanical position noise is added as our measurement operator commutes with the
mechanical position. This is because the mechanical evolution can be neglected during
the short optomechanical interaction.

'During the submission process of this manuscript a scheme to perform tomography of the
motional state of a trapped particle using a time-of-flight expansion was proposed (41).

Vanner et al.

Our scheme provides a means for precision measurement
of the mechanical quadrature marginals, thus allowing the me-
chanical quantum state to be determined. Specifically, given a
mechanical state pi}, harmonic evolution of angle 8 = @t pro-
vides access to all the quadratures of this mechanical quantum
state which can then be measured by a subsequent pulse. Thus,
reconstruction of any mechanical quantum state can be per-
formed. The optical phase distribution Eq. 2, including this
harmonic evolution, becomes

Pr(P,) :/ ~m e T Xl e X, 4]

which is a convolution between the mechanical marginal of inter-
est and a kernel that is dependent upon y and the quantum phase
noise of light. The effect of the convolution is to broaden the
marginals and to smooth any features present.

Let us consider the specific example of a mechanical resonator
in a superposition of two coherent states, i.e., |ws) o |id) + | — i5).
The X, marginal of this mechanical Schrodinger-cat state
contains oscillations on a scale smaller than the ground state.
The convolution scales the amplitude of these oscillations by

exp(—;izl) and thus for small y they become difficult to resolve

in the optical phase noise distribution. Shown in Fig. 2 are
marginals of the mechanical state |ys) and the optical phase
distributions that would be observed according to Eq. 4. Scaling
the phase distribution by using the variable P; /y provides an
approximation to the mechanical marginals, which becomes more
accurate with increasing y and may even show the interference
features in a superposition state. Indeed, the limiting case of in-
finite y corresponds to a von-Neumann projective measurement
of the mechanical position, such that the distribution obtained
for P; /y becomes identical to the mechanical marginals. How-
ever, the mechanical marginals can be recovered even for small
measurement strength y. This recovery is achieved as follows:
First, by fixing the length of the cavity the optical phase distribu-
tion can be observed without contributions from mechanical
position fluctuations. This rigidity allows measurement of the
convolution kernel for a particular y (determined by the proper-

0=m/2

Fig. 2. The scheme presented here provides an experimentally feasible
means to obtain direct access to the marginals of a quantum state of a me-
chanical resonator. Shown are complementary quadrature marginals of the
mechanical coherent state superposition |y;) o |i5) + | — i5), for 5§ = 1.5 (blue
dashed lines with fill, plotted with X,). The mechanical ground state is
shown for comparison in gray dashed lines. The two population components
are seen for the quadrature angle 0 = z/2 and the quantum interference
fringes for = 0. A coherent optical pulse is used to probe the mechanical
state where its phase quadrature becomes the convolution between the
intrinsic phase noise, with variance scaling with y=2, and the mechanical
marginal (red solid lines, plotted with P, /y where y = 2), see Eq. 4. The con-
volution kernel can be observed by using a fixed length cavity, shown in the
0 = 0 plot (red dashed line with fill, fixed length with X, = —4), which allows
for accurate recovery of the mechanical marginals even for a weak measure-
ment strength y.
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ties of the mechanical resonator of interest, cavity geometry, and
pulse strength, see Eq. 14). With y and the kernel known one
can then perform deconvolution to determine the mechanical
marginals. The performance of such a deconvolution is limited
by experimental noise in the calibration of y and the measure-
ment of Pr(P;). However, it is expected that these quantities
can be accurately measured as quantum noise limited detection
is readily achieved.

Mechanical Quantum State Engineering and
Characterization

We now discuss how the measurement affects the mechanical
state. First, we consider Y acting on a mechanical coherent state
|3). By casting the exponent of Y in a normal ordered form, one
can show that the resulting mechanical state, which is conditioned
on measurement outcome Py, is A 3Y|f) = S(r)D(up)|0). Here,
W4 is a f-dependent normalization, D is the displacement opera-

tor for py = (V2B +iQ + xP1)/\/2(x* + 1), and § is the squeez-

ing operator, which yields the position width 203 =e™ =

(){2 + 1)—1.

In most experimental situations, the initial mechanical state
is in a thermal state p; = - [d?pe™I/1/7|B) (8|, quantified by its
average phonon occupation number 7. The marginals of the
resulting state after the action of Y are

- o X\, — Xé) 2
<XM|e—zeanﬁYTezﬂn X)) o exp [_ M} , [5]
20
where
P
x4, = 2)(7Llcos(9) — Qsin(0),
X T Ton
1 cos?(6) 1 S\
2 2 2
05 =~———"+=(r*+ 1+ 20)sin’(9) [6]
25 + 1+12iz 2

are the mean and variance of the resulting conditional state,
respectively. For large initial occupation (provided thermal fluc-
tuations are negligible during the short interaction), the resultant
position quadrature of the mechanics has mean (X47°) ~ Py /y
and width 262_; ~ 2. Thus, squeezing in the X, quadrature
below the ground state is obtained when y > 1 and is independent
of the initial thermal occupation of the mechanics. We have thus
shown how the remarkable behavior of quantum measurement
(also used in refs. 18-20, 44-47) can be experimentally applied
to a mechanical resonator for quantum state preparation.

-5 0 5 5 0 5 5 0 5 -5 0 5
shr=10p~_ G5 = 1sfn JHR&E =005]

7 \ 3 N
oF I 1 - LT 1

\ ' ER \,.\‘“ ) 1P
EA AN P

1 1 1 1 1 1 1 1 1 1 1 1

Fig. 3. Wigner functions of the mechanical state (above) at different times
(indicated by arrows) during the experimental protocol (below). From left:
Starting with an initial thermal state n = 10, (this is chosen to ensure the fig-
ure dimensions are reasonable,) a pulsed measurement is made with y = 1.5
and outcome P<L” = 4y obtained, which yields an X, quadrature squeezed
state. The mechanical state evolves into a P, quadrature squeezed state fol-
lowing free harmonic evolution of 1/4 of a mechanical period prior to a sec-
ond pulse with outcome Pﬁz’ = —3y yielding the high-purity mechanical
squeezed state. The effective thermal occupation of the mechanical states
during the protocol is indicated. The final state’s occupation can be reduced
below unity even for large initial occupation, see Eq. 7 of the main text.
Dashed lines indicate the 25-widths and the dotted lines show the ground
state (n = 0) for comparative purposes. The displacement Q is not shown.
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There is currently significant interest in the preparation of
low entropy states of mechanical resonators as a starting point
for quantum experiments, e.g., refs. 22, 23, 27, 28. The two main
methods being pursued in optomechanics (11-13) are “passive
cooling” which requires the stable operation of a (usually cryo-
genically compatible) high-finesse cavity, and “active cooling”
which requires precision measurement and feedback. Closer in
spirit to the latter, our pulsed measurement scheme provides a
third method to realize high-purity states of the mechanical re-
sonator. We quantify the state purity after measurement via an
effective mechanical thermal occupation 7.4, which we define

through 1 + 2iie = | /405_005_,/,- When acting on an initial

thermal state, the measurement dramatically reduces uncertainty
in the X, quadrature, but leaves the thermal noise in the Py,

quadrature unchanged: use of Eq. 6 for n > 1 yields fzglff)z

\/1/2x*. The purity can be further improved by a second pulse,
which is maximized for pulse separation 6 = wyt = /2, where
the initial uncertainty in the momentum becomes the uncertainty
in position. Such a sequence of pulses® is represented in Fig. 3,
where the resulting state was obtained akin to Eq. 5. The effective
occupation of the final state after two pulses is

_(2) 1 1

neff_2< 1—%}{4 1>, [7]
which is also independent of initial occupation. For y > 1, ﬁgﬁ
is well below unity and therefore this scheme can be used as
an alternative to “cooling via damping” for mechanical state pur-
ification.

Following state preparation, one can use a subsequent “read-
out” pulse after an angle of mechanical free evolution € to per-
form tomography. During state preparation however, the random
measurement outcomes will result in random mechanical means
Egq. 6. This randomness can be overcome by recording and utiliz-
ing the measurement outcomes. One can achieve unconditional
state preparation with use of appropriate displacement prior to
the read-out pulse. Or, use postselection to analyze states pre-
pared within a certain window. Alternatively, one may com-
pensate during data analysis by appropriately adjusting each
measurement outcome obtained during read-out. We now look
at the latter option and consider a Gaussian mechanical state pre-
pared by a prior pulsed measurement. The position distribution

has variance ¢° to be characterized and has a known mean (XA(?),
which is dependent upon the random measurement outcome.
The read-out pulse will then have the distribution Pr(P;) o

exp[(— (P, —;((XA(’,J,>))2)/(1 + x*26%)]. For each read-out pulse,

by taking Pp|, =P — )((XA(’?) one can obtain the conditional

variance 61%2\ for all 6 to characterize the noise of the prepared
Ip

Gaussian state. We note that this concept of compensating for
a random but known mean can also be used to characterize
non-Gaussian states.

Experimental Feasibility

We now provide a route for experimental implementation, dis-
cussing potential limitations and an experimentally feasible para-
meter regime. To ensure that the interaction time be much less
than mechanical time scales the cavity decay rate x must be much
larger than the mechanical frequency. To this end, we consider
the use of optical microcavities operating at A = 1,064 nm, length
44 and finesse of 7,000, which have an amplitude decay rate
k/2x ~ 2.5 GHz. Such short cavity devices incorporating a micro-

*We note that strong squeezing of an oscillator can also be achieved by using rapid
modifications to the potential at quarter period intervals (48). However, we would like
to emphasize that the squeezing we are discussing here does not arise from a parametric
process, see e.g., ref. 49, rather it is due to the nonunitary action of measurement.
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mechanical element as one of the cavity mirrors have previously
been fabricated for tunable optical filters, vertical-cavity surface-
emitting lasers and amplifiers (see for example ref. 50), but are
yet to be considered for quantum optomechanical applications.
Typically, these devices employ plane-parallel geometries, which
places a severe constraint on the minimum lateral dimensions of
the suspended mirror structure in order to minimize diffraction
losses (51). Geometries using curved mirrors are required to re-
duce diffraction losses for the practical realization of high-finesse
cavities. Presently, all realizations use a curved suspended mirror,
see e.g., refs. 52, 53. However, in order to allow for enhanced
freedom in the construction of the mechanical resonator, parti-
cularly with respect to the development of ultra-low loss mechan-
ical devices (54), a flat suspended mirror is desired. In Fig. 4 our
proposed fabrication procedure for such a device is shown. The
small-mode-volume cavity considered here provides the band-
width necessary to accommodate the short optical pulses and
additionally offers a large optomechanical coupling rate. One
technical challenge associated with these microcavities is fabri-
cation with sufficient tolerance to achieve the desired optical re-
sonance (under the assumption of a limited range of working
wavelength), however this can be overcome by incorporating
electrically controlled tunability of the cavity length (50, 52, 53).

For a mechanical resonator with eigenfrequency wy, /27 =
500 kHz and effective mass m = 10 ng, the mechanical ground-
state size is xg = \/h/mawy; ~ 1.8 fm and optomechanical cou-
pling proceeds at gy/2z = w,(Xo/v/2L) /2% ~ 86 kHz, where o,
is the mean cavity frequency and L is the mean cavity length. The
primary limitation in measurement strength is the optical inten-
sity that can be homodyned before photodetection begins to sa-
turate. Using pulses of mean photon number N, = 10%, which can
be homodyned, yields Q ~ 10* for the mean momentum transfer®
and y ~ 1.5. For this y, the action of a single pulse on a large ther-
mal state reduces the mechanical variance to U)z(M ~ (.2, i.e., less
than half the width of the ground state. With a second pulse after
mechanical evolution the effective occupation [7] is ﬁgf) ~0.05.

In order to observe mechanical squeezing, i.e., ag(M < 1/2, the

conditional variance must satisfy ‘712>L\ < af,m + y%/2, where addi-
P L
tional noise sources that do not affect the mechanical state, e.g.,

detector noise, can be subsumed into af,m. It is therefore neces-
L

sary to have an accurate experimental calibration of y to quantify
the mechanical width. (Similarly, Q must also be accurately
known to determine the conditional mean, see Eq. 6). This cali-
bration can be performed in the laboratory as follows: For a fixed
length cavity and a given pulse intensity, the length of the cavity is
adjusted by a known amount (by a calibrated piezo for example)
and the proportionality between the homodyne measurement
outcomes and the cavity length is determined. The pulses are
then applied to a mechanical resonator and y is determined with
knowledge of x; of the resonator. With y known Q can then also
be measured by observing the displacement of the mechanical
state after one-quarter of a period.

Finally we discuss practical limitations. Firstly, finite mechan-
ical evolution during the interaction decreases the back-action-
evading nature of the measurement, which is described in the
Appendix. Such evolution is not expected to be a severe limitation
in the proposed implementation considered here as wy,/x ~
107*. Secondly, the optical measurement efficiency 5, affected
by optical loss, inefficient detection, and mode mismatch, yields
a reduced measurement strength y — /i7y. And thirdly, in many
situations coupling to other mechanical vibrational modes is
expected. This coupling contributes to the measurement out-

$This momentum is comparable to the width of a thermal state, i.e., Q/v/7 < 10 for room
temperature. Thus the mechanical motion remains harmonic.
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Fig. 4. Our proposed design and fabrication procedure for high-finesse op-
tomechanical microcavities: Using microcavities provides optomechanical
coupling rates many orders of magnitude larger than current millimeter
or centimeter length scale implementations of optomechanical Fabry-Pérot
cavities and can provide sufficient radiation-pressure interaction to resolve
the small scale quantum properties of the mechanical resonator. (A) Cross-
sectional view with a quarter of the device removed. Uppermost (colored
green) is the mechanical resonator supported by auxiliary beams as was con-
sidered in ref. 54. The optical field is injected into the device from below
through a transparent handle (colored blue) and the curved rigid input mir-
ror (colored pink) and then resonates in the vacuum-gap between this and
the mechanical device before being retroreflected. The design is a layered
structure, fabricated in the following steps: (B) The base consists of a
high-reflectivity distributed Bragg reflector (DBR) and an etch stop layer de-
posited on a suitable handle substrate. (C) First, a sacrificial film is deposited
atop the DBR. (D) Next, a microlens pattern is transferred into the sacrificial
layer through a reflow and reactive ion etching process. The radius of cur-
vature of this structure is designed to match the phase front of the optical
mode to minimize diffraction loss. (E) Following the microlens fabrication
process a high reflectivity dielectric DBR is deposited over the sample surface.
(F) The structure is then flipped and bonded to a transparent handle using a
suitable low-absorption adhesive (e.g., spin on glass or UV-curable epoxy). (G)
After mounting, the original growth substrate and etch stop are removed via
chemo-mechanical etching. (H) Finally, the mechanical resonator is patterned
and subsequently released via selective removal of the underlying sacrificial
film. We remark that these integrated structures provide a platform for
"on-chip” hybridization with other quantum systems.

comes and yields a spurious broadening of the tomographic
results for the mode of interest. In practice however, one can
minimize these contributions by engineering mechanical devices
with high effective masses for the undesired modes and tailoring
the intensity profile of the optical spot to have good overlap with
a particular vibrational profile (55).

Coupling to a Thermal Bath

For our tomography scheme the mechanical quantum state must
not be significantly perturbed during the time scale w;}. To
estimate the effect of the thermal bath following state prepara-
tion we consider weak and linear coupling to a Markovian bath of
harmonic oscillators. For this model, assuming no initial correla-
tions between the mechanics and the bath, the rethermalization
scales with 71y,;, where y,, is the mechanical damping rate. It
follows that an initially squeezed variance (y > 1) will increase
to 1/2 on a time scale

_ Q1
T_fta)MZ (1 }{2) [8]
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Thus, for the parameters above and mechanical quality
Q = wy/ym =~ 10° a temperature T <1 K is required for the
observation of squeezing during one mechanical period.

The state purification protocol, as shown in Fig. 3, is affected
by rethermalization between the two pulsed measurements. This
thermal process increases the effective thermal occupation and
[7] is modified to

_(2 1 1 an

ngfgmgi( 1+F+W_l)' [9]
For the above system parameters fzgf)(T = 1K) ~0.15. Thus,
mechanical state purification by measurement is readily attain-
able even at a modest bath temperature.

Moreover, we note that the position measurements of this
scheme can be used to probe open system dynamics and thus
provide an empirical means to explore decoherence and bath
coupling models (56).

Conclusions

We have described a scheme to overcome the current challenge
of quantum state reconstruction of a mechanical resonator, which
provides a means to explore quantum mechanical phenomena on
a macroscopic scale. Our experimental protocol allows for state
purification, remote preparation of a mechanical squeezed state,
and direct measurements of the mechanical marginals for quan-
tum state reconstruction, thus providing a complete experimental
framework. The experimental feasibility has been analyzed and
we have shown that with the use of optomechanical microcavities
this scheme can be readily implemented. The optomechanical
entanglement generated by the pulsed interaction may also be
a useful resource for quantum information processing. Moreover,
the framework we have introduced can be built upon for further
applications in quantum optomechanics and can be generalized
to other systems, such as nanoelectromechanics and supercon-
ducting resonators, or used with dispersive interaction to study
the motional state of mechanical membranes, trapped ions, or
particles in a cavity.

Appendix

Model. The intracavity optomechanical Hamiltonian in the
rotating frame at the cavity frequency is

H = hwyb'b — hgyata(b + bY), [10]
where a (b) is the optical (mechanical) field operator. The cavity

field accumulates phase in proportion to the mechanical position
and is driven by resonant radiation via the equation of motion

da
5= igo(b + b"a — xa + V2kay,, [11]

where « is the cavity decay rate and a;, describes the optical
input including drive and vacuum. During a pulsed interaction
of time scale k™! < @}, the mechanical position is approximately
constant. This constancy allows decoupling of Eq. 11 from the
corresponding mechanical equation of motion and during the
short interaction we have db/dt=~ig,a’a, where we neglect
the mechanical harmonic motion mechanical damping, and noise
processes. We write aiy () = \/Npain(t) + @iy (), where ay () is
the slowly varying envelope of the drive amplitude with
Jdta? =1and N, is the mean photon number per pulse and si-
milarly @ = \/“ alt t). Neglecting ig, (b + b")a and approx-
imating « as real, Eq 11 becomes the pair of linear equations:

da
&2 _ V2xay, - 12
" KQj, — K, [12]
da . - -
T igoy/N,(b +bNa + V2xay, — xa. [13]

After solving for a(t), the output field is then found by using the
input-output relation doy, = v2kd — ;.

16186 | www.pnas.org/cgi/doi/10.1073/pnas.1105098108

The mechanical position and momentum quadratures are
Xy =B+b)/V2 and Py =i(b' —b)/v/2, respectively, the
cavity (and its input/output) quadratures are similarly defined
via a (a;, /a,y ). The statistics of the optical amplitude quadrature
are unaffected by the interaction, however, the phase quadra-
ture contains the phase dependent upon the mechanical posi-
tion. The output phase quadrature emerging from the cavity is
PYut(p) =& \/“ (X + 2ke™ [t dr'e PR(1') — PiA(t), where
o(t) = (2k)ie™ [t dfea(r’) describes the accumulation of
phase, X in is the mechanical position prior to the interaction, and
the last two terms are the input phase noise contributions. P{"* is
measured via homodyne detection, i.e., P = v/2 [dtay o ()P (1).
To maximize the measurement of the mechanical position the lo-
cal oscillator envelope is chosen as a;o(t) = 4 ,¢(t), where ./,
ensures normalization. The contribution of X% in P; scales with
=2 /Vif?" \/Np, which quantifies the mechanical position
measurement strength. The mean and variance of P; are given
in Eq. 1 for pure Gaussian optical input and together with Q
and Eq. 2 are used to determine Y, as given in Eq. 3. We have
thus arrived, for our physical setting, at an operator which is
known from generalized linear measurement theory (see for
example ref. 57). Also, we note that Eq. 3 is equivalent to
Y = v (P; |e#X1Xm|0), though the nonunitary process of
cavity filling and decay is not explicit. We also remark that the
construction of Y can be readily generalized to include non-
Gaussian operations.

The maximum y is obtained for the input drive a, (f) = /e~
This maximization can be seen by noting that 4,2 = [dtg?(r)
which in Fourier space is /> « [dw(w? + k?) 72|, (w)[*. Hence,
for such cavity-based measurement schemes, the optimal drive
has Lorentzian spectrum. This drive, a(f) obtained from Eq. 12
and the local oscillator are shown in Fig. 1B. The resulting
optimal measurement strength is given by

x=2V52 /N, [14]
and the mean momentum transfer due to o? is Q = %%"N -

We note that this optimization of the driving field may also
be applied to cavity-enhanced pulsed measurement of the spin
of an atomic ensemble (18, 19, 58) or the coordinate of a trapped
ion/particle (59-61). Particularly in the latter case, this approach
will broaden the repertoire of measurement techniques available
and may lead to some interesting applications.

Finite Mechanical Evolution During Interaction. In the model used
above we have assumed that the mechanical position remains
constant during the pulsed optomechanical interaction. Including
finite mechanical evolution, the intracavity field dynamics Eq. 13
must be determined simultaneously with the mechanical dy-
namics. In the mechanical rotating frame with the conjugate
quadratures X ;,P), these dynamics are solved to first order in
)y /x resulting in the input-output relations:

Pt =P+ Q+ W ix Xy,
Xy =X - 260 - 2yXe,

Py =Py + (X ZMTM/VsXa,[IS]

where P, still represents the measurement outcome, /| 53 and
£1,3 are input drive-dependent dimensionless parameters of or-
der unity, the former normalizing the nonorthogonal amplitude
quadrature temporal modes X ¢ , 3. The main effects of the finite
mechanical evolution can be seen in P; . (/) The mechanical quad-
rature measured has been rotated, which in terms of the nonro-
tating quadratures is X, =~ X, + “4 &,Py. Such a rotation poses
no principle limitation to our scheme however this must be taken

Oy . — )
+TM52PX}) +ZTM§39 +x
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into account for the measurement of a particular mechanical
quadrature. (ii) Each pulsed measurement now has a nonzero
mean proportional to Q. This mean can be experimentally char-
acterized and appropriately subtracted from the outcomes. (jii)
P; now includes a term proportional to the optical amplitude
noise. This term decreases the back-action evading quality of
the measurement and has arisen due to mechanical momentum
noise gained from the optical amplitude quadrature evolving into
position noise. The conditional variance of the rotated mechan-
ical quadrature including these effects, for large initial occupa-

tion, is
1[1 Wy \ 2
2 o 2.2 ‘M
GXM—ZLZ'FC}((K*)}, [16]

where ¢ is another drive-dependent parameter of order unity.
The two competing terms here give rise to a minimum variance
of {wy /x when y* = x/({wyy). Experimentally reasonable values
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7 Experimental Pulsed Quantum
Optomechanics

Prior to publishing our pulsed quantum optomechanics proposal discussed in the
previous chapter we were sufficiently confident of the proposal’s feasibility to start
an experiment and enter this experimentally unexplored direction. We began a
room-temperature cavity-free experiment, where the pulse of light simply reflects
from the mechanical resonator. This type of cavity-free interaction is qualitatively
identical to the cavity description in section 1.1 above and, for small phase shifts,
the input-output to the mechanics and the temporal mode of the pulse is accurately
described by an H;,; o< X1, X s interaction.

After approximately two years, including a complete shift and re-setup of the
experiment on a second new blank optical table, an experimental implementation of
our theoretical proposal was completed in late 2012 [84], albeit at a level where the
measurement precision is above the mechanical ground state width. This included
state tomography and reconstruction of mechanical motional states prepared by one
or two pulses for position variance reduction and entropy reduction, respectively.
In addition, we performed state reconstruction on a displaced, phase randomized,
mechanical state as an example of a (classical) non-Guassian state of motion.

Details of the experimental setup listing the parts used is shown in Fig. 7.1 and
a photograph of the setup is shown in Fig. 7.2. One of the main challenges of
the experiment was to minimize classical phase noise in the interferometer output
signal so that the quantum noise on the optical pulses could be observed in the
time-domain. This is important because if classical noise dominates the statistics of
the measurement outcomes then one can no longer decrease the width of the me-
chanical conditional state by increasing the optical power. This was achieved in our
experiment by (i) using appropriate transimpedance amplification of the photocur-
rent output of the homodyne circuit, see Fig. 7.3 for more detail, (ii) locking the
interferometer phase with appropriate low-pass filtering to minimize high frequency
classical phase noise, and (iii) hunting down and eliminating the numerous sources
of (mainly electronic) noise that contaminated the signal. It should be noted at
this point, however, that our protocol itself, which utilizes the correlation between
pulses, significantly relaxes the requirements to minimize low-frequency phase noise.

My specific contributions to this project were: I designed and built the fiber based
optical interferometer building upon knowledge gained during the experimental com-
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7 Experimental Pulsed Quantum Optomechanics

ponent discussed in chapter 4; together with Garrett Cole we put together the 4 K
cryogenic compatible vacuum chamber with encoded nanopositioning stages; I de-
signed and built the electrical homodyne circuit; I wrote the LabVIEW code that
ran the experiment and babysat the experiment on the late night data runs; together
with Joachim Hofer, who joined the project when the setup was completed, we de-
veloped the calibration procedure and performed the data analysis; and I played the
leading role in writing the manuscript, with valuable input from all co-authors, and
working through the peer review process.
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Figure 7.1: Experimental setup. (a) A continuous wave Nd:YAG laser operating at
1,064 nm is collimated and passed through a free space optical isola-
tor. A small and controllable amount of light (MISC) is picked off by
a polarizing beam splitter (PBS) for use on other experiments on the
table. The light is then phase modulated by an electro-optic modulator
(EOM) for Pound-Drever-Hall frequency stabilisation to a filter cavity
using a PID controller (Toptica) to reduce laser frequency and ampli-
tude noise. In our pulsed experiment reported in this chapter the filter
cavity was not used as only optical phase quadrature measurements were
performed. (b) The light is then coupled into optical fibre and split by
a tunable beam splitter (Newport) to form the signal (SIG) and local
oscillator (LO) paths. In each path another tunable beam splitter is
used to independently control the optical powers. (c) The signal field is
injected into an optical intensity modulator (JenOptik), which is a polar-
ization dependent device and so the polarization is first adjusted using
fiber paddles (ThorLabs). Pulses are generated by driving the modu-
lator with an arbitrary waveform generator (Agilent). (d) The pulses
of light are then sent into a 4 K cryogenic compatible vacuum chamber
and are focussed onto the micro-mechanical oscillator by a fiber focuser
(OzOptics). The field is retroreflected and separated from the incoming
light using a fibre-based polarizing beam splitter (Advanced Fiber Re-
sources). (e) The signal and local oscillator are then mixed on another
tunable beam-splitter used to perform balanced homodyne detection. (f)
The difference photo current is amplified and also used to stabilise the
phase in the optical interferometer using a commercial fiber stretcher
(Optiphase).
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7 Experimental Pulsed Quantum Optomechanics

Figure 7.2: Photograph of the experimental setup in the Institute for Quantum Op-
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tics and Quantum Information (IQOQI) shortly before we shifted labs to
The University of Vienna. (a) The laser and free space optics can be seen
on the left of the optical table with a vacuum chamber holding the filter
cavity behind. (b) The fiber-based optical amplitude modulator for pulse
generation. (c) The optical fiber-based Mach-Zehnder interferometer.
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Figure 7.3: Homodyne photocurrent amplification. A 1 kOhm resistor is used to
pick off a small amount of the photocurrent that is then passed through
a low gain transimpedance amplifier (10? V/A). This signal is sent to a
PID controller and is used to stabilize the phase of the interferometer.
When the lock is stable and the photocurrent is close to zero amps, a
high gain transimpedance amplifier (10° V/A) is activated that provides
a signal containing the optical quantum noise that can be observed in the
time domain on an oscilloscope. The amplifiers used are variable-gain
high-speed transimpedance amplifiers model DHCPA-100 manufactured
by FEMTO.
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Cooling-by-measurement and mechanical state
tomography via pulsed optomechanics
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Observing a physical quantity without disturbing it is a key capability for the control
of individual quantum systems. Such back-action-evading or quantum non-demolition
measurements were first introduced in the 1970s for gravitational wave detection, and now
such techniques are an indispensable tool throughout quantum science. Here we perform
measurements of the position of a mechanical oscillator using pulses of light with a duration
much shorter than a period of mechanical motion. Utilizing this back-action-evading inter-
action, we demonstrate state preparation and full state tomography of the mechanical
motional state. We have reconstructed states with a position uncertainty reduced to
19 pm, limited by the quantum fluctuations of the optical pulse, and we have performed
‘cooling-by-measurement’ to reduce the mechanical mode temperature from an initial 1,100
to 16 K. Future improvements to this technique will allow for quantum squeezing of
mechanical motion, even from room temperature, and reconstruction of non-classical states
exhibiting negative phase-space quasi-probability.
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xperiments are now beginning to investigate non-classical

motion of massive mechanical devices'™. This opens

up new perspectives for quantum-physics-enhanced
applications and for tests of the foundations of physics. A
versatile approach to manipulate mechanical states of motion is
provided by the interaction with electromagnetic radiation,
typically confined to microwave or optical cavities. Such cavity-
optomechanics experiments*~® have thus far largely concentrated
on high-sensitivity continuous monitoring of the mechanical
position® 14, Because of the back-action imparted by the probe
onto the measured object, the precision of such a measurement is
fundamentally constrained by the standard quantum limit
(SQL)'>16, and therefore only allows for classical phase-space
reconstruction®!”18, In order to observe quantum mechanical
features that are smaller than the mechanical zero-point motion,
back-action-evading measurement techniques that can surpass
the SQL!*22 are rquuired. Following the early insights of
Braginsky and Khalili'®, beating the SQL ‘can be achieved only
in one way: design the probe so it ‘sees’ only the measured
observable’. Such back-action-evading techniques were first
realized for the detection of optical quadratures’>~2> and have
now also been used for precision measurement of atomic
ensemble spin?®=" and quantum non-demolition microwave
photon counting>!. In optomechanics, to perform a back-action-
evading measurement of the mechanical position, a time-
dependent measurement scheme is required. One prominent
example is the so-called ‘two-tone approach’>32, which uses a
probe with an intensity that oscillates at twice the mechanical
frequency. The field probes the mechanics periodically and the
back-action imparted to the mechanical motion by the optical
probe does not affect the measurement of the mechanical
amplitude. This is closely analogous to a stroboscopic
measurement of the mechanical motion??. Using the two-tone
approach with a microwave probe field, a back-action-evading
interaction was recently realized to measure a single quadrature
of a nanomechanical resonator™>.

Here we take a different tack to perform position measure-
ments of a mechanical oscillator using single optical pulses. Our
experimental approach employs optical pulses that have a
duration much shorter than a mechanical period of motion. This
provides a back-action-evading interaction for measuring the
mechanical position because the interaction leaves the position
unchanged, perturbing only the mechanical momentum, and was
first suggested by Braginsky et al.3* The precision of this pulsed
measurement process is no longer limited by the SQL but is
ultimately limited by the c}luantum optical phase noise. We
implement a pulsed protocol®®, where one or two pulses are used
to prepare a motional state ‘by measurement’ and then a
subsequent pulse is used for state tomography. Mechanical state
preparation ‘by measurement’ is achieved by utilizing the
information gained from the pulsed measurement to update the
probability distribution that describes the motional state. The
experiments reported here have been performed in the weak
interaction regime, where the backaction itself is negligible;
however, the pulsed measurements have a dramatic effect on the
mechanical thermal state and the measurement precision we
achieved was limited by the quantum optical phase noise. We
therefore require a quantized description of the optical field;
however, it is important to note that at this stage all the
mechanical motional states presented here are classical, that is,
they can be described by an incoherent mixture of mechanical
coherent states. Our protocol can be used to prepare mechanical
states independent of the initial mechanical thermal occupation
and thus, no initial cooling of the mechanical motion is required.
Moreover, by contrast to continuous schemes, our pulsed
protocol has considerable resilience against the surrounding

2

mechanical thermal bath, as it can be performed on short time
scales®®. Employing our pulsed approach, mechanical dynamics
rather than the steady-state can be conveniently probed and non-
equilibrium mechanical behaviour can be characterized. Also note
that pulsed quantum optomechanics operates fully in the so-
called ‘non-resolved sideband regime’, in which the cavity decay
rate is much larger than the mechanical frequency. Indeed,
all results reported here were obtained without the use of an
optical cavity.

Results

Experimental protocol. Our experimental setup is shown sche-
matically in Fig. la. Optical pulses are injected into a Mach-
Zehnder interferometer that has a micromechanical oscillating
mirror in one of the two interferometer paths. The pulses are first
divided by a beam-splitter that forms one intense beam that
acts as a local oscillator (LO) and one weak beam that we will
henceforth refer to as the signal. The signal is focussed onto and
reflects from a micromechanical oscillator (Fig. 1b). During the
reflection of the short optical pulse, changes to the position of the
mechanical oscillator are negligible. The coherent optical pulse
gains a phase shift in proportion to the mechanical position,
which is accurately described by a phase quadrature displace-
ment, as the mechanical position fluctuations are small. Con-
currently, the radiation-pressure force of the reflection imparts
momentum to the mechanical resonator. This momentum can be
decomposed into a classical component due to the mean photon
number and a component dependent upon the photon number
fluctuations. Quantitatively, this optomechanical interaction is
described by the input-output relations:

Xfut _ Xin’ Pfut — pin +X li\r/;’
X=Xy RE=Pieatie ()

Here, the subscripts label the light (L) and mechanics (M); X and
P are the dimensionless amplitude (position) and phase
(momentum) quadratures for the light (mechanics); y =
4nxpy/N/J quantifies the quadrature information exchanged
between the light and the mechanics and determines the strength
of the mechanical position measurement and Q = 8mx,N/A is
the classical momentum transfer to the mechanical oscillator
(N, mean photon number per pulse; A, optical wavelength;
xo = (h/ 2meffa)M)1/ 2. mechanical ground state width; meg
mechanical effective mass; and @y, mechanical angular fre-
quency). After the optomechanical reflection, the signal then
overlaps and interferes with the LO pulse on a 50/50 beam-
splitter, where the (mean) phase between the LO and signal
beams is set to be 7/2. The intensities of both beam-splitter
outputs are measured by photodiodes, and the photocurrents are
subtracted to implement homodyne detection of the optical phase
quadrature. A typical difference current time trace is shown in
Fig. 1c, where the measurement outcome Py is the time integral
over the pulse duration of the difference current.

After the pulsed measurement, the mechanical state of motion
is changed as our knowledge of the mechanical position has
increased. For an initial thermal state of the mechanical resonator
with a large thermal occupation, that is, y*(1 4 2#) > 1, the means
and variances of the mechanical quadratures, upon obtaining the
measurement outcome P; are as follows>>:

<X§/}lt> = PL/X? <P§/][Jt> =Q,
O = 1/(21%), opu = (P +1+20)/2,  (2)

where 71 ~ kgT/hwy is the mean occupation of the mechanical
mode when in thermal equilibrium with the environment at
temperature T > fiwy/kp. Notably the information gained from
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Figure 1 | Experimental setup. (a) Schematic of the experimental setup used to perform state tomography and state preparation of the motional state
of a mechanical resonator. In addition to the optical pulses, a weak continuous field is used to stabilize the interferometer phase using the

homodyne output passed through a low-pass filter with cutoff frequency below the mechanical frequency. (b) Colourized optical micrograph of the
high-reflectivity micro-mechanical cantilever fabricated for this experiment. The head of the cantilever, where the signal beam is focussed,

is 100 um in diameter. (€) Example time trace of the homodyne output for a pair of 4 us pulses. (For clarity, the pulse rising and falling edges are

not shown.) The measurement outcome P, is the time integral of the homodyne output (indicated by the shaded region). Time resolved

optical quantum noise is visible during the pulse.

the measurement reduces the mechanical position variance from
7 to 1/(2%%), which does not depend on the initial occupation.
The resultant state of mechanical motion, following such a
measurement, is no longer in thermal equilibrium with the
surrounding environment and has a reduced effective thermal
occupation e = (ag(Mol%M)l/z —1/2 ~ (Fz/(2x2))1/2. Moreover,
a subsequent pulse performed after one quarter of a period of
mechanical harmonic evolution can measure the mechanical
momentum at the time of the first pulse to further reduce the
effective occupation. This ‘cooling-by-measurement’ method for
entropy reduction, that is, obtaining mechanical position and
then momentum information on the initial state, is rapid and has
considerable tolerance to both the initial thermal occupation and
the surrounding thermal bath®. With future experimental
improvements, this scheme allows for the generation of high
purity and quantum-squeezed states of mechanical motion by
measurement’. Owing to the resilience against mechanical
thermal noise, this scheme may provide a more feasible route
to quantum squeezing than parametric modulation®!?, which can
be combined with continuous measurement and feedback>®.

In our experiment, one or two pulses are used to prepare
a mechanical state at a known time. Then a read-out pulse is
made after time 6/wy; of mechanical harmonic evolution to
sample the mechanical probability distribution of the 0-rotated
quadrature, that is, a marginal. Repeating this process many
times and obtaining the marginals for a large number of
mechanical phase-space angles 0 is sufficient to uniquely
determine the mechanical quantum state of motion®”. Quantum

state tomography by measurement of the marginals was first
realized with optical fields using homodyne interferometry>® and
has now become an indispensable tool in the field of quantum
optics® being applied to other physical systems such as molecular
vibration’, spin ensembles*! and microwave fields*?. Here we
implement such mechanical state tomography by utilizing the
pulsed measurement outcome ;)robability distribution Pr(P) =
[ dXmm 2 exp[ — (PL — xXm)]Pr(Xu, 0) that contains the
mechanical marginals Pr(Xy, 0) = (Xu|pi(0)|Xym), where
pin(0) is the mechanical input state to be reconstructed after
time 0/wy; of harmonic evolution. In this experiment, we prepare
and reconstruct mechanical motional states with features that are
not smaller than 5 ~ ! and hence, unless otherwise noted, we use
the optical measurement outcome distribution as an
approximation for the mechanical distribution using the scaled
outcome Pp/y.

Mechanical state preparation and reconstruction. The
mechanical resonator used for this experiment is a micro-mirror
cantilever constructed from an epitaxial Al,Ga, _,As crystalline
multilayer, see Fig. 1b. The use of such a monocrystalline material
structure allows for a significant reduction of the mechanical
damping of the resonator when compared with dielectric
reflectors*® and simultaneously provides high optical reflectivity.
The crystalline material used here is nominally identical in
composition and individual layer thickness to structures used
previously** and is designed for maximum reflectivity at our
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optical wavelength of 1,064 nm. The multilayer Bragg mirror
comprises 40.5 layer pairs in order to minimize transmission
losses. The cantilever was etched from a 6.88-um thick multilayer
and is 1.45mm in length with a cantilever arm 5um in width
with a circular head 100 pm in diameter, where the optical signal
beam is focussed. For details of the microfabrication procedure
see Cole®. Note that the resonator is etched directly from the
multilayer mirror material and is therefore equally reflective at all
points along the structure with an (intensity) reflectivity of
99.982%. This cantilever has a fundamental out-of-plane
vibrational mode with frequency wp/2n=984.3Hz, effective
mass meg=260ng (see the methods section), ground state width
Xp=5.7 x 10~ *m and a mechanical quality of Q= 3.1 x 10* in
vacuum (10 ~°mbar) and at room temperature measured via
mechanical ringdown.

Our optical setup (Fig. la) was constructed from optical-fibre-
based components that provides good phase stability and
excellent spatial mode matching. Indeed, when the optical powers
in the two arms of the interferometer are balanced, we observed
an interference visibility exceeding 99.9%. We use a continuous
laser source and generate optical pulses of duration 1ps
(excluding the pulse edges) with a fibre-based intensity
modulator. The mean photon number in a signal pulse was up
to 107 and in order to provide a homodyne signal well above the
electronic noise, we use a large LO to signal ratio with up to 10'°
photons per LO pulse. (These photon numbers were determined
via optical power measurement during continuous wave opera-
tion.) The signal pulses are directed onto the cantilever head
using an antireflection-coated fibre focuser and are then retro-
reflected. To calibrate the proportionality between the measure-
ment outcomes and the mechanical position, we reflect the signal
beam from a rigid mirror adjacent to the mechanical resonator
and scan the mirror position using a calibrated piezoelectric
actuator, recording both the piezo scan positions and pulse
measurement outcomes (see the methods section). For our
mechanical resonator ground state width (xo=5.7 x 10 ~ > m),
this photon number per pulse yields a measurement strength y of
order 10 ~* and a momentum transfer Q of order unity. The
radiation pressure backaction from the reflection of the pulse is
smaller than the mechanical thermal noise and is not observed;
however, as will be detailed in the following, this measurement
strength has a strong effect on the mechanical thermal noise.

After a pulsed measurement is performed to sample a
mechanical marginal, the mechanical state is reinitialized by first
allowing it to return to equilibrium with the environment and
then the mechanical state is reprepared. This process is repeated
many times to accumulate sufficient data to characterize the
statistical properties of the mechanical motion. The marginal
distributions were then obtained by constructing a histogram
from the many measurement outcomes recorded for each
mechanical phase-space angle 0. As the states studied here are
symmetric about the Xy and Py axes, we measure a set of many
marginals with angles between 0=0 and 0=mn/2 to fully
characterize the state of motion. The phase-space probability
distribution W(Xy;, Pyp) is then obtained by using the inverse
Radon transformation on the set of marginals.

The measurement results we obtained for motional state
preparation and reconstruction are summarized in Fig. 2. In
Fig. 2a a reconstruction of an initial thermal state that is driven by
white noise up to a mode temperature of 1,100 K that has width
0,=12nm is shown. This temperature was obtained using the
equipartition theorem kgTer = meffwi,[oi, where the mechanical
position variance o2 was obtained from the calibrated measure-
ment outcome distribution after subtracting the optical noise
contribution. A single pulsed measurement made on this initial
thermal state generates a motional state that has a reduced position

4

uncertainty (Fig. 2b). The observed momentum distribution of this
state, however, is unchanged as the back-action to the mechanical
momentum made by the reflection of the optical pulse is
much smaller than the mechanical thermal noise. Each
pulsed measurement generates a mechanical state with a
random but known mean due to the random measurement
outcome, see Equation (2). By making the transformation
PE’> — E’) - Pg’ 1>c050, where the superscripts (r) and (p;) indicate
read-out and preparation, respectively, this random mean is
subtracted and the distribution of the mechanical state can be
characterized. We would like to emphasize here that no ‘post
selection’ is performed and all measurement outcomes are used in
this process. Furthermore, our experimental pulsed technique
demonstrates the back-action-evading feature of measurement
repeatability, that is, a subsequent measurement is not affected by a
prior measurement!22, Specifically, in our case the measurement
results of the read-out pulse made a short time after the
preparation pulse are the same as the preparation pulse to within
the optical quantum noise. The plots for Fig. 2a,b were generated
from the same data set, where the statistics of the preparation pulse
alone characterizes the unconditional initial thermal state and the
read-out pulse characterizes the conditional mechanical state. A
1,100K thermal state (which has a root-mean-square (RMS)
amplitude less than a factor of two larger than a thermal state at
300K) was used to increase the mechanical contribution to the
optical phase noise over the relevant ~ DC to MHz bandwidth for
our pulses to improve the signal-to-noise ratio for mechanical
conditional state preparation.

In Fig. 2c¢ the reconstruction of a mechanical state of motion
prepared via two pulsed measurements separated by one quarter
of a mechanical period is shown. The width of the mechanical
phase-space distribution has been significantly reduced in both
the position and momentum quadratures compared with the
initial thermal state (Fig. 2a) and hence the effective mode
temperature has significantly decreased. This method of cooling is
rapid as it takes place well within a single mechanical period and
is, to the best of our knowledge, yet to be experimentally reported
elsewhere. For this pulse se(%uence the read-out pulse outcome is
transformed using P(") — P(") — P¥?) cos 0+ PV sin 6, where 0 is
the angle of mechanical evolution made between the second
preparation pulse and the read-out pulse. Ideally, for this
mechanical state, the width of the mechanical marginals should
be constant for all 6; however, in our experiment the phase
correlation between the pulses reduces with increasing pulse
separation as low frequency noise, due to imperfect phase locking,
enters the signal. This results in a broadening of the conditional
mechanical marginals as 0 increases. The effective temperature

Tefr = meffwﬁ/la,(c{}:())agco:n/ 2) /kp observed for this state is 16K,
which depends on the product of the standard deviations of the
position and momentum quadratures. Were the pulses to remain
correlated to within the quantum noise, the effective temperature
that could be reached for this measurement strength, taking the
effects of mechanical rethermalization into account, would be 4.4 K
(ref. 35). We would like to highlight here that rethermalization
contributes to less than 1% of this value. To summarize the observed
effects of single- and two-pulse mechanical state preparation
discussed above, Fig. 2e provides a plot of the measured mechanical
widths with 0 for the initial thermal state and the two mechanical
conditional states. In this plot, the mechanical widths were
determined from the calibrated pulse outcome distributions after
subtracting the optical noise contributions that were measured
independently. The data for both of the mechanical conditional states
were taken with the same signal pulse powers and for each phase-
space angle 300 pulses were recorded to construct the histograms.
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Figure 2 | Mechanical motional state preparation and full state reconstruction using optical pulsed quantum measurement. The uppermost row shows
the pulse protocols (pink - preparation, red - tomography). The two rows below show a subset of the measured probability distributions of the
mechanical quadratures Pr(x,0) and the reconstructed phase-space distributions W(Xpm,Pwm), respectively. The phase-space distributions were
reconstructed using nine marginal angles up to 0 -1/180 =90° (with a larger number of bins used than that shown for the marginals). For our current
measurement strength, that is, y <1, all the mechanical motional states reconstructed here can be described classically. (a) In the first column, tomography
and reconstruction of an initial mechanical thermal state driven by white noise up to a mode temperature of 100K is shown. The red dashed

circle has a radius equal to 2¢ of the initial thermal distribution. (b) A single pulsed measurement reduces the mechanical position variance, but leaves
the momentum distribution unchanged. (¢) ‘Cooling-by-measurement’ performed with two pulses separated by one quarter of a mechanical period
rapidly reduces the mechanical state's entropy. The effective temperature of the mechanical state reconstructed here has been reduced

to 16 K. (d) State reconstruction of a non-Gaussian mechanical state of motion generated by resonant sinusoidal drive. () The (one s.d.) width of

the position distribution observed for states (a-¢) with phase-space angle 0. The thermal state (red points) shows a position width approximately
twice of that when at room temperature (dashed line). State (b) has a reduced position width for small phase-space angles (purple points).

The position width of state (¢) is reduced for all phase-space angles (blue points). The solid lines are theoretical fits obtained using Equation

(2) generalized for all 6 as well the two-pulse-preparation case. (f) Plot of the conditional mechanical width with pulse strength obtained using two
pulses separated by 5° of mechanical evolution. The dashed line is a theoretical fit with a model using two units of optical quantum noise and finite
mechanical evolution. The solid line is the inferred conditional mechanical width immediately after the preparation pulse. The vertical line indicates the
pulse strength used for states (a-c). The error bars on (e) and (f) indicate a one s.d. uncertainty.

As an example of a non-Gaussian state of motion, we have
reconstructed a driven thermal state (Fig. 2d) that was generated
by applying a sinusoidal drive on resonance with the mechanical
eigenfrequency. Note that the two peaks in the mechanical
marginals are narrower than the broad thermal state in Fig. 2a, as
this state was prepared at room temperature without the white
noise drive. Even though this state of motion and the thermal
state are rotationally invariant in phase space, many marginals are
measured for their reconstruction. On the other hand, the

conditional mechanical states of motion are not rotationally
invariant in phase-space as the time of the preparation pulse(s)
sets the time for 0 =0. Note that this pulse-based tomography
scheme does not measure the angle 0 =0 as the read-out pulse is
temporally separated from the preparation pulse(s). The lack of
this marginal angle causes the rippling near Xj;=0 in the
reconstructed phase-space distributions. By employing shorter
pulses and measuring the marginals at smaller angles this rippling
can be reduced.
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To demonstrate the scaling of our measurement strength in
Fig. 2f, the conditional mechanical width observed by a read-out
pulse made after 5° of mechanical free evolution is plotted with
increasing pulse amplitude. For this pulse separation, the two
pulses are well correlated and the width of the conditional
mechanical state is limited by the optical quantum noise in the
measurement (see the methods section for more details). As the
signal pulse strength is increased, the standard deviation of
the conditional mechanical position distribution decreases with
N~12, which is a result of the optical number-phase uncertainty
relation. The dashed line in the plot is a theoretical prediction
including the two units of optical shot noise, one each for the
preparation and read-out pulses, and the small contribution from
the mechanical evolution between the two pulses. The relative
amplitudes for the data points were measured precisely and scaled
by a free fitting parameter into units of square-root photon
number, where the photon number per pulse obtained is
consistent with measurements of the optical power made during
continuous wave operation. For the largest optical pulse strength
used the statistics of the read-out pulse demonstrate a conditional
mechanical width (after the preparation pulse) of 6,=19 pm
corresponding to a measurement strength of y = 2.1x10~%.

Discussion

The techniques developed in this work provide the ability to
experimentally perform quantum optomechanics in the time
domain. This offers significant potential for optomechanics-based
quantum information and quantum metrology applications by
providing the framework for quantum state preparation of a
mechanical resonator via quantum measurement®, One may
then also envision combining such measurement based state
preparation with feedback to implement full quantum control*’.
One exciting example of mechanical dynamics that can be probed
by pulsed optomechanics has been recently theoretically
discussed by Buchmann et al.*3, where pulsed measurements, as
now realized in this work, are considered for the observation of
quantum tunnelling of a mechanical oscillator in a double-well
potential. Another example for quantum state preparation is that,
even though the optomechanical interaction used here is linear
with the mechanical position, by exploiting the optical non-
linearity, X% measurements with a strength significantly larger
than that attainable with dispersive optomechanics can be
performed®. An X}, measurement can be used to conditionally
prepare highly non-Guassian mechanical superposition states and
experimentally characterizing the decoherence of such states is
important to determine the feasibility of using mechanical
elements for coherent quantum applications and can also be
used to empirically test collapse models®*>2. The pulsed
measurements performed here may also be utilized for a
quantum non-demolition measurement-based light-mechanics
quantum interface®. Furthermore, a sequence of four pulsed
optomechanical interactions can be used to generate non-classical
mechanical states of motion via an optomechanical geometric
phase® and can even be used to exgerimentally explore potential
quantum-gravitational phenomena®®.

For this experiment, to prepare a quantum-squeezed state of
mechanical motion, the measurement strength needs to be
increased to y>1. An effective route to meet this requirement
would be to employ an optical cavity to enhance the
optomechanical interaction. Using the experimental parameters
achieved in this work, a cavity finesse of 10% is sufficient.
As such a cavity simultaneously requires a high finesse, as well as
a large bandwidth to accommodate a short optical pulse, this
is best achieved with an optomechanical microcavity®. Such
improvements to the measurement sensitivity will not only enable

6

Wigner reconstruction with significant negativity but, owing to
this pulsed protocol’s resilience against mechanical thermal noise,
may also allow the generation of non-classical mechanical states
in the regime of room temperature quantum optomechanics.

Methods

Verification of optical quantum noise. To verify that the measurement scheme
used here is optical quantum noise limited, we measured the phase quadrature
conditional variance of a pair of optical pulses with increasing total photon
number, that is, the sum of the signal and LO photons per pulse, while keeping the
signal to LO ratio fixed, see Fig. 3. As with our calibration procedure, the signal
beam is focussed onto a rigid mirror adjacent to the mechanical oscillator to
prevent coupling to the mechanical motion. The pulse separation used for this
measurement was 14.1 us, which would correspond to 5° of mechanical free
evolution, and is the same as that used for the data set shown in Fig. 2f. With this
pulse separation the conditioning is essentially the second pulse outcome minus the
first pulse outcome. The quantum noise components of these two temporal modes
are uncorrelated; however, the lower frequency classical noise components vary
slowly between the two pulses and are thus suppressed by the conditioning.
Quantum mechanics predicts a linear dependence for the variance with total
photon number; however, had classical phase noise been the dominant
contribution, a quadratic dependence with the total photon number per pulse
would have been observed. (For a discussion on experimental aspects of observing
optical quantum noise, see Bachor and Ralph®’). During this measurement, we
were limited to a total photon number of 10 as the phase lock performance
dramatically reduced beyond this point. Were we able to measure beyond this
optical power the classical phase noise would have eventually become the dominant
noise and the conditional mechanical variance that could have been achieved
would have saturated.

The data points for Fig. 3 were obtained from Gaussian fits to histograms of the
conditional outcomes. The error bars indicate a one s.d. uncertainty as determined
from the fit. The observed conditional variance shows a linear dependence with the
total photon number with a ‘goodness of fit’ parameter R> = 0.97, taking the error
bars into account. This demonstrates that, up to a total photon number of order
10%0, the conditional variance is quantum noise limited.

Also included in Fig. 3 is the measured electronic noise, that is, the conditional
variance observed using no light. This contribution is 19.5dB smaller than the
observed optical (éluantum noise at the data point with the highest optical intensity
(Nror=9.5 x 109).

Effective mass measurement. The optically probed effective mass of a
mechanical vibrational mode depends upon the geometry and material properties
of the mechanical structure as well as the intensity profile of the incident optical
beam. The mass associated with the mechanical displacement mode shape, that is,
the modal mass, is in general less than the total mass of the structure; however, the
optically probed effective mass can have a strong dependence on the position and
profile of the optical beam. We estimate the optically probed effective mass of the
cantilever in our experiment using a combination of measurements and finite
element analysis. Using the established values for the relevant elastic constants
averaged over the crystalline multilayer (Cy; = 119.6, C;,=55.5, C44 ="59.1 GPa)
and the average material density 4,476 kgm ~3, the lateral geometry of the
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Figure 3 | Verification of optical quantum noise. The measured optical
phase quadrature conditional variance 6§(2> o0 plotted with the total photon
L L

number (signal plus LO) per pulse Nyor. The linear dependence observed
demonstrates that the measurement scheme is optical quantum noise
limited up to Ntor =~ 10'°. Were classical phase noise to be the dominant
noise source, a quadratic dependence would be observed. Error bars
indicate a one s.d. uncertainty.
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Figure 4 | Optically probed effective mass. (a) Finite element simulations
of the vibrational modes (no. 2, 4, 8 and 10) that have the four lowest
optically probed effective masses. The displacements shown are
exaggerated (blue to red indicates increasing displacement) and the outline
indicates the cantilever rest position. The optically probed effective mass is
given next to each mode number and underneath are the simulated
mechanical frequencies in brackets and the measured frequencies.

(b) Schematic of the cantilever and the focussed signal beam. The
coordinate axis used when determining the optically probed effective mass
is in the centre of the cantilever head on the mirror surface.

simulated resonator is adjusted until minimal error is found between the measured
and simulated eigenfrequencies for the first four out-of-plane mechanical modes,
see Fig.4a. (Note that the lowest frequency vibrational mode for our cantilever is an
in-plane mode as the cantilever used is slightly thicker than wide.) A mean dis-
crepancy between the measured and simulated frequencies of 6.1% was obtained by
reducing the feature linewidth by 0.875 um with respect to the lithographic mask.
Note that the thickness of the free-standing mirror material was not used as a
fitting parameter as it was accurately determined from the reflectance spectrum of
the mirror®® and found to be 6.88 um. Once the geometry is determined, the
effective mass is calculated via the volume integral®

p [ [ [ dxdydz(u? +v* +w?)
- = @)
Here, p is the material density; u, v and w are the displacements of the body along
the x, y, and z directions, respectively, and the optically probed displacement D is
the overlap between the mechanical deflection and the optical Gaussian intensity
profile, that is

Meff

el (@

1
D=Fr§'//dxdyw(x,y,z=0)exp[— 2

where r, is the standard deviation of the Gaussian optical intensity profile and the
coordinate axis used for x, y and z has its origin in the centre of the cantilever head,
see Fig. 4b. The antireflection-coated fibre focuser used in our experiment provides
an optical beam diameter (4r,) of 10.6 um, which is much smaller than the nominal
cantilever head diameter of 100 um (as fabricated diameter of 98.25 pm). Thus, for
the fundamental out-of-plane mode, there is only a weak optical beam position and
width dependence on the effective mass. (In this case, the effective mass is
approximately equal to the intrinsic modal mass.) We have determined that the
fundamental out-of-plane mechanical mode utilized in our experiment, which
oscillates at 984.3 Hz, has an effective mass of 260 ng and thus a spring constant of
0.01N'm ~ L. For the higher order modes of the structure; however, lateral
displacement of the beam leads to a rapid change in the effective mass. To mini-
mize the contribution from these higher mechanical modes it is necessary to
carefully position the optical beam. Assuming careful alignment, the geometry of
our mechanical structure is such that the contributions from higher order modes
are further suppressed as the effective mass rapidly increases with mode number.
Indeed, the unconditional RMS amplitudes of modes no. 4, 8 and 10 are 2.4%, 0.4%
and 0.1% that of mode no. 2, respectively.

Calibration procedure. We have used a two-step calibration procedure to deter-
mine the proportionality between the pulsed homodyne measurement outcomes
and the mechanical displacement. During this procedure the signal beam is focused
onto the chip edge, that is, a rigid unpatterned part of mirror material adjacent to
the mechanical resonator, to prevent mechanical motion contributing to the signal.
First, we calibrate the displacement of a piezoelectric actuator, which our fabricated
structure containing the mechanical oscillator is placed upon, in response to a
known drive voltage. We then drive the piezo and record the pulse measurement
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Figure 5 | Piezo calibration. Plot of the homodyne output (red, left axis)
during piezo drive (blue, right axis) to calibrate the piezo response. The
sinusoidal drive generates a peak-to-peak piezo scan of one half of an
optical wavelength that was determined by adjusting the drive amplitude
until the turning points in the homodyne output coincide (dashed line).

outcomes during the controlled actuation in order to calibrate the pulsed inter-
ferometer. Each step is detailed below in the next two subsections, respectively.

Piezo calibration. To calibrate the piezoelectric actuator, we applied a sinusoidal
drive voltage and used a continuous signal beam to monitor the piezo motion. The
frequency of the drive was chosen such that the piezo mechanical response was
either in or out of phase with the drive voltage. (Experimentally, care was needed to
find a suitable drive frequency as the piezo does not have a flat spectral response.)
During this procedure, the phase between the signal and LO beams does not
require locking, and the piezo drive was at a higher frequency than the phase noise
components in the interferometer. We then adjusted the drive amplitude such that
the peak-to-peak piezo motion was one half of the optical wavelength. This can be
done precisely as the difference current output of the interferometer has separate
turning points occurring at the same level for this modulation depth and is then
proportional to cos[@, + 7 sin wt], see Fig. 5, here @, is the (unlocked) slowly
varying phase in the interferometer and w is the piezo drive angular frequency. As
@o slowly changes this merely shifts the level of the turning points. In our
experiment, we used a drive frequency of 1.06 kHz and exploited a resonance of the
piezo to achieve a peak-to-peak scan of 532 nm using 4.6 Vpp.

Pulse calibration. Using the same piezo drive frequency as above, and using the
piezo actuator calibration value (metres per Volt) obtained, the actuator was
scanned with a reduced amplitude so that the optical phase shifts are small. (It was
verified that the piezo responds linearly with the applied Voltage over our range
of interest.) Then, during the piezo scan, pulsed position measurements are
performed and both the voltage applied to the piezo at the time of the measure-
ment and the pulsed measurement outcomes are recorded. The proportionality
between these recorded values is used to obtain the outcome per metre calibration.
This calibration value is optical amplitude dependent and had to be measured for
several optical amplitudes for the measurement shown in Fig. 2f.
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8 Enhanced Strength Displacement
Squared Measurement

The generation of non-Gaussian quantum superposition states of a mechanical res-
onator is one of the primary motivations in quantum optomechanics. Reaching this
goal is experimentally challenging as the radiation pressure interaction is linear in
the mechanical field operator, see Eq. (1.3), and the radiation pressure coupling to
single photon level fields is presently unobservable. An interesting route to reaching
this goal is to engineer an optomechanical interaction (and optical field measurement
strategy) so that a quantum measurement of the mechanical displacement squared
instead of displacement itself is performed. In this case the measurement does not
reveal whether the position is positive or negative and a coherent superposition of the
two can be prepared. This approach was first theoretically considered for mechanical
resonators by Jacobs et al. [85], where measurements are performed on a qubit that
is quadratically coupled to the position of an electro-mechanical resonator.

In optomechanics an interaction to the mechanical displacement squared, i.e.
Hjni o< alaX?,, is available in the membrane-in-the-middle geometry [86], where
a mechanical element is placed at an intensity maximum in a standing wave inside
an optical resonator. Mechanical displacement squared fluctuations have been ob-
served for an optomechanical system realized with a cloud of trapped cold atoms
inside a Fabry-Pérot resonator [87], however, as this type of coupling is inherently
weak no such observations have been performed for a rigid mechanical oscillator.

This solo author theoretical work [88] overcomes this problem of weak coupling
and introduces a method to perform strong X ]2\/[ measurements. Rather than utilizing
the weak X ]2\4 coupling offered by the membrane-in-the-middle geometry, the method
introduced here exploits the underlying optical non-linearity of ‘reflective’ optome-
chanics and mechanical XZQW measurements are achieved by measuring the changes to
the optical amplitude quadrature. It was quite surprising to find that this approach
offers a coupling that is, remarkably, a factor of the optical cavity finesse, which can
be up to 10°, times stronger than that available with the membrane-in-the-middle
geometry. Furthermore, simply by changing a phase in the optical readout inter-
ferometer one can also measure displacement itself. Therefore, by combining the
strong XJQVI measurements with state tomography technique discussed in chapters 6
and 7 one can prepare and reconstruct a non-Gaussian quantum superposition state
of a mechanical resonator.
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The ability to engineer both linear and nonlinear coupling with a mechanical resonator is an important
goal for the preparation and investigation of macroscopic mechanical quantum behavior. In this work, a
measurement based scheme is presented where linear or square mechanical-displacement coupling can be
achieved using the optomechanical interaction that is linearly proportional to the mechanical position. The
resulting square-displacement measurement strength is compared to that attainable in the dispersive case
that has a direct interaction with the mechanical-displacement squared. An experimental protocol and
parameter set are discussed for the generation and observation of non-Gaussian states of motion of the

mechanical element.
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L. INTRODUCTION

Currently the main approaches to cavity optomechanics
[1] can be divided into two categories—reflective and
dispersive. In each approach the mechanical and optical
degrees of freedom are coupled via radiation pressure and
the dependence of the cavity resonance frequency on the
mechanical position. The first approach is depicted in
Fig. 1(a), where the optical field is reflected from a me-
chanical element and the change in cavity frequency and
hence interaction Hamiltonian are linearly proportional to
the mechanical position. Optomechanical realizations of
this approach include deformable Fabry-Perot cavities and
optical whispering-gallery-mode resonators, which are dis-
cussed in Ref. [1]. The second approach is depicted in
Fig. 1(b), where a mechanical element is positioned within
an optical field and partial reflection from both sides gives
rise to a dispersive interaction. In this arrangement, the
cavity frequency varies periodically with mechanical dis-
placement. This can be used to give a linear or quadratic
position-dependent change in the cavity frequency if the
mechanical element is positioned at an antinode or node of
the field, respectively. The flexibility to select between
linear or quadratic displacement coupling provides consid-
erable versatility and thus dispersive optomechanics
is an exciting candidate to observe and explore quantum-
mechanical phenomena of macroscopic resonators.
Optomechanical realizations of this approach utilize a
dielectric membrane [2] or trapped cold atoms [3], posi-
tioned within an optical cavity, and experimental work is
underway to realize this with an optically trapped micro-
sphere [4]. The quadratic mechanical-position coupling
offered by dispersive optomechanics provides a route to
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observe quantization in mechanical energy [2]. Moreover,
such quadratic coupling can also be used for cooling and
squeezing of the mechanical element [5] and it can be
enhanced by using additional optical spatial modes, which
even allows for quartic interaction [6].

In this paper, a scheme is presented that allows measure-
ment of the mechanical displacement squared using an
optomechanical interaction that is linear with the mechani-
cal position. Here, optical pulses that are short compared to
a mechanical period are used and the square-displacement
coupling is obtained by exploiting the nonlinear optical
dependence of the interaction. This interaction has been
linearized in much of the present literature, but continuous
nonlinear optomechanical interaction has recently been
studied resulting in nonclassical states of light [7] and of
the mechanical oscillator [8]. Also, working beyond the
linear regime has been proposed for non-Gaussian
quantum-state preparation of a collective spin variable [9].
The optomechanical setup considered here is shown in
Fig. 1(c), where an optical pulse in a coherent state interacts
with an optomechanical system and is then measured via
homodyne detection. Following the interaction, Wigner
reconstruction of the optical subsystem of the optomechan-
ical entangled state, would yield a “scimitar state”” shown
in Fig. 1(d). The form of this optical state can be understood
as the mechanical position fluctuations (including quantum
fluctuations) rotate the optical field. For small rotations, one
sees from Fig. 1(d) that measurement of the optical phase
quadrature allows for a measurement of the mechanical
position. However, of particular interest here, measurement
of the amplitude quadrature may give outcomes that could
have resulted from two distinct mechanical positions. This
is due to an effective displacement-squared coupling, which
can be used for non-Gaussian state preparation. In Ref. [10]
it was discussed how measurement of the optical phase
quadrature can be used to perform quantum-state tomog-
raphy of the motional state of the mechanical resonator
and generate conditional squeezed mechanical states.

Published by the American Physical Society
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FIG. 1. Cavity optomechanics is currently realized using

(a) reflective and (b) dispersive approaches. The interaction in
the former is proportional to mechanical displacement X,;, how-
ever, in the latter the interaction can be tuned to being proportional
to Xy, or X3,. Pulses of light may be used to probe and manipulate
the motional state of the mechanical resonator. The optical setup
considered here (c) is a pulse incident upon an optomechanical
system with an interaction proportional to X, and then an optical
quadrature measurement performed via homodyne detection.
Following the interaction, the Wigner function of the optical
field (d) is scimitar shaped due to mechanical-position-induced
optical rotations. The distribution of the initial coherent state is
indicated by the dashed circle. (The parameters for this plot
were chosen to exaggerate the curvature.) For small rotations,
the phase quadrature Qp is proportional to X, and the amplitude
quadrature carries X3, information. The amplitude-quadrature
measurement outcome indicated by the red dashed line may
have originated from two distinct mechanical positions, which
provides a means for superposition preparation. By choosing the
phase in (e) homodyne detection one can use the amplitude
quadrature for X2, measurements and quantum-state preparation
or use the phase quadrature for X;, measurements to perform
quantum-state tomography.

Thus, the possibility to select between displacement and
displacement-squared measurements provides the tools to
generate non-Gaussian quantum states of the mechanical
resonator and perform state reconstruction simply by
choosing the phase in the homodyne interferometer as is
shown in Fig. 1(e).

II. MODEL

The optomechanical Hamiltonian with linear mechani-
cal position coupling in the optical rotating frame at the
cavity frequency including a coherent resonant drive is

H;lin = wybth — gi2ataXy, — i2kN, i — at),
(D

where the optomechanical-coupling rate, which is realiza-
tion dependent, is of the form g}, = w;x/L. The cavity
field’s resonance frequency, annihilation operator, and am-
plitude decay rate are w;, a, and «, respectively, and L is
the cavity length. The mechanical zero-point extension is
Xo = vJh/2mw,;, where wy;, b, m, and X,;(P,,) are the
mechanical element’s eigenfrequency, annihilation opera-
tor, effective mass, and position (momentum) quadrature
(operator), respectively, where a single mechanical mode is
considered. The input pulse has mean photon number N,
and is described by «;,, the normalized envelope, i.e.,
[ dta? (1) = 1, which is assumed real.

During the interaction, which is short with respect to a
mechanical period, thus requiring k > w,,, the mechani-
cal position is considered constant and the optical and
mechanical equations of motion can be solved indepen-
dently of one another. Immediately after the pulse interac-
tion, the mechanical position is unchanged, i.e.,
X9 = Xin: however, optomechanical entanglement is
generated and correlations are established between the
mechanical momentum and the optical intensity, P§' =
P+ gy, [dtata.

The intracavity field evolves during the nonlinear opto-
mechanical interaction according to

% = (iglin\/EXM - K)a + \/2_K<J]—V_p-ain + ain): (2)

where the field is rotated in proportion to the mechanical
position and a;, is the optical input noise. This can be
immediately solved exactly [11], however, in this work
the solution is approximated as the rotation is assumed
small and the mean of the field is

(a(t)) ~ a(f) + l.glin

W, «
where the dimensionless temporal mode functions «y
are introduced [12]. The phase quadrature of the intra-
cavity field contains information on the mechanical
displacement, and the amplitude quadrature carries informa-
tion of the mechanical-displacement squared [Fig. 1(e)].
Measurements of these quadratures can be performed by
time-domain homodyne detection of the output field a,,, =

2ka — a;,. Homodyning the amplitude quadrature is
described by Qy = 2 [ dtayo(t)X9" (1), where X9 =
2712(ayy, + al,) (similarly Qp describes phase-quadrature
detection). For an optimal measurement of X3, (Xj)

2
oy (D) — SR () 3)

021011-2



SELECTIVE LINEAR OR QUADRATIC OPTOMECHANICAL ...

PHYS. REV. X 1, 021011 (2011)

one chooses the local oscillator pulse ajo to have an
amplitude directly proportional to «@,, («;). The mean
of the amplitude-quadrature measurement is (Qy) = E?) —
Xxx{X3,), where the first term is the contribution from e and
Xx is the square-displacement measurement strength. For
convenience, the outcome of the homodyne measurement is
rewritten as AQy = §?) — Qy. The optimal single-pulsed
measurement of X, is achieved with an input drive with a
Lorentzian spectrum, which matches the natural decay of
the cavity [10]. The square-displacement measurement
strength is optimal when a2 (w)=3m) '8k /(k*+ w?)3,
which is not Lorentzian due to the higher-order nature
of the interaction considered here. This gives yy =
VN, 3 /2.

This kind of pulsed interaction and measurement is well
suited to being described with the use of measurement
operators as outcome probabilities, and conditional me-
chanical states can be readily determined [13]. Homodyne
detection of the amplitude quadrature has the outcome
probability density Pr(AQy) = Try,(YEYypil), where
Yy is the corresponding measurement operator. In this
pulsed regime AQy has mechanical dependence only on
X, which allows Y;EYX to be interpreted as an outcome
probability density conditioned on a mechanical position.
For the coherent optical drive considered here one obtains

Yx (X AQx) = 7 Ve X exp[ —1(AQy — xxX3)?]
4)

where the mean momentum

(5v2/3)N, g1/ .

transfer is Qp, =

ITII. COMPARISON TO THE DISPERSIVE
QUADRATIC INTERACTION

Before proceeding to a discussion of the mechanical
states of motion that can be prepared with Yy, the
square-displacement measurement scheme introduced
above is compared with the dispersive case. The
Hamiltonian from Ref. [2] for optomechanical systems
with a dispersive element positioned so that the cavity
frequency varies quadratically with the position of the
element, in the optical rotating frame at resonance, includ-
ing the drive is

H .
hsq = wybtb + g ataXi — iy[2kN i, (a — a'), (5

where the quadratic-optomechanical coupling rate is

gsq = (1677 cx§/LA?)y2(1 — 1), r is the (field) reflectivity
of the dispersive element, and A is the optical wavelength.
The phase quadrature of an optical pulse incident upon such
an optomechanical system will be displaced in
proportion to X2,, and it is readily shown that for a homo-
dyne measurement of the phase quadrature with outcome

Qp the measurement operator is Y, = !/ 400X Xy X
exp[—3(0p + xsqX3)*], which has recently been
used in Ref. [14]. After pulse-shape optimization, )y, =
3N, 85/ K and xo = \/[TON,g,/«. Comparing the mea-
surement strengths for the dispersive direct X3, interaction
and the effective X, coupling from the linear interaction for
identical N, and A gives

Xx 1 Fi gy 1
qu m :qu X%q VZ(l - r)’

where the cavity finesses and mechanical zero-point exten-
sions are distinguished by subscripts for the two optome-
chanical cases. Remarkably, using the optomechanical
interaction that is linearly proportional to X,, and optical
amplitude-quadrature measurements allows for X3, mea-
surements that are stronger than that available with the direct
X3, interaction in dispersive optomechanics by approxi-
mately the cavity finesse. This, in combination with the
measurement-based selectability between linear or qua-
dratic couplings offered here, is the main result of this work.

(6)

IV. EXPERIMENTAL PROTOCOL
AND DISCUSSION

Jacobs and colleagues discussed the preparation of su-
perposition of the position of a mechanical resonator via
X,ZVI measurements [15]. This work has recently been ex-
tended to include feedback control of the superposition
separation [16]. Such benchmark quantum states show
striking differences between classical and quantum behav-
ior and are thus highly sought experimentally to study the
quantum-mechanical properties of macroscopic objects
[17-19]. In the following, an experimental protocol and a
parameter set are discussed to prepare and observe the
spatial superposition of a massive mechanical resonator
using the nonlinear interaction and measurement Yy. A
measurement on a variety of experimentally accessible
initial states is considered, and the resulting conditional
and unconditional mechanical states of motion are
determined.

As the spectrum of measurement outcomes is continu-
ous, it is not experimentally possible to postselect from
many experimental runs on a single measurement outcome.
Instead, a window must be used. The mechanical state
conditioned on outcomes occurring in the window AQy =
w/2 (labeled by w) is

w 1 / in /
o = e LdAQ;(YX(AQX)pMY}(AQx), (7

where Pr(w) = [, dAQxPr(AQy) is the probability of
obtaining an outcome in the window. The mean measure-
ment outcome for a mechanical thermal state with thermal
occupation 7 is (AQy) = xx(1/2 + 7). As the mean is
greater than zero, some insight is gained into the form of
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Pr(AQy), which is a non-Gaussian function with a large
wing for positive outcomes that increases for a larger
mechanical position variance.

In Fig. 2 the action of Yy is considered on three me-
chanical Gaussian states: the ground state, a thermal state,
and a momentum-squeezed state. One may suspect that
quite a narrow window for conditioning must be used in
order to achieve significant coherence between the super-
position components, however, conditional mechanical
states, prepared from high-purity initial states, show strong
quantum coherence even for relatively large conditioning
windows. For example, the conditional mechanical state
shown in Fig. 2(b) exhibits strong Wigner negativity even
for w = 0.8, which allows the use of 15% of the measure-
ment outcomes. This plot also reveals the interesting fea-
ture that the negative regions are “curled around” positive
regions, a feature which is not seen in the more commonly
studied superposition of coherent states. This arises due to
the population components having an asymmetric distri-
bution about their peaks, specifically, there is a broader

FIG. 2. Mechanical Wigner functions of initial states (left),
conditional states (center), and unconditional states (right).
(X, is the horizontal axis, P, is the vertical axis. The plot
range is £5 for all axes. Color scale: black is for zero magnitude,
blue for positive values, and red for negative values.) The initial
states are the ground state, 7 =0 (a), a thermal state with
in = 2 (d), and a momentum-squeezed vacuum state with squeez-
ing parameter r = 0.5 (g). Conditional states prepared with Yy
acting on the corresponding initial states with yy = 1, AQy =
1.5, w = 0.8 are shown in (b) and (e) and AQy = 6.4 has been
used in (h). The probabilities of obtaining an outcome in the
windows used above are: (b) 14.9%, (e) 14.5%, and (h) 1.1%.
Note the disappearance of negativity—a quantum-to-classical
transition—for initial thermal occupation (e) and if the measure-
ment outcomes are ignored (c), (f), (h).

wing nearer X); = 0 and a sharper edge on the other side.
This form of the population components is more clearly
seen in Fig. 2(e), which is the conditional mechanical state
starting from a low-occupation thermal state. When the
population components have a more symmetric X, distri-
bution about their peak, the interferences no longer curl as
strongly, as is seen in Fig. 2(h), the conditional state
starting from a squeezed state.

Since a measurement of the optical amplitude quadra-
ture erases all the linear-displacement information gained
during the interaction and (AQy) > 0, the unconditional
(i.e., all measurement outcomes are ignored) mechanical
state, pSt = [*, dAQXYXp}{,‘,Y};, is also non-Gaussian,
however, mixed.

The superposition separation 6 is defined as the distance
between the maxima of the two population components.
This depends on the initial mechanical distribution, the
measurement outcome, and the square-displacement mea-
surement strength. For Gaussian initial mechanical states
with a standard deviation o in their position spread, the
superposition separation is

VAAQxxx — o2

Xx

S5 =

@®)

Experimental progress in optomechanics is steadily ap-
proaching the regime where the important parameter g,/ &,
which quantifies the mechanical momentum displacement
by a single photon (for k > w,,), approaches unity. In this
work yy scales with the square of this parameter and the
pulsed position-measurement strength for mechanical
quantum-state tomography [10] scales linearly with this
parameter. In present-day experiments [20], gjin/k < 1,
which this work overcomes by utilizing large coherent
amplitudes in order to achieve sufficient coupling to pre-
pare and observe non-Gaussian mechanical states of mo-
tion. To ensure a short interaction, the cavity decay rate is
chosen as k = 10°w,,, which for a desired finesse sets the
cavity length required. In Table I a list of parameters is
provided for a deformable Fabry-Perot optomechanical
system with a kHz-scale mechanical resonator.

The protocol for quantum-state preparation and
quantum-state tomography comprises three steps: (i) an
initialization stage of mechanical precooling and/or
squeezing. Since k > w,, is required here and low-
frequency mechanical resonators are considered, active-
feedback cooling is most suitable [21,22]. Alternatively,
in this regime, squeezing and purification can be achie-
ved with the use of conditional measurements [10].
Additionally, squeezing can be achieved by applying a
parametric modulation to the mechanical device [23].
(i1) Following this, an optical pulse is injected into the
optomechanical cavity to realize Yy and the measurement
outcome is recorded. At this point, the mechanical oscil-
lator has gained the momentum ()y;,, which after one
quarter of a period of free evolution shifts the cavity
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TABLE I. An experimentally accessible set of parameters to
achieve unity square-displacement measurement strength.
Optical wavelength: A 1064 nm
Mechanical effective mass: m 40 ng
Mechanical eigenfrequency: Wy /27T 2 kHz
Cavity finesse: F 5% 10*
Photon number per pulse: N, 1.7 X 10°
Cavity length: L 750 pwm
Mechanical ground-state size: Xo 10 fm
Optomechanical coupling: giin/ 27 3.8 kHz
Single-photon strength: glin/ K 1.9 X 1073
Separation (7 = 0, AQy = 1.5): S 2.0

resonance frequency by Awq = g1;,v/2Q;,. As this can be
much larger than « any subsequent pulse will not reso-
nantly drive the cavity. In order to overcome this, a two-
pulse preparation sequence can be used where a second
pulse follows after half a mechanical period of free evolu-
tion to cancel the mean momentum gained by the resona-
tor. In this case, one applies Yy twice where both outcomes
are recorded, thus strengthening the measurement of X3,.
This procedure requires a good degree of optical amplitude
stability, which is necessary for Yy measurements anyway.
During the free evolution, the appropriate master equation
is solved to determine the mechanical state immediately
prior to the second measurement. However, as discussed
below, given the parameters considered here, the coupling
to the mechanical bath is not expected to play a strong role
during this time scale. (iii) With the resonator state near the
origin of phase space, quantum-state tomography, as dis-
cussed in Ref. [10], is now performed. This is achieved by
later injecting a subsequent pulse with the local oscillator
phase switched to measure the optical phase quadrature as
in Fig. 1(e). Repeating this protocol many times and post-
selecting the measurement outcomes AQy within the de-
sired window provides a powerful experimental platform
to generate and fully reconstruct a non-Gaussian state of
motion of a mechanical resonator.

In order to prepare mechanical superposition states with
Yy there needs to be a sufficient mechanical-displacement-
induced optical rotation such that two distinct positions
give the same amplitude-quadrature outcome. This is best
achieved if the mechanical mean position gives zero rota-
tion. For mechanical states that have a nonzero mean,
which could have been conditionally prepared with a prior
pulse [10], non-Gaussian state preparation and tomography
can be performed by providing a feedback phase shift
[indicated by the arrow in Fig. 1(c)] to rotate the optical
scimitar to be centered about the Qy axis, as in Fig. 1(d).
Additionally, it is noted that for optical rotation beyond
that considered in (3), existing experimental calibration
procedures and the interpretation of optical phase mea-
surements will require modification to take the optome-
chanical nonlinearity into account.

Studying the decoherence of quantum superposition in a
mechanical resonator is important to determine the feasi-
bility of optomechanical systems as components for
quantum-information applications. Proposals for such ap-
plications are numerous and include quantum memory
[24], optomechanically mediated qubit-light transduction
[25], and coherent optical wavelength conversion [26], to
name a few. There is much literature on the topic of
environmental coupling and decoherence [27], so no de-
tailed discussion will be provided here. However, in the
context of this proposal, what is important is the parameter
ii/Q, where Q is the mechanical quality factor. This pa-
rameter quantifies the rate of rethermalization normalized
to the mechanical frequency and must be much less than
unity for studying the evolution of quantum-mechanical
phenomena over the time scale w;,!. A temperature of
25 mK accessible with dilution refrigeration and a Q =
5 X 106 give i1/ Q = 0.05 using the mechanical frequency
above. With the full quantum-state tomography available
here, this scheme allows the dynamics of mechanical
superposition states to be measured, which may be
used to characterize the couplings responsible for decoher-
ence, thus allowing for improved mechanical device
engineering.

Furthermore, the significant mass involved in the spatial
superposition offers a parameter regime that allows for an
experimental test of collapse models. Very recent pro-
posals in matter-wave interferometry [14,28], which also
consider the use of filtering-type operations to generate
superposition, may provide the ability to test continuous
spontaneous localization [29]. The mechanical resonator
parameters considered here are not suitable for testing
continuous spontaneous localization predominantly
because the superposition separation is small [30].
However, the separation can be larger than the distribution
of the mass contained within the nucleus and so this can be
used to test gravitational collapse [31]. For example, using
the parameters above (6 = 2.0, x, = 10 fm) the separation
is approximately 28 fm and the diameter of a >8Si nucleus
is approximately 8 fm. It may be useful in such an inves-
tigation to start with an initial squeezed mechanical state,
as is considered in Figs. 2(g)—2(i), as one can study a larger
range of superposition separations as the probability den-
sity of measurement outcomes is broader.

V. CONCLUSION

This work has provided a means to measure the dis-
placement or displacement squared of a mechanical reso-
nator using the optomechanical interaction linearly
proportional to the mechanical displacement by simply
changing the phase in optical homodyne measurement.
Displacement-squared measurements have so far been
predominantly considered in dispersive optomechanics;
however, the optimal square-displacement measurement
strength obtained in the scheme introduced here can be
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significantly stronger than that available in dispersive op-
tomechanics as it scales more favorably with the cavity
finesse. This opens the possibility that optomechanics
with an interaction Hamiltonian that is linear with the
mechanical position may also provide a route to observe
mechanical-energy quantization, as was considered in [2].
Moreover, as was proposed in [15], with an X3, coupling to
a mechanical resonator one can prepare a superposition of
positions via measurement. This, applied to the X3, cou-
pling achieved here and combined with the ability to
perform mechanical state tomography with time [10], pro-
vides an alternative to Refs. [17,19] to generate the super-
position of a mechanical resonator without the need for
large single-photon mechanical displacement g,/ k.
Such mechanical superposition states are important to
investigate experimentally in order to determine the feasi-
bility of mechanical resonators as elements in quantum-
information applications and to explore decoherence
mechanisms arising from environment interaction or, for
example, gravitationally induced collapse.

ACKNOWLEDGMENTS

M.R. V. acknowledges support from the FWF Doctoral
Programme CoQuS (W 1210), the Austrian Academy of
Sciences, and gratefully acknowledges discussion with
Markus Aspelmeyer, Gerard J. Milburn, and Igor Pikovski.

[1] T.J. Kippenberg and K.J. Vahala, Cavity Optomechanics:
Back-Action at the Mesoscale, Science 321, 1172 (2008);
I. Favero and K. Karrai, Optomechanics of Deformable
Optical Cavities, Nat. Photon. 3, 201 (2009); F. Marquardt
and S. T. Girvin, Optomechanics, Physics 2, 40 (2009); M.
Aspelmeyer, S. Groeblacher, K. Hammerer, and N. Kiesel,
Quantum Optomechanics—Throwing a Glance, JOSA B
27, A189 (2010).

[2] J.D. Thompson, B. M. Zwickl, A. M. Jayich, F. Marquardt,
S.M. Girvin, and J.G.E. Harris, Strong Dispersive
Coupling of a High-Finesse Cavity to a Micromechanical
Membrane, Nature (London) 452, 72 (2008).

[3] T.P. Purdy, D. W.C. Brooks, T. Botter, N. Brahms, Z.-Y.
Ma, and D.M. Stamper-Kurn, Tunable Cavity
Optomechanics with Ultracold Atoms, Phys. Rev. Lett.
105, 133602 (2010).

[4] See, for example, T. Li, S. Kheifets, and Mark G. Raizen,
Millikelvin Cooling of an Optically Trapped Microsphere
in Vacuum, Nature Phys. 7, 527 (2011).

[5] A. Nunnenkamp, K. Borkje, J.G.E. Harris, and S.M.
Girvin, Cooling and Squeezing via Quadratic
Optomechanical Coupling, Phys. Rev. A 82, 021806(R)
(2010).

[6] J.C. Sankey, C. Yang, B.M. Zwickl, A.M. Jayich, and
J.G.E. Harris, Strong and Tunable Nonlinear
Optomechanical Coupling in a Low-Loss System, Nature
Phys. 6, 707 (2010).

[7] P. Rabl, Photon Blockade Effect in Optomechanical
Systems, Phys. Rev. Lett. 107, 063601 (2011).

(8]

(91

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

021011-6

A. Nunnenkamp, K. Borkje, and S.M. Girvin, Single-
Photon Optomechanics, Phys. Rev. Lett. 107, 063602
(2011).

S. Massar and E. S. Polzik, Generating a Superposition of
Spin States in an Atomic Ensemble, Phys. Rev. Lett. 91,
060401 (2003).

M.R. Vanner, I. Pikovski, G.D. Cole, M.S. Kim, C.
Brukner, K. Hammerer, G.J. Milburn, and M.
Aspelmeyer, Pulsed Quantum Optomechanics, Proc.
Natl. Acad. Sci. U.S.A. 108, 16182 (2011).

This Hamiltonian has been previously used to model wave-
mixing processes, which allow for the quantum nondemoli-
tion measurement of the number squared, see G.J. Milburn
and D. F. Walls, Quantum Nondemolition Measurements via
Quantum Counting, Phys. Rev. A 28, 2646 (1983).

The cavity integrates the input drive and phase accumu-
lates proportional to X,, and X3, with the dimension-
less envelopes:  ay(t) = \/Zf[f’_w dt'e <=, (1),
ay(t) =2k [t dle D2t = ey, (1), ay(t) =
2k 1 di'e <=2 (1 — )2 ay, (1), respectively.

For a recent discussion on generalized quantum measure-
ment see, for example, H. M. Wiseman and G.J. Milburn,
Quantum  Measurement and  Control (Cambridge
University Press, Cambridge, 2010).

O. Romero-Isart, A. C. Pflanzer, F. Blaser, R. Kaltenbaek,
N. Kiesel, M. Aspelmeyer, and J. I. Cirac, Large Quantum
Superpositions and Interference of Massive Nanometer-
Sized Objects, Phys. Rev. Lett. 107, 020405 (2011).

K. Jacobs, L. Tian, and J. Finn, Engineering
Superposition  States and  Tailored  Probes  for
Nanoresonators via Open-Loop Control, Phys. Rev.
Lett. 102, 057208 (2009).

K. Jacobs, J. Finn, and S. Vinjanampathy, Real-Time
Feedback Control of a Mesoscopic Superposition, Phys.
Rev. A 83, 041801(R) (2011).

S. Bose, K. Jacobs, and P. Knight, Scheme to Probe the
Decoherence of a Macroscopic Object, Phys. Rev. A 59,
3204 (1999).

A.D. Armour, M.P. Blencowe, and K.C. Schwab,
Entanglement and Decoherence of a Micromechanical
Resonator via Coupling to a Cooper-Pair Box, Phys.
Rev. Lett. 88, 148301 (2002).

W. Marshall, C. Simon, R. Penrose, and D. Bouwmeester,
Towards Quantum Superpositions of a Mirror, Phys. Rev.
Lett. 91, 130401 (2003).

Examples of experiments with comparatively large g,/ k can
be found in the following: A.H. Safavi-Naeini, T. P. Mayer
Alegre, M. Winger, and O. Painter, Optomechanics in an
Ultrahigh-Q Two-Dimensional Photonic Crystal Cavity,
Appl. Phys. Lett. 97, 181106 (2010); J. D. Teufel, Dale Li,
M.S. Allman, K. Cicak, A.J. Sirois, J.D. Whittaker, and
R.W. Simmonds, Circuit Cavity Electromechanics in the
Strong-Coupling Regime, Nature (London) 471, 204 (2011).
C. Genes, D. Vitali, P. Tombesi, S. Gigan, and M. Aspelmeyer,
Ground-State Cooling of a Micromechanical Oscillator:
Comparing Cold Damping and Cavity-Assisted Cooling
Schemes, Phys. Rev. A 77, 033804 (2008).

J. Zhang, Y.-x. Liu, and F. Nori, Cooling and Squeezing
the Fluctuations of a Nanomechanical Beam by Indirect
Quantum Feedback Control, Phys. Rev. A 79, 052102
(2009).



SELECTIVE LINEAR OR QUADRATIC OPTOMECHANICAL ...

PHYS. REV. X 1, 021011 (2011)

[23]

[24]

[25]

[26]

[27]

See, for example, A. Mari and J. Eisert, Gently
Modulating Optomechanical Systems, Phys. Rev. Lett.
103, 213603 (2009).

J. Zhang, K. Peng, and S.L. Braunstein, Quantum-State
Transfer from Light to Macroscopic Oscillators, Phys.
Rev. A 68, 013808 (2003).

K. Stannigel, P. Rabl, A.S. Sorensen, P. Zoller, and M. D.
Lukin, Optomechanical Transducers for Long-Distance
Quantum Communication, Phys. Rev. Lett. 105, 220501
(2010).

L. Tian and H. Wang, Optical Wavelength Conversion of
Quantum States with Optomechanics, Phys. Rev. A 82,
053806 (2010).

See M. Schlosshauer, Decoherence and the Quantum-to-
Classical Transition (Springer, New York, 2007) for a
recent discussion.

(28]

[29]

[30]

(31]

021011-7

S. Nimmrichter, P. Haslinger, K. Hornberger, and M. Arndt,
Concept of an Ionizing Time-Domain Matter-Wave
Interferometer, New J. Phys. 13, 075002 (2011); S.
Nimmrichter, K. Hornberger, P. Haslinger, and M. Arndt,
Testing Spontaneous Localization Theories with Matter-
Wave Interferometry, Phys. Rev. A 83, 043621 (2011).
See, for example, S.L. Adler and A. Bassi, Is Quantum
Theory Exact?, Science 325, 275 (2009) and references
therein.

A. Bassi, E. Ippoliti, and S.L. Adler, Towards Quantum
Superpositions of a Mirror: An Exact Open Systems
Analysis, Phys. Rev. Lett. 94, 030401 (2005).

L. Di6si, Models for Universal Reduction of Macroscopic
Quantum Fluctuations, Phys. Rev. A 40, 1165 (1989); R.
Penrose, On Gravity’s Role in Quantum State Reduction,
Gen. Relativ. Gravit. 28, 581 (1996).






9 A Scheme to Probe Planck-Scale
Modifications to the Canonical
Commutation Relation

For several decades now modern physics has been unable to unify general relativity
with quantum mechanics. The challenge of this endeavour is made more difficult
by the lack of experimental observations of quantum gravitational phenomena that
would provide important road signs to a theory of quantum gravity - as was of
paramount importance for the development of quantum theory itself. While the
Planck energy (Ep = 1.2 x 10' GeV), Planck length (Lp = 1.6 x 10%> m), and
Planck time (tp = 107# s) are at present out of reach to experimentally explore
directly, while a great challenge, it is not unreasonable to expect to be able to probe
quantum mechanical phenomena at the scale of the Planck mass (mp = 22 ug).
Cavity quantum optomechanics may provide such a route to do this as mechanical
oscillators with vibrational modes of masses of order mp are readily fabricated and
early signs of quantum mechanical behaviour are now being observed.

A common feature of many current models of quantum gravity is the existence of a
minimum length scale in the universe. Excitingly, such a quantity yields experimen-
tally testable phenomena. Such a minimum length may be described theoretically by
a modification to the quantum mechanical Heisenberg uncertainty relation [89] and
thus a deformation to the commutation relation between position and momentum.
There are a variety of such deformations currently under consideration that yield a
minimum length scale, see e.g. Refs [90, 91|, and also deformations that also yield
a maximum momentum [92, 93].

This theoretical project [94] proposed a method, using quantum optomechanics
and the pulsed interaction studied in chapter 6, to probe for such commutator defor-
mations. The key result of our scheme is a sequence of four pulsed optomechanical
interactions that allows for a highly sensitive inference of mechanical commutator
with a precision many orders of magnitude better than any existing scheme.

This project emerged from discussion, with very clever input from Myungshik Kim
and Igor Pikovski, how to generate optomechanical phases of a geometric nature and
how to infer the commutator between the position and momentum of a mechanical
oscillator at a quantum mechanical level. It was well within the project’s devel-
opment that we realized that the quantum gravitational commutator deformations
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could be tested. In addition to participating in the project’s early discussions, my
specific contributions to this project were to conceive the optical setup that allows
for the four pulsed optomechanical interactions followed by a measurement of the
optical phase shift, and to, together with all co-authors, determine the parameter
sets to test three different commutator deformations and analyze the experimental
feasibility.
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Probing Planck-scale physics with quantum optics

Igor Pikovski“2*, Michael R. Vanner"2, Markus Aspelmeyer"2, M. S. Kim3* and Caslav Brukner®*

One of the main challenges in physics today is to merge quantum theory and the theory of general relativity into a unified
framework. Researchers are developing various approaches towards such a theory of quantum gravity, but a major hindrance
is the lack of experimental evidence of quantum gravitational effects. Yet, the quantization of spacetime itself can have
experimental implications: the existence of a minimal length scale is widely expected to result in a modification of the
Heisenberg uncertainty relation. Here we introduce a scheme to experimentally test this conjecture by probing directly the
canonical commutation relation of the centre-of-mass mode of a mechanical oscillator with a mass close to the Planck mass.
Our protocol uses quantum optical control and readout of the mechanical system to probe possible deviations from the quantum
commutation relation even at the Planck scale. We show that the scheme is within reach of current technology. It thus opens a

feasible route for table-top experiments to explore possible quantum gravitational phenomena.

tis at present an open question whether our underlying concepts

of space—time are fully compatible with those of quantum

mechanics. The ongoing search for a quantum theory of gravity
is therefore one of the main challenges in modern physics. A
major difficulty in the development of such theories is the lack
of experimentally accessible phenomena that could shed light on
the possible route for quantum gravity. Such phenomena are
expected to become relevant near the Planck scale, that is, at
energies on the order of the Planck energy Ep = 1.2 x 10" GeV
or at length scales near the Planck length Lp = 1.6 x 107 m,
where space-time itself is assumed to be quantized. However,
such a minimal length scale is not a feature of quantum theory.
The Heisenberg uncertainty relation, one of the cornerstones of
quantum mechanics', states that the position x and the momentum
p of an object cannot be simultaneously known to arbitrary
precision. Specifically, the indeterminacies of a joint measurement
of these canonical observables are always bound by AxAp > F/2.
Yet, the uncertainty principle still allows for an arbitrarily precise
measurement of only one of the two observables, say position,
at the cost of our knowledge about the other (momentum). In
stark contrast, in many proposals for quantum gravity the Planck
length constitutes a fundamental bound below which position
cannot be defined. It has therefore been suggested that the
uncertainty relation should be modified to take into account such
quantum gravitational effects’. In fact, the concept of a generalized
uncertainty principle is found in many approaches to quantum
gravity, for example in string theory™, in the theory of doubly
special relativity™®, within the principle of relative locality’ and
in studies of black holes®*!%. A generalized uncertainty relation
also follows from a deformation of the underlying canonical
commutator [x,p]=xp — px (refs 11-15), as they are related via
AxAp > (1/2)[{[x,p])]-

Preparing and probing quantum states at the Planck scale
is beyond today’s experimental possibilities. Current approaches
to test quantum gravitational effects mainly focus on high-
energy scattering experiments, which operate still 15 orders of
magnitude away from the Planck energy Ep, or on astronomical
observations'®!’, which have not found any evidence of quantum

gravitational effects as of yet'®!. Another route would be to
perform high-sensitivity measurements of the uncertainty relation,
as any deviations from standard quantum mechanics are, at least
in principle, experimentally testable!*~'>. However, with the best
position measurements being of order Ax/L, ~ 10'7 (refs 20,21), at
present sensitivities are still insufficient and quantum gravitational
corrections remain unexplored.

Here we propose a scheme that circumvents these limitations.
Our scheme allows one to test quantum gravitational modifications
of the canonical commutator in a novel parameter regime, thereby
reaching a hitherto unprecedented sensitivity in measuring Planck-
scale deformations. The main idea is to use a quantum optical
ancillary system that provides a direct measurement of the canonical
commutator of the centre of mass of a massive object. In this way
Planck-scale accuracy of position measurements is not required.
Specifically, the commutator of a very massive quantum oscillator
is probed by a sequence of interactions with a strong optical field
in an optomechanical setting, which uses radiation pressure inside
an optical cavity?®*. The sequence of optomechanical interactions
is used to map the commutator of the mechanical resonator
onto the optical pulse. The optical field experiences a measurable
change that depends on the commutator of the mechanical
system and that is nonlinearly enhanced by the optical intensity.
Observing possible commutator deformations thus reduces to a
measurement of the mean of the optical field, which can be
performed with very high accuracy by optical interferometric
techniques. We show that, already with state-of-the art technology,
tests of Planck-scale deformations of the commutator are within
experimental reach.

Modified commutation relations

A common modification of the Heisenberg uncertainty relation that
appears in a vast range of approaches to quantum gravity>*+%
is AxAp > k(1 + Bo(Ap/(Mpc))*)/2. Here, By is a numerical
parameter that quantifies the modification strength, c is the speed
oflight and Mp =~ 22 pg s the Planck mass. The minimal measurable
length scale appears as a natural consequence with Ax.i, = Lp+/Bo
(Fig. 1). Such a modification alters the allowed state-space and can
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Figure 1| The quantum uncertainty relation and a quantum gravitational
modification. The minimum Heisenberg uncertainty (red curve) is plotted
together with a modified uncertainty relation (dashed blue curve) with
modification strength Bo. Mp and Lp are the Planck mass and Planck length,
respectively. The shaded region represents states that are allowed in
regular quantum mechanics but are forbidden in theories of quantum
gravity that modify the uncertainty relation. The inset shows the two curves
far from the Planck scale at typical experimental position uncertainties

AX > AXmin. An experimental precision of §x3p is required to distinguish
the two curves, which is beyond experimental possibilities at present.
However, this can be overcome by our scheme, which allows one to probe
the underlying commutation relation in massive mechanical oscillators and
its quantum gravitational modifications.

be seen as a manifestation of a deformed canonical commutator, for
example of the form!?

p 2
[x,plg, = 1| 1+ Bo (m) (1)

So far, no effect of a modified canonical commutator has been
observed in experiments. At present the best available measurement
precision (Table 1) allows one to put an upper bound on the
magnitude of the deformation of 8y < 10°* (ref. 13). For theories
that modify the commutator this rules out the existence of an
intermediate fundamental length scale on the order of x~ 107" m.
Note that the Planck-scale modifications correspond to By ~ 1 and
are therefore untested. Furthermore, the above modification of
the commutator is not unique and experiments can, in principle,
distinguish between the various theories. In particular, a generalized
version of the commutator deformation is'!

(p/c)*+m?

M (2)

[x’P]ILo = lh\/l +2MO

Here, m is the rest mass of the particle and p, is again a free
numerical parameter. For small masses m < p/c < Mp, and for
o = By, the above modified commutator reduces to equation (1).
However, an important difference is that the commutation relation
in equation (2) depends directly on the rest mass of the particle.
In the limit p/c <« m < Mp, the commutator reduces to [x, p],,, =
ih(1+ pom? /M32), which can be seen as a mass-dependent rescaling
of A. It is worth noting that a modified, mass-dependent Planck
constant A = fi(m) also appears in other theories, some of
which predict that the value of Planck’s constant can decrease
with increasing mass (A — 0 for m > Mp), in contrast to the
prediction above. Such a reduction would also account for a
transition to classicality in massive systems or at energies close to

the Planck energy®'°.
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Table 1| Current experimental bounds on quantum
gravitational commutator deformations.

System/experiment Bo,max Y0, max References
Position measurement 1034 10" 20,21
Hydrogen Lamb shift 1036 1070 13,15
Electron tunnelling 1033 10" 13,15

The parameters Bp and yp quantify the deformation strengths of the modification given in
equation (1) and of the modification given in equation (3), respectively. For electron tunnelling
an electric current measurement precision of 81 ~1fA was taken.

Among the various proposals for different commutator
deformations, we choose as a last example the recently proposed
commutator'* which also accounts for a maximum momentum
that is present in several approaches to quantum gravity™*

AR (L) 3)

X, =il 1—yy—
[ P]yo VOMPC Mpc

Here, y, is again a free numerical parameter that characterizes
the strength of the modification. Experimental bounds on y,
are more stringent than in the case of equation (1) and were
considered in ref. 15. The best bound at present can be obtained
from Lamb shift measurements in hydrogen, which yield y, < 10"
(Table 1).

The strength of the modifications in all the discussed examples
depends on the mass of the system. For a harmonic oscillator
in its ground state the minimum momentum uncertainty is
given by p, = /hmw,,, where m is the mass of the oscillator
and w,, is its angular frequency. The deformations are therefore
enhanced in massive quantum systems. We note that theories of
deformed commutators have an intrinsic ambiguity as to which
degrees of freedom it should apply to for composite systems
(see Supplementary Information). For the centre of mass mode,
the mass dependence of the deformations suggests that using
massive quantum systems allows easier experimental access to the
possible deformations of the commutator, provided that precise
quantum control can be attained. Optomechanical systems, where
the oscillator mass can be around the Planck mass and even
larger, therefore offer a natural test-bed for probing commutator
deformations of its centre of mass mode.

Scheme to measure the deformations

In the following we will outline a quantum optical scheme
that allows one to measure deformations of the canonical
commutator of a mechanical oscillator with unprecedented
precision. For simplicity we use dimensionless quadrature operators
X and P,,. They are related to the position and momentum
operators via x = x0X;, and p = pyPp,,, where x, = /i/(mw,,)
and py = / imwy,.

The scheme relies on displacements of the massive mechanical
oscillator in phase space, where the displacement operator is
given by?0 D(z/+/2) = e/RelziXn=ImlzIPn) The action of this operator
displaces the mean position and momentum of any state by Im[z]
and Re[z], respectively. In quantum mechanics, two subsequent
displacements provide an additional phase to the state, which
can be used to engineer quantum gates”’*’. Here we consider
displacements of the mechanical resonator that are induced by an
ancillary quantum system, the optical field, with an interaction
strength A. A sequence of four optomechanical interactions is
chosen such that the mechanical state is displaced around a loop in
phase space, described by the four-displacement operator

%. — eiAm,Pm efi)m],Xm e—i)m; Py, eiAme (4)
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In classical physics, after the whole sequence, neither of the two
systems would be affected because the four operations cancel
each other. However, for non-commuting X,, and P,, there is
a change in the optical field depending on the commutator
[Xins Pm] =iC;. We can rewrite equation (4) using the well-known
relation® e P e=n =3 (i*a* /k!)Ci, where iCy = [Xm, Ci1]
and Cy = Py,. This yields & = exp(—iln, Zk(AnL)ka/k!), which
depends explicitly on the commutation relation for the oscillator,
but not on the commutator of the optical field. For the quantum
mechanical commutator, that is C, = 1, we obtain £ = e ", In
this case, the optical field experiences a self-Kerr nonlinearity, that
is an n} operation, and the mechanical state remains unaffected.
However, any deformations of the commutator would show in &,
resulting in an observable effect in the optical field.

As an example we consider the modification given by
equation (1). To first order in B = Byiw,m/(Mpc)* < 1 one
obtains C, =1+ P2, C, = B2P,,, C; ~ 2 and C; ~ 0 for k > 4.
Equation (4) thus becomes &; = e~ g iBW P AN P+ (1/3)A )
(this approximation has the physical meaning that one can neglect
contributions which are higher order in B for the observables
considered below). As one can see immediately, a deformed
commutator affects the optical field differently owing to non-
vanishing nested commutators Cy, k > 1. In addition to a Kerr-type
nonlinearity the optical field experiences highly non-Gaussian n;
and n operations. The additional effect scales with 8 and therefore
allows a direct measure of the deformations of the canonical
commutator of the mechanical system via the optical field. To see
that explicitly, let us denote the optical field by ar, with the real
and imaginary parts representing its measurable amplitude and
phase quadratures, respectively. Also, for simplicity, we restrict
the discussion to coherent states |a) with real amplitudes of the
optical input field and we neglect possible deformations in the
commutator of the optical field during read-out’** as those are
expected to be negligible compared with the deformations of the
massive mechanical oscillator (see refs 33,34 for schemes that can
probe the non-commutativity of the optical field). For a large
average photon number N, > 1, and for a mechanical thermal state
with mean phonon occupation 7 < AN}, the mean of the optical
field becomes (for |®| <« 1):

(ar) = (ay)gme ™ (5)

. 2y . .

where (@) gm = @e™* "N0-¢) i the quantum mechanical value

for the unmodified dynamics. The B-induced contribution causes
an additional displacement in phase space by

O(B) =~ % BN A e (6)

The resulting optical state is represented in Fig. 2. We note
that the magnitude of the effect is enhanced by the opti-
cal intensity and the interaction strength. For the u- and the
y-deformation of the commutator, referring to equations (2)
and (3), respectively, the effect on the optical field is simi-
lar, but shows a different scaling with the system parameters
(see Table 2 and Supplementary Information for the derivation).
Probing deviations from the quantum mechanical commuta-
tor of the massive oscillator thus boils down to a precision
measurement of the mean of the optical field, which can be
achieved with very high accuracy via interferometric means, such
as homodyne detection.

Experimental implementation

We now discuss a realistic experimental scenario that can attain
sufficient sensitivity to resolve the deformation-induced change
in the optical field even for small values of By, o and y,
that is in a regime that can be relevant for quantum gravity.
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Figure 2 | Changes to the optical field following the pulsed
optomechanical interactions. The effect of the four-displacement
operation £ onto an optical state for the experimentally relevant case A <« 1.
In this case, an initial optical coherent state |a) is rotated in phase-space
through an angle ®. A part © of the rotation is due to a possible quantum
gravitational deformation of the canonical commutator of the mechanical
resonator (see equation (6)). Measuring the mean of the optical field (a.)
and extracting the ®-contribution allows one to probe deformations of the
canonical commutator. Optical interferometric schemes can provide a
measurement of the overall mean rotation with a fundamental imprecision
8(®) = oout/+/NpNr, (N: number of measurement runs, Np: number of
photons, oout: quadrature width of the optical state, which remains very
close to the coherent state value 1/2). To resolve the ®-contribution, the
measurement imprecision must fulfill §(®) < ®, which we show can be
achieved in quantum optomechanical systems even for deformations on
the Planck scale.

The optomechanical scheme proposed here can achieve such a
regime: it combines the ability to coherently control large masses
with strong optical fields. From a more general perspective,
optomechanical systems provide a promising avenue for preparing
and investigating quantum states of massive objects ranging
from a few picograms up to several kilograms***. Significant
experimental progress has been recently made towards this goal,
including laser cooling of nano- and micromechanical devices into
their quantum ground state®*®, operation in the strong-coupling
regime’ and coherent interactions**°. Owing to their high
mass they have also been proposed for tests of so-called collapse
models**2, which predict a breakdown of the quantum mechanical
superposition principle for macroscopic objects. For our purpose
here, which is the high-precision measurement of the canonical
commutator of a massive oscillator, we focus on the pulsed regime
of quantum optomechanics®.

We consider the set-up depicted in Fig. 3, where a mechanical
oscillator is coupled to the optical input pulse via radiation
pressure inside a high-finesse optical cavity. This is described
by the intra-cavity Hamiltonian* H = hwyny, — hgyny X, where
ny, is the mechanical number operator and g, = w.(xy/L) is the
optomechanical coupling rate with the mean cavity frequency
. and mean cavity length L. For sufficiently short optical
pulses the mechanical harmonic evolution can be neglected and
the intracavity dynamics can be approximated by the unitary
operation U = e**» (ref. 43). Here, the effective interaction
strength is (see Supplementary Information) A >~ g,/k = 4Fx, /A1,
where « is the optical amplitude decay rate, F is the cavity
finesse and A is the optical wavelength. To realize the desired
displacement operation in phase-space it is also required to achieve
a direct optomechanical coupling, with the same optical pulse,
to the mechanical momentum (equation (4)). Such a momentum
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Table 2 | Experimental parameters to measure quantum
gravitational deformations of the canonical commutator.

[XmsPml Equation (2) Equation (3) Equation (1)
10| 7 326 F2mN, Yo 9612 F3N2 8 102473 F4N3
F 10° 2x10° 4%10°

m 10~ kg 10~ kg 10~7 kg

®m /27 10° Hz 10° Hz 10° Hz

A 1,064 nm 1,064 nm 532nm

Np 108 5x10'° 10™

Ny 1 10° 108

8(®) 10~4 10-8 10-10

The parameters are chosen such that a precision of §.g ~1, 8y9 ~1and 8 8o ~ 1 can be achieved,
which amounts to measuring Planck-scale deformations.

coupling could be achieved for example via the Doppler effect
by using mirrors with a strongly wavelength-dependent optical
reflectivity”®. A more straightforward route is to use the harmonic
evolution of the mechanical resonator between pulse round-
trips (for example, ref. 43), which effectively allows X,, and P,
to be interchanged after a quarter of the oscillator period. In
this case, the contribution from the commutator deformation
has a different pre-factor, but remains of the same form (see
Supplementary Information), and part of the phase-space rotation
in the optical field is of classical nature. This has no effect on
the ability to distinguish and observe the rotation due to the
deformed commutator. After the four-pulse interaction has taken
place the optical field can be analysed in an interferometric
measurement, which yields the phase information of the light with
very high precision.

As in previous approaches to measure possible modifications
of the canonical commutator'®!®, the relevant question is which
ultimate resolution 88y, 8149, 8y the experiments can provide. In
the case of a null result, these numbers would set an experimental
bound for By, 1o, ¥o and hence provide an important empirical
feedback for theories of quantum gravity. We restrict our analysis
to the experimentally relevant case A < 1, for which the effect of
a deformed commutator resembles a pure phase-space rotation
of the optical output state by angle ® (Fig.2). The inaccuracy
8® of the measurement outcome depends on the quantum
noise o, of the outgoing pulse along the relevant generalized
quadrature and can be further reduced by quantum estimation
protocols*. For our purposes we only require to measure the mean
optical field, equation (5). The precision of this measurement is
not fundamentally limited and is enhanced by the strength of
the field and the number of experimental runs N; via §(®) =
Oout//NpN;, from which one directly obtains the fundamental
resolutions § 8y, Sto, 8. For each of the discussed deformations
it is possible to find a realistic parameter regime (Table 2) with
markedly improved performance compared with existing bounds.
In particular, we assume a mechanical oscillator of frequency
@ /27 = 10° Hz and mass m = 107" kg, and an optical cavity
of finesse F = 10° at a wavelength of A, = 1,064 nm, which is
in the range of current experiments**~°. To test a u-modified
commutator (equation (2)), a pulse sequence of mean photon-
number N, = 10® is sufficient to obtain a resolution §u, ~ 1
already in a single measurement run (N, = 1). For the case
of a y-modified commutator (equation (3)), the same sequence
would result in 8y, ~ 10°. By increasing the photon-number to
N, =5 x 10", the finesse to F =2 x 10° and the number of
measurement runs to N; = 10° (this would require stabilizing the
experiment on a timescale of the order of seconds) one obtains
8yp ~ 1. Note that this would improve the existing bounds for y,
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Figure 3 | Proposed experimental set-up to probe deformations of the
canonical commutator of a macroscopic mechanical resonator. An
incident pulse ‘In" is transmitted through a polarizing beam splitter (PBS)
and an electro-optic modulator (EOM) and then interacts with a
mechanical resonator with position Xy, via a cavity field ar. The optical field
is retro-reflected from the optomechanical system and then enters a delay
line, during which time the mechanical resonator evolves for one quarter of
a mechanical period. The optical pulse, now vertically polarized, is rotated
by the EOM to be horizontally polarized and interacts again with the
mechanical resonator. This is repeated for a total of four interactions, such
that the canonical commutator of the resonator is mapped onto the optical
field. Finally, the EOM does not rotate the polarization and the pulse exits in
the mode labelled ‘Out’, where it is then measured interferometrically with
respect to a reference field such that the commutator deformations can be
determined with very high accuracy.

(ref. 15) by ten orders of magnitude. To obtain similar bounds for
a B-modification is more challenging. The pulse sequence with the
previous parameters yields § 8, ~ 10'%, which already constitutes an
improvement by about 20 orders of magnitude compared with the
current bound for 8 (ref. 13). This can provide experimental access
to a possible intermediate length-scale or a meaningful feedback
to theories of quantum gravity in the case of a null result. By
further pushing the parameters to N, = 10", N, = 10°, F =4 x 10°,
m=10""kgand A; =532 nm it is even possible to reach § 8, ~ 1, that
is, a regime where Planck-scale deformations are relevant and 33
orders of magnitude beyond current experiments. To achieve such
experimental parameters is challenging, but is well within the reach
of current technology.

The above considerations refer to the ideal case in which
experimental noise sources can be neglected. Effects such as
mechanical damping and distortions of the effective interaction
strength impose additional requirements on the experimental
parameters, which are discussed in detail in the Supplementary
Information. In summary, being able to neglect the effects of
pulse shape distortion and optical loss requires that the mechanical
mode is optically cooled close to a thermal occupation of about
7 < 30. Similarly, decoherence effects are negligible when the whole
mechanical system is in a bath of temperature T < 100 mK for
resonators with a quality factor of Q > 10°, which can be achieved
with dilution refrigeration. In general, the scheme is very robust
against many noise sources, as it relies on the measurement of the
mean of the optical field and the noise sources can be isolated by
independent measurements. We also note that contributions from
a modified commutator scale in a different way with the system
parameters as compared with deleterious effects. It is therefore
possible to distinguish these by varying the relevant parameters,
such as optical intensity and the oscillator mass. The proposed
scheme thus offers a feasible route to probe the possible effects
of quantum gravity in a table-top quantum optics experiment
and hence to provide important empirical feedback for theories
of quantum gravity.
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Probing Planck-scale physics with quantum optics

A Alternative Commutator deformations

In this section we compute the change in the optical field for the two alternative commutator deformation
theories considered in the main text, i.e. for the p- and the ~-deformation given by Eqs. 2 and 3,
respectively. For the case [, ], = ih (1 + pom?/Mp) the four-displacement operator becomes ¢, =
e~ N*nL(141) | where we defined p = pom? /M?. The resulting mean of the optical field is thus (a) =
qe— N (+p) o ~NP (1_6%2%(1“))

. In the limit 4 < 1 and Np > 1, it reduces to {(ar) ~ (ar),,, e~®
with the deformation-induced contribution O () given by
O (1) ~ 2uN,\2e 2N (A.])

For a y-deformation of the commutator we define v = v/ hmw,, /Mpc < 1 and the four-displacement

. : 2,2 143,3 . . e .
operator becomes &, = e=Nn oV (NnEPnt3X01) 6 first order in ~. In the limit Np > 1, this results
in the additional contribution to the quantum mechanical mean of the optical field given by

3 —i
O(7) = SN e e (A2)

Finally, we note that theories with a modified commutator have an intrinsic ambiguity as to which
particles or degrees of freedom of a composite system the deformations should apply to. For exam-
ple, a system consisting of IV particles with identical mass and each with position z; and momentum
p; has the center of mass degrees of freedom given by z, = va x;/N and pen, = va p;. If
the $-modified commutation relation as given by Eq. 1 is applied to each single particle individually
(rather than to the center of mass itself), the commutator of the center of mass becomes [T, Dem] =
ih (1 + 6o N p2/ (MI%CQN)) = ih (1 + i (pgm -y pip])). This result differs from a di-
rect deformation of the center of mass mode. Depending on the state of the system, in particular on the
pairwise correlations between the constituent particles, the difference in the commutator deformation
can be approximated by the substitution 5y — x [ where x lies between 1/N (for vanishing pairwise
correlations) and 1/N? (for all pairs being equally correlated).

B Modified harmonic evolution

For the implementation utilizing free harmonic evolution between the pulsed interactions, it is necessary
to take a deformed evolution due to a deformation of the commutator into account. Here we consider
the B-deformation as given by Eq. 1. Keeping the quantum mechanical canonical commutation relation
and modifying the momentum operator to P,, — P, (1 + %ﬁP%) incorporates the deformation to first
order in 3 [13]. It is therefore necessary to solve for X,,(¢) for a modified evolution governed by the
effective Hamiltonian H = %hwm (Xg1 + P%) + %hwmﬁPé = Hy + H'. These correspond to the
unitary evolutions Uy and U’, respectively. In a frame rotating at frequency w,,, the time evolution of the
operators X/ = UoXng and P}, = U()PmUE)r is generated by H'(P},). This yields P, (t) = P}, (0)
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and X, (t) = X/,(0) + 3Bwy,tP/3. In the original frame, the result is thus

. 4 .
Xm(t) = X0 (0) cos(wmt) — P, (0) sin(wy,t) + gﬂwmt (P (0) cos(wmt) + X, (0) sin(wmt))® .

(B.1)

Using four interactions separated by a quarter mechanical period, the four-displacement operator be-

comes £ = eI (Pm—2B1X7,) gidng, (= Xm—4B7 Py, /3) gidng, (= Pm+287X3, /3) gidns Xm  Thig expression can

be simplified using the Zassenhaus formula [30] exp(X +Y) = exp(X) exp(Y) [[;2; exp(Z;), where

Zy = — [A’ B] /2’ Zy = [Av [A’ BH /6+[B7 [A7B]] /3’ Z3 = — ([B7 [Aa [Aa BH] + [B? [B7 [Aa BH]) /8_

[A,[A,[A, B]]] /24 and Zj, k > 3 are functions of higher nested commutators. To leading order in 7,

the four-displacement operator becomes

€~ ) eiﬁwg)\“n‘i‘ (B.3)

The optical field due to this operation is of the same form as in Eq. 5 with a modified numerical strength.
The modified dynamics therefore does not alter the main conclusions.

C Additional requirements due to deleterious effects

In the following we analyze the experimental parameters necessary to overcome some additional dele-
terious effects in the opto-mechanical system. We analyze the cavity dynamics and its influence on the
effective interaction, the effect of varying interaction strengths for each pulse round trip and the influence
of mechanical decoherence. We neglect additional contributions from a modified commutator since these
will be less prominent than that considered in the ideal case.

The Hamiltonian H = hw,,n,, — hgonr X, refers to the interaction between the optical field and
the mechanics within the cavity [44]. To quantify the effects of cavity filling and decay for a short pulse
we solve the optical Langevin equation

d in
EL  (igoXm — w)ar + V2 (" + \/Nyai) ™

with the boundary condition a%m) + a(LOUt) = \/2ray, for the input and output optical fields and the
incident cavity drive vy, that is normalized to the mean photon number per pulse, i.e. [dt a2 = 1. Since
the mechanical motion can be neglected in the short pulse regime the overall effect on both the optical
field and the mechanical oscillator can be described by the effective unitary operator U = e"2Xm,
The coupling strength A depends on the intra-cavity field envelope and can be determined via the total
momentum transfer onto the mechanics by the optical pulse (P,,) = go [ dt (ny(t)), where np(t) is

obtained from Eq. 7. This yields A = { go/k with ¢ = [ dte =2t g2 { fioodt/ e“t/ain(t’ )} ’ for the effective
unitary operator.

In general, the pulse shape of the output optical field is altered by the cavity. When such a distorted
pulse is directed back for the i-th time into the cavity, the effective interaction time within the cavity
will be different and will give rise to a modified opto-mechanical interaction strength \;. To minimize
the distortion, one requires that the pulse duration 7 is much longer than the intra-cavity lifetime, i.e.
wm < 77! < K, where & is the cavity bandwidth. This ensures that the optical pulses are short

2 NATURE PHYSICS | www.nature.com/naturephysics
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compared to the mechanical period and that the cavity is empty in between the pulsed interactions. In
this regime we have ¢ ~ 1 such that A ~ gg /.

An additional effect that distorts the interaction strength A from pulse to pulse is the loss of light.
To include both loss and pulse shape change in the effective interaction, we define an overall distortion
parameter 7. With this parameter, the opto-mechanical interaction strength \; for the ¢-th interaction is
approximately given by \; 11 = n\;. We note that in the regime considered here the loss of light will be
dominant and we assume a value of  ~ 0.9.

The effect of varying interaction strengths modifies the four-displacement operator to §;,, = eMnL P
eranLXme=idenL P gidint Xm sing A\ = Ay, it can be written as

577 — gé ein)\(lfnz)nLPm ei)\(lan)nLXm ’ (8)

where & is the four-displacement operator as considered previously, but with modified interaction strengths:
For the (-, v- and p-deformations, the interaction strength is reduced to A* — 7"\, A3 — 7°) and
A2 — 1)\, respectively. For nn ~ 0.9 the © —contribution to the optical mean by the $-modified com-
mutator would therefore be reduced by a factor ~ 0.5, the contribution by the «-modified commutator
would be reduced by ~ 0.6 and the contribution by a p-modified commutator would be reduced by
~ 0.7. Additionally, Eq. 8 contains a strong dependence of the outgoing optical field on the mechanical
state. Given a thermal distribution of the mechanical center-of-mass mode with mean phonon occupation
n, the optical mean is reduced by e~ M\ (1=1*)(1-1")/2 For n ~ 0.9 and A ~ 1, the mechanics therefore
needs to be damped to 7 < 30. This can be achieved by optical cooling of the mechanical mode, which
has recently been demonstrated in Refs. [35, 36].

Finally, we discuss mechanical decoherence in between pulse interactions due to coupling of the
mechanical mode to other degrees of freedom in the oscillator. We consider a linear coupling to an
infinite bath of harmonic oscillators, which can be described by the interaction Hamiltonian

Hyw = > i (b7t 4+ 0] ) X, 9)

)

where b; are operators for the ¢-th bath mode with frequency w; that interact with the mode of interest
with interaction strength v;. Using the notation B(t) = ). v; (bi e wit 4 bZT eiwit>, the solutions for the
position and momentum operators become

X (t) = XO (¢, t0) — / tdt’B(t’) sin(w (t — t'))

. (10)
P, (t) = POt tg) + / dt'B(t') cos(wm(t — 1)),
to

where X\ (¢, ) = Re[A(to)ei“n(t=t0)] and P (t, o) = Im[A(to)ein(t=10)] are the position and mo-
mentum operators without decoherence, respectively, with the initial value A(tg) = X, (to) + i P (to)-
For a bath that is initially uncorrelated with the mechanical mode of interest, the £-operator changes to

fB — 50 ei)\nLBg 6i>\nLB2 ei)anBl (11)

where & is the operator without decoherence as given in Eq. 4 and the bath degrees of freedom en-
ter through the operators B; = [ [20m B() cos(wmt), Ba = foﬂ/ “m dtB(t') sin(wy,t) and
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By = — fo?m/ 2om UB(t') cos(wmt). We consider a Markovian bath with negligible bath correlation
times such that (B(t)) = 0 and (B(t)B(t')) = ~vm coth(hwy,/2kpT)d(t — t'), where the mechanical
damping can be written in terms of the mechanical quality factor as v, = w,,/Q. To first order in T'/Q
the mean of the optical field becomes

hwm@
where (ar,), is the mean of the optical field without decoherence. For Q = 10 one therefore requires

T < 100 mK to keep the decoherence sufficiently weak. Such parameters can be achieved for kHz-
resonators with dilution refrigeration.

(ar)p =~ (ar)y (1 — A ) (12)
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10 Optically Induced Mechanical
Non-Linearity

A challenge faced throughout quantum optics is how to engineer quantum systems
that that have significant non-linearity at the single quanta level. As an example,
such non-linearity is important for photonic quantum science to allow deterministic
quantum logic operations between photonic qubits. Within quantum optomechanics,
generating mechanical non-linearity, i.e. mechanical state dependent dynamics, will
open a vast experimental research avenue for the deterministic generation of non-
classical motional states but is yet to be experimentally attained.

In this work [95], we theoretically proposed a technique how to produce signifi-
cant non-linearities in the motion of a mechanical resonator by exploiting a geometric
phase generated by a sequence of four pulsed optomechanical interactions. Building
upon the work in chapter 6, the pulse sequence takes place over a time-scale much
shorter than a mechanical period of motion and the position of the oscillator is a con-
stant of motion. Simply put, the non-linearity generated by our scheme arises from
the mechanical position information acquired by the early pulses coherently inter-
fering with the latter pulses, yielding a mechanical position dependent change to the
mechanical momentum. Using the optomechanical interaction H;,; ataX s one
obtains a time evolution operator of the form U = exp[—ix7X%,], which can be used
for deterministic motional squeezed state preparation. Here, X%XJQM is the enclosed
area made in optical phase space during the protocol. We also considered the inter-
action Hj,; aTaXJQW, which is available in membrane-in-the-middle geometry [86],
and the resultant time evolution operator is of the form U = exp[—ix3X{,]. This
type of non-linearity causes a mechanical position cubed dependent change to the
mechanical momentum and when applied to a low temperature mechanical thermal
state will generate a non-Gaussian quantum state exhibiting Wigner negativity.

Although this work is quite similar in spirit to the four pulsed protocol used in
chapter 9 it was conceived quite independently. The leading creative contributor to
this project was Gerard Milburn who adapted his prior work on geometric phase
based ion trap quantum computing [96, 97]. My specific contribution to this project
was to refine Gerard’s optomechanical scheme by considering short optical pulses
instead of the sideband based scheme Gerard initially had in mind. Using this in-
teraction regime allowed us to achieve the Xfw evolution and, owing to its speed,
provides resilience against mechanical decoherence thus improving experimental fea-
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sibility. In addition to this creative contribution, I guided Kiran Khosla, at that time
an honours student, during a visit he made to Vienna in the summer of 2011, and
together we completed the bulk of the calculations for this project.
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1. Introduction

The geometric phase is a phase imparted on the wavefunction of a quantum state by driving a
system about a circuit [1]. Within quantum optics this phase has been widely used to create logic
gates for quantum computing [2—4], but has received little attention in optomechanics. Some
notable exceptions come from recent proposals that have considered the effect of a geometric
phase involving mechanical oscillators coupled to a qubit [5] or light [6], however not for
mechanical state engineering. In this paper we consider an optomechanical system [7—12] with
a time dependent optical drive [9, 12, 13] that, via the optomechanical interactions, traverses a
closed loop in phase space thus imparting a geometric phase onto the mechanical element.

In an optomechanical system, the radiation pressure force due to light in an optical
resonator can be used to accelerate a mechanical resonator. Driving the optical resonator with
a suitable sequence of laser pulses can be used to manipulate the motion of the mechanics.
In our scheme, strong mechanical nonlinearity is generated with a sequence of four pulsed
optomechanical interactions in a measurement free process. During this sequence the optical
field makes a circuit in phase space and the mechanical oscillator obtains a phase proportional
to the area enclosed within the loop [1], i.e. a Berry phase. It is shown how this phase
produces an effective nonlinear potential for the mechanical resonator from the otherwise
linear optomechanical radiation pressure interaction. We then discuss how this mechanical
nonlinearity can be used for quantum state preparation of the mechanical oscillator. Our full
protocol takes place within a small fraction of one period of the mechanical oscillator, and is
hence robust against rethermalization and decoherence (similar to [12]).

2. Model

We model the optomechanical system as an optical cavity coupled linearly to the position
of a mechanical element. The interaction Hamiltonian for such a system is given by H; =
thaTa\/EXM, where g is the interaction rate, 7 is the reduced Planck’s constant, a, (a') and
b, (b") are the annihilation (creation) operators of the optical and mechanical field respectively.
The +/2 arises from our definition of Xum=(b+b")/ V2.

The Langevin equation of motion for a is given by a(t) = —igoa(t) Xm —ka(t) +
V2kain(t) where aj, is the field entering the cavity and « is the cavity decay rate. For the
following the intracavity field is taken to be on resonance and « is taken to be large compared to
the mechanical frequency. The optical field is written as a noise operator a about a coherent
amplitude «o(t) = (a(t)), such that a(t) = «(t) +a(t). The coherent amplitude follows the
classical equation of motion for a field in a cavity with input o, (¢), & = —ka(t) + V2kca, ()4
The mechanical period Ty, is assumed much larger than the pulse envelope «(¢), so the dynamics
of the mechanical oscillator may be neglected, i.e. Xy (#) = Xy. The noise operator follows the
equation of motion

a(t) = —igola(t) +a(t)1 X — ka(t) + v 2kay (t). (1)

For the rest of this work, the optomechanical system is taken to be in the weak coupling
regime, gy < k. In this limit coupling between the mechanical element and optical vacuum field

4 If the pulse were detuned from the cavity resonance, the coherent amplitude inside the cavity would be smaller,
reducing the optomechanical interaction.

New Journal of Physics 15 (2013) 043025 (http://www.njp.org/)
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(the a(t) X\ term) is negligibly weak and is dropped. The Hamiltonian that gives the simplified
equation of motion is given by

Hy/h = gola(t)* Xy + gola (1) | (€a’ +e Y a)v2 Xy, 2)

where 6 is the phase angle of the coherent amplitude. For a single pulse 6 may be taken to be
arbitrary but it is kept here as it will become important when considering multiple pulses. The
first term generates a classical momentum imparted to the oscillator, Py — Py — Qo f dt|a(2)]?,
where the integral is over the duration of the pulse and therefore proportional to the input pulse
intensity. The unitary operator for the quantum interaction in equation (2) is given by

U(X}) =exp [—ixXMXi —igo f dt|oe(t)|2XM] : 3)

where x = +/2go [ dt|a(t)] and X¢ = (@e " +a' €!) /+/2 is an arbitrary optical quadrature. In
calculating this unitary operator we have used the assumption that the mechanical period 7y, is
large compared to the temporal width (o) of the pulse.

We now consider a sequence of four pulsed optomechanical interactions. The same
pulse is recycled and undergoes four separate interactions. After each interaction the pulse
is displaced in optical phase space such that each interaction has a different phase angle
XY. Let the four optical quadratures used be {X, P, — X, — P}, with X; = (a +a)/V/2,
PL=(a—a")/ (+/2i). For each interaction the pulse has been taken to have the same temporal
profile. This is valid as long as the pulse width is much larger than the cavity decay rate
o > k. Under this assumption the cavity filed follows the input pulse, o (#) = oy (t)/2/k.
The Baker—Campbell-Hausdorff formula [14] is used to calculate the effective unitary operator
for the four interactions

Ueir = U(=PL)U (= Xp)U (PL)U (X1)
= exp[—ix*Xylexp [—4igO/dl|Ol(f)|2XM:| . “4)

The first exponential in Uy 1s a geometric phase dependent on the position quadrature
of the mechanical oscillator. The second exponential is the dynamical phase [15] which
would be present in the corresponding classical system. The dynamical phase is simply a
sum of the momentum displacements the mechanical oscillator receives from each pulsed
interaction. The geometric phase can be seen as a momentum displacement proportional to
the mechanical position, Uy PyUes = Py — x> Xy — 480 [ lee(2)|*dz. The momentum of the
oscillator is displaced and becomes correlated with the position, resulting in a squeezed
quadrature in the final mechanical state.

One may show more generally that the area of an arbitrary closed circuit will appear in
this exponential. The proof (also discussed in [5]) goes as follows: consider an arbitrary closed
curve in phase space made by a sequence of optomechanical interactions. One may break this
sequence into a series of small but finite phase space displacements and then write the overall
unitary operator as a product of each displacement. Converting the product of displacements
to a single operator will generate a phase depending on each successive displacement. Taking
the continuum limit where the number of displacements becomes infinite, one may convert the
phase term into an integral and then use Stokes theorem to show the integral to be the area
enclosed by the path.
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Figure 1. (a) A schematic for an experimental protocol to realize mechanical
nonlinearity via an optomechanical geometric phase. The required pulse
sequence is shown entering the beamsplitter. The first two pulses cool the
mechanical oscillator close to the ground state. The initial pulse enters the
large fiber cavity via the highly reflective beamsplitter. The following three
displacement pulses only displace the coherent amplitude of the pulse inside
the large fiber cavity, leaving the noise operator unchanged, effectively meaning
the noise operator of the first pulse interacts with the mechanics four times.
(b) The evolution of the optical field in phase space. The solid lines show the
coherent drive, with the dashed lines (each of length x X)) representing the
optomechanical interaction. The geometric phase arises due to a sequence of four
optomechanical interactions, hence it is the area enclosed by these mechanical
position dependent optical phase shifts (dashed lines) that generate the geometric
phase. The coherent optical amplitude drives the optomechanical system and
gives rise to the dynamical phase, i.e. the momentum transfer to the mechanical
resonator from each optical pulse.

3. Experimental scheme

Figure 1(a) shows a schematic of one possible experiment to realize the geometric phase. Two
pulses separated by one quarter of a mechanical period are used to cool the mechanical element
(as outlined in [12]), leaving it in a thermal state with a mean phonon occupation lower than
that of the bath. Following the cooling pulses, a coherent laser pulse of temporal width o
enters a large fiber cavity with round trip time 7 via a highly reflective beamsplitter. The pulse
interacts with the mechanical oscillator via evanescent coupling from a toroidal cavity [16]
with decay rate « before exiting the toroidal cavity back into the large fiber cavity. As the
pulse passes the highly reflective beamsplitter, its coherent amplitude is displaced in optical
phase space leaving the noise operator fixed. The optical displacement is performed at the
highly reflective beamsplitter using a second, phase controlled laser pulse to displace away
the coherent amplitude, and displace up in an orthogonal quadrature. The pulse then repeats the
optomechanical interactions and displacement three more times to give the four pulses sequence.
Figure 1(b) shows the field inside the toroidal cavity over the experimental protocol.

The first pulse correlates the phase quadrature of the light, P, with the position of the
mechanics, Xy;. The first optical displacement changes the coherent amplitude of the pulse
from the X\, to the P quadrature, before the second optomechanical interaction. For the
second interaction, X is correlated with the mechanical position as it used to be P before the
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Figure 2. (a)—(d) Effect of a sequence of four optomechanical interactions
on the Wigner function of the mechanical oscillator, initially prepared in the
ground state. The squeezed quadrature (X§,) is marked by a line in each graph.
This quadrature is maximally squeezed at an angle tan6 = /x*+1 — x? to the
XM quadrature. (e)—(h) The probability amplitude for the squeezed quadrature
compared to the ground state value (shown in gray).

displacement. During the second interaction the back action of X on the mechanical resonator
effectively correlates the momentum of the oscillator with its position. As the position does
not change over these interactions, correlating the momentum with the position produces a
mechanical squeezed state. At this point the optical field is still correlated with the mechanical
state, however, after the following two pulsed interactions, the correlation is undone such that the
final optical pulse is uncorrelated with the mechanical state, leaving the final state disentangled.
A readout pulse can now be sent into the cavity to measure the mechanical element and verify
the mechanical state.

To generate the geometric phase we require k ' < 40 < 1<<Ty. Setting k ' < 40 ensures
the field inside the toroid follows input field. Constraining 40 < t ensures that each successive
pulse decays out of the cavity prior to the next pulse entering. Consequently interference
between successive pulses can be neglected. Finally requiring <7y means the mechanics
remains near motionless during the four pulse protocol. The mechanical Q must be high enough
such that on average much less than 1 phonon is exchanged with the bath over the time scale of
the protocol.

Figure 2 shows the effect of the four pulse sequence on a mechanical oscillator initially
prepared in the ground state, demonstrating how correlating Xy and Py leads to a squeezed
mechanical state of motion. Increasing the coupling strength x benefits the protocol in two
ways. Firstly it increases the effect of squeezing in the oscillator. Secondly it rotates the state so
the squeezed quadrature aligns closer with the position quadrature, so that less time is required
before the state can be verified (see section 4), and therefore the degradation in the squeezing
due to thermalization will be reduced.

4. Experimental parameters

The previous section showed that under ideal conditions the geometric phase can be used to
produce squeezed mechanical states. In this section we will consider experimental technicalities
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such as thermalization of the mechanical oscillator, optical losses and possible non-closing of
the optical phase space loop. Each of these effects will have a detrimental effect on the squeezing
of the mechanical oscillator.

Optical losses effect this protocol in two ways. Firstly, classical attenuation from the
beamsplitter will result in the phase space loop remaining unclosed after the four pulse
sequence. This can be corrected by changing either the amplitude or phase of each subsequent
displacement to counteract the attenuation. Secondly, optical losses will also add amplitude-
noise back action on the momentum of the mechanics. In the absence of vacuum noise entering
each cycle, any back action on the momentum in the X (P.) pulse will be reversed by
the — Xy (—Py) pulse. However when vacuum noise is introduced at the beamsplitters, the
amplitude noise in the — X, pulse will no longer perfectly cancel the amplitude noise from the
XM pulse. Unlike the attenuation of the classical amplitude this mechanism cannot be easily
corrected for in the protocol.

For a beamsplitter with 99:1 reflectivity for the optical displacement, we expect 1 —
0.99? &~ 2% vacuum noise to be imparted onto the oscillator from each of the X;, —X; and
P, — P, pulse pairs. Quantifying the total loss over a single cycle (beamsplitter, fiber loss,
input—output coupling etc—modeled as an effective beamsplitter with vacuum input) by n, then
1 — »? vacuum noise would be introduced to the oscillator. The square arises from the fact the
pulse must circulate twice before it cancels the noise, e.g. the noise imparted from the Xy
pulse will only be canceled two cycles later from the —Xy; pulse. Even after correcting for
the effect of losses, classical fluctuations in the pulse intensities could result in non-closure
of the phase space loop. If the loop is not closed after the four pulse sequence, the effective

geometric phase’ unitary operator is given by U = exp[—iXy > XX f’ —ix2X%], where here

x> = j.jj<k<4 ijk[Xl‘f,f, Xf,f]/(2i) and x; =4gov/ N;o:/7/2/k for a Gaussian pulse with
temporal width o; and N; photons. The second term in the above operator is the geometric
phase. The first term leaves the mechanical element in an entangled state with the light after the
interaction. This can be viewed as a momentum displacement on the mechanics that depends

on the optical field, D(—i Xﬁ“Xfﬁn), where x " is the displacement in the Xﬁ’ﬁn quadrature that
defines the final optical state. If x™ and ¢/ are unknown, the final state must be averaged
over possible values, reducing the squeezing. A homodyne measurement of the light lost from
the beamsplitter will give an estimate of x™ and ¢, meaning this error can be accounted for
retrospectively. Note laser phase noise will change the direction of each displacement pulse
which may result in non-closure of the optical phase space loop. Figure 3 shows how x ™ =0
changes the squeezed state. Note for when x ™ is small, the squeezing is only slightly affected.

Even if classical drifts in the optical displacements are corrected for, vacuum noise
introduced by losses in the feedback loop can cause non-closure resulting in a mixed mechanical
state. For a single pass efficiency in the fiber loop 1, the cancellation of noise between pairs of
displacement measurements (e.g. Xy and —Xy;) will be degraded by a factor 1 — 52, leading
to a loop non-closure of 2 — 2. For realistic inefficiencies in the range of 10% (corresponding
to 2 —2 x 1.8 =0.2—i.e. 20% vacuum noise) the loop non-closure due to non-cancellation of
noise is negligible, i.e. x™ = 4gy\/0.20 /7 /2/k < 1. Hence the squeezing is not significantly
affected by the addition of vacuum noise.

The following considers the effect of thermalization on the mechanical squeezed state.
Thermalization can have two detrimental effects. Firstly, phonon exchange with the bath during

> Ie. ignoring the dynamical phase.
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Figure 3. Effect of non-closure of the loop on the squeezed state for a fixed
x> =1. x'° is the magnitude of non-closure in an unknown quadrature Xfloss.
Once the variance of the squeezed state goes above one, squeezing becomes
impossible as the amount of noise added from the non-closure of the loop is
larger than the ground state variance.

the four pulse sequence will render the dynamics over the pulse sequence non-unitary and
change the final mechanical state. Secondly phonons that enter during the time scale required
for the squeezed quadrature to rotate into the measurable position quadrature will degrade the
squeezing. The first of these effects can be neglected since the four pulses can be very closely
spaced with only a short delay between them. For example, for a mechanical oscillator with
resonance frequency wy = 24 kHz, and quality factor Q = 10°, the pulse duration should be
o =~ 1078 s, such that the time for four pulses (on the order of 1077 s), is much smaller than the
time scale for one phonon to enter the oscillator, 1/(I'N) ~ 10~ s at 1 K. Consequently, only
thermal phonon exchange after the state has been prepared will be considered. The mechanical
oscillator was modeled as an oscillator with noised added only on the momentum quadrature.
For small times r<<w_ ' one may neglect the oscillator decay. The equation of motion was then
solved to find the variance (A%Xy) = (Xﬁ,[) — (Xwm)? of the position as a function of time

(A%Xn) = [(X34(0)) cos™ (1) + (Py’(0)) sin*(w1)]
+ (XMm(0) Pv(0) + Py (0) X\ (0)) sin(wt) cos(wt)
- 1 t  sinCowt)
+I(N+<- )| z——— |, 5)
2) 12 4w
where (X3(0))=N +3, (Pg(0))=(N +3)(1+4x*) and (Xy (1) Pru(0) + Pu(0) Xy (0)) = —4x*
(N + %) are the expectation values after the geometric phase has been applied.
To minimize the initial phonon number before the four pulse sequence we envisage cooling

via pulsed measurement as outlined in [12]. In this protocol, two pulses separated by 1/4 of the
mechanical period are used to measure the oscillator in two orthogonal quadratures, leading to
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a low entropy state. The result in [12] shows an effective thermal phonon number of

N oy 1+1+7TN 1
eff—2 X4 QX2

; (6)

where x = 4g0,/Npo\/§ /k (the same yx used elsewhere). This gives Neg >~ 10 for a 1 mm,

24 kHz SiN resonator with Q =~ 10° and photon number N, = |«|* ~ 10°. Using the SiN string
mechanical oscillators considered in this paper, the effective phonon number is achievable for
resonance frequencies of wy < 70 kHz and length L < 5 mm with a maximum incident photon
flux of N » = 10'°Hz (*2mW at 630 nm). Although this is the initial phonon occupation, the
bath occupation remains at N & 10°.

SiN strings present a particularly attractive mechanical oscillator, high mechanical quality
factors of up to 7 x 10° have been observed, and the mechanical resonance frequency may be
tuned via tensioning [17, 18]. The protocol requires the mechanical period to be large compared
to all other characteristic time scales. From this constraint we will limit the following analysis
to low frequency, w,, = 1-70kHz, SiN strings. From [18], the expected Q factor of a stressed
SiN string of dimensions L X & X w is

-1
(nm)*Eh> E h
= | ——— +1.0887,/ —— endin 7
Q |:12SL2+ ST | Qoenane ™

with E = 241 + 4 GPa the Young’s modulus of SiN, Qgending = 17 000 the quality factor related
to bending damping mechanisms and § = 4w?2 L?pgin the tensile stress of SiN (with density
psin) in the high stress limit.

The optomechanical coupling rate g, is calculated from evanescently coupled SiN string
coupling rate G =200MHznm™! [19] and the oscillators zero point motion: gy = Gxo =
G+/h/(2mwy) with m the effective mass of the mode. The pulse width and optical cavity decay
rate are defined by T;, = 10720 = 5/« to satisfy the experimental requirements.

After preparing the mechanical quantum state with the four pulse sequence, it may be
characterized with a measurement pulse. Figures 4(a) and (b) show the temporal progression of
the variance over various time scales after the four pulse sequence. Figure 4(c) shows a plot of
(A%Xy) as a function of length and resonance frequency of a SiN string at 1 K with cross section
157 nm x 3 pum. These two parameters may be chosen independently by tensioning the string to
the desired frequency. The dashed line of Q =7 x 10° is just larger than the highest observed
Q in a SiN string [18]. This figure shows it is experimentally feasible to achieve quantum
squeezing for a wide range of geometries with the best squeezing of A2Xy ~ 1072 predicted
for a 3.5 mm long oscillator with 20 kHz resonance frequency and Q = 5 x 10°. For all points in
this figure, the initial state had an effective phonon number of N = 10 phonons; the maximum
intracavity photon number to achieve such cooling was 10° photons which is readily achieved.

The X3, appearing in the unitary operator is a result of the geometric phase changing
a linear optomechanical interaction into an effective quadratic potential. If the mechanics
was instead quadratically coupled to the light field [10, 16, 20, 21] (Hy = goha'aX},), the
result would be a factor X3, in the unitary operator—increasing the nonlinearity present in
the Hamiltonian to fourth order. In this case we may view the interaction as a position-
cubed dependent displacement, U = exp[—ix>Xy;] = D(—ix?x?) correlating the momentum
of the oscillator with the cube of its position. With large enough quadratic coupling, this
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Figure 4. Progression of the variance of the mechanical oscillator over two
time scales: (a) free evolution immediately after the four pulse sequence,
(b) explicitly showing the squeezed region and (c) experimentally observable
squeezing generated via a geometric phase of an oscillator initially cooled to
N, = 10. The color scale gives the variance in the position quadrature over one
decay time of the oscillator. A value less than 0.5 indicates squeezing below the
ground state variance. The plot color axis is truncated at 0.5.
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Figure 5. Wigner functions of the mechanical state after a geometric phase
interaction on the mechanical ground state of motion with a quadratically
coupled mechanical oscillator for values of (a) x> =0, (b) x> = 0.066, (c) x> =
0.133, (d) x> =0.2. The momentum becomes correlated with the cube of the
position—this can be seen in the Wigner function follows a profile proportional
to —x> with negativity arising in the concave sections of the curve.

provides an avenue to generate quantum states of the oscillator involving significant Wigner
negativity, see figure 5. Wigner negativity is an unambiguous and sufficient indicator of non-
classicality [22, 23]. Exploring such states experimentally is of vital importance to determine the
feasibility of mechanical oscillators as elements in quantum applications and to gain a deeper
empirical understanding of the quantum-to-classical transition.

5. Conclusion

In summary, we have proposed an experiment that uses a geometric phase to generate
nonlinearity and non-classical motional states of a mechanical resonator. This provides a new
tool in optomechanics for quantum state engineering of mechanical oscillators. We have shown
our method to be both experimentally feasible and robust to optical and mechanical noise
sources.
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Conclusions

The research conducted during this thesis advanced the field of quantum optome-
chanics by making both conceptual and technical contributions. Foremost, building
upon the seminal work of V. B. Braginsky, this research introduced and pioneered
the regime of pulsed quantum optomechanics. This pulsed regime provides an ex-
perimentally feasible route to conditionally prepare quantum states of motion, and
protocols to prepare squeezed and quantum superposition states of motion have been
introduced here. Furthermore, pulsed quantum optomechanics provides an answer
to the important question of how to perform state tomography of the motion of a
mechanical resonator that would allow the reconstruction of non-Gaussian quantum
features such as Wigner negativity. Conditional thermal noise squeezing was demon-
strated by a back-action-evading cavity-free experiment that reduced the mechanical
position uncertainty to less than 20 pm. Full state tomography for motional state
reconstruction was also performed.

A pulsed interaction also opens a research avenue for protocols that utilise a se-
quence of multiple pulses. In this direction, this thesis introduced a scheme how
to deterministically introduce mechanical non-linearity by exploiting an optome-
chanical geometric phase generated by a sequence of four pulsed optomechanical
interactions. In addition, we proposed an experiment that also used a sequence of
four pulsed optomechanical interactions to infer the canonical commutation relation
between the mechanical position and momentum. Primarily, this proposal aims to
probe consequences of Planck-scale phenomena by observing potential deformations
to the quantum mechanical commutation relation due to a minimum length scale in
the universe. Excitingly, the outcomes of our analysis indicate that an experiment
implementing our protocol can probe the commutator deformation parameter space
by several orders of magnitude deeper than the current experimental best.

Using a continuous interaction between the optical cavity field and the motion
of the mechanical system we achieved sufficiently strong coupling to be the first
to observe optomechanical normal mode splitting. Achieving this level of coupling
is crucial to implement a unitary state-swap operation between the optical and
mechanical states. In addition, we made improvements to cooling the mechanical
motion by a combination of cryogenic and laser cooling techniques. We also stud-
ied both theoretically and experimentally the dependence between the mechanical
quality factor and the shape of the mechanical resonator due to phonon tunneling.
This study will be of vital importance to minimize mechanical clamping losses that
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reduce the mechanical quality factor and thus increase quantum decoherence that
can hinder and limit efforts to generate a non-classical mechanical motional state.

Bridging the pulsed and continuous interaction regimes, this research introduced
a technique how to perform an arbitrary superposition of phonon addition, phonon
subtraction and the identity operation. This tool offers considerable potential for
quantum state engineering of the mechanical motional state and by using a super-
position of the addition and subtraction components we introduced the concept of a
quantum state orthogonalizer that can be used to generate a new type of continuous-
variable qubit.
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