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Introduction

Frames are overcomplete systems of vectors in a Hilbert space that give rise to
redundant series expansions for every Hilbert space element. Intuitively, frames
should therefore be ‘denser’ than bases. On the other hand, Riesz sequences, which
are bases only on the subspace spanned by their elements, should be ‘less dense’
than bases.

This suggestion seems quite natural, yet a rigorous mathematical formulation for
abstract frames without specific structure has been challenging. The most general
approach to quantify the overcompleteness of frames is due to Balan, Casazza, Heil
and Landau [5]. They studied abstract frames whose index set can be mapped into
a discrete abelian group and defined a notion of density for such sets. For frames
and Riesz sequences satisfying some weak form of localization they showed the
existence of a so-called ‘critical density’ or ‘Nyquist density’, that is, a threshold
that yields a lower bound for the density of frames and simultaneously an upper
bound for the density of Riesz sequences.

Prior to [5] there has been a long history of density theory, however, limited to
special classes of frames. In fact, density considerations can be traced back to the
sampling theory of bandlimited functions by Beurling and Landau [35], because
sampling sets for functions in a reproducing kernel Hilbert space correspond to
frames of the reproducing kernels. As a convenient notion of density for a discrete
subset X of R Beurling suggested the asymptotic number of elements of X in an
interval normalized by the length of the interval [7].

Beurling’s definition, extended to R, turned out to be an appropriate tool to derive
necessary density conditions for various classes of frames indexed by discrete subsets
of R™ [32], [40], [42].

An important example in this context is the density theorem for irregular Gabor
frames due to Ramanathan and Steger [40]. It states that for a frame of the form
G = {e*™*"g(t — x)}(z6)ea the Beurling density of the index set A C R*" has to be
greater than or equal to one.

Their proof contained some fundamental new ideas, the Homogeneous Approxi-
mation Property and a Comparison Theorem, that laid out the path for proving
general density theorems. These methods have been successfully varied and ap-
plied by many authors [12], [25], [32]. In particular, the aforementioned density
for abstract frames by Balan, Casazza, Heil and Landau [5] was greatly inspired
by these principles.

While these tools are perfectly suited for frames with ‘commutative index sets’,
their limitations are visible when it comes to the density theory of wavelet frames.
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2 INTRODUCTION

Wavelet frames are indexed by discrete subsets of the affine group. Although
some ingredients like the Homogeneous Approximation Property are understood
for wavelet frames [31], natural notions of density adapted to the geometry of the
affine group fail to produce Nyquist density criteria for wavelet frames [30], [44].
However, there are great differences in the structure and geometry of commutative
groups and the affine group. It is not only the non-commutativity that enters
the scene. The affine group is neither nilpotent nor unimodular nor does it have
polynomial growth. These structural differences exhibit many possible reasons why
a genuine density theory for wavelet frames might fail.

So there is quite a gap in the existing literature. What about a density theory for
frames indexed by subsets of nilpotent groups, of unimodular groups or groups of
polynomial growth? On what groups can a meaningful notion of density be defined
such that Nyquist type density properties persist?

This thesis is a first step towards an answer of these questions.

We identify the class of homogeneous groups as particularly suitable for carrying
out a density theory beyond commutativity. Homogeneous groups are nilpotent Lie
groups endowed with a family of dilations. On the one hand, they are, in a sense,
the slightest non-commutative generalization of R” and many classical techniques
for analysis on Euclidean spaces can still be applied. On the other hand, the rep-
resentation theory of nilpotent Lie groups provides a rich source of examples for
frames that are naturally indexed by discrete subsets of homogeneous groups.

The main objective of this thesis is to develop a (Nyquist type) density theory for
frames indexed by discrete subsets of homogeneous groups.

We define a density on homogeneous groups in analogy to the Beurling density on
R"™, however, adapted to the geometry of homogeneous groups. Instead of counting
the elements of a set X in intervals or cubes we count in balls with respect to a
left-invariant metric that interacts with the dilations in a simple fashion. We show
that the resulting density is independent of the particular choice of the metric and,
more generally, that it can be computed by replacing the balls by group translates
and dilates of relatively compact sets with non-empty interior and boundary of
measure zero. This result is non-trivial even on R” where it is due to Landau [35].
A subtle example reveals that the density really depends on the group structure.

Once we have settled on a definition of density, we carry out a density theory in
the spirit of Ramanathan and Steger [40].

In analogy to [5], we proof a Comparison Theorem for abstract frames that are
indexed by discrete subsets of homogeneous groups and satisfy some weak form of
localization, namely a Homogeneous Approximation Property with respect to some
reference system.

In a further step we investigate two important classes of examples that are outside
the scope of the theory of Balan, Casazza, Heil and Landau [5], but can be tackled
with our approach. These are, on the one hand, frames of reproducing kernels in
connection with the sampling problem in shift-invariant spaces on homogeneous



INTRODUCTION 3

groups, and on the other hand, so-called coherent frames, that is, frames in the
orbit of projective square-integrable group representations.

Shift-invariant spaces are function spaces of the form

VA, 0) ={f = Z cyLyp i ¢ = (¢y)qer € (M)},

vyel

where ¢ € L*(G) is some suitable generator function and T is a lattice in the homo-
geneous group GG. We assume that the left translates of the generator with respect
to T form a Riesz basis for V?(T', ¢) and show that every frame of reproducing
kernels satisfies a Homogeneous Approximation Property with respect to this basis
of translates. Then the above mentioned Comparison Theorem provides necessary
density conditions for sampling sets, because sampling sets correspond to frames
of reproducing kernels and the density of a lattice can be computed.

Coherent frames are frames of the form

{m(x)g : x € X},

where 7 is a square-integrable projective representation of GG on a separable Hilbert
space H, X is some discrete subset of G and g € H is some suitable atom. We show
that coherent frames possess an intrinsic Homogeneous Approximation Property,
which was already observed in [28] for unitary group representations and special
atoms. It follows that coherent frames automatically obey a Homogeneous Approx-
imation Property with respect to every reference system with the same structure.
To derive concrete necessary density conditions one therefore has to construct a
specific (orthonormal) basis in the orbit of the corresponding representation, com-
pute its density and apply the Comparison Theorem. We carry out these steps for
some concrete projective representations of low-dimensional homogeneous groups
and indicate how a general form of the density threshold could look like.

This thesis is organized as follows. Chapter 1 is an exposition of all necessary
prerequisites for the analysis on homogeneous groups such as basic definitions and
elementary properties of homogeneous groups, homogeneous norms, Haar measure
and function spaces on homogeneous groups and certain discrete subsets. The
reader is expected to be familiar with the basic concepts of Lie theory including
the concordance between Lie groups and Lie algebras via the exponential map
(confer, e.g., [46]).

In Chapter 2 the above mentioned analogue of Beurling’s density for discrete sub-
sets of homogeneous groups is introduced and justified.

In Chapter 3 we recall the notion of frames, Riesz sequences and related concepts
and proof a general theorem for the comparison of the densities of abstract frames
and Riesz sequences that are indexed by discrete subsets of homogeneous groups
and satisfy a Homogeneous Approximation Property.

Finally, the last two chapters are devoted to the study of the above mentioned
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example classes, the frames of reproducing kernels in connection with the sam-
pling problem in shift-invariant spaces on homogeneous groups (Chapter 4) and
frames in the orbit of projective square-integrable group representations (Chapter
5). In either case, we first collect definitions and basic properties, then establish
a Homogeneous Approximation Property and subsequently employ the abstract
Comparison Theorem from Chapter 3 to obtain necessary density thresholds.

Acknowledgements

I want to thank my advisor Professor Karlheinz Grochenig who encouraged me
to join the Numerical Harmonic Analysis Group (NuHAG) to pursue my doctoral
studies and in the following patiently guided me through my time as a doctoral
student. I am grateful for his support and feedback, for many helpful ideas, sug-
gestions and explanations.

Furthermore I want to thank Gero Fendler for helpful discussions and bringing
to my attention the book of Nielsen [38] and Hartmut Fiihr for pointing out the
existence of quasi-lattices in nilpotent Lie groups.

It was a great pleasure to be part of the Numerical Harmonic Analysis Group. I
want to thank Professor Hans Georg Feichtinger for maintaining such a friendly and
hospitable working environment and all the former and present NuHAG members
I got to know for the interesting discussions as well as for the fun we had during
the lunch and coffee breaks. Particular thanks go to Gerard Ascensi and Jose-Luis
Romero for helpful explanations and to my former office mate Margit Pap who
shared not only my mathematical problems.

My work on this thesis was funded by the FWF project P22746-N13 ”Frames and
Harmonic Analysis” and by the FWF NFN S106 ”Signal and Information Process-
ing in Science and Engineering” (SISE). I am grateful for this support.

Finally I want to express my gratitude to my family and friends who always be-
lieved in me, who supported, encouraged and distracted me.

My very special thanks go to my dear Sebastian Schmutzhard for his persistent
support in every respect.



CHAPTER 1

Homogeneous Groups

1.1. Homogeneous Groups

Review of Nilpotent Lie Groups. Let g be a Lie algebra over R. Let G be
the corresponding connected and simply connected Lie group and let exp: g — G
denote the associated exponential map.

For XY € g sufficiently close to 0 € g set
(1.1) X*Y :=exp '(expXexpY).

The Campbell-Baker-Hausdorff formula states that X % Y is given by an infinite
linear combination of X and Y and their iterated commutators (for the precise
formula see, e.g., [13], p.11). The first few low order terms are

(12)  XeY =X 4V 4 XY+ XX Y] - oV X Y]+

the dots indicate expressions involving commutators of order four and more.

For (a class of) Lie algebras where iterated Lie brackets of higher order eventu-
ally vanish the Campbell-Baker-Hausdorff series reduces to a polynomial map and
thereby reveals the global structure of the corresponding connected and simply
connected Lie group.

Definition 1.1 (Nilpotent Lie algebra). Let g be a Lie algebra over R. The de-
scending central series of g is defined inductively by

gy =0, gG+n = 8,90

We say that g is nilpotent if there is an integer m such that gg,41y) = {0}.
More precisely, if gim+1) = {0} and g(m) # {0} we say that g is nilpotent of step m.

Definition 1.2 (Nilpotent Lie group). A nilpotent Lie group is a Lie group G
whose Lie algebra is nilpotent.

We always assume that G is connected and simply connected.

If G is a (connected, simply connected) nilpotent Lie group with Lie algebra g, then
the exponential map exp : g — G is a global diffeomorphism and the Campbell-
Baker-Hausdorff formula holds for all X,Y € g (for details and proofs see,
e.g., |13], p.13). The Campbell-Baker-Hausdorff series terminates after finitely

5



6 1. HOMOGENEOUS GROUPS

many terms and defines a binary operation * : g x g — g that is polynomial in
the coordinates. Furthermore, this map is actually a group law that endows g
with a Lie group structure (g, *) whose associated Lie algebra is g and such that
exXp(y) = Idq (see, e.g., [8], p.130, or [34], p.445).

By the definition in formula (L)), it further follows that exp : (g,*) — (G,-) is a
Lie group isomorphism.

Summarizing we get the following statement about the structure of nilpotent Lie
groups.

Theorem 1.3. Let G be a connected and simply connected nilpotent Lie group
with Lie algebra g. Let (g,*) denote the Lie group with the underlying manifold g
and with the multiplication given by the Campbell-Baker-Hausdorff product. Then
exp : (g,%) — (G,-) is a Lie group isomorphism.

Many authors use this fact to identify G with g via the exponential map.

Another important application of Theorem is the possibility to transfer coor-
dinates from g to G and thereby identify G' with R".

Definition 1.4 (Exponential coordinates). Fix an ordered basis

{X1,...,X,} for g and identify the vector (zi,...,z,) in R* with the element
r=exp(r1 X1+ +2,X,) in G.

We say that G is equipped with ezponential coordinates or canonical coordinates

of the first kind.

In this parametrization of G the multiplication is just given by the polynomials
arising from the Campbell-Baker-Hausdorff formula.

Example 1.5 (Heisenberg group). The smallest non-commutative nilpotent Lie
algebra is the Heisenberg algebra h = RX; + RX, + RX5 with Lie brackets defined
by

(13) [Xg,XQ] :Xl,[Xg,Xl] - [XQ,Xl] :O

IfX = Ile + ZEQXQ + (L’3X3 and Y = y1X1 + y2X2 + ngg, then

3 3 3
(X, Y] = [inXh Zijj} = Z 2y Xi, Xj] = (2392 — 22y3) X1
i=1 j=1

1,j=1

Thus
1
XxY = X+Y+§[X,Y]

1
= (z14+y+ §(I3y2 — 9ys)) X1 + (22 + 12) X + (23 + y3) Xs.

The corresponding connected and simply connected Lie group H is called the
Heisenberg group. In its realization in exponential coordinates H can be regarded
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as R? with product

1
(1.4) (w1, @2, 23) (Y1, Y2, y3) = (21 + 11 + 5(33392 — Loys), T2 + Yo, T3 + U3).

Another widely used realization of a connected and simply connected nilpotent Lie
group G is via so-called Malcev coordinates.

Definition 1.6 (Malcev coordinates). An ordered basis { X7, ..., X, } of g is called
a (strong) Malcev basis, if for each k, 1 < k < n, the linear span

gk :=span{Xy,..., X;}

is an ideal in g. Fix a Malcev basis and identify the vector (z1,...,z,) in R” with
the element

r =exp(r1X1)...exp(r, X,) = exp(x1 Xy * - *xx,X,,)

in G. These coordinates for GG are called Malcev coordinates.

For illustration we calculate the realization of the Heisenberg group from Example
L5 in Malcev coordinates.

Example 1.7 (Heisenberg group continued). By the definition of the Lie brackets
for the Heisenberg algebra b in (1.3)), it follows that {X7, X5, X5} is a Malcev basis.
Let (z1,79,73) € R* correspond to z = exp(x1X;)exp(xaXy)exp(r3X3), and
(y1,Y2,y3) € R3 correspond to y = exp(y; X1 ) exp(y2X5) exp(y3X3).

To obtain the multiplication rule for H in Malcev coordinates we compute

xy = exp(r1Xq)exp(raXs)exp(r3X3) exp(y1 X1) exp(y2X2) exp(ys X3)
= exp(z1 X7 * 22 X0 * 23 X5 * 11 X7 * 92 Xo * y3X3).

By repeatedly employing the Campbell-Baker-Hausdorff formula, we calculate that

21Xy k29 Xo % 13 X3 % Y1 Xy * Yo Xo * Y3 Xz = (71 + y1) X1 * 02 Xo % 23X % yo Xo * Y3 X3
= (21 +y1) X1 * 22 X0 * (23 X3 % Yo Xo * (—23X3)) * (x3 + y3) X3
= (21 + Y1) X * 22X * (Y2 Xo + 23y2.X1)) * (3 + y3) X3
= (v1 + Y1 + 23y2) X1 * (22 + y2) Xo * (23 + y3) Xs.

Therefore the multiplication for H in Malcev coordinates is given by

(1.5) (21, 22, ¥3) (Y1, Y2, Y3) = (Il + Y1+ T3Y2, T2 + Yo, T3 + y3)-
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Homogeneous Groups. We consider homogeneous groups as defined in the
book of Folland and Stein [21], which also serves as our main reference for this
section.

Definition 1.8 (Homogeneous Lie algebra). A family of dilations on a Lie algebra
g is a family {6, },>0 of algebra automorphisms of g of the form 4, = e1°8" where
A is a diagonalizable operator on g with positive eigenvalues.

A Lie algebra endowed with a family of dilations {0, },~o is called a homogeneous
Lie algebra.

In particular, J,, = 9,0, for all r, s > 0.

Without loss of generality we assume that the smallest eigenvalue of A is greater
than or equal to one (otherwise replace 4, by 6, = e*41°¢" with a > 0 suitably
chosen).

Lemma 1.9. [21|] Every homogeneous Lie algebra is nilpotent.

PROOF. Let g be a homogeneous Lie algebra with a fixed family of dilations
5, = e1°e” Denote by o(A) the set of eigenvalues of A and set W, = ker(A —aId)
for a € R. Then
g= Wa
aco(A)
and 6.y, =r*Id foralla € R. If X € W, and Y € W, then

5 [X, Y] =[0,X,6,Y] = [r°X,r"Y] = r*t9[X, Y],
because ¢, is an algebra automorphism. Thus
(1.6) (Wo, Wyl € Waia.

Since a > 1 for all a € o(A), it follows from inclusion (1.6 that the j-th element
of the descending central series satisfies

9 € @ W,
a>j

so g(;) = {0} for j sufficiently large. Therefore g is nilpotent.
0

From now on we fix a family of dilations 6, = e4°¢” and denote by a,...,a, the

eigenvalues of A, listed in decreasing order and each eigenvalue ocurring as many

times as its multiplicity, that is,
a12a22--->a > 1.

- n —_—

Further fix an ordered basis { X7, ..., X} for g consisting of corresponding eigen-
vectors, 1.e.,
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fori=1,...,n.
Claim: The basis {X1,...,X,} constructed in s a Malcev basis for g.

We need to show that for each k, 1 < k < n, the linear span g, := span{ X7y, ..., X3}

is an ideal in g. For that let Y = Zle y; X; € gr and let X;, be an arbitrary basis
element. Then

k
[Xi()a Y] = Z Yi [Xim XZ]
i=1

In view of inclusion ([L.6)), each Lie bracket [X;,, X;] is either zero or an eigenvector
of A to an eigenvalue a; that is strictly greater than a;. But the eigenspace of every
eigenvalue a; with a; > a; is contained in g; by construction. Thus [X;,,Y] € g
as a linear combination of elements in g,. Now for arbitrary X € g write X =

> or ;i X;, then also

(X, Y] =) xi[X,Y] € g

i=1

Interesting classes of homogeneous Lie algebras are the graded and stratified Lie
algebras.

Definition 1.10. A graded Lie algebra is a Lie algebra g that has a direct sum
decomposition

(1.8) g= @Wz

such that [W;, W;] C Wiy, if i +j < k and [W;,W;] ={0} if i+ j > k. A decom-
positon of that form is called a gradation of g.

A Lie algebra g is called a stratified Lie algebra if it is graded and W; generates g
as an algebra. In this case a decomposition

k
g= @Wz
i=1

with the property [Wy, W;] = W, is called a stratification of g.

Every graded Lie algebra g with decomposition g = @le W, possesses a natural
family of dilations given by

k
wl-) = Zriwi, w; € Wi.

k
=1 i=1

(1.9) 5T<
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Definition 1.11 (Homogeneous group). A homogeneous group is a connected and

simply connected Lie group G whose Lie algebra is endowed with a family of
dilations {0, },~0 = {e*°67},~0. The number D := trace(A) = >.""  a; is called
the homogeneous dimension of G.

By Lemma [1.9, every homogeneous group is nilpotent and therefore isomorphic to
the Lie group (g, *), where

1 1 1
X*Y:X+Y+§[X,Y]+E[X,[X,Y]]—E[Y,[X,Y]]Jr....

Since the dilations 9, are algebra automorphisms on g, it follows that
1
(1.10) (X *xY)=6X+4Y + 5[6TX, Y]+ =0,X %Y.

In other words, the dilations 4, are group automorphisms on the Lie group (g, *).

Definition 1.12 (Group dilations). Let G be a homogeneous group whose Lie
algebra is endowed with a family of dilations {d,},~0. The maps 6¢ : G — G,
defined by

6¢ :=expo §, oexp?,

are called dilations of the group G.

As a composition of three isomorphisms, the group dilations §¢ are group auto-
morphisms on G, that is,

(1.11) 57 (xy) = 87 ()57 (y)
for all z,y € G.

If GG is identified with R™ via exponential coordinates or Malcev coordinates with
respect to a basis of eigenvectors of §, as in (1.7)), then §¢ takes the explicit form

(1.12) 6C R" = R, 6% (x1,...,2n) = (rmy, ..., 7% x,).

Indeed, in the case of Malcev coordinates observe that
6C (exp(z1X1) ... exp(, X)) = 0% (exp(21X1)) ... 0% (exp(2,Xn))
= exp(d,(21X1)) . .. exp(0r (2, X))
= exp(rx; Xy)...exp(rrz, X,).
Therefore the action of §¢ in Malcev coordinates is
6C (x1,. .. xn) = (r™ay, ..., xy).

For the case of exponential coordinates an analogous argument applies.

Unless there is some risk of confusion, the group dilations 6¢ will henceforth simply
be denoted by §,.



1.1. HOMOGENEOUS GROUPS 11
We close this section with some examples.

Example 1.13. R" with addition and the usual scalar multiplication is a homo-
geneous group.

Example 1.14 (Heisenberg group). Recall from Example [1.5|the Heisenberg alge-
bra h = RX; + RX, + RX3 with non-zero Lie bracket

(X3, Xo] = Xj.

Set Wy = span{Xs, X3}, Wy = span{ X}, then h = W) & W; is a stratification of
b and the natural dilations as defined in (1.9 are given by

(113) 57‘(3;1)(1 + QZ'QXQ + .Z'ng) = 7'233'1X1 + 7’(513'2X2 + .Z'ng).

On the Heisenberg group H in its realization in exponential or Malcev coordinates
with respect to the basis {X;, X5, X3} the corresponding dilations are

(1.14) 8p(21, 2o, 13) = (r’a;y, 729, T3).

In this case the homogeneous dimension of H is D = 4.

Example 1.15. Consider the four-dimensional Lie algebra g4 = RX; + --- + RX}y
with non-vanishing Lie brackets

(X4, X5] = Xo, [ Xy, Xo] = Xi.

Set Wy = span{ X3, X4}, Wy = span{ Xy} and W3 = span{ X }, then
ga =W ®&Wo® W3
is a stratification of g, and the natural dilations as defined in are given by
O (21 X1 + 29 Xo + 13 X5 + 24Xy) = 3 X, + r?re Xy + (23 X35 + x4.X4).

If the corresponding connected and simply connected Lie group G4 is identified
with R* via Malcev coordinates with respect to the basis { X1, X5, X3, X4}, then
the multiplication law becomes

(71, 22, T3, 04) (Y1, Y2, Y3, Ya) = (01 + Y1 +Tay2 + %iﬂiys, Ty + Yo+ Tays, T3+ Y3, Ta+Ya)
and the natural dilations on G4 are given by
67"(1"1; Xo, T3, 174) - (,’,.3371’ TQIQ? rrs, T.ZC4).

In this case the homogeneous dimension of G4 is D = 7.
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1.2. Homogeneous Norms and Leftinvariant Metrics

Throughout this section let G be a homogeneous group.
A homogeneous norm on G is a continuous function | | : G — [0, 00) such that
(i) |z| = 0 if and only if z = ¢;
(i) |z~ = |z| for all z € G;
(iii) |62 = r|z| for all x € G and r > 0.

Homogeneous norms always exist.
First consider G = (g, *). Fix a basis { Xy, ..., X,,} of g consisting of eigenvectors
of 6., that is, §,X; =r% X, for i =1,...,n. For X = """ | z,;X;, set

1

a1 <i<mn}.

| X | := max{|x;
Then | | defines a homogeneous norm on (g, x), because

16, = max{|r®z] % : 1< i < n} =rmax{|z,|* 1 1< i< n}=r|X].

1

For general G set |z|g := |exp™' z|.

Any two homogeneous norms | | and | | on G are equivalent in the sense that there
exist constants A, B > 0 such that

Alz| < |z|" < Blz|
for all z € G (see, e.g., |24], p.3).

Furthermore, every homogeneous norm | | on G is quasi-subadditive, that is,
(1.15) zy| < C(|z] + lyl)
for some constant C' > 0 and all x,y € G (see, e.g., [21], p.9).

However, on every homogeneous group there also exists a subadditive homogeneous
norm, that is, a homogeneous norm which satisfies inequality with C' =1
(see |29] for an explicit construction).

Thus we may henceforth assume that G is equipped with a fixed subadditive ho-
mogeneous norm | |.

Next we consider the left-invariant metric d induced by the homogeneous norm | |
on G, that is,

(1.16) d:GxG— R d(z,y) =]z y|
Indeed, if | | is a subadditive homogeneous norm on G, then d satisfies the usual
metric properties
(i) d(z,y) = 0 if and only if z =y,
(ii) d(z,y) = d(y,x) for all z,y € G,
(ili) d(z,y) < d(x,z) +d(z,y) for all z,y,z € G,
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as well as left-invariance,
(iv) d(az,ay) = d(x,y) for all a,z,y € G,
and homogeneity,
(v) d(6,z,6,y) = rd(z,y) for all x € G and r > 0.

With respect to the metric d define the balls with radius N > 0 and center x € G
as usual by
By(z) :={y € G :d(z,y) < N}.

Observe that By(z) is the left translate by x of By/(e),

(1.17) Bn(z) = 2By(e),

because, by the left-invariance of d,

xBy(e) ={zz:d(e,z) < N} = {xz : d(z,2z) < N} ={y : d(z,y) < N} = By(z).
Similarly, it follows from the homogeneity of d that By(e) is the image of Bj(e)
under dy,

(1.18) Bn(e) = dn(By(e)).

Finally let us remark that the balls constructed in this way are relatively compact,
that means, for all z € G and N > 0, the closure By(z) is compact (see [21], p.9).

1.3. Haar Measure and Lebesgue Spaces

Haar measure on Homogeneous Groups. On every locally compact group
G (in particular, on every Lie group) there exists a non-zero Radon measure A that
is left invariant, that is, it satisfies

NzE) = M(E)

for every measurable set £ C GG and every x € GG. Equivalently,

/G F(y2)dA(z) = / F()dA(@)

for every integrable function f on GG and every y € (G. This measure A is uniquely
determined up to positive multiples and is called a left Haar measure for G.
Further, every locally compact group possesses also a right Haar measure, that is,
a non-zero Radon measure v that satisfies

v(Ex) =v(E)
for every measurable set £ C G and every z € G. In general, left and right Haar
measures do not coincide. If a group G admits a non-zero Radon measure A that

is both left and right invariant, then G is called unimodular and X is called a bi-
wvariant Haar measure on G.

Nilpotent Lie groups are unimodular and a bi-invariant Haar measure is given by
the image measure of the Lebesgue measure under the exponential map [21].
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Lemma 1.16. Let G be a (connected and simply connected) nilpotent Lie group
with Lie algebra g and exponential map exp : g — G. If u denotes the Lebesgue
measure on g, then X\ :== poexp~! is a bi-invariant Haar measure on G.

A function f on G is then integrable with respect ot A if and only if f o exp is
integrable with respect to the Lebesgue measure and the integral is given by

(1.19) /f JAA(z /fexp Ddu(X).

For a proof of Lemma one considers exponential coordinates with respect to a
Malcev basis for g. By the Campbell-Baker-Hausdorff formula, the differentials of
the left and right translations in these coordinates are upper triangular matrices
with ones on the diagonal, their determinants therefore identically one. For details
see [13], p. 19.

In the following we assume that G is a homogeneous group. We review the be-
haviour of the Haar measure with respect to dilations. Recall that the dilations
on G are defined as 6% := expo 4, o exp~!. By equation ([1.19) and the change-of-

variables formula one observes that

(1.20) /G F(6%x)dA(x) = /G F(exp(6,(exp™" 2)))dA(2)
— [ Hexp(6,X))du()
= [P e X)du(x)

= P /G f(z)d\(x)

where D denotes the homogeneous dimension of G.
In particular, it follows that

(1.21) MOCE) =rP(E)

for every measurable set £ C (.

We will henceforth simply write dz for the Haar measure on G and dX for the
Lebesgue measure on g.

Remark 1.17. If G is identified with R™ via exponential or Malcev coordinates,
then the Haar measure becomes the usual Lebesgue measure on R”.

For the realization of G in exponential coordinates this is just the statement of
Lemma [1.16, But Malcev coordinates are related to exponential coordinates by a
polynomial isomorphism with polynomial inverse whose Jacobian determinant is
identically one (see [13], p. 18). Thus the claim follows.
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Lebesgue Spaces. For 1 < p < oo we denote by LP(G) the Lebesgue space
with respect to the Haar measure on (G, that is, the space of all measurable functions
f : G — C for which the norm

Il = ([ 17G@par)’

is finite. The space L>(G) consists of all measurable functions f : G — C for
which

[fllzoo (@) = esssup,eq|f(@)] < oo,
where the essential supremum is taken with respect to the Haar measure on G. As
usual we identify functions in LP(G) that differ only on a set of measure zero.

Elementary Operations for Functions on G. For a function f on G and
x € G the left translation is defined by

Lo f(y) = fz™'y),
and similarly the right translation by

R.f(y) = f(yx).

Furthermore, the involution of a function f on G is given by
fr(@) = fla™h),
and the convolution of two functions f and g on G by
(1.22) Frg@) = [ Fgts oy
a
whenever the integral in ([1.22)) is defined.

For a function f on G and r > 0 the dilation is defined by
D
Dy f(y) =77 f(dy),

where D denotes the homogeneous dimension of G. The normalization % is chosen
so that D, becomes a unitary operator on L?(G). Indeed, by the properties of the
Haar measure with respect to dilations (equation ((1.20)), we get

HDer%?(G) = /G’Drf(x)|2da:
= [P
G
= [ 1f@Pdz =17 B
G
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For the later use we note how dilation interacts with involution and convolution.
Namely,

(1.23) (Drf)"(z) = Dpflz™!) =

and

(124)  (D.f*Dyg)(x) = / D, f(y) Doy )dy
- /G PP £ (8,9)9(6, (v 2))dy
= / P f(8:9)g((6,y) " 6,2)dy

= | FWly™ 0}y = (% 9)(0ra)

whenever f and g are such that the convolution (|1.22)) is defined.

1.4. Discrete Subsets of Homogeneous Groups

Definition 1.18. A subgroup I' of G is called a (uniform) lattice if T" is discrete
and if the quotient I'\G is compact. A set of representatives mod I' is called a
fundamental domain of T'.

If U is a fundamental domain of a lattice I in G, then
(1.25) G=TU=| ]
vyel

with yU N~'U = ) for v # 4. Since I'\G is compact, the fundamental domain U
can be chosen to be relatively compact.

Not every nilpotent Lie group admits a lattice. In fact, for nilpotent Lie groups
the existence of a lattice depends on the structure constants of the associated Lie
algebra being rational (confer, e.g., [13], p.200).

If we relax the conditions on a lattice and dispense with the group structure, we
are led to the notion of a quasi-lattice.

Definition 1.19. A discrete subset I' C G is called a quasi-lattice if there exists
a relatively compact Borel set U such that G = U,Yep yU and vU N~+'U = () for
~v #~'. Such a set U is called a complement of T'.

For simplicity we assume that U contains the identity.
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Quasi-lattices always exist in homogeneous groups. This is true more general in
every connected simply connected nilpotent Lie group (cf. [23]). For the reader’s
convenience we recall the proof and especially emphasize that we can choose a
connected complement with non-empty interior and boundary of measure zero.

First we recall a well-known factorization of G into lower-dimensional closed sub-
groups.

Lemma 1.20. Let G be a connected simply connected nilpotent Lie group.

(a) There exist a closed normal subgroup N of codimension one and a closed
subgroup H of dimension one such that G = NH and NN H = {e}.
(b) If N x H is equipped with the product topology, then the map

a:NxH—G, a(n,h) =nh

1s a homeomorphism.
(¢) The Haar measures A, Any and Ag of G, N and H can be normalized
such that

/f YdAg(z //fnhdAH YdAn(n)

for every f € LY(G).

PrROOF. (a) Fix a Malcev basis {X1,...,X,} of the Lie algebra g and set
n = span{Xy,..., X,, 1} and h = RX,,. Then N := exp(n) and H := exp(h)
are closed connected simply connected subgroups of G, NN H = {e}, N is normal
and G = NH (confer, e.g., [13], p. 16, Proposition 1.2.7).

(b) By (a), every element g € G can be uniquely written in the form g = nh with
n € N and h € H. Thus the map a: N x H — G, a(n,h) = nh is a bijection and
easily seen to be continuous. That « is even a homeomorphism follows by applica-
tion of the Open Mapping Theorem for locally compact groups (see, e.g., [43], p.
60, 61).

(c) For f € L'(G) and 2’ = n'h € G we calculate

/ / Fnhn'B)d g (h)d (n / / F(nhn' K= hA)YdA g (h)d )y (1)
= /H /N Fn(hn' B YRR YAy (n)dA g (h).

Since N is normal and the Haar measures Ay on N and Ay on H are right-invariant,
we get
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//f (hn'h™ YRR YdAn (n)dA g (h //fnhh YdAn (n)dAg (h)

_ /H /N F(nh)dAy (n)dAg (h)
_ /N /H Fnh)dAg (R)dAy (n).

/N /H f(nh)d g (h)dAn(n)

is invariant under right translation, so the assertion (c) follows from the uniqueness
of the Haar measure.

Thus the integral

O

Proposition 1.21. Let G be a connected simply connected nilpotent Lie group.
Then there exists a quasi-lattice I' in G and a connected complement U of I with
non-empty interior and boundary of measure zero.

PROOF. The proof is by induction on n = dimG.
For the one-dimensional case take the isomorphic image of the lattice Z C R with
fundamental domain [0, 1).

For the induction step we consider the factorization G = N H as constructed in
Lemma Note that N and H are connected simply connected nilpotent Lie
groups of dimension n — 1 and one respectively. By induction hypothesis, there
exists a quasi-lattice I'y in N and a connected complement U, with non-empty
interior and boundary of measure zero in N, and a quasi-lattice I'; in H and a
connected complement U; with non-empty interior and boundary of measure zero
in H. Define

[:=T1T = {17 :m €T1,7% € Lo},

U := UpgU; = {uguy : ug € Uy, uy € Uy }.
We claim that I' is a quasi-lattice in G with complement U.
First observe that

rvo=nmryw,U, =1 NU; = NI'U, = NH =G,

because N is normal and I'y, I'; are quasi-lattices for N and H.

To show that this covering G = T'U = U'yGF ~U 1is disjoint, we suppose that yU N
~'U # 0, i.e., that there exist u,u € U such that yu = +'u’. By the definition of T’
and U, this means that

YU = YYotots = Yy YoUotly = 7'U’

for some v1,7] € I'1, 70,7 € Lo, w1, vy € Uy, ug, ug € Up.
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Since N is normal and since ['gUy and I'yU; are coverings of N and H, we get

yu = 1v0u0ur = (Mueny ) (i) = nh,
Yu' = Yivuguy = (noue(n) ) (nuy) = 'l
By the uniqueness of the factorization G = N H, it follows that n =n’ and h = I/,
that is, yiv0u0y; = YVivhup(y;) ™t and yiu; = vju). Since Ty is a quasi-lattice in
H, we conclude that v, = 1, and consequently ~youg = yjug. Since I'y is a quasi-
lattice in N, we further obtain that vy = 7). Therefore v = 7'. Hence we have

G=U,cp U and yUNA'U = for v # .

To show that U has non-empty interior we note that, by induction hypothesis,
there exists a non-empty subset By C U, that is open in N and a non-empty
subset B; C U; that is open in H. By Lemma m (b), it follows that ByB is
open in G with ByB; C UyUy, so U = UyU; has non-empty interior.

Concerning the measure of the boundary of U = UyU; we note that, by Lemma
1.20] (b),

(1.26) Oa(UgUy) C (OnU)U, U Up(0gUy).
By induction hypothesis and Lemma [1.20] (c), it follows that
e (0cU) < Aa((OnU0)UL) + A (U (0xU1))
= A (OnUo)Aur (Uh) + An(Uo) Mg (05 Uy) = 0.

Finally we remark that I' is countable as the product of two countable sets, and
U is connected and relatively compact as the product of two connected relatively

compact sets. This completes the proof.
O

In the following we can therefore always assume that we deal with a connected
complement U with non-empty interior and boundary of measure zero.

Translation and dilation of a quasi-lattice again give a quasi-lattice.

Lemma 1.22. Let I' be a quasi-lattice in G with complement U, let g € G and
r>0.

(i) The set g is a quasi-lattice in G with complement U .

(ii) The set 0,1" is a quasi-lattice in G with complement 6,U .

PROOF. (i) For arbitrary x € G write z = gy, where y = g 'x. Since I is a
quasi-lattice, there exist v € I" and v € U such that y = ~vu, hence z = gyu. If
now x € gyU N gy'U, then y = g~'x € YU N~'U. Thus v = «/, because I is a
quasi-lattice.

(ii) Since 6, is an automorphism on G, we have

G=06G= 57»( U 7U> = J@me.u.

vel’ yel’
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Suppose now that (6,v - 6,.U) N (6,7 - 6,U) # 0, or equivalently, since §, is a
homomorphism, 6,.(yU) N §,(y'U) # 0. Since 0, is also bijective, it follows that
~U N~'U # () and hence v = 7/, because I is a quasi-lattice.

U

In the following we denote the cardinality of a subset X C G by | X].

Definition 1.23. A subset X C G is called relatively separated if
(1.27) max | X NgU| < o0
geG

for some relatively compact subset U of G with non-empty interior.

In other words, a subset X is relatively separated if the number of elements of X
that lie in any left translate of U is uniformly bounded.

For later use we state some well-known equivalent conditions.

Lemma 1.24. For a subset X C G the following statements are equivalent.
(i) X is relatively separated.
(ii) For every relatively compact subset V' of G with non-empty interior

max | X NgV| < oo.
geG

(iii) For every relatively compact subset V' of G with non-empty interior the
sum erX 1y is uniformly bounded on G, that is,

sup Z 1,v(g) < oo.
geG ex

PROOF. (i) = (ii): Let V be an arbitrary relatively compact subset of G with
non-empty interior and let U be as in equation (1.27). Then |J s 9U° 1s an open

covering of V. Since V is compact, there exists a finite subcover Ui, :U° of V.
It follows that

XngV| < XnNngV|< xXn U
max [X O gV| < max|X 0gV| < max| gizulg\

= max|X n{JggU| <max} [X N ggU|
=1

G
g i=1

< ;I;leaéd)(ﬂggiw < 0.

(17) = (i1i): Let V be an arbitrary relatively compact subset of G with non-empty
interior. Then the set V! is also relatively compact with non-empty interior and
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thus
max | X N gV ™' < oo.
geG

Now

sup > Lyv(g) = max|{x € X:gexV}

= max|{x € X :x € gV}
geG

(1.28) = max|X NgV | < 0.
geG

(74i) = (¢): This implication also follows from equation (|1.28)).
U

To verify that a subset of G is relatively separated it suffices to consider the left
translates by elements of a lattice and count the elements therein.

Lemma 1.25. LetI' be a lattice in G with fundamental domain U. A subset X C G
1s relatively separated if and only if

(1.29) max | X NvyV]| < oo
yel’

for some relatively compact subset V' of G that contains the fundamental domain U.

PRrROOF. Let V be a relatively compact subset of G that contains the funda-
mental domain U and satisfies

max | X NyV| =:C < 0.

~yel'
Let K be an arbitrary relatively compact subset of G. Then the set UK is also
relatively compact and hence bounded, that is,
(1.30) UK C By(e)

for some N > 0. Let Ny > 0 be such that U C By, (e) and let R > N + Ny.
A translate yU intersects By(e) only if v € Bg(e). Indeed, if

T € BN(e) N '}/U g BN<6) N BNU(P)/)7

then
d(e,v) <d(e,x) +d(z,v) < N+ Ny = R.
Therefore,

veI'NBr(e)

UKCBye)C |J W

Now let g € G be arbitrary. Since I' is a lattice, we may write ¢ = vu € vU for
some unique v € I'. Then

(1.31) gK CvUK C U vyU C U vyV.

~vel'NBg(e) ~vel'NBg(e)
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Let n := |I'N Bg(e)| < oo denote the number of lattice points in Br(e). It follows
that

X NgK| < )X n mv)

~yeI'NBg(e)

< ) Xnmyl
vel'NBr(e)
< nmax | X NAyV|=nC < co.
yerl’

Since g € G was arbitrary, we conclude that

max | X NgK| <nC < 0.
geG

Thus X is relatively separated.

1.5. Wiener Amalgam Spaces
Throughout this section let G be a homogeneous group.

Definition 1.26. Let V' be a relatively compact subset of G with non-empty
interior and let 1 < p,q < oo. The Wiener Amalgam Space W (LP, L) consists of
all functions f : G — C for which the associated control function

= || f Lelvle) = If - Tavie)
belongs to LI(G). For 1 < ¢ < oo a norm on W (LP, L%) is given by

1 lwoo oy = ( L lev||gd$>q - ( / ( /| |f(y)|pdy) ” das) |

for ¢ = oo by
I fllwzr,zay == sup || f - Lav |-
zeG

The definition of the Wiener Amalgam Spaces W (LP, L9) allows some flexibility.

Lemma 1.27.

(a) W(LP,L9) does not depend on the particular choice of V, i.e., different
relatively compact subsets of G with non-empty interior define the same
space and equivalent norms.

(b) If T is a quasi-lattice in G with complement U, then also

1
1wy = (OIS - 2o0llt)”

vyel

defines an equivalent norm on W (LP  L9).
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For a proof see [18] or [33].

In this text we mainly deal with the space W (C, L?), the subspace of W (L, L)
consisting of continuous functions. In this case it is costumary to denote the control
function by

f#(x) == sup | f(y)]

yexV

and f# is called the (left) local mazimum function of f. The norm on W (C, L%) is
then given by

1 llwic.Loy = I1F* )| acc)-

If the defining set is chosen to be the complement U of a quasi-lattice I', then the
equivalent discrete norm from Lemma [1.27]is computed as

1

I lwcen = 17l = (D sup [F@)17)"

~er zeyU

By abuse of notation, f#|r will be simply denoted by f# and also called (left) local
maximum function of f.

Wiener Amalgam Spaces are invariant under left translation and dilation.

Lemma 1.28.

(a) If f € W(C, LY), then L,f € W(C, L) for every z € G.
(b) If f € W(C, L), then D, f € W(C, L1) for every r > 0.

PROOF. (a) For every z € G,

(L:f)*(x) = sup |L.f(y)| = sup [f(z""y)l

yeaV yexV
= swp )] =S = L)),

Therefore
I(L2f) | Loy = 1L:(f) o) = 17 || oga) < oo

(b) Recall that the definition of W (C, L?) does not depend on the particular choice
of the defining set (Lemma [1.27)). We temporarily indicate the defining set in the
local maximum function by a subscript, e. g.,

f(z) = sup | f(y)]-

yexV
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For every x € G,
(D, ff(x) = sup |D,f(y)| = sup [r? f(3,9)]

yexV yexV

D D
= rz sup |f(z)]=r2fl,(02).
2E0,2-0,V

By equation ((1.20)) it follows that
IO ey = [ DD @
= o [ 1 Gl
G
(¢=2)D
- /G fE (@)

(g=2)D
= T 2 ||f§v||qu(G)<OO‘

U
Next we collect some inclusion relations that will be useful in the sequel [17], [18].

Lemma 1.29.
(a) CC(G) g W(Loo’ Ll);
(b) W(LP, L?) = LP(G),
(c) If p1 2 pa, @1 < qo, then W(LP, L) C W (LP?, L%) and
| fllw(zrz pozy < Ol fllw e poy.-
(d) In particular, W(C, L?) C LP(G) and

1 fllzeey < Cllfllwee,Lr)-

We will also need the following convolution relation for Amalgam Spaces on uni-
modular groups |17].

Proposition 1.30. Let G be a unimodular locally compact group and let p1,ps, q1, Q2 €
[1,00] be such that + ==L +L —1>0andt:=2>+2L—1>0. Then
p p1 p2 q q1 q2
W (LPY L) « W (LP?, L%?) C W(LP, L?).
Corollary 1.31. For every g > 1 we have
W(L>®, LY« LY(G) € W(L>, LY).
PROOF. By Lemma [1.29] LY(G) = W (L4, L?) C W(L', L?). Thus Proposition

[1.30] implies

W(L>™, LY % LY9(G) C W(L*™, L*) » W(L', L) C W(L>, L%).
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For later application we recall the following useful estimate [28].

Lemma 1.32. Let X be a relatively separated subset of G. Let V' be a symmetric
relatively compact subset of G used to define the local maximum function.
C = SUPei D _yex Lyv(z) and let Ny > 0 be such that V. C By, (e). Then, for

> P

N > Ny, we have

XEX\Bn (e)

PrROOF. From V = V!

and consequently

C

= #()2
=30 /G\BN_NV@ fHe)de.

it follows that x € xV whenever € xV. Thus

[fOOI < fF(@) Vo exV

[F(x

I <

V) Jy

f#( )d

Summing over x € X\By(e), we obtain

2

LFOOI?

XEX\Bn (e)

because, for all x € G,

2

XEX\Bn (e)

Ly (z) <

<

2

Ipy, (0(2) < C levBy_p (0)(7)-

XEX\Bn (e)






CHAPTER 2

Density on Homogeneous Groups

2.1. Definition of Density

Let GG be a homogeneous group with homogeneous dimension D and Haar measure
A. Fix a subadditive homogeneous norm | | on G, denote the associated left-

invariant metric as defined in ([1.16) by d and the corresponding balls by By (g).

The existence of a left-invariant homogeneous metric allows us to define an ana-
logue of the Beurling density |7], [35], however, adapted to the geometry of the
homogeneous group G.

Definition 2.1. The upper density of a subset X C (G is defined by

. X N By(g)|
DT (X):=1 X0 Bylg)|
(X) i= limsupmax =)

and its lower density by

o XNBulg)
D™ (X) = h]\fnigo%fggg B ()

A subset X of G is said to have uniform density D(X) if
D*(X) =D (X)=: D(X).

Our goal in this section is to show that the definition of the upper and lower density
does not depend on the particular choice of the homogeneous norm.

For that define

(2.1) DE(X) = hjr\?j;p max “onD)

_ o . | X Ng-inB|

27
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If B := By(e), then the quantities D} (X) and Dz(X) are just the upper and lower
densities from Definition [2.1| rewritten, because, for every g € G and N € N,

Byn(g) = g- Bn(e) = g-dn(Bi(e))
by the left-invariance and homogeneity of the metric d.

Therefore the invariance of the upper and lower densities under a change of the
homogeneous norm follows from the invariance of the quantities D (X) and D5(X)
under a change of the defining set B.

It turns out that D} (X) and Dz(X) do not depend on the defining set B as long
as B is chosen to be a relatively compact subset of G with non-empty interior and
boundary of measure zero.

The corresponding statement for the Beurling densities in R” is due to Landau [35].
He showed that the Beurling density computed by means of a compact set with
boundary of measure zero is the same as computed by means of cubes.

We adapt Landau’s ideas to our setting. As a counterpart of the unit cube in R"
we use a complement of some quasi-lattice in G.

In view of Proposition [1.21, a complement U of a quasi-lattice [ in G is in the
remainder of this section always assumed to be connected and to have non-empty
interior and boundary of measure zero.

Proposition 2.2. Let I' be a quasi-lattice in G with complement U and let B be
a relatively compact subset of G with non-empty interior and boundary of measure
zero. Then, for every relatively separated subset X of G, we have

Dy(X) = D5(X) and Di(X) = D4(X).

For the proof of Proposition we need two auxiliary lemmata.

Lemma 2.3. Let T" be a quasi-lattice in G with complement U and let B be a
relatively compact subset of G with non-empty interior and boundary of measure
zero. For every e > 0 there exist an r > 0 and finite subsets S C S’ C G such that

(i)
UG -6.0)C B with A( U 5TU)> > \B) — e,

~yeS yeS
(it)
Bc |J(v-6U) with )\( U 7-(5TU) < \B) +e,
yeS! yeS’

and (y-6,U)N (v -6,U) =0 fory#~+" € 5"

PROOF. Since the Haar measure A is outer regular (see e.g. [15], [22]), we have
0= A(0B) =1inf{\(O) : O D 0B open}.
Thus, given € > 0, there exists some open set O. O dB such that A\(O,) < e.
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Consider the distance function
x> dist(x, OF) := inf{d(z,y) : y € O},

which is a continuous function from G into R™. Since 0B is compact, the minimum
of dist(z, O%) on OB exists. Since 9B N O¢ = 0,

1
n = 5min{dist(:c,0§) :x € 0B} > 0.

For every x € 0B we then have B, (xz) C O.. Thus also the “n-tube”
€ :=U,cop By() is contained in O, and A(£) < A\(O;) < e.
Now choose r > 0 such that §,U C Ba(e). By Lemma (i), the set I := §,I" is
a quasi-lattice for G with complement U’ := §,U. Consider the following subsets
of I'":
S:={yel':yU C B},
S ={yel":q7U N B # 0},
S":={yel": 49U NIB # 0};

Clearly S C S'\S”. Conversely, if v € S'\S”, then yU’ does not intersect the
boundary of B and thus can be written as U’ = (yU’ N B°)U (yU’' N B°). Since U’
is connected, it follows that YU’ = vU’ N B°, hence v € S. Therefore S'\S” = 5,
or equivalently, S"\\S = S”. Since I is a quasi-lattice for G, we get

UwebcUw.

~yES ves’

and it remains to prove that

A( U fyU’):)\(U YU’ < e.

~ES\S yeS"

For that purpose we need to show that, for every v € S”, we have

W' cé= ] Bya)
x€0B
Let v € S” be arbitrary and choose some x € 9B such that € vU’. From the
definition of U’ and the left-invariance of the metric, it follows that
YU’ C vBu(e) = Bu(y), thus x € Ba(y).
Now let y € vU’ C B (7) be arbitrary. By the triangle inequality, we get

d(z,y) < d(z,7) +d(y,y) < g + g =1,
thus y € B,(xz) C £. It follows that YU’ C €. Because v € S” was arbitrary, we
conclude that
Jwceco.
~eS”
In particular,
A ) < AE) MO <.

~eS!
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Finally we remark that the sets S,S’, S” are finite, because

MU AU =AB) = A w0N\B) <A W) <
yes’ ~ves’ yes”
and thus
AU =19MU") < MB) + ¢ <
ves’
by the properties of the Haar measure.
0J

Following Landau [35] we may also approximate the complement U from inside
and outside by finite unions of translates of a dilated relatively compact set with
boundary of measure zero. In contrast to Lemma the covering is no longer a
disjoint union.

Lemma 2.4. Let I' be a quasi-lattice in G with complement U and let B be a
relatively compact subset of G with non-empty interior and boundary of measure
zero. For every e > 0 there exist finite subsets S C S" C G and ry, > 0 for y € 5’
such that

(i)
UG-6.B)cU with A(|J7y-6.,B) > AU) -
yeS yeS

and (y-6,,B)N (7' -6, ,B) =0 for v #~ €5,

(ii)
Uc | J(y-6.,B) with Y Av-6,,B) < \U)+e

yes! yes’

ProoF. Without loss of generality we assume that A(U) = \(B)
wise replace U by 6,U with r = M\(U)~? and B by 6,8 with t = A(B)~

1 (other-

).

o=

(i) First we exhaust U with left translates of dilated B.

By induction we show that for every n € N there exists a finite disjoint union £,
of left translates of dilated versions of B contained in U such that

(2.3) MU\E,) < (1= p")(1 —ap”)"
for some 0 < p, @ < 1 that are independent of n.

Since B is relatively compact, there exist 0 < p < 1 and = € G such that
Ey:=z-90,BCU.
The measure of the remainder is
MU\Ey) = AU) = XNz -6,B) =1 — pP.
This settles the initial step n = 0.
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Now by the induction hypothesis there exists a finite disjoint union F,_; of left
translates of dilated versions of B contained in U such that

(2.4) AU\E, 1) < (1= p)(1 - apP)~?

for some o < 1 and p as above. The remainder R, := U\FE,_; is a relatively
compact subset of G whose boundary has measure zero. So by Lemma (i)
we may exhaust R, from inside by a finite disjoint union of left translates of a
sufficiently dilated U with measure arbitrarily close to A(R,,). Formally, there exist
an r, > 0 and a finite set S,, C G such that

(2.5) U @-6.0) SR, and A (v:6,,0)) = aA(R,).

YESn YESh
By the left invariance and homogeneity of the Haar measure,

(2.6) A( U (v-6,0) ) 3" MG, U) = [Salr? = aA(Ry).

YESK ~YES,

Since z - 0,B C U,
27 Us2)-6,,8) = 6 (-6,B) S | (v 6,U) C Ry

YESh YESh YESn
From inequality ({2.6]) it follows that

2.8 A Y9y, ) - 6, ,B)) A6y, ,B) = |Sn|r2pP > pPal(R,).
p p n

'Yesn ’Yesn
Now define
(2.9) E,:=E, U |} ((46:,2) - 6,,,B).
YESn

By estimate (2.8)) and the induction hypothesis (2.4)), it follows that

MO\E) =A(U\ (e U | ((16,2) - 61,,8)))

YESR
=M(O\E-\ U ((4,,2) - 6,,,B))
YESn
(R, — A( U ((46,,2) - 5WB)>
YESn
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Given ¢ > 0 we can now choose n large enough such that A(U\E,,) < .
Then E, is a finite disjoint union of left translates of dilated versions of B with
measure

ME) = NU\(U\E,)) =1 — AU\E,) > 1 —¢.

(ii) To cover U by left translates of dilated versions of B first choose o > 1 and
y € G such that U C y-0,B. By the proof of (i), there exists a finite disjoint union
E}. of left translates of dilated versions of B such that, for given € > 0 and fixed
p>1,
€
MU\E) < ———.
O\BW < 755
Now use Lemma2.3] (ii) to cover the remainder Ry := U\ E}, which is a relatively
compact subset of G whose boundary has measure zero, by a finite disjoint union
of sufficiently dilated left translates of U, formally,

(2.10) R € | J(v-6.0),
yes’
such that
(2.11) MU G-6.0)) = 9177 < BA(Res).
yes’
Since U C y - 0,8, we get
(212) Rk+1 g U (’7 : 6TU) g U ((v&y) ’ 5rch>
yeSs’ yeS’
with
(2.13) > M(0y) - 6,0B) = 0”18 r” < oPBA(Ri11).
yeSs’

Altogether we get that
U= EyU(U\E) CE,U | ((46:9) - 6,0B)

yeSs'’
and, by the choice of F,

)‘(Ek) + Z )\((")/5,,:[/) ’ 57‘03) = )\(U\RkJrl) + Z )\(<75ry) ’ 57‘03)

yeSs’! yeSs’!
< 1= A(Rps1) + 0 BA(Rys1)
=1+ MRp)(0PB—-1) <1 +e.

Since FJ, is a disjoint union of left translates of dilated versions of B, the statement
of Lemma [2.4] (ii) follows.

l
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PROOF OF PROPOSITION 2.2 By Lemma 2.3, we may choose r > 0 small
enough and a finite subset S C G such that

(v 6.0) € B with A(| Jv-6,U) = |SIrPAU) > A(B) —¢

yeS

yeS

and (y-0,U)N (7 -6,U) =0 forv#~+ €8S.

For arbitrary ¢ € G and N > 0 we estimate

|Xﬂg(SNB|

>

Xng-on(|J(r-60)
yES
X (g on7) - Ul

~yES

Z ’X N (g ’ 5N7> : 6NTU‘7

veS

where the last equation follows because Uwe s(g-0n7) - On,U is a disjoint union as
a translate and dilate of the disjoint union (J c4(v - 6,U).

Hence

min | X Ng-dyB|
geG

g%lgz X N (g-6n7y) - on:U|

yES

E min | X N (g-dn7) - InU|
geG
veS
min | X Ng - on.U|
g'eG
vES

|S|gleig|Xﬂg’-5mU|

and, by the homogeneity properties of the Haar measure,

min
geG

AonDB)

5] i (X018 O]
76 AonDB)

|S’ min |X N g/ . 5N7"U‘
g'eG ND)\(B)

X Nng - on Ul rPAU)

|S| min

geG  NPrPA(U) A(B)
IXNg - on Ul rPAU)

|S| min

g'eG A((SNT’U) )\(B) .
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Finally we derive that
_ o . |XNg-inB|
Dy(X) = hNnilorifrgnggW
X NG U] [S|rPAU)
> 1 f .
= WL vEe AomD)) \(B)
SIrPAU)
A(B)

> D(;(X) ) (1 - )\(SB))

= Dy(X)

Since € > 0 was arbitrary, it follows that D;(X) > D/ (X).

Using the approximation of U by dilated left translates of B obtained in Lemma
we can employ the same argument with the roles of U and B interchanged to
get D, (X) > Dy(X). Therefore D;;(X) = Dz(X).

The analogous argument, using the coverings of B and U obtained in Lemma [2.3
and Lemma [2.4] respectively, shows the equality D;;(X) = D}(X) for the upper
density.

O

Remark 2.5. For R" with the usual addition and scalar multiplication, the densi-
ties in Definition just recover the standard upper and lower Beurling densities,
that is,

. X Ny +[0,N]"|
DH(X) =1 | :
=i
XN 0, N|"
D_(X):linrlinfmin| y+10.N] |
N—oo yeR" N7

2.2. ‘Homogeneous’ Density versus Beurling Density

By the results in Section 1.1, every homogeneous group G can be identified with R™
endowed with a group law that is polynomial in the coordinates and with a family
of dilations.

As a set, every subset of GG is therefore essentially a subset of R". One may ask
what happens if we just compute the usual Beurling density on R”. Does the den-
sity actually depend on the group structure that is imposed on R"?

In the present section we answer this question in the affirmative and show that
differences already manifest on the simplest non-commutative homogeneous group,
the Heisenberg group.



2.2. ‘HOMOGENEOUS’ DENSITY VERSUS BEURLING DENSITY 35

Recall from Example[I.7] and Example that in Malcev coordinates the Heisen-
berg group H is R® with the group law

(a,b,¢) - (u,v,w) = (a+u+cv,b+v,c+ w)

and dilations
5.(a,b,c) = (r*a,rb,rc).

In the following we present an example of a set X C R® that, regarded as a sub-
set of H, has lower density different from the standard lower Beurling density on R3.

Define .
X = (W\ L ((0,0,%%) + [o, k)3)> nz3.

k=1

Regarded as a subset of the vector space R, the set X has lower Beurling density
D, (X)=0.

|R3

Indeed, by construction of X,

i | X Ng+[0, N3 0
geR3 N3 7

hence X [ N]3|
. T . Ng+10,
D) =l =

R3 - 0

On the other hand, the lower density of X C H in the sense of Definition sat-
isfies D (X)) = 1.

In view of Proposition , we may choose U = [0,1)® and compute the lower

density of X as

_ o . | X ng-onU|

If U = [0,1)%, then 6xU = [0, N?) x [0, N) x [0, N) and

(2.14)  (a,b,c)- 65U
={(a+u+cv,b+v,c+w): (u,v,w) € [0,N?) x [0,N) x [0, N)}.

First count the integer triples (I,m,n) € Z3 in (a,b,c) - SyU. By equation (2.14)),
there are N possible values for m and n and N? possible values for [ such that
(l,m,n) € (a,b,c) - dyU. Thus, for every g = (a,b,c) € H,

(2.15) 17N g-6xU| = N* = |73 N oyU|.
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Since X C 73,
min |X Ng-onU| = [Z° NoxU| — max [(Z°\X) N g - onU].
geH g€eH

For N > 2 we show the estimate

max‘(Zg\X)ﬂgﬁNU‘:m%X < N°.
g€

geH

(zS N D ((0,0, k%) + [0, k)3)) Ng-onU

k=1

We distinguish the following cases for g = (a, b, c) € H:

(1)
(a,b,¢) - SxU N ((0,0,&%) +[0,k)*) # 0 for some k > N;

(i)
(a,b,¢) - nU N ((0,0,k%) + [0, k)*) # 0 for some k < N;

(iii)

(a,b,c) - 6nU N G ((0,0,k%) + [0, k)%) = 0.
k=1

In case (i), the translate (a, b, ¢)-dxU intersects exactly one cube (0,0, k%) + [0, k)3,
because k > N.

We need to count the integer triples (I,m,n) € Z3 in
(a,b,¢) - nU N ((0,0,k%) + [0, k)*) .
Since N < k, there are at most N possible values for m and n and N? possible
values for [ such that (I,m,n) € (a,b,¢) - dxU N ((0,0, k%) + [0, k)3).
However, suppose that for some (u,v,w) € dyU,
(I,m,n) = (a,b,c) - (u,v,w)
=(a+u+cv,b+v,c+w)€[0,k)x[0,k) x [k K+ k)nz>

This assumption implies that
(2.16) >k —w>kE - N>k —k
But then, if j € Z\{0} and v’ € [0, N?), the element

(a,b,¢) - (v, v+ j,w) = (a+u +cv+cj,b+v+j,c+w)
cannot be in [0,k) x [0, k) x [k3, k® + k), because
(2.17) la+u +cv| <|a+u+cv|+ [ —ul <k+N*<k+k
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and therefore, by the inequalities (2.16)) and (2.17]),

la+u +co+cjl > —lat+u +cv| >k —k—k—k* > k.
Consequently there is at most one integer m such that a triple of the form
(I,m,n) € 2% is in (a,b,c) - SnU N[0, k) x [0, k) x [k3, k3 + k).

We conclude that
|(a,b,¢) - onU N ((0,0,%) + [0,k)*) N Z°| = |(a,b,c) - 55U N (Z*\X)| < N°.

In case (ii), the translate (a,b,c) - dyU may intersect | J,—, ((0,0,%%) 4 [0, k)?) in
more than one cube with side length strictly less than N, say in the m + 1 cubes

(Oa 07 kg) + [07 kO)Sa R (Oa 07 (kO + m)S) + [07 kO + m)37
where kg +m < N.

If m = 0, then
|(a,b,¢) - onU N (0,0,k5) + [0, ko)?| < k§ < N°.
If m > 1, then

|(a,b,¢) - onU N (Z\X)] < Z(ko + )3

=0
= ik§+3k§§:i+3koiz2 +§:z3
=0 =0 =0 1=0

(2.18) + —m(m + 1)(2m + 1)k

+ ~m?(m + 1)

We want to estimate the expression (2.18) from above by N®. Since (a,b,¢) - onU
intersects all the m + 1 cubes, it follows that

N > (ko +m)* — (kj + ko) = 3mkj + (3m? — 1)ko +m?,
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hence
N > (3mkj+ (3m* — 1)ko + m3)3
= 2Tm*k§
81m® — 27m?*)k}
118m® — 54m® + 9m)k;
(2.19)

(
(
(81m6 —27m* 4+ 3m? — l)k‘g’
(36m" — 18m® + 3m?)k?

(

+ + + + + +

m’.

The coefficient of each ké, j=0,1,...,6,is in (2.18) smaller than in (2.19)), so we
also obtain in this case that

|(a,b,¢) - onU N (Z°\X)| < N°.

In case (iii), the estimate |(a,b,c) - onU N (Z3\X)| < N3 is satisfied trivially.

Finally we conclude that

_ . . | XNg-onU|

Z2nonU| _ |@\X)ng- 6NU|)

= liminf <

N—oo N4 geH N4
N* Z2\X)Ng-onU
e

3

. N
z 1= lim =1
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2.3. Density of Quasi-lattices

In this section we compute the density of a quasi-lattice. For that we note some
elementary inclusions.

Lemma 2.6. Let I' be a quasi-lattice in G with complement U. There exists some
Ny > 0 such that, for N > Ny,

(220) (FOBN_NU(e))U Q BN(e) Q (FﬂB]\H_NU(G))U,
and consequently,

(2.21) 00 Br—ny ()| AU) < AMBw(€)) < [I'0 By (€)|AU).

PrROOF. The complement U is relatively compact, hence bounded, so we can
choose some Ny > 0 such that U C By, (e).
If v € (CNBy_n,(€))U, then z = yu for some u € U and vy € I" with |y| < N —Ny.
Therefore

2| = Jyul < ]9 + |ul < (N = Ny) + Ny = N,
so x € By(e).

Now let 2 € By(e). Since I' is a quasi-lattice in G, there exists a v € I" such that
x =~u € yU for some u € U. Thus v = zu~! and

= lou™] < Jaf + [u™t| = 2] + |ul < N + Ny

We conclude that € (I' N By, (€))U. Therefore the inclusion (2.20) is estab-
lished.

By the left-invariance of the Haar measure, it follows from the inclusion (2.20)) that

ABx(e) = M nBy @) =AU 0)

"/EFOBNfNU (6)
_ > AOU) =N By_n, (e)INU),
YETNBN - Ny, (€)

because the translates YU of the complement U are disjoint.

The second inequality follows analogously.
O

Proposition 2.7. Let I' be a quasi-lattice in G with complement U, then I' has
uniform density

DY) =D (I) = Gl
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PROOF. Let g € G be arbitrary. Then v € Bn(g) = gBn(e) if and only if
g1~ € By(e). Therefore

“II'n By
D*(T) = lim sup max l9” 10 Bufe)l
N—oo 9€G ( ( ))
lg7'T N By(e)|

D~ (') = thﬁloIgf Igrélél NGNO)

Recall that for every g € G the set ¢ 'T" is a quasi-lattice with complement U

(Lemma [1.22). By inequality (2.21]) in Lemma [2.6| we obtain that
min |g7'T' N By (€)IAU) < A(B(e)) < min |g7'T' 0 By (€)[MU).

Using this inequality and the homogeneity properties of the Haar measure we esti-
mate

''nB
D= (') = liminfmin 97 10 Buvsy ()]
N—oo geG )\(BN-i—NU( ))

= liminf min 97" N By (€)
N—oco geG (N—I—NU)D)\(B1(€))
> liminf ABn(e)) 1
~  Nooo (N + Ny)PA(Bi(e)) AU)
NP 1 1
(N + Np)P A(U) — A(U)

AU)
NG

= hm 1nf

and similarly

i . ]g7'T N By, (€)] A(U)
D F = 1 f S
(1) = e B (@) AD)

< liminf N = =
1111 11 = .

The claim concerning the upper density follows analogously.



CHAPTER 3

Density and Frames

3.1. Frames and Riesz Sequences

In this section we collect the main properties of frames, Riesz sequences and related
notions. Frames were introduced by Duffin and Schaeffer [16] and nowadays frame
theory is an active area of research |9]. We follow the exposition in the books [11],
[27] and [48].

Definition 3.1. A family F = {f;}ic; in a separable Hilbert space H is called a
Bessel sequence if there exists a constant B > 0 such that
(3.1) S F P < BIAIP
iel
for all f € H. The constant B is called the Bessel bound for F.

By definition, F is a Bessel sequence if and only if the coefficient operator C,
defined by

Cf ={{f, fi) }ier,

is a bounded operator from H into ¢2(I) with operator norm ||C||,, < Bz.

For every finite sequence ¢ = (¢;)ier,

(Cre.f) = (e.CH = all f) =S alfi /)y = (D i f),

iel icl iel

so the adjoint operator C* : £2(I) — H is given by

C*C = Z Cifi
iel
and C* is bounded with the same operator norm.
Summarizing, we have the following characterization of Bessel sequences.

Lemma 3.2. A family F = {f;}icr in H is a Bessel sequence with Bessel bound
B if and only if the inequality

(3.2) H > i

holds for every sequence ¢ = (¢;)ier € £2(I).

< Bl|e|f*

The operator C* is often called the reconstruction operator.

41
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Definition 3.3. A family F = {f,}ics in a separable Hilbert space H is called a
Riesz-Fischer sequence if for every sequence ¢ = (¢;);er € ¢2(I) there exists at least
one function f € H such that

(33) <f7fi>:ci7iej'

To put it differently, a family F is a Riesz-Fischer sequence if and only if the
associated coefficient operator C': H — (*(I) is surjective.
We recall another characterization of Riesz-Fischer sequences proved in [48].

Lemma 3.4. A family F = {fi}icr in H is a Riesz-Fischer sequence if and only
if there exists a constant A > 0 such that the inequality

(3.4) Allel < || Y it

2

holds for every finite sequence ¢ = (¢;)ier-

Definition 3.5. A family F = {f;}ic; in a separable Hilbert space H is called a
Riesz sequence if there exist constants A, B > 0 such that the inequalities

(35) Allel? < || Y eifs
icl

2 2
< Bl

hold for every finite sequence ¢ = (¢;);e;-
A Riesz sequence F = {f; }ics is called a Riesz basis for H, if span{ f; }icr = H.

If F = {fi}icr is a Riesz sequence, then inequality (3.5)) implies in particular that
Ax < ||fill < B?

for all ¢+ € I, in other words, every Riesz sequence is uniformly bounded below and
above in norm.

A convenient characterization for a system F = {f;};e; to be a Riesz sequence is
given in terms of the associated Gram matrix.

Lemma 3.6. A family F = {fi}icr in a separable Hilbert space H is a Riesz
sequence if and only if the associated Gram matriz G, defined by Gi; = (f;, fi),
i,j € I, is a bounded invertible operator on ¢*(I).

PROOF. For every finite sequence ¢ = (¢;)ier,

(Ge.) = YU fem= | D a

1,5€l

2

Thus inequality (3.5]) is equivalent to the boundedness and invertibility of G.
O
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To check boundedness properties of infinite matrices Schur’s test is a helpful crite-
rion. We recall the statement and direct the interested reader to [11] or [27] for a
proof.

Lemma 3.7 (Schur’s test). Let A = (a;;)ijer be an infinite matriz such that
a;j = aj; and

(3.6) D layl <K Vjel

el
Then the operator A defined by the matriz-vector multiplication (Ac); =
is bounded on (*(I) with operator norm at most K.

jer @ijCj

Definition 3.8. A family F = {f;}ic; in a separable Hilbert space H is called a
frame if there exist constants A, B > 0 such that

(3.7) AIFIP < Y IE flP < BIFIP
iel
for all f € H. The numbers A and B are called frame bounds for F.

Note that a frame with frame bounds A, B is in particular a Bessel sequence with
Bessel bound B.

Lemma 3.9. Every Riesz basis is a frame.

For a proof see, e.g., [11]. The converse is not true. A frame that is not a Riesz
basis is said to be overcomplete.

The frame operator S : H — H associated to a frame F = {f;};c; is defined as
Sf=C"Cf =Y {f. fi)f:
iel
We collect some important properties of frames [11], [27].
Proposition 3.10. Let F = {f;}ier be a frame for H with frame bounds A, B.
(a) The frame operator S is a positive invertible operator satisfying AI < S < BI.

(b) The family F = {S™" f;Yies is a frame for H with frame bounds B~', A~'.
(c) Every f € H has frame expansions of the form

(3.8) =Y (ST
icl

and
icl

where both sums converge unconditionally in H.
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The frame F = {S71f.}ier is called the canonical dual frame of F.

More general, a frame F = {f; }ie; is called a dual frame of F = {f;}ic if
(3.10) F=Y L fi=> ()]

el el

for all f € H.

For an arbitrary frame there may be many dual frames. In fact, if a frame is
overcomplete, then there always exist dual frames other than the canonical dual
frame (see, e.g., [11]). For Riesz bases, however, the dual frame is unique and has
some additional properties [11].

Lemma 3.11. Let F = {f;}icr be a Riesz basis for H. Then the canonical dual
frame F = {S7 fi}icr = {fi}ier is the unique sequence in H satisfying

(3.11) F=Y LB =D I

el el
for all f € H. Moreover, F is also a Riesz basis for H, and F and F are biorthog-
onal, that is, {fi, f;) = 6i;.

In this case F is called the dual Riesz basis of F.

Since F = {f;}ies is complete, that is, 5pan{ f;}ic; = H, the dual Riesz basis F is
also the unique sequence in H that is biorthogonal to F.

3.2. Homogeneous Approximation Property and Density

In this section we consider frames {f, },ex in a separable Hilbert space H that
are indexed by a discrete subset X of a homogeneous group G. In this abstract
setting the index x of a frame element f, has no a priori connotation. However,
if we impose some form of ‘localization’, achieved by the so-called Homogeneous
Approximation Property, we may think of the vector f, living near x in G.

The Homogeneous Approximation Property was first observed as a property inher-
ent to Gabor frames by Ramanathan and Steger [40] and subsequently established
also for frames of windowed exponentials [25] and wavelet frames [31]. An abstrac-
tion for general frames without special structure was provided in the fundamental
paper of Balan, Casazza, Heil and Landau [5].

Recall that in a separable Hilbert space H the distance of an element f € H to a
closed linear subspace V' C H is given by

dist(f, V) == inf || f —vl| = |If = Py fl;

where P, denotes the orthogonal projection onto V.
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Definition 3.12. Let X and Y be relatively separated subsets of G and let H be
a separable Hilbert space. Let F = {f, }yex be a frame for H with dual frame
F = {fi}yex and let £ = {e, }oey be a set in H.

The frame F has the Homogeneous Approzimation Property with respect to the
reference set &, if for every ¢ > 0 there exists some N, > 0 such that, for every
vey,

dist(e,, span{f, : x € X N By.(v)}) < e.

The following theorem for the comparison of densities is an important ingredient
for deriving necessary density conditions for frames and Riesz sequences. The proof
relies on the double-projection technique of Ramanathan and Steger [40] and the
homogeneity properties of the Haar measure.

Theorem 3.13 (Comparison Theorem). Let X and Y be relatively separated sub-
sets of G. Assume that F = {f\ }xex is a frame for H and that £ = {e, }vey 15 a
Riesz sequence in H.

If F has the Homogeneous Approximation Property with respect to £, then

D~(Y) <D (X) and D*(Y)<D*(X).

PROOF. Let F = {f,}yex be a dual frame for F, and let € = {&,},ey be the
Riesz basis in span(€) that is biorthogonal to £. The elements of a Riesz sequence
are uniformly bounded in norm, so

C :=sup ||&,] < oc.
veY

Given € > 0, choose N, > 0 such that the Homogeneous Approximation Property

is satisfied with &, that is,
dist(e,, span{f, : x € X N By, (v)}) < %

for all v € Y. Fix an arbitrary element g € G and a radius N > 0, and define the
subspaces

V :=span{e, : v € Y N By(9)}
and
W :=span{fy: x € XN Byin.(9)}

of H. Since X and Y are relatively separated, the subspaces V' and W are finite-
dimensional with dimV = |Y N By(g)| and dimW < |X N Byyn.(g9)|- Let Py and
Py denote the orthogonal projections of H onto V' and W, and define a map

T:V >V, T:=PyPy.

Since the domain of 7" is V and P, and Py are projections, we may write the
operator T" as

T = PyPyPywPy = (PwPy) (PwPy),
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so T is a positive operator on V. We estimate the trace of T" from above and below.
Every eigenvalue A\ of T satisfies A < ||T|| < ||Pyv||||Pw] < 1. Hence we get the
upper estimate

(3.12) trace(T") < rank(7") < dimW < |X N Byin.(9)]-

To obtain a lower bound note that {e, : v € Y N By(g)} is a Riesz basis for V'
and its dual Riesz basis in V is given by {Pyé, : v € Y N By(g9)}. From the
biorthogonality we get

trace(T) = Z (Te,, Pyé,) = Z (PvTey, év)

veEYNBx(g) vEYNBN(g)
= Z <€U7 év> + Z <(PVPW - I)eva év>
vEYNBy(g) vEYNBN(9)
(3.13) > VBl = S (PP — Dew, @l
vEYNBy(g)

We further estimate each term as
[(PvPw — Iey, &) < |[(PvPw — Iell|é]]
C - [|PyPwe, — Pyey|
C - ||Pwes, — e,
C - dist(e,, span{f, : x € X N Bnyn.(9)})-

IAIA

Since By_(v) € Byin.(g) for v € Y N By(g) and thus
span{f, : x € X N B, (v)} Cspan{f, : x € X N Byin.(9)},

the Homogeneous Approximation Property implies that

(PyPw — ey, é,)| < C-dist(e,,span{fy : x € X N By.(v)})

(3.14) < C% —c.

Combining the estimates (3.13]) and (3.14)) we obtain the inequality

(3.15) trace(T) > |Y N Bn(g)| — Z e=(1-¢)|YNBn(g)
’UEYQBN(Q)

Putting things together we find that
(1=2e)[Y' N Bn(g)| < trace(T) < |X N Byin.(9)]

and, as a consequence,

YN Bn(g)l _ (XN Byin.(9)] (N+No)P
NPX(Bi(e)) = (N + N.)PX(Bi(e)) ND
Since g € G was arbitrary, we get

VOBl (X0 Bren(9)] (N + V)P
9eG NDX(Bi(e)) — 966G (N + N.)PA(Bi(e)) NP

(3.16) (1—¢)
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Taking the lower limit now yields
(1—e)D™(Y) < D (X).
Since € > 0 was arbitrary, we obtain
D=(Y) < D™ (X).

Taking the maximum over all g € G and the upper limit, we similary get
DT(Y) < DT(X).

O

To derive efficient necessary density bounds one usually compares with the density
of a Riesz basis, which is both a Riesz sequence and a frame. If the Riesz basis
is additionally indexed by a (quasi-) lattice, then its density can be computed ac-
cording to Proposition and thereby yields a concrete threshold.

Corollary 3.14. Let X be a relatively separated subset of G. Let I' be a quasi-
lattice in G with complement U and assume that € = {e,}er is a Riesz basis in

H.

(a) If F = {f\}xex is a frame for H that satisfies the Homogeneous Approxi-
mation Property with respect to £, then

1
D™ (X) > ——-.
(U)
(b) If F = {f\}xex is a Riesz sequence in H such that € satisfies the Homo-
geneous Approzimation Property with respect to F, then

DH(X) < ﬁ






CHAPTER 4

Sampling and Interpolation in Shift-Invariant Spaces

The sampling and interpolation problem for bandlimited functions on R" is at
the origin of Beurling’s definition of density [7], [35]. Beurling’s density has also
been used to derive necessary density conditions in so-called shift-invariant spaces,
which can be seen as a generalization of the space of bandlimited functions [1].
Bandlimited functions have been studied in the more general context of stratified
Lie groups [23], [39], and only recently also generalizations of shift-invariant spaces
to certain nilpotent Lie groups were proposed [6], [14].

In this chapter we study shift-invariant spaces on homogeneous groups. As a first
application of the abstract Comparison Theorem in the previous chapter, we derive
necessary density conditions for sampling and interpolation in terms of the density
defined in Chapter 2. This is done via a translation of the sampling and interpola-
tion problem into a question of frames and Riesz sequences of reproducing kernels,
as in the theory on R™ [1], [2].

Throughout this chapter we assume that G is a homogeneous group that admits a
lattice I in G.

4.1. Definitions and Prerequisites

Given a lattice I' C G and a so-called generator ¢ € L*(G) we consider the shift-
invariant space of the form

VA, 0) ={f = ZCVL%P s e = (¢y)rer € (D)},

where L. f(z) = f(v 'x) denotes the left translation operator.

Standard assumptions on the generator function are membership in the Wiener
Amalgam Space W (C, L') and the so-called Riesz basis property.

We say that ¢ € L?(G) has the Riesz basis property with respect to T if the set
of left translations {L,p} cr forms a Riesz sequence in L*(G), i.e., if there exist
constants A, B > 0 such that, for all ¢ € ¢*(T"), we have

Allellez(ry < H ZCWL%OHB(G) < Bllcllez(ry.-
yel’

In the following we fix a lattice I' in G with fundamental domain U and abbreviate
VAT, ¢) by V2(¢).

49
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On R™, a well-known criterion for the Riesz basis property of a function ¢ € L*(R")
is stated in the Fourier domain [2]. A set of translates {¢(- — k)}rezn is a Riesz
sequence in L?(R") if and only if there exist constants A, B > 0 such that

A< |P(E+RP<B ae &

kezn

For functions on nilpotent Lie groups the transition to the Fourier domain is more
complicated and involves the group Fourier transform and the Plancherel theory
for nilpotent Lie groups. In this direction, characterizations of the Riesz basis
property for functions on certain nilpotent Lie groups have been announced only
recently in [6], [14].

In the setting of homogeneous groups we can construct a suitable class of genera-
tors ¢ € W(C, L') that have the Riesz basis property in a more elementary way.

By Lemma , the system {L.p} er is a Riesz sequence if and only if the associ-
ated Gram matrix G, given by G, := (L,p, L,p), v,v € I', is a bounded invertible
operator on ¢*(T).

The action of G on a sequence b € (*(T) is
Gb(v) = > (Lo, Lp)b(y)

= Z<()07 L'y—lu(p>b(’y)
(4.1) = [lellZz(q)b(v) + Th(v),

where
Tb(”) = Z <307 L'y—lugp>b(’y)'
v#yel

We want to use Schur’s test (Lemma|3.7)) to estimate the operator norm of 7. The
matrix entries of T are T, = (¢, L,-1,¢) for v # ~ and T,,, = 0. Thus we have to
estimate, for every v € T,

(4.2) Yo e Lue)l = ) e L)

v#yel e#yel
= e;; /G p(x)p(y1z)dz
- /G o(2)0" ()

e£vel

= > lexe ().

e#yel
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If we take ¢ € W(C, L') such that

@) lele =1
and
i) D Jexe' (<1,
e#yel

then Schur’s test (Lemma implies that ||T']] < 1 and it follows from equation
(4.1) for the action of the Gram matrix G that

G=I1+T, |T| <1,
or equivalently,
|G —1I|| < 1.

This gives the invertibility of the Gram matrix G and thereby the Riesz basis prop-
erty for .

To find a generator ¢ € W(C,L') that has the Riesz basis property we therefore
need to construct a function ¢ € W(C,L') that satisfies the properties (i) and
(ii). The idea is to take a sufficiently dilated version of some arbitrary normalized
function in W (C, L').

For that let ¢» € W(C, L") with [|¢[|12() = 1. Denote by ¢# () := sup,eis |1(z)]
the local maximum function and let Ny > 0 be such that U C By, (e). Since
v € W(C,L') C LY(G) and G is unimodular, the function ¢* is also in L'(G).
Corollary implies that ¢ * ¢* € W(C, L') * LY(G) C W(C, L), so we can find
some N > 2Ny > 0 such that

(4.3) Yo W)y <1

YEM\BN—ny; (€)
Now let » > 0 such that
(4.4) 0,7 ¢ Bny(e) Vyel',y#e.
Set ¢ := D,v and I'" := ¢,I". The equations ((1.23) and ({1.24]) imply that
S lexe () = D D (D) (v)]

e£yel e#yel

= D D (8)(y)]
e#yel

= Y [y(6m)
e#vyel’

(4.5) = ) (Y

7' €T'\Bn (e)

< > > Wt (Y)].

VGF\BN—NU (6) ' el’nvU
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If v,n" € I"NvU for some v € I, then v, € vU C vBy, (e) = Bn,(v) and thus
d(e, (Y)"') = d(v/', ) < d(y,v) +d(v, 1) < 2Ny < N.

Condition (4.4) now implies that (') ~'5’ = e and therefore 7/ = 7’. In other words,
for every v € T" the translate vU contains at most one element ~' of T".
We continue equation (4.5) and conclude that

Y lexet(y)l < > > gty

e£yel VEF\BN_NU (e) Y el'mvU

< > sup [¢ gt (a)]

zevU
veIM\BN_ny; (€)

= D, =)<t

VEF\BN,NU (6)

Finally we remark that ¢ = D,v» € W(C, L') by Lemma [1.2§ (b).

Next we collect some elementary properties of shift-invariant spaces on G. These
results follow essentially like the corresponding statements for shift-invariant spaces
on R™ (compare, e.g., [2]).

Lemma 4.1. If ¢ € W(C, L") and c € £*(T'), then the function f =3 pciLyp
belongs to W(C, L?) and

(4.6) I fllwcey < llelleamllellween)-

PROOF. Let [#(7) i= sup,p | f(v2)] and ¢#(7) = sup,cy [¢(72)| be the (left)
local maximum functions of f and ¢. We have

fH(v) = sup|f(ve)|

zeU

= sup| Z cyLyp(ve)|

zeU ~eT

< > eyl sup (7™ 'va)|

~er S

= D lele? () = (e x o*) ().

~€r
Now Young’s inequality implies that
el * o* [lexry < llelleaylle™ lla ).
Hence
Ifllwe=ey = 1/ lew < lle* e lle
< Nlelemlle™llaw = lellemllelwen.
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To see that f =
of I'. Set

~er CyLy is continuous let 0 : N — I' be an arbitrary enumeration

N
fn=) Cmblome = Y oLy
n=1

veo({1,-,N})
and denote by
cn = cc Lp(qa,N))
the sequence with terms cy, = ¢, if v € o({1,..,N}) and ¢y, = 0 if v ¢
c({1,..,N}). By Lemma and equation (4.6)), it follows that
If = Inllee@y < Clf = Inllwiees
C'Nf = fnllwice

C/H Z(Cv - CNW)LVSOHW(C,@)

~yel
C”HC — CNng(p) —0

IA A

IN

as N — oo. Thus f is continuous as the uniform limit of the continuous functions

I
O
Corollary 4.2. Let ¢ € W(C, L"), then
V() € W(C, L?) € L*(G).
If ¢ additionally has the Riesz basis property, then, for all f € V?(p), we have the
norm equivalence
1122 = llclle@y < | fllwce.-

PROOF. Recall from Lemma m that W(C,L?) C L*(G) with | f|2@) <
C|| fllw(c,2)- Lemma [4.1] now implies the inclusion V() C W(C, L?) C L*(G).
If f= Z'yef cyLyp € V2(p), then Lemma and the Riesz basis property of ¢
imply that

122 < Clifllwic,ezy < Cllclemllelween) < C'Nl fllzz e el c.eny-
O

Lemma 4.3. Suppose that ¢ € V?(p) has the Riesz basis property. Then there
exists a unique ¢ € V*(p), the so-called dual generator, such that (L,p, L) = 0,
for all v,v € I'. Consequently,

= Z<f’ Ly@)Lyp = Z<f7 Lyp) Ly

yer vyel

for all f € V() ({L @} er is the dual Riesz basis for {L,o} er in V(p)).
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PROOF. Since {L ¢} er is a Riesz basis for V?(p), there exists a unique se-
quence {g, },er in V() such that (g,, L ) = 0, = 6,(7) for all 7,v € T (Lemma
3.11)).

Set ¢ := g. € V*(p), then, for all v,v € T,

<LV§57 L’Y@) = <¢7 LV*1’7S0> = 56(V_17) = sz(se(’y) - 51/(7)

By uniqueness of the dual Riesz basis, {g, }ver = {L,@}er.

In the following we additionally assume that the generator ¢ satisfies

: 2
(4.7) inf > L) = a > 0.

yerl

Condition (4.7 prevents pathological examples of spaces V2(¢) where all functions
in V2(¢p) vanish simultaneously on some subset of G.

Lemma 4.4. If o € W(C, L") satisfies condition , then there exists some
N > 0 such that, for everyv € T,

(4.8) inf Y L) > % =o' > 0.
yeI'NBy (v)

PROOF. Since ¢ € W(C,L'), the local maximum function ¢# defined by
o (y) = sup,cy |e(yx)] is in £1(T") C ¢*(T). So we can choose N > 0 such that

(4.9) e*(7)? <
Y€\ By (e)

v 2

Let v € T be arbitrary and let x = vu € vU. Then

(4.10) S L@ = Y ety )l
~eI'\By (v) ~eT\Bn (v)
= > ey )P
YEM BN (v)
= D et u)P
n€M\By (e)
= Y ()
n€r\By (e)
< ) suple(ny))
neM\By (e) V<Y

= Y ter<s

ne€l\Bn (e)
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By the assumption (4.7) and inequality (4.10|) we therefore obtain that

Z |L790(17)|2 = Z |LW90("E)|2 - Z |L7g0(:)3)|2
yeINBy (V) yer vEM BN (v)
S a
a——==—.
- 2 2
Since x € vU was arbitrary, it follows that
inf L 2> %
it 3 ()P > 5

zevU
~yeI'NBy (v)

4.2. Sampling and Interpolation

Definition 4.5. (i) A set X C G is called a set of sampling for V*(ip), if there
exist constants 0 < A < B < oo such that, for all f € V2(y),

AlIFIP < Y 1FO)PP < Bl

x€X
(i) A set X C G is called a set of interpolation for V?(ip), if for every sequence

a = (ay)yex in £*(X) there exists a function f € V?(p) such that f(x) = a, for
all y € X.

As in the theory of shift-invariant spaces on R", the space V2(¢) turns out to be a
reproducing kernel Hilbert space, which allows a transition from sets of sampling
and interpolation to frames and Riesz sequences of reproducing kernels. Again
large parts of the theory can be conducted in analogy to the theory on R™ [1], [2].

Proposition 4.6. Let o € W(C, L') and assume that © has the Riesz basis property
and satisfies condition .

A subset X C G is relatively separated if and only if there exists a constant B > 0
such that

(4.11) SO < BIf 22

xEX
for all f € V%(p).

PROOF. (=) Since X is relatively separated, there are at most K sampling
points x in each translate YU of U, so

ST = >0 > 1P

x€X yel' xeXNyU
< Y K sup |f(x))

~er xzeyU

= KY_sup|f()* = K| £l

~eT zelU
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Now Corollary [£.2] implies that
Z FOOI? < KHfHIQ/V(C,Z?) < KHfH%?(G)'

XEX
(<) By Lemma there exists some N > 0 such that, for every v € T,
(4.12) inf > L) = >0.

~EPNBy (v)

Let n := |I'N By(e)| denote the number of lattice points in By(e). For every
vel,

N By(v)| = [vI'NvBy(e)| = |v(I'N By(e))| = |I'N By(e)| =n.
Let B denote the constant in inequality (4.11)). For arbitrary v € I' we show that

Bn
(4.13) (X NvU| < —Fllellzz o)
First we use inequality (4.11)) for f = Lo € V() to obtain that

> el <D ()P < BlLyvel iz = Blleliz
xeXNvU x€X
for every v € I'. It follows that

(4.14) Yoo k0P < Y Blelixe

vyel'NBy (v) xeXMvU ~vyeI'NBy (v)
= nB|ell72 -
On the other hand, it follows from property (4.12)) that

(4.15) D S ] G | S N N - OO O

vyeI'NBy (v) x€XNvU x€XMwU yeI'NBy (v)
> E o =|XnNnvUld.
xeEXNvU

Now the inequalities (4.14]) and (4.15) combined yield the desired upper bound
(4.13). Since v € I" was arbitrary,

Bn
IIEIEaIz(’X NvU| < FHWHLQ(G)'

Therefore X is relatively separated by Lemma [1.25]

O

A Hilbert space H of continuous functions on G is called a reproducing kernel
Hilbert space, if for every x € G the point evaluation f +— f(z) is a bounded linear
functional on H.

The Riesz Representation Theorem then implies that for every x € G there exists
a unique function K, € H satisfying f(x) = (f, K;). The functions {K,} C H are
called the reproducing kernels.
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Proposition 4.7. Let o € W(C,L'). Assume that p has the Riesz basis property
and denote the dual generator by ¢.

(a) The space V*(ip) is a reproducing kernel Hilbert space.
(b) The kernel functions K, x € G, are ezplicitly given by

(4.16) K. =) oy )L,
~vel

(c) The map z +— K,, G — V?(p) is continuous.

PROOF. (a) It follows from Proposition applied to the set X = {z} that

|f(@)] < Cllfllr2
for all f € VZ(y).

(b) Applying Proposition to the set X = {y~'z : v € T'} we obtain that the
sequence (¢(y7'x)) er belongs to ¢2(T'). Tt follows that the function

Ky =) cpp(yv~tz) L@ belongs to V?(¢p) and that, for f =3 e, L, € VZ(p),

oK) = (3 el Y w0 w)L,e)

vell vyel

= Z Z Cu@(V_lx) (Lue, LV@>

vel' yel'

= ZC,,LZ,QO(QZ) = f(x)

vel
by the biorthogonality of {L,¢},er and {L @} er.
(c) Let o € G and € > 0 be arbitrary. We need to find some § > 0 such that
”Kz — K$Q||L2(G) < €

for all x € Bs(zp). Using the formula (4.16)) for the kernel functions K, we note
that

(@17 K= Kallire = | S0 = et )L,
er
< llze Y le(vz) — o(v o).

yel’

Since p € W(C, L'), there exists some N > 0 such that

(4.18) > suple(yu)| <

+e\By (e) “<Y Sllella
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Consider the ball By(xg) of radius one around xq. Since Bj(xg) is relatively com-
pact, there exists some Ny > 0 such that

(4.19) Bi(zg)C |J wU.
veNBy, (e)
Let R > Ny + N. For all v € By,(e) it follows that
Bn(e) € Br(v™1).
Indeed, if z € By(zg) and v € By,(e), then also v~ € By,(e) and thus
div™',2) <d(v "' e)+dle,z) < Ng+ N < R.

By inclusion (4.19), each x € By (zo) can be written as # = vu for some v € By, (e),
u € U. Thus

(4.20) Yooyl < Y suple(y i)

€T\ Br(e) M\ Bg(e) “EY

= ) suple((vy) M)l
ve\Br(e) “SY

IA
0N
o
=
5
3
£
A
™

ne€lr\Bn (e)

We now continue our initial estimate by splitting the infinite sum in inequality
(4.17)) into a finite part and a small remainder, that is,

1Ke = Kogllz < 1812 ) (37 ) = oy 0)|

vel
—lgl( Y e — e+ Y e i) = e(r M)l
+EMNBR(c) +EN\B(e)
Slls??lla( Yo () —e m) + D ()l + ) |<P(7_1$0)|>
yelNBg(e) YEM\Br(e) v€M\Bg(e)
2¢e . _ _
<THlel: D le(r'a) = ey wo)l,
veI'NBg(e)

where the last inequality follows from the above estimate (4.20]). Since the generator
@ is continuous, we can choose 0 < § < 1 such that

> le(r ) — (v )| <

’YGFOBR(B)

9
3122

for all z € Bs(xo). Putting things together we finally conclude that
HK:B - K:Co||2 <ée

for all x € Bs(x).
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With the notion of reproducing kernels we can restate Proposition 4.6| as follows.

Corollary 4.8. Let ¢ € W(C, L') and assume that ¢ has the Riesz basis property
and satisfies condition . A subset X C G 1is relatively separated if and only if

the associated family I = {K, } ex of reproducing kernels is a Bessel sequence in
V2(p).

PRrROOF. Since f(x) = (f, K,) for all y € X, the inequality (4.11)) in Proposition
is precisely the Bessel condition for K = {K, },ex.
[l

Proposition 4.9. Let o € W(C, L") and assume that ¢ has the Riesz basis prop-
erty. If a subset X C G is a set of interpolation for V2(p), then X is relatively
separated.

PRrROOF. Since f(x) = (f,K,) for all x € X, a subset X C G is a set of
interpolation for V?(¢) if and only if the family K = {K, },cx is a Riesz-Fischer
sequence in V?(p) (compare Definition (ii) and Definition [3.3). By Lemma
, the property of K = {K, },ex forming a Riesz-Fischer sequence in V?(y) is
equivalent to the existence of a constant A > 0 such that the lower Riesz inequality
(4.21) Al < | D ek

XEX

2

L2(G)

holds for every finite sequence ¢ = (¢, )yex. In particular, if X is a set of interpo-
lation for V2(y), then

(4.22) 1Ky — Ky 2 > A7V2

for all x # ¥’ € X. By the continuity of the map = — K,, G — V?(p) (Proposition
4.7 (c)), it follows that d(x, x’) > ¢ for some 6 > 0. Thus X is relatively separated.
O

Furthermore, we can also translate the properties of X being a set of sampling
or interpolation into statements about the associated family K = {K,},ex of
reproducing kernels.

Proposition 4.10. Let o € W(C, L') and assume that ¢ has the Riesz basis prop-
erty. Let K = {K, },ex be the family of reproducing kernels associated to a subset
X of G.

(a) The set X is a set of sampling for V() if and only if the family
K ={K,}yex is a frame for V2(yp).

(b) The set X is a set of interpolation for V() if and only if the family
K = {K,}yex is a Riesz sequence in V*(p).
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PRrROOF. (a) follows directly from the definitions, because f(x) = (f, K,) for
X € X.

(b) As already noted in the previous proof, a subset X C G is a set of interpolation
for V() if and only if the family K = {K, },cx obeys the lower Riesz inequality.
Proposition [4.9]in this case implies that the set X is relatively separated, a property
which further implies the Bessel condition for the associated family I = {K, },ex
of reproducing kernels (Corollary . But the Bessel condition for K = {K, },ex
is equivalent to the upper Riesz inequality by Lemma (3.2l Thus the assertion
follows.

O

4.3. Homogeneous Approximation Property and Density

Now that we have converted the sampling and interpolation problem into a ques-
tion about frames and Riesz sequences indexed by discrete subsets of G, we want to
employ the abstract Comparison Theorem from Chapter 3 (Theorem to derive
necessary density conditions for sampling and interpolation. To meet the assump-
tions made in Theorem [3.13| we need to establish the Homogeneous Approximation
Property.

Proposition 4.11 (Homogeneous Approximation Property of £). Let ¢ € W(C, L')
and suppose that the set of left translates € = {L,p} er forms a Riesz basis for
V2() with dual Riesz basis € = {L,p}yer. Let K = {K, }yex be a set of reproduc-
ing kernels in V2(p). Then & has the Homogeneous Approzimation Property with
respect to IC, that is, for every e > 0 there is an N. > 0 such that for each x € X
we have

dist(K,,span{L,p : v € I'N Bn.(x)}) < e.

PROOF. Since ¢ € W(C, L'), the (left) local maximum function ¢# defined by

¢7(7) = sup,ey |p(7y2)| is in £1(T) C ().
Let Ny > 0 be such that U C By, (e). Given € > 0, choose N. > Ny > 0 such
that

Yo () < A,

YEM\BN. —nNy; (€)

where A is the lower frame bound for & = {L, ¢} er.

For each xy € X we have the expansion

Ky = Z<Kx’ Lyo)Lyp.

~yel
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Therefore
2
dist(K,,span{L,@ : v € TN By.(x)})* < HKX— Z (Ky; Lyp) Ly @ @)
~v€T'NBp, (x)
2
= K,,L o)L, @
H 2 AR L)Ly L2(G)
YEM\Bn, (x)
1
< 1 Z ‘(Kva@’Z
WGF\BNE(X)
1 _
(4.23) = 5 2 Il
~veT\Bn, (x)

Since I' is a lattice with fundamental domain U, we can assign to each y € X a
unique element v, € I' such that x € v, U.
Recall that v, U C v, By, (€) = By, (Vy), s0 x € By, (vy). Thus, for every N > Ny,

By-_ny (vy) € Br(X)
and consequently
F\BNE (X) g I‘\‘BJVE_JVU (VX>'

Now continue the above estimate (4.23]) as follows,

. i 1 .
dist(K,,span{L,3 : v € I N Bx.(x)})* < 1 Z le(v ")
’YEF\BNE(X)
1 _
< o2 kP
YEM\BN. -~y (¥x)
1 _
N St

YEMBN, -~y (Vx)

" (') ™)
YE\(vx BN, — Ny, (€))
PR A
nEM\BN, -y (€)
1
= 7 Z p*(n)?* <e.

WGF\BNE —Ny (e)

| e

|
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If the set K = {K, },ex of reproducing kernels forms a frame for V?(¢), then we
may similarly derive the Homogeneous Approximation Property of K with respect
to £.

Proposition 4.12 (Homogeneous Approximation Property of K). Let o € W(C, L)
and suppose that ¢ satisfies condition . Further suppose that the set of left

translates € = { Lo} er forms a Riesz basis for V().

If the set of reproducing kernels K = { K, } ex is a frame for V*(p) with dual frame

{IN(X}XeX, then IC has the Homogeneous Approximation Property with respect to &,

that is, for every € > 0 there is an N. > 0 such that for each v € T" we have

dist(L,ep,span{K, : x € X N By.(7)}) < ¢.

PRrROOF. By Corollary , the assumption that the family K = {K, },ex is a
frame for V2(yp) implies that the index set X C @ is relatively separated. Thus

max | X NyU| =: K < oco.
yel’

Since p € W(C, L), the (left) local maximum function ¢# defined by
o7 () = sup,cy |e(yr)] is in £1(T) C ¢3(T). Let Ny > 0 be such that U C By, (e).
Given € > 0, choose N, > Ny > 0 such that

> etar <

YEM\BN. —nNy; (€)

where A is the lower frame bound for the frame of reproducing kernels {K, } ex.

For each v € T" we have the frame expansion

Lyp =Y (Lo, KKy =Y o(v 0K,y

XEX x€X
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Therefore

~ 2
dist(Lyg, span{ Ky : X € X 1 By} < |

Lyp — Z (Lyp, KX>KX

L2(G)
XEXQBNE(’}/)
-2
= H Z (L, Ky ) K 12(0)
XEX\Bn, (7)
1
< A Z ’<L7907Kx>|2
X€X\Bn,. (7)
1 _
<52 > (P
veEl'\ By, —ny (7) x€X0wU
K
l # (12
<< 2 ¢
Z/GF\BNE,NU(’)’)
K
- By e

HGF\BNE ,NU (e)

O

Corollary 4.13. Let ¢ € W(C, L") and assume that © has the Riesz basis property
and satisfies condition .

(a) If X C G is a set of interpolation for V*(p), then

DH(X) < %

A
(b) If X C G is a set of sampling for V*(y), then
1

D™ (X)> ———.

)
PROOF. Let K = {K, }yex be the family of reproducing kernels correspond-
ing to X and let £ = {L,¢},er be the Riesz basis of left translates spanning V?(¢).

(a) By Proposition , & has the Homogeneous Approximation Property with
respect to K. Since X C G is a set of interpolation for V2(), the family

K = {K, }yex is a Riesz sequence in V*(¢) (Proposition[4.10). Therefore the Com-
parison Theorem (Theorem applied to the frame £ and the Riesz sequence K
implies that

DH(X) < D*(T) = ﬁ



64 4. SAMPLING AND INTERPOLATION IN SHIFT-INVARIANT SPACES

(b) If X C G is a set of sampling for V?(¢p), then the family K of reproducing
kernels is a frame for V2(p) (Proposition [4.10). In this case K has the Homo-
geneous Approximation Property with respect to the Riesz basis £ (Proposition
. Again the Comparison Theorem (Theorem [3.13]), now applied to compare
the density of the frame I to that of the Riesz basis £, gives the desired result

D=(X) > D~(T) = ﬁ



CHAPTER 5

Coherent Frames

The most prominent examples of frames in applications, the Gabor frames and
wavelet frames, are generated from a single vector under the action of a square-
integrable (projective) group representation of a locally compact group.

Generally, frames that arise as subsets of the orbit of a (projective) square-integrable
group representation are called coherent frames [19].

The existence of coherent frames for (square-) integrable group representations of
locally compact groups was settled in the context of general coorbit theory [26]
(see also [10] for a version with projective representations).

A Homogeneous Approximation Property for frames in the orbit of square-integrable
unitary representations was established in [28]. However, on general locally com-
pact groups a suitable notion of density to derive a theorem for the comparison of
the densities of frames and Riesz sequences is missing.

In the realm of homogeneous groups we can work with the density defined in Chap-
ter 2 and employ the abstract Comparison Theorem derived in Chapter 3.

5.1. Definitions and Prerequisites

First we collect some necessary definitions and prerequisites about projective rep-
resentations [36], [47].

Let G be a homogeneous group. Let H be a separable Hilbert space and denote
by U(H) the group of unitary operators on H.

Definition 5.1. A (continuous) projective representation of G on H is a strongly
continuous mapping 7 : G — U(H) such that

(ii) There exists a continuous function p: G x G — T such that

m(zy) = p(x, y)m ()7 (y)
for all z,y € G.

The mapping 7 is called a unitary representation of G on H if

(e, y) =1
65
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for all z,y € G.

We will always deal with continuous projective representations and simply call
them projective representations.

The function u, which is often called the multiplier of m, must satisfy
(a) p(z,e) = ple,x) =1 for all x € G,

(b) ple,y=)uly, =) = play, 2)u(e,y) for all z,y, = € G.

It follows from (a) and (b), by taking y = 27!, z = z, that
(c) p(z,2™) = p(z~t, ) for all z € G.

Further note that

(5.1) m(2)" = m(2)" = ple,z (27"

for every x € G, because 7(z) is unitary and, by (c),
I=n(e) =m(za™") = p(z,a™)m(z)m(z™"),

I=n(e)=n(z'2) = p(z, 2 Hr(z" Hr(z).

Definition 5.2. A linear subspace W of H is said to be w-invariant if w(x)W C W
for all z € G. A projective representation m of G on H is called irreducible if the
only closed m-invariant subspaces are {0} and H.

A projective representation m of G on H is square integrable, if for every f,g € H
the representation coefficient V, f : G — C, defined by

Vo () = ([, m(2)g),
is in L*(G).

Note that for every f,g € H the representation coefficient V,f is a continuous
function on G, because the map 7 : G — U(H) is strongly continuous.

Definition 5.3. Two projective representations 71, mo of G on Hilbert spaces H,
‘Ho respectively are called projectively equivalent if there exists a unitary operator
U:Hy — Hs and a function v : G — T such that, for all z € G,

(5.2) ma(2)U = v(z)Um ().

Two unitary representations 7, mo of G on Hilbert spaces Hi, Ho are called uni-
tarily equivalent if equation (5.2)) holds with v(z) =1 for all z € G.

The representation coefficient obeys the following covariance property.
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Lemma 5.4. Let © be a projective representation of G with multiplier 1 on a
Hilbert space H. Then

(5.3) Vo(m() /)() = u(y, y~'2) Ly (V, f)()
forallz,y € G and f,g € H.

PROOF. Let z,y € G and f,g € H. Since 7(y)* = 7(y)~
we calculate

Vo(m() f)(x) = (n(y)f,m(x)g)
= (f,7(y) "7 (x)g)
= (f,uly,y Hm(y~m(x)g)
(fu(y,y uly=" z)m(y = x)g)
u(y,y Dy~ 2)(f,mly ' 2)g)
= wly,y Dy o)V f(y ' x)
(5.4) = puly,y Dy 2) Ly(Vef)(2)

Using the properties (a) and (b) of the multiplier © we get

1 1

w(y,y™ ) = ple,2)wly,y ") = plyy " 2)uly,y ") = ply, y 'o)uly ™, ).

Therefore we can simplify equation (5.4) to
Vo(m () ) (@) = ply, y~2)Ly(Vy f)(2).
O

We single out the subspace of H that is mapped into the space W (C, L?) under V.

Definition 5.5. Let 7 be a square-integrable projective representation of G on a
Hilbert space H. Define

N ={feH:V,f € W(C,L?) for all g € H}.

Lemma 5.6. Let m be a square-integrable irreducible projective representation of
G on a Hilbert space H. The set N forms a dense subspace of H.

PROOF. We show that N is a non-trivial w-invariant subspace of H. The irre-
ducibility of 7 then implies that N is a dense subspace of H.

Let 0 # ¢ € C.(G) and 0 # f € H be arbitrary. Similar to a construction in |20]
we set

fi=n(p)f = /G o) (y) fdy.
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We claim that V,f’ belongs to W(C, L?) for all g € H, that is, f/ € N, and so
N #£{0}.

From the definitions and the covariance property of V, (Lemma it follows that,
for arbitrary g € H,

(5.5) Vof'(x) = (m(p)f,m(x)g)

Then

(5.6) Vol ()] =

/Gso(y)%f(y‘lx)u(y,y‘lw)dy

< /GISO(y)Hng(y‘lfv)\dy
= (el * [V, f]) (z).

Since 7 is square integrable, i.e., V,f € L*(G), and ¢ € C.(G) C W(L>®, L"), it
follows from Corollary that

|| % |V, f| € W(L>®, L") x L*(G) C W(L™®, L?).

By equation (5.6), |V, f'| < || x|V, f| € W(L>,L?). Since V,f" is continuous,
V,f € W(C, L*). Since g € H was arbitrary, f' € N. Thus N # {0}.

To see that A is w-invariant, let f € N be arbitrary. We need to show that
7(y)f € N for all y € G. So for arbitrary g € H and y € G we need to show that
Vy(m(y)f) € W(C, L?). By Lemma [5.4] we have, for z € G,

Vo(m() f)(z) = ply, y= o) Ly (V) (2)
and therefore
\Vo(m() )] = |Ly(VaS)I-

Since V,f € W(C, L*) and W(C, L?) is invariant under left translation (Lemma
1.28 (a)), it follows that also V(7 (y)f) € W(C, L?), that is, 7(y)f € N.
U
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5.2. Homogeneous Approximation Property and Density

Coherent Bessel sequences are indexed by relatively separated sets.

Lemma 5.7. Let m be a square-integrable irreducible projective representation of
G on a separable Hilbert space H. If 0 # g € H and X C G are such that
G = {n(x)g : x € X} is a Bessel sequence in H, then the set X is relatively
separated.

PROOF. The proof is similar to the second part of the proof of Proposition [4.6]
Choose some f € H with [|f|lx = 1. Note that ||7(y)f||% = 1 for all y € G and
recall from Lemma [5.4] that

(m W) f, )| = 17w x)a)] = Ve f (™).

The representation coefficient V, f is not identically zero and continuous on G, so
it must be bounded away from zero on a ball Bg(a) for some R > 0 and a € G,
that is,

(5.7) e:= inf )|ng(z)| > 0.

2€BRr(a

We argue by contradiction and assume that X is not relatively separated. Then
for arbitrary n € N there exists some g € GG such that

|X N Br(g)| > n.
If x € Br(g) = gBr(e), then g~'x € Bg(e) and hence ag~'x € Bg(a). Therefore,

(5.8) ne? < Y [Vaflag )P < VoS lag )P

XE€XNBr(g) X€X

On the other hand, if B denotes the Bessel bound for the system
G ={n(x)g: x € X}, then

(5.9) S WVaflag™)lP = D [m(ga ) f, m(x)g)I

X€X XEX
< Blr(ga™")fI3 = B.

Since n € N was arbitrary, the inequalities (5.8) and (5.9) combined yield a con-
tradiction.

O

Coherent frames possess some intrinsic Homogeneous Approximation Property as
was already noted by Grochenig for unitary group representations and a special
class of atoms [28]. We provide a modification of his proof to our setting of projec-
tive representations of homogeneous groups and remove the assumption that was
imposed on the atom in |28].
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Proposition 5.8 (Homogeneous Approximation Property). Let m be a square-
integrable irreducible projective representation of G on a separable Hilbert space H.
Let g € H and X C G be such that G = {m(x)g : x € X} is a frame for H and
denote its dual frame by G = {gy : x € X}.

Then G possesses the Homogeneous Approximation Property, that is, for every
f € H and € > 0 there exists a constant N = N(f,e) such that, for every x € G,

dist (7 (z) f, span{g, : x € X N By(2)}) <.

Proor. We first prove the Homogeneous Approximation Property for the dense
subspace N (Definition and then extend to all of ‘H by continuity.

Let f € N be arbitrary. Let V be the symmetric relatively compact subset of G
used to define the local maximum function, that is,

f#(x) = sup [f(y)],

yexV
and let Ny > 0 be such that V' C By, (e).

Since the index set X of the frame G = {7 (x)g : x € X} is automatically relatively
separated by Lemma [5.7] it follows from Lemma that

C :=sup Z 1,v(z) < oo.

zeG YeX

By the definition of the subspace A, the representation coefficient V,f belongs
to W(C, L?), put differently, (V,f)# € L?*(G). So given € > 0, we can choose
N = N(f,¢) such that

4 AN(V)e?

where A is the lower frame bound of the frame G.

For arbitrary y € G consider the frame expansion of 7(y)f with respect to the
frame G, that is,

T f =D _(m)f,7(x)9)gx-

x€X

Then
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Note that the set 31X = {y 'y : x € X} is also relatively separated and

sup Z ) = sup Z 1y-1,v(x) = sup Z 1,v(z)=C.

zeG

dist(ﬁ(y)f, span{g, : x € X N BN(Q)})2

vey~!

:[I-UV(
X

2

<[ X @@hr0g

XEXNBN(y)

_ H > T W) m(x)9)9x

XE€EX\Bn(y)

2

[(m(y) f.m(x)g) |
[(f (v ) 9))?
Vo f (v~ %)

1
i
AR

vE(Y ' X)\Bn (e)

xEG’XeX xerex

Thus we may apply Lemma and obtain, by the choice of N, that

dist (m(y) f, span{g, : x € X N BN(?J)})2

1
<o Y ISP
vey~ ' X\By(e)

)
< — V, [)#(x)%dx < 2.
A)\(V) G\BN_NV(3)< g9 ) ( )

So the Homogeneous Approximation Property is established for f € N.

Now let f € H be arbitrary. Since N is dense in H (Lemma , we can choose
f in N such that ||f — f|lx < £. Take N := N(f,¢) to be the natural number

2

N( 1, 5) that satisfies the Homogeneous Approximation Property for f and 5, that

is,

N :=N(f,e) =N(f,5).

2



72 5. COHERENT FRAMES
With the temporary notation W := span{g, : x € X N By(y)} we get
dist (W(y)f, W) = |dist (W(y)f, W) — dist (’/T(Q)f, W) + dist (7r(y

<

\F.w)|
dist (W(y)f, W) — dist (ﬂ(y)f, W)‘ + dist (W(y)f, W)
<|Ir()f — (W) flla + dist(x(y) f, W)

= |If = Flla + dist(n(y) W) < 2 + g =,

because dist is continuous and 7(y) is unitary.

O

Corollary 5.9. Let m be a square-integrable irreducible projective representation
of G on a separable Hilbert space H.

Let g € H and X C G be such that G = {m(x)g: x € X} is a frame for H and let
p€H andY C G be such that € = {n(v)p :v € Y} is a Riesz sequence for H.
Then G has the Homogeneous Approzimation Property with respect to € and

D (Y)< D (X) and D(Y)<D'(X).

PROOF. Given € > 0, set N, := N(¢,¢). Then, for all v € Y,
dist (7(v)¢, span{g, : x € X N Bn.(v)}) < e.

Thus G has the Homogeneous Approximation Property with respect to £ in the
sense of Definition [3.12] By the Comparison Theorem [3.13]it now follows that

D (Y)< D (X) and D*(Y)<DH(X).

5.3. Examples

Some words about the assumptions on the representations are in order. For a
(projective) representation 7 of a unimodular group G on a Hilbert space H the
existence of a ‘well-spread’ subset X C G and an atom g € H such that the system
{m(x)g : x € X} is a frame for H implies that the representation 7 has to be
square-integrable (see, e.g., [4]).

However, for a connected and simply connected nilpotent Lie group N no irre-
ducible unitary representation 7w can be square-integrable. If Z is the center of N,
then it follows from Schur’s lemma (see, e.g., [15], p.130) that

7|z = xI

for some one-dimensional representation xy : Z — T, called the central character.
For 0# f,g € H and z € Z,x € N we then have

(5.11) |(f, m(zz)g)| = [X(2)I(f, m(2)g)| = [{f, =(x)g)],
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so the representation coefficient V,f is constant on Z-cosets. Since Z = R* for
some k € N, the representation coefficient V, f is not in L*(N).

Nevertheless one can still hope to find projective square-integrable representations
of connected and simply connected nilpotent Lie groups.

In the classical representation theory of nilpotent Lie groups it is customary to
extend the notion of square-integrability in the following way [37].

Definition 5.10. An irreducible unitary representation 7 of N on H is said to
be square integrable modulo the center Z, if for every f,g € H the function |V, f|,
which is constant on Z-cosets by equation (5.11)), is in L*(N/Z).

Furthermore, every unitary representation 7 of N gives rise to a projective repre-
sentation of N/Z in a natural way.

Let g : N — N/Z denote the quotient map, and for x € N let © = ¢(z) = 2 Z denote
the left coset. Choose a (continuous) section s for ¢, that is, a map s : N/Z — N
such that g o s = idyyy.

Lemma 5.11. If 7 is a unitary representation of N on a Hilbert space H, then the
map
(5.12) 7:N/Z - UH), 7(E) :=m(s(x))

is a projective representation of N/Z on H.

PROOF. Define
C:=C(:N—Z, ((x):=s(i) .
Then every x € N can be written as z = s(2)((x) € s(N/Z) - Z.
It follows that

(5.13) s((zy)) = wyClay) ™" = s()s(§)¢ ()¢ (y)¢ (wy)
Therefore
#(dg) = #((xy)) = 7(s((2y)))
= 7(s(#)s(9)C(x)C(y)¢ (xy) ™)
= x(C(2)¢(y)¢ (zy)m(s(2))m(s(5))
= X(C(2)¢(y)¢(zy) 7 (2)7(Y).

So 7 is a (continuous) projective representation of N/Z with multiplier

(i, 5) = x(C(2)¢(y)¢(xy) ™).
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Furthermore, one can show that different choices of the section yield projectively
equivalent projective representations (see, e.g., [3]).

Note that unitary representations of a connected and simply connected nilpotent
Lie group N that are square integrable modulo the center Z yield square-integrable
projective representations of the group N/Z, which is again a connected and simply
connected nilpotent Lie group.

Thus we can resort to the well-understood representation theory of nilpotent Lie
groups to find suitable examples for our analysis. The irreducible unitary repre-
sentations of nilpotent Lie groups are classified by Kirillov theory [13], those which
are square-integrable modulo the center are characterized by the results of Moore
and Wolf [37].

For nilpotent Lie groups of dimension up to 6 all the irreducible unitary represen-
tations were explicitly calculated by Nielsen and listed in [38] together with other
relevant data used for their construction.

In the following we select some suitable low-dimensional examples of nilpotent Lie
groups from [38] and derive necessary density conditions for the coherent frames
and Riesz sequences in the orbit of the associated square-integrable projective rep-
resentations.

Not surprisingly, we want to make use of the Homogeneous Approximation Prop-
erty for coherent frames (Proposition and employ the resulting Comparison
Theorem for coherent systems (Corollary . To obtain good density thresholds
we need to compare with the density of a Riesz basis. So the main task is to find
a Riesz basis in the orbit of the given square-integrable projective representation
and calculate its density.

First we review the well-known example of (irregular) Gabor frames. These are
frames in the orbit of the projective representations of R? that are deduced from
the Schrodinger representations of the Heisenberg group.

Example 1. Recall the Heisenberg algebra h = RX; + RX, + RX3 with non-
vanishing Lie bracket
[X?n XQ] = Xl-

The corresponding connected and simply connected Lie group H in Malcev coordi-
nates is R® with the multiplication law

(1,22, 23) (Y1, Y2, y3) = (X1 + Y1 + T3Ya, Ta + Yo, Tg + Y3).

The irreducible unitary representations of H on L?(R) that are square-integrable
modulo the center Z = R x {0} x {0} are parametrized by £ € R, £ # 0, and given
by
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Te (@1, 2, 23) () = 62”5(“1""32’5%(25 — x3).

The quotient group H/Z is isomorphic to R? with the usual addition.
The representations m¢ give rise to irreducible square-integrable projective repre-
sentations of R? on L?(R), which we also call 7¢, via

e (1, 22)p(t) = e 2T Gt — 1y).

Lemma 5.12. Let ¢ = 1, where Q = [0, 1], and X, = %Z X 7.
The system {me(x)¢ : x € X¢} forms an orthonormal basis for L*(R).

ProoOF. [11], p. 71, Example 3.5.3

Lemma 5.13. The set X; is a lattice in R* with density D(X¢) = |¢|.

PROOF. This is well-known (and also follows from Proposition [2.7).
O

Since an orthonormal basis is both a frame and a Riesz sequence, Corollary
together with Lemma and Lemmal5.13]implies the following density thresholds.

Corollary 5.14. Let g € L*(R) and X C R%

(a) If the set {me(x)g : x € X} is a frame for L*(R), then
D=(X) = [¢].
(b) If the set {m¢(x)g : x € X} is a Riesz sequence in L*(R), then
DT(X) < [¢].
(c) If the set {m¢(x)g : © € X} is a Riesz basis for L*(R), then
D™(X) = D*(X) = [¢].

The statement of Corollary somehow differs from the density theory of Balan,
Casazza, Heil and Landau [5], where the critical density that separates frames from
Riesz sequences is always equal to one, regardless of the specific structure of the
investigated frames and Riesz sequences. This is due to the fact that in [5] a nor-
malized version of the Beurling density is used.

As an illustration of how the dependence of the critical density on the parameter of
the representation already implicitly occurs in the existing literature, we review the
connection of Gabor frames with Gaussian window to sampling and interpolation
in the Bargmann-Fock Spaces (confer, e.g., [27], p. 53).
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Sampling and Interpolation in the Bargmann-Fock Spaces.

Definition 5.15. For £ > 0 the Bargmann-Fock space F¢ is defined to be the
Hilbert space

Fe = {F entire on C: §/ |F(2)]2e ™7 dz < oo}
c

:g/CFzG

Definition 5.16. The Bargmann transform of a function f on R is the function
Bef on C defined by

with inner product

77T£|Z dz

Bff( }l\/f 27r§tz 7r§t2——z dt.

The Bargmann transform By is a unitary operator from L?*(R) onto F¢
(see, e.g., |49], p.222).

Let @¢(t) = (2{)%6*”5"2. If we write z = x5 + iz, then

(5.14) (f, me(w1, 2)pe) = €™ Be f(2)e”

% |2f2

Indeed,

emgmlszgf(z)e—%f\zlz
_ pritoia — e 4ad) (9¢) / F(t)erétartiz) —ner = (arrim)? gy
i/f 27m§a:1t p2méwat = mE? —mEx 1y
i/f )e2ricmt e TE(t—22)? 1y

- / F(t)e gt — )t
R
= <f> 75(1’17332)%09-
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Definition 5.17. (i) A set A of complex numbers is a set of sampling for F¢ if
there exist positive numbers A and B such that, for all F' € F,

—7€|z|?
(5.15) AF|I5, <Y IF())Pe ™ < B|IF||%,.
zEA

ii) A set A of complex numbers is a set of interpolation for F¢ if for every sequence
13

a = (a)sea € (*(A) there exists a function F € F such that e’%ﬂZ‘QF(z) = a, for
all z € A.

As a consequence of Corollary and equation ([5.14]) we recover Seip’s necessary
density conditions for sampling and interpolation in the Bargmann-Fock spaces
), [42).

Corollary 5.18. (a) If a subset A C C is a set of sampling for Fe, then
D (A) > €.
(b) If a subset A C C is a set of interpolation for Fe,, then
D(A) <&

PROOF. (a) Since the Bargmann transform B : L?(R) — F¢ is unitary, we can
rewrite the sampling inequality (5.15]) as

Al fl72my = AlBeflF < Y 1Bef(2)1Pe ™ < B Bef |13, = Bl fll 72
z€A
for all f € L*(R). By equation ([5.14)), it follows that
AllflFew < Y Kfsme(@r, 22)pe)* < Bl flI7x)

xo+ir1EA

for all f € L?(R). This means that the system {m¢(z1,22)p¢ : 2o +iz; € A} is a
frame for L?(R) and thus D~ (A) > ¢ by Corollary m

(b) If A is a set of interpolation for F¢, then we can similarly to (a) use the unitary
operator B and equation (5.14)) to obtain that for every sequence a = (a,).en €
(%(A) there exists a function f € L*(R) such that

(f, 7T§($1; $2)90§> = Q;

for all z = x5 +ixy € A. In other words, the system {m¢(z1, x2)pe : 2 + iz € A}
is a Riesz-Fischer sequence in L?(R). By Lemma , there exists a constant A > 0
such that

e (w1, w2) e — (), 73) el > AV2

for all z = 29 + izy # 2/ = a4, + iz} € A. Since 7¢ is strongly continuous, also

|z —2'|>6>0
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for all z # 2’ € A and some § > 0. Thus A is (relatively) separated. It follows that
the system {m¢(x1,x2)p¢ : x9 +ix1 € A} is a Bessel sequence in L?(R), because

Y Wmelaenm)e)l’ = Y Vi f(ar,22)

Tot+iriEA To+iri EA

= Z Z |V<p5f(l’1,l’2>|2

YEZ2 xo+iz1 €7+]0,1]2

< Z C max - ]V%f(xl,xg)\z

i xa+ir1 €v+[0,1
v

= C”Vgogfu%/[/(c,m)
< ONVewelliw ool F 1122wy

where the last inequality follows from [27], Theorem 12.2.1. We conclude that the
system {m¢ (21, 22)@¢ : T2 +1iz1 € A} is a Riesz sequence in L*(R) (Lemmal3.2) and
thus DT (A) < ¢ by Corollary [5.14}

O

Whereas in the case of Gabor frames one can compare with the standard orthonor-
mal basis

{e¥™ 10yt —1): k1 €Z}

of L*(R), for other representations similar reference bases need to be constructed
first.

In the following examples we construct an explicit orthonormal basis in the orbit
of a given square-integrable projective representation. For that we use two elemen-
tary facts for a system of orthogonal functions {f, },ex in L*(Q), where Q is some
measure space:

(i) If {e,}vey is an orthonormal basis in L*(Q2) and e, € span{f,}ex for all
v €Y, then also {f, }yex is an orthonormal basis in L*(12).

(i) If {fy}yex is an orthonormal basis in L*(Q2) and m € L>®(Q), |m| = 1,
then the system {mf, } ex is also an orthonormal basis in L*(Q2).

Example 2. Consider the Lie algebra g5 3 = RX; + - - - + RX; from [38] with
non-vanishing Lie brackets

[X57 X4] = X37 [X57 X3] = X17 [X47 XQ] = Xl'
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The corresponding connected and simply connected Lie group Gs3 in Malcev co-
ordinates is R® with the multiplication law

(I’l, Lo, T3, T4, 1‘5)(917 Y2,Ys3, Ya, y5>

= (z1 + Y1 + 24y + T5Y3 + %x§y4, Ty + Y2, T3 + Y3 + T5Ya, Ta + Ya, Ts + Ys).

The irreducible unitary representations of G5 3 on L?(R?) that are square-integrable
modulo the center Z = Rx {0} x {0} x {0} x {0} are parametrized by £ € R, £ # 0,
and given by

Te(x1, ..., 25)P(s, 1) = 627”5(“_x2$4+“’48_m3t+%’”4t2)¢(s — 9, — x5).

We want to study the projective representations of the quotient group Gjs3/Z
derived from the representations 7¢ as in Lemma .

By deleting the coordinates of the center in the above multiplication law for G 3
and relabeling the remaining coordinates x; by x;_;, we are led to the multiplication
law

(@1, 2, 23, T4) (Y1, Y2, Y3, Ya) = (X1 + Y1, T2 + Yo + TaY3, T3 + Y3, Ta + Ya)

of the group R x H, which is isomorphic to the quotient group Gs3/Z.

The unitary representations ¢ thus give rise to square-integrable projective repre-
sentations of R x H on L?(R?), which we also call ¢, via

7T§($17 Ty, T3, 564)(25(5, f}) _ 627ri§(7x1x3+mgsfxgt+%:rth)¢<8 —xy,t— 1'4).

Because of projective equivalence, we may for brevity omit the occurring phase
factor and work in the following with the projective representations

Te(x1, o, T3, 4)P(S, 1) = 62”1'5("”3575”2”%“3152)(;5(5 — 1,1t — xy).

Lemma 5.19. Let ¢ = 1, where Q = [0,1]%, and X¢ = Z x %Z X %Z x Z.
The system {me(x)d : x € X¢} forms an orthonormal basis for L*(R?).

PRroOF. First we show the orthogonality.

Let x = (k, £, +m,n) € X, X' = (K, 1, +m/,n’) € X¢. Then
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(me(X) 9, me (X //71'5 o(s,t)me(x')p(s, t)dsdt

://627ri§(§mgm’)s€2mf(fl’ l)t mf( mfém )2
RJR

Lo(s — k,t —n)lg(s — k', t —n')dsdt

n+1 k+1 )
; _ ’ (1! ; _ /
_ 5k,k’6n,n’ / / e27rz(m m )5627r1(l l)teﬂ'z(m m')t dsdt
n k

n+1 k+1
= 5k k"én n! / < / 627ri(m—m')8d8> 627ri(l’—l)te7ri(m—m’)t2 dt
n k

n+1

— 5k,k’6n,n’5m,m’ / eQm'(l/_l)tdt

- 5k,k’5n,n’ 5m,m’5l,l’
=9

XX

because the integer translates of the characteristic function 1y are disjoint for dis-
tinct pairs of integers and the functions {f(-) = ¢?™" : [ € Z} are orthogonal on
L3([k, k + 1]) and L*([n,n + 1]) respectively.

Next we prove the completeness of the system {m¢(x)¢ : x € X¢} in L*(R?). For
this purpose we show that every element of the standard orthonormal basis

£ = {627rilt62ﬂ'ims]lQ(S o k’,t o n) . kf, l, m,n € Z}

has an expansion with respect to the given orthogonal system

{T‘-E(X)]]-Q(Svt) X € Xﬁ} — {627rimse27rilte7rimt21Q(S . :I{Z,t . TL) : k, l,m,n c Z}

in L*(R?).
So for some fixed basis element e2™0!e2™m0sq (s — ko, t — ng) in € we are looking
for an expansion of the form

‘ ' . . 2
627rzlot€2mmos]lQ(S . ko,t . 710) — 2 : aklmne27mm8627rzlt€7mmt ]lQ(S _ k.,t _ n)

kJl,mmneZ
If £ # ko or n # ng or m # my, set agmn = 0. To find the remaining coefficients

(otmyn, consider the series expansion of the function e2™0!e=™m0” in terms of the
basis {e?™ : | € Z} on L?*([ng, no + 1]), that is,

e27ml0t —mimot? § o 627rzlt
ez

Then
62mlot627mmos — E Cl€27rzlte7r7,m0t 62mm05

lez
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on L?([ko, ko + 1] X [ng,ng + 1]). Therefore the choice apyimgn, = ¢ provides the
desired result.

Since every basis element in £ belongs to span{m¢(x)¢ : x € X¢}, the completeness
of the system {m¢(x)¢ : x € X¢} in L*(R?) now follows from Property (i).

U
Lemma 5.20. The set X is a lattice in R x H with density D(X¢) = &2

Proor. We claim that X, is a lattice in R x H with fundamental domain
Ue := A¢([0,1)*), where A¢ is defined by

Ag =

o O O
O Omim O
Omi—= O O
_ o OO

Clearly X¢ is a subgroup in R xH, so it remains to show that every element z € RxH
can be uniquely written as x = yv with x € X and v € Ue.
Let © = (x1, z2, 23, 24) € R x H be arbitrary. Set

n:L 1] €2, z=x4— |x4] €]0,1),
= [x3] € Z, w = {xs — €3] €[0,1),
= |&xy — nwj €z, v=~Exy —nw — |Exy —nw] € [0,1),
= ln] € uw=mz —[1:1] €0,1),

and y = (k:,gl 5m n) € Xe, v= (u,gv,gw z) € Ug. Then
xv = (k + u, (l+v~|—nw),£(m+w) n+z)=

Since this choice is unique, X¢ is a lattice with fundamental domain Ug.

By Lemma [2.7] the density of a lattice is computed as the reciprocal of the volume
of its fundamental domain. Therefore,

1 1 1 1,
PR =500 = 30,07~ Tdedd ~ % ¢

U

Since an orthonormal basis is both a frame and a Riesz sequence, Corollary [5.9] to-
gether with Lemma and Lemma implies the following density thresholds.
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Corollary 5.21. Let g € L*(R?) and let X C R x H.

(a) If the set {me(x)g : x € X} is a frame for L*(R?), then
D™(X) > ¢
(b) If the set {m¢(x)g : © € X} is a Riesz sequence in L*(R?), then
DH(X) < €.
(¢) If the set {m¢(x)g : x € X} is a Riesz basis for L*(R?), then
D (X) = DH(X) = €2

Example 3. Consider the Lie algebra gg 23 = RX; + - - - + RX¢ from [38] with
non-vanishing Lie brackets

[X67X5] = X4, [X67X4] = Xz; [X67X3] = _Xh [X57X4] = le [X5,X3] = Xo.

The corresponding connected and simply connected Lie group G 23 in Malcev
coordinates is R® with the multiplication law

(515171’27$3’x47x57176)(yhy27y3’y4795796>
= (T1 + Y1 + TsYs — TeY3 + T5T6Ys5 + %$6y§7 T2 + Y2 + TsYs + TeYa + %:L‘gyg,,
T3+ Y3, Ta + Ya + T6Ys, Ts + Ys, T + Ys)-

The irreducible unitary representations of G 23 on L?(R?) that are square-integrable
modulo the center Z = R x R x {0} x {0} x {0} x {0} are parametrized by

E=(&,8) e R? & + &2 #0, and given by

Te(x1, ..., x6)P(S, 1)

12 1.2 1.2 1.9, _
26271'1((11 STET6—T4S+T5T65— 5265 +x3t)1+(x2 ST5TE—T35+5TES—Tat+T5T61 xgst)§2)¢(8 —$5,t—$6).

We want to study the projective representations of the quotient group Ge23/2
derived from the representations m¢ as in Lemma [5.11]

By deleting the coordinates of the center in the above multiplication law for G o3
and relabeling the remaining coordinates x; by x;_o, we are led to the multiplication
law

(1,22, T3, 4) (Y1, Y2, Y3, Ya) = (1 + Y1, T2 + Y2 + Tay3, T3 + Y3, T4 + Ya)
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of the group R x H, which is isomorphic to the quotient group Gga3/Z.

The representations m¢ give rise to irreducible square-integrable projective repre-
sentation of R x H on L?(R?), which we also call 7¢, via

Wg(ﬂf)gb(s, t) _ e?ﬂi((—x25+z3x4s—%x452+x1t)§1+(—x15+%xis—x2t+x3x4t—x4st)§2)¢(S — 4.t — 1'4).

Note that as in the previous example we have omitted occurring phase factors.

Set

M = Lo & , then ¢ can be rewritten as
=& &

Te(2)(s,1)

— 67271”[((:E1£2+:E2£171314517%1'42152)S+(7$1£1+.’L’2£27£E3:B4£2)t) 677”' (145132+21'4£28t) gb(s o 1'3, t o x4)

_ e—27rz‘(<M§(z1,x2)T7(Sat)T>—(:53384{1+%wi€2)8—x3$4£2t) e_Wi($4§152+2x4fgst) ¢(S ~wgt— :B4).

For £ = (£1,&) € R?, €2 + €2 £ 0 we therefore define

2522 . 2§12 0 0
512;52 52""52 Mf_l 0
5.16 A= | g B 00|
3
0 0 10
0 I
0 0 01

Note that det A; = Egﬁ # 0, so A is invertible.
1 2

Lemma 5.22. Let ¢ = 1g, where Q = [0,1]?, and set X¢ := A¢(Z*), where A¢ is
the matriz defined in (5.16). The system {me(x)¢ : x € X¢} forms an orthonormal
basis for L?(R?).

Proor. First we show orthogonality.

For every

X = <_§§J1r5§ (ka — 511), @(flk + §2l)7 m, n) € X,

the representation 7 becomes

Wg(X)¢(S, t) — 6—271'1'((k—mnfl—%n2§2)s+(l—mn§2)t) e—m’ (n§152+2n§25t) ¢(S . m,t - n)
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For x, x" € X¢ we thus get

(me(X) o me(X) @) = //71’5 (s, ) (X)) (s, t)dsdt
// —27rz (k—k")—(mn—m/n")¢ 1—7(n —n’2)£2)s —2m((l y— (mn—m’n’)fg)t

7m<(” n)rst42(n-n)east) 1o(s —m,t —n)lg(s —m/,t —n')dsdt

n+1 m+1
_ 6m o 571 o / / e—Qﬂi(k—k’)se—Qﬂi(l—l’)tdsdt

m

= Ok ), (6, m ') = 041 (3, 471 () = Oxx

because the integer translates of the characteristic function 1 are disjoint for dis-

tinct pairs of integers and the functions {f(:) = €>™* : k € Z} are orthogonal on

L*([m, m + 1]) and L*([n,n + 1]) respectively.

Next we prove the completeness of the system {m¢(x)1o(s,t) : x € X¢} in L*(R?).
As in Example 2 we show that every element of the standard orthonormal basis

E = {e¥ kel o (s —m,t —n): k,l,m,n € 7}
has an expansion with respect to the given orthonormal system

{e-zm((k,»—mngl—;n252)s+(l—mn52)t)e—m(nsls2+2ngzst) To(s —m,t—n): kL m,n Z}
in L*(R?). Fix mg,ny € Z and set
(s,1) == 6727”'((fmongil7%ng£2)sfmon0£2t) o (no£132+2no§25t)'
By Property (ii), the system
{6_2”"“56_2””771(3,25) k€ Z}

is an orthonormal basis in L*([mg, mo + 1] X [ng,no + 1]), because it is just the
well-known orthonormal basis {e~2"#se=2mlt . k| € 7} multiplied by a function of
modulus one.

For fixed kg, ly € Z we thus have an expansion of the element e?#ose2milot of the
form

627Tik08627ril0t — Z bkle—Qﬂ'ikse—QTrilt672ﬂ'i((77)10710617%n3£2)87m0n0£2t) e—ﬂ—i (n0£152+2n0§23t)
kl€zZ

on L*([mg, mo + 1] X [ng, ng + 1]).

It follows that every basis element e s — mg,t — ng) in € has an

expansion with respect to the system {m¢(x)1g(s,t) : x € X¢} in L*(R?), so

{me(x)1g(s,t) : x € X¢} is an orthonormal basis by Property (i).

27rik05627ril0t]lQ (
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Lemma 5.23. The set X¢ is a quasi-lattice in R x H with density D(X¢) = £ 4+&3.

ProoF. We claim that X is a quasi-lattice in R x H with complement
U := A¢([0,1)%). We need to show that every element z € R x H can be uniquely
written as x = yv with y € X¢ and v € Ug. Let v = (21,292, 23,24) € R x H be
arbitrary. Set

n=|z4] €Z, z=x4— |x4] €]0,1),
m=|x3] € Z, w=x3— |x3] €[0,1),
==&z + &y —nw) | € Z,
v=—=&a1 + &l —nw) — | =& + &l — nw)] €0, 1),
k= &z + & (v —nw)| € Z,
u = &1+ & (22 — nw) — L + &i(22 —nw)]) €0, 1),
and let

X = (g%j.g% (£2k - gll)a _5%_}_53 (glk' + 62[), m, n) c A§<Z4) — Xf,

v=(gig(Gu— &), gla(@u+ &u),u,2) € A(0,1)) = Ue.
Then

XU = (@(fg(/ﬁ—u)—&(ljtv)), @(51(k+u)+52(l+v))+nw,m+w,n+z> = 7.

Since this choice is unique, X is a quasi-lattice in R x H with complement U.

By Lemma [2.7], the density of a quasi-lattice is computed as the reciprocal of the
volume of its complement. Therefore,

1 1
PR = N0 T A0 ) T Ag

=4+&

0

Since an orthonormal basis is both a frame and a Riesz sequence, Corollary
together with Lemma, and Lemmal5.23]implies the following density thresholds.

Corollary 5.24. Let g € L*(R?) and X C R x H.

(a) If the set {m¢(x)g: x € X} is a frame for L*(R?), then
D™ (X) > & +&.
(b) If the set {m¢(x)g : * € X} is a Riesz sequence in L*(R?), then
DY (X) <& +&.
(c) If the set {m¢(x)g : © € X} is a Riesz basis for L*(R?), then
D™ (X)=D"(X) =& +&.
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Example 4. Consider the Lie algebra gg o4 = RX; + - - - + RXg from [38] with
non-vanishing Lie brackets

[X67X5] - X47 [X67X4] - X37 [X67X3] - X27 [X57X4] - Xl'

The corresponding connected and simply connected Lie group Gga4 in Malcev
coordinates is R® with the multiplication law

(71, T2, T3, T4, Ts, T6) (Y15 Y2, Y3, Y45 Y55 Y6)
= (x1 + Y1 + 5ya + T526Y5 + %a:(sy?, To + Y2 + TeYs + %iU(QaZM + %33295,
T3+ Y3+ TeYs + %xéyg,, T4+ Ys + TeYs, Ts + Ys, T6 + Ys)-

The irreducible unitary representations of Gg 24 on L?(R?) that are square-integrable
modulo the center Z = R x R x {0} x {0} x {0} x {0} are parametrized by

§=(&,6) € R, §& #0, and given by

me(x)p(s, 1) = 627”((1‘1—%x%xﬁ_us_,_%zﬁs_%%82)51)

. 1 3,13 1 2,1, 2 1 2 1.2 1 2
. 627”((332*515x6+g$63*13t+§$5$6t+51415 —525x6t” —5aEst+ 5265t )£g)¢(s . l’5,t . x6)~

We want to study the projective representations of the quotient group Gg24/Z
derived from the representations 7¢ as in Lemma

By deleting the coordinates of the center in the above multiplication law for G 24
and relabeling the remaining coordinates x; by x;_o, we are led to the multiplication
law

(21, 2, T3, 4) (Y1, Y2, Y3, Ya) = (1 +y1 + T4y + %xiya, T+ Yo+ T4ys, T3+ Y3, T4+ Ys)

of the group G4 (confer Example [1.15]), which is isomorphic to the quotient group
G6’24 / Z.

The representations m¢ give rise to irreducible square-integrable projective repre-
sentation of G4 on L?*(R?), which we also call m¢, via
re(0)b (s, 1) = ¢~z et nea-faseie)
e—m‘(z4§182—(xz—30351?4)52152+902§28t—x4€28t2))qb(s — x3,t — {E4).

Note that as in the previous examples we have omitted occurring phase factors.
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Lemma 5.25. Let ¢ = 1, where Q = (0,1, and X¢:= £Z X Z X Z x Z.
The system {me(x)¢ : x € X¢} forms an orthonormal basis for L*(R?).

ProoOF. First we show orthogonality.
Let x = (ék‘, él,m, n) € Xe, X' = (ék/, él/,m’,n’) € X¢. Then

<7T§ ¢,W§ //7'['5 S t 7T§(X )¢(S t)dsdt
// 727rz (I—1")—(mn— mn/)glfg(n37n’3)§2)36727”;((kfk:’)f%(mn27m’n/2)£g)t
efrrl((nfn’)flszf(lfl’)%t2+(mn7m’n’)£2t2+(n27n’2)§25t7(n7n’)£25t2)

“lg(s —m,t —n)lg(s —m',t —n')dsdt

m+1 , (i l)€2t2
_ mm’énn/ / —27rzl )s —27r7,(k k:)t ™ dsdt

m
" iy omi(k—k')t i) 12
= Gy O / (/ e 2mi(l=1)s g o ) —2mi(k—k') dt
n m
n+1 ) ,
— 5m,m’6n,n’ (5[711 / 6727rl(k7k )tdt
n

= 5m,m’5n,n’5l,l’5k,k’

= Oyx's
because the integer translates of the characteristic function 1 are disjoint for dis-
tinct pairs of integers and the functions {f(:) = ¢*™* : k € Z} are orthogonal on

L3([m,m + 1]) and L*([n,n + 1]) respectively.

Next we prove the completeness of the system {m¢(x)1g(s,t) : x € X¢} in L*(R?).
As in the previous examples we show that every element of the standard orthonor-
mal basis

E = {e ke 2milsq (s —m,t —n) : k,l,m,n € Z}

has an expansion with respect to the given orthonormal system

. 1,3 ; 1,2
{6727rz(l7mn§17€n {2)36727r1(kf§mn &)t

efﬂ'i(nél 52 fl%tQern{gternzfg st—né&o stz)

1o(s —m,t—n):k,l,m,ne Z}

in L*(R?). Fix a basis element e 2mkote=2milos] (g — mg ¢ — ng) € €.
2

2mikot in terms of the basis

. . . ) _ ilo 2t
Consider the series expansion of the function e —milo &

{6—2m‘kt k€ Z} on L*([ng,ng + 1]), that is,

. 7 €92 .
— —milg 24t —
e 27rzk0t€ 0g T 2 Cpe 27mkt.

kezZ

e
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It follows that
o~ 2mikot ,—2milos _ Z oy~ 2t gilo 202 ~2rilys
kez
on L?([mg, mg+1] X [ng, ng+1]). To put it differently, every element of the standard
orthonormal basis {e=2"kte=2mis . | | € 7} for L?([mg, mo+ 1] X [ng, no+1]) has an

il 4
expansion with respect to the orthogonal system {6*27”“67”%3 ¥ e—2mils k,leZ}
on L*([mg, mo + 1] x [ng,ng + 1]). By Property (i), we therefore conclude that the
L mile2 .
system {e-2mikte™ " o=2mils . k1 € 7} is an orthonormal basis in
L?([mg, mg + 1] x [ng,no + 1]). Now set
m(s t) — 67271'1'((7m0n0£17%7),852)87%7)107135215) G*TI"L'(n0£132+m0n0£2t2+ng£28t*n0£23t2) ‘

By Property (ii), the system
. & .
{6_27”’“67”%#e‘wsm(s, t): ke Z}

is also an orthonormal basis in L?([mg, mg + 1] X [ng, ng + 1]), because it is just

— 4
the orthonormal basis {e*Q’TZktemlﬁf # e—2mils k,l € Z} multiplied by a function of
modulus one.

It follows that the basis element e~?m#hote=2milos] 5 (s — mgy, t — ng) € € has an
expansion with respect to the system {m¢(x)1g(s,t) : x € X¢} in L*(R?), so
{me(x)1g(s,t) : x € X¢} is an orthonormal basis by Property (i).

U
Lemma 5.26. The set X¢ is a quasi-lattice in G4 with density D(X¢) = |£162].

PRrROOF. We claim that X is a quasi-lattice in G4 with complement
Ue := A¢([0,1)*), where A¢ is defined by

Ag =

o o ol
o ol o
o~ o o
_o o o

We need to show that every element z € G4 can be uniquely written as z = yv
with x € X and v € Ug. Let x = (21,2, x3, x4) € G4 be arbitrary.
Set

n=|x4 €7, z=ux4— |24] €10,1),
m=|x3] € Z, w=x3— |x3] €[0,1),
=& (2 —nw)] € Z, v =& (2 — nw) — [&(zy —nw)| € 10,1),
k=& (g — Ellnv —in*w)| €7,
u = &y — 2nv — nPw) — | & — 2w — In?w)| €10,1),

&1 2 &1 2
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and x = (é/ﬁ él,m,n) € Xe,v= (éu, év,w,z) € Ue. Then
XU = (é(l{:+u)+§ilnv+%an,é(l+v)+nw,m+w,n+z> = .

Since this choice is unique, X¢ is a quasi-lattice in G4 with complement Ug.

By Lemma [2.7], the density of a quasi-lattice is computed as the reciprocal of the
volume of its complement. Therefore,
1 1 1
D(X ) = = = = ‘5152‘
CUMT)  MA(0,1)") [ det A

O

Since an orthonormal basis is both a frame and a Riesz sequence, Corollary
together with Lemmal5.25]and Lemmal5.26]implies the following density thresholds.

Corollary 5.27. Let g € L*(R?) and X C Gj.

(a) If the set {me(x)g : x € X} is a frame for L*(R?), then
D™(X) > [£&].
(b) If the set {m¢(x)g : © € X} is a Riesz sequence in L*(R?), then
DT(X) < [61&l.
(¢) If the set {m¢(x)g : @ € X} is a Riesz basis for L*(R?), then
D™(X) = D"(X) = [&1&]-

5.4. Outlook

The classical Kirillov theory provides a construction of all irreducible unitary rep-
resentations of a nilpotent Lie group, namely as representations induced by certain
characters of closed subgroups.

Let N be a connected and simply connected nilpotent Lie group with Lie algebra
n. Denote by n* the linear dual of n and let £ € n*. A subalgebra m of n is called
mazimal subordinate to & if m is of maximal dimension such that {([m, m]) = 0. If
m is a maximal subordinate subalgebra to £ € n*, then the map

(5.17) Xe(exp(X)) = X X ¢ m.

defines a one-dimensional representation, a so-called character, of the closed sub-
group M = exp(m) of N, because {(|m, m]) = 0. The induced representation

(5.18) e := Ind(xe) := Ind}; (xe)

(see, e.g., |22], [45] for the inducing construction) is an irreducible unitary rep-
resentation of N and (up to equivalence) independent of the particular choice of
the maximal subordinate subalgebra m. Furthermore, every irreducible unitary



90 5. COHERENT FRAMES

representation of a nilpotent Lie group N is (up to equivalence) obtained as a rep-
resentation induced by a one-dimensional representation x¢ as in and there
is a bijection between the equivalence classes of irreducible unitary representations
of N and the orbits in n* under the so-called coadjoint representation. For details
and proofs we refer the interested reader to the standard reference for representa-
tion theory of nilpotent Lie groups |13].

We are particularly interested in the description of those irreducible unitary repre-
sentations m¢ that are square-integrable modulo the center.

Fix a Malcev basis {Xj,..., X,,} for n and denote the center of n by 3. Let k € N
be such that 3 = span{ X3, ..., X;} and let

={¢en  {X,)=0,k<i<n}
For £ € n* consider the matrix
(5.19) B(¢) = (¢(1%:, X))
and define the Pfaffian Pf(¢£) by
Pf(¢)? = det B(€).

k+1<i,j<n

By the results of Moore and Wolf [37], the induced representation ¢ for £ € n* is
square-integrable modulo the center if and only if Pf(¢) # 0. Furthermore, if £ € n*
with Pf(€) # 0, then all elements in the subspace € + 3 = £ + {£ € n* : €|, = 0}
of n* lead to equivalent induced representations. So the irreducible unitary repre-

sentations of N that are square-integrable modulo the center are parametrized by
the subset {£ € 3* : Pf(£) # 0} of n* (for details see [13] or [37]).

Let { X7, ..., X} C n* denote the dual basis to { X7, ..., X,,}. Revisiting the exam-
ples of the previous section in the light of the representation theoretic background
one can check that the representations m¢ studied there are just the representations
induced by the elements & = & X7 + -+ - + &X; € 3* with Pf(¢) # 0 and that the
value for the critical density equals |Pf(£)].

The same holds true for all the relevant examples in |38], so we are lead to the
following statement.

Theorem 5.28. Let G be a homogeneous group isomorphic to a quotient group
N/Z for some connected and simply connected nilpotent Lie group N of dimension
at most 6 and let s : G — N be a continuous section. Let w¢ := Ind(x¢)os for some
€ € 3 with P{(€) # 0. Then there exists an orthonormal basis for H of the form
{me(x)¢ : x € X¢}, where ¢ € H and X¢ is a subset of G with uniform density

D(X¢) = [PH(E)]-
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Corollary 5.29. Let G' and ¢ be as in Theorem[5.28 Let g € H and X C G.

(a) If the set {m¢(x)g : x € X} is a frame for H, then
D™(X) = [Pf(§)]-
(b) If the set {me(x)g : v € X} is a Riesz sequence in H, then
D¥(X) < [P(S)].
(c) If the set {m¢(x)g : v € X} is a Riesz basis for H, then
D™(X) = D™(X) = [P(¢)].
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Abstract

This thesis is concerned with necessary density conditions for frames and Riesz
sequences indexed by discrete subsets of homogeneous groups. We define a density
on homogeneous groups in analogy to the Beurling density on R, however, adapted
to the geometry of homogeneous groups. Employing this density, we present a the-
orem for the comparison of the densities of frames and Riesz sequences indexed by
discrete subsets of homogeneous groups. It is a first non-commutative extension of
previous results like the density theorem for irregular Gabor frames of Ramanathan
and Steger and its generalization to abstract frames with ‘commutative index sets’
by Balan, Casazza, Heil und Landau.

The comparison theorem is used to derive necessary density conditions for sampling
and interpolation in shift-invariant spaces on homogeneous groups. This is done
via the correspondence of sampling sets and frames of reproducing kernels.
Further, necessary density conditions for frames and Riesz sequences in the orbit
of projective square-integrable group representations are investigated with the help
of the comparison theorem. For some concrete examples of projective representa-
tions of low-dimensional homogeneous groups we construct orthonormal bases in
the orbit and thereby deduce explicit thresholds for the density of frames and Riesz
sequences in the respective orbits.

97






Zusammenfassung

Diese Dissertation beschéftigt sich mit notwendigen Dichtebedingungen fiir Frames
und Rieszfolgen, die durch diskrete Teilmengen von homogenen Liegruppen in-
diziert sind.

In Analogie zur Beurlingdichte auf R™ wird ein wohldefinierter Dichtebegriff auf
homogenen Liegruppen eingefiihrt. Unter Verwendung dieser Dichte wird ein Satz
zum Vergleich der Dichten von Frames und Rieszfolgen, die durch diskrete Teil-
mengen von homogenen Liegruppen indiziert sind, prasentiert. Dabei handelt es
sich um eine Verallgemeinerung des Dichtesatzes fiir Gaborframes von Ramanathan
und Steger sowie dessen Weiterentwicklung fiir abstrakte Frames mit ‘kommuta-
tiven Indexmengen’ durch Balan, Casazza, Heil und Landau.

Dieser Vergleichssatz wird verwendet um notwendige Dichtebedingungen fiir Ab-
tasten und Interpolation in Shift-invarianten Raumen auf homogenen Gruppen
herzuleiten. Dies geschieht mittels eines Zusammenhangs zwischen Abtastmengen
und Frames bestehend aus den zugehorigen reproduzierenden Kernen.

Weiters werden mithilfe des Vergleichssatzes notwendige Dichtebedingungen fiir
Frames und Rieszfolgen im Orbit projektiver quadrat-integrierbarer Darstellun-
gen von homogenen Gruppen untersucht. Fiir einige konkrete Beispiele projek-
tiver quadrat-integrierbarer Darstellungen niedrigdimensionaler homogener Grup-
pen werden Orthonormalbasen im Orbit konstruiert und dadurch explizite Ab-
schatzungen fiir die Dichte von Frames und Rieszfolgen im Orbit der jeweiligen
Darstellung gewonnen.
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