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Abstract

In this thesis mass effects from primary bottom quark production in eTe™ — hadrons are investi-
gated. We focus on the differential cross-section of the C-parameter. Since the original definition
of the C-parameter is not very sensitive to heavy quark masses, a suitable generalization, called
the massive C-parameter, is defined. To resum large logarithms in a systematic way, soft-collinear
effective theory (SCET) is used. In the dijet region, which corresponds to a minimal value of the
C-parameter, this effective field theory (EFT) imposes a certain power counting by introducing a
small parameter A ~ /C/6, which separates the cross-section into a leading (called singular) and a
subleading (called non-singular) part. In analogy with the massless C-parameter, we derive a factor-
ization theorem for the singular cross-section, where each factor describes the dynamics at a different
energy-scale. These factors are computed to O(as), and by using standard renormalization-group
(RG) methods we achieve the resummation of large logarithms to N2LL accuracy. Furthermore we
determine the non-singular part of the cross-section by computing the full QCD result to O(as),
which up to now was only known through a parton level monte carlo generator. In addition, non-
perturbative power corrections are treated by convoluting the perturbative cross-section with a
non-perturbative shape function. To improve the convergence of the perturbative series the MS
short-distance mass is used, and the leading renormalon of the soft function is removed. As a
practical application we analyze primary bottom quark mass-effects at center-of-mass energies of
35 GeV and 91 GeV. This analysis is carried out for tagged bb-production and all-flavor production.

Zusammenfassung

In dieser Arbeit werden Masseneffekte von der Produktion primérer Bottom Quarks bei dem Prozess
ete” — Hadronen untersucht. Dabei betrachten wir im Speziellen den differenziellen Wirkungs-
querschnitt des C-Parameters. Da die urspriingliche Definition des C-Parameter nicht ausreichend
sensitiv auf die untersuchten Masseneffekte ist, fithren wir eine geeignete Verallgemeinerung, welche
wir massiver C-Parameter nennen, ein. Weiters arbeiten wir im Rahmen der soft-collinear effective
theory (SCET) um die auftretenden grofien Logarithmen in einer systematischen Art und Weise
zu resummieren. In der 2-Jet Region, welche einem minimalen C-Parameter Wert entspricht, fiihrt
diese effektive Feldtheorie (EFT) einen power-counting Parameter A ~ /C/6 ein, welcher die Ab-
spaltung eines fithrenden Terms (dieser wird singuldr genannt) erlaubt. Analog zum masselosen
C-Parameter, leiten wir ein Faktorisierungstheorem fiir den singuldren Teil des Wirkungsquer-
schnitts her, wobei die auftretenden Faktoren jeweils die Dynamik an einer anderen Energie-Skala
berticksichtigen. Anschliefend werden diese Faktoren zu O(as) berechnet und grofie Logarith-
men mit Hilfe von Renormalisierungsgruppen-Gleichungen auf N2LL resummiert. Um den nicht-
singuldren Anteil des Wirkungsquerschnitts zu bestimmen wurden die Berechnungen auch in voller
QCD zu O(ay) durchgefiihrt, wobei die Ergebnisse bisher nur mit Hilfe eines Parton-Level Monte
Carlo Generators zuganglich waren. Weiters werden nicht-perturbative Effekte mittels einer Faltung
zwischen perturbativen Wirkungsquerschnitt mit einer sogenannten shape-function berticksichtigt.
Um die Konvergenz der Stérungsreihe zu verbessern verwenden wir die MS-Masse und subtrahieren
das fithrende Renormalon der soft function. Als praktische Anwendung analysieren wir primére
Bottom Quark Masseneffekte bei einer Schwerpunktsenergie von 35 GeV und 91 GeV. Dabei wird
der Wirkungsquerschnitt von tagged bb Produktion und der Produktion aller Flavor untersucht.
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1 INTRODUCTION

1. Introduction

In the modern era of particle physics the theoretical community is confronted with experimental
collaborations which achieve more and more precise data measurements. To keep up with this
development one of the major issues in theoretical particle physics is how to provide predictions
with comparably small uncertainties. Concerning this issue and the particular case of QCD a class
of observables, called event-shapes [1,2], has a long tradition. These observables were extensively
used to test QCD as the theory of the strong interaction and also for high-precision determinations
of its fundamental parameters. In general an event-shape e quantifies the geometrical shape of the
final state 3-momentum distribution which is why these observables are well suited for investigating
many-particle final states.

Some of the most commonly observed objects in modern high-energy experiments are hadronic jets,
which are objects consisting of collimated high energetic hadrons. The amount of particles which
are contained in a jet might be very large which is why event-shape variables are well suited to treat
problems involving such objects. A special subclass, the so called 2-jet event shapes (e.g. thrust
and C-parameter) are defined by the fact that they vanish (for massless particles) in the case of
a so-called dijet configuration. This configuration is given by two strongly collimated (sometimes
called pencil-like) jets and only additional soft radiation. In the dijet configuration each jet has a
small invariant mass.

It is known that, close to the dijet region, the perturbative series for event-shape observables, such
as thrust or the C-parameter, includes terms which are enhanced by large logarithms. These terms
prohibit a good convergence of the fixed order series and therefore yield large uncertainties for this
region. To get reliable predictions it is mandatory to resum these terms to all orders of perturbation
theory. Then the remaining (unresummed) terms should only give small corrections as one would
expect from higher order contributions. In the past this resummation was achieved by utilizing an
exponentiation property of different event shapes, e.g. for thrust [3] and for the C-parameter [4].

In recent years a more systematic approach, using effective field theory (EFT) methods, was de-
veloped. Therefore soft-collinear effective theory (SCET) [5H9] was applied to calculate the dif-
ferential cross-section for different 2-jet event-shape observables e including thrust [10,|[11] and the
C-parameter [12]. In the dijet region SCET exploits the large scale hierarchies by imposing a certain
power counting in terms of the small parameter A ~ y/e. This allows us to split the cross-section
into a leading (called singular) and a subleading (called non-singular) part. Within the framework
of SCET it is then possible to derive a factorization formula for the singular part where each factor
accounts for the dynamics at a different energy scale. By using standard renormalization group
(RG) methods it is then possible to resum large logarithms in a systematic way.

Except for the mentioned thrust analysis, earlier studies assumed that the produced primary quarks
were massless. At large energies, mass effects are usually small and the assumption of massless
partons simplifies the calculations significantly. However, mass effects play an important role in a
number of cases and should therefore be studied in more detail. This is why recently an effort to
further investigate and quantify these effects was made [13-15].

For the C-parameter study of [12], which aims for a precise determination of as(mz), also no quark
mass effects were included. It is interesting whether mass effects have a sizable impact on this
study and thereby cause larger errors in the final result. To clarify this and related issues we intend
to study mass effects in the differential C-parameter cross-section.

The outline of this work is as follows. In Sec. [2] we introduce the original C-parameter and its
generalization for treating massive partons. Throughout this work the generalization, which of
course yields the correct massless limit, will be the used observable.

In Sec. [3| we compute the full QCD differential cross-section to O(ay), which up to now was only



1 INTRODUCTION

accessible through a parton level Monte Carlo generator. This result is then used to calculate the
non-singular contributions and for checking the FO limit of the singular cross-section.

In Sec. @] and B we introduce SCET and related issues. We discuss the derivation of the massive
SCET Lagrangian from which the massive SCET Feynman Rules can be obtained. Furthermore we
derive a factorization theorem for the singular part of the massive C-parameter differential cross-
section. This factorization theorem will later allow us to resum large logarithms in a systematic
way.

In Sec. |§| the different contributions to the factorization theorem are computed to O(as). Fur-
thermore we calculate the so called evolution kernels which allow for a large log resummation to
next-to-next-to-leading-logarithmic accuracy. In addition we treat non-perturbative hadronization
effects using a so-called shape function. Afterwards we discuss the issue of renormalons which helps
to improve the convergence of the perturbative series. This leads us to use the MS short-distance
mass and to remove the leading renormalon in the soft function with a proper subtraction series
for the associated gap parameter.

In Sec. [7] we turn towards practical applications. First we introduce the concept of profile functions,
motivate their general behavior for the massless case and introduce a possible generalization for
massive partons. Afterwards we investigate mass effects in the case of tagged bb-production. There-
fore we compare the differential cross-section of the massless and the massive case with different
order of log-resummation at center of mass (c.o.m.) energies of 35 GeV and 91 GeV. Furthermore
we discuss the needed ingredients to modify our setup for the case of ti-production. Lastly we
investigate bottom quark mass effects in the case of all flavor production as in [12].
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2. The C-parameter

Since the late 1970s a class of observables called event-shapes was used to test and determine
fundamental properties of QCD (for a review see [1,/2]). Their main field of application is ete™
annihilation and DIS but they have also been used in a variety of other processes. In the following
we will concentrate on mass effects contributing to the measurement of a specific ete™ annihilation
event-shape which was introduced by Ellis, Ross and Terrano in 1980 [16] called the C-parameter.
The mass effects we intend to study are introduced by the initial production of a heavy quark
antiquark pair (primary massive quarks) in the hard process. The purpose of this section is to
define an observable which is well suited for treating mass effects and at the same time yields the
correct massless result, hence we call it massive C-parameter.

To define the original C-parameter one looks at the so-called linearized momentum tensor which
was introduced as [17,[18]:

1 kol
oM = Laay (2.1)

>, 5] 2= Ipi

where pf denotes the k-th spacial component of the i-th final state particle and the sum runs over
all final state particles. In general this is a symmetric 3 x 3 matrix on which we impose energy
and 3-momentum conservation. Overall this yields two degrees of freedom which can be written
as parameters in the characteristic polynomial of the matrix. This defines the original C and
D-parameter [16]:

PR [@])\2+C>\—% 0, (2.2)

which in terms of the eigenvalues \; of the matrix read (it is easy to see that Tr[©] = 1):
3
C = (M0 = Th[07]) = 3(MA2 + MiAs + Aods) , (2.3)
D =27 det(@) =27TA1\2)3 . (2.4)

As stated before we are interested in the original C-parameter which is then given by:
C— 3[1 _ Z ] 324 |Dill751(1 — cos?(6;5)) _ 32y |7il17;| sin® (655)
2 Ipzl\pg 2 (22 1951 2 (X lmD?
(2.5)

where 0;; denotes the angle between the three-vectors of the i-th and j-th final state particle.

When treating mass effects the denominator involving moduli of three-momenta will make analytic
calculations more difficult. To avoid this we want to define a new observable which yields the
correct massless result. A suitable candidate is defined in terms of Lorentz invariants [16]:

o=l T ol g) il QQZ;

< i 9 20

Py } ’

where p; denotes the momentum of the i-th final state particle, ¢ = ), p; is the sum of all particle
momenta and @ the total center of mass (c.o.m.) energy. If one compares Eq. to Eq.
one can see that indeed they have the same massless limit since pg = |pi| for m = 0. Although the
definition of the original C-parameter involves the mentioned linearized momentum tensor it was
not possible to relate the definition of the massive C-parameter to some kind of analogous quantity.
However, this form of the C-parameter was already used in an earlier analysis involving massless
quarks and an off-shell gluon [19] and will subsequently be the investigated observable.
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Two Massive Quarks and a Massless Gluon

In the remainder of this work we will concentrate on the O(a;) contributions to the C-parameter
cross-section. This involves two possible final states namely QQ and QQg. The first one is trivial
and we therefore turn towards the second possibility. This final state represents a massive quark
antiquark pair which emits a massless gluon. For convenience we will now (in analogy with [19]E[)
rescale our observable to ¢ = C//6 and call this the c-parameter.

Furthermore we define the variables z; (i = 1,2, 3) for the three particle final state QQg involving
p1,p2,p3 the quark, antiquark and gluon momentum, respectively. They are given by:

0
- QQPZ' . (2.7)

Then energy momentum conservation takes the form:

2=z + 29+ 3, 6:ﬁ1\/$%—4m2+ﬁ2\/x%—4m2+ﬁ3$3, (2.8)

where 7; is the direction of the 3-momentum of the corresponding particle and m = m/Q the
Q-normalized quark (antiquark) mass. Using this we find:

(P14 P2)* = (P5)% = (p1)* + (52)* + 251 - o = (P))* + (p2)* — 2m* + 251 - P = (pY)?
. 8 .
:>x§:4+$%+x%—4x1 — 4z + 22122 :x%—l—x%—8m2+@p1 - Do

= (4/Q*)p1 - P2 = 2+ m179 + 410 — 221 — 25, (2.9)

and analogously:

(4/Q*)py - Ps = 2+ z123 — 221 — 273, (2.10)
(4/Q*)P2 - Ps = 2+ wows — 2wy — 23 . (2.11)

With these relations it is easy to derive the following expressions which appear in the c-parameter
definition:

p1-p2 = pIpY — P12 = (Q%/2)(x1 + 22 — 1 — 2?) ,
p1-ps = (Q*/2)(x1 + 23— 1), (2.12)
p2-ps = (Q*/2)(x2 + 23— 1) .

Using this and simplifying the full expression one arrives at the final form of the QQg c-parameter
in terms of the two independent phase space variables x1 and xs:

1-— 1-— -1 22 2mt
(1= @)(1 = 22)(an + 25 )—i- o (x1+22 —1) — o

. 2.13
r122(2 — 21 — x2) T1T9 T1T2 ( )

c = g(x1,12,M) =

This formula is the foundation of the following analysis and of course also yields the correct massless
result (see |[16] and Eq. (2.12) therein).

Tn [12] the authors study the massless C-parameter and call the more convenient one & = C/6.
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3. Fixed-Order Calculations

In this section we will calculate O(as) QCD results for the differential massive c-parameter cross-
section. Since we intend to sum up large logarithms to all orders in perturbation theory which are
not contained in the O(ay) result (see Sec. we may also refer to this as a fixed-order (FO)
calculation. This means we study the production of a massive QQ pair and add later a virtual or
real gluon in QCD.

The real radiation part is calculated in d = 4 dimensions since the computation in d = 4 — 2¢
dimensions is complicated and not necessarily needed (the calculations are performed in Sec. .
Of course in four dimensions the singular cross-section is not properly regularized. However, since
one knows the distributive structure of the cross-section one can extract the correctly regularized
expression. To determine the delta function term ~ §(c— cmin) we integrate the obtained result and
subtract it from the integrated hadronic cross-section which is given in [20]. This yields a numeric
coefficient for the delta term which is discussed in more detail in Sec. 3.4

The virtual part of the cross-section is proportional to a delta function. Since the delta term will
be evaluated numerically it is not needed to compute the full analytic expression. However, later
we will switch to an effective field theory of QCD called soft-collinear effective theory (see Sec.
and therefore need virtual matrix elements (the calculations are done in Sec. for the matching
of SCET to QCD.

3.1. General Considerations, Leptonic Tensor and Born Cross-Section

We start by looking at the known formula for a general et + e~ — X scattering cross-section
formula:

- ! dp; 1 d g5(d) +.- 2
U_W/ZI;I{WW(%) o (q—gpz)!/\/l(e e” = X)|7, (3.1)

where ¢ = k1 + ko is the momentum of the intermediate v or Z with ¢ = Q? the squared center
of mass energy, k1 (k2) the momentum of the electron (positron) and p; the momentum of the i-th
final state particle.

We will only look at the leading O(«) contribution which is why the amplitude can be factorized
as follows:

. ~2€
M :m&”{ [(Qle 4 12}_61}7;2) (X| 7o) + (1U_€a7,;2> (X[ 7 |0>] [o(K1)yuu(kz)]

+ [(f_l;j;g) (X| 7(0) + <1“_(j;;2> (X| TH M [z-)(kmww(kz)]} _ (3.2)

z z

The v and a factors from the coupling of fermions to the Z-boson are given by:

o T:{’L —2Q ¢ sin®(0,,) wr 131
F= sin(26,,) ’ 5™ " sin(20,,)

(3.3)

where Tgf ;. denotes the weak isospin, @y stands for the electric charge of the produced fermion and
0 is the weak mixing angle (also called Weinberg angle). Furthermore we introduced vector and
axial-vector currents which are given by:

Tl (@) = (@)Y () , Iy =", T =" . (3.4)
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The next step is to square the amplitude and take the spin sums. Since we consider the electron
and positron to be massless the involved tensor structures on the leptonic side are given by:

s =" [o(k)yuuk)] [0k ) yu(ke)]) = Trlfivboru] = Agua gup (VS + kS ES) — dguky - k2
spins

s = 3 (k) yursulks)] o0k ) yyst(ka)] = Agua gus (K7 KS + K{ kS ) — Agu ki - ko |
spins

s = > [0k yvsulka)) o (k) yulke)] = —dicays kT kS | (3.5)
spins

s = 37 k(b)) (k) vsu(ke)] = —dicaus k5 h5 -
spins

Since we are only interested in a differential treatment of the final state we do not care about the
orientation of final-state particles w.r.t. the beam axis, hence we average over all beam directions
(directions of the incoming leptons). To do this we make the most general ansatz and afterwards
demand the averaged tensor structures of Eq. to take this form:

d—2
l —A. q/»lqu +B‘g“y - d Q (’L)

QQ Qd 2 ;u/ = l/Jl/ ) (36)
tot

where we used the total solid angle in (d — 2)-dimensions (with d = 4 — 2¢) Q@2 = 2% = 361::).

Next we determine the coefficients A and B by looking at the contractions with k*, k¥ and ¢g"”.

Since sf,’,) and 3,843 are antisymmetric while the used ansatz is symmetric we find the coefficients in

this case to be zero. For SE}V) and 5&2,,) we find the following coefficients:

A= (dc/lz__11> - <31__2€6) : B=-A, (3.7)

and afterwards define the leptonic tensor structure as:

i - e
v =
H QQ

— G - (3.8)

The leptonic tensor structure is therefore symmetric under exchange of p and v. To get a non-zero
contribution to the cross-section the hadronic structure should also be symmetric. This results
in the fact that when squaring the amplitude we also get no mixing of vector and axial-vector
contributions on the hadronic side.

Furthermore the full cross-section might receive contributions from more than one final state con-
figuration, thus we sum over different final states X. This yields the final form of our cross-section
formula (where we define the leptonic and hadronic tensor)ﬂ

U_Z/dnx (27)%6@ (g — Py) ZL (0] 7 (0) | ) (X| 77 (0) |0) (3.9)
=> / dIlx (2m)%6D (¢ — Px) > Li, H!™ .
X i=a,v

Since the intended analysis might also involve higher energies, close to mz, we have to modify the
leptonic tensor to incorporate the full Z propagator which involves a non-zero width. The leptonic

2Note that the spin and polarization sums are omitted. Since we have unpolarized electron (positron) beams we
have to average over the incoming spin configurations where we get another factor of 1/4.
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tensor is then given by:

Lb, =l (3.10)

_ g 1€\ 8 vi(vZ +a?) 2Q.Qvevs(1— %)\ -
= (53 <Q Ut AR (2R T (- (e )

2(,,2 2
[0 ] _ e 1—¢) 8r2a? a’f(ve + az) i (3.11)
pv — “lep pr = H 3 — 2% Q4 (1—7?7,2)2—&-(&)2 p '

Z mz

Born Cross-Section

To get the Born cross-section of the process ete™ — hadrons we use Eq. (3.9) with a QQ-pair in
the final state. Doing some manipulations and calculating the phase space integral over the quark
and antiquark momentum yields the Born cross-section. In d = 4 — 2¢ it reads:

chl I'(l—e) [A4r ¢ )
7,€ ep 1—2€ 1,€
o = — i 3.12
born = 2 ['(2 — 2¢) <Q2> v Cm > ( )

which involves the Q-normalized quark (antiquark) mass 7 = m/Q and the quark (antiquark)
velocity v = V1 — 4m2. Furthermore there are two factors which distinguish the vector and the
axial-vector case where one was already defined in Eq. (3.10) and (3.11) and the other one is
given by:

. 1—¢€) + 2m?2 ec ) 14 2m2  vec
i — (1—¢€) vee = o= vee (3.13)

(1—¢€)(1—4m?) ax 1—4m? ax

There are two important limits which should be considered. First the e — 0 limit:

. Q2Cl
Thom = —5— " ¥ i (3.14)

and second the massless limit:

i€ chlep (1 - 6) (477)6 e—0

Q2Clep
= ey H *
%0 o T(2—2¢) \ Q2 7

2T

(3.15)

o=.

The massless € — 0 Born cross-section is important since it will be used as a normalization factor.

3.2. Radiative Part
3.2.1. Radiative FO Cross-Section

In this subsection we will calculate the radiative contributions to the massive c-parameter differen-
tial cross-section (the same was done for massless particles and the case of massless quarks and an
off-shell gluon in [19]). We start by calculating the hadronic tensor which is related to the diagrams
shown in Fig. After that we calculate the double differential cross-section with respect to the
variables x1 and x9 which are related to the quark (antiquark) energy. With this and the relation
to the c-parameter (which we know from Eq. ) we can calculate the desired quantity.
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pz\

(a) RY (b) Ry

Figure 1: QCD diagrams which contribute to the radiative cross-section

The diagrams are evaluated using QCD Feynman rules. For example Fig. [La] yields:

(pli_(f;;jji W;Z"L—)i_ i0 Ff) v(p2, s2)e(ps; A) - (3.16)

R = a(py, 1) (ugsﬂw

Using the two contributing diagrams and evaluating the spin and polarization sums we get:

H!" = (-1)g2i*Cr

u PPy tm) Potp—m
xTr[(pz—m)<F (p1+1p3) 3—m2—|—20 A_yx(p2+2p3)23_m2+i0r>
P tpstm) L Pyt
g (p1+m)<7A(p1 +1p3)23—m2+i()r -t (p2 —1-21?3) 3—m2+zo )] (3.17)

As mentioned before we set d = 4 to simplify the calculations and insert the above expression into
our cross-section formula given in Eq. (3.9)):

o / By By dBps 1
rad (2r)5  8pYpdpl

5(Q —pY — p3 — PP (B + P + Bs) Clep L HIY (3.18)

In the next step we carry out the d3p3 integration using the delta function. Therefore we use the
following relations (where cos 612 = u = 22+ and 012 € [0, 7]):

D1 [p2]
d3 Py &Py = ngtggotdp(lj dpd p{ p |P1||p2|d(cos b12) = 87 de(f dp9 p p |p1||p2]du (3.19)
2p 5(Q —pY —pY —p3) = 6((Q — p} — p3)* — (p3)* )— —06(Q —pi — pd + 1), (3.20)
3
(¥9)? = (173)2 = (P +p2)? = ()% + (p9)* — 2m* + 2|p1||p2|u : (3.21)

Note that the kinematic situation associated with the second term of Eq. (3.20) is not within the
phase space boundaries and can therefore be omitted. Using these relations we get:

- dpy dpg du »
ald=/r 511 7] |l Ty H
- 2(2m)? @ = (1 +52)

2

209 2p9  12pY2 -
><5< _M_Pz+mpz+2_2\p1”p2\u>

Q? Q Q 2Q Q Q? Q?
_ @ dzq dzo du [ ; l~ HW}
4 / AP [T L
><6< 2]p1|\p2] [ — 9 + ;x1x2+2m }) , (3.22)
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where we used the variables x1 and zo which were defined in Eq. (2.7). Next we carry out the
u integration which corresponds to a replacement for u due to the delta function. This replacement
reflects the known kinematic relations of Eq. (2.12). Together with p3 = —(p) + p2) this yields a
set of relations which we will label rules. In the next step we put everything together and get:
2.
oi = % ep / dzy dag |1, HY (3.23)
rad 2(47T)3 ' 2t rules . .

Now we use the Mathematica package FeynCalc |21] to carry out the contraction and the trace
in Eq. while implementing rules. Afterwards the obtained result is differentiated w.r.t. z;
and z9 which yields the desired radiative double differential cross section for the production of one
massive quark flavor (where we used the massless d = 4 Born cross-section for normalization):

1 d?c? 24 g2 2 2 1 1
1 dPopg _ as(p)Cr 1+ x5 _ o2 n n _+ .
0’6 d.%'ld.%'g 2 (1 —.%‘1)(1—1‘2) 1 — T 1—1‘2 (1 —a:l) (1—1‘2)

gt (L 1 2 (3.24)
—_— m .
1—.%'1 1—1’2

s()CF .
O((;LT?_Ff ($17$27m),

1 d%ety  as(u)Cr z? + 23 o2 2 b 1
0'8 dxldl'g 2 (1 — 1‘1)(1 — .1‘2) 1-— I 1— i) (1 — .%'1)2 (1 — $2)2

R 2—.’B1—$2)2+6(1—$1—1‘2) R 1 1 2
2 2 S 3.25
+em (I —2)(1—2) R e p—. (3.25)

s(W)CF ,q .
:04(5731«“]0 (z1,22,M) .

Note that this result agrees with literature [22]. Since we are rather interested in the differential
c-parameter cross section we use Eq. (2.13) by inserting:

- /dc 5(c — g(w1, 39, 10)) - (3.26)

Afterwards we differentiate with respect to c¢. Carrying out the phase space (PS) integrals over x;
and xy yields the desired result:

1 do? < . s .
0—6 ilrcad =2 (57301? (e, m) = 04(57301? / dzq dzg §(c — g(x1, 22, M) f* (21, 22, M) . (3.27)

PS

Phase Space and Substitution

To get the phase space boundaries we have to analyze the kinematic situation. We know and already
used that we look at a three particle system in the c.o.m. frame. Energy-momentum conservation
yields Eq. (2.8) and from this the relations for the phase space endpoints directly follow:

(A) Point of minimal gluon energy: 1 = z9 =1
(B) Point of maximal gluon energy: z1 = zo = 1(1 + 41m?)

e (C;) Point of minimal quark energy: x; = 2m; x9 = %
. . : 222 .
e (Cy) Point of minimal antiquark energy: x; = W; To = 2mM

Next we determine the boundaries of the phase space which can be obtained by looking at the
kinematical endpoints and the transition between them. We find two restricting curves where both
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start at (A) and end at (B). These curves either go through (C;) or (Cz). Using

1
b(x;,m) = ST e— (2 + d? — 3x; — 2mPa; + 2l + (2 — 1)y /27 — 4m2> , (3.28)

the boundaries are given by:
e ACiB: 1z =b(xa,m)
e ACoB:  x9 =b(x1,m)
In the next step we introduce a convenient substitution using the new variable z [19):
x3=2—1x1 — T2, z=(1—1x9)/x3
= rn=1—-z3(1-2), To =1 — 32 = dxy dao = x3 dzs dz . (3.29)

The change of the phase space boundaries is illustrated in Fig. 2] where one can see that the new
variables are well suited for this phase space. Note that the endpoint (A) does not translate to a
single point but to the boundary of 3 = 0 and that therefore the boundaries AC; and ACs vanish.

‘/'CQ ‘ T T T T T T T T T ‘ T T T T T Z ‘ T T T T T T T T T T T T T T T
1.0~ e 1]
L - L |
1
0.8— ' 0.8— ]
L . L i
[ [ [ -
L b L i
|
0.6— ' 0.6 -
L . L i
L r L i
L b L i
|
04— ' 04— =
L . L i
L . L i
B b B i
|
02— ' 02— -
L D L i
= | . = .
B b B |
|
00— v 0.0— ]
‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘
0.0 0.2 04 0.6 0.8 1.0 1 0.0 0.2 0.4 0.6 0.8 1.0 T3
(a) (z1,22) (b) (ws,2)

Figure 2: Phase space with boundaries in the used variables. The solid lines show the boundaries
for m = 0.2 and the dashed lines show the massless case

Furthermore we introduce the function fi(zs,z,m) = fi(1 — a3(1 — 2),1 — x32,7) as well as
g(x3,z,m) and make use of the symmetry of z <+ 1 — z (which corresponds to the symmetry
x1 <> 2 in the old coordinates). This yields the expression:

1—4m? 3
flale,m) =2 / dxs xg/dz ) [c — g(xs, z,m)} fixs, z,m) , (3.30)
0 2
involving z; = %(1 —4/1—- 14”;23> Performing one last substitution z — % — /% we arrive at:
1—dr2 1(1- 14_?3)
i . dz . 1 = | = 1 — .
fraa(e,m) = dxs 3 — 6|lc—g(x3, = —VE,m) | fias, = —VEm) . (3.31)
NE 2 2

0 0

10



3 FIXED-ORDER CALCULATIONS

In the next step we would like to integrate over z by using the delta function. For the argument of
the delta function one can observe:

. <x3, _ V3 m> = G, 5,1, 0) = (5 — zo)<44x;§[§3_(1(;?;)y> , (3.32)

with

s 23(1+¢) + 23(8M2 — 4c — 1) + 8t — 8m? + 4c (3.33)
0~ dzs[zs(1+c) — 1] ' '

Now we can carry out the z integration and get:

1—41n?

o) = [ dey S SEw = Vi) oo (1 - - )-a)- (330

VZ0 | §5Ge(w3, 2,10, )| 4 1— 3

0
After this step the integrand takes its final form. The differential massive c-parameter cross-section
then reads:

1—41n2

do* n?
i‘ Orad _ QS(M)CF / ds 9(50)9 |:1 (1 _ dm ) — 50]]-“1.(353707 m) , (3.35)
0

oy de 2w 4 1—x3

where the integrand for the vector and axial-vector case is given by:

2{1 +2(—1 — M2 + m*)as + (1 + 2m2)z2}
[23(1+ ¢) — 1][c(—=1 + z3) — 2m2(—1 + m? + x3)]?

.FU(.’L'3,C, m) =

N[

x{[:cgu +¢) — zs[d(c — 2m?% + 2m*) — (1 + 4c — 8m?)zz + (1 + c)a:?,,]}

x{2(1 4 2m?)(c — 2% + 2m") + 21 - [c + & — 2m? — 207
— 3 - [(4de + 5? — 6m? — 6cm? + 6c¢2m? + 6m* + 2cm® + 4ctm?)]
+ 23 - [Tc + 8¢2 — 10m? — 8cin? + 8¢®m? + 6 + 4em® — 8mb + 8ern)
— x3-2[3¢ + 2¢% — 52 + 2¢%m? — 2t + 2em?t + demn® + 4B} | (3.36)

2{1 4+ 2(—=1 — m? + mY)xs + (1 + 2m?)z3}
[z3(1 4 ¢) — 1][c(=1 + z3) — 2m2(—=1 4+ m? + x3)]?

Fal(xs,c,m) =

(S

x{[azg(l +¢) — 1)z3d(c — 2m? + 2m?) — (1 4 4¢ — 8m?)az + (1 + c)a:%]}
x{2(1 — 4m?)(c — 22 + 2m*) + 23 - [c + & — 2m? — 2em?][1 + 217

— a3 - [(4c + 5¢% — 6m? — 1dem? — 4c®m? + 10m* — 2cm® — 8c®m* + 4m° + 4emb))]

+ 22 - [Te + 8¢2 — 10m? — 42¢m? — 16¢%m? + 50m* + 28cm4 + 28/m° — 16¢m°]

— 23 - 2[3¢ + 2¢® — 5m? — 18cm? — 4c*m?® + 28m? + 14em® — 2418 — 8en® + 4m®)} . (3.37)

Case Analysis and z3 Boundaries
Now we would like to determine how the theta functions in Eq. [3.35] influences the integration

bounds of the z3 integral. When we integrated over Z we restricted ourselves to curves of equal c-
parameter which are parametrized by x3. Therefore the remaining integration involves an integrand

11



3 FIXED-ORDER CALCULATIONS

which depends on the position on the curve. To find the boundaries of the remaining integral one
has to find the interval on which the curves of equal c-parameter are within the physical phase
space. This requires a thorough analysis of the involved theta functions. In Fig. [3| we illustrated
the situation for a specific mass value. One finds three different types of equal c-parameter curves:

e curves which start (£ = 0 and small x3) and end (Z = 0 and larger x3) within the phase space.
e curves which start and end within but partially lie outside the phase space.
e curves which start within and end outside the phase space.

0.20

0.15

0.10

0.05

0.00

0.0 0.2 0.4 0.6 0.8

=
8
w

Figure 3: Phase space with boundaries and curves of equal c-parameter. The solid lines show the
boundaries for /m = 0.2 and the dashed lines show the massless case

If one increases the mass one finds additional cases. When the mass exceeds m = ., it happens
that the curves either lie completely within the phase space or start within and end outside the
phase space. The third type of curve does not exist anymore. Further increasing the mass yields
the third mass case valid for 7 > m,,. There only one type of curve, namely the one which starts
within and ends outside of the phase space, is left. The mentioned m = m/Q thresholds read:

Py = \/é{l — V19 cos <:1,) [w + arctan <3*g66877)]> } = 0.299135 , (3.38)

1 /1
ity = 5 5(x/é —1) = 0.393076 . (3.39)

The different types of curves are characterized by a specific c-parameter interval. Overall this yields
six cases which are summarized in Tab. [Il Therein one can see the three different mass cases and
the different types of equal c-parameter curves. The different curves start and end at the point
where Z = 0. The related x3 value is of course m- and c-dependent and given by:

_ 144de—8m2 F /1 + 16m2 + 32im* — 8¢c(1 + 2m?)?
Ymp = 2(1 +¢) ‘

(3.40)

12
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case 1 Cmin < ¢ < oy 3 € [Ym, Y]
2 0 <7 < 1y em <c<g 3 € [Ym Y] U [Y5, Yp)
3 ¢p < ¢ < Cmax 3 € [Ym, Yp|
4 o < 11 < 1ty Cmin < ¢ < ¢y 3 € [Ym, Y]
5 cm < ¢ < Cmax 3 € [Ym, Yp)
6 my <m < 0.5 Cmin < ¢ < ¢ x3 € [Ym, Y]

Table 1: Final case structure for the phase space boundaries of the x3 integration

The boundaries of the c-parameter intervals which characterize the different types of curves are
given by:

Cmin = 2m2(1 — m?) ,
_4m? (14 2m?)

A Tem) 3.41
m T T am2)? (341)

1
cp:mQ—m4+§\/m2—4m6+4m8,

1+ 16m2 + 32/m*
8(1 + 21m2)2

Cmax =

Except for the type of curve which completely lies within the phase space the curves intersect with
the phase space boundaries which happens at the following x5 values:

o 2= 3m% + 2t F o/ =42 + (1 — 8c)im? — 4(1 + 2¢)i! + 4mS) (3.42)
Yip = 2lc+ (¢ — 1)i?] ‘ '

Note that the maximal c-parameter is not always given by cyax but sometimes by ¢,,,. This happens
when m becomes larger than 7, since then the configuration which corresponds to a c-parameter
value cpax does not lie within the physical phase space anymore. The maximal C-parameter is
therefore given by:

Cmax 0 < m < mp
Ctop = >
cp my <m < 0.5

(3.43)

This concludes the discussion about the case structure needed for the x3 integration of Eq. (3.35).
In fact we did not get into detail how to compute the involved quantities but after realizing the
case structure one can obtain the given expressions straightforwardly.

Reduction to Legendre’s Normal Form

The next important observation is that the integral given in Eq. (3.35)) is a so-called elliptic integral.
These are the ones which can be reduced to the form:

/dx Ry (z) Jr/dx Rj)((fc)) , (3.44)

where R;(z) are rational functions and p(z) is a polynomial of order n < 4. For these integrals
there exists no general theory how to solve them and it is usually not possible to find a solution

13



3 FIXED-ORDER CALCULATIONS

in form of elementary functions. However, there is a theorem due to Legendre that one can reduce
(or rather express) them as a linear combination of an integral of a rational function and three
standard elliptic integrals which are called Legendre’s normal form of elliptic integrals. For these
standard integrals one can find Taylor expansions to any order and numerical implementations with
arbitrary precision. The (incomplete) elliptic integrals of first, second and third kind are given by:

sin(0) ) sin(0) . .
F(b, = d , E(0, = dy | ———,
(6, m) 0/ N (e (6, m) 0/ 0
sin(0)
1
(n;0,m) = d , 3.45
wom) = f Y1) - ) (34

0
where k = /m is called the elliptic modulus and n is the so-called characteristic of the elliptic
integrals of the 3rd kind II.

To achieve the form which is convenient to start the reduction with (which requires p(z) to be
factorized) one should observe that (involving yo > y1 > y2 > y3):

D=

{[:L‘g(l +¢) — asd(c — 2m% + 2m*) — (1 + 4c — 8m?)z3 + (1 + c)x%]} =

— c>{<x3 o) (s — 1) (s — o) (s — y3>} , (3.46)

where the y;’s are given by:

1
1+c

Yo = , Y1 ="Yp Y2 = Ym , y3 =0. (3.47)

After this observation we can start the reduction procedure. Therefore it is convenient to break the
whole cross-section into smaller pieces. The cases given in Tab. [1] involve sums of elliptic integrals
which look like (with some generic upper bound 3):

]
File,m, 0(7)) = /dmg Fi(xz, c,m) , i=a,v. (3.48)

Ym
This kind of integrals can be reduced to Legendre normal form. We present the procedure and all
the necessary formulas in Sec. A more general treatment and an overview is given in [23].

As stated above after the reduction process we should arrive at a linear combination of an integral
over a rational function and the elliptic standard integrals. In fact for our case we can solve the
integral over the rational function and the result then takes the form:

fi(c,fn, 0) = ci(e,m) + fi(e,m) F(0,m) + e;j(c,m) E(6,m)
+ pn,i(c, m) II(n; 0, m) + pp i(c, ) (h; 6,m) . (3.49)

The involved coefficients, elliptic moduli and characteristics are rather long expressions, thus we
present them in Sec. [A2]

As one can see by looking at the explicit calculations the boundaries of the integration were trans-
formed during the reduction process. In the end we only have two ¢- and m-dependent boundaries

14



3 FIXED-ORDER CALCULATIONS

which are given by:

6, = arcsin < y1(ym—yg)> , 0, = arcsin < zn(yﬁ—yz)) . (3.50)
Y - (Y1 — y2) Yp - (11— 12)

Involving these new boundaries the whole cross section result which is valid for ¢ > ¢y, can then
be written in a very nice way:

Fi(c, i, O case 1

Fille, i, m/2) = File,1m, 0p) + File, i, Om) 2
1doj,y _ as(u)Cr ) File, i, 7/2) (3.51)
oy dc 2 Fi(c, i, O) 4

Fi(e,m, m/2) 5

Fi(e, 1, 0m) 6

This is the most convenient way for expressing our final result which is also well suited for a
numerical treatment.

3.2.2. Series Expansions

In this subsection we will take the radiative FO result from Eq. and expand it in different
limits. First we will calculate the divergent behavior by performing a threshold expansion which
will then be used to manually regularize our radiative FO result. This is done by subtracting the
divergent pieces and adding them back in terms of plus distribution (which are defined in Sec. .
This yields the regularized radiative FO result which is then valid for ¢ > ¢pin.

The second expansion is in the SCET limit where we expand the FO result in the limit which
is inferred by the SCET power counting (see Sec. . This result will then be used to check the
unresummed SCET result and also for determining the non-singular contributions to our SCET
cross-section (see Sec. .

Threshold Expansion

To calculate the threshold expansion we have to expand around the minimal c-parameter value
Cmin = 2m%(1 — m?). A straightforward expansion of the elliptic standard integrals and the coeffi-
cients at the point ¢ = cyiy yields the divergent term of the threshold expansion (¢!, was defined

in Eq. (3.13)):
gad(cv m) = f(fliv(ca Th) + frildiv(cv m) = féiv(ca ’ﬁ’L) + O((C - Cmin)o) ’
fii(e,m) = Al [2(1 — 2m?)In (H ”_W> —V1- 4m2} = fi(m)% . (3.52)

C — Cmin 2m — Cmin

To regularize the radiative FO result we will subtract the divergent part which is proportional to
(c— cmin)_1 and add it back as a plus distribution. This is the reason why we defined the coefficient
function f ().

Furthermore we would like to have some information about the non-divergent contributions to the
threshold expansion. This might become handy when dealing with the numerical implementation of
the full QCD cross-section minus the divergent part which is part of the non-singular contributions

15



3 FIXED-ORDER CALCULATIONS

to the cross-section (see Sec. . Since close to threshold one subtracts very large numbers this
might give rise to numeric instabilities which could be cured (at least approximately) by switching
to an expansion within a small vicinity of the threshold. The expansion of this non-divergent
contribution to some order N takes the form:

N
Fiase(e i) = a(m) + 3" at (1) - (¢ — coin) - (3.53)
J

Except for the constant term the expansion using the elliptic integrals and their coefficients does
not work anymore. In fact when doing the integral reduction one introduced a singularity at
c = 21m? which is canceled exactly between the different terms (note that this divergence has no
connection with the SCET threshold - see Eq. - which is located at the same c-parameter
value). Although this singularity cancels numerically we still subtract very large numbers which
yields to instabilities at this ¢ value and spoils the threshold expansion. To get rid of this problem
we use the expression given in Eq. and try to expand the whole integral (since we are close
to threshold we are in cases 1,4,6 and therefore look always at the same integral). The expansion is
simplified when doing the substitution of Eq. because then the divergent behavior factorizes
out of the integral. Now we can Taylor expand the integral which is multiplied with the divergent
factor (¢ — cmin) ', With this method one can derive the constant coefficient which is given by:

i (5 dcy, -2 4 a6 28 @10 1 — 412
ap(m) = (1 = S} (1 = — 11m" + 8m° + 20/m° — 8m '~ )artanh T st
— (1 =8m*32(1 — m? + mb)artanh(v/1 — 4m2)
— 2/ (1 — 4m?2)(1 — 8m4) (1 + m? — 5m4)} : (3.54)

Note that for very small masses the above expressions also involve subtractions of very large terms
which is numerically unstable, hence one has to switch to an expansion in m.

For the higher order terms the analytic calculation involves handling very large expressions. There-
fore these coefficients should be determined numerically. Since the derivation is an ordinary Taylor
expansion we do not get into details.

SCET expansion

The second expansion we are interested in is the so-called SCET expansion. SCET imposes a certain
power counting in some (at this point generic) parameter A which is used as an expansion parameter.
SCET is derived from QCD by using this power counting and a leading order approximation.
Therefore an appropriate expansion which implements the correct power counting can be used to
cross check the SCET result (see Sec. [6.3).

The power counting (see Sec. 4 results in a certain scaling for different variables. Since we are
interested in the expansion of the c- and 7h-dependent QCD result one should note that ¢ ~ A2
and for a collinear particle m ~ . To get a correct leading order expansion we replace ¢ — z2 ¢ as
well as 7 — 21 and expand around x = 0. This realizes ¢ ~ 7m? while expanding for small values
of both. Expanding the elliptic standard integrals and their coefficients yields:

; Ly ewm? AL+ In(c—m?)] | c—2m? 0 ~0 150 3+ 41n(c) 0
frad(c7m) = - c— o2 +(C_m2)2+(’)(c,m) — —fﬁ-O(C)

(3.55)
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Note that this expansion gives the correct singular contribution to the massless QCD result (see [|4])
which emphasizes that it implements an expansion in ¢ and m simultaneously and therefore does
not lose track of the correct massless limit.

3.3. Virtual Contributions

Although it is not needed for the FO cross-section we have to compute the O(ay) virtual diagram
(see Fig. for the matching of SCET to QCD which is done in Sec. In fact we need
physical matrix elements at O(as) which are obtained from the virtual diagram by applying the
LSZ formula.

s

Figure 4: Virtual QCD diagram V}*

Using QCD Feynman rules the virtual diagram is given by:

d’k i(p, + k+m) i(—p, + Kk +m)
o . aTA~e 1 T 2
V; U(p17 Sl)/ (271’)‘17(1987 H )(pl T k)2 im0t (p2 — k:)2 —m2 440
T . |
X (19570 1) 7575 v (P2: 52) (3.56)

Next we again use FeynCalc [21] to do the tensor reduction and results from [24] for the 1-, 2- and
3-point functions. Since we are interested in the physical S-matrix element we have to use the LSZ
formula. In this case we simply have to multiply a factor (ng)*l/ 2 per external line where the
wave-function renormalization factor in the on-shell scheme is given by [6]:

os _ ., aswCr [ 3 m*\
295 =14 S5PEE { Sl (o) —ap (3.57)

Note that after including the wave-function renormalization factor all the divergences which arise
are of IR type which can be seen by using an IR regulator like a massive gluon or an off-shellness.
The desired one loop matrix element (involving v = v/1 — 47?2) is then given by:

<QQ‘ ZM ‘O>QCD — u(pl,sl)l“fas('u)CF{ _ g _ 1 +v2 I <2} — 1> I <Tn22>

47 € Ve 1+w L
2 1— 1 2 2 -1 2
+31n m —3vln v — 4+ Tt In m In Y —|—7L
2 1+w v w? 1+w 6
1—v 2v v—1 1 v—1
2Lip [ —— ) + 21 1 — —1n?
st (1) 4o (5 ) n (755) - 0 (555) | oo

+0(agm, a?) . (3.58)
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This result will be used to do the matching calculation of SCET to QCD (see Sec. . We
can also compare this result with the literature |25] and find agreement for d = 4 — 2¢. Although
the O(asm) terms (which are different for the vector and axial-vector current) clearly contribute
to the one loop matrix element we do not write them down explicitly. Since leading SCET only
involves terms up to O(mP) it happens that it cannot reproduce the IR divergences which behave
like (1/€e7r)O(m) although they are involved in the full mass dependent QCD result. This forces us
to use an expansion of Eq. when calculating the matching coefficient and later account for
the error. A more detailed discussion of this subtlety and how we deal with it is given in Sec. [6.2.1}

3.4. The Delta Coefficient and the Full FO Result

In this subsection we will show how to derive the numerical coefficient for the delta part of the FO
cross-section. The strategy to determine the coefficient is to integrate the radiative result over the
full c-parameter range and subtracting it from the integrated hadronic cross-section. The remainder
should then correspond to the delta function coefficient.

The integrated hadronic cross-section at O(as) can be found in [20] and reads:

C C
Otot =— O—E)ot + Jgot = Jgorn |:1 + QS(/;LT)FKU(U):| + Ugorn I:l + OZS(/;LT)FKCL(U) ’ (359)

involving of  defined in Eq. (3.14). The coefficient functions which depend on v = /1 — 41?2

read:
K(v) = % {A(v) + (1?&;’;3) In Gfg) + (1?}1(;2’;3)] , (3.60)
K9(v) = % {A(v) + PZS’) In (1 * Z) + ngv)] , (3.61)
A(v) = (1 —I—UQ)[LiQ( E ;zr> + 2L G;Z) +1n GJ_FZ) In (W” : (3.62)
P (v) = % + %)2 - %04 , Q" (v) = Zv _ %ﬁ , (3.63)
oy = 224592 194 3 6 Q)= Lo N 35 (3.64)

YT 39T 3" T3 T3 “16" 7" 16 16

On the other hand side the total hadronic cross-section has to be the same as the integrated
differential cross section. With the definition from Eq. (3.41]) and (3.43) we can write the total
hadronic cross-section as:

Ctop . Ctop .
. do . as(M)CFl 0'6 / ; A f}k(m)
i Yo i 1 - % o
Otot /dC de Uborn{ + e QUéorn de rad(c7 m) € — Coin
i /oA 0(c — cmin i/ A
+ gt | A0 i) e - o) |
min +
Cr 1 %p
— b [ L+ I (0 4 14 00) Wi — i)+ [ e S| (365

where we introduced the coefficient function of the delta function f(r) and used the non divergent
part of the radiative FO cross-section which was introduced in Eq. (3.52). By comparing Eq. (3.59))
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and (3.65) we can numerically calculate the O(as) coefficient function of the delta function for the
vector and axial-vector case. It is given by:

Ctop

fim) =2vc, K'(v) — < FL(m) In(ctop — Cmin) + / de £ (c, m)) . (3.66)

Cmin

This result will contribute to the delta coefficient of the non-singular cross-section (see Sec.
which is shown in Fig.

The Full FO Result

In this and the previous subsections we calculated all the contributions to the FO QCD cross-
section. Afterwards we properly regularized the radiative contributions and thereby arrived at an
integrable result. Then we used this feature to calculate the FO delta coefficient and thereby the
last ingredient to the full FO cross-section. The final result to O(as) reads:

dogep dotyep
— = ;v:a < (3.67)
dai CD i
(;QC = Jborné(c - Cmin)
i as(p)C i i 0(c — Cmin i .
03 I 1) o = o)+ 7100 | )] g (e
0 C—Cmin |4
+0(a?), (3.68)

where the different coefficients are defined in Eq. (3.52) and (3.66)).
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4 SOFT-COLLINEAR EFFECTIVE THEORY

4. Soft-Collinear Effective Theory

The soft-collinear effective theory (SCET) [5-9] is an effective field theory (EFT) of QCD which
was introduced in the context of a heavy meson decaying into a jet.

Motivated by the scale hierarchy of particles within jets one first decomposes QCD into modes with
different momentum scaling, then integrates out the modes which are far off-shell. Afterwards one
uses a power counting to determine the relevancy of the remaining modes and thereby constructs an
EFT which exactly reproduces the IR degrees of freedom of full QCD. Furthermore SCET simplifies
the derivation of factorization theorems and the resummation of large logarithms [1026,27]. Overall
it is an optimal framework to study event-shape distributions at high energies as we intend to do.

4.1. Light Cone Coordinates and Mode Separation

In our case where we study hadron production from eTe™ annihilation the c.o.m. frame is most
convenient to describe the relevant kinematics. Since we want to describe jets which consist of
highly boosted hadrons, hence particles which live almost on the light cone, we use so-called light
cone coordinates. Therefore we change from z* to a new basis which reads:

n’u = (1707 O’ _1) ) ,ﬁ’# = (170707 1) b)
z =(0,1,0,0), zh =(0,0,1,0), (4.1)

where trivially n -7 = 2. In this new basis we look at a general vector p* and for this define
pm=p"—p, pt=p"+p, P = (0,p",p%,0) = (0,71) - (4.2)

Then we can decompose a momentum p* as follows:

Iz 7
pr=p" % +p* % +p p*=ptp = (). (4.3)
Now we identify the for our problem relevant modes of the theory. Since we want to describe
jets we need to include close to on-shell particles which have high momenta in a specific direction.
Therefore we look at an energetic particle which (without loss of generality) moves in —x3 direction.
It is easy to see that m < p® & |p?|, hence the light cone coordinates are widely separated p~ ~ 2p"
and pt ~ 0. If  denotes the total c.o.m. energy, then:

Q> > p* =" - (*)* + (pr)? = pL =P < Q. (4.4)

Furthermore the large component should be of the same size as the total center of mass energy i.e.
p~ ~ Q. With the small parameter A ~ p, /p~ one can write p; ~ QX and since p*p~ ~ (p)? ~
Q?)\? the small component scales like pt ~ Q2. Particles which light cone components scale like
pn=(pT,p",pL) ~ Q(N2,1,)) are called n-collinear. Similar particles which move in the opposite
direction and therefore fulfill p; ~ Q(1, A2, \) are called n-collinear.

The other relevant modes which will appear are induced by the radiation of a gluon. While staying
close to its mass-shell a n-collinear quark can only emit a gluon which is either ultra-soft (usoft)
ie. kus ~ Q(A%,\2,)\?) or again n-collinear k, ~ Q(A?,1,\). Together with the corresponding
n~-collinear particles we identified all the relevant modes we want to include in SCETH All other
modes are far off-shell and therefore integrated out.

3Note that if one is interested in an O(a?) analysis one has to deal with secondary massive quarks which forces us
to include mass modes with a soft scaling - see [13].
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4 SOFT-COLLINEAR EFFECTIVE THEORY

4.2. SCET Fields and the Lagrangian

Now we look at the QCD quark field and separate it in an n-, n-collinear and usoft part i.e.
Y(x) = Yp(x) + Ya(x) + Yys(x). Since the large components of collinear momenta can only be
changed by collinear particles we can separate the interactions of collinear and usoft particles.
Therefore we decompose momenta in a large label-momentum and a small residual momentum{}
nt

P =p" 4k Pr=p S +rL (4.5)
Next we restrict the momentum of the Fourier integral of the n-collinear quark field to the scaling
of a n-collinear particle. Together with the above decomposition this yields the following:

4
¢n(I) = / (;17[_})) 5(]9 - m2)0(p0 N m) |:u(p)a(p)eip-m + v(p)b’f(p)eip-:p:|
" 4 ‘ ‘
S [ st =m0 a0 s (4

p
=2 #efutsr i = 2 s (4.6

where we omit an implicit sum over spins and use that for a collinear particle p?> = m? ~ A% which
corresponds to m. ~ A. Next we introduce projection operators:

phit _ Tt _
Po="r, Pr="r, (Po+Pp) =1, (4.7)

which are used to separate the quark field into two parts:

wn,p ( + P )¢n,p - gn,p + gn,p (48)

Using the definition of the projection operators in Eq. (4.7] g one can derive the following relations:

7/L§n,;6 =0 5 %fn,p
Pngn,;ﬁ = fn,ﬁ ) nén,p gn,p (4'9)

Note that derivatives of these new fields give O(A\?) contributions. To obtain the SCET Lagrangian
we start with the n-collinear quark part of the QCD Lagrangian and use the relations of Eq. (4.9)).
Then we get:

q n = (le m Z elp * |:§n,p + gn,p :| < ZL + ZD+7§ + ZEJ_ - > i [fn,ﬁ + én7ﬁ:|

= Ze_z(p 7 [ (D" )%fn,ﬁ + €0 (5 + iD—)gén,ﬁ
+ gn,ﬁ’ (p, + i) —m)np+ Eny (P, + ip, — m)én,ﬁ:| . (4.10)

In the second term of the above result one can see that D~ is of order A? and therefore suppressed
w.r.t. p~—. In the leading Lagrangian, which is O(A\%), the field &n,p is therefore not dynamical and
can be integrated out using the equation of motion [6}28]:

(b~ +iD")en = (p, +ilP + m)?f n - (4.11)

4To separate the dynamics of the label and the residual momentum components is already known from other EFTs
and illustrated for SCET in [7].
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4 SOFT-COLLINEAR EFFECTIVE THEORY

Applying the same procedure to the 7i-collinear quark Lagrangian one finds a corresponding ex-
pression. One can determine the power counting of the different fields by looking at their kinetic
term. By imposing that the kinetic term in the action is of O(A°) and the fact that the final fields
only contain residual dynamics, which is the reason that the derivatives count as A, we can easily
determine the power counting of the fields. Then it is easy to argue that the usoft quark Lagrangian
is suppressed in .

Now one decomposes the gluon field, in analogy with the quark field, in an n-, fn-collinear and usoft
part i.e. A* = A}, + AL + Ali;. Their power counting is obtained the same way as for the quark
fields [6].

Then we expand the n-collinear quark Lagrangian to O(A\*). Involving an implicit sum over all
labels the Lagrangian reads:

2
_ ] P
£q,n = gn,p [ZD+ + T_LL:| ¢£n,p

pl2
¥ g, 5n7p’[A:{,r+Air(pL_+m) +(2ﬁi—m)AL (pi—m)(pL+m)A_ 7

nep ﬁ-p’ n,r ﬁ-p/ﬁ-p n,rgnyp
- 1 1ol o -m) | L, +m)
2 1 il
f— —-A = — =" A
+ 95 5”71’ [ﬁ -(p—q) {An,qAn,r—q e Anﬂ"—q 4 [p n,r—q
P, —m)p, +m) _ i 345
+ n- p/ n - p/ Anquny""_Q}:| 567%13 + O(gs7 A ) ’ (412)

where r = p’ —p and D* = 9" —igsAls. Together with the Lagrangian of fi-collinear quarks and the
Lagrangian of collinear and usoft gluons [8] this yields the whole O(A*) SCET Lagrangian. From
this one can obtain the effective theory Feynman rules which are given in Sec. [C]

Remark: Here one can also see the origin of the so-called zero bin subtractions [29]. First we
divided the gluon field into collinear and usoft fields, then we separated the label from the residual
momentum dynamics in the collinear fields. If we calculate Feynman diagrams involving collinear
and usoft gluons we double count the usoft region since the label p = 0 corresponds to an usoft
gluon. This means we did not achieve complete separation between these modes which has to be
compensated by an explicit subtraction of the p = 0 bin, i.e. the zero bin.

4.3. Wilson Lines
4.3.1. Collinear Wilson Lines

In a full QCD calculation the interactions between n-collinear antiquarks with n-collinear gluons
is of course not prohibited. Since it would push the antiquark far off-shell these contributions are
integrated out in SCET. To reproduce also these contributions they are expected to reappear in
the matching calculations. In fact so-called collinear Wilson lines [6,8] which arise in the matching
will account for these contributions.

The discussed QCD process is illustrated in Fig. To determine the contribution to the SCET
current we change to collinear fields and expand in A using the SCET power counting. Involving a
collinear (anti)quark and several collinear gluon fields we getﬂ

m i(_p2 -2 f; + m)
(P2 +32;¢)* —m? +i0

®We use the notation A, := T A"

y m 7 Z(_pQ _ﬁl +m) . ~
(095 Vptm Al A) X -2 X (p2 — q1)2 — m2 + 40 (1951 Ars 1)

&l
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4 SOFT-COLLINEAR EFFECTIVE THEORY

Figure 5: Collinear Wilson lines (all gluon momenta are outgoing)

(4.13)

In the next step we apply the power counting where the antiquark is n-collinear and the quark and
gluons are n-collinear. Furthermore we use the gamma matrix decomposition

= T Byt (4.14)

and the relations of Eq. (4.9)) to obtain:

—i(p iy + a7 k)
(p3)(a7) +i0+ O(X?)

ot -\t L
— + q. )5
0+ (S W0) 0 )
(Pz )(Zz q; ) +i0+ O()‘Q) o

&l (igsAM, A€ . (4.15)

Since the second term of each numerator is suppressed when the contraction with the collinear
gluon field is carried out we arrive at the result:

n e m _ -
(a7 +z‘0)ﬂ o (Zu, 1 0) | i Al | O (4.16)

(gsp)™
Of course the same considerations are valid for n-collinear gluons radiated by a n-collinear quark.
The calculations are in complete analogy with the previous ones and are therefore omitted. Fur-
thermore at leading order in A arbitrary many of these (identical) gluons can be emitted which tells
us to sum over the number of gluons m and the permutations of their occurrence which yields the
n and n-collinear Wilson lines in momentum space:

Wn _ 2 : 2 s~6 m M1 Hm AMm .. .A,ul , 417
- perm.(g ) i) (g i) e A (4.17)

n .. .n
wi = E E — g i)™ 2t Hom AL L AR 4.18

m perm.

These Wilson lines effectively account for the interaction of any number of n(n)-collinear gluons
with a n(n)-collinear quark (antiquark) in SCET. Next we perform the Fourier transform of these
Wilson lines to position space. The position space gluon is connected to an outgoing gluon in

momentum space via - Ay (z) = [ % exp(iq - x) n - A, 4. This yields:
o0

Wh(z) = Pexp [igﬂe/dsﬁ-An(sﬁwL:c)} ,

[e.e]

Wi (z) = Pexp [z’g[ﬁ / dsn - Ap(sn+ x)] : (4.19)
0
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4 SOFT-COLLINEAR EFFECTIVE THEORY

where P(P) denotes path(antipath) ordering of the involved fields. Then the full SCET current
which is important for the matching on QCD reads x,I'*xs involving the n(7n)-collinear jet field
Xn(n),P = Wg(ﬁ)ﬁn(ﬁ)m and P =p+ ), ¢; the jet momentum (also see [9]).

4.3.2. Usoft Wilson Lines

Next let’s look at the interactions between usoft gluons and collinear (anti)quarks. In fact these
interactions can also be summed in a so-called usoft Wilson line [8]. In analogy with the collinear
case we calculate these usoft Wilson lines by looking at contributions like the ones illustrated in
Fig. [6] We find:

n ...n
Y= (—gsi)™ S AL Al (4.20)
" ;Em T i) (S Hi0) T
n ...n
Yy = (gsfi€)™ 2 i —Abm AR (4.21)
' Em:pzm T g i) (e —i0) e
dm Gm-1 q1 q1 dm—1 dm
D —Pp2

S e R Rt ELCEE %

Figure 6: Usoft gluons interacting with a collinear (anti)quark to give an usoft Wilson lines (all
gluon momenta are outgoing)

When taking the Fourier transform of these usoft Wilson lines one obtains:

Y (z) = Pexp [ig[f/ds n-Aus(sn+ ZL'):| ,
0

(e}

Yi(x) = Pexp [—ig[f/ds ﬁ-Aus(sﬁ—l—a:)] : (4.22)

Furthermore the interaction of usoft gluons with collinear (anti)quarks can be removed from the
Lagrangian by performing a field redefinition [8] of the form:

& — Yyt © &= Vit
A, = Y, A0y An — Y, AVYT (4.23)

where the fields with the “0” label are new collinear fields which no longer interact with usoft
gluons. This effectively rewrites the current as:

ElVen — EVY Tyl (4.24)

Together with the change from the collinear Wilson lines and secondary massive particles which
give rise to soft Wilson lines [27] the full SCET current is then given by Eq. (5.4]).
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5 FACTORIZATION FOR THE MASSIVE C-PARAMETER

5. Factorization for the Massive c-Parameter

In this section we want to show that starting with the QCD cross-section in the dijet limit and
rewriting it in terms of SCET expressions one can arrive at a factorized cross-section formula. This
factorization separates the cross-section in three factors and reads:

c=H-J®S. (5.1)

The first factor, called hard function, is basically the squared Wilson coefficient between SCET
and QCD and therefore encodes hard physics. In addition one encounters a convolution between
the so-called jet and soft functions. The jet function accounts for the dynamics within the jet(s)
while the soft function takes care of the soft radiation and soft cross talk between them.

We will start by deriving a general factorized SCET cross-section. After that we will use our
findings regarding the massive c-parameter kinematics to impose certain kinematic constraints. In
the end we simplify the result and thereby arrive at our final formula for the differential c-parameter
cross-section.

5.1. General Factorization Formula

In this derivation we will follow [26] and therefore omit some of the intermediate steps. To derive
a general factorized SCET cross-section one starts with the full QCD cross-section of the process
ete™ = ~*, Z* - QQ + X which we already know from Eq. 1’

o= (2m)'%6W(q—Px) Y L, (07 (0)|X) (X]| T (0) |0) . (5.2)

X 1=a,v

For our purposes we assume the production of two particles which are back to back (namely the QQ
pair) and only collinear and soft gluon radiation. This is implemented by the restricted sum which
only includes states which involve a n-collinear and a n-collinear jet together with soft radiation.
In this context one also calls this configuration the dijet-limit. For this setup SCET is applicable
and we switch from the current in QCD to the one in SCET J. Already in Sec. we saw
how Wilson lines arise and modify the current in SCET. This and its connection to special gauge
transformations is discussed in more detail in [8,9]. The matching to QCD is then given by:

710) = [ dw d@ Cw,mp) S 0,30 (5.3
with:
T = (XY SITS: Yaxnz)(0) | (5.4)

involving the jet field x,, usoft and mass mode Wilson lines Y;, and S,, (see Sec. [4.3)).

On top of that we impose the factorization of the final state and the phase space into collinear and
soft contributions which makes sense since a final state particle belongs unambiguously either to
one of the jets or to soft radiation}

|X> = |Xn> ‘Xﬁ> ‘Xs> . (5.5)

5The sum over all final state configurations also contains the integration over the phase space. It is omitted for
convenience.

"In [30] this assumptions is criticized and shown to be unnecessary. The authors discuss a method to derive a
factorized formula without final state factorization which should lack several drawbacks of the presented one. The
argument is shown for a class of massless ete™ event-shapes and it is not obvious that it also applies for our
massive c-parameter. Nevertheless one should be able to generalize their argument by using methods from [31].
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5 FACTORIZATION FOR THE MASSIVE C-PARAMETER

Using this and a generalized fierz formulaﬁ one can write the cross-section formula as three factors
where each one accounts for a different kinematic region. Note that color and spin traces are
implied for each factor separately, hence these factors are singlets with respect to color and spin
transformations. The cross-section is now given by:
ot K§ — 4 (4) — 12
~ Tz Mm. ZX ;X (27150 (g — Py + Px. +PXS)/dw 4 |Cw, D) (5.6)
n LA PR ]

—td . J—
X (0] Vi ¥ | X) (X Y1V H10) (0% 1K) (Xl s, 10) {0] #xn | Xin) (X X 10)

where a normalization factor Ky = 2(d — 2)ci_ and the vacuum mass mode matrix element M

clep
was introducedﬂ Momentum conservation implies that C(w,w,u) = C(Q,—Q,pn) = C(Q, ).
Furthermore we introduced barred usoft Wilson lines which arise since the matrix elements are in
fact time-ordered (respectively antitime-ordered). By switching to these barred Wilson lines this

ordering becomes redundant [26]. The involved barred Wilson lines are given by:

Yn=T ;)" =Pexp [— ig[ce/ds n-Ays(si+ x)} ,

[e.e]

?:[1 =T(YHT = Pexp [ig[f/ds n- Aus(sn+ :E):| ; (5.7)

where A5 = AfsTA with 7" = —(T*)T. The unbarred usoft Wilson lines are given in Eq. ([#.22).

In the next step of the derivation most of the kinematic constraints are implemented by introducing
corresponding delta functions and utilizing SCET properties. The remaining delta functions are
then turned into integrals over exponentials [26]. Some further manipulations yield the general
factorized SCET cross-section formula:

o' = [CQuu)f [ i diy iy dk; (5.8)

< Sgr IO ) a6 (610010

Xz;ﬂ/d‘lye”yTf<0x(y)\X><X\<ﬁ)xn )0

8 Z4N (2)2 /dz+dzeé(wz_%zﬂTr (017 (=) Ya(27) [Xo) (X K (0)YE(0)[0) -

5.2. Kinematic Considerations

In this subsection we take a closer look into the kinematics of the massive c-parameter in the dijet
limit. We would like to show that it can be written as a sum of contributions from the different
kinematic regions, hence one from each collinear and a soft contribution:

Cdijet = Css + Cns + Cas + Con + Csa + Cnn + Can + Cnn + Can

= Css t+ 2(Csn + csﬁ) + cpn + can + 2cnm
=cs+cy+cp . (5.9)

8This fierz formula can be derived by using SCET power counting and Eq. (33) from [32].
9The mass modes only contribute in higher orders (see the discussion in [26]) thus M = 1 4+ O(a?2). This is the
reason why we can drop this factor.
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5 FACTORIZATION FOR THE MASSIVE C-PARAMETER

The first step is to rewrite our massive c-parameter definition in a way which is useful for showing

that Eq. (5.9) holds (we use ¢*> = (3, pi)? = >i(pipj) = Q?):

S TeR [QQZ ;(p;zp] } 4@221% J[ (pi - py)pip] = (i -2 (1= 0i))| - (5:10)

Rearranging it as a sum of the different kinematic regions yields:

€= 4@2 ZZ

a,b i€a
jeb

[ ;) (0Yp] — pi - p)) +5ab5ijm?:| : (5.11)
Py

Now we use relations for light cone coordinates Qp,? = pj +p; and 2(p;-pj) = pjpj_ +p; pj + pf‘ . pjl
and note that the last factor of Eq. (5.11) is always O(\?*) since for a collinear particle m, ~ A and
for a soft particle mg ~ A? holds. By simplifying our last result one obtains:

(pi'p; +pip] +2pi p))ip] +Pip; + 200 P) 5 1o
SEINY W ) ) o 12
a,b 16% v v J J
j€

In the following we will look in the different kinematic regions and show that the relation of Eq. (5.9))
indeed holds.

soft-soft and soft-collinear contributions

Contributions to the c-parameter involving soft particles read:

css = O(A\Y) = subleading, (5.13)
+0= ()2
1 p; p; (pj ) 4 < > 4
Con = L O\ 0L oY, 5.14
4Q? % (i + 07 )p; ¥ = 4Q? jezn % pf erz ) (5:14)
JEN

For collinear particles m. ~ A holds. From this we get the following relations:

" 1 - 1 _
il =\ 60)2 = m2 = S/ + 9702 — 4m2 = Jp7 +O0N),

I =l + 0

1€EN 1€EN
S IR =Q+0() =2 |5+ 0(\) .
1€C €N

For convenience we also define P4 and note:

PZEZpZH,

1€a
P, =2P) + O(X) =2 |5+ O(\?) =Q+ O(\),
iEN
PF=Q+0(\) = P, =PI+0(\)),

Pt =Pl =0(\?),

n
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5 FACTORIZATION FOR THE MASSIVE C-PARAMETER

where the last relation is true since the total transverse momentum in one hemisphere adds up
to 0 with respect to the thrust axis. Using these relations one is now able to write all c-parameter
contributions involving soft particles as:

pi_ PP pz 4
Csn = 2 Z L Z ()\ ) = Csn
Q 165 +p1 Q zEs +pl
i pi 4
Cg = 2(Csn + Csn - Z B + O()\ ) . (515)
Q zes +p2

collinear-collinear contributions

The contributions involving only collinear particles can be derived by simple power counting and
read:

4 p pHpT
con = 708 2 Wi TR PP o = Ly o)

ien p; p; 2Q
- Lo\t t
(pipj +p; P} )i P; s _ 4
Cpn — O(A ) 7]? O()\ ) y
@l o
p; vy (i p) +p{p;) 4 . 4
Cnis = OO = ——(PF 4+ P2) + O . (5.16)
Q2 ; Pi pj 4Q
JEN
Now it directly follows that:
1
Cnn+Cﬁﬁ+2cnﬁ = Q{]P)z +]P)n} +O()\4) ) (517)
1
= =PF+ 00, (5.18)
Q
1
ch = @P" + 0. (5.19)

This shows that Eq. (5.9) indeed holds.

5.3. Massive c-Parameter Factorization Formula

Now we want to exploit the results of the previous subsection. By inserting the identity operator
we implement our c-parameter prescription:

kit ki ke ks
Il:/dc6(c—cn—cﬁ—cs)/dcn6<cn—Q) /dCﬁ 5(cﬁ—Q>/dCs 5(CS_CM) .

(5.20)

After the insertion of the above relation we work through the integrals, take a derivative with
respect to ¢ and arrive at the final differential cross-section for the c-parameter. Since we have
imposed all of the kinematic constraints we were able to sum over the n- and n-collinear final
states and arrive at:

1 do?
— dUc = |C(Q,u)2/dcn dep deg 0(c — ¢ — cn — ¢6)In(Q%cn — m?) Ja(Q%cn — m?)
%0

Q* 1 kfky > - it
g Y 0 s — 52— ) (0] Va2 1) Ya(27) [Xs) (X Y, (0)Y1,(0) [0)
AN, (27)2 ; < Q ki + ks >

(5.21)
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5 FACTORIZATION FOR THE MASSIVE C-PARAMETER

where the jet functions (including an implicit spin-trace) are defined by:

Tn(Qk —m2,m, 1) = %IQDiSC [2 7 dz ¢ (0| T {Zixn(:zj)me(O)} M , (5.22)
Qi = m ) = s Dise s 7dy 0 {000 0| (5.23)

The substitution
s’ +m? s — s +m?

7 5 Cp — Q2 y (524)

Cn —

where s = Qk — m? and s = Qk; — m? is the off-shellness of the n- and n-collinear jet (in
expanded form). This leads to the final result which is given by:

d %
016 T = QHQp) [ ds Jo(somp) Qe —20%) — 5. (5.25)
H(Q, ) =C(Q,w)*,

J’T(Sam7u) = /dsl Jn(8/7mau) Jﬁ(s - 5/7m7 /“L)a

1 k ik — _
Selln) =+ D8 ( £ = = ) (01 aYa(0) |X,) (X, ¥,{Y3(0) [0)
N, ks + ks
Xs
This means that we have achieved to write the cross-section as a product of three factors. These
factors involve SCET matrix elements which can be determined separately. This will enable us to
sum large logarithms of ratios of the characteristic scales (see Sec. [6.1)).

Now lets examine this result in more detail and make first observations:

e As mentioned before the hard function is just the squared matching coefficient from SCET to
QCD. Therefore it is universal for all eTe~ event shapes. Results and detailed calculations are
given in Sec. [6.2.1]

e The c-parameter jet function is a simple convolution of the hemisphere jet functions and therefore
the same as for thrust. One could expect this since the assignment of the c-parameter in the
n- and n-collinear region is the same as for thrust and therefore these two event-shapes are the
same in the kinematic region which the jet function accounts for. The detailed calculation can
be found in Sec. [6.2.2]

e The soft function encodes all the soft radiation as well as soft cross-talk between the jets, thus
it also gets non-perturbative contributions. In general the whole soft function is given by a
convolution of a perturbative partonic soft function and a non-perturbative shape function (also
called soft model function) [27}33|:

So(l, ) = / Al SPt (0 — ¢/, ) Smod (') | (5.26)

The used shape function and some connected issues are discussed in more detail in Sec. [6.4]

In contrast to the corresponding thrust soft function the partonic c-parameter soft function
cannot be calculated from the hemisphere soft function. We know that the soft function does
not depend on the mass of primary heavy quarks (one can see this explicitely since the involved
Wilson lines do not depend on the quark mass) but in higher orders gets a mass dependence
from secondary heavy quarks. Therefore the massive c-parameter soft function at O(a;) should
be the same as for the massless case [12]. More details concerning the calculation are given in
Sec.
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6 RESUMMED CROSS-SECTION

6. Resummed Cross-Section

In this section we will derive the final form and all the contributions to the resummed SCET
cross-section. We start by calculating the introduced hard, jet and soft function as well as their
RG behavior. This will be used to resum large logarithms to next-to-next-to-leading-logarithmic
(N2LL) accuracy.

To get a full description of the c-parameter cross-section we also need to include non-perturbative
and kinematically power suppressed effects. Therefore we will add the so-called non-singular cross-
section and later account for non-perturbative effects using the already mentioned shape function.

Furthermore we motivate and carry out explicit renormalon subtractions. This will increase the con-
vergence of our perturbative series and thereby improve our analysis. In the end we will summarize
the contributions to our cross-section formula and give details on the numerical implementation.

6.1. Large Log Resummation and the Renormalization Group

It is well known that in perturbative calculations of event shape distributions higher order con-
tributions which should give small corrections are enhanced by logarithms of large ratios of the
typical momentum scales [1,3]. It is easy to see that if these logarithmic enhancement factors scale
like In ~ ;! they will spoil the perturbative series.

To counter this problem we can make use of the factorization theorem of Eq. and standard
renormalization group (RG) methods. Usually each cross-section factor contains the dynamics at
a characteristic scale which is shown by the fact that the involved logarithms are ratios of this
scale and the renormalization scale y. Without any modification it is not possible to choose u in
a way to minimize all logs in the different cross-section factors. It becomes apparent that it is
possible to write each of the cross-section factors as a so-called evolution kernel times a matching
coeflficient which is evaluated at some arbitrary matching scale pg. The involved evolution factor,
which is calculated by solving the corresponding RG equation, sums certain series of logarithms to
all orders in perturbation theory. The argument of these resummed logarithms are ratios of p and
1o while the arguments of the logarithms contained in the matching coefficient are ratios of ug and
the corresponding characteristic scale.

If one chooses the correct matching scale pg one can minimize the logs contained in the mentioned
matching coefficient while summing certain series of large logs with the evolution factor. It would
be natural that this matching scale is similar to the corresponding characteristic scale but in general
this is a non-trivial problem since these are c- and m-dependent. To see this we first look at ¢ — ¢pin
where several scales are present namely the c.o.m. energy J, the invariant mass of the involved jets
and the typical energy of the soft cross-talk between the jetﬂ Next we look at ¢ — ¢z (M) where
we only find one typical scale which is ). Between these two configurations we need a continuous
transition which will be given in the form of so-called profile functions uo(c). They ensure that the
logarithms contained in the matching coefficients stay small for different values of ¢ and m and are
discussed in more detail in Sec. [Z.1

In the following we will show how to calculate the evolution kernels in general. Explicit calculations
will be done in Sec. [6.2.4]

First look at the hard function which satisfies the following RG equation:

d

100f course there is also the non-perturbative scale Aqcp.
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6 RESUMMED CROSS-SECTION

with ¢ the anomalous dimension of the Wilson coefficient. Now we introduce some convenient
expressions for a general function F with an argument of dimension j. Let this function F fulfill
some RG equation which is not specified at this point and define some perturbative coefficients:

i1 i+1
rlan(ol = o (52) el = Yom () o2
=0

1=0

as well as w and K, which will play an important role in the evolution kernels:

as(p)
) 2 I'plal
W, 7F 9 = da ’
(N Mo, L F j) j / 5[04]
as(NO)
s (1) Frlal a o as(p) 2]
K (p, 0, T, vr) = 2 daFa/ O‘+/da7FO‘. 6.3
polean =2 [ aa gl [ Bl 63
as(po) as(po) as(po)

Note that we used the QCD beta function (see Sec. for explicit expressions and further infor-
mation) which takes the form:
_ o

(1) = Blas(u)] = — 22

dog

Sa () (6.4)
=0

1=

Now we can write down the general form of the anomalous dimension of the hard function (we will

see that this holds true when doing explicit calculations in Sec. [6.2.4)), which reads:
2
i
Q@) = = Tafos(ln ( 53) +mlosto] (6.5)
Solving the RG equation of Eq. [6.1] by integrating from pg to u yields:

2
H(Q,p) = H(Q, pm) exp [WH(M,MHIHJ) In </63}2[) + K (p, o, Ty ver)

= H(Q,pn) Un(Q, pm, 1) - (6.6)

Now we have achieved the mentioned separation of the hard function into a matching coefficient at
the hard scale py and a factor which accounts for the p-evolution which we call Ugy.

Next we want to analyze the p-evolution for the jet and the soft function. Their RG equations are
given by [27]:

d
g nn(0) = [ A5 205 = ) (o) (6.7)

pge () = [af as(e= )5 (6.8)

Note that we have two types of RG behavior: local and convoluted. The former just depends on
global constants, the latter is a convolution over anomalous dimensions, which depend on some
kinematic variable, together with the involved function (for more details see [27]).

Since the RG equation for the jet function takes an analogous form as for the soft function we can
do the calculations for both at the same time by looking again at a general function F with the
following RG equation:

uim,u) - / A’ yp(t — 1 ) F(t' 1) (6.9)
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The general form of the anomalous dimension is given by [27]:

pett=t) = =20eles ) 55 [F9GE] —ate=eym (%) fartontlite—) . a0

where j is the dimension of the argument of F and « an arbitrary positive momentum scale (in the
following we set k = p). Actually it is convenient to look at this in Fourier space (we denote the
Fourier transform of a function as F(f)(y) = f(y) = [dt exp(—ity)f(t) and use relations from
Sec. where the last two equations are given by:

u(fuﬁ(y,u) = 5 (g ) E . 1) | (6.11)
Sy, ) = W In(iyyde™®) + yrlas ()] (6.12)

with y = y — 0. Solving the RG equation by integrating from pug to p we get:
F(y, 1) = explwr (, pio, T, 7) niyphe™™) + K, o, T, v0) 1 (4, 10)
= Ur(y, s o) F'(y, 1) (6.13)

where again w and K defined in Eq. (6.3]) were used.

To get the evolution kernel in momentum space we calculate the inverse Fourier transform which
is given by F1(f)(t) = 1/(27) [ dy exp(ity)f(y). This yields:
el (12 )wr [ () Hr ot — t')

Wl (wr) | (E—o)rer

Up(t —t', u, po) = (6.14)

Now we have determined the general form of the involved evolution kernels. The explicit form of
the wp and Kp will be given in Sec. [6.2.4]

Order of Log Resummation and Cross-Section Formula

In the first part of this subsection we discussed the principle idea of log resummation using RG
methods and in this context the emergence of evolutions kernels. Since we only know a few orders
of the perturbative expansion of the anomalous dimension and the involved matrix elements we
can only resum series of logs to a corresponding order. How to consistently resum the most leading
series of logarithms was clarified and reviewed in [34]. Furthermore there exist recipes in the
SCET literature which specify the ingredients to achieve a certain log resummation (we adopt the
conventions of [10]). These schemes and their ingredients are summarized in Tab.

Overall we separated ordinary from log enhanced contributions, which were formally resummed in
so-called evolution kernels. By the use of RG-methods we are able to calculate these expressions
explicitly which subsequently will allow us to achieve a resummation of the three most important
series of large logarithms to all orders in perturbation theory (therefore called next-to-next-to-
leading logarithmic accuracy or simply N2LL). In the process we introduced several matching
scales, namely the hard scale ugr, the jet scale py and the soft scale pg which should be similar
to the physical scale of the corresponding cross-section factor. Details concerning these matching
scales and the connected issue of profile functions will be discussed in Sec. Involving all these
improvements, the factorized cross-section formula from Eq. can then be written as:

1 dot
of dc

— Q H(Q, put) Unt(Q. jurr. 1) / ds ds' Uy (s — ', s o) Jo(s'y m, 1)

2
x / dt Us (Qc - ”5’” — e,u,us> Se(t,us) . (6.15)
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', YF Matching Nonsingular
LL 0 0 0
NLL 1 0 0
N2LL 2 1 1
N3LL, 4pade 3 2 2
NLL/ 2 1 1 1
N2LL’ 3 2 2 2
N°LL), 4pade 3 3 3

Table 2: Definition and ingredients for log resummation schemes (orders in )

Since we now sum log enhanced terms which in ordinary (FO) perturbation theory would only
contribute to higher orders we call this a resummed perturbative expansion.

6.2. Hard, Jet and Partonic Soft Function

In this subsection we will calculate different contributions to the perturbative part of the cross
section formula given in Eq. (6.15)). Therefore we calculate hard, jet and soft function defined in
Eq. (5.25) to O(as) and combine them with evolution kernels defined in the previous subsection.

6.2.1. Hard Function and Matching to QCD

We start by calculating the matching coefficient of SCET to QCD. The matching coefficient arises
when we match the current in QCD to the current in SCET given by Eq. . The matching is
realized by imposing that at a certain hard scale the matrix elements of the matched currents are
the same, hence the matching coefficient gives the difference between these matrix elements order
by order at the hard scale.

To calculate the matching coefficient one has to compute the renormalized QCD and SCET matrix
elements and compare. The QCD matrix element was already calculated in Sec. and the result is
given in Eq. . As mentioned before leading SCET is not able to reproduce the complete mass
structure of the full QCD result. This means that in the dijet region higher order mass effects are
subleading in SCET what also results in an incomplete reproduction of the IR divergences which
are multiplied by some powers of m E To cure this we match the SCET result to the leading order
of the expanded QCD result (where all the IR divergences are reproduced), include some higher
order mass dependence to the SCET results by shifting the threshold to the QCD threshold i.e.
¢ — ¢+ 2m* and account for residual subleading mass effects via contributions to the non-singular
cross-section.

After the threshold shift it is easy to see that the tree level matrix element is the same for QCD
and SCET which is why we only have to take the one loop matrix element into account.

To calculate the matching one has to properly expand the result of Eq. (3.58)) for m < Q. We get

1This should be interpreted in the sense of a Taylor expansion in 7.
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(where Q2 = Q2 + i0):
s(p)C 2 2 2 2
<pp’|t7iM|O>QCD Im2<q? F“a (473 F{ ln<_n222) —4 - ln< 7'222)

2 2 m2 _Q?
—%%:&>+g+m%im)+maﬁgm(ﬂg>}

(6.16)

Figure 7: SCET diagrams contributing to the matching to O(ay)

After expanding the QCD result we can calculate the corresponding SCET matrix elements by
evaluating the diagrams in Fig. [7| (for details on the calculation see Sec.|D.2|) and applying the LSZ
formula. Then the final SCET matrix element reads:

C 1 2 2 2 2 2

o P T2 121 () B () ()

2 2 2 2 2
+ln<Q>—l—[ln<MQ>+ln<nZ22>] +4+7;}. (6.17)

Now we can match the QCD and SCET matrix elements and get the defined matching coefficient:

<Pp" jiu |0>QCD |m2<<Q2 = CO(Qa M) <Pp’| Jiu |0>SCET
as(p)Cr 2 3 2 (i
S CQuuy =1+ SRS 22 Sy (A

2 2 2
—3In (—Ql;—zo> — In? <—Q/;—ZO> —8+ 7;} . (6.18)

As the label “0” suggests the matching coefficient still needs to be renormalizedEl One can see this
when calculating the diagrams with an IR regulator (for example a gluon mass or an off-shellness)
so that just UV divergences which have to be renormalized remain. The renormalization is done
with the matching coefficient counterterm (Z¢ — 1) which is the same as writing C° = ZoC

Ze(Qup) =1 — (47201?{62+i’+1 (—ng—zo>} (6.19)

The absolute square of the renormalized matching coefficient yields the final form of the hard
function to O(as) which reads:

« 2 2 ™
H(Q,p) = |C(Q, w2 =1+ (Z?CF{ —61n (g2> — 21n? (é;) — 16+ 73} (6.20)

'2We choose here to renormalize the matching coefficient like it was done in [6] and not the current as in [26].
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6.2.2. Jet Function

In this subsection we would like to calculate the thrust jet function with massive quarks to O(as)
which was first done in [27]. Since this function is a simple convolution of the two corresponding
hemisphere jet functions we start by calculating them. Therefore we determine the diagrams in
Fig.[8land afterwards take the imaginary part. This will yield the hemisphere jet function as defined
in Eq. and in the following the thrust jet function.

Figure 8: SCET diagrams contributing to the massive hemisphere jet function to O(asy)

First on has to compute the trivial O(a?) diagram which is minus the propagator due to the
definition of the jet function. Afterwards we determine the O(as) diagrams which is done in
Sec. For the sum of all contributions we then get:

J=J0+Ja+Jb+JC+Jd+Je+Jf

2 2 2
- —z’ZLQ{l 9™ 4 2CF [4 ML <“> +3In (“) +21n? (“)
S S

47 -5 -5 -5
2 2 2 2(r, 2
Com? (™) (™2 g m +m(5m +65)
—s —s m? + s (m? +s)?
. —S 2 S
_4L12 <,rn2> +8+7T — m2 +3:| } y (621)

where s = s +1i0 = p?> — m? 440 and we use some generic mass scheme defined by m — mP°€ = §m.
We know that the hemisphere jet function is given by:

Jnn(s,m, ) = ;le{iTr(ZO} =Im{J}, (6.22)

where it is easy to see that Tr(7#71) = 8. Afterwards we take the imaginary part of J, using relations
of Sec. In the process we set s = s +i0 = xk?x +i0 with = a dimensionless variable and x > 0
a dummy scale to keep the right dimension. Without loss of generality we choose x = p which is
very convenient. With this we get the bare hemisphere jet function to O(«a;) which reads:

2
JO o (s,m, 1) = 6(s) — 2mdm &' (s) + as(M)CF{(F(s) (42 + 3 +2In <m2> +8+ 7T2>
’ e e W

4dr
a0 GG o) e,

n
+0(s) ((m2+s)2 - %ln (1 + %) ) } . (6.23)
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The renormalization of the jet function is given by [27]:
Jg,ﬁ(sa m, M) = /dsl ZJn,ﬁ, (S - S,a :u)']nﬁ(slv m, M) ) (624)

which yields:

Zy, (s—s ) =0(s—5)+ O‘S(ZzCF{é(s — ) (j; + i’) - ; [“2 Z(S)] +} . (6.25)

Now the renormalized hemisphere jet function follows immediately. The final expression we are
interested in is the thrust jet function which is a simple convolution between the two hemisphere
jet functions as given in Eq. (5.25) and therefore reads:

Jr(s,m, 1) = 8(s) + 043(5736%{5(8) (2 In <7ij> +8+ 7r2)
AP o)) 52y
+0(s) (W‘is)g . %ln (1 n %) ) } , (6.26)

where s is the typical off-shellness of the involved jets in expanded form.

6.2.3. Partonic Soft Function

The partonic soft function is defined in Eq. . We start by calculating the trivial tree level
diagram which is given by a delta function and afterwards compute the diagrams of Fig. |§| (details
concerning the diagrams are given in Sec. together with the delta function which imposes some
kinematic constraints on radiated particles. The partonic soft function to O(as) is then given by:

A o, KRN S0
(2 k- ) Ktk

SPATt (0 ) = 5(€) + 16mevs (1) Crii® / (6.27)

The external particles (namely gluons) which carry the momentum k* are physical on-shell par-
ticles thus fulfill the on-shell condition for gluons k% = 0. Furthermore as physical particles they
carry positive energy which overall results in the insertion of (2m)d(k?)0(k°)% Together with
A9k = dk+ dk— d9 2k /2 we get:

/(ddk(%)é(kz)e(ko) _ 1/M9(k++k_) /Ma(wk— — (k)%

2)d 2/ (2m)? (2m)d=3
¥ 45— -2 7
~ 5 [ St ) Gy [kt (e = ()
0
- 2;(147:6)2 /dk;+ dk™ 0(kT +k7)0(kTk) /dw a6z — kTET)
226—47T€—2
- / Akt k= 0000k ) (k) (6.28)

13We know that due to confinement gluons will never be physical onshell particles. The particles which are really
produced e.g. hadrons are in fact massive and therefore not produced at this threshold. This gives rise to some

subtleties which are discussed in Sec. and
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O

(b

<

Figure 9: SCET diagrams contributing to the partonic c-parameter soft function to O(as) (solid
lines are Y-Wilson lines and the dashed line is the final state cut)

)

e

where we used that the diagrams do not depend on &+ and the substitution (k*)? — 2. The total

solid angle in (d — 2)-dimensions (we use d = 4 — 2¢) is given by Q% 2 = Q272 = 1%671:;)

Using Eq. (6.28)) it is easy to solve the integration in Eq. (6.27) and we get:

as(u)Cr (2P
m T(l—e)

ST, ) = 5(€) + (7% B(e,e) (6.29)

where B(x,y) denotes the well known complete beta function.

To get the correct expansion in € (in a distributional sense) we use a relation shown in Eq. .
Again we used a positive dummy variable x > 0 for rewriting £ = x x which is later set to pu. Some
manipulations yield the final form for the bare partonic soft function to O(as). We obtain the
renormalized soft function in analogy with the jet function - see Eq. . The counter term is
given by:

Zg, (6=, 1) =600 —10)+ O‘(‘;)CF{ - ;25(5 )+ i [W] ;} . (6.30)

Finally we arrive at the renormalized partonic c-parameter soft function to O(as). Our result
agrees with [12] and reads:

part _ as(W)CF [ a5,y 1611 0(0)n(¢/n)
ST ) = 8(0) + { 5(0) N{ ; L} (6.31)

6.2.4. Anomalous Dimensions and Evolution Kernels

Next we use our general analysis of Sec. and determine the involved evolution kernels. Therefore
we need the anomalous dimension of the hard, jet and soft function to first order which can be
obtained from results of the previous subsection. With this it is possible to derive the K and w’s
to leading-log (LL) order. To get the desired N2LL resummation we use anomalous dimensions to
3-loop order from massless calculations (see Tab. . This is possible since anomalous dimensions
are connected to the UV behavior of the corresponding quantity and therefore insensitive to masses.
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We start by looking at the SCET to QCD matching coefficient and its renormalization scale de-
pendence:

d

,U,@CO(Q’M) =0 (6.32)
= Md(LZC(Q,M)C(Q,M) = (MdCLZc)C(Q,M) + ZC(Q’M)(M(SLC(Q’M)) =0 (6.33)
= 70(Q,p) = —Zc(Q,u)‘ly(iLZc(Q,u) . (6.34)

Using Eq. (6.19) and v = v¢ +v¢! we get the anomalous dimension of the hard function to first
order which reads:

_ as(ﬂ) :u2 2 _ _
YH(Q, p) = el 8CrIn 7))~ 12CF | + O(a;) = Tuo=-8CF,vuo = —12CF .
(6.35)

To derive the anomalous dimension of the jet and soft function we use that the calculation is in
complete analogy with the hard function case if we Fourier transform (see Sec. |B|for details on the
Fourier transform of distributions):

Yy, p) = ajlgf) <8CF In (iyp®e") + 6CF> +0(?) = Tjo= 8Cp,v50=6Cr, (6.36)
~ o as(u) . YE 2 . _
Vs (y, 1) = 5o\ T 8CF In (iype™) | + O(ajy) = Igo=-8CF,vs0=0. (6.37)

To sum series of non-leading logarithms we need higher order anomalous dimensions. The expres-
sions and references are summarized in Tab. [3] and given below.

F J ['plas) YE,0 YF,1 Ref.
H |2 —oTcusp YH,0 YH 1 135]
Jnn | 2 greusp Y70 Y1 [35,36]
Se |1 — 2T cusp Y50 vs.1 (6.47)

Table 3: Coefficients for the anomalous dimension - defined in Eq. ((6.12))

All the anomalous dimensions have a cusp term (proportional to In y and associated with Sudakov
double logarithms) which is proportional to the QCD cusp anomalous dimension [35]:

Fcusp[as] _ ZFEuSp (%)Z : (638)
7
1=0
16 1072 16 160

Fcusp _ FCUSP — _ -2 7

0 3 L 9o 37 o7

2144 176 5104 320 832 64

TSP = 1960 — =72 + — 7 4 352 R e R —nd .

5 960 5" + 5" + 352¢3 + o 57 9 (3 |ny a1 (6.39)

Furthermore the non-cusp anomalous dimensions are given by:

7976 136 , 736 1040 16
- 2 2 4
VH,1 o7 o " + 3 C3+< 51 5" )nf, (6.40)
7220 8 , 704 968 16
_ 8 5 _ (968 16 6.41
e A L (81 o )”f’ (6.41)
S = — YH,1 — 271 - (6.42)
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These are the ingredients we need for calculating the K and w’s to N?LL (see Sec. [E.1)).

Consistency Checks

The general form of the anomalous dimension of the hard, jet and soft function reads:

2
(1) = Tl ()] In (g) T ylas ()] | (6.43)
Fy(p) = T slas()] In (iype?®) + yylas(p)] (6.44)
5(1) = 2slaas ()] I (iyQpue™™) + slees ()] (6.45)

This can be used to formulate some consistency relations for the anomalous dimension. We know
that the full cross-section must be independent of the renormalization scale, thus the following
relation holds:

M(SJ,(HJS) = [ya (1) + 295 (y, 1) + s (y, W](HJS) = 0, (6.46)

Note that the factor 2 in front of the jet anomalous dimension arises because we are using the
hemisphere mass jet function which involves a factor of 1/2 compared to thrust.

By using In(iyu?e"®) = In(u/Q) + In(iyuQe’®) one can simply compare the coefficients of the
different contributions. From Eq. (6.46) we get:

yarles ()] + 295 s ()] +7§les ()] = 0, (6.47)
Prlas(p)] = =I5 as(p)] = Tlas(w)] - (6.48)

These relations can be used for consistency checks of the anomalous dimensions or in our case to
determine the soft function anomalous dimension.

6.3. Non-Singular Cross-Section

In this subsection we determine the non-singular contributions to the SCET cross-section. The
non-singular c-parameter distribution includes terms which are power suppressed in the SCET
power counting parameter A. When deriving the factorization theorem we completely ignore these
contributions since we are working in the dijet limit where the power suppression works well. Since
we are interested in a description which is applicable in a wide range of the c-parameter we need
to include contributions which might become more important with increasing c. Note that at
this point additional corrections suppressed in higher orders of m/@Q which we encountered in the
matching procedure (see Sec. will enter as well.

The non-singular cross-section is given by the FO result minus the SCET cross-section expanded to
O(as) and all scales set equal. The singular plus non-singular cross-section therefore consistently

reproduces the FO result when going to the far tail region. The non-singular cross-section is given
by:

Ldgﬁs _ LdgaCD _ idaécm (6.49)
oy dc o, dc o, dc ’ '

where the full QCD cross section at some scale u was given in Eq. (3.67). The unresummed SCET
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cross-section evaluated at the scale p = puj, = pj = ps reads:

1 dot
— 99scEr _

0'6 de (C - Cmin)
# 2L P ) ()| D))ot — i) |
21 €~ Cmin |4
(6.50)
. 9, .9 .9 472
gt () = —4(1 + In(m?)) , (6.52)
4 C — Cri C — Cmj
nd NN min min

g"(em) = = — —n (1 +—3 > L rE—— (6.53)

and can be computed by using the results from Sec. With this we are able to calculate
the contributions to the non-singular cross-section which has the known distributional and non-
distributional structure:

1 do-rils _ 20/~ .
07) de ~— /s (m)5(c len)
# SUICE 83— i) + 557 )| 2| i it o)}
1T C — Cmin +

(6.54)

Since the analytic form of the O(a;) FO delta function coefficient is not yet known the coefficient
for the non-singular delta function is given numerically. It is plotted in Fig. and we provide
numerical values for different masses m in Tab. Using v = v/1 — 4112 and the coefficient ¢!
which was defined in Eq. , the tree level delta and the one-loop plus distribution coefficient

(plotted in Fig. [LOb]) read:
0 21

ns (m) = 1+U(U2+U - 2) ) r?éa(m)

_—dm?

1+U(v2+v+1), (6.55)

Fi () = 81n <1 ;”’) —16/m°In <12+f)> 4(1—v) +4(ch, — 1) {2(1—2m2)1n <12_”> —v] .

m m
(6.56)
Py o fou
0.0 0 0
0.1 —0.437282 —2.9748
0.2 —1.34044 —6.85046
0.3 —2.49863 —10.4324
0.4 —3.68759 —13.446
0.5 —0.812396 —15.6168

Table 4: Coefficient of O(ay) delta function for different m
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Figure 10: Coefficients for the O(ay) distributional non-singular cross-section
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Figure 11: Coefficients for the O(a;) non-distributional non-singular cross-section

Note that the coefficients for the distributional part vanish for m — 0. This is the expected behavior
since these parts arise from the m/Q suppressed terms. The O(«;) non-distributional non-singular
cross-section is plotted for different masses in Fig. It is given by:

e, m) (6.57)

(e 1) = fiai(e,m) — g
where the coefficient function fgdiv is defined in Eq. (3.52)) as the radiative FO cross-section minus
its singular behavior. If this subtraction is not done carefully one might suffer from numerical

instabilities due to large cancellations. See Sec. for a discussion how to expand the radiative
FO result in the threshold limit which allows to cancel the divergent terms explicitly.

6.4. Non-Perturbative Corrections

The measurement of QCD observables (especially event-shapes) is done by detecting hadrons and
specifying their kinematic properties. However, up to this point our discussion only involves per-
turbative contributions at the parton level. To get results which are comparable with experiment
we need to account for non-perturbative hadronization effects. Due to their power suppression (in
powers of @) they are known in the literature as power corrections. Note that in the following
we assume the final state hadrons to be massless and therefore do not discuss hadron mass effects
which would introduce an additional difficulty (for more details see [31]).

One of the most popular approaches on treating hadronization effects in QCD is called the dispersive
appmachm Using this method the impact of power corrections on the mean value of event shape

14Sometimes also called renormalon approach or the effective coupling model.
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variables was investigated and it was determined that the leading effect corresponds to an additive
power correction. It involves a universal quantity which is of order Aqcp/Q times a calculable
coefficient specific for each event shape. Furthermore in the region which is far away from the dijet
configuration it was shown that the leading power correction shifts the differential distribution by
the same amount (for a brief review see [37]).

In the effective field theory where several scales are involved one encounters three types of power
corrections [10]. Except for the ones we already know from QCD there also exist power corrections
enhanced by the soft scale (called “type 1”). Since they are of order Aqcp/ps ~ Aqep/(Qc) these
terms play a very important role in the peak region where Qc ~ Aqcp.

A very general framework of treating power corrections which we will also adopt for our analysis
involves the usage of so-called shape or model functions. It was already mentioned in Sec.
that the full soft function also contains non-perturbative parts which can be implemented by a
convolution of the perturbative partonic soft function and the non-perturbative soft model function
[27.|33]:

S.(l, ) = / ae’ SPart(f — ¢ ) Smed (e | (6.58)

For the region far away from the peak i.e. Qc > Aqcp where the soft function receives perturbative
and non-perturbative contributions one can perform an operator product expansion (OPE) for the
soft function. The OPE is given by [10]:

APl p) 4

Sell, 1) = SE(L, ) A (6.59)

C

which involves the leading non-perturbative c-parameter matrix element Qf. This matrix element
which represents the leading “type 1” power correction is proportional to a universal matrix element
common to all event-shapes [38]. Therefore it is related to the corresponding thrust matrix element
(defined in [10]) through the relation [31]:

Qe =207, (6.60)

It is easy to see in Eq. that the OPE which is valid in the tail region is consistent with
a simple shift in the soft function argument S¥ art(f — Qf, 1) which was observed earlier for the
dispersive approach in QCD. Imposing a normalization condition [ d¢’ Smod (¢’ 1) = 1, using the
above OPE and expanding Eq. for ¢/ < £ in the tail region one finds:

% = [aresri. (6.61)

Similar to the leading power correction higher order type 1 corrections are related to higher moments
of the model function i.e. Q¢ = [d¢ ¢ Sm°d(¢) [10]. In the peak region which corresponds to
Qc ~ Aqcp higher corrections play an increasingly important role, hence higher moments have to
be included when approaching the peak.

After this general analysis of the shape function we should think about how it is realized in practice.
Usually it was setup as a physically reasonable function involving a few parameters which then were
fit to experimental data. An alternative approach is provided by the ansatz of [39] where one uses
an infinite linear combination of basis functions:

Frod(0, 0, p, {ei}) = }\[icnfn (p, i)F (6.62)

n=0
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The basis functions read (involving Legendre polynomials P, ):

n xP I+p
fu(p,z) = \/(2 +;)(1 fp;rp) . exp ( 1 —;px>Pn(y(p,w)) ,

yipa) = 1= 20xp(~(1+ ) Y- |
i=0

1=

T(i+1) (6:63)

With . ¢? = 1 this function is normalized to 1, fulfills F™°4(0) = 0 is positive definite and
has support for ¢ > 0. Furthermore for N < oo the parameter A represents the width of the
function, which could be seen in Eq. (6.63). The advantage of this kind of shape function is that
it is independent of a specific choice for the parametrization which allows us to study the model
dependence in a more systematic way. Such a shape function was used for the analysis of [10] which
was chosen to be:

Srod(e, ) = F™4(0, A, 3,{co = 1,¢i>1 = 0}) . (6.64)

This analysis was carried out in the tail region where Q] is the dominant power correction. Although
the argumentation only applies for the tail region we can still use the same shape function. Since we
are interested in a qualitative analysis of mass effects to the c-parameter distribution it is sufficient
to use a model which is at least physically reasonable for the investigated c-parameter range. The
shape function used in the mentioned analysis where A = 0.5 was chosen definitely satisfies this
requirement.

Non-Singular

The power corrections to the non-singular cross-section will be treated by a convolution with the
same shape function as for the singular case |10]:

dops dons
= [ d/
de / de

Since we implement the power corrections the same way for the singular and non-singular part
we achieve that in the far tail region the sum of these two contributions give exactly the full FO
result. This includes that the above relation fulfills the OPE of Eq. which as we know leads
to the shift of the FO result known from QCD. Therefore the above defined implementation leads
to a consistent description in the region far from the peak where the non-singular contributions are
important.

(c — é Mns) Smod () (6.65)

6.5. Renormalons, MS Mass and Gap

It is known that the perturbative series we use to describe cross-sections and other physical quan-
tities is in general a divergent asymptotic series [40]. One tool for probing high order effects is the
insertion of so-called bubble chains. For instance if there is a virtual gluon in the one or two-loop
diagram it is always possible to insert one or several massless quark loops into this virtual gluon
line. These diagrams give the leading contribution to higher orders of the perturbative series. If one
now investigates the high order asymptotic behavior of this series one will find a factorial growth
(a standard example to study is the correlation function of two vector currents [41]).

The sum of the perturbative series might be defined using the so-called Borel transform. Usually
one then finds poles in the complex plane of the Borel parameter which corresponds to factorial
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divergences of the perturbative series, for example from bubble chain diagrams. Some of these poles
which we call IR renormalons arise since the integration over virtual loop momenta also involves
contributions from very low momentum transfers which give rise to non-perturbative corrections
of the perturbative results [42]. To recover the “sum” of the original series one has to perform
the inverse borel transform where these poles introduce ambiguities of order Aqcp/Q. These
ambiguities should cancel with a corresponding ambiguity in non-perturbative contributions. If
one correctly separates non-perturbative contributions from the perturbative series one can make
this cancellation explicit order by order and thereby remove the renormalon. This should improve
the convergence of the series significantly.

6.5.1. Gap

In the case of the partonic soft function one finds a renormalon which is related to the fact that
the partonic threshold at ¢ = 0 is unphysical [10]. This leading renormalon should cancel with the
leading power correction Qf. By defining the leading power correction in an appropriate scheme
one can induce explicit subtractions which remove the renormalon in the partonic soft function.

To achieve this lets consider a so-called gapped soft function (we follow [10,33]). In contrast to the
shape function discussed in the earlier discussion we now look at a shape function with support
only for £ > A ~ Aqgcp where the so-called gap A represents the energy needed to produce two
light hadrons. Then the relation of Eq. reads:

0§ = A + /cw ¢ Smed(y) (6.66)

where A now contains the complete renormalon dependence of the power correction. Next we split
the gap in a non-perturbative A and a perturbative part § where each term depends on ug and a
new subtraction scale R:

A = A(R, us) + 6(R, ps) - (6.67)

With § containing the renormalon we can make the cancellation explicit and define the renormalon
free leading power correction:

Q%(R, pg) = O — 6°(R, us) = A(R, pg) + / de ¢ Smed(g) . (6.68)

Note that the non-perturbative parameter A has to be determined from experimental data. This
is done by fitting in the tail-region where Qf is the dominant power correction which is directly
connected to A. A suitable definition for 6(R, us) is given by [33,43]:

d ~
6¢(R, 1) = Re® [ —In (Sgaft , )] : 6.69
(R, p) dIn(iy) (y, 1) e (6.69)

where S2*(y, 1) is the position space partonic soft function. It can be calculated using Eq. (6.31))
and relations from Sec. [B] which yields:

B 2
S (y, ) =1+ as%ch ( N % N 8ln2(iyew“)> ' (010

Furthermore we define the perturbative series of § as:

5¢(R, p) = ReVEZ(Sf(R,MS)(ail:S))Z => 0i(R,p). (6.71)
=1 7
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Using the log structure of the partonic soft function (which we know through the anomalous
dimension) and the first non-log term which is given by s¢ = —Cpm?/3 (compare with thrust
sT = —Cp7?) one can compute the first and second coefficient of the above series:

8$(R, ps) = 2T 0Lur = —21.3333L

85(R, 11s) = 25580 + 5,1 + 20s1 Lur + 2800 s 0Li g = 85.1619 — 147.374L, g — 163.556L7  ,
(6.72)

where L,r = In(ug/R) and for the numerical values we used ny = 5. Then the full O(ay) soft
function reads:

S(l, ps) = / Al SPt (0 — 0 — 6, jug) SOl — A)
— /dﬁ’ {Sgart(ﬁ — 0, pug) — 6 [(Sfoart(k‘,us)]

}Sgnod (0 —A), (6.73)
k=0—¢'

where the perturbative and non-perturbative contributions are now indeed separately free of the
leading renormalon [31]. Note that in the process of our renormalon subtraction we introduced an
additional dependence on the subtraction scale R. It would be natural to expect R ~ 1GeV [10] but
since we want to avoid large logarithms in the § coefficients we would like to have R ~ ug > 1GeV.
To resolve this issue the fit for A is carried out at some scales Ra, ua ~ 1GeV and afterwards
evolved to the appropriate scale to avoid large logarithms. How this evolution in i and R is achieved
to N2LL accuracy is discussed in Sec. (based on [44./45]).

6.5.2. MS Mass

It was already mentioned in one of the previous subsections that when measuring QCD observables
one always uses properties of hadrons. The pole mass defined as the position of the full propagator
pole corresponds to the mass of an asymptotically free particle. Since quarks are never asymptoti-
cally free due to confinement the pole mass is not a physical quantity, hence one can suggest other
mass definitions. As shown in [42] the pole mass receives corrections sensitive to long distance
physics which give rise to an IR renormalon. Because of these corrections the pole mass introduces
an intrinsic order Aqcp/m ambiguity. This ambiguity, in contrast to the other renormalons, is
not compensated by a non-perturbative matrix element but rather by the same ambiguity in the
corresponding matrix element.

By switching to a so-called short distance mass [46}47] one can get a mass definition which is free
of this dependence on non-perturbative physics and thereby get rid of the mentioned renormalon.
The short distance mass we will use for this analysis is the so-called MS- mass m(y) which is related
to the pole mass at one loop by [48]:

o = e = F(y) + 67 (674
SFa(p) = O‘s(’jrmm(u) [1 - gln <””‘L“)>] +0(d). (6.75)

In order to switch to the above defined MS mass we implement the relation given in Eq.
into our cross-section formula and expand up to O(as). The renormalon is contained in the only
mass dependent quantity which is the jet function. This is why one should implement the scheme
change already at the level of the jet function. However, we shift the SCET threshold to the full
QCD threshold which introduces an additional mass dependence. Although this additional mass
dependence is formally subleading in SCET it is the reason why we do this scheme change on the
level of the cross-section. For these terms we also use p; as the renormalon subtraction scale.
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6.6. Final Result

In the previous subsections we calculated the singular resummed (N2LL) c-parameter cross-section
in SCET, the non-singular c-parameter cross-section, included a way of treating non-perturbative
effects and improved the convergence of our perturbative series by renormalon subtractions.

These are all the ingredients we want to include in our analysis of mass effects to the c-parameter
cross-section. The final formula for the massive c-parameter cross section using quantities calculated
before reads:

do® do!  dol ,
o = de +$’ i=a,v. (6.76)

The resummed singular partonic c-parameter cross-section is given by Eq. (6.15)). Convolution with
a model and renormalon subtraction yields:

iiddaé = Q H(Q, pm)Un(Q, prr, ) /ds ds' Us(s — ', p, py) Jo (s, m(pnr), o)
O'O C
X /dﬁ d?' Ug (Q(c — Cmin) — 5 -4, 1, u5> Ssmed (g — A)
s ) = 10— ) [ss(R )+ o) (1= 25 ) ) Qo) |
+ 0(a?), (6.77)

where we defined the c-threshold using the MS mass G, = QﬁQ(u 7)1 — i (7). Furthermore
the non-singular partonic c-parameter cross-section is given by Eq. (6.54). With the appropriate
renormalon subtraction we get:

1 dgfls _ ) 002 d 0,
7? _{ ns (m) + |:du ns (:U’):|

)

g + 2 U0F 3;’%)}@ SN Qe = Gmin) = A)

—— 27

{0t ) (12 e @ i @ [ |
Qg (,U)OF i 9(6 ~ Cmin — é) nd,i - mod A

#8008 oo { g —— |+ e gim psrie -4

+0(3) . 07

As mentioned before we are interested in an analysis of the mass effects contributing to the
c-parameter cross-section. Therefore we want to compare the massive with the corresponding
massless distribution which can be obtained by taking the massless limit or from [12].

Importance of Singular and Non-Singular Contributions

Up to now we never talked about the relative importance of the singular and the non-singular cross-
section contributions. In fact the non-singular contributions also contain large logarithms which
are never resummed due to the absence of a subleading factorization theorem. If the non-singular
contributions are really suppressed w.r.t. the singular contributions the thereby introduced error
should be comparably small. In this subsection we want to clarify the importance of the non-
singular contributions for the whole range of the C—parameter{r_gl For this we compare singular and

15Note that in analogy with Eq. (7.1) we changed back to the C-parameter which fulfills C = 6c.
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non-singular contributions while using input, such as profile functions and physical constants, from

Sec. [T

In Fig. [I2] the singular and the non-singular massless differential cross-section is plotted. Actually
it is sufficient and illustrative to only look at the massless case since the massive case shows the
same behavior.

1 dot 1 1 dot 1
loglo(gj@) ) 10%10(78 &)
7‘ 11T ‘ 11T 11T 11T 11T LI ‘ LI ‘ 1T 7‘ 11T ‘ 11T 11T 11T LI LI ‘ LI ‘ 1T
1} — sing { 1= — sing -
L — nonsing | L — nonsing ]
o 7 or 7
-1 4 F ]
- 2} /\/ -2 ]
7‘ L1 ‘ L1 ‘ L1 ‘ L1 ‘ L1 ‘ L1l ‘ L1l ‘ [ 7‘ L1 L1 ‘ L1 ‘ L1 ‘ L1l ‘ L1l ‘ Ll ‘ L1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 C 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 C

(a) Q = 91.187 GeV (b) Q = 35 GeV

Figure 12: Comparison of the singular and non-singular massless differential cross-section with de-
fault profiles for NLL’.

When looking at the mentioned plots one can clearly see that the singular terms are the leading
contribution to the differential C-parameter cross-section. In fact the singular terms seem to dom-
inate the non-singular terms by one magnitude for the whole C-parameter tail region which is the
region of interest (for the massless case at () = 91.187 GeV the tail region is approximately given
by 0.2 < C < 0.7; see Sec. . As mentioned before the massive cross-section shows the same
behavior and is therefore not discussed in further detail.
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7. Analysis

In this section we want to analyze the obtained results and draw first conclusions. For this we intro-
duce the mentioned profile functions and propose a generalization to the massive case. Afterwards
we look at different applications and compare the massive against the massless results.

Since we intend to do a numerical analysis we also need numerical values for the physical constants
which appear in our cross-section formula. In the following we will use [10]:

my = 91.187 GeV Iy = 2.4952 GeV 0., = sin~1(1/0.23119)
as(myz) =0.118 a(my) = (127.925)~!

7.1. Profile Function

In Sec. [6.1] we saw that it is possible to resum certain logs to all orders in perturbation theory using
standard RG methods. In the process the non-trivial problem of finding suitable matching scales
which are ¢- and Mm-dependent arose. To account for this one uses so-called profile functions.

For our analysis of mass effects in the c-parameter cross-section we will adapt the profiles of the
massless analysis used in [12]. In the following we will try to motivate their general behavior and
how to use variations of these profiles to estimate theoretical errors. Furthermore we switch back
to the C-parameter (in Sec. [2| we substituted ¢ = C'/6) which changes the differential cross-section
as follows:

1 do 1 do

il - - = 7.1
oodC  60¢ dc e=C/6 (7.1)

The factorization formula given in Eq. (6.15]) involves three different scales which are responsible
for avoiding large logarithms. They are called the hard scale p gz, the jet scale py and the soft scale
ws. Their natural scaling in the peak, tail and far-tail region is given by [10}/12]:

peak: pE ~Q ps ~ +/Aooep @, ps ~ Agep
tail: wr ~ Q ny ~ Q\/% ps ~ Q % (7.2)
far-tail: HH = pg = js ~ Q

Here the scaling in the peak region is connected to non-perturbative physics and the scaling in
the far-tail region is required to produce the FO result. Furthermore the scaling in the tail-region
is determined by the contributions involved in the factorization theorem where the corresponding
logs should be small:

e hard scale: In the hard function, which is given in Eq. , we only find one type of log. It
will be small if pg ~ Q.

e jet scale: When looking at the massive thrust jet function, given in Eq. , one can see that
it involves two different types of logarithms which corresponds to two possible scale choices.
When taking the convolution with the soft function into account the scaling u% ~ Q?*(c — cmin)
or ,uQJ ~ Q?(c — Cmin + ™?) minimizes one of the logs. For the massless case the scalings become
the same which reads py ~ Qv/c = Q+/C/6.

e soft scale: By investigating the soft function, given in Eq. , and the involved logarithms
we observe that the soft scale should scale like ug ~ Q(¢ — ¢min). In the massless case this
corresponds to us ~ Qc=Q C/6.

The aim is now to choose smooth and continuous functions which satisfy these constraints. In
Fig. one can see the chosen profiles and the different regions.
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Figure 13: (a) Profile functions for the scales pg, ps(C), ps(C) and R(C) with default parameters.
(b) Bands of profile variations for the scales p;(C) and pug(C)

In the following we will introduce the profile function for the soft scale pg(C). It will be used to
define the profile function for the jet scale and serve as a prototype for R(C'). All profile functions
are restricted by the following statements:

e From 0 to Cyp = nop/Q we are in the peak region where non-perturbative effects are dominant
and a clear scale separation is mandatory. To ensure a gap subtraction which is not zero we also
demand a non-zero difference of 1y = ug(0) and Ry = R(0) .

e Between C1 = n;/Q and Cy one is in the tail region where the scales should follow their natural
scaling determined by the involved logarithms (they are plot as gray dashed lines).

e For C > (s we are in the far-tail region where all the scales are equal to the hard scale.

In between these regions we use a transition function (it is discussed in more detail in [12] and
in the following we call it ¢ function) which ensures a continuous and continuously differentiable
transition. Therefore this function needs four arguments, namely the value of the profile function
and its first derivative at each endpoinﬂ In fact the explicit form of this function is not important
as long as it fulfills the above relations and provide some kind of natural transition between the
mentioned regions. Using this we can write the profile function for the soft scale pug(C) as:

(110 0<C<C
C(po, 0; 0, ugr) Co<C<Cy
1s(C) =1 Cpugr C,1<C<Cy s (7.3)
CO, pgr; pa, 0) Cy<C < Cs
WH C; <C

where r denotes the slope of the profile function in the canonical region and pug = ey @ the
hard scale involving a variation parameter er. When constructing the profile functions one uses
parameters to determine general features. One varies these parameters to estimate theoretical
errors of the obtained results [10,/12]. The parameters, their default values and variation ranges
are given in Tab. [5] The resulting variation bands for the soft and jet scale are shown in Fig. [I3b]
which later are implemented through a random scan with 500 random parameter configurations.

Using the already defined quantities we can write down the profile function for the remaining scales

16To get a unique notation we attach straight lines to each endpoint and continue them to 0. Then the four arguments
denote the corresponding properties of these straight lines at C' = 0.
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parameter default value range of values

140 1.1 GeV 1.0 to 1.3 GeV

R 0.7 GeV 0.6 to 0.9 GeV
no 12 GeV 10 to 16 GeV
ni 25 GeV 22 to 28 GeV

oy 0.67 0.64 to 0.70
Cs 0.83 0.80 to 0.86
r 0.33 0.29 to 0.38
ey 0 -0.5 t0 0.5
ey 1 0.5 to 2.0
Ng 0 -1,0,1

Table 5: Theory parameters, their default values and variations

which are given by:

14 es(Cs — OV /omps C<C

s (C) = ; (7.4)
W C>Cs
Ry 0<C<Cy

R(C) =4 ¢(Ro, 0; 0, pgr) Co<C<Cy - (7.5)
s (C) =0

To account for errors in the non-singular contributions we also vary the scale choice of pus which
is given by:

slpr +ps(C) ns=1
tins(C) = WEH ng=0 - (7.6)
5Bum — ps(C)) ng=-1

Furthermore we choose the renormalization scale to be p = pu;(C).

Generalization to the Massive Case

In principle it would be possible to use the massless profiles for this analysis. We know that the
distribution gets shifted when increasing m = m/@Q. One might observe that at some point the
profile functions would stop representing the three different C-parameter regions, namely peak, tail
and far-tail region. To assure good log-resummation we need to generalize the profile functions to
the massive case.

The idea behind the proposed generalization is that the range between the minimal C-parameter
and the 3-particle maximal C-parameter changes depending on the mass. Our massive profiles are

17To ensure that the gap subtraction is not zero in the peak region we vary o and Ro in a correlated way so that
o — Ro = const.

8For very small Q = Qo it happens that C; = Cy. To ensure continuous profile functions and a continuous transition
to small Q we set Cy = C for Q < Qo.
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then just a linear mapping of the massless profiles to this new range. The values of the profile
functions at some C-parameter values are then associated with C'(C,m) which is given by:

Ctop(172) — Cmin (1)
Ctop(0) — cmin(0)

C(C, 1) = 6 cmin (1) + C = 6 Cin (1) + 8 | Ctop (1) — Cmin () | €', (7.7)

involving quantities already known from Eq. (3.41) and (3.43). This means that for m > 0 this
mapping results in squeezing and afterwards shifting the profile functions to bigger values of C.

Remark: For the massive case one should also look at the jet scale in the canonical region. We
already mentioned that in the massive case there are two possible scale choices. In a more advanced
analysis one should also consider both alternatives.

7.2. Initial bb-Pair Production

In this subsection we will look into the production of an initial bb-pair. The cross-section involves
vector and axial-vector contributions, hence is given by (for the massive or the massless case):

1 do O'O 1 da 1 dot
S 7.8
00 dc Z 00 [00 dC 06 dC |’ (7.8)

involving quantities of Eq. (6.77) and (6.78)). First we check the convergence of the massive and
the massless case which means that we expect the error band'] to shrink when increasing the order
of log resummation. Afterwards we compare massive against massless case and discuss the results.

The massless study [12], from which we adopted the profile functions, uses the so-called prime
counting. This is the reason why we will also use this counting for our analysis, which means that
we will analyze the differential cross-section with LL and NLL’ resummation. Although the analysis
does not differ significantly from the unprimed analysis (NLL and N?LL) the primed results yield
smaller error bands and are therefore the better choice.

In the following we will only discuss the tail region. Since we only included the first moment of the
shape function our results are not suitable to treat the peak and because of the strong change of
the profiles slope (which leads to an unphysical kink) we also will not discuss the far-tail region.
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Figure 14: Massless differential cross-section with default profiles and bands due to profile variations
for LL, and NLL’ resummation.

19Here we refer to an error estimate which is obtained by variations of the profiles which is non-Gaussian.
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First we look at the massless case. The convergence of the massless differential cross-section with
LL and NLL’ resummation is shown in Fig. Although no big effect, the convergence can be
seen for both used center of mass (c.o.m.) energies. The fact that the NLL’ band is not enclosed by
the LL band is caused by the O(a;) matrix elements. These terms are only next-to-leading-order
(NLO) in the perturbative series and can therefore yield sizable corrections.

Next we look at the massive case. Therefore we switch to the generalized profile functions and
afterwards determine the hierarchy between the mass (in this case my(m,) = 4.2 GeV) and the
involved profile functions. Up to now when concerned with the running of different cross-section
contributions we always considered a scale hierarchy like Aqgcp < m < pg < py < pg ~ Q (in
analogy with [13] we will call this situation scenario IV), hence 5 flavor running was used for all
factors of the cross-section formula. For low enough Q, at some point, the hierarchy will change
to Aqep < pus < m < puy < pg ~ Q (scenario III). Since the soft function evolution, which starts
at the soft scale and ends at the jet scale, now crosses the mass scale we have to adapt the soft
function evolution. The details of this problem and how to treat it is discussed in [13-15]. In our
analysis we will only look at the region of scenario IV and therefore always use 5 flavor running.

In Fig. [15] one can see the hierarchy of the scales as well as the boundary between scenario III and
IV for different c.o.m. energies. In addition the convergence of the differential cross-section with
LL and NLL’ resummation for the massive case is shown. If one compares with the massless plots
one can see that the massive cross-section shows a very similar convergence behavior.
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Figure 15: (top) Profile functions for the massive and the massless (gray dashed) case together
with the bottom mass my(m,) = 4.2 GeV which determines the boundary between
Scenario III and IV. (bottom) Massive (m(my) = 4.2 GeV) differential cross-section
with default profiles and bands due to profile variations for LL and NLL’.

Now we will compare the massless and the massive differential cross-section with NLL’ resummation.
This is shown in Fig. [L6|where one can see a significant effect for a lower c.o.m. energy. This reflects
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7 ANALYSIS

the mass sensitivity of the massive C-parameter which is mainly given by a shift of the distribution.
At this point one should mention that experimentally this tagged bb-production cross-section is
difficult to measure which is why experimental results involve big errors. This might disqualify the
tagged bb-production cross-sections for a precise determination of fundamental parameters.

Remark: Furthermore one would face the problem that experimental data sets are only available for

the original definition of the C-parameter given in Eq. (2.5)). For this observable, which is certainly
much less sensitive to the quark mass, the exact mass dependence is not known.

1do 1do
o dC o dC
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Figure 16: Comparison of the massless and the massive (my(m,) = 4.2 GeV) differential cross-
section with default profiles and bands due to profile variations for NLL’.

However, the high mass sensitivity of the massive C-parameter can be used to determine the
relation between the experimentally measured top quark mass parameter and a theoretically well-
defined short-distance mass. As argued in [49] the experimental value of the top quark mass,
which is determined with the help of Monte Carlo generators, is theoretically not well defined. A
comparison of Monte Carlo generated cross-section data with analytic results is needed to clarify
this issue and allow for a precise and theoretically well-defined top quark mass determination. The

results obtained in this thesis are a first step to such an analysis.

Up to now we only treated initial bottom quark production while imposing the scale hierarchy
of scenario IV. To get results for tt-production we have to overcome some subtleties which are
explained in more detail for the case of thrust in [15]:

e It was already mentioned that for bigger values of /i = m/Q the hierarchy of the scales might
not comply with scenario IV, hence we have to implement a consistent way of treating different

scenarios.

As we know, the jet function allows for two different scale choices which are given by ,u?, ~
Q?(c — cmin) and u?] ~ Q*(c — cpmin +1™?). For small masses, where the two scales are similar, no
problem will arise, but for big masses no scale choice will allow to resum both logarithms. Since
m = m/Q is usually bigger when looking at t¢-production one faces this problem much earlier.
It can be seen when looking at the involved logarithms that this issue becomes critical for the
region where (¢ — cpin) ~ 2, which can be treated by introducing another effective field theory

called bHQET.
A more detailed discussion on how to generalize the obtained result for ¢tt-production is beyond the

scope of this work.
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7 ANALYSIS

7.3. All Flavor Production

The analysis of |[12] which should determine the value of ag(my) uses experimental data at c.o.m.
energies between 35 and 207 GeV. In this subsection we want to clarify whether one should expect

that bottom mass effects play a significant role in this analysis.

Remark: For the mentioned analysis, since it considers massless partons, the original definition of
the C-parameter was used. When we analyze the effect of a massive bottom quark to the massive
C-parameter all-flavor production cross-section, we cannot quantify the effect on the corresponding
original C-parameter cross-section. However, since the original C-parameter is much less sensitive
to the mass of the initial quark-pair we can use our results as an upper bound.

For the all-flavor production cross-section we consider the following two cases of produced quarks:

e 5 massless (3 down-type; 2 up-type)
e 4 massless (2 down-type; 2 up-type) plus one massive (down-type; my(mp) = 4.2 GeV)
For the correct normalization we define the all flavor born cross-section as:

085) =308 +208, (7.9)
involving the up- and down-type massless born cross-sections defined by Eq. (3.15). The all flavor
production cross-section is then given by (with implicit summation over vector and axial-vector):

1 dog 1dans} d [ 1 dos 1 dons (7.10)
ml

do
00dC "o dC | 7 o dC T og dC |y

dc

= 2(0p + 09)

These pre-factors can be used to estimate the impact on the final cross-section. Actually at QQ = my
the up- and the down-type born cross-section are roughly the same. Furthermore we know from the
previous subsection that at this c.o.m. energy the mass effects are not very big and therefore we
expect almost no change. For () = 35 GeV the up-type born cross-section is almost 4 times larger
than the down-type born cross-section. Taking this into account means that the massive contribu-
tions are suppressed by almost a factor of ten. Although the impact on the single flavor production
cross-section at this energy is big we expect these effects to counter each other. This is why we
do not expect a very large impact of the bottom mass to the final all flavor production cross-section.
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Figure 17: Comparison of the 5 massless and the 4 massless plus 1 massive (7,(7) = 4.2) differ-
ential cross-section with default profiles and bands due to profile variations for NLL’

In Fig. one can see the all flavor production cross-section with either a massless or massive

bottom quark. As anticipated, the effect of a massive bottom quark is not very large. At NLL’ the
massless and massive result are still compatible.
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7 ANALYSIS

This means that, at this level, the analysis of [12] is not influenced by bottom quark mass effects.
Since a much higher resummation order (N®LL’) is used in [12], it is hard to estimate the effect on
the full analysis. However, since the original C-parameter is much less sensitive to parton masses
one should still expect no large effect.
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8. Outlook

Since its introduction in the early 1980s the C-parameter was investigated in several event-shape
studies. The usual approach is to consider massless partons. However for a number of cases mass
effects cannot be neglected. Therefore the question at hand was how mass effects influence the
C-parameter differential cross-section.

To answer this we first computed the full QCD result to O(as) which before was only accessible
through a parton level Monte Carlo generator. Furthermore we derived the SCET factorization
theorem for the massive C-parameter, computed the involved factors to O(a;) and resummed large
logarithms to N?LL accuracy. Afterwards non-perturbative power corrections were included by
convoluting the perturbative cross-section with a shape function. To improve the convergence
of the perturbative series we switched to the MS short-distance mass and removed the leading
renormalon in the soft function. As a practical application, primary bottom quark mass-effects at
different c.o.m. energies for tagged bb and all-flavor production were investigated.

Up to now we always considered a scale hierarchy like Aqgqcp < m < pus < py < pg ~ Q
(scenario IV) which is why n;y = 5 was used for the running of all cross-section factors. In addition
we encountered unresummed large logarithms in the region where (¢ — cpin) ~ ™? which is called
the bHQET region. It was already anticipated that for smaller c.o.m. energy or bigger masses (as
in a study of top quark mass effects) the hierarchy can change and also the bHQET-region can no
longer be ignored. This

As mentioned before, one of the future applications of this works findings is to investigate the rela-
tion between the Monte Carlo top quark mass parameter m}® and a theoretically well defined top
quark mass. This investigation should clarify how this MC parameter can be used as a theoretical
input and whether the given error estimates which are comparably small are valid. To answer these
questions a more general treatment of mass effects (as in [13-15]), which is based on the results
presented in this work, is needed.

o6



A RADIATIVE CONTRIBUTION TO THE FO RESULT

A. Radiative Contribution to the FO result

A.1. Reduction of Elliptic Integrals to Legendre’s Normal Form

In this subsection we will describe the details on how to reduce the elliptic integrals given in
Eq. (3.35)) to Legendre’s normal form. The general form of the involved integrals is given by (note
that we replace z3 with y):

i
/dy Fi(y,c,m) , i=a,v, (A1)

Ym

with
Fily, ¢, ) = iy, e 1) (A.2)

\/(y —y0) (Y —y1) (v — y2)(y — v3) ’

and yo > y1 > y2 > U3
B 1
C1+4c

Yo ; Y1="Yp > Y2 = Ym y3=0.

Now our aim is to express the integrals in Eq. (A.1l) in terms of (incomplete) Legendre elliptic
integrals which were defined in Eq. (3.45). In the following we present a step-by-step recipe how
to do the reduction. Therefore we follow [23] and adapt the expressions to the ones involved in our
calculation.

1. The first step is to do a partial fractional decomposition of f(y,c,m). In general this yields a
polynomial in y and several fractions with simpler denominator:

1

- Ck(cv m)]jz '

Fly,c,m) = Z a;i(c, m); + Z bj(c,m) i (A.3)
i ik Y
2. Next one has to do a substitution. The form of this substitution is determined by the properties
of the y;’s and the integration bounds. For our case it is given by:

- y2(y1 —y3) —ys(y1 —y2)y _ Y1y _ (A4)
(1 —y3) — (y1 — y2)y y1— (Y1 — y2)y
Note that in [23] they use y — %? which turns out to be not very convenient. It is much
better to use this substitution and a different form of the standard integrals where one has to
substitute 32 — .
3. Some of the integrals (the ones involving y°,y!) are already in the right form and yield elliptic
integral expressions (one just has to rearrange the parts conveniently, for example:)

sin? sin? 0

d Y :i d 1 [ 1-my
) Y =) —my) mo/ y{\/y(l—y)(l—my) y(l—y)}

_ ;{F(e, m) — E(6, m)} . (A5)

For the remaining integrals one has to use a recursive reduction formula. In the following we show
how to derive these kind of formulas. In fact after the substitution of step 1 all the remaining
integrals look like:

! B (A.6)

A —nyk/yI—y)(1—my) L—ny)Fz
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A RADIATIVE CONTRIBUTION TO THE FO RESULT

Now we use 22 = b3(1 — ny)? + ba(1 — ny)? + by (1 — ny) + by, calculate the coefficients b; and
take the derivative with respect to y. This yields:

;;/ [(1 - ny)kz] - g {k(l —ny)* 2 4 (1 - ny)k(iiz?j}

- :{bg(k:Jr;)(lny)k+2+b2(k‘+1)(1ny)k+1 (A.7)
+ b1 (k+ %)(1 — ny)* + bok(1 — ny)kl} .

For example the first reduction formula (k = —1, the next would be k¥ = —2) is achieved by
integrating this expression from 0 to sin?(6):

sin2 0

/dya—iym

0

1 —nsin?6 z

{181n00089\/1—msm 1/ 1—ny
dy

bo 2
0

— b111(n; 0, m)} (A.8)

n n

1 sinf cos 0/1 — m sin?
bo

1 —nsin?6

(0,m) — blﬂ(n;ﬁ,m)} .

This yields a recursive reduction of integrals of the form (A.6) and therewith of all remaining
integrals.

A.2. Radiative FO Result in Legendre’s Normal Form

When applying the reduction procedure presented in the previous subsection one arrives at results
involving expressions of the form:

Fi(e,m, 0) = ci(e,m) + fi(e,m) F(0,m) + ei(c, ) E(6,m)
+pn ’L( m) (naaam) +ph,i(ca m) H(h,G,m) . (Ag)
Therein we have five c-parameter and mass dependent coefficients as well as one elliptic modulus

and two characteristics. To write them in an effective way we define the following expressions:

c—2m?(1 —m?)

= Al
Yn c— 22 ) ( 0)
€= \/1+16m2 + 321 — 8¢ (1 +22)? , (A11)
&= \/(1+6)2—16(c— 2m2)°. (A.12)

Then the involved characteristics are given by:
Y2 28
=1-= A.13
"= y1 1+ &+4c—8m?2’ ( )
— 2

o Yy —y2) 3 (A.14)

yi(yn — o) 1+&—4dc+8m?2’

as well as the elliptic modulus:

_Yolyr—y2) nh
Cyilyo—y) € (A.15)
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A RADIATIVE CONTRIBUTION TO THE FO RESULT

Now only the lengthy expressions for the coefficients are missing. We present them for the vector
and axial-vector separately.

Vector Case:

L & sin(20) {
el = o vE — 26 (1 —cos@d)) | (4.16)
2(¢3 — 2(1 — cos(20))¢] 2\ 5 2
+ (c = 2m2)2 (4 + cos(20)€ — Si? + 1) [0(3 +5¢) +2(=2—c+T7c)m
+2(—=1 = 6¢ + 7¢*)mt +8(1 + c2)m6}
128(c + 1)4mO(1 4 2m?)(—4de + 82 + € + 1)(&5 — 2(1 — cos(26))¢)
T E2(c— 2m2)2(—de + 82 + € — 1)(—4c + cos(20)€ + 82 + 1)
(14 2/m2)[€2 — 2(1 — cos(20))¢]
e ) ic j cos(20)E — 82 1 12 {3 + 26¢ + 32¢° + 3 cos(20)¢
+ 6ccos(20)€ — 4(13 + 28¢ + 3 cos(20)€)m? + 16(7 + c)m‘*] } ,
Folemi) = 16 { _ 21+ ) (A.17)
T T e+ 1)2(e — 2m2)2 e 4 2(m2 — 1)m2]&, '

—2¢(2 — 2¢ + 3c3)m? — 2(—2 4 8¢ — 7¢® — 2¢3 + Tty
—4(—4 4 8c — 5c® — 4c® + 3¢ — 8(=3 + ¢+ 5% + 4¢3 + M)ymd

—8(2 — 15¢ — 7¢® + 3¢3)m !0 — 8(13 + 12¢ + 5c? + 2¢%)m!'? — 32(—2 + c2)m14} ,

N 8(—1 + 4c — 8im? — ¢) )
eole 1) =TV — 2n)2(1 + de — 8 — )6 {3C (+20) (A.18)

+2¢(—4 — 3¢+ 8cH)m? + 2(2 — Te + 2¢* + 14*)m* + 4(5 — 11e + 6¢)m®

+8(8 + 12¢ + 9¢% + 2¢*)m® + 32(—2 + c2)m10} ,

(e.1i) 4(1 + dc — 8% — €)

c,m) =

P,wi6 (1+ 0)3(c — 2im2)3¢,
+2(—4 + 21c — 23¢% + 13¢% + 15¢)m* + 4(—11 + 34c — 16¢* — 10¢ + 9¢*) b

{ — A2+ ¢+ 2¢%) + 2¢(4 — 3¢+ 8¢ + 2¢* )2 (A.19)

4 4(=27 4+ 49¢ + 21 — 13¢% + 2¢M)m® + 16(—=74 3¢ + 7c* + c3)m10} :

o Bmt(de— 82+ € —1)
Pho(C 1) = N T s 22 (i — DT

{c2 4 10c¢*m? + 4(—1 — 5¢ + 3¢%)m? (A.20)

—4(=2 4 3c)m® + 4(1 + 2c)m® + 16m10} :
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Axial-Vector Case:

cale, i) = § in(26) {4 (A.21)

2(1 + ¢)*\/€5 — 2€(1 — cos(20))

2[5% —2(1 — cos(20))¢] 2,42
4(-1 -
(¢ —2m2)%(4c + cos(20)€ — 8m2 + 1) ¢(3+5¢) + 4( Be+
—2(=3 4 20c + 11c*)m* — 4(—=7 4 2¢ + 502)m6]
_ 128(c+ D)Amb(1 — 4m?)(—4c + 8m? + €+ 1) (€3 — 2(1 — cos(20))§)
&3 (c — 2m2)%(—4c + 8m2 + € — 1)(—4c + cos(20)€ + 8m2 + 1)
(1 +2m%)*[€5 — 2(1 — cos(26))¢] 2
(c— 22) (4 + cos(20)E — 82 + 1)° 3 4 26¢ + 32¢” + 3£ cos(26)
+ 6¢€ cos(20) — 4(13 + 28¢ + 3¢ cos(26))1n? + 16(7 + c)mA‘] } ,
falc,mm) = 16 —A(-1+%) (A.22)
G e+ 1)2(c — 2m2)2[c + 2(m? — 1)m2)& '

+2¢(—=2 — ¢+ 23)m% + 2(2 + dc + 2 — 143 + 17t

+8(—1 4 2¢+ 9c? — 19¢3 4 2¢)mb 4 8(—3 — 13¢ + 36¢2 + 12¢3 + 2¢h)m®

+8(8 — 39¢ — 51c% + 5¢3)m !0 + 8(15 + Tdc + 9c% + 4c)m!?

+ 16(—21 — 10c + 5¢)m ! + 192m16} :

. 8(—=1+4c—8m* —¢) 2 2y -2

o(e,m) = _ 8 14 2¢) —8¢(1+4c+2 A2
eq(c,m) T 12c— 2?21 1 de— 32 — 06 3¢ (1 + 2¢) — 8¢c(1 4 4c + 2¢*)m (A.23)

—2(—2 — 33¢ — 24¢% + 343)m* — 4(9 + 10c — 52¢* + 8¢%)m®

— 8(—5 4 43¢+ 19¢* + 4c*)m® — 80(—2 — 2¢ + *)m!0 — 192m12} :

A1 +4c—8m2—¢) 2 2 2y,5 2
Pn.a(c,m) :(1—1—0)3(6—27”7%2)352 — (24 ¢+ 2¢°) + 2¢(4 + 3¢+ 15¢)m (A.24)
—2(4 4 3c+41c¢% — 21¢® +17cM)mt — 4(—1 — 15¢ + 55¢% — 33¢® + 18¢h)mb

—4(=T7 = 69¢ + 111¢% — 43¢ + 4ch)m® — 8(13 — 61c + 43¢% 4 5¢3)m !0

+64(—5 + c)m12} ,

8mt(de — 82 + & —1)
¢ —2m?)3[c+ 2m2(m? — 1)|&

Dh,a(C, 1) :( {02 —4c*m? — 4(1 — 3¢ + 6¢2)m! (A.25)

+ 28¢imS — 4(—5 + 4e)m® — 40m10} .
B. Distributions and useful ldentities

In this section we intend to give the definition of the involved plus distributions and some relations
we need to derive our results. The ordinary (log-)plus distribution is defined via the integral with
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a suitable test function f(x). For m > 0 we define it as:

o A m—+1
/dx [ } /dx In™ [ (z) _f(o)} + o (B) (B.1)
0 0

m-+1

Involving these plus and a delta distribution one can write down the useful relation which was used
in the e expansion of the soft function. For the dimensionless variable x it reads:

0@ _ 1 s+ [W)L _GE[WLJF a%e? [9(9:) 1;12(37)] +O(e) | (B.2)

gltae ae x x 2 n

Furthermore we use the so-called fractional plus distributions. Together with 0 # w < 1 they are
defined as [27]:

A A A
/d:c [xm] /dx [ L (0)} -~ I (B.3)
0 0

Remark: One can also define them involving the non-distributional integral for some value w where
it exists and afterwards analytically continue to some other value of w.

Now we can define the fractional log-plus distributions as derivatives of the fractional plus distri-
bution, defined in Eq. which reads:

A m A
Jor P22 o= (- £ o [22] 0
0 0

:/mm(x)[f(”“")_f(o)] =IO b 4 win(a)] (B.4)

$1+w lerm

0

Fourier Transform

In the calculation of evolution kernels and anomalous dimensions it is sometimes convenient to
take the Fourier transform of a function which involves plus distributions. To calculate the Fourier
transform of the ordinary (log-)plus distributions we take the Fourier transform of Eq. and
identify the different terms:

0(x) [
‘F<x1+ae>(y) = /d:ne ¢ ltac
0

o1 In(iye™®) — ae F—z + In?(iye)®)
ae 12

2 2 2
+ a; { — %lng(iye%) - % In(iye’?) — ng} +0(e%) . (B.5)

To calculate the Fourier transform of fractional (log-)plus distributions one has to calculate it for
some w where the Fourier transform exists and again analytically continue to the real value.
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C. Massive SCET Feynman Rules

In this section we give the O(A?) Feynman rules one can derive from the massive SCET Lagrangian
(see Eq. (4.12)), they can also be found in [28/50]). In the following we consider all gluon momenta
outgoing.

D I n-p
--------- oo P om0 (€1
ps A
_ . A~e ﬁ
= (igsT u)nu§ (C.2)
____)___ ___)____
p, A ’YL(?L +m) (p AN m)’yJ‘
= (igsT %) |n, + -2 - —=
@ 16y
p i n-pn-p 12 '
T Eesoreoes = VAR Y m)
_ AGETATER L wprtm) o (p—m)y
n-(p—q [ "7 n-p Y n-p :
(p*—m)(p-+m)_ Vi
+ 5 5 .l T ey
n-pn-p 2
ZQQTBTA'LLQe | J__,-}/VL(pL_i_m)n B (ﬁlJ__Tn),le[ﬁ
n-(qg+p) LV n-p : n-p Y
(pr—m)p-+m)_
+ T_L-pﬁ.p’ n'unl/:|2 (04)

= Walm. v q.m)

Wilson Line Feynman Rules

We also give the Feynman rules for the used collinear and soft Wilson lines involving a single gluon.
They are derived via the momentum space expressions of these Wilson lines.
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[l (C.6)

D. Details on Hard-, Jet- and partonic Soft-Function Calculation

D.1. Jet Function
D.1.1. Diagrams

In this subsection we will present details concerning the calculation of the massive hemisphere jet
function diagrams. The calculation which we repeat here was first done in [27]. As one can see in
Fig. [§] we have six nontrivial contributions where the last one accounts for the mass counterterm
which is needed in the one loop computation. Note that we will only show details on the calculation
of the first contribution which should serve as a guiding principle for the other calculations. Fur-
thermore one already knows a lot about the appearing diagrams (at least their gamma structure)
since they are essentially the same as for the renormalization of SCET [6].

The first diagram is given by (define s = s + i0 = p?> — m? + 40 and use SCET power counting):

_h P / d%q a, b pT =g TPn, .\ —ig"é4h
Ja_22p2—m2—|—i0 (27T)dv“ (p q’p’m)ZQ(p—q)Q—mQ—f—iO gsq*—f—iO'u q% +1i0
% Q 2e ddq Q - q_
= - s a5 . . - D.1
SOy ] my 0 (G~ 02— 2 0+ 0) -
= —SWQS(M)CF%%IQ(S,W’L2,/L) : (D.2)

To solve the integral denoted as I,(s,m? ) we use a relation which we already know from

Bq. (5.25)

d 9—d —1-%
g = L (¢H)43dg™ dg~ dgt. (D.3)

(2m)® - T(433)
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Exploiting the SCET power counting we get:

2~ dr—1-5 Q-—q
I(s,m? p) = —————— [ dg* (¢")¥3dq™ D.4
(5,1, 1) ot [t e 2t (D.4)

‘@ —_q1—>q— / da* { [q+ S q%z = E;q— = io} [‘ﬁ B (ql):—_ io] }_1

Of course we know from Cauchy’s theorem that if all poles lie in one complex half-plane the integral
will give zero. To get a non-zero result of the above ¢ integral we have to impose some bounds on
the ¢~ integral which are realized by the theta functions 6(Q — ¢~ ) and 6(¢~). Now we can carry
out the integration using Cauchy’s theorem and afterwards do the regular ¢ integration. This
yields:

d Q 00

2—dp=1=54d 2mi(l1 —q~/Q) qt)d3
2 N L
La(s,m”, 1) = F(%) /dq q~ +10 /dq _ sq——pt(g—)?
0 0
Q
—i2dpt g A (4 /d 1—q /Q) (pH(q ) —qs\? 2 05)
B = 1 g~ +1i0 Q ' '

0

With the substitution ¢~ /Q — 2z and SCET power counting we get:

2\ 52
3(1—2)(1— shm z)

S

[NJisH

I(s,m? p) =

—i27 g ()i ese(d)
v—s 2 /dzz
0

d d s+m?
14 ad ) (D.6)

2 s

where o F1(a,b; c; 2) = oF1(a, b; ¢; z)/T(b) denotes the regularized Gauss hypergeometric function.
Now we set d = 4 — 2¢ and expand for small e using the Mathematica package HypExp [51]:

—1 1 1 ,u2 2 m? m? 1 5 ,uz
I Shgm () g+ T g () o2 (A
(5,m% 1) = 16772{ +€|: +n<—s>]+ 1z mZ+s o\ —s LR

+1In (i) — Lip (1 - Ti) } +0(e) . (D.7)

Finally we use some relations involving dilogs and logs:

Liy <1 — i) = —% In?(z) — Liy(1 — x) , (D.8)

Lig(1 —z) = éwQ —In(z) In(1 — x) — Lis(z) , (D.9)

which together with z = —3 yields the final result for the integral. With this and the expression
from Eq. (D.2) we can write down the result for the first diagram of the jet function which reads:

zas( ias(WCr Q| 2 a 72 2m? m? 5 [(m?

+2In (ii) In (m_js) - 2L12<m ) +2In (i) + In? (i)} +0(e) .
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The other contributions are given by:

o= o (D.11)
Je=0 (D.12)
I D / dlq 4 N P —q
Jg=1= Vv _ n VB
d Z2p2—m2—|—’i0 (Qﬂ)d M (p—q,p,m) 22 g —miii0"” (p,p— q,m)

—i uu(;AB ) —
qg—i— i0 ZZp2 - frﬂ +i0 (D-13)
= dna $Q? o [ d% P —4q (d—-2)((p—q)* = m?)
= dmas(W)Cr g "l / (2m) ((p — q)* — m? +1i0)(¢? + i0) { (p~—q)?
(d —2)(p? — m?) B 2dm? +2(d — 2)p
(p~)? p(p~ —q”

)(p —q) } + Terms (even # of 'Y) .

Note that from Eq. (6.22)) (and the trace therein) we know that only expressions with an odd
number of gamma matrices will contribute to the jet function. The remaining contributions are

given by}

1 g P~ / d% —igh’ o4 P~
27— w0 ) @md PP e o
1 Q° ~2e/ d’ (d—2)
= —4ras(pu)Cr=—= - .
mas(1) 9 2 P (27) (g2 +40)(p~ 4+ q~)

Je = =1
2

(D.14)

Now we sum up the last two contributions (note that the tadpole cancels one term in J;) and get
two integrals:

Ja+J. = dras(n )ch f;
(d=2)s_ 2(d—=2) 7., [ d% pt — gt
) { [ )z ™ p- p“]“ / (2m)e ((p — )2 — m2 +40) (g2 + i0)
2dm2 ~2e ddq p#
) { - ]” | e o +z'o>} | (D-15)

These two integrals can be solved using Feynman parameters. Expanding in small € yields:

2
Jy+J, = ZO‘S(LLW)CFZQ?{ - [ +6In <7’;2>+8]

[on(E) () ) o

The last remaining term is the one including the mass counter term. We use a generic mass scheme
which is defined via m — mP°® = §m (later we switch to the MS-mass scheme, see Sec. [6.5.2) The
contribution is given by:

Joobpm  (B2mOmPt 4 om)\ b pm
! 2p2—m2+z‘0 2 e 2p% —m2 +1i0

2ONote that J, involves a symmetry factor for the gluon loop.
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where the O(as) pole mass counterterm is given by [27]:

4 €

2
5mpole _ _mas(M)CF |:3 +3In (7:2> +4:| ) (D18)

Now one can observe that there are again some cancellations in the sum of the last three contribu-
tions. They are given by:

_das(p)CrQip[1 ,Lﬁ B m?(5m? + 6s) me s
Jo+Je+ Jp= 4 59 e—Hn oy i In . +m2+8
-i-iQ%Qmém. (D.19)
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To complete this calculation we need to include zero bin subtractions. They can be computed by
taking the diagrams which involve a collinear gluon and impose usoft power counting. All of them
give zero, hence the sum of all contributing diagrams is given by Eq. (6.21)).

D.1.2. Imaginary Part

When evaluating the jet function one needs to compute the different contributing diagrams which
was done in the previous subsection and afterwards take the imaginary part. Using s = s +i0 =
k2x + 10 with the dimensionless variable x and a dummy scale x > 0 (to keep the right dimension)
we can write:

Crf1 1 [4 3 4 2 2 2 2
St — |-+ —-+-1n i +21n? . + 21n? m +3ln i +8+7?
dr |ms+i0|e2 € € K2 K2 K2 K?
4 1 —s —i0 1 w2 m? 31 4 1 5 [(—s—10
il 1 S PN e O P (R I 1
+7rs+z'0n< K2 )[ € n(fi2> n(/<c2 4 +7r8+i()n K2
4 1 —s—i0) 4 1 m? s+ i0 1
- = Li = 1 In(1 -
ms+1i0 12< m? >+7rs—|—i0 n(—s—z’O) n< + m? ) s+ m? + 0

L +9) m( m )} | (D.20)

7 s(s+m?)? —s—10

where J was defined in Eq. (6.22)). To take the imaginary part of this expression we use relations
given in [27]. They involve plus distributions (which are defined in Sec. |B)) and read:

ilm{sjio} = 5 (~0(x) = ~(s) (D.21)
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ilm{ s i z‘oLiz<_Sm_2 ZO>} N _é " (T_r;>9(_m2 9 (20
ilm{s—iio ln1<;n;z'20> . <1: 5;21'02}9 ., 8 (D:2)
e <—s>92‘m -] ()
= —4(s)In <,£2> + n?[ " ]Jr ~ 5t +m?In (_S>6’(s+m2) .

Since we are working within an s integration (this can be seen in the factorization theorem) the
following identities also hold:

/ds [—Im{w} —m?ln <Tz>5’(3+m2)] =0, (D.27)
/ds [— ;[K22(5>Lln <1+nj’2>] :/ds [—;lln <1—|—nj2>9(5)] . (D.28)

Using the above relations as well as Eq. (D.20) and (6.22) we can determine the hemisphere jet
function. Afterwards we set x = p and simplify the expression which yields the final result given

in Eq. (6.23).

D.2. Hard Function

As promised in Sec. we intend to give details on the calculation of the SCET matrix element
used for matching SCET on QCD. To get the physical matrix element one has to evaluate the
diagrams of Fig. 7] We start with the first diagram (omit spinors, use SCET power counting and
the on-shell relation):

d%q P —q T8ns _ —jgoB5AB
H, / da(p,p q,m )g — | gs— 5_jie I ——
)

(p—q)?—m2+i0\"" ¢~ 410 q* +1i0
= 87rzozs( )CpTE I,(0, , (D.29)
where I, is the integral known from the first diagram of the jet function defined in Eq. (D.2)). In
the previous subsection it was determined for a non-zero off-shellness. It is easy to adapt it for zero
off-shellness by starting with Eq. . By performing the same substitution as in the previous
calculation we get:

1
—327d cs.c—7r
1,(0,m?, p) = r(L2 G /dz Qp) 252
0
—i2-dw1—acsc<§> 12 exp(yp) \* 2
— rE2) (m2 = ) B(d—4,2). (D.30)
2

Next we set d = 4 — 2¢ and expand for small e. Then Eq. (D.29) reads:

CF 1 MZ 1 M2 /1’2 2
Ha_F“ s (1) “2+In( = ~In? 21 44+ — D.31
47 {e2+e{+n<m2 o) e +12 (D-31)
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The remaining two diagrams are given by:

(D.32)
_ _ I+
H - / (1A e L T A M |
2 2(p—|—q) —m2+i0 °* 2( q)?> —m?+ 10
aﬁ5AB
0 TAT T D.

=0.

Here one can see that the third diagram vanishes when using standard methods like Feynman
parameters. To get the physical matrix elements we have to multiply a factor of (ZSS)*U 2 (see
Eq. (3.57))) per external leg which yields to the final result of the SCET matrix element given in

Eq. ,6'12"

D.3. Partonic Soft Function

In this subsection we will give details on the evaluation of the different contributions to the O(ay)
partonic soft function. These diagrams are shown in Fig. |§| and involve Y-Wilson lines (introduced
in Sec. as well as a final state cut. The partonic soft function is given by (see Eq. ;
with color indices):

b= 5 Z ) 0T (0) 1) O YT 00 0) (D.34)

Using SCET Feynman rules the diagrams are given by:

g :/ diq B T47,, i —ighv§AB TBn, _.
o= erd\ T ol ) @i \ Tt —io”

ddq 1
= 2i?TAT [ / =0 D.35
i, @) (e )@ —0)(@ i) (D-35)

Sy =S, . (D.36)

The next diagrams involve real radiation which is why we apply Cutkosky’s rule and later impose
an on-shell condition (see Eq. (6.28)). Furthermore the delta function which implements kinematic
constraints on the final state gluon is included. We use TdéT(f; = _TﬁTeéz = —N.CF and get:

dt; bk T Tgn
Sc: s Sle— s Vs 5ef — gs If i€ ) (271)8 k2 }U/(SAB — gs vV ~¢ 5cd
/(2@4 ( k;+k;> ( Pks +i0 )(”Hs)g 9F —iol

. dk ko kTt (21)6(k2)
=2¢’N.C 26/ S5l — =578 s , D.37
9s FH (27)4 < ks + kT ) (k& —i0)(ks +10) ( )

Sy=S.. (D.38)

The remaining contributions evaluate to zero:
Se=8S;xn-n=0, (D.39)
Sp=8,xn-n=0. (D.40)

This concludes the determination of the diagrams contributing to the partonic soft function. In
the end we have two non-zero contributions given in Eq. (D.37) and (D.38)) which are plugged in
the soft function definition in Eq. (6.27)) to yield the final result of Eq. (6.31]).
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E. Evolution

E.1. Anomalous Dimensions and Evolution Kernels

In Sec. all the ingredients for the N?LL K and w where given. One can obtain the full
expression by correctly expanding the defining equation given in Eq. (6.3). Our result agrees
with [10] and reads:

as(w)
NSLL N2 ['[a]
w (M,MO,F,J)—; / dam
as(po)
Ty as(po) (B Th 1/ ag(po)\* (B2 | Bily AT
=g (G n e v (M) (R G r)et
1 as<uo)>3(ﬁ%2ﬂlﬁz Bs BTy | Bolt Pl rg) - ]
Jr3< 4m B3 B2 +ﬁ0 5§F0+Boro+ﬁoro Iy =1 (E-1)
as(p) F[ ] a do/
N2ZLL N2LL - Llaj «
K™ (py po, Tyy) — w2 (ps po, 7, 2) = 2 / dov Bla) Bl
as (o) as(po)
_ Lo dm (1 _ v BN, B
o3 [aswo)(r +In(r) 1) i (Fo ﬁo> [r ! ln(”] 25, " ")
2 2 _
(= ) [ - o (52 - 1 )5
Ty Tupiy,,
+<1‘0 F050>(1 7’)} (E.2)

where the By = 2/82—82/80 and r = as(p)/as(p10) which depends on the 4-loop running coupling.

E.2. R-Evolution

In Sec. we introduced the non-perturbative gap parameter A(R, u15). Furthermore we observed
that to avoid large logarithms we need to know how this parameter evolves in R and pg. An overview
about this was already given in [10]. The two corresponding RG equations are defined as:

dA(R, a i1
P2 Rt lasl)] = z;m( L)
A a i+1
Rcm((i’m = —R3las(u)] vl ()] = gvii( Z@) . (E.3)

From Eq. (6.71)) it is straightforward to see that the p evolution is completely governed by the
anomalous dimension of the soft function which is why we encounter the known w expression.
Furthermore the R anomalous dimension is given by:

1R =0, YR =€ (25780 + vs1) = 152.422 (E.4)

where we used s§ = —Cpm?/3 defined through Eq. (6.70) and for the numerical values ny = 5. For
the whole derivation of the R-evolution we refer to [44,45]. The solution to the 1 and R evolution
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of A to N%2LL accuracy is given by:

A(R, 1) = A(Ry, pio) — 2 R €PN (R, 19, T's,2) — 2 R 750N (1, R, T'g, 2)

- 27 27
+A® gy e D (—b -1, ———)-I (- -1, ————) |, E.5
aep St E 0 = @) T T @) ()
where we used the known incomplete gamma function and:
b= B b, = 02— Bofs
2088 488 7
R
YA
S1 = . E.6

Note that since w is not exponentiated the NLL result is sufficient. Furthermore for AgéD we

use [44]:

@ 2T 27 b bafoas(Ry)
Aqep = firexp < - 50065(31\)) (50043(RA)> P < 2m > ’ (E7)

and choose Ry = 100 GeV.

E.3. Evolution of o, and the MS Mass

In Sec. we introduced the QCD beta function. For a review about its determinations and the
original literature see [52]. The beta function is defined in the as-RG equation [48|:

udas (1) = Blos(p)] = — a;gf) > B (Z;) , (E.8)
=0

where the involved ;s read:

2

ﬁ():]_l*gnf,

38
Br =102 - Zny
8, — 2857 5033 325
27 18 54 17
149753 1078361 6508 50065 6472 1093
Bs = + 3564(3 + (— - 3> f ( — 3>n§+729n§z

. (E.
162 * 81 (E-9)

162 27

The 4-loop evolution is then given by solving Eq. (E.8]) iteratively. Using p =1+ W In(p/ o)
the evolution reads:

1 P Biln(p) | as(po) 1

_ , ) -
as()  aa(po) | 4mpo | p (4mPo)? [(51 Poba)(1 = p) + Bl (p)]

< 2 1 625 /83
: pl;O) B | 2 (0" = 1) + o1 Ba(log(p) + p — p7) + (1= p*)* — 10g2(f)} )
E.10

+
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which numerically agrees with the expression given in |10]. Furthermore in Sec. we switched
mass schemes to the MS mass which RG equation is given by: [48]:

AT ) mmlon(0)] = ~2m0 S e 22) (£.11)
Mdluﬂ— ) Ym |Cs\ )] = Mi:OVm,z A ) .
with:
’Ym,0_4a
_ 202 20
Tm,1 = 3 9 ng,
92216 160 140
o y=1249— (2222 4 Y 2
m.2 ) (27+3<3>”f 81
4603055 135680 91723 34192 18400
Ym3="Te5 T o7 (3 — 8800¢5 + (—27— 9 (3 + 880¢4 + 9 C5>nf
5242 800 . 160\ , 332 64\ 4
octs M 22 _oee 2 . 1
* ( a3 T 98T 3 C4>”f+< 243 " 27<3)”f (E-12)

The 4-loop evolution of the MS mass is then given by solving Eq. (E.11)) iteratively where one
encounters the expression of Eq. (E.1). The 4-loop evolution is then given by:

(1) = oxp [— 2 NP (1, 10, o 2)} o) (£.13)
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