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Abstract

The purpose of this research is to study time-frequency localized functions, the
sampling, approximation and reconstruction of such functions in the Gabor setting,
and to construct some adaptive transforms that can be applied to audio signal pro-
cessing. We first investigate functions that satisfy some localization in a region in
the time-frequency plane using the tools from time-frequency localization operators.
We characterize a function’s concentration in a region in the time-frequency plane
and compare some measures of localization. We then consider the approximation of
time-frequency localized functions using a local Gabor system. We obtain approxi-
mation estimates in terms of a time-frequency localization measure. We show that
if a function lies on a subspace generated by eigenfunctions of a time-frequency lo-
calization operator on a bounded region, we can choose an enlargement of the region
such that the local Gabor system over time-frequency points on the larger region sat-
isfies a frame-like inequality on the subspace. This would allow for the construction
of a time-frequency dictionary consisting of functions that are maximally concen-
trated in the region, and a family of these dictionaries forming a global frame. We
also study the random sampling of functions that are localized in a region in the
time-frequency plane. We determine the probability that a sampling inequality holds
for time-frequency localized functions using sampling points in the region of con-
centration. Lastly, we present two adaptive time-frequency based transforms - via
time-frequency localized subspaces and via nonstationary Gabor frames, and present
their advantages in audio signal processing. We show that applying an approximate
projection onto the time-frequency localized subspaces exhibits a reduction in the
error in reconstructing a signal from the corresponding analysis coefficients. For non-
stationary Gabor frames, we show that perfect reconstruction is easily realizable in
the painless case, and we illustrate its applications in signal processing, e.g. obtaining
an invertible constant-Q transform.






Zusammenfassung

Die vorliegende Arbeit befasst sich mit dem Studium Zeit-Frequenz-lokalisierter
Funktionen, insbesondere deren Abtastung, Approximation und Rekonstruktion im
Gabor Kontext, sowie der Konstruktion adaptiver Transformationen und deren Ver-
wendung zur Verarbeitung von Audiosignalen. Zeit-Frequenz-Lokalisierungsoperator-
en liefern uns Werkzeuge zur Beschreibung der Konzentration, beziehungsweise Lokali-
sation, von Funktionen in einer gewissen Region der Zeit-Frequenz-Ebene. Wir
charakterisieren die Konzentration einer Funktion in solchen Regionen und vergle-
ichen unterschiedliche Lokalisationsmafie, um schliesslich die Approximation Zeit-
Frequenz-lokalisierter Funktionen durch lokale Gaborsysteme zu untersuchen. In
einem geeigneten Mafl der Zeit-Frequenz-Lokalisation knnen wir den Approxima-
tionsfehler nach oben abschtzen. Insbesondere zeigen wir, dass Funktionen, welche
in einem von den Eigenfunktionen eines Lokalisierungsoperators generierten Unter-
raum liegen, in folgendem Sinne durch lokale Gaborsysteme beschrieben werden kn-
nen: Vergrern wir die durch den Lokalisierungsoperator beschriebene Zeit-Frequenz-
Region ausreichend, so erfllt das auf diese vergrerte Region eingeschrnkte lokale
Gaborsystem eine Art Frame-Ungleichung fr Funktionen im von den Eigenfunktio-
nen aufgespannten Unterraum. Dies erlaubt die Konstruktion von Zeit-Frequenz-
Systemen aus, bezglich einer bestimmten Region, maximal konzentrierten Funktio-
nen, so dass eine Familie solcher Funktionen ein globales Frame ist. Weiters un-
tersuchen wir die zullige Abtastung Zeit-Frequenz-lokalisierter Funktionen und bes-
timmen die Wahrscheinlichkeit, mit welcher fr solche lokalisierten Funktionen eine
Sampling-Ungleichung gilt, abhngig von der Region der Lokalisierung. Auerdem
prsentieren wir zwei Methoden zur Konstruktion adaptiver, Zeit-Frequenz-basierter
Transformationen durch (a) Zeit-Frequenz-lokalisierte Unterrume und (b) nichtsta-
tionre Gaborsysteme, sowie ihre Vorteile im Kontext der Audiosignalverarbeitung.
Wir zeigen, dass nherungsweise Projektion auf Zeit-Frequenz-lokalisierte Unterrume
zu einer Verminderung des Rekonstruktionsfehlers bezglich der zugehrigen Analyseko-
effizienten thrt. Auerdem diskutieren wir die Konstruktion nichtstationrer Gaborsys-
teme mit fehlerloser Rekonstruktion und ihre Anwendung in der Signalverarbeitung,
unter anderem am Beispiel einer invertierbaren Constant-Q) Transformation.
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Introduction

Background and overview

Time-frequency localization is an ongoing active topic of research in harmonic
analysis. While it is well known that no nontrivial function can be compactly sup-
ported simultaneously in time and frequency, functions that exhibit some localization
in a compact region in the time-frequency plane have been studied using operators
which localize a function’s time-frequency content on bounded regions in the time-
frequency plane. Landau, Slepian, and Pollak considered operators composed of
consecutive time- and band-limiting steps, cf. [87, [73], [74], that yield the well-known
prolate spheroidal functions as eigenfunctions. These functions satisfy some optimal-
ity in concentration in a rectangular region in the time-frequency domain.

In [25], Daubechies introduced time-frequency localization operators obtained by
restricting the integral in the inversion formula to a subset of R2. The eigenfunctions
and eigenvalues of these operators have been studied in [82) 147, 29]. The study of the
properties of time-frequency operators and its connection with other mathematical
topics have been a continued topic of research, e.g. [95] 23] [1} [57].

We make use of time-frequency localization operators to describe a function’s local
time-frequency content, and we compare and relate this measure of time-frequency
concentration with measures that use a sharp cutoff in time and in frequency. As in
the case of the prolate spheroidal wave functions, the eigenfunctions of time-frequency
localization operators are somehow maximally concentrated in time-frequency in the
region being considered. We investigate how a function that satisfies a localization
criterion can be characterized by these eigenfunctions. Since the eigenfunctions are
optimally concentrated in the region, we also show how a given time-frequency lo-
calized function can be approximated by its projection onto a subspace spanned by
a finite number of these eigenfunctions. Such projection onto a time-frequency lo-
calized subspace is comparable to the method of time-varying filtering using Wigner
distribution synthesis techniques, cf. [60].

Using Gabor frames, we also obtain local representations of time-frequency local-
ized functions. That is, we approximate such functions using a local Gabor sampling
set, namely, those which are inside some larger cover of the given region. This is
influenced by the approximation result formulated by Daubechies in a seminal paper
[26]. Similar estimates were also established in [80]. In contrast, the truncated Gabor
expansions we use are over more general regions, i.e. not just a rectangular region.
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2 INTRODUCTION

Moreover, the error bounds to be used are in terms of time-frequency localization
measure.

Sampling and time-frequency localization via time- and band-limiting operators
were studied in [90, 63]. We likewise consider the approximation of time-frequency
localized functions via eigenfunctions of a time-frequency localization operator from
the local samples.

In [9], the problem of random sampling of band-limited functions was considered
and the probability of obtaining a sampling inequality for band-limited functions
was estimated. We also investigate the random sampling of time-frequency localized
functions and estimate the probability that a sampling inequality holds involving only
the relevant samples.

Families of time-frequency localization operators and coverings of the time-frequen-
cy plane can be used to construct global frames that satisfy some local properties,
cf. [36], 39, 40]. Projection of the local Gabor system onto a subspace spanned by a
finite number eigenfunctions of a time-frequency localization operator allows a con-
struction of a time-frequency dictionary consisting of functions that are maximally
concentrated in the region. By taking a family of such time-frequency dictionaries,
we are also able to obtain an global adaptive frame for L*(R).

Adaptive time-frequency representations provide an alternative to the fixed res-
olution inherent in Gabor frames. Such works on adaptive representations include
designing building blocks that adapt to specific signals, or having more flexible tilings
of the time-frequency plane that yield different resolutions in different areas of the
plane, cf. [94] [69] 34] among others.

Using the local Gabor systems and approximate projections onto the time-frequen-
cy localized subspaces, we obtain adaptive analysis-synthesis systems, cf. [41], that
would provide the desired resolution in various frequency bands and at the same time
provide arbitrarily good reconstruction quality. Numerical results will be compared
to an adaptive method proposed in [77].

We also present the work on nonstationary Gabor frames [89] [7], that allow for
adaptivity in time or in frequency. We show that for the painless case, the transform
is perfectly invertible. We then show how the nonstationary Gabor frames can be used
in signal processing applications, e.g. obtaining an invertible constant-(Q) transform.
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Structure and contributions

Chapter [[recalls some basic concepts on Fourier, time-frequency, and Gabor anal-
ysis. In Chapter 2, we review and summarize some aspects of time-frequency local-
ization and prove some new observations. Chapter [3] deals with the approximation of
time-frequency localized functions, wherein we obtain some theoretical estimates, and
illustrate the results with numerical examples. Chapter [l is concerned with the local
random sampling of the STFT of time-frequency localized functions. In Chapter [B]
we present two adaptive time-frequency representations, via approximate projections
onto subspaces of eigenfunctions and via nonstationary Gabor frames, in a theoretical
setting and with numerical experiments.

The following is a summary of the contributions from this research work:

e We use a time-frequency localization operator in measuring a function’s local
time-frequency content in a bounded region €2 in the time-frequency plane
and prove a result that relates the concentration of f and f on intervals with
the time-frequency concentration of f on a rectangle (Section 2.3.1]).

e We prove a characterization of the function’s time-frequency concentration €2
using eigenfunctions and eigenvalues of a time-frequency localization operator
on 2 (Section [23.2]).

e We obtain an approximation of a function localized in €2 by its projection
onto the subspace generated by a finite number eigenfunctions of a time-
frequency localization operator on €2 and obtain error bounds in terms of the
time-frequency concentration of f in 2 (Section 2.3.2).

e We obtain an approximation of a function localized in €2 using a local Gabor
system and obtain error bounds in terms of the function’s time-frequency
concentration in €2 (Section B.1]).

e We show that if a function lies on a subspace generated by eigenfunctions of
a time-frequency localization operator, we can choose an enlargement of €2
such that the local Gabor system over time-frequency points on the larger
region satisfies a frame-like inequality on the subspace (Section [3.2]). We also
present numerical results that exhibit the dependence of the approximation
error on the enlargement of the region and the number of sampling points,
and the performance of a reconstruction algorithm (Section B.4)).

e By projecting the local Gabor system onto a subspace spanned by a finite
number eigenfunctions of a time-frequency localization operator, we obtain
a time-frequency dictionary consisting of functions that are maximally con-
centrated in the region. And by considering a family of such time-frequency
dictionaries such that the union of the regions cover the time-frequency plane,
we are also able to obtain an adaptive frame for the whole L*(R) (Section[3.3)).
We also present numerical results that show the dependence of the condition
numbers of the resulting frame operators from the time-frequency dictionary
on the amount of overlap used between adjacent regions, and compare them
with frame operators arising from quilted Gabor frames [34] (Section B.4]).
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e We study the random sampling of time-frequency localized functions and
estimate the probability that a sampling inequality holds using only the
relevant samples from the region of concentration, analogous to the results
in [9, 10] (Chapter [).

e We make use of time-frequency localization operators corresponding to the
desired partition into frequency bands. At the same time, the windows can
also change over time as desired. Using approximate projections onto sub-
spaces generated by the eigenvectors which are best-concentrated in each
frequency band and time interval, we naturally obtain a smooth transition
between adjacent frequency bands and time intervals. We provide some of
numerical results in comparison to the method proposed in [77] (Section [5.1]).
This work has been published in [4]]

e We obtain an adaptive time-frequency representation via nonstationary Ga-
bor frames, and show invertibility in the painless case. We also present ef-
ficient implementations of the nonstationary Gabor transform in automatic
adaptation to transients and in the construction of an invertible constant-Q
transform (Section [5.2]). This work has been published in [89, [7]



CHAPTER 1

Preliminaries

In this chapter, we recall some basic definitions and concepts that will be used
in the succeeding chapters. We review the basics of Fourier analysis, the short-time
Fourier transform, and Gabor theory.

For a function f in RY, f]Rd f(t) dzx is the usual Lebesgue integral on R%. For a
measurable set £ C R?, its measure is |E| = fRd Xe(z)dr, where xg denotes the
characteristic function on E. If p € [1, 00), the 1ntegral

([ e \pdx)

is the LP-norm, ||fll,, of f, and LP(RY), or simply LP is the Banach space of all
measurable functions such that || f||, < co. If p = oo, the space L>=(RY) consists of
essentially bounded measurable functions. Here, we take || f||oc = ess sup,cpa|f(z)].

The space L'(R?) is also referred to as the space of integrable functions, while
L?(RY) is referred to as the space of square integrable functions. Moreover, L?(R?) is
a Hilbert space with inner product

(.0) = [ F@)g)da

A Banach space is said to be separable if it contains a countable dense subset.
The spaces LP(R?) are separable for any p € [1,00).

Given a collection {gx }ren in a Banach space and scalars {cy }ren, we say the series

F=> o= cron

keN k=1
converges and is equal to f if
N

F= kg

k=1

—0 as N — 0.

We note that the ordering of the terms is important; if the order of indices is changed,
we are not guaranteed the convergence of the series. If the convergence of the series
does not depend on the order of the terms, then it is called unconditionally conver-
gence, otherwise it is called conditional convergence.

5



6 1. PRELIMINARIES
1.1. Fourier transform
We recall in this section some basic definitions and properties of the Fourier trans-
form. For more details and proofs, one may refer to [54].

The Fourier transform of a function f € L'(R?) is defined as
Ffw)=fw)= [ fit)e ™ dt, we R (1.1)
R4

Lemma 1.1 (Riemann-Lebesgue). If f € LY(RY), then f is uniformly continuous
and ‘ lim |f(w)|=0.

w|—o0

If we let Co(R?) denote the Banach space of continuous functions vanishing at
infinity, then from Lemma [[.T we get the following mapping property of the Fourier
transform:

F o LMR?Y) — Co(RY).
Theorem 1.2 (Plancherel). If f € L'(R?) N L*(R?), then

1£1l2 = 1171l (1.2)

As a consequence of Theorem [[L2] F extends to a unitary operator on L*(R?) and
satisfies Parseval’s formula

(f.9) =(f,9), forall f, g€ L*R?). (1.3)

An interpretation of Plancherel’s theorem in signal analysis is that the Fourier
transform is an energy-preserving transform.

Theorem 1.3 (Hausdorff-Young). Let 1 < p < 2 and let p’ be such that % +Z% =1.
Then F : LP(RY) — LY (RY) and || < || fl,.

The convolution of two functions f, g € L'(RY) is the function f x g defined by

(fxg)(x) = y f(y)g(r —y)dy. (1.4)

The norm and Fourier transform of a convolution of two functions satisfy the following
properties:

1f * glls < 111 llglh: (1.5)
(Fxg)=f-5 and (f-9)=Ff*g (1.6)

Theorem 1.4 (Young). If f € LP(RY) and g € LY(RY) and % +% =1+ %, then
f*ge€ LP(RY) and
1+ gl < (ApAgAr) Il fllp g lla, (1.7)
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pl/p 1/2
where A, = 7 :
pl p

The involution f* of f is defined by

f(x) = f(==) (1.8)
and the reflection operator Z by
Tf(z) = f(~a). (1.9)
It follows that _
fr=f and If=1/. (1.10)
Using this notation, the convolution operator can be written as
(f +g)(x) = {f, Tag"), (1.11)

if both sides are defined.
Theorem 1.5 (Inversion formula). If f € L'(R?) and f € L'(R?), then

f(z) = /Rd fw)er@dy. for all x € RY (1.12)

We consider two operators that occur frequently in the study of time- and frequency-
representations of signals. Suppose T and F' are subsets of R? with finite measure.
The time-limiting operator Qr is given by

Qrf(t) = xr(t)f(1), (1.13)
while the band-limiting operator Qp is given by
Prf(t) = [ Fw)e™ do= 7 (xe o). (114)
F

We note that both operators are orthogonal projections on L2(R%). We say that f is
time-limited to T if f(t) = Qrf(t). Similarly, we say that f is band-limited to F if
ft) =Prf(t).

1.2. The short-time Fourier transform

In this section, we discuss the short-time Fourier transform and mention some of
its properties. The transform is designed to represent a function combining the time
and frequency information at the same-time. The book [55] provides an excellent
reference to the area of time-frequency (TF) analysis using the short-time Fourier
transform as a main tool.

Before we define the short-time Fourier transform, we would need the following
operators. The translation and modulation operators are given by

T.f() = f(t—2) and  MLf() = f(t) ", (1.15)
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where t,z,w € RY. Together, they form a time-frequency shift operator w(z), z =
(z,w) € R* given by

m(2)f(t) = f(t — x) ™" (1.16)
Definition 1.6. Let ¢ be a non-zero function in L*(R%), called the window function.

The short-time Fourier transform (STFT) of a function f with respect to ¢ is defined
as

Vof(2,0) = /R Rl ey (1.17)

where z,w € R%.

The following lemma shows some equivalent forms of the STFT.
Lemma 1.7. If f, ¢ € L?(R?), then the STFT is uniformly continuous on R** and
Vof(a.w) = F(f - T)w) (1.18)
= (/\MLTop) = (f,7(2)e)
= (f, T.M_.¢)

REMARK 1.8. Expressing the STFT in the form V,f(z) = (f,7(2)p) is useful in
extending it for f lying in a Banach space B, where (-,-) is defined by some form of
duality. For instance, V,, is well defined for all f in the space of tempered distributions
S'(R%), provided that ¢ is in the Schwartz space S(R?).

Lemma 1.9 (Covariance Property). Whenever V, f is defined, we have
Vo DM, f)(2,0) = eV, f(& = w,w — 1) (1.19)
for x,u,w,n € R*. In particular,
Ve (TuM,, f) (2, w)| = Vo f (2 — u,w — ). (1.20)
Theorem 1.10 (Orthogonality relations for STFT). Let fi, fa, 01,2 € L*(RY).
Then V,, f; € L*(R*) for j = 1,2, and

Vorf1, Voo f2) r2meay = (f1, f2) (@1, @2).
Corollary 1.11. If f, o € L*(RY), then

Ve llz = [ fll2ll#ll2-
In particular, if ||¢||o = 1, then
1£ll2 = Ve fll2, for all f € L*(RY). (1.21)
In this case, the STFT is an isometry from L*(RY) into L?(R%*?).

Corollary 1.12 (Inversion formula for the STFT). Suppose that ¢,y € L*(R?) and
(p,7) # 0. Then for all f € L*(R?)

1
f= ) //Rd Vo f(2) m(2)vdz. (1.22)
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The inversion formula for the STFT is well defined in the weak sense for all
[ € L*(R?) for windows 7, ¢ with (v, o) # 0. Weisz [91] proved the convergence of
the Riemann sums of the inverse STFT of f under some conditions in the window
functions.

Given a non-zero window ¢ and a function F' on R??. The formal adjoint V; of
V, is given by

ViF = / /R F() (e dz, (1.23)

where the integral is defined weakly by

Wik g = [[ P iz

_ / /R RV dz

= <F7V<Pf>'

We have the following pointwise estimate on the STFT of Vi F:

Lemma 1.13. [55, Proposition 11.3.2] Let ¢ be a non-zero window function and let
F be a function on R*. Then

Ve (VaF) (2, w)| < (V| | F[) (2, w), (1.24)
for all (z) € R,

Proof:
VYV F(z,w) = (Vo F, M, T.p)
= [ P oV v
= / / OVl —tw - €)e W0 drde.
By taking the absolute value oRf each side, the conclusion is obtained. [ ]

Definition 1.14. Let ¢ € L*(R?) be a window function with || = 1. The spectro-
gram of f with respect to ¢ is defined to be

SPEC,, f(2) = |V, f(2)|*.

From the definition, the spectrogram SPEC, f is non-negative. Moreover, by
Lemma [L.9] it is covariant, and by Corollary [LI1], it is energy-preserving, i.e.

SPEC, (T, M, f) = SPEC,, f(z — u,w — 1),
[ sPEC, 121 d= = 171
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Definition 1.15. Let 1 < p,q < oo. The mized-norm space LP4(R??) is the space of
all measurable functions on R?? such that the norm

q/p 1/q
||F||LM = </ ( |F(x,w)|pdx) dw) ,
R4 R4

with the usual modification for p = 0o or ¢ = o0, is finite.

Note that LPP(R?*?) = L[P(R?*). We consider now the functions whose STFT lies
in the mixed-norm space LP4(R%).

Definition 1.16. Let ¢ be a nonzero function in S(R?). The modulation space
MP4(RY) is given by

MPURY = {f € S'(RY) : V,f € LP(R%)}.
If p = g, then we write MP(R?) for MP*(R?).

The modulation space MP4(R?Y) is a Banach space equipped with the norm
| fllasp.a := ||V, [l Lra, where a different choice for ¢ yields an equivalent norm. Since
the STFT is an isometry from L?(RY) into L*(R??), then M?(R?) = L?(R%). The
space M*(R%), consisting of functions whose STFT is integrable, coincides with Fe-
ichtinger’s algebra So(R?), cf. [45]. It is the smallest Banach space that is invariant
under modulations and translations. We recall some of its characterizations, cf. [55,
Proposition 12.1.2].

Proposition 1.17. The following conditions are equivalent:
1) f Sg(Rd).

(
(2) f € L*(RY) and for one/all g € S(R?), we have V,f € L'(R*?).
(3) f € L*(R?) and for one/all g € So(R?Y), we have V,f € L*(R*).

c
c

In the discussion of time-frequency localization operators, which are obtained by
restricting the inversion formula for the STFT, in Chapter 2, properties of compact
operators will come into play. We recall some characterizations and properties (cf.
[84, 22]). Here, H, H1, and Hs are complex separable Hilbert spaces.

Definition 1.18. The operator T : H; — Hs is called compact if the image of the
closed unit ball in H; has compact closure in Hs.

We will make use of the following properties of compact operators.

Theorem 1.19. (1) If T : H — H is compact and L : H — H is bounded,
then T'L and LT are compact.
(2) Suppose T : H — H is a bounded operator. If |Tz,|| — 0 whenever
x, — 0 weakly, i.e. (x,,h) — 0 for any h € H, then T is compact.
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Theorem 1.20 (Spectral theorem for compact self-adjoint operators). Let T' : H —
H be a compact self-adjoint operator. Then there exists a sequence {ay}ren of real
numbers and a corresponding orthonormal sequence {1 }ren in H such that

(1) lim a =0,

k—o0

(2) TYr = agthy for every k € N, i.e. each vy, is an eigenfunction of T with
eigenvalue oy, and

3) Tf = Zak(f, i)y for every f € H, where the series converges in the

k=1

norm of H.

Definition 1.21. Let T : H — H be a compact operator and let {sj}ren be
the sequence of singular values of T' (square roots of the eigenvalues of the non-
negative self-adjoint operator T*T'). The operator T" belongs to the Schatten p-class
if {sk}tren € P(N). The set of all Schatten p-class operators is denoted by SP(H). If
p = 1, then T is called a trace class operator. If p = 2, then T is called a Hilbert-

Schmidt operator.

A criterion for T to be trace class is given in the following theorem.

Theorem 1.22. A compact operator T : H — H belongs to the trace class SY(H) if
and only if

Z (Tek, ex)| < oo

keN
for every orthonormal basis {ex}ren of H. In this case,

ITls = sup Y [(Texex)l.
{ek}kEN ONB keN

1.3. Gabor frames

Frames are a generalization of bases that offer added flexibility because of its
redundancy. They were introduced by Duffin and Schaeffer in [43], and have since
become an important tool in mathematics. Frames consisting of time-frequency shifts
of a single function are called Gabor frames. For a more detailed discussion on frames,
we recommend the books by Christensen [19, 20]. A good reference on Gabor frames
is [49] and its sequel [50].

Definition 1.23. A sequence {f;};c; in a separable Hilbert space H is called a frame
if there exist constants A, B > 0 such that for all f € H

AILFIP < DI 17 < BIFIP. (1.25)
iel
Any such constants A and B are called frame bounds. If A = B, then the sequence
{fi}ier is called a tight frame.
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REMARK 1.24. If there exists B > 0 such that at least just the right-hand inequality
in (L.25)) is satisfied, then { f;}ics is called a Bessel sequence

REMARK 1.25. An orthonormal basis is a normalized tight frame with A = B = 1.

Definition 1.26. Let {f;};c;r € H. The coefficient operator or analysis operator C
is defined by

Cf={{f fi) tier-
The reconstruction operator or synthesis operator D is defined by
Dc = 25:(%]} € 7{,
iel
for a finite sequence ¢ = {¢;}ie;. The frame operator is defined on H by
Sf =) _{f.ff:
icl
Proposition 1.27. Let {f;}ics be a frame for H with frame bounds A, B > 0.

(1) C is a bounded operator from H into (*(I) with closed range.
(2) The operators C and D are adjoint to each other, i.e. D = C*. Conse-
quently, D extends to a bounded operator from (*(I) into H and satisfies

) Z ci fi
icl

(3) If f = > cifi for some ¢ € (P(I), the for every € > 0 there exists a finite
subset Fy C I such that

Hf - Zcifi

i€l

< Bz||c[|s.

< e  for all finite subsets F' O Fy,

i.e. Y .erCifi converges unconditionally to f € H.
(4) The operator S = C*C = DD* maps H onto H and is a positive invertible

operator.
(5) The sequence {S™'fiticr is a frame, called the dual frame, with bounds
B~1 A7l > 0.
(6) Every f € H has nonorthogonal expansions
F=Y LS and  f =D (f. f)S7M (1.26)

i€l iel

where both sums converge unconditionally in H.

For tight frames, the frame operator becomes S = AI. They have the advantage
of having the same functions for analysis and synthesis.

The series expansion in Proposition [L27(6) is useful if one can obtain the dual
frames explicitly. Usually, it is more convenient to apply the following iterative
method, called the frame algorithm, in reconstructing a function from its analysis
coefficients.
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Frame algorithm: Given a relaxation parameter 0 < A\ < %, set § = max{|1-AA|, |1—
AB|} < 1. Let fy =0 and define recursively

Then lim f,, = f with a geometric rate of convergence, i.e.
n—o0
If = falla < 3" £ ]2

Definition 1.28. A sequence {f;};c; in a Hilbert space H is called a Riesz sequence,
if and only if there exist constants A’, B’ > 0 such that the inequalities

Al < | et < Blell (1.28)
iel

hold for all finite sequences ¢ = {¢; };ey. For a Riesz sequence, the coefficients in the
frame expansions (L26]) are unique. A Riesz sequence is called a Riesz basis for H if

span{ f; ticr = H.

We now consider a special type of frames called Gabor frames.

Definition 1.29. Given a non-zero window function g € L?(R?) and lattice A € R??,
the set of time-frequency shifts

G(g,A\) ={grn:=7m(N)g : A€ A} (1.29)

is called a Gabor system. If such a Gabor system is a frame for L?(R?), then it is
called a Gabor frame.

The Gabor frame operator has the form
Sf=> (f,7(Ng)m(N)g. (1.30)
AEA
If we want to emphasize the dependence on the window ¢ in (L30), we write S,
instead of S.

Proposition 1.30. If G(g,A) is a frame for L?>(R?), then there exists a dual window
v € L2(R?) such that the dual frame of G(g,\) is G(v,A). Every f € L*(R?) can be
represented as

F=Y (f,7(Ng)m(A\)y (1.31)

=2 _Lm(A)n)m(N)g. (1.32)

The representation (L31), or equivalently (L32), is called the Gabor expansion of
f € L*(RY).

Corollary 1.31. If G(g,A) is a frame for L?*(R?) with dual window v = S~'g €
L*(RY), then the inverse frame operator is given by

Soaf =Sy f = (f. r(N))m(A).

AEA
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For a separable lattice A = aZ? x bZ?, with lattice parameters a and b, we also
write G(g,A) as G(g,a,b). We next mention some results concerning the density of
Gabor frames over a separable lattice.

Corollary 1.32. (1) If G(g,a,b) is a frame for L*(RY), then ab < 1.
(2) The Gabor system G(g,a,b) is a frame for L*(R?) and ab = 1 if and only if
G(g,a,b) is a Riesz basis for L?(R%).
(3) The Gabor system G(g,a,b) is an orthonormal basis for L*>(R?) if and only
if G(g,a,b) is a tight frame, ||g||2 =1 and ab = 1.

In some special cases, the Gabor frame operator can be simplified obtaining ex-
plicit simple examples of Gabor frames. An example is the following “painless non-
orthogonal expansion,” cf. [2§].

Theorem 1.33. Suppose that g € L®(R?) is supported on the cube Qp = [0, L], If

a <L andb< %, then the frame operator is the multiplication operator

Sf(x) = (% S lote - ak>|2> f(@).

kezd

Consequently, G(g, a,b) is a frame with frame bounds béd and bEd if and only if

A< gz —ak)’<B  ae. (1.33)
kezd

Furthermore, G(g,a,b) is a tight frame if and only if 3, a lg(x — ak)|* =constant
almost everywhere.

If A is not necessarily a lattice, but a general countable subset of R??, we say that
the set G(g,A) = {m(N\)g : A € A} is an drregular Gabor system. If it is a frame,
then we say that G(g,A) is an irreqular Gabor frame. Christensen, Deng, and Heil
[21] provide some necessary density conditions on the set of points A for the Gabor
system G(g,A) to be a frame.

For z = (t,w) € R* we denote by Q(z) the unit cube in R?*? centered at z with
side lengths h, i.e.

d d

Qu(z) = [t = h/2,ts + h/2) x [ [lwn — h/2. w0 + 1/2).

k=1 k=1
We also write Q(z) = Q1(2).

Definition 1.34. Let A = {\;}xe; be a countable set of points in R??.

1s said to be separated 1 in i — Ax| > 0. ny constant 0 > 0 suc
1) Ai id b d if '¢£ Aj— A 0. A ) 0 h
J

IA; — Akl >0, j # k, is called a separation constant.
(2) A is said to be relatively separated if it is a finite union of separated sets of
points.
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We denote by v*(h) and v~ (h) the largest and smallest number of points in A
that lie in any cube Qn(z), i.e.

vt(h) = sup #(ANQx(2)), v (h) = inf #(ANQn(2)),

z€R2d zeR2d

and we define the upper and lower Beurling densities of A as

. v (h) ) )
DY (A) = h;n_)soljp 72 and D™ (A) = h}{glogf —ad

respectively. If DT (A) = D~ (A), then A is said to have uniform Beurling density
D(A) = DT (A) = D™ (A).

A characterization of the density of A and the separation of its points can be seen
in [19] stated as follows.

Lemma 1.35. [19, Lemma 7.1.3] Let A be a countable subset of R?*:. The following
are equivalent:

(1) D*(A) < 0
(2) A s relatively separated.
(3) For some (and therefore every) h > 0, there is an Np(A) € N such that

sup #(ANQr(hm)) < Ny,.

m€Z2d

Definition 1.36. The Wiener amalgam space W(L?, (7), 1 < p,q < oo is the Banach
space of all measurable functions f with norm

I llwiesey = I x@olles|, < o0

A sampling estimate for functions in the Wiener amalgam space was shown e.g. in
[52, Lemma 3.2.11]. A similar proof can be used to show that it holds in the irregular
case as well, cf. [6].

Lemma 1.37. [6, Proposition 2.2.3] Let A be a relatively separated set in R?*?. Then
there is a constant Cn = N1(A) such that for all p € [1,00),

SO < Call fllwee
A€A
for all continuous functions f € W (L>, P).

Lemma [[L37] above can be used to show that a Bessel condition for the Gabor
system G(g, A), cf. [6].

Theorem 1.38. [0, Theorem 2.2.6] Let g € So and let A be a relatively separated set
in R?*?. Then the Gabor system G(g,\) forms a Bessel sequence in L*(RY), i.e. there
exists B > 0 such that for all f € L*(R?),

Y VWP < BIIfIl5-

AEA
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REMARK 1.39. A suitable choice for B is
B = Ni(A)|[Vgoollwz=mll9ll5, Copos (1.34)

where ¢ is the Gaussian window ¢y (t) = e~™" and Cy.po = SUP {C’ >0 ) enlbnl <
Cllglss: 9 = SnexbaMay, Ty}

We mention the result of Feichtinger and Grochenig in [46] that provides conditions
for an irregular Gabor frame.

Theorem 1.40. [46, Theorem 6.1] Let g € So. Then there is an open set U € R*
such that the Gabor system G(g,\) is a frame for L*(RY) provided A is a relatively
separated and Uyep (A + U) = R,

1.4. Wavelet theory

Let ¢ € L*(R) and (a, 8) € RT x R. We define the wavelet system by
1 t—p
ws(t) = — (=2} = T4D.0, 1.35
bos(®) = v (20) = TaDuw (1.35)
where D,, denotes the dilation operator given by D, f(t) = ﬁf(é)
The wavelet transform is then defined as

W f(a, B) = (f, TsDath) = (f x DIt (B). (1.36)

If 4 is localized around 79, then v, g(t) is centered at a - 79 + 8. The frequency
center is at n/«, where 7 is the center of .



CHAPTER 2

Time-frequency localized functions

The uncertainty principle, in its several forms, sets a restriction on the time-
frequency behavior of a function. While a signal cannot have all its energy lying in
a compact region in the time-frequency plane, signals that have highly concentrated
time-frequency content are used in many applications.

Landau, Pollak, and Slepian, in [87, [73, [74, [86], developed the study of band-
limited functions that are concentrated on a finite time interval. They made use of
compositions of time- and band-limiting operators and considered the eigenvalue prob-
lem associated with these operators. They investigated concentrations of band-limited
functions on finite length intervals, and the “dimension” of the set of band-limited
signals that are approximately time-limited on an interval. The optimal orthogonal
system that represented band-limited and essentially time-limited functions consists
of the prolate spheroidal wave functions (PSWF). Among the results obtained is that
if f is essentially time-limited to [—7'/2,7T/2] and bandlimited to [—£2, ], then it is
well approximated by its projection on the span of the first [27Q)] PSWF eigenfunc-
tions of the operator Pi_o 0)Q-1/2,7/2-

The time-frequency localization operators that will be considered here would allow
for localization on more general regions of the time-frequency plane. They were
introduced and studied by Daubechies in [25], and Ramanathan and Topiwala in
[82]. These operators can be used to extract and localize components of a signal
from its representation in the time-frequency plane. They go by the names STFT
multipliers [48] or Toeplitz operators [30]. They have appeared in physics as tools in
quantization procedures [13] called anti-Wick operators, and in the approximation of
pseudodifferential operators [24].

These operators are built by restricting the integral in the inversion formula from
the STFT coefficients to a subset of R??. Its properties, connections with other
mathematical topics, and applications have been covered in various works, e.g. [82,
47, 29, 95] 23], 11, 57, 39], 40].

We recall time-frequency localization operators and their properties, such as bound-
edness and compactness, and review eigenvalues and eigenfunctions of these operators.
Then we use these operators to measure the time-frequency content of functions on
the compact region. We likewise show that if a function is highly concentrated on a
compact region in the time-frequency plane, then it is well approximated on a sub-
space of eigenfunctions of a time-frequency localization operator. We also compare

17
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measures of localization from time-frequency localization operators and time- and
band-limiting operators. Most of the new results in this chapter and in Chapter [Bl are
presented in the joint work with M. Dorfler [42].

2.1. Time-frequency localization operators and their properties

Definition 2.1. Let ¢ be a given window function and ¢ a bounded nonnegative
function on R?*?. The time-frequency localization operator H, , with window ¢ and
symbol ¢ is formally defined as

H,,f = / /R oVl (Im()pdz = V'oV],

The integral is defined strongly e.g. in L*(RY) if o € LY(RY) and ¢ € L*(RY).
Indeed, if K,, € R* n > 1 is a nested exhausting sequence of compact sets and if we

define f7 to be
~ [| ctomasenreed:

then by the Cauchy-Schwarz inequality, we estimate for h € L?(R?) that

ml=|[] VsV
< Ve lelVohllliols

< [I£ll=llllZ 1Al llo -

So for each n, f7 is a well-defined element of L*(R?) with || f7]la < [|f|l2ll¢li3]lo]l1-
We estimate similarly that

(Bt = g0 = | [ oemos@ViGI s~ [[ s remacia:
_ ' / / IV V) 8
< ISl ff ot

Since this is true for all h € L?(R?), we have

Hopf = fill2= sup [(Hopf — f77, )

IAll2=1

< Ifll HsOHQ// 2| dz.

Since o € L'(RY) the right-hand side approaches 0 as n increases.

)| dz

We note that if ¢ = 1 and |||z = 1, then by the inversion formula of the STFT,
H, . f = f. If o is compactly supported on Q C R?, then H, [ is interpreted as the
part of f that lies essentially in 2.



2.1. TIME-FREQUENCY LOCALIZATION OPERATORS AND THEIR PROPERTIES 19

It is usually more convenient to use the alternative weak definition of H, , given
by
<Ha,gofa g> = <0Vsofa Vsog>- (2'1)
This definition extends to symbols ¢ in &'(R?). Boundedness and Schatten class
properties of time-frequency localization operators between various spaces in terms
of properties of the symbol ¢ and the window ¢ have been studied in various works
such as [95], 48| 23] [15], 02, [11]. Some of their results are summarized in Table [II

‘ Symbol ‘ Window ‘ Localization Operator ‘
T=(R%) [’ B ([RY))
LP(R?), 1 <p< oo L*(RY) SP(L*(RY))
Mo (R™) M'(R?) = So(R?) | B(MP(R)), 1 <p,q < 00
MP>=(R?*) 1 < p < oo | MI(R?) = Sy(R?) SP(L%(RY))

TABLE 1. Time-frequency localization operators and symbols and win-
dow functions

For the purpose of this research, we shall keep our focus on time-frequency local-
ization operators H,, with symbol o = xq where xq is the characteristic function
on (2, a compact set in R? or at least a bounded set in R?* with |Q] < co, and win-
dow function ¢ € L*(R?) with ||¢||s = 1. In this case, we also write the localization
operator as Hq . Let us show the well-known boundedness, compactness, and trace
class properties of Hq ,, see e.g. [14], 95, [4§].

Theorem 2.2. Let Q0 be a compact region of R** and ¢ € L*(R?), with |||, =
1. Then Hqy is a bounded operator on L*(R*®) with norm |Hq| pre@aey < 1.
Moreover, Hq , is a compact operator and even trace class.

Proof: We first note that V,, and V} are bounded operators from L?(R?) to L?(R**)
and L%(R??) to L?(R?), respectively, with operator norm 1. For f € L?(R%),
Heopfllz = Vo(xa - Ve i)ll2
< Vo2 zlixallso Vel 2 2] fl2
= [[fl2,
SO HQ#P € B<L2<Rd)) and ”HQ,L,O”B(LQ(Rd)) S 1.

We now show that Hq, is a compact operator. We first denote by Mg
L*(RY) — L*(RY), F(z) = (MqF)(z) := xa(z) - V,(2) the multiplication opera-
tor with the function xq. Since Hq, = V;MQV@, and V; is bounded, it suffices to
show that MqV,, is compact.

Let {f.}nen be a sequence in L?(R?) that is weakly convergent to 0. We show
that | MoV, full2 = 0 as n — co. We calculate

IMaVatull = eVl = [ oGPVt ds = [ Wasi)P s
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Since {f, }nen converges weakly to 0, i.e. (f,,g) — 0 for every g € L*(R?), we have
for every z € Q, Vo fun(2)]* = [(fn, 7(2)¢)|* = 0 as n — oo. This means that the
integrand converges to 0 pointwise in (2.

Recall that every weakly convergent sequence is norm bounded, i.e. there exists

a C' > 0 such that || f,|2 < C for all n € N. So

Vola(2)I* < llell3ll fall2 < C.

By the Dominated Convergence Theorem, ||MqV,f.]/3 — 0 as n — 0. Hence, MgV,
is compact, which implies that Hg , is compact.

To show that Hg, ,, is trace class, we let {e;}32, be an arbitrary orthonormal basis
of L?(R%), and we calculate

Z|ngek,ek :Z V* XQ - Vek) €k>|

|(XQ'V er, Voer)|

// xa(2)Vyer(2 )V ex(2) dz
- Z / | Wt a:

Fb
uml/ Z|Vek )| dz

2 p=1

- [ o

k=1

— [[ Imrel dz = 11 ol = 19

where the last line follows from the fact that {ey};>, is an orthonormal basis of
L*(R%). Therefore, Hq , is trace class with |[Hg,[s1 = |]. ]

8 ||M8 I

The STFT of Hg,, using (I.24)), satisfies the following pointwise estimate:
Vo(Hoof)(2)] = Vo (Vo (xaVe /) (2)] < ([Vorp| * (xal Ve f1)) (2)- (2.2)

The estimate above is useful in establishing the norm estimates involving Hq ., f. For
instance, for 0 = xq and ¢ € So(R?), then Hq, is a bounded operator say from
MP(RY) into MP(R?) (see Table ) since ([2.2)) gives

||HQ,<pf||MP(Rd) = ||V<P(HQ,g0f)||LP(]R2d)
< Vel * [xaVo Sl ormen)
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< Vel @zl X Vi f || L (m24) (Young’s inequality (I.7)))
< el so®t) Vo £l owzay = Cllf || arrw2ay,-

2.2. Eigenvalues and eigenfunctions

Since the time-frequency localization operator Hq , = V;xaV,, that we consider is
a compact and self-adjoint operator, the spectral theorem gives the following spectral
representation:

Hq,f = Z%(ﬁ V) U, (2.3)
pt

where {ay}72, are the positive eigenvalues arranged in a non-increasing manner and
{1r}32 is the corresponding orthonormal set of eigenfunctions.

The operator Hq , is useful in studying the optimization problem

Maximize //Q Vo f(2))?dz, ||fll2 = 1, (2.4)

which aims to look for the function that has a spectrogram that is well concentrated

in Q. Since
(Houf. f) = // Vof(2)(m(2)e, f dz—// Vo f(2)]dz,

it follows that the first eigenfunction ¢, satisfies

= (oo 0) = [ WP = ma [[ porePe @5

which solves (Z4]). Moreover, the min-max lemma for self-adjoint operators states

that
“ /g' Rz = B ] f Ve B 20

So the eigenvalues of Hg , determines the number of orthogonal functions that have
a well-concentrated spectrogram in €.

For the case where ¢ is a normalized Gaussian and 2 is a disk centered at the
origin, Daubechies [25] showed that the eigenfunctions of the corresponding time-
frequency localization operator are the Hermite functions. The behavior of the eigen-
values a4, was also described including its exponential decay in the index £ and the
width of the plunge region. It was shown that there are ~ [{)| eigenvalues greater

than or equal to %

Figure[Ilshows a disk in the time-frequency plane and the eigenvalues of the result-
ing time-frequency localization operator with a normalized Gaussian as the window
function. We see in Figure [2] the spectrograms of four eigenfunctions.
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Eigenvalues of the time-frequency localization operator
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FIGURE 1. A circular region and the eigenvalues of a time-frequency
localization operator
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FIGURE 2. Spectrograms of eigenfunctions of a time-frequency opera-
tor with Gaussian window over a circular region

We mention the standard estimate for the distribution of the eigenvalues of Hg ,,
which appears e.g. in [72]. The version presented in [2, Lemma 3.3] is the following:

1 1
#{k : af > 1—5}—\9\‘ < max{g,m} ‘/Q/Q\ngo(z—z’)ﬁdzdz’— 1. (2.7)

Upon a dilation of the region €2, it turns out that the number of eigenvalues of
close to 1 is asymptotically equal to the area of the region. Given a dilation 7€) of the
region, denote by o} the kth eigenvalue of the time-frequency localization operator



2.3. TIME-FREQUENCY CONCENTRATION ON A REGION 23

H.,q . The distribution of the eigenvalues satisfies

. AT _
lim #{k :ap'>1-4} _
7—00 |7’Q‘

1. (2.8)

The asymptotic distribution (2.8)) was proved by Ramanathan and Topiwala in [82]
with the assumption that the region 2 has C! boundary. Generalities and refinements
of the result appear in [47, 29, 58] 59| 2] [3].

We note that these properties on eigenvalues and eigenfunctions are analogous to
that of the localization operators of Landau, Pollak, and Slepian. For those local-
ization operators consisting of time- and band-limiting operators, the eigenfunctions
are the prolate spheroidal wave functions. Along with new results in time- and band-
limiting, the works of Landau, Pollak, and Slepian have been compiled in recent the
book [62].

2.3. Time-frequency concentration on a region

2.3.1. Localization measures. We consider various measures of a function’s
concentration in compact sets in R? or in the time-frequency plane.

Definition 2.3. Let ¢ be a window function in L?*(R%) with |||l = 1, let T and F
be compact intervals in R?, and let 2 be a compact subset of R??.

(1) A function f € L?(RY) is e-concentrated in T if

IR (2.9)
or equivalently,

[ vk a < g (2.10)

If f is e-concentrated in F', then we also say that f is e-band-limited in F'.

(2) A function f € L*(R?) is (g, ¢)-concentrated in Q if the time-frequency con-
centration Eq,(f) given by

Eaulf) = [[ Vot ) dz = (oot ).

satisfies
Eao(f) > (1 =) fI3,
or equivalently, the time-frequency (concentration) remainder E53(f) satis-

fies
Exa(f) = (I —=Hay)f, f) < el fll3-

(3) A function f € L?(R?) is e-localized with respect to an operator L if
ILf = fII3 < el £115-
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REMARK 2.4.

(1)

If f is e-concentrated in 7', with 0 < ¢ < 1/4, then most of the energy of
f is concentrated in 7. In this case, we also say that f is (e-)essentially
concentrated /time-limited in 7. Similarly, respective to the other defini-
tions, we also say that f is (e-)essentially band-limited in F, (e-)essentially
concentrated in €, (e-)essentially localized with respect to L.

In terms of the time-limiting operator P, f is e-concentrated in 7" if and only
if f is e-localized with respect to Pz, i.e. ||Prf — f||3 < €| f]|3. Similarly,
f is e-band-limited in F' if and only if f is e-localized with respect to the
band-limiting operator Qp, i.e. |Qrf — fl13 < || f||3

In [72], Landau introduced the notion of e-approximated eigenvalues and
eigenfunctions. « is said to be an c-approximated eigenvalue of L if there
exists f with ||f|l2 = 1, such that ||[Lf — af|l < e; f is called an e-
approximated eigenfunction corresponding to a. So a function f € L?(R%)
that is e-localized with respect to L is a y/e-approximated eigenfunction of
L corresponding to 1.

Unlike P7 and Qp, Hq , is not a projection so we do not get an immediate result
as in Remark 24)(2) for Hg, ,,. Instead, we have the following comparison.

Lemma 2.5. Let ¢ be a window function in L*(R?) with ||¢|ls = 1, and Q be a
compact set in R*. If f € L*(RY) is (g, )-concentrated in Q, then f is also e-
localized with respect to Hq . On the other hand, if f is e-localized with respect to
Hq ,, then f is (e + /e, ¢)-concentrated in .

Proof: Since |[Hq, fll2 < || fll2, i-e. [[Ho,l pr2m@ayy < 1, we have

<H?Z,<pf7 f> S <HQ,<Pf7 f>7

or equivalently,

(I =Ho,)*f, f) < (I =Hoy)f, f)-

Since Hg , is self-adjoint, the left-hand side is equal to ||Hq,f — f||3, so the first
statement is obtained.

For the second statement, we observe that

2((1

—Hag)f. ) = Haef = fI3 + /12 — Hau f112

< [Hapf = fll2 + (Howf — fllz2 + [Hopfll2)* — [Ho,fl;
=2|[Ho,f — fI5 +2[Hoef — fll2|Hopfl-.

So we have

(I —=Hag)f. f) < [Hapf — [+ [Hapf = fllall £,

and the result follows. ]
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We note that measuring the localization of a function in €2 via a time-frequency
localization operator would naturally depend on the window function . The next
result shows how the time-frequency concentration changes given a change in the
window function.

Lemma 2.6. Given window functions @ and ¢'. Then for every f € L?(R?),
Ea,p(f) = Ea e (NI < (le = &'lI5 + 2ll¢lllle — ll2)1£15-

Proof: From the boundedness of the time-frequency localization operators in L?(R%),
we get the following estimate:

Eau(f) = Eaw () = [(Hawf, f) — (Haoe f, )]

VoMoV f, ) — VoMoV f, f)]
(VoMaV, = Vo MoV f, )
(
(

(Vi MoV + Vi MoV + VaMV,e ) f, )]
VoMV |, N + (Voo g MoV f,

+ VoMoV f5 £
= [(Hop—o f, )| + (Vo MV [, ) + (Vo MaVeo £, [
< [[Hop-g fll2llfll2 + Vo g Ma Ve fll2l 1l

+ VoMoV fll2ll fl2
< (Ixallolle = ¢'lI2 + 2 l2lle = )1 £113

IN

We now show how the concentration of f and f on intervals is related to the
concentration of f on a rectangular region in the time-frequency plane. We shall
make use of the following lemma.

Lemma 2.7. For any 0 < a < A, the following inequalities hold:
W) [ [ Vel w)deds < / R >|2dt/ ()2t + Hflb/ (1) 2t
A

@) / Vo f (2, 0)Pduwde < / )|2dt / o(0)2dt + |12 / o(t) 2dt
QA R4 QA+0,

Proof: To prove (1), we write the STFT of f with respect to ¢ as a Fourier transform
and apply Plancherel’s theorem:

/ |V¢f(x,w)|2dwdx —/ |f LP(t)|2dtdx
¢, Jra

// |f(t+ 2) (1) Pdtd
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= [ [ It Pleoxe. 0P
4 JR
A

+ / [ (t + 2) Lot xog (1) Ptde.
o JRd

By Fubini’s theorem, we can interchange the order of integration in the first term of
the last equality and estimate it as follows:

L, e orieoxopad= [ [ 5@ oPeopds

/ / 2)Pl(t) Pt
Re J Qe

For the second term, we set Zy(t) = ¢(—t) and we obtain the following:
[t Pt Fdas < [ (16126 xap))edo
A A

< AP * 1Z(e - x@s)I*h
< I£12 e - xagllz-

Let us now prove (2). Again, we make use of Plancherel’s theorem and Fubini’s
theorem.

| [ wespasts = [ [ 1+ 0Pe P
Qa JRI

Qa JRE

- /Q @+ 8)Plo(t) Pdtda

Q
w1 oPe Paras

= [ 0 [ 1fte sz

+/3 ()] /Q (@ + ) Pdudt
et [ @) Pdadt + | 12 / o(t)Pdt
Qs

Qa QA+a
|

Proposition 2.8. Let ¢ be a window function in L*(RY) with ||¢||s = 1. Suppose that
@ is e1-concentrated in Q, = [—a,a]® with Fourier transform ¢ that is e5-concentrated

in Qy = [—b, b4

(1) If f is 5-concentrated in Qa—q and f is S-concentrated i Qp_y, then f is
(€ 4+ &1 + &9, p)-concentrated in Q4 X Qp.
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(2) If f is (e, ¢)-concentrated in Q4 x Qg, then f and f are (e+¢1)- and (e+es)-
concentrated in Qarq and Qpyy, respectively.

Proof-

(1) Using Lemma 27(1), also for f and ¢, we obtain the following inequality which
gives the desired result:

/%/CB Vo f (z,w)|Pdwdr < /Q%_a |f<t>|2dt/a o (t)|dt
¥ /Q F)Pdo [ ()P

Bob Qp
sl [ eoras [ o),
Qg Q5

2) By assumption, we have
y

1 oIfJ2 < /Q /Q Vo f (2, 0) P

S/ / WV, f(z,w)|*dwdz,
Qa JRE

and using Lemma [2.7/(2), we obtain

- ofIE < / o / o(t) Pt + [ ]2 / (1) Pt

QA+¢1 Qa Qg

<[ U@pde s [ leoPa
QA+a QS
Since the second term in the inequality above is less than & || f||3 by assumption,
transposing the term yields

(1—c—e)lf2 < / ().

QA«HI

The case for f being (e + e2)-concentrated on Qg is proved similarly, applying
Lemma 27(2) to f and ¢. u

The various notions of concentration lead to different versions of the uncertainty
principle. In terms of our definition of a function’s concentration on an interval T" and
the concentration of its Fourier transform on F', the uncertainty principle by Donoho
and Stark, cf. [32], is as follows.

Theorem 2.9 (Donoho-Stark). Suppose that f € L*(R%), f # 0, is ep-concentrated
in T CR?* and p-band-limited in F C R%. Then

ITIIF| > (1 - V& - VEr)™
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For an uncertainty principle in terms of the STF'T, we have the following weak
uncertainty principle, cf. [55], whose proof follows immediately from the function’s
concentration in €.

Proposition 2.10. [55, Proposition 3.3.1] Suppose that || f|l2 = ||¢ll2 = 1 and that
QCR¥™ Ife >0 and f is (g, p)-concentrated in 2, then | > 1 —¢.

Proof: Since [V, f(z)| = |(f,7(2)¢)| < |Ifll2llells = 1 for all z € R*, and f is
(g, p)-concentrated in €2, it follows that

|- e < (Houf. f) = /w )2 dz < [V, 2100 < |9

REMARK 2.11. A sharper estimate on the size of {2 was also proved in [55, Theorem
3.3.3], yielding |Q| > 2¢(1 — ).

2.3.2. Functions concentrated in 2. We denote by € (€2, ¢, ) the set of func-
tions in L?(R?) that are (e, p)-concentrated in a compact subset € of R?:

C(Qe, ) ={f € L*(RY) : Eau(f) 2 (L&) fI3}-
Each eigenfunction v, of Hg , with eigenvalue aj, > (1 — 5) from the spectral repre-
sentation (2.3)) is in €' (Q, €, ¢). Indeed, (Hq ¥k, ¥r) = ax > (1 —¢). Moreover, if we
let
Vv =span{iy : k=1,...,N}
be the span of the first N eigenfunctions of the time-frequency localization operator
Hg,,, then for f = Egﬂ(f Uy € Vi, we have

N
(Hof, f) = Zaumk > an Y e = anllfII3, (2.11)
k=1

ie. fis (1— ay, gp)-concentrated in (2. So for a properly chosen N, functions in Vy

are in € (€, €, p).

In contrast, functions which are (1 — ayy, ¢)-concentrated in € need not lie in V.
The following proposition characterizes a function that is (e, ¢)-concentrated on €.

Proposition 2.12. Let ¢, Q2 and € be given and let Ny be the integer such that
an, > 1—¢ and ay,+1 < 1—¢. Furthermore, let fi., denote the orthogonal projection
of f onto the kernel ker(Hq ) of Ha . A function f in L*(R?) is (e, ¢)-concentrated
on  if and only if

No o]
Slate— DIl 2 S (1 —e—al(f oP + (1 - &) fuerl}
k=1 k=No+1

Proof: The eigenfunctions {1}, form an orthonormal subset in L?(R%), possibly
incomplete if ker(Hg ) # {0}; hence, we can write f = > 7%, (f,¥;)¥; + frer, Where
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frer € ker(Hq ) and, as in 2I0), (Ho,f, f) = > ey axl{f, ¥x)]*. So the function f
is (g, p)-concentrated on €2 if and only if

S adl () = 1—e<2]waQWEmg,
k=1 k=1

and the conclusion follows. ]

REMARK 2.13. Despite the interpretation of Hq ,f as the part of f that essentially
lies in €2, it is possible that the resulting function Hq , f is not (e, ¢)-concentrated in
Q. In fact, for every eigenfunction 1, with corresponding eigenvalue aj, < 1 — ¢,

(Ho,(Ho k), Hopthr) = o = oyl [Ha 0|3,

i.e. Hq 9y is not (e, p)-concentrated in €.

REMARK 2.14. We emphasize that €'(€2, ¢, ¢) is not a linear space. Indeed, consider
the eigenfunction 15, corresponding to the eigenvalue ap; > 1—¢. Let h =), ., ey,
such that the sequence {c}rez satisfies the following conditions:

O<CM< Zk_l and Zakck—l ne, 1<7}<—
keZ keZ
It follows that ||kl = 1 and (Ho,h,h) =1 —ne < 1 —¢ so that h ¢ €(Q,¢, ).

Choose § such that 0 < § < QCM(O;J(Z_ (11) — E)), and let f = ¢y, + dh. We calculate

(Houf, f) = (Haopthar, Yar) + 20 Re(Ho ¥y, b) 4 02 (Hg ,h, h)
= ayr + 20arenr 4+ 62(1 — ne).

It follows from the conditions above that the right-hand side of the equation is greater
than or equal to (1+2dcy+6%)(1—¢), which is equal to || f||3(1—¢). So f € € (€, ¢),
but f —1y = 0h ¢ € (Q,¢,p).

While a function f that is (e, ¢)-concentrated in € does not necessarily lie in
some subspace Vi of eigenfunctions of Hq ,, it can be approximated using a finite
number of such eigenfunctions. Let Py, denote the orthogonal projection onto the
subspace V. We note that approximations of band-limited functions via projections
onto eigenspaces of time- and band-limited functions were presented in [90), 63 [10].

Proposition 2.15. Let f be (g, )-concentrated on Q C R?*?. For fizred ¢ > 1, let
Y, k=1,..., N, be all eigenfunctions of Hq , corresponding to eigenvalues v, > C;cl
Then

() 1P 115 = (1 - o)1
(%Hf—owH<cﬂfﬁmmd
2
(3) Eau(Prf) = an(l — o) | fI2.
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Proof: Without loss of generality, we assume that || f||s = 1. We have, by assumption:

(Ho,.f, f) = Zaww = [[ merra = =203

We argue by contradiction; to this end, assume that S5 [(f, )] = K < 1 — ce,
Furthermore

1£I3 =1=> [ ) + [ frerl3
k=1

hence -
Z ‘<f7wk>|2 =1-K— kaer”g
k=N+1
We then have
ad c—1
Z ak‘<f7wk>|2 '(1_[(_ ”fker”g)
k=N+1

such that

> -1
Dol )P <K+ == (1= K = [|ficr )
k=1

c—14+K c¢c—1
= - ||fker||%
c c
1l—ce—1 c—1
<1+ p T | frerllz <1—e¢

which is a contradiction. Hence, >~ | |(f,¢;)|*> must be greater than or equal to
1 —ce.

The second inequality follows from the decomposition of f into f = Py, + (f —
Py f), which gives

If = Pu fl3=1=Prfll3 <1 —(1—ce) = ce.
And for the third inequality, we have

N
Eap(Pvyf) = HauPuy [ Puy ) =Y il (f, ) = anl[Puy fI13 > an(l — ce).

REMARK 2.16. Projections onto subspaces generated by eigenfunctions of compact
self-adjoint operators have been used as time-frequency filters. In [61], Hlawatsch,
et. al. used eigenfunctions of a linear operator via the Wigner distribution. Dorfler
[33], on the other hand, used Gabor multipliers to obtain the projection operators
onto time-frequency localized subspaces.

REMARK 2.17. In [70] [7T], Jaming, et. al. investigated the approximation of essen-
tially time- and band-limited functions via expansions in the Hermite, Legendre, and

Chebyshev bases.
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2.3.3. Spectrogram of a subspace and accumulated spectrograms. Given
an N-dimensional subspace V' of L*(R), Py the orthogonal projection onto V with
projection kernel sy, i.e. Py f(t) = [ wv(t,y)f(y) dy, recall that if {e,};_, is an or-

thonormal basis of V', then kv (t,y) = Zk:l ex(t)er(y). The kernel ky is independent
of the choice of orthonormal basis for V.

In [60], different quadratic signal representations, e.g. the Wigner distribution,
spectral energy density, ambiguity function, were extended to a linear signal space.
We consider here the spectrogram SPEC, V' of the subspace V' with window function
© defined as

SPEC, V() = [ (e y)olT= ) oy - a) e 20 d .
R2d

If the subspace V is the subspace Vy consisting of the first N eigenfunctions
Y1, ..., ¥ of Hg , corresponding to the N largest eigenvalues {a}1_, then ry, (t,y) =

>y Yr(t)¢(y) and
SPEC, V(z,w) // Zwk Vor(y) ot — ) oy — ) e 2 dt dy

Z t— l‘) —27rzwtdt/ ¢k _ l‘) 2wy dy

2

Vot Vo (] = zwmw

k=1

Similar to the definition of a function f’s concentration £ ,(f), we define the
time-frequency concentration of a subspace Vi in €1 as

1
Eao(Vn) = N //Q SPEC, Vy(z,w) dz dw.

If the 1)ys are eigenfunctions of the localization operator Hg ,, then £ ,(Vn) =
N

% > ag. We can see that ay < E0,,(Vn) < a1. The min-max characterization of
k=1

the eigenvalues of compact operators implies that any N-dimensional subset cannot

be better concentrated in €2, i.e. if Vy is any N-dimensional subspace of L?(R), then
Eap (V) < Eap(Vi).

In [2], Abreu, Grochenig, and Romero showed that the corresponding spectro-
grams of the first [Q] eigenfunctions of Hg , approximately form a partition of unity
on (). Define the accumulated spectrogram of €2 with respect to ¢ as the spectro-
gram of the subspace Vi) consisting of the eigenfunctions vy, & = 1,...,[Q] of
Hgq,, i.e. SPEC, Viqi(2). They derived the following asymptotic, non-asymptotic,
and weak L? estimates for the accumulated spectrogram.
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Theorem 2.18. [2] Let p € L2(R%), ||pll2 = 1, and let Q C R*® be compact.

(1) The accumulated spectrogram SPEC,, Viga1(R-) converges to the characteris-
tic function xq in L'Y(R*) as R — oo.

(2) If ¢ satisfies ||@|[3s+ = [goa |2 Vorp(2)|? dz < 00 and Q has finite perimeter
given by |0SY|, then

1 9 1 wm)
—|| SPEC,, Via1 — xa * |V <|—=+4 g =] .
S ISPEC, Vi = xa + VPl < (g + ll- /2

(3) If g and Q satisfy 1 < ||g]|3,+]09| < oo, then
1
|{Z e R* . |SPEC¥, Vm] (2) - XQ(2)| > 5}| <

~ 52

lgl2,-109], 6 > 0.



CHAPTER 3

Sampling and approximation of time-frequency localized
functions

The STFT of a function provides a continuous joint time-frequency representation
for a function f, wherein by the inversion formula, we are able to recover f from the
information encoded in V,f(z), 2 € R?*®. This representation is highly redundant.
By the use of Gabor frames, we are able to obtain a discrete representation of f from
the samples of the STFT without information loss.

In this chapter, we will investigate how well the frame expansion of a function f
captures its time-frequency localization. In particular, we will consider in Section [B.1]
truncations of the Gabor frame expansion of f: >\ \~o«(f,9x)gr. We shall recall,
among others, the result of Daubechies in [26] showing under certain conditions that a
function can be reasonably approximated by a truncated version of the frame expan-
sion assuming that a function is essentially localized in time and in frequency. For a
compact region 2 in the time-frequency plane, we obtain a similar approximation for
f by a truncated Gabor frame expansion where the error will be expressed in terms
of the concentration of f in (2.

In Section [3.2], we consider the case where the functions come from the subspace of
eigenfunctions of a time-frequency localization operator over 2. Projecting the local
time-frequency dictionary from the truncated Gabor expansions yields a frame for the
subspace. If we take a family of such dictionaries corresponding to compact regions
that would collectively cover the time-frequency plane, we would then obtain a global
frame for L?(R). These will be illustrated by numerical experiments in Section 3.4l

3.1. Local Gabor approximation

In [26] (see also [20, Theorem 9.8.1]), Daubechies proved the following theorem
which shows that if a function is essentially limited to a finite time interval and to a
finite range in frequency, then it can essentially be represented by a finite number of
expansion coefficients.

Theorem 3.1. [20, Theorem 3.1] Suppose that the Gabor systems {MpTrag tmnez
and {M, Tpah}mnez form a pair of dual frames for L*(R) with upper frame bounds
B and D, respectively, and that for some constants C > 0, « > 1/2, the decay
conditions
() <CA+8) ™ teR,  |hw)| < CL+w) ™ weR,
33
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hold. Then for any € > 0, there exist numbers y., & > 0 such that for all y, & > 0,

Hf — Z <f7 Mmanah>Mmanag
(m,n)eB(y—i—ys 7§+§8)

2

< VBD(|(I = Qyy)) fll2 + [[(I = Prgg) fll2 + €l f]]2)
for all f € L*(R).

Eldar and Matusiak in [80] also provided an approximation for a function f using a
truncated Gabor expansion where the error is estimated via the function’s respective
concentration on a finite time and a finite frequency interval.

Theorem 3.2. [80, Theorem IIL.1] Let f be a function supported on the interval
[—8/2, /2] and e¢-bandlimited to [—£/2,£/2]. Suppose G(g,a,b) is a Gabor frame
with g compactly supported on [—a /2, /2], a = pa, and b= 1/« for some p € (0, 1),
and suppose that v € Sq is the dual atom. Then for every eg > 0, there exists an
Lo < 00, depending on vy and the essential bandwidths of g and f, such that

Ko Lo

F= )0 D (f MyTug)MyTary

k=—Kol=—Lo

< Colee + )| fll2s (3.1)

2
where Co = C |17l soll9ll s, with Cop = (1+1/a)"/>(1+1/6)"/>.

REMARK 3.3. In Theorem [B.2] the number of frequency coefficients Lg is determined

by the essential bandwidth of g, i.e. if g. is bandlimited to the interval [—-B/2, B/2]

§+ B

and [lg = g.lls, < lgllsos then Lo = [22] — 1.

We shall show a result analogous to Theorem B.1] this time involving the local-
ization of f with respect to Hq, or the time-frequency concentration € ,(f) of f.
We need the following lemma which gives an upper bound on the inner product of a
time-frequency localized function with a time-frequency shifted copy of the window
function ¢. Note that while Hg, ., f is interpreted as the part of f in 2, the uncertainty
principle prohibits its STFT to have nonzero values only in €2, and there will always
be points z € R? \ Q at which [V,Hqf(z)| # 0. It can be shown, however, that
\VoHq [ (2)| decays fast with respect to the distance of z from 2. Daubechies proved
this result in [25] for the case where the window function is the Gaussian pg(t) = e,
showing that the pointwise magnitude of the STFT decays exponentially (see Lemma
3.4 below), using the property involving the STFT of time-frequency shifts of the
Gaussian [55, Lemma 1.5.2]:

(TaM.,po, TuM,po) = 5 explmi(u — 2)(n + w) — §(u—z)° = 5(n — w)’]
Lemma 3.4. |25, Section III] For any 0 between 0 and 1, one has

[(Ha o0 f, 7(2)00)] < 256731 fll2 expl—2(1 — 8) dist(z, ).

A similar result involving windows with milder decay conditions is the following.
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Lemma 3.5. Let ¢, g € L*(R) such that ||¢ll2 =1 and |V,g(2)] < C(1+|2*)71, for
some C' >0 and s > 1, for all z € R%. For any § between 0 and 1, one has

[V, Hoof(2)] = |(Hoof. 7(2)g)] < Cud 2 | flla(1 + (1 — )dist(=,2)")

where Cy = 07‘/5”

ssin(m/s)
REMARK 3.6. An example of the inequality |V,g(z)] < C(1 + |z]**)~! being satisfied
for all z € R? is when ¢ and g are in the Schwartz space S(R). Moreover, in that
case, for every s > 0, there is a C' for which the inequality is satisfied. We also note
that another (equivalent) form for a polynomial decay of the STFT that appear in
the literature is |V,g(2)] < C'(1 + |2]?)*

Proof: 1f z, 2 € R?, then [(n(2')p, m(2)g)| = [(¢, m(z — 2')g)| < CL(1 + |2 — 2/|*)

For 0 < ¢ < 1,

(Hoof. 7)) < [ [ 1K 7o) (), m(0)| 0
<C//|f7r 1+\z1 et
<C//‘ \/1+5|1z EIEV G —15)|z—z’|23 &

1
SC\/§1+(1—5) 1nf |z — (//[Rgl+5|z 2% )
(/[ 1rx |2dz)2
=—f£§%555531+(1—@;gJZ—XPYWwMWN%
and the conclusion follows. ]

Theorem 3.7. Let o, g € L*(R) such that |||l = 1 and V,9(z)| < C(1+ |2]*)~?
for some C > 0 and s > 1, for all z € R®. Suppose that the Gabor system G(g,\)
forms a frame with the system {Gx}rea as a dual frame, with respective upper frame
bounds B and D. Let Q be a compact subset of R%2. Then, for any € > 0, there exists
Q. C R? such that for all * D Q.

Hf_ Z <fag)\>g~)\

AEANQ*

sOQu—Hmjm+wmQ, (3.2)

2

for all f € L*(R).
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Proof: Let f € L*(R), and consider compact set Q C R?. For any Q* D Q, since
G(g,A) is a frame with dual frame {g)}rea, we have

f_ Z <fvg>\>g~)\ - Z <f7.g)\>g~)\
AEANQ* 2 AEANQ* 2
= Ssup < Z <fag>\>g~)\ah>|
Hh”2:1 )\¢AOQ*

< sup > [(f90]1(Ga ).

||h||2 1)\¢AOQ*
Since
S KL g = D [{(Hag+ (1= Hoy))f, g3 (g )],
AEANQ* AEANQ*
we obtain
ST LG < DD [(Hogf, 9] (g b
AEANQ* AEANQ*
+ Z (I =Hap)f, 9] [{gx, 1)
AEANQ*
1 1
2 2
< < 3 |<HQ,¢f,gA>|2> ( 3 |<ga,h>|2>
AEANQ* AEANQ*
1
2 2
+< > |<<I—Hg,w>f,gA>\2> (Z |<ga,h>\2> :
AEANQ* AEANQ*
So that
1 1
2 2
Hf— > (froda| < sup (Z |<wa,gk>|2> <Z |<g;,h>|2>
ACANQ* o 2= \\grno- AZANQ*
1 1
2 2
+ sup ( > |<(I—HQ,¢)J‘,9A>I2> ( > |<g},h>l2>
IRll2=1 \ g An2* AEANQ*

Using Lemma 3.5 and the assumption that G(g, A), {gx}rea have upper frame bounds
B and D, respectively, we get

Hf_ Z <fvg>\>g~)\

AEANQ*

302%@||f||2< > (1+;dist(A,Q)8)—2>

AEANQ*
+ VBD|[(I = Hqg) fl2-

This estimate holds true for all 2* D €. By the convergence of the above series, if ) is
fixed, then for a given € > 0, one can find €2, D €2 such that for all 2* D €., the series
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is less than 2. Finally, taking C' = max{CQi\/ﬁ, VBD}, we get the conclusion of
the theorem. -

REMARK 3.8. We emphasize that by Theorem B.17, we are able to obtain an approx-
imation estimate that holds uniformly for for all f € € (£, ¢, ), i.e. for any € > 0,
there exists a €. such that for all Q" D (), and all € > gy + ¢,

f_ Z <fvg)\>g~)\

AEANQ*

< 8| fll2, (3.3)

2

for all f € € (2, €0, ). In contrast, for a fixed f, such an inequality can be obtained
more simply from the strong operator convergence of the Gabor frame operator.

We show an example for the case where the window function is the Gaussian ¢y
and the region 2 is the disk B(O, R) with center at the origin O and with radius
R. We will make use of the decay of the STFT of Hq, in Lemma [3.4l First, we
prove the following lemma that gives an estimate on the decay of the tail of the
sum of samples of the two-dimensional Gaussian outside the disk B(O, R*). Let

Q) =[h — %Jl + %) X [j2 — %Jé + %)7 j=(j,7j) € 2%
Lemma 3.9. Let A be a relatively separated set of points in R* with sup,cg2 #(A N
Q(z)) =: Ny < oo. Fix R>0. If R* > R, then

S exp(-3(\ - R)) < Caexp (- 3(EE - RY), (3.4)

AEA, [A|> R
where Cy = 8exp(ZF)Ny.

Proof: Let R* > R and define the sets
Tr-={j € 2% : Q(j) N (R*\ B(O,R")) # @} and
AR*J = {)\ e |)\| > R*, AE Q(])}
We are then able to rewrite the left-hand side of (B.4]) as
Y. o5 -RH) =Y > en(-3(A-R)). (3.5)
AEA, \[>R* JETRe AeARs

If A,z € Q(5), then || > |z| —+/2. And since —(|z] = R —+/2)? < (M —2), we
have
e 3N < =3(H-R—VD® < (T oyp (— 2(]2| — R)?).

Using the inequalities —(|z| — R)? < —% + R? and —(R* —V/2)? < —@ + 2, we
estimate (3.5) as follows:

> Y el -RE S Y ] ew (=5 - R

jGJR* )‘EAR*,]’ ]GJR* )\EAR

gm// exp (— 2(|2| — R)?) d
R2\B(O,R*—/2)



38 3. SAMPLING AND APPROXIMATION OF TIME-FREQUENCY LOCALIZED FUNCTIONS

T T 2
< Npe'ed exp (— “5-)dz
|2|>R*—/2

™ 2 *
— 8Ny eTe" s exp ( — M)

< 8NyeT exp (— T(LL _ R?)).
By taking Cy = 8N, e%, we get the conclusion of the lemma. [ ]

ExaMPLE 3.10. Suppose €2 is the disk centered at the origin with radius R and
suppose that the Gabor system {7m(\)¢y : A € A} forms a frame with the system
{@or : A € A} as a dual frame, having respective upper frame bounds B and D.
Then, for any € between 0 and 1, there exists R, such that

D P ey SCA,B,D(Hf—Ha,¢0f|!2+6|!f!\z), (3.6)

XEA, |\ <R+Re 5

for all f € L*(R). Here, we can take R, > —R + {/4R? — 2 Ine.

Proof: Following the proof of Theorem [B.7, we have for Q* D €2,

2 = \/5< > |<HQ7soof,7T()\)<p0>|2)2

AEANQ*

+ VBD|f = Hopofll2

Hf - S (e

AEANQ*

We can take Q0* to be a disk centered at the origin with radius R* := R+ R. > R.
We use Lemma B4 (with 6 = 3) and Lemma to estimate the first term on the
right side as follows:

@( 2 \<HQ,¢of,7r(A)900>|2>%S\/ﬁllf!P( 2 exp<—%dist<m)2>)2

AEANQ* AEANQ*

— VD||fllav/Crexp (— Z(EL — R?))

Now, exp ( — %(@ — R?)) < & whenever R* > /4R?> — £1Ine. So we can take
R. > —R+ \/4R?> — £21ne, and C, p p := max{y/DC,, vV BD}. =

REMARK 3.11. In Theorem Bl the enlargement of the rectangular region, i.e. adding
Y. and &, depends only on ¢, the desired precision of the approximation. In The-
orem B.7, however, the generality of the region of concentration 2 and the possible
nonuniformity of the samples in A make the enlargement dependent on the region.
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3.2. Local Gabor approximation of a function in a TF-localized subspace

Consider the subspace Vy spanned by the first N eigenfunctions of the localization
operator Hg ,, Q a compact subset of R? and ¢ € L?(R) with ||¢||> = 1, corresponding
to the eigenvalues arranged in descending order. Let g be a window function in L?*(R)
such that |g|l2 = 1 and [V,g(2)| < C(1 + |2|**)~! for some C' > 0 and s > 1. Let
the Gabor system G(g, A) form a frame with lower and upper frame bounds A and
B, respectively, and let {g\} ea be its dual frame.

Since every f € Vy is (1 —ay)-concentrated in €2, it follows that (3:3]) holds for all
f € Vi, where ¢g = 1 — ay. We note however that ¢ is bounded below by &g, which
is fixed. We can improve the estimate since we are considering only the elements of
Vi, wherein the error bound approaches 0 as the set * gets larger.

Proposition 3.12. For any € > 0, there exists an 0* D Q such that

F= Y (fiond|| <ellflla, forall f € Vy. (3.7)
AEANQ* 9
Proof: Let ¢ >0 and f € V. Then
N N
F= > (fag =D (Lo — > (Z [y dn) @/)k,gx)
AEANQ k=1 AEANQ* N k=1

N

= Z<f7 oy (wk - Z <¢k,g,\>9~,\>
k=1 AEANQ
N

:ZU,%)( > Wk,gA)EfA)-
k=1 AEANQ*

So we have

N 2
Hf— (Foonga| =D vn) ( > <wk,gx>ga)
AeANQ* k=1 AEANQ* 2
N 2
< < (L] DD (e ga)da )
k=1 AEANQ* 2
N N 2
<Y v Z > (W 9206
k=1 k=1 x¢AnQ~ 2
2
= I£1I2 Z sup | Y (ks )G )
[Rll2=11 \g Are2>

<IES sup (X 1) (X wane)

k=1 71 AZANQ* AZANQ*
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<A 1Hf|!zZ > Wk

k=1 A¢ANQ*

We consider [(¢, gx)| and note that |(¢y, g\)| = \(HQ oWk, gx)|. Since g satisfies
V,9(2)] < C(1+ |z]*)71, it follows from Lemma [35 that

1 s
(e gl < - Ca22 (14 L dist(\, 2)*) 7

where 0 is taken to be %, which gives us

N

2
<ariiet () 3 (0 a0
2

k=1 k7 xgAnQ*

Hf =Y foad

AEANQ*

The right-hand side of the above equation approaches 0 as 2* gets larger. In partic-
ular, given € > 0, one can choose €2* so that the sum

N
D> (14 3dist(N,Q)°) 7 < 52/<Alc§2i > %)

AEANQ* k=1 &

which gives the conclusion of the proposition. [ ]

REMARK 3.13. In [33], Dorfler considered the truncated frame expansion

Srf = Z (f,m(N)ge)m(N)ge,
AeMprNA

where G (g, A) is a tight Gabor frame and My is a region such that Mr C Bg(0). It
was shown that for a fixed Ry > 0 and for any € > 0, there exists R; such that for all

f € ran(Sg,),
If = Srflz <elfl3

for all R > R;. In contrast, Proposition [3.12] holds for f in the subspace Vy and we
obtain more explicit relations between € and the enlargement of the region, especially
if the region has known shape.

In the next proposition, we obtain yet another error estimate for the approxima-
tion of f € L*(R) wherein this time, the error bound is expressed in terms of the
error between f and its projection onto the subspace Vy.

Proposition 3.14. Let G(g, A) be a Gabor frame with [V,g(z)] < C(1+ |z]*)~! and
frame bounds A and B. Then, for all N > 0 and all € > 0, there exists a set 0* D
in R?, such that for all f € L*(R) with corresponding projection fn := Py, f onto the
TF-localization subspace Vi ,the following estimate holds:

Hf— S (had|| < (L+/E)IF— fulla + el (3.8)

AEANO* 2
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Proof: Since

F= > (fad| <If=fula+|fv= D (fv 9206
AEANQ* 9 AEANO* 2
+ Z <fN - f7 g)\>g~)\
AEANQ* 2

the result follows from PropositionB.12and the boundedness of the associated analysis
and synthesis operators. [ ]

As a corollary, we obtain the following result for local approximation by Gabor
frame elements for functions with known time-frequency concentration in a given set

Q.

Corollary 3.15. Let f be (g, ¢)-concentrated on Q2 C R%. For fized ¢ > 1, let iy, k =
1,..., N, be all eigenfunctions of Hq , corresponding to eigenvalues ay, > <=2. Then,

for all € > <1 + \/§> -\/ce, there exists a set Q* D Q in R?, such that

< [ fl2- (3.9)

AEANQ* 2

"f_ Z <fvg>\>g~)\

Proof: The result follows immediately from Proposition 3.14]and Proposition 2.15(2).
[

3.2.1. Local TF-dictionaries and reconstruction from samples. We now
look at some properties of the local time-frequency dictionary corresponding to the
enlarged region 2* covering (), and show a reconstruction procedure for a function
in the subspace Vx from the local samples. We recall the following theorem by
Feichtinger and Zimmermann, c.f. [52]:

Theorem 3.16. [52, Theorem 3.6.16] Let (g,7v) be a A-dual pair in L2(RY). Consider
a closed subspace V. C L*(RY), and assume that J C A is an index set such that for
some € < 1,

F=Y L xNgr\r|| <ellfllz forall feV. (3.10)

AeJ

2
Then f € V' can be completely reconstructed from {{f, m(\)g)}re-

We note that reconstruction from restricted samples of the Gabor coefficients for
functions on a closed subspace in [52] was motivated by the problem of reconstructing
a bandlimited function from samples of its STFT on a strip in the time-frequency
plane covering the frequency band of the function.
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By Proposition B.12] the above theorem is satisfied on the subspace Vy, where
J = ANQ* If S is the operator

S fi— > (900

AEANQ*

then it follows from Proposition B2 that || f — S"¢f||» < €| f||2 for all f € V. With
Py, as the orthogonal projection onto Vy, we have || Id —Py,, S| o, < €. Using the

[e.e]

Neumann series to obtain the operator L = >~ (Id —Py,, S'¢)*, we have LPy, S'°¢ = 1d
k=0

on V. Moreover, as a consequence of Proposition [3.12] is the following frame-like

inequality for functions in V.
Proposition 3.17. If e < 1 and inequality B.1) is satisfied, then for all f € Vy,
AL =elIfI5< Y [ o0 < BIIFII, (3.11)

AEANQ*

where A and B are lower and upper frame bounds, respectively, for G(g,\). This
implies that the system {Pvy,gatreanar forms a frame for V. More generally, the
system {7 (1) Pyym(N)g}reanas, where u € R?, forms a frame for the subspace Vi, :=

{m(w)f : feVn}.

Proof: From Proposition B.12] we get

Iflla =) D (Fanda| <|[f= Do (Fondga| <elfll
ACANQ* 9 ACANQ* 9
And we obtain

2
A=?IfI3< || D (o0
AEANQ* 2
1 2
<= 3

AEANQ*

B
< 2l

For the subspace Vy,,, we first note that

[fll2 = [l () fll2 and (f, Pryga) = (m(p).f, m (1) Py ga)-
The inequality in (B.I1) can then be reformulated as

AQ=ePm(wflE < Y Kl fm(w)Puyga) P < Bliw(w) fll3,

AEANO*

for all f € Vy, or m(p)f € V. u
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3.2.1.1. Local TF-dictionaries and pseudoframes for subspaces. Pseudoframes for
subspaces were introduced in by Li and Ogawa in [75] that aims to provide a more
flexible representation for functions in a subspace since it does not require the analysis
and synthesis sequences to lie in the subspace. It can be used e.g. for optimal noise
suppression, cf. [76].

A Bessel sequence {x,} with respect to a subspace V' of a separable Hilbert space
H is said to be a pseudoframe for the subspace V' (PFFS) with respect to a Bessel
sequence {z}} in H (called a dual pseudoframe to {x,} for V) if

VEEV, f=) (f ) (3.12)

By Proposition B.I7, since { Py, g }acano- is a frame for Vy, there is a dual frame
{9 vx }reano- such that for all f € Vy

F= > (FPuugn)iave- (3.13)

AEANQ*

Moreover, since f € Vi, (f,Pvygr) = (f,92), 50 {gr}reano~ is a pseudoframe for
Vy with respect to {gxvy pacanos- We also note that by [75, Theorems 2 and
3], a dual pseudoframe may be obtained via gyvy, = Py (Cyan-Pvy) g, where
C,.f = {{f,9») hreano and LT denotes the pseudoinverse of L. In the language of
[510, {ga}reana- is a family of local atoms that provide an atomic decomposition for
V.

3.2.1.2. Local TF-dictionaries and generalized sampling. The reconstruction of a
function f € Vi from the samples (f, g)) translates to obtaining samples from inner
products with respect to one set of functions and reconstructing with another given
set of functions. This is the problem dealt with in consistent sampling involving bases,
which was later extended to frames via generalized sampling, cf. [44] [4] [5].

In this case, if C,, denotes the analysis operator of {gx}reano with C; as the
synthesis operator, and Cy, denotes the analysis operator of {1 }4_, with C,, asthe
synthesis operator, then the reconstruction of f is given by C,, (C7, CW)TC;A f.

3.3. Global frames from TF-localization

In [36], Dorfler and Gréchenig showed that finitely many eigenfunctions of Hg ,
generate a multi-window Gabor frame for L?(R) (see also the works of Dorfler and
Romero in |39, 40]). We restate the result in [36] for the case where the symbol is xq,
Q a compact subset of R?, ¢ € Sp(R) and g € L*(R) such that |||z = ||g[l2 = 1 and
V,9(2)] < C(1+ |z|*)~! for some C > 0 and s > 1. Note that by Proposition [L17],
g is also in SO(Rd). Given two non-negative functions hy; and ho, we write hy < ho if
there exist constants K, Ko > 0 such that Kih; < hy < K5h;y.
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Lemma 3.18. [36, Lemma 9] Suppose >_ 5 Tuxa < 1. Let {¢y}ren be the or-
thonormal system of eigenfunctions of Hq . Then there exists N € N such that
UN_ G(Wx, A) is a multi-window Gabor frame for L*(R).

We use this result to obtain another family of time-frequency dictionaries that
form a frame for L*(R).

Proposition 3.19. Suppose G(g,\) is a Gabor frame, Q is a compact subset of R
and A a lattice such that ZﬂeA uxo < 1. Let {¢y}ren be the orthonormal system
of eigenfunctions of Hq . Then there exists N € N and a region 2 O Q such that

U,\GAQQ*Q(PVNg,\,]\), where Vy = span{¢y }&_,, is a multi-window Gabor frame for
L*(R).

Proof: By Lemma B8 there exists N € N, such that UM, G(¢y, A) is a multi-
window Gabor frame for L?*(R). Proposition and Proposition 3.7 tell us that
there exists 2* D Q such that for any p € R? {7(u)Pyvy9r}reanos is a frame for
Vv ={m(u)f : f € Vx}. Let € A. For any f € L*(R), we have

Z |<fa7T<M)PVN9/\>|2: Z |<7T(/~L)*f7’PVNg)\>‘2

AEANQ* AEANQ*

= Y [(Pur(w), Puyon)

AEANQ*

= || Py (1) I3 (by Proposition B17)

N
Z| 7DVN f ’ll)k>|

k=1

=3I e P

k=1

And we obtain the following equivalent expressions:

Yo D> K Prgnl? ZD P13 (314

peA AEANQ* peh k=1

where the second equivalence follows from Lemma[3.I8 Hence, the conclusion follows.
]

N
We note that the equivalence > |[(f, (1) Pyygx)|*> =< D2 |{f, 7(1)wx)|* can be
AEANQ* k=1

written explicitly, using (311, as

A=)y [fm(meP < Y [ m(w)Prga)l <BZ\ mr)*, (3.15)

k=1 AEANQ*
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where 0 < € < 1. Consequently, the first equivalence in (3.14]) is as follows:

A, ZZ\ 1)) |2<Z Z 1) Py 9x)| SBZZ‘U,W(M)%HQ’

MEA k=1 MEA AEANO* MEA k=1

where A, = A(1 —¢)%

We can generalize the above proposition, wherein instead of translating a single
region €2 to cover R?, we consider a family of regions 2, C R? such that Zue iXe, <L
It follows from [40, Theorem 5.10] that we can choose N, such that

IF115 = DD AR f e LP(R) (3.16)

pel k=1
and obtain the following theorem.

Theorem 3.20. Let {0}z be a family of compact regions in R? such that
> i Xa, =< 1, and let o € So(R) such that |[p|2 = 1. Corresponding to each
p € A, we let g* € L*(R) such that Hg“HQ =1 and |V,g"(2)] < Cu(1 + |z**)~" for
some C, > 0 and s, > 1, and let G(g", A,) be a frame for L*(R) with fmme bounds
A, and B,. Denote by Vy, the span of the first N, eigenfunctions {\} }k L of Ho,
correspondmg to the N, largest eigenvalues, wher’e each N, is chosen so that (3.16))
holds. If0 < ¢, <1 such that 0 < inf 5 A,(1 —€,)* < sup,e; By < oo, then there
exist (4, Dy such that e {Pvy, m(N)g" brer.na;, is a frame for L*(R).

REMARK 3.21. This global system forming a frame obtained from local systems is
comparable to quilted Gabor frames introduced by Doérfler in [34], the difference
being the the projection of the time-frequency dictionary elements onto the time-
frequency localized subspaces. In [83], Romero proved results concerning frames for
general spline-type spaces from portions of given frames which provided existence
conditions for quilted Gabor frames.

Proof: For each 1 € A, by Proposition BI7, there exists 0, D Q, such that
{Pvy, m(N)g" brenuna; is a frame for Vi, and as in (B3.15), the following inequality
holds for all f € L*(R):

N, N,
AL =S LU < ST 1 Pr 7N P < B S IR,
k=1 AEALNQ, k=1

By the assumption that 0 < A := inf A,(1—¢,)*<B:= sup,c; By < oo and the

equivalence in ([B.1I6]), we get

AN UL YT DT WL Pu, i P < BY D I

Mef\ k=1 Mef\ )\GA‘LF\IQL Me]\ k=1

and finally 37 37 [(f, Py, 7(N)g")* < I 15 m

peh AEALNQY,

N
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3.4. Numerical examples

In this section, we consider examples in the finite discrete case (CL, L = 480)
that illustrate the results in the previous sections. The experiments were done in

MATLAB using the NuHAG Matlab toolbox available in the following website:
http://www.univie.ac.at/nuhag-php/mmodule/.

3.4.1. Experiment 1. We first examine the approximation of time-frequency
localized signals by a local Gabor system, in particular, functions lying in the N-
dimensional subspace Vi of eigenfunctions of Hg, ,,, as shown in Proposition B.12l In
this example, we take ) to be a disk centered at the origin with radius 80 and ¢ to
be a normalized Gaussian.

Figure [1l shows the STFT of a signal in Viy and the sample points taken over
circular regions with varying radii, each containing 2. In each case, the sampling
points are obtained by restricting a lattice with parameters a = b = 20 over the
circular region. The error of the approximation ||Py, — S"“Py, |lop, where S'°¢ is a
truncated tight frame operator, is shown in Table [Il below.

Cover radius 80

Cover radius 100

200
100

-100
-200

200
100

-100
-200

-200

Cover radius 120

0 200 -200

200
100

-100
-200

200
100

-100
—-200

-200

0 200

-200

Cover radius 140

0 200

0 200

FiGUurE 1. Sampling points over various enlargements of the covering region.

Cover radius | No. of samp. pts. | Op. norm error
80 45 0.9650
100 7 0.1105
120 109 0.0194
140 145 0.0031

TABLE 1. Error ||Py, — S"“Py, |lop over varying radii for the disk
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We saw in Proposition B.17] that if ¢ < 1, corresponding to the operator norm
|Pvyy — S"“Pyy |lop being less than 1, then the local Gabor system projected into
Vy forms a frame for Vi so perfect reconstruction is possible by the frame algorithm
(L27). The performance of the reconstruction algorithm is shown in Figure 2l As
expected, the larger the covering region, the faster the convergence.

, Convergence of reconstruction algorithm
10 : ; ‘

radius 80 []
—©— radius 100 | |
——radius 120
—*— radius 140

-2

10

10"

10—6 k.

100}

Relative error

10*10 [

-12

10

-14

10

-16

10 ‘ ‘ ‘ ‘
2 4 6 8
Number of iterations

10

F1GUurE 2. Convergence of the reconstruction algorithm from the local
samples with the same lattice parameters but with varying radii of the
covering regions.

3.4.2. Experiment 2. In this next experiment, we look at an example of how
the collection of local Gabor systems can form a frame given that the sum of the
characteristic functions over the regions is bounded above and below by a positive
number. Figure [3 shows ten regions in the TF-plane and Figure dl shows its sum.

Region 1 Region 2 Region 3 Region 4 Region 5
200 200 200 200 200
100 100 100 100 l 100
0 [ ] 0 > 0 0 0
-100 -100 -100 l -100 -100
-200 -200 -200 -200 -200
-200 0 200 -200 0 200 -200 0 200 -200 0 200 -200 0 200
Region 6 Region 7 Region 8 Region 9 Region 10
200 200 200 200 200
100 100 100 100 100
0 0 0 0 0 I

-100
-200

-200

0

-100

-200
200

-200 0

-100
-200

-100
-200

-100
-200

200

-200

0

200 -200

0

200 -

200

0 200

FIGURE 3. Ten regions that partition the time-frequency plane.
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Sum of the characteristic functions

-200

-150

-100

-200 -100 0 100 200

FIGURE 4. Sum of the characteristic functions over the ten regions.

Sample points are then taken over sets that contain each region, where different
lattices are used for each set. The lattice parameters assigned to each set are sum-
marized in Table 2] and the sample points are depicted in Figure Bl The left image
shows sample points obtained by restricting each lattice over the regions themselves,
while the samples in the right image are obtained from the restriction over larger
sets containing each region, thus producing more overlap. Tight windows are used
corresponding to each set of restricted lattice points.

Region | (a,b) || Region

I )| 6 | ( )
( )T | ( )
(20, 16) 8 (12, 12)
( ) ( )
( ( )

9
15,16) | 10

T = W N

TABLE 2. Lattice parameters over the different regions.

Sampling points, less overlap Sampling points, more overlap
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-200 -100 0 100 200 -200 -100 0 100 200

FiGURE 5. Sampling points on the different local patches.
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We form a quilted Gabor frame from the collection of local Gabor systems. And
by projecting each local Gabor system onto the local subspace corresponding to each

region, we likewise obtain a global frame as in Theorem B.20l The average of the
relative error If=Sifll2 when the frame operators S; and Ss, corresponding to the

/112

quilted Gabor frame (i.e. without projection) and the global frame (i.e. with projec-
tion), respectively, are applied to a random signal f are shown in Table [3l

without projection | with projection
Less overlap 0.2610 0.1687
More overlap 0.5840 0.1709

TABLE 3. Average of the error in applying the frame operator to a
random signal (average of 1000 attempts).

In both cases of less and more overlap, projecting onto the TF-localized subspaces
decreases the relative error between the signal and the approximation by the frame
operator. Note that in both quilted Gabor frame and the global frame with projection,
having more overlap increases the relative error since we are just comparing f with
S;f. Since we are dealing with frames, perfect reconstruction (up to numerical error)
is possible via the frame algorithm (.27).

We first compare the respective condition numbers of the frame operators for the
cases of less and more overlap. The values are shown in Table [4. Once again, in
both quilted Gabor frame and the global frame with projection, having more overlap
improves the condition number. Note that the large condition number for the frame
operator corresponding to the global frame with less overlap can be attributed to the
lower frame bound in Theorem [3.20, which is related to the set {2 that covers the
region (), - a smaller region (2} implies a smaller lower frame bound.

without projection | with projection
Less overlap 5.1429 16.0406
More overlap 3.5472 1.9845

TABLE 4. Condition numbers of the resulting frame operators.
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Figure [6] compares the convergence of the frame algorithm for the four cases con-
sidered.

Convergence of the frame algorithm

10°
Less Overlap, No Proj.
----- Less Overlap, With Proj.
= = = More Overlap, No Proj.
0t e More Overlap, With Proj.|
210t
) ‘-,
o Sis o
= '~
<
© 10°
& 10
10° }
107 PR

20 40 60 80 100
Number of iterations

F1GURE 6. Convergence of the frame algorithm.



CHAPTER 4

Random sampling of time-frequency localized functions

In [9, [10], R. Bass and K. Grochenig studied the random sampling of band-limited
functions. They investigated the probability that a sampling inequality holds from
random local sampling points. Given the space B of bandlimited functions,

B={feL*R) : supp [ C[-1/2,1/2]},
we let Cr = [-R/2, R/2], and we define the subset

B(R,e)={feB: ; [f(@)]* dz > (1 =€)l fl12}-
R
Theorem 4.1. [10, Theorem 1] Let {x; : j € N} be a sequence of independent and
identically distributed random variables that are uniformly distributed in C'r. Suppose
that R > 2, that ¢ € (0,1) and v € (0,1/2) are small enough, and that 0 < § < 1.
There exists a constant k so that if the number of samples r satisfies

1+v/3, 2R

>
rzk V2 5’

then the sampling inequality

r /1

(3 e 1) I3 < Y f) < I Jor all £ € B(R,2)
j=1

holds with probability at least 1 — 6. The constant r can be taken to be k = ™.

REMARK 4.2. Fiithr and Xian [53] extended the results to the setting of finitely gen-
erated shift-invariant spaces.

We follow the approach in [I0] for functions that are (e, )-concentrated on a
compact region (2 in the time-frequency plane, where ¢ € L*(R) with |||/, = 1. We
first consider random sampling for functions in the finite-dimensional space Vi of
eigenfunctions of Hq .

Proposition 4.3. Let Aq = {\,;};en be a sequence of independent and identically
distributed random variables that are uniformly distributed in 2. Then

el i ISP - ke < - < Newp (—rts)
seriifinm 7 22 Vel QIF = igrHacl. 1) < —pop | < Q1+ 0/3)

j=1
(4.1)
forv > 0.

51
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N
First part of the proof. Let f = (c,v) = > cxthp € Vy, so that
k=1
Ve f (A Z el (Y, (A7) ) (U, T(A;) )
k=1
We define the N x N rank-one matrix 7j as follows:
(Ti)rt := (Yr, T(Aj) @) (Wi, T(Aj)p)- (4.2)

Note that |V,f(\;)|* = (¢, Tjc). Since each random variable \; is uniformly dis-
tributed over €2, and 1 is the kth eigenfunction of the time-frequency localization
operator Hq ,, the expectation of the kl-th entry is

_ 1
E ((T})r) ’Q‘ /i/ik, @) (W, m(2)p) d Z—‘ ’<HQ,wwkawl> (4.3)

’Q‘akékl k’ l= ,N, (44)

where 0y, is Kronecker’s delta. The expectation of Tj is the diagonal matrix

E(T}) = - diag(ay) = (4.5)

1
—A
!Q\ 19

Now, the expression inside the left-hand side of (41]) can be rewritten as

T

inf 1Z(|v FONP - \ﬂ!<H”“"f f>) (4.6)

FeVN lIflle=1 T p

= inf 237 ((e.Te) (e E(T)0) (@7
= (% DT~ E(Tm) , (4.9

where iy (U) denotes the smallest eigenvalue of a self-adjoint matrix U.

We now apply a matrix Bernstein inequality due to Tropp [88]. Let aupax(A) be
the largest singular value of a matrix A so that ||A|| = cumax(A*A)Y/? is the operator
norm with respect to the />-norm.

Theorem 4.4. [88, Theorem 1.4] Let X; be a finite sequence of independent, random,
self-adjoint N x N-matrices. Suppose that E(X;) = 0 and ||X,|| < B a.s. and let

o2 = HE;ZI E(X?)|. Then for all t >0,
r 2
P(amaX(ZXj> > t) < Nexp (— #/ét/?)) ) (4.9)
j=1

We take X; = T; — E(T};) and compute || X;|| and "E(X).
J J J J Jj=1 J
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Lemma 4.5. If X; =T; — E(T}), then
() 1X5] < 1,

(2) E(X?) < @A and

3) 02 = H ZE(Xf)

Proof:

(1) The matrix norm of X is estimated as follows:
1XG1 =I5 =E(T)ll = sup [{¢, Tje) = (¢, E(Tj)c)|

llell2=1

= sup |[Vof )P — -(Hauf. f)
[l fll2=1 i

< £l =1
(2) To find E(X7), we use [3) and obtain

E(X}) =E(T?) - |Q| E(T;A) — IQI E(AT;) + WAQ
9 1 1 1 .9
=E(T}) — @E(TJ)A - @AE(TJ) + WA
_ E(TJZ) _ @AQ
Now we compare TJ2 and T
(TP km = D (T3t (Ty)im
= > (0 7)) (W1, TN @) (0, TN ) (Woms (A )0)
= <Z| (thr, m ) (T3 )k
1=1

= [Py l3(Tm < Nlel3(T)km = (T3)km

We thus have Tj2 < T} and E(Tf) <E(Tj) = @

1 1

J

A.

S lAll<

o _HZEXQ

<
[ IQI
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A, so the expectation of X gives
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54
End of proof of Proposition[{.3. It follows from Theorem [£.4] taking t = rv/|Q}|, that

vr V27°2]Q\’2
< N — .
) < Nexp ( Q= 1r + Q| 1vr/3

i (Oémin<i<Tj - E(Tj)) = Tial

j=1

Together with (48], we obtain the conclusion of the proposition.
We now observe a relation between the lower sampling inequality for the space

Vi to that for functions that are (e, ¢)-concentrated in €.
Lemma 4.6. Let ¢ € Sy, with |||l = 1 and Ag = {\.}}_, a finite relatively sepa-

rated set of points in ). If the inequality

RN Ha,p,p) — vl
;ZIWP(AJ’)I2 > Ha,, |§§| eIl (4.10)
j=1
holds for all p € Vi, then the inequality
(4.11)

> V)P = AllF3
j=1

holds for all f that are (g, @)-concentrated in 0 with constant

T QNE €
A= (ay— -2 ) 2B
Q] (O‘N 1—an ”) 1—ay

)

where B 1s a constant dependent on the covering index

No = sup #(ANQ1(m))

meZ2

and the window function .

QN E

REMARK 4.7. For A > 0, we need r > |Q] (a& - 1/).
N~ l—an

Proof: Since f =Py, f+ (I —Pyy)f, we have

T 1/2 T
<Z|V¢f(>\j)|2> Z<Z|VSOPVNf(>‘j)|2>

Squaring both sides of the inequality and applying Theorem [[.38, where B is the
Bessel bound given in (L34),we get

1/2

, 1/2
- <Z |v¢<f—7>vN>f<Aj>|2> .

Z Vo ! (A)]? > Z Ve Puy f(N)I?
" " . 2 , 1/2
—2 <Z |Vga7’va(>\j)\2> <Z Ve (I — PVN)f()\j)\2>
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+ 3 IVl = Pu ) FN)P

j=1

> P fFO)P = 2B|[Puy fllall(1 = Pry) £z

EEMMMWWJBlzﬂW,

where the last inequality follows from [Py, f||2 < || f]]2 and Proposition 2ZI5(2). By
hypothesis (£I0) and Proposition 2.5 we obtain

Z Ve f ()P > Z IV, Py F(N)|? — 2B
j=1 i

€ 2
113

— 1715

|Q|<HQ<PPVN.]C 7DVN > |Q|”PVNfH2

> o (L= == ) 13 = = 2By [ 11

So we can take A as

A:L<aN— ane —1/)—23 c

1—04N.

For the succeeding results, let {2 be a compact set that would need at most |Q|+¢;
cubes Q(m) = [my —1/2,my +1/2] X [my — 1/2,my +1/2], where m = (my, my) € Z?
and €; > 0, to cover it.

Lemma 4.8. Let Aq = {)\;}}_; be a finite sequence of independent and identically
distributed random variables that are uniformly distributed in 2. Let a > |Q|~'. Then

P(Ny > ar) < (| + e1) exp ( —r(aln(a|Q]) — (a — \Q\‘l))>.

Proof: If Ny > ar, then for at least one m, Q(m) must contain at least ar points
from Aq. So we have

P(Ng > ar) < (| + €1) sup P(#(AoNQ(m)) > ar). (4.12)

meZ?

We fix m € Z2. For any b > 0, it follows from Chebyshev’s inequality that

P(#(Aa N Q(m)) > ar) <Z Xom)(Aj) > ar)

< e Eexp (bz xam ().

j=1
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Since the A’s are uniformly distributed over Agq, it follows that xg(m)(A;) = 1 with
probability at most |Q2|~! and otherwise is 0. And by the independence,

P(#(Aa N1Q(m)) > ar) < e T Eexp(bxqum ()

< o~ bar ((1 . |Q|71> 4 €b|Q|71>r _ bar (1 + (eb — 1)‘9‘*1>r
< e (exp ((e2 — 1)|Q7H)".

We choose b = In(a|?|) that optimizes the last term, which becomes

exp (= r(a(al) - (a = 12]71),

Substituting this expression in ({.12) gives the desired result. [ |

We now combine the result in Proposition [4.3 with the estimates obtained in
Lemma and Lemma .8 and choose appropriate values of the parameters ¢ and
v to obtain the next theorem. We take ay = 1/2 so that N is around |Q], say
N = |Q| + €2. From the Bessel bound B in ([L34]), we have N;(A) = Ny and we let
CQO — B/NQ
Theorem 4.9. Let Aq = {\;}jen be a sequence of identically distributed random
variables that are uniformly distributed in €2, and let ¢ be a window function in Sy
with ||¢||2 = 1. Suppose

1

1
If we let

A:L<l—e—u—6\/§(§’¢\/§), (4.13)

2
then the sampling inequality

Allflz < Z VoA < 7lI£113, (4.14)

for all (g, p)-concentrated functions, holds with probability at least

1/27“

1 — (|92 + €2) exp <— m) — (2] + €1) exp ( — |—Sg|(3 In3 — 2)) (4.15)

Proof: Since |V, f(A\;)| = [{f,7(X;)e)| < || fl]2, the right-hand side of ([{I4]) follows
immediately. We take a = 3|Q|~!. Let

14

v, — { S (IVef QP = (Moo s 1)) < ‘@}

FEVN, Ifll2=1T <
Jj=1

and let
Vo ={Ny > ar}.
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It follows from Proposition and Lemma [£.§ that the probability of (V; U V5)¢ is
bounded below by (4I53). And by Lemma 6] we have that

Z Ve ()I* = All£113

for all (g, )-concentrated functions f such that (Vi U V3)¢ holds. With Ny = 3]Q| 7},

the lower bound in (£I1l) becomes A = (1

o] (5 —c—v— 6\/5(7@\/5) . The assumptions
on € and v would guarantee that A > 0. ]

With N = [Q| + € and 0 < v < 1/2 — (1 + 61/2C,)/z, if § is given and
Ltv/3, 20 +e) 19 | 202+ 61)} _ e/, 20+ )

V2 5 " 3In3 -2 5 2 ] ’
then the probability in ([A.I5]) will be larger than 1 — 6.

r> max{|§2|






CHAPTER 5

Adaptive time-frequency representations and applications

This chapter consists of the results presented in [41], 89, [7]. These are joint works
with P. Balazs, M. Dorfler, T. Grill, N. Holighaus, and F. Jaillet.

Adaptivity in the time-frequency representation of functions is often desired in
applications, cf. [8]. While Gabor frames already provide more flexibility over Gabor
Riesz bases, the rigid structure of Gabor frames may still be to be too restrictive in
some applications, as it exhibits a fixed time-frequency resolution in its representa-
tion. Real life signals may have various components with with distinct time-frequency
localization properties. Gabor frames may be adapted to certain properties of the sig-
nal. Such adaptation may be achieved for instance in opting to have diverse windows
with certain desirable properties, or varying the sampling process instead of having
a regular structure of the sampling set.

We present two adaptive time-frequency representations and illustrate their ad-
vantages in audio signal processing with numerical examples. The first method is ob-
tained by an approximate projection of the relevant atoms onto a system of weighted
vectors which are optimally concentrated inside the desired regions of adaptation.
The second method is via nonstationary Gabor frames where the a set of more gen-
eral windows are used instead of just regular translates of a single window. The
transform thus obtained would allow for adaptivity in either time or frequency.

5.1. Approximate projections onto time-frequency subspaces

Assume that we are given a partition of R?, i.e. a family of sets 2, C R? such that
>, Xe, =1, and a window function ¢ € L*(R) such that ||¢]|2 = 1. Then, using the
spectral decomposition of each time-frequency localization operator Hg , ,, we obtain

= Hoof =3 > ah(f o).
12

o k=1

1P

Now assume further that a tight Gabor frame G(g*, A*) is assigned to each set ,,.
Expanding f with respect to each of these frames, we obtain:

F=)0 D AfmNg) Y af(m(Ng", o) v (5.1)

59



60 5. ADAPTIVE TIME-FREQUENCY REPRESENTATIONS AND APPLICATIONS

We make the following observations from the properties of time-frequency localization
operators as reviewed in Chapter 2:

e The largest eigenvalues af of a localization operator typically are close to 1
and then drop to 0 very fast (in fact, the sequence {a/}, has exponential
decay), cf. [29]. Around |Q,| eigenvalues lie above 0.5. Consequently, one
can safely discard elements with index k& > N, in (&)

e On the other hand, from Lemma 3.5 the inner product (m(X)g*, ¢) is shown
to decay fast with respect to the distance of A from €, e.g. for a Gaussian
window ¢*, the decay is exponential, while milder decay conditions lead to a
polynomial decay. Therefore, all m(\)g* with dist(),€,) > b for some b can
be omitted from the equation (5.]).

We thus choose an appropriate N, an extension size or overlap b and set 0* =, U
{z e R*\ Q, : dist(2,9,) < b}. We then propose to use the following approximate
reconstruction formula:

F=" > (£7Ng") D akim(Ng", vl (5.2)
[ AEARNQY, k=1

Observe that the sum Ek fLak (il which we denote by Hy Dk since it is a
truncation of the spectral decomposition of Hg, ,, is a weighted sum of the first N,
elgenfunctlons of the time-frequency locahzatlon operator Hq, ,. We can then treat

H Nu ,» as an approximate projection onto the subspace Vi, spanned by {wk} )

We now obtain the following error estimate:

Proposition 5.1. Let a partition of R* be given, Q, C R? such that 3, xa, =1, and
let the windows g" satisfy a joint polynomial decay condition of the form |V, g"(2)| <
C(1+|z>)7Y, s > 1, for all z € R2. Let f be the approzimate reconstruction of f in
B2). Then, the reconstruction error is bounded by || f — fll» < doperty [ fll2, where
for all p and some 0 < § < 1, the following estimate holds:

o] % -2 %
err, < | Y (@] +[C D (1+ (1-— )(;2£|Z—A|S)) (5.3)
k=N,+1 AEABNQ

REMARK 5.2. It should be noted that the sum of err, over all  can be shown to be
finite for appropriate choices of N, and (2. Here, we prefer to state the explicit local
errors, since their expression is more informative in showing directly the influence of
the parameters N, and b.
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Proof: Let f, = E/\GQNOQH*U,W(A)g“)Hgl‘;wﬂ()\)g“. We can estimate the left-hand
side of (5.2) as follows:

1 = Flle = }

Z HQ#,Lpf - Z f~u

N, Ny 7
<3 (M0, of = Y Ll + I f = Fulls)
o

< Z HHQWpf - JEMH2
2 p

We obtain error bounds for ||Hgq, ,f — Hgﬁ ofl2 and ||Hg: o = full2 separately. For
the first expression, we have

o, o f = Ho! Jflla = || D ai(f.op)df

< (2}; <a5>2)5(k§ 0, ¢;;>|2)%
(% <a¢:>2)%uf|rz-

k>N,

2

On the other hand, for HHgL@f — full2 we calculate

NH
Iy f = Fulla =1 D0 (Fr(Ng) Y ah(f vl
k=1

AZARNQ, 2
Ny
< D AT elklim(Ngt, v
AEARNQY, k=1
Ny
= D KATNgD ] [(Ha, o0, 7(A)g™)|
AEARNQ, k=1
< 30 [ mN)gMCEENL (1 + (1 - 8) dist(X, ©,)°) "

AEARNS,

(Lemma [3.0))

<ci v X k)

AEARNQ,

( > (1+(1—5)dist()\,Qﬂ)S)2) .

AEARNQ,

If B, is the frame bound of the tight Gabor frame G(g*, A,), then by taking C,, =
\ /BMCS5_2_ISNM, we obtain the conclusion of the proposition. [ ]
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5.1.1. Derived Algorithm.

5.1.1.1. Computation of Hg; »- Lo obtain the eigenvectors and eigenvalues needed

for the approximation in (5.2), we work with discrete versions of the localization
operators Hg, .. To this end, consider the tight Gabor frame G(g;, A). We define the
Gabor multiplier H,,, o as follows:

Hunnf = D mu(W{(f, 7(N)ge) m(N)ge, (5.4)

AEA
where the masks m,, are obtained by letting m, () := 1, if A € Q, and 0 otherwise.
Then H,,, a is a discretization of the operator Hg, , and it can be shown that its

spectral decomposition accurately approximates Hgq, , for sufficiently dense lattice
A, cf. [48] 35].

In applications H,,, o is a matrix whose size depends on the signal length L and
it may be cumbersome to find the eigenfunctions and eigenvalues directly. However,
as observed e.g. in [39], the size of the corresponding Gramian matriz Iy, , given by

where G is the operator f — [v/m,(A)(f, 7(X)g)]reansupp(m), mapping C* to C*,
is K x K with K being the number of lattice points A, inside the support of the mask
m,,, which is usually small enough for the computation of the spectral decomposition
to be a feasible task.

Writing H,,, A as a composition of G/, and its adjoint Gf/m—#, the eigenfunctions
of Hp,a = G’\“/m—ﬂ - G /m,; may be obtained from the eigenfunctions of the Gramian
I, by

n

1
po_ Lo
Yy = st Uy J=1,... K, (5.6)

K
where G/, f = 1;1 si(f, ¥y )cruy is the singular value decomposition of G . Fur-

thermore, in (Ezl)ionly the largest N, eigenfunctions u; need to be computed.

5.1.1.2. Choosing N, and *. For each u, N, eigenfunctions {¢}’}; of H,,, A, as-
sociated to the eigenvalues o greater than a threshold ¢, must be chosen. If the sets
€1, are of the same area, then we just take the same value of N, for each ;1. Choosing
N, such that o/](,u < 10~™, the first expression in the error estimate (5.3) is bounded
by 10~ due to the exponential decay of the eigenvalues.

Second, we choose a rectangular extension (27, of {2, by increasing its sides by a

margin also of size b, such that in the second expression of (5.3]), the value inf,cq |z—A|
is sufficiently big for all A & A* N Q7.

5.1.2. Numerical Experiments. We look at examples in the finite discrete
case C, L = 144. The experiments were done in MATLAB using the NuHAG



5.1. APPROXIMATE PROJECTIONS ONTO TIME-FREQUENCY SUBSPACES 63

Matlab toolbox available in http://www.univie.ac.at/nuhag-php/mmodule/. The
time-frequency plane will be partitioned into four parts, dividing the time axis at
tewt = L/2, and the frequency axis into bands corresponding to the frequencies above
and below we,, = L/4. We note that these frequency bands extend to the negative
frequencies in a symmetric manner about the frequency 0.

The following tight Gabor frames will then be associated to the four regions:

(1) G(g},12,4) at the region © (lower frequency region and time ¢ < L/2);

(2) G(g?,16,6) at the region €y (lower frequency region and time ¢ > L/2);

(3) G(g?,8,16) at the region 3 (higher frequency region and time ¢ < L/2); and
(4) G(g},9,12) at the region Q4 (higher frequency region and time ¢ > L/2).

The signal will be analyzed using the these tight Gabor frames and applied with
weighted functions over regions that cover our partitions. We shall reconstruct using
the method introduced in [77] and our proposed method, and compare the approxi-
mation quality from the two methods.

For the approximate reconstruction [77], weight functions W7} and W2, depending
only on time, and W} and W32, depending only on frequency, shall be applied to the
analysis coefficients. These weight functions are defined as follows:

1 fl1<t<
Wr(t) == =2 ifty <t <ty,
0 elsewhere

where t; < toy < to, W2 :=1— W4 ie. Wh(t) + WA2(t) =1 for each t,

1 if —w <w<uw;
Ww—w9 :
Wl(w) ) e if w; <t <w,
EYI ) et < < —y
wo—w1 — 7 —
0 elsewhere

, where w < Weyy < wy, W2 :=1-W}L ie. Wh(w)+ W2(w) =1 for each w. Figure
[ shows the four weight functions. We note that varying the t; and w; amounts to
varying the overlap of the weight functions. In the experiment, the overlap value
b=ty — tewt = tewt — t1 for the weight function in time shall also be used for the
weight function in frequency so that b = wo — Wewt = Wews — w1-

Recall that from [77], the reconstruction formula is given by
4
fw =Y > Wiplt.o){f. 7N gf)m(N)gf, (5.7)
k=1 \eAk

where Wk, corresponds to Wi - Wi for k =1, W2.- W} for k =2, Wl- W2 for k = 3,
and W2 - W2 for k = 4.
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Weight functions in time

1
1 2
Wi Ws
0
1 tl ?cut t2 L
time
Weight functions in frequency
1 1 2
Wi Wg
0
—L/2 —ws —weut —w1 0 Wi Went wz L/2
frequency

FIGURE 1. Weight functions W}, W2, Wi, and W2.

We now compare the errors in approximating f using the methods described
above. Figure [2 shows the average of the root mean square (RMS) of the error given

by

Hf_freCHQ _ n=1

S N |

of 50 random signals against the amount of overlap b. The solid line is from the
weight function method in [77] while the non-solid lines result from the proposed
approximate projection method. Each of the non-solid lines uses a different num-
ber of eigenfunctions: 45, 50, and 55 eigenfunctions, corresponding to the eigenvalue
thresholds 0.1016, 0.0243, and 0.0040. In both methods, we see the dependence of
the approximate reconstruction on the overlap amount. In the case of our proposed
method, the second term on error bound of (5.3]) approaches 0 as the overlap increases.
Moreover, the approximate projection method has the added possibility of improving
the approximation error by increasing the number of eigenfunctions in the reconstruc-
tion. The dependence of the proposed method on the number of eigenfunctions in
the subspace is depicted in Figure 3l

Finally, we point out that the separation between the distinct regions chosen for
the different desired resolutions, that is €,, 4 = 1,...,4, is much sharper using the
approximate projection method. This fact is illustrated in Figure dl where we show
the results of applying one of the local systems to random white noise. Depicted are
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FIGURE 2. Approximation error vs. amount of overlap.
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FIGURE 3. Approximation error vs. number of eigenfunctions in the subspace.
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the spectrograms of the results for the systems corresponding to low frequencies, first
signal part and high frequencies, second signal part, respectively. For both methods,
the set of parameters providing the best approximation quality is used. It can clearly
be seen, that the approximate projection method significantly reduces the spill outside

the region of interest which is quite considerable in the weight function method.

5.2. Nonstationary Gabor frames

In this section, we present an approach to fast adaptive time-frequency transforms,
that is based on a generalization of painless nonorthogonal expansions [28]. It allows
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Weights method, low frequencies Weights methed, high frequencies
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FIGURE 4. Concentration of local systems within €2,. The spectro-
grams of local systems applied to random noise are shown.

for adaptivity of the analysis windows and the sampling points. Since the resulting
frames locally resemble classical Gabor frames and share some of their structure,
they are called nonstationary Gabor frames. The corresponding transform is likewise
referred to as nonstationary Gabor transform (NSGT). This concept relies on ideas
introduced in [67], and presented in [6§].

The central feature of painless expansions is the diagonality of the frame operator
associated with the proposed analysis system. This idea is used here to yield pain-
less nonstationary Gabor frames and will allow for both mathematical accuracy in
the sense of perfect reconstruction (the frame operator is invertible) and numerical
feasibility by means of an FFT-based implementation. The construction of painless
nonstationary Gabor frames relies on three intuitively accessible properties of the
windows and time-frequency shift parameters used.

(1) The signal f of interest is localized at time- (or frequency-)positions n by
means of multiplication with a compactly supported (or limited bandwidth,
respectively) window function g,.

(2) The Fourier transform is applied on the localized pieces f - g,. The resulting
spectra are sampled densely enough in order to perfectly reconstruct f - g,
from these samples.

(3) Adjacent windows overlap to avoid loss of information. At the same time,
unnecessary overlap is undesirable. In other words, we assume that 0 < A <
> nez 1gn(1)]? < B < 00, a.e., for some positive A and B.

We will show that these requirements lead to invertibility of the frame operator and
therefore to perfect reconstruction. Moreover, the frame operator is diagonal and
its inversion is straight-forward. Further, the dual frame has the same structure



5.2. NONSTATIONARY GABOR FRAMES 67

as the original one. Because of these pleasant consequences following from the three
above-mentioned requirements, the frames satisfying all of them will be called painless
nonstationary Gabor frames and we refer to this situation as the painless case. Since
Gabor transforms, as opposed to wavelet transforms, are in a certain sense symmetric
with respect to Fourier transform, our approach leads to adaptivity in either time or
frequency.

5.2.1. Resolution changing over time. As opposed to standard Gabor anal-
ysis, where time translation is used to generate atoms, the setting of nonstationary
Gabor frames allows for changing, hence adaptive, windows in different time posi-
tions. Then, for each time position, we build atoms by reqular frequency modulation.
Using a set of functions {g, }nez in L*(R) and frequency sampling step b,,, for m € Z
and n € Z, we define atoms of the form:

G () = g ()™ ™t = M, g (1),

implicitly assuming that the functions g,, are well-localized and centered around time-
points a,. This is similar to the standard Gabor scheme, however, with the possibility
to vary the window g, for each position a,. Thus, sampling of the time-frequency
plane is done on a grid which is irregular over time, but regular over frequency at
each temporal position.

Figure [il shows an example of such a sampling grid. Note that some results exist
in Gabor theory for semi-regular sampling grids, as for example in [I8]. Our study
uses a more general setting, as the sampling grid is in general not separable and,
more importantly, the window can evolve over time. To get a first idea of the effect
of nonstationary Gabor frames, the reader may take a look at Figure [6] and Figure [7],
which show regular Gabor transforms and a nonstationary Gabor transform of the
same signal. Note that the NSGT in Figure [7] was adapted to transients and the
components are well resolved.

frequency

time

FiGURE 5. Example of a sampling grid of the time-frequency plane
when building a decomposition with time-frequency resolution evolving
over time
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REMARK 5.3. If we set g,(t) = g(t — na) for a fixed time-constant a and b, = b for
all n, we obtain the case of classical painless nonorthogonal expansions for regular

FIGURE 6. Glockenspiel (Example 1).
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FIGURE 7. Glockenspiel (Example 1). Regular Gabor representation
with a Hann window of 58 ms length and a nonstationary Gabor rep-
resentation using Hann windows of varying length.

In the current situation, the analysis coefficients may be written as

Cmn = <f7 Mmbngn> = (f/ﬁ)(mbn)a m,n Z.

Gabor systems.

5.2.2. Resolution changing over frequency. An analog construction in the
frequency domain leads to irregular sampling over frequency, together with windows
featuring adaptive bandwidth. Then, sampling is regular over time. An example of

the sampling grid in such a case is given in Figure 8.
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frequency

time

FiGURE 8. Example of a sampling grid of the time-frequency plane
when building a decomposition with time-frequency resolution changing
over frequency

In this case, we introduce a family of functions {h,, },mez of L?(R), and for m € Z
and n € Z, we define atoms of the form:

R (1) = B (t — nay,). (5.8)

—~

Therefore h/n;\n(l/) = hp(v) - e 2 mam? and the analysis coefficients may be written as

Cmn = <f7 hm,n> = <f7 ~F'(’:[‘namhm» = Jr_l(f ’ ﬁ)(nam)

Hence, the situation is completely analog to the one described in the previous section,
up to a Fourier transform.

In practice we will choose each function h,, as a well localized band-pass function
with center frequency b,.

5.2.3. Link between nonstationary Gabor frames, wavelet frames and
filterbanks: To obtain wavelet frames, the wavelet transform in (L33) is sampled
at sampling points (5,, o). A typical discretization scheme is (nfy, ag'), cf. [79].
Then, the frame elements are 1y, ,(t) = Tpg,Dazt)(t). Comparing this expression to
(5.8) and setting h,, = D¢ and a,, = [y, we see that a wavelet frame with this

0
discretization scheme corresponds to a nonstationary Gabor transform.

Another possibility for sampling the continuous wavelet transform uses a = o’
and 8 = nfoaf, cf. [27]. Again, we obtain a correspondence to nonstationary Gabor
frames by setting h,, = D' ¢ and a,, = By - oy’

0

Beyond the setting of wavelets, any filter bank [79], even with non-constant down-
sampling factors D,,, can be written as a nonstationary Gabor frame. A filter bank
is a set of time-invariant, linear filters b,,, i.e. Fourier multipliers. The response of a
filter bank for the signal f and sampling period T} is given (in the continuous case)
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e = (f % Bn) (nDyTo) = / ()0 (D Ty — 1) dt = (f, B
R

where h,,,(t) = b (nD,, Ty —t). Setting h,, = T b,, and choosing a,, = D,,Tp this
construction is realized with nonstationary Gabor frames using (5.8). If the filters are
band-limited and the down-sampling factors are small enough, then the conditions
for the painless case are met and the corresponding reconstruction procedure can be
applied.

5.2.4. Invertibility of the frame operator and reconstruction. In this
subsection we give the precise conditions under which painless nonstationary Gabor
frames are constructed. The first two basic conditions, namely compactly supported
windows and sufficiently dense frequency sampling points, lead to diagonality of the
associated frame operator S. The third condition, the controlled overlap of adjacent
windows, then leads to boundedness and invertibility of S. The following theorem
generalizes the results given for the classical case of painless nonorthogonal expan-
sions [28] 55].

Theorem 5.4. For every n € Z, let the function g, € L*(R) be compactly supported
with supp(gn) C [cn, d,] and let b, be chosen such that d,, — ¢, < i Then the frame
operator

S:frm Z<f’ gm,n>gm,n

of the system
Gmn(t) = ga(t) ™™t ' € Z and n € Z,

is given by a multiplication operator of the form

Sf(t) - <Z %|gn<t>|2> 1),

n

Proof: Note that,
2

/ f(t) gn—(t) 6—27rimbntdt
R

SHEH=>)"

due to the compact support property of the g,,. Let I, = [c,, ¢, +1,,!] for all n and x;
denote the characteristic function of the interval I. Taking into account the compact
support of g, again, it is obvious that

[ Gn = X1, Z sz;1<fg_n)a
l

2

)

dn _— .
F(0) guld) e 2 monta
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with the b, '-periodic function }, T),-1(f gn). Hence, with W, ,(t) = e ™m0,

dn
f(t) gn(t) Winn (t) dt

2

I

_ ’ 0 3 W 0)

= ‘<f%7 Wm,n>L2(In)‘2

and applying Parseval’s identity to the sum over m yields

(SFH =D 1 Gos W) 2201
=S Hurw = (X o f)

Cn

While in general, the inversion of S can be numerically cumbersome, in the special
case described in Theorem [5.4] the invertibility of the frame operator is easy to check
and inversion is a simple multiplication.

Corollary 5.5. Under the conditions given in Theorem[5.4) the system of functions
gmn forms a frame for L*(R) if and only if -, 3-|ga(t)]* < 1. In this case, the
canonical dual frame elements are given by:

N gn(t) 2mimbnt
Gmn(t) = =5 ———¢€ nt (5.9)
Sa o)

and the associated canonical tight frame elements can be calculated as:

gn(t) p2mimbnt
EAAGIE

REMARK 5.6. The optimal lower and upper frame bounds are explicitly given by
Agpt = essinf >~ i|gn(t)|2 and By, = esssup Y i\gn(tﬂ?

.&m,n(t) -

We next state the results of Theorem [5.4l and Corollary [5.5lin the Fourier domain.
This is the basis for adaptation over frequency.

—~

Corollary 5.7. For every m € Z, let the function h,, be band-limited to supp(h,,) =

[Cm, dim] and let a,, be chosen such that d,, — ¢, < i Then the frame operator of the

system
hnn(t) = hn(t — nam) ,m € Z,n € Z
s given by a convolution operator of the form

(Sf.f)= <f‘1(2$|@|2) *f,f> (5.10)

m

for f € L*(R). Hence, the system of functions hy,, forms a frame of L*(R) if and
only if Vv € R, > i|hm(y)|2 = 1. The elements of the canonical dual frame are
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given by
. B h,
P (t) = Thg,, F m (t) (5.11)
l a; l
and the canonical tight frame is given by
i

B () = Thg,, F " (t). (5.12)

V2 lhal?

Proof: We deduce the form of the frame operator in the current setting from the
proof of Theorem [5.4] by setting

(S£. 1) =SFF) =D 1 )
and the rest of the corollary is equivalent to Corollary 1. ]

REMARK 5.8. Classical Gabor frames are intimately related to modulation spaces,
see [55] for an extensive discussion and relevant references. The characterization of
modulation spaces depends on the joint time-frequency localization of the analysis
window. Painless nonstationary Gabor frames characterize modulation spaces, if, in
a addition to compactness in one domain (time or frequency), the windows g, exhibit
a uniform decay in the sense time-frequency molecules, see [56, Theorem 22], i.e.,
letting & = (ay, l/by), k,1 € Z, we require |V,gx(2)| < C(1+|2z—¢&|)™" for some r > 2.
Then, the corresponding frame operator is invertible on all modulation spaces MP?,
1 < p < o0, and the P-norm of the corresponding coefficient sequence is equivalent
to the modulation space norm.

5.2.5. Discrete, time-adaptive Gabor transform. For the practical imple-
mentation, the equivalent theory may be developed in a finite discrete setting using
the Hilbert space C”. Since this is largely straight-forward from simple matrix multi-
plication, we only state the main result. Given a set of functions {g, }nefo,.. n—1}, & set
of integers (number of frequency samples for each time position) { M, }neqo,.. . n—1} as-
sociated with the set of real values {b, = MLn}ne{O,---7N—1}> the discrete, nonstationary
Gabor system is given by

gunalk) = gulk] -8 = g [k]) - Wt
forn=0,..., N—1,m=0,...,M,—1and all k =0,... L—1. Note that in practice,
Gm.n|k] will have zero-values for most k, allowing for efficient FFT-implementation:

2mimk

since M,, = i, we have g, n[k] = gu[k] - € ¥ and the nonstationary Gabor coeffi-
cients are given by an FFT of length M, for each g,.

The number of elements of {g,,n} is P = Zg;ol M,,. Let G be the L x P matrix
such that its p-th column is g¢,, ,,, for p = m + ZZ;& M.
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Corollary 5.9. The frame operator S = G - G* is an L X L matriz with entries:

n€N(i—j)

where Ny = {n € [0, N = 1]|p = 0 mod M,} for p € [=L,L]. Therefore, if appro-
priate support conditions are met, S is a diagonal matrix.

5.2.5.1. Numerical complexity. Assuming that the windows g, have support of
length L,, let M = max, {M,} be the maximum FFT-length. We consider the
painless case where L,, < M, < M. The number of operations is

(1) Windowing: L,, operations for the n-th window.
(2) FFT: O (M, - log (M,)) for the n-th window.

Then the number of operations for the discrete NSGT is

@) (Z M, -log (M,) —l—Ln) =O(N - (Mlog(M)+ M))

— O(N - (Mlog (M)))

Similar to the regular Gabor case, the number of windows N will usually depend
linearly on the signal length L while the maximum FFT-length M is assumed to be
independent of L. In that case, the discrete NSGT is a linear cost algorithm.

For the construction of the dual windows in the painless case, the computation
involves multiplication of the window functions by the inverse of the diagonal matrix
S and results in O(2 3" L,,) = O(N - M) operations. Lastly, the inverse NSGT has
numerical complexity O (N - (M log (M))), as in the NSGT, since it entails computing
the IFFT of each coefficient vector, multiplying with the corresponding dual windows
and evaluating the sum.

Technical framework: All subsequently presented simulations were done in MATLAB
R2009b on a 2 Gigahertz Intel Core 2 Duo machine with 2 Gigabytes of RAM run-
ning Kubuntu 9.04. The CQTs were computed using the code published with [85],
available for free download at http://www.elec.qgmul.ac.uk/people/anssik/cqt/.
The constant-Q nonstationary Gabor transform (CQ-NSGT) algorithms are available
at http://univie.ac.at/nonstatgab/.

5.2.5.2. Application: automatic adaptation to transients. In real-life applications,
NSGT has the potential to represent local signal characteristics, e.g. transient sound
events, in a more appropriate way than pre-determined, regular transform schemes.
Since the appropriateness of a representation depends on the specific application, any
adaptation procedure must be designed specifically. For the implementation itself,
however, two observations generally remain true: First, the general nonstationary
framework needs to be restricted to a well defined set of choices. Second, some
measure is needed to determine the most suitable of the possible choices. For example,
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in the case of a sparsity measure, the most sparse representation will be chosen.
To show that good results are achieved even when using quite simple adaptation
methods, we describe a procedure suitable for signals consisting mainly of transient
and sinusoidal components. The adaptation measure proposed is based on onset
detection, i.e. estimating where transients occur in the signal. The transform setting
is what we call scale frames: the analysis procedure uses a single window prototype
and a countable set of dilations thereof.

For evaluation, the representation quality is measured by comparison of the num-
ber of representation coefficients leading to certain root mean square (RMS) recon-
struction errors, for both NSGT and regular Gabor transforms. The results are
especially convincing for sparse music signals with high energy transient components.
Other possible adaptation methods might be based on time-frequency concentration,
sparsity or entropy measures [94],[69)],[7§].

Scale frames: In the following paragraphs, we propose a family of nonstationary
Gabor frames that allows for exponential changes in time-frequency resolution along
time positions. To avoid heavy notation and since the formalism necessary for the
discrete, finite case could obscure the principal idea, we describe the continuous case
construction. Suitable standard sampling then yields discrete, finite frames with
equivalent characteristics.

The basic idea is to build a sequence of windows g, from a single, continuous
window prototype g with support on an interval of length 1 in such a way that
the resulting g, satisfy Corollary The window sequence will be unambiguously
determined by a sequence of scales. Once this scale sequence is known, it is a simple
task to choose modulation parameters b,, satisfying the necessary conditions.

As a scale sequence, we allow any integer-valued sequence {s,}ncz such that |s, —
sn—1| € {0,1}, where the latter restriction is set in order to avoid sudden changes of
window length. Then, g, is, up to translation, given by a dilation of the prototype g:

Dasn (9)(t) = V275ng(27°"t)

This implies that a change of scale from one time step to the next corresponds to the
use of a window either half or twice as long. More precisely, for every time step n, set
s = min{s,_1, S, } and fix an overlap of 2/3-2° if s,, # 5,1 and 1/3-2°, if 5, = $,,_1.
Explicitly,

gn = 71'1D2S" <g>7

with recursively defined time shift operators 7,, given by

Toss/6Tn-1, if 55 % sn1

To=To. Ty =
0 0 {T25+1/37,'11, else.

Defining the time shifts in this manner, we achieve exactly the desired overlap as
illustrated in Figure [
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F1GURE 9. Illustration of scale frame overlaps and time shifts.

By construction, each g, has non-zero overlap with its neighbors ¢, 1 and g,
and at any point on the real line, at most two windows are non-zero. After performing
a preliminary transient detection step, the construction of the adapted frame reduces
to the determination of a scale sequence.

In the subsequent figures and experiments we used the Hann window as proto-
type, but other window choices are possible. The described concept can easily be
generalized by admitting other overlap factors and scaling ratio than the ones spec-
ified above. The parameters have to be chosen with some care, though. Otherwise
the resulting frames might be badly conditioned, with a big or even infinite condition
number %, caused by accumulation points for the time shifts or gaps between windows.

Frame construction from a sequence of onsets: In this paragraph, we assume that the
signals of interest are mainly comprised of transient and sinusoidal components, an
assumption met, e.g. by piano music. The instant a piano key is hit corresponds to
a percussive, transient sound event, directly followed by harmonic components, con-
centrated in frequency. An intuitive adaptation to signals of this type would use high
time resolution at the positions of transients. This corresponds to applying minimal
scale at the transients and steadily increasing the scale with the distance from the
closest transient. The transients’ positions can be determined, e.g. by so-called onset
detection procedures [31] which, if used carefully, work to a high degree of accuracy.
Once the transient positions are known, the construction of a corresponding scale
frame yields good nonstationary representations for sufficiently sparse signals.

Application of onset-based scale frames: We applied the procedure proposed above to
various signals, mainly piano music. For this presentation, we selected three examples,
all of them sampled at 44.1 kHz and consisting of a single channel. Some more
examples and corresponding results as well as the source sound files can be found on
the associated web-page http://univie.ac.at/nonstatgab/.
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e Example 1: The widely used Glockenspiel signal shown in Figure [7l

e Example 2: An excerpt from a solo jazz piano piece performed by Herbie
Hancock, characterized by its calmness and varied rhythmical pattern, re-
sulting in irregularly spaced low-energy transients. See Figure [I0l

e Example 3: A short excerpt of Gyorgy Ligeti’s piano concert. With highly
percussive onsets in the piano and Glockenspiel voices and some orchestral
background, this is the most polyphonic of our examples. See Figure [ITl

For comparison, the plots in Figures [7] [[0] and [[T] also show standard Gabor coef-
ficients with comparable (average) window overlap. A Hann window of 2560 samples
length was chosen for the computation of regular Gabor transforms. The compar-
ison shows that for the three signals, the NSGT features a better concentration of
transient energy than a regular Gabor transform, while keeping, or even improving,
frequency resolution.

Hancock — dB-scaled Gabor transform Hancock — dB-scaled NSGT
70001 R 70001
60001 1 6000f
5000( 1 5000t
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FIGURE 10. Hancock (Example 2). Regular and nonstationary Gabor
representations.

Efficiency in sparse reconstruction: The onset detection procedure and a subsequent
scale frame analysis were applied, along with a regular Gabor decomposition, to the
Glockenspiel and Ligeti signals. As a test of the representations’ sparsity, the signals
were synthesized from their corresponding coefficients, modified by hard thresholding
followed by reconstruction using the dual frame. Then the numbers of largest magni-
tude coeflicients needed for a certain relative root mean square (RMS) reconstruction
error for each representation were compared. The RMS error of a vector f and its
reconstruction f... is given by

RMS(F, fu) = \/z [J;T;[ 1>

All transforms are of redundancy about g The results for NSGT and different regular
Gabor transform schemes are listed in Figure [2. On the Glockenspiel signal the
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Ligeti — dB-scaled Gabor transform
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F1cure 11. Ligeti (Example 3). Regular and nonstationary Gabor representations.

NSGT method performs vastly better than the ordinary Gabor transform. For Ligeti,
the differences are not as significant, but still the NSGT-based procedure shows better

overall results.

x 10*

Glockenspiel sparse coefficients

Number of nonzero coefficients
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F1GURE 12. RMS error in sparse representations of Example 1 and
Example 3. Parameters (in parentheses) are hop size and window length
in the regular case (GT) or shortest window length and number of scales
for the nonstationary case (NSGT). The values are estimated to be the
optimal numbers of coefficients necessary to achieve reconstruction with
less than the respective error.

5.2.6. Implementation of a discrete, frequency-adaptive Gabor Trans-
form. Since our construction of Gabor frames with adaptivity in the frequency do-
main relies on the fact that analysis windows h,, possess compact bandwidth, an

FFT-based implementation is highly efficient.

We take the input signal’s Fourier
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transform and treat the procedure in complete analogy to the situation developed for
time-adaptive transforms, i.e. hy,n[k] = Tha,, Amlk] and by, n[i] = M_pa,, hm[J]-

As observed in Section [5.2.3] we are able to obtain wavelet frames using Gabor
frames that exhibit nonstationarity in the frequency domain. Moreover, we may
design general transforms with flexible frequency resolution, such as a constant-Q
transform. While various other adjustments (e.g. Mel- or Bark-scaled transforms)
are feasible, we will focus our discussion on the constant-Q) case.

REMARK 5.10. Note that for real-valued signals the symmetry of their FFT can be
exploited to further reduce the computational effort. We particularly refer to the
LTFAT routines filterbankrealdual.m and filterbankrealtight.m.

5.2.6.1. A constant-Q) transform via nonstationary Gabor frames. The constant-
Q transform (CQT), introduced by Brown [I6], transforms a time signal into the
time-frequency domain, where the center frequencies of the frequency bins are ge-
ometrically spaced. Since the @-factor (the ratio of the center frequencies to the
window’s bandwidth) is constant, the representation allows for a better frequency
resolution at lower frequencies and a better time resolution at the higher frequencies.
This is sometimes preferable to the fixed resolution of the standard Gabor transform,
for which the frequency bins are linearly spaced. In particular, this kind of resolution
is often desired in the analysis of musical signals, since the transform can be set to
coincide the temperament, e.g. semitone or quartertone, used in Western music.

The originally introduced constant-Q transform, however, is not invertible and
is computationally more intensive than the DFT. A more computationally efficient
approach was presented in the sequel [I7]. In the paper, for the nth time slice of
the signal f, the coefficient vector ¢, ,, equal to inner product of the signal f with

the time-limited window h,,, is computed in the Fourier side via ( /, hinn), taking
advantage of the sparsity of the frequency domain kernel or spectral kernel. Note that
in contrast, we compute the coefficient vector for each frequency bin, making use of
band-limited window functions.

Perfect reconstruction wavelet transforms with rational dilation factors were pro-
posed in [12]. Since they are based on iterated filter banks, these methods are compu-
tationally too expensive for long, real-life signals, when high Q-factors, such as 12-96
bins per octave, are required.

In [85], Klapuri and Schérkhuber presented a computation of the CQT that shows
improved efficiency and flexibility to the method proposed in [I7], among others.
However, the approximate inversion introduced in [85] still gives an RMS error of
around 1073, The lack of perfect invertibility prevents the convenient modification of
CQT-coefficients with subsequent resynthesis required in complex music processing
tasks such as masking or transposition. By allowing adaptive resolution in frequency,
we can construct an invertible nonstationary Gabor transform with a constant Q-
factor on the relevant frequency bins.
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Setting: For the frame elements in the transform, we consider functions h,, € C*, m =
1,..., M having center frequencies (in Hz) at &,, = §min2m771, as in the CQT. Here,
B is the number of frequency bins per octave, and &.;, and &,.x are the desired
minimum and maximum frequencies, respectively. In the experiments, we restrict
&max t0 be less than the Nyquist frequency and there should exist an M € N satisfying
Emax < fme% < &5/2, where & denotes the sampling frequency. In this case, we
take M = [Blogy(&max/Emin) + 1], where [z] is the smallest integer greater than
or equal to z. While in the CQT no 0-frequency is present, the NSGT provides all
necessary freedom to use additional center frequencies. Since the signals of interest
are real-valued, we put filters at center frequencies beyond the Nyquist frequency in
a symmetric manner. This results in the following values for the center frequencies:

0, m=20
. = Emin2 B m=1,...,M
) €2, m=M+1

& — Somrqo—m, m=M+2,... 2M +1.

For the corresponding bandwidth €2, of h,,, we set ,,, = &,01 — &n1, for m =

1,..., M, and Qy = 2&; = 2&,,in- By construction, these result in a constant Q-factor
Q=28 —25)" form=2,...,M —1. And we can write each ,, as follows:
(2 mins m=0
£, m=1,2M +1
Em/Q, m=2,...,M—1
hn = (€ — 260-1)/2, m = M, M +2
§s — 28, m=M+1
| Sonr2-m/Q; m=M+3,...,2M.

If we use a Hann window A, supported on [—1/2,1/2], then we can obtain each h,,
via by, [j] = h((j% — &n)/Qm), where j = 0,...,L — 1. Letting a,, < éjﬂ, we define
hyn.n by their Fourier transform i;n\n = M_mmf/L;, n=2~0,..., L%J — 1. Figure I3

a
illustrates the time-frequency sampling grid of the set-up, where the center frequencies

are geometrically spaced and sampling points regularly spaced.

The support conditions on A, imply that the sum o = S i\f;ﬁ is finite
and bounded away from 0. The frame operator is therefore invertible and we can
apply inversion from painless nonorthogonal expansions.

Note that we consider the bandwidth to be the support of the window in frequency.
This makes sense in the considered painless case. Very often, see e.g. [85], the
bandwidth is taken as the width between the points, where the filter response drops
to half of the maximum, i.e. the —3dB-bandwidth. This definition would also make
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FicUrE 13. Exemplary sampling grid of the time-frequency plane for
a constant-Q) nonstationary Gabor system.

sense in a non-compactly supported case. For the chosen filters, Hann windows, the
Q-factor considering the —3dB -bandwidth is just double of the one considered above.

We see in Figure [I4] the standard Gabor transform spectrogram and the constant-
Q NSGT spectrogram of the Glockenspiel signal, the latter being very similar to the
CQT spectrogram obtained from the original algorithm [I6] but with the additional
property that the signal can be perfectly reconstructed from the coefficients. Figures
and [I6 compare the standard Gabor transform spectrogram and the constant-Q
NSGT spectrogram of two additional test signals, both sampled at 44.1 kHz:

e Example 4: A recording of Bach’s Little Fugue in G Minor, BWV578 per-
formed by Christopher Herrick on a pipe organ. Low frequency noise and
the characteristic structure of pipe organ notes are resolved very well by a
CQT. See Figure [I1.

e Example 5: An excerpt from a duet between violin and piano. Written
by John Zorn and performed by Sylvie Courvoisier and Mark Feldman, the
sample is made up of three short segments: A frantic sequence of violin and
piano notes, a slow violin melody with piano backing and an inharmonic part
with chirp component. See Figure

Efficiency: The computation time of the nonstationary Gabor transform was found
to be better than a recent fast CQT implementation [85], as seen in Figure [[7l The
two plots show mean values for computation time in seconds and the corresponding
variance over 50 iterations, with varying window lengths and number of frequency
bins, respectively. The outlier, drawn in gray, in Figure [I7 (left) at the prime number
600569 illustrates dependence of the current CQ-NSGT implementation on the signal
length’s prime factor structure, analogous to FFT.

It is again reasonable to assume that the number of filters is bounded, indepen-
dently of L, while the number of temporal points depend on L. As the role of M and
N is switched in the assumption in subsection [B.2.5. T for the complexity, we arrive at a
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FIGURE 14. Glockenspiel (Example 1). Regular Gabor, constant-Q
nonstationary Gabor and constant-(Q) representations of the signal. The
transform parameters were B = 48 and &, = 200 Hz.

complexity of O (Llog L). This is also the complexity of the FFT of the whole signal.
So the overall complexity of the frequency-dependent nonstationary Gabor transform
is O (Llog L). The advantage of the method in terms of computation efficiency thus
decreases as longer signals are considered.

Experiments on Applications: Our experiments show applications of the CQ-NSGT
in musical contexts, where the property of a logarithmic frequency scale renders the
method often superior to the traditional STFT. Corresponding sound examples can
be found at http://univie.ac.at/nonstatgab/cqt/.

Transposition: A useful property of continuous constant-Q decompositions is the
fact that the transposition of a harmonic structure, like a note including overtones,
corresponds to a simple translation of the logarithmically scaled spectrum. Approxi-
mately, this is also the case for the finite, discrete CQ-NSGT. In this experiment, we
transposed a piano chord simply by shifting the inner frequency bins accordingly. By
inner frequency bins, we refer to all bins with constant Q-factor. This excludes the
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O-frequency and Nyquist frequency bins. The onset portion of the signal has been
damped, since inharmonic components, such as transients, produce audible artifacts
when handled in this way. In Figure I8, we show spectrograms of the original and
modified chords, shifted by 20 bins. This corresponds to an upwards transposition

frequency (Hz)
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FIGURE 15. Bach’s Little Fugue (Example 4). Regular and constant-
Q nonstationary Gabor representations of the signal. The transform
parameters were B = 48 and &, = 75 Hz.
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FIGURE 16. Violin and piano duet (Example 5). Regular and constant-
Q nonstationary Gabor representations of the signal. The transform
parameters were B = 48 and &,,;, = 50 Hz.

by 5 semitones.

Masking: In the masking experiment, we show that the perfect reconstruction
property of CQ-NSGT can be used to cut out components from a signal by directly
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FIGURE 17. Comparison of computation time of CQT (top curves) and
NSGT (bottom curves). The figure on the left shows the computation
times for signals of various lengths with the number of bins per octave
fixed at B = 48, while the figure on the right shows the computation
times for the Glockenspiel signal, varying the number of bins per octave.
In both figures, the solid lines represent the mean time (in seconds)
and the dashed/dotted lines signify the mean time with corresponding
variance. The minimum frequency for all cases &,,,;, was chosen at 50 Hz.

modifying the time-frequency coefficients. The advantage of considerably higher spec-
tral resolution at low frequencies (with a chosen application-specific temporal reso-
lution at higher frequencies) compared to the STFT, makes the CQ-NSGT a very
powerful, novel tool for masking or isolating time-frequency components of musical
signals. Our example shows in Figure 19 a mask for extracting — or inversely, sup-
pressing — a note from the Glockenspiel signal depicted in Figure [7] The mask was
created as a gray-scale bitmap using an ordinary image manipulation program and
then resampled in order to conform to the irregular time-frequency grid of the CQ-
NSGT. Figure [I9 shows the mask spectrogram, along with the spectrograms of the
synthesized, processed signal and remainder.

5.2.7. Further work involving nonstationary Gabor frames. There has
been a considerable amount of work on nonstationary Gabor frames since its intro-
duction in [67, 68] and its initial development in [89, [7] that range from additional
applications to generalizations and structural properties.

General existence and perturbation results of such frames were proved by Dorfler
and Matusiak in [38]. Moreover, they constructed nonstationary Gabor frames having
non-compactly supported windows or “almost painless” nonstationary Gabor frames.
Due to the more complicated structure of such frames compared to the regular Gabor
frame case, computing for the canonical dual frames, which would entail the inversion
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FiGURE 18. Piano chord signal and upwards transposition by 5 semi-
tones, corresponding to a circular shift of the inner bins by 20. The
transform parameters were B = 48 and &, = 100 Hz.

of the frame operator, is computationally more cumbersome. In their succeeding pa-
per [37], Dorfler and Matusiak proposed the use of approximate dual frames obtaining
good approximate reconstruction.

In [64], Holighaus studied further the structure of nonstationary Gabor systems
and their dual systems. Following the Walnut representation (cf. [55, Theorem 6.3.2]
for the regular Gabor case) for the frame operator of nonstationary Gabor systems
n [38], he proved a Walnut-like representation for some inverse nonstationary Gabor
frame operators, that leads to a dual nonstationary Gabor frame having the same
support conditions. He also obtained characterizations for a pair of nonstationary
Gabor frames forming dual frames.

The joint work with Holighaus, et. al. [65] extends the results in [89] concerning
the constant-Q nonstationary Gabor transform. By introducing a preprocessing step
of slicing the signal into pieces of finite length, thus the name “sliced constant-Q
transform” or sliCQ, the resulting algorithm allows for real-time processing.
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The CQ-NSGT coefficients of the Glockenspiel signal were weighted
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Additional work in applications include that of the joint work with Holzapfel,
et. al. [66] wherein a nonstationary Gabor transform was used in beat tracking in
music signals that produced statistically significant improvements on a large dataset.
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Necciari, et. al. [81] applied the frequency side nonstationary Gabor transform with
windows equidistantly spaced on the psychoacoustic “ERB” frequency scale, obtain-
ing perfect reconstruction using fast iterative methods.

Following the results on nonstationary Gabor frames, Wiesmeyr [93] applied a
warping of the frequency axis to obtain a transform given a desired frequency scaling.
The resulting continuous warped transform is a generalization of the continuous STFT
and wavelet transform.
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