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1 Introduction

The Einstein equations, which provide the basis of general relativity, do not fall
into a class of partial differential equations (PDEs) for which well-posedness re-
sults are known. However, they are tensorial equations which implies coordinate-
independence and therefore leads to a great amount of gauge freedom. Because of
this freedom one cannot expect solutions to be unique but rather uniqueness of them
up to gauge-invariance.

Now, due to the fundamental work of Choquet-Bruhat in the 1950’s [5] we know
that imposing a harmonic gauge condition on the coordinates removes the disturb-
ing degrees of freedom and splits the Einstein equations into a system of hyperbolic
wave equations, so-called evolution equations, and a system of constraint equations,
which are propagated by the evolution equations. For these evolution equations,
which are hyperbolic equations, in turn well-posedness results are available.

As we are interested in characteristic hypersurfaces in this thesis we are going to
restrict ourselves here to those aspects and note that for the characteristic Cauchy
problem the constraint equations can be read as a system of ordinary differential
equations (ODEs), which are quite easy to handle. For a more detailed discussion
see e.g. [8] and references therein.

2 Preliminaries

2.1 Wave-map gauge

In order to split the Einstein equations into constraint and evolution equations
as mentioned above we impose the generalized wave-map gauge [2, 6], which is
characterized by the vanishing of the generalized wave-gauge vector

H*=0, (2.1)
which is defined as
H* =T -V, where V}:=T"4+W?*, I':= gaﬂfgﬁ , M= go‘ﬂf‘éﬁ. (2.2)

This gauge is a generalization of the classical harmonic gauge by Choquet-Bruhat.
It was modified by Friedrich [6] who added the gauge source functions W =
WA (2, guv) which bring crucial flexibility in the characteristic case. These vec-
tor fields can be freely specified and are allowed to depend upon the coordinates
chosen and the metric itself, but not upon derivatives thereof. In (2.2) and in what
follows we decorate objects associated with some target metric § with the hat symbol

[15am}]

2.2 Characteristic surfaces, adapted null coordinates and assump-
tions on the metric

As mentioned previously in this thesis we are interested in null hypersurfaces which
are also called characteristic surfaces and problems restricted to them. It is natural
to think of a (future) light-cone with a single point in space-time as vertex but
we do not restrict ourselves to this case and will therefore generally talk about



characteristic surfaces which we denote by 4.

In order to treat our problem effectively we introduce coordinates adapted to the
characteristic surface called adapted null coordinates (z° = u, z* = r, z4), A €
{2,3} 1. The coordinate r > r(, where we accommodate a vertex at 7 = r( possibly
different from zero, parametrizes the null geodesics issuing from ry and generating
the null hypersurface which is characterized by {u = 0}. The z%’s on the other
hand are local coordinates on the level sets {u = 0,7 = const.}. The trace of the
metric on the characteristic surface can then be written as (we will interchangeably
use ¥ and u)

g =9, dz"dz" = Too(du)? + 2updudr + 2vxdudz? + g, (2.3)
where we use the definitions

Vo :=TGors VA:=0oa, 0J:= §A3d$Ada?B ) (2.4)

Here and throughout this thesis we use an overline to denote the restriction of a
space-time object to 4.

In the spirit of the analysis in [4, leading towards Equation (26) there| we assume
that we have given a metric § and an affine parameter, which will be denoted by 7,
such that, for r large,

gaB = hapr?® + (Gap)_17+ (GaB)y + 0(7“_1) ) (2.5)

where we use the symbol h to denote the standard metric on the respective boundary
manifold, e.g. a two-sphere or a torus, and (G45)_; = (Gag)_; (z%), i € N, are some
smooth tensors on that manifold. Further the O(r~!) terms remain O(r~!) under
x%-differentiation, and become O(r~2) under r-differentiation.

Note that the restriction of the inverse metric to .4 takes the form

7" = 20°0,0, + 770,80, + 29"18,04 + g POA05, (2.6)
where G472 is the inverse of § 45 and

1 _ _ _ 2 _
= §0r — 70’ grA — —I/OI/A — —l/OgABI/B, gfrr — (I/O) (I/AVA _ gOO) ) (27)

I/O

Next, we note that the null second fundamental form of .4 is intrinsically defined
and does not depend on transverse derivatives of the metric. In adapted null coor-

dinates it reads 1

XAB = iargAB- (2.8)
The expansion, also called divergence, of the characteristic surface will be denoted
by
7:=xa" =5 Pxan, (2.9)
while the trace-free part of the null second fundamental form

1
(TAB:XAB—iT(SAB (2.10)

!Here we have assumed space-time dimension n + 1 = 4 which will be the case of interest in the
present work. Note that we have, for arbitrary space-time dimension n+1> 3, A € {2,...,n}



is called the shear of 4.

The constraint equations for the characteristic problem which are propagated by
the evolution equations are called Einstein wave-map gauge constraints. They are
derived, in arbitrary space-time dimension n + 1 > 3, in [2] and we have added the
contribution from the cosmological constant A:?

1 _
(O —R) 7+ — 172 = —|o|* - 87T}, (2.11)
8r—|—§7'—|—/£ v o= _§V ) (2.12)
. -2 _
O +7)6a=2VpoB — 2" 20,7 — 204k — 167T 4, 2.13
n—1

1 — 1 .

<ar + 2u0V0> v = 50 (VA -4 —g5T30) . (2.14)

1 . . — —
(O +748) ¢ = Sl = Vag" = Rt-87 (5" Tup —T) 420, (2.15)

=:S

<6T + %7’ - n) 7" = lg -V, (2.16)

[\)

where
o? == aoaPop?, | =g Peutp, €=, T:=9"T,, (2.17)

and objects associated with the one-parameter family of Riemannian metrics § are
decorated with the check symbol “””. In the case of rp = 0 one needs boundary
conditions to integrate (2.11)-(2.16), which follow from regularity conditions at the
tip of the light-cone, see [2, Section 4.5].

The function « is defined through the equation

Vo, 0p = 10, (2.18)

and reflects the freedom to choose the coordinate r which parametrizes the null
geodesic generators of 4. The “auxiliary” fields £4 and ¢ have been introduced to
transform (2.11)-(2.16) into first-order equations. &4 = —2I, represents connec-
tion coefficients, while the ¢ is the divergence of the family of suitably normalized
null generators normal to the spheres of constant radius r and transverse to the
characteristic surface. In coordinates adapted to the light-cone as in [2] the space-
time formula for ¢ reads (compare [2, Equations (10.32) and (10.36)]; note, however,
that there is a term 7g'!/2 missing at the right-hand side of the second equality in
(10.36) there)

¢ = (20, 4+ 26+ 7)g" + 21" = 262 P s + 79" (2.19)

2.3 Trautman-Bondi mass

In general relativity the concept of energy and finding a reasonable definition of it is
an involved problem owing to the fact that the gravitational field, i.e. the space-time
itself, contributes to the energy.

2Note that even though we will assume space-time dimension n + 1 = 4 in the remainder of this
work we list the wave-map gauge constraints in their form valid for arbitrary space-time dimensions
n + 1 > 3 here.



One possibility to define a notation of energy, due to Bondi et al. [1, 9, 10], is
to define the mass of an (asymptotically) null or hyperboloidal hypersurface at a
given moment of “retarded time” w at the cross-section M where it intersects null
infinity .# . For this Bondi et al. introduced — in the asymptotically flat case, with
A = 0 — adapted coordinates, which we call Bondi-type coordinates throughout this
thesis. In these coordinates the metric takes the form

g= §00du2 —2e2Pdr du — 2r2U gdz’ du + r* hapda’dz? | (2.20)

_.h
where the determinant of hap is r-independent. Bondi-type coordinates also de-
mand the fields ggg, Ua, B8 and hap to fulfill certain asymptotic conditions. If this
is the case we will decorate all fields and coordinates with a symbol “Bo” 3 . In the

asymptotically flat case, with A = 0, and in space-time dimension n + 1 = 4 the
Trautman-Bondi mass is then defined as

mrTB = / Md,uh, (2.21)

where? dupj, = 4/ det fOLAdezdw3, and where M denotes the mass aspect function
M : M — R which is defined as half the coefficient (ﬁ(]?é’)l (compare, e.g., [1, 9]):

M = — (g68), - (2.22)

(NN

Here (951 denotes the coefficient in front of 1/7% in an asymptotic expansion of
g&° for large r:

+o(r1).

Y
900 :_1+(07?)

Since we are interested in asymptotically Anti-de Sitter space-times, i.e. A < 0,
we need an analogue of the Trautman-Bondi mass in this setup. We will assume that
our data arise from a space-time with a smooth conformal completion at null 1nﬁn1ty
# 7+, and that the characteristic surface intersects .# T in a smooth cross-section M.

Con51der, now, characteristic data in Bondi-type coordinates which may only be
defined for large values of .. The space-time metric on .4 = {uB° = 0} can then
be written as

=7 OduBo + 21/0 °dupodrpo + 21/A duBOd:L'BO + g5, (2.23)

and assuming the same asymptotic conditions as Bondi et al. leads to [8, Equa-
tions (5.16)]°
0 2-Bo

A . 8
rgljgoo vg, =0, TBI:gOO Vg, =1, TBIC}EOO (rpegap) = hab . (2.24)

3Note that the transformation from the affine parameter r, we described in Section 2.2, to 7B
is given by (see [4, Equation (51) there]) the equation rgo =7 — 72/2 + O(r~1).

4Bondi et al. introduced this formalism in the asymptotically flat case, where ;LAB = sap, the
standard metric on S?. In anticipation of other boundary topologies, e.g. a torus, we will use the
symbol h to denote the respective standard metric on that manifold.

5Note that the sign of ©° can be reversed by changing u to —u, which only changes the sign of
o and v4 in the metric, with no influence on the mass.



Note that the boundary conditions on V‘é‘o and V]%o are necessary to determine the

“global integration function” arising when solving the constraint equations (see Sec-
tion 4). For the sake of generality we will allow general (y‘éo) (zP) and (VBO) (zB)
when solving the respective constraint equations and calculating the first expression
for the mass aspect function M in Section 5, cf. (5.6), but we will not do so when
calculating our final formulae for the Trautman-Bondi mass mrp.

Further we will assume the definition of the Trautman-Bondi mass remaining
to be given by (2.21) while the leading order of the asymptotic expansion of §0B5’
will change. This expansion can be calculated using the third equation in (2.7) in
Bondi-type coordinates

EOB(? - gABygoygo - ( BO)29%T0 (225)
The expansions of the fields entering in this equation in turn can be obtained using
the asymptotic conditions (2.24) and integrating the Einstein wave-map gauge con-
straints (2.11)-(2.16) in Bondi-type coordinates. We note that the Raychaudhuri
equation (2.11) determines 7 up to a global integration function 75(z*)/r? which,
however, has a gauge character and vanishes in Bondi-type coordinates. We stress
that it is not zero anymore, and indeed globally defined by the initial data, when
an affine parametrization is used.

To integrate the wave-map gauge constraints (2.11)-(2.16) one also needs the

components V#, which are determined by the wave-map gauge (2.1)-(2.2). We
have, in adapted null coordinates [2, Appendix A, Equations (A.29)-(A.31)],

I = QMTA;L =0 (V080911 -7), (2.26)
_ _ 1
T = g)‘“I‘iu = — ot + g0 (260911 — 01y — 7'1/0>
- 1
+ VOEABVBVA — §V0§A3809AB . (2.27)
I = A“FM =194 (7‘ — uﬂaogu) + yogAB(aogm + O1vp — OBly)
— 208\ gt + T4, (2.28)

Now, from the restriction to .47, of (2.1) and the first equation of (2.2) one finds
that the choice of the target metric only redefines the fields I* and WH entering in
the definition of V# = I* + W* without changing V* itself. We stress that only V#
enters in the Einstein wave-map gauge constraint equations and therefore only the
explicit form of those fields is relevant in the equations of interest to us.

We will derive the asymptotic expansions of all relevant fields in Bondi-type
coordinates on the characteristic surface, as it is in those coordinates that the cal-
culations appear to be simplest. Writing interchangeably r and rp,, we then have
[8, Equation (5.5)]

(PBO =TBo, 809]30 =Y, 8091132 = 07 gBo 809,43 = 07 (229)
where @ is defined by ™ = 29, log ¢, as well as
vV, = 758, , (2.30)
V = 7CD (FBO)CD — VBOVAI/O + I/BO (87"130 BO) Vé‘o , (2.31)
Bo = VBoValho = (Org, + 70 + 301, 145°°) G - (2.32)



As mentioned previously the Einstein wave-map gauge constraints form a hierarchi-
cal system of ODEs along the null generators of the characteristic surface and can
therefore be solved step-by-step.

3 Matter terms

In this section we analyze the influence of the matter fields on the asymptotic ex-
pansion of the metric in Bondi-type coordinates. Our aim is to determine the decay
rate of the energy-momentum tensor which is compatible with finite total mass. The
decay rates for various components of the energy-momentum tensor have been cho-
sen so that they do not affect the leading-order behavior, as arising in the vacuum
case, of the solutions of the equations in which they appear.

For the convenience of the reader we repeat here the relevant equations in Bondi-
type gauge (see [8, Equations (5.11)-(5.15)] with the contribution from the cosmo-
logical constant A added here), with r = rp,:

1 __

KBO — 3" (JoB°? + 87T1°) = 0, (3.1)
(O + 5(Io™ + 82T)° = 0, (3.2)
(0r + 77040 = 2V pa°P + 0470 +10a(|0™) + 87Ty0) = —167T7%,  (3.3)
O, + (VA + &8 )vg° = 0, (34)

(a —I—TBO+C(‘UBO‘Q—FST('TBO))CBO—FRBO— |§BO|2 +V §A —

T 2 rr 2 ASBo —
8 (gaPTRY — TB°) + 24, (3.5)

sBo

o + (T70) 7P — 203,V arg,) = 0. (3.6)

To simplify notation we will again drop the index “Bo” in the remainder of this
section.
In Bondi-type coordinates, the relation

2
T=-
r

is independent of matter fields.

It follows from (3.1), which can be solved algebraically for x in Bondi-type
coordinates, that a term O(r=%) in T}, with o, > 2 produces an O(r~®*1) term
in k (see also the discussion in Section 4.1 and Equation (4.4)):

T =00~ "), app > 2 = K = (K)vacuum + O(r~2 1), (3.7)
Next, from (3.2) we find
V0 = (°)vacuum + O(r~ 7 F?). (3.8)
In the &4-constraint equation (3.3), the assumption

Toa = O(r AT 4 Lo, 44 o, (3.9)



leads to
EA = (gA)vacuum + O(T_aNH_z) + O(T'_OCTT—FQ) s (310)

where the values a4 = 4 and «, = 4 have been excluded to avoid here a supple-
mentary annoying discussion of logarithmic terms (we will discuss such terms in our
more detailed analysis below):

arpa=40r apr =4: €4 = (E4)vacuum + O(r 412 L O(r~ 22 L O(r2logr).

(3.11)

From now on we assume (3.9). To preserve the vacuum asymptotics £4 = O(r~1)
we will moreover require

Qppr >3, Qpg > 3. (3.12)

(Anticipating, we have excluded the case a,, = 3, which introduces 1/r terms in v/,

which lead subsequently to logarithmically divergent terms in v*. We further note
that o, 4 = 3 will produce an additional (£%°)1-term that would not integrate away
in m7p and would remain as a (T29)s-term in the final formula.)

Integration of (3.4) gives

v = (" )vacuum + O(r~ 4 %) 4 O(r~ ot
= va = (Va)vacuum + O(r~ 4 F3) 4 O(r~rrF3) (3.13)

Finally, the asymptotic behavior £4 = O(r~!) together with (3.5) and (3.6) show
that: a term O(r~%%) in S with ag < 2 would change the leading order behavior
of (; ag = 2 would change the leading order term of (; ag = 3 would lead to a
logarithmic term in (. This leads to

S=0(r"), ag >3, ap #5,
= (= (¢)vacuum + O(T_as—H) + O<7'_OCTA+1) + O(r—arﬁ—fﬂ) ) (3.14)
grr _ (grr>vacuum + O(T_O‘S+2) + O(T_O‘TA+2) T O(,’A_Oérr+4)’ (3'15)

Bo ~Bo

and note that a factor 72 in the O(r=%+*3) terms in ¢ arises from the 47rT5

term in (3.5), taking into account the 2Ar/3 leading behavior of (.
We conclude that the leading order of all quantities of interest will be preserved
if we assume that
Qpr >3, app >3, ag > 3. (3.16)

Keeping in mind our main assumptions, that all fields can be expanded in terms of
inverse powers of r to the order needed to perform our expansions, possibly with
some logarithmic coefficients, we will allow below matter fields for which (3.16)
holds.

4 Solving the characteristic wave-map gauge constraints
asymptotically

It was shown in [7] that it is possible to solve the Einstein wave-map gauge con-
straints (2.11)-(2.16) in terms of polyhomogeneous expansions of the solution at
infinity, i.e., expansions in terms of inverse powers of r and of powers of logr. Our
goal is to obtain an expression for the Trautman-Bondi mass which is defined via an



expansion coefficient in Bondi-type coordinates, hence we will solve the equations
in those coordinates®.

For the convenience of the reader we stress that one would need boundary conditions
on v and zx‘go, cf. (2.24), to determine arising global integration functions when
solving the respective constraint equations. To keep track of the influence of those
integration functions we will not assume any boundary conditions for the moment
and will apply them later.

We assume that for large r

o3 = (047) e + (04°7) 3 o + O(7h,) - (4.1)

Recall further the results of section 3 because of which we allow energy-momentum

tensors satisfying
TE’TO = O(r]gé) , T]Ej = O(rgg’) , gﬁf?ﬁ% —TBo — (’)(ng) (4.2)

in what follows. Note that the third equation in (4.2) includes the case we excluded
in Section 3 previously and will lead to a logarithmic term in the asymptotic expan-
sion of ¢. This term however will be of the order logrg,/ T%O and will not influence
our result for the Trautman-Bondi mass. It is accounted for in the correction term
in (4.17). An analog statement holds for the fall-off behavior and the correction
term in Equation (6.5) in affine coordinates, denoted by (u,r,z4).

When solving the wave-map gauge constraints we keep in mind that we finally
want to determine the expansion coefficient (goBoO)l- This determines how far the
asymptotic expansions of intermediate results need to be calculated explicitly.

4.1 Solving equation (2.11)

The first equation of (2.29) implies 75° = 27“155 and using this one directly finds
from (2.11) in Bondi-type coordinates, cf. (3.1),

1 _
KBO = §TBO (|0B°]2 + 87TT7];)’79) . (4.3)

Note for further reference that this means

(+%), = 3 [l Bus + 87 (T52)

: (4.4)

n+1:|

for the expansion coefficients of kB°, where we have assumed that n is positive.

4.2 Expansion of 13,

Inserting (2.30) and (4.3) into (2.12) in Bondi-type coordinates yields, cf. (3.2),

r _
[&BO + 50l P + &rT}?,?)] W =0, (4.5)

SNote that even though we have given the wave-map gauge constraint equations in Bondi-type
coordinates from [8] in the previous Section we will mention briefly how to obtain them in the
following Subsections.



and from (4.1) we have

Bo|2 Bo|2
ag

; 5, | 5 5

"Bo "Bo rBo

Bo
Lt

o2 = 17 +O(rg]). (4.6)

Using this and (4.2) we find the solution of (4.5)
1 _
o= )y (14 3 [0 +87 (7). ]2
1 _
4 6[|0,Bo|§_1_871' (TPTO) :|’I"BO> +(’)(7‘B0) , (4.7)

where (1/]%0)0 is a global integration function.

4.3 Expansion of £5°

We have 947B° = 0 and obtain
(Orgy + 75°) E5° = 2V o t°F — 204K"° — 16T} (4.8)

for (2.13) in Bondi-type coordinates, cf. (3.3). Using again (4.2), (4.6) as well as [7,
Equations (3.24)-(3.26)]

= o —Bo\ (2 —Bo\ (3
Vool = (2P + (=B P, + 0(r5d), (4.9)
where
=Bo\ (2 v o —Bo\ (3 — o le o
E)F = Ve (08), . E™)N = Vs (0§),+ ;Vale™,  (4.10)

the solution of (4.8) reads

2
TBo

+ =2 L 0(rs?), (4.11)

—Bo — —Bo o mBo 1 o
e = 2(2%) Prgl —2[E™)Y - 0a (™), — 87 (TH9) | 25

3

€B) _

where the coefficients C'; CI(fB )(mc) are global integration functions.

4.4 Expansion of vj,

Equation (2.14) in Bondi-type coordinates does not change due to A being non-zero
and reads, cf. (3.4),
Ory vty = — (4 + €,) v°. (4.12)

Using the solutions we found for 1/ , (4.7) and recall that v3_ = 1/v5°, ¢80 (4.11),
and the fact that G52 is of the form (recall (2.5) and footnote 3 in Section 2.3 where
we stated that rg, =r — 70/2 + O(r~1))

ghl = pABrs2 4 (T85) 450 + O(rpd) (4.13)



we find the solution of (4.12)

vt = (Vi) o + WPV (Bo)y ' 1
5 [0Bo)y AP (), + @), Vi (), ] i
- %ﬁAB (€B)1og.2 loizfo
3|3 B+ (T8E), €01y + 4 (€0~ (082, Vi (),
B (), T (180)5 4 (180) T AP 5 (1), }ng
+O(TB§)

= (o) + 1PV (B0)y

1 . _
| OBa)y Ve (o), + 5 @), ¥ (), |
+ giLAB |:¢A ( BoA) + VB|O'BO|2 ( Bo)3 _ 87 (T§§)3:| IOSJBO
Bo
1

2. o 1. a
-3 !3hAB <—VA (UEOA)?) - §VB|0BO|421 + OB (”Bo)s + 8 (T]TBE)S)

+2(F85); Va (05°), + WP CEY — @85), Vi ()

A (), ¥ ()7 + () AP <VBO>2]@3

+o(rgg) (4.14)

where (l/’éo)o is a global integration function.

4.5 Expansion of (®°
Inserting 72° = 2r5! and (4.3) into (2.15) in Bondi-type coordinates yields, cf. (3.5),

2 o _

(37”130 + — + r]23 (]UB°]2 + 87TT7]:)’7?))CBO =
’6B0|2 77Bo

+ 2 — Vb, + 81 (gAETRY — T™°) + 2A. (4.15)

_ RBO
2

In order to solve this equation we start by defining
¢Po = R0y 4 6¢Po, (4.16)

where C ©, is the solution of (4.15) in the case A = 0. Its asymptotic expansmn is
known ([7, eq. (3.40)] gives the formula in general coordinates for general R, while
[8, eq. (5.23)] the one in Bondi-type coordinates with R = 2) and reads

R

(R = =+ (CR2%), e +0(rpa) (4.17)

10



where (CEEO)Q is a global integration function and R denotes the leading order
coefficient of the asymptotic expansion of R in terms of r, which coincides with the
Ricci scalar of the boundary metric lim,_, o 72 4 gdzdz”. The expansion of 6¢B°
on the other hand can be calculated by subtracting (4.15) from the corresponding
equation in the case A = 0 (keep in mind that it is an equation for (}\320 in this
case), which gives

(Org, + 77° 4+ £5°) 5¢P° =24 (4.18)

This equation can be solved as usual by using (4.2), (4.3) as well as (4.6) and we
end up with

Bo 24 2A(;¢B°)3 2A(/~$B°)4 log (rBo)
6C7° = —TBo — + P
3 3TBo 3 "Bo
§ Bo
L
"Bo
2A A o —Bo _
= 3BT 3 UUB 3 +87 (T,l?,, )4] ch}
A Bo 2 7B log (TBO)
+ 3 [|0' °l5 +8m (Trro)5] ?
5 Bo
L 74:% )2 to(rs?), (4.19)

where (§¢B°)s is again a global integration function. Summing up the solution of
(4.15) in Bondi-type coordinates reads

2A . 2A _
CBO = ?TBO - (R + 3(“B0)3) TBg

20 g,y logree  (¢70)2 —2
3 (’i )4 T]230 + T}230 + O(TBO)

2A o A _

= —1rp, — <R + 3 [|0B°|i 4 87 (TE;’)A) r]g;

_l’_

3

A _ log r Bo _
PO om0, 25 1 C 2 o) wa)
rBo TBO

and we have combined the two integration functions (6¢5°)y and (CEiO)Q into (¢B°).

4.6 Analyzing equation (2.16)

Inserting (2.32) into (2.16) in Bondi-type coordinates and keeping in mind that, by
(4.5), Opp V3, = —kB° one finds, cf. (3.6),

5o + (77°) 71 (P = 208,V args,) = 0 (4.21)

for (2.16) in Bondi-type coordinates and we note that this is an algebraic equation
for gp,. Inserting the asymptotic expansions (4.7), (4.14) and (4.20) we found for

11



VI%O, Véo and (P° respectively we obtain the asymptotic expansion

A R A A 10g B0
grBro — _57‘1230 -+ (VBo) VA (l/élo) TBo + (2 + § (KBO)3> o §(I%Bo)élogi

TBo

. 1
+ <(V]%o)0 [VA (V§0)2 + (VBO) VA (Vﬁo) } - 2(CB0)2> TBo + O(TBg) ’
(4.22)
where, as before, R is the Ricci scalar of the boundary metric lim, oo 727 A deAde

and V A is the respective covariant derivative. Here we kept the expression quite
general to keep it as clear as possible.

5 The Trautman-Bondi mass in Bondi-type coordinates
We return to (2.25), which we repeat here for convenience of the reader,
906 = TanVboVio — (1°)THo » (5.1)
and we note again (cf. (4.13)) that g42 is of the form
ae = DPrp2 + (G82) 3 a0 + O(rpa) - (5.2)

Using this and (4.22) leads us to

g — (h U)o () — (1) <gg;>2)r%o @) (), (V) e

o [ (Be)o ! (GHa)o + 2 @8 (),

log rBo
TBo

(
(o) [2has (v), + (F55), (vEa),
) 1
)

-2,
0 (g%To)log,l

(8o [2han () + 2 @5%) -, (o), + @5), (vBe), |
= (Bo)y " | (o) (@) + 2 (FHo)_y (48°), +2 (FHo) s (vé%)g})rBé
+o(rg,) (5.3)
where we can directly read off an expression for M:
(900)

(0o 22 (), +2 5), (), + (0%, (2), ]

- 0he)a (OB )+ 2 @)y 08, + 2(08e) - (4°), )

M :=

l\')\l—‘[\D\H

12



Now, using that v5° = 1/v8  (cf. (2.7)) and (4.7), we have
= )" (1 o) = Oh)yad ) + O)
= (ho)s (1 - —[|0B°|4+8 (TE), |52
o [\UBO@ + 87 (TB), }TBO) +0(r5d). (5.5)

Inserting this and the expansion coefficients of g, and V‘éo we calculated before
M reads
1
M = (v8,)y [han (vB)y + (@5) , (L), + 5 @53), (E0), |
— (Bo)y ' 5 (vA )y — 5 (€% + T (vgh), [l™ + 87 (T22), ]

+ (1/]%0)(;1 1 “UBO% + 87 (TT],BTO)E)}) DUBO\Z + 87 (TTB;’)ZJ@A (1/’30)0

(5.6)

oo\}—‘

We return, now, to the definition of the Trautman-Bondi mass, (2.21), and assume
in the remainder of the present work that the boundary conditions on v/ and z/ﬁo,

introduced in (2.24), hold. For the convenience of the reader we repeat them here:

lim v, =0, lim 3, =1.

TBo—0Q TBo—>0Q

With these boundary conditions and using the fact that the remaining divergence
term in (5.6) will integrate out to zero we find

1 Bo A Bo
mrTB = 161 (C )2 dpj, + 1on / (Vo )3 dpj,
1 B A B 7B

6 The Trautman-Bondi mass expressed through char-
acteristic data

To continue, we want to relate the fields occurring in Bondi-type coordinates to
their representation in coordinates where r is an affine parameter along the radial
null outgoing geodesics of g. We start with (¢B°)y and follow the argumentation in
[4, leading to Equation (51) there|, which we repeat here for the convenience of the
reader,

TBo =T — %—i—@(ril). (6.1)

13



For ¢, as given by the space-time formula (2.19), we then find the following trans-

formation formulae:
2

G = (6.2)

(e} —Bo BO TBo 0\T"BoTBo
¢Po = 2(gP) BT B + 7Po(ghe) e
_ 2(7B0)AB(8TBO oz’ O =k Orgo 0?r )
- Y 0a* 0z 0xB Y or Oxp ozk

TBO(TBO) —

or 0rgo OrBo Y
87“]30 oxt Oz
0% _ag0Orpo Or Or . §A38TBO or 0Or —¢o
or dxf 9xB 026 39530\%

87“BoC + 27AB aaTBoFC + 29 YAB 88 = I/OI/C
or or or or or
—AB Y"Bo —ABY"Bo —ABY"Bo C
2719
8r(‘)B§+ 914 028 0 9aC 92k A
anOrg,  0%r or Orgo 87”130
9 AB —AB
+eg or &céoamgo T 67“]30 OxA OxB
_ 8TBOC+ 28TBOA r + O(TBO) , (63)

or

where Aj is the Laplace operator of the two-dimensional metric g4 Bdazéodxgo.

To continue we need the asymptotic expansion of { and therefore solve the
respective constraint equation (2.15). Note that we have already done this in Bondi-
type coordinates, but we also need the result in affine coordinates.

We begin with the same procedure as in Section 4.5 and define

¢ = Ca=0 + G, (6.4)

where (p—o is the solution of (2.15) in the case A = 0. Its asymptotic expansion is
known and reads [7, Equation (3.40)]

CA=0 = —g + (Ca=0)yr? +0(r?), (6.5)

with ((a—o), being a global integration function. We assume that the relevant fields
satisfy analog fall-off behavior in affine coordinate r as we assumed in Bondi-type
coordinate rp, (cf. Equations (4.1) and (4.2)). The equation for §¢ reads

(O + 7+ K)IC =2A. (6.6)

From now on we choose the coordinate r so that x = 0. We start by solving the
Raychaudhuri equation (2.11) in this gauge and obtain the expansion of 7

T:2+ +—+ O

2 ["7’4 + SF(T”)AJ + 73
- + 2 + B 973 B
2 “U% + 87T(Trr)5] + 27 [’a|12l + 87T(T7'7')4] + 7-23

4r4

+0(r7°), (6.7)

14



where 75 is a global integration function and |o|? are the expansion coefficients of

jof?
MQJ%+EE+M 6. (6.8)
Using (6.7) we find from (6.6)
Ty — 273 3m7m3 — 75 — 274 logr
=A==
(= < 3 3 +- 3r 3 72
+§+d2% (6.9)

where d(2 is again a global integration function. Summing up and combining the
two integration functions ({a—g)2 and d(s into (2 the solution of (2.15) reads

2A Amy (R n A(27‘3 — 7'22) ) 1

(=3 3
A (3727'3 — 7'23 — 27'4) logr (s 9
3 r2+ﬁ+qr). (6.10)

Using this and the asymptotic expansion of Azr (compare [4, Equation (51)])

Agr =S 4 0() (6.11)
and expressing (6.3) in terms of 7, one obtains
(P2 =G+ };7’2 + A 72
+% (_aBO\ngzw (TP _{_7_2[|0'|4—{—87T(T )4}) ) (6.12)
(6.13)

A<27'2|:‘0"4 + 87 (Trr) } - |J|§> .

Clog 2=
Inserting (6.12) into (5.6) and using the boundary conditions on v and v4,, intro-

duced in (2.24), we find
M = ! (CQ + RTQ +A; 7'2) - %ﬁA (VEO)O
A Bo |2 8 TBO 2 8 T
75 |U |5+ 7T( rr)577—2[|0-|4+ ﬂ-( TT‘)4] .

Bo|2 t0 insert explicit expressions

(6.14)

We now calculate the expansions of |o|? and |o
for the coefficients occurring in M. For |o|? one obviously has

2 2

o = T 195 4 o)
B A B A

(04"), (o5 )2+2(UA ), (08%), +0(r %), (6.15)

rd ro

15



and performing a coordinate transformation and replacing the dependence on r with
TBo We obtain

Boj2 _ (UAB)Q (UBA)Q (UAB)Q (UBA)S ~ (UAB)Q (JBA)Q 72

|o +2
"B "Bo
+0(rgy)
olf | |ol3 = 2|o[im 6
=gt 0(rg) (6.16)
Bo Bo

Therefore we end up with the following formula for the mass aspect expressed
through characteristic data

1 R lea, B
M = Z (CQ“‘ 272+Aib7'2> — §V (I/AO)O

A = .
T (Tz {3""421 T 8”(Trr)4} ~ |03 — 87 (T§r°)5> - (6.17)

Using again the definition of the Trautman-Bondi mass and bearing in mind that
the divergence terms will vanish when integrating over M we find

- ¢+é d
mTB—167T o 2 27'2 K,

A = —
187 )y (Tz [3|0|i + 87r(Trr)4} —|o]2 - 8x (TE’TO)5> duj . (6.18)

7 The Trautman-Bondi mass expressed in explicit geo-
metric terms

We are ready to prove our final formula for the Trautman-Bondi mass, which will
be in terms of geometric fields defined on a characteristic surface parametrized by
an affine parameter r ranging from r( to infinity. In the case of a light-cone we take
ro = 0, but we allow non-zero ry to cover other situations of interest.

We first note the asymptotic expansion of y/det gap for large r, which is obtained

by using the considerations in [7, leading to equation (3.13) there] and our result
for the expansion of 7, (6.7):

% = 2|03 + 87(T,) |

detgap = TQ\/detiLAB 1-— k2 +
r 4r2

279 [\oﬁ + 877(Tr7“)4] - [‘U’g + 877(TTT)5]

613

- C’)(r_4)> . (7.1)

+
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Using this, duy = v/det gapdr®dx® and the expansion (6.10) of ¢ we find

2A .
/n Cdpg = ?rg’ / duj, —Ar? / Todpj, — r/v Rdy;,
M M M M

=i, (M)

e [ (o8 + 87T - 578 ) oy

M

A _ _
-3 logr/o <[|a|§ + 87r(TW=)5} — 2[|U|Z + 87T(T,~T)4:| 7'2>d#;‘}
M

o A
+/c |:4-2+R7'2i|dul"1—12/u Tg’d%
M M

LA (1972 [\aﬁ + SW(TTT)J - 2[|a\§ + 87T(TW)5Ddu;l +o(1).

18 Jar
(7.2)

From (2.15) with k = 0 and the Gauss—Bonnet theorem we have,

o 1
[ @+ iy = a4 [ (GleP+8)dugt2n [ ang. 13

M

where x(M) is the Euler characteristic of M. The integral in the last term of that
equation is the area of the constant-r sections of .4, and we define the volume
function V (r) to be its integral

V(r) = / ;0 d‘gfj)df:: / ;0 /M Ay dF. (7.4)

With that and using 9,v/det gap = 7v/det gap we find

_ o av(r) 1 9 )
o, [ cang = —amxi) + 20k [ (Gl 45 )dng. (1)

which we can integrate in r starting from r = rg

r—00 M

o > 1
= lim / Cdpg + 4mx(M)ro + / / <|€|2 + S) dpgdr . (7.6)
=10 J pp r=rg J M 2

We leave the symbol lim,_,,, in the last equation to accommodate a vertex at r = 7o,
where ( is singular, but note that light-surfaces emanating from smooth space co-
dimension-two submanifolds will also be of interest to us. One needs to make sure
to use appropriate boundary conditions for the lower bound of the integration de-
pending on what kind of characteristic surface is studied. In the case of a light-cone,
i.e. 7o = 0, for example the necessary boundary conditions follow from regularity at
the tip of the cone as has been discussed in [2, Section 4.5].

When the first term in the last line vanishes, we can infer non-negativity of the
left-hand side by assuming the dominant energy condition for non-vanishing matter
fields. This condition implies then [&]

lim < / Cdpg + Amx (M)r — 2AV(r)>

S :=8rg BT g —T >0 (7.7)
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which means that the right-hand side of (7.6) is manifestly non-negative. Further-
more it is reasonable to assume that it does not diverge from which we can deduce,
keeping (7.6) in mind, that the divergent terms in 2AV (r) and 4wy (M)r need to
cancel those in the expression on the right-hand side of (7.2) exactly. To make this
precise we continue by calculating an explicit expression for the volume function

V(r). We start by using again (7.1) and find

av(r o
di ) :/D dpg = r*pj,(M) —7“/0 Todpj,
M M

1 1 _
+ 3 /M (2722 — [|0!i + 87T<T7«T)4]> dps,

va /| (2[ra|i +8(Ty), |- [lol2 + sﬂ(Tw)SDd%
+0(r?). (7.8)

It follows that there exist constants so that the function V(r) has an asymptotic
expansion of the form

1 :
V(r) = 3ru(M) + Voor® + Voar + Vigglogr + Vo + Vir ™ + O(r ™).

We define the renormalized volume Vien as “the finite left-over in the expansion”:
Vien i =W

One can think of Vie, as the global integration function arising from integrating the
equation for dV/dr.
Integrating (7.8) we obtain in fact

2 o
—2AV(r)=A| — §r3“ﬂ(M) +r? /M Todj,

+ r/M <[ya|i +87(To), | - ;g) du;
+ ;logr/M ([Mg + 87T(Tm~)4] — 2[|o—|?1 + 871'(?”)4} TQ) d“fl]

—2AV;en + O(r7 1)
(030 (3))mon -2
+ T/J\Z ([\a!i + 877(77«7«)4}) dpj,

+ élogr /M ([Mg + 87T(Trr)4:| -2 [|U|Z + 87r(TM)4} Tg)duﬁ]
+0(r 1), (7.9)
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1 _ _
+ 6 logr/o <[|a|§ + STF(TN)5:| -2 [laﬁ + 87T(Tm~)4} 7'2) d,u;L] .
M
(7.10)
Now, by (7.6) and using (7.2) and (7.9),

lim ( /M Cdpg + 4mx (M)r — 2AV(r)> =

r—00
= lim (— r/ﬂ ]-Eidu,; + dmx (M > E g’duﬁ
M

=00

+% M<19r2[lali+87r(T )} [ya|5+87r(T )Dd”i‘

+ [ (Gt ) iy~ 2AVien

o > 1
= lim/ Cdug—l—llwx(M)ro—i-/ / <\§|2+S> dpgdr.  (7.11)
=70 JMp r=rq J M 2

Next we rewrite (6.18) as

: R
16mmrg = / (CZ + RTg)du;L — / 57'261/%
M M
A - _
+3 / <rg [3\0!2+87T(TM)4} — o2 —8n (T}?ﬁ)s)duﬁ, (7.12)
M

and find, by (7.11) and (7.12), using [y, Rdu; = 4mx (M),

o > 1
16mmrp = lim/ Cdug+47rx(M)r0-|—/ / <|§|2+S> dpgdr
T=To J pp r=rg J M 2

R A
- / TQd/«Lh + 2AVien + — 12 / d:uh
M

A T S—
/. <19¢2[Iali +87(Ty), ] - 2|l +87T(TTT)5Dd,u;L
+§ / <T2 [3\0\Z+87T(Trr)4] — |o|2 — 87 (TE°) 5>d (7.13)
M

= ll)m/ Cdpg + 4mx (M r0+/ / ( |§|2—|—S> dpgdr
r—ro

A
- / 572dﬂfb + 2AVien + E / 7—23d:u’h
M M
A

Al <7’2[|a|i+1047r(Tw)4} +2[2|a!§—87r(7rr)5]
18 /i

+487 (T)., > dp;, - (7.14)
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We continue with a generalisation of the arguments leading to equation (43)
in [4]. Indeed, we allow the case 79 # 0. Next, for further reference, we allow
an asymptotic behaviour for small r for light-cones emanating from a submanifold
of general space co-dimension m, and not only a light-cone. Finally the following
calculations, up to the resulting expansion of 7, (7.23), are performed for arbitrary
space-time dimensions n + 1 > 3.

First we note (recall (6.7)),

n—1

" + % + (9(7‘_3) ,  for large r ; (7.15a)

m—1

+0(1), for small r . (7.15b)

T
Here the behaviour for small 7 is the one which occurs when the set {r = 0} has
space co-dimension m (e.g., m = n for a light-cone emanating from a point). If

ro > 0 we assume that 7 is smooth up-to-boundary when r = rg is approached.

Next, let
n—1
= . 7.16
T . (7.16)

(This is the value of 7 for a light-cone in Minkowski space-time.) Let 7 :=7 — 7
denote the deviation of 7 from the Minkowskian value, then

:—3 + O(r_g) , for large r ; (7.17a)
0T = ¢ 1 —

oy O(1),  for small r | (7.17b)

r

From the Raychaudhuri equation (2.11) with k = 0 one finds that 7 satisfies the
equation

dot oT 2 9 —
= + o7 <n 1 + r) = —|o|* = 8rT,, . (7.18)
Defining now ® := r2¥, (7.18) is equivalent to
1d(®or) 2 —=
= — —Jof? — 8T, 1
3 lo|* — 8w (7.19)

if and only if
1dd oT 2
—== = . 2
Sddr n-1 + r (7.20)

This gives, by (7.17), the following three equivalent expressions for the function W:

exp < — (s s, %) ds + Cl(mA)) ; (7.21a)
U(r,z?) = { exp </ — (s ) ds + Cy(x )) ; (7.21b)
| e (n ! [& (5,0) = = ”] ds + cg(xf‘)> (7210)

for some functions Ci(xA), where in the middle term we have assumed that rg > 0,
and with the last equality holding when §7(r,z4) ~ (m — n)r~! for small 7, as
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assumed in (7.17b). (Both ® and V¥ are auxiliary functions which are only needed
to derive (7.23) below, and there is some freedom in their definition. In particular
either of the functions C;(z4), i = 1,2,3, can be chosen to be zero if convenient for
a specific problem at hand, and we note that the Cj(xz“)’s cancel out in the final
expression for 7 in any case.) We stress that in the special case of a light-cone —
as it has been the case in [4] — we have m = n and treating the case for small r
separately is not necessary. In this case (7.21b) coincides with (7.21c).
Thus, using 67 = 7 — 7 and (7.16),

exp <—1 ' (T(s,xA) - 1> ds> ; (7.22a)

n—1/J., s

Y(ro.x?) _
\I/(:, zA) (%0) = exp (nil /T”’ (T(S’:EA) _m S— ”) ds) ., (7.22b)

with the last equality holding when 67(r,z4) ~ (m — n)r~—! for small . Note that
both expressions for ¥, (7.21a) and (7.21b), lead to (7.22a).

Integrating (7.19) and using (7.22a), without denoting the dependence on coor-
dinates 4 explicitly in what follows,

=2 w [ (ol SeT ) W

T —ro

and we can directly read off the expression for 75 in space-time dimension n+1 = 4,
which is the case of interest in the present work and which we assume from now on:

7 = — lim [\I/(r)l / ;O <\o(f)]2 +877Trr(7:))\11(f)7:2df]

T—00

—[ lim \y(r)—l} X lim {wm(i —T)’r’2:| : (7.24)

r—00 =70

Returning now to (7.14), inserting the result for 7 we just found, where we use
(7.21b) with Cy(x?) = 0 for all occurrences of ¥(r), and using further

dpg =e” )= Lﬁdiﬂduﬂ (7.25)

we obtain the following formula for the Trautman-Bondi mass mrp of a null hyper-
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surface A = [rg, 00) X M:

mTB—16ﬂ_/ / ( 1)+ S

B A _
5+ l—g(yaﬁ + 1047r(TTr)4)

+ (\0\2 +87rTTr>efroo

1

TT%Qd?) dpgdr
Tlor

. _é A _ 2 oo rT—2 s
+7~15?0(/M [g v (2 + 5 (ya\i + 1047T(TTT)4)> <r - T) oy 5 ]dﬂg)]

3
= dus
Floar Jy, T

A‘/;“en A 1 — =Bo
(3 {2\013 — 8 (TMH + 8 (T5¢ )5> dp;, . (7.26)

4mx(M)rg

81 481

To obtain this equation, it is irrelevant which form of ¥ in (7.21) we take, provided
that the same formula is consistently used throughout. For example, if ¥(r) is given
by (7.21a) with Cy(z4) = 0, then lim,_,, ¥(r) equals one, independently of whether
ro = 0 (so that the null hypersurface is singular at ) or 79 # 0 (in which case the
set {r = ro} has space co-dimension one).

Now, in the special case of a light-cone, where m = n = 3, R=2andry= 0,7
(7.26) simplifies to

mTB—167T/ / < €2+ S

+ [1 + — (|cr\4 + 1047 (T') )] (|a|2 + 87rTM)ef,f’° ;2d> dugdr

4+— T3d . AVien
1927 Sy 2T Ty
A 1 2 T Bo
_4877'(' 1 <3 [2’U|5 — 8 (T”’)5} + 8w (Trr )5) d,ufl . (7.27)

Assuming further a conformally smooth compactification and vacuum, we obtain
the striking identity when A < 0:

A Vien 7
L = ( €12 + [of2el d)du dr
8t 167
Al / 3
1957 M72d,uh. (7.28)

Note that all the terms on the right-hand side are positive for A < 0 when the
dominant energy condition holds, since 79 is then negative.

7 Recall that R = 2 when M is a two-sphere, R =0 for a torus, and R < 0 for higher genus
topologies of . ~ R x M. In the case of a smooth-light cone the cross-sections are spherical for
small r, whence everywhere, so R = 2.
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Abstract

We derive a formula for the Trautman-Bondi mass of smooth, complete null hy-
persurfaces in asymptotically anti-de Sitter space-times. To do so we extend the
analysis in [4], where P. T. Chrusciel and T.-T. Paetz obtained a manifestly positive
formula for the Trautman-Bondi mass of globally smooth, null-geodesically complete
light-cones in asymptotically Minkowskian space-times.

After introducing definitions and known results and techniques we analyze the in-
fluence of matter fields on the asymptotic expansions of the metric in Bondi-type
coordinates. The aim of this discussion is to determine the decay rate of the energy-
momentum tensor which is compatible with finite total mass. Following the wave-
map gauge constraint equations on a null hypersurface are solved in the spirit of [7].
Here one solves a system of ordinary differential equations in terms of polyhomoge-
neous expansions of the solution at infinity. After some technical discussions these
expansions finally lead to our resulting formula.

Zusammenfassung

In dieser Arbeit leiten wir eine Formel fiir die Trautman-Bondi Masse von glatten,
vollstédndigen, nullartigen Hyperflichen in Raumzeiten ab, welche dasselbe asym-
ptotische Verhalten aufweisen wie anti-de Sitter Raumzeiten. Um dies zu bewerk-
stelligen, erweitern wir die Analyse von P. T. Chruéciel und T.-T. Paetz, die in
[4] eine Formel fiir die Trautman-Bondi Masse von global glatten, null-geodétisch
vollstdndigen Licht-Kegeln in Raumzeiten erhalten haben, die dasselbe asymptoti-
sche Verhalten aufweisen wie die Minkowski-Raumzeit.

Wir beginnen damit, Definitionen, bekannte Resultate und Techniken einzufiihren
und diskutieren anschliefend den Einfluss von Materiefeldern auf die asymptotischen
Entwicklungen der Komponenten des Metriktensors in sogennaten Bondi-artigen
Koordinaten. Das Ziel dieser Analyse ist zu bestimmen wie schnell die Komponen-
ten des Energie-Momentum-Tensors, mit zunehmender Entfernung, mindestens ab-
fallen miissen, um eine endliche Gesamtmasse zu erhalten. Im Anschluss daran 16sen
wir, dhnlich wie T.-T. Paetz in [7], die Zwangsgleichungen im Wellenbild auf einer
nullartigen Hyperfliche. Dazu 16st man ein System gewdhnlicher Differentialglei-
chungen in Termen von polyhomogenen Entwicklungen der Lésung im Unendlichen.
Diese Entwicklungen fithren, nach einigen technischen Betrachtungen, schliefflich zu
unserem Ergebnis.
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