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Abstract

The focus of this thesis is on Bounded Arithmetic, which describes a family
of theories in the language Lps = {0, 1,4+, <, L%J |zl #}. Those theories
are often augmented with induction-like schemes for formulas in which all

quantifiers are bounded.

The first part establishes a model-theoretic method to prove conserva-

tion of theories. A theory T is V3-conservative over another theory 7" in the
same language, if all V3-sentences that follow from T also follow from 7".
To achieve the goal of finding the right conditions on theories to obtain con-
servation for all V3-sentences, we introduce the notion of Herbrand-saturated
structures. With such structures we are able to prove the main result of this
chapter: If every Herbrand-saturated model M of a universal theory 7" is
also a model of a theory T' in the same language, then T' is V3-conservative
over T".
As an application of this theorem, we show the following: Let UPV; be the
theory of all true universal sentences in the language consisting of polyno-
mial time functions with Y -oracle in the standard model and let US}(FP;)
be the theory UPV; plus length minimization for strict X°-formulas in that
language. Then US,(FP;) is V3-conservative over UPV,.

The second main topic discussed in this thesis is simulation of propo-

sitional refutations. In this chapter, we develop a method for translating
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first-order sentences into propositional formulas. In order to work in a non-
standard model of arithmetic, we show how we code such formulas as well as
refutations. Further, we introduce a truth formula for codes of propositional
formulas. We show that a bounded sentence is true if and only if the truth
formula states that the code of its propositional translation is true.

Combining all the results, we prove the main theorem of this part: Let ¢
be an unnested sentence in a bigger language than the language of all defin-
able functions and relations in the standard model of arithmetic and let M
be a countable nonstandard model of arithmetic. If the sentence ¢ with all
quantifiers bounded by some nonstandard integer is true in an expansion of
M, then there are no polynomial size refutations of the propositional trans-
lations of ¢. We prove this result by utilizing the previously defined coding

functions and formulas.



Zusammenfassung

Der Schwerpunkt dieser Arbeit ist Bounded Arithmetic. Diese beschreibt eine
Familie von Theorien in der Sprache L4 = {0, L+, <, L%J |zl #}. Solche
Theorien werden oft um ein Induktions-dhnliches Axiomenschema fiir Satze,

bei denen alle Quantoren beschrénkt sind, erweitert.

Im ersten Teil beschreiben wir eine modelltheoretische Methode mit der

wir Konservativitidt von Theorien zeigen konnen. Eine Theorie T ist V3-
konservativ iiber einer Theorie 7" der gleichen Sprache, wenn alle V3-Sétze,
die aus T folgen auch aus 7" folgen. Um die richtigen Anforderungen an Theo-
rien zu finden, sodass wir die V3-Konservativitatseigenschaft erhalten, fiihren
wir Herbrand-saturierte Strukturen ein. Mit solchen zeigen wir anschlieBend
das Haupttheorem dieses Kapitels: Wenn jedes Herbrand-saturierte Modell
einer universellen Theorie 77 auch Modell einer Theorie T" der gleichen Spra-
che ist, dann ist T konservativ iiber 1" fiir V3-Satze.
Als Anwendung dieses Theorems beweisen wir folgendes: Sei UPV; die Theo-
rie aller wahren universellen Sdtze in der Sprache, die aus den Funktio-
nen besteht, die in polynomieller Zeit von einer Turing-Maschine mit ¥*-
Orakel berechenbar sind. Dariiber hinaus sei US}(FP;) die Theorie UPV;
mit zusiitzlicher length minimization fiir strikte 3%-Formeln in dieser Spra-
che. Dann ist UPV; konservativ iiber USy(FP;) fiir V3-Sitze.

Das zweite grole Thema, das in dieser Arbeit behandelt wird, ist die
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Simulation von Widerspruchsbeweisen aussagenlogischer Formeln. In diesem
Kapitel entwickeln wir eine Methode, pradikatenlogische Formeln erster Stu-
fe in aussagenlogische Formeln zu iibersetzen. Um in Nichtstandardmodellen
der Arithmetik arbeiten zu konnen, zeigen wir, wie wir solche Formeln und
Widerspruchsbeweise codieren. Weiters fithren wir eine Wahrheitsformel fiir
Codes aussagenlogischer Formeln ein. Mit dieser zeigen wir, dass ein be-
schrinkt quantifizierter Satz genau dann wahr ist, wenn die Wahrheitsformel
sagt, dass der Code der aussagenlogischen Ubersetzung wahr ist.

Wir wenden diese Resultate an, um das Haupttheorem dieses Kapitels zu be-
weisen: Sei @ ein Satz in einer grofferen Sprache als der Sprache aller definier-
baren Funktionen und Relationen im Standardmodell der Arithmetik und M
ein abzéhlbares Nichtstandardmodell der Arithmetik. Wenn der Satz ¢, bei
dem alle Quantoren durch eine nichtstandard Zahl beschriankt sind, in einer
Expansion von M wahr ist, dann existieren keine polynomiell grolen Wider-
spruchsbeweise der aussagenlogischen Ubersetzungen von . Wir beweisen

dies mit Hilfe der zuvor definierten Codierungs-Funktionen und -Formeln.
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Chapter 1
Preliminaries

In this chapter we revisit some important notions. We assume some basic
knowledge of logic and complexity theory but give the following definitions

as a reminder.

1.1 Logic and arithmetic

We start by giving a reminder on basic concepts in logic and arithmetic. For

more details we refer the reader to [7], [8] and [9].

Definition. A language L is a set of constants, function symbols and relation
symbols. Function symbols and relation symbols have a positive arity, i.e.,

the number of arguments accepted by the function symbol or relation symbol.

Note. In this thesis we use the convention that every language contains at

least one constant.

Definition. Let L be a language and X be a set of variables. We define
Ar ={—,V,A\,¥,3,=,),(} UXUL as the alphabet of the language L.

Definition. Let £ be a language. An L-term is a string over the alphabet
Ap built by the following rules.
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e Fvery variable is an L-term.
e Fvery constant in L is an L-term.

o If f is a function symbol in L with arity r and tq,...,t, are L-terms,
then so is f(t1,...,t.).

Definition. Let L be a language. An L-formula is a string over the alphabet

Ap built by the following rules.
(a) If s and t are L-terms, then s =t is an L-formula.

(b) If R € L is a relation symbol with arity r and t1, ..., t,. are L-terms, then
R(ty,...,t.) is an L-formula.

(c) If ¢ is an L-formula, then —p is an L-formula.
(d) If p1 and @y are L-formulas, then (p1Vps) and (¢1 Aps) are L-formulas.

(e) If ¢ is an L-formula and x is a variable, then Jxp and Yryp are L-
formulas. We call 34 and ¥V quantifiers.

Definition.

o We call L-formulas atomic, if they are derived by only applying rule

(a) or (b).

o [If v is an atomic L-formula or the negation of an atomic L-formula,

we say ¢ 1s an L-literal.

o We say an L-formula is quantifier-free, if it has no quantifiers, i.e., it

is derived by only applying the rules (a)-(d).

Notation. We use the common abbreviation ¢ — 1 for =V where p and
Y are L-formulas in a language L.

Further, we often write \/{o,.. @i or Njcic,vi if ;i (1 < i < 1) are L-
formulas for (- - (1 \/QDQ)\/'T'_)\/QDT) or (- -_-_(901 ANpa) A+ ) Np,.) respectively.
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We also omit parentheses for better readability. If r = 0, we define \/19.9 0y
as L and N\, pi as T,

Notation. We denote tuples of variables with a bar, e.g., T = (x1,...,T,)
forr € N.

Definition. Let L be a language and ¢ be an L-formula. A variable x 1is
called free if it is not in the scope of ¥ or 3. An L-formula without free

variables is called L-sentence or first-order sentence.

Notation. Let t be an L-term and ¢ be an L-formula in a language L. If
we write t(xy,...,x,.) or o(xy,...,x,), we mean that all free variables of t

or ¢ are in {xy,...,x,.}.

Note. We abbreviate Vx (z < t(y) — (2,9, 2)) by Ve < t(y) ¢(x,y,z) and
dr < t(y) p(z,7,2) abbreviates Iz (z < t(y) A ¢(x,7, 2)).

Definition. We say a first-order sentence is universal, if it is of the form
Vo, ..o,z (xy, ..., z)

for an r € N where (x4, ...,x,) is a quantifier-free first-order formula.

We say a first-order sentence is existential, if it is of the form

g, xe Y2, 2y)

for an r € N where (x4, ...,x,) is a quantifier-free first-order formula.

Notation. We abbreviate V1, ...,z ¥(x1,..., ., y) by writing Vz (T, y)
and 31, ..., 2 W(xy, ..., 20, 7) by 3T Y(T, 7).

Definition. Let L be a language. An L-structure M is defined as a pair
M = (M, (SM)ser) such that M is a nonempty set and

o SMc M, if S is a constant,
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o SM:M" = M, if S is a function symbol with arity v, and
o SMC M", if S is a relation symbol with arity r.

We call SM the interpretation of S € £ in M and say M is the universe of
M.

Definition. Let M = (M, (5)sez) be an L-structure for a language L.
Further let t(zy,...,x,) be an L-term and ai,...,a, € M. The inter-
pretation of an L-term in M is defined inductively on the complexity of

(g, ... x):
o Ift(xy,...,x,) is the variable z;, then t"(ay, ..., a,) = a;.
o Ift(xy,...,x,) is a constant c € L, then t"(ay, ..., a,) = M.

o [ft(xy,...,x.) is of the form f(t1(x1,...,2p),... ts(x1, ..., 2)) for L-
terms t; (1 <i<s), then

tM(ay, ..., a,) = M ay, ... a), ..t a1, ... a))).

Note. By the definition above, every term t(xy,...,x,) defines, interpreted
in M, a function t" : M™ — M.

Definition. Let M = (M, (SM)SGE) be an L-structure for a language L.
Assume N C M and N # 0, all interpretations c™ of L-constants ¢ in M
are in N and N is closed under all functions f™. If we restrict the interpre-
tations of the symbols in L on N, we obtain a structure N' = (N, (SN)SGE),

which we call substructure of M.

Definition. Let M = (M, (SM)SGL) be an L-structure for a language L
and let L' be a language such that L C L'. If N = (N, (SN)SEQ) s an
L'-structure such that N = M and SN = SM for all S € L, then we call N

an L'-expansion of M.
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Definition. Let L be a language. A set T of L-sentences is called L-theory.

Definition. Let T be a theory in a language L. A model M of T is an
L-structure such that for all sentences ¢ in T, M = .

Notation. We often do not distinguish between M and its universe M and

write M for both. It should be clear from the context which of them is meant.
Definition. Let L be a language.

o An L-formula ¢ is valid, if it is true in all L-structures. We write

2

o Let T be an L-theory and ¢ an L-sentence. We write T' |= o, if for all
L-models M of T, M |= ¢ also holds.

Definition. Let L be a language and T an L-theory. T is consistent if there
exists a model M of T.

Definition. The structure 9 = (N, 0%, S™ +%1 .2 <) s called the standard
model of arithmetic where N denotes the set of natural numbers, 0" the
integer 0, S™ the successor function, + the addition, - the multiplication

and <™ the less-than relation.

Definition. Let M = (M, (S‘M)Seg) and N = (N, (SN)SGL) be L-structures
for a language L.

e An L-structure homomorphism is a map f: M — N such that

— For every constant ¢ € L, f(cM) = V.

— For every relation symbol R € L with arity r > 0 and every tuple
(ar,...,a,) € M",
if (a1,...,a,) € RM, then (f(a1),..., f(a,)) € RV.

— For every function symbol F € L with arity r > 0 and every tuple
(a,...,a,) € M",
f(FM(ay, ... a,.) = FN(f(a1), ..., fla,)).
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e An elementary embedding is an L-structure homomorphism f : M —
N such that for every L-formula p(x1,...,x,.) and all ay,...,a,. € M,
the following holds

M p(a, ... a.) if and only if N = o(f(ar),. .., f(a,)).

e The structure N is called elementary extension if M C N and the
inclusion map f : M — N is an elementary embedding. It is called a

proper elementary extension, if M C N.

Definition. Let M be a proper elementary extension of the standard model
of arithmetic. We call M a nonstandard model of arithmetic. The elements

of the universe of M which are not in N are called nonstandard integers.

Notation. From now on, we omit "of arithmetic” and refer to the models

defined above as the standard model or nonstandard models.

1.2 Complexity theory

The definitions and results of this sections as well as more details can be
found in [1].

Definition. A problem Q is a subset of N.

Definition. Let x € N. We denote the length of = by |x| which is equal to
[log,(z 4+ 1)].

Definition. Let f : N* — N be a function. We say f is a polynomial
time function if there is a polynomial p and a Turing machine T such that
for every xy,...,x, € N after at most p(|x1|,...,|x.|)-many steps on input
(x1,...,2,) in binary, T reaches the halting state and f(x1,...,x,) is written

on the work tape in binary.
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Definition. Let O C N be a problem. An oracle Turing machine T with
oracle O is a Turing machine augmented with an extra read/write tape which
is called oracle tape and three states g2, qy, qn. Every time T reaches the state
q2, the Turing machine T goes into state q, if what is written on the oracle

tape (in binary) is in O and goes into state g, if it is not.

Definition. Let i > 1. A problem Q is in X¥ if there exists a polynomial
time function f: N1 — N, and a polynomial p such that x € Q if and only
of

Ty < 270D vy, < 2Pl Qs < 2P0 f gy ) =1

where Q); denotes ¥V if 1 is even and Q); denotes 3 if i is odd.

Notation. We code sequences of natural numbers by converting them into
binary representation with x between two entries of the sequence and then
applying the map 0 — 00, 1 — 11 and * — 01. Then we convert the
resulting binary number back to its integer representation.

The tupling functions (.), : N* — N with r € N map an r-ary tuple of natural
numbers to its code. We omit the index r and just write (.) for any r-ary
tupling function. Further, we use the function ||z|| which maps x to the length
of the sequence which x codes.

Furthermore, when we write (x); for an i € N, we mean the output of the
function which maps (z,1) to the i-th entry of the sequence which is coded by

x. We use the convention that a sequence starts with the 0th entry.

Note. By our choice of coding, the functions (.), ||z|| and (z); above are

polynomial time functions.

Now we have given all necessary definitions needed and are able to start

with the main part.



Chapter 2
Witnessing and conservation

In this chapter, we introduce the notion of Herbrand-saturated structures
and show how to use them to prove conservation of one theory over another.

By conservation we mean the following.

Definition. Let T and Ty be theories in the same language and let ® be a
set of first-order formulas in this language. We say 17 is conservative for

®-formulas (or ®-conservative) over Ty, if for every p € @,

T = ¢ implies Ty = .

We show that for two theories 77 and T5 in the same language where T,
is universal, the following holds: If every Herbrand-saturated model of 75 is
also a model of 17, then T} is V3-conservative over T5.

This particular method is based on a paper by Avigad [2]. It serves as
an alternative to the more common proof-theoretic approach.

With this technique we show a similar result to the so-called Buss’s Witness-
ing Theorem [3]. This was first proven in [3] in a proof-theoretic manner like
many other conservation results. Our approach will be semantically.

In the first section of this chapter we define Herbrand-saturated structures
and show how we obtain V3-conservation of a theory over another theory in

the same language by using such structures. We show some more results

15
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about Herbrand-saturated structures afterwards. In the last section of this
chapter, we prove a similar result to Buss’s Witnessing Theorem with the

techniques and methods developed in the first section.

2.1 Conservation by Herbrand-saturation

Definition. A theory T is universal, if it only consists of universal sentences.

Next is Herbrand’s theorem which will be useful later on. This theorem

is the most important part when it comes to witnessing results.

Theorem 2.1 (Herbrand’s Theorem). Let T be a universal theory and as-
sume that T = VZ3y (%, y) where ¥ is a quantifier-free formula and § =
(yb SR 7y7“)'

Then there are terms t1(T) and an s € N with 1 <i <r and1 < j <s, such
that

T vz \/ o (7,6(2), 85(%), ..., (7)) .

Proof. Assume T £ \/]_, ¥ (z, t(z), 8(Z), ... ,#(z)). Then T is consistent
with the set

S ={-(¢ti(c),...,t.(¢) | t1(Z),...,t.(T) terms in the language of T'}

where ¢ is a new tuple of constants. Thus, there is a model M of S U
T. Now let N be the substructure of M with the universe N = {¢(¢) |
t(z) is a term in the language of T'}. Note that N contains all constants of
the language of T" interpreted in M and is closed under the interpretations
of the function symbols in M. Then N is a model of T where 35 (¢, )
fails. O

The next definition gives us a useful property of theories.
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Definition. A theory T supports definition by cases, if for every finite num-
ber of terms t1(Z), ..., ts(ZT) and quantifier-free formulas 01(Z), ..., 0, 1(Z) in

the language of T there is a function symbol F such that:

(

ti(z)  if6(2)
to(7) if =01(Z) A O5(Z)
TEVT F(z)=<":

ts—l(i) Zf _'91(52') A _‘92<:i‘) ARRENAN _'95—2('@) A 95—1<i‘)

\ts(f) otherwise.

If a theory supports definition by cases, then we can use a function sym-
bol for distinct terms depending on the truth of quantifier-free formulas.
For example, in the proof of Herbrand’s Theorem we get a function symbol

eliminating all the terms.

Corollary 2.2. Let T be a universal theory that supports definition by cases
and assume T |=VYZ3y ¥ (z,y) where 1 is a quantifier-free formula and y =
(y1,...,yr) withr € N.

Then there are function symbols F1, ..., F, such that

T EVz Y (z, Fi(Z), F2(2),...,F.(T)).

Proof. Theorem 2.1 implies that there are terms /(Z) and an s € N with
1 <i<randl1<j<s, such that

T = vz \/ o (7,6(2), 85(7), ..., (7)) .

Since ¥(Z,y1,...,y,) is quantifier-free and T supports definition by cases,
there exist function symbols F; for 1 < ¢ < r such that in models of T" the
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following holds

if ¢ (z,t1(7),...,t1(7))
if = (7, 61(7), ..., t1(Z)) AV (Z,83(T), ..., 12(T))

Nz if 8/_\? ) (Z,8(Z), ..., t(Z)) A

V(2,67 (2),..., 657 1(2))

[t;(z)  otherwise.

Hence, we obtain
T Vi v (7, Fi(7), Fy(3), ..., By ().

]

Next we define Herbrand-saturated structures. Structures with this prop-

erty will play an important role in proving conservation results.
Definition. Let L be a language and M be an L-structure.

e The language L(M) is the language L together with additional con-

stants for the elements of the universe of M.

e The universal diagram of M is the set of all universal sentences in the
language L(M) which are true in M.

o We say ¢ is an IV-sentence, if ¢ = VY (T, y) where Y(T,y) is
quantifier-free.
Similarly, we say that ¢ is a VY3-sentence, if p = VrIy (z,y) for a
quantifier-free formula (%, 7).

e The L-structure M is Herbrand-saturated if for any 3V-sentence ¢ in

the language L(M) which is consistent with the universal diagram of
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M, we have M = ¢.

o Let Ty and T, be theories in the language L.
We say 11 is V3-conservative over Ty, if T} is ®-conservative over T,

where ® is the set of all V3-sentences in L.

Proposition 2.3. Every consistent universal theory T has an Herbrand-

saturated model.

Proof. Let L be the language of T'. For simplicity we assume that £ is count-
able. The same argument works for uncountable languages using transfinite
induction. Let £’ denote an extension of £ with countably many new con-
stants cg, 1, . ... Furthermore, we enumerate all quantifier-free formulas of £’
with 61(Z1,71),02(Z2, §2), ... where z; = (x1,...,2,,) and 4; = (y1,...,Ys,)
for r;, s; € Nand ¢ > 1. The next step is constructing an increasing sequence
of sets of universal sentences to obtain the universal diagram of the desired

model.
e Let Sy =T. Since T is universal, so is Sp.
o At stage i + 1 we try to satisfy Vg1 0iv1(Tivt, Yiv1)-

To achieve the latter, we pick a tuple of the newly introduced constants ¢

which does not occur in S; or 6,1 and let

s S; U{VYis1 0;41(C, iyq)}  if this is consistent,
i+l =
S; otherwise.

By induction on ¢ we show that every S; is consistent. The theory Sy =T
is consistent by assumption. Now assume that S; is consistent. If S;,; =
S; U{YYiy1 0;41(C, Yix1)}, it has to be consistent by definition. Otherwise,
Sit1 = 5; and thus, it is consistent by the induction hypothesis. Therefore,

S = J S; is also consistent.
ieN
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For uncountable languages we use the same construction as above at suc-

cessor stages and the union of all previously defined 5; at limit stages.

Let N be a model of S and M be a substructure of N such that the universe
of M is the set {t" | t closed term in £’}. Since S only consists of universal
sentences, every substructure of AV is also a model of S. Hence, M is a model
of S and thus, M = T.

Note that each element of M is denoted by one of the ¢;’s we introduced
earlier. This follows from the fact that every element of M can be written as
a term ¢ in £'. Now pick j such that 6,(z;, y;) is the statement = ¢t. Hence
for the constant ¢ introduced in this step of the construction, the formula

c =1 is an element of Sj;.

Finally, we show that M is Herbrand-saturated. Assume there is a quantifier-
free formula ¢ and a tuple of parameters a in M such that we have M =
3zVy ¢(z,y,a). We claim that this sentence is inconsistent with the univer-

sal diagram of M.

By the remark above, every entry of a is denoted by a constant in L’
Let b be the tuple of constants in £’ such that b; denotes a; for all @; in a.

Choose an index iy such that 6;,,1(Z,y) = ¢(Z,y,b). Let ¢ be the constants
used at stage i + 1 in the construction. Then M [~ Vg ¢(¢, 7, b) and hence,
the sentence is inconsistent with .S;. Since ¢ does not occur in S;, the formula
3zVy (7,9, b) is also inconsistent with S;.

Now we rename b to @ and the constants in S; to the corresponding elements
of the universe of M. If we choose to name the constants of £(M) the
same as the element in the universe they are representing, we obtain that
the renamed S; is a subset of the universal diagram of M. This proves the

desired inconsistency. O]

We will now turn to the main result of this section, which provides us with
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all the requirements on models of theories we need for proving conservation.

Theorem 2.4. Let Ty and Ty be theories in the same language such that Ty
s universal.
If every Herbrand-saturated model of Ty is also a model of Ty, then for every

V3-sentence @, Ty = ¢ implies T |= .

Proof. Assume that every Herbrand-saturated model of 15 is also a model of
Ti. Let o(Z,y) be a quantifier-free formula in the language of T;. Suppose
that Ty £~ VZ3y ¢(Z,y). Then we have to show that T} = Vz3y o(z, 7).
Assume this sentence is not true in some models of T5. Then we obtain that
Ty = To U{Vy =p(c¢,y)} is consistent and universal where ¢ is a new tuple
of constants.

By Proposition 2.3 there is an Herbrand-saturated model M of T5,. Let
N be the restriction of M to the language of both theories. It is easy to
see that A is Herbrand-saturated: Let ¢ be an IV-sentence in L£(N) that
is consistent with the universal diagram of A/. Since N is a restriction of
M, it follows that ¢ is an IV-sentence in L£(M) that is consistent with the
universal diagram of M. Thus, M = 1 because M is Herbrand-saturated.
Therefore, we also obtain N = 4 since ¢ is in L(N) and N is restriction of
M.

By construction, N is an Herbrand-saturated model of T3 such that N |=
A7Vy —¢(Z, 7). Therefore, N is also a model of 77 in which VZ3y ¢(Z,7) is
false. [

2.2 More on Herbrand-saturated structures

In this section we show some consequences for Herbrand-saturated structures

from previously proven results.

Proposition 2.5. Let M be an Herbrand-saturated structure in a language

L. Suppose M |=Vz3y ¢(z,y,a) where ¢ is quantifier-free, a is a tuple of
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parameters in M and y = (y1,...,y.). Then there is a universal formula
Y(Z,W), an integer s and terms t)(Z,Z, @) with 1 <i <r and 1 < j < s such

that M = 3w ¥(a,w) and

=z w) = \/ e@,6(z,2,0), t5(z,2,w),... , 1(Z, 2,0), 2).
j=1
Proof. Assume M |= VZ3y ¢(Z,y,a) holds. Hence, 32Vy —¢(Z,y,a) is not
true in M. Since it is an FV-sentence and M is Herbrand-saturated, it is
inconsistent with the universal diagram of M. Therefore, there is a universal

formula (2, w) and a tuple of parameters b satisfying

Now replace the tuples @ and b with variables Z and w. First we obtain
M = Jw ¢ (a, w). Now consider the formula ¢(z, w) — 3y ©(Z,y, Z). We can
rewrite the formula to the equivalent statement 3y ((z,w) — ¢(Z, 7, 2)).
Because this existential formula is valid, we can apply Herbrand’s Theorem.
So there is an integer s and terms t‘g(:f,é,w) withl1 <i<rand1l<j<s
such that

Corollary 2.6. Let M be an Herbrand-saturated structure for a language
L. Suppose M |=Vz3y p(Z,y,a) where ¢ is quantifier-free and a is a tuple
of parameters in M and §y = (y1,...,y,). Then there is an integer s, terms

tf(f,i,u‘;) with 1 <i <r and 1< j < s and a tuple of parameters b € M
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such that

M vz \/ oz t(z,a,b),t(z,a,b),... .tz a,b),a)

j=1
for an s € N.

Proof. This follows from the proof of Proposition 2.5 by using the same tuple
b. O

Corollary 2.7. Let T be a universal theory which supports definition by
cases. Assume M is an Herbrand-saturated model of T and suppose M |=
Vz3y ¢(Z,y,a) where ¢ is quantifier-free and a is a tuple of parameters in
M and y = (y1,...,Yr)-

Then there are function symbols Fy(Z,z,w),..., F.(Z,Z,w) and a tuple of
parameters b in M such that M |=Vz p(z, Fy(Z,a,b), ..., F.(Z,a,b),a).

Proof. Corollary 2.6 implies that there are terms /(Z, Z, @) with 1 < i < r
and 1 < j < s for an integer s and that there is a tuple of parameters b € M
such that

M EVz \/ p(z,t)(z,a,b),t)(z,a,b),....t)(z,a,b),a)
j=1

for an s € N. Now define F; as in the proof of Corollary 2.2. [

2.3 Buss’s Witnessing Theorem

In this section we apply previous results to show a model-theoretic version
of Buss’s Witnessing Theorem [3]. The difference between our approach and
the original proof is that in [3] the result is shown by using proof-theoretic

methods. For a proof-theoretic discussion we refer to [4].
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We will not show the exact same result proven by Buss, but the theorem
we prove is similar to his statement. The definitions of this section are based

on [4] and [8] which provide more details on bounded arithmetic.

2.3.1 Defining UPV,

First of all, we define the proper theories for proving this result. We start

with the theory of polynomial time computable functions with 3 ;-oracles.
Definition.
o Let FPy be the set of polynomial time functions.

e Fori > 2, let FP; be the set of polynomial time functions with 3¢ -

oracle.

e Leti1 > 1. The theory UPV; is the universal theory in the language
£p\/i = {<} U FP;

consisting of all true universal Lpy,-sentences in the expansion of the
standard model to Lpy, where all FP;-functions are interpreted the com-

mon way.

Now we show that UPV; supports definition by cases. Intuitively this is
clear: We have a list of FP;-functions to choose from and depending on the
output of the characteristic functions of quantifier-free formulas, we compute
the output of the function we want to choose. Thus, we need to show the

next lemma first.

Lemma 2.8. Let i > 1. Every quantifier-free formula ¢(Z) in the language
Lpy, has a characteristic function x,(Z) in FP;, i.e., there is a function
Xo(Z) € FP; such that UPV = VZ (o(Z) > xo(T) = 1).



CHAPTER 2. WITNESSING AND CONSERVATION 25

Proof. The interpretation of every Lpy,-term in the standard model defines
a function that is in FP;, because FP; is closed under composition. The
equality can be stated as a universal sentence, and therefore it holds in all
models of UPV;. Since the relations = and < can be checked in polynomial
time, the lemma holds for atomic formulas. It is clear, that the formulas for

which the lemma holds are closed under conjunctions and negations. O]
Proposition 2.9. Let i > 1. The theory UPV; supports definition by cases.

Proof. By definition, we have to show that for every finite number of terms
t1(Z), ..., t,(Z) and quantifier-free formulas 01 (), . .., 0;_1(Z) there is a func-

tion symbol F' such that:

(1(z)  if 6,(7)

to(7) if =601(z) A O5(Z)
UPV, EVz F(z) = (:
te1(2) if NZY —0:(2) A O ()

|tk (z)  otherwise.

Since all 0;(1 < j < k) are quantifier-free, by Lemma 2.8 they have a char-
acteristic function yp, in FP;. Furthermore, from the proof of Lemma 2.8 we
obtained that every term ¢; defines an FP;-function f;.

Let F'(Z) be computed by the algorithm below (with algorithms A; comput-
ing xp, and B; the algorithm computing the FP;-function f;).

Every algorithm that is run in the algorithm computing F(Z) computes
its output in polynomial time. Therefore, we run at most k-many polynomial
time algorithms for the characteristic functions and one for the term. Adding
the time of all those computations is adding polynomials. Thus, we get
another polynomial — so the algorithm runs in polynomial time. Since all

algorithms are allowed to make 3? ;-oracle queries, we obtain that overall this



CHAPTER 2. WITNESSING AND CONSERVATION 26

algorithm runs in polynomial time and makes X ;-oracle queries. Therefore,
F(z) is an FP;-function.

Input: z
if A;(z) =1 then
output < B4 (7)
return output
else if Ay(Z) =1 then
output < By (7)

return output

else if A;_;(Z) =1 then
output < By_1(T)
return output

else
output < By ()
return output

end if

]

Now we apply the theorems we proved in the previous section. First of all
we can apply Herbrand’s Theorem. Since UPV; supports definition by cases,

we get the following corollary.

Corollary 2.10. Let i« > 1. If UPV, = Vz3dy ¥(z,y) and ¥(z,y) is a
quantifier-free formula where § = (y1, . .., y,), then there are function symbols

Fi(z),...,F.(z) in FP; such that UPV; |=VZ (z, F\(Z),..., F.(Z)).

Proof. By Proposition 2.9, UPV; supports definition by cases. Since it is a
universal theory by definition, we can apply Corollary 2.2. n

Clearly the application of Herbrand’s Theorem, namely Proposition 2.5
works for UPV,.
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Corollary 2.11. Let i > 1. Assume M is an Herbrand-saturated model
of UPV; and M = Vz3y (z,y,a) where (Z,y, Z) is quantifier-free, § =
(y1,---,yr) and a is a tuple of parameters in M. Then there exist function
symbols F\(Z,z,w), ... F.(%,z,w) in FP; and parameters b € M such that
M EVz Y(z, Fi(z,a,b),..., F.(z,a,b),a).

Proof. Since UPV; supports definition by cases and is a universal theory by
definition, we can apply Corollary 2.7. n

2.3.2 Defining US}(FP;)

Next we define a weak fragment of arithmetic. We start with the language
of arithmetic and add a unary symbol L%J for cutting off the last digit in the
binary representation, a unary symbol |z| for the length of a number which

is equal to [log,(x + 1)] and the binary smash symbol 2#y defined as 2/#I'¥I.
Definition. The language of bounded arithmetic is
x
‘CBA = {07 17 +,5 < LiJ ’ |QZ‘, #} :
Note. It is clear that 0,1,+, -, <, L%J ,|z| and # are in FPy. Thus, we obtain
that Lga C Lpy, for alli > 1.
Note. We use the common abbreviation "x < y” for "z <yVax =1y”.

Definition. Let i > 1. The set of AY(FP;)-formulas is the set of formulas
satisfying:

o If () is a quantifier-free Lpy,-formula, then o(z) € AS(FP;).

o If p(%) and ¥(T) are AY(FP;)-formulas, then —p(), o(Z) A (Z) and
o(Z) V(Z) are AY(FP;)-formulas.

o If p(x,y) is a AS(FP;)-formula and t(y) is an Lpy,-term, then Jx <
1@ ¢(x,9) and Vo < |t(g)| ¢(z,7) are Ag(FP;)-formulas.
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The set of E?’S(FPi)—formulas is the set of formulas p(y) that are of the
form 3z < t(y) ¥(z,y) where ¥(x,y) is a AY(FP;)-formula and t(y) is an

Lpy,-term.

Definition. Let ® be a set of formulas. Length minimization LMIN(®) is

the set of sentences
Vo, @ (p(z, @) = Jy < Ve <o (o(y, @) A (2] <[yl = —p(z,@))))

for all formulas p(z,w) € ®.

Definition. Let i > 1. The theory USy(FP;) is the theory UPV; together
with LMIN(2*(FP;)).

Proposition 2.12. Leti > 1. In UPV; every AY(FP;)-formula is equivalent

to an atomic formula.

Proof. By Lemma 2.8, every quantifier-free Lpy,-formula has a characteristic
function in FP;. Hence, if ¢(y) is quantifier-free, then UPV; = Vg (¢(y) <
Xo(¥) = 1) which proves the claim for quantifier-free formulas.

Assume now that ¢(y) = 3z < |t(y)| ¥(z, §) where ¢(x, y) is a quantifier-free
formula in the language Lpy, and t(y) is a term in this language. First of
all, we show that there is an FP;-function F(g) such that

UPV, V5 (3o < @) ¢(z.7) < »(F(7). 7).

We show that the left-hand side implies the right-hand side: Since ¥(x, %)
is quantifier-free, there is an FP;-function x,, such that its algorithm A
computes on input (x,y) the value of xy(z,y). Let F(y) be the function
with the following algorithm:



CHAPTER 2. WITNESSING AND CONSERVATION 29

Input: gy
2 1(7)
u <+ |z]
x40
while 2 <« do
if A(z,y) =1 then
output <— x
return output
else
r—ax+1
end if

end while

return output

Let y = (y1,...,yr). Computing £(y) can be done in less than p(|yi], ..., |y.|)
steps with p being a polynomial, because all Lpy,-terms define FP;-functions.
Hence, [t(g)| = |z| < p(|lnil,---,|y-|) and therefore, |z| is computable in
polynomial time. Now the loop computes the characteristic function of v
at most |z|-many times. Since this function is in FP;, there is a polynomial
p’ such that this function is computable in time p'(|z|, |y1|,- .., |y-|). Since
x < |z|, we obtain that |z| < |z| also holds. Combining these facts, we
obtain that this algorithm needs polynomial time to compute. Note that, if
i > 1, in all the algorithms of ¢(7) and in A, X -oracle queries are allowed.
Hence, in the algorithm above, queries to ¥ ;-oracles are allowed as well.
In conclusion, whether i = 1 or i > 1, F(y) is an FP;-function. The other
implication is trivial.

Since ¥(F(y), y) is quantifier-free, we obtain that it is equivalent to an atomic
formula in models of UPV;. O
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2.3.3 Conservation of US;(FP;) over UPV;

Notation. Leti > 1. We write Npy, for the expansion of the standard model

N to Lpy, where all Lpvy,-symbols are interpreted the obvious way.

Theorem 2.13. Let i > 1. The theory USy(FP;) is V3-conservative over
UPV;.

Proof. By Theorem 2.4 the only thing we need to show is that, if M is an
Herbrand-saturated model of UPV;, then M is a model of US}(FP;).

Since UPV; is the theory of true universal sentences in py,, the only step
remaining to prove that M = USL(FP;) is showing that LMIN(Z)*(FP;))
holds in M, i.e.,

M ¢(a,b) = v <aVy <a (p(@,0) A (lyl < 2] = ~o(y,0)))

for a £0*(FP;)-formula o(z, @) and a,b € M. Assume M = ¢(a,b) holds
and
METr <aVy<a [p(z,b)A(Jyl <|z| = —p(y,b))].

As ¢(x,u) does not involve y, we can rewrite the formula to get the quantifier

inside the parentheses right in front of the first occurrence of y, i.e.,
METr <a [p(z,0) AVy <a (Jy| < |z] = —¢(y,b))] .

Since o (x, @) is a ©5°(FP;)-formula, there exists a term ¢(z, @) not involving z
and a A (FP;)-formula 1 (z, z, @), such that p(x,4) = 3z < t(z, u) Y(x, 2, u).
By Proposition 2.12, in models of UPV; the formula ¢(z, z,4) is equivalent
to an atomic formula of the form y,(x, z,w) = 1 where x,, is in FP;. Without

loss of generality, we assume ¢(x, z, @) is such a formula. Since M = UPV,,
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we obtain

M JE3r < a [B32 < t(x,b) Y(x, 2, b)A
Yy <a (lyl <lz] = =32 <t(y, ) ¥(y, 2, b))].

We can rewrite the statement above by using standard arguments. Hence,

the above is equivalent to
M EVz, 2z Jy, 2 (w <a— (Z < t(x,b) — (y <anz <t(y,b) A
[0Go.2.8) = (] < e A0 2.5)] ) ) )

This is a statement of the form M = Vz,z 3y, 2’ 0(z, z,y, 2, b) where the
formula (x, z,y, 2/, b) is quantifier-free. By Corollary 2.11, there exist func-
tions Gi(x, z,u,v) and Gs(x, z,u,v) in FP; and a tuple of parameters ¢ in

M such that

(|G1(2, 2,b,8)| < || Ap(Gi(x, 2,b,8), Go(x, 2, b, 5),6))])))

Putting the abbreviations Vz < a and Vz < t(z,b) in place, we obtain the

statement
M Vz <aVz <t(x,b) (Gi(z,z,b,¢) <aA
GQ(IE,Z,B, é) <t (Gl(I,Z,Z), E)aB) A W(%Zj?) — (*)
(\Gl(x,z,i), ol <lz| Ay (Gl(a:,zj), ¢), Go(x, 2, b, é),B)) ])

Assume the algorithms A; and A, compute on input (z, z, @, v) the output

of Gi(x, z,u,v) and Gy(x, z, u, v) respectively. Let B, be the algorithm com-
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puting xy(z, z, ). Because t(x, @) is a term in Lpy,, by the proof of Lemma
2.8 it defines an FP;-function. Assume B, (z, @) is the algorithm computing
on input (x,u) the output of this function. Let F'(z, z,u,v) be the function

that is computed by the algorithm below.

Input: z,z,u,v
if By (z,2,u) =0 then
w41
else
w <+ 0
end if
while w =0 do
' Ay(z,z,u,0)
2 Ay(z,2,0,0)
if By (2,2 ,u) =0V |z| < |2/| V2 > By(2',u) then
w1
else
x < 2
2+ 72
end if
end while

output < (z, z)

return output

The algorithms A, Ay, B, and B; compute their output in polynomial
time because they are algorithms of FP;-functions. Hence, there is a poly-
nomial bounding the computation time of one run of the while-loop. The
while-loop is computed at most |z|-many times because every time we run
this loop, we check if the reassigned z’ has the property that |z’| is smaller
than in the previous run of the while-loop, starting with 2’ being the input z.
Hence, the computation time of the algorithm is bounded by a polynomial

as well. Thus, F(z, z,u,v) is an FP;-function.
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Let F,(z,z,u,v) be the function that computes F(z,z,u,v) first and
then decodes the first entry of the pair that F' outputs on input (z, z, 4, 0).
Analogously, let F,(z,z,u,v) be the decoded second entry of F(z,z,u,v).
Since F' is an FP;-function and the decoding can be done in polynomial
time, the functions F}, and F, are in FP; as well.

Claim 1. Npy, = Vo, u,0 Vz < t(z,u) F.(z,z,u,0) <z

Proof. Let a,,a, € N and e, and €, be N-tuples such that a, < t(a,,é,).
Either F,(ay,a., €., €,) = a,, or, if the algorithm runs the while-loop at least
twice, |Fy(ay, az, ey, €,)| < |a,| holds. |
Claim 2. Npy, | Vo, 0,0 Vz < t(x,u) F.(z,z,u,0) < t(F.(z,z2,u,0),u)

Proof. Let a,,a, € N and e, and €, be N-tuples such that a, < t(a,,é,).
Analogously to Claim 1, we obtain that either F,(a,,a,,é,,€,) = a, and
F.(ay,a.,éy, €,) = a,, which by assumption is < t(a,, €,), or we have that
F.(az,a,,éy,6€,) < t(F.(az,a,,e,,6,),€,) which follows from the algorithm.

The next claim is obvious.

Claim 3.
Npy, = Vo, u,0 Vz < t(z,u) (1[)(x, z,u) = Y(Fp(x, z,u,0), F,(z, z,ﬂ,@),ﬂ))

In the following claim, we abbreviate F, for F,(x,z u,v) and F, for
F,(z,z,u,0v) for better readability. Note, that in the claim x, z,u,v are in

the scope of the universal quantifiers.

Claim 4.

Npv, | Vo, 4,0 Vz < t(z,0) (|Gi(Fy, F.,0,0)| > |Fy|V
t(G1(Fy, F,,u,0),u) < Go(Fy, F,,u,0)V
—p(G1(Fy, F., 0, 0), Go(F,, F., 4, 0), 1))
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Proof. Assume otherwise, then the while-loop would not have stopped, since
these three disjuncts are equivalent to the three conditions to run the while-
loop again. |

All the statements of the four claims above are universal and true in 9py,
and therefore, they hold in M as well.

By assumption, M = ¢(a,b). Thus, there is a d € M with M |
d < t(a,b) such that M |= v¥(a,d,b). Let ag = FM(a,d,b,¢) and dy =
FM(a,d,b,¢). Then the following holds:

e From Claim 1, we obtain that M |= ag < a.

e From Claim 2, we obtain that M |= dy < t(ay, b).

e From Claim 3, we obtain that M = 1(aq, do, b).
e From Claim 4, we obtain that

M ): |G1(a0,d0,5, C)| > |a0| \/t(Gl(CLQ,do,B, E),B) < Gg(ao,do,g, E)\/
_‘w(Gl(ameaB? E)aGQ(a07d07ga 6)76)

Thus, the statement (x) does not hold in M for z = ag and z = dy, which is

a contradiction. O



Chapter 3

Simulation of propositional

refutations

In the first two sections of this chapter we introduce propositional formulas
and refutations. After that we define how we translate first-order formulas
into propositional formulas. In the subsequent sections, we show how we code
propositional translations and refutations. The last section of this chapter
focuses on proving the main theorem of this part which can be understood as
follows: Let £ be the language of all definable functions in the standard model
with new symbols added, let ¢ be an L-sentence and let M be a countable
nonstandard model of arithmetic. If there is an L-expansion of M where ¢
is true on an initial segment, then there are no polynomial size refutations

of the propositional translations of . We postpone further details.

3.1 Propositional formulas

Definition. Propositional formulas are built from propositional variables

and connectives A\, \/ and — using the following rules:

o A propositional variable p and its negation —p are propositional formu-

las called literals.

35
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o [f® is a finite set of propositional formulas, then \ ® is a propositional

formula called conjunction.

o [f® is a finite set of propositional formulas, then \/ ® is a propositional

formula called disjunction.
Notation. We write T for A0 and L for \/ 0.

Definition. If ¢ is a propositional formula, then we define the propositional

formula —p recursively:
o If o =p for a propositional variable p, then —p = —p.
o [f o = —p for a propositional variable p, then —p = p.

o [f o = N\NO® where ® is a finite set of propositional formulas, then
o= \V{~ [ e P}
o If p = \/® where ® is a finite set of propositional formulas, then
o= N{-v [y ed}.
Note. By definition =1 =T and =T = L.

Notation. We use the common abbreviation ¢ AV and N for propositional
formulas @ and 1. Those abbreviations should be seen as functions with the
following meaning.

Let ¢ and 1 be propositional formulas and let & and VU be finite sets of

propositional formulas. Then

(¢ fo=T
(G ifo=T
A (@U D) if o= N® and p = ANV where ® # 0 and U # ()

At =
o A(@U{Y}) if o= AP with® # 0 and ¢ is not a conjunction

A ({e}UT) if p is not a conjunction and ¢ = N\ with ¥ # ()

\/\{30, Y} if p and ¥ are not conjunctions
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and
[ fo=1
(0 if o= 1
v V(U W) if o=\ ® and v =\/ ¥ where ® # ) and ¥ # ()
()0 =

V(®U{y}) if o=\ with®#0 and ¢ is not a disjunction
V ({¢}U®) if p is not a disjunction and ¢ =\/ ¥ with ¥ # )

\\/{90, YV} if p and ¥ are not disjunctions

Note. [t is easy to see, that ¢V 1 = —=(—¢ A =) holds for all propositional
formulas ¢ and 1.

Notation. Because of the associativity of A\ and \V, we can iterate the nota-

tions above for 3 or more propositional formulas. For r-many propositional
formulas @1, ..., o, we write J\, <<, pi instead of (- (p1 Apa) A=) Np,)
and W/ <;<, i instead of (- (p1Vp2) V)V pr).

Definition. If ¢ is a propositional formula, we define the set of subformulas

sub, of ¢ recursively:
o If v is a propositional variable p, then sub, = {p}.
o If © is a negated propositional variable —p, then sub, = {p, —p}.

o If ¢ is of the form \ @ or\/ ® for a finite set of propositional formulas
®, then we define

sub, = {p} U U suby.
ped

Definition. The size of a propositional formula ¢ denoted by sizepm(p) is
defined as follows.

e [f o =p for a propositional variable p, then sizepm(¢) = 1.
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o [f o = —p for a propositional variable p, then sizepm (@) = 2.

o Ifo= NP orp=\ O where® is a finite set of propositional formulas,

then sizepm (@) = 14 > sizepm (V).
Ped

Note. From the definition we obtain sizepy,(T) = sizepm (L) = 1.

Definition. Let ¢ be a propositional formula. We define the depth of ¢
denoted by dp(p) inductively:

o If o € {p,—p} where p is a propositional variable, then dp(y) = 0.
o If o = \®, then let Py C @ be the set containing all conjunctions in

O and let D1 be &\ ®g. The depth of a conjunction is defined as

dp(p) = max {1+ max{dp(¢) | ¥ € 1}, max{dp(¥)) | ¢ € Po}}.

o [fp=\/ D, then let &g C D be the set containing all disjunctions in
and let &1 be  \ ®g. The depth of a disjunction is defined as

dp (i) = max {1+ max{dp(¥) | v € @1}, max{dp(ss) | v € Bo}}.

We set max () = 0.

Note. By the definition above, we obtain dp(T) =dp(L) = 1.
Further, if ¢ is a conjunction of depth d, then —p is a disjunction of depth

d and vice versa.

Definition. We define the sets of propositional formulas X" and TI¢"P

for v € N recursively. Let V be a set of propositional variables. Then let

Lit=VU{-p|peV}.
o TU'P — [P — Lit

o If s a IIY"-formula, then ¢ is a X7 -formula.
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o If D is a set of II"P-formulas containing no disjunction, then \/ ® is

a X0 T -formula.
o If s a XI"-formula, then ¢ is a I\ -formula.

o If® is a set of X"P-formulas containing no conjunction, then N\ ® is

prop
a 115" -formula.

Note. The set Lit is the set of all literals built from propositional variables
mn V.

By definition, the propositional formula L =\/0 is in 37" and T = A\ is
in IIY"? independent of the choice of V.

If we write @V ¢ or ¢ AN for B P~ or IIH P -formulas ¢ and ¢ where d € N,
then by the notational comment on page 36, the resulting formula is in 357 -
or II5°" for another d' € N.

Definition. Let k > 1 be an integer.

e A propositional formula is in disjunctive normal form (DNF), if it is

in ST,

e [f\/ ® is a DNF and for every NV € ®, the set ¥ contains at most k
literals, i.e., the cardinality of ¥ is < k, we call \/ ® a k-DNF.

e A propositional formula is in conjunctive normal form (CNF), if it is

in T2,

o [f AN® is a CNF and for every \| ¥ € ®, the set ¥ contains at most k
literals, i.e., the cardinality of ¥ is < k, we call \ ® a k-CNF.

Proposition 3.1. For every d € N, every X5 -formula and every II} -
formula has depth < d.

Proof. Literals have depth 0, hence X5 "-formulas and ITj, *’-formulas have
depth < 0.
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Assume the claim holds for d — 1.

Then every ¥ V-formula and every I -formula has depth < d — 1. Every
YPP-formula is either a ITP-formula or of the form \/ ® where ® is a finite
set of I} P-formulas containing no disjunction. Assume the former, then the
claim holds by the induction hypothesis. Assume the latter. Then the subset
of disjunctions in ® is empty. In the notation of the definition of the depth

of a propositional formula, we obtain ®; = () and ®; = ®. Hence,

dp (\/ (I>> = max {1 + max{dp(¢) | ¥ € ®},0} = 1 + max{dp(v) | ¥ € ®}.

Since every 1) € ® has depth < d — 1, we obtain that dp(\/ ) < d.
Analogously we can show that dp(/ ) < d. O

Definition. Let 'V be a set of propositional variables.

e We define T and F as truth values. The truth value T represents “true”

and F represents “false”.
e An assignment is a function o : V. — {T,F}.

e Let a be an assignment of all propositional variables in V. The exten-
sion @ of a to propositional formulas ¢ with variables from V is defined

recursively:
— Ifo=pforapeV, then a(p) = a(p).

— If o = \ © where ® is a finite set of propositional formulas, then
a(e) =T if and only if @(v) =T for all ¢ € D.

— If o = \/ © where ® is a finite set of propositional formulas, then
a(p) =T if and only if there ezists a ¢ € ® such that a(y) = T.

— If o = = for a propositional formula ¢', then a(p) = T if and
only if a(¢’) =F.

o We say a(p) is the truth value of ¢.
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o [fa(p) =T where ¢ is a propositional formula and & is the extension
of an assignment of all propositional variables occurring in ¢, then we

say "a satisfies ¢ ”.

o We say that a propositional formula ¢ is a tautology, if for all assign-

ments « their extension & to propositional formulas satisfies .

o We say that a propositional formula ¢ is unsatisfiable if there is no as-

signment o such that its extension & to propositional formulas satisfies

@Y.

e We say that a set of propositional formulas ® is unsatisfiable if and only
if there is mo assignment o such that its extension & to propositional

formulas satisfies all ¢ € ® simultaneously.

o We say the propositional formulas ¢ and i are logically equivalent if
and only if for the extension & of any assignment a of all propositional
variables occurring in ¢ and 1, a(p) = a(y), i.e., ¢ and ¥ always have

the same truth value. We write ¢ = 1.

Note. We obtain from the definition above that (L) =F and a(T) =T for

the extension & of any assignment .

3.2 Frege refutation systems

Definition. Let vy, ..., be propositional formulas and pq,...,p, distinct
propositional variables where r is an integer. A substitution is a function
o :Ap1,--,prt = {1, ..., 0} mapping p; to Y for 1 < i <r. If pisa
propositional formula, then o(p) is the propositional formula which results
from simultaneously replacing p; by ¥; for 1 < i < r in the propositional

formula .
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Definition.

e A Frege rule R is an (r + 1)-tuple of propositional formulas vy, ...,

in propositional variables written as

R: ng (,DT
¥o

such that the propositional formula /X\lgz‘gr w; — @o 1S a tautology.
This property is called soundness of R. We call (r + 1) the arity of the
rule R and write ar(R) = r + 1.

o A Frege rule in which r =0 s called a Frege axiom scheme.

e For any substitution o we say the propositional formula o(pg) is in-

ferred from propositional formulas o(p1),...,0(¢,) by R.
o A finite collection of Frege rules F is called a Frege refutation system.

e A Frege refutation from a collection of Frege rules (F-refutation) of
a set of propositional formulas ® is a finite sequence (o, ...,s) of
propositional formulas such that for 0 <1 < s either

— 1; is in the set @, or
— there are ¥, ..., ;. (0 < j1,....,J < 1) such that ; is inferred
from ., ..., ;. by arule R in F with ar(R) =r + 1,
and s = 1.

o If o = (Yo,...,%s) is a Frege refutation, then we say (s + 1) is the
length of o and write ||o|| = s + 1.

o The size of a Frege refutation is the sum of all sizes of propositional

formulas occurring in the Frege refutation. We write sizegregut ().
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The Frege refutation systems F(d)

In this chapter we focus on the commonly used Frege refutation systems F(d)

which we define below.

Definition. We define the following three rules.
Let d € N with d > 1.

e Weakening rule: Let ¢ and ¢ be X5 P-formulas, then the weakening

rule for X5°P-formulas is:
'

oV

e Cut rule: Let @1, s be X5 P-formulas and let ¢ be a 1IN0 -formula,

then the cut rule for X5P-formulas is:

o1 VY P2 V
P1V 2

Let d € N with d > 2.

e A-introduction rule: Let o1 and po be X5 P -formulas and let vy and 1,

be 15" -formulas which are not disjunctions. The A-introduction rule

for ZEP-formulas is:

1V 2 V 1y
P1V 2 V (Y1 Aihy)

Definition. Let d € N with d > 1. We define the Frege refutation systems
F(d) for E5P-formulas as follows.

e F(1) consists of

— the weakening rule for d =1, and

— the cut rule for d =1.
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e F(d) for d > 2 consists of

— the weakening rule,
— the cut rule, and
— the A-introduction rule.

Definition.

e The Frege refutation system F (1) is also called Resolution. We write
R.

e We call F(2) also DNF-Resolution. We write Rpxr-

o Let k > 1 be an integer. We define Rpnr, as the Frege refutation

system consisting of the following three rules.

— Weakening rule: Let ¢ and v be k-DNF's, then the weakening rule
for k-DNF's is:

¥

PV
— Cut rule: Let @1, ¢y be k-DNF's and let ¢ be a TI{"P-formula such
that o1V and @V =) are k-DNF's, then the cut rule for k-DNF's

is:
p1 VY P2 V

©1 V2
— A-introduction rule: Let ¢; and ¢o be k-DNFs and let 1, and
o be TIV"P-formulas such that ¥y A 1y is a k-DNFs.  The A-

introduction rule for k-DNFs is:

eV oV
1V o2V (Y1 Athy)

Note. The refutation systems defined above are complete in the following

sense: There is an F(d)-refutation of a set of X5 P-formulas ® if and only
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if  is unsatisfiable.
Note that the same applies to k-DNF-Resolution and a set of k-DNFs .

Note. The rules introduced above are sound, i.e., F(d) are sound Frege refu-

tation systems for integers d > 1.

3.3 Propositional translation

In this section we show how to translate first-order formulas in a language

bigger than the language of arithmetic to propositional formulas.

Definition. A relation R C N" is definable in the standard model, if there
1s a formula Y in the language of N such that for aq,...,a, € N, we have
R(ay,...,a,) if and only if W = ¢Ygr(ay, ..., a).

A function f : N” — N is definable in the standard model, if there is a formula
Yy in the language of M such that for ag, ..., a, € N, we have f(a1,...,a,) =

ag if and only if M = Yy(ag, - .., ar).
Note. Every FP;-function is definable in the standard model ([4]).

Notation. Let Ly be the language of all functions and relations definable in
the standard model. For the rest of the chapter we fix a finite language L'
and let L= LyU L.

Definition. For an L-formula 0(ws, ..., w,) we define 0<*(wy, ..., w,) re-
cursively:
o [fO(w,...,w,) is atomic, then 0<% (wy, ..., w,) = O(wy, ..., w,).

o IfO(wy,...,w,) = —(wy,...,w,) where is an L-formula, then 6<% =

—|1/1<“”(w1, . ,U)T).

o IfO(wy,...,w,) = 01(wy,...,w.) Aby(ws,...,w.) where 0y and Oy are

L-formulas, then 0<*(wy, ..., w,) = 07" (w1, ..., w.) A 05" (wy, ..., w,.).
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o IfO(wy,...,w,) =Yy ¥(y,w,...,w,) where Y(y,wy,...,w,) is an L-
formula, then 0<% (wy,...,w,) =Yy <z v<"(y,wy, ..., w,).

Note. Keep in mind that if we use the abbreviations Vy <t and dy <t for

a term t in 0, we obtain the following:

o IfO =Vy <t(y) withy(y) an L-formula, then § =Yy (y <t — ¥(y))
and hence, <% =Vy <z (y <t — <"(y)).

o If0 =3y <t(y) with ¥(y) an L-formula, then 0 = Ty (y < t AY(y))
and hence, 0<% = Jy < x (y <t ANp<(y)).

Notation. We write ar(f) or ar(R) for the arity of a function f or a relation

R respectively.

Notation. For every relation R € L' and every function f € L', we introduce
propositional variables Ry, .. Gar(R) for every tuple (ay, . .. ,am(R)) e Na(B) gnd
Jar o au sy JOT €VETY tuple (ai,...,Gar(p)41) € Ner(f)+1,

For the rest of the chapter we fix V. to be the set of all the propositional
variables introduced above. We will work with X" - and II5 P -formulas built

from this particular V.

Next we want to translate £-formulas to propositional formulas built from

propositional variables in V.

Notation. An L-formula is unnested, if all occurring first-order atoms are

of the form x = y, f(z1,...,Ta(y)) = Tar(pyy1 o R(x1,... Taxr)) for a
function f € L or a relation R € L.

Definition. Let 0(z1,...,x,) be an unnested L-formula and let m be an inte-
ger. We define the propositional translation (6(as, ..., a,)), of (a1, ... ar)

for ay,...,a, € N by induction on the structure of 6.
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(T1) If (x4, ..., x,) is a formula in the language Ly, then define the propo-
sitional translation as
T ifNE=0"(a,...,a)

Oai,....an)) ) =
(0(ax @r)) m) L ifMEO™(ay,...,a,).

(T2) If O(x1, ..., Tar(r)) is an atomic L'-formula R(x1, ..., Ta(r)) where R

is a relation in L', then define the propositional translation as
(0(ay, ... 7aar(R))>(m) =R, Qar(R) "

(T3) IfO(x1,. .., Tar()1) is an atomic L'-formula f(x1, ..., Tar(f)) = Tar(f)+1
for a function symbol f € L', then define the propositional translation

as

<0(a1a ce 7aar(f)+1)>(m) - fal ..... Qar(f)+1°

(T4) If O(xq,...,x,.) is an L-formula =0 (xy, ..., x,), then define the propo-

sttional translation as
(Oar,- - )y = (0 (ar, -, ar) (-

(T5) If 0(x1, ... ,x,.) is an L-formula 01(z1, ..., x.) NO(x1, ..., 2,), then de-

fine the propositional translation as
<9<CL1, R ,ar)>(m) = <61(CL1, e ,ar)>(m) VAN <92<CL1, R ,ar)>(m).

(T6) If O(x1,...,x.) is an L-formula Yy 0'(xq,...,x.,y), then define the

propositional translation as

Oar, . a)) gy = N\ (001, ar,0) 0.

0<i<m
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Note. The propositional conjunctions in (T5) and (T6) are as in the nota-
tional comment on page 36. Thus, a propositional translation always yields

a 35P- or IV P -formula for some d € N.

For the rest of the section we show how to bound the size of a propositional

translation.

Lemma 3.2. Let m be an integer and o, ¢, 0o, ..., pm_1 be propositional

formulas. Then the following holds.
(a) sizepm(—p) < 2 - sizepm (@)

(b) sizepm (Mo<icm i) < 1+ m - max{sizepm(p:) [0 < i < m}

Proof. @ : We show this result by induction on the structure of ¢. If ¢ is
a propositional variable p, then —¢ = —p and thus, sizep,(—p) =2 < 2-
sizepmi(¢). If ¢ = —p, then ~¢ = p and thus, sizepn (—p) = 1 < 2-sizepmi(p).
Now assume that ¢ = AP or ¢ = \/ @ for a finite set of propositional
formulas ® and assume that the claim holds for all ¢ in ®. Then the size of

- is

sizepm(—@) = 1+ Z sizepm (—Y) < 14 Z 2 - sizepm (¢) <
peP YeD

2 (14 ) sizepm(1h)) = 2 - sizepm ().

(b): This can be shown in a straightforward way:

m—1

sizepm /X\ i) < 1+Z sizepmi (i) < 1+m-max{sizepm(p;) | 0 <i < m}
0<i<m =0

Note that this is also true for m = 0 since sizep, (T) = 1 and m = 1. O

Proposition 3.3. Let 0(xy,...,xz,) be an L-formula and let m be a natural

number. Then there is an | € N such that for every (ai,...,a,) € N" and for
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every m € N
sizepm ((0(ar, . ., a,)) ) < (M +2)".

Proof. We prove this by induction on the structure of 6.

o [n-formulas:
Assume 6(zxq,...,x,) is an Ly-formula. Then for a;,...,a,. € N, the
propositional translation (0(ax,. .., a)),, is in {T, L}. Therefore, we
obtain sizepmi((f(a1, ..., ar)),) =1, thus [ = 0.

e Atoms:
If O(z1,...,2%0m®) = R(x1,...,%am) for a relation R € L', then

for ai,...,aur) € N, we have (0(ay,... ,aar(R)))(m) =R and

A1,y Qar(R)
therefore, sizepy((0(ay, ... ,aar(R)))(m)) = 1. Hence, [ = 0.

If O(z1,. .., Tar(p)+1) s a formula f(x1,. .., Zar(p)) = Tar(p)41 for a func-
tion f € L', then for ai,...,au)41 € N the propositional transla-

7777

sizepmi ((0(aq, . .. ,aar(f)+1)>(m)) = 1. Again, [ = 0.

e Negations:
Let 0(z1,...,2.) = =0 (x1,...,x,) where ' (xq,...,x,) is another L-
formula. Then for ai,...,a, € N, the translation (6(ai,...,ar)),, of
0(ar,...,a,) is ~(0'(as, ..., ar)),- By the induction hypothesis there
is an I’ € N such that

sizep((0/(a1, - - 0,)) () < (M +2)" .

By Lemma 3.2 (a), sizepm(—p) < 2 - sizepm(p) for any propositional

formula ¢ and therefore,

sizepm (—(0' (a1, - -+, ar)) (y) < 2 sizepm ({0 (a1, - -+, 1)) (o))
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Note that the following holds for all m € N:
2. (m+2)" < (m+2)"*.
Putting those facts together, we obtain
sizepa (—(0' (a1, ..., a,)) () < (M +2)"F

and therefore, [ =" + 1.

e Conjunctions:
Let O(xy,...,z,) = 01(x1,...,2.) AN Os(21,...,2,) where Oy (z1,...,2,)
and 0y(zq, ..., z,) are L-formulas. Then for integers ay, ..., a,, we ob-

tain

(O(ar,....a0)) ) = (01(ar, ..., ar)) oy A (O2(ar, ... ar)) (-

By the induction hypothesis there are natural numbers [; and [y such
that

sizepm ((0i(ar, . ., a,)) ) < (M +2)"

for i € {1,2}. Then by Lemma 3.2 (b),

sizepmi ((0(ay, . .. ,ar))(m)) <
1+ 2 - max { sizepm ((0;(as, . .. 2@ ) my) |7 € {1, 2}}.

Since sizepmi ({01 (a1, ..., ar)),) and sizepm({f2(ar, ..., ar)),,) only

differ in the exponent, we obtain for I’ = max{l;, s} that

sizepu ((0(ar, ..., a:)) ) <142+ (m+2)".
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Therefore, we have
sizepun((0(a1, -, @) () < (m+2)"

Thus, | = max{ly, 2} + 2.

e Universal quantifications:

Assume 0(xy,...,2z,) =Vy & (xy,...,2,,y) where &' (xy,...,z,,y) is an
L-formula. For ay,...,a, € N, the translation is (0(a1, ..., a,)),) =
Mo<icm (' (a1, ..., ar,i)) - By the induction hypothesis, for every
1 < m, there is an [; € N such that

sizepm ((0' (a1, ..., ar,1)) () < (M +2)"

Applying Lemma 3.2 (b), we obtain

sizepmi((0(a1, . .., ar)) ) <

14+ m - max { sizep ((¢' (a1, . .. Ay 8)) ) | 0 S0 < m}.

By the same arguments as before, we can write max in the exponent

and obtain
sizepu ((0(ar, . .., ) ) < 14m - (m 4 2)mtilosismd,
Let I' = max{l; | 0 <i < m}. Thus, we have
sizepu ((0(a1, ..., ) ) < 1+ (m+2)"",

and hence, we can conclude

sizepu((0(ar, .., a,)) ) < (m+2)"7
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Therefore, | = max{l; | 0 <i < m} + 2.

3.4 Coding literals

Before we define the coding of literals, we show how we code sets.

Notation. Let bit(z,y) : N> — {0,1} be the function in Ly mapping (z,v)

to the x-th bit of the binary representation of y if it exists and to O otherwise.
Notation.

e We code a finite set X of natural numbers by the natural number a =
Y eex 2¢. This means that bit(c,a) = 1 if and only if c is in X. We

write a =" X where ".7" means "code of”.

e We abbreviate "bit(c,a) = 17 by writing "c € a”. Moreover, we write
Fx € a ¢” for "z (bit(z,a) = 1 A ¢)” as well as Vx € a ¢” for
Nz (bit(z,a) =1 — ¢)” for a first-order formula .

o Let X andY be sets of natural numbers and leta ="X " andb="Y "
Then X is a subset of Y if and only if for every ¢ € N, bit(c,a) <
bit(c, b) holds. We write "a Cb” for Vx bit(z,a) < bit(z,b)”.

o Let Z be the union of two finite sets of natural numbers X and Y.
Further, let a ="X"and b="Y . Then c ="2"if and only if for all
ec N

bit(e,c) =1 — (1 — bit(e,a)) - (1 — bit(e, b)).

We use the binary Ly-function symbol "U” which maps the codes of two
sets of natural numbers to the code of their union, e.q., in the setting

above ¢ = a U b.
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o Let Z be the set difference of two finite sets of natural numbers X and
Y. Furtherleta="X"and b="Y". Then c ="Z"if and only if for
alle € N

bit(e, ¢) = bit(e, a) - (bit(e, a) — bit(e, b)) .

We use the binary Ly-function symbol ”\” which maps the codes of two
sets of natural numbers to the code of their set difference, e.q., in the

setting above ¢ = a \ b.
Lemma 3.4. The following holds in the standard model.
(a) M=V, y, 2 (xGyUzHa:EnyEz), and
(b)) MEVr,y,z (zey\z+ v €yA-(z € 2)).
Proof. This follows from the definition above. O]

Note. The propositional translation (3z € a ¢(z)),, for integers a and m

and an L-formula p(x) is

(Fz (bit(z,a) = 1A @(2))) () = \X/ ((bit(z,a) = 1) gy A (go(:v)>(m)).

r<<m
Note that (bit(z,a) = 1)) = (z € @),

Now we turn to the coding of literals. First of all, we need to code relation

and function symbols from the new language L£’'.

Notation. For every R € L' and every f € L' we associate a unique natural

number ¢ with R or f and write c ="R™ or ¢ =" f7 respectively.

Notation. Let Rel € N and Fct C N be the sets such that the codes of all

relation symbols or function symbols of L' are in Rel or Fct respectively.

Definition. An integer ¢ codes a literal ¢ if and only if ¢ = (c1, ¢, c3) for

c1,Co,c3 € N with the properties:
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o Ifl= Ry, .y Jor arelation R € L', then
c1="R"co=(ay, ..., qumr) and cz = 1.

o Ifl =—Ry a4y Jor arelation R € L, then
c1="R",co=(ai,...,0umr) and cs = 0.

® [f U= fur . awy fOr a function f € L', then
ci="f"co={a1,...,0u+1) and cs = 1.

® Ifl=fas. apyys. fOr a function f € L', then

ci="f"co={a1,...,0u+1) and cs = 0.

We write ¢ = "0 if ¢ codes the literal £.

Definition. We define the following formulas.

Lit(z) = Jz1, 29, 23 (x = (X1, X2, 23) N T3 <2 A

\/ [.Il == '_R—l N Elyl, e 7yar(R) To = <y1, ce 7yar(R)>] V
"R€Rel

\/ [ml =TfTA Ty, y Yar(f)+1 L2 = <y17 <o 7yar(f)+1>] ))

fIEFCt

TYUGRel(xh T2, $3) =

\/ (931 =R Ay, Yar(ry) T2 = W1, - - - s Yar(m) )
"R7eRel

(R(y1s - Yarm) Az = 1)V (2R, - - Yar(r)) A 73 = 0))])
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Tl“ucht(l“l, T2, 1753) =

\/ ($1 =TT ATy, Y+ [$2 = (Y1, - >yar(f)+1>/\
rfleFct

((fy1s - Yar(p) = Yar(py+1 A3 = 1)V
(_'f(yh cee 7yar(f)) = Yar(f)+1 Nxg = 0))})

Trueri(z) = Jaq, 22,23 (2 = (1,22, 23) A (Truepa(z1, z2, 23)V
Truepe (1, T2, 73))]
Note. The formula Lit(x) states "z codes a literal” and Truery(z) states "x

codes a true literal”. Note that Truer;(z) implies Lit(x). Further note that

the formula Lit(x) is an Ly-formula but Truery(x) is not.

Definition. Let p(x1,...,x,) be an unnested L-literal.
We write T, : N'*t — N for the function in Ly that maps (m,ay,...,a,) €
N1 to ™(p(ay, . . . ,@r)) oy - We use the notation Ty(mj;ax, ..., a,) for better

readability between the translation bound and the parameters in .

Next we show how to relate the truth of an L-literal to the truth of its

coded propositional correspondent.

Proposition 3.5. Let M be a nonstandard model and N an L-expansion of
M. Further assume 0(xy,...,x,) is an unnested L -literal.

For ay,...,a.,n € N the following holds
N Eb(ay, ... a.) if and only if N = Truery (To(n; aq, ..., a.)).

Proof. Assume 6(ay,...,a,) = R(ay,...,a,). Intuitively the propositional

translation (6(a1, ..., a,)),) is equal to R, Since M is a nonstandard

----- Qar(R) "

model, the function Ty has an interpretation in M such that

Ty (nsan, ..., aa(r) = (TR, {an, ..., Garery) ™, 1M
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Next we determine if N' = Truer(To(n;ar,. .., Gu(r))). As N is an L-

expansion of M and Ty € Ly, we have

T{Q\/(n; a1, -, Gar(R)) = Tgw(n;al, o5 Qar(R))-

Since there are c;, ¢y and c3 in N such that

Tjev(na ag, ... 7aar(R)) = <Clv Co, C3>N7

namely "R, {(aq,... ,aar(R))N and 1, we have TrueLit(Tév(n; ai, ..., 0u(R)))

is true in AV if and only if
N E Truegra ("R, (a1, - . ., Gar(r)), 1) V Truepe ("R, (a1, - . ., Gar(r)), 1).

Since "R™ € Rel, we obtain that N' = —Truepe("R™, (a1, ..., Gar(r)), 1)
and therefore, TrueLit(Tjev (n;a1,. .., Gar))) holds in AV if and only if N |=
Truere ("R, (a1, - .., Gax(r)), 1). Since the first entry is "R, all disjuncts in
Truerq ("R, {(aq, . .. ,aar(R))N, 1) except for one are false in /. We obtain
that Truege ("R, (a1, - .. ,aar(R)>N, 1) is true in A if and only if

NETRT=TRYA 3y, gy [(01, 5 Garim) = (s Yar() A
((R(ylv oo 7yar(R)> ANl = 1) V (_‘R(yl, C 7yar(R)> ANl = O))

in N. Clearly, the above holds if and only if N' = R(ay, ..., Ga(r)), which
proves the claim.

The other cases can be proven analogously. O]

We end this section with results about the propositional translation of

the Truer-formula.

Proposition 3.6. The propositional translation (Trueric(c)),,, of the for-

mula Trueyi(c) for integers ¢ and m is either a literal or equal to L.
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Proof. We translate Trueri(c) to (Trueri(c)),, for integers ¢ and m and

enumerate the translations for convenient referral later on.

(Truerit(c)) () = \X/ \X/ \X/ [{c= <l’1,$27$3>>52)/\

r1<m xo<m xrz<m

§2) V (Truepc (71, 72, x3)>(3) )]

((TrueRel(m’ T2,%3)) m) (m)

<T1“u€Re1($1,3€2>£E3)>E721)L) = \X/ <<$1 - er)Eiz)/\
"RY€Rel

W W L2 = et o A (R Yar(m)) oy A

y1<m Yar(R) <M

(3 = DNV (SR - Yar(my)) oy A (3 = 0>E?2>>)])

<T1"11€Fct($1,3€2,373)>81) = \X/ <<371 = '—fj>gi?))/\

rfieFct

\X/ \X/ |:<JI2 = <y1;--‘7yar(f)+1>>g117i))/\

y1<m yar(f)+1<m
((F s o) = Yar(pye1) o) A (T3 = D))V

(= Wi o)) = Yartrr 1) o) A {23 = 0)0))])

Most of the subformulas of Truer;;(c) do not involve £'-symbols and are
thus translated to a truth value according to whether they are true or false in
the standard model. Hence, we obtain a propositional formula with numer-

ous occurrences of T and L which are eliminated in the translation process.

Assume ¢ does not code a literal: If ¢ does not code a triple, i.e., there
are no ¢y, ¢, ¢3 such that ¢ = (¢, ¢, ¢3), then translation (1) is equal to L.
If there are c1,co,c3 such that ¢ = (¢q,¢9,¢3) but there is no R € L' and

no f € L' such that ¢, = "R™ or ¢; = "f7, then translation (4) is equal
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to L and translation (10) is equal to L. If there is such an R or f in L',
but ¢, does not code a tuple of length ar(R) or ar(f) + 1 respectively, then
translations (5) and (11) are equal to L. Lastly, if ¢; > 2, then translations
(7), (9), (13) and (15) are equal to L. In all of those cases we obtain that

(Truepit(c)) () = L

Assume ¢ codes a literal, but one of c¢;,cy and c3 is bigger than m or
equal to m where ¢ = (c1, ¢2, c3). Then translation (1) is equal to L, making
(Trueri(c))(,y = L-

Now assume c codes a literal and ¢y, ¢ and c3 are smaller than m. Without
loss of generality let ¢ = (cy, ¢, 1) where ¢; = "R'7, ¢ = (b1, ..., bar(ry)) for
a relation R' € L' and by, ..., by € N.

Translation (1) will only be evaluated to T in the disjunct where z; =
c1,To = ¢o and x3 = 1. Thus, all other disjuncts are equal to L, since then
translation (1) is equal to L and therefore, the whole conjunction is equal to
L. Hence,

(Truerit()) () = (Trueral(cr, ez, 03))22) V (Truepe(c1, ca, 03)>22).
Since c¢; codes a relation, translation (3) is equal to L. We obtain that
(Trueri(c)) () = (Truerei(ct, €2, ¢3)) (-

Only one of the translations {¢; ="R"),,) for "R € Rel in translation

(2) is equal to T, namely if R = R’. We obtain that

(Truewe (@) = TANM - W [e2= 0 v ) A

y1<m Yar(R) <m

(R (W, Yaniy Doy A (e = 1) V
(SR (1 Yarr) o A (e = 0 o))

Translation (5) is only equal to T if y; = b; for 1 < ¢ < ar(R'). If the
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b;’s are not smaller than m, then translation (5) is equal to L and hence,
(TrueLit(c»(m) = 1. Assume otherwise. Then only one disjunct, namely the

one involving y; = b; for 1 <1 < ar(R’), is not equal to L. We obtain that

(Truerio()) oy = T A (R (b1, - bar()) oy A (e = 1)) V

(SR (Br - b)) oy A (3 = 0) (o).

Since ¢3 = 1, translation (7) is equal to T and translation (9) is equal to L.
It follows that

(Truesie()) gy = (B (b, - burgn )& A T)V L

and therefore, (Truerit(c)),,) = I, The other cases can be proven

vvvvv bar(rr)”

analogously. O]

Corollary 3.7. Let M be a nonstandard model. Then
M EVz,y (Lit(Truey, (239)) V Tie, (39) = "L7)

Proof. This follows from the elementary equivalence of M to 91 where this

statement holds by Proposition 3.6 and the definition of Tryye,,, - O

3.5 Coding propositional formulas

Definition. We define the code "™ of 5~ and 1P -formulas ¢ ford € N
recursively.
An integer ¢ codes a X"~ or 1INV -formula ¢ if and only if ¢ codes a literal

ord>1 and c = {c1,co) for c1,co € N with the properties:

o If v is a X P-formula \/ ® where ® is a finite set of 115 -formulas,

then

— ¢, =0, and
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— ¢y codes the set of codes of all ) in ®, i.e., co ="{"Y7|¢p € O}

o If v is a II)P-formula \ © where ® is a finite set of 357 -formulas,

then
—c =1, and
— ¢y codes the set of codes of all v in ®, i.e., co ="{"Y7 | € P}
Definition. We define the formulas Fimlspror(z), Frlgerer(z), Fmlpyr(z),
Fmlpnr, () and the formula Fmleng, (z) for d,k € N recursively on d.
Frlgprer () = Fmlypror(2) = Lit(z)
Fralgeror (2) = Fmlperor () V Jy (ZE = (0,y) AVz €y [Lit(z) v
FJw (2= (1, w) A leHZZ”f’(Z))D
Frlggor () = Flggror () V 3y (x = (Ly) AVz €y [Lit(2) v
Jw (z = (0,w) A leEZi"f’(Z))])
Fmlpnp(z) = lezgmp(x)
Fmlpyr, (z) = Frmlprer (x) vV Iy (:c =(0,y) ANVz €y [Lit(z) Vv

Jw (Z = (L, w) A Fmlypror (2) A card(w) < k)])

Fmlexg, () = Fmlgerer () V Jy (:1: = (L,y) AVz €y [Lit(z) v
Fw (2= (0,w) A Flyrrer (2) A card(w) < k)})
The function card(z) € Ly maps x to the cardinality of the set coded by x.

Note. All formulas defined above are Ly-formulas since Lit(zx) is an Ly-
formula and all other occurring symbols are in Ly.
With the formulas Fmlypror(z) and Fmlyprer () we can state "z codes a 3™ -

or IIE" P -formula”.
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Definition. We define the functions Disj : N> — N and Conj : N> = N by

4

Y ife="1"1

x ify="1"

(0,uUw) if Ju,v (WATOTAUETOTIA
Disj(z,y) = x={0,u) Ny = (0,1}))

0, uU™{y}" if Juvo (u#"07 Az =(0,u) Ay # (0,v))
0, {2} 7Uv) ifVYudv (v#£"0TAx #£ (0,u) Ay = (0,v))
0. (g} i (o £ (0,0) Ay £ (0,0))

(

Y ifx="T7

x ify="T"1

(1,uUv) if Ju,v (w07 Av£TOTA
Conj(z,y) = = (lu) Ay =(1,0))

(LuU™y}") if Juvo (u£"0" Az = (1,u) Ay # (1,v))
(1, {2} Uv) ifvVudu (0 £ OV Az # (Lu) Ay = (1,0))
(L {2y} ifVuu (o # (Lu) Ay # (1,0))

Note. The functions Disj and Conj are in Ly. We use them to map "¢

and "7 to T VYT or T AT respectively where ¢ and 1 are X5 - or
5P -formulas for a d € N.

Definition. We define the formulas Truespror(x), Trueppror (), Truepnr ()

and Truepnr, () for integers d and k > 1 recursively on d.

Truegpror(z) = Trueppror(z) = Trueri ()
Truegprer (v) = Trueperor(2) V Jy (z=(0,y)AFz €y Truepzror (2)A

- lengr_olp (x) A lezsmp (QJ))
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Trueppror (v) = Trueseror(2) V 3y (z=(LyyAVzey Truespror (2)A
- lezsrjlp (:L‘) A lengmp (l’))
Truepnr(z) = Truegprer ()
TrueDNFk (.CC) = leDNFk (LC) VAN TI‘UGDNF (QZ)
Note. With the formulas Truessror(z) and Truepsror (x) we can state " codes
a true 35~ or I P -formula”. By this we mean an extension of the Truey -

formula to propositional formulas. Note that all of the defined formulas above

are not Ly-formulas since Truer(x) is not.

Lemma 3.8. Let M be a nonstandard model, N' an L-expansion of M and

d an integer.

((1) M ): Yz lezprop —) lenpmp (I’))

(
(

(¢c) N =V (TrueEZTOP (z) = Truepzror (x))

(b) M ): Yz lenpmp —) lezpmp (iL’))

(d) N =V (Truenz;rop(:c) — Truespror (:c))
Proof. This follows from the definitions of the formulas. O]

Definition. We define the Ly-function Neg : N — N by

(T1, 02,1 —w3) if v = (21,22, T3)
Neg(z) = ¢ (1 — zy, 2) if x = (x1,x9) where x, = "{Neg(y) | y € z2}"

0 otherwise.
prop
2y

Lemma 3.9. Let ¢ be a propositional formula in or 1IN for an integer

d. Then we have "—p™ = Neg("¢™).

Proof. We show this by induction on d: Let ¢ be a literal and assume that

07 = (c1,cq,c3) for ¢1,c9,c53 € N Then "0 = (¢1,¢9,1 — ¢3), which is
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Neg(™¢™).
Assume the claim holds for d —1 and p =\ ® € ZFP\IIT or o = A ® €
1797\ 8P, Further let U = {—) | ¢ € ®}. Then,

AU if o=\

VU7 if o= A\®

L™ ¢ ed}) ifp=Vo

0, {7 |yed}n) ifp=A0

L, {Neg("y7) [ € @}7) ifp=V
0,"{Neg("y7) [ € ®}7) ifp=A
(

2
1=
G

R

—
~

—
w
=

1,7 {Neg(c) [ c € "7} T)
0,"{Neg(c) |c € "M} ifp = A®

—
N
=

{
{
{
{
{
{

Neg((1, {"¢7 Y e @}7)) ifp=V
Neg((0, {"¢7 [y e @}7)) ifp=A®
@ Neg(Te7).

Equality (2) holds by definition of codes of propositional formulas. The third

—
=

equality holds by the induction hypothesis and (4) holds again by definition.
Note that "¢ € "®™ on the right-hand side of (4) is the abbreviation for
"bit(c,"®T) = 17. Equality (5) is true by definition of Neg and so is equality
(6). O

Notation. Let o(x1,...,x,) be an unnested L-formula. Just like before
for L-literals, we write T, : N'*' — N for the Ly-function that maps
(m,a1,...,a,) € N to Np(ar,...,a,)) " I To(msan, ... a,) = (0,¢)
or To(m;ay, ... a,) = (1,¢) foraceN, ie., the output of T,(m;aq,...,a,)
codes a conjunction or disjunction, then we write C, : N'*1 — N for the
Ly-function that maps (m,ai,...,a,) € Nt to that c. Again we write

Co(m;as,...,a,) for the reader’s benefit.
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Corollary 3.10. Let o(x1,...,x,) be an unnested L-formula.
NE=Ve, 2,2, Top(x;21,...,2,) = Neg(Ty(x; 21, ..., 20))

Proof. From rule (T4) of the definition of propositional translations, it follows
that (m@(ar, ..., ar)) ) = 2{elar, ..., a)), foralla,... a.,m € N. From
Lemma 3.9, we obtain that the claim holds. O

Lemma 3.11. Let M be a nonstandard model, N an L-expansion of M and
d be an integer with d > 0.

(a) N = Vx (lengmp (x) A (Truezgrop(Neg(x)) < = Trueypror (x)))

(b) N = Vz (lezg“’? () A (Truenzv-op(Neg(:v)) < = Truegpror (:E)))

Proof. Let ¢ € N be such that Fmlpzrer(c) is true in A'. We show these claims
by induction on d. If Lit(c) is also true in AV, then the claim follows from the
definitions of Neg and Truer;;. Suppose now that ¢ codes a (HZMP \ XY )—
formula in the sense of \V, i.e., Fmlypror (c) A = Fmlgeror (c) holds in AV. Then
there is a ¢ € N such that ¢ = (1,¢) and a ¢ € A such that NegV (¢) =
(0,¢"YN'. The statement — Trueypror (c) holds in N by definition of Trueypror if
and only if = Truegsror(c) AJy € ¢ = Truegeror (y) is true. Since Fmlperor (c) A
= Fmlyrror(c) holds in AV, we obtain that Truegpror(c) cannot be true in N.
By the induction hypothesis, there is a ¢ € N with N' = ¢y € ¢ such
that —Truegeror (co) holds if and only if Trueygprer (N egV (co)) is true in V. By
definition of Neg and elementary equivalence, we obtain that A = Neg(cy) €
¢". Since Neg (¢) = (0, ")V, from the definition of Truespror we obtain that
N = Truepprr(c) if and only if N = Truesprer(Neg(c)). Analogously, we
can show the result for ¢ € A such that ¢ = (0,c) for a ¢ € N which is
result (b). O

We now combine the results just proven to show how to relate the truth

of a first-order formula to the truth of its propositional translation.



CHAPTER 3. SIMULATION OF PROPOSITIONAL REFUTATIONS 65

Proposition 3.12. Let M be a nonstandard model, N an L-expansion of
M and d,k be an integer with d,k > 1. Assume @(x1,...,x,) is unnested

an L-sentence.

(a) If N Bz, 21,... .2, Flypro(Ty (2521, .., 2,)), then

NEVz, o,z [0 (21,...,2,) ¢ Truengrop(Tw(x;xl,...,xr))}.
(b)) If N ENVz,24,..., 2, lezsmp(T@(ac;xl,...,xr)), then

N EYz,z1, ..z [%(21, ., 2,) 0 Truegere (Ty(z; 21, .., 20))]
(c) If N EVz, 2q,..., 2, Fmlpxp, (To(x;21,...,2,)), then

NEYVz, z,..., 2, [gp“(wl,...,x?«) > TrueDNFk(TSD(:E;ml,...,xr))}.

Proof. (a): This proof is done by induction on the structure of £'-formulas.

Atomic formulas: If p(z1,...,x,) is an L'-atom, then apply Proposition 3.5.

Assume now, ¢(z1,...,x,) is an Ly-atom and ay,...,a,, m are in N. Then

by definition of propositional translation

T ifNEe(a,...,a)
L N Ee™(ay,...,a).

Since N = Trueperer ("T7) A = Truepsror (" L™), we obtain
NEVe, o, ..,z [0 (21,...,2,) & Truepprer (T (2321, . .- , )]

and by elementary equivalence this holds in NV too.

Negations: Assume @(z1,...,2,) = —)(xq,...,2,) where ¥(xq,...,2,) is
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an unnested £-formula and let a4,...,a,,n € N.

N E ¢<"(ay,...,a,) if and only if N £ <" (a4, ..., a,)
if and only if N = = Truegpror (T (0 a1, . . ., ay))
if and only if V' |= Truegpror(Neg(Ty(n; a1, ..., a,)))
if and only if N = Truegpror (T-y(n; a1, ..., a;))

The second equivalence holds by assumption. The third equivalence follows
from Lemma 3.11 (a). The last one is obtained by applying Corollary 3.10.
Note that this holds in A since N is an L-expansion of M where it holds by

elementary equivalence.

Conjunctions: Assume @(x1,...,2,) = ¥1(x1,...,2.) A o(y,...,2,) such

that ¢); and v are unnested L-formulas.

N E o"(ay,...,a,)
if and only if N = ¢5"(ay,...,a,) and N | 5" (aq, ..., a,)
if and only if N = Trueppror (Ty, (n; a1, ..., ay)) and
N | Truegpror (Ty, (0504, .., ay))
if and only if N |= Trueppror (T, (2501, ..., a,)) A
Trueperer(Ty, (ns a1, . .., ar))
if and only if N |= Trueperor (Ty, ny, (75 a1, - - -, @r))
Again, the second equivalence holds by assumption. Now we show the last

equivalence. By definition of Conj, the statement

VI',J,’l, ey Iy Tw1A¢2(I;$1, e ,ZL‘T) =

Conj(Ty, (321, ..., 2), Ty (x5 21, ..., 20))

holds in the standard model. Looking at the definition of Conj, one can
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conclude that

NEVr,zy,...,20, V2 € Cyp g, (2521, ..., 1) [z:T¢l(x;x1,...,xr)v
=Ty, (x;21,...,2,) V2 €Cy(;21,...,2,) V2 € Cyyw;m,...,2,)]. (%)

The same way we obtain that

NEVe, ..., 2, [T%(I;ZL’l, oy @) € Cyppge (T3 @1, ., 20)V

Coi (521, 2) € Coppng (T521, ., 2)] (50k)

for i € {1,2}. By elementary equivalence these statements hold in M and
therefore in A/ as well.

If N E Ty (n;a1,...,a,) = "T7, then we have Tﬁlwz(n;al,...,ar) =
T% (n;ai,...,a,) and the claim clearly holds. Analogously, if we have N |=
Ty,(nsay,...,a,)="T7

Assume Ty, (n;aq,...,a,) # T for both i € {1,2}.
If T%(n;al,...,ar) = (1,Cy,(n;as,...,a,)YN where i € {1,2}, it follows
that N = Cy,(n;a1,...,a,) C Cyng(nyan,. .. a,). If T%(n;al,...,ar) +
(1,Cy,(nsay,...,a,)YN, then N |= Ty, (n;ay,...,a,) € Cyngn(niar, ..., a,.).

Assume now Trueypror (T, (15 a1, ..., a,)) holds in N for both i € {1,2}.
If Tﬁg(n; ar,...,a;) = (1,Cy,(n; a4, ... ,a,))V, then by definition of Trueppror,

we obtain that V2 € Cy,(n;aq,...,a,) Truegerer(z) is true in N. If we
have Tﬁi(n; ai,...,a,) # {1,Cy (n;ay,...,a,)Y", then we obtain that N |=
Truespror (Ty, (R a, - . ., ar)).

Therefore, we obtain by (x) that N |= Vz € Cy,ny, (5 a1, - - ., ar) Truegeror(z)
and by definition it follows that Truepprer (Ty,ay, (75 a1, . - -, @) holds in N.

Now assume, N |= Truegpror (Ty, g, (05 a1, - .-, a,)). Again, by definition
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of Truegprer, N' |5 V2 € Cyjpy,(njan,. .. a,) Truegsro(2). Since by (xx),
N thinks that either C%(n; ai,...,a,) is a subset of C%AW (n;aq,...,a,) or
Tﬁfi(n;al, ...,a.) is in CﬁA¢2(n;a1, Ce ).

Thus, it follows that TrueHZmp(TQC(n;al, ...,a,)) holds in N for both i €

{1,2).

Universal quantifications: Let ¢(xy,...,2,) = Yy ¥(y,x1,...,2,) for an

unnested L-formula ¥ (y, x1,...,x,).

N E o (aq,...,a,)
if and only if N |= <"(¢,a1,...,a,) for all ¢ <V n
if and only if N |= Trueppror (Ty(n; ¢, a1, . .., a,)) for all <N
if and only if N |= Vy < n Trueperer(Ty(n;y, a1,. .., a,))
if and only if N |= Trueperer (T (n; an, . . ., ar))
As before, we obtain the second equivalence by assumption. We show the

last equivalence.
First of all note that

NEVe, ..., 2, [T@(x;xl,...,xr) =(1,Cy(z;21,...,2,))V
dJy<x (Tw(x;xl,...,xr) =Ty(z;y,21,...,2,) ANV <z (2 Fy —
Ty(x;z,21,...,2,) = "T"))]

by definition of propositional translations and their coding functions.

If there is a ¢ <™ n such that Tg(n; ai,...,a,) = Tﬁ(n; ¢,ai, ..., a,) and
for all ¢ <N n with ¢ # ¢, we have N |= Ty(n;c,ai,...,a,) = T, then
the claim clearly holds.

Now assume otherwise, then Tg(n; a,...,a,) = (1,Cu(n;ay,...,a))".

Suppose N = Vy < n Trueppror (Ty(n;y,ai,...,a,)). Again by definition of
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propositional translations, we obtain

NEVe,zq,...,2, V2 € Cp(z;21,...,20,) Yy <z
[z =Ty(z;y,21,...,2,)V
(©)

(Tw(x;y,:cl, oo y) = (1, Cylx;y, 21, .., x0))A
z € Cylzyy, m1,...,2,))].

By elementary equivalence, this holds in M and thus in N too. Let ¢ € N
such that ¢ <V n. If Cy(n;c, ar, ..., a,) SV Cy(nsar,. .., a,), then by defini-
tion of Truepprer, we have N = Vz € Cy(n;c, a1, ..., a,) Truegeror(z). Oth-
erwise Tﬁ(n; c,ay, ... a.) €N Cg(n; ai,...,a,). Applying the statement (o)
as well as the assumption implies N = Vz € Cy(n;ay, ..., a,) Truegpror (2).
We obtain N = Trueprer (Ty(n; a1, .., ar)).

Assume now that Truepprer(Ty(n; a4, ..., a,)) holds in . The following
holds by definition of codings

NEVe,zy,...,2, Vy<zx [Tw(:v;y,:vl, o ty) € Cy(zs e, ... 20)V
(Td,(:zc;y,xl, oo xe) = (1, Cplzry, 1, ..o, 20))A
Cylz;y,21,...,2) C Cpla;ar,...,z,))]. (00)

Since Truengrop(T¢(n; ai,...,a,)) holds in A, by definition of Truepzror, also
Vz € Cy(n;aq,...,a) Truespror (2) is true in N. Applying the statement
(00), we obtain N = Vy < n Truegerer(Ty (054, ar, .. ., ar)). ]

Next we show how to classify the propositional translations of the True-

formulas.
Proposition 3.13. Let c¢,d, k and m be integers with k > 1.

a) The propositional translation (Truespros(c of Trueseror(c) is a X5 P-
d (m) d d

formula or equal to L.
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prop
d -

(b) The propositional translation (Truensrop(c» of Trueggpror (c) is a 1T

(m)
formula or equal to L.

(¢) The propositional translation (Truepxr,(c)) ) of Truepxr,(c) is a k-
DNF.

Proof. We prove (a) and (b) by induction on d. If d = 0, then
(Truespror (c)) m = (Truepgror (c)) m = (Trueris(c)) ()

which is either a literal or equal to L by Proposition 3.6.
Assume now that the claim holds for d — 1.

(a): Translating Trueseror(c) gives us

<True25mp(c)>(m) = <Truensv~_olp(c)>22) vV \X/ [(c = (0, y>>g7271)/\

y<m

(5) (6)
) A(= lenZTlP (c) >( )/\ <lezflrop (¢)) (m)] .

m

3 4
W/ (= € A Trueny ()2

m
z<m

Translation (1) is equal to a II5"7-formula or equal to L by the induction

hypothesis.

If the former holds, then for some d’ < d, <Fm125/mp(c)>(m) or <Fm1H570p(c>>(m)
is equal to T, making translation (5) equal to L. This follows from the fact
that they are Ly-formulas which are translated to T or L by definition.
Therefore, the whole disjunction will be equal to L and (Truezgrop(c» ) is
equal to translation (1). This means, the translation of Truegsror(c) is equal
to a II5°’-formula and therefore, a 34" *’-formula.

Assume the latter, i.e., translation (1) is equal to L and thus,

(Trueyger (), =W/ (e = .02 AW/ (2 € iy

y<m z<m

(Trerep (2))) ) A (= Pl (€) ) A (Fanlyror ()9 |

(m) (m)
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If translation (5) or (6) is equal to L, then again (Truegerer(c)) = 1.

Suppose now, translations (5) and (6) are equal to T, which is equivalent to

c coding a X5\ II5-formula, and therefore,

(Truegpror(c)) =
\Y/ [<C = (0, y)>g7271) A \X/ ((z € y)Ef’Tz) A <Truengiolz7(2)>§jz)>:|.

If there is an @ € N with @ < m such that ¢ = (0,a), then translation (2)
is equal to T. For all other @ € N, the whole disjunct is equal to L. This

means that if there is no such a, then (Truepror(c)) m = 1. Assume now
that there is such an a € N. Then all other disjuncts are equal to L, making

(Truegprer(c)),  equal to

(m)

\W/ ((z ea)® A <Truensr_olp(z))22)).

z<m
If translation (3) is equal to L, the disjunct is equal to L. If translation (3)
is equal to T, the conjunction is equal to translation (4). We obtain that

(Truegprer(c)) = W/ (Truerpror (2)) (%)

zE€a
z<m

(m)’

By the induction hypothesis, <Truen§[°f(2)>( : is either a ITYP-formula or

equal to L. Therefore, either (Truegsror(c)) m) is a disjunction of ITH™’-

formulas and therefore a ¥"*-formula or Truegeror = L.

(b): Analogously, we can show result (b) for Truerpror(c).

(c): The translation of Truepnr, (c) is

(Truepnr, (€)) () = (Fmlpnr, (€)) () A (Truepsr(e)) (-
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Assume one of them is equal to L, then (Truepxr, (c)),,) = L.

If (Fmlpxr,(¢)),,y = T and (Truepxr(c))(,,) # L. then by (a), we obtain
(Truepnr(c))(,,) € X5, Moreover, equation (x) holds in this case too with
d = 2. Since (Fmlpnr,(c)),,) = T, we can conclude that a in (x) codes a
) is a k-DNF

as well. O

set of k-many codes of IIf"*-formulas. Thus, (Truepnr,(c)),

Corollary 3.14. Let M be a nonstandard model and d, k integers with k > 1.
(a) M |=Va,y (Fmlgeror (Trve pron (25 9)) V Tvuegpmop (739) = TL7).

d d
(b) M [=Va,y (Flgerer (Trvueypron (739)) V Tivueyprop (25 9) = 7 L7).

d d

(C) M }Z VZL’, ) leDNFk, (TTrueDNFk (ZL’, y))

Proof. This follows from Proposition 3.13, the definition of T, and elemen-

tary equivalence since this holds in the standard model. O]
Corollary 3.15. Let ¢,d and m be integers.

(a) The propositional translation (= Truespror(c)) = of —Truespror(c) is a

(m)
1P -formula or equal to T.

(b) The propositional translation (—Truemsror(c)) — of = Truegsrer(c) is a

(m)
Y0P -formula or equal to T.

(¢) The propositional translation (= Truepnr,(c)),,, of ~Truepnr,(c) is a
k-CNF.

Proof. This follows from Proposition 3.13 and rule (T4) of the definition of

propositional translations. O

Corollary 3.16. Let M be a nonstandard model and d, k integers with k > 1
(a) M =V, y (lensmp (T Trueyprop (x;y)) vV T Truegprop (z:y) = I—T—I).
d d

(b) M ): vx’ Yy ( lezsmp <T_' Truepyprop (:C’ y)) v Tﬂ Truepprop (.’E, y) = '_T—l) .
d d
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(C) M ): vx? ) leCNFk (Tﬁ Truepnr, (:U; y))

Proof. This follows from Corollary 3.15, the definition of T, and elementary

equivalence since this holds in the standard model. O

3.6 Coding refutations

Notation. We use the Ly-formula IsSequence(x) stating "z codes a se-
quence”.

Also we write sizepm (z) for the Ly-function mapping x to the size of the
propositional formula it codes or, if © codes a refutation, then sizegegu; ()

maps x to the size of the refutation.

Definition. We define the formulas Rule,,, Rule.,; and Rule,.

Ruley(z,y, z) = (z = Disj(xz, y))
Rulecw (2, y, 2) = Ju,v,2', 9/ (ac = Disj(2',u) A y = Disj(y/,v) A
u = Neg(v) A z = Disj(z',¢/))
Rulen(z,y,2) = Ju,v, 2,y u', 0 <$ = Disj(z’,u) Ay = Disj(y',v) A
(Lit(u) Vu = (1,u')) A (Lit(v) Vo = (1,0')) A
z = Disj (2, Disj(y/, Conj(u, v))))

We define the formulas Refut r(q), Refutpxe and Refutpxr, for integers d, k >
1.

Refutz(1)(z,y) = Vz € z Fmlgerer(2) A IsSequence(y) A (y)jy-1 ="L" A
Vi < [yl = 1 [ Fanlggrn(9)) A () € 2V Fo,0 < w

(Rutle ((9)or (1) (5)) V Rk ()0 () (1)) )]
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Refutz(g)(z,y) = Vz € x Fmlygerer(2) A IsSequence(y) A (y) -1 ="L" A
Vi < [yl = 1] Flggron (9)) A (9)a € 2V 30,0 <

(Ruley ((%)v, ()ws 1)u) V Rulecwt (1)o, ()w, (4)u) V

Rulen((5)o: () (9):)) ) |
Refutpnr(z,y) = Refut (o) (z,y)

Refutpyr, (7,y) = Refutpye(z,y) AVz € 2 Fmlpyg, (2) A
Vu < [ly|| =1 Fmlpxe, (()u)

Note. The Refutz)-formula states "y codes an F(d)-refutation of the set of
propositional formulas coded by x”. The formulas Refutpnr and Refutpyr,
are defined analogously.

The formula Ruley (x,y, z) states "the propositional formula coded by z is 0b-
tained from the propositional formulas coded by x and y by applying the weak-
ening rule”. In the same way we defined Ruleqy(z,y, z) and Rule,(z,y, 2).
Note that we do not need to define a rule for N-introduction of k-DNF's
separately. The reason is that we have restricted all formulas in a k-DNF
refutation to be k-DNF's and therefore, the formula obtained by N-instruction
has to be a E-DNF as well.

Further note that all formulas above are Ly-formulas since they are only

defined by functions (including Neg, Disj and Conj) and Ly-formulas.

Now we show that the soundness of the rules of F(d) also holds for coded

refutations.

Proposition 3.17. Let M be a nonstandard model, N an L-expansion of
M and d, k integers with d,k > 1. Then the following holds.

(a) N EVz,y, 2z (Truezsrop (2) AFmlgeror (y) ARuley (z,y, 2) — Truezz;mp(z))

(b) N EVz,y,2 (TrueDNFk(:E)/\leDNFk(y)/\Rulev(x,y, z) = TrueDNFk(z))
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Proof. We argue in N. Let a,b,c € N and assume
N | Truegpror (a) A Fralgerer (b) A Ruley (a, b, 0)).

(a): If A thinks that a codes a disjunction, then there is an @’ € N such
that a = (0,a"YN, @’ # 707 and there is an ag € N with ag € o such that
Trueypror (ag) is true because Truegeror (@) is true. By definition of Disj there
is a ¢ € N such that ¢ = (0,¢)V. By Lemma 3.4 (a), ag €V ¢. Therefore,
Truesprer(c) is true.

If A/ thinks that a does not code a disjunction, then Truensiolp(a) is also true.
By definition of Disj and Lemma 3.4 (a), we obtain that either ¢ = a or there
is a ¢ € N such that ¢ = (0, ) and a €V ¢ and hence, Truesprer(c) holds.

(b): This follows from (a). O

Proposition 3.18. Let M be a nonstandard model, N an L-expansion of
M and d, k integers with d,k > 1. Then the following holds.

(a) N =V, y,z (Truezsrop () A Truegpror (y) A Rulecy (2, y, 2) —

Truegpror (2))

(b) N EVz,y,z (TrueDNpk(:zz) A Truepnr, (y) A Rulecy (2, v, 2) —

Truepnr, (z))

Proof. (a): Again, we argue in N. Let a,b,c € N and assume N |=
(Truezsrop(a) A Truegprer (b) A Rulecy (a, b, 0)).
Then there are integers ay,b;,e € N such that a = Dist(al,e) and b =

DisjV (by, Neg" (e)).

Case 1: Assume a = a;. Thene="_1""

If A thinks, a codes a disjunction, then there exists an @’ € N such that
a = (0,ad’)V and there is an ay € N with ag €V o' such that Truergrer (ao)
holds. By definition of Disj there is a ¢ € A such that ¢ = (0,¢)V and
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ap €N .
If A thinks, a does not code a disjunction, then either a €V ¢ or, if by =" L7,
then a = ¢ holds.

In both cases we obtain Truegsror(c).

Case 2: If a = e, then by Lemma 3.11 (a), = Trueppror (NegV (e)) is true and
therefore, Truegpror (b1) has to be true. Analogously to above, we obtain that
Truegpror (c) holds. Note that in this case, Fmlyrror (¢) has to be true in N be-
cause if N = Fmlgpror(e) A = Fmlppror (€), the statement leHZmp(NegN (e))
would also be true in N and thus, leEZrop(Dist (b, Neg"(€))) would be
false in N. Therefore, Truesprer (b) would be false as well, which contradicts

the assumption.

Case 3: Now assume a # a; and a # e. Then there is an @/ € N such
that Disj (a1, e) = (0,a’)V.
Since Truegpror(a) is true, there is an ap € N with ag &V a’ such that

Trueppror (ag) holds. Further, there exists a ¢’ such that ¢ = (0, W,

e N thinks, a; codes a disjunction: Then there is an a} € N such that
a; = <07 a/1>N

— ag €V a): Then by definition of Disj, also ag €V ¢’ and therefore,

Truesprer(c) is true.

— N thinks, e = (0, ¢/)" codes a disjunction, ay €V ¢/: By Lemma
3.11 (b), we obtain that — TrueHSrop(NegN (e)) holds as well. Thus,
Truesprer(b1) holds. Then either b eN ¢ or there is a b, € N
such that b; = (0,0)" and a by € N with by €V ¥, such that
Truensr_of(bo) holds. If the the latter applies, then by definition of
Disj, by €V ¢ and we obtain NV = Truegpror (c).

— N thinks, e does not code a disjunction, ag = e: Then by Lemma

3.11 (a), - Truezsrop(NegN (e)) is true. By the same argument as
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before we have N |= Truegeror (c).

e N thinks, a; does not code a disjunction:

— ag = a;: Then we obtain ay €V ¢ and therefore, Truegpror(c) is

true.

— ag # ay: As before we obtain that ﬂTrueEZmp(NegN(e)) is true
and thus, Truegpror (c) holds.

(b): follows from (a). O

Proposition 3.19. Let M be a nonstandard model, N an L-expansion of
M and d, k integers with d > 2 and k > 1. Then the following holds.

(a) N =V, y,z ((Truexsmp () A Truegpror (y) A Rulea(,y, 2)) —

Truegpror (2))

(b) N EVz,y,2 ((TrueDNFk (x) A Truepnr, (y) A Rulea(z,y, 2)A

Fmlpyr, (2)) — TrueDNFk(z))

Proof. We argue in N as before and assume for a,b,c € N that
Truesprer (a) A Truegpror (b) A Rulen(a, b, ¢) — Truesprer(c)

holds. Note that there are ai, by, e1,e2 € N such that a = Dist(al, e1) and
b = Disj" (by, e5).

Assume N thinks ¢ does not code a disjunction. We obtain that a; = b; =
"L Then Trueperor(e1) and Trueppror (e2) have to hold. If A thinks both e
and e, code conjunctions, there are ¢} and e}, in A such that e; = (1, ¢})V
and ey = (1,¢,)V. Because both Truepzror (e1) and Truepzror(e2) hold, the
statements Ve| € €| Truespor(e]) and Vey € e, Truegsror(ey) are true.
By definition of Conj and by Lemma 3.4 (a), there exists an ¢/ € N with
ConjV (e, e5) = (1,€/)V and

Ve ((e" eelve e 6'2) — e e e’)



CHAPTER 3. SIMULATION OF PROPOSITIONAL REFUTATIONS 78

are true. Therefore, TrueHZZOf(Coan (e1,e2)) holds. By Lemma 3.8 (d), we
obtain that Truegerer(c) is true. If AV thinks at least one of e; for i € {1,2}
does not code conjunction, we obtain that e; € €' and analogously that
Truensrf»f(Coan (e1,€2)) holds.

Assume N thinks that ¢ codes a disjunction. Then there is a ¢ € N such
that ¢ = (0, ).
Since Trueyrror (a) holds, Truegsror (a1) or Truegprer(€;) also hold. If A thinks
a; codes a disjunction, then there exists an a} € N such that a; = (0,a})V.
Assume that Truegsror(a;) holds. Then, if N thinks, a; codes a disjunc-
tion, there is an ag € N such that ay €V @/ and Trueppror (ag) holds. If N
thinks a; does not code a disjunction, let ay = a;. By definition of Rule,
and of Disj, we obtain that N |= ap € ¢’ and thus, Truegprer(c) holds.
If Trueperer(a1) does not hold, then Truepzror(e1) has to be true.
If N thinks, b; codes a disjunction, then there is a 0} € N such that
by = (0,b,)Y. Assume now, Truegpror(by) holds. Then, if N thinks b; codes
a disjunction, there is a by € N with by €V b such that Truenszof(bo) holds.
If A/ thinks b; does not code a disjunction, let by = b;. As before, we obtain
bo €V . Assume now that neither of both cases apply. Then Trueppror (e1)
and Trueppror (eg) are true. Analogously to above, we obtain that Truegprer (c)
holds.

(b): follows from (a). O

Corollary 3.20. Let M be a nonstandard model, N an L-expansion of M
and d > 2 and k > 1 be integers. Then the following holds.

(a) N EVz,y, 2z <Truezsrop () A Truegpror (y) A (Ruley (z,y, z)V
Rulecyt (2,9, 2) V Rule (2, v, z)) — Truezsrop(z))

(b) N EVz,y,z <True2€mp (z) A Truegerer(y) A (Ruley(z,y, 2)V
Rulecy (2,9, 2)) — Truespror (z))
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(c) N EVz,y, 2 (TrueDNFk(x) A Truepnr, (y) A Fmlpyr, (2)A
(Ruley(z,y, z) V Rulecy (2, y, 2) V Rules(z, y, 2)) — TrueDNFk(z))

Proof. This follows from Propositions 3.17, 3.18 and 3.19. O

We finish this section with a technical lemma.

Lemma 3.21. The following holds in :
Va ||z|| < sizeregus ().

Proof. This follows from the definitions of sizeges () and ||z|| since every

formula has at least size 1. O

3.7 Simulation of propositional refutations

In this section we want to combine all results of this chapter to show that
there are no polynomial size F(d)-refutations of the propositional transla-
tions of an unnested L-sentence ¢ if there is an L-expansion of a countable

nonstandard model in which ¢ is true on an initial segment.

Proposition 3.22. Assume that ¢ is an unnested universal L-sentence o =
Vay, ... 2. polxy, ..., x,.) where po(z1,...,x,.) is a quantifier-free L-formula
of the form Nic; V ey #ij(x1, ... 2,) for finite index sets I # 0 and J; # (
such that i € I and ¢, j(x1,...,x,) are L-literals.

a) The propositional translation (p of ¢ 1is in conjunctive normal form
(m)
for all m € N.

(b) N = Vo Fulgero (Ty()).

Proof. (a): By the rules of propositional translation, we obtain

@ =M M NW il 20)

r1<m zr<m 1€l jeJ;
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Because of the fact that ¢; j(x1,...,z,) are unnested L-literals, their propo-
sitional translation (y; ;(z1, ... ,xr)>(m) is either equal to T, L or a literal.
Thus, we obtain that (), is in conjunctive normal form. Note that by
definition T and L are also in conjunctive normal form and therefore, the
claim also holds if the translation is equal to either of them.

(b): follows from (a) O

Definition. Let d > 1 be an integer. We write Ay for the set of all unnested
L-formulas @(x,wy, ..., w,) such that for all a,by, ..., b.,m € N, their propo-

sitional translations (p(a, by, ..., b)),y are ILg™"-formulas.

Note. Note that for every L-formula o(x,w.,. .., w,) € Ay the propositional
translation (—p(a, by, . .. ,b,,)>(m) of its negation is a propositional formula in
¥ fora,by, ... bp,meN.

Further note that

NEVz,z,wi, .. w, [Fmlgerer (Ty (252, w1, -0 w,) )A

Filgpror (Top(z; 2,01, ..., wy))]

holds for all p(x,wy,...,w,) € Ag.

Definition. The least number principle for a set of first-order formulas ©

is the statement that for any 0(x,ws,...,w,) € © the following holds:

Ywy, ..., w, 3x [9($,w1,...,wr) —

Jy<aVz<u (G(y,wl,...,wr)/\(z <y—>ﬁ9(z,w1,...,w,n)))}.

We write LNP(O).

Let M be a structure that interprets < as a linear order on its universe
and let by € M. For a set of first-order formulas © the least number prin-
ciple up to by is the statement that for any 0(z,wy,...,w,) € © in M the
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following holds:

Ywy, ..., w, 3z < by [9($,w1,...,wT) —
Jy <azVz<z (0(y,wi,...,w)A(z<y——0(z,w,...,w)))].
We write LNP<(0).

Definition. Let 97y, (x) be the propositional conjunction

A {\/ {fal ..... aurryan | Gar(p)e1 < ﬂf} |TfTeFet an, . tanp) < fff}

and let Upe(x) be the propositional conjunction

/\ { \/ {_'fal ..... aar(f),ca _‘f(h ..... aar<f),d} |

rf 6Fct,al,...,aar(f),c,d<x,c;«éd}

Note. Both Or.(x) and Vpe(x) are conjunctions of X5 -formulas.

Definition. Let Cry(x) be the Ly-function such that for any m € N, the con-
gunction Oret(m) is coded by (1, Cror(m)) and let Cret(x) be the Ly-function
such that for any m € N, the conjunction Vg (m) is coded by (1, Cret(m)).

Lemma 3.23. Let M be a nonstandard model and N' an L-expansion of M.
Then

N =V (Truepgrer ((1, Cror())) A Truegsror ((1, Cret (1))

Proof. Assume for an n € N, the sentence Truergror ({1, Cret(n))V) is false
in . Then there is an f € £ and ay, ..., Ga(s),c,d < n with ¢ # d, such
that —|T1rue212wop(Tﬁf(a1 _____ Gar( 1)) =V f (@1, aarm):d) is true in M. By defini-

tion of Truegpror we obtain that this means that Trueri (T (a,,... Gax( f)):C) A

.....
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N E flay,...;a.) = c¢A f(ai,...,a.) = d contradicting that f is a func-
tion.
Analogously, the same holds for Trueyzrer ((1, Crot(2))). O

3.7.1 The main theorem

Theorem 3.24. Let M be a countable nonstandard model of arithmetic in
the language Ly and d be an integer with d > 1.
Let ¢ be an unnested universal L-sentence ¢ = Vxi,...,2, wo(T1,...,T,)

where po(z1, ..., x,) i a quantifier-free L-formula of the form

wo(T1, ..., 2) = /\ \/ wij(x1, ..., x)

i€l jEJi

for finite index sets I # 0 and J; # 0 such that i € I and ¢, j(x1,...,z,) are
L-literals.

If there are nonstandard integers n,by € M\ N with by > n' for all | € N
such that there exists an L-expansion N of M with the properties N =
LNP<(A) and N |= ¢<", then for all | € N there exists an m € N with
m > 1 such that the propositional formula (), A Vret(m) AUre(m) has no
F(d)-refutation of size < m'.

Note. In Proposition 3.22 (a) we have shown that for m € N the proposi-

tional translation <<,0>( of ¢ s a propositional formula in conjunctive normal

form, i.e., (9) ) = /\é%) where @ is a set of X4 -formulas.

Note that U1y (m) and Y (m) are conjunctions of XV -formulas as well.
Therefore, () () A Uror(m) A Upet(m) = N\ @ where Or, is a set of X7~
formulas. Then this means that regardless of the choice of d in the theorem,
®,,, contains propositional formulas that we can work with in F(d).

Further note that for all m € N the set ®,, is coded by C,(m) U Cpro(m) U

C'Fct(m).

Notation. By an F(d)-refutation of {¢) ) AVrot(m) Adpe(m) = A\ P for
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m € N, we mean an F(d)-refutation of the set ®,,. Since the propositional
formula ),y A Oror(m) A Uret(m) is a conjunction, these mean the same:
There is an F(d)-refutation of ®,, if and only if ®,, is unsatisfiable.

Proof of Theorem 3.24. Assume towards a contradiction that there are non-
standard integers n, by € M \ N with by >M n' for all [ € N such that there
is an L-expansion A of M in which <" and LNP<"(A,) are true and that
there is an [y € N such that for every m € N with m > 1 the propositional
formula (@) ) A Vror(m) A Jpet(m) has an F(d)-refutation of size < mlo.

We can state the latter in the standard model as the sentence
Vo >1 Ely (Refutf(d) (CQD (IL‘) U CTot(‘r) U CFct(x)7 y) A SizeRefut (y) S xlo) .

Since this is true in the standard model, it is also true in M and therefore
in /. Thus, for the nonstandard integer n there is a nonstandard integer 7
in N such that the sentence is true in N for x = n and y = .
Intuitively, 7 codes a refutation of ”(¢) ) A Ure(n) A Jpet(n)”. Let s be the
length of 7 in N, ie., s = ||7||V. By definition of Refut r(q), the last entry
(m)s—1 of mis "L Hence, N = = Truegeror ((7)5-1).

Define a ”False-formula” which states "the y-th entry of the refutation
coded by z is false”: False(y, z) = ﬂTrueEZmp((z)y).
By Corollary 3.15, (= Truesprer(a)) (m) is in ITI5"? for all a, m € N. Note that
the corollary states that the propositional translation could also be equal to
T. But since by assumption d > 1 and T € II]", this statement also holds
for T. Observe that for any a,b € N, the term (a), is also in N. Thus, we
obtain that False(y, z) € Ay.
By assumption the least number principle is true in N for False(y, 7) up to
bo.

Since N |= False(s — 1,7), because sizeperw (1) < n' holds and by
Lemma 3.21, also s — 1 < by is true. Thus, we can apply the least number

principle to False(y,n). Hence there is a <"-minimal ay € N with aq <
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s — 1 such that False(ag, 7) is true in N and False(a, ) is false in A/ for all
a € N with a <" ay. Thus, there are two cases:

(a) ap = 0: By definition of Refut z4), N |= (7)o € Cy(n)UCTo(n) UCke(n).
Since N = = Truegprer(()o), from the definition of Truepzro» we obtain
that

N | = Trueperor ((1, Cy(n))) V = Trueprrer ({1, Cror(n)))V
- Truenzrlp (<1, Cpct(n)>)

By Lemma 3.23, we can conclude that N |= ﬁTrueHZErolp((l,Cw(n»).
Since Tf;/(n) = (1, C/;/(n)yv, this means N |= — Truepzror (Ty(n)). Intu-
itively, this is equivalent to saying N' = — Trueggrror ("{P) ) V-

By Proposition 3.12, we have N |= Vz (=% <+ Truepror (Ty(2))). On
one hand, N/ |= ¢=", but on the other hand N |= = Trueng;"f((la Cy(n))).

This is a contradiction.

(b) 0 <V ay <V s —1: This means that Truegpror((7)q,) is false in V. By
definition of Refut (4, A thinks that either (7),, €V Cgf (n)UCH . (n)U
Cﬁgt(n) or there are ay,ay € N with ay, as <V ag such that

o ifd=1,
N | Ruley (()ay, (M)ays (M) ey V Rutleeus (M) ays () ags () a)

e orifd>1,

N }: RUIGV((W>¢117 (ﬂ-)aw (ﬂ-)ao V Rlﬂecut((ﬂ-)aw (W)azv (77-)00)\/
Rule/\((ﬂ-)an (ﬂ-)aw (ﬂ-)ao>'

N E (1) € Cp(n) UCre(n) U Cret(n), we obtain a contradiction

analogously to case (a).
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Assume the latter. Since aj,as <V ag, by assumption we have A =
Truegpror ((7)a,) and N = Truegeror ((7)a,). Applying Corollary 3.20, we

obtain a contradiction since N | = Trueygpror (), )-

]

3.7.2 The main theorem for other Frege refutation sys-

tems

Notation. Define Acnr to be the set of all L-sentences o(x,y1, ... ,Yy,) such
that their propositional translation (p(a,by,. .. ,br)>(m) is a CNF for all nat-
ural numbers a, by, ..., b.,m.

Let Acnr,, the set of all L-sentences o(x,y1, ..., y,) such that their proposi-
tional translation (p(a,by,. .. ,br)>(m) is a k-CNF for all a,by,...,b,,m € N.

Note. Clearly, Acny = A2 and Acxr, C As.

Corollary 3.25. Let M be a countable nonstandard model of arithmetic in
the language Ly. Further let P, A be one of the pairs (a), (b) or (c) (with
k € N and k > 1) shown in the table below.

Let ¢ be an unnested universal L-sentence ¢ = Vxi,...,2, po(T1,...,T;)

where @o(x1,...,x,) is a quantifier-free L-formula of the form

wo(T1, ..., x) = /\ \/ i (T, ..., x,)

i€l jEJi

for finite index sets I # 0 and J; # O such that i € I and ¢, j(x1,...,z,) are
L-literals.

If there are nonstandard integers n,by € M\ N with by > n' for all | € N
such that there exists an L-expansion N of M with the properties N =
LNP<(A) and N |= o<", then for all | € N there exists an m € N with
m > 1 such that the propositional formula (@) ,,) A Vret(m) Adpet(m) has no

P-refutation of size < m'.
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Theorem 3.24 (a) (b) (c)
S s#% [ DNFs (= X2"%) | k-DNFs
P F(d) R (= F(1)) | Ronr (= F(2) | Ronr,
A Aq Ay Acnr (= Ag) Acnr,

Proof. (a) and (b): For P = R let d = 1 and for P = Rpnr let d = 2 in
Theorem 3.24.

(c): Let P = Rpnr, for an integer k£ > 1. Since we have proven all results
% used in the proof of Theorem 3.24 for k-DNFs as well, the theorem also
holds for Rpnr, - O
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