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Summary

In this thesis, we consider fully packed loop configurations (FPLs), that is, subgraphs
F of the n x n square grid together with 4n external edges such that every vertex of the
grid is incident to two edges of F' and precisely every other external edge starting with
the, say, topmost horizontal external edge on the left side is occupied by F. They are in
one-to-one correspondence with alternating sign matrices (ASMs), hence their number is
given by the famous formula for the number of ASMs proved in [31] and later in [14]. This
correspondence made FPLs that were until then mainly studied in statistical mechanics
known among combinatorialists.

In contrast to ASMs, FPLs allow a study in dependency on the connectivity of the
occupied external edges (these connections are encoded as a link pattern, m, and the
number of FPLs with such a pattern is denoted A,). The study of the numbers A, was
excited by the Razumov—Stroganov correspondence, which was conjectured by Razumov
and Stroganov in [25] and proved by Cantini and Sportiello in [9]. It relates the numbers
A, to the XXZ quantum spin chain at anisotropy parameter A = —%, Temperley-Lieb
random walks and the dense O(1) loop model. In addition, various beautiful properties
of the numbers A, have been proved in recent years. For instance, it was conjectured
in [35] and proved in [10] that for link patterns = U m made up of a link pattern 7 and
m nested arches, A,,, is polynomial in m.

Triangular fully packed loop configurations (TFPLs) — the central objects of this
thesis — came up in [10] in the course of the proof that A, is a polynomial in m: for
large m FPLs with link pattern 7 U m admit a decomposition as part of which TFPLs
occur. From this decomposition the authors of [10] derive an expression for the numbers
Ayum from which it immediately follows that Ay, is a polynomial in m. Since in this
expression numbers of TEFPLs show up it provides a link between the numbers of TFPLs
and the numbers A, ,,. Besides this link, the many nice properties that have been
discovered since the emergence of TFPLs ([29], [19], [11]) motivate the study of TFPLs.
For instance, one such property is that the boundary of a TFPL, that is, a triple (u, v;w)

made up of 01-words, must satisfy
(0.1) d(u) + d(v) < d(w),

where d(w) denotes the number of inversions in w. The integer exc(u,v;w) = d(w) —
d(u) —d(v) is in the following said to be the excess of a TFPL (with boundary (u,v;w)).
To study TFPLs with respect to the excess of their boundary turned out to be fruitful.
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In [11] enumeration results for TFPLs of excess 0 or 1 were proved. To begin with, if
exc(u, v;w) = 0 the number of TFPLs with boundary (u, v;w) is given by the Littlewood-

Richardson coefficient

Aw)
(0.2) CA(w) Aw)?

where A\(u), A(v) and A(w) are Young diagrams assigned to u, v and w. This provides a
new enumeration for Littlewood-Richardson coefficients, which are important in various
areas of mathematics including algebraic geometry, representation theory and algebraic
combinatorics. Finally, if exc(u,v;w) = 1 then the number of TFPLs with boundary
(u,v;w) admits an expression in terms of Littlewood-Richardson coefficients.

Wieland gyration, on the other hand, is an operation on FPLs that was invented in [30]
to prove the rotational invariance of the numbers of FPLs corresponding to fixed link
patterns. Later it was heavily used by Cantini and Sportiello [9] to prove the Razumov—
Stroganov correspondence. In connection with TFPLs, Wieland gyration first appeared
in [29] and [19].

The research that this thesis is made up of is part of two published articles (Chapter
3 and Chapter 5) and an accepted article (Chapter 4). In Chapter 3 Wieland drift is
defined as an operation on TFPLs that is composed of the same local operations as the
usual Wieland gyration for FPLs. In addition, various properties of Wieland drift are
proved: due to a finiteness argument for every TFPL f the sequence (WL™(f))m>0 made
up of the images of f under iterated applications of left-Wieland drift WL is eventually
periodic. In Theorem 3.10, it is proved that the length of the period is always one, which
means one always reaches a TFPL that is invariant under left-Wieland drift. In fact, if
N is the size of f, then less than 2N iterations of WL suffice to obtain such a stable
configuration. A key step in the proof of Theorem 3.10 is to classify these stable TFPLs.
It turns out that the stability of a TFPL depends solely on the occurrence of a certain
type of edges called drifters, which is the content of Theorem 3.11. These results also
hold for right-Wieland drift.

The focus in Chapter 4 lies on TFPLs of excess 2. The main result is a linear expression
for the number of TFPLs of excess 2 in terms of numbers of TFPLs that are invariant
under Wieland drift, see Theorem 4.2. This linear expression generalises already existing
enumeration results for TFPLs of excess 0 or 1. Its proof heavily uses Wieland drift.

In the last chapter of this thesis hexagonal fully packed loop configurations (HFPLs)
are introduced as a generalisation of TFPLs. Furthermore, some of the existing results
for TFPLs are generalised to HFPLs. To begin with, each HFPL is assigned a sextuple
(It,t, rr; g, b, rg) of 01-words that encodes its boundary conditions. This is done in a way
that generalises the way in which the boundary conditions of a TFPL are encoded by
01-words. The necessary condition in (0.1) for the boundary of a TFPL generalises to



the necessary condition
(0.3)  d(rg) +d(b) +d(lg) = d(Ir) +d(t) + d(rr) + [Ir[sltlo + [thi[rrlo + [relo[le]s

for the boundary of an HFPL (Theorem 5.11). Here, |- |; denotes the number of occur-
rences of ¢ for ¢+ =0, 1.

The excess of an HFPL with boundary (I, t, rr; g, b, rg) is defined as exc(lt, t, rr; g, b, rg) =
d(rg) +d(b) +d(lg) — d(lt) — d(t) — d(rr) — |It]1|tlo — [t]1]rr]o — |rslo|l]1- As in the case
of TFPLs, (0.3) shows that the excess of an HFPL must be non-negative. Similarly Theo-
rem 5.35 shows that HFPLs with boundary (I1,t, rr; Ig, b, rg) such that exc(lt, t, rr; g, b, rg) =

0 are enumerated by the Littlewood-Richardson coefficient

C>\(|B brg)
A(m(lg) It t), A(m(t) rr m(rg))’

where m(w) denotes the 01-word of length N in which the first |w|y letters are zero and

the last |w|; letters are 1. Finally, an expression for the number of HFPLs of excess 1 is
established in Theorem 5.49.






Zusammenfassung

Diese Dissertation befasst sich mit Fully Packed Loop Konfigurationen (FPLen), das
heifit, Teilgraphen F' des n x n quadratischen Rasters zusammen mit 4n dufleren Kan-
ten, sodass jeder Knoten des Rasters Endknoten zweier Kanten von F' ist und genau
jede zweite auflere Kante startend, sagen wir, mit der obersten horizontalen dufleren
Kante auf der linken Seite, von F' belegt ist. Sie sind in eineindeutiger Beziehung zu
alternierenden Vorzeichenmatrizen, somit ist ihre Anzahl gegeben durch die berithmte
Formel fiir die Anzahl von Vorzeichenmatrizen der Grole n, die in [31] und spéter in [14]
bewiesen wurde. Diese Beziechung machte FPLen, welche bis dahin hauptsachlich in der
statistischen Mechanik studiert wurden, unter KombinatorikerInnen bekannt.

Im Unterschied zu alternierenden Vorzeichenmatrizen erlauben FPLen eine verfeinerte
Studie in Abhéngigkeit davon, welche der belegten externen Kanten miteinander verbun-
den sind (diese Verbindungen werden in einem Verbindungsdiagramme, 7, kodiert und
die Anzahl von FPLen mit Verbindungsdiagramm 7 wird mit A, bezeichnet). Die Studie
der Anzahlen A, wurde von der Razumov—Stroganov Beziehung, welche von Razumov
und Stroganov in [25] vermutet und von Cantini und Sportiello in [9] bewiesen wurde,
angeregt. Diese bringt die Zahlen A, in Bezichung mit der XXZ Quantum Spin Kette
bei Anisotropieparameter A = —%, Temperley-Lieb Random Walks und dem Dense O(1)
Loop Modell. Zusatzlich wurden in den letzten Jahren viele verschiedene schone Eigen-
schaften der Anzahlen A, bewiesen. Zum Beispiel wurde in [35] vermutet und in [10]
bewiesen, dass flir Verbindungsdiagramme 7 U m bestehend aus einem Verbindungsdia-
gramm 7 und m verschachtelten Verbindungen A, ,, polynomiell in m ist.

Dreieckige Fully Packed Loop Konfigurationen (DFPLen) — die zentralen Objekte
dieser Dissertation — kamen im Zuge des Beweises in [10], dass Ay, ein Polynom in m
ist, auf: fiir grofe m erlauben FPLen mit Verbindungsdiagramm 7 Um eine Zerlegung als
Teil welcher DFPLen auftauchen. Von dieser Zerlegung leiten die Autoren von [10] einen
Ausdruck fiir die Zahlen A, ab, aus dem sofort folgt, dass Ay, ein Polynom in m ist.
Da in diesem Ausdruck auch Anzahlen von DFPLen vorkommen, stellt er eine Verbindung
zwischen der Abzéhlung von DFPLen und von FPLen mit Verbindungsdiagrammen des
Typs m Um dar. Neben dieser Verbindung wird die Studie von DFPLen durch ihre
zahlreichen netten Eigenschaften ([29], [19] und [11]) motiviert. Eine solche ist, zum
Beispiel, dass der Rand einer DFPL, das ist ein Tripel (u,v;w) aus 01-Wortern, stets

(0.4) d(u) + d(v) < d(w)



erfiillen muss. Hier bezeichnet d(-) die Anzahl an Inversionen in einem Wort. Die Zahl
exc(u,v;w) = d(w) — d(u) — d(v) wird im Folgenden als der Exzess einer DFPL (mit
Rand (u,v;w)) bezeichnet.

DFPLen unter Berticksichtigung ihres Exzesses zu studieren hat sich als ergebnisreich
erwiesen. So wurden in [20] und [11] Abzéhlresultate fiir DFPLen von Exzess 0 oder
1 bewiesen. Ist zunéchst exc(u,v;w) = 0, dann ist die Anzahl von DFPLen mit Rand

(u,v;w) durch den Littlewood-Richardson Koeffizienten

A(w)
(0.5) ) A(w)

gegeben, wobei A(u), A(v) und A(w) den 01-Wértern u, v und w zugeordnete Young
Diagramme sind. Littlewood-Richardson Koeffizienten sind in verschiedenen Feldern der
Mathematik wie zum Beispiel algebraische Geometrie, Darstellungstheorie und algebrais-
che Kombinatorik von Bedeutung. Das obige Resultat bringt sie nun auch in Zusammen-
hang mit DFPLen. Ist schliefllich exc(u,v;w) = 1, so kann die Anzahl von DFPLen mit
Rand (u,v;w) in Form von Littlewood-Richardson Koeffizienten ausgedriickt werden.

Wieland Rotation, auf der anderen Seite, ist eine Operation auf FPLen, die in [30] en-
twickelt wurde, um zu zeigen, dass die Anzahl von FPLen mit einem festen Verbindungs-
diagramm invariant unter Rotation dieses Verbindungsdiagramms ist. Spater hat sie erhe-
blich zum Beweis der Razumov-Stroganov Beziehung [25] durch Cantini und Sportiello ([9])
beigetragen. Im Zusammenhang mit DFPLen tauchte Wieland Rotation erstmals in [29]
und [19] auf.

Die Forschungsarbeit, aus welcher diese Dissertation besteht, ist Teil zweier veroffentlichter
Artikel (Kapitel 3 und Kapitel 5) und eines akzeptierten Artikels (Kapitel 4). In Kapitel
3 wird Wieland Trift definiert als eine Operation auf DFPLen, die sich aus denselben
lokalen Operationen wie die iibliche Wieland Rotation fiir FPLen zusammensetzt. Des
weiteren werden einige Eigenschaften von Wieland Trift bewiesen: fiir jede DFPL f muss
die Folge (WL™(f))m>o0 bestehend aus den Bildern von f unter iterierten Anwendun-
gen von Links-Wieland Trift aufgrund eines Endlichkeitsarguments schliellich periodisch
sein. In Theorem 3.10 wird gezeigt, dass die Periodenlange dabei stets 1 sein muss, das
heif3t, durch WL wird immer eine DFPL erreicht, die invariant unter Links-Wieland Trift
ist. Genauer benotigt es dazu hochstens 2N Iterationen von WL, wenn N die Grofle
der DFPL bezeichnet. Ein zentraler Schritt im Beweis von Theorem 3.10 ist die Klas-
sifizierung von DFPLen, die invariant unter WL sind: die Stabilitat einer DFPL unter
WL héngt ausschlieSlich vom Vorhandensein eines speziellen Typs an Kanten — Trifter
genannt — ab (Theorem 3.11). Diese Resultate gelten auch fiir Rechts-Wieland Trift.

Der Fokus in Kapitel 4 liegt auf DFPLen von Exzess 2. Das Hauptresultat ist ein
linearer Ausdruck fiir die Anzahl von DFPLen von Exzess 2 in den Anzahlen von DF-

PLen, die invariant unter der Anwendung von Wieland Trift sind, siehe Theorem 4.2.
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Dieser lineare Ausdruck verallgemeinert bereits bekannten Abzahlresultate fiir DFPLen
von Exzess 0 oder 1. Sein Beweis beruht stark auf Wieland Trift.

Im letzten Kapitel dieser Dissertation werden Hexagonale Fully Packed Loop Kon-
figurationen (HFPLen) als Verallgemeinerung von DFPLen eingefithrt. Des weiteren
werden einige der bereits bekannten Resultate fiir DFPLen fiir HFPLen formuliert und
bewiesen. Zunéchst wird jeder HFPL ein Sextupel (I,t,rr;1g, b, rg), das den Rand der
HFPL kodiert, zugeordnet. Das wird in einer Art und Weise getan, die das Kodieren des
Randes einer DFPL durch Worter verallgemeinert. Die notwendige Bedingung in (0.4)

fiir den Rand (u, v;w) einer DFPL wird dann zu der notwendigen Bedingung
(0.6)  d(rg) +d(b) +d(lg) = d(Ir) +d(t) + d(rr) + [Ir[sltlo + [ti[rrlo + [relo[le]s

fiir den Rand einer HFPL (Theorem 5.11). Hier bezeichnet |w|; die Anzahl des Vorkom-
mens von ¢ in dem Wort w fiir ¢ = 0, 1.

Der Exzess einer HFPL mit Rand (I, t, rr; Ig, b, rg) ist definiert als exc(lt,t, rr; g, b, rg)
d(rg) +d(b) + d(lg) — d(I+) — d(t) — d(rr) — |lt]1|tlo — [t]1]rr]o — |relo|ls|i. Wie auch im
Falle von DFPLen folgt aus (0.6), dass der Exzess einer HFPL nicht-negativ ist. Ebenso
werden HFPLen mit Rand (l1,t, rr;lg, b, rg) sodass exc(lt,t, rr;lg,b,rg) = 0 durch den

Littlewood-Richardson Koeffizienten

CA(IB b I’B)
A(m(lg) It t), A(m(t) rr m(rg))’

abgezéhlt, siche Theorem 5.35. Hier bezeichnet m(w) das 01-Wort der Lange N, in dem
die ersten |w|y Buchstaben 0 und die letzten |w|; Buchstaben 1 sind. Schlussendlich wird
in Theorem 5.49 ein Ausdruck fiir die Anzahl von HFPLen mit Rand (I1,t,rr;lg, b, rg),

wo exc(lr,t, rr;lg, b, rg) = 1, bewiesen.
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CHAPTER 1

Introduction

1.1. Fully packed loop configurations

1.1.1. The square-ice or six-vertex model. In ordinary ice, each oxygen atom is
tetrahedrally surrounded by four oxygen atoms at a distance of 275 pico metre. Further-
more, each water molecule is oriented so that its hydrogen atoms are directed towards two
of the four nearest oxygen atoms forming hydrogen bonds. The orientations are further
restricted by the requirement that only one hydrogen atom lies between two neighbouring
oxygen atoms. An ice crystal can thus exist in any one of a large number of configurations,
each corresponding to certain orientations of the water molecules.

Pauling ([22]) proposed this crystal structure of ordinary ice in 1935 to account for
the residual entropy of ice that was measured by Ashley and Giauque ([2]) in 1933.
For N large enough the residual entropy of ice is given by S = kgN logW where kp
is Boltzmann’s constant, N the number of oxygen atoms in the ice crystal and W =
lim,, oo V/Z, in which Z, denotes the number of all configurations accessible to the
crystal consisting of n oxygen atoms. Since the crystal structure proposed by Pauling
allows multiple configurations, Z,, > 1 for n > 1 and therefore S is positive.

Although Pauling did not succeed in computing W he could derive the estimate
W = 1.5. While this agreed well with the measurements by Ashley and Giauque Pauling’s
theory could not be verified until exact values for W were found. Given the enumerative
nature of this problem it became popular amongst combinatorialists, who found it to be
very hard indeed. Only in 1967 was the first exact solution for W found. Lieb ([15]) com-
puted the exact value of W in the 2-dimensional case, namely W = (%)% ~ 1.5396007. In
higher dimensions no exact solutions for W are known to this day. Numerical computa-
tions of W, on the other hand, exist in two and three dimensions. Nagle ([21]) found that
W = 1.50685 £ 0.00015 in the 2-dimensional case and W = 1540 4 0.001 in the 3-
dimensional case.

The two-dimensional ice model that Lieb used to compute W was the square-ice
model, that is, the oxygen atoms are located at the points in the plane with integer coor-
dinates and the hydrogen atoms lineal between the oxygen atoms. The square ice model
may be represented as an oriented graph by replacing the oxygen atoms by vertices and
the bonds between two oxygen atoms by arrows that indicate to which oxygen atom the

hydrogen atom is covalently bonded (see Figure 1.1 for an example). In this graphical
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F1GURE 1.1. Left: a square-ice configuration in which the lines indicate
the covalent bonds and the dotted lines the hydrogen bonds. Right: the
six-vertex configuration corresponding to the square-ice configuration on
the left side.

representation of the square-ice model, there must be one of the six configurations dis-
played in Figure 1.2 around each vertex. This is why the graphical representation of the
square-ice model is called the six-vertex model.

To the vertices in a six-vertex configuration weights can be assigned dependent on
the orientations of the four adjacent edges as is indicated in Figure 1.2. Physically, the
weights cohere with the energies of the configurations at each vertex. Two-dimensional
ice-crystals correspond to taking all weights equal to 1. Additionally to two-dimensional
ice-crystals, the six vertex model may represent other crystal arrangements. For instance
2-dimensional potassium dihydrogen phosphate crystals correspond to taking a; = as = 1
and by = by = ¢; = ¢ > 1, see ([27]).

I SRS SRS S N S
+ ! + + + +

ay as by by C1 &)

F1GURE 1.2. The six configurations around a vertex in the six-vertex model.

From now on, six-vertex configurations will be considered on n x n-squares. The
underlying graph of such configurations is the graph G, whose vertex set is [n] x [n],
where [n] = {1,2,...,n}. Furthermore, any two vertices that are spaced at distance 1
are adjacent in G,, and 4n external edges are attached to the vertices on the boundary
as follows: external edges that are attached to vertices with z-coordinate 1 or n are
horizontal, while external edges that are attached to vertices with y-coordinate 1 or n
are vertical. A six-vertex configuration of size n henceforth refers to a six-vertex
configuration on GG,,. Figure 1.1 displays an example. Six-vertex configurations of finite
size may be studied with both restricted and unrestricted boundary conditions. Here,
they shall obey the domain wall boundary condition (abbreviated DWBC) that was

14



introduced by Korepin in [13], whereby the horizontal external edges point inwards and
the vertical external edges point outwards. The configuration in Figure 1.1 satisfies the
DWBC.

-« o << 0 1 0 0 0
A A A A

—>— > 1 -1 0 0 1
Y A T Y

R e O 0 0 0 1 0
Y A A Y ¥

e e B B 2 B 0 1 0 0 0
Y Y 1\ Y Y

> 1>t >+ <1<+ 0 0 1 0 0

F1cURE 1.3. The six-vertex configuration with DWBC from Figure 1.1
and its corresponding 5 x 5 ASM.

Six-vertex configurations are not only important in statistical mechanics but also in
combinatorics. This comes from the fact that six-vertex configurations with DWBC are in
one-to-one correspondence with alternating sign matrices (abbreviated ASMs). The
latter are matrices with entries 1, —1 and 0 such that the non-zero elements in each row
and column alternate in sign and sum up to 1. An example is given in Figure 1.3. ASMs
came up in the study of A-determinants by Mills, Robbins and Rumsey in 1982, see [16].
Since then many links have been discovered between ASMs and other fields of interest in
combinatorics, including (amongst others) descending plane partitions, totally symmetric
self-complementary plane partitions and domino tilings.

The number of alternating sign matrices of size n, denoted A, is given by the following

nice formula:

n—1

(1.1) A, = HM

o (n+k)!

This formula was conjectured by Mills, Robbins and Rumsey ([17]) in 1983. Great
efforts were made to prove it in the years following, and in the end it was Zeilberger ([31])
who found the first proof. He proposed it in 1992 and thereafter it took the referees a
further three years to verify his argument. In 1995 Kuperberg ([14]) gave a simpler
proof of (1.1) that exploited the connection between ASMs and the six-vertex model.
It relied on the Yang-Baxter equation for the six vertex model. The correspondence
between ASMs and six-vertex configurations has played a key role in proofs of identities
for ASMs ever since. Most recently, it has been used by Behrend, Fischer and Konvalinka

15



to prove enumeration results for diagonally and antidiagonally symmetric ASMs of odd

order, see [4].

1.1.2. Fully packed loop configurations. In 1996 Batchelor, Blote, Nienhuis and
Yung ([3]) were the first to investigate fully packed loops on the square lattice (abbre-
viated FPLs), which are subgraphs f of the square grid such that each vertex is incident
to precisely two edges of f. An FPL is of size n if it is a subgraph of the graph G,. In
the following, we limit ourselves to FPLs satisfying the domain wall boundary conditions
(without mentioning this explicitly again). An FPL fulfils the domain wall boundary
conditions if along the border every other external edge belongs to the FPL, starting
with the topmost on the left side. Beginning at this edge the 2n external edges belong-
ing to the FPL are numbered counter-clockwise. An example of an FPL is displayed in

Figure 1.4.

14 13 12

i

) 6 7

FIGURE 1.4. An FPL of size 7 together with its corresponding six-vertex configuration.

FPLs of size n are in one-to-one correspondence with six-vertex configurations of size
n satisfying the DWBC and thus with ASMs of size n. The correspondence between
FPLs and six-vertex configurations satisfying the DWBC is indicated by the example
in Figure 1.4. In contrast to ASMs and six-vertex configurations, FPLs offer a refined
study with respect to the connectivity of the occupied external edges (these connections
are encoded as a link pattern). A link pattern 7 of size 2n is defined as a partition of
[2n] = {1,2,...,2n} into n blocks of size 2 that are pairwise non-crossing, that is, there
are no integers i < j < k < £ such that {i,k} and {j, ¢} are both in 7. In the following,
link patterns are represented by non-crossing arches between 2n aligned points. The link
pattern associated with the FPL in Figure 1.4 is depicted in Figure 1.5.

Studying FPLs with respect to their link patterns has yielded much fruit. Let A,
denote the number of FLPs corresponding to a prescribed link pattern 7. In 2000
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12345 6 7 8 91011121314

FIGURE 1.5. The link pattern {{1,10}, {2, 3}, {4,9}, {5,8},{6,7}, {11,12}, {13, 14}}.

Wieland ([30]) proved the rotational invariance of the numbers A,. That is, for all

link patterns m,

(1.2) Army = Ag

where r(7) = {{i + 1 (mod 2n),j + 1 (mod 2n)} : {i,j} € 7}. (Sometimes link patterns
are represented by non-crossing arches between 2n points drawn equidistantly on a circle.
Using this representation, r is simply a rotation, hence the term rotational invariance.)
A short time later Razumov and Stroganov ([25]) conjectured that the coordinates of
the ground state vector in the XXY spin chain model are given by the numbers A,.
Their conjecture excited the enumerative study of FPLs corresponding to a fixed link
pattern. Various beautiful conjectures and identities for the numbers A, have arisen from
that study. Worth mentioning is for instance Zuber ([35]) who contributed many nice
conjectures, two of which were proved by Caselli, Krattenthaler, Lass and Nadeau ([10]).
Cantini and Sportiello ([9]) proved the conjecture by Razumov and Stroganov in 2010,
thereby widening the range of influence of the numbers A, significantly. The assertion of
the Razumov-Stroganov-Cantini-Sportiello theorem and a sketch of its consequences can

be found in Section 1.2.

1.1.3. Triangular fully packed loop configurations. Triangular fully packed
loop configurations (abbreviated TFPLs) are the central objects of this thesis. Cru-
cial in their development were FPLs corresponding to link patterns with a large number
of nested arches. A link pattern 7 of size n is said to possess m nested arches if there
exists an 7 € [2n] such that {i — k 4+ 1 (mod 2n),7 + k (mod 2n)} € w for all 1 < k < m.
An example of a link pattern that exhibits nested arches is depicted in Figure 1.6. Due
to Wieland’s result it suffices to consider the case ¢ = 2n — m — 1 in connection with
the study of the numbers A,. Hence, denote with (m),, the link pattern of size n that

comprises a link pattern 7 of size n —m on [2(n — m)]| and m nested arches.

JA\ N N (N
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 1.6. A link pattern of size 8 with three nested arches. The link
pattern on [10] here is 7 = {{1, 2}, {3,10},{4,5},{6,7},{8,9}}.
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Zuber ([35]) conjectured that A
the proof of this conjecture by Caselli et al. ([10]) is that FPLs corresponding to a link

.. is polynomial in m. An important observation in
pattern with a large number of nested arches admit a decomposition, in which TFPLs
naturally arise, see Figure 1.7 for an example. The vertices of a TFPL that lie on the left
and on the right boundary are of degree 0 or 1 as indicated in Figure 1.7. The degrees
of the vertices along the left and right boundary are encoded by Dyck-words u and v,
each of which corresponds to a side of the TFPL (see Figure 1.8 for an example). In
the following, the number of TFPLs corresponding to fixed words u and v and the link
pattern 7 is denoted by t%ﬁ). In the interest of convenience, 7 is encoded by a Dyck-word,
denoted w(m).

24 23 22 21 20 19

RS 18

)
. 17

3 N
l N 16

4 s
) . 15
5 »
¥ - 14
6 -
13

7 8 9 10 11 12

FiGURE 1.7. An FPL of size 12 that corresponds to a link pattern pos-
sessing nine nested arches. The TFPL that is contained in that FPL is
indicated in black.

It was proved in [10, 19, 29] that for all integers n > m > 0 and link patterns 7 of

size n the following holds:

(1.3) Amn =Y P —m)tyDPyy(m—2(n—m)+1).

m

U, VED, _m

The sum in (1.3) runs through the Dyck-words of length 2(n—m). Furthermore, A(w)
denotes the Young-diagram associated to the Dyck-word w as explained in Section 2.1.

Finally, Py\(n) = ] C(:();;" where the product runs through the cells = of the Young-

TEA
diagram A, ¢(x) denotes the content of x and h(zx) the hook length of x. (That is, c(x) =
Jr — iy and h(x) = {2’ € X1 iy > i, and jo = j.}H + {2/ € A1 iy =i, and j > i}
18




when i, (resp. j,) denotes the index of the row (resp. column) of the cell x). For positive
n by Py\(n) semi-standard Young tableaux of shape A with entries at most n are counted
(Stanley’s hook-content formula ([28, Theorem 15.3])).

F1cURE 1.8. The TFPL from Figure 1.7 with the words u and v indicated.

At the time at which the identity (1.3) was found, the conjecture by Razumov and
Stroganov had not been proved. Since the expression in (1.3) offered a new interpretation
of the numbers A, the attention of those who were interested in proving the Razumov-
Stroganov-conjecture was drawn to TFPLs. Zinn-Justin indeed conjectured a formula for
the numbers tm}ﬂ) from which the Razumov-Stroganov-conjecture would follow, see [34].
His conjecture remains unproven to this day. Nonetheless, a special case was proved
by Nadeau ([20]), namely that thﬁ,") is given by the Littlewood-Richardson coefficient

Cigff)(% if A(w(7)) has as many cells as A(u) and A(v) have together. In symbols,
w(r) _  Aw(m))
(14) tu,v - C)\(u),)\(v)‘

Although the Razumov-Stroganov-conjecture has been proved the study of TFPLs is
still worthwhile. Enumeration formulas for TFPLs, on the one hand, provide a deeper
understanding of the enumeration of FPLs corresponding to fixed link patterns due to
the identity (1.3) and thus may help to prove open conjectures. On the other hand,
TFPLs offer fascinating combinatorics. The first such already occurred in the study of
FPLs corresponding to link patterns 7Um, see [29] and [19]. Thereafter many more were
found including the aforementioned enumeration result by Nadeau. Particularly worth

mentioning in this regard is the work by Fischer and Nadeau in [11].

1.2. The many appearances of the numbers A,

As sources for this section I mainly used an article by Romik ([26]) and a book by
Zinn-Justin ([33]).

1.2.1. XXZ spin chains. The model that we consider in this subsection is a 1-
dimensional chain of L sites with a spz'n—% particle on each site. Other than in more
complicated quantum mechanical models, the spin of a spin—% particle can be expressed

19



as a linear combination of two eigenspinors (or eigenstates) with coefficients in C. Tradi-
tionally, the eigenspinors are labelled spin up and spin down. Hence, set |1) = (§) € C?
and |4) = () € C2.

Since every spin can be identified with a 2-dimensional complex vector the quantum-
mechanical spin operators can be represented by 2 X 2-matrices with complex entries. The
2 X 2-matrices that represent the quantum-mechanical spin operators for spin—% particle

are the Pauli spin-% matrices, that is, the matrices

. (01 sy [0 —t . (10
(1.5) a—(l 0), U_<z' 0), a—(o _1>.

The matrices that we will actually need for our purposes are the following:

w0 wgerre (). e ((0).

EXAMPLE 1.1. It holds that o® - |1) =0, ot - [}) = [1), 0~ - 1) =}), 07 - [{) =0,
o - [1) = [1) and o* - [{) = —[]).

An XXZ spin chain exhibits L spin—% particles, hence a state of the XXZ spin chain
model consists of L spins s, Ss,...,5r. It is encoded by the tensor s1 ® so ® --- ® sp,,
so that the tensor product made up of L copies of C? forms the space of spins for the
XXZ spin chain model. The matrices o, 0~ and ¢* act on the space of spins as follows:
for/{ =1,...,L —1 set

(1.7) oy =ide ®- - ®ide ®0" ®ide2 @ -+ @ idee,
Pl

(1.8) 0f =idez ® -+ ®idez ®0° @idez @+ - @ idez .
pel

The Hamiltonian with anisotropy parameter A (which is set —1/2 in the following)

for this model is defined as

L

— — A z_z
(1.9) HY vy = Z(U;UEH + o0, + 5%%4&)
=1

where 07, = o} (periodic boundary condition) and o7, , = ¢*?0{ (twisted bound-
ary conditions) for ¢ = 3. As a remark, if A = 1 then the Hamiltonian in (1.9) is the
Hamiltonian of the XXX spin chain model.
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EXAMPLE 1.2.

A

Hixz(Ih W) =" Iheo ) +o - Mot )+ o 1) ®o*-||)

A
g Moty + e @ )+ ot ) @0t [])
=(1+g e -Aamnel)

In statistical mechanics, one is interested in the ground states, that is, the lowest-
energy states, of a model. It was shown in [1] that the ground state energy in the XXZ

spin chain model with twisted periodic boundary conditions equals
3L
-

The ground states |W) with energy Fy are precisely the eigenvectors of the Hamiltonian

(1.10) Ey
with eigenvalue Fj, that is,

3L
(1.11) 1L, |0) = 2|0,

Razumov and Stroganov put forth an astonishing conjecture on the coordinates of
the ground state vector for the XXZ spin chain model with twisted periodic boundary
conditions and with even L in 2004, see [25]. Their conjectured coordinates involve the
numbers of FPLs with a given link pattern. In 2011 Cantini and Sportiello proved the
conjecture, see [9]. To understand their theorem it is necessary to relate link patterns to
XXZ spin chains.

To each link pattern 7 of size 2n, an element of the space of spins of dimension 2n
can be assigned as follows: first, orient the arches of m and generate the set O(m) of
all orientations of w. Thereafter, assign the weight w(7) = LR(7) — RL(7) to each
7 € O(r) where LR(7) denotes the number of arches in 7 that are oriented from left
to right and RL(?) the number of the arches in 7 that are oriented from right to left.
Finally, map each 7@ € O(n) to a 2n-fold tensor product |7) = s; @ --- ® 59, made
up of eigenspinors si, ..., Sa, such that s; = |1) whenever the out-degree of 7 is 1 in L
and s; = [|) whenever the in-degree of i is 1 in 7. The element of the space of spins of

dimension 2n assigned to 7 is then

(1.12) =3 TR,

e ()

i
where g = €5 .
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EXAMPLE 1.3.

m 5/\6>:‘1

1 2 3 4

njo
[ NI
[SIES

INWY

4 5 6

m ﬁq>+q

1 2 3 4

m 5/’\6>+q

1 2 3 4

+qz @ m>+q‘% m m>+q‘5 @ m6>
+q73 m {.\ﬁ>+q_g m /‘\ﬁ>

=Mool Mo+ eNe b)) )
+@elemeemem el +Emehel) el el @)
e emolell e+l onell) el
+ohelemememel)+aiheememnell) el

EXAMPLE 1.4.

N Y Y =Emelemelbeme+eEhelem el el e
+eelbeemem el +ale e el @)
+erhemeememel+lbemem el el el

+eim e eheme e+ lhelheme el el

In the following, denote by LP(n) the set of link patterns of size n. Furthermore,
let CXP(™ be the complex vector space with basis £LP(n) (that is, the space of linear
combinations of link patterns of size 2n with coefficients in C). Then the previous map

naturally extends to an injective map from CP(™ to (C?)®2". Thus, we can set

(1.13) sn) = ) Aglm) € (C*)=E,

TELP(n)

Razumov and Stroganov conjectured that |s,) is a ground state of the XXZ spin chain

1

model with twisted periodic boundary conditions and anisotropy parameter A = —3,

which was proved by Cantini and Sportiello.

THEOREM 1.5 (Cantini-Sportiello-Razumov-Stroganov theorem ([25, 9])).
3n

(114) H¥szlsn) = 2 Jsn).
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Finally, the Hamiltonian can be rewritten in terms of the following operators on the
space of spins (C?)®L: for £ =1,..., L set
iv3

— — A z zZ : zZ z
(1.15) € = UZ%H + 0y Uetrl + E(UZUKJA - 1d(¢?2)®L> - T<‘7€+1 —07)

ExaMPLE 16. e (D) @) = [ @M +a @), er((H@[1) = [+ (1),
er(IN @) =ex(l) @) =0, ex(IN) @ ) = ¢y @ [1) + aI1) ® 1), ex(|}) @ [1)) =
M el +a e, e(h) @) =e(ll)® ) =0

The operators ey, ..., er_; satisfy the following relations (the Jones relations):
(116) 6? =€, €;€;+1€; = €4, €i€; = €;€; if |j — Z| > 1.

This is noteworthy because the generators of the Temperley-Lieb algebra of size L
with parameter 7 = 1 fulfil these relations too. Thus the action of e;,...,er_1 on the
space of spins is a representation of the Temperley-Lieb algebra. Furthermore, it is easy
to check that

L
A
(1.17) Hixz = (ec+ 5 id(ezyer).

=1
The assertion of the Cantini-Sportiello-Razumov-Stroganov theorem is thus equivalent
to the following identity:

2n

(1.18) > edlsn) = 2nls,).
=1
L
The operator Y e, often is referred to as the Temperley-Lieb Hamiltonian. Be-
=1

sides the aforementioned representation the Temperley-Lieb algebra exhibits a represen-
tation on the set of link patterns, which will be the content of the next subsection. The
denotation of the representation on link patterns will the same as the denotation of the
representation on C®¥. That is due to the following relation between the two represen-

tations:
(1.19) ee(|m)) = lee(m))
fort=1,...,L—1.

EXAMPLE 1.7. A short computation shows that

N m>:m Ve

1 2 3 4 5 6

€1

1.2.2. Temperley-Lieb random walk or Temperley-Lieb stochastic process.
It has already been mentioned in the previous subsection that the Temperley-Lieb
operators eq, ..., es, 1 can be applied to link patterns of size 2n. Given a link pattern
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m € LP(n) for ¢ = 1,...,2n — 1 the link pattern e,(7) is determined as follows: first,
subtract the blocks that contain ¢ or £ + 1 from ; then add the block {¢,¢ + 1} and the
block made up of the elements of [2n]\{/, ¢+ 1} that are in a block with ¢ or £+ 1 in 7.

EXAMPLE 1.8.

(120 (/f}\ m):m Ve

1 2 3 4 ) 6

A nice graphical representation of the action of e, may be obtained by associating the

operators ey for £ =1,...,2n — 1 with the following diagrams:
N
(1.21) er — N
1 2 1 ¢ 041 42 2n-1 2n

In order to obtain the link pattern e,(w), first the diagram corresponding to e, is
placed below 7 such that the top vertices in the diagram and the vertices in 7 coincide.
Now, the bottom vertices in the diagram of e, are pairwise connected by arcs. Thus, the
link pattern e,(7) is the link pattern of size 2n in which the same pairs of vertices are
connected. The graphical representation for the example in Example 1.8 is depicted in
Figure 1.9.

I 2 3 4 5 6 I 2 3 4 5 6
VRN
1 2 3 4 5 6

FIGURE 1.9. An example for the graphical representation of the action of
the Temperley-Lieb operator e; on link patterns.

For our purpose, it is necessary to have an operator es,. Hence, the definition of eg,
shall be the same as the definition of e, for £ = 1,...,2n — 1 with the sole exception

that the integers are considered modulo 2n. An example is given in Figure 1.10. The

Temperley-Lieb operators ey, es, . .., €9, now indeed satisfy (1.19).
(AN A A AN

(N () Y O
1 2 3 4 5 6 1 2 3 4 5 6

FiGURE 1.10. The operator eg applied to a link pattern of size 6.

A Temperley-Lieb random walk or Temperley-Lieb stochastic process ([23])
is defined as a sequence (7,),,-, of link patterns of size 2n, beginning with an initial
link pattern 7y, where each link pattern m,,,; is obtained from m,, by choosing ¢ from
{1,2,...,2n} uniformly at random and setting m,,+1 = e;(7). It is easy to see that
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Temperley-Lieb random walks are stationary Markov chains. Thus the transition prob-
ability distribution can be represented by a transition matrix. The entries of the
transition matrix T, are t, . = Pr(m,i1 = 7|7, = m) (that is, the probability that
Tm+1 = 7 under the condition that m,, = 7). Since £ € {1,2,...,2n} is chosen uniformly
randomly it holds that

1
(1.22) ber = 2—|{1 <0< 2n: em) =7}
n

)

for all link patterns 7w and n’ of size 2n. This is why the stationary distribution

pn = (fir)recp(n) Of the Temperley-Lieb random walk must satisfy

2n
(1.23) #WZ%Z >

=1 n'eLP(n):
eo(n')=m

It will be shown next that the Cantini-Sportiello-Razumov-Stroganov theorem implies

the following expression for p, in terms of numbers of FPLs:

I
3

(1.24) M =

0N
3

To see that (1.24) follows from Theorem 1.5 it suffices to revisit the identity (1.18):

2n 2n 2n
D7 omAm) =2nfs,) = edsa) = > A elr)= Y Aud lef(n))
TELP(n) (=1  ELP(n) (=1 T ELP(n) (=1

(1.25) = > > D pwAun).

TeLP(n) {=1 7' €LP(n):
eo(n’)=m

Comparing the coefficients in (1.25) shows that A, satisfies the identity (1.23). In
conclusion, p, = j‘l—z because the stationary distribution must be normalized, that is, it

must satisfy > pur = 1.
TeLP(n)

1.2.3. The dense O(1) loop model. In this subsection we consider another model
in which the probability vector (4%)ezp(n) occurs: the dense O(1) loop model of sta-
tistical mechanics with periodic boundary conditions. Its states are random tilings of
[0, L] x [0,00) for an L > 0 with the following two plaquettes:

(1.26) - A N
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Each plaquette is uniformly randomly chosen. Furthermore, we superimpose periodic
boundary conditions on [0, L] x [0,00), that is, we identify (0,k) and (L, k) for each
k > 0. Figure 1.11 displays a section of a dense O(1) loop on [0, 8] x [0, c0) with periodic

boundary conditions.

7}

/) fj f\\kj f“\\\J f\\\\\\\J p

/) /‘\\\J fj f“\\J KJ fj f\\\

J/ ‘\\J/ ‘\k“\\Jf \\\\Jf Jf

Jf Jf \\\\\Jf \\\\Jf \\\\Jf
-

L]

FIGURE 1.11. A section of a dense O(1) loop on the strip [0,6] x [0, c0)
with periodic boundary conditions.

A dense O(1) loop on the strip [0,2n] x [0,00) subject to periodic boundary con-
ditions may be assigned a link pattern "™ as follows: for each i = 0,...,2n — 1
follow the path starting in (24%,0) until it reaches a vertex (Hin)(i),O). Now, set
M = {{i, (@)} : 1 <i < 2n—1}. The dense O(1) loop in Figure 1.11 has link
pattern {{1,2},{3,4},{5,6}}. The link pattern (" is often referred to as the connec-

tivity pattern. For a link pattern 7 € LP(n) denote by
(1.27) pir = Pr(IIW = 1)

the probability that the connectivity pattern of a dense O(1) loop on the strip
[0,2n] x [0,00) with periodic boundary conditions is w. The probability vector
tn = (fx)recp(n) satisfies the following:

THEOREM 1.9 ([18, 26]). Let ey, ..., e, be the Temperley-Lieb operators. Further-
more, let H,, be the square matriz with rows and columns indexed by link patterns of size
2n and with entries (Hp)ra = 2n — {1 <€ <2n: ey(w) = n'}|. Then

(1.28) Hppin = 0.

Thus if we set M,, = idgerm —%Hn then M, = p,. From the Cantini-Sportiello-
Razumov-Stroganov-theorem it follows that

26



s
3

(1.29) i

N
3

1.3. Structure of the thesis

1.3.1. Chapter 2. In this chapter, the combinatorial objects that are consistently
needed throughout this thesis are summarised. Furthermore, the previous work on TFPLs
by Fischer and Nadeau ([19], [20], [11]) is outlined. That is because it forms the basis
for this thesis.

1.3.2. Chapter 3. This chapter contains the definition of Wieland drift as the nat-
ural adoption of Wieland gyration — a map on FPLs invented by Wieland [30] in order to
prove the rotational invariance of the numbers A, — to TFPLs. Furthermore, a detailed

study of some of its properties is given.

1.3.3. Chapter 4. In this chapter, an expression for the number of TFPLs of excess
2 in terms of TFPLs that are stable under the application of Wieland drift is proved. It
generalises previous enumerative results by Fischer and Nadeau for TFPLs of excess 0 or

1. (The excess of a TFPL must be a non-negative integer.)

1.3.4. Chapter 5. In this chapter, hexagonal fully packed loop configurations are
introduced as a generalisation of TFPLs. In addition the results for TFPLs by Fischer

and Nadeau are generalised to hexagonal fully packed loop configurations.
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CHAPTER 2

Preliminaries

In this chapter, the terms and definitions that are consistently needed in the thesis are
summarised. The first part recaps elementary combinatorial objects, statistics on these
objects and properties of these objects. In the second part, triangular fully packed loop
configurations are introduced together with the concepts and terms that are crucial for
the thesis. Furthermore, the parts of the work by Fischer and Nadeau on triangular fully
packed loop configurations ([19], [20], [11]) that are needed for the thesis are outlined.

2.1. Words and Young diagrams

Throughout the thesis, a word w of length N is defined as a finite sequence w =
wiwe - - - wy where w; € {0,1} for all 1 < ¢ < N. Furthermore, the following notations are
used:

— The number of occurrences of i in a word w is denoted |w|; for i = 0, 1;

— Two words w, o of length N is said to satisfy w < o if |wy -+ wy|1 < o1+ on|1
forall1 <n < N;

— The number of inversions of w, that is, pairs 1 < i < 7 < N such that w; =1
and w; = 0, is denoted d(w);

— Given a word w = wjws - - - wy the word @y ---w, in which 0 = 1 and 1 = 0 is
denoted by w, the word wywyn_1 - - - wy is denoted % and the word ¥ is denoted

*

w.

For instance, 0010101 = 1101010, 0010101 = 1010100 and 0010101* = 0101011.

DEFINITION 2.1. (1) A Young diagram is a finite collection of boxes arranged
in left-justified rows, with the row lengths weakly decreasing.

(2) Two Young diagrams p and X are said to satisfy p C X\ if X contains p set-
theoretically. The set-theoretic difference of two Young diagrams p and \ that
satisfy p C X is said to be the skew diagram \/pu.

(3) The number of bozes a Young diagram \ (resp. skew diagram \/u) is made up
of is denoted by || (resp. |\ ul).

(4) The conjugate of a Young diagram X is defined as the Young diagram obtained

by reflecting A along its main diagonal.

Throughout the thesis, with a word w a Young diagram A(w) will be associated as
follows: to a given word w a path on the square lattice is constructed by drawing a (0, 1)-
step if w; = 0 and a (1,0)-step if w; = 1 for ¢ from 1 to n. Additionally, a vertical line
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| L]

FIGURE 2.1. A Young diagram and a skew diagram.

through the paths starting point and a horizontal line through its ending point are drawn.
Then the region enclosed by the lattice path and the two lines is a Young diagram which
shall be the image of w under \. In Figure 2.2, examples of words and their corresponding

Young diagrams are given.

[
[

a—a
[

e
—

FIGURE 2.2. The Young diagram A(0100101011) and the Young diagram
A(0100101011%).

For two words w and o of length N it holds w < o if and only if A(w) C A(0).
Furthermore, |A\(w)| = d(w) and A(w*) coincides with the conjugate of A(w).

The following two skew shapes will play an important role in the thesis:

DEFINITION 2.2. A skew diagram is said to be a horizontal strip (resp. a vertical
strip) if each of its columns (resp. rows) contains at most one bor. Throughout the
thesis, if the skew diagram of skew shape \(o) /N w) is a horizontal strip (resp. a vertical
strip) it will be written w BN (resp. w — o).

HH

L]

I

HH N

FIGURE 2.3. A horizontal and a vertical strip.

For two words w and o of length N satisfying w < ¢ the skew diagram of skew shape

A(0)/A(w) is a horizontal strip (resp. a vertical strip) if and only if the following holds:
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if w; is the j-th one (resp. zero) in w then o,y or o; (resp. o; or o;11) is the j-th one

(resp. zero) in o for each j € {1,...,|w|1} (resp. for each j € {1,2,...,|w|o}).

DEFINITION 2.3. Let A\ and p be two Young diagrams such that \ contains p.

(1) A Young tableau of skew shape A/ is a filling of the boxes of the skew dia-
gram of skew shape \/p with positive integers. Recording the occurrences of each
number appears in a Young tableau gives a sequence that is denoted the content
of the tableau.

(2) A Young tableau is said to be semi-standard if the entries in each row are

non-decreasing and the entries in each column are (strictly) increasing.

FIGURE 2.4. A semi-standard Young tableau of skew shape A(011011100)/A(001011011).

Throughout the thesis, semi-standard Young tableaux 7' of skew shape A\/u with

entries smaller than or equal to m are associated with a sequences of Young diagrams

/L:TOQTlg"'ngflng:)\
such that 7;/7;_; is a horizontal strip for all 1 < i < m by letting 7; be the Young diagram
that satisfies 7; O p and that 7; O u consists of the cells of A/u that have entry at most

7 in T for all 1 <4 < m. For instance, the semi-standard Young tableau of skew shape
A(011011100)/A(001011011) in Figure 2.4 corresponds to the sequence

A(001011011) % A(010101110) —5 A(011011010) —=» A(011011100).

2.2. Triangular fully packed loop configurations

2.2.1. Triangular fully packed loop configurations. To give the definition of
triangular fully packed loop configurations the following graph is needed:

DEFINITION 2.4. Let N be a positive integer. The graph GV is defined as the induced
subgraph of the square grid made up of N consecutive centred rows of 3,5,...,2N +1
vertices from top to bottom together with 2N + 1 wvertical external edges incident to the
2N + 1 bottom vertices.

In Figure 2.5, the graph G7 is depicted. From now on, the vertices of GV are parti-
tioned into odd and even vertices in a chessboard manner such that the leftmost vertex
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FIGURE 2.5. The graph G".

of the top row in GV is odd. In the figures, odd vertices are represented by circles and
even vertices by squares. There are vertices of GV that play a special role (indicated in
red in Figure 2.5): let LY = {Ly, Ly, ..., Ly} (resp. RY = {Ry, Ry, ..., Ry}) be the set
made up of the vertices, that are leftmost (resp. rightmost) in each of the N rows of GV,
and let BY = {By, By,..., By} be the set made up of the even vertices of the bottom
row of GIV. All vertices are numbered from left to right. Furthermore, the N(N + 1) unit
squares of GV including external unit squares that have three surrounding edges only are
said to be the cells of G¥. From now on, they are partitioned into odd and even cells

in a chessboard manner such that the top left cell of GV is odd.

DEFINITION 2.5. Let N be a positive integer. A triangular fully packed loop
configuration (abbreviated TFPL) of size N is a subgraph f of GV such that:

(1) precisely the external edges that are incident to vertices in BY are occupied by f;
(2) the 2N wertices in LY URYN have degree 0 or 1;

(3) all other vertices of G have degree 2 in f;
4)

(

An example of a TFPL is given in Figure 2.6. A cell of f is a cell of GV together

a path in f neither connects two vertices of LY nor two vertices of R™.

with those of its surrounding edges that are occupied by f.

DEFINITION 2.6. Let f be a TFPL of size N. A triple (u,v;w) of words of length N
15 assigned to f as follows: fori=1,...,N
(1) set u; = 1, if the vertex L; € LN has degree 1, and u; = 0, otherwise;
(2) set v; = 0, if the vertex R; € RY has degree 1, and v; = 1, otherwise;
(3) set w; =1, if in f the vertex B; € BY is connected with a vertez in LN or with

a vertex By, for an h <1, and w; = 0, otherwise.

The triple (u, v;w) is said to be the boundary of f. Furthermore, the set of TFPLs with
boundary (u,v;w) is denoted T, and its cardinality t; .

u,v
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FIGURE 2.6. A TFPL of size 7. Its boundary is (0101111,0011111;1101101).

In [10], [29] and [11] it was proved that the boundary of a TFPL must necessarily

satisfy the following conditions:

THEOREM 2.7 ([10, 29, 11]). Ift; >0, then
(1) |ul = Jv]i = |w|y and |ulo = |v]o = [w]o;
(2) u <w andv < w;

(3) d(u) +d(v) < d(w).

In terms of diagrams, (2) means A(u) C A(w) and A(v) € A(w), while (3) means
IA(u)| + |A(v)] < |A(w)]. A new proof of the third condition is given in Chapter 3.

DEFINITION 2.8 ([11]). Let u,v,w be words of length N. The excess of u,v,w is
defined as
exc(u,v;w) = d(w) — d(u) — d(v).

If exc(u,v;w) = k then a TFPL with boundary (u,v;w) is said to be of excess k.

2.2.2. Oriented Triangular fully packed loop configurations. The definitions
of both TFPLs and their boundaries contain global conditions (Definition 2.5(4) and
Definition 2.6(3)). Those can be omitted when adding an orientation to each edge of a
TFPL.

DEFINITION 2.9. An oriented TFPL of size N is a TFPL of size N together with
an orientation of its edges such that the edges attached to LN are outgoing, the edges
attached to RN are incoming and all other vertices of GN are incident to an incoming

and an outgoing edge.

An example of an oriented TFPL of size 7 is depicted in Figure 2.7. In the definition
of the underlying TFPL of an oriented TFPL condition (4) can be omitted. That is
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FIGURE 2.7. An oriented TFPL of size 7.

because the required orientations of the edges attached to vertices of the left and right

boundary prevent paths from returning to the respective boundary.

DEFINITION 2.10. An oriented TFPL f has boundary (u,v;w) if the following hold:
(1) If L; € LY has out-degree 1 in f, then u; = 1. Otherwise, u; = 0.
(2) If R; € RN has in-degree 1 in f, then v; = 0. Otherwise, v; = 1.
(3) If the external edge attached to the vertex B; € BN is outgoing in f, then w; = 1.
Otherwise, w; = 0.

The set of all oriented TFPLs with boundary (u,v;w) is denoted ?w and its cardinality

T |

While v and v coincide with the respective boundary word in the underlying ordinary
TFPL this is not the case for w. Instead of the connectivity of the paths, w encodes
the local orientation of the edges. Only in the case when in an oriented TFPL all paths
between two vertices B; and B; of BY are oriented from B; to By, if i < j, the boundary
word w coincides with the respective boundary word of the underlying TFPL. This shows
that for each TFPL with boundary (u, v;w) there exists an oriented TFPL with boundary
(u, v; w) underlying this TFPL:

DEFINITION 2.11. The canonical orientation of a TFPL s defined as the orien-
tation of the edges of the TFPL that satisfies the conditions in Definition 2.9 and in
addition that each path between two vertices B;, B; € BY is oriented from B; to Bj, if

1 < 7, and that all closed paths are oriented clockwise.

The previous observations imply that

(2.1) o< g

It was proved in [11] that also the boundary of an oriented TFPL must satisfy the

conditions (1), (2) and (3) in Theorem 2.7. What sets oriented TFPLs apart from ordinary
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TFPLs is that the excess of an oriented TFPL admits the following interpretation in terms

of numbers of occurrences of certain local configurations:

THEOREM 2.12 (|11, Theorem 4.3]). Let f be an oriented TFPL with boundary

(u,v;w). Then

(2.2) exc(u,v;w):I+I+——~—-+-—-—o+L+-_I+~_I+r-

where by I, I, etc. the numbers of occurrences of the local configurations I, I, etc. in f

are denoted.

Obviously, Theorem 2.12 implies that d(u) + d(v) < d(w), whenever (u,v;w) is the
boundary of an oriented TFPL.

2.2.3. Blue-red path tangles. In this subsection an alternative representation of
oriented TFPLs will be introduced, namely blue-red path tangles. They came up in [11]
and will be crucial for several proofs in the thesis. Throughout this subsection, let u, v, w
be words of length N such that |u|o = |[v|o = |wlo, |ul1 = |v]1 = |w|i, v < w, v < w and
d(u) + d(v) < d(w). Furthermore, set Ny = |u|o and Ny = |ul;.

A blue-red path tangle is made up of an Ny-tuple of non-intersecting blue lattice
paths and an N;-tuple of non-intersecting red lattice paths. The blue lattice paths use
steps (—1,1), (—=1,—1) and (—2,0), while the red lattice paths use steps (1, 1), (1,—1)
and (2,0). Furthermore, neither a blue nor a red lattice path goes below the x-axis.

For each k = 1,..., Ny and ¢ = 1,..., Ny, let i) (resp. i,) be the index of the k-th
zero (resp. (-th one) in w and j, (resp. j;) be the index of the k-th zero in w (resp.
(-th one in v). Then the starting point Dy, (resp. Dj) of the k-th blue path (resp. ¢-th
red path) is defined as the vertex midway between the ix-th (resp. ij-th) even vertex on
the bottom row of GV and the odd vertex to its left (resp. right). The ending point E,
(resp. Ej) of the k-th blue path (resp. (-th red path), on the other hand, is defined as
the vertex midway between Lj, (resp. Rj) and the even vertex to it right (resp. left).
An example is displayed in Figure 2.8.

In the following, the set of No-tuples (P, P, ..., Py,) of non-intersecting blue lattice
paths, where Py is a path from Dy, to Ej, is denoted by P(u, w) and the set of Nj-tuples of
non-intersecting red paths (P[, Py, ..., Py, ), where P is a path from Dj to £}, is denoted
by P’ (v, w).

THEOREM 2.13 ([11, Theorem 4.1]). The set ?% is in bijection with the set of pairs
(B, R) € P(u,w) x P'(v,w) that satisfy the two following conditions:
(1) no diagonal step of R crosses a diagonal step of B;
(2) each middle point of a horizontal step in B (resp. R) is used by a step in R
(resp. B).
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FIGURE 2.8. An oriented TFPL with boundary (01101,00111;10110) and
its corresponding blue-red path tangle with boundary
(01101,00111;10110).

The set of such configurations is denoted by BlueRed(u,v;w) and a configuration in

BlueRed(u, v; w) is said to be a blue-red path tangle with boundary (u,v;w).

P P 4 S

FIGURE 2.9. From oriented TFPLs to blue-red path tangles.

PROOF. Here the bijection given in [11] is repeated: let f be an oriented TFPL of
size N and with boundary (u,v;w). As a start blue vertices are inserted in the middle
of each horizontal edge of GV that has an odd vertex to its left and red vertices are
inserted in the middle of each horizontal edge of GV that has an even vertex to its left.
Next, blue edges are inserted as indicated in the left part of Figure 2.9 and red edges are
inserted as indicated in the right part of Figure 2.9. Then the blue vertices together with
the blue edges give rise to an Ny—tuple of non-intersecting paths B = (P, Ps, ..., Py,)
in P(u,w) and the red vertices together with the red edges give rise to an N;—tuple of
non-intersecting paths R = (P}, Py, ..., Py,) in P'(v,w). The condition that no diagonal
step of R crosses a diagonal step of B is equivalent to that there is a unique orientation
of each vertical edge in f. On the other hand, the condition that each middle point of
a horizontal step in B (resp. R) is used by a step in R (resp. B) is equivalent to that
each even vertex in f must be incident to an outgoing (resp. incoming) edge. Thus,
(B, R) € BlueRed(u, v;w). O

2.2.4. Enumeration of TFPLs of excess 0 or 1. From Theorem 2.7 it follows
that ¢/, = 0 unless exc(u,v;w) > 0. For both oriented and ordinary TFPLs of excess 0
and 1 enumeration results are known. In this subsection, those for ordinary TFPLs are

recapped.

DEFINITION 2.14. A Littlewood-Richardson tableaw is a semi-standard Young
tableau with the additional property that the sequence obtained by concatenating its re-
versed rows is a lattice permutation, that is, in every initial part of the sequence any
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number © occurs at least as often as the number ¢ + 1. The Littlewood-Richardson

coefficient cl)j‘w is defined as the number of skew shape v/\ with content pu.

Littlewood-Richardson coefficients appear in many areas of mathematics including
representation theory and algebraic geometry. Their first appearance though Littlewood-
Richardson coefficients made in algebraic combinatorics as the structure constants for the
product in the ring of symmetric functions with respect to the basis of Schur functions.

From now on, write ¢/, for the the Littlewood-Richardson coefficient cigf)) )

THEOREM 2.15 ([20, 11]). Let u,v and w be words such that exc(u,v;w) = 0. Then

(2.3) tuw = Cu,

7U.

This was first proved by Nadeau for Dyck words in [20]. Later, he and Fischer proved
the general case in [11], thereby establishing TFPLs as a generalised model of Littlewood-

w
u,v

Richardson coefficients. In the same article, they proved an expression for ¢*  in terms

of Littlewood-Richardson coefficients for words u, v and w with exc(u,v;w) = 1.

DEFINITION 2.16. Let w and w™ be words such that w = wy0lwg and w™ = wr10wpr
for appropriate words wy, and wr. Then set Li(w,w’) = |w|; and Ri(w,w™) = |wgl:.
Furthermore, set L(w,w") = Lo(w,w™’) + L1 (w,w™) + 1.

In the following, write w — w™ if w = w;0lwg and w™ = w;10wg for appropriate

words wy, and wg. Observe that w — w™ is equivalent to |w|; = |wT]; for i = 0,1, w < w™

and d(wt) =d(w) + 1.

THEOREM  2.17  ([11]). Let wu, v and w be words such that

exc(u,v;w) = 1. Then

24) .= ) luhdh,+ D LlwN)de — Y LifwT w)er,.

ut:u—sut vtiv—vt wTiwT —w

The proof of Theorem 2.17 in [11] was split into two steps. In the first step, they
proved that the number of TFPLs with boundary (u, v; w) that contain the edge I is given
by

(2.5) > Ri(wut) + 1)+ Y (Lo(v,vh) + 1)l i

ut:u—ut vtiv—ot
Thereto they developed moves that ultimately transform TFPLs of excess 1 that
contain the edge I into TFPLs of excess 0. In the second step, they proved that the

number of TFPLs with boundary (u,v;w) that do not contain the edge I equals
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CHAPTER 3

Wieland drift

In 2000, Wieland [30] invented the operation on FPLs that bears his name. The
Wieland gyration was used to prove the rotational invariance of the numbers A, of
FPLs corresponding to a given link pattern 7. It was later heavily used by Cantini and
Sportiello [9] to prove the Razumov-Stroganov conjecture. It also came up in connection
with TFPLs already in [19] following work of [29].

The main contribution of this chapter is the explicit definition of Wieland drift for
TFPLs together with a detailed study of some of its properties. Everything presented in
this chapter is joint work with Fischer and Nadeau and was published in [8]. This chapter
is divided as follows. Section 3.1 contains the definition of Wieland drift on TFPLs, which
is based on Wieland’s original definition. Furthermore, its first properties — culminating
in Theorem 3.7 — are given. We can then state the theorems about stability of TFPLs,
namely Theorems 3.10 and 3.11, which are proved in Section 3.2. Finally, Section 3.3

contains applications of Wieland drift to enumerative questions concerning TFPLs.

3.1. Wieland drift for TFPLs

In this section the definitions of left- and right-Wieland drift for TFPLs are given
and some first properties are derived. The starting point is the definition of Wieland
gyration for FPLs. In that which follows FPLs of size n are considered subgraphs of G,
that occupy every other external edge. Furthermore, the cells of G,, are partitioned into
odd and even cells in a chessboard manner such that by convention the leftmost cell of
the top row of GG, is odd.

Pt
T L] [

FicUure 3.1. Up to rotation, the action of W on the active cells of an FPL.

[o]—1°]

Wieland gyration is composed of local operations on all active cells of an FPL: the
active cells of an FPL can be chosen to be either all its odd or all its even cells. Now, let

F be an FPL and ¢ be an active cell of F'. Then two cases must be distinguished:
e If ¢ contains precisely two edges of F' on opposite sides Wieland gyration W
leaves ¢ invariant.
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e Otherwise, the effect of W on c is that edges and non-edges of F' are exchanged.

In Figure 3.1, the action of W on active cells is illustrated. The result of applying W to
each active cell of F' is said to be the image of F' under Wieland gyration and is denoted
by W(F). In Figure 3.2, an FPL and its the image under Wieland gyration with the odd

cells being active is pictured.

ool fe e Lol o] | =

F1GURE 3.2. An FPL and its image under Wieland gyration with the odd
cells being active.

Wieland drift as it will be defined for TFPLs is based on the operation W. As active
cells of a TFPL can be chosen either all its odd cells or all its even cells. Choosing all odd
cells as active cells will lead to what will be defined as left-Wieland drift, while choosing

all even cells as active cells will lead to what will be defined as right-Wieland drift.

DEFINITION 3.1. Let f be a TFPL with left boundary word u, and let u~ be a word
such that u= —= u. The image of f under left- Wieland drift with respect to u~

is determined as follows:

(1) Insert a vertex L to the left of L; for 1 < i < N. Then run through the
occurrences of one in u”: Let {i; < iy < ... <in,} = {i|lu; = 1}.
(a) If uy; is the j-th one in u, add a horizontal edge between L and L;;.
(b) If ui;—1 is the j-th one in u, add a vertical edge between L;j and Ly, 1.

(2) Apply Wieland gyration to each odd cell of f .

(3) Delete all vertices in RY and their incident edges.

After shifting the whole construction one unit to the right, one obtains the desired image
WL, (f). In the case u= = u, it will be simply written WL(f) and spoken of the image
of f under left- Wieland drift.

In Figure 3.3 a TFPL with its odd cells marked by grey dots and its image under
left-Wieland drift with respect to 0011111 are depicted. Note that 0011111 0101111,
What is more, the right boundary 0101111 of the image of the TFPL under WLg11111
and the right boundary 0011111 of the preimage satisfy that 0011111 — 0101111. This
turns out to hold in general:
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F1Gure 3.3. A TFPL with boundary (0101111,0011111;1101101) and its
image under left-Wieland drift with respect to 0011111.

PROPOSITION 3.2. Let f be a TFPL with boundary (u,v;w) and let u~ be a word
satisfying u~ L5 u. Then WL, (f) is a TFPL with boundary (u~,v";w) where vt is a
word satisfying v —s v,

PROOF. First, it has to be checked that WL,-(f) indeed is a TFPL, that is, the four
conditions in Definition 2.5 must be satisfied. To begin with, the vertices in £V have
degree 0 or 1 in WL,- (f) by construction. On the other hand, for the degree of R; to be
2 in WL, (f), the vertex to the left of R; would need to be adjacent to both R;_; and R;
in f, which is excluded since no path in f joins two vertices in R" by Definition 2.5(4).
Thus, the vertices in RY have degree 0 or 1 in WL,,- (f). All other vertices have degree 2
in WL,- (f) since they simply come from the application of W to cells of f. For the fourth
condition observe that Wieland gyration preserves the connectivity of path endpoints in
each active cell. Thus, a path in WL, (f) cannot join two vertices in £ by construction.
On the other hand, if a path in WL,,-(f) joined two vertices of RY, say R; and R;, then
a path in f would have to join the vertex to the left of R; and the vertex to the left of
R;. Since R; and R; are of degree 1 in WL,-(f) both the vertex to the left of R; and the
vertex to the left of R; would have to be adjacent to a vertex of RY in f. In summary,
if a path in WL, (f) joined two vertices in R then there would exist a path in f that
joins two vertices in R¥Y, which is excluded by Definition 2.5(4). Therefore, no path in
WL, (f) joins two vertices in RY.

It remains to check the assertion on the boundary. The left boundary of WL,-(f) is
u~ by construction. The right boundary v+ of WL, (f) satisfies v — v+ by Proposition
3.4 below and the characterisation of pairs o, ot of words satisfying 0 — o in the first
section of Chapter 2.

Finally, the bottom boundary of WL, - (f) is w because Wieland gyration preserves

the connectivity of path endpoints in each active cell. U

The lemma below treats the effects of left-Wieland drift along the right boundary of
a TFPL.

LEMMA 3.3. Let f,u~,v" be as in Proposition 3.2. Then v* # v if and only if there

exists a vertex in RN, which is incident to a vertical edge of f.
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PROOF. Denote by x4 the vertex to the left of R, for all 1 < s < N.

Let f be a TFPL with a vertex R; incident to a vertical edge and pick j minimal.
Then z; is necessarily adjacent to both the vertex to its left and to the vertex below,
which is why R; is of degree 0 in WL,,- (f). Since R; is of degree 1 in f this shows v # v™.

Conversely, suppose that v+ # v. Then by Proposition 3.2 it must hold v < v* and
therefore v; = 0 and U;F =1foraje {1,2,...,N — 1}. Thus, R; is of degree 0 in
WL,-(f) and z; is adjacent to the vertex to its left and to the vertex below in f. Since

R; is of degree 1 in f, it is necessarily incident to a vertical edge. U

As a byproduct of the previous proof, one can in fact precisely describe the right

boundary v+ as follows:

PRroPoOSITION 3.4. Conserve the hypotheses of Lemma 3.3. For each i such that R;
is adjacent to a horizontal edge (resp. a vertical edge) then v =0 (resp. v, =0). All

other values v;f

s are equal to 1.

Right-Wieland drift. Right-Wieland drift depends on a word v~ satisfying v~ — v,
which encodes what happens along the right boundary of a TFPL with boundary (u, v; w),
and is denoted by WR,- respectively WR, if v~ = v. It is defined in an obvious way as
the symmetric version of left Wieland-drift and shall simply be illustrated by the example

in Figure 3.4.

Ly
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FIGURE 3.4. A TFPL and its image under right-Wieland drift with respect
to 0011111.
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There are immediate symmetrical versions of Propositions 3.2 and 3.4 for right-
Wieland drift that we record:

PROPOSITION 3.5. The image of a TFPL with boundary (u,v;w) under right- Wieland
drift with respect to v~ is a TFPL with boundary (ut,v™; w) where u™ is a word satisfying

h
u— u'.

PROPOSITION 3.6. Keep the notations of the previous proposition. For each index 1
such that L; is incident to a horizontal edge (resp. a wvertical edge), there holds uj = 1

(resp. u, = 1). All other values u}’s are equal to 0.

Given a TFPL with right boundary v, the effect of left-Wieland drift along the right
boundary of the TFPL is inverted by right-Wieland drift with respect to v. On the other
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hand, given a TFPL with left boundary u the effect of right-Wieland drift along the left
boundary is inverted by left-Wieland drift with respect to u. Since Wieland gyration is

an involution on each cell, it follows:

THEOREM 3.7 (B., Fischer, Nadeau, [8]). (1) Let f be a TFPL with boundary

(u™,v;w) and u be a word such that u s ut. Then
WR,(WL.(f)) = f.

(2) Let f be a TFPL with boundary (u,v";w) and v be a word such that v — v+,
Then
WL, (WR.(f)) = f.

REMARK 3.8. It is perhaps useful to point out that WR(WL(f)) # f in general.
Indeed by Lemma 3.3 equality holds precisely when all vertices R; of degree one are

incident to horizontal edges.

In Section 3.2, the behaviour of TFPLs under iterated applications of WL will be
studied. An example of a TFPL to which left-Wieland drift is repeatedly applied is

depicted in Figure 3.5: one checks that the last TFPL in the sequence is invariant by
left-Wieland drift.

DEFINITION 3.9. A TFPL is said to be stable if it is invariant under the application
of left-Wieland drift.

. oETHIL e SETHA
-#FJE};EI- -fﬁ;ﬁe

FiGURrE 3.5. A TFPL to which left-Wieland drift is repeatedly applied.

Given a TFPL f, the sequence (WL™(f))m>0 is eventually periodic since there are
only finitely many TFPLs of a fixed size. The length of this period is in fact always 1.
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THEOREM 3.10 (B., Fischer, Nadeau, [8]). Let f be a TFPL of size N. Then
WL=L(f) is stable, so that the following holds for all m > 2N —1 :

WL™(f) = WLV (f).

The same holds for right-Wieland drift.

In order to prove Theorem 3.10, it is necessary to characterise TFPLs that are invari-
ant under left-Wieland drift. Note that a TFPL is invariant under left-Wieland drift if
and only if it is invariant under right-Wieland drift by Theorem 3.7.

3.2. Stable TFPLs

From now on the vertices of GV will be considered partitioned into odd and even
vertices as specified in Section 2.2. In this section, it will be proved that stable TFPLs
can be characterised as follows:

THEOREM 3.11 (B., Fischer, Nadeau,[8]). A TFPL is stable if and only if it con-
tains no edge of the form I

DEFINITION 3.12. The edge I is called a drifter.

The number of drifters that a TFPL can contain is bounded by the excess of the
TFPL:

PROPOSITION 3.13. A TFPL of excess k contains at most k drifters.

Proor. If a TFPL of excess k is oriented canonically then the so-obtained oriented

TFPL again is of excess k. Thus, the assertion immediately follows from Theorem 2.12.

4

Theorem 3.11 and Proposition 3.13 give rise to the following class of stable TFPLs:
COROLLARY 3.14. If a TFPL is of excess 0, then it is stable.

In the following, the possible cells of a TFPL play an important role in the proofs.
For convenience, notations for the 16 odd and 16 even cells of a TFPL are fixed. In

Figure 3.6 the chosen notation can be seen.

3.2.1. Characterisation of stable TFPLs. To prove Theorem 3.11, we will begin
by showing that a TFPL containing a drifter is not stable.

PROPOSITION 3.15. Let f be a TFPL that contains a drifter. Then WL(f) # f.
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FIGURE 3.6. The notations for the 16 odd and 16 even internal cells of
a TFPL, with emphasis on the subsets O = {01, 02,03, 04,05} and ¢ =
{e1,¢9,¢3,¢4,¢5}. Furthermore, the notations for the 2 odd and 2 even
external cells of a TFPL.

PROOF. If f contains a drifter incident to a vertex in RY, then by Lemma 3.3 the
right boundaries of f and WL(f) are different, so that necessarily WL(f) # f.

Hence, assume that no vertex in R is incident to a drifter. Let ¢ be a drifter in f
with maximal x-coordinate and consider the odd cell o in f that contains ¢. Furthermore,
let = be the top right vertex of o and y be the bottom right vertex of 0. By the choice of

¢ the vertices x and y are not incident to a drifter in f.

x
-]
Y

Therefore, o € {o0g, 09, 010,011,015} If 0 is of the form og or 05, the vertex to the
right of x is incident to a drifter in WL(f). In that case, WL(f) # f because the vertex
to the right of £ in f is not incident to a drifter by assumption. If o is of the form o9, 01
or 011, the vertices x and y are not adjacent in WL(f). Thus, WL(f) # f because x and
y are adjacent in f. O

To prove that a TFPL without a drifter is indeed stable, we need to determine the
types of cells that may occur. Define © = {01, 09,03, 04,05} and € = {ey, ¢o, ¢3, ¢4, ¢5}.

LEMMA 3.16. If f is a TFPL without drifters, then all interior odd cells belong to O

while all of its interior even cells belong to €.
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PRrROOF. Let f be a TFPL without a drifter, and o be one of its interior odd cells.
Since o has no drifter, it can only belong to O or have one of the types o0g, 07 or 012. But
in types og (resp. 07) or 09, there would exist an interior cell below (resp. above) o that
contains a drifter, which is excluded.

The case of even cells is entirely analogous. O

Furthermore, in a TFPL with no drifter each odd cell has a uniquely determined even

cell to its right.

LEMMA 3.17. Let f be a TFPL without drifters, o an odd cell of f and e the even cell
of f to the right of o. If o and e are interior, then they can only occur as part of one of
the following pairs:

® L] [ J o—l— L]
u I: :_I—I I—I_: —e—1 ::I u
On the other hand, if o and e contain an external edge, then o and e can only occur as

part of one of the following pairs:
.—T { ] [ ] T—‘
PRrROOF. Here, only the case when o is an interior odd cell and o = o0, is considered,
the other cases being similar. Obviously, the cell e cannot equal ¢4. But it cannot equal

e1, eo Or e3 either; since otherwise one of the right vertices of o would be be incident to a

drifter. The only remaining possibility is that e is of type e5 by Lemma 3.16. U

The proof of Theorem 3.11 now can be completed by showing that a TFPL without

drifters is invariant under left-Wieland drift.
PROPOSITION 3.18. If f is a TFPL without drifters, then WL(f) = f.

PROOF. Let 0 be an odd cell of f and e be the even cell to its right. By Lemma 3.17,
e is uniquely determined by o. The crucial observation is that e coincides with the image
of o under Wieland gyration. Thus, each even cell of f and its corresponding even cell of
WL(f) coincide. By definition all edges and non-edges of f incident to a vertex in £V
are preserved by left-Wieland drift. In summary, WL(f) = f. O

3.2.2. TFPLs are eventually stable under Wieland drift. In this subsection,
we will prove Theorem 3.10. The idea of the proof is the following: when applying left-
Wieland drift to a TFPL, the drifters of the TFPL are globally moved to the right. Thus,
after a finite number of applications of left-Wieland drift, all drifters eventually disappear
through the right boundary. As a consequence of Theorem 3.11 a stable TFPL is then
obtained.

In a TFPL of size N, there are 2N + 1 columns of vertices which we label from left
to right from 1 to 2N + 1.
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PROPOSITION 3.19. Let f be a TFPL of size N that contains a drifter in the n-th
column but no drifter in the columns 1,...,n — 1 to its left. Then WL(f) contains no

drifter in any of the columns 1,... n.

PRrROOF. First of all, notice that by the definition of left-Wieland drift, no vertex of
LY is incident to a drifter in WL(f). By definition of WL, the occurrence of a drifter in
an even cell e of WL(f) depends solely on the odd cell to the left of the even cell e in
f. By hypothesis, no odd cell of f occurring to the left of the (n — 1)-st column has a
vertex incident to a drifter. It follows from the proof of Lemma 3.16 that all these odd
cells belong to O. This entails that all even cells of WL(f) to the left of the n-th column
belong to &, and thus do not contain a drifter. Since these even cells cover all vertical

edges in the columns 1,...,n, the proof is complete. U

ProOOF OF THEOREM 3.10. By induction on the result of Proposition 3.19, we know
that the configuration WL*¥™1="( f) contains no drifter, and thus is stable under WL by
Theorem 3.11, that is,

(3.1) WL™(f) = WL ()

for all m > 2N + 1 — n. Since the first column of vertices of a TFPL consists only of the

vertex L, we have n > 2, which proves the theorem. ]

3.3. Applications of Wieland drift on TFPLs

3.3.1. Some linear relations. The following was conjectured for Dyck words in [29]

and proved in [19] using Wieland gyration on FPLs.

PRrROPOSITION 3.20. Let u, v and w be words. Then

tw _ w
utv — u,vt-

ut: u syt vtio—Sut

PROOF. Indeed the function WL, () acts on all TFPLs with boundary (u™,v;w),
while WR, () acts on TFPLs with boundary (u,v~;w). By Theorem 3.7, these functions

are inverses of one another, and the result is obtained by taking cardinalities. U

3.3.2. The inequality in Theorem 2.7. This states that [A(u)| 4+ [A(v)] < [A(w))|
always holds for the boundaries (u,v;w) of TFPLs. It was given in [29, Lemma 3.7] in
the Dyck word case. Later, another proof in connection with oriented TFPLs was given
in [11]. For the exact result in [11] see Theorem 2.12.

Now an independent proof based on the properties of Wieland drift will be given; the
idea for this proof comes from the original one by Thapper, which can be seen as relying
on Wieland gyration on FPLs in an indirect way.
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PROOF OF THEOREM 2.7(3). Let f be a TFPL with boundary (u,v;w). The proof
is done by induction on |A(u)|. In the case when |[A(u)| = 0 it has to be shown that
|A(v)] < |A(w)]; the latter immediately follows from Theorem 2.7(2).

Assume now |[A(u)| > 1. By removing a corner of A(u), there exists a Young diagram
AMu~) € A(u) with one cell less than A(u). In particular A(u)/A(u™) is a horizontal strip.

It first will be proved that there exists an i > 0 such that WL’ _( f) has right boundary
vt # v. Assume the contrary, that is, the right boundary of WL’ _(f) is v for all i > 0.
Since there is only a finite number of TFPLs with boundary (u~, v; w), there exist integers
19, p > 0 such that

WL (f) = WL (f).
By applying WR? to both sides of the identity and by Theorem 3.7 it follows that
WLP_(f) = f. But these configurations have left boundaries u,u™ respectively, which
contradicts the assumption u~ # u.

Hence, let i be a positive integer such that WL’ _(f) has boundary (u~,v*;w) where
v # v. By Proposition 3.2 it holds A(v) € A(vh). Applying the induction hypothesis to
WL!_(f) completes the proof:

A+ A@)] = AW+ 1+ [Aw)] < AT+ [AT)] < [Mw)].

3.4. Outlook

One of the most intriguing properties of Wieland drift is that it is eventually periodic
with period 1. This property now offers to relate TFPLs to stable TFPLs by use of
Wieland drift, thereby establishing an approach to the enumeration of TFPLs. (Note
that below the number of stable TFPLs with boundary (u,v;w) is denoted by s}, ,.)

The enumeration results for TFPLs that we have seen up to this point are, on the one
hand, that t;/  coincides with the Littlewood-Richardson coefficient c;; , if exc(u, v;w) =0
(Theorem 2.15) and, on the other hand, a linear expression in terms of Littlewood-
Richardson coefficients for ¢}, if exc(u,v;w) =1 (Theorem 2.17). Given that TFPLs of
excess 0 are necessarily stable (Corollary 3.14) we may construe the first result as the
consequence of the two identities ) = sy, and sy, = ¢, (if exc(u,v;w) = 0). The
second result just as well can be seen as the consequence of an expression for ¢}/, in terms
of numbers of stable TFPLs and an expression for the number of stable TFPLs in terms
of Littlewood-Richardson coefficients as per particulars given below.

It is mentioned in Section 2.2.4 that the proof of the result for TFPLs of excess 1 in [11]
treats TFPLs that exhibit the edge I and those that do not separately. This edge is our
drifter, meaning that in retrospective the numbers of both instable and stable TFPLs of
excess 1 are expressed in terms of Littlewood-Richardson coefficients in [11]. (The precise
formulations can be found in (2.5) and (2.6) respectively.) Since for words u*, v+ and
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w™ with exc(u™, vt;w™) = 0 the Littlewood-Richardson coefficient cg’f ,+ coincides with
the number of stable TFPLs with boundary (u*,v™;w™) the expression for the number
of instable TFPLs with boundary (u,v;w) in (2.5) is actually an expression in terms of

numbers of stable TFPLs. To be more precise, (2.5) is equivalent to

(3.2) oy —=sie= D (Rilwu")+ s+ > (Lo(v,0") +1)sy

ut:u—ut vtiv—ot
where © — u* means that v = u;0lug and u™ = u;10ug for appropriate words uy and
ug, Ri(u,ut) = |ug|; and L;(u,u’) = |ugl|; for i = 0,1. Furthermore, (2.6) is equivalent
to
(3.3) Sy, = Z Ly (u,u™)eyy , + Z Ly(v,v%)cy v — Z Ly(w™,w)cy, .
wt:u—ut vtiv—ut w W —w

To prove the expression in (2.5) for the number of instable TFPLs with boundary
(u,v;w) the authors in [11] invented transformations that ultimately transform instable
TFPLs of excess 1 into TFPLs of excess 0 and counted how many instable TFPLs with
boundary (u,v;w) are transformed into the same TFPL of excess 0. These transfor-
mations turn out to be essentially equivalent to a simple application of Wieland drift.
Instable TFPLs thus may be related to stable TFPLs through Wieland drift in a way
that generalises the way set forth for instable TFPLs of excess 1 in [11], in order to at

w
u,v

of research stable TFPLs should be studied and enumerated. It might be possible to

express s,,,, in terms of Littlewood-Richardson coefficients.

best find an expression for t¥ in terms of numbers of stable TFPLs. In a parallel line
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CHAPTER 4

Triangular fully packed loop configurations of excess 2

The main contribution of this chapter is a linear expression for ¢/, in terms of numbers
of stable TFPLs for any words u, v and w with exc(u,v;w) = 2. This linear expression
generalises the expression for the excess-1-case in (3.2). To give the exact formulation of

the main result of this chapter further notation is needed.

DEFINITION 4.1. Let u and u™ be two 01-words of the same length that satisfy |u|; =
lut|y = Ny and Au) € Mu™). Then denote by gy .+ the number of semi-standard Young
tableaux of skew shape A(u™)/A(u) with entries in the i-th column — when counted from
the left — restricted to 1,2,..., Ny — i+ 1.

111 11 12 112 212
2 3 2 3 3

FIGURE 4.1. The semi-standard Young tableaux that contribute to goo1101,101001-

For instance goo1101,101000 = 9. From now on, denote the set of stable TFPLs with

boundary (u*,v";w) with S¥ . and its cardinality with s%, ..

THEOREM 4.2. Let u,v,w be words of the same length such that |u|; = |v|; = |w|

and exc(u,v;w) = 2. Then

(4.1) tiv = Z Guut o= (v+)* S$+7v+.

ut>u,vt>v

By Theorem 2.7 s%, , = 0 unless |u"|; = [vT|; = |w|; and d(ut) + d(v') < d(w).
The sum in (4.1) is finite since it is restricted to words u™ and v* that satisfy |u™|; =

vty = |w|; and d(u™) + d(v") < d(w). Furthermore, if exc(u, v; w) = 0 then

(4.2) tuw = Su
by Corollary 3.14. For words u, v and w with exc(u,v;w) = 1 Fischer and Nadeau

w
u,v

proved an expression for ¢¥  in terms of Littlewood-Richardson coefficients, see (2.5).
This expression now can be written as follows:
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(4.3) =50 > Guat Swen D Gor () Syt

wt>u vt >
Thus, the linear expression stated in Theorem 4.2 generalises the already existing enu-
meration results for TFPLs with boundary (u,v; w) where exc(u, v;w) = 0, 1.

This chapter is structured as follows. In Section 4.1 the effect of Wieland drift on
TFPLs of excess 2 will be studied in detail. We already know from the previous chapter
that Wieland drift changes a TFPL solely near the drifters. The main contribution of
the first section will be the definition of (five) transformations around drifters — so-called
moves — that suffice to describe the effect of Wieland drift on TFPLs of excess 2, see
Proposition 4.3. In Section 4.2, we will study the numbers of times left- (resp. right-)
Wieland drift has to be applied to TFPLs until a from the outset fixed drifter is incident
to a vertex of the right (resp. left) boundary. This study will culminate in Corollary 4.11,
which will be crucial for the proof of Theorem 4.2 that is the content of Section 4.3.

The work presented in this chapter was presented as a poster at the 27th Interna-
tional Conference on Formal Power Series and Algebraic Combinatorics in 2015 ([6]).
Furthermore, it has recently been accepted to be published by The Electronic Journal of
Combinatorics ([7]).

4.1. An alternative description of Wieland drift for TFPLs of excess 2

The main contribution of this section is a description of the effect of Wieland drift
on TFPLs of excess at most 2 as a composition of moves. In Figure 4.2, the moves
that form the basis for that description are depicted. Recall that a TFPL of excess 2
contains at most 2 drifters, which is why there occur at most two drifters in every move.
Furthermore, if the move M, is applicable to a TFPL of excess 2 then no other moves
are applicable to that TFPL by Theorem 2.12.

S =S
M, M, lMB

L

= ol

-5

-—
-—

ag
]

FIGURE 4.2. The moves that describe the effect of left-Wieland drift on
instable TFPLs of excess 2.



PROPOSITION 4.3. Let f be an instable TFPL with boundary (u,v;w) such that
exc(u,v;w) < 2. Furthermore, let u~ be a word that satisfies u~ Do w. Then the

image of f under left-Wieland drift with respect to u™ is determined as follows:

(1) if R; in RY is incident to a drifter delete that drifter and add a horizontal edge

incident to Riyq forvi=1,2,... ., N —1;

(2) perform My or Ms if possible; otherwise, run through the columns of GV from

right to left, that is, for 7 =2N +1,2N, ..., 1:

(a) if there is precisely one drifter in the j-th column of GV, apply My, My or
Ms; to it;

(b) if there are two drifters in the j-th column of GV, apply My, My or Ms;
to each of the drifters in the following order: if the odd cell that contains
the upper drifter is the cell og, that s, I_I, move the lower drifter first.
Otherwise, move the upper drifter first.

(3) run through the occurrences of one in u™: let {iy < --- <y} ={i:u;, =1}.

If ui;—1 18 the j-th one in u delete the horizontal edge incident to L,y and add

a vertical edge incident to L;, for j =1,2,..., Ny.

In Figure 4.3 a TFPL of excess 2 with two drifters and its image under left-Wieland
drift are depicted. The two drifters in the original TFPL have the same x-coordinate and
the odd cell that contains the upper drifter is of the form 0g. Thus, by left-Wieland drift
the move M, is applied to the lower drifter before the move M, is applied to the other
drifter. The rest of the TFPL is preserved.

] e—=—e ()

1 0
Oe I 0 WL Oe T—‘ 0
_—
Oe 0 Oe 0
Oe T_Iil ; o] Oe T_l | ; o]
0 1 0 0 0 1 0 0
FIGURE 4.3. A TFPL of excess 2 with two drifters and its image under
left-Wieland drift.

In the proof of Proposition 4.3 the effect of left-Wieland drift will be checked cell by
cell. From the set of cells that can occur in a TFPL of excess at most 2 the following

cells can be excluded:

LEMMA 4.4. In a TFPL of excess at most 2, none of the following cells can occur:

| [ |
015 1016 €15 6161

Since the proofs in this section work by studying the cells of a TFPL it is convenient
to fix notations for all the odd and even cells that can occur in a TFPL. These notations
are chosen as in the previous chapter, see Figure 3.6.
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ProoF. Let f be a TFPL and 7 its canonical orientation. First, suppose that f
contains a cell ¢ of the form 0y5. Then ¢ must exhibit two configurations in 7 that
contribute to the excess, see Theorem 2.12. On the other hand, the right vertex of the
horizontal edge in ¢ which is oriented from right to left in 7 either is adjacent to the
vertex to its right or is incident to a drifter. Thus, ? exhibits yet another configuration
that contributes to the excess. The excess of f thus must be at least 3. For the same
reason, a TFPL of excess at most 2 cannot contain the third cell in the list.

Now, suppose that a cell ¢ in f is of the form 015. Then both the top and the bottom
rightmost vertex in ¢ have to be incident to a drifter. Therefore, f contains at least three
drifters and therefore has to be of excess at least 3. By the same argument, the fourth

cell in the list cannot occur in a TFPL of excess at most 2. O

In the following, it will be convenient to distinguish between the cells of a TFPL and
the cells of its image under left-Wieland drift. To this end, given a cell ¢ of GV it is
written ¢ when it is referred to the cell ¢ of the TFPL and ¢ when it is referred to the
cell ¢ of the image of the TFPL under WL. When the cells of a TFPL and of its image
under left-Wieland drift are compared it has to be kept in mind that in the last step
of left-Wieland drift the whole configuration is shifted one unit to the right. For that
reason, for each odd cell o of a TFPL and the even cell e to the right of o the following

holds when disregarding the distinction between odd and even vertices:

(4.4) ¢’ = W(o)

To begin with, in the image of a TFPL under WL all edges incident to a vertex in £V
must be horizontal by definition. This is why it suffices to determine the effect of WL on
the even cells of a TFPL. The following lemma gives conditions under which even cells
are preserved under WL. Its proof is analogous to the proof of Lemma 3.17 and therefore

omitted.

LEMMA 4.5. Let f be a TFPL. Furthermore, let o be an odd cell of f and e the even
cell to the right of o such that no vertex of o and e is incident to a drifter. If o and e are

intertor cells, then they can only occur as part of one of the following pairs:
[ { ] [ ] o—l—e { ]
[ ] I:: :_I—I I—I_: — ::I ]
On the other hand, if o and e contain an external edge, then o and e can only occur as

part of one of the following pairs:
.—T L] [ T—Q
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Due to Lemma 4.5 it remains to determine the effect of WL on even cells e such that
a vertex in e or in the odd cell o to the left of e is incident to a drifter. Now, each
drifter that is not incident to a vertex in £~ U R brings about four such even cells,
see Figure 4.4. These even cells and the odd cells to their left shall in the following be
denoted as indicated in Figure 4.4. Finally, a drifter that is incident to a vertex in £V

(resp. RY) solely entails the cells o,, e,, o, and e, (resp. oy, e;, 0, and ey).

o] e

’01 e o, e,

ob‘eb

FIGURE 4.4. A drifter and its surrounding cells.

The next lemma addresses the effect of left-Wieland drift on the cells e;, ¢; and e,.

LEMMA 4.6. Let f be an instable TFPL of excess at most 2, o an odd cell of f and e
the even cell to the right of 0. If o does not contain a drifter, a vertex of e is incident to

a drifter and o ¢ {o0g, 07, 012}, then €' and e coincide with the following sole exceptions:

(1) if in e there is a drifter, then in €' there is none,

(2) if the top left vertex of e is incident to a drifter, then there is no horizontal edge
between the two top vertices of e but there is one between the two top vertices of
e,

(3) if the bottom left vertex of e is incident to a drifter, then there is no horizontal
edge between the two bottom vertices of e but there is one between the two bottom

vertices of €.

PROOF. If 0 and e are external cells such that a vertex of e is incident to a drifter,
then o = 01, e = ¢; and € = ¢,. In that case, ¢’ and e coincide with the sole exception
that there is no horizontal edge between the two top vertices of e whereas there is one
between the two top vertices of €. Suppose that o and e are internal cells such that o
does not contain a drifter, a vertex of e is incident to a drifter and o is not in {og, 07,

012}. Then (o, e) can only occur as part of one of the following pairs:

ofa] el Jofe]  efo] Jofd o] o] fefe] e
Now, ¢ =e¢esifo=101,¢ =¢e3ifo=10y, ¢ =¢exifo=03,¢ =¢sif 0o =04 and €/ = ¢ if
0 = 05. It can easily be checked that in any case ¢’ and e satisfy the assertions. U

Proposition 4.3 now is proved separately for instable TFPLs of excess at most 2 that
contain precisely one drifter and for those that contain two drifters.
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PROOF OF PROPOSITION 4.3(ONE DRIFTER). Let f be an instable TFPL of excess
at most 2 that contains precisely one drifter 9. First, the case when 0 is incident to a
vertex R; in RY is considered. In that case the cells o;, €;, 0, and e, exist. Furthermore,
both o, and 0, do not contain a drifter and are not in {og, 07,012} because in f there is
only one drifter. Thus, by Lemma 4.6 on the one hand ¢ and ¢; coincide with the sole
exception that in e there is no drifter whereas in e; there is one and on the other hand
e, and e, coincide with the sole exception that in ej the two top vertices are adjacent
whereas in e, they are not. By Lemma 4.5 the effect of left-Wieland drift on f is that
the drifter incident to R; is replaced by a horizontal edge incident to R;,; while the rest
of f is preserved.

It remains to consider the case when 0 is not incident to a vertex in RY. In that
case the cells o,, e,, 0, and e, of f have to exist. Since f contains precisely one drifter
o, € {os,09,010,011} by Lemma 4.4. It will be proceeded by treating each of the four
possible cases for o, separately.

First, the case when o, = o0g is regarded. In that case, e, = e5 because f contains
precisely one drifter. Furthermore, W(og) = 0g and therefore e/, = ¢s. On the other hand,
e, and e, coincide with the sole exception that the two top vertices in e are adjacent
whereas in e, they are not by Lemma 4.6. If the cells oy, €;, 0, and e; exist, then both
o; and o; cannot be in {o0g, 07,012} and for that reason e, and e; coincide with the sole
exception that the two bottom vertices in €} are adjacent whereas in e; they are not and
e; and e; coincide with the sole exception that in €] there is no drifter whereas in e; there
is one by Lemma 4.6. By Lemma 4.5, the effect of left-Wieland drift on f is that the
move M, is applied to 0 while the rest of f is preserved.

Next, the case when o, = o0g is considered. In that case, e, = ¢y, 0, = 07 and e, = ¢4.
Furthermore, W(og) = 04 that is e, = ¢ and W(07) = 019 that is e = ejo. If the cells o,
e;, o; and e, exist, then neither o; nor o; is in {0g, 07, 012}. By Lemma 4.6 and Lemma 4.5
the effect of left-Wieland drift on f is that the move M, is applied to 0 while the rest of
f is preserved.

Next, the case when o, = o019 is regarded. In that case, o, e;, 0, and ¢; exist.
Furthermore, e, = e3, 0, = 0g and e; = e4. Therefore, e/ = ¢; and e, = ¢9. Since neither
op nor o; is in {0g, 07,012} by Lemma 4.6 and Lemma 4.5 the effect of left-Wieland drift
on f is that the move Mj3 is applied to 0 while the rest of f is preserved.

Finally, the case when o, = o0y, is checked. In that case o;, e;, 0, and ¢; exist.
Furthermore, e, = ¢y, o, = 07, €, = ¢4, 0 = 05, €, = ¢g, 0; = 0g and e; = ¢4. Therefore,
e, = e1a, €, = ¢10, €, = ¢ and e; = ¢g. By Lemma 4.5 the effect of left-Wieland drift on

f is that the move M, is applied to d while the rest of f is preserved. U

The proof of Proposition 4.3 for instable TFPLs f of excess 2 that contain two drifters
is split into the following three parts: (1) all drifters in f are incident to vertices in RY;
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(2) one drifter in f is incident to a vertex in R" and the other is not; (3) no drifter in f

is incident to a vertex in RN.

PROOF OF PROPOSITION 4.3(TWO DRIFTERS (1)). Let f be a TFPL of excess 2
that contains two drifters. If in f all drifters are incident to a vertex in R then for each
drifter in f the cells 0; and 0, do not exhibit a drifter and are not of the form og, 07 or
012. Therefore, by Lemma 4.6 and Lemma 4.5 the effect of WL on f is that each drifter
is replaced by a horizontal edge such that if a drifter is incident to R; in f the respective

horizontal edge in WL(f) is incident to R;,1, while the rest of f remains unchanged. [

PROOF OF PROPOSITION 4.3(TWO DRIFTERS (2)). Let f be a TFPL of excess 2
that contains two drifters 0 and 9* whereof 9 is incident to a vertex R; in RY and ?* is
not incident to a vertex in R¥. Note that f contains neither a cell of type 01; nor of type
¢11. That is because when adding the canonical orientation to f such a cell would give
rise to two local configurations that contribute to the excess which would imply that f
is of excess greater than 2. As a start, suppose that no vertex of o; and o, is incident to
0*. In that case e, and ¢; coincide with the sole exception that in e there is no drifter
and ej and e, coincide with the sole exception that in e the two top vertices are adjacent
whereas in e, they are not by Lemma 4.6. On the other hand, since 9* is not incident to a
vertex in RY the cells of, e, of and e} exist. Furthermore, no vertex of of, e, o} and ¢} is
incident to 0. If the cells o], e}, of and e} exist then also no vertex of these cells is incident
to 0. For those reasons, by analogous arguments as in the proof of Proposition 4.3(1)
the effect of left-Wieland drift on f is that 0 is replaced by a horizontal edge incident to
R; 11 before a unique move of {M;, My, M3} is applied to 9*. The rest of f is preserved
by left-Wieland drift.

Now, if the bottom right vertex of o, is incident to 0*, then of € {o0g,09,010}. If
of = og, then e} = ¢5. Furthermore, o;, 0y, 0] and o} do not contain a drifter and are not
in {o0g, 07,012}. Thus, the effect of left-Wieland drift is that ? is replaced by a horizontal
edge incident to R;,; before the move M is applied to * while the rest of f is preserved.
If of = 09, then €} = ¢9, 0f = 07 and e; = ¢4. Additionally, o;, o, and o; do not contain
a drifter and are not in {og,07,012}. Therefore, the effect of left-Wieland drift is that
0 is replaced by a horizontal edge incident to R;,; before the move M, is applied to 0*
while the rest of f is preserved. Finally, if 0} = 019, then e} = e3, 0, = 06 and e, = e7.
Furthermore, o5, of and o} do not contain a drifter and are not in {0, 07, 012}. For those
reasons, the effect of left-Wieland drift is that ? is replaced by a horizontal edge incident
to R;11 before the move Mj is applied to 0* while the rest of f is preserved.

Next, if o; contains 0%, then o, = 019, €, = ¢9, 0] = 04, € = ¢4, 0p = 04, €, = ¢7 and
o; ¢ {0g,07,012}. Therefore, €] = e7, €, = ¢9, €, = ¢4 and by Lemma 4.6 the cells ¢’
and e; coincide with the sole exception that in e}’ there is an edge between the two top
vertices whereas in e; there is none. For those reasons, the effect of left-Wieland drift
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on f is that 0 is replaced by a horizontal edge incident to R;;; before the move Mj is
applied to 0* while the rest of f is preserved.

Finally, if o, contains ?*, then o, € {o0g,09}. If 0, = 0g, then e, = ¢3. Furthermore,
none of the cells o5, of and o} is in {0g, 07, 012}. Thus, the effect of left-Wieland drift on f
is that 0 is replaced by a horizontal edge incident to R;,; before the move M; is applied
to 0* while the rest of f is preserved. On the other hand, if 0, = 09, then e, = ¢;, 0f = o7
and e; = e¢4. Additionally, o, and o do not contain a drifter and are not in {og, 07,012}
Therefore, the effect of left-Wieland drift on f is that 9 is replaced by a horizontal edge
incident to R;;1 before the move Ms is applied to 0* while the rest of f is preserved. [J

PROOF OF PROPOSITION 4.3(TWO DRIFTERS (3)). Let f be a TFPL of excess 2
that contains two drifters whereof none is incident to a vertex in RY. In that case the
cells o,, e,, o, €, and the cells o}, ey, o;, e; exist. Furthermore, both o, and o] have to be
in {og, 09, 010, 013, 014}. It is started with the case when no vertex of the cells o,, e, oy, €,
is incident to 9 and no vertex of the cells o}, e, o}, e; is incident to 9. This implies that
if the cells o, e;, 0; and e; exist then none of their vertices is incident to 0* and if the cells
o, €/, of and e; exist then none of their vertices is incident to 0. Therefore, by the same
arguments as in the proof of Proposition 4.3(1) the effect of left-Wieland drift on f is
that simultaneously to each of the two drifters 9 and 9* a unique move in { My, My, M3} is
applied while the rest of f is conserved. Since the moves can be performed simultaneously
they can be performed in the order stated in Proposition 4.3(2).

It remains to study the case when a vertex of o,, e,, o, or e, is incident to 0" or a

*
T

vertex of of, eX, of or e; is incident to 0. Hence, without loss of generality assume that
a vertex of the cells o,, e,, 0y, €, that is not the top right vertex of o, is incident to the
drifter *. Then o, does not equal 014 and o} does not equal o0;3.

As a start, the case when the bottom right vertex of oy is incident to 0* is considered.
In that case 0 and ?* have the same z-coordinate and 0 has the larger y-coordinates than
0*. If the cells oy, e;, 0; and e; exist then o; neither equals 07 nor 015. Furthermore, if
o = 0g then e; = ¢4, 0, = 019 and e, = e3. Thus, e, = ¢g and e, = ¢;. On the other
hand, if o; does not equal o4 then e; and e; coincide with the sole exception that in e}
there is a horizontal edge between its two bottom vertices whereas in e; there is none by
Lemma 4.6. Since neither o; nor of equals o0g, 07 or 015 the cells €] and ¢; (resp. €]’ and
e;) coincide with the sole exception that in €] (resp. €;”) there is no drifter by Lemma 4.6.
Finally, o; does neither equal 0 nor 0,5 and if it equals 07 then e; = ¢4, 07 = 09, € = ¢o,

ey’ =ejp and € = ¢3. w — w' By Lemma 4.5, it remains to study the cells o,, e,, op, €,

* * /
7 67"7 6r7

/ / */ 3 4 :
e, e, and e) is given in Table 1.

0 e, and €. A list of all possible configurations in the cells o, €., 0y, €, 0F, €

T

In summary, left-Wieland drift has the following effect:

e The move Mj5 is applied if o, = 09 and o} = 0y¢.
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Or | 08 | 08 | Og | Og [ O3 | Og | Og | Og | 010 [ O10 | O10 | O10
€r | €5 | €5 | €5 [ €5 | €5 | €2 | €2 [ €2 [ €3 | €3 | €3 | €3
083 | 08 [ 09 | 09 | 010 | O | O9 | 010 | 08 | 08 | Og | O1p
€, (41 (41 () (D) €3 (451 ') €3 43 (459 €o €3
Op | 01 | 04 | 01 [ 04| O | O7 [ O7 | O12 | O1 | 04 | O4 | Og
€p | €1 | €12 | €1 [C12| €7 | €6 | €6 | €4 | €1 [ €12 | €12 | €7
€, €g €g €g €g €g (43 (43 (43 (4rd 474 (44 4
6:/ eg eg C6 ¢6 er eg (4] (44 €g (4 4] (44
6?, €15 | €4 | €15 | €4 | €9 [ €10 | €10 | €11 | €15 | €4 | €4 4]

TABLE 1. The cells o,,e,, 05, €, 0, and e, of f and the cells e/, e’ and e
of WL(f) in the case when 9* is incident to the bottom right vertex of oy

in f.

e The move M, /M, is applied to 9* before the move M, is applied to ? if 0, = og
and of = 0g/09.
e The move M; is applied to d before the move M;/Ms/M; is applied to 0* if
o, = 0g and o = 0g/09/010.
e The move Mj is applied to  before the move M;/Ms/Ms; is applied to 0* if
o, = 019 and 0f = 0g/09/010.
In all cases the rest of f is preserved by left-Wieland drift.

Next, the case when the drifter 9* is contained in e, is studied. In that case the x-
coordinate of ?* is larger than the one of 0. Note that (o,,e,) € {(09, ¢10), (010, ¢9) } since
f contains neither of the cells 017 and ¢1;. Now, if 0, = 09 then o, = 07, e, = ¢4, 0} = 04,
e; = ¢ and (o, €) € {(0s,¢5), (09, ¢2)}. Furthermore, if 0} = 09 then o; = 07 and ¢} = e4.
Thus, e = ¢, e, = ¢19, €} = ¢4 and if 0} = 09 then e’ = ¢ and €’ = ¢;9. On the other
hand, if o, = 019 then o; = 0, ¢; = ¢4, 0f = 04, €} = e7 and (0}, e}) € {(o0s, ¢5), (010, ¢3)}.
Furthermore, if 0} = 019 then oj = 0 and ef = ¢4. Thus, e, = ¢7, €}, = ¢g and €' = ¢4
and if of = 019 then e = ¢; and €} = ¢9. By Lemma 4.5 and Lemma 4.6 the effect of
left-Wieland drift is the following:

e The move M; /M, is applied to 9* before the move M, is applied to 0 if 0, = og

and o = 0g/09.
e The move M;/Mj is applied to 9* before the move Mj is applied to 0 if 0, = 019

and of = 0g/010.

In both cases the rest of f is preserved by left-Wieland drift.

Next, the case when 0* is contained in e, is regarded. In that case the xz-coordinate of
0* is larger than the one of . The cells o; and o, are both not contained in {og, 07,012}
For instance, it is not possible that o, equals 07 because then e, would have to equal eq5
or the bottom right vertex of o, would be incident to a drifter. As a start, if o; exists then
it cannot be in {07, 012}. Furthermore, if o, = 06 then e; = ¢4, 0, = 019, €, = ¢3, € = ¢g
and e, = e;. On the other hand, of cannot be in {o0g, 012}. Furthermore, if o = 07 then
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*

ey = €4, 0 = 09, €5 = ¢g, €} = ¢19 and e’ = eg. To determine the effect of left-Wieland

*
T

drift on f it remains to study the cells of, eX, o,, e,, €&/ and e... In Table 2 all possible

configurations in these cells are listed.

0g | 08 | Og | 09 | 010

€5 | €5 | €2 | €2 €3

Or 1 08| 010 | 08 | 010 | 013

Er | €2 | €1 | €2 | & (2}

€, €] €g (43 (43 44

€. | ¢ | er | €| ¢7 | €14

TABLE 2. The cells o}, e, o, and e, of f and the cells e and e/, of WL(f)
in the case when 9* is contained in ep.

QS
AR

In summary, the effect of left-Wieland drift on f is the following:
e The move M; is applied to 0* before the move M;/Mj is applied to 0 if of = og

and o, = 0g/01.
e The move M, is applied to 0* before the move M;/Mj is applied to 0 if of = o0
and o, = 0g/010.
e The move M; is applied to 0* before it also is applied to 0 if o] = 09 and
o = 013.
In all cases the rest of f is preserved by left-Wieland drift.

The last case that is to be considered is the case when 0* is contained in o0,. In that
case the x-coordinate of 9 is larger than the one of 0*. Furthermore, the cells o; and of
are not contained in {og, 07,012}, if 0; exists then it cannot be in {07,012} and o} cannot
be in {0g,012}. On the other hand, if o; = 04 then e; = ¢4, 0, = 019, €, = ¢3, €, = ¢9 and
el =e; and if of = 07 then e} = ¢4, 0f = 09, €& = ¢9, €}/ = ¢19 and e/ = ¢g. To determine
the effect of left-Wieland drift on f it remains to study the cells o}, €}, o,, e,, €’ and €.

In Table 3 all possible configurations in these cells are listed.

Or [ 08 | 08| 09 | 010 | O10
€rl e [¢5 ] €2 | €3 | €3
Op | 08 [ 09 | 014 | 08 | 09
Ep |3 €| €a | €3 [ &
€. 1] ¢s | €s (4] (44 (47
€y, ] €38 | €6 €3 €] (4]

TABLE 3. The cells o,, e,, o, and e, of f and the cells €/ and e, of WL(f)
in the case when 0* is contained in o,.

By Lemma 4.5 and Lemma 4.6 the effect of left-Wieland drift on f is the following:
e The move M, is applied to 0 before the move M, /M, is applied to ?* if o, = og
and o, = 0g/0g.
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e The move M, is first applied to 0 and then to ?* if 0, = 09 and o0, = 014.
e The move Mj is applied to ? before the move M; /M, is applied to 0* if 0, = 019
and o, = 0g/0g.

U

The description of the effect of right-Wieland drift on an instable TFPL of excess
at most 2 follows from the description of the effect of left-Wieland drift on an instable

TFPL of excess at most 2 by vertical symmetry.

PROPOSITION 4.7. Let f be an instable TFPL with boundary (u,v;w) such that
exc(u,v;w) < 2. Furthermore, let v~ be a word so that v~ — v. Then the image

of f under right-Wieland drift with respect to v~ is determined as follows:

(1) if L; in LV is incident to a drifter delete that drifter and add a horizontal edge
incident to L;_y fori=2,3,...,N; denote the so-obtained TFPL by f’;

(2) perform M, or M3t if possible; otherwise, run through the columns of GV from
left to right, that is, for j =1,2,...,2N + 1:

(3) if there is precisely one drifter in the j-th column of GV, apply M;*, My* or
M3t to it;

(4) if there are two drifters in the j-th column of GV, apply M;*, My* or M;*
to each of the drifters in the following order: if the even cell that contains the
lower drifter is not of the form 01y (see Figure 3.6) move the lower drifter first;
otherwise, move the upper drifter first;

(5) run through the occurrences of zero in v=: let {iy < --- <in,} = {i : v; = 0}.
If vi; 11 is the j-th zero in v delete the horizontal edge incident to R; 1 and add

a vertical edge incident to R;; for j =1,2,..., Ny.

4.2. The path of a drifter under Wieland drift for TFPLs of excess 2

The focus of this section is on studying how many iterations of left- (resp. right-)
Wieland drift are needed until a drifter in an instable TFPL of excess 2 is incident to
a vertex in RY (resp. LV). For this purpose, it is necessary to specify which drifter in
the image of a TFPL under left- (resp. right-) Wieland drift is assigned to which drifter
in the initial TFPL. To begin with, in both the preimage and the image of each of the
moves My, My and M3 (resp. M;*, My ' and M3 ') there is precisely one drifter. Thus,
from now on, the drifter in the image is assigned to the drifter in the preimage for each
of these moves.

In contrast to the moves M;, My and Mz (resp. My ', My* and M; ') the preimage
and the image of both My and Ms (resp. M,; ' and M; ') do not exhibit the same number
of drifters. Hence, fix a drifter in the image of M, (resp. M;') that is from now on
assigned to the drifter in the preimage of My (resp. Mz "'). Reversely, if to a drifter the
move Ms (resp. M, ') is applied then the drifter in the image of the move Ms (resp.
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M ") is assigned to this drifter. Figure 4.5 displays an example for the case when the
upper drifter in the image of the move M, is assigned to the drifter in the preimage of

the move My.

LHE e JTHE e JETL
R RS

>~
L] L]

WL

R FEsafais AUNA s ga fang i
FiGUurE 4.5. A TFPL of excess 2 and its instable images under left-
Wieland drift. In each of the images the drifter that is assigned to the
drifter in the initial TFPL is indicated in green if, say, the upper drifter in

the image of the move M, is assigned to the drifter in the preimage of the
move My.

Now, let f be an instable TFPL of excess 2 and 0y a drifter in f. Furthermore,
denote with d(¢) (resp. 9(—7)) the drifter in WL*(f) (resp. WR”(f)) that is assigned to
0o and with L () (resp. Ry(0)) the unique non-negative integer such that 9(L/(0)) (resp.
0(R;(0))) is incident to a vertex in RY (resp. LV). (The latter exist due to Proposition 4.3
resp. Proposition 4.7.) Thus, ? can be understood as a map on [—R;(9), L;(9)] that
assigns to £ € [0;L;(d)] a drifter in WL'(f) and to —r € [~R;(d); —1] a drifter in
WR(f). (Note that 2(0) = .)

DEFINITION 4.8 (Path;(9), Left;(0), Right ;(2), HeightL;(2), HeightR ;(0)). Define the
path of 0 as the sequence

Path;(d) = (WRRf<°>(f), L WR(P), £, WL(f), ... ,WLLf(°)(f)> .

Furthermore, set Left;(2) = WLE/®(f) and WRFI®)(f) = Right((0).  Finally, set
HeightL ;(0) the positive integer h such that 9(Ls(0)) is incident to Ry _p, in Left;(d) and
HeigthR(0) the positive integer b’ such that 0(Rs(0)) is incident to L1 in Right ,(9).

Observe that |Path;(d)| = Lf(0) + Rf(0) + 1. In Figure 4.2 an example for the path
of a drifter is displayed. Now, for i = 1,2,3,4,5 set
#M;(0) = |[{0 <7 < Ry(d) : by WR the move M; ' is applied to 2(r) in WR"(f)}|
+ {0 < ¢ < L{(d) : by WL the move M; is applied to d(¢) in WL(f)}|.

Thus, | Path;(9)] = #M;(0)+#M2(0)+#Ms(0) +#M4(d) +#M5(0)+1 and in summary
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(4.5 Ly(®)+ By(@) = 3" #M,0).

DEFINITION 4.9 (R;(ufr®), Ly(vPs®)). Let uftr® be the left boundary of WRF®)(f)
and v25®) the right boundary of WLLf @(f). Then R;(u™®) denotes the number of
occurrences of i among the last (N — 1 — HeightR;(0)) letters of u® and L;(v"r®)
denotes the number of occurrences of i among the first (N — 1 — HeightL,(9)) letters of

) fori=0,1.

PROPOSITION 4.10. Let u''®) be the left boundary of WRE® () and v*r®) the right
boundary of WLE® (). Then

(4.6) > #M;(0) = Ry(u®) 4+ Lo(™®) + 1.

COROLLARY 4.11. Let u® be the left boundary of WRE®(f) and v @ the right
boundary of WLF#( )(f). Then

(4.7) L;(0) + Rs(0) = Ry (ufr®) + Lo(v™®) 1 1.

i
Fm# F‘EEH

1 0 1 1 0

FIGURE 4.6. A TFPL with boundary (01101,00111;10110) and the path
of the drifter that is indicated in green.

The proof of Proposition 4.10 is the objective of the rest of this section. It requires
to consider TFPLs of excess 2 together with the canonical orientation of their edges. In
doing so, the moves by which the effect of Wieland drift is described in Proposition 4.3
translate into the moves depicted in Figure 4. 7 It follows from Theorem 2.12 that the
move M; has the four oriented counterparts M 115 M 1,25 M 1,3 and M 14, the move M,
the three oriented counterparts M 2.1, M 2.2, Mo 3 and the move M; the three oriented
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- = —
counterparts M3 1, M32 and M3 3. Furthermore, both M, and M; have only one oriented

counterpart, namely M, and M5 respectively.

- 23 =S o = —
REMARK 4.12. The moves M1, M9, M3, M4, My, and My coincide with the
moves BB, BR, RR, RB, B and R respectively invented in [11] for oriented TFPLs of

excess 1.

'R R 5 AU N AN O

e R I S O R

L
i

1

no
no

)

8 o B v Sl L
N I_L I I'_L. I_'L_
e :
n H HH 0

FIGURE 4.7. The moves describing the effect of Wieland drift on TFPLs
of excess 2 that are equipped with the canonical orientation.

The following lemmas are immediate consequences of Proposition 4.3 and Proposi-
tion 4.7. They describe the effect of left- and right-Wieland drift respectively on ?, that

is, f together with its canonical orientation, in terms of the moves in Figure 4.7.

LEMMA 4.13. If not all drifters in f are incident to vertices in RY, the effect of
left-Wieland drift on f translates into the following effect on ?

(1) If in ? there is precisely one drifter then by left-Wieland drift a unique move
, L e N . S
in {Myy, My, Myz, M1a, Moy, Moo, Moz, M3y, M32, M33, My} is performed
while the rest of f remains unchanged.

(2) Ifin ? there are two drifters and none of those drifters is incident to a vertex in

_>
RN then by left-Wieland drift either M5 is performed or to each drifter a unique
T e S~ T S _ o ,
move in {Mi 1, My, My3, M4, Mso1,Ms1} is applied in the same order as in
Proposition 4.3. The rest of 7 remains unchanged.
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(3) If in 7 there are two drifters whereof one is incident to a vertex in RN then
by left-Wieland drift the drifter incident to a vertex R; in RYN is replaced by a
horizontal edge incident to R; 1 before to the remaining drifter a unique move in
{]\—/}171, ]\_/>[1,2, ]\7173, ]\_/>[1,4, ]\7271, ]\—/}371} 15 applied. The rest 0f7 remains unchanged
by left-Wieland drift.

Recall that when in f all drifters are incident to vertices in R” then by left-Wieland
drift these drifters are simply replaced by horizontal edges.

LEMMA 4.14. If not all drifters in f are incident to a vertex in LV, the effect of
right- Wieland drift on f translates into the following effect on ?

(1) lz)m ?_) theﬁzs pr_e)czsely_)one dmfter then by rzght Wieland drift Mll, M1_2;
Ml_:)l), Ml_}l, MQ_%, M;;, Mzg, M31, M32, M 3.3 07"]\/[ 1s performed while the
rest of 7 remains unchanged.

(2) If in 7 there are two drifters and none of those drifters is incident to a vertex
in LN then by right- erland drift ezther ]\7 zs performed or to each drifter in
7 a unique move in {M1 1,]\—/[>1 25 ]\_/>[1 3,M14, M21,M3 1} is applied in the same
order as in Proposition 4.7. The rest of 7 remains unchanged.

(3) If in 7 there are two drifters whereof one is incident to a vertex in LV then by
right-Wieland drift the drifter incident to a vertex L; in LV is replaced by a hori-
zontal  edge  incident to Ly before —a  unique  move  in
{ﬁﬁ, ]\7;5, ﬁl 35 ﬁl e ]\72 1 M3 1} is applied to the remaining drifter. The rest

of f remains unchanged by right-Wieland drift.
In the following, set
#]\71-7]-(0) = |{0 <r < R¢(d): by WR the move ]\_/[:_J1 is applied to () in WR%?)}\
+ {0 < ¢ < Ly(d) : by WL the move ]\_4)” is applied to ?(¢) in WLZ(7)}|

for (i, ) € {(1,1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3, 1), (3,2), (3,3)}. For the moves
_>
M, ' and Mj5 it needs to be distinguished which of the two drifters in the respective image

is chosen. Hence, for i = 4,5 set
- 1. . . ”
#M,;(0) = [{0 <7 < Rf(d) : by WR the move M; " is applied to d(r) in WR (7)}|
+ {0 < ¢ < Ly(d) : by WL the move ]\_4>Z is applied to 9(¢) in WLZ(7)}|

and indicate by a t or b whether in the respective image the top or the bottom drifter
— —
is associated with ? in f. In that way, one obtains the notations #M?(d) and #M!(0)

respectively for i =4, 5.

LEMMA 4.15. Let u® be the left boundary of WRE @ () and vr® the right bound-
ary of WLE®(f). Then we have:
65



4 3
1% #21,(0) + > 4 M5 (0) + #04(0) + 4D
4 3
2 % 42 ,(0) + > 40 (0) + #M5(0) + 4D
(3) #311(0) + #314(0) + #30(0) — #330(0) + #]5(0) = Lo (v*®))
(4) #M12(0) + #M13(0) — #Mo3(0) + #Ms3(0) — #M5(0) = Ro(u®) + 1.

(0) = N — HeightR (),
(0) = N — HeightL (),

The identities in Lemma 4.15 generalise the identities stated in Proposition 6.11 and
Proposition 6.12 in [11] for #BB, #BR, #RR, #RB, #B and #R. The proof of
Lemma 4.15 is given in terms of blue-red path tangles and uses analogous arguments as
the proofs of Proposition 6.11 and Proposition 6.12 in [11].

ST AL NN NI AN AN

LA TSN TN N o
. o — et b . o ': /.‘\'

N N T

fo e e e R

VR 34..;@/3\‘514

FIGURE 4.8. The moves in terms of blue-red path tangles that describe
the effect of Wieland drift on canonically oriented TFPLs of excess 2.

PRrROOF. For the first identity, observe that the set of odd vertices in G" is decomposed
of N + 1 sets such that in each such set the odd vertices are aligned with slope —v/2.
These sets are denoted the \-diagonals of G in the following. For instance, R" is a
\-diagonal of GIV. It can be seen from Figure 4.2 that if a move M; or Ms is applicable to
2(¢) in WL(f), then the odd vertex incident to (£ +1) in WL (f) lies on a \-diagonal
to the right of the one on which the odd vertex incident to 9(¢) lies. The same is true if
M, or Mj; is applicable to 9(¢) and 9(¢ 4 1) is chosen to be the top drifter in the image
of M, respectively 9(¢) is the bottom drifter in the preimage of the move M. In all the
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other cases the odd vertices incident to 9(¢) and 9(¢ + 1) lie on the same \-diagonal of
G™. The first identity now follows since the odd vertex incident to d(R;(9)) in Right ()
(resp. 9(Lg()) in Left;(9)) lies on the HeightR;(d)-th (resp. N+ 1-st) \-diagonal of G"
when counted from the left.

The second identity can be shown using analogous arguments as for the first identity.
Instead into \-diagonals the odd vertices in GV are to be decomposed into sets such that
the odd vertices in each set are aligned with slope /2.

For the third identity, observe that in the blue-red path tangle corresponding to
WRRf(D)(?) the drifter 9(R;(d)) correspond to a blue (—1, —1)-step, while d(L(0)) is a
red (1, —1)-step in the blue-red path tangle corresponding to WLEr®( ). Furthermore,
in the blue-red path tangle corresponding to WLE/® there are Ly (v"/®) many red paths
that intersect the right boundary above the red path on which d(L(d ))(?) lies. Thus,
when running through r € {—R;(0),...,—1,0} and ¢ € {1,...,Ls(?)} in increasing
order,  must overcome L;(vEs (D)) red paths. On the other hand, a red path is overcome
precisely by the moves ]\71 1, M4, J\_/>[23 or ]\—/}b as it can be seen in Figure 4.8. That
is because by the moves M,z or MY the drifter is transformed from a red into a blue
down step that lies in the area below the red path. On the other hand, the move M 3.3
is the only move by which the drifter is transformed from a blue down step is into a red
down step that lies in the area above the blue path. For that reason, #]\73,3(0) must be
subtracted. Finally, by no move is a blue down step moved from the area below a red
path into the area above the very same red path.

The last identity follows by analogous arguments as the third. Instead of the red
paths blue paths need to be considered. U

PROOF OF PROPOSITION 4.10. By subtracting (4) from (1) in Lemma 4.15 one ob-

tains
ION 7 Tt b
! Z #Mu +#M23 Z #M?,] )FHM(0)+F# My (0)+#M5(0).
je{1,4} je{t.2}
On the other hand, by subtracting (3) from (2) in Lemma 4.15 one obtains
%
Lo(v®) 41 = Z #Mlj Z #ng +#M33( )+ #M3(0).
je{2,3} je{1,2}

Summing these two identities gives the assertion. O

4.3. Proof of Theorem 4.2

In this section, Theorem 4.2 is proved bijectively. The following consequence of Propo-
sition 4.10 plays a decisive role in this respect: let f be an instable TFPL of excess 2 and
0 a drifter in f. Then it holds either
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(4.8) L;(d) < Lo(v /™) and R;(0) > Ry (ufr®)

or

(4.9) L;(0) > Lo(v™ ™) and R;(d) < Ry (ufr®).

Recall that it is fixed which drifter in the image of the move M, (resp. M;z?') is
assigned to the drifter in the preimage of the move M, (resp. M;*'). Nevertheless,
whether a drifter 0 in a TFPL of excess 2 satisfies either (4.8) or (4.9) does not depend

on the choice of the drifters. This follows from the lemma below.

LEMMA 4.16. If f exhibits the preimage of the move My (resp. M5 ') then in WR'(f)
(resp. WLE(f)) there is precisely one drifter for all0 <r < R;(d) (resp. 0 < £ < L()).

PrOOF. Let f be a TFPL of excess 2 that exhibits the preimage of the move M, and

its canonical orientation. Then by Theorem 2.12 the loop in the preimage of the move
M, in f gives rise to two configurations that contribute to the excess. The drifter in the
preimage of J\_/[> 4 is thus the sole drifter in 7 It is now easy to check that by right-Wieland
drift either ]\—4> f% or ﬁ il,. is applied to the drifter in f. By Proposition 4.7 therefore the
vertices of a drifter in WR"(f i have y-coordinate smaller than the y-coordinate of the
vertices of the drifter in f for all » > 0. In consequence, the even vertex that is incident
to the drifter in f is the centre of two succeeding (—1,0)-steps — a configuration that
contributes to the excess — in WR"(f) for all » > 0. Thus, in WR'(f) there is precisely
one configuration other than these two succeeding (—1,0)-steps that contributes to the
excess for 0 < r < R(f). This configuration must be a drifter by Proposition 4.7, which
concludes the proof.

The proof of the second assertion follows from the previous by symmetry. O

Let f be a TFPL with boundary (u,v;w) where exc(u,v;w) = 2. Furthermore,
let L(f) = max{¢ > 0 : WL!(f) is instable} and Left(f) = WLEDFL(f) resp. R(f) =
max{r > 0: WR"(f) is instable} and Right(f) = WREDHL(£). Then a triple (S(f), g(f), T(f))

in U Guut X SYy v X Gy (p+) is assigned to f as follows:
ut>u,vt>v ’

(1) if f is stable, set g(f) = f, S(f) the empty semi-standard Young tableau of
skew shape A\(u)/A(u) and T'(f) the empty semi-standard Young tableau of skew
shape A(v*)/A(v*).

(2) if Ry(d) < Ry(uf®) holds for each drifter d in f, set g(f) the stable TFPL
Right(f) and u™ the left boundary of ¢g(f). Then u™ > u. Set furthermore S(f)
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the semi-standard Young tableau of skew shape A\(u™)/A(u) corresponding to the

sequence
h h h h
u=u sl o U 2 g RFL — gt

where u" is the left boundary of WR"(f) for each 0 < r < R(f) + 1, and T'(f)
the empty semi-standard Young tableau of skew shape A(v*)/A(v*).

(3) if Ly(d) < Lo(v® @) holds for each drifter d in f, set g(f) the stable TFPL
Left(f) and v the right boundary of g(f). Then v* > v. Set furthermore S(f)
the empty semi-standard Young tableau of skew shape A(u)/A(u) and T'(f) the
semi-standard Young tableau of skew shape A((v")*)/A(v*) corresponding to the

sequence
vt = (Uo)* LN (Ul)* SNSRI (UL(f))* LN (UL(f)—i-l)* = (v,

where v’ is the right boundary of WL(f) for each 0 < ¢ < L(f) + 1.

(4) if there are two drifters 9, and 9 in f that satisfy R;(0,) < Ry(uf7®9)) and
Ls(d) < Lo(v®®), then set g(f) the TFPL that is obtained from f as follows:
move 0y to the right boundary using the moves M;, M,, M3 and replace it by a
horizontal edge; thereafter, move 9, to the left boundary using the moves M; ',
M5, My " and replace it by a horizontal edge. Observe that g(f) indeed is stable.
In the following, let u™ be the left and vt the right boundary of g(f). Then
ut > u, (Mut)/Au)| =1, v > v and |A((v1)*)/A(v*)] = 1. Finally, set S(f)
the semi-standard Young tableau of skew shape A\(u™)/A(u) with entry R(d,)+1
and T'(f) is the semi-standard Young tableau of skew shape A((v™)*)/A(v*) with
entry L;(d() + 1.

In Figure 4.9, a TFPL of excess 2 and the triple (S,¢,7T) associated with it are
depicted.

0

FIGURE 4.9. An instable TFPL with boundary (00011,01001; 10010) and
the triple (S, g, T) it is associated with.

0
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THEOREM 4.17. Let u,v,w be words of the same length such that |u|y = |v]; = |w|

and exc(u,v;w) = 2. Furthermore, set Ny = |u|,. Then the map

o:TY, — | Guur XS X G oy

ut>u, vt >v:
[ut|1=[vT|1=N,

fr—=(5(£),9(f), T(f))

s a bijection.

REMARK 4.18. The assertion of Theorem 4.2 immediately follows from Theorem 4.17.

PROPOSITION 4.19. Let f be an instable TFPL of excess 2 that contains two drifters
0. and o such that R;(d.) < Ry(ufr®)) and L;(d)) < Lo(v*®)). Then 0, can be moved
to the left boundary by the moves My, My* and M3;* and d; can be moved to the right
boundary by the moves My, My and Mj.

The proof of Proposition 4.19 is based on the following two lemmas. To begin with,
note that two drifters 0 and 9* in a TFPL f of excess 2 that contains the preimage of the
move M; (resp. M, ') must satisfy L;(0) = L;(0*) (resp. R;(d) = R;(d*)). Therefore,
a TFPL that contains the preimage of the move M;s (resp. M, ') does not fulfil the
preconditions of Proposition 4.19 by Corollary 4.11.

LEMMA 4.20. Let f be a TFPL of excess 2 that contains two drifters 0 and 0*, whereof
0 is not incident to a vertex in RY. Furthermore, f shall not exhibit the preimage of the
move Ms. Then, if none of the moves My, My or Ms can be applied to 0, 0 is prevented
from being moved by 0* by way of one of the following blockades:

,,,,, B B By . BBy By . B By
I—DL j o R oo
[ o " .F*I L] _._. ;I LI —I_: 0 X

PROOF. Since 0 is not incident to a vertex in RY it is contained in an odd cell o of f.
Furthermore, o € {o0g, 09, 019, 013, 014} because f cannot contain the odd cell 0;; and two
drifters at the same time by Theorem 2.12. Here, only the case when o = og is considered.
In that case, for the even cell e to the right of o it holds e € {es, ¢3,¢5}. The case e = ¢
is impossible since by assumption the move M; cannot be applied to 0. Thus, e = ¢y or

e = e3 which give rise to the blockades B; and B; respectively. O

LEMMA 4.21. Let the assumptions be the same as in Lemma 4.20. Then
L;(0) — Ly(*) = Lo(v™®) — Ly(wr®)) 4 1.
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The crucial idea for the proof of Lemma 4.21 is to consider TFPLs of excess at most

2 together with their canonical orientation and then represent them in terms of blue-red

path tangles. By doing so the blockades in Lemma 4.20 translate into the blockades

depicted in Figure 4.10 and Figure 4.11.

FIGURE 4.10. The blockades of Lemma 4.20 in a TFPL of excess 2 that
is equipped with the canonical orientation.

PROOF. In the following, set

ML, (0) = [{0 < £ < L;y(0) : My, is applied by WL to 9(¢) in WLY(f)}].

for (,7) € {(1,1), ( 2),(1,3),(1,4),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}. The numbers
#m4( 0), # ﬁ m ) and #z\ﬁ (0) are defined analogously. Furthermore, fix

the following notatlons.

Do (0,07) = Z(#mu(a) — ML) + S (#M Ly (0) — #M Ly (7))
+ #MLY(2) — #ML4(0) + # ML) — 4 LL');
Dp(@,0%) = S (H#ML1,(0%) = #MLyi(0) + S (#M Loy (%) — #MLs ()

i=1 j=1

+ HeightL ;(0*) — HeightL(0) + #‘fl’ #mZ(O) + #mé(D*) - #mg(a)

Red(,0%) = S (#MLy;(07) — #MLy ;) + #MLos(0") — #MLos(0)

je{1,4}

- #m&iﬁ(a*) + #mg,g(a) + #mi(a Tb + Ll Lf(D)) . Ll(ULf(D*));

Blue(d,0%) = #M L1 2(0) + # MLy 3(0) — #M Lo 3(0) + #MLy(0) — #ML(d)
— HMLy () — #MLy5(07) + #MLy5(07) — #MLs5(0%) + #MLL(")
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FI1GURE 4.11. The blockades of Figure 4.10 in terms of blue-red path tangles.

An easy computation shows that Dy (0,0%) — Blue(d,0*) — Dyg(0,0%) 4+ Red (2, 0%)
equals L;(d) — L;(0*) — Lo(v2r®) + Lo(v+®)). To conclude the proof of Lemma 4.21 it
will be shown that Dy (9,0*) — Blue(d,0*) — Dyg(0,9*) + Red(0,9*) equals 1. For that
purpose, alternative interpretations of the integers Dy (9,0*), Dyg(0,0*), Red(0,0*)
and Blue(d,0*) will be derived by analogous arguments as in the proof of Lemma 4.15.

To begin with, decompose G into \-diagonals as in the proof of Lemma 4.15. Fur-
thermore, a \-diagonal — denoted d, — is said to lie to the right of another \-diagonal
— denoted d; — if the odd vertex with the smallest y-coordinate in d, has a larger x-
coordinate than the odd vertex with the smallest y-coordinate in d;. Now, suppose that
the odd vertex incident to 9 is part of the ¢(9)-th \-diagonal in f and the odd vertex
incident to 9* is part of the i(2*)-th \-diagonal in f when counted from the left. Then
Dyw (9,0*) = i(0*) — (D) by the same arguments as in the proof of Lemma 4.15(1).

Next, decompose the odd vertices in GV into N + 1 sets such that in each set the
odd vertices are aligned with slope v/2. These sets are said to be the /-diagonals of GV,
Furthermore, a /-diagonal d, is said to lie to the right of another /-diagonal d; in G¥ if
the odd vertex with the smallest y-coordinate in d, has a larger z-coordinate than the
odd vertex with the smallest y-coordinate in d;. Suppose that the odd vertex incident to
0 is part of the j(9)-th \-diagonal in f and the odd vertex incident to 9* is part of the
j(0*)-th \-diagonal in f when counted from the left. Then Dyg(9,0*) = j(0) — j(0*) by
the same arguments as in the proof of Lemma 4.15(2).

From now on, consider the blue-red path tangle associated with WL£(7) for all 0 <
¢ < L(d). Then Red(d,0*) equals the difference of the number of red paths 9 ”jumps
over” in the process of moving to the left boundary by repeatedly applying right-Wieland
drift and the number of red paths 0* ”jumps over” in the process of moving to the left
boundary by the iterated application of right-Wieland drift by the same arguments as in
the proof of Lemma 4.15(3). To be more precise, a blue down step “jumps over” a red
path by the application of WR if before the application of WR it is in the area below
the red path and after the application it is in the area above the red path. On the other
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hand, a red down step “jumps over” a red path if after the application of WR it is a blue
down step that lies in the area above the red path.

Finally, Blue(d,0*) is the difference of the number of blue paths ® ”jumps over” in the
process of moving to the right boundary by repeatedly applying left-Wieland drift and
the number of blue paths 9* ”jumps over” in the process of moving to the right boundary
by the iterated application of left-Wieland drift by the same arguments as in the proof
of Lemma 4.15(4). To be more precise, a red down step “jumps over” a blue path by the
application of WL if before the application of WL it lies in the area below the blue path
and after the application it is in the area above the blue path. On the other hand, a blue
down step “jumps over” a blue path if after the application of WL it is a red down step
that lies in the area above the red path.

Thus, Dyw (0,0), Dyg(0,0%), Red(d,0*) and Blue(9,9*) can be computed separately
for each blockade by looking at Figure 4.10 and Figure 4.11, which is done in Table 4.

§1,1 31,2 31,3 31,4 §2,1 32,2 32,3 32,4 33 34 §5 BG 37 §8
Dyw 0 0 0 0 1 1 1 1 1 | -1] 1 0 1 0
Dye | —1 —1 —1 -1 0 0 0 0 O|—-1,0|-1}]1 /-1
Red —1 0 —1 0 0 1 0 1 1 0 0 |—-1| 1 0
Blue | —1 0 —1 0 0 1 0 1 1 |—-11 0 |—-1] 0 0
TABLE 4. The numbers Dy (0,0%), Dyg(9,0%), Red(9,0*) and Blue(?, 0*)
computed separately for each type of blockade.
In summary, it follows that
Dyw (9,0%) — Blue(d,9*) — Dyg(0,0*) + Red(2,0*) = 1.
Therefore, L;(d) — L (0*) — Lo(v2®) 4 Lo (v2r @) = 1. O

Proposition 4.19 follows immediately from Lemma 4.21.

PROOF OF PROPOSITION 4.19. Let f be an instable TFPL of excess 2 that contains
two drifters 9 and 0, such that R;(0d,) < Ry (uf®)) and L;(2)) < Lo(v2®). Without
loss of generality, suppose that 9; cannot be moved to the right boundary using the moves
My, My and Mjs. Then, by Lemma 4.21

Li(0) > L) + Lo(v™®)) — Lo(v @) 41,

Thus, L;(d) > Lo(vts®)) and equivalently R;(d,) > Ry(u®®)) 4 1. That is a contra-
diction. Therefore, d; can be moved to the right boundary using the moves Mj, M, and
M.

By vertical symmetry, 9, can be moved to the left boundary by the moves M;*, M;!
or Myt U

In Figure 4.12; the instable TFPL of excess 2 of Figure 4.2 and the triple (S, g,T)
associated with it are depicted.
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FIGURE 4.12. The instable TFPL of Figure 4.2 and the triple (S, ¢,7T) it
is associated with.

PROOF OF THEOREM 4.17. Let u,v, w be words of length N satisfying that |u|; =
[v|1 = |w[y = Ny and exc(u,v;w) < 2. Furthermore, let f € T,’, be instable and denote
by (S, g,T) the image of f under ®. As a start, S is an element of G, ,+ for the following
reason: let ¢ be a cell of the Young diagram of skew shape A(u™)/A(u) then its entry in
S has to be R;(0) + 1 for a drifter d in f and it has to hold R;(d) < R;(uf*®) by the
definition of ®. Now, if ¢ is part of the i-th column in A(u*)/A(u) then Ry (ufr®) = Ny —i
and therefore the entry of ¢ in S is at most N; —i+ 1. By analogous arguments it follows
that T' € Gv*,(u+)*~

It remains to show that ® is a bijection. This will be done by giving the inverse map:

let ut >u, vt >0, 5 € Guu+, g € Syt o+ and T' € Gy« (,+)- and consider the sequences
AMu) = AMu®) € Au!) C - C ML) = A(uh)
corresponding to S where R 4 1 is the largest entry of S and
Av) = A((°)) S A((01)7) € -+ S AM(v")7) = M(v*)")

corresponding to 7" where L + 1 is the largest entry of T. Then associate (.S, g,T) with
a TFPL ¥(S,g,T) in T}’, as follows:

(1) if ut > wand vt = v, set U(S,¢,T) = (WLooWLyi0---0WL,zr-10WL,z)(g).
(2) ifu™ =wand vt > v, set U(S,9,T) = (WRpooWR10---0WR, -1 0 WR,2)(9g).
(3) if u™ > wand v™ > v, set U(S, g, T) the TFPL obtained from ¢ as follows: since
ut > wand v > v the skew shapes A(u™t)/A(u) and A\((v™)*)/A(v*) both consist
of precisely one cell. In the following, suppose that the cell in A(u™t)/A(u) (resp.
in A((v1)*)/A(v*)) is part of the j-th (resp. j’-th) column when counted from
the left. To begin with, insert two drifters in g as follows: a drifter 0, incident
to L;,41 is inserted while the horizontal edge incident to L;; is deleted if 4; is the

index of the j-th one in u™ and a drifter 9, incident to Rilvlo _1 is inserted

—i'+1

while the horizontal edge incident to R,»‘U‘ij, is deleted if 4},|,—;.4+1 the index of

the |v]|o — j + 1’-st zero in v*. Thereafter, 0, :sl moved R times by the moves Mj,
Mj; and M3 and 0, is moved L times by the moves M; ', M; ' and M;*. The
so-obtained TFPL shall be the image of (S,¢,T) under W.
(4) If ut =w and v* = v, then U(S,¢,T) = g.
It is easy to check that ¥ is the inverse map of ®. U
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4.4. Outlook

In this chapter, an expression for the numbers of TFPLs of excess 2 in terms of
stable TFPLs has been established, which generalises the expressions in Theorem 2.15
and Theorem 2.17 for TFPLs of excess 0 and 1 respectively. The logical next step is to
check whether this expression is valid for TFPLs of excess greater than 2. The answer
turns out to be no. Already for TFPLs of excess 3 there are counterexamples, one of

which is given below.

EXAMPLE 4.22. It is easy to check that ty(1? o011 = So01%.0011 + 17- Figure 4.19 at

the end of this section shows all instable TFPLs with boundary (0011,0011;1010). On
the other hand, computing the right side in (4.1) for u = v = 0011 and w = 1010 gives

1010
Soo11,0011 1 18.

In the following, it is outlined at which point the methods used to prove Theorem 4.2
fail for TFPLs of excess 3. Furthermore, a modification of the expression (4.1) is conjec-
tured for the excess-3-case. It adds weights to TFPLs dependent on the occurrences of the
cells 015 and 016. An interesting question for future studies is whether this modification
is true in the general case.

To begin with, the effect of left- and right-Wieland drift on TFPLs of excess 3 as the
composition of moves will be conjectured. The moves that are additionally needed for
this purpose are displayed in Figure 4.13. From Theorem 2.12 it follows that a TFPL
of excess 3 that contains the preimage of one of the new moves there cannot be another
drifter. Thus, in the course of the application of WL to such a TFPL no other move but

the respective new move is performed. The analogous is true for WR.

T3
" lMS lMg

L
L

~—a—s
—
——

——a

Hyp— 1

FIGURE 4.13. The new moves that are needed to describe the effect of WL
on TFPLs of excess 3.

CONJECTURE 1. Let u, v and w be words such that exc(u,v;w) = 3 and f € T},
instable. Furthermore, let u~ be a word such that u~ D w. Then the image of f under
left-Wieland drift with respect to u™ is determined as follows:
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(1) if R; € RY is incident to a drifter delete that drifter and add a horizontal edge

incident to Riyq fori=1,2,... ., N —1;

(2) perform the move Mg, Mz, Mg or My if possible; otherwise, Tun through the
columns of GV from right to left, that is, for j = 2N +1,...,1:

(a) if there is precisely one drifter on the j-th column of GV, apply the move
My, My, Mz or My to it;

(b) if there are precisely two drifters 0, and 0; on the j-th column of GV, either
apply the move My to them or apply My, Ms or Ms to each of them in
the following order: move 0y, first, if 0; lies above dy, and the odd cell that
contains 0; is 0g; otherwise, move 0; first.

(c) if there are three drifters on the j-th column of G then either apply Ms to
two of them and thereafter apply My, My or Ms to the other drifter or apply
My, My or M3 to each of them in the order determined by the following: for
each two drifters 0, and 0; in-between which there is no other drifter move
0y before 0y, if 0y lies above 0y, and the odd cell that contains 0; is 09, and
otherwise move 0; before 0y,.

(3) run through the occurrences of one in u™, that is, for j =1,... |u~|; delete the
horizontal edge incident to L;;—1 and add a vertical edge incident to L;,, where

i; 15 the index of the j-th one in u™.

1 0 i —
LT

1 0 1 0
o _.___I_' . _ WL | |

1] o—m—e () ] o—m—e ()

1 o—a—o—s—e () 1 —a—eo—u—e ()

A L

0

FIGURE 4.14. A TFPL with boundary (00011,00011;01010) and its im-
ages under left-Wieland drift that have excess 3.

In Figure 4.14 a TFPL of excess 3 and its images under WL of excess 3 are de-

picted. Conjecture 1 together with Theorem 3.7 would immediately yield an alternative

description of the effect of WR on TFPLs of excess 3. Furthermore, Conjecture 1 would
allow to define L(f), R(f), L;(2), Ry(), Pathy(2), ()", By (ufr®), (v){4)"" and
Lo(v®®) for TFPLs f of excess 3.

76



The essential property in the excess-2-case is that L;(d) + R;(0) = R;(ufr®) +
Lo(v® ®) 41 holds for each drifter 0 in a TFPL f of excess 2. When regarding the framed
TFPL in Figure 4.14 then for the drifter ® that is indicated in green it holds L;(d) =2 =
Lo(vE®) and R (0) = 1 = Ry (uf®). Thus, L;(0) + R;(d) = Ry (u®r®) + Lo(vLs@) in
that example, which disagrees with the excess-2-case. For this reason, it is expedient to
investigate the quantity L(d) + R;(d) for drifters 0 in TFPLs f of excess 3.

For this purpose, it is helpful to regard the effect of the new moves on individual
drifters. In doing so, one immediately sees that in the preimage of the move Mg there
are three drifters while in its image there is one and that in the preimage of the move
M there is one drifter while in its image there are three. For the purpose of studying
the effect of left-Wieland drift on a particular drifter encode with Mgy, Mg, and Mg,
whether the bottommost, central or topmost drifter in the preimage of the move Mg is
regarded before the three drifters merge. Furthermore, a drifter in the image of the move
M that shall be regarded from that point forward needs to be chosen. Encode with
Mz, M7, and M7, whether the bottommost, the central or the topmost drifter in the
image of the move M5 is chosen. Finally, in the preimages and images of both Mg and
Mg there are two drifters. In the following, for both moves identify the topmost (resp.
bottommost) drifter in the preimage with the topmost (resp. bottommost) drifter in
the image. Furthermore, encode with Mgy resp. Mgy and Mg, resp. My, whether the
bottommost or the topmost drifter is considered.

The basic idea in the proof of the equality L(0)+R;(0) = Ry (uf® 4 Lo(vE/®)+1 in
the excess-2-case was to give linear relations in the numbers #M;(d), #M(0), #M;(2),
HM,yp(0), #My:(0), #M5,(0) and #M;(0). Thus, the same should be tried in the

excess-3-case. For that purpose, for any move M set
#M () = |{0 <r < R;(®) —1: by WR the move M~ is applied to d in WR"(f)}|
+ {0 < ¢ < L{d)—1: by WL the move M is applied to d in WL'(f)}|.

3
Thus, |Pathf(d)| = > #M;(d) +
i=1

summary

Z%me+#mm»+§#Mﬁ»wdm

9
Jj=4
3

Ly(®) + Ry@) = > #M(0) +

=1 7

7

(#M;5(0) + #M;(0)) + Y #Mie(0).

=6

M

Il
o~

Using the same ideas as in the excess-2-case would give the following:
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CONJECTURE 2. Let u, v and w be words that satisfy exc(u,v;w) = 3. Furthermore,
let f € T}, instable and 0 a drifter in f. Then

3 9

Rl(uRf(O)) i L0<ULf(a)) +1= Z #M;(0) + Z(#ijb(b) +#M;,(0)) + 2 Z #M; .(0).

i=1 =4
In particular, L;(d) + Rp(0) € {Ry(uf®) + Lo(vLlr®), Ry (uftr®) + Lo (vLr@) 4 1},

Conjecture 2 would imply that a drifter 9 in a TFPL of excess 3 satisfies one of the

following:

(4.10) L;(d) < LO(va(D)) and R;(0) > Rl(uRf(a));
(4.11) L;(2) > LO(va(D)) and R;(d) < Rl(uRf(a));
(4'12) Lf(ﬁ) = Lo(ULf(a)) and Rf(b) = Rl(uRf(D)),

To TFPLs f of excess 3 in which no drifter 0 satisfies L;(0) = Lo(v®®) and R;(0) =
Ry (uf®) at the same time, triples (S(f),g(f),T(f)) € Guu+ X Syt X Gy (py« for
appropriate words u™ > w and v > v may be assigned analogous as in the excess-2-case.
Thus, solely TFPLs f of excess 3 that contain a drifter d that satisfies L () = Lo(v2®)
and R;(0) = Ry (u®®) will be considered in the following. It will turn out that some of
these TFPLs are counted twice and some once by the right side in (4.1).

To begin with, observe that in a TFPL of excess 3 the preimage of the move Mg (resp.
Mz) must be part of the left (resp. right) configuration in Figure 4.15 by Theorem 2.12.
Since in both configurations in Figure 4.15 the connectivity of the vertices of degree 1 is

the same the following holds:

REMARK 4.23. Let u, v and w be words such that exc(u,v;w) = 3. Then TFPLs
with boundary (u,v;w) that contain the preimage of the move My are in one-to-one
correspondence with TFPLs with boundary (u,v;w) that contain the preimage of the

move Mr.

L —
I I_I_.I: ZI__HIZ:

FIGURE 4.15. The correspondence between TFPLs of excess 3 that contain
the preimage of the move Mg and those that contain the preimage of the
move M.

In the following, let f € T, such that (4.12) holds for a drifter @ in f. Then either
WLF(f) for an £ > 0 or WR"(f) for an > 0 contains the preimage of the move Mg or
M.
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1 1
g el ot
0 1 0 1 0
FIGURE 4.16. The two triples that give the framed TFPL in Figure 4.14.

To begin with, if WL*(f) contains the preimage of the move Mg for an ¢ > 0 then
f may be associated with two triples by moving all drifters to the right boundary or
by moving 9 to the left boundary and the remaining drifters to the right boundary and
deleting them there. For instance, the framed TFPL in Figure 4.14 can be associated
with the two triples depicted in Figure 4.16.

On the other hand, WL*(f) corresponds to a TFPL f’ € T,’, that contains the
preimage of the move M; by Remark 4.23. Furthermore, the drifter " satisfies (4.12) in
WR(f"). This is why WR!(f’) can be associated with a triplein |J G+ x Sk i X

ut vt

Gy (v+)= by moving ?’ to the left boundary and deleting it there. Figure 4.17 displays the
TFPL that corresponds to the framed TFPL in Figure 4.14 by Remark 4.23. In addition,
it depicts the triple in  |J Gooro1,u+ X SY wr o+ 1010 X Gogor1+ (o)« that is associated with

ut, vt

that TFPL.

] oe—=—( ] e—=—s(
] e——e—n—0 ()

P R

FiGure 4.17. The TFPL corresponding to the framed TFPL in Fig-
ure 4.14 and the triple that is associated with it.

Finally, in WL(f") the topmost drifter 9, in the image of the move M; must fulfil
RWL (f") ( ) Rl( RWL ) + l + 2 and therefore LWL(f’)(Dt> LO (’ULWL(JN)(at)) (-1

by Conjecture 2. In summary;,
Lygperi(pry () = €+ 2+ Lo(v wretan®y — ¢ — 1 = Lo(pPwrenion ) 41,

Thus, if o' in WR*™!(f") was moved to the right boundary the entry of the cell corre-
sponding to d; would have to be Lo(v"wr+'¢)®)) 4+ 9 which is permitted. This is why
WR T (f) is associated with only one triple in | J Guu+ X Sk v X Gy (p+)«. In sum-

ut vt
mary, f and WR™ (') may in total be associated with three triples in [ Guut+ X
ut vt

S;U+7U+ X GU*’(/UJF)* .
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By vertical symmetry it follows that if WR"(f) contains the preimage of the move Mg

for an r > 1 then f is associated with only one triple in |J Guut X S ¢ X Gyr (o)
ut, vt ’

Furthermore, WR"(f) corresponds to a TFPL f”in T,’, that contains the preimage of the
move My by Remark 4.23. Thus, WL 7! (f’) contains a drifter o’ that satisfies (4.12) and
is associated with two triples in Uu+7v+ Guut X S ot X Gy« (v+)+. For those reasons, f and
WL (") may in total be associated with three triples in |J G+ ¥ Stk it X G (o

ut,ot

Finally, if WR(f) contains the preimage of the move Mjg then it is easy to check that
f is associated with only one triple in Uu+’v+ Guu+ X S;”+7v+ X Gyx (p+)+. Furthermore, the
same is true for the TFPL WL(f’) where f’ is the TFPL corresponding to WR(f) due
to Remark 4.23. However, the existence of f is equivalent to the existence of a triple in
Uu+,v+ Gyt X S$+7U+ X G+ ()~ that cannot be assigned a TFPL of excess 3 by W. The
stable TFPL of that triple is obtained from f by performing the transformation

1 — 1
and thereafter moving the leftmost (resp. rightmost) drifter to the left (resp. right)
boundary. Furthermore, the tableau 7" is the tableau of skew shape A(u®®)/\(u) with
entry R;(uf¥®))+1 and the tableau S is the tableau of skew shape A(v/®)*/\(v)* with
entry Lo(vEs (a)) + 1. For instance, the triple in Figure 4.18 is such a triple. Furthermore,
the TFPL with boundary (0011,0011;1010) that entails the existence of that triple is

depicted in Figure 4.18. In summary, f and WL(f’) are in total associated with three
trlples ln Uu+’v+ Gu’uﬁ- X S;U_'.’UJ'_ X G’U*,(U"")*'

AR EEE

FIGURE 4.18. Left: the TFPL with boundary (0011,0011;1010) that con-
tains a drifter that satisfies (4.12) and whose image under WR contains the
preimage of the move Mg; right: the triple to which a TFPL with boundary
(0011,0011;1010) cannot be assigned by ®.

Analogous observations can be made if WL‘(f) for an ¢ > 0 or WR"(f) for an r > 0
contains the preimage of the M;. Thus, the following weighted enumeration of TFPLs

seems natural:

DEFINITION 4.24. Let f be a TFPL. Then denote the number of occurrences of the
cells 015 (that is, the cell I::) in f by o15(f). Furthermore, set

to@ = .

feTy,
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CONJECTURE 3. Let u, v and w be words of length N such that |ul; = |v|; = |w|y

and exc(u,v;w) = 3. Furthermore, set Ny = |u|y. Then

w _ E w
(413> tu,v(2) - g’U«,’lL+ gv*,(v*)* $u+7v+'
ut vttt >u, vt >v
lut1=loT[1=N1

Observe that (4.13) is true for u = 0011, v = 0011 and w = 1010.
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CHAPTER 5

Hexagonal fully packed loop configurations

In this chapter we introduce fully packed loop configurations of hexagonal shape (HF-
PLs) as the generalisation of triangular fully packed loop configurations. The first main
result of this chapter establishes necessary conditions for the boundary (I+,t,rr;lg, b, rg)
of an HFPL. The inequality d(rg)+d(b)+d(lg) > d(lt)+d(t) +d(rr) +|It|1|t|o+ [t]1]rr]o+
Irlo|lg|1 is an example of one such condition (here |- |; denotes the number of occurrences
of i and d(-) denotes the number of inversions). It is the content of Theorem 5.11.

The other main results of this chapters are expressions in terms of Littlewood-Richardson
coefficients for the numbers of HFPLs with boundary (lt,t,rr;1g, b, rg) such that d(rg) +
d(b) + d(lg) — d(lt) — d(t) — d(rr) — |It]1|tlo — It]1|rr]o — |rslo/le]s = 0,1. They can be
found in Theorem 5.35 and Theorem 5.49.

The content of this chapter was published in [5].

5.1. Hexagonal fully packed loop configurations

In this section the main objects of this thesis are introduced, namely hexagonal FPLs.
From now on, let K, L, M and N be non-negative integers such that K < M + N and
N < K + L. Furthermore, let

HICEMN — () eRP iy <o,y < K — 1,y < —2+2(K + L),

y>—c—1y>-M-N+Ky>x—2(M+L)-1}.

DEFINITION 5.1. The graph HSMN s defined as the induced subgraph of the square

grid with vertex set HISLMN 72,

Lr3 Ty Rt

Lpa By Rp

FIGURE 5.1. The graph H3%43,
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In Figure 5.1, the graph H3'%3 is depicted. From now on, the vertices of H%&MN
are partitioned into odd and even vertices in a chessboard manner such that the vertices
which lie on the lines y = « and y = —2 + 2(K + L) are odd and those which lie on
the lines y = —x — 1 and y = x — 2(M + L) — 1 are even. In the pictures, odd vertices
are illustrated by circles and even vertices by squares. Some vertices of HHMN are of
special interest:

Lr =A{Lr1,...,Lrk}: the leftmost vertices of the K topmost rows;

Rr ={Rr1,...,Rra}: the rightmost vertices of the M topmost rows;

T ={T1,...,T1}: the odd vertices of the top row that are not in Ly U Ry;
Lp=A{Lg1,...,Lpm+n—rK}: the leftmost vertices of the M + N — K lowermost

rOWS;

Rp ={Rp1,...,Rpn}: the rightmost vertices of the N lowermost rows;

B={Bi,...,Bkir_n}: the even vertices of the bottom row that are not in Lz U
RB.

All vertices are numbered from left to right.
5.1.1. Hexagonal fully packed loop configurations.

DEFINITION 5.2. A hexagonal fully packed loop configuration (HFPL) of size
(K,L,M,N) is a subgraph f of HSEMN which satisfies the following conditions:
(1) the vertices in Lp U L1 URpU Ry are of degree 0 or 1;
(2) the vertices in T U B are of degree 1;
(3) all other vertices of HELMN gre of degree 2;
(4)

a path in [ neither joins two vertices in Lg U L nor two vertices in Rg U Rry.

FIGURE 5.2. A hexagonal fully packed loop configuration of size (3, 1,4, 3).

REMARK 5.3. TFPLs of size n appear as a subset of HFPLs when considered HFPLs
of size (n,0,n,0).
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An example of an HFPL is given in Figure 5.2. Later, local configurations around
each vertex of an HFPL are considered. It then will be necessary that each vertex of an
HFPL is of degree 2. To achieve that, external edges along each boundary of an HFPL
are attached as follows: given an HFPL f to each vertex in B U T a vertical external
edge is attached, to each vertex in L U L7 URp U Ry of degree 1 a horizontal external
edges is attached and to each vertex in Ly U L7 URp U Rt of degree 0 both a horizontal
and a vertical edge are attached. The HFPL f with the external edges attached will be
denoted by f. In the figures, the external edges will be represented by dotted lines.

In an HFPL non-closed paths have their extremities in L UT URrURpUBU Lp.
In the following, HFPLs will be considered according to a sextuple (l,t,rr;lg,b,rg) of
words. This sextuple, on the one hand, encodes whether a vertex in Lz U Lr URg U R
is of degree 0 or 1. On the other hand, for vertices in BU 7T it encodes with which other

vertex on the boundary it is connected.

DEFINITION 5.4. To each HFPL f of size (K,L,M,N) is assigned a sextuple of
words (I1,t,rr;lg, b, rg) of lengths (K, L, M; M + N — K, K + L — N, N) respectively in
the following way:

(Iv) if the vertex Ly,; € Lr is of degree 1, set (It); = 1, otherwise, set (I1); = 0;

(t) if the vertex T; € T is connected with a vertex in Lo U Ly U B or a vertex Tj, in
T for an h <1, set t; =0, otherwise, set t; = 1;

(rr) if the vertex Rr; € Rr is of degree 1, set (rr); = 0, otherwise, set (r1); = 1;

(Ig) if the vertex Lp,; € Lp is of degree 1, set (Ig); = 0, otherwise, set (Ig); = 1;

(b) if the vertex B; € B is connected with a vertex in Ry URgUT or a vertex B;
in B for a j >1i, set b, =0, otherwise, set b; = 1;

(rg) if the vertex Rp,; € Rp is of degree 1, set (rg); = 1, otherwise, set (rg); = 0.

The HFPL f then is said to have boundary (I1,t,rr;lg, b, rg). Furthermore, the set of
HFPLs with boundary (I7,t, rr; lg, b, rg) is denoted by H\""'" and its cardinality by o'

Ig,b,rg Ig,b,rg”

REMARK 5.5. A TFPL with boundary (u,v;w) when considered an HFPL of size

(n,0,n,0) has boundary (u, e, v;e,w,e) where € denotes the empty word.

The HFPL depicted in Figure 5.2 has boundary (011,1,0111;1110,1,110). As from
now, to an HFPL of size (K, L, M, N) a pair of extended link patterns (m,, 7;) (where
is an extended link pattern on {1,..., K + L — N} and 7, an extended link pattern on
{1,...,L}) is assigned as follows:

(mp) for all B;, B; € B which are linked by a path in f let {i,j} € m; for all B, € B
which are connected with a vertex in Lg U L7 let £ be a left point of m; for all
B, € B which are connected with a vertex in 7 URsURpg let r be a right point
of Tp-
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(m¢) for all T;,T; € T which are linked by a path in f let {i,j} € m; for all T, € T
which are connected with a vertex in Lg U L7 U B let £ be a left point of 7;; for

all T, which are connected with a vertex in Ry URpg let r be a right point of 7.

In Figure 5.3 an example of an HFPL and its associated pair of extended link patterns is
given. For any HFPL in H, "B with extended link patterns m, and 7, it holds w(m,) =b

IB,b,rB
and w(m) = t.

IR a7

FiIGuUrRe 5.3. An  HFPL of size (5,4,5,0) with boundary
(00101,0100,01001; ¢, 110001000, ¢) and its associated pair of extended
link patterns.

5.1.2. Oriented hexagonal fully packed loop configurations. The definition
of HFPLs contains global conditions, as do the definitions of the top and the bottom
boundary. These global conditions can be omitted when adding an orientation to each
edge of an HFPL.

DEFINITION 5.6. An oriented HFPL of size (K, L, M, N) is an HFPL of the same
size together with an orientation of each edge such that each vertex of degree 2 is incident
to an incoming and an outgoing edge, each edge attached to a vertex in LrULp is outgoing

and each edge attached to a vertex in Ry U Rp is incoming.

REMARK 5.7. Oriented TFPLs of size n appear as subsets of oriented HFPLs when
considered oriented HFPLs of size (n,0,n,0).

In Figure 5.4, an example of an oriented HFPL is given. The condition that in an
oriented HFPL edges attached to a vertex in LrULp (resp. RrURp) are outgoing (resp.
incoming) guarantees that in the underlying HFPL a path does not connect two vertices
in L7 ULp (resp. RrURp). This is why in the definition of the underlying HFPL of an
oriented HFPL the fourth condition can be omitted.

DEFINITION 5.8. To each oriented HFPL its boundary (It,t,rr;lg, b, rg) is assigned
as follows:

(It) if Lr; € L1 has out-degree 1, then (I1); = 1, otherwise, (I1); = 0;

(t) if T; € T has in-degree 1, then t; = 0, otherwise, t; = 1;

(rr) if Rri € Ry has in-degree 1, then (rv); = 0, otherwise, (rr); = 1;

(rg) if Rp; € Rp has in-degree 1, then (rg); = 1, otherwise, (rg); = 0;

(b) if B; € B has in-degree 1, then b; =1, otherwise, b; = 0;
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FIGURE 5.4. An oriented HFPL of size (4, 3,2, 3).

(Is) if Lp; € Lp has out-degree 1, then (Ig); = 0, otherwise, (Ig); = 1.
The set of omented HFPLs with boundary (It,t,rr;ls, b, rg) is denoted by ﬁ:TErrTB and its

IT t,r1
Ig,b,rg "

cardinality by h

REMARK 5.9. An oriented TFPL with boundary (u, v; w) when considered an oriented
HFPL of size (n,0,n,0) has boundary (u,e,v;e,w,e) where £ denotes the empty word.

The oriented HFPL depicted in Figure 5.4 has boundary (0001, 001, 01; 1, 1000, 100).
For oriented HFPLs nice symmetries hold:

PRroPOSITION 5.10. (1) Vertical reflection together with the reorientation of all
— TS
edges exchanges ﬁ:; Errg and ﬁ:TE Il*. Thus, h :; ErrTB = h :T E* I|*.
(2) Horizontal reflection exchanges ﬁ:T o and ﬁIB T8 Thus, h :T = h® plebm
B,;D,rB T B,D,rB Ir,t /7

The first main result of this section contains necessary conditions for the boundary
of an oriented HFPL and will be stated next:

THEOREM 5.11. Let (It,t,rr;lg, b, rg) be a sextuple of words of length (K, L, M; M +
%
N —K,K+ L — N,N) respectively. Then h :;g'; > 0 mplies:
(1) [lrlo + [tlo = |rslo + [blo and |t|x + |rr|1 = b1 + [lg|1;
(2) Itt < brg and trr <lgb for the concatenations |1 t, brg, trr and lg b;
(3) d(rg) +d(b) +d(lg) > d(Ir) +d(t) + d(rr) + [Ir|[tlo + [tls[rr]o + [relolls]1-

In Section 5.4, a proof of Theorem 5.11 using a model bijective to oriented HFPLs
will be given. Theorem 5.11 immediately implies necessary conditions for the boundary
(u,v;w) of an oriented TFPL when considering the oriented TFPL an oriented HFPL

with boundary (u,e,v;e,w,¢).

COROLLARY 5.12. Let u,v,w be words of length N. Then the existence of an oriented
TFPL with boundary (u,v;w) implies the following:
(1) lulo = [vo = [wlo;
(2) u <w and v < w;
(3) d(u) +d(v) < d(w).
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IT.trr

o brge orient

There is a natural injection from Hﬂ;ﬁ’}; to ﬁ:;ﬁg given an HFPL in H,
all its edges so that the conditions in Definition 5.6 are fulfilled; in addition, all closed
paths shall be oriented clockwise, each path connecting two vertices B;, B; in B shall be
oriented from B; to B, if i < j, each path connecting two vertices T;,T; in T shall be
oriented from 7T; to T} if ¢« < j and each path connecting a vertex B; in B and a vertex
T; in T shall be oriented from B; to Tj. Note that the chosen orientation ensures that
b is indeed the bottom boundary word of the resulting oriented HFPL and t the top

boundary word. Thus, it holds

(51) hIT,t,rT < ﬁh’,t,r‘r

Ig,b,rg — Ig,b,rg

for any |r,t,rr,rg, b, lg. Conversely, with each oriented HFPL a non-oriented HFPL can

be associated by ignoring the orientation of the edges but this operation does not have

Ir.trr
IB7b7rB

will be deduced from a certain weighted enumeration of oriented HFPLs. From (5.1) the

to preserve the bottom and the top boundary words. In Section 5.3, the number h

following corollary of Theorem 5.11 follows immediately:

COROLLARY 5.13. The conclusions of Theorem 5.11 hold if h"E'™ > 0.

IB)byrB

To each oriented HFPL a pair (7, ) of directed extended link patterns is assigned
in the natural way. In Figure 5.5, an example of an oriented HFPL and its assigned
pair of directed extended link patterns is given. Note that 7 has to be left-incoming
and 7, has to be right-outgoing. Furthermore, for any oriented HFPL in ﬁ:;gg the
source-sink-word of 7, equals b and the source-sink-word of 7, equals T.

.

K re y E f :>. i 7
f‘ EJ:JE rﬂE r:r TN A TR

FIGURE 5.5. An oriented HFPL of size (5,4,5,0) together with its two
corresponding oriented extended link patterns.

Later in this paper it will be needed that each vertex in an oriented HFPL is of
degree 2. For that purpose, directed external edges are attached to an oriented HFPL
f as follows: first, external edges are attached to the underlying HFPL of f. Then
an orientation is added to each external edge such that each vertex is incident to an
incoming and an outgoing edge; furthermore, for vertices in £ U Lp that are incident to
two external edges the horizontal edge shall be incoming and for vertices in in Ry URp
that are incident to two external edges the horizontal edge shall be outgoing. In the
figures, the directed external edges are represented by dotted arrows.
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5.2. Extended link patterns

A link pattern m of size 2n is defined as a partition of {1,2,...,2n} into n blocks of
size 2 that are pairwise non-crossing that is there are no integers i < 7 < k < [ such
that {i,k} and {j,{} are both in 7. In the following, link patterns are represented by
non-crossing arches between 2n aligned points. An example of a link pattern is given
in Figure 5.6. It is a well known fact that link patterns of size 2n are in bijection with
Dyck words of length 2n: to a link pattern 7 of size 2n the Dyck word w of length 2n is
assigned by setting w; = 0 and w; = 1 for each pair {4, j} in 7 with ¢ < j. For example,
the Dyck word corresponding to the link pattern depicted in Figure 5.6 is 001101000111.

In this thesis, a more general notion of link patterns is needed.

PNV IN

1 2 3 4 5 6 7 8 9 10 11 12

FIGURE 5.6. The link pattern {{1,4}, {2, 3}, {5, 6}, {7,12},{8, 11}, {9, 10}}.

DEFINITION 5.14. An extended link pattern m on {1,... ,n} is the data of integers
1< <<~ <l;<ri<ryg<---<r;<n

together with a link pattern on each maximal interval of integers in {1,...,n} that does
not contain any of the points Ly or ry. The integers €1,0s, ..., ¢; are said to be the left

points of ™ and the integers r,ra,...,7; are said to be the right points of 7.

In the figures, left and right points will be represented by attaching the extremity
of an arch to the points ¢ and r, with the arch going left (resp. right) for a left point
U5 (resp. for a right point r;). An example of an extended link pattern is given in
Figure 5.7. To an extended link pattern 7 with left points ¢; < ¢y < --- < ¢; and right
points 1 <1y < --- < 1; a word w = w(m) is assigned as follows: as a start, set wy, = 1
forall 1 < s <iand w, =0 forall 1 <t < j. Then associate each link pattern in 7
with its corresponding Dyck word. For instance, the word assigned to the extended link
pattern in Figure 5.7 is 1001101101010.

PROPOSITION 5.15. The map w is a bijection from the set of extended link patterns
on {1,...,n} to the set of words of length n.

The proof of the previous proposition can be found in [11, Proposition 1.6]. In the
course of this paper it will become necessary to consider directed extended link patterns
that is extended link patterns together with an orientation of the arches. In the following,
the number of arches in a directed link pattern 7 on {1,...,n} that connect two points
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\lﬁf\ N N &

2 3 4 5 6 7 8 9 10 11 12 13

FIGURE 5.7. An extended link pattern with left points 1 and 8 and right
point 13.

in {1,...,n} and are oriented from right to left is denoted by RL(7). Furthermore,
a point ¢ in a directed link pattern 7 on {1,...,n} is said to be a source if the arch
attached to it is outgoing and a sink if the arch attached to it is incoming. To a directed
extended link pattern 7 on {1,...,n} its source-sink-word w = wy - - - w, is assigned as
follows: for each ¢ from 1 to n set w; = 0 if 7 is a source or w; = 1 if 7 is a sink. Finally, a
directed extended link pattern is said to be left-incoming if all left points are sinks resp.
right-outgoing if all right points are sources. An example of a right-outgoing directed
extended link pattern is depicted in Figure 5.8. Its source-sink-word is 1010101010010.

‘I/.:\.\("\. NN &

2 3 4 5 6 7 8 9 10 11 12 13

FiGURE 5.8. A directed extended link pattern with sources
2,4,6,8,10,11,13 and sinks 1,3,5,7,9,12.

DEFINITION 5.16. (1) A word w' of size n is feasible for a word w of length n
if there exists a directed extended link pattern T with underlying extended link
pattern w1 (w') such that w is the source-sink-word of 7. Such a T is unique
and therefore one can define g(w,w') = RL(T) for all words w,w' such that '
18 feasible for w.

(2) A word W' feasible for a word w is said to be left-points-fixing if T s left-
imcoming resp. right-points-fixing if s right-outgoing.

For instance, the word 1001101101010 is feasible for 1010101010010; the latter is
the source-sink word of the directed extended link pattern in Figure 5.8 and the former

corresponds to the extended link pattern in Figure 5.7. Thus,

¢(1010101010010,1001101101010) = 2.
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If a word ' is left-points-fixing feasible for a word w, then w, = 1 for each left point ¢
of 7. On the other hand, if W’ is right-points-fixing feasible for w, then w, = 0 for each
right point r of .

5.3. Recovering HFPLs from oriented HFPLs

In this section the interplay between HFPLs and oriented HFPLs is studied. This
is done by generalizing the study of the interplay between TFPLs and oriented TFPLs
n [11].

5.3.1. The weighted enumeration of oriented HFPLs. The definition of the
weight of an oriented HFPL is based on the following statistics on oriented HFPLs:
for an oriented HFPL f let N9(f) (resp. N©(f)) be the number of closed paths in
f that are oriented clockwise (resp. counter-clockwise) and set RLy(f) = RL(7;) and
RLy(f) = RL(7) where T, and 7] are the two directed extended link patterns associated
with f. Now, the weight of an oriented HFPL is defined as ¢REe()=RL(H+NO(F)=N(f)
which leads to the following weighted enumeration of oriented HFPLs:

(5.2) T ()= 3 R RN DN,
B> rB
fe?f:;,:,;;

Next, an interpretation for the weight of an oriented HFPL in terms of numbers of
occurrences of certain turns will be proved. To this end, a step is said to be of type u if
it is a (0, 1)-step, of type d if it is a (0, —1)-step, of type r if it is a (1, 0)-step and of type
lif it is a (—1,0)-step. Furthermore, a turn is said to be of type dl if it consists of a step
of type d that is succeeded by a step of type 1. The types ul, lu, 1d, dr, ur, ru and rd
of turns are defined analogously. In the following, set R = {dl,1u} and L = {1d, ul}.

vl
T

FiGURE 5.9. The four types of turns.

From now on, fix a turn ¢ty € L and let ¢;, be the turn in R that is obtained by
swapping the two steps in ¢5. The number of occurrences of turns of type ¢ (resp. of

type t;) in an oriented subgraph g of the square lattice Z* shall be denoted by t:(g)
(resp. to(g))-

PROPOSITION 5.17. Let f be an oriented HFPL. Then

>

to(f) = to(f) = RLy(f) — RL(f) + N°(f) = N°(f).
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PROOF. The proof of Proposition 5.17 is a generalisation of the proof of Proposi-
tion 2.4 in [11]. Essential for the proof is the following assertion that is given in [11, Corol-
lary 2.3]: for all directed closed self-avoiding paths p on the square lattice, t-(p) — to(p)
equals -1 (resp. 1) if p is oriented clockwise (resp. counter-clockwise). Thus, it remains
to evaluate t-(p) — tr(p) for the non-closed paths p in f. In the following, the external
edges are considered part of the non-closed paths.

As a start, let p be a non-closed path in f that connects two vertices in 7T, see
Figure 5.10 in a particular case. Then p starts with a step of type d and ends with a step
of type u. Now, p is completed to a closed self-avoiding path p’ on the square lattice by
adding a horizontal line above the configuration. If p goes from 7} to 7; with ¢ < j, then
P is oriented clockwise and therefore t(p') — t.(p') = —1. Furthermore, the turns that
appear in the exterior path are one turn of type ur and one of type rd. For that reason,
ts(p) = to(p) and ¢, (p') = to(p). In summary, —1 = ¢+(p) — to(p). On the other hand,
if p goes from T; to T; with ¢ < j, then p’ is oriented counter-clockwise. Furthermore,
the turns that occur in the exterior path are one turn of type ul and one of type 1d.

Therefore, t(p') = to(p) + 1 and to(p') = to,(p). In summary, ts(p) — to(p) = 0.

—

o

F1GURE 5.10. Closure of a path in an oriented HFPL.

Next, let p be a non-closed path in f that connects a vertex in B and a vertex in 7.
In that case, p starts and ends either with a step of type u or with a step of type d. The
non-closed path p is completed to a closed self-avoiding path p" on the square lattice by
adding a path to the right of f with the least possible number of turns. If p is oriented
from the vertex in B to the vertex in 7, then p’ is oriented clockwise. Furthermore, the
turns that appear in the exterior path are a turn of type ur, a turn of type rd, a turn of
type dl and a turn of type lu. Thus, t5(p’) = t+(p) and t(p") = tr,(p) + 1. In summary,
ts(p) —to(p) = 0. On the other hand if p is oriented from the vertex in 7 to the vertex in
B, then p’ is oriented counter-clockwise and the turns that occur in the exterior path are
a turn of type dr, a turn of type ru, a turn of type ul and a turn of type 1d. Therefore,
to(p') = to(p) + 1 and to)(p') = to(p). In summary, ts(p) — i (p) = 0.

Next, let p be a non-closed path in f that goes from a vertex in 7 to a vertex in
Rr URpg. In that case p starts with a step of type d and ends with a step of type r.
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Now, p is completed to a closed self-avoiding path p’ by adding a path above and to the
right of f with the least possible number of turns. Then p’ is oriented counter-clockwise
and the turns that occur in the exterior path are a turn of type ru, a turn of type ul
and a turn of type 1d. Therefore, t+(p') = t-(p) + 1 and t-(p') = t-(p). In summary,
ts(p) — to(p) = 0. The difference also vanishes if p goes from a vertex in 7 to a vertex
in LpU L.

The remaining cases are covered by Proposition 2.4 in [11]. O

Proposition 5.17 implies the following identity for the weighted enumeration of ori-
ented HFPLs: let ¢ € L and t;, € R be the turn, that is obtained by swapping the two
steps in t5. Then

—>|T t I’T —t
it olf)
h IBvb FB Z q

feﬁl-r T

Ig:b;rg

5.3.2. Deriving the number of ordinary HFPLs from the weighted enu-
meration of oriented HFPLs. The goal of this subsection is to extract the number
of HFPLs with boundary (It,t,rr;lg,b, rB) from the weighted enumeration of oriented
HFPLs in (5.2). For that purpose, let H |T’b’ ,T denote the subset of ﬁ:;gg that is made
up of those oriented HFPLs whose associated directed link patterns 7 and 7 verify
RL(7;) = 0 and RL(7,) = 0. Furthermore, let E:;;TB( ) be the corresponding weighted
enumeration, cf. (5.2). The following lemma relates h:T’E ' to h:;t,rrTB(q)

LEMMA 5.18. Let p be a primitive sixth root of unity, so that p satisfies p+1/p =1.
Then

Tig s (9) = B
The proof of Lemma 5.18 is analogous to the proof of an analogous identity for TFPLs
n [11, Proposition 2.5]. For that reason, the proof of Lemma 5.18 is omitted. Given
an oriented HFPL f in ﬁ:gg rr; consider the oriented HFPL f’ that is obtained from f
by orienting all paths in f that connect two vertices in B or two vertices in T from
left to right. The boundary of f’ then has to be (I+,t,r;lg,b’,rg) for a word b’ that
is left-points-fixing feasible for b and a word t’ that is right-points-fixing feasible for t.

Furthermore,
RLy(f) — RL(f) + N°(f) = N°(f) = g(b,b') — g(t,t') + N°(f') = N°(f").
Therefore, the following holds:

— / n=rg,b’,l
T,trr _ —g(t,t g b,b B,P ;B
(53) h |B,b7I’B (q) - : : q ( )q ( )hIT,t’,rT (q)
t’:t' right-points-fixing feasible for t
b’: b’ left-points-fixing feasible for b
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In the following, the goal is to invert the relation in (5.3) in order to obtain an
expression for the number of HFPLs in terms of the weighted enumeration with the help
of Lemma 5.18.

DEFINITION 5.19. (1) Let My(n) = M be the square matriz of size 2" which has
rows and columns indexed by words of length n and entry M, ., = ¢? ) gif !
is left-points-fizing feasible for w and entry M, ., = 0 otherwise.

(2) Let My(n) = M be the square matriz of size 2" which has rows and columns
indexed by words of length n and entry M, ,, = q 9w i ' is right-points-

fizing feasible for w and entry M, ., = 0 otherwise.

il lalads 7 AV s a D DN sl adl Fa ey a | aV [N
000[001/010[100|011{101|110|111 000({100{010|001[110[101|011[111
000| 1 0 0 0 0 0 0 0 000| 1 1 0 0 1 0 0 1
001| 1 1 0 0 0 0 0 0 100| 0O 1 ¢t 0 1 0 | ¢t 1
010 1 q 1 0 0 0 0 0 010| 0 0 1 gt | 1 |gt] 1 1
100| 1 0 q 1 0 0 0 0 001| 0 0 0 1 0 1 0 1
011 1 0 1 0 1 0 0 0 110 0 0 0 0 1 |¢gt| o0 1
101 1 1 q 1 q 1 0 0 101 0 0 0 0 0 1 | q? 1
110 1 q 0 1 0 q 1 0 011| 0 0 0 0 0 0 1 1
111] 1 0 0 1 0 0 1 1 111 0 0 0 0 0 0 0 1

FIGURE 5.11. The matrices M,(3) (left) and M;(3) (right).

PROPOSITION 5.20. For any positive integer n the matrices My(n) and My(n) are
wnvertible.

PROOF. Throughout this proof, if w’ is feasible for w let 7 be the unique directed
extended link pattern with underlying extended link pattern w~!(w’) and source-sink
word w.

It will first be proved that My(n) is a lower triangular matrix with ones on the diagonal
and therefore invertible. There are only ones on the diagonal of M;(n) because ¢9(*) =
q° = 1 for all words w of length n. To show that M,(n) is lower triangular it is sufficient
to find a linear order < on the set of words of length n that satisfies w’ < w whenever
w' is left-points-fixing feasible for w and use it for the rows and columns of M,(n). First,
note that if w’ is left-points-fixing feasible for w and in 7 all right points are sinks then
there exist ordered pairs (i1, j1), (i2,J2), - - -, (ix, j&) such that w; =0, w) =1, w;, =1
and w;, =0 for all 1 < s < k and w; = w, for all other indices. Thus, |w'|; = |w|; and
w’ < w in that particular case. Now, given any two words w and w’ of length n such
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that w' is left-points-fixing feasible for w then |w|; — |w'|; is the number of right points
in 7 which are sinks. In particular, |w|; > |w’|;. Hence, for to given words w and w’ set
w <X wif ']y < |w|; and in the case when |w'|; = |w]; if additionally v’ < w. Then
by =< a partial order on the set of words of length n is defined. Furthermore, for any
two words w and w’ of length n such that w’ is left-points-fixing feasible for w it follows
w’ < w. Thus, for any linear order <1 on the set of words of length n that extends < it
holds that w’ <1 w whenever w’ is left-points-fixing feasible for w.
The invertibility of M;(n) follows from the invertibility of M,(n) because they are
related by rotation by 180° together with the inversion of the entries.
0

COROLLARY 5.21. Let 1, t, rr, Ig, b, rg) be words of lengths K, L, M, M + N — K,
K + L — N, N respectively. Then

— ,tr - - 7 o
R (@) = SO + L= N) o (Mi(L) ) BITET (q)

t/,b’
and in particular
IT,t,r — — r o
Tyt = D (My(K + L= N) o (My(L) e 1 7370 (0)
t/,b’

where p is a primitive sixth root of unity.

5.4. Path tangles

In this section, hexagonal blue-red path tangles will be introduced which are in bijec-
tion with oriented HFPLs. Furthermore, proofs in terms of blue-red path tangles of the
necessary conditions on the boundary of an oriented HFPL stated in Theorem 5.11 will

be given.

5.4.1. Path tangles. For the definition of blue-red path tangles a new set of vertices
is required: given non-negative integers K, L, M and N the vertices of a blue-red path
tangle of size (K, L, M, N) are the vertices in

1
VELMN _ yRLMN (g 4 1 y):xz,y € L}

Note that V5N is enclosed by the lines y =z — 3,y = K—1,y = —z — 3 +2(K + L),

y=-x—31,y=-M-N+Kandy =z—-2(M+L)— 3. An example is given

2
in VELMN

in Figure 5.12. The vertices are partitioned into blue and red vertices in a

chessboard manner such that the vertices in VLM~ that lie on the line y = 2 — % or on
the liney =z —2(M + L) — % are blue and the vertices that lie on the line y = —x — %

or on the line y = —z — 1 + 2(K + L) are red. There are vertices in VLMY that play
a special role:
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e the K + L blue vertices £ = {F1, Fs, ..., Ex, 1} which lie on the line y = = — %
or on the line y = K — 1;

e the K + L blue vertices D = {Dy, Ds,..., Dk} which lie on the line y =
x—2(M+ L) — 1 orontheliney=—-M— N+ K;

e the L + M red vertices &' = {E}, Ey, ..., E7 3} which lie on the line y = K —1
or on the line y = —z — 1 + 2(K + L);

o the L + M red vertices D' = {D{, D5, ..., D}, } which lie on the line y =

—M—N+Korontheliney:—x—%.

All vertices are numbered from left to right.

et Bs B B By By I

o ‘o4
y=—3 - LD °
D, "Dy D) D» D

L D3

2

FIGURE 5.12. A hexagonal blue-red path tangle with boundary
(00011, 01,001; 100, 10,11000). The oriented HFPL it corresponds to is
indicated in grey.

A blue path in a blue-red path tangle is defined to be a path that only uses steps
(—=1,1), (—=1,—1) and (—2,0), while a red path is defined to be a path that only uses
steps (1,1), (1,—1) and (2,0). From now on, the set of blue paths from D; to E; which
never go below the line y = —M — N + K and never above the line y = K — 1 is denoted
by P(D;, Ej) and the set of red paths from Dj, to E% which never go below the line
y =—M — N + K and never above the line y = K — 1 is denoted by P'(Dj,, E).

Given a sextuple (It,t, rr;lg, b, rg) of words of lengths (K, L, M; M + N — K, K+ L —
N, N) respectively satisfying that

(5.4) lIt]o + |tlo = [blo + [r&lo and Itly + |rrl = [lg|1 + |b]1.

denote the index of the k-th zero in the concatenation brg (resp. Itt) by i (resp.
by jr) and the index of the ¢-th one in the concatenation lgb (resp. try) by @, (resp.
by j;). Furthermore, denote the set of (|lt|o + |t|o)-tuples (Pi,..., P jo+ft),) of non-
intersecting paths with P, € P(D;,, E;,) by P(brg, |t t) and the set of (|t|; + |rr]1)-tuples
(P,..., P ) of non-intersecting paths with P/ € P’(Dg;, E;k) by P'(Ig b, trr).

[tli+[rrle
DEFINITION 5.22. A pair (B, R) € P(brg, Ivt) X P'(Igb, trr) is said to be a hexagonal
blue-red path tangle with boundary (I1,t,rr;lg, b, rg) if it satisfies the following:
(1) no diagonal step of R crosses a diagonal step of B;
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(2) each middle point of a horizontal step of B (resp. of R) is used by a step in R
(resp. B).
The set of blue-red path tangles with boundary (lt,t,rr;lg,b,rg) is denoted by
BlueRed(It, t, rr;lg, b, rg).

In Figure 5.12, a blue-red path tangle with boundary (00011, 01,001; 100, 10, 11000)
is displayed. Hexagonal blue-red path tangles with boundary (l,t,rt;lg,b,rg) encode
oriented HFPLs with boundary (lt,t, rr;lg, b, rg): given an oriented HFPL f € ﬁ:;ﬁg
blue vertices are added to f in the middle of each horizontal line of H*5MN having
an odd left and an even right vertex and red vertices are added in the middle of each
horizontal line of HX%*N having an even left and an odd right vertex. Then blue and

red arrows are added as indicated in Figure 5.13. After removing all vertices and edges

P N

FI1cURE 5.13. From oriented HFPLs to blue-red path tangles.

of f a blue-red path tangle in BlueRed(It,t,rr;lg, b, rg) is obtained.

THEOREM 5.23. Let (It,t,r1; g, b, rg) be a sextuple of words of lengths (K, L, M; M +
N —K,K+ L— N,N) respectively. Then the map described above is a bijection between
ﬁ:gag and BlueRed(lt,t, rr;lg, b, rg).

In Figure 5.12, the oriented HFPL corresponding to the depicted blue-red path tangle
is indicated in the same figure. The proof of Theorem 5.23 is omitted because its proof
is analogous to the proof of Theorem 4.1 in [11]. From (5.4) and Theorem 5.23 the
assertions of Theorem 5.11(1) follow immediately. Also the constraints on the boundary

of an oriented HFPL stated in Theorem 5.11(2) now can be proved.

PROOF OF THEOREM 5.11(2). Let f € ﬁ:;ETB and (B, R) its corresponding blue-
red path tangle in BlueRed(lt,t,rr;lg,b,rg). It will only be shown that I+t < brg. To
be more precise, it will be proved that j, < i for all 1 < k < |lt|o + |t|o which implies

Itt < brg. For that purpose, consider the (|lr|o + [t|o)-tuple B = (Pi,..., Pijo+itlo)

FIGURE 5.14. The path P5 of the blue-red path tangle depicted in Figure 5.12.

of non-intersecting paths with P, € P(D,,, Ej,). Since for each i = 1,..., K + L the
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vertices D; and E; both lie on the i-th Northwest-Southeast diagonal of blue vertices
when counted from left the difference 5, — ji counts the (—1, —1)- and (—2,0)-steps of Py
for k =1,...,|lt|o + [tlo. This is why i — jx > 0 for k = 1,...,]|lt|o + |t|o which proves

the assertion. O

PROPOSITION 5.24. For any oriented HFPL and blue-red path tangle with boundary

(It,t, rr; I, b, rg) respectively, the following two formulae hold:
(1) d(rs) +d(b) + Irslolbly — d(Ir) = d(t) — [Ir|i[tlo = me—s + ] = =—+ /"
(2) d(b) + d(lg) + [blolls] — d(t) — d(rr) — fellrrlo = se—a+ F = w0 + .

Here, m—e, ctc. denote the numbers of occurrences of the edge ma—e, etc.

PRrooFr. It follows from the proof of Theorem 5.11(2) that

[Ir]o+]tlo

Z (ik—jk)z"—”r/-
k=1
On the other hand,

ik — jr = # of 1's among the first i;, letters of brg

— # of 1’s among the first j;, letters of It t.

Thus,
Irlo+Itlo
> ik — i) = d(brg) — d(Irt) = d(rg) + d(b) + |rslo[bls — d(Ir) — d(t) — [Ir|1]tlo,
k=1
which proves the first identity. The second identity follows analogously. U

In the next subsection it will be necessary to regard blue-red path tangles together

with external edges; given a path tangle (B, R) to the vertices F,, .. .,Ei“ﬂﬁltlo and
Djoo s Dj o (—1,1)-steps are attached while to the vertices Ez{,l, L E and
[th+Irrl1
Dé’i’ cee D;l/l - (1,1)-steps are attached. These external edges are consistent with the
ti+lrrly

external edges attached to oriented HFPLs.

5.4.2. The combinatorial interpretation of d(rg) + d(b) +d(lg) — d(lt) — d(t) —
d(rr) —[IT]1]t]o —éth]rﬂg —|rg|o|lg]1- In this subsection, it will be shown that given an ori-
ented HFPL in :;ETB by the quantity d(rg)+d(b)+d(lg) —d(l+) —d(t) —d(rr) —l+]1|t|o—
|t]1]rr|o —|relo|lg]1 the occurrences of certain local patterns are counted. Throughout this
subsection, the numbers of occurrences of the local configurations me—ee—a, ctc. are

denoted by me—ee—a, ctc.
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THEOREM 5.25. For any oriented HFPL in ﬁ:;;g the following formula holds:

d(rg) + d(b) +d(ls) — —d(t) = d(rr) = [Irhltlo — [thlrrlo — [relo/ls[s

e

In particular, this proves Theorem 5.11(3).

For oriented TFPLs with boundary (u,v;w) when considered HFPLs with boundary

(u,e,v;e,w,e) Theorem 5.11 implies the following:

COROLLARY 5.26. For any oriented TFPL with boundary (u,v;w) the following holds:

T B Wt I O

The proof of Theorem 5.25 is done in terms of blue-red path tangles. To show (5.5),

further identities for blue-red path tangles are needed.

DEFINITION 5.27. In a blue-red path tangle a pair (b,r) consisting of a blue path b

and a red path r is said to be intersecting if b and r intersect at least once.

The number of intersecting pairs of an element in BlueRed(lt,t,rr;lg, b, rg), on the
one hand, can be derived from |+, t, rt, Ig, b, rg and, on the other hand, can be expressed

in terms of numbers of occurrences of certain local configurations.

LEMMA 5.28. For any blue-red path tangle in BlueRed(It,t, rr; g, b, rg) the number of

its intersecting pairs equals
(5.6) d(b) — d(t) + [blols]1 + [ralo(|bl1 + [I8]1)-

PRrROOF. Let (B, R) be a blue-red path—tangle with boundary (lt,t,rr;lg, b, rg) and
B = (P, ..., Ppjy+irgo) With P € P(D;,, Ej,). The main idea of the proof is to compute
the number of red paths that intersect Wlth Py separately for each k and then sum these
numbers. In doing so the following three cases for k are distinguished: k& < min{|b|o, [It|o},
k > max{|bo, [It|o} and min{|blo, |lt]o} < k& < max{|b|o, [IT]o}

In the first case, iy, < K+ L— N and j, < K. Therefore, for each k& < min{|b|, |It]o}
the number of red paths that intersect with Py is given by

lg|1++# of 1’s among the first (i — 1) letters of b.

In the second case, iy, > K + L — N and j;, > K. For that reason, for each k£ >
max{|bo, [IT|o} the number of red paths that intersect with Py is given by

|bl1 + |lg|1 — # of 1’s among the first (j, — K — 1) letters of t.
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In the last case, it is necessary to regard the cases |blg < |lt|o and |lt]o < [blo
separately. If |blo < [lt]op then for each |blg < k < |It|o it holds ¢, > K + L — N and
Jx < K. For that reason, the number of red paths that intersect with Py is given by

b|1 + |lg]1-

On the other hand, if |lt]o < |b|o then for each |blg < k& < |lt|p it holds iy < K+ L — N
and j, > K. For that reason, the number of red paths that intersect with Py is given by

llg|1 + # of 1’s among the first (ix — 1) letters of b —# of 1’s among the first
(jx — K — 1) letters of t.

By summing the numbers of red paths that intersect with a path Py over all k the assertion
follows. O

Expressing the number of intersecting pairs of a blue-red path tangle in terms of

numbers of occurrences of local configurations gives the following identities:

LEMMA 5.29. For any oriented HFPL and blue-red path tangle respectively that has

boundary (I1,t,rr;lg, b, rg) and is equipped with external edges one has the following:

d(b) —d(t) + [blolls]1 + [rlo(lbl: + [ls]1) = -_IJF.._I - r_- B L—o
+. /-

}/E'/l

d(b) —d(t) + |blo[ls|+ + Irefo([bls + |ls]1)

Lemma 5.29 generalises Lemma 4.7 in [11]. Its proof is omitted here because it is

similar to the proof of Lemma 4.7 in [11]. Now, everything that is needed to prove

Theorem 5.25 is provided.

PROOF OF THEOREM 5.25. Let f € ﬁ'T’t’rT equipped with external edges. Then

IB7b7rB

Proposition 5.24 implies the following identity for f:
d(rg) +d(b) +d(lg) — d(lr) — d(t) — d(rr) — [lrf1ltlo — [th[rrlo — [relollsls
=]+ 1+ et s — (d(b) — d(t) + Iblollel + Irslols]s + bl1)).
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It remains to consider the right side of the previous equation. The number ee—a + se—e

can be expressed in the following way:

ﬂ—-+——0:§(~—-+~—-)+%(——0—|—-—0)
ST K R
(5.7) +%(-—I+H_'+-_I+L—_+"_"_°+r)'

By Lemma 5.29, the following identity holds for f:

d(b) — d(t)+[blols]r + [relo(|bls + [I&]1)

1
53 AT LT -7
Finally, subtracting (5.8) from (5.7) proves (5.5) for oriented HFPLs with the external
edges included. The external edges either are horizontal edges oriented from the left to
the right vertex or vertical edges where the bottom vertex is odd and the top vertex is

even. Since such oriented edges are not counted by the right side in (5.5) the identity in

(5.5) stays true when the external edges in f are removed. O

5.5. Configurations of excess 0

In this section, ordinary and oriented HFPLs with boundary (l1,t, rr;lg, b, rg) which
satisfies that d(rg) +d(b) +d(lg) — d(lt) —d(t) —d(rr) — [It]1]tlo — [t]1]rr]o — |r&lolls]s = 0
are considered; by Theorem 5.11(3) zero is the minimal value d(rg)+d(b)+d(lg) —d(I+) —
d(t) —d(rr) — |lr]1]t|o = [t]1]rr]o — |rslo|l|1 can assume for the boundary (I,t,rt;lg, b, rg)
of an oriented HFPL.

DEFINITION 5.30. Given a sextuple (It,t,rr;lg,b,rg) of words its excess is defined

as
exc(l-r, t, rr,; |B, b, FB) = d(rB)+d(b)—|—d(|B)—d(l-r)—d(t)—d(r-r)—|I-|—|1|t|0—\t|1|r-|—|0—|rB|0|IB|1.

In the case when exc(lt,t,rr;lg, b, rg) = k, both an ordinary and an oriented HFPL with

boundary (It,t,rr;1g, b, rg) are said to be of excess k.

In [11] the excess was defined for the boundary (u,v;w) of TFPLs as the integer
d(w) — d(u) — d(v). The excess as it is defined in this paper is a generalisation of this
excess. That is, because when considering TFPLs with boundary (u,v;w) HFPLs with
boundary (u,e,v;e,w, ) it holds that

exc(u, ,v;e,w,¢) = d(w) — d(u) — d(v).

The crucial objects in the approach to HFPLs of excess 0 set forth in this section are
hexagonal Knutson-Tao puzzles; this is due to their one-to-one correspondence to HF-
PLs of excess 0 and to the fact that the number of hexagonal Knutson-Tao puzzles with
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boundary (l,t,rr;lg, b, rg) is given by the Littlewood-Richardson coefficient in (5.9) be-

low.

5.5.1. Hexagonal Knutson-Tao puzzles. In this subsection, hexagonal Knutson-
Tao puzzles are defined and their enumeration by Littlewood-Richardson coefficients is

proved.

DEFINITION 5.31 ([12]). A puzzle piece is defined as one of the following equilateral
plane figures with side length 1 and labelled edges:

Below, the hexagon with vertices (0,0), (4, KQ‘f) (E+1L, K‘[) (EEM 4 L, (K_ZQW)\/E),

(—KHQ/[_N + L, —(K_MQ_N)‘@) and (M+]2V_K, (K- M2 N)‘[) is denoted by HSHMAN A decom-

position P of H&EMN into unit triangles and unit rhombi all edges labelled 0 or 1 such

that each region is a puzzle piece is said to be a hexagonal Knutson-Tao puzzle of size
(K, L, M, N). Furthermore, a hexagonal Knutson-Tao puzzle is said to have boundary
(It,t,rr; g, b, rg) if the labels of the top left, top, top right, bottom left, bottom and
bottom right sides of Hg ran are given by Iy, t, rr, |g, b and rg respectively, when
read from left to right. In Figure 5.15, a hexagonal Knutson-Tao puzzle with boundary
(01,010, 01; 1100, 0,1100) is depicted.

FIGURE 5.15. A hexagonal Knutson-Tao puzzle with boundary
(01,010,015 1100, 0, 1100).

Recall from the introduction that by the map m to a 01-word w of length N the word
of length N where the first |w]|o letters are zero and the last |w|; letters are 1 is assigned.
For instance, m(010) = 001.

PROPOSITION 5.32. The number of hexagonal Knutson-Tao puzzles with boundary
(It,t,rr; g, b, rg) is given by the Littlewood-Richardson coefficient

(5.9) (Bbre

m(|3) I+ t,m(t)r-r m(rB) :
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PROOF. From an enumeration result in [12] for triangular Knutson-Tao puzzles it fol-
lows that triangular Knutson-Tao puzzles with boundary (m(lg) I+ t, m(t) rr m(rg);lg brg)
are enumerated by the Littlewood-Richardson coefficient in (5.9). Therefore, to prove
the assertion it suffices to associate each hexagonal Knutson-Tao puzzle with boundary
(It,t, rr;lg, b, rg) in a bijective way with a triangular Knutson-Tao puzzle with boundary
(m(lg) I+ t,m(t) rr m(rg);lgbrg). First, note that for a word w there exist a unique trian-
gular Knutson-Tao puzzle with boundary (w, m(w);w) and a unique triangular Knutson-
Tao puzzle with boundary (m(w),w;w). From this it follows that for each hexagonal
Knutson-Tao puzzle P with boundary (It,t,rr;lg, b, rg) there exists a unique triangular
Knutson-Tao puzzle with boundary (m(lg) I+ t, m(t) rr m(rg);lg brg) that contains P. A
particular case can be seen in Figure 5.16. Conversely, it can easily be checked that each
triangular Knutson-Tao puzzle with boundary (m(lg)ltt, m(t) rr m(rg);lg brg) contains
a hexagonal Knutson-Tao puzzle with boundary (lt,t, r;lg, b, rg). In summary, associat-
ing a hexagonal Knutson-Tao puzzle with boundary (It,t, rr;lg, b, rg) with the triangular
Knutson-Tao puzzle with boundary (m(lg) It t, m(t) rr m(rg);lg brg) that contains P gives

a bijective map. O

fu )
(N
YAV
IANRAVEVRYA
,m\‘,‘mm

0 N ¢

FIGURE 5.16. The triangular Knutson-Tao puzzle corresponding to the
hexagonal one depicted in Figure 5.15.

5.5.2. Configurations of excess 0. In this subsection, oriented and ordinary HF-
PLs of excess 0 are regarded. By Theorem 5.25 oriented HFPLs of excess 0 have the

following characterisation:

COROLLARY 5.33. An oriented HFPL f is of excess 0 if and only if none of the

following four configurations occurs in f:

e

The characterisation above and Theorem 5.11(3) imply the following properties of an
oriented HFPL of excess 0:

PROPOSITION 5.34. Oriented HFPLs of excess O have the following properties:
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(1) they neither contain a path joining two vertices in B that is oriented from right
to left nor a path joining two vertices in T that is oriented from right to left;

(2) their weight is 1;

(3) they do not contain closed paths.

=
; Tt _ plmtrr . _
In particular, h\," () = hyn if exc(lr, t,rr;ls,byrg) = 0.

The previous proposition generalises Proposition 5.3 in [11] and Lemma 13 in [20].

PROOF. Let It, t, r, Ig, b and rg be words with exc(lt,t, rr;lg, b, rg) = 0. Further-
more, let f € ﬁ:;ﬁg If f contained a path that joined two vertices in B or two vertices
in 7 and was oriented from right to left then there would exist an oriented HFPL f’ with
boundary (Ir,t',rr;lg, b, rg) such that d(b’) — d(t') < d(b) — d(t) (f’ is obtained from f
by reorienting the paths in f which join two vertices in B or 7 and which are oriented

from right to left). This is impossible by Theorem 5.25(3) because
(5.10) exc(lr,t',rr;re, b’ Ig) < exc(lt, t, rr;lg, b, rg) = 0.

Thus, in f there are no paths that join two vertices in B or 7 and that are oriented from
right to left. The proofs of the second and the third proposition are analogous to the
proofs of Proposition 5.3(2), (3) in [11]. This is why they are omitted. O

In [32], [20] and in [11] it is shown that ordinary resp. oriented TFPLs of excess 0 are
in bijection with (triangular) Knutson-Tao puzzles. The bijection given in [11] between
oriented TFPLs and triangular Knutson-Tao puzzles naturally extends to a bijection
between oriented HFPLs of excess 0 and hexagonal Knutson-Tao puzzles. It will not
be stated in this paper but it will be indicated by an example; in Figure 5.17 the ori-
ented HFPL of excess 0 corresponding to the hexagonal Knutson-Tao puzzle depicted in

Figure 5.15 is displayed.

THEOREM 5.35. Let (I1,t,rr;lg, b, rg) be a sextuple of words of lengths (K, L, M; M +
N — K, K+ L — N, N) respectively such that exc(lt,t,r;lg,b,rg) = 0. Then

(5.11) B ebre

Ig,b,rg m(lg) It t,m(t) rr m(rg)"

%
By Proposition 5.34 it holds A "5 = hT5T if exc(lr,t, rr; g, b, rg) = 0. Thus, from

|Bvb7rB IBvbJB
Theorem 5.35 one immediately obtains:

COROLLARY 5.36. Let (I1,t,rr;1g,b,rg) be as in Theorem 5.35. Then

(5.12) el

Ig,b,rg m(IB) It t,m(t) rT m(rB) :
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FI1GURE 5.17. Except for scaling the oriented HFPL of excess 0 with
boundary (01,010,01;1100,0,1100) that corresponds to the hexagonal
Knutson-Tao puzzle with the same boundary depicted in Figure 5.15.

The following corollary is an immediate consequence of Theorem 5.35 and Corol-
lary 5.36 for TFPLs and was first shown for the Dyck-word-case in [20] and later for the
general case in [11].

COROLLARY 5.37. Let u,v,w be words of length N such that d(w) — d(u) —d(v) = 0.
Then the number of both ordinary and oriented TFPLs with boundary (u,v;w) is given
by the Littlewood-Richardson coefficient c, .

5.6. Configurations of excess 1

The purpose of this section is to determine and examine both ordinary and oriented
TFPLs of excess 1; the main result of this section will be an expression for the number of

ordinary resp. oriented HFPLs of excess 1 in terms of Littlewood-Richardson coefficients.

5.6.1. Configurations of excess 1. It is started with the determination of oriented
HFPLs of excess 1. By Theorem 5.25 they can be characterised as follows:

PROPOSITION 5.38. An oriented HFPL s of excess 1 if and only if there is a local
configuration among the first four in the list below that appears precisely once, whereas

the other seven configurations in the list do not appear at all.
|
|
P — 4T L
In terms of blue-red path tangles, a configuration is of excess 1 if and only if there is

a local configuration among the first four in the list below that appears precisely once,

whereas the other seven configurations in the list do not appear at all.
SN e —— LY N
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By Proposition 5.38 configurations of excess 1 resemble configurations of excess 0 with
the exception of one defect. This defect can be of four different types which from now on
will be denoted as indicated in Figure 5.18. For hexagonal Knutson-Tao puzzles new puz-
zle pieces will be introduced in order to obtain puzzles that correspond to configurations

of excess 1.

DEFINITION 5.39 ([11]). A hexagonal BD-puzzle of size (K, L, M, N) is a decom-
position P of HELMN into unit triangles and unit rhombi all edges labelled 0 or 1 such
that

(1) there is precisely one pair of adjacent /-edges (the defect) labelled as indicated
in the first column of Figure 5.18,

(2) each region is a puzzle piece and

(3) whenever two puzzle pieces are adjacent their common edge has the same label in
both puzzle pieces with the exception of the pair of adjacent edges that give rise
to the defect.

A hexagonal RD-puzzle of size (K, L, M, N) is defined analogously but with (1) replaced
by
(17) there is precisely one pair of adjacent \-edges (the defect) labelled as indicated

in the second column of Figure 5.18.

A hexagonal DHD-puzzle contains precisely one equilateral V-triangle of side length 2
with edges labelled as indicated in the third column of Figure 5.18 while a hexagonal
DHU-puzzle contains precisely one equilateral A-triangle of side length 2 with edges
labelled as indicated in the fourth column of Figure 5.18.

BD RD DHD DHU

Oriented TFPL I I —ee—n t—ne—e

Path tangle / \ ——c > e —e

Puzzle 0 1 1 0

FIGURE 5.18. Supplementary configurations in the excess-1-case.
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PROPOSITION 5.40. Let It, t, rr, Ig, b and rg be words with exc(lt,t, rr;lg,b,rg) =1
and X € {BD, RD, DHU, DHD}. Then the oriented HFPLs of type X with bound-

ary (I1,t,rr;1g, b, rg) are in one-to-one correspondence with the X-puzzles with boundary

(ITa t7 rr; |Ba ba rB)'

The proof of Proposition 5.40 is analogous to the proof of Proposition 6.5 in [11] and
therefore is omitted. Examples of oriented HFPLs of excess 1 and their corresponding

puzzles are given in Figure 5.19

] o—sm—pe ()

FIGURE 5.19. An oriented HFPL of excess 1 with a defect of type BD
and its corresponding BD-puzzle and an oriented HFPL of excess 1 with a
defect of type DHU and its corresponding DHU-puzzle.

PROPOSITION 5.41. Let f be an oriented HFPL of excess 1. Then the weight of f is
1 if the defect is of type BD or RD, q if the defect is of type DHD and q=' if the defect
s of type DHU.

The proof of Proposition 5.41 uses the interpretation of the weight of an oriented
HFPL in terms of numbers of occurrences of certain turns; it is analogous to the proof of

Proposition 6.3 in [11] and therefore is omitted.

5.6.2. Moving a defect of type BD or RD. In this subsection, oriented HFPLs
of excess 1 where the defect is of type BD or RD are considered. To such oriented HFPLs
certain moves will be applied for the purpose of obtaining an oriented HFPL of excess 0.
These moves are the same as in [11, Section 6] for oriented TFPLs of excess 1 and are
depicted in Figure 5.20. Their names are due to their representations in terms of blue-red

path tangles.

LEMMA 5.42. Let f be an oriented HFPL of excess 1 where the defect is of type BD
or RD.
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g Ot Wy o

FiGURE 5.20. The rules for moving a defect of type BD or RD in an
oriented HFPL of excess 1.

(1) If the defect in f is not incident to a vertex in Ry U Rp then a unique move B,
BB, BR, R, RR or RB can be applied to it. The oriented HFPL of excess 1
that is obtained from f by applying this unique move is denoted by MoveR(f).

(2) If the defect in f is not incident to a vertex in Lo ULp then a unique move B!,
BB™', BR™', R™', RR™', RB~! can be applied to it. The oriented HFPL that
is obtained from f by applying this unique move is denoted by MoveL(f).

The proof of Lemma 5.42 is analogous to the proof of Lemma 6.6 in [11] which states
the analogous for oriented TFPLs. This is why it is omitted. By Lemma 5.42 any oriented
HFPL of excess 1 where the defect is of type BD or RD can be transformed into a unique
oriented HFPL of excess 1 where the defect is incident to a vertex in Ry U Rp (resp.
L1 U Lp) by the repeated application of MoveR (resp. MoveL). Figure 5.21 shows an
oriented HFPL of excess 1 and its images under MoveR and MoveL.

It is described next how oriented HFPLs f where the defect is incident to a vertex in
RrURpg or LU Lp are associated with oriented HFPLs of excess 0. First, if the defect
is incident to a vertex Rp; in Ry then the vertex Ry ,.; has to be of degree 0. In that
case, the oriented HFPL of excess 0 is obtained from f by deleting the defect and by
adding a horizontal edge incident to Ry ;;;. By that in rp a zero and the one to its right
are exchanged. If the defect is incident to a vertex Rp; in Rp then Rp;_; has to be of
degree 0. In that case, the oriented HFPL of excess 0 is obtained from f by deleting the
defect and by adding a horizontal edge incident to Rp ;—1. In doing so a zero and the
one to its left are exchanged in rg. On the other hand, if the defect in f is incident to a
vertex in L7 U Lp an oriented HFPL of excess 0 is assigned to f in the analogous way.
For the changes in the boundary of an oriented HFPL of excess 1 caused by the deletion

of a defect the following notation will be chosen:

DEFINITION 5.43. Given two words w and w* it is written w — w’ if w = wr0lwg

and wt = wr10wg for appropriate words wy and wg.

Conversely, given an oriented HFPL of excess 0 a defect may be introduced along the
left or right boundary by reversing the previously described deletion process. If a defect
is introduced along the left or right boundary of an oriented HFPL of excess 0 it can be
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FIGURE 5.21. An oriented HFPL of excess 1 and its images under MoveR
and under MoveL.

moved in a unique way to the opposite boundary by Lemma 5.42. For that reason, given
a sextuple (It,t,rr;lg, b, rg) of words such that exc(lt,t,rr;lg,b,rg) = 1 it holds that

(5.13)

Igbrg |§ brg
Z Conlg) I t.m(t) rr mirg) Z m(15) Iy tan(t) rr m(rg)

=l Ig:lg—lg
Z Igbr lgbrg
— cBPB . + E c B .
m(lg) It t,m(t) r{ m(rg) m(lg) lr t,m(t) rr m(rg)
r-Jrr: rT%r-"rL rg :fg —rs

Figure 5.21 lists five different oriented HFPLs of excess 1. All of these oriented HFPLs
are transformed into the same oriented HFPL of excess 1 by the repeated application of
MoveR. In this oriented HFPL the defect is incident to a vertex in RrURp. At the same
time by the repeated application of Movel. the five oriented HFPLs in Figure 5.21 are
transformed into the same oriented HFPL of excess 1. In this oriented HFPL the defect is
incident to a vertex in LrULg. Thus, all five oriented HFPLs in Figure 5.21 are associated
with the same pair of oriented HFPLs of excess 0. This subsection will culminate in an
expression for the number of oriented HFPLs with boundary (It,t, rr;lg, b, rg) of excess 1
where the defect is of type BD or RD in terms of Littlewood-Richardson coefficients which
will result from counting how many oriented HFPLs with boundary (I, t, rr;1g, b, rg) and
a defect of type BD or RD are associated with the same pair of oriented HFPLs of excess 0.
The methods used to count these configurations resemble the methods developed in [11]
for the study of oriented TFPLs of excess 1 with a defect of type BD or RD. They are
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based on a detailed analysis of the moves displayed in Figure 5.20. More details can be
found in Section 6.5 in [11]. To formulate the main result of this subsection the following

notations are needed:

DEFINITION 5.44. For two words w — w' set L;j(w,w) = |wg|; resp. Ri(w,w™) =
lwgl|i fori=0,1 and L(w,w") = Lo(w,w’)+ Li(w,w’)+1 resp. R(w,w) = Ry(w,w’)+
Ry(w,wt) + 1.

PROPOSITION 5.45. Let |, t, rr, rg, b and lg be words with exc(lt,t,rr;lg,b,rg) = 1.

(1) The number of oriented HFPLs with boundary (I1,t,rr;1g, b, rg) to which one on
the moves in {BB, BR, R} can be applied is given by

Igbr Ig br
Z (R (b, 1) + el + 1)C$(|B[)3|¢ t,m(t) rr m(rg) + Z ([Frlx +[th ) )

)I t m(t) m( B)
T T BB B

B lgbrg
o Z (Rl(r87 rB) + 1)Cm(IB?IT t,m(t) rr m(rg )’
rg :fg —re

(2) The number of oriented HFPLs with boundary (I,t,rr;lg, b, rg) to which one of
the moves in {B, RR, RB} can be applied is given by

r Igbrg
3 (Lol ) + RS, gt i+ 2 (o +lrrlo)E0

m(lg) m('B It t,m(t) rr m(rg)
r_l'f: r-|——>r1"'-' S
_ Iz brs
— Z L0(|B7IB) m(lg) It t,m(t) rr m(rg)”
Ig:lg —ls

(3) The number of oriented HFPLs with boundary (It,t,rr;lg, b, rg) to which one of
the moves in { BB, BR} can be applied is given by

Igbr Igbrg
Z (|t|1+L1(rT’r$)+1) B(lsl)gl-rtm(t )rf m(rg) + Z (Ith +[rrl)e (i)

m(IB ) 7 t,m(t) rr m(rg)
rirr—ord rgifg —B

Y (Ll le) + 1)cE

m(lg ) I t,m(t) rr m(rg)’
It 15—l

(4) The number of oriented HFPLs with boundary (It,t,rr;lg,b,rg) to which the

move R can be applied is given by

+\ Jgbr - lg bre
Z Rl lT)CfluB‘)gq t,m(t) rr m(rg) - Z (IFrfs 4 La(lg, |B>>Cfl(|g)|ﬂ,m(t) rr m(rg)

1T —If I5:lg =g
— 3 Lilrrrf)ceer — Y (Rulrg,re) +lrrh)e? ®
T T %0 (1) I tym(t) rf m(re) 1\'g- "B T %0 (1g) It t;m () rr m(rg)
r.|+.:r-|——>r.|1L rgirg —re
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(5) The number of oriented HFPLs with boundary (I1,t,rt;1g, b, rg) where the defect
1s of type BD or RD is given by

N (Ralbr ) + [t + 1)

m(Ig) I1Jf t,m(t) rr m(rg)

ITobr—If
+ IBer
+ Z (LO(rTa rT) + |t|0 + 1)Cm(IB)ITt,m(t) ri m(rg)
r.|+.:r-|——>r-|+-

_ Igbry
+ > (tlo+Irrlo— Rulrg,re))c> @

m(lg) It t,m(t) rr m(rg)
rgifg —rB

+ Z (el + [t = Lo(lg, IB))CIIE(T;)SITt,m(t) rr m(rg)’
515 —ls
The proof of Proposition 5.45 follows the same ideas as presented in Section 6.3 in [11]
and therefore will not be given in this thesis. In the next subsection, the third and the
fourth statement of the previous proposition will be needed to give formulae for the
number of oriented HFPLs of excess 1 with a defect of type DHD and DHU.

5.6.3. Configurations of excess 1 with a defect of type DHD or DHU. The
key observation for the study of oriented HFPLs of excess 1 with a defect of type DHD
(resp. DHU) is indicated in Figure 5.20; they can be identified with oriented HFPLs of
excess 1 with a defect of type BD (resp. RD) to which the move BR (resp. RB) can be
applied. The number of oriented HFPLs with boundary (It,t, rr;lg, b, rg) of excess 1 to
which the move BR can be applied and the number of oriented HFPLs with the same

boundary to which the move RB can be applied are related as follows:

LEMMA 5.46. Let It,t,rr,rg, b, lg be words with exc(lt,t, rr;lg, b, rg) = 1. Subtracting
the number of oriented HFPLs with boundary (11,1, rr;lg, b, rg) to which the move RB can
be applied from the number of oriented HFPLs with the same boundary to which the move
BR can be applied gives

Igbrg . I brg
Z Cm(le) I tm(t) ¥ m(re) Z Cm(ls) I tm(t) rr m(rg)”

Firrrt 5irg e

Lemma 5.46 follows by an argument similar to the one that leads to Proposition 6.11(1)
in [11] which states the analogous for oriented TFPLs of excess 1. This is why a proof of
Lemma 5.46 will not be given. As a result of the previous lemma it suffices to enumerate
oriented HFPLs of excess 1 to which the move BR can be applied in order to derive for-
mulae for both the number of oriented HFPLs of excess 1 with a defect of type DHD and
the number of oriented HFPLs of excess 1 with a defect of type DHU. Furthermore, due
to Proposition 5.45(3) in order to achieve a formula for the number of oriented HFPLs
of excess 1 to which the move BR can be applied it remains to find a formula for the
number of oriented HFPLs of excess 1 to which the move BB can be applied. The finding
of such a formula relies on the following crucial observation: rotating a BD-puzzle to
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which the move BB can be applied by —120° gives an RD-puzzle to which the move R™!
can be applied. This relation is illustrated in Figure 5.6.3. Considering the corresponding
rotated puzzles allows the use of Proposition 5.45(4) to obtain a formula for the number

of BD-puzzles to which the move BB can be applied.

1\0
1/0
0\1
0/1
> -1
BB rotation by —120° R
1_;
1/0
1— 1\0
0/1
1+— 0\1

FIGURE 5.22. The move BB in terms of puzzles and its image under ro-
tation by —120°, which is the move R~.

LEMMA 5.47. Let |t,t,r7,lg, b, rg be words with exc(lt,t,rr;1g, b, rg) = 1. The number
of BD-puzzles with boundary (It,t,rr;lg,b,rg) to which the move BB can be applied is

given by
lab~r Igbry
Z Ll(b b) § |B)|l'3I'tmt ) rt m(rg) + Z |b|1 +L1 rB’rB)) B(IB‘)SITtvm(t)rT m(rg)
b=:b——b rg:fg —re
Isbr Igbr
Z Ll lT’ |+ \ |B?|+t m(t)rr m(rg) Z <|rT’1 + I <t’ t+))cfi(|8‘)3|T ttm(t*) rr m(rg)”
|+ IT—>|+ tTt—tt

The previous results give rise to the following expressions for the number of oriented
HFPLs of excess 1 with a defect of type DHD and the number of oriented HFPLs of
excess 1 with a defect of type DHU in terms of Littlewood-Richardson coefficients.

PROPOSITION 5.48. Let |1, t,rr,lg, b, rg be a words with exc(lt,t, rr;lg, b, rg) = 1.
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(1) The number of oriented HFPLs with boundary (I1,t,rt;1g, b, rg) where the defect
15 of type DHD equals

Igbr Igbr
Z L, I}_)CIEUB?'# tm(t) rr m(rg) + Z (Irrfy + Faft, t+>)CHBl(|BI)3|T t+,m(tt) rr m(rg)

|+:|T_>|+ tTt—tt

+ Y (Jth+ Li(rr,rf) + 1)cBere

m(IB) |T t,m(t) r.}L m(rB)
rT r-|——>r.|.

— Y (Ll le) + 1)cE

m(lg) It t,m(t) rr m(rg)

lg:lg —Ip
lgbrg Ig b~ r
+ Z (ll8ls = La(rg, r8))e (IB‘)ngt,m(t)rT m(rg) Z Ly (b7, b)eg, () fl'tm(t)rT m(rg)
s e b=:b——b

(2) The number of oriented HFPLs with boundary (I1,t,rt;1g, b, rg) where the defect
1s of type DHU 1s given by

Igbr Igbr
Z Ly(Ir, I'J'E)Cri(lsil}L t,m(t) rr m(rg) * Z (Il + R, t+))CHB1(|BI)3|T tt,m(t*) rr m(rg)

I lr—ld tht—ott
—+ IB bI’B — I er
+ Z |t‘1 +L1 rT’rT)) m(lg) It t,m(t) r m( Z Ll IB’l Ig) It t,m(t) rr m(rg)
rT r-|——>r.|. lg:lg —ls
. lgbrg i Isb™rg
+ Z (el = Li(rg, r8))e m(lg) It t,m(t) rr m(rg) Z Ly (b7, b)ey, (I) It t;m(t) rr m(rp)"
rgirg =B b—:b——b

5.6.4. Enumeration of configurations of excess 1. In this subsection the results
of the previous subsections are combined to formulae for the number of oriented HFPLs
with boundary (I, t,rr;lg, b, rg) of excess 1 and for the number of ordinary HFPLs with
boundary (lt,t,rr;lg, b, rg) of excess 1.

THEOREM 5.49. Let (I,t,rr;1g, b, rg) be words of lengths (K, L, M; M + N — K, K +
L — N, N) respectively such that exc(lt,t,rr;lg, b, rg) = 1.
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(1) The number of oriented HFPLs with boundary (I1,t, rr;lg, b, rg) equals

Z (vl + [t + L (I, Ijl'—))CLBISSﬁ

T t,m(t) rr m(rg)
Iy —it

Igbr
+ Z ’rT|1 + R’ (t t+)) B(IB?I-rt"',m(t) rr m(rg)
ttit—tt
+ > (L fth + L, ) + La(rr, i) + 1)cB e

m(Ig) It t,m(t) rf m(rg)
rT rT—>rT

_ lgbrg
+ > (L+ M+l +1— sl — bl — Lu(rg, r))co.2

(Ig) It t,m(t)rr m(rg)

g ifg —rB
Igb™r
- Z 2L1<b b) ri(IB Iit m(t) rr m(rg)
b=:b——b
_ _ I5 br
+ > (ith+[th = L(g,18) = Li(lg, 18))C2 oy ir tan(e) rr mirs)-
Ig:lg —Is

(2) The weighted enumeration of oriented HFPLs with boundary (lt,t,rr;lg, b, rg)

equals

+ -1 + Igbr
Z <R1(|T7 IT) + |t|1 +1+ (q +4q )Ll(ITa IT)>C;1(|BI)3|_|J§ t,m(t) rr m(rg)
I —t

+ > (g g (Il + Rt th))dlpre

(Ig) Iy tT,m(t) rr m(rg)
thit—tt

Igbr
+ D (th+ 1+ Lo(rr, i) + (g +¢7)(th + Lalrr, ) + 0™ ot mee)
rT "T*“’T

aF Z (|t|0+ |rT|0—Rl(rg,rB)_’_(q_i_q—l)(“Bll —L1(r§,r3)))cler‘;

m(IB) |-|—t,m(t) rT m(rB)

rg:rg—mg
Igb™
- Z (q +q )Ll(b b) B (Ig) rI?—tm(t) rr m(rg)
b—:b——b
_ _ _ I b
+ Y (i + Ith = Lo(lg.1e) = (¢ + ¢~ ) La(I5, 18) — 0)CE (1 br tn(t) rr m(rg)”
515 —lg
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(3) The number of HFPLs with boundary (I,t, rr;ls, b, rg) equals

Igbr
Z (el + [t1)e B(|BBI+tm(t)rT m(rg)

I+ el — I
Igbr
+ Z (Irrly + Ra(t,t7) — 1) e ey be t+.m(t) rr m(rs)
thit—tt
Isbr
+ Z L + L rT’ rT))Cri(IB‘)BIT t,m(t) r-|+- m(rg)
"T rT—>rT
Igbry
+ > (It + Irrlo + Ml = Irsly + Degaedy o er miva)
rg ifg —1B
Igb™r
- Z Ll(b b) ; IB |I-3|-t m(t) rT l’l’l(l’B)
b—:b——b
_ 15 br
+ Z (“T’l + ‘tyl o L(IB’ IB) + 1) m(IB)BITtm(t) rr m(rg)’
Ig:lg —1Is

Theorem 5.45 implies the following enumeration result for TFPLs with boundary

(u,v;w) of excess 1 which is the content of Theorem 6.20 in [11].

COROLLARY 5.50. Let u,v,w be words of the same length with exc(u,v;w) = 1. The
number of TFPLs with boundary (u,v;w) is given by

Y luhel Y Lot = Y Li(w w)e,

utiu—ut vtiw—ot wTwT —w

PRrROOF. The first two identities follow from Proposition 5.45(5) and Proposition 5.48;
for the second identity also Proposition 5.41 needs to be considered. It remains to prove
the third part of the theorem. First, note that in the excess-1-case (5.3) simplifies to

Bin@ =Rin@+ e X AL @ e Y )
thit—tt b—:b~—b
Furthermore, it has to hold exc(lt,t*,rr;lg, b, rg) = exc(lt,t,rr;lg, b7, rg) =0 if t — t*
and b~ — b. Thus, "% ""(g) = AE™ and AL, (q) = ST by Proposition 5.34.

b s IB b ,'B IB b— ,rB
Therefore,
—Irtrr —>|T,t,l"r —1 Isbrg IB b~ rg
h|B7b7rB (q) =h Ig,b,rg (q) —4q Z Cm m(lg) I+ tt,m(t) rr m(rg) —q Z m(lg) It t,m(t) rr m(rg)"
tt:t—tt b=:b=—b
. . . | . . .
Finally, in order to derive h,rB’tb . from the weighted enumeration in Theorem 5.49

with the help of Lemma 5.18 one last identity is needed:
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lg b~ rg Ig brs
Z CIH('B) It t,m(t) rr m(rg) + Z m(l ) It t,m(t) rr m(rg)

b=:b——b Ig:lg—ls
_ lgbrg Ig brs
- Z Cm(IB)ITtm r}L m(rg) + Z m(lg) It t*,m(t™) rr m(rg)"
r-}L: r-|-~>r1J-r thitott
Its proof is analogous to the proof of the identity > ¢¥ .= > L, in[11]. O
vhivset wTiwT —w

5.7. Outlook

In the previous chapters we have advanced the study of TFPLs. These advances may
too be achieved for HFPLs. To begin with, Wieland drift for HFPLs can be defined as the
generalisation of Wieland drift for TFPLs. For HFPLs it then ought to possess similar
properties as it does for TFPLs. For instance, it should be eventually stable with period
one. If the latter is true it should be possible to obtain an expression for the number of
HFPLs of excess 2 in terms of stable HFPLs. This expression then must generalise the

expression obtained in Theorem 4.2.
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