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Abstract

In the main part of this thesis we study the utility maximization problem from terminal
wealth in a financial market with transaction costs. The main concern is the existence
of a so-called shadow price, i.e., a least favorable frictionless market extension which
lies within the bid-ask spread of the original market with transaction costs, such that
trading in this fictitious market leads to the same maximal expected utility and optimal
strategy. If the shadow price exists, the behavior of an economic agent in the market with
transaction costs can be explained by passing to a suitable frictionless shadow market.
Using duality methods, we show the existence of shadow prices in different settings.

First, we consider the problem with utility functions defined only on the positive real
line. In a financial market driven by a continuous price process and with proportional
transaction costs, we show the existence of shadow price processes, if the price process
satisfies the condition (NUPBR) of “no unbounded profit with bounded risk”. We
may furthermore prove that shadow prices exist, if the price process satisfies the weaker
condition (TWC') of “two way crossing”. Examples and counterexamples are given.
Special emphasis is put on financial models based on the fractional Brownian motion.

We also consider the case when the price process is a general cadlag process and the
agent receives an exogenous endowment. Under no-short-selling constraints, we are able
to prove the existence of the primal optimizer and shadow price processes.

If we consider the utility maximization problem with utility functions defined on the
whole real line, the picture changes. The existence of strict consistent price systems with
“finite entropy” guarantees the existence of shadow prices, even in the case with bounded
random endowment. If we only require in the definition that the shadow market yields
the same optimal utility, without considering the optimal strategy, then such a shadow
price in the weaker sense could always be constructed from the dual optimizer.

In the last part, we study the dual problem of utility maximization in incomplete
frictionless markets with bounded random endowment and show that in the Brownian
framework the countably additive part of the dual optimizer obtained in [23] can be
represented by the terminal value of a supermartingale deflator which is defined in [70].
Furthermore, we show that this supermartingale deflator is a local martingale.






Zusammenfassung

Der Hauptteil dieser Dissertation beschéftigt sich mit dem Nutzenmaximierungsprob-
lem in einem Finanzmarkt mit Transaktionskosten. Das Grundproblem ist die Frage,
ob ein sogenannter Schattenpreis existiert, welcher innerhalb der Geld-Brief-Spanne des
urspiinglichen Markts mit Transaktionskosten liegt und zum gleichen maximalen Er-
wartungsnutzen und zur gleichen optimalen Handelsstrategie fithrt. Falls der Schatten-
preis existiert, kann das Verhalten des Investors auf dem Markt mit Transaktionskosten
mithilfe eines geeigneten Schattenmarkts ohne Transaktionskosten beschrieben werden.
Mithilfe von Methoden der Dualitatstheorie zeigen wir die Existenz von Schattenpreisen
unter verschiedenen Rahmenbedingungen.

Wir betrachten zunéchst das Nutzenmaximierungsproblem mit Nutzenfunktionen, die
nur auf der positiven reellen Halbachse definiert sind. Fiir einen Finanzmarkt mit einem
stetigen Preisprozess und proportionalen Transaktionskosten zeigen wir die Existenz eines
Schattenpreisprozesses, wenn der Preisprozess die Bedingung “No unbounded profit with
bounded risk” (NUPBR) erfiillt. Spéter zeigen wir, dass die Existenz von Schatten-
preisen auch unter einer schwacheren Bedingung gilt, namlich wenn der Preisprozess
die Bedingung “Two way crossing” (T'W (') erfiillt. Beispiele und Gegenbeispiele wer-
den angegeben, vor allem Finanzmodelle, die auf der fraktionalen Brownschen Bewegung
basieren.

Wir betrachten auch den Fall, in dem der Preisprozess cadlag ist und der Investor
eine zufillige finanzielle Ausstattung bekommt. Unter den Leerverkaufsbeschrankungen
konnen wir die Existenz des Optimierers und der Schattenpreise beweisen.

Wenn wir die Nutzenfunktionen, die auf der ganzen reellen Achse definiert sind,
in Betracht ziehen, stellt sich die Situation anders dar. Die Existenz des Schatten-
preises folgt dann aus der Existenz eines sogenannten Strict Consistent Price Systems
mit “endlicher Entropie”, auch im Fall mit beschrankter zufélliger finanzieller Ausstat-
tung. Verlangen wir in seiner Definition nur, dass der Schattenpreis zum gleichen max-
imalen Erwartungsnutzen fiihrt, ohne die optimale Handelsstrategie zu beriicksichtigen,
dann konnen solche Schattenpreise in diesem Rahmen immer aus den dualen Optimierern
konstruiert werden.

Im letzten Teil der Dissertation untersuchen wir das duale Problem des Nutzenmax-
imierungsproblems auf unvollstandigen Markten mit beschriankten zufalligen finanziellen
Ausstattungen. Wir beweisen, dass der endlich additive Teil des dualen Optimierers dem
Endwert eines Supermartingaldeflators entspricht, der iiberdies ein lokales Martingal ist,
wenn die Filtrierung von einer Brownschen Bewegung erzeugt ist.
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Chapter 1

Introduction

1.1 Background and motivation

One of the main topics of mathematical finance is the valuation of options and other
derivatives.

In a frictionless market, valuation theory is based on the notion of replication in a
complete market (or superreplication in an incomplete one). In this setting, the asset price
processes should be semimartingales and the condition (NFLV R) of “no free lunch with
vanishing risk”, which is equivalent to the existence of an equivalent local martingale
measure, should be satisfied. The superreplication price of a contingent claim is the
supremum of its expected value under all equivalent local martingale measures [33]. If
there exists a unique equivalent local martingale measure, the market is complete, and
the price of a contingent claim is uniquely determined.

The presence of transaction costs changes everything. In this case one cannot deduce
any nontrivial information from the concepts of replication or superreplication. It was
proved in [99] that, under transaction costs, the bounds for option prices obtained from
superreplication arguments are only the trivial bounds. This result was extended from
the Black-Scholes case to a much larger class of models, where the asset processes share
the so-called conditional full support property, in [50] for the one-dimensional case and
[9] for the multidimensional case.

While the concepts of replication and superreplication do not make sense economically
in the presence of transaction costs, the theory of utility indifference pricing does. In this
setting, we need to rigorously solve the portfolio optimization problem. This is why we
should consider the utility maximization problem with transaction costs.

Utiliy maximization itself is also a classical problem in mathematical finance. Here,
an economic agent invests in a financial market so as to maximize the expected utility of
her terminal wealth.

In the framework of a continuous-time model, the problem was studied for the first
time by Merton in two seminal papers [80, 8], employing the methods of stochastic opti-
mal control. This approach requires stock prices to be governed by Markovian dynamics.

To avoid this strong assumption, a different approach, called the “duality method”
or “martingale method”, has been developed since the 1990s. This approach is based
on duality characterizations of portfolios provided by the set of “martingale measures”.
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The main idea is to solve a dual variational problem and then to find the solution of the
original problem by convex duality.

For the case of a complete financial market, where the set of martingale measures
is a singleton, the dual method was developed by Pliska [90], Cox and Huang [20), 21]
and Karatzas, Lehoczky and Shreve [64]. The case of incomplete financial models was
studied in a discrete-time, finite probability space model by He and Pearson [52] and in
a continuous-time diffusion model by He and Pearson [53] and by Karatzas, Lehoczky,
Shreve and Xu [65].

The first study of the case of general utility within the framework of a general incom-
plete semimartingale model of a financial market was done by Kramkov and Schacher-
mayer [70]. The authors considered an agent endowed with a deterministic initial wealth
and a utility function supporting positive wealth. They established an abstract duality
theorem for the primal and dual problems.

For a utility function supporting both positive and negative wealth, Schachermayer
[94] established duality results for a locally bounded semimartingale stock price process.
Biagini and Frittelli [7] generalized the result of [94] by removing the local boundedness
assumption.

Cvitani¢, Schachermayer and Wang [23] generalized [70] by allowing for an additional
bounded random endowment. They defined the dual problem on the enlarged domain
of finitely additive measures. Owen [80] treated the utility maximization problem with
a utility function supporting negative wealth and a bounded random endowment in a
financial market driven by a locally bounded semimartingale. Hugonnier and Kramkov
[57] considered an unbounded random endowment for a general utility function defined on
the positive real line. The case of a general utility function defined on the whole real line
and unbounded random endowments with a locally bounded semimartingale model was
treated by Owen and Zitkovi¢ [87]. Recently, Biagini, Frittelli and Grasselli [§] relaxed
the boundedness assumption on the random endowment and on the stock price process,
and generalized the results of [86] and [87] by using an Orlicz space technique.

Utility maximization under transaction costs is essentially as old as its frictionless
counterpart, dating back to Magill and Constantinides [77] and Constantinides [19]. From
heuristic arguments, they concluded that it is optimal to keep existing holdings in all
assets in a no-trade region and tradings should merely take place at its boundaries. Later
on, Davis and Norman [31] considered this problem as a stochastic control problem and
gave a rigorous proof for the heuristic derivation of [77]. Shreve and Soner extended the
analysis by using the theory of viscosity solutions. See also [102, [38]. They all used the
dynamic programming approach to treat optimization problems with Markovian state
processes.

The first paper to use the duality method in the setting of proportional transaction
costs was [22]. In that paper, Cvitani¢ and Karatzas modeled a bond and a stock as Itd
processes and assumed constant proportional transaction costs. At the end of trading, the
agent was assumed to liquidate her portfolio to the bond. In this setting, they proved the
existence of a solution to the problem of utility maximization under the assumption that
a dual minimization problem admits a solution. The existence of a solution to the dual
problem was subsequently proved by Cvitani¢ and Wang [24]. Bouchard [10] considered
the utility maximization problem with a utility function defined on the whole real line and

12



a bounded random endowment and provided a static duality result. If the utility func-
tion is defined on the positive half line, the duality theorem was proved by Czichowsky;,
Muhle-Karbe and Schachermayer [25] in finite discrete time. Recently, Czichowsky and
Schachermayer established general duality results for the utility maximization problem in
[27] for utility functions defined on the positive half line, and in [28] for utility functions
defined on the whole real line under the assumption that the underlying price process is
locally bounded.

In a frictionless market, we usually assume that there is a single consumption asset,
which is used as a numéraire. Mathematically it does not make any difference whether or
not the agent liquidates her holding in stock. However, this does matter in the transaction
costs setting. Therefore, it is quite natural to allow the agent to have access to several
consumption assets. Kabanov [59] introduced a much more general formulation of a
transaction costs model for a currency market based on the concept of solvency cone. In
this setting, the utility maximization problem with a multivariate utility function was
afterwards studied by Deelstra, Pham and Touzi [32], Campi and Owen [14] without
random endowment, and Benedetti and Owen [3] with bounded random endowment.
They provided static duality results in different ways.

A crucial question in the theory of portfolio optimization with proportional transac-
tion costs is whether or not there exists a so-called shadow price, i.e., a least favorable
frictionless market extension, that leads to the same optimal strategy and utility. If the
answer is affirmative, the behavior of a given economic agent can be explained by passing
to a suitable frictionless shadow market. It is then possible to reduce the problem to a
corresponding problem in the well-studied frictionless case and the shadow price corre-
sponds to the dual optimizer [25] 27]. Starting from [61], the concept of shadow prices has
been successfully applied to utility maximization problems in various concrete models,
see [43, 144, [55].

Kallsen and Muhle-Karbe [62] showed that shadow prices always exist for utility
maximization problems in finite probability spaces. In an Itd process setting, Cvitani¢
and Karatzas [22] proved that a shadow price exists and corresponds to the solution of a
suitable dual problem, if the latter is attained in a set of martingales. Loewenstein [75]
showed that shadow prices exist for continuous bid-ask price processes whenever short
positions are ruled out. This result was generalized by Benedetti, Campi, Muhle-Karbe
and Kallsen [4] to Kabanov’s general multi-currency market models.

However, several counterexamples have been constructed showing that shadow prices
may generally fail to exist for the utility maximization problem under transaction costs
with a utility function defined on the positive half line without further assumptions, see
[93), 25, [4), 27, 30].

In the general cadlag framework, Czichowsky and Schachermayer [27] showed that
the dual optimizer, which is not necessarily a local martingale, can be interpreted as
shadow price in a generalized sense defined via a “sandwiched” process consisting of a
predictable and an optional strong supermartingale and pertains to all strategies, which
remain solvent under transaction costs.

If we consider utility functions defined on the whole real line, the picture changes.
Recently, Czichowsky and Schachermayer [28] affirmed that the existence of a strictly
consistent price system with “finite entropy” guarantees the existence of shadow prices

13



in the classical sense.

1.2 Main Results

This thesis is based on two published papers [30, 46], two submitted preprints [47, [74]
and one working paper [26], which were jointly written with coauthors.

In Chapter 2, we introduce the financial market with proportional transaction costs
and recall some basic results, which are used in the subsequent chapters. In Chapter 3, we
summarize the main results of [27], where the authors provide the general duality theory
for utility maximization problem under proportional transaction costs and introduce the
notion of shadow price processes both in the classical as well as in the “sandwiched” sense.
Czichowsky and Schachermayer generalized a result on the existence of a shadow price in
the classical sense, which was proved in It6 process models by Cvitani¢ and Karatzas [22]:
in the setting of general cadlag processes, if the solution to the dual problem is attained
by a local martingale (ZO A 1) then S := %_0 is a shadow price process in the classical
sense.

Chapter 4 is based on two papers. The first one is [30] “Shadow prices for continuous
processes”, which is joint work with Christoph Czichowsky and Walter Schachermayer.
In this paper we investigate the problem of utility maximization in a financial market
with a continuous price process and proportional transaction costs. We show that the
theory simplifies considerably if we restrict ourselves to continuous processes and obtain
sharper results than in the general cadlag setting on the existence of a shadow price in
the classical sense. We state that, if the price process S is continuous and satisfies the
condition (NUPBR) of “no unbounded profit with bounded risk”, then the liquidation
value process with respect to the optimal trading strategy is strictly posmve This ensures
that the dual optlmlzer is induced by a local martingale (ZO A 1) hence a shadow price

process defined as S = 2_(1) exists. By a counterexample, we show that it is not possible
to replace the assumption (NUPBR) by the assumption of the existence of a consistent
price system (C'PS*) for each level u € (0,1), which at first glance might seem to be the
natural condition in the context of transaction costs. Through another counterexample,
we show that, although the price process is continuous, shadow price processes are not
necessarily continuous.

As the price process S has to be a semimartingale under the condition (NUPBR),
we could not apply this result to price processes based on fractional Brownian motion

B = (BH)o<i<r such as the fractional Black-Scholes model
Sy =exp(ut +oBf), 0<t<T,

where 4 € R, 0 > 0 and H € (0,1)\{4} denotes the Hurst parameter of the fractional
Brownian motion Bf. The second paper in Chapter 4 is [26] “Shadow prices, fractional
Brownian motion, and portfolio optimization”, which is joint work with Christoph Czi-
chowsky, Walter Schachermayer and Rémi Peyre. In this paper, we derive the existence of
a shadow price process under the weaker condition (TW (') of “two way crossing”, which
does not require S to be a semimartingale. Recently, Peyre [89] proved that the fractional
Brownian motion does have the property (TWC'). By estimating the fluctuations of the
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fractional Brownian motion, we show the existence of a shadow price for price processes
based on the fractional Brownian motion.

Chapter 5 is based on joint work with Yiging Lin [74], “Utility maximization prob-
lem with random endowment and transaction costs: when wealth becomes negative”. In
this paper, we generalize the result of [28] and provide the duality theory for the utility
maximization problem under transaction with a bounded random endowment, where the
utility function is defined on the whole real line and the underlying price process is locally
bounded. To achieve this, we first have an intermediate duality result for the problem on
the positive half line, which could be proved by following the argument in [23]. This in-
termediate duality result is similar to [3], however, it is more straightforward and adapted
to the numéraire-based setting, which is necessary for the subsequent approximation. For
the problem on the whole real line, we first construct auxiliary primal and dual functions
by proper truncation in order to come back to the case of the intermediate result. Then,
we exhibit similar procedures as in [86] to complete the proof by approximating both
optimizers and expected value functions. In the presence of a bounded random endow-
ment, we show that, similarly as in [2§], the existence of a strictly consistent price system
satisfying the “finite generalized entropy” condition guarantees the existence of a shadow
price. This is based on the fact that the dual optimizer is associated with a A-consistent
price system. If we generalize the shadow price definition, i.e., if we only require that
the shadow price market yields the same optimal utility, then such kind of shadow price
could be always constructed from the dual optimizer.

In Chapter 6, we consider a utility maximization problem with proportional transac-
tion costs and random endowment under no-short-selling constraints. This work is based
on [47] “On the existence of shadow prices for optimal investment with random endow-
ment”, which is a joint project with Lingqi Gu and Yiqing Lin. First, we are inspired by
the argument in [95, Section 3.3] to prove the existence of constrained primal solutions.
Then, assuming the agent has a positive random endowment, we follow the lines of [75], 1]
to construct a shadow price directly from the primal solution. In addition, we discuss the
existence of shadow prices when the constraints are violated and the random endowment
is allowed to be negative. We provide an example in the Black-Scholes framework with
a constructive random endowment. In this example, shadow prices exist (but are not
unique) and can be explicitly defined.

In Chapter 7, we focus our attention on the study of the dual problem of the expected
utility maximization in incomplete frictionless markets with a bounded random endow-
ment epr. This is based on a collaboration with Lingqi Gu and Yiqing Lin [46] “On the
dual problem of utility maximization in incomplete markets”. In order to solve the utility
maximization problem with bounded random endowment, the authors of [23] employ the
duality between L> and its topological dual space (L*°)* and solve a dual minimization
problem over the subset D of (L*°)*, which can be regarded as the weak-star closure of
the set M.(S) of equivalent local martingale measures. It is stated in [23] that a dual
optimizer @ can be found in D, which is unique up to the singular part, and moreover the
primal optimizer can be formulated in terms of )". In this chapter, we study the regular
part of the dual optimizer and establish the following result: if the underlying filtration
is Brownian, then the regular part Q” of the dual optimizer Q can be attained by an
equivalent local martingale deflator. When ey = 0, Karatzas and Zitkovié [67] observed
that, for Ito process models, the dual optimizer can be attained by an equivalent local
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martingale deflator. Subsequently, Larsen and Zitkovié¢ [73] generalized this result to all
continuous semimartingale models. The present work generalizes the result in [73] to
the case that er is a bounded random variable, which increases the complexity of the
dynamics.
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Chapter 2

Financial Market under Transaction
Costs

2.1 Definitions and Notations

2.1.1 Market and Trading Strategies

We consider a financial market consisting of one riskless asset and one risky asset. The
riskless asset has constant price one and can be traded without transaction costs. The
price of the risky asset is given by a strictly positive adapted cadlag stochastic process
S = (St)o<t<r on some underlying filtered probability space (Q,]—" , (.Ft)ogtST,P) with
fixed finite time horizon T' € (0, 00) satisfying the usual assumptions of right-continuity
and completeness. In addition, we assume that Fy is trivial.

Trading in the risky asset incurs propositional transaction costs of size A € (0,1).
This means that one has to pay a higher ask price S; when buying risky shares but only
receives a lower bid price (1 — \)S; when selling them.

Remark 2.1.1. We assume without loss of generality that we pay transaction costs only
when we sell risky shares, and pay nothing when we buy them. Indeed, if we set S = %S

and A = 32, we obtain that [(1—\)S, S] coincides with [(1—2X)S, (1+X)S]. Conversely,
any bid-ask spread [(1—X)S, (14+X)S] with A € (0,1) equals [(1—\)S, S] for S = (1+X)S
_ 22X
and \ = H—X
We model trading strategies by R2-valued, predictable processes ¢ = (Y, o} )o<i<T
of finite variation, where ¢? and ¢} denote the holdings in units of the riskless and the

risky asset, respectively, after rebalancing the portfolio at time ¢.

Remark 2.1.2. For any process ¢ = (¢1)o<t<r of finite variation, we denote by
= -, 0<t<T
Pt ¥o + Pt Pt =t =4,

its Jordan-Hahn decomposition into two nondecreasing processes ¢! and ¢+ both null at
time zero. The total variation Var(y) of ¢ on (0,77 is then given by

Vary(p) = ol +¢f, 0<t<T.
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We note that any process ¢ of finite variation is ladlag, and denote by ¢° its continuous

part
0f == > Ares— Y Ap,

s<t s<t

where Ay, = @51 — s and Ay, = ps — p,_ are its right and left jumps, respectively.

Definition 2.1.3. A strateqy ¢ = (¢?, o} Jo<i<T 15 called self-financing under trans-
action costs )\, if

t t t t
/ dg! < / (1= X)Sudpy*, / At > / SydiphT, (2.1.1)

for all 0 < s <t <T, where the integrals are defined via

t t
[ sudelti= [ Sudetiew 30 sagkte Y Sbult

s<u<t s<u<t

t t
[ sudett = [ Sudelie s 30 siaphi e Y Sl

s<u<t s<u<t

The self-financing condition (2.1.1)) states that purchases and sales of the risky asset
are accounted for in the riskless position:

t t t t
[acte< [a-nsagie [adiez [ sagle

Ayt < (1= NS Agt, AP > S, AptT,
Avp)T < (1= NSA ot At > S Ao,
for0<s<t<T.

(2.1.2)

Definition 2.1.4. We define the liquidation value at time t by

V(p) =@ + (o) T (1= NS — (1) Sy
Remark 2.1.5. Tt follows by integration by parts that

t t
V() = o8 4 plS, + / oLdS, — A / Sudpht — AS,(])*,
0 0

which means that the liquidation value V;hq(cp) is given by the initial value of the position
05 +ppSo plus the gains from trading fot ¢l dS, minus the transaction costs for rebalancing

the portfolio A fot S.dp+t minus the costs AS;(pf) " for liquidating the position at time ¢.

Definition 2.1.6. A self-financing trading strategy o is called admassible, if there exists
M > 0 such that we have

Vip) > M, a.s.
for every [0, T)-valued stopping time T.
Remark 2.1.7. The admissibility condition above is in the numéraire-based sense, which
means that an agent can cover the trading strategy ¢ by holding M units of bond. There
is another definition of the admissibility, namely in the numéraire-free sense, which means

that an agent can cover the trading strategy ¢ by holding M units of bond as well as M
units of stock.
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2.1.2 Consistent Price System

Definition 2.1.8. Fiz a price process S = (Si)o<i<r and transaction costs 0 < A < 1 as
above. A \-consistent price system is a pair (S, Q) such that

1. Q is a probability measure equivalent to P,

2. S = (S))oci<r takes its values in the bid-ask spread [(1— \)S, 5],

3. S is a local martingale under Q.

The condition (EMM) of the “existence of an equivalent local martingale measure”
in the frictionless setting corresponds to the following notion.

Definition 2.1.9. For 0 < A < 1, we say that a price process S = (St)o<i<r satisfies
(CPS?Y), if there exists a consistent price system.

We have also another way to define the consistent price system.

Definition 2.1.10. Fiz 0 < A < 1 and S = (St)o<t<r as above. A A-consistent price
system is a two-dimensional strictly positive process Z = (Z, Z )o<i<r with Z3 = 1,
that consists of a martingale Z° and a local martingale Z' under P such that

~ 7}
Sy = Z—to € [(1—=N)S;, S, a.s. (2.1.3)
t
for0 <t <T.
We denote by Z)(S) the set of -consistent price systems.

We call a process absolutely continuous \-consistent price system, if we replace
the strict positivity in the above definition by nonnegativity (where we consider (2.1.3)) to
. .zt 0
be satisfied if 75 = §).
t
By Z)(S) we denote the set of absolutely \-consistent price systems.

Remark 2.1.11. In the above definition, Z° defines a density process of an equivalent
local martingale measure Q ~ P for a price process S evolving in the bid-ask spread

[(1—X)S, 8], and 2! = 2°8.

Definition 2.1.12. Fiz 0 < A < 1 and a price process S = (S¢)o<i<T as above. We call
a two-dimensional strictly positive process Z = (70, Z})o<i<r local \-consistent price
system for S, if there exists a localizing sequence of [0, T|-valued stopping times (T, )nen
increasing to T with

lim P[r, < T] =0,

n—o0

such that each stopped process Z™ = (Zix. , Zin, Jo<i<r defines a A-consistent price sys-
tem for the stopped process S™ .
We denote by Z})..(S) the set of local \-consistent price systems for S.

loc,e

We say that a property (P) of a stochastic process S = (S;)o<t<7 holds locally, if there
exists a localizing sequence of [0, T]-valued stopping times (7,,),en increasing to T with
lim,, oo P[7, < T] = 0, such that each stopped process S™ = (Siar, Jo<t<r has property
(P).
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Lemma 2.1.13. Fiz a strictly positive adapted cadlag process S = (Si)o<t<r and trans-

action costs 0 < A < 1. If S admits a local A-consistent price system, then S satisfies
locally (CPS?).

Proof. By Definition [2.1.12] there exists a localizing sequence of stopping times (7, )nen
such that each stopped process 5™ admits a A-consistent price system Z™, which already
shows that S satisfies locally (C'PS?). O

Proposition 2.1.14. Fiz a strictly positive adapted cadlag process S = (St)o<t<r and
transaction costs 0 < A < 1. The following assertions are equivalent

(1) S satisfies locally (CPS") for all 0 < pn < A, i.e., there exists a localizing sequence
(Tn)nen, such that each stopped process S™ satisfies (CPS*) for all 0 < p < A.

(17) For all0 < p < X, S satisfies locally (CPS*), i.e., for each € (0, \), there exists a
localizing sequence (T, )nen (which may depend on ), such that each stopped process
S™ satisfies (CPS").

(#11) For all 0 < p < X, we have Zj,, (S) # 0.

Proof. (i) = (it1) : Fix p € (0, ). We have to show the existence of a strictly positive
process Z = (Z° Z') and a localizing sequence (7,)nen, such that each Z™ defines a
p~consistent price system for S7.

Since p > 0, there exists an g9 € (0, ) satisfying (1 — u) = (1 — &), Let g, :=
1—(1—gp)* " so that

[T’ =[]0 -2 = (1= o)== T =1-z
n=1 n=1

The assertion (i) implies the existence of a localizing sequence (7, )nen,, such that S™
satisfies (C'PS®") for each n € Ny. It also follows that (1 — ¢,)S™ satisfies (CPS*") for

each n € Ny. Let Z(™ = (Zt(n)’O,Zt(n)’l)MKT
the stopped process (1 — ,)S™, for each n € Ny. To concatenate these objects, define
the following processes: (7&0)’0,750)’1) = (Zt(o)’o, Zt(o)’l) for 0 <t < 719 and

denote the ¢,-consistent price system for

—(n),0
7(n+1)70 a Z, for 0 <t <,
t T 0 A ‘ <<
Z(n+1) 0 or 7, <t< Tn+1,
and 1
—(n),
7(n+1)’1 - Z, for 0 <t <y,
T Y gz <
t Z(n+1) 1 or Tn > 1 X Tp4a,

™n

for n > 1. Now define (29, Z}) := (Zgn) Z(n ) for 0 < ¢ < 7,, which is in Zf;_.(S5).
Since {7, = T} " Q almost surely as n goes to infinity, we may define (Z2, Z1) by

(29,28 = lim (Z2°, 20,

T T
n—»00 n n
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Indeed, clearly, ZO and Z! are strictly positive local martingale under P and Z = 1.
We now show that Z ZO takes its values in [(1 — p)S,S]. Using induction we may show
that, for each n € N,

Z )T (1 — e0)
7( .0 S [(1 — 50) ]H(l — 5k>St; m&] s

for 0 <t < 7. (For n = 0 it is clear, as Z(® is an eo-consistent price system for
(1 — &¢)S™. Assume this holds for n. For 0 < t < 7,, it satisfies by the assumption
hypothesis

—(n+1),1 n),1 n

Zm :ZE) TI0 - 205 _(=e) o

Zr0 g0 e [T (1= =)

and for 7, <t < 7,41

(n+1),1 (n+1),1 7(n),1 n+1
Z Z Z 1 1—
¢ = € [(1 —80)2H(1 —€k)St,(—€0))St] R

—(n+1),0 n+1),0 =(n),0 (n+1),1

Tn Z$Z+1),0

—(n+1),1
since W € [(1 = £441)%Sk (1 — £,41)S¢] for 0 <t < 7,,41.) Hence for each n € Ny we

have that

Zl 2” (1 — &)
S, n S g 1_ S,S,
ZO g t T (1 — ) t [( 1) Sk t}
for 0 <t <,

(1ii) = (i) : It follows immediately by Lemma [2.1.13]

(i) = (i) : Let e := 1. By (ii), for each k € N, the process S satisfies locally
(CPS®+), i.e., we may find a localizing sequence of stopping times (p¥),cn increasing to
T almost surely as n — oo with lim,_,,, P[p¥ < T] = 0, such that the stopped process
SPn safisfies an e,-consistent price system for all n € N.

Find an increasing sequence of integers (n,, x)ren, such that

P[pﬁm,k < T} < om+k

Letting 7,,, := Ap; pi . we obtain that

U{pn k<T}

keN

P[Tm<T

1 1
<ZP k< <22m+k:2_m'

keN keN

By Borel-Cantelli’s Lemma, (7,,)men is a localizing sequence increasing to 7' with

lim P[r, <T] =0,

m—00

uniformly for each k£ € N.

Therefore we obtain a localizing sequence (7,,)men, such that S™ satisfies (C'P.S®*)
for each £ € N. For each 0 < pu < A there exists an ¢;-consistent price system, with
er < i, which is also a p-consistent price system. O]
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A crucial feature of the proposition above is that all equivalent statements contain
the quantifier “for all p”.

Remark 2.1.15. There is a subtle difference between the frictionless and the transaction
cost case. In the frictionless case the set M. (S) of equivalent local martingale measures
for the process S has the following concatenation property: let Q', Q? € M,(S) and

. . 1 2 .
associate the density processes 7} = E[%’]—}] and 7?2 = E[%}]—}}. For a stopping
time 7 we define the concatenated process

p Z}, for 0 <t <7, 014
e Zig—’z, for T <t<T. (2.1.4)

Then, % = Zr defines again an equivalent local martingale measure for S.

For A > 0 the sets Z}}, .(S) and Z2(S) do not have this property any more. However,
as in the proof of Proposition above, under the local version of the condition
“(C'PSH) for all 17, we may use the similar technique of concatenation as in the frictionless
setting.

2.2 Fundamental Theorem of Asset Pricing

2.2.1 FTAP for Continuous Processes

Definition 2.2.1. The process S admits arbitrage with \-transaction costs, if there is
a self-financing trading strateqy o starting at (g3, ) = (0,0), which is admissible such
that

Vip) >0, a.s. and P[V%iq(go) > O] >0

Theorem 2.2.2. Let S = (Si)o<i<r be an adapted strictly positive continuous price
process. The following assertions are equivalent:

1. For each O < p < 1 there exists an p-consistent price system.

2. For each 0 < p < 1 there is no arbitrage for p-transation costs.

Proof. See [51, Theorem 4]. O

2.2.2 Local Version of FTAP for Continuous Processes

In this subsection, we give a local version of the fundamental theorem of asset pricing in
the context of transaction costs. We shall use the subsequent variants of the concept of
no arbitrage.

Definition 2.2.3. Let S = (S;)o<i<r be a strictly positive, continuous process. We say
that S allows for an obvious arbitrage, if there are o > 0 and [0,T] U {oo}-valued
stopping times o < 7 with Plo < oo] = P[1 < 00| > 0 such that either

(a) S; > (1+a)S,, a.s. on{o < oo},
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or

(b) S; <

T 14«
In the case of (b) we also assume that (S¢)e<i<r is uniformly bounded.

We say that S allows for an obvious immediate arbitrage, if, in addition, we
have either

Ses a.s. on {o < o0},

(a) St > Sy, foro<t<r, as. on{o < oo},

or
(b) S¢ < Sy, foro<t<rt, as. on{o< oo}

We say that S satisfies the condition (NOA) (respectively, (NOIA)) of no obvious
arbitrage (respectively, no obvious immediate arbitrage), if no such opportunity exists.

It is indeed rather obvious how to make an arbitrage if (NOA) fails, provided the
transaction costs 0 < A < 1 are smaller than «. Assuming, e.g., condition (a), one goes
long in the asset S at time o and closes the position at time 7. In case of an obvious
immediate arbitrage one is in addition assured that during such an operation the stock
price will never fall under the initial value S,. In particular this gives an unbounded
profit with bounded risk under transaction costs .

In the case of condition (b) one does a similar operation by going short in the asset
S. The boundedness condition in the case (b) of (NOA) makes sure that this strategy is
admissible.

We now formulate a local version of the fundamental theorem of asset pricing in the
setting of transaction costs.

Theorem 2.2.4. Let S = (S;)o<t<r be a strictly positive, continuous process. The fol-
lowing assertions are equivalent.

(i) Locally, there is no obvious immediate arbitrage (NOIA).
(73) Locally, there is no obvious arbitrage (NOA).

(#4i) Locally, for each 0 < p < 1, the condition (CPS") of existence of a p-consistent
price system holds true.

Proof. See [51, Theorem 1] and [98, Theorem 5.11]. O

2.3 Superreplication Theorem

2.3.1 Theorem on Admissibility

Proposition 2.3.1. Fiz a strictly positive adapted cadlag process S = (Si)o<t<r and
transaction costs 0 < X\ < 1. Let ¢ = (¢°, ¢') be an admissible \-self-financing trading
strategy. Suppose that (S, Q) is a A\-consistent price system.

Then the process (Vi)o<i<r defined by
V=l + ¢S, 0<t<T,

satisfies V> Vid(p) almost surely, and is an optional strong supermartingale under Q.
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Proof. See [96, Proposition 2]. O

Theorem 2.3.2. Fiz a strictly positive adapted cadlag process S = (S¢)o<i<T, transaction
costs 0 < A\ < 1. Suppose that S satisfies (CPS") for each 0 < u < \. Let p = (¢°, ')
be an admissible \-self-financing trading strategy and suppose that there is a positive
constant M > 0 such that V;%(p) > —M almost surely.

Then we have that V19(p) > —M almost surely, for every stopping time 0 < 7 <T.

Proof. See [96, Theorem 1]. O

The assumption (C'PS*), for each 0 < y < A, cannot be dropped in Proposition [2.3.2]
as shown by the counterexample presented in [96, Lemma 1].

In the market with transaction costs, we have the a priori assumption that the strate-
gies ¢ have finite variation. Under the assumption that (CPS*) holds true for some
0 < X < A, the convex hull of the set of variations Vary(y) is bounded in probability.

Lemma 2.3.3. Fiz a strictly positive adapted cadlag process S = (Si)o<i<r and transac-
tion costs 0 < A < 1. Suppose that (CPS™) is satisfied for some 0 < X' < \.
Then, the convex hull of the random variables 05 (also @7*, ©r! and oY) remains
bounded in L°(P), when o runs through the self-financing M -admissible trading strategies.
More precisely: the set

conv(gp%T : @ 1s self-financing M—admissible)
is bounded in L°(P).

Proof. See [97, Lemma 3.1, Remark 3.2]. O

2.3.2 Swuperreplication Theorem

The following superreplication theorem describes the set of contingent claims allowing an
agent in the market with proportional transaction costs A to superreplicate with a given
initial endowment by following some admissible A-self-financing trading strategy.

Theorem 2.3.4 (Superreplication). Fix a strictly positive adapted cadlag process S =
(St)o<i<r, transaction costs 0 < A\ < 1, and a contingent claim which pays g many units
of bond at time T.

Assume that the random variable g is uniformly bounded from below, and the process
S satisfies (CPS*) for each 0 < p < A.

For a number x € R, the following assertions are equivalent:

(i) There is an admissible \-self-financing portfolio o = (¢?, o} )o<i<T such that
@0:(x70> and @T:(ga())

(i1) For every \-consistent price system (§, Q), we have Eq[g] < .
Proof. See [97, Theorem 1.4, Section 5]. O
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Chapter 3

Duality Theory for Utility
Maximization under Transaction
Costs

In this chapter, we review the general duality theory for utility maximization problem
with general cadlag price processes in the presence of proportional transaction costs,
obtained in [27].

3.1 Formulation of the Problem

Let U : (0,00) — R be a standard utility function defined on the positive real line, i.e.,
a strictly increasing, strictly concave, continuously differentiable function satisfying the
Inada conditions:

U'(0) :=limU'(z) = and U'(00) := lim U'(z) = 0.

x—0 T—00

Define U(x) = —oo whenever x < 0. We assume that the utility function U satisfies the
reasonable asymptotic elasticity, i.e.,

< 1.

L xU' ()
AEU) := hgl—igp e

This condition was firstly given by Kramkov and Schachermayer [70]. We may find

financial interpretations and more results about it in [70, [71] as well as Appendix m

We consider an agent wo maximizes the expected utility of her terminal wealth. Fix

an z > 0. The maximization problem is to find the optimal trading strategy @ = (2°, &)
to

E[U(V3%p))] — max!, ¢ € Aj(x), (3.1.1)

where A} (x) denote the set of all A\-self-financing, 0-admissible trading strategies under
transaction costs A\, starting with initial endowment (3, ¢) = (z,0). We denote the
value function by '

u(z) ;== sup E[U(V#q(go))}.

PEAY (x)
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The problem ([3.1.1)) can also be formulated as the problem for random variables
E[U(g)] — max!, g € Cy(z), (3.1.2)

where
Colw) = {Vi*(e) | ¢ € A} € L4.(P)

denotes the set of all attainable payoffs under transaction costs. Define Cj := C3(1).

We can always assume without loss of generality that the price process cannot jump at
the terminal time 7', while the investor can still liquidate her position in the risky asset.
Indeed, we may enlarge the time interval [0, 7] to [0,7 + 1], the underlying filtration as
well as the price process do not change, i.e., for every ¢t € [T',T + 1] we have F; = Fr
and S; = S7. Between T and T + 1, an agent is allowed to make a final self-financing
change in her portfolio, according to the terms fixed by the market at time T'. (See [15,
Remark 4.2].) This implies that we can assume without loss of generality that ¢} = 0
and therefore

Cow) = {¢ | v e M)} c 13 (P).

3.2 Duality Theory

Let Z = (2°,2Y) € 2}

loc,e

(S) be any local A-consistent price system. By definition of
Zl’(\)w(S), we may find a localizing sequence (7,),en of stopping times, such that the
stopped process Z™ defines a A-consistent price system, for each n. Let ¢ € Aj(x)
be arbitrary. By Proposition [2.3.1] the process ¢f.. Zp.. + @ir, Zir,, is an optional
strong supermartingale. As a consequence, Z%° + Z'¢! is a local optional strong su-
permartingale. It follows from Z%P + Z'p! > ZOV14(p) > 0 that Z%° + Zlp! is an
optional strong supermartingale. In particular, E[Z%g] < z for each g € C}(x) and each
Z=(27" ¢ Zﬁ)qe(S).

Let us introduce the convex conjugate function V : R, — R of U

Viy) = swpfU(w) = oy}, y >0,

Note that V' (y) is strictly decreasing, strictly convex and continuously differentiable and
satisfies
V(0) =U(x), V(co)=1U(0).

By Fenchel’s inequality, we obtain that

u(z) = sup E[U(g)] < sup E[V(yZ7)+yZpg] <E[V(y27)] +zy,

geC (x) geC)(x)

for all Z = (2° 72 € 2}

loc,e

(S) and y > 0. Therefore, we consider
E[V(yZ})] - minl,  Z=(2°2") € 2Z,,..(5), (3.2.1)

as our dual problem. Again, the problem (3.2.1)) can be also alternatively formulated as
a problem over a set of random variables

E[V(h)] — min!, k€ D(y), (3.2.2)
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where

D\y) = {y2t | 2 = (2°.2") € 2}, (9)} = yD*

for y > 0 and D* := D*(1).
Similarly to the frictionless case [70], the solution A to (3.2.2)) is in general only
attained as a P-a.s. limit

h =y lim zZy (3.2.3)

n—o0

of a minimizing sequence (Z"),en € Zp,.(S). To ensure the existence of an optimizer,

loc,e
we have to enlarge the sets 2. (S) and D*(y), and work with relaxed versions of the

dual problems (|3.2.1]) and (3.2.2).

On the level of random variables, we consider

E[V(h)] — minl, & € sol (DMy)) , (3.2.4)

—————P
where sol (D*(y)) is the closed (in probability) convex solid hull of D*(y) in L (P) for

——— P o)
y > 0. By Theorem [A.1.4] (Bipolar Theorem), we obtain that sol (D*(y)) = (D*(y))
and it is easy to show that

(D)) = {yhero®) |3z C 2} (S) such that h < lim Z2°
SO( (y)) =qyh € LL(P) | I(Z")nen C loc’e( ) such that A < lim Z;" ¢ .

n—oo

As sets Cg(z) and sol (D*(y)) are polar to each other in L9 (P) by Lemma [3.2.2} the
abstract versions of the main results of [70], Theorems 3.1 and Theorem 3.2, carry over
verbatim to the present setting under transaction costs. This gives static duality results in
the sense that they provide duality relations between the solutions to the problems
and , which are problems for random variables rather than stochastic processes.

In order to establish dynamic duality results, similarly as in the frictionless duality
[70], we consider supermartingale deflators as dual variables. These are nonnegatlve (not
necessarily cadlag) supermartingales Y = (Y° Y!) > 0 such that S = YO is valued in the
bid-ask spread [(1 — \)S, 5] and that Y0" + Y'o! = YO (04 ¢ S) is a supermartingale
for all p € AJ(1).

In the frictionless case [70], the solution to the dual problem for a semimartingale price
process S = (gt)ogtST is attained in the set of one-dimensional cadlag supermartingale
deflators. The reason for this is that, in the frictionless setting, the value process o0 +
©'S = x + o' « S is right-continuous (as a stochastic integral is cadlag). Hence, the
optimal supermartingale deflator to the dual problem can be obtained as the cadlag
Fatou limit of a minimizing sequence of equivalent local martingale or supermartingale
deflators; see [70, Lemma 4.1 and Lemma 4.2] and .

However, for cadlag price processes S = (S;)o<t<r under transactions costs A\, we have
to use predictable finite variation strategies ¢ = (¢, p})o<i<r that can have left and right
jumps to model trading strategies. This is unavoidable in order to obtain that the set
Cy(z) of attainable payoffs under transaction costs is closed in LY (P), see [15, Theorem
3.5] or [97, Theorem 3.4]. As we have to optimize simultaneously over Y% and Y to
obtain the optimal supermartingale deflator, we need a different limit than the Fatou
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limit in Y%0° 4+ Y1p! to remain in the class of supermartingale deflators. This limit also
needs to ensure the convergence of a minimizing sequence Z" = (Z"°, Z?" ’1)0§t§T of local
A-consistent price systems at the jumps of the trading strategies. It turns out that the
convergence in probability at all finite stopping times is the right topology to work with.
We note that the limit of nonnegative local martingales with respect to this convergence
is an optional strong supermartingale.

Definition 3.2.1. We call a nonnegative process Y = (Y°Y!) an optional strong
supermartingale deflator starting at y for some y > 0, if

(i) Yo' =,
(i1) Yo € [(1—X)8, 5],
(4i1) YO + Y1l is a nonnegative optional strong supermartingale for all o € Aj(1).

As dual variables we consider the set of optional strong supermartingale deflators
starting at y, denoted by B*(y), and accordingly,

DY(y) = {¥r | (V. Y") € BMy)}.
Hence, the dual problem is now
E[V(h)] — min!,  h € Dy), (3.2.5)
and the dual value function is defined by

W)= it EV(0)L

The following lemma was shown in [27, Lemma A.1], which establishes the polar
relation of C} and D*.

Lemma 3.2.2. Suppose that S satisfies locally (CPS*) for all € (0, X). Then:

(1) C3 and D are convez, solid and closed in the topology of convergence in measure.

(2) g € C, if and only if E[gh] < 1, for all h € D*, and
h € D, if and only if Elgh] < 1, for all g € C3.

(3) C* is a bounded subset of L%.(P) and contains the constant function 1.
(4) The closed, convex, solid hull of D* in L%.(P) is given by D, i.e.,

P

(DM)™ =sol(DY) =D

(5) D* is closed under countable convex combinations.
(6) For any g € C3, we have

sup E[gh| = sup E[gh].
heD> heD*
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Proof. (1). The convexity of Cy and D* is clear.
For g € C3 and 0 < h < g we can use the same trading strategy for g and then throw
away money to get h. Therefore h € C}, and the solidity of C3 follows.
As regards the solidity of D*: let Y € D* with Y € B* and h € LY (P) satisfying
0 < h <Y2. We may define Z € B by
(20, 2;) ::{ (hYid)., =T

Indeed, we have Z0 = Y =1,

Z1 Yl
0= y0 € [(1—=X)S, 5],

and for all stopping times o and 7 with 0 < ¢ <7 < T, we have by 0 < h < YQQ that
E[Z)p) + Zl ot | Fo] SB[V Q) + Yol |Fo| <YJ0) + Y 0h = Z0po + Zypl,

for all p € AJ(1).

To prove the closedness of G, let (¢")nen € AJ(1) be such that ¢g" = V34"
converges to some g € LY (P) in probability. Since S satisfies locally (CPS*) for all
1 € (0,)), by Proposition [2.1.14] there exist a Z € 2}, (S) for some X' € (0,A) and a
localizing sequence (7,,)men such that each Z™ defines a \'-consistent price system for
S™. By Lemma ([97, Remark 3.2]) we have that the convex combination of the

variation of ¢ on [0, 7,,] of ¢"
Ay, i= conv{Var, (¢")|n € N}

is bounded in probability for each m € N, which is equivalent to the boundedness of
A := conv{Vary(¢") |n € N} in probability.

Indeed, fix e > 0 and let m, N(e,m) € N be such that P[r,, <T] < § and

sup Plg > N(e,m)] <
gEAm

)

O ™

by the L°(P)-boundedness of A,,. Since Var, (¢") = Varr(¢™) on {7, = T} for all
n € N, we obtain

sup P[g > N(e,m)] = sup {Plg > N(e,m), 7, = T] + Plg > N(g,m), 7, < T}

geA geA
< sup {P[g > N(e,m)] + P[r, < T]} < L.
geAn 2" 2

Hence, by Theorem [A.1.13| ([I5, Proposition 3.4]) and Remark [A.1.14] there exist
a sequence of convex combinations " € conv(gp”7 ntl ) and a predictable finite

variation process ¢ such that
P[(ﬁ? — oy, VYt € [O,T]] =1,

which already implies that ¢ € A}(1).
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The closedness of D* follows by combining similar arguments as in [70, Lemma 4.1]
with a new version of Komlés’ lemma for nonnegative optional strong supermartingales
in [29]. To that end, let (h™),en be a sequence in D* converging to some h in probability.
Then there exists a sequence ((Y™°,Y™!)) . C B(1) such that Y;*° = h™ for each

n € N. Since Y™ and Y™! are nonnegative optional strong supermartingales, there exist
by Theorem |A.1.16| ([29, Theorem 2.7]) a sequence

(}’}n,o7 ?nl) c CODV((yn,O’ Yn,l)’ (Yn—&-l,O’ Yn—&-l,l)’ . )
and optional strong supermartingales Y0 and Y such that

(vro v s (Y0, v, (3.2.6)

TOOT

for all [0, T)-valued stopping times 7. This convergence in probability is then sufficient
to deduce that Y? = 1, V.2 = h, and that Y% + Yo' is a nonnegative optional strong
supermartingale for all (%, 1) € A}(1). To see the latter, observe that, for all stopping
times o and 7 such that 0 < o <7 < T, we have that

Yo + Y oy = liminf (V) 00) + Y pp) > liminf B[Y0) + Y0l F, ]

> E[lim inf (}77"%2 + 37;”’1901)

n—o0

S| =B+ Vel
by Fatou’s lemma for conditional expectations.

To conclude that (Y?,Y") € BA(1) and hence that A € D? it remains to show
that (Y°,Y!) is R%-valued and S Z—O is valued in [(1 — A)S,S]. Indeed, as SI' €
[(1 — \)S,, S;], this implies that also S, is valued in [(1 — A)S,, S;]. By Theorem

(section theorem), the assertion follows. The assertion that (Y°,Y™) is R% -valued follows
by the same arguments.

(2). The first assertion, C) = (D*)°, follows by Lemma below, which is the local
version of the superreplication theorem under transaction costs.

The second assertion follows from the fact that (C})° = (D*)°° = D?, since by (1) the
set D is convex solid and closed in the topology of convergence in measure.

(3). Assume Cp fails to be bounded in L°(P). Then there exists a > 0 such that, for
all M > 0, we may find a ¢f € Cj such that P[p} > M] > . Fix an Z € 2, (S). The
strict positivity of Z implies that

B:=inf {E[Z}14] : P[A] > a} > 0.

(Indeed, For an a > 0, we may find an ¢ > 0 such that a —e > 0. Since Z2 > 0 a.s.,
there exists N € N such that P[Z} < &] < o — ¢, for all n > N. The worse case is that
{Z9 < +} C A. Hence,

1 €
E[Zp1a] = B[Zp1alz 1y + ZpLalgoo1y] > NP[A Nn{z} > +}] > ~ >0

and the assertion follows.) Let M > % We arrive at a contradiction to the supermartin-
gale property

E[Zg ] 2 E[ZTSDT] > E[Z%SooTl{gongM}} > ME[Z%1{¢%2M}] > M > 1.
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The fact that C; contains the constant function 1 follows by definition.

(4). Tt follows from Lemma [3.2.3| that C} = (D*)°, therefore
(@) = (DY) =sol (D)
Since (C3)° = D* by (2), we obtain (D*)” = sol (D)‘)P =D

(5). Given (2™, Z")pen € Zj).(S) and (an)nen positive numbers such that

Yo o, =1, we have that Y~ oznZ”O is a nonnegative local martingale starting at 1,
> ap Z™ is a local martingale and

% e [(1- X8, 9],
which already gives (5).
(6). Suppose that there exists a g € C; such that there is a he DA\ D* such that
E[gh] < E[gh]
for all h € D*. Therefore we may find an 0 < « such that
E[gh] < a < E[gh].

for all h € D?, which implies that % € C) by Lemma below. On the other hand, we
obtain .

B [2H] >1
which contradicts the fact that 7 € D» = (C))°. O

Lemma 3.2.3. ([27, Lemma A.2]) Suppose that S satisfies locally (C'PS") for all p €
(0,\). Let g € LO.(P).
Then we have that g € Cy if and only if E[gZp] <1 for all Z € Z}), (5).

Proof. The “only if” part follows from the fact that, for all ¢ € Aj(1) and Z € Z}},.(S),
the process Z%o" + Z'p! is a nonnegative local optional strong supermartingale by Propo-
sition [2.3.1] ([96], Proposition 2]) and hence a true optional strong supermartingale.

For the “if” part, let (7,,)men be a localizing sequence of stopping times for some
Z € 2}, (S) such that Z™ is a N-consistent price system for S™ for some X' € (0, ).
Then,

G = Iy € G = {VI0) | 0 € RV},
and g € C if and only if g, € C3,, for each m € N, as Cg\,,, € C3, gm RN g and Cp is
closed with respect to the topology of convergence in probability.

Assume now for a proof by contradiction that there exists some m’ € N such that
Gt & Cé\,m,. As S satisfies the assumptions of the Superreplication Theorem m ([o7,

Theorem 1.4]), there exists a \'-consistent price system Z = (70,?1) for S7m" such that
E [ngZS ,] > 1.
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By the assumption that S admits a local p-consistent price system for any u € (0, A) we
can extend Z to a local \-consistent price system Z = (ZO, A 1) by setting

—0

N Z, for 0 <t <7y,
7 = 070,
Z, ng/ for 7,0 <t<T,
and .
(1—-pw)Zz, for 0 <t <7,

N

Zl.: 1
t - N 771 Tt
(1—pZ} 5= for 7,y <t <T,

N

for some local p/-consistent price system Z = (Z°, Z') with 0 < x4/ < ’\_T’\/ Indeed,

clearly, Z° and Z" are strictly positive local martingale under P and Z§ = 1. To show

that g—; takes its values in [(1 — A).S, S| note that, for 0 <t < 7,,,/, the quotient g—é lies in
t

(1= N)(1 = u)S;, (1 — p')Sy]. For 1,y <t < T we still obtain that

~ =

Z} Z{ 2+, 1 2

—— = (1 — ﬂ/)v—_ T — € [(1 — u') (1 - )\/)St St]
0 050 71 ) )

Zt Zt ZTm/ Tm,

which is contained in [(1 — A)S;, S;] as 0 < p/ < ’\’TX Since
E[gZ8] = E|gw7Z,,,| > 1.
we obtain a contradiction to the assumption that E[gZ9] <1 for all Z € 2}, (S). O
We recall the duality theorem stated in [27, Theorem 3.2].
Theorem 3.2.4. Let S be an adapted strictly positive cadlag process. Suppose that

e S admits locally a p-consistent price system for all pn € (0, ).

o The asymptotic elasticity of U is strictly less than one, i.e.,

AEU) = linlsup xg(;? <L

e The maximal expected utility is finite, i.e., u(x) < 0o, for some x € (0,00).
Then
(1) We have the following properties for the value functions:

e u(x) < oo forallx > 0. wis strictly concave, strictly increasing and continuously
differentiable on (0,00), and satisfy the Inada conditions

uw'(0) =00 and u'(c0)=0.
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e v(y) < oo forally > 0. v is strictly convez, strictly decreasing and continuously
differentiable on (0,00), and satisfy the Inada conditions

V'(0) =—00 and v'(c0) =0.
e The primal value function u and the dual value function v are conjugate, i.e.,

u(r) = inf{v(y) + oy}, vly) =sup{u(e) — 2y}

>0

(2) For all z,y > 0, the solutions §(z) € C}(x) and h(y) € D (y) to the primal problem
(3.1.2) and the the dual problem (3.2.5)), respectively, ezist, are unique, and there are
(2°(2), 2" (x)) € AY(z) and (Y°(y),Y'(y)) € B y) such that

Vpt(@() =g(x)  and  ¥P(y) = hy) (3:27)
(3) For allz >0, let y(x) = u'(x) > 0, which is the unique solution to
v(y) + xy — min!, y >0,

and is equivalent to x = —v’(;/g\(x)). Then, g(z) and /f\z(ﬂ(:c)) are given by the first
order conditions

h(G(x)) =U'(G(x))  and  Glz) = —V'(h(g(2))), (3.2.8)

and we have that

In particular, the process YO( x

ﬁzf%
S
v_i_
m ~
5
S

integrable martingale for all ( (x)

), ()
B y(z)) satisfying [3.2.7) with y = y(x).

(4) We have that
v(y) = inf E[V(yZ})]. 3.2.9
W)= i @ [V (yZr)] (3:2.9)
Proof. The proof follows immediately from Theorem [B.1.20| ([7(), Theorem 3.2 and Propo-
sition 3.2]). The process Y?(y(z))@"(z) + Y'(y(x))@'(x) is a martingale, as it is an
optional strong supermartingale with constant expectation. O

3.3 Shadow Price

Let S be any fictitious price process, that takes values in the bid-ask spread [(1 — \)S, 5]
of the original market S and can be traded in a frictionless way. As purchaes and sales can
be carried out at potentially more favorable prices, any attainable payoff in the market
with transaction costs can be dominated by a payoff in the frictionless market S. As a
consequence, we obtain

u(w) = up )E[U(th(@))} < Sf(p.g)E[U(H (" * S)r)] = u(z;5).  (33.1)
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Here X (z; S) denotes the set of all self- ﬁnancmg and admissible trading strategies ¢ =
(gpt,apt)g<t<gp for the price process S = (St)0<t<T in the frictionless setting, i.e., that
o' = (¢} )o<i<r 1s an S- integrable predictable process such that = + (g& S)t >0 for all
t €[0,7T] and ¢° = (¢?)o<i<r is defined via

el =a+ (o' 8), — ¢S, telo,T).

Note that A)(z) C X(z; 9).

The natural question here is whether we can find a least unfavorable frictionless
market evolving in the bid-ask spread with the same maximal expected utility as the
original market with transaction costs. This leads to the following definition.

Definition 3.3.1. In the above setting, a semimartingale S = (§t)0§t§T 15 called a
shadow price process for the optimization problem (3.1.1)), if

(i) S = (S)oci<r takes values in the bid-ask spread [(1 — \)S, S).

(it) The solution @ = (@°,@') to the corresponding frictionless utility mazimization

problem B B

E[U(z + (¢' + S)r)] — max!, (% ") € X(z;9), (3.3.2)
exists and coincides with the solution p = (@°, @) to (3.1.1) under transaction
costs.

Note that a shadow price S = (§t)0§t§T depends on the process S, the agent’s utility
function, and on her initial endowment.

If a shadow price S exists, then an optimal strategy @ = (¢°, ') for the frictionless
utility maximization problem (|3 can also be realized in the market with transaction
costs in the sense spelled out in ) below. As the expected utility for S without
transaction costs is by a priori higher than that of any other strategy under
transaction costs, it is — a fortiori — also an optimal strategy under transaction costs. The
existence of a shadow price S implies in particular that the optimal strategy @ = (2°, @')
under transaction costs only trades, if S is at the bid or ask price, i.e.,

{dp" >0} C{S=5} and {dp' <0} C{S=(1-)\)S}

in the sense that

{dp'c >0} C {S =5}, {dp' e <0} C{S=(1-)N)S},
(AP >0} C{S =5}, (AP <0} C{S =(1-NS_}, (3.3.3)
(A3 >0} C{S=S5}, (A3 <0} C{S=(1-))S}.

The precise mathematical meaning of (3.3.3)) is given by

T T
~ Al:T_ ~ AlTC AlT
/0 Ligusy(w)dpy” = /0 Ligusy(v) + D Lg s y(u

0<u<T

+ Z 1{§¢s}(U>A+@1{T =0,

o<u<T
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and

T T
/\17 — o 1,4,c ~1
/0 1{§¢<1—A>5}(“)d%¢—/0 Lisaons WA+ Y Lig L0y (WA

0<u<T

+ D Lgpaons (WAG =0,

o<u<T

In general, shadow prices fail to exit in the sense of Definition m (see the coun-
terexamples in [4, 25, 27]). The reason for this is that, similarly to the frictionless case

[70], the solution h to (3.2.2)) is in general only attained as a P-a.s. limit

h =y lim z0
n—oo
of a minimizing sequence (Z™)°; of local A-consistent price systems.

In [27, Example 4.1] we also see that, it may happen that the dual optimizer Y =
(?0,?1) as well as its ratio S do not have cadlag trajectories and therefore fail to be
semimartingales. Though we are not in the standard setting of stochastic integration,
we can still define the stochastic integral o .S of a predictable finite variation process
P = ((pt)0<t<T with respect to the ladlag process S = (St)0<t<T by integration by parts;

see . This yields
(@' +9) = / vedS,+ > AP + 3 ABNS -5, (3.34)

O<u<t 0<u<t

The integral (3.3.4] - can still be interpreted as the gains from trading of the self- ﬁnancmg
trading strategy @' = (9} )o<t<7 without transaction for the price process S = (St)()gtST

It turns out that the left jumps AP. of the optimizer @' need special care. The crux
here is that, as shown in (3.3.4), the trades Ap} are not carried out at the prlce S, but

rather at its left limit Su_ We need to consider a pair of processes Y?P = (Yp ’ Y;p No<t<T
and Y = (Y,?, V') o<s<7, that correspond to the limit of the left limits Z" = (Zfo, A
and the limit of the approximating consistent price systems Z" = (Z™°, Z™!) themselves
retrospectively. As shown in [27, Example 4.2], the process Y? and Y_ do not need to
coincide so that we have that “limit of left limits # left limits of limits”.

Like the left limits 2" = (Z™°, Z™"), their limit Y? = (Y??, YP!) is a predictable
strong supermartingale.

In the context of Theorem above, we call Y = (Y?,Y) = (YP0,yP!), (YO, Y1)
a sandwiched strong supermartingale deflator, if

. Y = (V¥ € BYy),
o (YPO Y% and (YP!, Y are sandwiched strong supermartingales,

e the process SP lies in the bid-ask spread, i.e.,
p,1

~ Y,
SP = ﬁ c[(1—NS,_,S,], telo,T].

t
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The definitions above allow us to obtain the following extension of Theorem [3.2.4]
Roughly speaking, it states that the hypotheses of Theorem suffice to yield a shadow
price in a more general “sandwiched sense”.

Theorem 3.3.2. Under the assumptions of Theorem let (Z™)nen be a minimizing
sequence of local \-consistent price systems for the dual problem (3.2.9), i.e.,

E[V(@\(x)Z;D)] Nv(y(z)), asn— .

Then there exist conver combinations Z" € conv(Z™, Z™ ...} and a sandwiched
strong supermartingale deflator Y = (YP,Y') such that

G(a) (200, Z00) = (VPO ¥PY) and () (200, Z0) = (YV2,V)),

TONT

for all [0, T)-valued stopping times T and we have, for any primal optimizer ¢ = (%, §
that
YO 4+ VI3 =Y (2 + 3 - S), (3.3.5)

AN A~ A % ’1 Al
5= (3.5) = (zifz_)
Yyro Yo
and

v+ (p'8), =+ / PuodSu+ Y APLS =S+ > ALELS —Su). (3.3.6)

t
0 O<u<t 0<u<t

where

This implies (after choosing a suitable version of p*(x)) that

{dg™* >0} € {S = 5}, {dg" <0} C {5 =(1-N)S},
{AZ' >0} C {5 =5}, {AP' <0} C {8 =(1-N)S_}, (3.3.7)
{AL3' >0} C{S =S5}, {AL3' <0} C{S=(1-NS}
Proof. See [27, Theorem 3.5]. O

For any sandwiched supermartingale deflator ) = (Y?,Y"), with the associated price
process
ytr y!
v o)
and any trading strategy ¢ € A}(x), we have for the liquidation value V14(p) that

§=(5".5) = (

t
Vthq(gp) <z-+ (gpl . S)t = +/ oledS, + Z Agoi(St — Sg)
’ O<ust (3.3.8)
+ > Ay (S - 5u).
0<u<t
Indeed, it is obvious that a self-financing trading in the frictionless way for a price process
S = (57, 5) taking values in the bid-ask spread is at least as favorable as trading for S
with transaction costs. The relations (3.3.5)) and (3.3.7) illustrate that the agent only
trades, when S = (Sp, S ) matches the bid or ask price.
Let us give some comments on the class of trading strategies competing against !.
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(i) The process ' should be predictable and of finite variation so that the stochastic
integral (3.3.6)) is well-defined.

(i1) Associate to the process ! the process ¢° by
cp?::a:—{—(gpl'gt—goigt, 0<t<T. (3.3.9)
One may check that ¢° is a predictable finite variation process and also satisfies
P=a+ (0" 8),_ -l ST

Therefore, the process ¢ = (¢, p})o<i<r models the holdings in bond and stock
induced by the process ©! considered as trading strategy without transaction costs
onS.

(iii) The natural admissibility condition in the frictionless setting is ¢? 4+ ¢S, > 0,
for all 0 < ¢ < T, which is used in Definition [3.3.1] However, it is shown by
counterexamples in [4, 25, 27] that this notion is too wide in order to obtain a
positive result in the present general context. Instead, we define the admissibility
in terms of the original process S under transaction costs A, i.e.,

V() i= of + ()T (1 = A) Sy — (107) ™S > 0. (3.3.10)

Theorem 3.3.3. Under the assumptions of Theorem([3.3.9, let ¢ be a predictable process
of finite variation, which is self-financing for S without transaction costs, i.e., satisfies

(13.3.9) and is admissible in the sense of (13.3.10)).

Then the process
VO 4+ Vot =Y (x4 (91 = S)), 0<t<T, (3.3.11)
18 a nonnegative optional strong supermartingale and
E[U(z+ (¢' + S)r)] <E[U(z+ @'+ S)r)]
=E[U(3} + 345r)] = B[U(VEY(®))]. (3.3.12)
Proof. See [27, Theorem 3.6]. O

Theorem states that the sandwiched strong supermartingale deflator S = (§p, S )
may be viewed as a frictionless shadow price, if we use a more liberal concept than
Definition 3.3.1]

However, if the solution Z = (20,21)

there is no “loss of mass”, the ratio S :=

B.31

2. .(S) to problem (3.2.1)) exists, i.e., if

c
71 . . . .-
Z is a shadow price in the sense Definition

A

Theorem 3.3.4. (Shadow Price Theorem, [27, Proposition 3.7]). If there is a minimizer
(YO Y1 e B (37(1:)) of the dual problem (3.2.5)) which is a local martingale, then S := %1

0
1s a shadow price in the sense of Definition|3.3. 1,
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Proof. Suppose that (?0, ?1) € B (@\(m)) is a local martingale and hence cadlag. Then
the process (?7’0 YP1) coincides with (}/}0 }A/l) (see Remark |A } and the integral

xz+ ot « S reduces to the usual stochastic integral = + o' . S with S =

YO
Moreover, by Theorem [3.3.2] we have that
}?0¢0+?1 1_ ?0($+901 . §)

Wthh is a nonnegative local martingale and hence a supermartingale for all (go o €
x @ which implies that Y0 is an equivalent local martingale deflator for S without

transaction costs starting at Y = 7(z) and hence Y° € Y (y(x); ) Recall that

V(y; S) = {(Yt>0<t<T >0

Yo=yand V(? 4+ ¢'S) =Y (1 4+ ¢' + 5) is
a cadlag supermartingale for all ¢ € X(1;.5)

Let u(x; §) and v(y; §) denote the value functions of the primal and dual problems,

respectively, in the frictionless market S.

As V0 = U’(th( 2)) and YO0+ V15l = V0 (z+@ S) is a martingale by Theorem
3.2.4(3), we obtain by the duality for the frictionless utility maximization problem, i.e.,
[70, Theorem 2.2], that (¢°, §') € X (x; §) and Y0 € Y (y(x); §) are the solutions to the
frictionless primal and dual problem for S, if §(z; S) = 7(x).

To see the latter, we observe that u(z) = v(y(z)) + zg(x) by Theorem and

therefore by
v(G(x)) + 25(x) = u(z) < u(z;S) <o (G(x);S) + 27(x)
B[V(Y)] + 23(z) = v(§(x)) + 2§(x),

since v(y(z)) = E[V(?TO)} and YO € y(g(x),S‘) Therefore, we obtain y(x; §) = y(z)
and u(z) = u(z; §) O

)

IN

Conversely, it was proved in [27, Proposition 3.8] that if a shadow price in the classical
sense exists, it is necessarily derived from a dual minimizer.

Note that by [63] Proposition 4.19] the existence of an optimal strategy to the fric-
tionless utility maximization problem for S essentially implies that S satisfies
(NUPBR).
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Chapter 4

Shadow Prices for Continuous
Processes

In Chapter [3] we analyzed the duality theory in full generality, i.e., in the framework of
cadlag processes S. In this chapter, we show that the theory simplifies considerably, if we
restrict ourselves to continuous processes S. More importantly, we obtain sharper results
than in the general cadlag setting.

4.1 Simplification of the Duality Theory

There is a pleasant simplification as compared to the general setting. As the price process
does not jump, it does not matter, if one is trading immediately before, or just at a given
time, while in the case of a cadlag process S it does make a difference whether the jumps
of ¢ are on the left or on the right side. If ¢ satisfies the self-financing condition (2.1.1]),
then its left-continuous version ¢! as well as its right-continuous version ¢ also satisfies
. It turns out that the convenient choice is to impose that the process ¢ is right-
continuous, and therefore cadlag. Indeed, in this case ¢ is a semimartingale so that the
Riemann-Stieltjes integrals in may also be interpreted as I[to integrals and we are
in the customary realm of stochastic analysis. Therefore, we define trading strategies as
R2-valued cadlag adapted finite variation processes ¢ = (7, ¢} )o<i<r. But occasionally it
will be convenient also to consider the left-continuous version ¢!, which has the advantage
of being predictable. We shall indicate if we pass to the left-continuous version ¢'. Again
by the continuous of S, trading strategies can be assumed to be optional.

As we deal with the right-continuous processes ¢, we have the usual notational prob-
lem of a jump at time zero. This is done by distinguishing between the value ¢y = (x,0)
above and ¢y = (), ©}). In accordance with we must have

w0 — vo- < —So(ps — o)t + (1 = A)Solg — wo_)~

ie.,
wo < @ — So(pg)™ 4 (1= X)So(pg) ™

Now we adapt the general duality theorem to its special case.
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Let A}(x) be the set of 0-admissible R%-valued adapted cadlag finite variation pro-

cesses , starting with initial endowment (@3 _, ¢l ) = (x,0) and satisfying the self-
financing condition (2.1.1)). Denote by C3(z) the convex subset in LY
Co(x) = {V3(p) | ¢ € Aj(x)}. (4.1.1)

For given initial endowment = > 0, the agent wants to maximize expected utility at
terminal time 7T, i.e.,
E[U(g)] — max!, g € Cy(z). (4.1.2)

Contrary to Chapter [3] where we were forced to consider optional strong supermartin-
gales, in the present setting of continuous S, we may remain in the usual realm of cadlag
supermartingales. Indeed, as the trading strategies is right-continuous, we are allowed
to pass the supermartingale property onto to the Fatou limit as in the frictionless case.
Summing up, the dual optimizer is then attained as Fatou limit under transaction costs
as well, if the price process S is continuous.

Definition 4.1.1. For y > 0, we call a nonnegative process Y = (Y°, Y1) an super-
martingale deflator starting at y, if

() Yo =v.
(1) 5 € [(1 = X)S. 5],
(ii1) YO + Y1l is a nonnegative supermartingale for all p € Aj(1).

We denote by B*(y) the set of supermartingale deflators with Yy = y and by D*(y)
the set of random variables h € LY (Q, F,P) such that there is a supermartingale deflator
(Y2, Y o<i<r € B*(y), whose first coordinate has terminal value Y = h. We denote by
B* and D* the sets B*(1) and D*(1), respectively.

Recall that D* := {Z% | Z € Z},,.(S)}. Now we can state the polar relation between
C; and D>

Proposition 4.1.2. ([30, Proposition 2.9]). Fiz the continuous process S = (S¢)o<i<r and
transaction costs 0 < X\ < 1. Suppose that S satisfies (CPS*) locally for all 0 < p < A.
We then have:

(i) The sets C) and D* are solid, conver subsets of L% (P) which are closed with respect
to convergence in probability.

(1) For g € LY, we have that g € Cj iff we have E[gh] < 1, for all h € D*.
For h € LY., we have that h € D* iff we have E[gh] < 1, for all g € Cy).

(ii1) The set C} is bounded in L° and contains the constant function 1.
(iv) The set D* equals the closed (in probability) convex solid hull of D* in L% (P).

Proof. The proof is analogous to Lemma |3.2.2 However, we should pay some attention,
since ¢ € Aj(1) and Y € B are assumed to be cadlag.

Let (g")nen be a sequence in C) converging in probability to some g € Lg and associate
to each g" the cadlag trading strategy ¢" € A)(1). Following the proof of Lemma
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(1), after passing to convex combinations, we may find a finite variation process ¢ such
that
Plo} — ¢, Vi€ [0,T]] =1.

As we restrict ourselves to continuous process S, we may pass to the right-continuous
version of ¢, denoted again by ¢, which is in AJ(1) and ¢} = g.

For the closedness of D, we use here the classical Fatou convergence for supermartin-
gales as [70, Lemma 4.1]. Take (h"),en in D* converging to some h in probability.
Our goal is to prove that h € D*. For each n € N, associate to h" the cadlag pos-
itive supermartingale (Y0 Y™!) € B* with Y;}’O = h". We are going to construct a
cadlag nonnegative supermartingale (Y Y1) € B* such that Y2 = h. By the positivity,

we may use the Komlds type Theorem |A.1.2| to find convex combinations (h”)neN and

(}7”’1, 37”’1)n€N. More precisely a diagonal argument gives this P-a.s. converging simulta-
neously for (ﬁ”)neN and (}7;"1, ?t”’l)neN for all ¢ from a countable subset 7~ C [0, T'] which
is dense in [0, 7' and contains 0 and 7', i.e., we always take the same convex combinations
for all (V™' Y;”’l)neN, such that

(V1 V7 = (VL YY), as. forall t € T

Hence, Y2 = h™ implies that Y,*° = h" and so Y;°° = h®. As h™ — h in probability
and A" — h> almost surely, we obtain that h* = h almost surely, so h = Y;° Y almost
surely. Therefore, we only needs to show that Y% = Y22 for some (Y°, Y1) € B*.

By the convexity of B, we have that, for each (¢° ¢') € A}(1), the process
WY ™0 4 Y™ s a nonnegative supermartingale. Therefore, by Fatou’s lemma and
the supermartingale property, we obtain that

B[y + ol 7] < B[ lim (4770 + 01 |7

<liminf E [(p?ﬁn’o + oty

n—oo

7|

< liminf (070 + 17

n—oo

= @Y+ oY

s— S

for each s <t with s,t € 7, and so the process ((p?on’o + go%Y;OO’l)teT is a supermartin-

gale over T for each (0%, o) € Aj(1). In particular, (Y;OO’O,Ytoo’l)teT
supermartingale by taking simply (¢°, ') = (1,0) and (¢° ') = (0,1), respectively.
Now, we pass to a cadlag process by

lim (Y20 v, 0<t<T,

()/1507Ytl) = { s\t,SGTOO -
(Y20 vph), t="T.

Clearly, Y2 = h, and Y°(1 — \)S < Y! < Y°S as S is continuous. Using Fatou and
backward martingales we can prove that (¢°Y? + ¢'Y'!) is a supermartingale for each
(0%, ). Indeed, let 0 < s <t <T. As (¢, ') is cadlag, we have

is a nonnegative

< liminf B [0 + plye!
< liminf B [olV™ + 0,1

|
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Let (Sp)nen, be a sequence in T such that so = u and s, N\, s. By the continuity of the
filtration (F;)o<i<7, we have Fy = Fs,. For —m € Ny, define

neNg S
G = ﬂ Fs, and M, = E[(nguoo’O + goiYuoo’l‘Qm]
n=0

Clearly, Gy = Fs, = Fu and G_o, = Fs, and (M,,)m<o is a martingale. By Backwards
Convergence Theorem (see, e.g., [91, Theorem 1.10]), we obtain that

N

lim M, =E

m——0o0

Mo

Hence,

E [0V + @IV} | 7] < liminf B [B [0 + ply=!

uN\t,ueT
0
() Gm

m=—0oQ

7|

7|

= liminf E

Mo
uN\t,ueT

= liminf lim M_,
uN\t,u€T n—00

= lim E [l + oLy

n—oo

34

< Jim 0 V0 + ol v

n=00 n
= oY, + oY
Therefore, (Y°, Y1) € B* with Y = h, so h € D*. O
Define now the dual minimization problem
E[V(h)] — min!,  h € D (y). (4.1.3)

We now can conclude from Proposition that the duality results of portfolio
optimization, as obtained in [0, Theorem 3.1 and 3.2] (Theorem [B.1.20)), carry over
verbatim to the present setting as these results only need the validity of Proposition
Proposition as input. We recall the essence of theses results.

Theorem 4.1.3 (Duality Theorem). In addition to the hypotheses of Proposition
suppose that there is a utility function U : (0,00) — R satisfying AE(U) < 1. Define the
primal and dual value functions as

u(r) = sup E[U(g)],  w(y):= inf E[V(h)],

9eCy (x) heD (y)

and suppose that u(x) < 0o, for some x > 0.
Then, the following statements hold true.

(1) The functions u(x) and v(y) are finitely valued, for all x,y > 0, and mutually
conjugate

v(y)==igg{U(I)—-xy}, u(z) = inf{v(y) + 2y}

The functions u and v are continuously differentiable and strictly concave (respec-
tively, convez) and satisfy

u'(0) = —0'(0) = oo, u'(00) = v'(00) = 0.
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(ii) For all x,y > 0, the solutions g(x) € C)(x) in (4.1.2) and h(y) € DMy) in (E1.3)
exist, are unique and take their values a.s. in (0,00). There are (2°(z), ' (z)) €
A)(z) and (YO(y),Y'(y)) € BNy) such that

Vi(3(x)) = glz) and YR(y) = h(y).

(13i) If x > 0 and y > 0 are related by u'(x) =y, or equivalently x = —v'(y), then g(z)
and h(y) are related by the first order conditions

h(y) = U'(G(x)) and G(z) = —V'(h(y)), (4.1.4)

and we have that R
E[§(z)h(y)] = zy. (4.1.5)
In particular, the process §2(x)Y2(y) + GH(x)Y, (y) is a uniformly integrable P-

martingale.

(iv) We have that

_ : 0
U<y) - (Zovzl)lngvl);c’e(s) E [V(yZT)} :

Remark 4.1.4. The Duality Theorem asserts the existence of a strictly positive dual
optimizer h(y) € D*(y), which implies that there is an equivalent supermartingale de-
flator Y (y) = (Y°(4),Y)'(4)) yc,p € B (y) such that h(y) = Y. We are interested in

the question whether the supermartingale ?(y) can be chosen to be a local martingale.
We say “can be chosen” for the following reason: the dual optimizer }/}(y) is not nec-
essarily unique, especially the the second coordinate ?l(y) (see [98, Remark 6.9] for a
counterexample).

The phenomenon that the dual optimizer may be induced by a supermartingale only,
rather than by a local martingale, is well-known in the frictionless theory (see [70, Exam-
ple 5.1 and 5.1°]). This phenomenon is related to the singularity of the utility function
U at the left boundary of its domain, where we have

U'(0) :=lim U'(z) = oco.

(0) =l U'(2) = o

If one passes to utility functions U which take finite values on the entire real line, e.g.,
U(z) = —e™*, the present “supermartingale phenomenon” does not occur any more
(compare [94]).

4.2 Existence of Shadow Prices under (NUPBR)

In the present context of portfolio optimization under transaction costs, the question of
the local martingale property of the dual optimizer Y (y) is of crucial relevance in view
of the subsequent Shadow Price Theorem. It states that, if the dual optimizer is induced
by a local martingale, there is a shadow price. This theorem essentially goes back to the
work of Cvitani¢ and Karatzas [22]. While these authors did not explicitly crystallize the
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notation of a shadow price, subsequently Loewenstein [75] explicitly formulated the rela-
tion between a financial market under transaction costs and a corresponding frictionless
market. Later this has been termed “shadow price process” (compare also [62] [4] as well
as [011 [44) [43], 17, [55] for constructions in the Black-Scholes model).

We start by giving a precise meaning to this notion.

Definition 4.2.1. In the above setting, a semimartingale S = (gt)ogtST s called a
shadow price process for the optimization problem (4.1.2)), if

(i) S takes its values in the bid-ask spread [(1 — \)S, S].

(i) The optimizer to the corresponding frictionless utility maximization problem
E[U(7)] - max!,  §e€C(x;9), (4.2.1)

exists and coincides with the solution g(x) € C}(z) for the optimization problem

(4.1.2) under transaction costs. In (4.2.1)) the set C(x; S) consists of all nonnegative

random variables, which are attainable by starting with initial endowment x and

then trading in an admissible way the stock price process S in a frictionless way, as
defined in [70].

(1ii) The optimal trading strategy H (in the sense of predictable, §-mtegmble process for
the frictionless market g, as in [10)) is equal to the left-continuous version of the fi-
nite variation process p*(z) of the optimizer (p9(x), p; (z))o<i<r of the optimization
problem (4.1.2)).

The essence of the above definition is that the value function u(a:; §) of the opti-

mization problem for the frictionless market S is equal to the value function u(z) of the
optimization problem for S under transaction costs, i.e.,

u(m,g) = sup_ E[U(g)] = sup E[U(g)] =: u(z), (4.2.2)

gec(z;S) 9eCy (2)

although the set C(x; S) contains the set C;(z) defined in (4.1.1)).

Theorem 4.2.2 (Shadow Price Theorem). Under the hypothesis of Theorem fix
x>0 and y > 0 such that u'(x) = y. Assume that the dual optimizer h(y) equals Z2(y),
where Z(y) € B*(y) is a local martingale under P.

Then the strictly positive semimartingale S .= g;gz; is a shadow price process (in the

sense of Definition |.2.1) for the optimization problem (4.1.2)).

Proof. By hypothesis, there is a local martingale (Z\O(y), El(y)) such that h(y) = Z%(y).
The process S = g;—g;’; then satisfies condition (i) of the above definition, i.e., S €

[(1— NS, 9].

To verify (i7) first observe the economically rather obvious relation
C(x;5) D C)(x). (4.2.3)
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Indeed, every frictionless trade on the process S (which takes values in the bid-ask
spread [(1—X)S, S] is at least as favorable as a trade on S under transaction costs A (where
the agent always gets the less favorable choice between (1 — A)S and S). Therefore,
it is intuitively obvious that any claim, which can be attained by trading in S under
transaction costs A, can also be attained by trading in S in a frictionless way.

More formally, let ¢ = (¢, pl)o<i<r be an admissible trading strategy for the process
S, which is self-financing under transaction costs A. The value process

V, = ©) + gptSt (4.2.4)

gives the value of this portfolio if we evaluate the position ! in stocks using the price

S,. As the process ¢! has finite variation and S is a semimartingale, we obtain by [58]
Proposition 1.4.49]

v, = o' dS, + (dgo? + é}dgpg). (4.2.5)

The increment in the bracket is nonpositive in view of the inequalities (2.1.1)) and the
fact that S takes values in the bid-ask spread [(1 — A)S,S]. On the other hand, consider
the left-continuous version of the process (¢} )o<i<r as a predictable mtegrand for the

semlmartlngale S. For the corresponding value process X; := z + (¢! « S )t we obtain
thatVO—Xo—:cand R

Comparing (4.2.5) and (4.2.6)) we obtain that (X; — ‘Z)ogth is a nondecreasing process
so that X > Vi almost surely. Hence we obtain for the liquidation value

~

v%lq(gp) S VT S XT7 a.s., (427)

which shows the inclusion and therefore the inequality > in (4.2.2]).

We now use the duality results to show the reverse inequlity. By the definition of
S and the assumption that (ZO Zl) is a local martingale, we have that 7S is a local
martingale under measure P, so that A _may be viewed as a strict martingale density
process for the Semlmartmgale S ie., ( ) # (). By Proposition|B.1.21|we have that the
sets C(1;5) and D(1; S) satisfy the assumptions of [70, Theorem 3.2] (Theorem ,
where D(1; S ) is the set of nonnegative random variables g, which can be dominated by
the terminal value Y7 of a supermartingale deflator (Y;)o<¢<r in the frictionless setting.

Now make the crucial observation that we have the following inclusion:

D(y; S) C DM(y), (4.2.8)
Indeed, by Proposition and Proposition [4.1.2] we have the polar relations
D(y; §) = {E €Ly : E[fq'?z] < uxy, forall g€ C(x;g)},
DNy) = {h € LY : E[gh] < zy, for all g € C)(z)}.

We have seen in (4.2.3]) that the reverse inclusion holds true for the primal sets, which

proves (L.2.8).
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Next observe that /ﬁ(y), which is the dual optimizer in the (larger) set D*(y), actually
lies already in the (smaller) set D(y; S ). Indeed, % is the terminal value of a martin-

gale density process for S , hence a terminal value of a supermartingale deflator in the
frictionless setting, i.e., R R
h(y) € D(y; S). (4.2.9)

Looking at the frictionless dual problem

E[V(h)] — min! & e D(y; ), (4.2.10)
and the corresponding dual problem under transaction costs

E[V(h)] — min!  h € Dy), (4.2.11)

we deduce from and - that h a fortiori is the optimizer for (4.2.10)) in

D(y; S ) with respect to the frictionless Settlng. In particular, the dual value functions
v(y) and v(y; §) coincide.

Turning to the primal side, for z = —v/(y) we note that the value function u(z; S) is
finite, since for any § € C(z;S) we deduce form in Theorem and Fenchel’s
inequalities that

9] <E[U(g -HW%W@—ﬁ@ﬂ
= E[U(G(x)) — §(x)h(y)] + E[gh(y)
gv(y)+xy<oo.

Hence, we are in the setting of [70, Theorem 3.2] (Theorem [B.1.20).
We need to show that the Lagrange multiplier y(x;S) coincides with y = /().
Indeed, by the Fenchel’s inequality and the fact that u(x;S) > u(z), we obtain

u(z) = v(y) +zy = v(y; S) + xy > v(G(a; 5); S) + 27(x; S) = u(a; S) > u(x),

which follows that u/(z; ) = (2; 5) = y = /()
From Theorem and [70, Theorem 3.2] (Theorem [B.1.20)) the primal and dual

optimizers are related by the first order condition
glz) = =V'(h(y)), as. (4.2.12)

which shows that the primal optimizer g(z) € C3(z) also is the optimizer to the problem

(21)) in the larger set C(z: S).

Hence, the condition (i7) in the above definition is satisfied.

Now we show the condition (7i7) in the above definition. By Theorem we have
that

(M) gy = (B@Z0 () + 31 (2) 2 (1)) gy

is a martingale. Applying [58, Theorem 1.4.49] we get
AN, = G (2)AZ0y) + B ()AZ} () + 20 (w) (480(x) + BudBh ().
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Note again that by (2.1.1] - the term in the bracket is a nonpositive increment.
The martingale property of M implies that

t
/ Z.(y) (dso“;(x) + Sud@;(x)> =0, as. 0<t<T.
0

Since Z? (y) is strictly positive, we obtain that

/ d@° (x / S, dP. a.s. (4.2.13)
forall0 <t <T.

We now denote by (?[t)0<t<T the left-continuous version of (&} (x)) as a pre-

0<t<T
dictable integrand for S By - Ht Jo<t<T is admissible in the frictionless setting.
For the process @°(z) + @' (z )S we obtain by [58, Theorem 1.4.49] and (4.2.13) that

fie) + @S = o+ [ aglo)+ [ Saglio) + [ Gl s,
=t [ G @as,
0

so that - ~ o~
gla) = @p(z) =z + (PL(x) * S)p =+ (H + 5),.

Since the primal optimizer to (4.2.1)) coincides with the one to (4.1.2)), (ﬁt)OStST is the
optimal strategy to (4.2.1]). O

Remark 4.2.3. Let S be the shadow price process as above and define the optional sets
in Q x [0,7]
Abu — {St st} and A%l = {3} —(1- A)St}.

It deduces from (2.1.1) and (4.2.13) that

/OTda;ms/OT( N8P >—/0 S (2)
g/o Sd“%)—/o SdAlT()—/OTdm),

/T(§u—(1—A)S)dA”( >+/T(S —8,)dgk(z) =0, a.s.

Therefore, the optimizer ¢ = (2%, p') of the optimization problem (4.1.2) for S under
transaction costs A satisfies

{dpi(z) <0} C {3} =(1- )‘)St} ;
{agi@) >0} c {8 =5},

which implies that

47



for all 0 <t < T, i.e., the measures associated to the increasing process ! (respectively,
Ph) are supported by A" (respectively, A*!). This crucial feature has been originally
shown by Cvitani¢ and Karatzas [22] in an It6 process setting. In the present form it is
a special case of [27, Theorem 3.5] (Theorem [3.3.2)).

Proposition 4.2.4. Fiz 0 < X\ < 1 and let S be a continuous semimartingale satisfy-
ing (NUPBR). Under the assumption of Theorem the liquidation value process
associated to the optimizer o = (2}, 8}) \,p

VM= 8+ (1= N(@) 7S — (@) S,
is strictly positive almost surely for each 0 <t < T, i.e.,

inf V9>0, as.
0<t<T

Proof. As shown by Choulli and Stricker [I8, Théoreme 2.9] (Theorem [B.1.6] compare
also [63], 69] 100}, 10T]), the condition (NUPBR) implies the existence of a strict martin-
gale density for the continuous semimartingale S, i.e., a (0, 00)-valued local martingale
Z such that ZS is a local martingale. Note that (‘Zliq) o<i<r 18 @ semimartingale as we
assumed ¢ to be optional and cadlag, which makes the application of 1t6’s lemma legiti-
mate. Applying [t6’s lemma to the semimartingale 7 Vlid and recalling that ¢ has finite
variation, we get

d(Z, V') = Z, [d3) + (1 = N Sd(@})+ — Sid(3})7]
+ @) dZ+ [(1 =N (@) = (31) 7] d(Z:Sy).

By (2.1.1} - ) the increment in the first bracket is nonpositive. The two terms dZ; and
d(Z;S,;) are the increments of a local martingale. Therefore the process Z Vi is a local
supermartingale under P. As Z Vlia > 0, it is, in fact, a supermartmgale

Since Zp is strlctly positive and the terminal value V s strlctly positive almost

surely by Theorem , we have that the trajectories of ZVla are strictly positive
almost surely, by the supermartingale property of ZV14, This implies that the process
Vlid js strictly positive almost surely. O

Proposition 4.2.5. Fix 0 < A < 1. Under the assumptions of Theorem (where
we do not impose the assumption (NUPBR)), suppose that the liquidation value process
V() associated to the optimizer § = (27, 2;)
each 0 <t <T. R R L

Then the dual optimizer h(y) is induced by a local martingale Z = (Z0, Z})o<i<r-

0<t<T is strictly positive almost surely for

Proof. Fix y > 0 and assume without loss of generality that y = 1. We have to show that
there is a local A-consistent price system 7 = (Zt ; Z o<t<T With Zg =1 and Z% = h
where h is the dual optimizer in Theorem u for y = 1.

By Proposition £.1.2] (iv), we know that there is a sequence (Z")nen of local M-
consistent price systems such that

lim Zn0 > h a.s.

n—o0
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By the optimality of h we must have equality above. Using Lemma we may as-
sume, by passing to convex combinations, that the sequence (Z"),cn converges to a
supermartingale, denoted by Z , in the sense of .

By passing to a localizing sequence of stopping times, we may assume that all processes
Z™ are uniformly integrable martingales that S is bounded from above and bounded away
from zero, and that the process ¢ is bounded.

To show that the supermartingale 7 is a local martingale, consider its Doob-Meyer
decomposition

dZ° = dMP — dA, (4.2.14)
dZ} = dM} — dA!, (4.2.15)
where the predictable processes A° and A are nondecreasing. We have to show that
A° and A! vanish. By stopping once more, we may assume that these two processes are

bounded and that M° and M 1Aare true martingales.
We start by showing that A° and A' are aligned in the following way:

(1—)S,dA? < dA! < S,dAY, (4.2.16)

which is the differential notation for the integral inequality

T T T
/ (1—)\)St1DdA§§/ 1DdA}§/ Si1pdAY, (4.2.17)
0 0 0

which we require to hold true for every optional subset D C Q x [0,7]. Turning to
the differential notation again, inequality m may be intuitively interpreted that

2?0 takes values in the bid-ask spread [(1 — \)S;, Si]. The proof of the claim (4.2.17)) is

formalized in the subsequent Lemma below.

The process V, = @020+ 31 7 is a umformly integrable martingale by Theorem m
By Ito’s lemma and usmg the fact that @ is of finite variation, we have

AV, = §_(dM] — dA)) + §}_(dM; — dA}) + Z0dP] + Z}dp,
Hence, we may write the process \A/t as the sum of three integrals
t t
U=+ / (Z0a + Z%azy) + / (B0_ab} + 3L_at})
0 0

_ /Ot <<ﬁ?hdA0 + 3L dA1>

The first integral dAeﬁnes a nonincreasing process by the self-financing condition ([2.1.1])
and the fact that % takes values in [(1 — \)S,, S,]. The second integral defines a local
martingale.

As regards the third term, we claim that

t
/ (gﬁg_dAg + @t_dAi) (4.2.18)
0
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defines a nondecreasing process. As Vis a martingale, this will imply that the process

(4.2.18]) vanishes.
We deduce from (4.2.17)) that

t

t
/ (70-ads + 3,_dAl) = / (B0-as + 8, _dAL) Lz <o)
0 0 .
Jr/ <9/52—dA0 +(70u dA ) {3L_ >0}
0
t
> [ (B B8 16
0
t
[ @+ B 1= 08 1 iR
0

t
= / V(@) d AL,
0

As we have assumed that the liquidation value V19(@) almost surely satisfies that

inf th( p) >0, a.s.,
0<t<
and the process A° is nondecreasing, the vanishing of the process in implies that
AP vanishes. By (4.2.16 m the processes A° and A! vanish simultaneously.
Summing up, modulo the (stlll missing) proof of (4.2.17] m, we deduce from the fact that
V is a martingale that A° and A' vanish. Therefore, Z° and Z' are local martingales. [J

In the above proof of Proposition we have used the following consequence of the
Fatou-limit construction of Follmer and Kramkov [41l, Lemma 5.2]. (Compare also [29,
Proposition 2.3] for a more refined result.)

Lemma 4.2.6. Let (Z"),en be a sequence of [0,00)-valued (cadlag) supermartingales
Z" = (Z])o<t<r, all starting at Z§ = 1. There exists a sequence of forward convex
combinations, still denoted by (Z")nen, a limiting (cadlag) supermartingale Z as well as
a sequence (T, )nen of stopping times such that, for every stopping time 0 < 7 < T with
P[r =7,] =0, for each n € N, we have

Z; =P — lim Z7, (4.2.19)

n—oo

the convergence holding true in probability.

Proof. In [29, Theorem 2.7] it is shown that there exists a (ladlag) optional strong su-
permartingale Z = (?t>0§tST such that, after passing to forward convex combinations of
(Z™)nen, we have

Z,=P— lim Z", (4.2.20)

n—o0

for all stopping times 0 < 7 < T. We shall see that the cadlag version of Z then is our
desired supermartingale Z. We note in passing that Z is the Fatou-limit of (Z™),en as
constructed by Follmer and Kramkov in [41].

Indeed, we may find a sequence (7, ),en Of stopping times exhausting all the jumps of
Z. Therefore for a stopping time 7 avoiding all the 7,, we have Z, = Z, so that in this

case (4.2.20]) implies (4.2.19). O
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Lemma 4.2.7. In the setting of Proposz'tion let A\O, A be the bounded, predictable
processes in (4.2.14)) and (4.2.15)), and let 0 < o < T be a stopping time. For e > 0,
define

TE::inf{tza:%:l—l—eorl—e}. (4.2.21)

g

Then
(1—e)1— /\)SUE[/TSE - fxg\fa} < E[@E iy

Fs
A] R (4.2.22)
< (1+2)S,B| A, - 4

7|
Before aboarding the proof we remark that it is routine to deduce (4.2.17)) from the

preceding lemma.

Proof. The processes A° and A! are cadlag, being defined as the differences of two cadlag
processes. Hence, we have

E [EL A

fa} - 1imE[Zi Y
5\0 e+6 [
Fix the sequence (Z"),en of local martingales as above. It follows from that

we have for all but countably many ¢ > 0, that (Z),en converges to 275 in probability.

The bottom line is that it will suffice to prove (4.2.22)) under the additional assumption

that (Z7)nen and (Z7 )nen converge to Z, and Z,_ in probability and — after passing once

more to a subsequence — almost surely.
To simplify notation we drop the subscript € from 7.. We then have almost surely
that

A

lim (200~ 73%) = (20— 22) = (30 - 12) — (A2 - Y. (4.2.23)
n—oo
lim (2 — Z) = (Zi - Z;) — (Mj - M;) - (Ai - A},) . (4.2.24)
n—oo

We also have that
lim Tim B [ (220 = Z7°) 10 gposcy|Fo| =B[22 = A

o
C'—00 n—00

]—"0] , (4.2.25)

holds true a.s., and similarly

lim lim B [(Z00 = Z0) 1 gy | 7] = B[4 - A

o
C'—00 n—00

Indeed, we have for fixed C' > 0

fg] . (4.2.26)

0=E[Z" - Z!°|F,]
=B {(Zf’o - 25") 1{2?*072;’020}‘}—0} +E {(Zf’o - 7;") 1{vaofzg’o<0}’}—a} :

Note that
lim Tim B [(Z20 = Z3°) 1 gpo_gno-cy|Fo| =B |20~ 22

C—00 n—00 g

7|

) [212 — A0

AP
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where the last equality follows from (4.2.23)). We thus have shown (4.2.25]), and (4.2.26))

follows analogously.

We even obtain from (4.2.25)) and (4.2.26) that

lim lim E [Zf’ol {Z;z,ozc}’./_"g} _E [22 )

C—00 n—o0

Fg] (4.2.27)

and

C—00 n—o0

lim lim E [2;1711 {Zf,lzc}’fg} _E [ﬁi .

Fg] (4.2.28)

Indeed, the sequence (Z™°),cy converges a.s. to 22 so that by Egoroff’s Theorem it

converges uniformly on sets of measure bigger than 1 — 4. As we condition on F, in

, we may suppose without loss of generality that (Z7°),cy converges uniformly

to to Z2. Therefore, the terms involving Z™° in disappear in the limit C' — oo.
Finally, observe that

% €[(1=NS, 8] C[(1—e)(1 = N)Ss, (1+¢)S,].

Conditioning again on F,, this implies on the one hand

lim Tim B |22 sy |, | = E[AL = A}

C—o00 n—o0

and on the other hand
E[A\i B A\clr‘fo} . .
— — = lim lim —5
E[A?_ _ Ag‘fa} C'—00 n—00 E[ZT’ 1{Z¢’OZC}"F0}
el1l—e)(1=X)S,, (1+¢)S,],

E[Z»11 (2950 EA

T

which is assertion (4.2.22]). O]

Remark 4.2.8. We note that we do not need the strict positivity of V19(3) in the above
lemma.

Summing up, we have that

Theorem 4.2.9. Fiz the level 0 < A < 1 of transaction costs and assume that the
assumptions of Theorem plus the assumption of (NUPBR) are satisfied. To resume:
S = (Si)o<t<r is a continuous, strictly positive semimartingale satisfying the condition
(NUPBR) of “no unbounded profit with bounded risk”, and U : (0,00) — R is a utility
function satisfying the condition of reasonable asymptotic elasticity. We also suppose that
the value function u(x) is finite, for some x > 0.

Then, for each y > 0, the dual optimizer /f;(y) m Theorem is induced by a local
martingale 7 = (Z?, Ztl)ostST- Hence, by Theorem|4.2.2 the process S = g—; s a shadow
price.

Following the proof of Proposition we may obtain the following properties of
primal and dual optimizers, similarly as in Theorem [3.3.2]
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Proposition 4.2.10. Under the assumptions of Theorem [4.1.5, let (Z")nen be a mini-
mizing sequence of local A-consistent price systems for the dual problem, i.e.,

E[V(yZ;’O)] N v(y), as n — 0o,

where y = u/(x).

Then, there exists a sequence of convex combinations, still denoted by (Z™)pen, a
lzmztmg cadlag supermartingale Y as well as a sequence (Tp)nen of stopping times such
that YT = h and we have

Y, =P — lim yZ",

n—o0

for every stopping time 0 < 7 < T with P[r = 1,] =0 for each n € N, and

{dp; > 0} C { St},

4.2.29
{do; <0} C {St:(1_A)5t}, ( )

“<>|“<>

for any primal optimizer p = (2°, @), where S =X This implies that

Y0@0+Y190 —Y0x+g0 @
Proof. By the first step of Proposition 4.2.5) we may find a limiting supermartingale
deflator (Y°,Y') € BMy) with Y, = h and V;, = POV + 31V} is a uniformly integrable
martingale for each primal optimizer @ = (@°, $') by Theorem m

By Ito’s lemma (see [58, Proposition 1.4.49]) and using the fact that @ is of finite
variation, we obtain

t t
V= oy + / (Yu‘)d@g n YJd@i) + / (ﬁ;,dMg n @;,dM;>
0 0

— /Ot (@g_dAD + 3L dA1>

where Y0 = V04 M?— A% and ¥;! = V! + M} — A! denote the Doob-Meyer decomposition.
The first integral defines a nonincreasing process by the A-self-financing condition
(21.1) and the fact that Z: takes values in [(1 — A\)S,,S,]. The second integral de-

70
fines a local martingale. By (4.2.16)) we may deduce that the third integral defines a
nondecreasing process.

As V' is a martingale, this imply that the first and the third integrals vanish,

t t
0= [ (Foage+Tidgh) = [ 72 (agt+ 5udzL)
0 0

Since Y is strictly positive, by following the proof of Theorem we see that the
assertion (4.2.29) holds true.
Using It0’s lemma again it follows that

2o~

‘Zzﬁo(@t+¢t5t) = (-T‘F 3) +Rt>

23



where R; is a nonpositive nonincreasing process given by

t t
R, ::/ d@?ﬂr/ S, dpt
0 0

t t t t
_ / e / (1= N)Sudaht + / G,dpbt — / G dpht
0 0

0 0
t t
_ / (8, — S.)d@M + / (1= NS, — S.)dg+.
0 0

It follows from (4.2.29) that R; = 0 almost surely. O]

4.3 Two Counterexamples

The assumption of S satisfying (NUPBR), which is the local version of the customary
assumption (N F LV R), is quite natural in the present context. Nevertheless one might be
tempted (as the present authors originally have been) to conjecture that this assumption
could be replaced by a weaker assumption as used in Proposition [.1.2] i.e., that for
every 0 < pu < A there exists a u-consistent price system, at least locally. Unfortunately,
this idea was wishful thinking and such hopes turned out to be futile. In this section
we show that the assumption of (NUPBR) in Theorem cannot be replaced by the
assumption of the local existence of p-consistent price systems, for all 0 < p < 1.

Proposition 4.3.1. There is a continuous, strictly positive semimartingale S = (St)o<t<T
with the following properties.

(i) S satisfies the stickiness property introduced by Guasoni in [49]. Hence, for every
0 < p <1, there is a p-consistent price system.

(11) For firzed 0 < A < 1 and U(x) = log(x), the value function u(x) is finite so that by
Theorem there is a dual optimizer Y = (Y2, Y,') € B*.

(i1i) The optimizer Y fails to be a local martingale.

In fact, there is no shadow price in the sense of Definition[{.2.1], i.e., no semimartin-
gale (St)o<t<r such that S takes its values in the bid-ask spread [(1 — X\)S, S| and such

that equality (4.2.2)) holds true.

Remark 4.3.2. The construction in the proof will yield a nondecreasing process S which
will imply in a rather spectacular way that S does not satisfy (NUPBR).

We start by outlining the proof in an informal way, banning the technicalities into
the Appendix. First note that, for logarithmic utility U(z) = log(z), the normalized dual
optimizer % does not depend on y > 0; we therefore dropped the dual variable y > 0
n (i) and (éi7) above.

Let B = (B:)i>0 be a standard Brownian motion on some underlying probability
space (2, F,P), starting at By = 0, and let F = (F;);>0 be the P-augmented filtration
generated by B. For w > 0, define the Brownian motion W™ with drift, starting at
Ws' = w, by

WP :=w+B,—t, t>0.
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Define the stopping time
¥ :=inf{t >0 | W* <0}

and observe that the law of 7% is inverse Gaussian with mean w and variance w? (see
e.g. [92, 1.9]).
For fixed w > 0, the stock price process S = Sv is defined by

Spi=e"" >0, (4.3.1)

Let us comment on this peculiar definition of a stock price process S: the price can
only move upwards, as it equals the exponential function up to time 7%; from this moment
on S remains constant (but never goes down).

It is notationally convenient to let ¢ range in the time interval [0, 00]. To transform
the construction into our usual setting of bounded time intervals [0, 7], note that 7% is
a.s. finite so that the deterministic time change u = arctan(t) defines a process S, =
Sarctan(y Which can be continuously extended to all u € [0, Z]. We prefer not to do this
notational change and to let T = oo be the terminal horizon of the process S = (S;)o<t<oo
and of our optimization problem.

Fix transaction costs A € (0, 1), the utility function U(x) = log(x), and initial endow-
ment x = 1. We consider the portfolio optimization problem , ie.,

E[log(g)] — max!, gecy. (4.3.2)

The superscript w pertains to the initial value W’ of the process W* and will be
dropped if there is no danger of confusion.

We shall verify below that S admits a p-consistent price system, for all 0 < p < 1,
and that the value (4.3.2)) of the optimization problem is finite.

Let us discuss on an intuitive level what the optimal strategy for the log-utility op-
timizing agent should look like. Obviously she will never want to go short on a stock S
which only can go up. Rather, she wants to invest substantially into this bonanza. For
an agent without transaction costs, there is no upper bound for such an investment as
there is no downside risk. Hence S allows for an “unbounded profit with bounded risk”
and the utility optimization problem degenerates in this case, i.e., u(z) = co.

More interesting is the situation when the agent is confronted with transaction costs
0 < A < 1. Starting from initial endowment = = 1, i.e., (¢3_, ) ) = (1,0), there is an
upper bound for her investment into the stock at time ¢ = 0, namely % many stocks.

This is the maximal amount of holdings in stock which yields a nonnegative liquidation
value V(). Indeed, in this case (¢§,b) = (1 — %, 1) implies that V%) =1 — L +
(1-— )\)i =0.

This gives rise to the following notation.

Definition 4.3.3. Let ¢ = (¢, 0} )o<i<oo be a self-financing trading strategy for S such
that @) + ¢} Sy > 0. The leverage process is defined as

1
Py Sy
L (90) = ) =
' O + i S
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The process L;(¢) may be interpreted as the ratio of the value of the position in stock
to the total value of the portfolio if we do not consider transaction costs. We obtain from
the above discussion that the process L;(y) is bounded by % if v is admissible, i.e., if

V' (p) = of + (1 — Ny S, > 0,

for t > 0.

What is the optimal leverage which the log-utility maximizer chooses, say at time
t = 0?7 The answer depends on the initial value w of the process W*. If w is very small,
it is intuitively rather obvious that the optimal strategy @ only uses leverage Lo(®) = 0
at time t = 0, i.e., it is optimal to keep all the money in bond. Indeed, in this case 7"
takes small values with high probability. If the economic agent decides to buy stock at
time ¢ = 0, then — due to transaction costs — she will face a loss with high probability,
as she has to liquidate the stock before it has substantially risen in value. For sufficiently
small w these losses will outweigh the gains which can be achieved when 7 takes large
values. Hence for w sufficiently small, say 0 < w < w, we expect that the best strategy
is not to buy any stock at time ¢ = 0.

Now we let the initial value w range above this lower threshold w. As w increases
it again is rather intuitive from an economic point of view that the agent will dare to
take an increasingly higher leverage at time ¢t = 0. Indeed, the stopping times 7" are
increasing in w so the prospects for a substantial rise of the stock price become better as
w Increases.

The crucial feature of the example is that we will show that there is a finite upper
threshold w > 0 such that, for w > w, the optimal strategy ¢ at time ¢ = 0 takes mazimal
leverage, i.e., Lo(p) = % In fact, the optimal strategy @ will then satisfy L;(p) = % and
therefore V"4(3) = 0 as long as ¥ remains above the threshold .

Lemma 4.3.4. Using the above notation there is w > 0 such that, for w > w, the
optimizer % of the optimization problem (4.3.2)) satisfies

1
Lo(3) = ~.
More precisely, fiv w =w + 1, and define o := inf{t > 0| W <w}. Then
1
Lu(@") = 1. (4.3.3)

for0<t<o.

For 0 <t < ¢ we then may explicitly calculate the primal optimizer

B=(-Pep(t), @ =tep((G-11) (4.3.4)
and the dual optimizer
}’}to = exp ( — %t), }//\;1 = exp ((1 — %)t), (4.3.5)
so that o
S, = % =S, (4.3.6)



for0<t<o.
Admitting this lemma, we can quickly show Proposition [£.3.1] The crucial assertion
is that there is no shadow price S.

Proof of Proposition[{.3.1. Using the above notation fix w = w + 1 and drop this super-
script to simplify notation.

(1) We claim that the process S has the stickiness property as defined by Guasoni
[49, Definition 2.2]: this property states that, for any € > 0 and any stopping time o with
Plo < oo] > 0, we have, conditionally on {o < oo}, that the set of paths (St)t>r, which

do not leave the price corridor (=S, (1 + €)S,], has strictly positive measure. By [49,

Corollary 2.1] the stickniss property implies no arbitrage under transaction costs p for
each u € (0,1). Together with Theorem we have that, for the continuous process
S, the stickiness property of Y implies that S verifies (CPS*) for all 0 < p < 1.

To show the stickiness property simply observe that, for each 6 > 0 and each stopping
time o such that Plo < 7] > 0, we have

Plo <7, |t —0| <d]>0.

Indeed, given o such that Plo < 7] > 0, i.e., W has not yet reached zero at time o,
(Wi)i>o will hit zero with positive probability before more than ¢ units of time elapse.

(i7) For fixed 0 < A < 1 and ¢ € A}(z), we observe that V(¢) < zexp (3). As 7
has expectation E[r] = w, we obtain that

u(z) <E [log (x exp (%))} = log(z) + %E[T] = log(x) + % < 00.

Hence, by Theorem m there is a dual optimizer Y € B*.

(#44) Lemma [4.3.4] provides very explicitly the form of the primal and dual optimizer
@ and Y, respectively, for 0 < t < ¢. In particular, Y is a supermartingale, which fails
to be a local martingale.

We now turn to the final assertion of Proposition [£.3.1 We know from Theorem [3.3.3]
~ o1
that the process S; := }% is a shadow price process in a generalized sense. By (4.3.6)) we

t
have §t =S5, for0<t<o.
Let us recall this generalized sense of a shadow price as stated in Theorem [3.3.3} for
every competing finite variation, self-financing trading strategy ¢ € Aj(r) such that the
liquidation value remains nonnegative, i.e.,

Vi9(p) = @) + (0) (1= NS — ()8 > 0, (4.3.7)
for all 0 <t < T, we have
E@(m+@h§%ﬂgEﬂU@#@w}zm@. (4.3.8)
Here

t
(¢‘@fﬁﬂwwﬁ, 0<t<T,
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denotes the stochastic integral with respect to the semimartingale S. -
This generalized shadow price property does hold true for the above process S = X—
by Theorem [3.3.3] In fact, as everything is very explicit in the present example, at least
for 0 <t < o, this also can easily be verified directly.
But presently we are considering the shadow price property in the more classical sense
of Definition where we allow ¢! in to range over all predictable S-integrable

processes which are admissible only in the sense
z+ (¢ S), >0, (4.3.9)

for all 0 <t < T'. This condition is much weaker than (4.3.7)).
Clearly S is the only candidate for a shadow price process in the sense of Definition

. But as S only moves upwards, for 0 < ¢t < o, it can certainly not satisfy this
property. Indeed, the left-hand side of (4.2.2) must be infinity:

sup E[U(g)] = . (4.3.10)
gec(x;9)

For example, it suffices to consider the integrands p' = C1jo - to obtain (o' §)T =
C(Sy — Sp) = C(e” — 1). Sending C' to infinity we obtain (|4.3.10)).
This shows that there cannot be a shadow price process S as in Definition m O

Remark 4.3.5. The construction of Proposition uses the Brownian filtration F? =
(FP)i>0, while the natural (P-augmented) filtration F = (F;);>0 generated by the price
process S = (St)>0 is much smaller. Fortunately, this discrepancy of the filtrations may
be avoided. Let us define

t
Gy ::/Wffdu, t>0,
0

where (W),>0 is defined above. Note that the process G generates the Brownian filtra-
tion F®. Also note that the process G is increasing up to time 7. We may replace the

process S; = €™ in the construction of Proposition by the process
Sy i=-exp ((t+ Gy A (T4 Gr)).

The reader may verify that S also has the properties claimed in Proposition and
has the additional feature to generate the Brownian filtration up to time 7.

Let us now prove Lemma [4.3.4]
Consider the price process (S;")i>o as in (4.3.1). Fix proportional transaction costs

A € (0,1) as well as real numbers ] and ). We consider the problem
E[log (VA% ¢")] —max!,  (¢%¢") € A3 (0, @0), (4.3.11)

where .A(’} (o8, pp) denotes the set of all self-financing and admissible trading strategies
(¢Y, ') under transaction costs A starting with initial endowment (], ). If we do not
need the dependence on w explicitly, we drop the superscript w in the sequel to lighten
the notation and simply write W, 7, S and A} (45, ©5).
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Proposition 4.3.6. Fiz w > 0. For all (©3,0}) with V4¢3, pb) > 0, there exists an
optimal strateqy = (2, P} )o<t<oo to problem (4.3.11)) and we have that

u(gp, 0p) = sup E[log (V¢ ¢"))]

(0%,01) €A (00,08)

= inf inf  {B[—log(yZ%) — 1] + yB[Z000 + Zip} t .
31/20{(20,21?623(5){ [ —log(yZy) — 1) +yE(Zgeo + 0900]}}

Proof. Since U(z) = log(x) has reasonable asymptotic elasticity, S = (S;)o<i<oo Satisfies
the condition (C'PS*) for all pu € (0, 1) by Proposition [4.3.1] (i), the assertions follow from
the general static duality results for utility maximization under transaction costs as soon
as we have shown that u(¢), p)) < oo; compare [32] and Section 3.2 in [11].

For the latter, we observe that

V3@, 0') < (0 + o) exp(37)
and 7 has an inverse Gaussian distribution with mean E[7] = w, which implies
u(p, ) < log(h + ) + 3 E[7] = log(pg + p) + Fw < o0,
hence the proof is completed. O

In order to show Lemma [4.3.4) we define the value function v(l, w) on [0, 1] x [0, c0)
by
v(l,w) := sup E|[log (Vﬁ?@o, )],
() €AY (1-1,0)

where (%, p') € Aé’w(l —1,1) ranges through all admissible trading strategies starting
at (0,05 ) = (1—1,1). We shall see that, for fixed w, the function v(l,w) is decreasing
in [: indeed, one may always move at time ¢ = 0 to a higher degree of leverage; but not
vice versa, in view of the transaction costs A.

Lemma 4.3.7. For fized 0 < A\ < 1. The value function v : [0, 5] x [0,00) = RU{—o0}
has the following properties:

(1) v(l,w) is concave and nonincreasing in 1 for all w € [0,00) and v(l,0) = log(1 — Al).

(2) v(l,w) is nondecreasing in w for all l € [0, 1].

(3) v is jointly continuous and v(l,w) = —oo if and only if (l,w) = (1,0).
(4) v satisfies the dynamic programming principle, i.e.,

U(la w) - sup E [lOg (@9-“’/\0 + 9071'1”/\0571'1}‘”/\0) + U<LTw/\U(<lD)7 W:’}”/\U)}

(001 AT (1-1,0)

for all stopping times o.

'With continuity at —oo defined in the usual way.
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(5) There exists a nondecreasing, cadlag function { : [0,00) — [0, 5] given by
((w) :==max {l € [0,5] | v(l,w) =v(0,w)} (4.3.12)
such that

(i) v(l,w) = max ] v(k,w) for alll € [0, ¢(w)].

ke [O,i

(it) v(l,w) is strictly concave and strictly decreasing in | on (((w), 1].

Proof. (1) As
A (1 — (ph + (1= p)lz), (pl + (1~ M)l2)> CpAy (1= b, h) + (1= ) Ay (1 = Iy, o)

for all Iy, 1, € [0, %] and p € [0, 1], the concavity of v(l,w) in [ follows immediately from
that of log(z) and V; (4%, ¢'), as log(x) is nondecreasing.

If I} < Iy, the investor with initial endowment (), ¢}) = (1 — {1,{;) can immediately
buy (Iy — ;) units of stock at time ¢ = 0 for the price Sy = 1 to get (¥, ph) = (1 —1la,15).
This implies that A)(1 — I1,1;) 2 AJ(1 — Iy, l5) and therefore v(ly, w) > v(ly, w).

The assertion that v(l,0) = log(1 — Al) follows immediately from S° = 1.

(2) As 1 < 7%2 for all 0 < w; < wy and hence S} < Sy for all ¢ > 0, it is clear
that v(l,wy) < v(l,wy).

(3) The continuity of the function v(-,w) : [0,1] = RU {—oco} for fixed w > 0 on
(0, %) follows immediately from the fact that any finitely valued concave function is on
the relative interior of its effective domain continuous. At [ = 0, it follows from the fact
that v(-,w) is concave and nonincreasing.

The argument for the continuity at [ = % is slightly more involved. To that end, let
An € (0,1) such that A\, /X and consider for any n € N the optimization problem

E[log (V2" (¢°,¢"))] — max!, (%, b)) € Am (1 —1,1), (4.3.13)
where
V2r (0%, 0") i= 0l + (0h) H(1 = An) St — (ko)™ SEe

denotes the terminal liquidation value with transaction costs A, and A)"" (¢9, ¢}) the set
of all self-financing and admissible trading strategies (©°, ') under transaction costs A,
starting with initial endowment (3, ©}). By Proposition the solution @" (I, w) =

(801, w), (I, w)) to EBIF) exists for all (,w) € [0, 1] x [0,00) \ {(:,0)} and

n € N. So we can define the functions v™ : [0, ﬁ} x [0,00) = RU{—o0} for n € N by

V" (Lw) = sup E[log (V;}U”’w(goo,gol))],
(@0 )eAy™ ™ (1-1,0)

that can by Proposition be represented as

v"(l,w) = inf inf ) {E[-log(yZ7) — 1] +y (1 — I+ E[Z)]) } . (4.3.14)

y>0 (70 z1\ezin (S
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As Z2(S) C ZM+1(S) and |2, Z2(S) is L'(R?)-dense in Z}(S) and closed under
countable convex combinations by martingale convergence, we have by (4.3.14)) and in
[70, Proposition 3.2] that

" (1 w) N\ v(l w) (4.3.15)
for all (I,w) € [0, 5] x To see that ( also holds for (I,w) = (3,0), choose

(20, Z” 1) = (1,1 )\n) E Z’\”(S) Then

" (%,O) < 31lr>1£{ log(y) — 1+y(’\_/\’\")} < —log (ﬁ) — —00,

as n goes to infinity. Hence, we have for each w € [0,00) a sequence of continuous,
nonincreasing functions v"( -, w) : [0, %] — R that converges pointwise to the function
(-, w) : [0, %] — RU{—o0} from above and this already implies that v( -, w) is contin-
uous at ;.
Indeed, let ,, € (0, %) such that [, % and choose, for ¢ > 0 and w > 0, some n € N
such that
0< v”(%,w) — v(l w) <eg

and then m(e) € N such that
0 < 0" (L, w) —v"(5,w) <e
for all m > m(e). Since v"(l,,, w) > v(l,,, w), we have that
0 <v(ly,w)—v (%,w) < 0" (L, w) — 0" (%,w) + " (%,w) —v (%,w) < 2

for all m > m(e), which proves the continuity at [ = § for w > 0. For w = 0 and
N € N, choose n € N such that v"(5,0) < —N and then m(N) € N such that 0 <
V" (L, w) —v"(5,w) < 1 for all m > m(N). Using the same arguments as above, we then

obatin that v(l,,,w) < —N + 1 for all m > m(N), which implies that

lim v(l;,,0) = —o0

m—oQ
and therefore the continuity of v(-,0) at | = 3

For the proof of the continuity of v(l,w) in w, we observe that v(l, w) is continuous in

[ for each fixed w € [0, 00) and nondecreasing and hence Borel-measurable in w for each
fixed | € [0, 5]. Therefore, v(l,w) is a Carathéodory function (see [I, Definition 4.50])
and hence jointly Borel-measurable by [I, Lemma 4.51]. Combining the first part of the
proof of [12, Theorem 3.5] with [12, Remark 5.2] this implies that

U(la ’U}) S sup E|:10g (()0?'“1/\0 + 9071'1”/\0571'11”/\0)
(€001 Ay ™ (1-L1) (4.3.16)

1
S0‘1"‘”/\0'S7'w/\cr ‘/‘/w
+ U(g@ SY ‘rw/\a>:|

Tw/\0'+<p WAeYTW A

for all stopping times o, where we use the joint measurability of v(l,w) to replace the
upper semicontinuous envelope of the value function V* by the value function V itself
(both in the notation of [12]).
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For 0 < w; < wy, we then have by (4.3.16) that
0 < wv(l,ws) — v(l,w)

< sup E [log (g9 + vne”) + v(Lo(p),wi)] — v(l, wr)
(90,01 )EAy 2 (1-10)

<E[§ +v(mie=y w1)] — ol wn)

with o := inf{t > 0 | W;** = wy}, where we used that L(P(l,w2)) < + and v(l,w) is
nonincreasing in . As o has an inverse Gaussian distribution with mean E[o] = (wq —w)
and variance Var[o] = (wy — w;)?, we can make v(l,wy) — v(l,w;) arbitrary small by
choosing wy sufficiently close to w; using the continuity of v(-,w;), which proves the
continuity of v(l,w) in w from above.

To prove the continuity of v(l,w) in w from below, consider the stopping time p :=
inf{t > 0 | W/ = wy}. Then

0 <wv(l,ws) — v(l,w)
< o(l, w) — EH log (1+1(e” — 1)) +v (m wz) }1{@;} (4.3.17)

+ {log(3 — 1) + log(7 A 1)}1{p>£}]

for all € > 0 again by (4.3.16)), as
log (V" ¢")) = log(5 — 1) +log(r A 1)

for (¢°, ¢') = (1 -1, %). Now, since

Plp>e] <P | sup Bu<w2—w1—|—5] =P {|Z| < w2_—w1+1
0<u<e \/g
by the reflection principle for some normally distributed random variable Z ~ N(0,1),
we can make the right-hand side of (4.3.17)) arbitrarily small by choosing € = wy — wy
and w; sufficiently close to wy using the continuity of v( -, wsy).

Having the continuity of v(l, w) in [ and w separately, the joint continuity follows from
the fact that v(l,w) is nonincreasing in [ for fixed w and nondecreasing in w for fixed .
Indeed, fix (I,w) € (0,%) x [0,00) and € > 0 and let 0 < I; <1 < Iy < 5 be such that

lo(l',w) —v(l,w)| < e
for all I € [ly,15). Now choose w; < w and wy > w such that
0 <wo(ly,w) —ov(lg,wy) <e and 0 < v(ly,ws) —v(ly,w) <e.

Then
v(l',w') —o(l,w) < o(ly,we) —v(l,w) < 2

and

v(l,w) —o(l',w') < ov(l,w) —v(ly,wy) < 2
for all (I';w') € [ly,lz] x [wy,ws], which gives the joint continuity. If [ = 0, the joint
continuity follows by simply choosing I; = 0 in the above and, if [ = % and w > 0,
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5. To prove the joint continuity for (I,w) = (3,0), observe that there
exists for any N € N some w; > 0 such that v(3,w;) < —N and [; < § such that
v(ly,wy) — v(5,wr) < 1. Then v(l',w') < =N + 1 for all (I';,w’) € [l1,5] x [0,w] and

hence v(l,w) is also jointly continuous at (I,w) = (5,0).

by setting I, = +

1
)\7

(4) As the value function v(l,w) is jointly continuous, it coincides with its lower semi-
continuous and upper semicontinuous envelope. Therefore, the dynamic programming
principle follows from the weak dynamic programming principle in [I2], Theorem 3.5]
using [12, Remark 5.2] and observing that the set of controls does not depend on the
current time.

(5) Because v(l, w) is continuous and nonincreasing in [, the set {k € [0, 1] | v(k, w) =
v(0,w)} is a compact interval and so we can define ¢(w) for all w > 0 via .

By the joint continuity of v(l,w), we obtain that the function ¢ : [0,00) — [0
upper semicontinuous and hence cadlag, as it is also nondecreasing.

Indeed, suppose by way of contradiction that there exists a sequence (w,) in [0, %]

such that w, — w and lim,,_,, {(w,) =: k > ¢(w) along a subsequence again indexed by
n. Then

1

’X] 1S

lim v(€(w,), wy) = v(k,w) < v(l(w),w)

n—oo
by the joint continuity of v and the definition of /(w). But this yields a contradiction, as
we also have
lim v((w,), w,) = lim v(0,w,) = v(0,w) = v({(w),w)
n—oo n—o0
again using the definition of ¢(w) and the joint continuity of v.

To see that ¢(w) is also nondecreasing, denote the optimal strategy to problem
for (¢),¢) = (1 —1,1) and Wy = w by 3(l,w) = (2°(l,w),$*(l,w)) and consider
0 < w; < wy. Then @(K(wg),wQ) satisfies Lt(@(K(wg),wg)) > l(wy) for all t < o :=
inf{t > 0 | W/"? = w, }, as we could otherwise construct a better strategy for the investor
trading at S"2 and starting with (), ¢f) = (1 — €(ws), {(w2)). For this, we observe that

AL() = Lul) (1 — La()) Lo + 2D gat — LAV A= ALlR) oy

Pt Pt

which implies that we can always trade in such a way to keep the leverage L;(¢) = ¢(wy).
For ¢(wq) > 1, we buy stocks at the rate

doiT = —of (1= Ly()) 1o dt

and for £(w;) < 1 we sell at

—dip; = —wi%luo,fﬂdt‘
This gives
dlog (] + @1 Sr) = L(w1) 1 -dt
and
dlog(g? + 9L81) = f(wn) —— 4 Lpo,rpdt
T—M(wy) 5
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—1_{\;(’201) > 1 for {(wy) < 1, we obtain by part (4) that the strategy

o = (" 0") € AGU(1 — (ws), ((wy)) that keeps Li() = Li(@(C(wy), ws)) V £(wy)
for all t < o and then continues with @(¢(w:),w:), if Ly(@(€(ws), wa)) < € wr), or

o~

go(f(wg), w2), if Lt(@(ﬁ(w2), wg)) > ((w), yields a higher expected utility, i.e.,

respectively. As

E[log (V4(¢"¢")] > B log (Vi (2° (€(ws), w2), & (¢lws). w02)) )|

As v(l,w) = v({(w),w) for I € [0,(w)] and v(l,w) < v({(w),w) for I € (¢(w), 1], it
follows from the concavity of v({,w) in I that v(l, w) is strictly decreasing in l on ({(w), 5]
This implies that

gl w) = VY G (L, w), ' (L w)) # V7@ Iz, w), B (12, w)) =t g(l2, w)

for £(w) < l; <ly < + and hence the strict concavity of v(l,w) in l on ({(w), 1], as

po(ly, w) + (1 = po(ly, w) = pE[log (g(h, w))] + (1 — p)E[log (g(ls, w))]
< E[log (ug(li,w) + (1 = p)g(la, w))]
<wv(ph + (1= plp,w)

for all 4 € (0,1) by Jensen’s inequality. O

Lemma 4.3.8. Let { : [0,00) — [O,ﬂ be an increasing function (no left- or right-
continuity is assumed). Recall that the optimizer p = ($Y, 01 )i>o is right-continuous and
that we have to distinguish between Qo_ and Q.

If
P | inf (L) — (W) < 0| >0, (4.3.18)

0<t<r
then there are stopping times 0 < o1 < 09 and a > 0, such that Ploy < 09 < 7] > 0 and
Li(p) < (W) —« on Joy, 09].

Proof. Assuming (4.3.18)), there is € > 0 such that o := inf{t > 0 | L,(p) < ((W;) — &}
satisfies Plo < 7] > 0. To see that o is a stopping time, we observe that it is the first
hitting time of the progressively measurable set {(w,t) | Ly()(w) < {(W;(w)) —€}. By
the cadlag property of @ we have

L(@) = lim l(w) —e

on {o < 7}. Now we distinguish two cases.
Case 1: Let A := {w | £ has a continuity point at W, } and

P[A, o < 7] >0. (4.3.19)
Define 01 := 014 + 00l 4. and the Borel-measurable function é(w) by

_ sup {|w' — w| ’ {(w') > l(w) - 5}
2

d(w) :
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so that 6(W5) > 0 on AN{oc < 7} and l(w') > {(w) — £ for every w' > w — §(w). As
regards the process L;(p) let

o:=inf{t >0 | Li(P) > L, (P) + £}.

We cannot deduce that L,(®) < L,($)+5, as Ly($) may have an upward jump at time o.
To remedy this difficulty, we may use the fact that the stopping time p is predictable, as
every stopping time in a Brownian filtration is predictable (see e.g. [84, Example 4.12]).
We therefore may find an increasing sequence (0,)52; of announcing stopping times, i.e.,
0, < o and lim,,_, 0, = 0, almost surely. As o > o; on A we may find n such that

P[{o, > 01} N A] > 0. For this n, we may define
oy :=inf{t >0 | W, < W, — (W)} ANop AT

on AN{o, > o1} and 400 elsewhere. Then 1 < 09 on A and oy, 09 and a = 5 satisfy
the assertion of the lemma.

Case 2: If fails, there must be one point w € (0,00) with lim,, ~g {(w) <
lim,\ 4 ¢(w) such that P[W, = w] > 0. For each real number w > w, we define the
stopping time o by

o =inf{t > o | W; = w}.

We may find w > w which is a continuity point of ¢ and sufficiently close to w such that
Plo" < 7] > 0. We may then proceed as in Case 1 by letting oy := ¢, which completes
the proof. O

Proposition 4.3.9. The optimal strateqgy p = (2, 9} )10 is determined by the nonde-
creasing function £ : [0, 00) — [0, i] in (4.3.12) in the following way:

(i) (2})o<t<r is nondecreasing while (2?)o<i<, is nonincreasing and satisfies

dp; = —Sidp; = —e'dpy, 0<t<r.

(ii) (P} )o<t<r 18 the smallest nondecreasing process such that

1t
Li(p) = — > 0W,), 0<t<r. (4.3.20)
1+ [, PLetdu

Proof. (i) This follows immediately from the following fact: As S is strictly increasing
on [0, 7], any strategy selling stock shares before time 7 sells them at a lower price and
hence has a smaller liquidation value at time 7 as the strategy not selling stock shares
before time 7.

Here is the formal argument. Let (0°, ¢!) € Aj(¢3, 05) and ' = @} + bT — bt the
Jordan-Hahn decomposition of (! into two nondecreasing processes p'" and ¢!+ starting
at 0. Define a strategy (¢, ') € A} (45, 05) by
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Then,
VI, ") = ] +/ (1= NS, dplt —/ Sudey + (02)T(1 = X)S: — (1)~ S-
0 0

<ob— [ Sl + e+ o)1 NS, = (b o),
0
= V;_liq(s’b'()7 &1)7

since p < @! = ! + pht and S is nondecreasing and therefore

[ = N8ude + ()Ta- N8, - ()78, < @) - Vs,
0
for 1 > 0 and
| a=nsuaek - b s <~ @,
0
for gL < 0.

(i) That (£} )o<i<r is a nondecreasing process such that L,(p) > £(W;) for 0 < t <
7 follows immediately from part (i) above and by combining Lemmas 4.3.7| and [4.3.8
Indeed, suppose that

P{inf (Le(P )—E(Wt))<0} > 0.

0<t<r

Then there exist two stopping times o7 and o3 and o > 0 such that Ploy < 03 < 7] >0
and L;(p) < (W) — « on ]oy,02]] by Lemma [4.3.8, Therefore, we can define a strategy
@ such that ¢ = @ on [[0,01] and L;($) = L(p) + « on o1, 02]. Then,

E[log(@g2 + {5},2502) + U(LUQ(QZ), Waz)}

—E [/002 Li(p)dt + ooy — 01) + U(LOQ(@, Wgz)}
=v(l,w) + aE[og — 01] > v(l, w)

by part (4) of Lemma since Ly, (p) < Loy (9) < U(W,,) and v( -, W,,) is constant
on [0,¢(W,,)]. But this contradicts the optimality of & by part (4) of Lemma [4.3.7]

To see that AL(p) = ¢(W) — L_(p), assume by way of contradiction that there exists
a stopping time o such that P[A] > 0 for A := {AL,r(®) > {(Wynr) — Lonr—(p) > 0}.
Then we have

V(Lonr (@), Wonr) = v(Lopr—(B) + ALopr(3), Wonr)
U(Lo/\’r—<$) + (K(WGAT> - LO’/\T— (@))7 Wg/\T)

(E(WG'/\T) ) WU/\T)

A

on A, as v(l,w) is strictly decreasing on ({(w), 5]. But this contradicts the optimality of
@ by part 4) of Lemma [4.3.7 Indeed, the strategy (2°, @') € A} (3, ¢b) given by

~ AN E WO’ T 922 T— +{5(17 T—GOAT AN
A%t = 1. oar[dP; + Lionr] ( (Worr) (Zor A ) _ Ponr—

eUAT
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and d@? = —Sdp' satisfies Ly(p) = Li(P) on [0,0 A 7] and Loa, (@) = €(W,p,) and
therefore yields

v(l,w) =E [log (9/0\2/\7- + @17/\7-50/\7) + 0 (Loar(#), Wa/\r)}
< E [lOg (952/\7 + @é/\TSU/\T) +v (La'/\‘r((ﬁ)a WO'/\T):| )
where we used that @0, + @b\ Sonr = Ponr + PiprSonr. Since Ly() > (W) for all
0 <t < 7, this proves AL(p) =4{(W) — L_(p).

Let € A)(), o)) be the solution and ¢ € A)(¢h, »}) be the strategy such that
(@1 )o<t<r is the smallest nondecreasing process with L;(p) > (W;) for all 0 < ¢ < 7.
Define a nonnegative predictable process (¢t)0§t<r of finite variation by ¢, := L(®) —
L($) and suppose by way of contradiction that

>0 (4.3.21)

P [ sup @Zt > e
0<t<r
for some € > 0 or, equivalently, that P [7. < 7] > 0 for the stopping time
=inf{t>0|¢ >e}AT.
Next observe that

ALy(@) > t(Wy) — Li_(p) = AL(p)

for all 0 <t < 7, since L;(p) > Li(p) > K(I/Vt) forall 0 <t < 7 and L( p) and L(p) also
only jump upwards. This implies that ¢t is continuous, where ¢t ¢t wt denotes the
Jordan-Hahn decomposition of 1, and therefore that L, (p) =L, (9)+e¢.

Now consider the trading strategy ¢ € A}(19, p}) such that ! = @' on [0, 7.] and
buys the minimal amount to keep L(p) > ¢(W;) on |7, 7] and dp® = Sdp'. Define,
similarly as above, a nonnegative predictable process (;)o<¢<- of finite variation by 1 :=
Li(®) — Li(¢) and the stopping times

Tep = inf{t > 7. | Yy > h} AT, h >0,

that satisfy L, ,(p) = L., (¢) +hon {7, < 7} and 7.5 \( 7 for h \, 0 on {7. < 7},
since ¢! is again continuous. Then we have by the optimality of » and by the part (4)
of Lemma [4.3.7 that

E ([ (Lo(@) = Lu())ds + 0(Lr., (8), Wr,)) = 0(Ln, (9), W)
h

on {7. < 7} for all h > 0. On the other side, we have

F.
] >0 (4.3.22)

Te

B[ (L(@) - L) ds| F..|

lim

< 1 —_ et
BN h — }lll\IS%E [(7-&7’1 Ta)l‘FTe] 0

on {7. < 7} by Lebesgue’s dominated convergence theorem and

E [U (LTa,h (©), Wrgyh) — U(LTs,h((p); WTs,h) |f7’5} -
h <
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on {7. < 7}, since L,_,(P) — L., (¢) =hon {1, <T}. As

/ . v(l,w) - U(l - h7w)
v-lhw) = h

is as the infimum of continuous functions upper semicontinuous and
LTE (@) = LTE (éb/) + € Z g(WTé‘) + €

on {7. < 7}, we obtain by Fatou’s lemma that

lim B [v’_ (L. (), W)

on {7. < 7}, which is a contradiction to (4.3.22)) and hence (4.3.21)). ]

The following result is the crucial property of the function ¢.

‘F’Te:| <l (LTE (30)7 W’Te) <o (E(WT

€

)+e, W) <0

Lemma 4.3.10. There is W such that {(w) = 5 for all w > w.

Proof. Suppose to the contrary that ¢(w) < % for all w > 0. It is straightforward to
check that lim,, . f(w) = %

The basic idea is now to construct a strategy p that yields, for sufficiently large
Wy = w, a higher expected utility than the optimal strategy ¢ and hence a contradiction
proving the lemma.

For this, we define the strategy @ in the following way: We start with (@9, 7)) =
(1 = §,3), i.e., with maximal leverage Lo(p) = 5, continue to leave (@?,%;) constant
until the stopping time

o:=inf{t >0 | Li(p) = Li(P)}

and trade such that L,(p) = L,(p) after time p. Note that the strategy ¢ only trades
at time t < 7, if L;(p) = £(W,), by part (ii) of Proposition and Ly, (@) > L, (),
if L;)(®) > L (p) and @ does not trade between ¢; and ¢y for 0 < ¢, < ¢; < 7, which
follows by a direct computation. Combing both we obtain that L,(®) > Li(p) > ¢(W})
for 0 <t < pand L,(®) = L,(p) =¢(W,). Using the decreasing function

starting at f(0) =  and satisfying f(t) = L;(@) for 0 < ¢t < p and the “obstacle function”

b(t) =1 (f(1))

then allows us to rephrase the definition of ¢ as ¢ = inf{t > 0 | W; = b(t)}. Here £71()
denotes the right-continuous generalized inverse.

As b : (0,00) — (0,00) is nonincreasing and satisfies lim;\ o b(t) = oo, we obtain a
sequence (a,)%; of nonpositive numbers with >~ a, = oo by setting a, := b(27") —
b(2~"*1). Hence we may find, for any ¢ > 0, a number n such that

ca, > 274, (4.3.23)
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as €Y o0 ay = Y oo ga, < 327 274 < oo would lead to a contradiction otherwise.

Now we estimate
Plo>2""" | p>27"

with Wy = w,, = % +b(27"™) which becomes small, if 2 ® becomes small. By [#.3.23 (4.3:23)

we have

2—n/2 —n/4
el e

so that by elementary estimates on the Gaussian distribution, we have that
Plo>2"" | p>2""] <6277, (4.3.24)
for a pregiven 6 > 0. To see this, observe that

Plo > 27"+1] P[Wy-ni1 < b(27n+1)]

Plo>27""]p>27" = 4.3.25
o | o ] Plos 2] , ( )
P| sup W, <b(2™)
0<u<2-"
where we can estimate the probabilities on the right-hand side separately.
As
P| sup W,<b2™)| >P| sup B, <b2™")— wn] :
0<u<2-" 0<u<2-"
we obtain by the reflection principle that
P| sup W,< b(2_”)] >1—-P| sup B, >b27")— wn]
O<u<2—n 0<u<2-"n
a 1 a
—1-2P By > 2| =1-P |2 "
= [l 1235 n/?}
for a standard normal distributed random variable Z ~ N(0,1) and therefore
2~ n/2 2
P| sup W, <b2™)|>1- (2 > >1— (2e27%) (4.3.26)
0<u<2-" ap

by applying Chebyscheff’s inequality with E[Z?] = 1.
For € > 0 sufficiently small such that aie‘l < %, we have

a a
— 2 4 2(ca,)t < =2,
5 +2(ea,)* < 1

Hence for the second probability we obtain
P [Wy-nir <b(27")] =P [By-nir < 527" —w, +27"H]
< P [By-nir < 027" — w, + 2(cay,)’]

P [\/2—n+1z < —% + 2(5%)4}

IN
w

{Z 4\f2n/2]_ D"AJW/Z]
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with a standard normal distributed random variable Z ~ N(0,1). Then, applying again
Chebyscheff’s inequality this time with E[Z8] = 105 gives

—n/2
P Wyt <b(27)] < % . 105(4¢§)8(2a >8 (4.3.27)
1 8 8 —2n __, 1 —2n ;
<3 (105(4x/§) 3 ) 2 = g0z

Plugging (4.3.26)) and (4.3.27)) into (4.3.25) then yields (4.3.24)) after choosing € small

enough such that
P

N | —

sup W, < b(2")] >

0<u<2—"n

On the set {o < oo} we can estimate the positive effect of the strategy @ on the value
function by

B[ (log (V. %")) — log (V2. 8) ) Lio<oet

2B [ [ (L0) - L3 ds1 0|

27774
> E / (L5(¢> — Ls(a))d81{2n<9§2n+1}] .
0
Using that
0 — < -n = ) = -n(©@
Jdmax Lu(@) = max (W) < (((27) = f(27) = Lan(7)

on { supycy<on Wiy < b(27")} and that

PR2"<o<2"=Plp>2"]-(1-Plp>2""]p>27"]) > -Plp>27"]

DO | —

and

P| sup W, <b2™)

0<u<2—"n

by (4.3.26)) for sufficiently large n, we get

N | —

B|(log (V7" 7")) — log (V)*(#".3") ) 1<)
> [0 G - s (ple> 2

As
f&) =12z min (= f@W)@7" =)

for s € [0,27"] and f'(u) = f(u)(1 — f(u)) satisfies
—f') 2 3f0)(£(0) = 1) = 3%

70

[



for all u € [0,27"] by continuity of f for sufficiently large n, we obtain that
E [(log (Vi(#",7Y) —log (VI3 ) ) Lipewt] = 2 Plo> 27 (4.3.28)

for sufficiently large n with c¢; := %% (% — 1) > 0.
For the estimate of the negative effect of the strategy ® on the set {p = oo}, we
observe that, if V14(2% ') > 1, then

L<VA@,8) <146 (1= NS — 1) <1+5((1 = NS —1) = V1@, 7)),
since p; < g = % for all 0 <t < p, and therefore
log (V:(@, %)) — log (1;(2", ")) > 0
on {o = oo, VI9(3% p') > 1}. Hence, it is sufficient to consider {o = oo, V14(3%, 3') <
1}, where we can estimate the negative effect of @ as follows:
o (VI9(2°, 1) — 1o (V19(3°, )

> log (V42" %")) =log ((5 — (" — 1))

>log ((+ —1)7) >1log ((5 — 1o A1),
where o ;= inf{t > 0| W} <0} <7 for W3 =1. As

0>E[log((+ —1)oAl)]

A
= [ s (29) () e (527
0

= —C > —0Q,

we obtain for the negative effect that
E|(log (V97" %) —log (VI(7°, ) ) 1{pen) | = —2Plo=0c].  (43.29)
Combining and then gives
B| log (V;(7", %)) — log (V(3", 8") | = 2 *Plo > 27" = ;P[0 = o]
and finally
E[log (Vi@ 9")) —log (V& @1))] > (1 — 0)27"Plo> 27" > 0

by (4.3.24)), as 6 can be chosen arbitrarily small. O]

We finish this section by considering a variant of the example constructed in Propo-
sition 4.3.1, The predictable stopping time 7 used in the above example will now be
replaced by a totally inaccessible stopping time.
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The main feature of this modified example is to show that, for a continuous process

S, it may happen that S = % is a shadow price in the sense of Definition [4.2.1] but fails
to be continuous.

Consider the first jump time 7 of a Poisson process (N;):>o with parameter a > 0.
It is exponentially distributed with parameter o > 0, so that E[7%] = a~!. The stock
price process S = S¢ is defined by

Similarly, as in the previous example, the price moves upwards up to time 7%, and then
remains constant. As information available to the investor we use the P-augmented
filtration F5" = (ES&)tZO generated by the price process S = (Sf‘)tzo.

For fixed transaction costs A € (0,1) such that A < a~!, and initial endowment z > 0,
we consider the portfolio optimization problem (4.1.2)) with logarithmic utility function,
ie.,

E [log (¢9)] — max!, g €C(x). (4.3.30)
Proposition 4.3.11. The process S has the following properties.

(i) The price process S* satisfies the condition (CPS") for all p € (0,1), but does not
satisfy the condition (NUPBR).

(11) The value function u(x) is finite, for x > 0.

(11i) The dual optimizer Y € B is induced by a martingale Z and therefore Theorem

4.2.2 implies that S = % is a shadow price in the sense of Definition |4.2.1|.

(iv) The shadow price S fails to be continuous. In fact it has a jump at time t = 7¢.

Again, we start by arguing heuristically to derive candidates for primal and dual opti-
mizer. Then we shall verify, using the duality theorem, that they are actually optimizers
to the primal and dual problem, respectively.

Since S can never move downwards, it is rather intuitive that the agent will never
go short on this (see Proposition for a formal argument), hence the leverage process
is always positive, i.e., X

©i St
Li(p) = 20+ oIS, > 0.
By the memorylessness of the exponential distribution and the properties of U(x) =
log(z), the optimal leverage should remain constant on the stochastic time interval [0, 7°].
Under transaction costs A > 0, the upper bound for the leverage L;(ip) is % as above,
which is the maximal proportion of holdings in stock to the total wealth such that the
liquidation value is nonnegative.

Fix ¢ € [0, 3]. Starting with initial endowment (¢_, ¢j_) = (x,0), we buy z shares,
Le., (9087 90(1)) = ((1 - E)Z‘,EZL‘) R

Now we are looking for an optimal leverage ¢. From the A-self-financing condition, we
have

—dyp] = e'dpy,
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for 0 <t < 7%, where the agent will never sell stocks. As the leverage L;(¢) remains
constant on [0, 7], we obtain

(1= O)pye’ = 4},
for 0 <t < 7¢. Solving the equations above with initial conditions from initial investment

(0, o) = (1 = O)z, L),

we obtain the explicit form of a A-self-financing trading strategy with constant leverage
¢ and initial investment ((1 — ¢)x, {x)

(@ et) = (1= Qe Lwel11)
on [0, 7], which yields that the liquidation value at time 7¢ is
VA0, 1) = (1 — eXN)ze’™.

Hence, the expected utility is

f0)=E [log (VI (", @1))} = E [log ((1 — t\)ze™)]
= log(z) + log(1 — £X) + £.

Maximizing over ¢ € [0, %], we get the optimal leverage

1—al
A

Therefore, the educated guess for the optimal strategy is

(@), (ﬁtl) = ((1 — @)xe“,&ce“’l)ﬁ

= (e exp (1520 15 e (5220) )

(= v 0.

for 0 <t < 7% At 7* the portfolio may be liquidated so that (@2, 3}) = (Vfaq(@, 0) for
t > 7. This yields as candidate for the value function u(x)

u(z) = log(x) + log(1 — IX\) + ﬁ = log(z) + log(a\) + 1;3)\,

which satisfies u(z) < u(x).

Remark 4.3.12. We see that / converges to %, as a goes to 0. For a small o > 0, 7¢ takes
big values with high probability. It is rather intuitive that in this case the agent will
dare to take higher leverage. For a big a, 7* takes small values with high probability.
In this case, if the agent would decide to buy some stocks, she will face a loss with high
probability, as she has to liquidate the stock before it has substantially risen in value.
Let us continue our heuristic search for the dual optimizer 7 and the shadow price
71
=Z
As for a Poisson process (N;)i>o and u < 1 the process

exp (log(1 — w)N; + uat), ¢>0
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is a martingale, we use the following ansatz to look for the dual optimizer, where u,v < 1
are still free variables.
Set

Z2aps = exp (log(1 — u)Nyaps + ua(t% A 1)),

ZYon = exp (log(1 — v)Nyapy + va(T® At)),

~ 1

S, = % = exp (NTQM log (1=2) ) exp ((v —w)a(r* A t)).

TYNE

By the definition of 7%, we have

3 _ exp((v — u)at), if0<t<r
P Eexp ((v—uwar®), ift>rTe

In order to be a candidate for a shadow price, S should satisfy

g {5 if0<t<re,
T (1= NS, ift > 7

therefore the parameters u and v should solve the following equations

. . . o 1 o 1 1
Solving the equations above, we obtain u =1 — =% and v =1 + - — =5 so that

2= (&)™ exp (o= 1) (77 A1)
Zhi= (5" e (1o 1) (7 AD)

S =(1- )\)NTO‘“eTQM.

I
“NO>|“N>
=R

This finishes our heuristic considerations. We shall now apply duality theory to verify
the above guesses.

Proof of Proposition[4.3.11. (i) Consider the process Y; := log(S) = ¢t A 7. For all ¢,
T > 0 and all stopping times o such that P[o < 7¢] > 0, we have that

P| sup [Vi-Y,|<e o<t =Pt —0<elo<1Plo <7 >0,
tefo, o]

since 7 is exponential distributed. Therefore the process log(Sy) is sticky, see [49,
Definition 2.2], which implies by [49, Corollary 2.1] the absence of arbitrage of S under
e-propositonal transaction costs, for all € > 0. This is equivalent to (C'PS*) for all u > 0,
by [51, Theorem 2].

Since P[r® > 0] > 0 and trajectories of S are strictly increasing on [0, 7], the simple
buy and hold produces an obvious immediate arbitrage in the frictionless market, which
shows the violation of (NFLV R).
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We now show that the process S allows for an unbounded profit with bounded risk,
i.e., there exists an v > 0, such that for all C' > 0, there exists predictable S®-integrable
strategy H such that

(H+S%):>—-1 as. Vtel[0,1] and P[H+*S)r>C]>7.

Indeed: We consider the horizon T' = oo. This is only done for notational convenience,
since 7% is almost surely finite, so that almost all paths are eventually constant. Choose

one v € (0,1). Let C' > 0 arbitrary. Choose one M > % Let us consider a simple
buy and hold strategy H; := M1 ], which give

(He+S8),=ME"™M~-1)>0>—1,

and

P[(H+S)p >C]=P[M(" —1)>C] =P |:,7_a > log (M]\; C)}

M+C M \“
=exp | —alog i =\irz¢ > 7.

Hence, the above assertion follows.

(i) For fixed 0 < A < 1 and ¢ € A}(z), we observe that V14(¢) < wexp (T-). As 7@
has expectation E[7%] = a~!, we obtain that

u(z) <E [log (a: exp (%))] = log(z) + +E[7%] = log(x) + =5 < 0.

Hence, by Theorem m there is a dual optimizer Y €B.

As regards (iii) and (iv) note that (Z°, Z!),;so is P-martingale. Since (29, Z}) ;>0 is
strictly positive and satisfies
71
(1= < = <8
t
for all t > 0, it defines a A-consistent price system.
For § := @'(z) = %, we have

257
1

(@) < E[ — log (52%) — 1} - E {log <%$e(“‘i)”>} 1

= log(z) + log(aX) + 221 — 1 = a(z) — 2y

[0}

< u(zr) — xy.
Combining this inequality with the trivial Fenchel inequality v(y) > u(z) — zy, we obtain
u(x) — 2y = u(z) — 2y = v(y),

in particular u(z) = @(x). From Theorem [4.1.3} ($?, 3} );>0 is indeed an optimal strategy

of the problem defined in (#.3.30), and (Z?, Z});>o is a dual optimizer, which is a P-
martingale. According to Theorem , it follows that S is a shadow price. O
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4.4 Shadow Prices for Fractional Brownian Motion

We continue the analysis pertaining to the existence of a shadow price process for portfolio
optimization under proportional transaction costs. That is, a price process such that
the solution to the frictionless utility maximization problem for this price process gives
the same optimal strategy and utility as the original problem under transaction costs.
We established in Theorem [£.2.9] a positive answer for a continuous price process S =
(Si)o<i<r satisfying the condition (NUPBR) of no unbounded profit with bounded risk.
The assumption of (NUPBR) implies that S has to be a semimartingale. Therefore,
our result does not yet apply to price processes based on fractional Brownian motion
B = (B )o<i<r such as the fractional Black-Scholes model

Sy =exp (ut +oB/'), 0<t<T, (4.4.1)

where 4 € R, o > 0 and H € (0,1)\{3} denotes the Hurst parameter of the fractional
Brownian motion B . In this section, we combine a recent result of Rémi Peyre with a
slight strengthening of our existence result in Theorem to fill this gap.

In order to formulate the main result, we still need the following notation, which was
introduced by Christian Bender [2] as a generalization of continuous martingales. Rémi
Peyre [89] showed that fractional Brownian motion enjoys this property.

Definition 4.4.1. Let X = (X;)o<t<r be a real-valued continuous stochastic process and
o < T a stopping time. Define

op:=inf{t >0 | Xy — X, >0} AT,
o_=inf{t>0|X;— X, <0}AT.

Then, we say that X satisfies the condition (TWC') of “two way crossing”, if o, = o_
a.s.

(TWC) is a condition on the fine structure of the paths, which means whenever the
process moves from X, it will cross the level X, infinitely often in time intervals of length
¢ for each € > 0.

In the subsequent theorem, we observe that it is sufficient for the conclusion of The-
orem to assume that the price process satisfies the condition (TWC') instead of
assuming (NUPBR).

Theorem 4.4.2. Let U : (0,00) — R be a strictly concave, increasing, smooth utility
function, satisfying the Inada conditions,

U'(0) =00, U'(c0) =0,

and the condition (RAE) of reasonable asymptotic elasticity

L xU'(x)
AE(U) = hirlsogp e

Fix transaction costs A € (0, 1) and a continuous process S = (Si)o<i<r satisfying (TWC).
Suppose that

< L (4.4.2)

u(z) ;== sup E[U(V%iq(go))} < 00 (4.4.3)

PEAY ()
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for some x > 0, where A)(x) denotes the set of all A-self-financing and admissible trading
strategies © = (22, V) o<i<r under transaction costs starting with po = (x,0) and Vy4(p)
their liquidation value at time T.

Then, the conclusion of Theorem[{.2.9 holds true. In particular, there exists an opti-
mal trading strateqy @ = (2Y, @} )o<i<t and a shadow price S = (Si)o<i<r-

Proof. We observe that, for continuous price processes S = (S;)o<i<r, the condition
(TWC) of two way crossing implies the no obvious immediate arbitrage condition
(NOIA) locally. It follows by Theorem that S satisfies locally the condition
(CPS*) of existence of a p-consistent price system for each p € (0,1). Therefore, the
assumptions of Theorem are satisfied and there exists an optimal trading strategy
0 = (8%, ¢} )o<t<r that attains the supremum in as well as a supermartingale
deflator Z = (ZO, Z\tl)ogtST that solves the dual problem.

To obtain the existence of a shadow price S = (S\t)ogtST for problem (4.4.3)), it is by
Theorem sufficient to show that the dual optimizer 7 = (2\?, Zsl)OStST is a local
martingale. By Proposition this follows as soon as we have that the liquidation
value '

V(@) =8+ ()T (1= NS = (@)
is strictly positive almost surely for all ¢ € [0, 77, i.e.,
inf V'Y@) >0, a.s. (4.4.4)

0<t<T

To show (4.4.4)), we argue by contradiction. Define
0. = inf {t e 0,77 | Vi9(p) < g}, (4.4.5)

and let o := lim.\oo.. We have to show that ¢ = oo, almost surely. Suppose that
P[0 < oo] > 0 and let us work towards a contradiction. .

First observe that V19(3) = 0 on {0 < oo}. Indeed, as (V;hq(@))
have that

o<t<T 19 cadlag, we

0< VIZ) < V() <0

on the set {o < oo}.

So suppose that V14(3) = 0 on the set {0 < oo} with P[o < o] > 0. We may and
do assume that S “moves immediately after o”, i.e., 0 = inf{t > o | Sy # S,}. Indeed,
we may replace o on {o < 0o} by the stopping time o, = o_, which satisfies 0. < T on
{0 < 0o} almost surely as V(@) > 0 almost surely.

We shall repeatedly use the fact established in Theorem that the process

V= (@?Zto + @tthl)ogtST
is a uniformly integrable P-martingale satisfying Vi > 0 almost surely.

Firstly, this implies that 3! # 0 a.s. on {0 < co}. Indeed, otherwise Z0VI4(3) =
‘70 =0on {0 < o0}. As Visa uniformly integrable martingale with strictly positive
terminal value I7T > 0, we arrive at the desired contradiction.

We consider here only the case that > > 0 on {0 < oo} almost surely. The case
@) < 0 with strictly positive probability on {0 < oo} can be dealt with in an analogous
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way. Next, we show that we cannot have S =(1- )\)S with Strlctly positive probability
on {o < oco}. Indeed, this again would imply that ZOth( o) = V., = 0 on this set which
yields a contradiction as in the previous paragraph.

Hence we assume that S, > (1—\)S, on {o < co}. This implies by Proposition
that the utility-optimizing agent defined by @ cannot sell stock at time o as well as for
some time after o, as S is continuous and S cadlag. Note, however, that the optimizing
agent may very well buy stock. But we shall see that this is not to her advantage.

Define the stopping time o,, as the first time after ¢ when one of the following events
happens

(i) Si— (1 =NS < 1(S, = (1=))S,) or
(ii) Sy < S, — L.

By the hypothesis of (TW (') of two way crossing, we conclude that, a.s. on {o < 0o}, we
have that p,, decreases to o and that we have S,, =S, — %, for n large enough. Choose n
large enough such that S,, = S, — 1 on a subset of {o < 0o} of positive measure. Then
V;};q((ﬁ) is strictly negative on this set which will give the desired contradiction. Indeed,
the assumption ! > 0 implies that the agent suffers a strict loss from this position as
Sy, < Sy. The condition (i) makes sure that the agent cannot have sold stock between o
and g,. The agent may have bought additional stock during the interval [o, 0,]. However,
this cannot result in a positive effect either as the subsequent calculation, which holds
true on {S,, = S, — £}, reveals

ligr~ _ =0 ~1
V(@) = &, + (1 =A@, S,

=1 >Su—Spn >0
This contradiction finishes the proof of the theorem. O

The significance of the condition (TW (') in the above result is that it holds for the
fractional Black-Scholes model and does not require that S is a semimartingale.
It allows us to conclude the existence of a shadow price process for the fractional Black-
Scholes model and utility functions that are bounded from above, like power utility
Uz) = % with risk aversion parameter o < 0. It remains as an open questions whether
or not the indirect utility is finite in the fractional Black-Scholes model for utility
functions U : (0,00) — R that are not bounded from above like logarithmic utility
U(z) = log(z) or power utility U(z) = £ with risk aversion parameter v € (0,1). By
estimating the number of fluctuations of the fractional Brownian motion, we may show
the validity of .

We need the following notation. Fix ¢ > 0 and define inductively the stopping times
(Tj)jENo by T0 = 0 and

Tj = inf {t > Tj-1 ‘ ’BtH — B‘g—l| > 5}
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We define the number of §-fluctuations up to time 7" as the random variable
Fp=sup{j > 0|7, <T}.

Lemma 4.4.3. Fiz H € (0,1), the model with > 0 and o > 0, as well as A > 0,
T >0 and § > 0 such that (1 — \)e?ot+T < 1.

There ezists a constant K = K (6, \, u, o), depending only on 6, A\, p and o such that,
for each g € Cy(z) we have g < xK™ on {F% < n}. In particular, the value function
u(z) < oo for each utility function U : (0,00) — R.

Proof. For an admissible A-self-financing trading strategy ¢ define the optimistic value
process (szopt<90))ogth by

VPP () == + (01) TS = (07) (1 = A)Sh.

We note that we interchange the roles of S and (1—\)S in the definition of the liquidation
value V") of ¢. It is clear that V;®(p) > V;"I(¢) for each admissible \-self-financing
trading strategy .

Fix a trajectory (B (w))
exists a constant K = K (0, A

o<i<p and j € Ny such that 7j(w) < T. We claim that there
) such that we have

VP (p(w) < KV (e(w)),

for each 7j(w) <t < 14 (w) AT.
We would like to do some rough estimates. Hence, we assume the agent knows the

entire trajectory (St(w))0<t<T. As

Si(w) = S, (w) exp (0(BtH(w) — Bg(w)) +u(t - Tj(w))) ,

we see that Sy(w) is in the interval [e77°S, (w), e” S, (w)].

Let us assume that the BH = Bg + 0. The agent, who is maximizing V;**" (go(w)),
wants to exploit the up-movement by investing into the stock S as much as possible.
However, she cannot make @l > (0 arbitrarily large, as she is restricted by the admissibility
condition V" (p(w)) = ¢ (w) + ¢L(w)(1 — A)Su(w) > 0, for every 7;(w) < u < t. As
Su(w) < e TS (w) for 7j(w) < u < t, we have

) + QL)1 = NS, () > 0. (4.4.6)

As any value ¢, (w) = (¢) (W), ¢k (w)) with VP (p(w)) = V may be reached from
(V,0) by either buying stock at time 7;(w) at price S, (w) or selling it at price (1-X)Sy, (w),
we may assume without loss of generality that ¢ (w) = (V,0).

The best strategy in our situation is to wait until the moment 7;(w) < ¢ < ¢ when
S;(w) is minimal in the interval [rj(w),t], then to buy at time ¢ as much stock as is
allowed by , and then to keep the positions constant until time ¢. Assuming the
most favorable case Sy(w) = e™7°S, (w), we obtain ¢, = (V,0) for 7;(w) < u < ¢ and

_(v_ 4 |4 1
Pu = 1 — (1 _ )\)6206+MT’ 1— (1 _ )\)6206+MT e—oésTj (w)
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for t < u < t. Therefore,

opt 1 eQaé-&-uT
V;t ((p(w)) S Vv (1 - 1 — (1 . )\)6205+/1T + 1— (1 _ )\)6205+HT>

6205+/LT -1
1— (1 _ )\)6205+uT ’

v (14

Due to the assumption (1 — A\)e?°"#T < 1 the term in the bracket is a finite positive
constant K, depending on A, §, 4 and o.

We have assumed a maximal up-movement. As regards the case of a maximal down-
movement as well as any intermediate case, the argument goes in an analogous way and
we yield the same estimate. Therefore, g(w) < 2K¥ for each g € C)(x).

As any concave function U(z) is dominated by an affine function C'+ kz, by Corollary
[A.1.25 we obtain that

E[U(g)] < C + kaE[K™?] = C + kxE [exp (log(K)F2)] < oo,
for every g € C}(x). O

By the same token, we may prove the same assertion for the case p < 0.

Thus, we may formulate the existence of a shadow price process for the fractional
Black-Scholes model and utility functions satisfying the condition (RAE).

Proposition 4.4.4. Let U : (0,00) — R be a strictly concave, increasing, smooth utility
function, satisfying the Inada conditions and (RAE). Fiz transaction costs A € (0,1)
and the fractional Black-Scholes model .

Then the conclusion of Theorem[4.2.9 holds true. In particular, there exists an optimal
trading strategy @ = (Y, 8} )o<t<r and a shadow price S = (S;)o<i<T-

Proof of Proposition[{.4.4 The fractional Black-Scholes model satisfies (TWC') by the
law of iterated logarithm for fractional Brownian motion at stopping times in [89, The-
orem 34]. Together with Lemma we have shown that the assumptions of Theorem
[4.4.2] are satisfied. O

As in [28], where we established in Theorem 4.1 the existence of a shadow price for
the fractional Black-Scholes model and utility functions U : R — R that are bounded
from above, the proposition above allows us to obtain the optimal trading strategy to
portfolio optimization problem under transaction costs for a non-semimartingale price
process S by passing to a frictionless problem for a semimartingale price process S. To
the frictionless problem for S, we can apply all known results from frictionless markets to
derive the optimal trading strategy. In this fashion, we obtain similarly as in [28, Section
5] that S is an It6 process that touches S and (1 — A)S without reflection, whenever the
optimal trading strategy buys or sells risky assets.
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Chapter 5

Utility Maximization with Random
Endowment and Transaction Costs

In this chapter we study the utility maximization problem on the terminal wealth with
proportional transaction costs and a random endowment.

As in Chapter [2] we consider a model of a financial market which consists of two
assets, one bond and one stock. The price of the bond B is constant and normalized to
B =1 and the stock price process S = (S;)o<i<r is strictly positive and cadlag, based on
a filtered probability space (2, F, (Fi)o<i<r, P) satisfying the usual hypotheses of right
continuity and saturatedness, where Fy is assumed to be trivial.

We also assume here that the agent is endowed with initial wealth x € R and re-
ceives an exogenous endowment ey at time 7', which is Fp-measurable and satisfies
p = llerfleo < oo

Under the assumption of the existence of A\-consistent price systems, to make the dual-
ity approach possible, we enlarge the dual domain L' to its topological bidual (L>)* = ba,
the space of finitely additive measures. Then, we show that the results remain valid as
they were pointed out in [23]. We also consider the utility functions U : R — R, which
are finitely valued for all x € R. Using the similar approximation technique as in [94]
and [86], we provide duality results and the existence of shadow prices in this setting.

5.1 Utility Maximization Problem on the Positive
Real Line

In this section, we suppose the agent’s preferences over terminal wealth are modeled by
a standard utility function U : (0, 00) — R, which is strictly increasing, strictly concave,
continuously differentiable and satisfies the Inada conditions:

U'0):=1limU'(z) =00 and U'(c0):= lim U'(z) =0,

xz—0 T—00

and has reasonable asymptotic elasticity, i.e.,

AE(U) := limsup U (z)

< 1.
T—00 U(l’>
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Without loss of generality, we may assume U(oo) > 0 to simplify the analysis. Define
also U(z) = —oo whenever = < 0.

Then we restrict our attention to the terminal liquidation wealth, for x > 0, the
primal problem is to maximize the expected utility function from terminal wealth

E[U(x + ¢} + er)] — max!, (% ph) € A2, (0), (5.1.1)

adm

where we denote by A2, (x), for z € R, the set of all A-self-financing and admissible
trading strategies starting from initial endowment (], ) = (z,0).

Define
M) = { Vi) |9 = (", ¢") € Adnl) }

Again, we assume without loss of generality that ¢ = 0 and therefore
M) = {h [ = (" 0") € Ay}

We denote C* := C*(0), the set of random variables g in L°(2, F, P) such that there is
an admissible \-self-financing trading strategy (¢?, ¢} )o<i<7, with initial value (0,0) and
terminal value (g, 0).

Then the problem (5.1.1)) can be rewritten as

E[U(x + g + er)] — max!, g e, (5.1.2)

where the set C* consists of those elements of C* for which the above expectation is well
defined.
Finally, in order to exclude trivial case, we have the following assumption:

Assumption 5.1.1. The value function

u(x) = sup E[U(z+ g+ er)]
gecr

1s finitely valued for some x > p.
The concavity of u(x) and Assumption imply that u(z) < oo for all z € R.

Let V : Ry — R be the convex conjugate function of U(z) defined by

V(y) :=sup{U(z) — zy}, y>0.

>0

We also define I : (0,00) — (0, 00) the inverse function of U’ on (0, 00), which is strictly
decreasing, and satisfies 1(0) = oo, I(c0) =0 and [ = —V".

Throughout this chapter we have the following assumption:
Assumption 5.1.2. S satisfies (CPS") for all u € (0,1).

For a treatment of the problem at hand, the usual dual space
M = {Z% e L\(P) ( (2°,2") € Zj(S)} ,
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which is a subset of L', is too small. As in [23], we extend the usual domain to (L*°)* = ba,
the dual space of L*> and define the following subset of ba, which is equipped with the
weak-star topology o(ba, L™),

D' :={Q € ba|||Q| =1 and (Q,g) <0 forall g€ C*NL>},

and DM := D> N L', where r stands for regular.

Remark 5.1.3. We note that the set D* is convex and also o(ba, L*)-compact by Alaoglu’s
theorem. Since —L5° C C*, we see that D* C bay, and hence D" C L!. By Theorem
2.3.4) each g € C* satisfies E[Z%g] < 0, for every A-consistent price system (Z°,Z1),
therefore M) C DM C D*. As a consequence, the Assumption implies that sets
D> and DM are nonempty.

Lemma 5.1.4. The set D* is the o(ba, L*°)-closure of M.

Proof. 1t is clear that M} C D* and D* is o(ba, L>)-closed, hence

—0o(ba,L>®)

M) C D

) ns M
is a convex set, the o(ba, L>)-closure M_a’\a( is also convex. By the Hahn-Banach
theorem, there exists f € L™ = (ba, o(ba, LOO))*, such that (@, f) > « and

Assume now that there exists an element @ € D satisfying @ ¢ Még(
ba,L>)

—0o(ba,L>®)

(@Q.f) <o, VQeM; :

for some a € R. In particular, E[Z2f] < a for all Z% € M2, which follows by Theorem
that f € C*«), therefore f — a € C*. By the definition of D*, we obtain that

(@ f-a)=(Q.f)—a<0,
which contradicts the fact that (@, f) >« O]
Lemma 5.1.5. Let g € L. Then g € C* if and only if (Q, g) <0 for all Q € D".

Proof. The necessity follows directly from the definition of D*. The sufficiency follows
from the superreplication theorem (Theorem [2.3.4)), since M} C DM C DA, ]

Now we define the dual optimization problem by

u(y) = inf J(y,Q) = ian{E{V (yig)} —I—y(Q,eT)}. (5.1.3)

QeD> QeD

In the following theorem, we see that even by adding transaction costs, the results
are similar as in [23]. Now we state the main result:

Theorem 5.1.6. Under Assumptions[5.1.3, we have

1. u(x) < 0o for all z € R and v(y) < oo for all y > 0.
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2. The primal value function is continuously differentiable on (g, 00) and u(z) = —oo
for all x < xo, where 1o := —v'(00) = supgeps(Q, —er). The dual value function v
is continuously differentiable on (0,00).

3. The functions u and v are conjugate in the sense that

v(y) = Sup {u(z) —zy}, y>0, (5.1.4)
u(z) = ;gg{v(y) +ay}, x> x. (5.1.5)

4. For ally > 0, there exists a solution @y € D* to the dual problem, which is unique
_dQr.
Yap
the primal problem, where §j = u'(x), which attains the infimum of {v(y) + zy}.

up to the singular part. For all x > xq, § := I( — x — ep 18 the solution to

The rest of this section is devoted to the proof of the above main theorem. We split
the proof in several lemmas and propositions, where we may see the use of the required
assumptions for each step.

Lemma 5.1.7. For all x € R,

u(z) < inf QiggA{J (4, Q) + vy} = mf{v(y) + vy}

Proof. For the case z + g + ep < 0 on a measurable set A € F with P[4] > 0, we
get u(xr) = —oo, therefore the assertion satisfies trivially. We only have to consider the
case © + g + er > 0 P-a.s. As g is bounded from below by —(z + p) and S satisfies
(CPS*) for all u € (0,1), it follows by [96, Theorem 1] that g can be attained by some
(x 4+ p)-admissible, self-financing trading strategy.

From the definition of V' (y), positivity of = + g + er, and (@, g) < 0, it follows

EU(x+g+er) <E|V <ycig) +yciicf2:(x+g+eT)
<E _V (yig)} +y(Q, v + g +er) (5.1.6)
<E _V (y(ig, )} +y(Q, er) + Yy
=J(y, Q)+ zy

for ally > 0, X € 5’\, Q € D*. Taking supremum and infimum at left-and right-hand
side respectively, we obtain the assertion. O

We now study the dual value function.

Lemma 5.1.8. The dual value function v(y) is finitely valued for all y > 0.
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Proof. By Jensen’s inequality, the fact that V' is decreasing and E[Cf%} <1, we have

= g1 (o[ (48] o)

. Q"
> _
> QlélpfA V <yE l P }) yp (5.1.7)
>V(y) —yp
> —00

for all y > 0.

To show v(y) < oo, we recall the duality result without random endowment in the
previous chapter. We denote by u(z) and v(y) be the primal and dual value function,
respectively,

U(z):=  sup  E[U(z+¢p)] = sup E[U(z + g)],
(%01 €A, (0) gecr
u(y) == inf E [V (vZ7)].

(2°,21)e22(S)

By Assumption [5.1.1] we obtain

u(r) < sup E[U(z + g+ p+er)] = u(z + p) < o0, (5.1.8)
gecr

for all x > 0. On the other hand, by Theorem [3.2.4

u(y) = igg{ﬂ(x) —zy} = u(Z,) — Tyy < oo,

for all y > 0. It follows from

- g e[ ()] i)

i 0
= (ZO,Z}?efzé(S) E [V (yZT)] +yp

=v(y) +yp,

that v(y) < oo, for all y > 0. O]

Lemma 5.1.9. For any y > 0, the infimum of the left-hand side of (5.1.3|) is attained
by some Q, € D*.

Proof. Let (Q,)neny € D be the minimizing sequence, i.e.,

o) = Jim {2 |V (58 )| + v@uen }.

dQy )
dP /neN

Qn € conv(Qg; k > n) such that dfgl

Since D? is convex and ( is L'-bounded, we can find a sequence (@n)neN with

converges almost surely to some f > 0.
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Clearly ‘(@n,eﬂ‘ < p. Then we can extract a subsequence of @n, which is still

denoted by Q.,, such that <@n, er) converges.

Note that D* is o(ba, L>)-compact, thus the sequence (@n)neN has a cluster point
Q, € D*. From Proposition (4) we have

QT y d@r
=/= THOO dP

Similarly to [70, Lemma 3.2], we obtain the uniform integrability of {V (y dQP7 > } .
neN

By Fatou’s lemma, we have
aqr, QT

Since <@y, er) is a cluster point of ((@n, er))nen, which converges, we have

liminf E

n—oo

>E

<Q\y7 6T> - nh—)nolo<@/n7 €T>'

Hence,
J(Z/J @y) = ( >
<h}£}£f{E 1% d ) +y(Qn,eT)}
<t o[ (4] v}
n—oo
= v(y),
which gives the optimality of @y c DN ]

Lemma 5.1.10. The solution of the dual problem might not be unique, but its countably
additive part is unique.

Proof. Assume that ()7 and Q2 are two minimizers such that Q] # Q5. Let Q =
1Q1 + 3Q> € D*. By the strict convexity of V,

eV (v ) <3 ()| <22 ()]

T,Q) < 370:@) + 37(0,02) = I (1,0,

which is in contradiction to the optimality of (:jy. O

hence,

Lemma 5.1.11. The dual value function v(-) is strictly conver.

Proof. It follows directly from the strict convexity of the function V. [
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Proposition 5.1.12. For all y > 0, dP“I(( — )%) 1s uniformly integrable for suffi-
ciently small € > 0.

To prove this proposition, we recall a result from [70] (see Lemma [B.1.19).

Lemma 5.1.13. Under the assumption AE(U) < 1, there exist yo > 0 and 0 < v < 1
such that

y1<y><1TV<> and  V(By) < BTV (y)

forall0 <y <ygand < < 1.

Proof of Proposition|5.1.12. By Lemma [5.1.13, we can find a yy > 0, such that, for all
0 <y < yo and sufficiently small ¢ > 0,

dAT' QT‘
0< I 1¢ .ar
=P <(y )dP> {vit<m}
1 y—e dQ vy (v—¢ dQT 1
“y—c y Jap y U dp {ydf§<yo}
1y y—e dQ;
< V ]_ T
Ty—el—vy ( Y ydP {ydﬁn<yo}
~C v dQT
w—oa-7| \"
where C' = (yT_E)_ﬁ Since [ is decreasing and positive,

dAr Qr d .
< T 1 y[ .
0= <(y )dP) {y;i.,>yo}— P ( Y yO)

Qr dQ;, Q,\| , 40,
0= dPI<( 8>dP>§Kv< dP)‘erP (2)

for some constant K > O Since the right-hand side is an element in L', we obtain the

IN

Therefore,

uniform integrability of I (( £) %Z> for sufficiently small ¢ > 0. O

Lemma 5.1.14. The dual value function is continuously differentiable on (0,00),

Vi) = - < g ( ;;’")> + (@ en).

Proof. Let y > 0 be arbitrary. Define

dQ;
Vv (z 7p )
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It is easy to see that f(z) is convex, f(-) > v(-) and f(y) = v(y), which implies that
N fly) < Ao(y) < ATo(y) < AT f(y), where A% describe the left and the right
derivatives, respectively.

By the convexity of V(-) and the Fatou’s lemma, it follows that

1 dqQr dQr .
+ <1 - Yyl _ Y
AT f(y) < hr?j(?p 8E 1% ((y+€) P > 1% (y 7p ) + <Qy,eT>
dQr dQr .
< i Yy !/ Yy
< hr;lj&lpE PV ((y te)op > + <Qy>€T>

<E

<= |5V ()] - @)

()0

On the other side, by Proposition [5.1.12] we can apply Fatou’s lemma again, and it
follows that
dQr dQr
_ y[ _ Y
P <(y )P )

> — <A§,I (yci%>> + <@y,eT> :

Thus, A™f(y) = A7v(y) = v'(y) = ATo(y) = AT f(y).

By strict convexity, v(-) is continuously differentiable. O

AT f(y) > liminf E

e—0

(@)

Lemma 5.1.15. In particular,

UI(O+> = —00, U/(OO) € inf <Q7€T>7 sup <Q7 eT)

QeD> QeD> ] .

Proof. From (5.1.7), we have v(0+) > V(0+4). On the other hand, by the definition of
v(+) and the decrease of V(-), we have that, for any Q € D*,

v(y) <E [V <ycfg>} +y{(Q,er) < V(0+) +yp,

which implies v(04+) < V(0+). Hence v(0+) = V(0+) = U(oc). We only need to
consider the case that U(oco) < oo, indeed, if U(oco) = oo, we get v(0+) = oo, and it
follows trivially v'(0+) = —o0.

By the convexity of v and V, , we have

B N (1

y
dQ" [ dor
S_E{dP](ydP)] e
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for all y > 0 and Q € D*. Letting y — 0, we obtain v/(04+) = —oo by monotone
convergence theorem.
By the definition of v(-) and I’'Hopital’s rule, we have

v'(c0) = lim v(y) = lim infgeps {E [V (ycf%)] +y(Q,er)}

Yy—0o0 y Yy—r0o0 y

€ |K+ inf (Q,er), K+ sup <Q,6T>] ,
QeD> QeD>

where

1 dQ"
K = lim - inf E .
yljf}o Y QléloA {V (y dP )}

Since —V/(+) is increasing and I(y) — 0 as y — oo, we have that for all ¢ > 0, there
exists C. > 0 such that
_V(y) < Cs + ey,

for all y > 0. Hence

su E[-V (v
0< —K = lim Pgep> [ (y aP )} < lim C. + ey _ .
Consequently, K = 0 and the claim follows. 0

Now let us consider the next step, inf,~o{v(y) + zy}:
If 2 < xp := —0v'(00) we have v/(y)+z < 0 for all y > 0, hence inf,~o{v(y)+2y} = —0c0
and by Lemma we have

u(z) < inf{v(y) + 2y} = —oc.
y>0
In this case the optimization problem is trivial.
For each x > xg, there exists a unique y > 0, such that v'(y) +x = 0, and ¥ attains

the infimum of {v(y) + zy}. After having shown the existence of optimizer of the dual
problem, we come back to the primal problem. For simplicity, denote ) := (5. Let us

consider N
T _dQ)"
= — 1z — er.
g Y P T
Since I(-) is positive, we have that  + g+ er > 0 P-a.s. It follows from Lemma [5.1.14

o= @) = —<@r,f (g‘ﬁ’“)>+<@, or)

= <@T,x+§+ eT> + <C§,eT>
=— <@T,x+/g\> + <@s,eT>.

(5.1.9)

The following lemmas will show that § is an element in C*.
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Lemma 5.1.16.

sup {(Q"x +9) — (@ en)} = (Q"x +7) — (@ er) = .

QeD

Proof. Given a Q € D* which is a convex set, and an € € (0, 1), define
Q. :=(1-— 5)@+5Q e D

It follows Q7 = (1 — 5)@7” + eQ". By the optimality of @ and the convexity of V(-), we
have R
1 Q" Q: -
> — _
0 5 {E V( dP) +y<Q er) — E{V( dP)] ?J(Q57€T>}
1 T T
g ( _dQ ) < d@
€y
1 dQr _dQ; _dQr
|V < P~ dpP ) v (yd_P)
aQ Q" | (-d@Qr
P~ ap ) \Vdp
We now claim that ((% — Cig) I <§%>>_ is uniformly integrable. Indeed,
dQm  dQ"\ L (dQI\\ _dQ" (_dQr\ _ dQ’ dQr
_ e < < _
((dP dP)I(ydP)> sV ) s \W-95p )

where the last term is uniformly integrable for sufficiently small ¢ by Lemma [5.1.12]
Hence we can apply Fatou’s lemma, and obtain

dQr  dQ" 1 (49
AP dP ( dP)
dQ"  dQ’ ; _dqQ
P dp Y ap

= (Q", 2+ X) —(Q",x + X) + (Q%,er) — (Q*, er),

which implies our assertion. O

+(Q,er) = (@ er)

>

<Q> €T> <Q7 €T>

~

+ <Q\a eT) - <Q7 6T>‘

0> liminf E

e—0

+(Q.er) = (Q.er)

> E + <@\7 €T> - <Q7 €T>

Lemma 5.1.17. We have § € C*.

Proof. Firstly, we show that g An € C* for all n € N.
As 7 is uniformly bounded from below, § An € L*®. For any Q € DM, we have
Q" = Q. It follows from Lemma [5.1.16| and @)°* = 0 that

(Q,x+gAn) <(Q,v+79) <z+(Q°%er) =2

Therefore

(@.9An) <z —(Q,x)=0
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for all Q € DM and n € N. By Lemmam gAn € C* As by [97, Theorem 3.4] C*
is closed with respect to the topology of convergence in measure, and g A n — ¢ almost
surely, we then obtain that g € C*. ]

Proof of main theorem. As § € C* bounded from below, we have that (@,/g\> < 0. By
(5.1.9) and the positivity of  + g + er, we get
(Q.er) +a=(Q.x+G+er) <(Q.x+7+er)
S <QaeT> + <Q,$> S <Q>€T> + T,

which implies R N
(Qs,x+§+eT) :()7 <Qa/g\> :()7 <an> =T

. _dQ
:(:—l—g—i—eT:I(yd%)

Together with

we obtain equalities instead of inequalities in (5.1.6)), i.e.,

_dQr
(i)
_dQr
v (viF)

which shows the optimality of g € C* and (5.1.5). As u is differentiable, (5.1.4)) follows
from the convex duality theory.
By the positivity of x 4+ g + e, we obtain that

E[U(z+G+er) =E + Q. er) + x7.

Hence, for x > xq, we have

~

+5(Q.er)+aj

wx) >E[U(x+g+er)=E

> v(y) + =y = u(x),

uw(z) =E[U(x 4+ g+ er)] > —o0,

for all > xy, which implies the existence of an g € C* such that = + g + ez > 0, P-a.s.,
hence (Q,x + g + er) > 0, and therefore

z>(Q,r) 2 (Q,z) +(Q,9) =2 (Q, —er),
for all Q € D, which follows that

xo > sup (Q, —er).
QeDA

By lemma [5.1.15 we have that

xo = sup (Q, —er).
QeD>

This completes the proof. O
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5.2 Optimal Investment When Wealth May Become
Negative

In this section we consider the problem with a utility function U : R — R, which is
defined and finitely valued everywhere on the real line. We make the usual assumptions
that U is continuously differentiable, strictly increasing, strictly concave and satisfies
Inada conditions:
U'(—o00):= lim U'(z)=00 and U'(c0):= lim U'(z) =0.
T——00 T—>00

We also assume that the function U has reasonable asymptotic elasticity as defined
in [94], i.e.,

/! /
AE o, = timinf U 1 and A, = limsup SO

a0 Ufz) r00 Ul(x)
Economically, the marginal utility U’(z) should be substantially smaller than the average
utility M, as r — 00, and substantially bigger as x — —o0.

xX
Our aim this section is to study the optimization problem

E[U(z + g + er)] — max!, g €C (5.2.1)
As before, we denote by u the value function

u(z) := sup E[U(z + g + er)].
geCH
As pointed out in [28], see also [I0] in the case with transaction costs and [94], [86] in
the frictionless case, the optimum may not be attained by an admissible trading strategy,
since U is defined on the whole real line. Hence we should define our optimization problem
over the enlarged set C7) defined below:

3(gn)nen C C s.t. Uz +gn+er) € Ll(P) }

Ch = e L°(P;RU {0 1
v {g ( { })‘ and U(x + g, + er) —>L(P) Ulx+g+er)

Economically speaking, Cj} describes all random variables g such that the utility U(z +
g + er) may be approximated by the utility U(z + V%iq(gp) + er) with respect to the
L'-norm, where ¢ ranges in the set of admissible A-self-financing trading strategies. We
now introduce the optimization problem:

E[U(z + g + er)] — max!, g €Cp. (5.2.2)
It follows from the definition of C}) that we have clearly the equality

u(z) = sup E[U(z + g+ er)] = sup E[U(x + g + er)].
gecA gecy

1
Note that U(x + g, + er) @), U(z + g + er) implies that g, — g with respect to

convergence in probability, since U is strictly increasing.
In order to rule out trivial cases, we shall make the following assumption:

92



Assumption 5.2.1. The value function satisfies u(x) < U(o0), for some x € R.

Noting that a convex combination of admissible trading strategies is an admissible
trading strategy, we deduce from the Assumption that u(z) is finitely valued for
each z € R.

To formulate the dual problem to (5.2.1), we define the conjugate function V' (y) of
U(z) by
V(y) =sup {U(x) — 2y},  y>0,

zeR

which is a continuously differentiable, strictly convex function on (0, c0) satisfying
V(0) =U(x), V(oo)=o00, V(0)=—-00, V'(0)=cc.
We also have the following relations

U(z) = inf{V(y) + vy}, z€R,
y>0

and
Viy)=U(I(y)) — yl(y),

where I is the inverse function (U’)™!, which is equal to —V".

Without loss of generality we assume that U(0) > 0 after possibly adding a constant
to U. This implies the strict positivity of V (y).

We recall a result from [94].

Corollary 5.2.2. If U : R — R satisfies U(0) > 0 and has reasonable asymptotic
elasticity, and [Ag, \1] is a compact interval contained in (0,00), we may find a constant
C > 0 such that

1. V(\y) < CV(y), fory >0 and A\g < XA < Aq.
2. ylV'(y)| < CV(y), fory > 0.
3. For e >0 we may find 6 > 0, such that for all (1 —0) < XA < (14 6) we have
(1—e)V(y) <V(Ny) < (1+4+¢)V(y), fory>D0.
Proof. See [94], Corollary 4.2]. O

Our dual problem is then defined as

o(y):== inf  E[V(yZ))+yZyer] = inf E[V(yZ))+yZier].  (5.2.3)

(29,Z1)eZ)(S) Z9eM)
Remark 5.2.3. For all g € C*, y > 0 and (Z°,Z1) € Z}(S), we have
E[U(z+g+er)] <E[V(yZy) +yZr(z + g+ er)],
and therefore

u(z) < inf{o(y) + 2y}
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Now, we state the main result:

Theorem 5.2.4. Let S be a locally bounded strictly positive process. Under Assumptions
[5.1.2 and [5.2.1, we have

1. The value functions u and v are finitely valued, strictly concave (respectively con-
vex), continuously differentiable functions defined on R (respectively R ); they are
conjugate and satisfy

U (—00) =00, u'(c0)=0, v'(0)=-00, v'(0)=oc0.
The value function u has reasonable asymptotic elasticity.

2. Fory > 0, the optimal solution Zf}(y} € M2 to the dual problem (5.2.3) exists and
is unique. The map y — Z%(y) is continuous in the variation norm.

3. For x € R, the optimal solution g(x) to the primal problem (5.2.1)) exists, is unique
and satisfies

v+ §(x) +er =1 (5257))
where § = u/(x).
4. We have the formulae
V() =B | Z5) (V' (528@) + er)] -
u'(z) =E[U (x +g(z) +er)],
au' () = E [(z+9(2))U' (x4 G(x) + er)],

where the usual rule 0 - oo = 0 is applied, if the integrands are of this form.

We break the proof into several steps.

Following the approach used in [94] [10} 86], we approximate our optimization problem
by a sequence of problems. It is always possible to construct an increasing sequence
(Up)nen, such that for all n € N

e U,=U on [—n,0),
e —c0o<U,<Uon (—(n+1),—n),
e U, =—00on (—oo,—(n+1)],

e U, is increasing, strictly concave, continuously differentiable on (—(n+ 1), 00), and
satisfies
lim U,(x) = —o0, lim U (x) = .
z——(n+1) z——(n+1)
Define for y > 0,

Va(y) = sup {Un () — 2y} = Uy (In(y)) — yIn(y),

z€R

where I,, := (U))" = =V
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Remark 5.2.5.

L. (Up),ey 1s an increasing sequence of continuous function that converges to the
continuous function U, = U and therefore the convergence holds uniformly on
compact subsets.

2.V, V. I, — I uniformly on compact subsets.

3. For all n € N,

lim 7,,(y) = oo.
y—0

4. For all n € N, if U, (0) > 0, we have that for all y > 0

Va(y) = sup (Un(z) — 2y) > Un(0) > 0.

z€R

5. If U has reasonable asymptotic elasticity and U(0) > 0, we can choose U,, such that
for all compact interval [A\g, A;] contained in (0,00), we can find some C' > 0, such
that for all n € N, y > 0, A € [Ag, A\1] we have

Va(Ay) < CValy),  ylln(y)| < CValy).
For € > 0 we may find § > 0, such that for all (1 —9) < A < (1 +0) we have
(1—e)Vuly) < V(Ay) < (1+¢)Vpu(y), for y > 0, (5.2.4)

for all n € N.

Define U, (z) := U, (z — (n+1)), which is a finitely valued for z > 0 and satisfies the
Inada conditions at 0 and +o00, and the condition of reasonable asymptotic elasticity at
+o0o. For z > x(, we consider the problem

Up(z) :==sup E [ffn(m +g+er)|, (5.2.5)

geCA

which has a unique optimal solution g, (z) € C*.
Hence, by a simple shift on the real line, we obtain that, for © > z¢ — (n + 1),

&’n(x+n+1):E[ﬁn(x+n+1+’g“n(:c+n+1)+eT)}

= sup [ﬁn(x +n+1+g+ eT)} = sup [U,(z + g + er)]
geCH geCH

and g, (x) := gn(z +n + 1) is the solution to the following optimization problem

Up () := Sélg [Un(z+ g+ er)]. (5.2.6)
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Passing to the dual problem, fix x > xy — (z + 1) and let y = v/, () = u,(x +n + 1).
Let us consider the problem

Un(y) := inf {E [Vn <y6§g>} +y<Q,eT>}, (5.2.7)

QeDA

where ‘7n is the convex conjugate function to (7”. By Theoremm there exists a solution
Q. (y) € D to the problem (5.2.7)) with

dQ; - - R
y_%ia(y) U 4n+l4Gu(r+n+1)+er) =Ul(z+Gu(x) +er),  (528)

and u, (), v,(y) are conjugate in the sense of (5.1.4) and (5.1.5). From Lemma [5.1.14

we have _ B
5 () = B |20 (yd@;;(y))

n

awp "

dpP

+ <@n(y),eT>. (5.2.9)

Let V,, be the convex conjugate of U,, and v, be the conjugate of w, in the sense of
(5.1.4). We obtain the simple equalities

Vo) =Voly) + (n+ 1)y,  va(y) =0a(y) + (n + Dy. (5.2.10)
Therefore,
i) = ut, {B |7 (450 )] +u@en b+ 0+ 1

_EB|7, (;,d%fiﬁy)) +y(Quly),er) + (n+ 1y (5.2.11)

- - : i
=E |V, (y%) +y<Qn(y),eT>—|—(n—|—1)y (1—E ) .
It follows that the conjugate v, to u, is given by

on(y) = inf {E [vn (y‘g)] +y(Qer) + (n+ 1y <1—E[C;%TD}, (5.2.12)

QeD>

Q' (y)

ap

and this optimization problem has a solution @n (y) = @n(y) and the singular part @Z(y)

is unique. From ([5.2.9)) and (5.2.10) we obtain

dQ;(y) , [ dQu(y)
ap (y AP )

v (y) =E

n

(5.2.13)

dQn(y)
H1-E | —=
+(n+1) ( P ,
and from (5.2.8) we may deduce for y = u/,(x) that
. dQ;
T+ go(z) +er=-V, (y%) . (5.2.14)
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We note that, for fixed y > 0, v,(y) is monotonic increasing in n and bounded above
by v(y), since by V,, <V and M, C D* we have

v (y) :QiéngA {E {Vn (y%)} +y(Q er) + (n+1)y (1 - B ﬁlgD} (5.2.15)

< Z%ig/tg E[V (yZ7) + yZier] = v(y).

Therefore we may define now the function
Uso(y) 1= lim v, (y),
n—oo
which turns out later to be the function v.

Lemma 5.2.6. The function vy is finitely valued and dominated by v.

Proof. Since by Assumption the value function wu(zx) is finite for all z € R, the
conjugate function u* is finite for at least one y > 0. Thus,

on(¥) = sup{un(z) — 27} < sup{u(z) — a7} = w'(y) < oo

Let Qn(7) denote the optimizer of the problem v, (7). By Remark [5.2.5 (5), we see that
for each y > 0, there exists a constant C' = C'(y/7) such that

-(32)

-(45)

dQ’(7)

<E

+y <Q\n(y)7€T> + (n+1)y (1 —E

<CE

vyl _/5 _ dQ;, (@) _
+y{y<Qn<y),eT>+<n+1>y (1 B | =52 | +7
< max{C’, y/7}(va(¥) + p)
< max{C,y/7}(u" () +Tp) < co.
The fact that vy, is dominated by v follows from ([5.2.15)). O

Let now recall a convergence result of convex functions, which can be found in [86].

Lemma 5.2.7. Suppose that (v,)nen s a sequence of convex (or concave) functions,
which increases (or decreases) monotonically pointwise to a convex (respectively, concave)
function vy. Let (Yn)nen be a sequence of real numbers tending to y in the domain of vo,.
Then v, (Yn) = Voo(y) as n — oo and, provided the derivatives exist, v}, (y,) — v (y) as
n — o0.

Proof. See [86, Lemma 2.3]. O

Lemma 5.2.8. Let (y,)nen be a sequence of positive real numbers tending to y. Denote

by Qn(yn) € D the optimal solution to the optimization problem v(y,) as in (5.2.12).

Then (dQé—l()y")> converges in the norm of L'(P) to a random wvariable Eg(y) €
neN

LY(P), which satisfies E[Z\%(y)] =1.
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Proof. To do this, we shall show that this sequence is uniformly integrable and Cauchy
in the topology of convergence in probability.

Suppose for a contradiction that the sequence <dQ§—l(;f’”)> fails to be uniformly inte-
neN

dP
that is, there exists an o > 0 such that for each C' > 0,

4Qs (n)
Ungp My [ T

grable, or equivalently that the sequence (yndQ;—(y)> fails to be uniformly integrable,
neN

limsup E

n—oo

It follows from the inequality
Vin(2) > Uy (—m) + mz

and the assumption U,,(—m) > —oo that

—

2)

lim Vin

Z—00 z

>m.

Fix m € N, find C,, > 0 such that V,,(z) > (m — 1)z for z > C,,, and find n > m such
that N
@y, (yn)

TP 1{yn«@2gmzcm}]>a.

Using the definition of v,, we obtain

E |y

>E |V, (yn%f(?n)> 1{yndé§1()y")20m}] — Ynp

" dP {yn nglgyn) Zcm} n

> (m - 1)05 — Ynp;

> (m—1E |y

which contradicts the boundedness of (vn(yn)) showing the uniform integrability of

neN’
<d@2(yn)> .
P neN R
To show that (%ﬁ””)) is Cauchy with respect to the topology of convergence in
N

ne
probability, suppose to the contrary that there is an o > 0 such that there are arbitrarily
large n and m satisfying

p [ dQy(yn) — dQr(ym)
dP dP

> oz] > . (5.2.16)

We claim that, for all & > 0, there exists N € N and a compact set

K C{y>0|Vn(y) =V(y) < oo}
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such that, for n > N,

Qs (yn)
)] <5

For suppose not, and suppose that V(0) = co. Choose N € N such that

P (5.2.17)

OOIQ

min {V (U'(N)),V(U'(-N))} > % (supvn(yn) + supynp)

neN neN

Define Ky := [U'(N),U’'(—=N)] C (0,00). Then there exists n > N such that

dQ; (y,)

v
e 0

Therefore,

n

Un(yn) = E |V, (yn dQélf()yn)>

| d QAT (yn>
> I ) [/ n oT - ﬂ

> %min{V(U’(N)) V(U'(=N))} = yup

> sup Un(Yn) + SUD Y = Ynp
ne

> sup vy, (Yn),
neN

which is a contradiction. In the case where V(0) < 0o, one can similarly find a compact
set Ky :=[0,U’(—N)] for which (5.2.17)) holds.
Note that the inequalities ((5.2.16) and ((5.2.17)) imply that there are arbitrarily large

n and m satisfying

dQi(yn)  dQ(ym)
dP dP

Q7 (y,) dQr, (yn)

P P’ dP

> o and

eK|> % (5.2.18)

By the strict convexity of V' and the compactness of K, we may find an n > 0 such that,
for y1, yo € K with |y; — y2| > «, we have

v <y1 ;w) < V) + V)

Choose € > 0 small enough such that

o a
esup vk (yg) < 1—;7 and epsupyy < 1—;7
keN keN

Using Remark (5), there exists a constant § such that for all A such that 1 —¢§ <
A <1+6 and for all n € N we have

(1 =e)Valy) < Va(ry) < (1 +e)Valy).
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Choose N so that for alln >m > N,

1—s5<m = <min{l+4,1+¢}, (yn—ym)p<%,
Yn

Finally, choose n > m > N so that (5.2.18)) holds.

It now follows that

Y [ AQL(yn)  dQl (ym)
Vm(?( P 4P ))

(4 (v) | AQ;(ym)
dP dP

Un(yn> - Um(ym) <5

U (Ym) <E

s <Qn<yn> - @m<ym>’eT>

)

Vi (ym —dQ;d}(,ym)>

dQ (y,) dQr, (yn)
=P  —ap GK]

)

Q% (ym)
dP

1
+ (m+ 1)yn (1 - §E

v <ymdcz:;(yn>) .,

E
ap

Qi (yn)  dQ,(ym)
dP dP

> (v an

Q' (y,)
dP

+ SYm <@n(yn), eT> + %(m + Dym <1 —E

+ 1ym <@m(ym), €T> + %(m + 1)ym (1 —E

2
Y dQT ()
Vn n
(yn I ap

L Ym 1 an
+3 o <Qn(yn) > + 2vm(ym) 3

)

dQ; (y,)
dP

1 Ym
< -E 1 1—-E
< +2( n+ )yny (

)

DO | —

%(1+€)E v (yn Qgg”) + %(1+8)(n+ 1)y <1 _E d@dgéyn) )
+ %(1 +€)Yn (<@n(yn), eT> + p) - %ymp + %vm(ym) - ?

< %(1 + &) vn(yn) + ;vm(ym) %((1 ) Yn — Ym)p — ?

<V (Ym) + %( n(¥n) = U (Ym)) + %efilelgvk(yk)
+ %(y — Ym)p + ;eilelgykp — %

= Um (Ym) %-

dP
topology of convergence in probability. Therefore, it converges in L' to arandom variable,
denoted by Z2(y), in particular,

This contradiction shows that (M> is a Cauchy sequence with respect to the
neN

dQ’ (y»)

E [zg(y)} = lim E P

n—oo
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We show now that E[f%(y)} = 1.
Suppose to the contrary that E A%(y)] < 1, that is

Qs (yn)

liminf E
imin P

n—oo

< 1.

It follows by Lemma that

Voo (y) = lim sup v, (yn)

n—oo
= hg:solip {E Vi (yn 7P + Un <Qn(yn), 6T>
Q7 (yn)
Dy, [1-E | —22=~
+(n+ 1)y ( P
dAT'
> limsup{O—ynp—i— (n+ 1y, (1 —E % ) } = 00,
n—oo
which is a contradiction. ]

Remark 5.2.9. From the lemma above, we note that the singular parts of @n(yn) tend to
Z3%(y) in ba-norm as n — oco. By

aQr (va) =
Walte) _ 70(y)

A~

|@ntv) = Z8(w) — 0,

+|@s o)

Ll

ba ba

we obtain that R b
Qu(yn) = Z7(y).
By the o(ba, L*°)-closedness of D* we see that Z2(y) € D*.

Lemma 5.2.10. The random variable Z%(y) is an element of M.

Proof. We are going to construct an absolutely continuous A-consistent price system
(Z°%(y), Z'(y)) € Z2(S9), such that Z2(y) is the terminal value of its first component. To
simplify notation, we drop y.

Since we have by Lemma that D is the o(ba, L>°)-closure of the convex sub-
set M} C L', we may find by Proposition ([46, Proposition 5.1]) a sequence
(Z™0 Z™ ) en € Z2(S) such that

7m0 5 79 as.
As E[Z2°] = E[Z] = 1, it follows by Scheffé’s lemma that
zy" £ 73,

which implies that (Z;’O)neN is uniformly integrable. Taking conditional expectation, we
may identify Z9% with a nonnegative martingale Z° = (Z})o<i<
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It remains to show the existence of a local martingale 7 = (Z\tl)ogth such that
(Z°,ZY) € ZX(9).

By the local boundedness of S, there exists a sequence of [0, 7| U{oco}-valued stopping
times (7, )men, which is increasing and converges a.s. to oo, such that each stopped process
S is bounded. By the definition of Z) we have, for each n € N, that

(1= NZ20 Smne < Z0Y, < 200,80 ney  aus. (5.2.19)

As ( g /\t)0<t<T is a uniformly integrable martingale and S™ is bounded, we have by
) that ( me ac)o<t<r 1s a uniformly integrable martingale for each m € N. Hence,
for every n € N, (7, )Jmen is the localizing sequence for the local martingale (Z;" ’1)0§t§T.

It follows from the uniform integrability of (Z;’O)nEN and the optional sampling theo-
rem that (2 /\T)TLGN is also uniformly integrable for each m € N. Therefore, by ,
we see that (Z" ! )nen is uniformly integrable for every m € N. By [36, Theorem 1.20],
the convex hull of (Z::}AT)”GN in L' is uniformly integrable for every m € N. Hence, we
may extract a sequence of convex combinations (Z™°, Z™1) € conv {(Z*°, Z*1); k > n},
such that, for each m € N, Zi* — Z9 and ZZ:}AT —Y,, € L' a.s. and in L'-norm. Using
(Yyn)men we may define an adapted process 7' = (/Z\l)ogtST by

Zy =BV Fol oy (t) + D BYi| Al ng(t), 0<t<T,

k=1

which is a local martingale. Indeed, let 0 < s <t <T. On {7;_1 < 7, A s < 75},

E [Zrl At ]:Tm/\S] =E Z E[Yk’me/\t]lﬂTkﬂ,m]](Tm A t)‘ffm/\SI
Lk=1
= E Z E [T}i}rilo Z”T"l AT ‘F7—7n/\t:| 1}]7’)@71,7']@]} (Tm /\ t) “F’T’,,L/\S
_k=1 _
= nh—>nolo E Z E [ZZC}\T Tm/\t] 1]]7'k 1,7k (Tm A\ t ‘FTm/\S
- nlggoE ZE [ [Z: 1/\T ‘FTk/\T} “’rﬂn/\t] 1]]ka1ka]](7_7” A t)‘me/\s]
~ lim E [E [Zf b Frane] [Fruns
n—oo L
= lim E |E |:E |:Z7T_L 1/\T -F‘rm/\t] ’.Ffj/\S:| ’meAs:|
n—oo L
- nh_{gOE Z: /1\T FTm/\s:|
= E [Y;| o0
- ZTlm/\s’

due to the tower property and the Ll—con/t\inuity of the conditional expectation. Analo-
gously, we may show that E[Z! |Fo] = Zj. Therefore Z' is a local martingale.
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It is easy to see that (20, Z\l) satisfies
(1-NSZ2°<Z}<87° 0<t<T,
which implies that (20, 21) € ZM9). O
Lemma 5.2.11. The map y — Z%(y) is continuous in the L'(P)-norm.

Proof. Take a sequence (yx)ren tending to y > 0. Using Lemma [5.2.8] we can find an
increasing sequence (ny)gen such that

s
L(P
Using Lemma [5.2.8 once again, we see that
S T
L1(P)

The continuity of the map y Eg(y) in the L'(P)-norm follows from an application of

the triangle inequality. O
Lemma 5.2.12. Let (y,)nen be a sequence of positive real numbers tending to y > 0.
Then,

Tim v(y) = v(y) =B |V (yZ0)) + yZ3(y)er | (5.2.20)

and thus Z\%(y) € M2 is the unique minimizer of the dual problem (5.2.3). The dual

value function v is strictly convew.

Proof. In the proof of Lemma [5.2.8] we showed that dQ"(y”) converges in probability to

Z9(y), hence ~
v, <yn%(y”)) Py (ﬂ%(y)) . (5.2.21)

dpP

Using a version of Fatou’s lemma for limits in probability, it follows by an application of

Remark [5.2.9] Lemma and Lemma that
v(y) <E [V (y@(y)) + yf%(y)eT]

Vi (yn —def(,y”)>

< liminf v, (y,) = veo(y) < v(y).

n—oo

n—oo

< lim inf {E

+ Y <@n(yn), eT>} (5.2.22)

We have equalities above and obtain in particular that vs(y) = v(y), and Z%(y) € M2}
is the minimizer of (5.2.3).

The strictly convexity of v and the uniqueness of Z2 2(y) follow from the strict convexity
of V, convexity of the set M2 and formula (5.2.20)). O]
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Lemma 5.2.13. We have

dQ" () \ o -
v, <y uly >> 0 v (4250

Proof. Note that (Vn <ynd622_1(3yw>> is a sequence of nonnegative random variables in
neN

LY(P). Tt follows from (5.2.22) that V (yZ%(y)) € L*(P) and

do" (y,,
Va (yn ng(,y >>

Using Scheffé’s lemma, the assertion follows from ((5.2.21)) and ([5.2.23]). O
Remark 5.2.14. We note that it follows from (5.2.22)) that

dQ; (y,)
dP

Iim E

n—o0

—E [V (ﬁ%(;,))] . (5.2.23)

nh_)rgo(n +1) (1 —E ) = 0. (5.2.24)

Lemma 5.2.15. The map y +— V (y?%(y)) is continuous in the L'(P)-norm.

Proof. In the same way as the proof of Lemma [5.2.11] the assertion follows from Lemma
0.2 1ol 0

Lemma 5.2.16. For (y,)nen tending toy > 0, we have

dAT n) < dAT n 1 N oA
Yn ng()y )Vn (yn C9;;}()@/ )) L®) 70 )V (yZ%(y)). (5.2.25)

Proof. By Corollary [5.2.2 (2), there is a constant C' such that
yIVaw)l < CVily),  fory >0,

uniformly in n € N, where, in the case y = 0, we adopt the rule 0 - oo = 0. Hence

the sequence of random variables <yn y" v ( ndQ (y"))> is dominated in absolute
neN

value by the L!(P)-convergent sequence (C’ Vi (yn%>> and is therefore uniformly
neN
integrable.

By Lemma Remark |5 m and the continuity of the map y — yV'(y ) fory >0

(for y > 0 in the case V(0) = U(o0) < o0), we have that (yndQ" )y ( ndQT (y”)>> .
ne

converges in probability to yZ%(y)V’ (y?%(y)), and therefore converges in the L'(P)-

norm. O

Lemma 5.2.17. The map y — Z%(y)V’ <y2%(y)> is continuous in the L'(P)-norm.

The function v is continuously differentiable and

lim o, (yn) = v'(y) = E [2%(;,) <v’ (;,2%@)) v eT)] . (5.2.26)

n—o0
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Proof. The first assertion follows from Lemma [5.2.16] by the same argument as the proof
of Lemma [5.2.17]

To prove the formula , we observe firstly that the term on the right hand
side is a continuous function of y > 0 by the first assertion. The convexity of v (by
Lemma implies the existence of the derivative v'(y) for all but countably many
y's. Therefore, it suffices to show whenever the derivative v'(y) exists. Let
(yn)nen be a sequence tending to y > 0 such that o'(y) exists. Using formula (5.2.22)),
Lemma , formula , Lemma , Remark and formula ([5.2.24)) we see

that

V'(y) = vi(y) = lim v, (yn)

n—oo

dQ" (y, 40" (y, .
= Jim {E Wty (y uly >> +{Qulun),er)
. (5.2.27)
+(n+1) (1—E ng()y”) ) }
=E [@(y)‘/’ (y@(y)) + ZT(y)eT]
O
Lemma 5.2.18. For (y,)nen tending to y > 0, we have
dQh(y)\ v@ . = >
yZ3(y)V, <yn dfj’ )) ryZp(y)V' (yZ%(y))- (5.2.28)
Proof. 1t is clear that
d@; n P i o
yZ3 )V, (yn dl()y )> — yZy(y)V’ (yZ%(y)>-
We have to prove the uniform integrability of the positive parts
~ =+ ~
= dQy,(yn) > dQy,(yn)
ZO ! n — ZO ! n 1 .
yZr )V, (yn P yZr)Va | v p {vi (st ) 0
for n € N. N
By distinguishing pointwise the cases yZ9(y) > y, ©alun) ( ) and yZ0(y) < yn 2 (y"), we
have
% déjr (yn)
ZO / Ten\dn) 1 .
yZr(y)Va <y” dP {‘4; (yni‘inﬁy”))zO}
< 20 / ( 20 > ; 2.
< max {Z/ZT(Z/)V yZ7(y) 1{% (yn d%é}’"))Zo}’ (5.2.29)
dQn(yn) 1, [ Q1 (yn)
, —enn) ALV . ‘
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As by Lemma [5.2.16|the family of functions on the right hand side of ([5.2.29)) is uniformly
integrable, we obtain the uniform integrability of the positive parts of the sequence.

Let x,, := —v],(yn). By Lemma we have lim,, o z, = —0'(y).
As Gn(z) € C* and Z2(y) € M} C D*, we deduce form equation ((5.2.14)) that

Z4() ( +V (yn deﬁ”)) + )

Therefore, using the formula ([5.2.26)), we obtain

. do" (v,
V23V, (y uly >>

E

— B |Z0)g(x)| 0. (52.30)

liminf E

n—oo

> lim (—xny —E [y?%(y)eTD

n—o0

> 5.2.31
=v'(y)y - E [yZ%(y)eT] (5:2.31)
=E [yZ%(y)V’ (?JZ:OF(?/)>] :
As the positive parts of (y?%(y)vqé (yn%>> is uniformly integrable, we deduce
neN
from Fatou’s lemma that
. . . dO" (v,
B [1Zp0)V' (4Z3))] > msup B [Z3 )V, <yn uly ))
n—oo
Together with (5.2.31]), we obtain that
. > dQ% (v S -
lim B |yZ7(y)V, (yn#> —E [yZ2 )V (vZ200)].
n—o0 dP
Using Scheffé’s lemma, the result now follows from the convergence in probability. m

Lemma 5.2.19. Let g,(z) € C* be the optimal solution to the primal problem (5.2.6)).

Define g(x) :== — (93 +V’ (yf%(y)) + €T>, where y = —v'(z).
Then )
U(z + gn(z) + e7) % u (x+9(x) +er). (5.2.32)

We have g(z) € C*, and

lim u,(z) = u(z) = E[U (z + §(z) + er)]

n—0o0

therefore g(x) is the unique mazximizer to the optimal problem (5.2.2)).

Proof. Fix € R and let y,, := u} (). We observe that the concave functions u, increases
to a function, which is denoted by u.,, and which bounded from above by v and conjugate
t0 v = vs. As v is strictly convex, u., is continuously differentiable, and using Lemma

[(.2.7, we see that

: 1 / 7 ) _
Tim g, = lim w, (1) = ue(r) = —v'(z) = y.
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By Remark (ii) and Lemma we have
d@z Yn P i
v, (%%) — V’ (yZ%(y)> :

and hence o
U(x+ gn(x) +er) — U(x+7g(x)+er). (5.2.33)
Next we show that
nh_)nolo U (2 4 Gu(2) + er) — Up(x + Gulz) + e1) ||L1(P) =0. (5.2.34)

Indeed, since U, ;1 (x) coincides with U(z) for x > —(n+1) and 2+ g,,(x) +er > —(n+1)

we have
E[U(z + gu(z) + e7)] — E[Un(z + gu(z) + e7)]

= E[Uni1(z +gu(x) + er)] — E[Un(z + gn(x) + €1)]

< Upyr () — up(x).
As the increasing bounded sequence (u,(x)),en is convergent, the right-hand side of this
last inequality tends to zero, .

From equation ([5.2.14]), Lemma [5.2.13| and Lemma |5.2.16| we see that

HUn(l' + n(x) + eT) - Um(x + gm(2) + eT) HLl(P)

()

L}(P)

S dQn () dQr(ya) [ dQr ()
< _ _Yn\Jnj _Yn\Jn;
< Un< V. (yn P + yn 7p Vil yn 7p
o dQT (ym) dQr,(ym) ) QL (ym)
Um< Vin (ym P Ym—p Vo | Ym 7P .
dQr(ya) ., [ dQr(y) AQr,(ym) ., ([ dQr, (ym)
_'_ yn dP Vn yn dP - ym dP Vm ym dP Ll(P)
B Q7 (yn) Q7 (ym)
" (“T Ve e
L1(P)
dQr(ya) ., [ dQr () dQr,(ym) ., { dQr, (ym)
o —gp e\ gp | TV gp | gp .
— 0,

as m,n — Q. AS a consequence,
U (2 + Gu(@) + er) = U (z + Gn(x) + e1) | 11 p)
< |Un(z + Gul2) + e7) — Uni (2 + Gn(x) + er) HLI(P)
+[|U (2 + Gm(x) + e7) = Un (2 + () + e7)]| 11 p)
+[|U (@ +Gu(@) + er) = Un(@ + Gu(@) + e1) || 11 p)

— 0,
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as m,n — oo. Together with (5.2.33)), this implies (5.2.32)).

From the definition of Cf}, we have that the random variable g(x) belongs to Cp).
We obtain that by an application of the triangle inequality that

Uso(z) = lim u,(z) = lim E [U,(z + Gu(z) + er)] =E [U(z +g(z) + er)] .

n—oo n—oo
It is clear that, for all g € C}, all y > 0 and all Z\% € M2, we have
E [U(x +9g+ eT)} <E [V (yZ%) + yZ%eT] + xy.

For §(z), = = —'(y) and Z%(y) satisfying @ + §(z) + er = —V'(yZ%(y)), it follows from
Fenchel’s equality and equation (|5.2.26))

E [U(z+3(x) +er)] =E |V

=E |V(yZ3(y ] —yv'(y) + yE [@(y)eﬂ
= E |V(yZ0(y)) + v 22y GT} +ay,
therefore,
u(z) =E [U(z +9(z) + er)] = ux(z),
and g(z) is the unique optimizer of the primal problem. H

Lemma 5.2.20. We have the following formulae

u'(x) =E[U (x+g(z) +er)], (5.2.35)
zu'(x) = E[(x +9(2)U (x +g(x) +er)]. (5.2.36)

Proof. To show (5.2.35]), we note that
W(2) =y =B [yZ)] =B [0 (-V' (420w)) | = BV (z+ §(2) + er)].
The formula ([5.2.36)) is a reformulation of equation ([5.2.26f), indeed,
wu' (@) = ' (y)y = B [yZ3() (-V' (v22(0)) = er )|
=E[(z +9())U" (z +9(z) + er)] -
which follows from the relation between the primal and dual optimizers. O

Following the same way as in the proof of [86, Corollary 3.2 (v)] we obtain the following
properties of the value functions v and v.

Lemma 5.2.21. The function u is conjugate to v, has reasonable asymptotic elasticity
and satisfies the Inada conditions

U (—o0) = oo, u'(00) = 0.



Proof. 1t follows from the fact that u,, and v,, are conjugate, and that u,, and v,, converge
monotonically to u and v, respectively.
Using Corollary [5.2.2, we have that, for each A > 0, there is a constant C' > 0 such

that
y ( Ayd@w)) v ( Ayd%’;w) v (yd%m)

dP
It follows from [94, Proposition 4.1] and [70, Corollary 6.1], that u has reasonable asymp-
totic elasticity.
Suppose for a contradiction that u'(—o0) = o < oco. Then, for all £ > 0, there exists
an xg such that for all x < zy we have a — ¢ < u/(z) < a. It follows that, for = < z,

v(Ay) =E <E < CE = Cv(y).

/
AE_(u) < liminf zu(z) < liminf ar E——
z——oc0  u(r) v—o—oo u(zg) + (@ —e)(r —x9) a—e¢

Since this holds true for all € > 0, we have AE_(u) = 1, which is a contradiction.

Suppose for a contradiction that u'(c0) = a > 0. Then, for all £ > 0, there exists an
xo such that for all x > z¢ we have a < v/(x) < a + ¢. It follows that, for z > x,
xu/(x) azx a

AFE. (u) > limsu > limsu = )
o) Z limsup =738 2 limsup oo e e s = o

Since this holds true for all € > 0, we have AFE_, (u) = 1, which is a contradiction.  [J

We see that g € 7} may attain the value +o00. Especially in the case when U(c0) < oo,
this is natural. We now consider the question, whether there exists a self-financing trading
strategy (¢°, ") under transaction costs A, that attains the solution g(z) to (5.2.1)), i.e.,
v () = g(z), and hence § is almost surely finite.

As in [28] we define the set A7 (z) of all predictable finite variation processes (¢°, ),
starting at (¢0, »5) = (z,0), satisfying the A\-self-financing condition (2.1.1)) and such that
there exists a sequence (¢™, ™), cn C AN, (z) varifying that U(z + V;39(¢") + er) €
Li(P)

li L'(P) liq / ~
Uz +Vpie") +er) —= Uz +Vp' (@) + er)

and
P (g0 = (8),81), vte [0.T]] = 1.
We simply write A7y for A3 (0).

The following proposition shows that the existence of a strictly consistent price system
with finite V-expectation guarantees the existence of trading strategies attaining the
primal optimizer and the strict positivity of dual optimizers. It is a generalization of
[10, Lemma 25] and [28 Proposition 3.2] to our setting and its proof follows by similar
arguments.

Proposition 5.2.22. Under the assumptions of Theorem suppose further that, for
some X' € (0, \), there exists a N -consistent price system (Z,?l) € ZX(9), such that

E[V(3Z7)] < ,
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for some y > 0.

Then the solution to the primal problem is attainable, i.e., there exists a
(2°,8') € A} such that V34(3) = G(x), and the dual optimizer (Z°,2°) is in ZM(9),
i.€., a A-consistent price system.

Proof. By Theorem , there exists a sequence ((90”’1, gp”’l))n en & A2, such that

Uz + VyYp") + er) L®, Uz +9(z) +er). (5.2.37)
Then, for S := g—;, the process (7?(33 + o0 + 'Sy + AP))
for each n € N, where

o<t<r 18 8 supermartingale

t
A= (A= )) / Sydemtt,
0

Indeed, by integration by parts and the A-self-financing condition ([2.1.1f), we obtain
T+ o S+ A = w4 g + / pwdS, + / Sudgly! + A}
0 0
t _ t t t
<az+ / ortdS, — / Sudot T + / (1= N)S,dpit + / Sudpit + A}
0 0 0 0

t t t
e / A4S, — / (S, — 5.)dlo ! / (S — (1— N)S,)del bt
0 0 0
=1z + (g&”’l °§)t — By

Since (1 —\)S, < S, < S, the process (BI')o<i<r is increasing. It follows by Bayes’ rule
that S is a local martingale under the measure Q ~ P defined by 3—P = 72. As o™l is
of finite variation and hence locally bounded, the stochastic integral ¢™! « S is a local
martingale under Q. Therefore, z + (gpn’l . 3) . — B} is a local supermartingale under Q.
Using Bayes’ rule once again, we obtain that

(Z (e + 6" + o5, + A7) (Z(x+ ("' - 5), ~ BY))

0<t<T — 0<t<T

A

cam» We have

is a local supermartingale under P. Since (™% ™) € A
—0 n nilw S0 lias n 50
Z, (m + SOt’O + SOtJSt +At) > Ztvth(@ ) > -M"Z,,

for some M™ > 0. As Z' is a true martingale, the process (7? (z+)°+op ' S+ AR))

0<t<T
is a true supermartingale under P, which implies in particular that

E[Zp(z + o3 + Ap)] <z,

and
E[Zp(z + ¢3° + A} 4 er)] <z +p, (5.2.38)

for all n € N.
By Fenchel’s inequality and the monotonicity of U we can estimate

G20 (x + VEUG™) + A+ ex) > Uz + VEYQ™) + ex) — V (5Z3).
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By the assumption we have that V(@?OT) € LY(P), and it follows by (5.2.37), that

<QZOT (z+ V%iq(gpn) + A% + er) 7) is uniformly integrable. Together with (5.2.38))
0<t<T
we obtain the sequence (yZOT (2 + Vpd(pn) + A% + eT)> is L'(P)-bounded.
0<t<T

It follows from 7(; > 0 and V(") RN g(), that conv{A7;n € N} is bounded
in L°(P). Since S is a nonnegative local martingale under Q, hence also a nonnegative
supermartingale under Q, we see that

inf S, > inf S, >0

0<u<T 0<u<T

by [37, Theorem VI-17]. This implies that conv{Varr(¢™!'); n € N} is bounded in L°(P),
therefore the same for conv{Varr(¢™°); n € N}. By [I5, Proposition 3.4] there exists a
sequence

(57, 5) € conv { (¢, ¢*1): k = n)
of convex combinations and a predictable process ({50, @1) of finite variation such that

P (g1 &) — (@.8r), vt e [0,T]] = 1.

It implies that (2°, ') is a A-self-financing trading strategy such that th( 2) = g(z),
therefore (2°, ') € A,
Since §(z) = V;%P) < oo, we have that

GZ2(G) = U'(x + §lx) +er) > 0

by the Inada condition. Hence, (Z°, Z°) € ZX(S). O

5.3 Shadow Price

In this section, we study the existence of shadow prices.

For utility maximization problems under proportional transaction costs, it has been
observed that the original market with transaction costs can sometimes be replaced by a
frictionless shadow market, that yields the same optimal strategy and utility. We adapt
the definition of shadow price in Chapter 3 to our setting with random endowment.

Definition 5.3.1. A semimartingale S = (@)MKT 15 called a shadow price, if
(i) S takes values in the bid-ask spread [(1 — \)S, ).

(13) The solution H= (?[t)0<t<T to the frictionless utility maximization problem

u(w; §) = sup(~) E[U(z+ (H+S), +er)], (5.3.1)

exists in the sense of [86], where AU( ) denotes the set of all S-integrable pre-
dictable processes H, such that there exists a sequence (H™),en of admissible
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self-financing trading strategies without transaction costs such that U(m + (H™ -

S)r + eT) € LY(P) and

Uz + (H" * S)r +er) =5 U(w + (H + S)p + ex).

(131) The optimal trading strategy H to the frictionless problem (5.3.1)) coincides with the
holdings in stocks ' to the utility mazimization problem (5.2.2)) under transaction

costs such that (?[ . §)T = §(z) = V2YP).

The basic idea is that, a shadow price S (if this exists) allows us to obtain the optimal
trading strategy for the utility maximization problem under transaction costs by
solving the frictionless utility maximization problem (5.3.1). As the expected utility for
S without transaction costs is a priori higher than that of any other strategy under
transaction costs, the shadow price is a least favorable frictionless market lying in the
bid-ask spread and leading to the same optimal strategy and utility.

Note that the existence of a shadow price implies that the optimal strategy H to the
frictionless problem ([5.3.1)) is of finite variation and that both optimal strategies H and
', that coincide H= @', only trade, if S is at the bid or ask price, i.e.,

{dp' >0} C{S=5} and {dp'<0}C{S=(1-NS}
in the sense that

{dp'* >0} C{S =195}, {dp"° <0} C{S=(1-N)S},
{AP' >0 C{S_ =5}, {A@'<0}C{S_ =(1-NS5_}, (5.3.2)
{A ' >0 C{S=15}, {A3'<0}C{S=(1-NS}

Following the similar arguments of [28, Proposition 3.3], we show that the attainability
of the primal optimizer by trading strategies implies the existence of a shadow price, which
can be obtained as the quotient of a dual optimal process.

Proposition 5.3.2. Under the assumptions of Theorem |5.2.4), suppose that the solution

g(z) to the primal problem (5.2.2)) is attainable.
Then, the solution (ZO, Zl) to the dual problem (5.2.3)) is a \-consistent price system,

and S = g—l is a shadow price to problem (5.2.2) in the sense of Definition|5.3.1|

0

Proof. The first assertion has been already shown in the proof of Proposition [5.2.22]
By the assumption there exists a sequence of admissible A-self-financing trading strate-
gies (¢, <p"71)n€N such that

P [(or% ¢p") = (80,81). vt e [0,T]] =1, (5.3.3)
and
n,0 Ll(P) ~
Uz + ¢’ + er) —— Uz +5(z) + er). (5.3.4)
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Following along the same arguments as in the proof of Proposition [5.2.22] after re-

~

placing (70,71) by (20, 21) and setting A’ = A\ that (Zto(x + M) + ggof’l)0<t<T is a
supermartingale under P, therefore o
E [2:?, (z + " —|-€T)} <z+p.
AsV (ﬂf%) € LY(P), it follows from and the Fenchel’s inequality
G2 v+ 95"+ er) 2 U (v + 63" +er) =V (522).
that @29 (x + gp?’o + GT)_>0§t§T is uniformly integrable. Since er € L*(P), we see

that, for each n € N, the process ((Z?(x + go?’o) + Z}(p?’l)_> is a nonnegative
0<t<T

submartingale and hence of class (D) so that ((22@ + ™0) + Z\Tlcp?l>> is uni-
neN
formly integrable for every [0, T]-valued stopping time 7. Therefore we may use Fatou’s

lemma to show that (2P(x+<ﬁ?) +Z\t1</ﬁ%>
5.2.4] (4) we have that

0<t<T is a supermartingale under P. By Theorem

r=E[Z0 (s +3Y)],

hence (Z?(:E + &) + Zfl@%)0<t<T is a martingale under P.
By integration by parts we obtain that

22 (x+ @) + Zlpt = 20 (x +30+ @%@)
=20 (x+/0td¢2+ (¢! -§)t+/0t§ud¢i)
_ (x (7 -5), - /0 (Su—S8azt - [ (G- - A)su)dgay)
=20 (o4 (3 +9), - A) = 20 (2 + (3" + 5),) - Za.

Again as in the proof of Proposition [5.2.22| by Bayes’ rule Z0 (x + . §) is a local
martingale and Z°A is an increasing process. This implies that A = 0 and therefore

{dp' >0} C{S=5} and {dp'<0}C{S=(1-NS}
in the sense of .

It is clear that, N
u(z; S) <EV(yZr) + yZrer] + zy,

for y > 0 and Zr € Za(g) As (20,21) € Z2(9), we obtain that 70 is the density

process of an equivalent local martingale measure for the frictionless process S , therefore
E [V(@\Z\%) + @\EgeT] + 27 = u(z) < u(z; @ <E [V (/y\z(}) + ﬂf%eT} + zy.
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It follows from the frictionless duality theorem [86, Theorem 1.1] that z+ (3" * S)r+ep =
x4+ g(x) +ep = =V (@\2%) is the optimal terminal wealth to the frictionless utility
maximization problem for S. Since @ + S is a martingale under Q defined by
Z—g .= 79, we obtain that »' has to be the optimal strategy and in Ay (; §) by [86,
Theorem 1.1.(v)].

This implies that S is a shadow price in the sense of Definition for the utility
maximization problem under transaction costs. O

We observe that the solution to the primal problem is not necessarily attain-
able, i.e., there may not exist an optimal A-self-financing trading strategy (2°, '), such
that 3% = g(z). However, the solution (Z°,Z!) to the dual problem is always a local
martingale (an absolutely continuous consistent price system). We may define the fol-
lowing generalized shadow price, which only leads to the same optimal utility as the one
under transaction costs.

Definition 5.3.3. In the above setting, a semimartingale S = <§t>0§t§T 15 called a gen-
eralized shadow price for the optimization problem (5.2.1)), if

(i). S takes values in the bid-ask spread [(1 — \)S, S].

(7i). The solution g € Cy(S) to the corresponding frictionless utility mazimization prob-

lem
u(z;S) = sup E[U(z+ g+ er) (5.3.5)
9€Cy (S)
exists and coincides with the solution § € Cpy to (5.2.1]) under transaction costs,
where

Cu(S) = {g € L°(R U {o0})

39, € C(S) s.t. Uz + gn + er) € L1(P)
and U(zx + g, + er) L®), U(r+g+er)

and
C(S):={ge L’ g< (H-+S)r for some admissible portfolio H}.

Remark 5.3.4. In the duality theorem of the utility maximization problem with utility
functions defined on the positive real line, the existence of an optimal trading strategy
¢ € A}, follows directly from the existence of the dual optimizer g € C*. Therefore,
it is quite natural to require in the classical definition of shadow price that the optimal
trading strategy in the frictionless shadow market is also an optimal one in the original
market with transaction costs. For the problem with utility functions defined on the
whole real line, we have in general no chance to find the optimal strategy. This is our
motivation to define the generalized shadow price in such a way.

Theorem 5.3.5. The process S = % 1s a generalized shadow price by the definition

above, where (20, 21) € Z)MS) is the solution to the dual problem (5.2.3)).

Remark 5.3.6. We consider (2.1.3) to be satisfied if % =1
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Proof. From the definition of CU(§ ) and C (§ ), we know

-~

u(z; S) = sup E[U(z+ g+ er)].

geC(S)
Since C* C C(:S’\), then
u(z) = sup E[U(z + g + er)] < sup E[U(z + g+ er)] = u(z; ). (5.3.6)
gec gec(8)

Moreover,

S):={Q cba||Q] =1 and (Q,g) <0 for all g € C(S)N L=}

\ \ (5.3.7)
C{Q€eba||Q| =1 and (Q,g) <0 forall g€ C*NL>} =D
Let y := u/(z). Now consider the following value function
~ & . dQ) dQ }
v(y;9):= inf E|V +
05 QeMa(S) { ( Vap) Ve
By [0, Corollary A.2], the formulation of the function v(-) is equivalent to
PP : ~dQ" -
v(y;S)= inf JE|V (Y +y(Q, er) ¢ . (5.3.8)
QeD(3) P
Then, we deduce from (5.3.7)),
@5 > it {B |V (7%) | +5Q.en t =v@) (5.3.9)
0@ 5) 2 inf V5 U(Q,er) ¢ = v(Y). 3.

As (2°,7") € Z)(S), we have that the measure Q, defined by 9 Q _ — 79, is an absolutely
continuous martingale measure for S, ie., Q € MG(S). Hence, we deduce that 2:(}

a fortiori is the optimizer for v(7;S). In particular, v(§) = v(7:5). It follows from
Theorem [5.2.4 Fenchel’s inequality and (5.3.6) that

w(z) = v(@) + 27 = v(§: S) + 27 > igg {v(y; §) + xy} > u(z:S) > u(z),  (5.3.10)
Yy

therefore the primal value functions coincide. In the frictionless market, we have a pos-
teriori u(z;S) < U ( ) By the uniqueness of the primal solution and C* C C(S), the
primal optlmlzer to exists, is unique and coincides with the one to the optimization

problem (5 . O

Remark 5.3.7. In the theorem above, it is not clear whether equivalent martingale mea-
sures for the shadow market S exist or not, except for the case where (Z°, Z!) is strictly
positive. We stress that the following inequity in still holds true under the
assumption M, (S) # 0:

-~

u(z; §) < nf{( S)+$y}.

y>0
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Indeed, this follows from Fenchel’s inequality and the easy part of the superreplication
theorem in the frictionless setting, which could be deduced under the weaker assumption
M, (S) # 0. Furthermore, we observe that there is no duality gap, i.e.,

A A~

u(z;S) =v(y;S) + 2y = ;I;E {v(y; §) + xy},

and there exist at least a primal optimizer (which may not be attained by trading strate-
gies) and a dual one in the shadow market, which coincide with the ones in the original
market with transaction costs.

Remark 5.3.8. The fact that Z\% € M2 (or M?) is the unique solution to the dual problem
(5.2.3) does not mean the uniqueness of the couple (Z*, Z') € Z}(S) (or Z2(S)). In

another word, the shadow price process need not be unique.

Conversely, the following result shows that, if a (generalized) shadow price S exists as

above and satisfies M, (3) # 0, it is necessarily derived from a dual minimizer. (Compare
[28, Propisition 3.8].)

Proposition 5.3.9. If a (generalized) shadow price S ezists as above and satisfies
M.(S) # 0, then there exists a P-martingale Z°, such that (Z°,Z°S) € Z)NS) is a
solution to the dual problem (5.2.3)).

Proof. Choose Q € Ma(g) and denote by Z its density process. It obvious that
(2°,2%) = (2, ZS) e Z(S). Moreover, from M,(S) € M and [94, Theorem 2.2], we
have

-~

< 0(7(;9); S) + 27(x; S) = u(x; S) = u(x),

which implies y(z) = y(x; S) and v(y(z)) = U(gj(x;g);g), hence (20,21) = (2, 2:9) €
Z2 is the solution to the frictional dual problem (5.2.3)), where ZeM, (§ ) is the solution
to its frictionless counterpart for the shadow price process S. O

Remark 5.3.10. The assumption ./\/le(g) # () ensures that we could apply the result of
[94], Theorem 2.2] to the frictionless market with S, in particular, we could deduce the
following equality

-~ -~ -~

v(Y(z; S); §) + 2y(x; S) = u(x; S).

5.4 Application to exponential pricing

It is known from the so-called “face-lifting theorem” that, under transaction costs, the
bounds for option prices obtained from superreplication arguments are only the trivial
bounds. (See e.g., [50].) Therefore the concepts of superreplication do not make sense
economically in the presence of transaction costs. However, the concept of a utility
indifference price makes perfect economic sense in the presence of transaction costs. (See

e.g., [56].)
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We denote now the value function by u°” (z) instead of u(x) to emphasize the depen-
dence on ey and u® denotes the value function of utility maximization problem without
random endowment. The utility indifference price is the solution p(x) of

u” (z — p(z)) = u’(x).
Let us consider the exponential utility function
U(z) = —exp(—7yz), z€R,

where v > 0 stands for the absolute risk aversion parameter. In this case, using the
duality result, we could obtain a dual formulation for the utility based price.
For the exponential utility function U(x), we have

Viy) = % (log (%) - 1) .y > 0.

Lemma 5.4.1. For the exponential utility function, we have that

) 1
uT(z) = Zglgjf\/@ U <§E [Z2log (Z7)] + E [ Z)er] + x) :

for all z € R.

Proof. The proof of the above lemma follows from Theorem |5.2.4] and is similar to the
one of [I0, Proposition 11]. Fix Z% € M. Then, we obtain that

11/r>1g {E [V(yZ%) + yZ%eT} + xy} = ;r;g {E [@ (log (@) — 1) + yZ%eT} + my}
= inf {2 (log (£) — 1) +y (B |2 1og (29) + Zper| +2) }

—U (E [% log (22) + deT} + x) .

(5.4.1)
It follows by Theorem that
°r(z) = inf inf {E [V (yZ2 Z9
u(e) =inf inf {E[V(s77) +yZrer] + oy}
_ z3. 0 0
= Z%lgffvtg U (E [ - log (2}) + ZTeT} —i—x) :
which finishes the proof. O

Lemma 5.4.2. For all x € R, the utility based price of er equals

p(z) =U " (u"(z)) — U (u’(2))

0 0
—  inf E[ﬁl 70 + 70 ] E[—ﬁl ZO—]
A B og (Z3) + Zjer + x +Z%sgj1aé Tlog (Z7) — =
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Proof. By the special property of the exponential function we have that
uT(z +w) = e uT(z). (5.4.2)
In particular, v (z) = e~ 7*u°T(0), which follows that

lim u"(x) = —o0, lim w*"(z) = 0.
T——00 T—00

Since u°T is concave, continuous and strictly increasing, there exists a solution of the
equation u¢T (z — p) = u°(z), denoted by p(x).
Again by (5.4.2)) we have that

exp (7p(2))uT (x) = uT (z — p(x)) = u’(2).
The assertion follows by a simple computation and Lemma [5.4.1] O

Corollary 5.4.3. Under the assumptions for Theorem[5.2.]), the utility based pricing can
be represented by the solution of dual problem on shadow markets, i.e.,

- ot B[ (5) - F o ] ot p[Fun(3) - %]
p(x)—Z%IQAfAéE[WIOg ) Zper| = it B |ZFlog (5

= v(l; §($, GT)) - U(1§ §(m)),

where g(:v, er) 1s the generalized shadow price corresponding to the problem (5.2.1]) with

x and er, while §($) is the one corresponding to the (5.2.1)) with x but without random
endowment.

Remark 5.4.4. The choice of the generalized shadow price will not alter the above result.
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Chapter 6

On the Existence of Shadow Prices
for Optimal Investment with
Random Endowment under
No-Short-Selling Constraints

In this chapter, we consider a numéraire-based utility maximization problem under pro-
portional transaction costs and random endowment. Assuming that the agent cannot
short sell assets and is endowed with a strictly positive contingent claim, a primal opti-
mizer of this utility maximization problem exists. Moreover, we observe that the original
market with transaction costs can be replaced by a frictionless shadow market that yields
the same optimality. On the other hand, we present an example to show that in some
case when these constraints are relaxed, the existence of shadow prices is still warranted.

6.1 Formulation of the Problem

Again we consider a financial market consisting of two assets, one bond and one stock,
where the price of the bond B is constant and normalized to B = 1. The price process
of the stock S = (S;)o<t<r is a strictly positive and cadlag. which is based on a filtered
probability space (€2, F, (Fi)o<t<r, P) satisfying the usual hypotheses of right continuity
and saturatedness, where Fy is assumed to be trivial. Here, T" is a finite time horizon
and we assume Fp_ = Fr.

We introduce proportional transaction costs 0 < A < 1 for the trading of the stock,
which models the width of the bid-ask spread [(1 — \)S, S].

In this chapter, we shall consider a utility maximization problem similar to the one
in Benedetti et al. [4], where the agent is facing the no-short-selling constraint, which
forces him to keep both the amount of bond and the number of stock shares postive. In
other words, the agent is only allowed to trade with the admissible strategies defined as
follows:

Definition 6.1.1. Under transaction costs X\ € (0,1), a self-financing strateqy p =

(0%, oY) with (09, ¢8) = (2,0) and (9%, %) = (¥%,0) is called admissible under the
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no-short-selling constraint, if for each t € [0,T] we have that
©) >0 and ¢} >0, as.

We denote by Aﬁ‘r(;v) the collection of all such strategies. Moreover, we define

Ch(a) = {ge L% g < &b, for some (&°,¢") € ()}

We also assume that as well as trading in this market, the agent is endowed with
an exogenous random endowment e at the terminal time 7', which is represented by an
Fr-measurable random variable.

Assumption 6.1.2. The endowment ey is a strictly positive and finite-valued random
variable, which can be decomposed into a deterministic part and a random part, i.e.,
er =x+ep, where x > 0 and ep > 0, a.s.

Remark 6.1.3. Indeed, for the utility maximization problem, it has little matter when the
agent receives the deterministic and riskless endowment x. Thus we may assume that z
is the initial wealth of the agent and er is endowed at time 7. We restrict our attention
to the trading strategies starting from (49, p3) = (,0).

Let U : (0,00) — R be a standard utility function defined on the positive real line

satisfying the Inada conditions

U'(0):=limU'(z) =00 and U'(oc0):= lim U'(z) =0,

xz—0 T—00

and the condition of reasonable asymptotic elasticity (RAE)

, xU'(x)
AE =1
()=t

< 1.

Then, the problem for the agent is to maximize expected utility at terminal time T
from his bond account derived from trading and the random endowment, i.e.,

u(z;er) := sup E[U(g+er)]. (6.1.1)

g€y (z)

Consistent price systems (CPSs) play an important role in the framework with trans-
action costs (compare, e.g., [60, [07]). In the present chapter, to establish the utility
maximization problem under the no-short-selling constraint, we adopt an extended no-
tion — A-supermartingale-CPSs, similarly defined as in [4].

Definition 6.1.4. Fiz A > 0 and the price process S. A \-supermartingale-CPS is
a couple of two positive processes Z = (Z0, Z} )o<i<T consisting of two supermartingales

Z° and Z*, such that
1

Z
SZ = Z—g e[(1-XNS, S, a.s., (6.1.2)
t

forall0 <t <T.
The set of all A-supermartingale-CPSs is denoted by Z)

sup*
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We introduce now the following assumption on the existence of a supermartingale-
CPS, which is an analogue to the existence of an equivalent supermartingale density in
the frictionless setting.

Assumption 6.1.5. For some 0 < X < X, we have that ZX ().

sup

For Z € Zs’\up, define S% = g—; By the definition, SZ is a positive semimartingale
taking values in [(1 — X)S,S]. Then, we can construct a frictionless market consisting
of one bond with zero interest rate and an underlying asset, whose price process is S%.
Adapting the previous setting under transaction costs, we adopt the following notion of

self-financing trading strategies.

Definition 6.1.6. In the frictionless market associated with SZ, an R?-valued predictable
process @ := (@Y, @1) starting from (z,0) is a self-financing trading strategy, if @' is SZ-
integrable and

t
@'?Wistzzw/ GlaS?, 0<t<T.
0
Here, g?)? and @tl describe the amount of bond and the number of stock shares held at time
te[0,77].

We shall formulate a utility maximization problem for the frictionless model with SZ.
In accordance with (6.1.1), we always assume that neither asset can be shorted, so that
the maximization problem is established over all admissible strategies defined as follows.

Definition 6.1.7. Let S% := g—;, for some Z € Z) . A self-financing strategy @ is

sup*
admissible under the no-short-selling constraint, if we have

Cp? >0 and 952 >0, a.s.,

forall0 <t <T.
We denote by AZ(x) the collection of all such admissible trading strategies under the
no-short-selling constraint starting from (x,0). Moreover, we define

Cf(:c) = {§€ LSH:JS &% + prSZ, for some (2°, 5 € Af(az‘)}

Lemma 6.1.8. Any payoff in the original market S with transaction costs can be dom-
wnated by that in the potentially more favorable frictionless markets, which is within the
bid-ask spread. Namely, fix Z € Z2, and let (¢°,¢') € A} (x) be arbitrary, then there

sup

exists a (¢°, p*) € Ad(x) such that
V> and @} > or, a.s., (6.1.3)
forall0 <t <T.

Proof. For any (¢°, ') € A} (z), since (¢°, ') is a A-self-financing trading strategy, we
have that

t t t
w?ﬂoiStZ:H/ ds02+/ wi_deJr/ SZde,
0 0 0
t t

t
=fv+/ (de + 57 dyy) +/ widsfgwr/ oL ds?.
0 0 0
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Then, define a self-financing trading strategy in the frictionless market associated with

S? by

t
Aimo+ [ pldst—ls? 2 ol
0

ot = 4,

which satisfies (6.1.3]). O

Obviously, C2(z) C C%(x), for any Z € 2, . Therefore, letting

sup*

u?(x;er) ;== sup E[U(g + er)],
geci (x)

it follows that

u(z;er) < zérzl'f u?(z;er),

sup

which means each frictionless market with S# affords better, at least not worse, invest-
ment opportunity than the original frictional market. An interesting question is whether
there exists a least favorable Z € Zﬁup, such that the gap is closed, i.e., the inequality

becomes equality. If so, the corresponding price process S Z, g is called shadow price.
Below is the definition of the shadow price similar to [4], Deﬁmtlon 3.9].

Definition 6.1.9. Fiz the initial value x and the terminal random endowment er. We
assume that short selling of either asset is not allowed. Then, the process SZ associated

with some 7 := Z(:z: er) € Zs’\up 1s called a shadow price process, if

sup E[U(g+er)] = sup E[U(G+er)).

g€’ (x) gecZ ()

6.2 Solvability of the Primal Problem and Existence
of Shadow Prices

In this section, we shall present our main result, that is, the solvability of (6.1.1]) and the
existence of shadow prices.

6.2.1 Main Theorems

The existence of shadow prices for the utility maximization problem with neither the
no-short-selling constraint nor random endowment has been studied in [62], 25| 27 [30] by
duality methods. By contrast, we shall solve (6.1.1]) directly by following the line of [4].

First of all, we display a superreplication theorem as an analogue of |4, Lemma 4.1]:

Lemma 6.2.1. For any Z € Z},,, the process Z°¢"+ Z' o' is a positive supermartingale,
for any (£°,¢") € A} (x).

122



Proof. As (¢, ') is of finite variation and (Z°, Z1) is a supermartingale, we obtain by
[58, Proposition 1.4.49] that

t t
2060 + 7ol = (2960 + Zioh) + / (P dZ° + oL dzb) + / (2040 + Z1dgt)
t t
o+ [ (A dZl e haz + [ (2060 + 220
0 0

The first integral defines a supermartingale due to the positivity of ¢©° and ¢!'. The
second integral defines a decreasing process by the fact that (©°, ') is A-self-financing

and that Z—}lﬁ takes values in [(1 — \)S,,S,]. Therefore, the process Z%p° + Z'p! is a
positive supermartingale. ]

Remark 6.2.2. Comparing with [97, Theorem 1.4], we require less on the underlying asset
price S for the superreplication theorem, since we are working with a smaller set of trading
strategies.

Furthermore, we have some properties of the convex sets A2} (z) and C} () as follows.

Lemma 6.2.3. Under Assumption|[6.1.5, the total variation Var(¢°) and Var(p') remain
bounded in L°, when ¢ runs through A% (z).

Proof. Write ¢° = %" —¢% and o' = 1T — !+ as the canonical differences of increasing
processes. Then, we could define a strategy @ € A (z) by

A= N
1—-A

Bt = <so? - so?’ﬂso%) , 0<t<T,

and prove by Lemma that for Z € ZX

sup?

A= N
1—A

A= N
E [ %@%T} < E[Z¢} + Zror] + ﬁE [Z%SO%T} <.

The reminder of the proof is identical with the one of [97, Lemma 3.1]. ]

Then, we state the following lemma without proof and refer the reader to [97, Theorem
3.4].

Lemma 6.2.4. Under Assumption the set C3(x) is convez closed and bounded in
.

In what follows, we shall establish the existence and uniqueness result for the primal
solution of (6.1.1]). The spirit of the proof is revealed in [95] (compare also [48] and [4]).
However, we observe that the positivity of (f,)nen in [95, Lemma 3.16] is not essentially
needed for the proof of the existence. Thus, we reorganize a proof. Firstly, we introduce
the following lemma.

Lemma 6.2.5. Suppose {f,}tnen is a sequence in L', f, — fo € LY, almost surely.
Moreover, lim,,_,. E[f,] is finite and f; is integrable. We denote a := lim,, oo E[f,] —
E[fo]. In particular, if E[fy] = —oo, we note o := 0o. Then, we have
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(i) For any M >0,
limsupE[f, 1,50 > a. (6.2.1)

n—o0

i1) For any o < «a and M > 0, there exists a subsequence {f,, }ren and a sequence of
Yy k
disjoint sets (Ag)ren, such that for each k € N, f, > M on Ay, and

E [fnk ]‘Ak} Z O/.

Proof. (i) We suppose, contrary to our claim (6.2.1]), there exists M > 0, such that

limsup E[f, 1,50 = 8 < o, (6.2.2)
n—oo

which implies the boundedness of {E[f,1{s,>a1]} nen. Suppose E[fy] = —oo, then we

have

Elfolip<n] < Elfo] = —oc.

Thus,

limsupE[f, 1, <a] < E[folisy<nry] = —oc. (6.2.3)
n— oo

From ([6.2.3) and (6.2.2)), we can conclude that lim,, . {E[f]|}neny = —00, which contra-
dicts to the assumption. Therefore, E[fy] € R. In this case, we have

E[fol{p<in] = limsup B[ f1(s,<a]
n—oo

= lim E[f.] —lirginfE[fnl{fnZM}] (6.2.4)
> E[fo] + a— B,

where the equality is deduced from the convergence of {E[f,]},en and the boundedness
of {E[fn1{s,>m] tnen. Obviously, (6.2.4) is a contradiction.

(ii) We first consider the case that a < co. Fix o/, M and denote by ¢ := a — /. We
now construct inductively a subsequence { f,,, }ren as well as a sequence {A™ },,cn, where
A™ consists of m subsets of (0, i.e.,

A" = {AT AT AR, moe N.
Let My = M. From (i), we could choose ny such that E[fu, 1, >an}] > « and define

Al = {f,, > M;}. Suppose that {f, }H, and {A™}Y_, are well-defined and we now

define f, ., and AN*TL  Note that for each n € N and any M > 0,
E[1

| =E[1 J<B1

{|f:—fo+|zﬂ}} +E [1{f0+z%7}] '

Thus, by the integrability of fy, fi, f2, ..., fx and Markov’s inequality, one can choose
My, > My sufficiently large, such that for any n > ny and k=1,2,... N,

{fn>M} {f:f>M3

15
E “fn|1{an+12MN+1}} < IN+1"

{fanss = Myi1} and AYH = AP\AYT]. Note that the sequence {A™},,en we defined
above has the following properties:

Then, we fix nyy1 > ny satisfying E[foy, 147, >my,3) = o and define AN =
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(a) For each k, {A}"},n>k is decreasing in m;
(b) For each m, A", AY', ..., A" are disjoint;

(c¢) For each k and m > k,

3
L

E[fnklAZl] > a—

I
| ™

i

Letting Ay 1= [, AF"- It is easy to verify that the sequences {f,, }ren and {Ay}ren
yield the desired result.
If o = 00, we could complete the proof by a similar argument. O

Theorem 6.2.6. Let Assumptions|6.1.5,(0.1.9 and|7.1.1] hold. Assume moreover that

u(z;er) < oo.
Then, the utility mazimization problem (6.1.1) admits a unique solution g € C} ().

Proof. The uniqueness is trivial due to the strict concavity of U. Thus, we only have to
show the existence.

(i) Since u(zx;er) < oo, we could pick a maximizing sequence for ((7.1.1), i.e.,

u(z;er) = lim E[U(g, + er)].

n—oo

By passing to a sequence of convex combinations ¢/, € conv(gy,, gni1,--.), still denoted
by g,, and applying the Komlés type theorem as well as Lemma [6.2.4] we may suppose
that g, converges a.s. to g € C*(z).

(ii) It is easy to verify that u is still a concave function in x and thus u(z;er) < oo
implies u(z+ 1;e7) < oco. We claim that E[(U(g+er))t] < +o0. If not, we could deduce
that u(z + 1;er) = 0o, which is impossible. Therefore, E[U(g + er)] exists.

(iii) We now prove that g is the primal optimizer. If not, there exists an a € (0, 00|
such that

a=u(x;er) —E[U(g+ er)].

For each n, denote by f, = U(g, + er). Fixing € > 0, there exists an ng € N, such that
for each n > ny,

u(z;er) —Elf,] <e. (6.2.5)

Since AE(U) < 1, by Lemma 6.3 in [70], there exists some 7 > 1, such that U(5) > 3U (),
for all x > 2y > 0. From Lemma [6.2.5, we can choose sufficiently large M > 0 and
m > n > ng, such that U~ (M) > 2z,

E[]fn|1{fm2M}} < ¢ and E[fml{fsz}] >a—c. (6.2.6)
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Then,

g G
o (#52 er) | = [u (#5220
G
4 E [U (g 29 +6T> 1{fm<M}] :

Furthermore, due to the positivity of g,, g, and er, we have

n+ m
E |:U (% —+ €T> ]‘{fmZM}:| Z %E [U (gn —l—gm + 26T) ]_{fmZM}} 2 %/E [fm]-{fmZM}}
and

In + Gm 1 1
E {U (—2 + eT) 1{fm<M}] = 5B [fal{gm<rny] + SE [l ipmerry] -
Therefore, we can deduce from ([6.2.5)) and ( -,
8

n + Gm 1 !
E {U (—g 5 Im 6T):| > §E [fal{fmensy] + §E [fm] + TE [finLipmzany]

(fy—1)04_7~|—26

> .
> u(x;er) + 5 5

Letting € — 0, we have

E [U (gn—ggm +6T)} > u(z;er),

which is a contradiction to the maximality of u(z;er). O

Now we turn to consider the frictionless market associated with S#, for Z € Z, .

Similarly to Lemma [6.2.1, we have the supermartingale property of Z0 + Z'@! for
(2%, ¢") € AZ(z). The subsequent lemma has been reviewed in [4, Lemma 4.1]. However7
for the convenience of the reader, we prove it in the numéraire-based case.

Lemma 6.2.7. Fiz Z € Z),,. The process Z°¢" + Z'@" is a positive supermartingale,
for any (&%, &') € Af(x).

Proof. Note that 7" + Z'¢t = ZO(@ + cfélSZ) Zo(a: + @t . SZ) by the frictionless
self-financing condition. Using [td’s formula and [45, Proposition A.1], we obtain that

J
Z)F + 2[5 = oZy + (PL+ §LSZ) « 2°), + (22 - (3" + §7)), + @' + 57, 2],
=aZy+ (@1 +3L8%)« 2%, + (&' (22 - 57)), + (¢ * [SZ, z°),
It follows from the frictionless self-financing condition again and [58] 1.4.36] that
A@"+§'5%) =A@ « 57) =5 AS7,
therefore, @° + ¢+ SZ = @Y + ' SZ. By [58, 1.4.37, Definition 1.4.45], we obtain
200+ 71 5; = ng +(B°+ 2%, + (8" < (87 2°+ 22 - 57 + (57, 2%)),
=22y + (¢ 2°),+ (¢' - (572%)),
=220+ (" 2°),+ (¢' - Z"),,

which is a positive local supermartingale and hence a supermartingale. O]
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Then, it is easy to deduce that for g € C#(z),
E[U(g + er)] < E[V(Z}) + Zp(g + er)] < E[V(Z})] + E[Zyer] + Zgx, (6.2.7)

for each Z € Zs)‘up, where V' is the conjugate of U. Therefore, to prove the existence of
shadow prices, it suffices to have the following lemma, whose proof is postponed to the

next subsection.

Lemma 6.2.8. Let Assumptions|6.1.5 and |6.1.4 hold. There exists a 7 e Zs)‘up, such
that

(i) Z% = UG+ er);

(i) E[Z9g] = Zx.

Theorem 6.2.9. The A-supermartingale-CPS Z € Z;,, satisfying Lemma |6.2.8 (i)-(ii)

. 2 L 21
defines a shadow price S* = =-

Proof. Consider the frictionless market associated with S Z, By Lemma , we have

u?(z;er) > u(a;er) = B[U(G + er)] = E[V(Z2) + 227 + er)]
= E[V(Z\%)] + E[?%eT] + 283: > uZ(x; er),

where the last inequality follows from (6.2.7)). The inequality above implies u? (x;er) =
u(x; er), which proves that SZ is a shadow price for the problem ([6.1.1]). ]

Remark 6.2.10. As has been indicated in [, by the strict concavity of u, g is the unique
solution in C(x) for the frictionless problem u?(z; er). Moreover, the trading strategy @,
that attains the maximality in the frictional market, does the same in the frictionless one
associated with the shadow price SZ. Therefore, the optimal trading strategy (2°, &%)
for S under transaction costs \ satisfies

{dp} > 0} C {S7 = 5.},
{dp! <0} C{S7 = (1 - NS},

forall 0 <¢ <T.

Remark 6.2.11. In our case, shadow prices are determined not only by the random en-
dowment but also by its decomposition (see Assumption . The decomposition of
the random endowment together with the no-short-selling constraints can be explained
as the agent’s trading rule created by her controller. Precisely, if the random endowment
er that the agent will eventually receive is decomposed into x + er by her controller, then
it means that the agent is allowed to borrow at most x in the bond market for trading
the stock. Thus, the different ways of decomposition mean the different limits of short
selling in bond, which lead to different maximal utilities and also shadow prices.
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6.2.2 Proof of Lemma [6.2.§]

In this subsection, we prove Lemma[6.2.8] Generally speaking, we shall follow the line of
the proof of [4, Proposition 4.2]. Thus, we only give the sketch in order to show how it
develops in the numéraire-based context and how a positive random endowment works.
The proof is divided in several stages.

Firstly, the following dynamic programming principle, similar to [4, Lemma 4.4], can
be verified as a special case of |40, Theorem 1.17].

Proposition 6.2.12. Define

U (2, o)) = ess sup E [U(w?p + eT)‘ Fs] ,
($9,01)EAX 1 (0,1)

where AST(cps, ©l) is the set of all admissible \-self-financing trading strategies, which
agree with ¢ € A% (x) in [0, s].

Then, the process (Us(72, @1)) is a martingale i.e.,

0<t<T
MS(@&@;) =E [ut SOtg ‘F] a.s.,
for all optimal trading strategies @ attaining g.

Proof. In the numéraire-based context, this proposition can be directly proved. Without
loss of generality, it suffices to verify the following claim

E (U +er)| Fs] <E[U@) +er)| Fl, (6.2.8)

for all (4%, ¥") € A2+(80, 83)-
To obtain a contradiction, we suppose that - is not true, i.e., there exists a

(Y0, 91) € S’T(%, ?!) and a set A C Q with P[A] > 0 defined as
= {E[UWY + er)|F] > E[U(B) + er)| 7]} € Fu. (6.2.9)

Then define
(W0, ") 1a + (2%, @) 1ae = (n°, ') € A1 (20, )).
We have that

E[U@ +er)| F] > E[U@S +en)| F], as.
on A, and
E (U@ +er)| F] > E[U@ +er)| F], as,

which implies

E [U(n% + €T)] > E [U(SZ(:JF + BT)] = u(z;er).
This is in contradiction to the maximality of ». Thus, by the definition of U (2, p!) and
(6.2.8]), we obatin

U(P°, Pr) = esssup E[U(w%—i—eT)‘}"s} :E[U(ﬁ%—l—eTﬂfs} .
(W01 A} 1(7,3)

Finally, the tower property of conditional expectations yields the desired result. O]
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The next step goes in an exactly same way as in [4], i.e., we should first construct a
71

pair Z = (Z°, Z})o<i<r, then verify the shadow price can be defined by Z5. The additional
positive er in the dynamic will not alter the following results.

Proposition 6.2.13. The following processes are well-defined:

~ 1 N .
7 = hr%—(ut(@? +e,81) — U, B1))s
N0 € (6.2.10)

= 1 R R
Zt1 = l%g(ut<@?a ()07} + 8) _Z/{t(@?, 907}»7

for0<t<T, and

z’% = U/(@T + eT)7 (6211)
Z1:=U"(pr +er)(1 — \)Sr.
Furthermore, define
Zl=1limZ, 0<t<T;
5<0 (6.2.12)

7= 7k, t=T.

Then, the process 7 is a cadlag supermartingale and moreover, for all 0 < t < T, we

have
21
(1-X)S; < 2—2 <S; as. (6.2.13)

t

Consequently, 7 isa A-supermartingale- CPS.
The proof of Proposition [6.2.13| will be splitted into several lemmata.

Lemma 6.2.14. For each 0 <t <T andv = 0,1, the random variables Z? 1s well-defined
as the limit of an increasing sequence.

Proof. Consider €1, 9 with 1 > &9 > 0,

—~ £, - Eo o
U (Dr + e2ei) = Uy <6_2(S0t +e1e;) + (1 — _2)<Pt)
1
€ ~ 9 ~
> 22U (B + eres) + (1 - —2) Us(r)-
&1 €1

The last inequality follows from the concavity of U and the definition of i;. It implies
that

U (Pr + e2ei) — U(Pr) S U(Dr + e1€5) — Uy(Dy)
€9 o €1 '

Therefore,
. 1
Z =1 — (Y, 7 7 —U, %)
¢ 51{%5( (e +ce;) aen)

is well-defined as the limit of an increasing sequence. O]
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Lemma 6.2.15. There exists a sequence of (™ )pen = (™0 ™), cn
such that

C Apr (B + ee)

U(pr+ee) =/ = I B[U(W" +er)| 7.

Proof. 1t suffices to prove that the set {E [U(§ + er)| F] | (@°,0") € A}p (@ +ee;) } is
directed upwards. To show this, pick two processes (%, 1), (0, n') € AtT(got—i—éeZ) and
define the set

A={E[UW}+er)| F] >E[UW} +er)| F]} € R
and the process
W 1A+ (0", ") 1ae = (€°,€") € App(@r + ce).
It is easy to see that
E [U(W} +er)| F] VE[U(n} +er)| Fi] <E[UE} +er)| F] -
The assertion follows by Theorem [A.T.6] O]

Lemma 6.2.16. The process 7 = (Z?,Z})OS&T is a (not necessarily cadlag) super-
martingale.

Proof. Clearly, we have
At (P +eei) C As 7(Ps + €€i),

for 0 < s <t <T. Then,

Us(ps + ee;) = ess sup E [U(@/J% + eT)} ]-"S}
(wovwl)EAiT($s+€ei)
> ess sup [U(zﬁ% + eT){ ]-"5}

(CRRTE )eAMwﬁeJ
>E [UWs’ +er)| Fs] =E[E[U@WF° +er)| F]| F -

So, by the monotone convergence theorem we have that
U@, +ee) > lim E[E[UWF") +er)| B]| 7

—E | lim E[U(}" + er)| 7]

fs} — E[U(G: + ce:)| Fi],

which shows

Us(@s +eei) —U(Ds) g [ UnBr +eei) —U(D) |
€ - £ e
Therefore, we obtain that
Zé = lim Us(@s +2e5) = Us(P5) >limE {Mt(% +eei) — U(@) ]—"5}
e\0 5 e\0 £
) P TR R C2) } -E|Z| 7.
e\ E

130



To this end, we should verify it at time ¢t = T. For the first component ZO, it follows
from

Z/{s(@s +561) = us(a{s) ‘|‘57$§) > E [U(S/ég“ +ée+ 6T)‘ Fs] s

and the monotone convergence theorem that

ZS = lim Us(@s + ee1) — Us(@) > limE
e\0 € eNo0

—E[U'(} +er)| 7] =B | Z| 7.

[U(@%+6T—|—5)—U(@‘%+6T)
€

7]

For the second component Z 1 as
Us(Ps + e2) = Us(85, 8, +2) 2 B [U(@r +e(1— N)Sr +er)| F]
we obtain by the monotone convergence theorem that

Us(ps + gez) — Us(Ds)

Z; = lim
e\o0 £
o b E U@ +er+e(1—NSp) —U(PY +er) f}
= N0 c s

—E[U'(#} +er)(1 - N)Sr| F] =E| Z}

F|.
Recalling that u(x;er) is finitely valued and concave on R, we have that

u(z + g er) — u(z;er)

7= 7% =1i
Y 0 ;{% -
takes finite values for x > 0. The proof of the lemma is now complete. n

Lemma 6.2.17. The process (Z°, Z") satisfies

Zl
(1 — )\)St S Tt S St, a.s.
Zy
forall0 <t <T.

Proof. 1t is obviously at the terminal time 7. We only consider the claim at time ¢ €
[0,7). Let (k]');>0 be a partition of [0, 00), with mesh size decreasing to 0 as n goes to
infinity. For all € > 0, on the set B; := {kl” <5 < kl"H}, we observe that

~ P € N c
U]+, 8p) > Us (@?,gotl + —) > U, <@§,¢§ + T) ‘
St ki

Therefore,

Uy (9,84 + 7 ) — U@, 8

U(PY +e,8;) — U5, D) >
€ - 15
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Using monotone convergence again, we have Z? > Ztlk%,
I+1

> 15,20 > > 131%23.

leN leN I+1

and hence

Letting n — oo, we obtain S; > % for each 0 <t <T'. Analogously, by the fact that
t
UL, 1 +€) > U, + (1= N)Sh, &y),

we obtain % > (1 —\)S; for each 0 < ¢t < T, which completes the proof. O

t

Lemma 6.2.18. The process 7 isa well-defined cadlag supermartingale satisfying
71
(1=XN)S <= <5, (6.2.14)
forall0 <t <T.

Proof. The existence follows from [66, Proposition 1.3.14 (i), (iii)]. In particular, Z0 < Z9.
As the price process S is cadlag, it is clear that (6.2.14]) holds true. O]

Proof of Lemma[6.2.8. Tt remains to proof (2) in Lemma [6.2.8] Since (20, 21) €z,
we have

E[Z03] < Z. (6.2.15)
It remains to show the reversed inequality. For a < 1, we note that u(az;er) >
E[U(ag + er)]. By the convexity of u, we obtain
Zg(x —ax) <u(z;er) —ulax;er) < E[U(g+ er)] — E[U(ag + er)].

Therefore, it follows from the strict convexity and the continuous differentiability of U

that N N
= U@ +er)—Ulag +er)

ZJr < E T < E[U'(ag + er)g] . (6.2.16)

Letting o ' 1, monotone convergence yields
ZYr < Z3x <E[U'(G +er)g) < E[Z27]. (6.2.17)
We complete the proof by comparing ((6.2.15)) and (6.2.17]). O

Remark 6.2.19. We have seen here that the nonnegativity of the random endowment
is important. This ensures the strict positivity of ag + e, for 0 < a < 1, such that

E[U'(ag + er)g] in (6.2.16]) is well-defined.
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Chapter 7

On the Dual Problem of Utility
Maximization in Incomplete Markets

In this chapter, we study the dual problem of the expected utility maximization in incom-
plete markets with bounded random endowment. We start with the problem formulated
in [23] and prove the following statement: in the Brownian framework, the countably ad-
ditive part Q" of the dual optimizer Q € ba = (L*)* obtained in [23] can be represented
by the terminal value of a supermartingale deflator Y defined in [70], which is a local
martingale.

7.1 Formulation of the Problem

In this section, we shall recall the formulation of the utility maximization problem in
incomplete markets with random endowment and briefly introduce the results obtained
in [23].

Consider the model of a financial market consisting of d + 1 assets: one bond and
d stocks. Without loss of generality, we assume that the bond price is constant. The
stock price process S = (5)1<;<q is a strictly positive semimartingale on a filtered prob-
ability space (Q, F, (F;)o<i<T, P) satisfying the usual hypotheses of right continuity and
saturatedness, where F is assumed to be trivial. Here, T is a finite time horizon.

Assume that the agent is endowed with initial wealth x € R and her investment strat-
egy is denoted by H = (H")1<;<q, which is a predictable S-integrable process specifying
the number of shares of each stock held in her portfolio. We also assume that the agent
receives an exogenous endowment er at time 7', which is Fpr-measurable and satisfies
p = |ler]|s < 0o. Then, the total value of her portfolio at time 7" can be written into

WT:$+(H°S)T+€T,

where (H * S); = fot H,dS, denotes the stochastic integral with respect to S.

We call H an admissible strategy if the process (H « S) is uniformly bounded from
below by a constant, and we denote by Cy the convex cone of Fp-measurable random
variables dominated by admissible stochastic integrals, i.e.,

Co:={g€ L’(Fr)|g < (H-*S)r, for some admissible strategy H}.
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Moreover, we define C := Cy N L*°.
Suppose the agent’s preferences over terminal wealth are modeled by a utility function
U : (0,00) — R, which is strictly increasing, strictly concave, continuously differentiable
and satisfies the Inada conditions:
U'(0):=limU'(z) =00 and U'(c0):= lim U'(z) = 0.
z—0 T—00
Without loss of generality, we may assume U(co) > 0 and define U(x) = —o0, if < 0.

As usual, we assume the following assumptions, which ensure the existence of solutions
of the primal and dual problems.

Assumption 7.1.1. The utility function U satisfies the reasonable asymptotic elasticity,
1.e.,

AEU) = lirrlsup x[[]](;a):) <L

Then, the primal problem can be formulated in the following way:

uwxz) =supE[U(x +g+er)], zeR (7.1.1)
g€Co

We adopt the following assumption as in [23] [70], which ensures a (NF LV R) setting
(see [33] [34]).

Assumption 7.1.2. There exists at least one probability measure Q equivalent to P,
such that for any H admissible, (H + S) is a local martingale under Q. Namely, the set
M = M.(S) of all equivalent local martingale measures is not empty.

To establish the dual problem, we first define the dual domain, which is a nonempty
subset of bay = (L)%, convex and compact with respect to the weak-star topology
o(ba, L>):

D :={Q € bay | |Q[lro =1 and (Q,g) <0, forall g € C}. (7.1.2)
Remark 7.1.3. We note that the space (L*)* can be identified with the space of bounded
additive measures denoted by ba. Each element in ba, admits a unique Yosida-Hewitt

decomposition Q = Q" + Q°, where the regular part Q" € L' is countably additive and
the singular part Q° is purely finitely additive (see [103]).

Then, the dual problem can be formulated as

o(y) = inf {E [v (yig)l + y<@,eT>} oy, (7.1.3)

QeD
where V' is the conjugate of U.
Assumption 7.1.4. |u(x)| < oo holds for some x > p.

Now, we summarize the result obtained in [23] as the following theorem:

Theorem 7.1.5 (Theorem 3.1 and Lemma 4.4 in [23]). Under Assumptions
7.1.4], we have
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(1) The primal value function u is finitely valued and continuously differentiable on
(z0,00), and u(x) = —oo, for all x < x¢, where Ty := supgep(Q, —er).

(2) The dual value function v is finitely valued and continuously differentiable on (0, c0).
(3) The functions u and v are conjugate in the sense that

v(y) = sup{u(x) —zy}, y >0,

T>T0

uw(z) = inf{o(y) + 2y}, x> xo.
y>0

(4) For all y > 0, there exists a solution @y € D to the dual problem, which is unique

: ~ _dQr, : :
up to the singular part. For all x > xy, g := 1|y d%’) — x — er s the solution to

the primal problem, where I = —V' and y = u'(x), which attains the infimum of
{v(y)+xy}. There is a unique admissible trading strateqy H such that g = (H - S)r.

(5) The following equality is verified for the solutions of the primal and dual problems:
(Qrx+ (H-S), +er) = (Qpa+ (HeS), +er)=x+(Qger).  (T.14)

Remark 7.1.6.

(i) Since the random variable z + (ﬁ «S )T +ep in Theorem [7.1.5(is uniformly bounded
from below, then <C§g, x + (ﬁ . S)T + eT> is well-defined by

(Qgua+ (H-8)y +er):= lim (Qg (x+ (H-5), +er) AM),

although it is not necessarily an element in L>.

dor
(ii) From the construction of the primal solution, one can see that ;i,y > 0, P-a.s., so

that Q% ~ P.

(iii) The equality of. optimality (7.1.4) shows that the purely finitely additive part Q7
“concentrates” its mass on the sets,

{x+([§-S)T+eT<%}, for any n € N.

7.2 Revisit the Dual Problem

In this section, we will present our main result, i.e., in the Brownian framework, the
countably additive part Q" of any dual optimizer @ € (L*)* obtained in [23] can be
attained by the terminal value of a local martingale Y, which belongs to the set of all
supermartingale deflators, defined by
V(1) :={Y = (Y})o<t<r | Yo = 1, XY is a supermartingale for any X € X(1)},
where
X(1)={1+H-*S)|1+(H=+S); >0, forall 0<t<T}.

We first observe that the dual optimizer for the problem (|7.1.3) can be approximated
by a sequence of equivalent local martingale measures.
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Proposition 7.2.1. Let Assumptions 7.1.9, (7.1.1} |7.1.4 hold. Let y = u(x). If @y

is a dual optimizer (denoted by Q for short) for the problem (7.1.3)), then there ezists a
sequence (Q™)nen of equivalent local martingale measures, such that

aQr  dQr
P P’

a.s. and (Q" er) — (Q,er), as n — oo, (7.2.1)

Proof. First, we claim that D is the weak-star closure of M, which can be regarded as
a subset of ba via the canonical embedding. For the convenience of the reader, we shall

briefly prove this claim. Indeed, D D ﬂa((b“’po)
suppose, contrary to the claim, there exists a point Q € D but Q ¢ M _ From

[23], D is compact, thus by the Hahn-Banach separation theorem, one can find a function
f € L* and a constant a such that

is trivial. To show the equality, we
—— 0 (ba, L)

o(ba,L>

(Q,f) <a, forall Q e M’

but
(@ f) >« (7.2.2)

Applying the superreplication theory, we conclude that f — « € C and thus, from the
definition of D, we have (@, f) < «, which is in contradiction to ([7.2.2)).

Then, it follows from Corollary that we can find a sequence (Q"),en € M, such

that (7.2.1)) holds. O

Remark 7.2.2. For any cluster point Q* of the sequence (Q"),ex in Proposition [7.2.1] Q*
is a dual optimizer for (7.1.3)) by Proposition A.1 in [23].

Let (Q™)nen be the sequence chosen in Proposition [7.2.1] Define for each n € N
d n
et

dpP
which is the density process of Q™ and therefore, a strictly positive martingale.
We recall the definition of optional strong supermartingales. These processes are
introduced by Mertens [79] as a generalization of cadlag supermartingales. We also refer
to [37, Appendix I] for more properties of these processes.

Definition 7.2.3. A real-valued stochastic process Y = (Y;)o<i<r is called an optional
strong supermartingale, if

1. Y is optional;
2. 'Y, is integrable for every [0, T|-valued stopping time T;
3. For all stopping times o and 7 with 0 < o <17 < T, we have

Y, > E[Y|%,).
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By [29, Theorem 2.7], there exists a sequence (}N/”)neN of convex combinations
Y™ € conv(Y™, Y™ ...) and a nonnegative optional strong supermartingale Y (not
necessarily cadlag), such that for every [0, T]-valued stopping time o, we have

Y 2y ¥,, asn — oo (7.2.3)

Obviously, N R
dQr ~ o dQr

ap T T e

where dQ" = ?T”dP. In the remainder of this chapter, our main goal is to show the claim
that

, P—a.s., asn — oo,

Y is a local martingale, (7.2.4)

under the following assumption:

Assumption 7.2.4. The underlying filtration (F;)o<i<r S generated by a Brownian mo-
tion.

Once the claim (|7.2.4) is verified, we know from the above assumption that Y is
continuous and thus a (cadlag) supermartingale. By a similar argument as in the proof
of [70, Lemma 4.1], namely, for any X € X (1), applying |29, Theorem 2.7] again, one can
see that XY is still a supermartingale, which implies Y € Y(1).

Remark 7.2.5. One can also apply the well-known Fatou-convergence result (see [41],
Lemma 5.2]) to construct Y’ as the Fatou limit of (Y"),en, whose terminal value is

exactly the density %. Although the process Y’ constructed in this way is certainly
cadlag, yet may fail. Therefore, the advantage of the result in [29] is that we
could find a unified sequence which is not only the limit of Y™ at the terminal time T
but also at any intermediate time. Particularly, one can pick a subsequence such that
the convergence holds P-a.s. at countably many times. Note that the difference between
the two kinds of limit is only on the graph of countably many stopping times, see [30,
Section A.1].

Remark 7.2.6. Under the above assumption, every local martingale has a continuous
modification. In particular, from Assumption [7.1.2] the stock price process S in our
setting is indeed continuous. It is not clear to us whether this assumption is really
necessary for the following theorem or it could be weakened. We leave this as an open
question.

Now, we are ready to state our main result. Its proof is postponed to the next section.

Theorem 7.2.7. Under Assumptions |’7.1.2L |7.1.1L |7.1.4L |7.2.4L the process Y defined in
(7.2.3)) is a local martingale and thus, the reqular part Q" of any dual optimizer obtained
in [23] can be attained by a local martingale, which belongs to Y(1).

7.3 Proof of Theorem [7.2.7

In this section, we shall prove Theorem [7.2.7, We break the proof into three main steps.
In the sequel, each subsection stands for a step.
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7.3.1 The Fictitious Optimal Wealth Process

In a first stage, we construct a fictitious optimal wealth process /1/177 which attains the
optimal terminal value x + (H ) ) ot er. Then, we look for a sequence of stopping

times, such that at each stopping time, the process W is bounded away from 0.
Define for every n € N the process

W' i=a+ (H-S)+Egaler|F], 0<t<T.

Since M is closed with respect to convex combination, Q” is still an equivalent local
martingale measures, so that W" is a Q™-supermartingale. It follows from the optimality
of H that N ~

W¥I$+(H'S)T+€T>O, P—a.s.,

which holds also Q"-a.s., since P and Q" are equivalent. By [37, Theorem VI-17], one
can deduce that

inf W'">0, Q"—a.s., (7.3.1)

0<t<T
which holds also P-a.s.
Consider the process

YPWr =Yz + (H-9)) + E[Yer|F], 0<t<T,

which is obviously a strictly positive P-supermartingale. Applying [29, Theorem 2.7]
again, there exists a sequence of convex combinations of (?”)neN, denoted still by (?”)neN,
and a nonnegative optional strong supermartingale Z , such that for every [0, T]-valued
stopping time o we have

YIWr 25 Z,, as n — oo. (7.3.2)

It is evident that (7.2.3) still holds for (Y™),en as well.

)

Proposition 7.3.1. The process Wi=Zis well-defined.

<

Proof. Since Yy = 49" as stated in Remark [7.1.6] (ii), we have that Yr > 0, P-as.

Then, one can employ the same argument as ([7.3.1)) to deduce (see [37, Theorem VI-17,
Appendix I Remark 5])

inf ¥,>0, P—a.s., (7.3.3)
0<t<T
which implies that W is well-defined. m

Proposition 7.3.2. The process Z is a martingale and from Assumptionm it has a
continuous modification.

Proof. Note that P R
Wr=Wg=x+(H-S5)r+er,

for all n € N. We have, from (7.1.4)) and (7.2.1)),

Zy = lim ?O"Wg‘ =2+ lim (Q",ep) =z + (Q, er) = E[?T/WT} = E[Z\T],

n—oo n—oo

from which we conclude that the process Zisa martingale, since we have already known
it is an optional strong supermartingale during the construction. O]
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Proposition 7.3.3. There exists a sequence of stopping times (Tx)ren, Such that
T/Vt/\nC Z %7
forallt € [0,T) and P|r, =T /1, as k — oo.

Proof. Although Y is only an optional strong supermartingale, we can always apply the
martingale inequality to show that

sup Y; <oo, P —a.s.
0<t<T

(see [37, Appendix I-3, page 395]). On the other hand, thanks to proposition [7.3.2] we
could proceed with the same argument as ([7.3.1]) to obtain

inf Z >0, P—a.s.

0<t<T
Clearly, we now have .
inf W, >0, P —a.s.

0<t<T

Without loss of generality, we assume Z\t = Zp, for t > T. Define, for k € N,
oy ;= inf {t >0: /Wt < %} , (7.3.4)

which goes to infinity. From Assumption [7.2.4] all the stopping times defined above are
predictable. Therefore, for each k, we can choose a sequence oy, — 0} and oy, < oy,
whenever oy, > 0. Define 7, := 0y, AT, where

P [|0km, — 0kl > 5] < 5

The sequence (7 )ren yields the desired result. O

7.3.2 The Fictitious Process for the Random Endowment

In the sequel, fix £ € N and denote by 7 = 7,. We shall first decompose W and obtain
a fictitious process for the random endowment er. Then, we construct a dual optimizer
Q* and prove that the random variable e, is the conditional expectation of er under Q*.

It follows from ([7.2.3) and (7.3.2]) that for every [0, T]-valued stopping time 7,
wr W, asn — oo. (7.3.5)
Then, we rewrite the process W as

W,=a2+(H-S),+e, 0<t<T,

where
e =P — nh_)rglo Eg.ler|Fi] (7.3.6)
with N
E|\Y er|F
Eq.ler| 7] = —[ = d t}-
E[Y7|F)]



Remark 7.3.4. In [23], er is indeed associated with a cumulative process e := (e;)o<i<r
with eqg = 0, however, only the terminal value e influences the choice of the agent. Here,
e := (et)o<t<r is a fictitious value process with the terminal value e, which is constructed

by ([7.3.6) and should be differed from the one in [23].
With the stopping time 7, we see that (E [?f‘eﬂfT])neN and (E [?ﬁfT])neN are
L'-bounded, then recalling Komlés’ lemma, we can find a sequence (Yn)neN of convex

combinations Y € conv(?”, yntl .. -) associated with Q" e Conv(Q”, Q"“, -+, such
that P-a.s., for some g € L'(Q, F,, P),

lim E[ rer|Fr] =g, hm E[_;U: = lim Y, =Y,

n—oo n—oo

and

= lim Egrler|F;| =

n—o0

“<Q

T

Remark 7.3.5. The random variables (EQ" [eT\}"T])neN and e, are in L>°(Q, F,,P), and

oo 711
Eg ler|F-] o=, e, asn — oo.

Indeed, for each step function ™ € F,, m € N, it follows from the bounded convergence
theorem that
(Eqrler|F-], €M) — (e, ™),  asn — oo,

If & — & in LY(Q, F,,P), then from the uniform integrability of (EQ" ler|Fr)E™
we have

)mm,EN’

<E ler|Fr], &) — (er, &), asn — oco.

By Egorov’s theorem, there exists an increasing sequence of sets (£2,,)men, such that
for each m, P[Q,,] > 1 — and (Y7) e
that, for each n € N, YT is in L1 (Q, F;,P), we know from Fatou’s lemma that

2m, converges uniformly to ?T on €),,. Observing

and thus
(VZ)HGN is uniformly integrable on §2,,. (7.3.7)

Proposition 7.3.6. The sequence (Qn)
cluster point Q* € D, such that

C M associated with (Yn)neN admits a

neN T

N

(i) Yy — %7 P-oa.s.;

“dp
(1) (Q,er) = (Q* er);
(171) Q* is a dual optimizer for the problem ([7.1.3)).

Proof. Note (Qn)neN C M C D. Since D is a weak-star compact subset of ba, the
sequence (Qn)neN admits a Cluster point @Q* € D. (i) follows from |23 Proposition A.1];
(ii) holds because of (7.2.1); (i) and (ii) imply (iii). O
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Immediately, we have the following corollary:

Corollary 7.3.7. The finitely additive measure Q*|z. is countably additive on Q,,, for
each m € N, where Q*|x, denotes the restriction of Q* on F,. In other words, (Q*|,)*
vanishes on Q,, i.e., for each A C Q,,, A € F,, we have that {(Q*|x, )%, 14) = 0.

Proceeding as in the proof of [88], Corollary 5.2}, we observe that Q*|z, is also a cluster
point of the sequence (Qn| ]-‘7_) and it follows again from [23] Proposition A.1.] that

neN’?
5o o dQ5)
Y, = JL%OE[YTU}} = =5 P —a.s. (7.3.8)

Remark 7.3.8. We remark that the choice of the finitely additive measure * depends on
the stopping time 7, which may not be a Follmer finitely additive measure for Y (see [88|
Definition 2.6]).

The following corollary is straightforward from ([7.3.3)):

(Q*|7)" ~P. (7.3.9)
An argument similar to the one used in (7.3.8) shows that

Proposition 7.3.9.

d((Q*er)|7)"

7p , P—a.s.,

o= Jin E[Vieri7] -
where Q*er denotes the linear operator (Q*,er-) € ba and

(@er)lz)" = (@ et)lx) — (Qer)lz)";
(@er)lz)" = ((Qer)lx) — ((Qep)|x)"

The lemma below is the core of the proof to Theorem [7.2.7}

Lemma 7.3.10. The random variable e, is the conditional expectation of er under Q*
with respect to F,. In particular,

<Q*|}—7—a e‘r) = <Q*7 €T>'

Proof. 1t follows from the boundedness of er, there exists a unique random variable
n € F. (see [76, Definition 7.1, Theorem 7.2]), such that for each A € F.,

(Q*|7m,1a) = (Q7er, 1a).
Our aim now is to prove

(@ er)lr,)

— o — ___dap —
n=e= dQ 7)) P —a.s.

dP

141



It is evident that Q*er is a cluster point of the sequence (QneT)neN, and similar to
Corollary [7.3.7, we know that for each m € N, ((Q*er)|£.)® vanishes on €2,,. Then, for
any A C Q,,, A € F,, we have

<(Q*|}—7)T’d(Qd—|I;T)T1A>:E M

AP 1A] = (((Qer)l7)" 1)

= ((Qer)|F,, 1a) = (Q%er, 14) = (Q"|£.1, 14)
Q%) nla),

which implies n = e,, (Q*|£.)"-a.s. on €,,. Thanks to (7.3.9), we obtain that n = e,,
P-a.s. on €2,,. Letting m — oo, we end the proof. O

dP

7.3.3 Proof of the Main Result

In this subsection, we show that (7:)n€N

tingale. Then, substituting 7 by 7, £ € N, we can conclude that Y is a local martingale.
Let us first consider a dynamic version of ([7.1.4)):

is uniformly integrable so that ?,\T is a mar-

Proposition 7.3.11. [t satisfies

(Q*1 5, We) = (Q*| 5w+ (H+ S), + e,) =+ (Q* ex).

Proof. As Q* € D, we have by definition that
(Q*|7,, (H - S);) = (Q*,(H - S);) < 0.

Thus, from the positivity of (Q*|%. )%, the martingale property of YW together with
Lemma [7.3.10, we obtain

Q" er) = (@7 x + (- 8); +er)
<@z x+ (H-S), +er) Sa+(Qer),
which completes the proof. O

is uniformly integrable.

Now we can deduce that (VZ)neN

Proposition 7.3.12. The sequence of random variables (YZ)HGN = (E[dgj |]:7DneN is

uniformly integrable and
—n Ll ~

Y. —Y,, asn— oo.
Proof. From the proof the proposition above, we see that
<(Q*|f7)s7x + (ﬁ * S)T + €T> =0,

on the other hand, according to Proposition [7.3.3]

—~ ~

Wy=ax+(H-S),+e, >0, P—as.
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Thus, we derive that (Q*|£.)®* = 0. Recalling that ||Q*||pe = 1, we have

E[Y,] =E l%} = 1.

We summarize as follows

e el

E[Y ] zland7:—>f/7, P —a.s., asn — oc.

The desired result follows by Scheffé’s lemma (compare with Lemma [7.4.1]). O

Proof of Theorem[7.2.7]. For each 7}, defined in Proposition it follows by Proposition
[[.3.12] that

—n Ll ~

Y., —Y,, asn— oo.

Tk

From the martingale property and (7.2.3)), we also have for ¢ € [0, 7] that

—n Ll ~

Yire, — Yian, asn — oo,

which implies }A/.,\Tk is a martingale. By the definition of (7% )gen, Y is a local martingale.

As already discussed in the previous section, Y is consequently a supermartingale deflator,
i.e., Y belongs to Y(1). O

Remark 7.3.13. Indeed, for each k, the dual optimizer Q* we constructed generates an
equivalent local martingale measure on [0, 7;]] such that the pricing of the fictitious ran-
dom endowment e, under this measure is exact (@, er), in particular, <@,6T> is an
arbitrage-free price for e,, .

Remark 7.3.14. We would like to explain a little about the dynamics of Q*|£. Clearly,
the underlying price process S and local martingale Y is continuous, so is the wealth
process W. Consider a set A € F., where 7 is a [0, T]-valued stopping time, and suppose

W, is strictly positive on A. For an infinitesimal 6t such that W, 45 cannot suddenly
jump to 0, we can show that if (Q*[5,)* = 0 on A, then (Q*|£,,,,)° = 0 on A. Otherwise,

<Q*’}—T+5’/WT+51A> - <(Q*’]‘—r+5)r7 /WT+51A> + <(Q*’]:T+6)S7/WT+51A>
> <(Q*|]:T+5)T7W\T+51A> = <(Q*|J-'T)T7W71A> = <Q*|]-‘T,/WT1A>.

This implies (Q*, ((FAI e ) pist — (H » S):)14) > 0, which is a contradiction to the
definition of D.

7.4 Alternative Proof of a Result of Larsen and
Zitkovié

In Section 3.2 of [73], the authors show that if the stock price process S is a continuous
semimartingale in the problem without random endowment formulated in [70], then the
dual optimizer is associated with a local martingale living in the set of supermartingale
deflators. Here, we shall give an alternative proof for this assertion based on the dynamics
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of the primal and dual solutions. We emphasize that no extra condition on the filtration
F is assumed in this subsection.

Before presenting the theorem, we first introduce the following lemma, which provides
us an abstract structure.

Lemma 7.4.1. Let (Y"),en € L1 (Q, F,P) and (X™)nen C LO2(Q, F,P), where for each
n, X" >a >0, P-a.s. If there exists a pair of random variables (Y, X) € L'(Q, F,P) x
L°(Q), F,P), such that

Y"—=Y, X <liminf X", P —a.s.,

n—oo
and

E[Y X] > liminf E[Y"X"].

n—oo

Then, (Y™ )nen is uniformly integrable.

Proof. If not, by passing to a subsequence if necessary, there exists ¢ > 0, for each n € N,
there exists A, such that P[4,] < 5+ and

E [Yn].An] Z E.

Define
" =YY"y, §"i=Y" "1 .

Then " — Y, a.s., while by Fatou’s lemma, we have

E[YX] <liminf E[¢"X"] =liminf E[Y"X" —n"X"] < E[YX] — a¢,

n—oo n—oo

which is a contradiction. O

In [70], the primal value function can be regarded as (7.1.1)) with ez = 0. On the other
hand, the dual domain is defined as the solid subset generated by all terminal values of
supermartingale deflators, namely,

D:={he€ L (Q Fr,P)|h < Yr, for some Y € Y(1)}. (7.4.1)
Then, the dual problem is formulated by

v(y) := inf E[V(yh)]. (7.4.2)

heD

It has been proved that for each x > 0, and y := «/(x), the value v(y) is attained
by a unique dual optimizer h; € D, denoted by h for short, and the primal solution
Xr =x+ (H +S)r can be constructed in terms of h. Moreover,

E[hX;] = =. (7.4.3)
Instead of Assumption [7.2.4] we make the following assumption.

Assumption 7.4.2. The stock price process S is continuous.
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Theorem 7.4.3. Under Assumptions [7.1.2, [7.1.1, [7.1.4, [7.4.2, the dual optimizer of
(7.4.2) obtained in [70] is associated with a supermartingale deflator, which is a local
martingale.

Proof. Since (fl + 5) is a supermartingale under each Q € M, similarly to ([7.3.1), we
obtain
inf Xt >0, P—a.s.

0<t<T

By the continuity of X=zx+ (H + S), one can thus define a sequence of stopping times
as (7.3.4), such that )?UMT > % Recalling [70, Proposition 3.2], for each y > 0, the
value v(y) of the dual problem can be approximated by choosing a minimizing sequence
(Q")nen of equivalent local martingale measures, associated with the density process
(Y™)nen, such that Y — /ﬁ, P-a.s. By [29, Theorem 2.7], we could find a sequence of
convex combinations of (Y"),en, and an optional strong supermartingale }A/ such that

Y™ converges to Y in the sense of ([7.2.3] - In particular, after passing to a subsequence,
Y] \r — YUMT and Y — YT = h P—a.s.,

so that XA/T is the dual optimizer. Moreover, applying once again Theorem 2.7 in [29], we
can show that Y X is an optional strong supermartingale, then we can deduce that Y.X
is a martingale from (7.4.3)). Consequently, we arrive at

E[Yok/\TXUk/\T] <, (744)
E [YUkATXUkAT] xX.

It follows immediately by Lemma [7 - 1] that (Y} AT)neN is uniformly integrable so that
Y/\Uk AT 18 a true martingale. We now can conclude that Y is a local martingale, and thus
is cadlag. For any X € X(1), applying Theorem 2.7 in [29] again, one can see that X Y
is still a (cadlag) supermartingale, which implies Y € Y(1). O

Remark 7.4.4. According to [63], the inspection of the proofs in [70] reveals that the usual
assumption (NF LV R) can be replaced by a weaker one (NUPBR), which is equivalent
to that V(1) # 0 or the existence of equivalent local martingale densities (see e.g. [69]). In
this case, to deduce that Y is a local martingale, we could proceed the same as above with
a minimizing sequence of equivalent local martingale densities and a classical localization
argument if necessary.

Remark 7.4.5. Compare with Section 4, the proof for the case of e = 0 is much simpler,
and we only need the continuity of the stock price process rather than the assumption
on the underlying filtration. We explain as follows. Firstly, the wealth process X in both
lines of is unified, in contrast, for the case with nontrivial ey, our sequence of
fictitious wealth processes depends on n, and it is not easy to find a sequence of stopping
times that stop the fictitious wealth processes simultaneously to let all of them stay above
0. Secondly, by the continuity of (H *.S), we can easily stop the process by some 7 and
let it be bounded away from 0, while in the other case, we lack the continuity of w.

Kramkov and Weston [72] also proved a similar result but using a different technique.
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Appendix A

Mathematical Work Tools

A.1 Probability Theory and Stochastic Analysis

A.1.1 Some Compactness Theorems in Probability

We now consider the L°(Q, F,P). We assume that F is P-complete, i.e., for B C A €
F with P[A] = 0 we have B € F. A pleasant consequence is that: one can change
any measurable function on a set of outer P-measure 0, the resulting function is still
measurable.

Proposition A.1.1. We have the following properties
(1) For f,g € L° d(f,g) :=E[LA|f —g|] is a metric on L° and satisfies

d(f,9) =PlIf =gl > 1 +E[If —gllgs-g<y] = P[If — gl >1].

(2) We have the following equivalence: d(f,, f) — 0 < f, L f.
(3) L° equipped with the topology of convergence in probability is a complete metric space.

(4) The definition of L° only depends on the nullsets: If Q ~ P, then L°(Q) = L°(P).

The convergence in probability is the same under P as under any Q ~ P.

(5) (L° d) is a topological vector space. However, L° is not locally convex: the topology
cannot be generated by a family of seminorms. All general results on locally convex
topological vector spaces cannot be directly applied.

A neighbourhood basis of 0 in L is given by B. := {f € L°: d(f,0) < &}.
A subset A C LY is bounded in L, if for all € > 0 there exists A > 0 such that

M ={\f|fe A} CB,,
or equivalently, if

lim sup P[|f| > M| = 0.

M— o0 feA

A subset A C L° is not bounded in L°, iff there exist § > 0, (7,)neny € R with 7, — o0,
and (f,)nen C A such that P[|f,| >,] > § for all n € N.

The following theorem is a Komlds type result in L°.
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Theorem A.1.2. Let (f,)nen be a sequence of random variables in LY (Q, F,P). Then,
there ezists a sequence g, € conv(fp, fui1,---), i.e.,

N, Ny
Gn =Y _Mife, where A €[0,1] with Y M\ =1,

k=n k=n

such that the sequence (gn)nen converges a.s. to a random variable g valued in [0, 00].
Moreover, if conv(f,, n > 1) is bounded in L°, then g is finite a.s.
Moreover, if there exist « > 0, 6 > 0 such that P[f, > o] > ¢ for alln € N, then
Plg > 0] > 0.

Proof. See [35, Lemma 9.8.1]. O

A.1.2 Bipolar Theorem

We now present the nonlocally convex version of the Bipolar Theorem for (L}, L),
proved by Brannath and Schachermayer [13].

We define the duality in (L%, L%) given by (f,g9) = E[fg] € [0,00]. For a subset
C C LY define the polar C° of C' as

Coz{fELi:E[fg]gl,VQGC’}.

A subset C' C LY will be called solid if g € C, h € L° and 0 < h < g implies that
h € C. Note that the polar C° of C is closed with respect to the topology of convergence
in probability, convex and solid.

Proposition A.1.3. Assume that the set C' C Lg 15 nonempty, closed in probability,
convexr and solid. Then C = C°°.

Proof. See [05, Proposition A.1]. O

Theorem A.1.4 (Bipolar Theorem). Let C' C LY be nonempty. Then the bipolar C°*°
is the closed convex solid hull of C' in LY (closure in the topology of convergence in
probability).

Proof. See [05, Theorem A.2]. O

A.1.3 Essential Supremum of a Family of Random Variables

Definition A.1.5. Let (f;)icr be a family of R-valued random variables. The essential
supremum of this family, denoted by esssup,c; fi is a random variable f such that

1. f; < fa.s., foralliel,

2. if g is a random variable satisfying f; < g a.s., for all v € I, then fg g a.s.

Theorem A.1.6. Let (fi)ic; be a family of R-valued random variables. Then, f=
esssup;c; fi exists and is unique. Moreover, if the family (f;)ier is directed upwards, i.e.,
for alli,j in I, there exists k in I such that f; V f; < fi, then there exists an increasing

sequence (f; Jnen in (fi)ier satisfying
]?: lim f; a.s.
n—oo

Proof. See [83, Proposition V-1-1] or [42, Theorem A 32]. O
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A.1.4 Section Theorem

Let us call 7: Q x Ry — € the canonical projection.

Definition A.1.7. A set A € Q := Q x R, is called P-evanescent, if w(A) has outer
P-measure 0, i.e., m(A) is a P-nullset. The process X is called P-evanescent, if {X # 0}
is P-evanescent. Write X <Y, if {X > Y} is P-evanescent. Call X and Y indistin-
guishable, if X —Y is P-evanescent.

Theorem A.1.8 (Section Theorem). Let (X¢)i>0 and (Yi)i>0 be two optional processes.
Suppose that for every bounded stopping time 7, we have X, <Y, a.s. Then, we have
X<Y.

If X and Y are predictable, then it is enough to test it with predictable times.

Proof. See [54, Theorem 4.10]. O

A.1.5 Fatou Convergence and Follmer-Kramkov Theorem

Definition A.1.9. Let (Y™),en be a sequence of stochastic processes and T be a dense
subset of Ry. The sequence (Y"),en is Fatou convergent on T to a process Y, if
(Y"™)pen is uniformly bounded from below and

Y, = limsuplimsup Y," = lim inf lim inf V"
SN\t seT  n—oo s\t s€T n—oo

almost surely for allt > 0. If T =R, then the sequence (Y"),en is called simply Fatou
convergent.

Lemma A.1.10. Let (Y")nen be a sequence of supermartingales, Y = 0, n € N, which
is uniformly bounded from below, and T be a dense countable subset of R, .
There is a sequence Y™ € conv(Y™, Y"1 ...) n € N, and a supermartingale Y,

Yy <0, such that (?”)neN is Fatou convergent on T toY.
Proof. See [41, Lemma 5.2]. O

Proposition A.1.11. ([29, Proposition 2.3]). Let (M™)nen be a sequence of nonnegative
martingales M™ = (M]")o<i<r starting at M = 1.

Then there exists a sequence (M") of convex combinations

neN
M" € conv(M™, M™*,...)
and nonnegative random variables Z, for ¢ € QN [0, T U{T} such that
(1) M 25 Z, for allg € QN [0, T) U{T}.

(2) The process Y = (Yy)o<i<r given by

q€QN0,T7], gt

— lim  Z, 0<t<T
Yt =
Zp =T

15 a cadlag supermartingale.
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(3) The process Y = (Yy)o<i<r is the Fatou limit of the sequence of the sequence

(M”)neN along QN [0, T)U{T}, i.e., we have P-almost surely that

Y;= limsup limsup ]\7; = liminf liminf ]/\Z?
qeQN[0,T], g}t m—o0 geQN(0,T], git n—ro0

for0 <t <T and B .
Y= lim M3,

n—o0

Remark A.1.12. As we defined Y, as the limit for ¢ strictly bigger than ¢, we do not
have in general that Y; = lim,,_,,, M]* for 0 < t < T, not even for t € QN [0,7]. See
counterexample in [29, Example 2.4].

A.1.6 A compactness result of processes of finite variation

For process of finite variation ¢ we denote by v, = vy + ¢ — ¢} its Jordan-Hahn
decomposition into two nondecreasing processes ¥ and ¥* both null at zero. The total
variation Var,(1) of 1 on [0,¢] is then given by Vary(¢) = o] + 7.

Theorem A.1.13. Let (¢Y")nen be a sequence of finite variation predictable processes,
such that the corresponding sequence (VarT(w"))neN is bounded in L*(Q) for some equiv-
alent measure Q ~ P. N

Then there exists a sequence of conver combinations " € conv(¢",1/z"+1, X ) such

that (J”)neN converges for a.e. w € Q for every t € [0,T] to a finite variation predictable

~

process P, i.e., B R
Py — ¢y, VE € [0,T]] = 1.

Proof. See [15], Proposition 3.4]. O

Remark A.1.14. The assumption of L'(Q)-boundedness of (VarT(w”))neN can be replaced

by L°(P)-boundedness of its convex hull, i.e., the set conv (VarT(w”) ,nE N) is bounded
in probability.

We note that any process of finite variation is ladlag.

For any ladlag process X we denote by X¢ its continuous part given by

Xf=X,-Y AX,-) AX,

s<t s<t
where A, X, := X;, — X; and AX, := X; — X,_ are its right and left jumps, respectively.
We can define for a finite variation process 1) and a ladlag process X the integrals
t t
/ X, dih, = / Xude+ D Xy Mpu+ D XuAjh,
0 0 o<u<t 0<u<t
and

o<u<t 0<u<t
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pathwise by using Riemann-Stieltjes integrals such that the integration by parts formula

U Xy = o Xo +/ Yud Xy +/ X, dipy, (A.1.2)
0 0

holds true. Note that, if X is a semimartingale and v is in addition predictable, the
pathwise integral (A.1.1)) coincides with the classical stochastic integral.

A.1.7 Strong Supermartingale

Definition A.1.15. A real-valued stochastic process Y = (Y;)o<i<r is called an optional
strong supermartingale, if

(1) Y is optional.
(2) Y; is integrable for every [0, T]-valued stopping time .
(8) For all stopping times o and 7 with 0 < o < 7 < T we have E[Y,|F,| <Y,.

This notion has been introduced by Mertens [79] as a generalization of cadlag super-
martingales. Indeed, by the optional sampling theorem, each cadlag supermartingale is
an optional strong supermartingale, but not every optional strong supermartingale has
a cadlag modification. For example, every deterministic decreasing function (Y;)o<i<7 is
an optional strong supermartingale, but there is no reason why it should be cadlag or
caglad. However, by [37, Appendix I, Theorem 4], every optional strong supermartingale
is indistinguishable from a ladlag process, and so we can assume without loss of generality
that all optional strong supermartingales are ladlag.

As the Doob-Meyer decomposition in the cadlag case, every optional strong super-
martingale admits a unique decomposition Y = M — A, called the Mertens decompo-
sition, into a cadlag local martingale M and a nondecreasing and hence ladlag (but in
general neither cadlag nor caglad) predictable process A starting at 0.

Theorem A.1.16. Let (Y"),en be a sequence of nonnegative optional strong super-
martingales Y™ = (Y,")o<i<r starting at Yg* = 1.

Then, there is a sequence (Y™)nen of conver combinations Y™ € conv(Y™, Y+ ...)
and a nonnegative optional strong supermartingale Y = (Y)o<i<r such that, for every

0, T]-valued stopping time T, we have that }Z” r, Y.
Proof. See [29, Theorem 2.7]. O

Remark A.1.17. At a single finite stopping time 7 we may pass to a subsequence to
obtain that Y converges also P-almost sure to Y;. By means of a counterexample ([29,
Proposition 4.1]) this is not possible for all stopping times simultaneously, since the set
of all stopping times is far from being countable.

Since an optional strong supermartingale X is ladlag, we may define the stochastic
integral ¢ « X with respect to X via with a general predictable finite variation
process . This integral depends not only on the values of the integrator X but also
explicitly on that of its left limits X . As a consequence, in order to obtain a satisfactory
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convergence result for the integrals ¢ « X™ to a limit ¢ « X, we have to take special care
of the left limits of the integrators.

As shown in [29, Theorem 2.9], the convergence X" L, X, for all [0, T]-valued

stopping times 7 implies the convergence of the left limits, i.e., )?]}7 £, X,_ for all
[0, T]-valued totally inaccessible stopping times 7. However, it may fail to obtain the

convergence of the left limits )?;’_ £, X,_ at accessible stopping times o. Moreover,
even if the left limits X 2 converge to some random variable Y in probability, it may
happen that Y # X, _.

As a consequence, we need to consider two processes X ©) and X () which correspond
to the limiting processes of the left limits X™ and the process X" itself. We replace the
time interval I = [0, 7] by the set I = [0,7] x {0,1} with the lexicographic order and
merge both processes X (@ and X into one process

for £ € I, which is by (A.1.3) below a supermartingale indexed by f € I.

Definition A.1.18. A real-valued stochastic process X = (Xi)o<i<r 15 called a pre-
dictable strong supermartingale, if

(1) X 1is predictable.

(2) X, is integrable for every [0, T|-valued predictable stopping time T.

(8) For all predictable stopping times 0 < o <7 < T, we have E[X,|F,_] < X,.
We may extend Theorem to hold also for left limits.

Theorem A.1.19. Let (X"),en be a sequence of nonnegative optional strong super-
martingales starting at X = 1.

Then, there exist a sequence ()?”) of conver combinations X" e conv(Xk, k> n),

neN
a nonnegative optional strong supermartingale XV and a nonnegative predictable strong

supermartingale X such that

(1) For all [0, T)-valued stopping times T, we have that
xr 2y xm  xn Py x0)
(2) For all [0, T)-valued predictable stopping times T, we have that
E[XV|F ] <x©0 < x", (A.1.3)

(3) For all predictable predictable processes ¢ of finite variation, we have that

(p+ ), B> [ otax+ 30 A (X1 - X0) + 37 Aupu (X1 - X()
0

O<u<rt o<u<rt

for all [0, T]-valued stopping times T.
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Proof. See [29, Theorem 2.11, Theorem 2.12]. O

We combine predictable and optional strong supermartingales to obtain the following
notion.

Definition A.1.20. A sandwiched strong supermartingale is a pair X = (X?, X)
such that XP (respectively, X ) is a predictable (respectively, optional) strong supermartin-
gale and such that

X, > XP > E[X,|F], (A.1.4)
for all predictable stopping times T.
Starting from an optional strong supermartingale X = (X;)o<;<r, we may define the

process X! := X, to obtain a “sandwiched” strong supermartingale ¥ = (X7, X).

Remark A.1.21. If X is a local martingale, the choice is unique as we have equalities in
(A1.4). But in general, there may be strict inequalities: if X; = f(¢) for a determin-
istic nonincreasing function f, we may choose X} = f?(t), where fP(t) is any function
sandwiched between f(t—) and f(t).

For a sandwiched strong supermartingale X = (X?, X) and a predictable process v
of finite variation we may define a stochastic integral in “a sandwiched sense” by

(b %) = /0 X, + 3 AR - XD+ S A (X - X)), (ALS)

O<u<t 0<u<t

We note that (A.1.5) differs from (A.1.1)) only by replacing X_ by XP. As we can
extend every optional strong supermartingale X to a sandwiched strong supermartingale

X = (XP,X) by XP := X_, the two formulas are consistent. Moreover, both integrals
(A.1.5)) and are equal to the usual stochastic integral, if X is a local martingale.

We can also define for a sandwiched strong supermartingale X and a predictable
process v of finite variation the following integral

/ X, = / Xt Y XAv Y XA, (A.L6)
0 0

O<u<t 0<u<t

such that the integration by parts formula
t
Ve Xy = o Xo+ (Y« X) + / X, dy, (A.1.7)
0
holds true.

A.1.8 Fractional Brownian motion

We recall here some results on the fractional Brownian motion, which is a generalization
of Brownian motion. More results can be found in [85] 16}, 6], 82].
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Definition A.1.22. Let H € (0,1) be a constant. A fractional Brownian motion
(BH)y>0 of Hurst index H is a continuous and centered Gaussian process with covariance
function
1
E[B/B]] = S (" + 8" — |t - s[*™).
For H = %, the fractional Brownian motion is then a standard Brownian motion. By
the definition a fractional Brownian motion has the following properties:

1. B =0 and E[Bff] =0 for all t > 0.

2. BY has homogeneous increments, i.e., BfZ — B has the same law of B} for s,t > 0.

3. B is a Gaussian process and E[(Bﬁ)ﬂ =t +>0.

4. The trajectories of B¥ are continuous and Holder continuous of order strictly less
than H.

5. The sample paths of a fractional Brownian motion is not differentiable. For every
t > 0, we have with probability 1 that
Bf, — B/
h

= OQ.

lim sup
h—0

Fractional Brownian motion fails to be a semimartingale (except for the classical
Brownian case H = %), see, e.g., [16, Section 1.3].

For H € (0,1), Mandelbrot and Van Ness [78] gave the following construction of
fractional Brownian motion:

B = CH/ [ou(t—s) —ou(—=s)]dW,, teR
R
where (W) ser is a two-sided Brownian motion,

vu(r) = 1{3320}261{_%, r € R,
and Cpy is a normalizing constant.

Theorem A.1.23. For each H € (0,1), fractional Brownian motion B¥ has the condi-
tion of “two way crossing”.

Proof. See [89]. O

Fix 6 > 0 and define inductively the stopping times (7;);en, by 70 = 0 and

T = inf {t > Tj-1

B - Y| = 8},
We define the number of é-fluctuations up to time 7" as the random variable
FY=sup{j > 0|7, <T}.

We than have the following estimate.
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Proposition A.1.24. With the notation above, there exist finite positive constants C' =
C(H), C'"=C'(H) only depending on H, such that

§2pl+2HAT)
P[F) >n] < C'exp <_n—) :

OT2H
for n € N.
Proof. See [20, Proposition 5.1]. O

Corollary A.1.25. The random variable F?. does have exponential moments of all orders:
E[exp (aFj‘Z)] < oo, forall a< oo.

Moreover, for H > %, there exists a > 0 such that
5\ 2
E[exp (a(FT) )] < 00.

Proof. See [20, Corollary 5.2]. O

A.2 Functional Analysis

A.2.1 Some Results on Finite Additive Measures

We state and prove some results on the space (L*)*, the dual space of L*. A detailed
discussion can be found in [39, [5, [103]. Denote by (L>)% the set of all nonnegative
elements in (L*)*.

The following proposition collects some properties of the space (L*°)% ; more informa-
tion can be found in Appendix of [23] and references there.

Proposition A.2.1.

1. The set (L)% can be identified as the set of all nonnegative finitely additive bounded
set functions on F, which vanish on the P-null sets. This set is denoted by ba. .

2. FEvery Q € ba, admits a unique decomposition in the form of
RQ=Q" +@, Q >0, >0,

where the reqular part Q" is the mazximal countably additive measure on F, that is
dominated by @, and the singular part Q° is purely finitely additive and does not
dominate any nontrivial countably additive measure.

3. Q € bay is purely finitely additive, i.e., Q" = 0, if and only if for every € > 0, there
exists a set A. € F such that P[A;] > 1 —¢ and (Q,14.) = 0.

4. Suppose (Qn)nen C bay is a sequence such that % — [ almost surrely for some
f > 0. Then any weak-star cluster point Q of (Qn)nen satisfies % = f almost

d
surely.

155



For any ) € ba,, we may define
(Q,X) = lim (Q, X An) € [0,00],
n—oo

for all X € LY. For X € LY set (Q,X) = (Q,X") — (Q, X ™) whenever this is well-
defined.
1

Proposition A.2.2. Suppose D is a convex subset of L7, which is also a subset of ba
via the canonical embedding. Denote by D the weak-star closure of D in ba,. Then,
for each Q € D, there exists a sequence (Qn)neny C D, such that Q, — Q", P-a.s., as
n — 0o.

Proof. Fix Q € D. For each n € N, there exists a set A, € F, such that P[A,] > 1 — %
and @ is null on A,. By the definition of D, we see that ) is a weak-star limit point of

D and thus, Q|a, € bay is also a weak-star limit point of D|,,, where
Dla, =={Qla, € L'|Q € D}.

From Q|a, = Q"|a, € L', we know that Q"|4, is a weak limit point of D|4,. Moreover,
due to the fact that D|4, is convex, Q"|4, belongs to the L'-closure of D|4,. Therefore,
there exists an element Q" € D, such that

1
1@nla, — Q"|a, Il < on
Finally,
1@nla, — @ |l < [[Qnla, — Q"4 llr + [[Q"a, = Q"[[r — 0,
which yields @), — @Q", P-a.s. up to a subsequence. ]

Corollary A.2.3. Suppose D is a conver subset of L., which is also a subset of bay via

the canonical embedding. Denote by D the weak-star closure of D in ba. Then, for each
Q € D, there exists a sequence (Qn)neny € D, such that Q, — Q", P-a.s., as n — oo,
and for countably many f; € L>=, 1 € N,

(@n, fi) — (Q, fi), as n — oc.
Proof. For each n, define

D= ({@eD||@ 1) (@ f] < 1}.
i=1
It is evident that @ belongs to the weak-star closure of D,. Applying the proposition
above, one can find a sequence (Qym)men € D, such that @, — @7, P-a.s. By the
diagonal argument, we complete the proof. O

Remark A.2.4. We remark that the assumption that D C L' is crucial in the above
proposition. For a general subset D C ba and an element @) in its weak-star closure
D, one may not find a sequence (Q,)nen from D, such that (Q,)" — @Q". For instance,
Q = [0,1], F is the Lebesgue o-algebra and P = X is the Lebesgue measure. Define
D :={Q € ba, | ||Q|lsa = 1, Q = Q*}, then we find that statement of Proposition
does not hold. Indeed, as {Q € L |[|Qlsa = 1} € {Q € bay |||Q]lta = 1} = D, we have
that the Lebesgue measure ) is an element in D. However, for each sequence (@, )nen, all
the cluster points () satisfy Q" = 0. Therefore, we cannot find a sequence in D converging
to the Lebesgue measure .
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Appendix B

Utility Maximization Problem in
Frictionless Markets

B.1 Utility Maximization on the positive real line
under (NUPBR)

We consider a financial market consisting of two assets, one bond and one stock. We
suppose that the price of the bond is constant, and denote by S = (S5)o<;<7 the price
process of the stock. The process S is assumed to be a semimartingale on a filtered
probability space (€, F, (Fi)o<t<r, P) satisfying the usual hypotheses. Here T is a finite
time horizon.

A self-financing portfolio is defined as a pair (z, H), where the constant x is the initial
value of the portfolio, and H = (H¢)o<t<r is a predictable S-integrable process, where H;
specifies, how many units of asset S are held in the portfolio at time ¢. The value process
X = (Xi)o<t<r of such a portfolio is given by X; =z + (H *S);, 0 <t < T.

B.1.1 NUPBR

Definition B.1.1. We say that S allows for an unbounded profit with bounded risk, if
there is o > 0 such that, for every C' > 0, there is an 1-admissible trading strateqy H
such that

P[(H+Sr>C]>a

Define
Ky :={(H*S)r | H is 1-admissible}.

Definition B.1.2. We say that S satisfies the condition (NUPBR) of no unbounded
profit with bounded risk , if K, is bounded in L°, i.e.,

lim sup P[|X|> M] =0.
M—oo xeK,

Definition B.1.3. A strict martingale density for S is a strictly positive local mar-
tingale Z = (Zy)o<t<r with Zy =1 such that ZS is a local martingale.
The set of strict martingale densities is denoted by Z.(S).
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Definition B.1.4. An equivalent local martingale deflator is a strictly positive
process Z = (Zy)o<i<r with Zy =1 such that Z(1+ H + S) is a local martingale for every
1-admissible trading strateqy H.

By Ito’s formula, we may see that these two definitions are essentially the same.

Theorem B.1.5. Suppose S is a strictly positive semimartingale.
Then, the following two conditions are equivalent:

1. S satisfies (NUPBR).
2. There exists at least one strict martingale density.
3. There exists at least one equivalent local martingale deflator.
Proof. See [69, Theorem 2.1]. O
We present also results of special cases, which can be found in [I8, Théoreme 2.9].

Theorem B.1.6. Suppose S is a continuous semimartingale with S; = So + M; + A;.
Then, the following three conditions are equivalent:

1. S satisfies (NUPBR).
2. There exists a strict martingale density for S.

3. S satisfies the structure condition, i.e., there exists an R-valued predictable pro-
cess such that

T
dA; = hyd(M), and / h2d{M), < 0o a.s.
0

Moreover, Z := E(—h + M) is a strict martingale density for S.

Remark B.1.7. From the above theorems we see that (NUPBR) is the local version
of the condition of no free lunch with vanishing risk (NFLV R). We also remark that
(NUPBR) is alocal property, i.e., if S satisfies (NUPBR) locally, it satisfies (NUPBR).

We denote by C the set of positive contingent claims superreplicable at price 1
C:={g€e Ll |g<1+(H+9)r for some l-admissible strategy H}.

Theorem B.1.8 (Superreplication under (NUPBR)). Fiz a strictly positive semimartin-
gale S satisfying (NUPBR) and a random variable g € LY. Then,

g€ C<=E[gZr] <1, foreach Z € Z.(5).

Proof. “=7: Let Z € Z.(S) be a strict martingale density. We may find a localizing
sequence (T, )nen such that Z™ defines a density process of an equivalent local martingale
measure for S™. Therefore, by Superreplication Theorem in the frictionless setting, it
follows that

Xpzp = (14 (H + S)p) 20 = (Lt (H = §™)) 2
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is a nonnegative supermartingale, hence (X;Z;)o<i<r is a supermartingale, for each 1-
admissible trading strategy H, which implies that

ElgZr] <E[(1+ (H * S)r)Z7] <1,
for each g € C and Z € Z,(5).

“<": Let (T;m)men be the localizing sequence for some Z € Z, such that Z™ is the
densitiy process of an equivalent local martingale measure for S™ . Define g,, := g1¢.,—1}
and

Cnni={g€L’|g<1+(H-*S),,  Hisl-admissible}.

It is obvious that ¢,, — ¢ in probability. We claim that ¢,, € C,, for all m € N.
Indeed, assume that there exists m’ € N such that g, ¢ C,,. We now have to work
towards a contradiction. As S™' satisfies assumptions of Superreplication Th/eorem in
the frictionless setting, we may find an equivalent local martingale measure Q" for S™
such that Eém' [gm’] > 1. Let us denote by 7™ its density process. Pick another strict

martingale density Z and define

N Zy, for 0 <t < T,
= ZA*”’, for 7,y <t <T.

Then, we obtain by the assumption that
1> ElgZs] > E[gwZr] = ElgwZ, ] > 1,

which is a contradiction.
As C,, € C for each m € N and C is closed with respect to the convergence in
probability by [68, Theorem 2], it follows that g € C. O

B.1.2 Utility Function, Reasonable Asymptotic Elasticity

In addition to the model S of a financial market, we now consider a function U(x),
modelling the utility of an agent’s wealth x at the terminal 7.

Definition B.1.9 (Utility function on R, ). A wtility function U : R, — RU {0}
15 a function with the following properties

1. U s increasing on Ry,
U is continuous on {U > —oo},

U is differentialble and strictly concave on int{U > —oo},

U satisfies the Inada conditions i.e.,

U'(0) :=limU'(z) =00, U'(c0):= lim U'(z) =0.

z—0 T—00

The marginal utility tends to infinity, when the wealth x tends to the infimum of its
allowed values of U; and it tends to 0, when wealth tends to infinty.

159



Definition B.1.10. The conjugate function V' to the utility function U is defined as

V(y) :=sup{U(z) —zy}, y>0.

x>0

Remark B.1.11. The function V(y) is the Legendre transform of —U(—x).
Lemma B.1.12 (Fenchel’s inequality).
Uz) =V(y) < zy.

The inequality will be an equality, if and only if * = argmax{U(z) — xzy} and y =
argmin{V (y) + zy}.

Proposition B.1.13. If U is a utility function, then V has the following properties
1. 'V is decreasing, strictly conver and continuously differentialble on (0, 00).
2. 'V satisfies
V'(0) = —oc0, V'(co)=0, V(0)=U(x), V(o0)=0.
3. 'V satisfies the following relation to U
Ux) = ;r;%{V(y) +azy}, x>0.
4. The deriwvative of U is the inverse function of the negative of the derivative of V,
ie., I:==(U)"1=-V",
5. We have the formula V(y) = U(1(y)) — yI(y).
Example B.1.14. Typical examples are
U(z) =log(z), = >0 with V(y) = —log(y) — 1,

and
o

Ux) = %, a € (—oo, D\{0}, z >0 with V(y) = Lo

a—1

Y

Definition B.1.15. A wtility function U : Ry, — R satisfies the reasonable asymptotic
elasticity (RAE), if

zU'(x)
AFE . (U) = limsu < 1.
Remark B.1.16. The quantity V@) g the elasticity of the function U at z. Intuitively,

U(x)
it is the percentage change in output for a percentage change in input, (if the quantities
are all positive)

T Af@) @ . af(@)

oz Av flx)  flz)

The economic intuition behind decreasing marginal utility suggests that, for large x, the
marginal utiltity U’(z) should be substantially smaller than the average utility U;‘”), as
x — oo. The extreme case AF, . (U) = 1 corresponds to the case when the marginal

utility in the limit equals the average utility, as * — oo, which seems unreasonable.
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Lemma B.1.17. Let U be a utility function. Then,
(1) AE,(U) is well-defined: AE,(U) < 1.
(2) AE,«(U) depends on U(co) :

e U(x) =00= AE,(U) €[0,1],
e U(xx) € (0,00) = AE,(U) =0,
o U(0) € (—00,0] = AE,(U) € [-00,0].
Proof. See [70, Lemma 6.1]. O
Ezample B.1.18. Typical examples (and counterexamples) of such utility functions are
e U(z) =log(x), for which AFE,(U) =0,
e U(z) = £, for which AE,(U) = «,
o U(x) = Toa()» for large enough, for which AE,(U)=1.

Lemma B.1.19. Let U be a utility function satisfying U(oc) > 0. Then, the following
assertions are equivalent:

(1) AE . (U) < 1.
(2) There exist xo > 0 and y € (0,1) such that

2U'(z) <~yU(x), Vo > x.
(3) There exist xo > 0 and v € (0,1) such that
UAx) < NU(z), VYA>1,Vz> x.
(4) There exist yo > 0 and v € (0,1) such that
V() < p- ™3V (), Y0 <p<1,50 <y <y
(5) There exist yo > 0 and v € (0,1) such that

—yV'(y) < ﬁ‘/(y), V0 <y < yo.

The infimum of v > 0, for which these hold true, equals the asymptotic elasticity
AE+OO(U>

Proof. See [0, Lemma 6.3] and [70, Corollary 6.1]. O
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B.1.3 Abstract Version of the Theorems
Let C and D be two subsets of L} (Q, F,P) and

C(x) =a2C ={xg:g€C}, forxz >0,

and
D(y) =yD = {yh : h € D}, fory > 0.

The abstract versions of the optimization problems:

u(x) = sup E[U(g)], and wo(y)= inf E[V(Rh)].

gec(a) heD(y)
Theorem B.1.20 (Abstruct version, AE, (U) < 1). Assume that

e The sets C and D satisfy the following properties:

(i) C, D are subsets of LY (Q, F,P), which are conver, solid and closed in the
topology of convergence in measure.

(i)
g€ C<= E[gh] <1forall heD,
h € D<= E[gh| <1forallg €C.
(ii7) C is a bounded subset of L°(Q, F,P) and contains the constant function 1.

o U is a utility function satisfying the reasonable asymptotic elasticity, i.e.,

. xU'(x
AE,(U) = hirlsotjp U(i)) < 1L

e u(x):= sup E[U(g)] < oo for some x > 0.
9€C(z)

Then:

(1) e u(zr) <oo forallx>0.

e v(y) < oo forally > 0.
e The value function u continuously differentiable and strictly concave on (0, 00).
e The value function v continuously differentiable and strictly convex on (0, 00).
e The value functions u and v are conjugate:

v(y) = sup{u(z) —zy}, y >0,

>0
u(zr) = ;r;%{v(y) +axy}, x>0.

e The functions u' and —v' are strictly decreasing and satisfy

uw'(0) =00, u'(c0)=0, v'(0)=—00, v'(c0)=



The asymptotic elasticity AE,(u) of u is also less then 1, more precisely

AE+OO(U)+ < AE+OO(U)+ <1l

(i7) e The optimal solution g(x) € C(z) to the primal problem exists and is unique.

The optimal solution /f;(y) € D(y) to the dual problem exists and is unique.

For y = u/(x), we have the dual relation
g(z) =1(h(y), h(y) =U'(g(x)).

Moreover:

E[g(x)h(y)] = zy.
(1ii) We have the following relations between u', v' and g, h respectively:

vu'(z) = E[g(x)U'(g(=))], = >0,

y'(y) =E [h(y)V'(h(y)|, y>0.

(iv) Let D be a convex subset of D, such that

e for any g € C: sup E[gh| = sup E[gh],
heD heD
e the set D is closed under countable conver combinations
(i.e., for any sequence (h"),en of elements of D and any sequence of posi-
tive numbers (a" )nen such that ) a" =1, the random variable ) a"h"

belongs to D.)

then,
v(y) == inf E[V(yh)] = inf E[V (yh)].
heD heD
Proof. See [0, Theorem 3.2, Proposition 3.2 and Section 3]. ]

B.1.4 Duality Result

We denote by X (x) the family of wealth processes with nonnegative capital at any instant,
i.e., Xy >0 for all t € [0,7], and with initial value equal to z, i.e.,

Xx)={X>0|Xy=x+(H+S), >0, forallt € [0,7]}.
We shall use the shorter notation X for X'(1). Clearly we have
X(z)=2X ={2X|X € X}, forx>0.

For a given initial capital > 0, the goal of the agent is to maximize the expected
value of terminal utility. The value function of this problem is denoted by

u(z) = sup E[U(X7)]. (B.1.1)

XeX(z)
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We define the family )(y) of nonnegative semimartingales Y with Yy = y and such
that,for any X € X(1), the product XY is a supermartingale,

V(y) :={Y >0]Y, =y and XY is a supermartingale, for all X € X(1)}.

In particular, as X'(1) contains the process X =1, any Y € Y(y) is a supermartingale
Note that the set Y(1) contains the strict martingale density processes, i.e., Z.(S) C Y(1).
We define the value function of the dual problem by

wy) = inf BV (7))

We pass from the sets of processes X (z), Y(y) to the sets C(z), D(y) of random
variables dominated by the final outcomes Xr, Y7, respectively,

C(z) :={g € LI (L F,P)|0 < g < Xy, for some X € X(z)},
D(y) :={h e L (0 F,P)|0<h <Yr, for someY € Y(y)}.
We write C, D, X, Y for C(1), D(1), X(1), Y(1) and observe that
C(z) =aC ={zxg|g €}, forx >0,

and the analogous relations for D(y), X(z) and Y(y). We denote by D the set of all
terminal values of strict martingale density processes, i.e.,

D:={Zr|Z € Z.(9)}.

Proposition B.1.21 (Duality relation). Suppose Z.(S) # 0, where S is a semimartin-
gale. Then the sets C, D have the following properties:

(¢) C, D are subsets of L% (2, F,P), which are convex, solid and closed in the topology
of convergence in measure.

(i)
g€ C <= E[gh| <1forallheD,
h €D <= E[gh| <1forallgeC.

(4i1) C is a bounded subset of L°(Q2, F,P) and contains the constant function 1.

Proof. (i). The convexity and solidity of C and D are rather obvious. The closedness
of C follows by [68, Theorem 2] and the proof of [70, Lemma 4.1] remains valid for the
closedness of D under the weaker assumption (NUPBR).

(77). Here, we need to show the following polarities:
C=D° and D=C".

From the definitions we obtain C € D° and D C C°. It follows by Theorem [B.1.§| that
C = D°. As D C D, we obtain D° C D° = C, and therefore C = D°. As the set

D is convex solid and closed in the topology of convergence in measure, we may apply
Proposition to conclude that C° = D = D.

(77i). The boundedness of C follows from the definition of (NUPBR) and it is rather
clear that C contains the constant function 1. O
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Lemma B.1.22. The set D is a conver subset of D satisfying the following properties

(1) for any g € C: sup E[gh] = sup E[gh],
heD heD

(11) the set D is closed under countable convex combinations.

Proof. (i) follows from D°° = D and the superreplication theorem under (NUPBR).
It is clear that D is closed under countable convex combinations, which implies (i7). [

Theorem B.1.23. Assume that
e S satisfies (NUPBR), equivalently Z.(S) # 0.

o U is a utility function satisfying the reasonable asymptotic elasticity, i.e.,

, xU'(x
AE,(U) = hglj;jp U(i)) <1

o u(z):= ng([() )E[U(XT)] < oo for some x > 0.
cx(z

Then:

1. e u(x) < oo forall x> 0.
e v(y) < oo forally > 0.
e The value function u continuously differentiable and strictly concave on (0, 00).
e The value function v continuously differentiable and strictly convex on (0, 00).

e The value functions u and v are conjugate:
() = sup{u(@) =y}, y >0,
x>
u(z) = inf{v(y) + zy}, x>0.
y>0

e The functions v’ and —v' are strictly decreasing and satisfy
u'(0) =00, u'(c0)=0, '(0)=—00, ' (c0)=0.
e The asymptotic elasticity AE . (u) of u is also less then 1, more precisely

AE oo(u)y < AE (U)4 < 1.

2. e The optimal solution X (z) € X(z) to the primal problem exists and is unique.
e The optimal solution f/(y) € Y(y) to the dual problem exists and is unique.

e Fory=u/(z), we have the dual relation
Xr(x) = 1(Yr(y),  Yrly) = U'(Xr(2).
e The process X (x)Y (y) is a uniformly integrable martingale on [0, T).
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3. We have the following relations between u', v' and )A(, Y respectively:
au'(z) = E [)A(T(x)U'()?T(x))} , x>0,

y'(y) = E VeV (Vr()] . v >0.

4. The dual value function v have the following representation

v(y) = inf(S)E [V (yZr)] = inf E[V (yZr)].
ZEeZ, heD

Proof. See [0, Theorem 2.2 and Section 4]. O

Remark B.1.24. In general, the class Y(1) cannot be replaced by the small class M!¢ of
equivalent local martingale deflators. However,

— inf E[V(yYy) = inf E[V(yZr)].
o(y) = inf ElV(yYr)]= inf EV(yZr)l

Remark B.1.25. The dual optimizer ?T(l) may fail to be the density of a probability
measure, i.e., E[Yr(y)] <y, for y > 0. In general
dQ
vy

The validity of u/(z) = Ep [U’ ()?T(x))} is tantamount to the validity of y = Ep [}/}T(y)}

Remark B.1.26. The theorem states that under the assumption (RAFE) on the utility
function U, the duality theory works well in this context. Actually, the condition of
(RAE) is minimal and cannot be relaxed in the sense that one can find counterexamples
of continuous price processes S for which the value function v(y) is not finite for all y
and there does not exist a solution to the primal problem u(x), whenever AE, (U) = 1.
See [70, Example 5.2].

u'(2) # Ep|U'(Xr(2)) |, /() # Bq
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