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Abstract

by Cong Shi

Photoacoustic tomography (PAT) has attracted much interest in the last decades due to the
excellent contrast, high spatial resolution and good specificity. However, most of the current
research misses one important element, attenuation. Since naturally most of the tissue has
viscoelascity, the energy of the acoustic wave would decrease in the course of propagation.
Failing to accommodate attenuation could degrade the quality of the final image.

This dissertation consists of three articles on medical imaging.

The first two articles focus on PAT taking into account acoustic attenuation. The first aim is to
develop a corresponding mathematical framework. Known research on the attenuated PAT is
sparse. Some fundamental problems, such as the degree of ill-posedness for the inverse problem
and existence of an explicit reconstruction formula, remain open.

In the first article, after summarizing all the known attenuation models, a unified attenuation
model is given. We will analyze the existence and uniqueness for the solution of this attenuation
model, as well as the singular values’ asymptotic behavior of the forward problem. Furthermore,
we also provide a necessary and sufficient condition for finite propagation speed of the wave.

In the second article, we treat the inverse problem, that is, how to reconstruct the initial pressure.
There are some known methods to solve this problem, but there exists no explicit reconstruction
formula. We will introduce novel reconstruction formulas based on the universal backprojection
formula. Numerical results show these formulas work quite well with similar computational
complexity as backprojection formulas.

In the third article, we propose a signal separation technique in sub-cellular scale Optical
Coherence Tomography (OCT). This is useful since in the OCT images the background signal
caused by collagen or other inter-cellular parts is so strong that it covers the useful information
inside the cells. The aim in this project is to remove the influence of this strong, slow-varying
background signal to isolate the useful information. First we study the modeling of the signals
from the background and cell activity, and then we will give an efficient technique utilizing the
Singular Value Decomposition (SVD) to achieve our goal.
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Introduction

1.1 Background

1.1.1 Photoacoustic tomography with considering attenuation

Photoacoustic imaging is a biomedical imaging modality based on the photoacoustic effect. In
photoacoustic imaging, non-ionizing laser pulses (such as radio wave or near infrared light) are
delivered into tissues. Some of the delivered energy will be absorbed and converted into heat,
leading to thermo-elastic expansion and thus leads to the propagation of a pressure wave. The
signal is detected by ultrasonic transducers distributed on the boundary of the object, and then
analyzed to produce images. As a result, this image is used for imaging optical properties of the
object, like optical absorption contrast. Figure 1.1 is a schematic illustration showing the basic
principles of photoacoustic imaging. The left figure is the flow chart of PAT process, and the
right figure is a typical PAT mechanism (Reproduced from Zhang, E., J. Laufer, and P.C. Beard,
Appl. Opt. 47(4): 561-77, 2008. )
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FIGURE 1.1: Illustration of the PAT setup.

In the standard photoacoustic imaging, see e.g. [Wan(9], it is assumed that the medium is non-
attenuating, and the imaging problem consists in visualising the spatially, compactly supported



2 Chapter 1. Introduction

absorption density function h : R® — R, appearing as a source term in the wave equation

attp(tax) - Ap(tv .CC) = 6/(t>h<$), te R7 T e R37
p(t,x) =0, t <0, z€R3?,

from measurements m(t, z) of the pressure p for (¢, ) € (0, 00) x 052, where 02 is the boundary
of a compact, convex set €2 containing the support of h.

If the medium is acoustically homogeneous, then the initial pressure wave could be extracted
from the measurements of the pressure by inverting a spherical Radon transform. In this
regard, we refer to the review papers [KKO08; Kuc11]. In non-attenuating media, there are some
theoretical and numerical results for the reconstruction. Palamodov [Pall10] has proved the
singular values of the spherical mean operator decays polynomially with the order —%, which
could provide a theoretical basis for the explicit reconstruction formula. Also, there are some
known reconstruction methods, for example, filtered back-projection formulas and time reversal.

A challenging problem in photoacoustic imaging is to take into account the acoustic attenuation.
Until now there is no ill-posedness analysis, and also no explicit reconstruction formula in the
attenuating medium. However, using time reversal, one can still reconstruct the initial pressure.
In fact, in recent works, Ammari et al. [Amm-+13] used a thermo-viscous law model for the
attenuation losses and investigated reconstructing sources in attenuating media by modifying
the time reversal process as a first order correction of the attenuation effect. Kowar [Kow14]
concerned time reversal in photoacoustic tomography of dissipative media that are similar to
water. There are also some literatures which use power laws as attenuation compensation and
applied time reversal on these kinds of models (see e.g. [CT10; TZC10]).

In this thesis, we developed a mathematical framework for photoacoustic imaging in attenuating
media, and provide the ill-posedness analysis for the corresponding inverse problem and explicit
reconstruction formulas for the initial pressure. In order to introduce our results, in the next
sections we will give the background knowledge of inverse problems, the eigenvalue decay
results of integral operators, the classical filtered backprojection formulas, and some tools we use
to solve these problems.

1.1.2 Ill-posedness of inverse problem

A comprehensive theory to ill-posed problems in Hilbert spaces has been introduced, e.g. in
[EHN96]. Let X and Y be Hilbert spaces and 7' : X — Y be a bounded linear operator.
Considering the equation

Th =g, (1.1

where h € X and g € Y. The direct problem or forward problem is to find g from A, while for
given data g solving the equation for A is referred to as the inverse problem. In order to analyze
the inverse problem, we first introduce Hadamard’s definition of well-posedness, which includes
three criteria:

e Existance: For all admissible data g, there exists a function h such that Th = g, i.e.
g € ran(T).

e Uniqueness: For all admissible data g, the solution h is unique, i.e. operator I is injective.
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e Continuity: The solution h depends continuously on the data g, i.e. the operator 7! is
bounded.

Here ran(7") denotes the range of operator T'. For problems with a physical background, the
direct problems are usually well-posed in the sense of Hadamard. However, the inverse problem
could be ill-posed. The degree of ill-posedness is measured by the decay of the singular values
of operator 7. Let T be an integral operator of the form

T:L*Q) - L*(Q)

o= (Th)a) = | Flay)hio)d,
where (2 € R™ is compact and Jordan-measurable with positive measure, and F'(x,y) is the
integral kernel corresponding to operator T'. Let 7' be the Moore-Penrose (generalized) inverse
[EHNO96] of T and (o7,; vy, uy,) be a singular system for the compact linear operator 7. Then for
g € D(T) which denotes the domain of 77 we have

T - <ga u’ﬂ>
Tl = 3 9y, (12)
n=1 n

In practice, the data g will contain some noise. (1.2) shows how the noise influences the solution
T'g. Namely, the component corresponding to u,, in the noise will be amplified by a factor of
o, 1, and this factor can grow without bound. For example, let 9sn := g + Ou, be the measured
data with noises, then ||g5,, — g[|,2 = 0, but due to (1.2),

1)
ﬂg_ﬂ%m:iﬁi@%m
n

and therefore,

PN
On

1T g — T g5,

Hence, the faster the singular values decay, the more severe instability in (1.2) becomes. This
makes it possible to quantify the degree of ill-posedness of Th = g.

e Mildly(moderately) ill-posed: if o;, = O(n~%) holds for some a € R™.
e severely ill-posed: if o, = O(e~*™") holds for some a,b e R*.

Roughly, the rate o), = O(n_%) holds in general for computerized tomography in two dimen-
sions, so the corresponding inverse problems are moderately ill-posed. However, “incomplete
data problems” in computerized tomography, where X-ray measurements are available only for
some directions, are severely ill-posed [EHNO6].

The precondition of ill-posedness is that the forward operator 7' is compact. Here we introduce
an important definition: Hilbert-Schmidt operator, which is a bounded operator 1" on a Hilbert
space H with finite Hilbert-Schmidt norm

IT}s = te(T*T) = Y | Tun|?,

nel
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where || is the norm of space H and tr is the trace of a nonnegative self-adjoint operator. Hilbert-
Schmidt operators are compact. An important class of examples is provided by Hilbert-Schmidt
integral operator. Let {2 be a domain in n-dimensional Euclidean space IR", a Hilbert-Schmidt
kernel is a function F' : 2 x 2 — C with

f J |F(9c,y)]2dx dy < oo,
aJo

and associated Hilbert-Schmidt integral operator is the operator T : L?(Q;C) — L2(Q;C)
given by

The) = | Fauh)dy, aeq

Then 7' is a Hilbert-Schmidt operator with Hilbert-Schmidt norm

1T s = |F| e

1.1.3 Eigenvalues of integral operators

Let T be an integral operator with kernel F'. The essential thing is to find the asymptotic behavior
of its eigenvalues. In this section we will introduce some results in the literature for the integral
operators with finite differentiable kernel and weak singular kernel.

Integral operator with finite differentiable kernel

If F'(x,y) is a positive definite Hermitian kernel such that the partial derivative %F(SE, y) exists

and is continuous on the square [0, 1] with a positive integer p, then the eigenvalues of integral
operator 1" have the following asymptotic behavior,

A(T) = o(5~®*Y) as j — 0. (1.3)

Integral operator with weak singular kernel

For 0 < n < n with the space dimension n. If F'(x,y) is a weak singular kernel, that is,

F(Iﬁ,y) = qb(ﬁ,y) : |l‘ - y‘_n (1.4)

where ¢ € L (R™ x R"™). There are several results concerning the eigenvalues of the operator
T:

o If 3 < 1 < n, then [Kos74] shows that the eigenvalues of the operator T admit the
estimate
X(T) = O~ 1). (1.5)

e If = n/2, Konig proved in [Kon80] that, the eigenvalues \; have order

A\(T) = 052 log(j + 1)). (1.6)
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e If 0 < n < n/2, it is shown in [CJK91] that the operator 7" has square-summable
eigenvalues.

All of the above results cannot be improved in general.

1.1.4 Tempered distributions
The Schwartz space is the function space
S(R™) = {f € C*(R") : | fllas < o0, Yer, B € 27},
where «, 5 are multi-indices. C*(IR™) is the set of smooth functions from R" to C, and

| flag = sup |2*D7 f(z)|.

zeR"™

The space of tempered distributions, usually denotes by S’ is defined as the dual of the Schwartz
space. More explicitly, a linear functional 7' : S(R™) — C is called a tempered distribution if

o T(Qf)l + @2) = T(gf)l) + T(qbg), for all qbl, ¢2 S S,
o T(ap) =aT(¢),forallp € S,anda € C,

e For¢j, e S,if p; — ¢in S, then T'¢; — T'¢. Convergence in S means that the supports
of ¢; are contained in a compact set, and vk o; — V¥ for every n-tuple k.

The Dirac delta ¢ is a widely-used distribution defined by the equation (4, ¢) = ¢(0) by assuming
that ¢ is a Schwartz function. We have the following properties of §:

o (0',0) = =¢'(0).

e j(ax) = %.
o {* f(t)o(t—T)dt = f(T).

Assume the one-dimensional inverse Fourier-transform is given by

Let ¢ € S(R) and ¢ € S(R?). The Fourier-transform F [-] : S’ — S’ on the space of tempered
distributions is defined by

(Flul,0® 1/1>3/,3 = <U7 <]3 ® 1/1>S/7$ .

Another important definition is the regular distribution. Let f be locally integrable on R", that is,
on every compact set U < R", we have f € L'(U; C). Then T’ defined by

Ty = | flz)o(z)dx

R
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is a regular distribution on R", and we can identify T’y with f.

1.1.5 Pseudo-differential operator

In order to analyze the spectrum of the attenuated photoacoustic operator, we will make use of
pseudo-differential operators and the corresponding results about their spectrum. The materials
here follow Shubin’s book [Shu87]. Pseudo-differential operators could be interpreted as a
generalization of differential operators. Differential operators are local in the sense that one only
needs the value of a function in a neighbourhood of a point to determine the effect of the operator.
Pseudo-differential operators are pseudo-local, which means informally that when applied to a
distribution they do not create a singularity at points where the distribution is already smooth.
Let D% = (—i01)*' - - - (—i0,)*", here = (a1, ..., ) is @ multi-index. Consider z € R". A
pseudo-differential operator P(x, D) on R™ is an operator whose value on the function u(z) is
the function of z:

Pa. Dyu(w) = 5o | e alw )ae)de,

(2m)™ Jrn

where 4(¢) is the Fourier transform of v and the symbol a(z, £) in the integrand belongs to a
certain symbol class. For instance, if a(x, §) is an infinitely differentiable function on R™ x R™

with the property
|Dg Dfa(x,€)] < Cap(1+ €))7

for all z,£ € R", all multi-indices «, 3, some constants C,, g and some real number m, then
a belongs to the symbol class ST, of Hormander, and the corresponding operator P(z, D) is
called a pseudo-differential operator of order m and belongs to the class W7,.

A pseudo-differential operator of order m is called elliptic if there exist positive constants
R, C', Cs such that its symbol satisfies

Crlél™ < la(a, )] < Calé[™ forall |¢] > R.

Let A be a self-adjoint elliptic differential operator of order m > 0 on a closed n-dimensional
manifold M and a,,(z, £) be the principle symbol of the operator A. Assume that a,,(x, &) > 0
when £ # 0. Then the eigenvalues of A have the following asymptotic relation

Aj ~ V(Q)Tmmgming G o,

for V(¢t) = (2m)™™§ dxdg.

am, ($,£) <t

1.1.6 Stationary phase method

There is a very useful analytical tool which allows us to find asymptotic expansions for integrals
that can not, in many cases, be calculated in any other way. This tool is known as stationary
phase method. The descriptions here mostly follow Section 7.7 of [H03].
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The general objective of this method is to find an asymptotic expression as 7 — 400 for integrals
of the form

J @ g(w) dw.

where f, g are infinitely smooth complex-valued functions, and Sm f > 0. The exact behaviour
of the integral depends on the presence of the points w € R™ where Vf = Sm f = 0.

When no such points are present in R”, the integral decreases faster than O(7~*) for any k > 0,
as described in [HO3, Theorem 7.7.1]. More precisely, let f, g € C*(R™; C) with

e supp g is compact,
e Sm f(w) = 0.
e Vf(w)and Sm f(w) could not be 0 at same frequency w.

Then there exists a constant C'; > 0 such that forall/ € IN and all 7 > 0,

Tl

J ein(w)g(w) dw’
l (L.7)
<Ci Z sup |d%g(w)| (|Vf(w)[> + Sm f(w))¥*

a=0 welR"

On the other hand, when there are points where V f = Sm f = 0, the main contributions to
the integral come from these points. In other words, if we consider f(w) as a phase function,
then these points are exactly where the phase is real and stationary, hence the name "stationary
phase method". The method also describes the contribution of such stationary points in the
non-degenerate case. Under suitable substitutions, we can assume that the stationary point is
w = (0,0,...,0), and that the phase function f(w) is equal to (Aw, w)/2 where A is the Hessian
matrix of f at the stationary point. More explicitly, as mentioned in [[H03], Theorem 7.7.3], let
A be a symmetric non-degenerate matrix with

e SmA=0,
o f(w)={(Aw,w)/2,sothat Vf(0) = Sm f(0) = 0.
e ge CL(R™C).

Then for all [ € IN, we have

‘ ~1/2
J ) g(w) dw — (det TA@) Ti(w)

<O(ATM /M Y d% gl e,
lo|<2l4n/2+1

(1.8)

where T}(w) is a polynomial of w™—! with degree | — 1, and its coefficients are determined by
derivatives of g at w = (0,0, ...,0) of order up to 2/ — 2.
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1.1.7 Reconstruction in photoacoustic tomography

Here we will address the procedures of actual reconstruction of the source term h(z) from the
data m measured by transducers. We assume here that the sound speed is constant and normalized
to be equal to 1.

In constant speed case, there are different reconstruction methods, like explicit reconstruction
formulas, Fourier expansion methods, filtered backprojection algorithms, series solutions for
arbitrary geometries and time reversal methods, which we refer to the review papers [KKO08;
Kuc11]. It is well known that different analytic inversion formulas in photoacoustic tomography
can behave differently in numerical implementation, for example, in terms of their stability.
However, numerical implementation seems to show that the analytic (backprojection type)
formulas work quite well, although some of them are not equivalent. Here we mainly consider
the filtered backprojection type formulas for the inversion of high dimensional Radon transform
in R" withn > 1.

To illustrate the method, we use the filtered backprojection formula of classical Radon transform
in R? as an example. For a function h : R? — R, if the values of the integrals of h along lines
are given, then the Radon Transform of A is given by

© cos 6 —sin6
R[R](t,0) := ng hds = L:—oo h <t<sin9> + S( cos 0 >> as,

where ¢ € R and 6 € [0, 27) and

Lig = t c9s€ + s —sinf :seRy.
’ sin 6 cos
Then h(x1, x2) could be reconstructed from R[h] by

T2 Z2

0(7) = 5 oLl ) (7).

where R* is the adjoint operator of the Radon transform R, and F denotes the one-dimensional
Fourier transform. The term |w| could be interpreted as a filtering of the data. There are different
ways to choose the filter which we denote by E. Then the explicit reconstruction formula of i
from its Radon transform data could be written as

h = R*E (R[h]). (1.9)

In classical PAT, the forward operator maps the initial pressure to the measurements is given by
the spherical mean operator, which could be seen as a generalization of Radon transform to the
families of spheres in R, Similar to above, there are also some filtered backprojection formulas
in this case.

In non-attenuating media, the most typical type of filtered backprojection formula for reconstruct-
ing h is known as the universal (meaning applicable for a series of measurement geometries)
backprojection algorithm. Such formulas are usually suitable for at least three imaging geome-
tries: planar, spherical, and cylindrical surfaces. A widely-used formula of this type is due to Xu
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& Wang in [XWO05], which is given as follows:

om
oy - 2 [ e e UEO) (XY 0y g
&e

€ — x| e —x

where (2 is 27 for a planar geometry and 47 for cylindrical and spherical geometries, ng is the
outer normal vector for the measurement geometry I'.

In 2007, Burgholzer and his coworkers in [Bur+07b] gave a universal back projection formula in
R? based on Wang’s formula in R?:

AP (@m0 L L e
= (S Y- mac

Vg —xP

where (g is 27 for a planar detection surface and 4 for a circular cylinder, ng is the outer
normal vector for the surface I'.

1.1.8 Optical coherence tomography

Optical coherence tomography (OCT) is a medical imaging technique that uses light waves to
take micrometer-resolution, three-dimensional images from biological tissue. Optical coherence
tomography is based on low-coherence interferometry, typically employing near-infrared light.
The use of relatively long wavelength light allows it to penetrate into the scattering medium.
It works by measuring the time delay and the intensity of backscattered or back reflected light
coming from the biological tissue.

The research on OCT has been growing very fast for the last two decades. We refer the reader,
for instance, to [EMS15; Hua+91; Fer96; Fer+03; Pod05; Sch99; TWO05].

This imaging method has been continuously improved in terms of speed, resolution and sensitivity.
It has also seen a variety of extensions aiming to assess functional aspects of the tissue in addition
to morphology. One of these approaches is Doppler OCT (also called ODT), which aims at
visualizing movements in the tissues (for example, blood flows). ODT is based on the identical
optical design as OCT, but additional signal processing is used to extract information encoded
in the carrier frequency of the interferogram. When Doppler OCT is used to observe cell-scale
details of a tissue, the highly-scattering collagen usually dominates the signal, obscuring the
intra-cellular details. A challenging problem is to remove the influence of the collagen in order
to have a better imaging inside the cells. For extracting useful and meaningful information from
the ODT Signal, there has been some studies, see [Ape+16; Lee+12; Joo+10; LSD09].

We mention here a few methods currently in use:

e Using the autocorrelation function to calculate the mean-squared displacement (MSD) and
time-averaged displacement (TAD) of scattering structures. See, for example, [Joo+10;
LSD09].

e Stochastic method. Similar to above, relating the autocorrelation function of the signal with
some parameters concerning movement of particles. Here those parameters are estimated
using a fitting algorithm, instead of being calculated directly. See [Lee+12].
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o Standard deviation. Taking standard deviations of the signal to disregard the stationary part
of the signal, and obtain information on the intensity of particle movement. See [Ape+16].
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1.2 Contributions

The thesis is organized in a cumulative way, containing manuscripts and publications written in
the last few years. The aim of this chapter is to introduce the most important ideas, concepts, and
the contributions of the thesis.

1.2.1 Eigenvalue analysis of attenuated photoacoustic operator

In inverse problem, one of the fundamental issues is to analyze the ill-posedness, which could
provide theoretical direction for solving the inverse problem. In general, there are two ways to
analyze the ill-posedness, one is to do the stability analysis, and the other one is to study the
eigenvalue asymptotic behavior of the forward operator. In a non-attenuating medium, the ill-
posedness has been given, which is the the eigenvalue decay of the spherical mean operator, see
[Pall0]. In attenuating media, we have proved that the eigenvalues decay differently according to
the degree of attenuation in the medium.

We propose a general attenuation which contains all the known models, for example, power
law[Sza94], Szabo[KS12], Nachman-Smith-Waag [NSW90], Thermo viscous[Kin+00, Chapter
8.2], and Kowar-Scherzer-Bonnefond model[KSB11]. In this thesis, the propagation of the waves
is described by the attenuated wave equation

Agp(t, ) — Ap(t,z) = 0'(h(z),  teR, ze R’

3 (1.12)
p(t,x) =0, t<0, zeR°,
where A, is the pseudo-differential operator defined in frequency domain by:
f{np(w,ﬂv) = —k2(w)p(w,z), weR, zeR3 (1.13)

for some attenuation coefficient x : R — C which admits a solution of (1.12). Here f denotes
the one-dimensional inverse Fourier transform of f with respect to time ¢. The attenuated
photoacoustic imaging problem consists in estimating h from measurements m of p on 0€) over
time.

Attenuation can be understood as the physical phenomenon that certain frequency components
of acoustic waves are attenuated more rapidly over time. Mathematically this is encoded in
the function ~ defining the pseudo-differential operator A,.. A physically and mathematically
meaningful  has to satisfy the following properties (see [ESS16]):

Definition 1.2.1 We call a non-zero function x € C*(R; H), where H = {2 € C : Sm z > 0}
denotes the upper half complex plane and I its closure in C, an attenuation coefficient if

1. all the derivatives of x are polynomially bounded.
2. There exists a holomorphic continuation % : IH — I of x on the upper half plane.

3. k(—w) = —k(w) forall w € R.
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4. There exists some constant ¢ > 0 such that the holomorphic extension & of the attenuation
coefficient & satisfies

Sm(i(z) —2) =0 forevery z € H.

The formal difference between (1.12) and the standard wave equation is that the second time
derivative operator 0y is replaced by a pseudo-differential operator A,. The different known
models manifest as different x(w). Let the sound speed ¢ be 1, then

e Standard photoacoustic model: k(w) = w.

e Power law model: k(w) = w + ia(—iw)? fory € (0,1) and o > 0.

Modified Szabo model: x(w) = 4/w? + 2agiw|w|? for v € (0,1) and cg > 0.

e Thermo viscous model: k(w) = Y forr>0.

V1 —itw

1+ (—itw)?Y

) for v € (0,1),

Kowar-Scherzer-Bonnefond model: k(w) = w (1 +

a>0and 7 > 0.

T
Nachman-Smith-Waag model: k(w) = w /liw forcg > 0,7 > 0and 7 € (0, 7).
— 1TW

According to the different asymptotic behaviors of x(w), the known models are grouped into two
classes,

e Strong attenuation: The attenuation increases sufficiently fast as the frequency increases.
For some constants kg > 0, 5 > 0, wy = 0,

Smk(w) = kolw|® forall weR with |w| > wp (1.14)

e Weak attenuation: The attenuation decreases sufficiently fast as the frequency increases.
Let k(w) = £ + ikg + kx(w), wE R, ks € C°(R) N L*(R).

The relation between them could be seen clearly in Figure 1.2.

Im(x(w))

— Im(k(w))->+00
Im(k(w))->C
— Im(k(w))-0

w

FIGURE 1.2: Classification of attenuation. Red curve corresponds to the strong
attenuation, while green and blue curve corresponds to the weak attenuation.
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Define the integrated photoacoustic operator P :h— St_ o P(7,&)dT, which is given by

. . w)|§—y|
P L2(Q.) —» L3R x 09Q), P.h(w, f dy. 1.15
() = PR x 20, Pehle€) = o | T Th)dy. (19
Then, 75,’: P, is a self-adjoint operator with the kernel Fy(z,y) given by
Fu f J w)[E—yl—in(w)|E—| as(6)d (L16)
x,y) w. .
3273 20 Ié yll€ — =

Additionally it is natural to impose that the solution of attenuated wave equation propagates with
finite speed. We say that the solution p € S'(R x R3) of the (1.12) propagates with finite speed
c>0if

suppp < {(t,z) e R x R? | |z| < ct + R}

whenever supp h < Bg/(0).

The aim is to get the eigenvalue decay of the operator 75: Py. We have proved some basic results
for the forward problem.

e The attenuated wave equation

(Aup, Dygr s+ (Ap,0) 15 = —f h(@)o(0,2) dz, 9 e SR xRS, (1.17)

R3
where the Laplace operator A : S’(R x R?) — S’(R x R?) is defined by

(A, 0@ )55 = (w0 ® (Ap))g s forall ¢eS(R), v e SR,

has a unique solution p € S’(R x R?) with suppp < [0,0) x R3.

e Considering the causal initial condition, the attenuation wave equation (1.12) propagates
with finite speed if and only if lim,,_,« ”Sw “) > 0. The wave propagates with the speed
c=limy,_q % The solution p of the attenuated wave equation (1.17) propagates with

finite speed ¢ > 0 if the holomorphic extension & of the attenuation coefficient ~ fulfils

Sm(k(z) —2) =0 forevery zeH.

Conversely, if there exists a sequence (z¢);”; < IH with the properties that
— there exists a parameter 77; > 0 such that Sm(zy) = n; forall £ € IN,
— we have |z¢| — oo for ¢ — oo, and

— there exists a parameter 6 > 0 such that

Qm(R(ze) — %) < —6|z| forall £e N,

then p propagates faster than with speed c.
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e The kernel F,(z,y) € L2(Q. x €.), which deduces that the operator P*P, : L2(Q.) —
L?(€2.) is a Hilbert-Schmidt operator and thus compact.

Strong attenuation medium

When the object is in a strong attenuation medium, the kernel F;(z,y) is infinitely smooth.
The challenge problem is that the known eigenvalue results are only for the integral operator
with finite differentiable kernel. Furthermore, the known results could only get the polynomial
eigenvalue decay at the most, as mentioned in [CH99].

One contribution in this thesis is that we give a criterion for a general integral operator with
smooth kernel to have exponentially fast decaying eigenvalues through an upper bound on the
derivatives of the kernel, see Appendix in Chapter 2.

To get this exponential decay, we give a upper bound for the higher order directional derivatives
of the kernel F;(z,y).

oI

0sJ

1
— sup sup
J+ x,yeQe ves2

Fo(z,y +s0)| < 059G forall je N, (1.18)

s=0

for 5 € (0, N].

Finally, we proved the eigenvalues (A, (P3P,))new of PP, in decreasing order fulfil

M (PEPL) < Cni/nexp <—cn3£N) forall neN. (1.19)

K

In inverse problem, this exponential eigenvalue decay of the forward operator indicates that the
corresponding inverse problem is severely ill-posed.

Weak attenuation medium

When the object is in a weak attenuation medium, the kernel F;(z, y) has weak singularity with
order 1. However, according to the results mentioned in the background section, when the order
of singularity of the kernel is between 0 and n/2 where n is the dimension of space, we only
know that the corresponding operator has square-summable eigenvalues, but this will not help us
to find the asymptotic behavior of eigenvalues. Even when the order of singulary changes, the
known results could only provide the upper bound of eigenvalue decay, while we also need a
lower bound of eigenvalue decay. In Shubin’s book [Shu87], he gave a theorem for both the upper
and lower bounds of the eigenvalue decay of a pseudo-differential operator. This is the only tool
we could use, but the obstacle is that the upper bounds of every order’s derivatives of the kernel
is needed for proving that the attenuated photoacoustic operator is a pseudo-differential operator.

To get around this obstacle, we divide the attenuated photoacoustic operator into the sum of two
operators, one is the standard photoacoustic operator, another one is a perturbation caused by
the attenuation. One contribution in the thesis is that for a standard photoacoustic operator we
proved it is an elliptic pseudo-differential operator of order —2 by using the stationary phase
method to find the asymptotic expansion of its symbol.
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Another contribution is that we proved that the eigenvalue of the perturbation operator decays
faster than the standard photoacoustic operator using Mercer’s theorem.

Finally, we proved the eigenvalues (A, (P3P,))nei of PP, in decreasing order fulfil
Cin™3 < M(PEP,) < Can™3  forall ne NN, (1.20)

for some constants C, Cy > 0.

This polynomial eigenvalue decay of the forward operator indicates that the corresponding inverse
problem is mildly ill-posed.

1.2.2 Reconstruction formulas

In the standard photoacoustic imaging, there are some reconstruction formulas, for example, in
[And88; XFWO02; HSZ09], either in frequency domain or in time domain for planar measurement
geometry or closed measurement geometry.

Practically, if people consider attenuation in the medium, in the literatures only time reversal has
been used, like [AKO7; Kun07]. In Chapter 3 we give explicit reconstruction formulas for initial
pressure A in the attenuating media from the measurement p® on a universal geometry in R¢ with
d = 2, 3. Let ¢* be defined as ¢*(t,&) = St_oo p*(7, &) dr, and W be the operator which maps h
to p, where p is the ideal data in non-attenuating media.

e No attenuation:
h(x) =W~ [p],

where W~ [] is the universal back-projection operator.
e Constant attenuation: x(w) = w + Kgpl,

) = W[ Seetn )|

e General weak attenuation:

) =W L+ ) e ).

where 7' is an integral operator with the kernel F [ei”*(w)T — 1] (t—7).
Properties of operator 7':
e T is only related to k(w).
e T'is not related to the dimension of space.

e T'is not related to the shape of measurement geometry.
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1.2.3 Dynamic optical coherence tomography

Since the cell membrane and the collagen dominate the signal in the imaging of optical coherence
tomography, the aim is to get the information of the metabolic activity inside cells. The first
problem is to relate the movements of different particles from collagen and metabolic activity
and their signal. Based on a single particle model, we build a new multi-particle model. Another
contribution is that we gave a theoretical basis for applying the singular value decomposition
algorithm on the total optical coherence tomography signal, then the numerical experiments
validated this algorithm.

By dividing the particles into collagen particles and the particles from metabolic activities, then
the total OCT signal from one pixel contains the signal from these two parts I'“ and I'™. Each
part is sum of the signal from single particles in a domain determined by this pixel and the
coherence length. For j € {c, m}, the corresponding signal could be written by

FODT x,t) f J So(w)Kj(z,w)pj(z, 2, t)e 27r“”(*Z)dwalz (1.21)

where p; is the density function, Sy, K, n are coefficients (see details in Chapter 4),

We construct four operators S.S¥, S,, S5, ScSy,, SmSy, using the signal I'G ., 'y as the
corresponding kernel. Through the new multi-particle model, the kernel of the operator I'“I*“ is
variable separation form, which deduces that I'°I'° only has one singular value. Physically, the
the collagen signal is much larger than the signal from metabolic activities. This helps to prove
that the singular value of collagen operator is much larger than the other singular values. Then
the singular values have the following relation.

o \(S:.S5F) » Ni(Si Sk for any 7.
Ai(SeSE) < A/A(SeS#) A (S, S%,) for any .

Therefore, if we apply the singular value decomposition on the total signal and remove the bigger
singular values, the remaining part corresponds to the signal from the metabolic activities.
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1.3 Outline

The thesis consists of 4 chapters, essentially divided into 3 parts.

Part 1 gives the introduction to the field of photoacoustic imaging with considering attenuation,
including a short summary of some mathematical methods that are fundamental in this work.
Moreover, it aims to give an overview about the main contributions included in this thesis.

Part 2 deals with the photoacoustic tomography with considering attenuation. It consists of
Chapters 2 and 3.

Chapter 2 addresses the uniqueness and existence of the solution in the attenuated wave equation,
and the eigenvalue results for the attenuated photoacoustic operator. In strong attenuating media,
the eigenvalue decays exponentially, while in the weak attenuating media, the eigenvalue decays
polynomially.

Chapter 3 is devoted to the explicit reconstruction formulas for the source term in R? and R3,
which are based on the universal back-projection formula.

Part 3 deals with the dynamic optical coherence tomography. It consists of Chapter 4.

Chapter 4 aims to present signal from the metabolic activity inside the cells. A dynamic multi-
particle model is given for the signals from both metabolic activity and the collagen. Then an
algorithm based on singular valued decomposition (SVD) is provided. At the end we present
some numerical experiments to verify the algorithm.

Finally in Chapter 5 we sum up the thesis in discussion and outlook, where we also discuss some
open questions related to the subject matter.

In the Appendix. a German version of the thesis’s abstract can be found, as well as a CV including
the author’s publications and conference talks (CV is not attached in the formal submission).

All the chapters of the thesis are self-contained and can be read independently. Thesis mainly
contains the results presented in the following papers.

e Singular values of the attenuated photoacoustic imaging operators, which is a joint work
with Otmar Scherzer and Peter Elbau. It is accepted for publication by the journal of
differential equations.

e Reconstruction formulas for Photoacoustic Imaging in Attenuating Media, which is a joint
work with Otmar Scherzer. It has been submitted and is currently under review.

e A signal separation technique for sub-cellular imaging using dynamic optical coherence
tomography, which is a joint work with Habib Ammari and Francisco Romero, and it is
accepted for publication by the journal SIAM Multiscale Modelling Simulation.

All the articles are submitted with alphabetically ordered authors.
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Abstract

We analyse the ill-posedness of the photoacoustic imaging problem in the case of an attenuating
medium. To this end, we introduce an attenuated photoacoustic operator and determine the
asymptotic behaviour of its singular values. Dividing the known attenuation models into strong
and weak attenuation classes, we show that for strong attenuation, the singular values of the
attenuated photoacoustic operator decay exponentially, and in the weak attenuation case the
singular values of the attenuated photoacoustic operator decay with the same rate as the singular
values of the non-attenuated photoacoustic operator.

2.1 Introduction

In standard photoacoustic imaging, see e.g. [Wan09], it is assumed that the medium is non-
attenuating, and the imaging problem consists in visualising the spatially, compactly supported
absorption density function h : R® — R, appearing as a source term in the wave equation

attp(tvx) - Ap(ta SU) = 5/(t)h($‘), te R7 T e R37

@2.1)
p(t,z) =0, t <0, z€R?,
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from measurements m(t, z) of the pressure p for (¢, z) € (0, 0) x 052, where 02 is the boundary
of a compact, convex set ) containing the support of h.

In this paper, we consider photoacoustic imaging in attenuating media, where the propagation of
the waves is described by the attenuated wave equation

Axp(t,x) — Ap(t,z) = &' (t)h(z), teR, zeR?,

2.2)
p(t,x) =0, t <0, zeR3, (
where A,; is the pseudo-differential operator defined in frequency domain by:
Ap(w,z) = =2 (w)p(w,z), weR, zeR3, (2.3)

for some attenuation coefficient x : IR — C which admits a solution of (2.2). Here f denotes the
one-dimensional inverse Fourier transform of f with respect to time t, that is, for f € L*(R):

b 1 * iwt
f) = o= | st

The attenuated photoacoustic imaging problem consists in estimating ~ from measurements m
of p on 0f2 over time. The formal difference between (2.2) and (2.1) is that the second time
derivative operator Jy is replaced by a pseudo-differential operator A,. We emphasise that

standard photoacoustic imaging corresponds to x2(w) = w?.

We review below, see (2.18), that in frequency domain the solution of (2.2) is given by

5 w  elr@)lz—y| .
p(wvx) - ng 4ﬂ_m ’1‘-?]’ ( ) Y.

We associate with this solution the time-integrated photoacoustic operator in frequency domain:

w)|z—y|

47?\/271' JRs |z — y|

~

Pﬁh(w7 ZB)

h(y) dy.

One goal of this paper is to characterise the degree of ill-posedness of the problem of inverting
the time-integrated photoacoustic operator by estimating the decay rate of its singular values. We
mention however, that although the attenuated photoacoustic operator, giving the solution p, is
related to the integrated photoacoustic operator by just time-differentiation, the singular values
and functions of the photoacoustic operator have not been characterized so far.

In this paper, we are identifying two classes of attenuation models (classes of functions x), which
correspond to weakly and strongly attenuating media. We prove that for weakly attenuating
media the singular values ((An(ﬁzﬁn))%);‘le decay equivalently to n~3, as in the standard
photoacoustic imaging case, where this result has been proven in [Pal10]. For the strongly
attenuating models, the smgular values are decaying exponentially, which is proven by using that
in this case the operator 77*73 is an integral operator with smooth kernel.
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2.2 The Attenuated Wave Equation

To model the wave propagation in an attenuated medium, we imitate the wave equation for the
electric field £ : R x R3 — R in an isotropic linear dielectric medium described by the electric
susceptibility x : R — R (extended by x(t) = 0 for ¢ < 0 to negative times):

09]

1 1
C—zé’ttE(t, x) + C2f X(7) ouE(t —T,x)dr — AE(t,z) =0,

0o V2w

or written in terms of the inverse Fourier transforms E and X With respect to the time:
—= (14 ¥(w)) E(w,z) — AE(w, z) = 0. (2.4)

Analogously, we want to incorporate attenuation by replacing the second time derivatives in
our equation (2.1) by a pseudo-differential operator A,; of the form (2.3) for some function
k : R — C (corresponding to #4/1 + X(w) in the electrodynamic model).

We will interpret the equation (2.2) as an equation in the space of tempered distributions S’ (R x
R3) so that the Fourier transform and the J-distribution are both well-defined. To make sense
of A, as an operator on S’ (R x IR3) and to be able to find a solution of (2.2), we impose the
following conditions on the function x.

Definition 2.2.1 We call a non-zero function x € C*(RR; H), where H = {z € C | Sm 2z > 0}
denotes the upper half complex plane and H its closure in C, an attenuation coefficient if

1. all the derivatives of x are polynomially bounded. That is, for every ¢ € INg there exist
constants k1 > 0 and /N € IN such that

59 (w)| < k1 (1 + W)™, (2.5)

2. there exists a holomorphic continuation % : I — I of x on the upper half plane, that is,
% € C(H;H) with &|g = x and % : H — H is holomorphic; with

()] < &1 (1+ |2)Y forall zed

for some constants <1 > 0 and N eN.
3. we have the symmetry x(—w) = —k(w) for all w € R.

The condition 1 in Definition 2.2.1 ensures that the product x2u of x? with an arbitrary tempered
distribution u € S’(R) is again in §’(RR) and therefore, the operator A,; is well-defined.
Definition 2.2.2 Let x € C*”(R) be an attenuation coefficient. Then, we define the attenuation
operator A, : S'(RxR?) — S’(R x R?) by its action on the tensor products $®1) € S(R xR?),
given by (¢ ® ¥)(w, z) = d(w)y(x):

A, 0@ V) g5 = — (. (F'RFO @) . 2.6)

where 7 : S(R) — S(R), Fo(w) = \/%7 §7 ¢(t)e~™! dt denotes the Fourier transform. This
uniquely defines the operator A, see for example [Tar07, Lemma 6.2].
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Remark: We use F when we are talking of the Fourier transform as an operator and use in the
calculations ¢ = F¢ and ¢ = F~'¢. We will use the notation F also for the Fourier transform
on different spaces (in particular for the three-dimensional Fourier transform on S(R?)).

The condition 2 in Definition 2.2.1 is motivated by the fact that the function ¥ in the electrody-
namic model (2.4) is the inverse Fourier transform of a function whose support is inside [0, o)
and can therefore be holomorphically extended to the upper half plane. We will see later, see
Proposition 2.2.6, that this condition guarantees that the attenuated wave equation (2.2) has a
causal solution in S’(R x R3), that is a solution whose support is contained in [0, 00) x R3.

Finally, the condition 3 in Definition 2.2.1 is required so that the attenuation operator .4,, maps
real-valued distributions to real-valued distributions: To see this, let u € S'(R x R3) be a
real-valued distribution. Then, for two real-valued functions ¢ € S(R) and ¥ € S(R?), the
relation (2.6) implies

(Axu, 9 @) g1 5 = — <“’m®w>$/,s'

By substituting the variable w by —w in the Fourier integral below, we get that

FT2F0) - — f ) e—iw%?(mfoo “TG(r) dr dw = (F 'R} F)(t)

21 )0 -0

with x, given by k(w) = k(—w). Thus, the condition (A, u, ¢ ® V) s ¢ = (Axu, 0@ V) g 5
is equivalent to k2 = k2. Besides the case of a constant, real function » (something we are not
interested in), this is equivalent to k = —x, because of the condition Sm #(z) = 0 for all z € H.

2.2.1 Solution of the Attenuated Wave Equation

In this section, we want to determine the solution p € S’(R x R?) of (2.2). To this end, we
do a Fourier transform of the wave equation and end up with a Helmholtz equation for each
value w € R, which in the case Sm x(w) > 0 has a unique solution in the space of tempered
distributions.

Lemma 2.2.3 Let k be a complex number with positive imaginary part, that is k € H, f €
L?(R3) with compact essential support. Then, the Helmholtz equation

(bl s+ (0 A s = | F@)o@)dr, e SR,

has a unique solution u € S'(R?), which is explicitly given by

m|:L‘ y|
— 3
< S’S - 47T J]RS J]R3 |$_y| dy¢( ) €z, ¢ES(R ) (27)

Proof: Writing ¢ = F~1¢, where F : S(R3) — S(IR?) denotes the three-dimensional Fourier
transform, we find with the function ¢ € S(RR?) defined by ¢ = x%¢ + A¢, and therefore
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(k) = Fo(k) = (k% — |k[?)d(k), that

= — 1 ﬁ(k) (k:,z)
u ) L@ f(@)o(x) dz T J]RS f(x) J}RS ERRTTES dk dz. (2.8)

The inner integral is the inverse Fourier transform of a product and can thus be written as the
convolution of two inverse Fourier transforms:

1 Vk) itk
) dk =
(2m)2 L{s W2k

b dkd 2.9
] e 09

Using spherical coordinates, we obtain by substituting p = |k| and cos§ = |<lf|’f;> that

< T 1p|y|cos@
J]RJ 22 \k|2 27rj f = ———p’sinfdhdp

psm(plyl J petl
Iyl - p? Cyl ) K202

Extending the integrand on the right hand side to a meromorphic function on the upper half
complex plane, we can use the residue theorem to calculate the integral and find by taking into
account that x € I that

J oltky) dh — 2eif€|y\ 2.10)
S, ) .

g3 K2 — [k[? |yl

Inserting (2.10) into (2.9) and further into (2.8), and remarking that ¢ is indeed an arbitrary

function in S(IR?), we end up with (2.7). o

To translate the initial condition in (2.2) that the solution p vanishes for negative times into
Fourier space, we use that the Fourier transform of such a function can be characterised by being
polynomially bounded on the upper half complex plane away from the real axis.

We will briefly summarise the theory as we need it. For a detailed exposition, we refer to [H03,
Chapter 7.4].

Definition 2.2.4 Let u € D’'(RR) be a distribution with supp u < [0, o) such that e_,u € S'(R)
for every > 0, where we denote by e, € C*(R), z € C, the function e, (t) = e*’.

We define the adjoint Fourier—Laplace transform @, : H — C of u by choosing for every point
z € H an arbitrary 7, € (0, Sm z) and by setting

1 ~
\/T (e—n. U, Eizp, >3/,5 .

™

u(z) =

Here €. denotes for every z € C with Rte z < 0 an arbitrary extension of the function e[y )
to the negative axis such that €, € S(RR). (The definition does not depend on the choice of the
extension, since supp u < [0, o), see the proof of [HO3, Theorem 2.3.3].)

Note that if u is a regular distribution: (u, ¢)p/ p = §°, U)o(t)dt for all g € CP(R) with
an integrable function U : R — C with supp U < [0, c0), then this is exactly the holomorphic
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extension of the inverse Fourier transform of U to the upper half plane:
1 (® - —
w(z) = — Ut)e* dt, zeH.
6= o= v

With this construction, we have that the inverse Fourier transform of the tempered distribution
uy = e_yu for n > 0 is the regular distribution corresponding to (- + i), that is,

0

<f71“?7’¢>3,75 = J i(w +in)¢(w) dw. (2.11)

—00

Now, the causality of a distribution u, that is, supp v < [0, c0), can be written in the form of a
polynomial bound on its Fourier—Laplace transform .
Lemma 2.2.5 We use again for every z € C the notation e, € C*(R) for the function e, (t) =
eizt‘
1. Let u € D'(R) be a distribution with suppu < [0, ©) and such that e_,u € S'(R) for
everyn > Q.

Then, we find for every my > 0 constants C > 0 and N € N such that the adjoint
Fourier-Laplace transform u of u fulfils

()] < C(A+ |2z|)N forall zeC with Smz=n,. (2.12)

2. Conversely, if we have a holomorphic function @ : H — C such that there exist for every
m > 0 constants C' > 0 and N € N with

lu(2)| < C(A+ 2N forall zeC with Smz =, (2.13)

then 1 coincides with the adjoint Fourier—Laplace transform of a distribution u € D'(R)
with supp u < [0, 00) and the property that e_,u € S'(R) for all n > 0.
Proof-

1. Letn; > 0 and ng € (0,7;) be arbitrary. We choose a function ¢» € C*(R) with ¢(t) = 1
fort € (—o0,0] and ¢(t) = 0 for t € [1,00). Then, we write the given distribution u in
the form u = u; + ug by setting

<u17¢>’D’7D = <U77/)¢>D/,D and <U27¢>D/’D = (u, (1 - ¢)¢>D’,D forall ¢e CF(R).

Since we have by assumption e_,,u € S’(R) and since u; has by construction compact
support, we get that e_,, up € S'(R). Thus, because of supp(1 — 1)) < [0, ), there exist
constants As > 0 and Ny € IN such that

N2
<efnouz,¢>5,,5]=]<efnou,<1—¢>¢>s/,S]<Az >, sup [t'eM(#)] forall ¢eS(R).
k’gzote[o,oo)

(2.14)
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Moreover, since e_,,u; has compact support supp(e—y,u1) < [0, 1], we find, see for
example [HO3, Theorem 2.3.10], constants A; > 0 and N; € IN so that

Ny

(Emoti1, B) 8’ <A swp [oM ()] forall ¢ e CP(R). 2.15)
’ h—0 t<[0,1]

We now define as in Definition 2.2.4 for z € C with e z > 0 an extension é, € S(R) of
the function ez|[0700) and choose for every z € H the function ¢ = €., in (2.14) and
(2.15). Then, there exists a constant C' > 0 such that with N = max{Ny, Ny}

#(2)] = = (et e
1 _ 1 - N
< E ‘(677]01&, eiz+no>$/7s‘ + E ‘<€7770U27 eiz+n0>3/78 < C(l + |Z‘)

holds for every z € H with Sm z > ;.

2. To construct the distribution u, we define from the given function « for every n > 0 the
distribution u,, € S’(R) via the relation (2.11), so that the inverse Fourier transform of wu,,
is given by the regular distribution corresponding to the function w — u(w + in).

Now, we want to show that e, u,, is in fact independent of 7, so that there exists a distribution
u such that u,, = e_,u for every n > 0. To do so, we first remark that the derivative 0, u,,
of u,, with respect to n fulfils for every ¢ € S(R)

0 oe}
oty g5 =1 | W rind)do = =i | oo +in)d () dw = (un, fog s
— -0

where ¢ = F¢ denotes the Fourier transform of ¢ and f(t) = —t, so that ¢/ = iF(f¢).
Thus, 0,u, = fu, and therefore, 0, (e uy) = e,(dpu, — fuy) = 0, proving that e, u,, is
independent of 7.

So, the distribution u = e,u, € D'(R) is well-defined and fulfils by construction that
e_yu € §'(R) for every n > 0.

Next, we want to show that supp u < [0,0). Let ¢ € C*(R) and write again ¢ = F.
Then, by our construction, we have for every 77; > 0 that

(e—mt; O) g 5 = J U(w + in1)d(w) dw. (2.16)

—00

Since qg is the Fourier transform of a function with compact support, we can extend it
holomorphically to C and get for every N1 € INg a constant C'; > 0 such that the upper
bound

C
ST

esuptesupp () (t Sm Z)

holds.
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Therefore, we can shift the line of integration in (2.16) by an arbitrary value > 0 upwards
in the upper half plane and get with the upper bound (2.13) that

o0
(et D)1 s| = U i +i0m + 1) + in) dw| < AN Picmnno!
—0

for some constant A > 0. Choosing now ¢ such that supp ¢ < (—o0,0) and taking the
limit 17 — oo, the right hand side tends to zero, showing that (e, u, ¢) s, ¢ = 0 whenever
supp ¢ < (—00,0). Thus, e_, u, and therefore also u, has only support on [0, c0).

Finally, we verify that the Fourier—Laplace transform of u is given by . Indeed, given
any w € R and > 0, we have by construction for every 77 € (0, ) and every extension
€. € S(R) of e;|[g,q0) for z € C with Re z > 0 that

Q0
(comtiosimn g g = | 1 + )P gypn)
’ —0

Since supp u < [0, 00), we know that this expression is independent of the concrete choice
of the extension €,. Moreover, both sides are independent of 7;. Thus, letting on the
right hand side €, converge to e, and 11 to 1), Féi,(, —p) Will tend to v 27 times the
d-distribution at w, and we therefore get

1 - . .
\/727 <€—n1% ei(w+in)+m>3/75 = d(w + in). 5

We now return to the solution of the attenuated wave equation (2.2).

Proposition 2.2.6 Let x be an attenuation coefficient and A, : S'(R x R3) — S'(R x R3) be

the corresponding attenuation operator. Let further h € L?(R3) with compact essential support.

Then, the attenuated wave equation

(Aeps D) g s+ (Ap, D) g s = —f h(@)o(0,2)dz, deSRxRY),  (217)
, | .

where the Laplace operator A : S'(R x R3) — 8'(R x R?) is defined by

(A, ¢ @) g s = (u,0@ (Ap))g s forall ¢eSR), v eSR?),

has a unique solution p € S'(R. x R3) with supp p = [0, 0) x R3.

Moreover, p is of the form

po@vss=| | | Guer—nhmayieee) dede, @1y

where d; denotes the Fourier transform of ¢ and G denotes the integral kernel

W iRl
& WeR, zeR3\{0}. (2.19)

G, ) = ==,
(w,2) Am2m ||
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Proof: Letp e S'(R x R3) be a solution of (2.17) with suppp < [0, 00) x R3. We evaluate the
equation (2.17) for ¥ = ¢ ® 1 € C(R x R3) and write F¢ = ¢. It then follows that

_ —17,.27 —-17 _
(pFrdev), +(pFé@M) = d(0) JRB ha)e(z) de.  (2.20)
For arbitrary z € H, we define the adjoint Fourier—Laplace transform p(z) € S’(R?) of p by

1
<i)(z)7¢>8/,8 = \/7277( <]97 €iz ®w>8’,87

where é, € S(R), z € C with Re z < 0, is an arbitrary extension of é,(t) = e*! fort > 0, see
Definition 2.2.4. Then, z — (p(z), 1) is holomorphic in the upper half plane H and we have

A COL IS S COLTO

=lm | (w6, ¥) g s w0 (W) (w) dw

We replace « in the integrand now by its holomorphic extension % : I — I, see 2 in Def-
inition 2.2.1, and also extend the Fourier transform qAﬁ of the compactly supported function ¢
holomorphically to C. Since z — (p(z), ) is the adjoint Fourier—Laplace transform of a distri-
bution with support on [0, 00), it is polynomially bounded, see Lemma 2.2.5. Moreover, we have
by Definition 2.2.1 of the attenuation coefficient a polynomial bound on < and get therefore with
the dominated convergence theorem that

(P FHh @), =limlm | (5 + i€ +0), ¥hgs R0 +im)d(w +in) de

Since all functions in the integrand are holomorphic in the upper half plane the integral is
independent of n and we can therefore remove the limit with respect to 7. Using again the
dominated convergence theorem, we can evaluate now the limit with respect to £ and obtain for
arbitrary n > 0 the equality

(pF(Hhow),, = f (P(w +in), ) g 5 7 (w + iN)d(w + i) dw

—0

Inserting this into the equation (2.20) and arguing in the same way for the two other terms therein,
we see that p(z) € S’(IR?) solves for every z € H the equation

) () Vs + ). Ml s = o= [ naila) da,

Thus, by Lemma 2.2.3, we get for every z € H with Sm #(z) > 0 that
elf(2)|z—yl

<15(Z)7 w>$/7$ = 47Tm ng JR3 W (y) dy w(l‘) dz (221)

is the only solution. However, since & is holomorphic, its imaginary part cannot vanish in any
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open set unless £ were a constant, real function which is excluded by the symmetry condition 3
in Definition 2.2.1. Therefore, we can uniquely extend the formula (2.21) for (j(2), ¢) s s by
continuity to all z € H.

It remains to verify that supp p < [0,0) x R3. To see this, we use that Sm % (z) = 0 for every
z € H to estimate the integral in (2.21) by

(=), V) | < Ol

with some constant C' > 0. Therefore, by Lemma 2.2.5, (p(z), ) s is the Fourier-Laplace
transform of a distribution with support in [0, c0). =

2.2.2 Finite Propagation Speed

Seeing the equation (2.17) as a generalisation of the wave equation, it is natural to additionally
impose that the solution propagates with finite speed.

Definition 2.2.7 We say that the solution p € &'(R x R?) of the equation (2.17) propagates
with finite speed ¢ > 0 if

suppp < {(t,z) e R x R? | |z| < ct + R}

whenever supp h < Bg(0).

We can give an explicit characterisation of the equations whose solutions propagate with finite
speed in terms of the holomorphic extension & of the attenuation coefficient .

Lemma 2.2.8 The solution p of the attenuated wave equation (2.17) propagates with finite speed
¢ > 0 if the holomorphic extension k of the attenuation coefficient k fulfils

Sm(i(z) —2) =0 forevery zeH.

Conversely, if there exists a sequence (z¢);>, < H with the properties that
e there exists a parameter n; > 0 such that Sm(zy) = ny forall £ € N,
e we have |z¢| — oo for { — 0, and
e there exists a parameter 0 > 0 such that
Qm(R(ze) — %) < —6|zg| forall LeNN,
then p propagates faster than with speed c.
Proof: Since the solution p € §'(R x R?) is a regular distribution with respect to the second

component, see (2.18), having finite propagation speed is equivalent to the condition that the
distribution p(x) € §’(R), given by

(p(2),d)sr 5 = f o Grlw,z —y)h(y)dy p(w)dw, =z e R>,
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has supp p(z) < [1(|z| — R), o). Letting h tend to a three dimensional §-distribution, we see
that the distribution g(z) € S’(R), defined by

@ )ss = [ Gl i)

has to fulfil supp g(x) < [m 00). If we shift g(x) now by 2l Via 7 - S(R) — S(R), (1¢)(t) =

c’ c
ot + 2] ), this means that the distribution g, (x) € S’(R), given by

Cc

wlz|

(9:(2).0)51.5 = (9(@).7710) , o= f; Go(w, @) d(w) dw

has to have supp g, (z) < [0, ). Extending the function w — G (w, m)e_i@ to the upper half
plane using the explicit formula (2.19) for GG, we obtain the adjoint Fourier—Laplace transform
z v §r(z, x) of the distribution g, (z):

A Ci(A(2)-2)al
gr(%, An /7271_ ‘.’I)‘ )

see (2.11). According to Lemma 2.2.5, we can therefore equivalently characterise a finite
propagation speed in terms of a polynomial bound on the function g (-, ).

o If Sm(k(z) — £) > 0 for every z € H, then the adjoint Fourier—Laplace transform of
g-(z) fulfils that for every = € R? there exists a constant C' > 0 such that

|97 (2, )| < Clz].

Thus, the condition (2.13) of Lemma 2.2.5 is satisfied and therefore supp g, (z) < [0, o),
so that p propagates with the finite speed ¢ > 0.

e On the other hand, if there exists a sequence (z¢);°; < H with Sm(z;) > n; for some
m > 0, |z¢| — o0, and Ym(&(z¢) — %) < —6|z| for some § > 0, then

y 2e]  5ja]jz]
20, 2)| =2 —————¢€ ¢
|g7‘( 4 )| 47T|ZE‘\/%

)

so that condition (2.12) of Lemma 2.2.5 is violated and therefore the support of g, (x)
cannot be contained in [0, 00). o
Proposition 2.2.9 Let x be an attenuation coefficient with the holomorphic extension & : T — TH.
Then, the solution p of the attenuated wave equation (2.17) propagates with finite speed if and

only if
lim

w—00 1w

> 0.

R (iw)
In this case, it propagates with the speed ¢ = lim,,_,, %

Proof: We make use of the theory of Nevanlinna functions, see for example [Akh65, Chapter
3.1]. Similar to the Riesz—Herglotz formula, which characterises the functions mapping the unit
circle to the upper half plane, we have that all holomorphic functions % : IH — I have an integral
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representation of the form

o0
|
#(z) = Az + B + J T o), el (2.22)

e V— 2

where 0 : R — R is a monotonically increasing function of bounded variation and A > 0 and
B € R are arbitrary parameters, and vice versa, see [Akh65, Formula 3.3].

Then, i(z) — Az is still of the form (2.22) and therefore is a holomorphic function mapping H
to H. In particular, it satlsﬁes Sm(k(z) — Az) = 0 for all z € H. Thus, if A > 0, p propagates
with the finite speed ¢ = A according to Lemma 2.2.8.

Evaluating % along the imaginary axis, we find that asymptotically as w — o0

R(iw) = <A+ z f 1;1‘”1: do(y)) — (A + o(1)). (2.23)
Thus,
A= lim Rgiw).
w—0  jw

Moreover for A = 0, we see from (2.23) that for every choice of ¢ > 0, we have the behaviour
F(iw) — 2 = iw(—1 + o(1)) and therefore Sm(&(iw) — 2) < —£ forall w > wy for a

sufficiently large wp. Thus, by Lemma 2.2.8, p cannot have finite propagation speed for A = 0.0

2.3 Examples of Attenuation Models

The following examples of attenuation coefficient have been collected in [KS12], where also
references to original papers can be found. In this section, we review them and catalog them into
two groups which are characterised by different spectral behaviour.

If the attenuation in the medium increases faster than some power of the frequency, we are in the
case of strong attenuation.

Definition 2.3.1 We call an attenuation coefficient x € C®°(IR; ) a strong attenation coefficient
if it fulfils that

Smk(w) = kolw|® forall weR with |w| > wp (2.24)

for some constants kg > 0, 8 > 0, and wy = 0.

A common example, which has the drawback of an infinite propagation speed, is the thermo-
viscous model, see Table 2.1. In [KSB11], the authors modified this model to obtain one with
finite propagation speed, see Table 2.2. Other models, trying to match the heuristic power law
behaviour of the attenuation are the power law in Table 2.3 and Szabo’s model, see Table 2.4,
where we chose the modified version introduced in [KS12] as the original one does not lead to a
causal model.
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In these tables and in the following we always use the principal branch of the complex roots, that
is, we define for v € C

(re'¥)7 = ¥1o8+i9)  forevery >0, ¢ € (—m, 7).

Remark: The attenuation coefficients in Table 2.2, Table 2.3, and Table 2.4 do not fulfil the
smoothness assumption x € C*(RR). However, this requirement originates mainly from our
choice of solution concept for the attenuated wave equation (2.2) and we may still consider
formula (2.25) as definition of the solution p of (2.2) if s is non-smooth. In particular, the
smoothness assumption is not required for the derivation of the decay of the singular values of
the integrated photoacoustic operator.

In the case where the attenuation decreases sufficiently fast as the frequency increases, we call
the medium weakly attenuating.
Definition 2.3.2 We call an attenuation coefficient k € C®°(IR; ) a weak attenuation coefficient
if it is of the form

k(w) = % +ikep + kx(w), weR,

for some constants ¢ > 0 and k4 > 0 and a bounded function x4 € C*(R) n L?(R).

Clearly, the non-attenuating case where x(w) = % with ¢ > 0, so that the attenuated wave

equation (2.2) reduces to the linear wave equation, falls under this category and we will later on
treat the case of a weak attenuation coefficient as a perturbation of this non-attenuated case.

A non-trivial example of a weak attenuation model is the model by Nachman, Smith, and Waag,
see Table 2.5.

2.4 The Integrated Photoacoustic Operator

Let us now return to the attenuated photoacoustic imaging problem. Thus, we consider the
operator mapping the source term h in the attenuated wave equation (2.2) (interpreted in the
sense of (2.17)) to the measurements, which shall correspond to the solution of the attenuated
wave equation on the measurement surface 02 measured for all time.

According to Proposition 2.2.6, the solution p of the attenuated wave equation is given by
(2.18). This means that the temporal inverse Fourier transform of p is the regular distribution
corresponding to the function

. G h d 1w ei"{(w”x*y‘
Hoa) = | Gulena—uhly) dy = 2 | S

where G, is defined by (2.19).

h(y) dy, weR, zeR?
(2.25)

We therefore introduce our measurements 71 as the function

m(w, &) = p(w,§) forall welR, e
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Name: Thermo-viscous model, see for example [Kin+00, Chapter 8.2]
w
Attenuation coefficient: | k : R — C, k(w) = ———
W=
Parameters: T>0
Holomorpic extension: | 7 : H — C, & :

Upper bound:

W)=
|R(2)] < |z| forall z e H

This follows from |1 — iTz| = Re(1 —irz) = 1 for z € H.

Propagation speed:

— = lim v/1+4+ 7w =
—o fiw)  wo®

Attenuation type: Strong attenuation coefficient
Indeed a Taylor expansion with respect to % around 0 yields for w — oo:
p N
Smk(w) = %m«/E (1 + L)
T TW
= Smy /= (14+0w™h) = % +OW™).
Range of &:

bl

To see analytically that % maps the upper half plane H into itself, we first remark that
because of the symmetry &(—Z) = —#&(2), it is enough to show that the first quadrant
Q++ = {2€ C|Re(z) = 0, Im(z) > 0} is mapped under & into IH.

Since f : C — C, f(z) = —%— is a Mobius transform which maps Q4 to the

1—itz
half ball B% (3) N Q4+ and & is the composition %(z) = z4/f(z), we indeed have
R(Q+4) <

H.

TABLE 2.1: The thermo-viscous model.
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Upper bound:

Model: Kowar—Scherzer—Bonnefond model, see [KSB11]
Attenuation coefficient: | k: R - C, k(w) =w [ 1 + ————=

1+ (—itw)Y
Parameters: ve(0,1),a>0,7>0
Holomorphic extension: | #: H— C,&(z) =2 | 1+ ;

1+ (—irz)”

R(z)] < (1 +a)lz]

This follows from |1 + (—ir2)”| > |Re(1 + (—irz)")| = 1 for z € H.

Propagation speed:

oy iw oy 1 _q
L o e pr———

Attenuation type:

Strong attenuation coefficient
A Taylor expansion with respect to w™ " around 0 yields for w — c0:
Sm k(w) = aw Sm ((—inu)_% 1+ (—iTw)_V)_%)
= aw Sm ((—iTw)_% + (’)(w_%w))

—ar % sin(%)wl_% (1 + O(w_w)).

Range of &:

= (—irz2)".
Now, f1 maps the first quadrant Q4 4 in a subset of the fourth quadrant Q. = {z €
C | Re(z) = 0,9m(z) < 0}. And f> is a M6bius transform which maps @ — to the
half ball B% (3) N Qs

Thus, since the product of two points in the first quadrant ) is in the upper half

plane, #(Q+ 1) < H and because of the symmetry #(—z) = —£(z), we therefore have
#(H) < H.

TABLE 2.2: The Kowar—Scherzer—Bonnefond model.

Instead of considering the operator mapping h to 7, we will divide the data by —iw, meaning
that we consider the map from A to the inverse Fourier transform of the measurements which
were integrated over time. Additionally, we want to assume that the measurements are performed
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Model: Power law, see for example [Sza94]

Attenuation coefficient: | k: R — C, k(w) = w + ia(—iw)?

Parameters: v€(0,1),a>0

Holomorphic extension: | & : H — C, &(2) = 2z + ia(—iz)?

Upper bound: |Z(2)] < |2+ alz]” < a(l —7) + (1 + av)|7]

The second inequality uses Young’s inequality to estimate |z|” < y|z| + 1 — 7.

. . iw . 1
Propagation speed: c= u}l—I}clx) m = wh_r)réo Thow 1= 1

Attenuation type: Strong attenuation coefficient

We have Sm £(w) = asin (1 —7)%) |w|”.

Range of &:

That the range of # is a subset of H follows immediately from

Sm &(re'?) = rsing + ar” sin (g + (go — g) 'y) >0

forall » > 0 and ¢ € [0, 7].

TABLE 2.3: The power law model.

outside the support of the source.

Remark: This assumption that the absorption density functions h has compact support in the
domain {2 is very common in the theory of photoacoustics, see for instance [AKQO07; KKO08].
Definition 2.4.1 Let Q — R? be a bounded Lipschitz domain and & be either a strong or a weak
attenuation coefficient. For ¢ > 0, we define Q. = {z € Q | dist(z, 0Q?) > ¢}.

Then, we call
elr(W) €yl

47r\/%f5 € =l

the integrated photoacoustic operator of the attenuation coefficient « in frequency domain.
Lemma 2.4.2 Let Q  R? be a bounded Lipschitz domain and € > 0. Then, the integrated
photoacoustic operator P, : L?(92.) — L?(R x 0Q) of an attenuation coefficient r is a bounded

~

Po: L2(Q) —» LR x 0Q), Peh(w,€) =

hy)dy — (2.26)
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Model:

Modified Szabo model, see [KS12] and, for the original version, [Sza94]

Attenuation coefficient:

Parameters:

k:R — C, k(w) =wy\/1+ a(—iw)r1

€(0,1),a>0

Holomorphic extension:

Upper bound:

F:H— C,k(2) = 24/1 + a(—iz)71

7(2)] < |o] + valal T < da(l—9) + (1+ $(1+ )l

1ty

The second inequality uses Young’s inequality to estimate [2| 2 < (1 + )|z +
3(1=9)

3 )

Propagation speed:

lim —— =1

w=0 F(iw) _ @=® /14 aw) L

Attenuation type:

Strong attenuation coefficient
A Taylor expansion with respect to w” ! around 0 yields for w — oo:

Sm k(w) = Sm (w (1+ 2a(fiw)wfl)%> =w+ OW”).

Range of &:

To determine the range, we write & in the form
f(2) = 20/1+ f(z) with f(2) = a(—iz)" "

Now, since v — 1 < 0, f maps the first quadrant Q4 to a subset of Q4. Thus,
since the product of two points in the first quadrant is in the upper half plane, we have
R(Q++) c H and because of the symmetry #(—Zz) = —F(z) therefore #(H) < H.

TABLE 2.4: The modified Szabo model.

linear operator and its adjoint is given by

P LR x 00Q) — L2(Q.), P f f
K ( X ) (8) Hm(y) 47_(_\/% 20

Proof:

o—ir(w)lE—y|

€= m(w, &) dS(§) dw.

(2.27)
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Name:

Nachman—Smith—Waag model, see [NSW90]

Attenuation coefficient:

Parameters:

w [1—iTw
H:]RHC,H(W):% m

co>0,7>0,7€(0,7)

Holomorpic extension:

Upper bound:

R0 1-ifz
1—irz

R (2)]

This follows from |1 — i7z|

< ci|zy forall z € T
0

< |1 —irz|forz e H.

Propagation speed:

. iw 1+7w
= lim —— = lim ¢
w—00 /{(1 w—00

U

Attenuation Type:

Weak attenuation coefficient

Indeed a Taylor expansion with respect to % around 0 yields for w — o0:

1

nt (Hf) (i)
- % ; ( 2 w (“’72)> (1 - 27i'w * O(wiz))
= 5—0 ; % +0w™).

Range of &:

=

The Mabius transform f : € — C, f(z) = 1=Z= maps the first quadrant Q4  to

1—iTz
Br(a) n Q4s wherer = §(1 — Z)anda = (1 + I). Thus, &(z) = Z+/f(2) e H
for z € Q++ and the symmetry R(—Z2) = — #(2) then implies that 7(z) € H for every

z € H.

TABLE 2.5: The Nachman—Smith—Waag model.

1. We first consider the case of a strong attenuation coefficient. Then, we have for every
w € R and & € 01 the estimate

€2 |

‘Pﬁh(&},{)‘ 3282 3

” H2 —2e Qm m(w)

Since, by Definition 2.3.1, Sm k(w) > kolw|® for all w € R with |w| > wy for some
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sufficiently large wo > 0, this shows that P, : L2(Q.) — L?*(R x 0Q) is a bounded linear
operator.

2. In the case of a weak attenuation coefficient, see Definition 2.3.2, we split the operator into
75;-; = 75,20) + 75,9), where we define

|€—y|
hlwn8) = Wﬂfgm "

as the photoacoustic operator with constant attenuation and the perturbation

POR e "= lE VI (y) dy (2.28)

i 2le-yl

4wx/%fa 1€ -y

PWh(w, &) = e Ryl ire (@IE=yl _ 1)1 () dy. (2.29)

Now, 77( ) h is seen to be the inverse Fourier transform of the function P,go)h, defined by

—Kooct

€
4mt jﬂg OBt (€)

On(t, &) = h(z)dS(z), t>0, e o,

and PLOh(t,€) = 0fort < 0, € € Q. Now, P : L2(Q.) — L2(R x 09) can be
directly seen to be a bounded linear operator, since we have, recalling that kK, > 0,

0 1
||7>,§0>h|2<f f 1 f h(2) dS(2)
I oado 1672 ) roB,q

0 C2
<J f f |h(2)|>dS(z) dtdS(€).
oo do AT Jo.noB.e

Thus, combining the two inner integrals to an integral over {)., we find that

2
dtdS(¢)

C
IPORIE < o0 |hl3.

This is a special case of the more general result in [Pal10, Lemma 4.1].

Thus, P\ L?(92.) — L*(R x 092) and therefore, because the Fourier transform on
L2(R) is an isometry, also P{”) : L2(Q.) — L2(R x Q) are bounded, linear operators.

For 75,21)11, we get the estimate

€2 |
3223

PMh(w, ) < thbsup |efmx@le=vl _q)2, (2.30)

We now remark that we can find for every bounded set D < C a constant C' > 0 such that

le* —1| < C|z| forall zeD. (2.31)
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Therefore, since k. is according to Definition 2.3.2 bounded and | — y| remains bounded
since €2 is bounded, we find a constant C' > 0 such that

sup | (@Yl _ 112 < Ok, (w)|? forall weR, &e .
yeQe

Since k. is additionally square integrable by Definition 2.3.2, we find by inserting this into
the estimate (2.30) that Pt : L2(Q.) — L2(R x 0Q) is a bounded, linear operator, and
therefore so is the operator Py, : L?(2.) — L*(R x 09). o

To obtain the singular values of the operator P, we consider the operator 75: P, on L? (Qe). It
turns out that this operator is a Hilbert—Schmidt integral operator, in particular therefore compact.
So, by the singular theorem for compact operators, its spectrum consists of at most countably
many positive eigenvalues and the value zero.

Proposition 2.4.3 Let P,, : L?(9.) — L2(R x 09) be the integrated photoacoustic operator
of a weak or a strong attenuation coefficient k for some bounded, convex domain Q0 — R? with
smooth boundary and some > 0. Then, P*P,. : L*(Q.) — L2(%.) is a self-adjoint integral
operator with kernel F € L?(). x €.) given by

o) 1 Joo J k(W)€ —y|—ir(@)l¢—al 156 o)
k\TyY) = 5= W, .
3213 J_on Jon 1€ —yll€ — 2
that is
PrPoh(z) = j Fo(, y)h(y) dy. 2.33)

£

In particular, 75: P.. is a Hilbert—Schmidt operator and thus compact.

We remark that the convexity and smoothness assumptions on €2 are only needed for the weak
attenuation case. For strong attenuation, a Lipschitz domain 2 is sufficient.

Proof: The representation (2.32) of the integral kernel F); of the operator 75:73N is directly
obtained by combining the formulas (2.26) and (2.27) for 75,.i and 75: To prove that F' €
L?(9: x €.), we treat the two cases of strong and weak attenuation coefficients separately.

1. For a strong attenuation coefficient, we estimate directly

2 109
|FI€(ZB7y)| < 32627'(—3

00]
J e~ 29mAW) qy forall z,y € Q..

According to Definition 2.3.1, we have Sm k(w) > rg|w|? for all |w| > wy for some
wo = 0 and therefore, |F,|? is uniformly bounded. Thus, F,, € L?(£2. x €2.), which
implies that 75: P, is a Hilbert—Schmidt operator and compact, see for example [Wei80,
Theorems 6.10 and 6.11].

2. Inthe case of a weak attenuation coefficient, we write F); similar to the proof of Lemma 2.4.2
as the sum of a contribution F,.EO) of a medium with constant attenuation and perturbations
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(T +y) + byes

o1l
-2

FIGURE 2.1: Parametrisation of the intersection I',,, ¢ € (0, ), of the boundary
0% and the plane E,.

FYand FP: k.= FO 4+ £V 4 F® with
2 (j¢—y|—|e—a]) A
FO (2 J J ¢ ool £G) (1 € 0) dS(€) dov,
ROl B iy bz st
(2.34)
where
fIEO)(w7£7 x? y) = 17

fD (@& 2, y) = i (W)€ =yl — 1 (W)€ — 2],
O (w, € m,y) = ettt g0, ¢ 2,y) - {0 w, € 2,7).

e To calculate the double integral in Fj (o ), we first parametrise 02 depending on the
values z, y € ). with x # y.

We choose a positively oriented, orthonormal basis (61)?:1 c R3 with eg = é:;
and consider the curve

[, =00nE, E,={€eR’] <§— S(z +y),cospes —sin<pel> =0},

given as the intersection of the boundary 0€) and the plane £, through %(x +y),
spanned by the vectors es and cos ¢ e + sin p es.

Setting

— mi _1 — _1
ap = min (€= 3(e+y).es) and by = max (€= 3( +y).es),

we choose the parametrisation ¢ € C*(U; R?) of 09 (up to a set of measure zero)
defined on the open set U = {(, 2) | z € (ay, by), ¢ € (—m,0) U (0,7)} as

P, 2) = %(CE + ) +7r(p,z)(cospe; +sinpes) + zes, (2.35)
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where we pick for ¢ € (0, 7) the function 7 in such a way that (¢, z) > —r(¢p—m, z)
so that the two maps (¢ — 7, -) and ¢(¢, -) parametrise together I',, see Figure 2.1.

If we would formally interchange the order of integration in the definition (2.34) of
F,.EO), the integral over w would lead to a d-distribution at the zeros of the exponent
%(\5 — x| — |£ — y|). We therefore start by analysing this exponent, which is up to
the prefactor % given by

9(, 2) = |(p, 2) — 2| = |[(p, 2) =y
if we use the parametrisation ¢ for integrating over 0f2.

The zeros of g are exactly those points (¢, z) such that ¥)(y, z) is in the bisection
plane of x and y. Thus, we have by construction of the parametrisation 1/, see (2.35),
that

g(p,z) =0 isequivalentto z=0. (2.36)

Furthermore, we can prove that

w(%z)—ﬂf - ¢(¢7Z)—Z/
[Y(p,2) =z (e, 2) =yl

only vanishes at the two points where (¢, z) is the intersection point of the line
through = and y with 0€2: We assume by contradiction that 0,g(p, z) = 0 at a point

(p, z) € U with ¢(ip, z) not lying on the line through x and y. Then, the first vector
Y(pz)—z _ Y(p.2)—y
[W(p,2)—a] — To(p,2)—yl
0.1 (¢, z) is by construction a non-zero tangent vector on I', < E, at (¢, z). Thus,

0.9(¢, z) = 0 would imply that the first vector is a non-trivial multiple of the outer
unit normal vector v(¢ (¢, 2)) to I'y, at ¥ (¢, 2). However, if w, ws € R? are two
unit vectors with wy — wy = n, n # 0, then (wy,n) = — (wsy, n), since for given
wy € S1, ws is the intersection point of S 1 with the line parallel to n through w;.
Thus, we would have

(R o) == (g o)

.9(0.2) = ( en) @3]

would be a non-zero vector in E,, and the second vector

but, because of the convexity of €, the projections <ﬁ, vo 1/1> and <|’£%g‘, Vo w>
have to be both positive, which is a contradiction. Therefore, 0,g(p, z) = 0 if and
only if ¥(¢, z) is on the line through x and y.

After these preparations, we can now reduce the formula (2.34) for F,.EO) to a one-
dimensional integral and estimate it explicitly to show that F,.go) e L2(Qe x Q).

We plug in the parametrisation 1) into the definition (2.34) of F,Sf)) and find for z # y

T 0 by
T o Sl A R
- J—0 Jay,
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where

1 koo ([¢(0,2) =yl + ¥ (0,2
32 WJ(%) yllb(ep, 2)

i, z,2,y) = _m‘\/det At (e, 2) dy(p, 2))-

(2.39)

To evaluate the integrals, we remark that if A € C1(R) is a real-valued, strictly
monotone function with A(R) = I = R and p € L!(RR?), then

-1
f f 1w)\(z z)dzdw = f f ()d¢dw, where py(¢) = MXI(O

with the characteristic function x of the interval I. Now, the inner integral is up to
the missing factor \/2— exactly the inverse Fourier transform gy of p) so that we get

J J @A dzdw_ff pr(w) dw = 27px(0).

Applying this result to the two inner integrals in (2.38), where we use from above
that g(¢, -) has only two critical points and is therefore piecewise strictly monotone
to first split the innermost integral into integrals over intervals where 0,g(p, z) # 0,
we find with (2.36) that

s

—T ‘629(907 0) ‘

Evaluating (2.37) at z = 0, we find with |1)(¢,0) — z| = |1)(¢,0) — y|, see (2.36),
and the explicit formula (2.35) for the parametrisation ¢ that

ly — x|

629(90,0) <|¢(y—x azr(gp,o)(cosgoel + sinnpeg) + 63> = W

©,0)

Plugging this together with formula (2.39) for y into (2.40), we finally get for F, ,.EO)
the representation

72/{00\772)

1672@ — x| f |4 (ep, )

FO (g, ) = wet (¥ (10, 0) di (12, 0)) de.

(2.41)

This is an integral over the intersection 7., = {§{ € 09 | <§ — %(x +9y),y — :c> =
0} of 02 and the bisection plane of the points = and y. To express it in a parametri-
sation invariant form, we write it as a line integral over v, ,, which means we want
to use the volume element |0, (¢, 0)| dp. Calculating the outer unit normal vector
explicitly from (2.35), we find

0o X 0% Tey+ Oyrex —rdyres

VOl (AT A det(dyT dv)
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Thus, we get the relation

|5¢1/J|2 =7’ 4 (5¢T)2 = det(d@Z)T dy) [vo — (v o), es) 63|2 .

With this, we can write (2.41) as the parametrisation free line integral

o) - (@)

ly — ly — x|

1 e—2f$oo|§—x| -1

FO(z,y) = ds(e).

(2.42)

16m2ly —af J,,, 1€~

In particular, we have

A
m@@ﬂﬂgr—T forall z,ye. with z#y (2.43)
T -y

for some constant A > 0, and therefore F,go) € LZ(Q‘€ x Q).

To estimate the first perturbation F,.gl), we remark that, according to Definition 2.3.2,
K+ 1s bounded and square integrable. We can therefore pull in the definition (2.34)
of F, S) the integration over the variable w as an inverse Fourier transform inside the
surface integral and find that

FWD(z,y) = e roo([E—yl+IE—2])

167r2\/ﬂ LQ
] (( 6=yl — €= a) Full(E—al— !€—y|>>> as(e).

€ — | 1€ —yl

Choosing now a radius R > diam (2, we get by applying Holder’s inequality and
increasing the domain of integration that

1092
[ L roeypaay< s [ f [ weui-le-a) arayasie

Thus, switching in the two inner integrals to spherical coordinates around the point &,
we find

Q2R 00’Rc
[ [ ro@rara < SEE [ [ ro-pparap < LR g

which shows that F{") € L2(Q. x Q).
(2)

The second perturbation Fi;™’ can be bounded directly via

1 o0
FP @) < 5555 JOO LQ [P (w6, 2,9)|dSE) dw  (2.44)

for all x,y € .. Using that for every bounded set D < C, there exists a constant
C > 0 such that
e —2—1| < Cl|z|* forall zeD
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holds, we find a constant C > 0 so that
7P (w, & 2, y)| < Clrs(w)|? forall welR, £, z,ye Q..  (2.45)

Plugging this into (2.44), we get that

EO) (2,y)] < D

K X WHH*H% for all T,y € Qg.

Thus, in particular, we have F\>) € L2(Q. x Q).

We conclude therefore that F, = FO4+FD 4+ P e L?(9. x €.), which shows as in
the first part of the proof that PP, is a Hilbert—Schmidt operator and compact. o

2.5 Singular Values of the Integrated Photoacoustic Operator

We have seen in Proposition 2.4.3 that the operator 75,;" Pes given by (2.33), is a compact operator.
The inversion of the photoacoustic problem is therefore ill-posed. To quantify the ill-posedness,
we want to study the decay of the eigenvalues (An(ﬁ: 755))%]1\1 of 75: P,., where we enumerate
the eigenvalues in decreasing order: 0 < Ay 1(P*Py) < Ao (P*Py) forall n € IN.

We differ again between the two cases of a strong and of a weak attenuation coefficient .

2.5.1 Strongly Attenuating Media

To obtain the behaviour of the eigenvalues of 75: P, in the case of a strong attenuation coeffi-
cient k, see Definition 2.3.1, we will use Corollary 2.A.4 which gives a criterion for a general
integral operator with smooth kernel to have exponentially fast decaying eigenvalues in terms of
an upper bound on the derivatives of the kernel, see (2.79). We therefore only have to check that
the kernel (2.32) of 75,’:75,.i fulfils these estimates. The calculations are straightforward (although
a bit tedious) and can be found explicitly in section 2.B.

Proposition 2.5.1 Let Q be a bounded Lipschitz domain in R?, ¢ > 0 and P, : L*() —
L?(R x 0R)) be the integrated photoacoustic operator of a strong attenuation coefficient .

Then, the kernel F; of 75: P, explicitly given by (2.32), fulfils the estimate

oI

1
— sup sup

5 Sup sup | <o <BYV;iF Y forall jeN,, — (2.46)
+ x,yelde veS

Fy(z,y + sv)
s=0

for some constants B,b > 0, where N € IN denotes the exponent for £ = 0 in the condition (2.5)
and 3 € (0, N| is the exponent in the condition (2.24) for the strong attenuation coefficient k.
Proof: Putting the derivatives with respect to s inside the integrals in the definition (2.32) of the
kernel F};, we get that

od

© 1 -
@ F(xay+sv)zf Gn(wvx_g)i

K ) ;
s=0 oo W o0 68-7 s

Gr(w,y =&+ sv)dS(§) dw,
=0
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where GG, denotes the integral kernel (2.19). We remark that the term —; comes from the fact that
we consider the integrated photoacoustic operator instead of the operator which maps directly the
measurements to the initial data.

Using Proposition 2.B.3 to estimate the derivative of G, we find a constant C' > 0 so that

oY)
0sd

<caj 2 [l -glices-ol(

1
]l

F(m Y+ sv)

1
ly — &)

+ j_l!ln(w)]]) 48 (€) dw.

From the uniform estimate
-~ Cx
‘ 7|e e Sm k(w)

dmer/2m

which is directly obtained from the definition (2.19) of G, by using that |x — &| > ¢ for all
& € 0N and x € ()., it then follows that

e Sm k(w — - dw.
327322 Ooe o + j!|ﬁ(w)‘ w

Applying now Lemma 2.B.4 (for the first term in the integrand, we use Lemma 2.B.4 with j = 0),
we find constants B, b > 0 so that

|G(w,z—&)| < forall ze €, £€0Q, weR,

o7
a7 Fi(xz,y + sv)| <

j‘ s=0

oJ

sl

1

- < BV T forall z,yeQ, veS? jelN
q x ) € y J 0-
J:

F(z,y+ sv)
s=0

Combining Proposition 2.5.1 with Corollary 2.A.4, we obtain the decay of the singular values of
the integrated photoacoustic operator.

Corollary 2.5.2 Let Q be a bounded Lipschitz domain in R3, ¢ > 0, and P, : L*(Q.) —
L2(R x 0R)) be the integrated photoacoustic operator of a strong attenuation coefficient .

Then, there exist constants C,c > 0 so that the eigenvalues (An(ﬁ:ﬁ,{))nem of 75:75K in
decreasing order fulfil

M(PEPL) < Cn %/m exp (*cn%) forall neN. (2.47)

Proof: According to Proposition 2.5.1, we know that there exist constants 3, b > 0 so that the
integral kernel F; of the operator P*P fulfils the estimate (2.46). Applying thus Corollary 2.A.4
with p = F — 1 to the operator 73*77,{, we obtain the decay rate (2.47). =

2.5.2 Weakly Attenuating Media

To analyse the operator 75: P, in the case of a weak attenuation coefficient #, see Definition 2.3.2,

we split 75,{ as in the proof of Lemma 2.4.2 in 75,{ = 75,£0) + 75,£ see (2.28) and (2.29). We

will show that decomposing the operator as 75,’_: Py = XSO)* O 4 Q. the eigenvalues of the
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operator Q,; = 73,.; 0): ,E ) + 73(1)* Vﬁf’) + 75,9)* V,E” decay faster than those of 75,20)*75,9) so that
Q. does not alter the asymptotic decay rate of the eigenvalues of 75,9)* > ,£°>.

The term 75,(.;0) *75,20) corresponds to a constant attenuation and its behaviour was already discussed
in [Pall0].

Lemma 2.5.3 Let k be a weak attenuation coefficient, Q < R3 be a bounded, convex domain
with smooth boundary, and € > 0. We define the operator 75,£0) : L2(92) — L?(Q.) by (2.28).
Then, there exist constants C7,Co > 0 such that we have

2 2

Cin~5 < M(PO*POY < Con™5  forall nelN. (2.48)
Proof: The idea of the proof is to show that the operator 75,20) *75,20) has the same eigenvalues as
an elliptic pseudofifferential operator 7 : L*(M) — L?(M) of order —2 on a closed manifold
M. Then, we can apply the result [Shu87, Theorem 15.2] to obtain the asymptotic behaviour of
the eigenvalues.

o First, we want to replace the operator 75,9)* VS’) by a pseudodifferential operator 7 on a

closed manifold with the same eigenvalues.

We have seen in the proof of Proposition 2.4.3 that the operator 75,9)* v,(fo) is an integral

operator with integral kernel Féf’) defined by (2.34). We now generate the closed manifold
M by taking two copies of 2. and identifying their boundary points: M = (. x
{1,2})/ ~ with the equivalence relation (x,a) ~ (Z,a) if and only if z = Z and either
a = aorx € 0. This is called the double of the manifold with boundary ()., see for
example [Leel3, Example 9.32]. Then, the operator 7 : L?(M) — L?(M) given by

2 f B([y, b)) dy

has the same non-zero eigenvalues as P *PLY : L2(Q.) — L2(Q.). Indeed, if h is
an eigenfunction of 7~ with eigenvalue A # 0, then necessarily i([x,1]) = h([x,2]) for
almost every x € ). and therefore = — h([x,1]) is an eigenfunction of PP with
eigenvalue A. Conversely, if & is an eigenfunction of 75,20) (0) with eigenvalue ), then
clearly [z, a] — h(z) is an eigenfunction of 7 with eigenvalue A

To write 7 in the form of a pseudodifferential operator, we extend the kernel F,go) to

a smooth function F,EO) e C*(Q. x R3) by choosing an arbitrary cut-off function ¢ €

C*(R3) with ¢(y) = 1 for y € {2 and supp ¢ < €2 and setting

» ) e—hw (I€—y|+[E—=|) g(|€ |[—|&—=x]|) ’
Fn z,y 327r3f LQ |§ ny—x’ c y dS(§>d , xef, yeR”.
(2.49)

. o 3 . .
Then, defining g up to the normalisation factor (27)2 as the inverse Fourier transform of
i(0)

= with respect to y:

g(z, k) = J F,go)(x, y)e_w"”g”_y> dy, ze€Q., keR?, (2.50)
R3
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(0)

we can write the kernel F; ' with the Fourier inversion theorem in the form

1

FI-EO)(:an) = W

j g(z, k‘)ei<k’z_y> dk, z,yeQ,,

R3

where g is smooth, since g(z,-) is the Fourier transform of a function with compact
support.

In the expression (2.50) for g, the integral over w from the definition (2.49) of F,ﬁo) can
be seen as a one-dimensional inverse Fourier transform, which allows us to get rid of two
one-dimensional integrals.

To this end, we pull the outer integral over R? inside both other integrals and write it in
spherical coordinates around the point &: y = & + 76 with 7 > 0 and 6 € S2. This gives us

1
_ 1 1<]€£ _1 |§ ‘7’,‘
— Koo T"HE x[)
< Te\g—x\aﬁ(f +rf)e (BT dr du dS(0) dS(©)
0 —

For every ¢ € 052 and every 6 € S2, the two inner integrals with respect to r and w each

represent a Fourier transform and we get with p(r) = Wcﬁ(f + 70)X[0,00) ()
that

0
f e_iuc)lg_ﬂf p(r)el e TEOT 4 dw = /2 J (k,0))e i ClEel 4y
—00 0
= 2l (¢ — zi)

Thus, we find

c — 2k |é—x i(|€—z —z
k) = g [ | eI+ g~ algpelle IO a5 (6) dsc).
o0 Js2 2.51)

We are now interested in the leading order asymptotics of g(x, k) as |k| — co. To obtain
this, we will apply the stationary phase method, see for example [H03, Theorem 7.7.5].

So, let 1y € C°(U; R3) be a parametrisation of 02 and © € C®(V; R3) be a paramtetri-
sation of S with some open sets U,V < R2. Then, according to the stationary phase
method, the asymptotics is determined by the region around the critical points of the phase
function

Oy (0, 0) = [¢(n) — x| (K, ©(9)) + (k, ¢ (n) — )

in the integrand in (2.51). The optimality conditions

0= aﬁiq)a?,k(’mﬁ) = [(n) — z| (k, 6192@(79» , 1=12,
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with respect to ) imply that k is normal to the tangent space of S in the point ©(¥) at a
critical point (7),1) of ®, j, thatis () = i%. The optimality conditions

0=6m<1>x,k<n,v9)=< <>,_rk\|¢§ |+k> =12,

with respect to 7 then imply for a critical point (7, ¥) of ®,, 1, that the projections of the two

vectors — ﬂz;:  and o) = = | on the tangent space of 0€2 at 1)(n) coincide. Since
both vectors have unit length, this means that up to the sign of the normal component they
have to be equal. Additionally, we use that, because of the cut-off term ¢ (1)(n) + |1(n) —

x|O(¥)) in the integrand, the critical points at which the vector ©(1}) points outwards the
domain € at ¥)(n) do not contribute to the integral. Therefore, a relevant critical point

(n,0) is such that © (1) is pointing inwards at ¢)(n) and since — ‘:ﬁgz;:z'

inwards, we are left with the two critical points (79, 9()) given by

is also pointing

ok ) —w

OU) = (V' = T =l

(=1,2.

In particular, we have @, (77(5), 19(@) = 0.
For the second derivatives of ®, ;. at the critical points, we find

Oy B (1, 90) = ’é}(n) |K| <<amw(n(£)),am¢(n(f))> — <87,i¢(77(€)), ]:|> <6nj¢(n(€)), |Z|>> ,

09,0, @2 (12, 09) = [9(19) — 21 (k. 20,0,0(09))
Onit; Par k(n(f) 19(@) 0.

For the determinants of the derivatives with respect to 1 and 1J, we obtain (this can be
readily checked for parametrisations ) and © corresponding to normal coordinates at the

points (¢(1")), ©(9)))

(b))
ij=1 7" |¢( g)_x|2 det(d@ZJ (7] )(W’(U ))7

— |k2 det(dOT (90)) dO(9D)),

det(aﬁim‘q) k(n © 19(@))

det(aﬁiﬂj (I):E,k<77(£)719(Z)))’Lj 1=

where v : 00 — S? denotes the outer unit normal vector field on 0.

Therefore, the stationary phase method, see for example [H03, Theorem 7.7.5], implies for
r € Q. ke R3 and > 0 that we have asymptotically for i — oo

C

g(x, pk) = T6:2

| e soun) + o) - al@(@))eean
UxV

x \/det dwT 1) do(n)) det(dOT () dO (1)) d(n, )

—$| 2 o(n) 2 (1)
e~ e +0|—= ).
4\klu2;1 N 3
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Thus, g is of the form
g(z. k) = g-a(x, k) + O(|k| ™)

with g_o(z, -) being a positive function which is homogeneous of order —2.

Therefore, a parameterix of the pseudodifferential operator 7 on L?(M) is an elliptic pseudod-
ifferential operator of order 2 and thus has, according to [Shu87, Theorem 15.2], eigenvalues
which grow as ns. Consequently, the eigenvalues of 7 and thus also those of 75,1‘75,.i decay as
n_% . u]
To estimate the eigenvalues of the term 75,9)* > ,21) in 75: 75,{, we show with Mercer’s theorem that
the operator is trace class.

Lemma 2.5.4 Let k be a weak attenuation coefficient, ) R3 be a bounded, convex domain

with smooth boundary, and € > 0. We define the operator P L2(92) — L?(Q.) by (2.29).
Then, we have that
Tim_ nA, (PP — 0. (2.52)
Proof: Using the definition (2.29) of 75,21), we find that
P BOh@) = [ Rulo (o) dy

£

with the integral kernel

1 0
Relos) = g5z || el asie .
o2 (IE—yl-lg—al)
[Ir

Since for every bounded set D < C, there exists a constant C' such that

(€ w, 2, y) = e~ ro(EylHIE—a]) (glrx (@IE=yl _ 1) (e —irx (W)lg—z| _ 1).

le* — 1| < Clz| forall ze D,

we find a constant C' > 0 such that the integrand 7 is uniformly estimated by an integrable
function:
Ire(€,w, x,y)| < Clre(w)]? forall z,yeQ., £, welR.

Taking now an arbitrary sequence (zy, Yk )rew < §2- converging to an element (x,y) € (2., we
get with the dominated convergence theorem and the continuity of r, that

. 1 *
gg;Rdxmyw==3%ﬁleJ%MP£Jk@¢U$mywd5@)¢0=l%0&y)
Thus, R, is continuous and therefore Mercer’s theorem, see for example [CH53, Chapter III,
Section 5 and 9], implies that

e @]

Z *7)(1 )

Since (An(ﬁ,gl)* V,gl)))ff:l is by definition a decreasing sequence, Abel’s theorem, see for

example [Har21, §173], gives us (2.52). o
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From the decay rates of the singular values of 75,9) and 75,9), we can directly deduce the decay
rate of the perturbation 75;" P, — 75,9) *P ,EO).

Lemma 2.5.5 Let k be a weak attenuation coefficient, ) R3 be a bounded, convex domain
with smooth boundary, and € > (.

Then, the operator
Qu: L*(Q) > L*(%), Qu =PiP.—PO*PY) (2.53)
with P+ L2(Q.) — L%(Q).) being defined by (2.28) fulfils
lim 0% |A,(Q)] = 0. (2.54)

Here (A, (Qx))nen denotes the eigenvalues of Q,., sorted in decreasing order: |\p11(Qy)| <
[An(Qg)| for all n € IN.
Proof: We start with the positive semi-definite operator P;:P,.. We split P, as in the proof of

Lemma 2.4.2 in 77 = 77(0) + 75,9) with 75,9) given by (2.29). Then, we can write Q, in the form
0, = PPy — PO#BO) = POPO) 4 OB 4+ OB,

To estimate the eigenvalues of the operator 75,21) *73,20) + 75,9) P ,9), we use that for all m,n € IN

the inequalities

At (PEFPY) + PP < s (PO*PY) + 5, (PO*PLY)  and
Sme+n— 1<P<0>*7> ) < 5m(P)sn (PY)

hold, see for example [GK69, Chapter I1.2.3, Corollary 2.2], where s,,(T) = 4/ A (T*T) denotes
the singular values of a compact operator 7" sorted in decreasing order: s,,+1(7") < s,,(7") for all
n € IN. Here, we used that s,,(T) = s, (T*), see for example [GK69, Chapter I1.2.2]. Inserting
the decay rates (2.48) and (2.52) for (s, (Px p(0) ))oq and (sy, (77,2 )));'f:1 into these inequalities,
we find that

lim né A (PW*PO)  pOpy —

n—00
Estimating, again with [GK69, Chapter 11.2.3, Corollary 2.2], the eigenvalues of the sum Q,, of
the two operators 75,21)*75,20) + 75,20)* V,.E” and 75,.9)* VS), we find that

Amn-1(Q)] < A (PP + PO*PI)| 4+ A (PP *PY)

for all m,n € IN, which yields with the behaviour (2.52) of the eigenvalues of 75,9)*75,9) the
result (2.54). o

Combining Lemma 2.5.3 and Lemma 2.5.5, we obtain that the singular values of the photoacoustic
operator Pe decay as in the unperturbed case.

Theorem 2.5.6 Let P, : L2(Q.) — L2(R x 0Q) be the integrated photoacoustic operator of a
weak attenuation coefficient k for some bounded, convex domain 2 < R? with smooth boundary
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and some € > 0. Then, there exist constants C1, Cy > 0 such that we have
Cin™3 < An(PFP.) < Can™3  forall meNN. (2.55)

Proof: Defining again the operators 75,20), see (2.28), and 9O, see (2.53), we know from [GK69,
Chapter 11.2.3, Corollary 2.2] for all m,n € IN that

~

Amin-1(PEPy) < A (PL*PO*) 4+ [\ (Qs)

and

Amin-1(PO*PL)) = M Q)| < An(PEPY).
Therefore, Lemma 2.5.3 and Lemma 2.5.5 imply bounds of the form (2.55). o

2.A Eigenvalues of Integral Operators of Hilbert—-Schmidt Type

In this section, we derive estimates for the eigenvalues of operators 7" of the form
T LU) » IX(0). (Th)@) = | Fle)h)dy 256
U

on a bounded, open set U — R™ with an Hermitian integral kernel F' € C(U x U) (that
is, F'(z,y) = F(y,x)). In particular, such an operator 7" is a self-adjoint Hilbert—Schmidt
operator, and we want to additionally assume that 7" is positive semi-definite. So, the eigenvalues
(An(T))new of T are non-negative and we enumerate them in decreasing order:

0 < A\t1(T) < Ap(T) forall nelN.

To obtain the asymptotic decay rate of the eigenvalues of such an operator T, we proceed as
in [CH99] where a characterisation for a decay rate of the form A\, (T") = O(n~*) was presented
in terms of an upper estimate on the derivatives of the kernel F'. The extension to an exponential
decay rate is rather straightforward.

First, we show that when approximating an operator 73 by a finite rank operator 75, we can
estimate the eigenvalues above the rank of the finite rank operator 75 in terms of the supremum
norm of the difference of their kernels, see for example [Wey12, Satz II].

Lemma 2.A.1 Let U ¢ R™ be a bounded, open set, T; : L*(U) — L*(U), i = 1,2, be two
integral operators with Hermitian integral kernels F; € C (U x U). Moreover, let Ty be positive
semi-definite and Ty have finite rank r € INg.

Then, the eigenvalues (N, (T1))nen of T1 (sorted in decreasing order) satisfy

Z A (Th) < (2r + D)|U||FL — Fa o
n=r+1
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Proof: The min-max theorem (see for example [GK69, Chapter 11.2.3]) states that for every
self-adjoint, compact operator T" and every fixed m € IN

An(T)| = i T — A, 2.57
An(D =i || (2.57)

where the minimum is taken over all operators A : L?(U) — L?(U) with rank less than or equal
tom — 1.

Let us fix n € IN now. Applying (2.57) with T" = T} — T5 shows that there exists an operator A
with rank(A) < n — 1 such that

[An(Ty = T2)| = | Ty — T2 — Al (2.58)

Because rank(7%) < r and rank(A) < n — 1, rank(7% + A) < n + r — 1, and we therefore
have .
HTl — T2 - AH = min HT1 - AH (259)

rank(A)<n+r—1

Using (2.57) with T' = T and m = n + r we find that

min 1Ty — A” = [Atr(T1)] = Anyr (T1), (2.60)
rank(A)<n+r—1

since 77 is positive semi-definite. Combining the three relations (2.58), (2.59), and (2.60), we get
Anr(T1) < [ Ap(Th —T3)| forall r,neN.

Taking the sum over all n € IN, we get

D1 () < ) (T —To)l. (2.61)
n=r+1 n=1

The eigenvalues of 17 — T5 do not need to be all non-negative, however, since 75 has rank at
most 7, the operator 17 — 75 cannot have more than r negative eigenvalues. Moreover, their
norm is bounded by

(T = T2)| < |Th = T2| < |F1 = B2l p2@oxoy < |UIF1 — Falloo- (2.62)

Thus, we can estimate the sum in (2.61) by

M8

MM=To)+2 Y (T —T)

o
D) (T = To)| =
n=1 1 An(Th1—T2)<0

3
Il

(2.63)

/AN
RgE

An(Ty = Ta) + 2r|U[ | F1 = Faeo-

n=1

Moreover, choosing an orthonormal eigenbasis (1,)%_; < L?(U) of the compact, self-adjoint
operator 71 — 15, we get with Mercer’s theorem, see for example [CH53, Chapter III, §5 and
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§9], that
o0
Fi(z,y) — Fa(z,y) Z — Ta)tn(x)dn(y),

and therefore

e}

Z M(Th —T3) = f (Fi(z,2) — Fy(x,z))de < |U||F1 — F2| - (2.64)

n=1 u
Combining (2.61), (2.63), and (2.64) gives

Z A (T1) < (28 + D|U||Fy = Falloo. 5

n=r+1

Thus, approximating the kernel in our integral operator by one of its Taylor polynomials, we
get a convergence rate for the eigenvalues depending on the approximation error of the Taylor
polynomial. To improve this estimate, we first subdivide the domain U in smaller domains, so
that the approximation error of the Taylor polynomial is smaller.

Regarding an upper bound for the eigenvalues, it is indeed enough to keep the subdomains along
the diagonal of U x U, see [CH99, Lemma 1].

Lemma 2.A.2 Let U = R™ be a bounded, open set and Ty : L*(U) — L?(U) be a positive
semi-definite integral operator with Hermitian kernel I} € C (U x U). Let further Q; — U,
€ = 1,..., N, be open, pairwise disjoint sets such that U < Ué 1 Qq and define the kernel

U><U—>(Dby
N

F,=F Z XQrxQy-
=1

Then, the integral operator Ty : L*>(U) — L?(U) with the integral kernel Fy is also positive
semi-definite and fulfils

o0 oe}
DT (D) < D) An(Th) forevery relNg. (2.65)
n=r+1 n=r+1

Proof: For each ¢ € {1,...,N}, let P, : L>(U) — L*(U), P;h = hxg, be the orthogonal
projection onto the subspace L?(Q;). In particular, because the sets @, are pairwise disjoint, we
have

PPy = b1 0Fp. (2.66)
With this notation, we can write
N
T, = ). PT\P,. (2.67)
=1

Now, we first show that 75 is indeed positive semi-definite. Let us assume by contradiction that
this is not the case. Then, there exists a function h € L?(U) so that (h, Toh) < 0. Thus, because
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of the representation (2.67) of T5, we find an index ¢ € {1, ..., N} such that
<f?h,71f?h>::<h,f?jafkh><10.

However, this contradicts the fact that 77 should be positive semi-definite.

To get a relation between the eigenvalues of 77 and 75, we construct a sequence (T(k))ﬁ/:O of
positive semi-definite operators interpolating between 7 = T} and TN) = T,. We define
recursively for every k € {1,..., N}

ﬂ“:?ﬂ“”+a—m@ﬂhﬂa—ﬂ@]wm 7O =T (2.68)

Before continuing, we want to verify that this definition indeed yields T™™) = T5. We first
remark that, because of the orthogonality relation (2.66), the equation (2.68) can be written as

T® P, = P,T*Vp, and
T®Pp, = (1—P)T* VP, for ¢+ k.

Thus, we get recursively for every £ that

T{AO}% = ( —-f%v)]*AﬁiU}%
= (1= Py) (1= P) TP,
=(1—=Py)- (1= P PTE VP,
=(1=PyN)-(1=Pp)P(1=Pi_q)--- (1 = P)T\ P,
= P\ P,

So, again using the representation (2.67) of 75, we see that

N N
TN = TN N P = Y PP = T
=1 =1

Now, by Ky Fan’s maximum principle, see for example [GK69, Chapter 11.4], we can write the
sum of the r € IN largest eigenvalues of TF), k € {1,..., N}, in the form

i An(T®) = sup { Z (s T b ) | (hn)ipey = LAU), (B, B} = 5n,n,} :
n=1

n=1

Inserting the recursive definition (2.68) for T®), we get from the subadditivity of the supremum
the estimate

AiAATW)<;§]PATWﬂ)+MOJ—ﬂ@TW”G—2&D}

n=1 n=1
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Since (1 — 2P;)? = 1 and eigenvalues are invariant under conjugation (that is, we have
A (ATH*=1 A=1y = X, (T*=D) for every invertible operator A), this simplifies to

T T
PIRICAR R PP A
n=1 n=1
We therefore get recursively the inequality

D An(Te) < ) Aal(Th). (2.69)
n=1

Additionally, since & is an eigenfunction of 73 if and only if the functions Pyh are for every
¢ e {1,..., N} either zero or an eigenfunction of P,77 P, with the same eigenvalue, we have that

0 N o
2 Z Z (P/T1Py).

According to Mercer’s theorem, see for example [CH53, Chapter I1I, §5 and §9], we therefore
get as in (2.64) that

o0 o0
D An(Ty) = Z F1 (z,2)dz = f Fy(z,2)dz = Y Au(Th). (2.70)
n=1 = n=1

Finally, combining (2.69) and (2.70), we obtain the estimate (2.65). o

Now, putting together Lemma 2.A.1 and Lemma 2.A.2, we obtain a decay rate for the eigenvalues
of the integral operator depending on the convergence rate of the Taylor series of its kernel.
Proposition 2.A.3 Let U = R™ be a bounded, open set, T : L?>(U) — L?(U) be a positive
semi-definite integral operator with an Hermitian kernel F € C*(U x U), k € N, and define

1
— sup  sup
j. Z’,yGU /UGSNLfl

ol . .
M; - 57| Flwyso)|, jeN, j<k

Then, there exist constants A > 0 and a > 0 such that for everyn € IN

J
2 A
M (T) < A min | M; (a T() (j+m)? ™|, (2.71)
]EJk’n n

where we take the minimum over all values j in the set

Jk,nz{je]Na(j—i—m)é 7§/§,j<k}.

Proof: For some 6 € (0,1), we partition the domain U in pairwise disjoint open sets Qy,
¢ =1,..., N, with diameter not greater than ¢ such that UéV: 1 Q¢ © U. We remark that there
exists a constant a > 0 so that we can find for every ¢ € (0, 1) such a partition with IV sets where



Chapter 2. Singular Values of the Attenuated Photoacoustic Imaging Operator 57

N < (g)m 2.72)

(for example by picking a cube with side length D = diam(U) containing U < R" and choosing

a partition in [%]m cubes of side length L = %, which gives an estimate of the form (2.72)

with a = Dy/m + 1).
According to Lemma 2.A.2, we can now get an upper bound for the behaviour of the lower
eigenvalues of T' by considering the eigenvalues of the integral operator 1" : L2(U) — L?(U)

with kernel FZéV: 1 XQ,xQ, or, equivalently, the eigenvalues of the integral operators 7} :
L*(Q¢) — L*(Qq) with the integral kernels F'xq,xq,-

To obtain an estimate for the eigenvalues of the operators 7, we consider instead of Ty the finite
rank operator which we get by approximating the kernel F' on (Q; x @, by a polynomial and then
apply Lemma 2.A.1, see [Wey12, §2].

So, we pick in every set (; an arbitrary point zy and expand F' on @)y x )¢ in a Taylor polynomial
of degree j — 1 for some j < k with respect to the second variable around the points zy. Then,
we get

F(iﬂ,y) :Fj,g(iﬁ,y)‘FCj,g(fﬁ,y), z,y € Qu,

with the Taylor polynomial F} ; explicitly given by

1
Fjo(z,y) = > — 00 F (w, 22) (y — 20)°,

{aeNT lal<j-13 &
and with the remainder term C} ¢, which can be uniformly estimated by
Cje(z,y)| < M;o? forall z,y € Q. (2.73)

Since F 4 is not necessarily Hermitian, we symmetrise it by defining the kernel Fj,g on @y x Qg
as

1 [
Fj,f(IE?y) = §(Fj,f(x7y) + Fj,f(ya IE))

Then, Fj,g is of the form Fj’g(l‘, y) = Z:il a;.¢()b; ¢(y) for some functions a; ¢, b; p € C(Qy)
with r; given by two times the number of elements in the set {a € INj" | |a| < j — 1}, which
isr; = 2(j+2_1). Thus, the integral operator T ¢ : L?(Q;) — L?*(Q¢) with kernel Fjj has a
finite rank which is not grater than r;. Moreover, we get from (2.73) the uniform estimate

sup |F(z,y) — Fje(z,y)| < M;d.
x7yeQé

Therefore, Lemma 2.A.1 gives us directly that

DT Aa(Ty) < (2r5 + 1)M;[Qeld”. (2.74)

n=r;+1
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Now, since every eigenvalue of the integral operator " corresponds exactly to one eigenvalue of
one of the operators 7T, we have that

> Aa(T) 2 (2.75)
n=1 n=1

and since the eigenvalues of every operator are enumerated in decreasing order, we have that

uMz

Nr;

D A(T) =

=

D An(Ty). (2.76)
n=1

¢

1

Thus, we get from Lemma 2.A.2 for the eigenvalues of the operator 7' by combining (2.75),
(2.76), and using the estimate (2.74) that

Y@< ) )<

n=Nr;+1 n=Nr;+1

0

Z < (2 + VMU, (277)

HMZ

For fixed n € IN and j € IN, we now want to choose the parameter N € IN in such a way that
Nrj < n and that we can make the parameter ¢ as small as possible. We pick

where we assume that j is chosen such that r; < %, so that § < 1 is fulfilled (an upper bound

on ¢ is needed for an estimate of the form (2.72)). Because of r; = 2(j+z_1) <2(j+m-—-1)™
this condition on r; can be ensured by imposing

1
j+m<fmﬁ. (2.78)
a 2

Then, according to (2.72), there exists a partition (Qg) ~, with

Ne (G-

Evaluating (2.77) at these parameters, we find that

0 N
M(T) < D, (D) < (2rj + D)M;|UIF < (2r) + 1)M;|U|e? (%) ’
fi=Nr;+1

Simplifying the expression by estimating r; < 2(j +m — 1) < 2(j +m)™ and 2r; + 1 <
4(7 +m)™, we finally get that

J
2 .
M(T) < UM ( ’{/Z) (G +my+m,
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where we can choose j € {1, ..., k} arbitrary as long as the condition (2.78) is fulfilled. =

In particular, Proposition 2.A.3 includes the trivial case where the kernel F' is a polynomial of
degree K, in which case My 1 = 0 and we obtain \,,(T") = 0 forall n = 2(a(K +m + 1))™,
since then K + 1 € Jx 41,,. Moreover, we find that for a general F' € C*(U x U), we may
always pick j = k for n > 2(a(k + m))™ to obtain that the eigenvalues decay at least as

An(T) < Cn™

for some constant C' > 0.

For smooth kernels F, the optimal choice of j depends on the behaviour of the supremum M; of
the directional derivative as a function of j.

Corollary 2.A.4 Let U = R™ be a bounded, open set and T : L*(U) — L*(U) be the positive
semi-definite integral operator with the smooth, Hermitian kernel F' € Coo(ﬁ x U ).

If we have for some constants B, b, i > 0O the inequality
oI

0s1

1
— sup sup

: < BV M, (2.79)
]' .’IJ,yEU ’UES"Lil

F(z,y + sv)
s=0

then there exist constants C, c > 0 so that the eigenvalues decay at least as
1
M (T) < Cn ¥/nexp (—cnmﬂﬂ)) , nelN. (2.80)

Proof: Using Proposition 2.A.3 with the upper bound (2.79) for the constants ), we find that
there exist constants A, a > 0 so that

J
2 . ,
M(T) < AB  min ab K/> G* (G +m)?*t™ | forall nelN.
X5 n

i 1 m/n
]+m<a 2

To simplify this, we estimate j*/ < (5 + m)“(j +m) and obtain withj = j +m

J

- 2 ~ ~

M(T) < An min ab T{f FAWI L forall nelN (2.81)
i<e W3 n

for some constant A > 0.

To evaluate the minimum in (2.81), we consider for

o, = ab W (2.82)
n

fu: (0,00) = (0,20),  ful(€) = (anC ).

Then, by solving the optimality condition

the function

0=f1(¢) = ((1+p)log¢ + 1+ p+logan) fal(C),
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we find that f;, attains its minimum at

(o = e tay, T, (2.83)

see Figure 2.2.

G 1 3 2

FIGURE 2.2: Graph of the function f,,(¢) = (o, (' *#)¢ fora,, = 2 and pp = 1.

Since we only need the asymptotic behaviour for n — 0, let us pick a value ng € IN such that

(o> 1, thatis a, <e %) <1, and
1 [n b ) e
Cn < - w 5= o thatis an™ < be,
n

for all n = ng. This can be always achieved since a,;, — 0 asn — 0.

Now, the minimum in (2.81) is restricted to the set of natural numbers } < % "\L/g so that we
cannot simply insert for j the minimum point ¢, of the function f,,. Instead, we estimate the
minimum from above by the value of f,, at the largest integer |(,, | below (,,:

M(T) < An min Efn(i) < Anfn(|Ga)).

T<lm
]ga 2

Since o, < 1 and (, > 1 for all n > ng, we get from the explicit formula (2.83) for (,, that

1

1
Cn—1 (1+p)Cn — 14+p\Cn _
F1Ga]) < a7 = - anGh N = — e

n

Thus, using the expressions (2.82) and (2.83) for «,, and (,,, we find constants C', ¢ > 0 such that

M (T) < Cn ¥/nexp (—cnmﬂlﬂt)) forall ne IN.

2.B Estimating the Kernel of the Integrated Photoacoustic Opera-
tor

To be able to use Corollary 2.A.4 to estimate the eigenvalues of the operator 75,:‘ Py, we need to
find an upper bound for the derivatives of the integral kernel F}; of the operator P;P,;, which is
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given by (2.32). Since

Ple) = || S5O €= 0)Ga(en§ — 1) as(e) .

where G, denotes the fundamental solution of the Helmholtz equation, given by (2.19), we start
with the directional derivatives of the function G (w, ). Since G (w, -) is radially symmetric,
this means we can write it for arbitrary w € R and 2 € R3\{0} in the form

G J = 5 i h ﬂ . IN( )\/7 f 0 2 8
K 5 ”:‘i r \N|t P = > s .84

this problem reduces to the calculation of one dimensional derivatives of the function g ..
Lemma 2.B.1 Let ¢ € C*(R) be defined by

Bls) = glo + sof?

for some arbitrary x € R™ and v € S™~. Then, we have for every function v € C*(R) that
Cw o
(o) (0) = )] G2 v ) 2 AR (Lg)2) (2.85)
k=0 :

Proof: Since ¢/'(0) = (v, x), ¢"(0) = 1, and all higher derivatives of ¢ are zero, the formula of
Faa di Bruno, see for example [Com74, Chapter 3.4, Theorem A], simplifies to

o0 = ¥ 2 ()T () e e,

OcEAzyj

where Ay ; = {a € INZ | a1 + 20 = j}. Setting k = az and thus oy = j — 2k, we obtain the
formula in the form (2.85). a]

Thus, the directional derivatives of G (w, -) can be calculated from the derivatives of g .,, which
we may estimate directly.
Lemma 2.B.2 Let vy, € C*((0,0)) denote the function

V20
Ya(p) = T P 0, aeC. (2.86)
Then, we have for every j € Ny and all p > 0 the inequality
: : w1, LeyE Y hao)l
(4) i N A 73)2 ) alP)l
P < 2G4 1t (4 5 () lap ) P, 2.87)
Proof: Let us first assume that a # 0 and write v,(p) = %dipe“ 2P Thus, we have for every

7 € INp that

) 1 dj+1
(4) . av/2p
W0) = e,
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Applying to this the formula of Faa di Bruno, see for example [Com74, Chapter 3.4, Theorem
Al, we find with A; 1 = {o e N)*' | 3977 kay, = j + 1} that

j 4+ 1)! oy I ok — 3 O\
%@(P) = Z U ‘ ) (2p) ) H <( 1)k+1(k')(2p)2 k> glal—1gav2p
acdin & k=2 :

. j+1 @
2 (J +‘1)! H ((_1)k+1(2k;’3>”> ' (2p)%‘a|_j_1a‘a|_1ea‘/ﬂ.
o !

OCEAJ'+1 ’ k=2

This formula also extends continuously to the case a = 0.

Estimating it from above by using that (2 _3) < 2 1,(: D' <9 k=1 we obtain that
: | 1 Re ar/2p
) (| < (j+1)! (7) laj—1€
|’7a <p>‘ = ae; 1 ol 2 ‘ | p]+1 :
J+

Now, using the combinatorial identity

G+ G+
2 al :<£>(€+1)!

a€Ajr1nPji1 041

for Pji1 011 = {a € ]N%Jrl | || = € + 1}, see for example [Com74, Chapter 3.3, Theorem B],

we find that
M Re ar/2p
) NG+ p 0®
s <p>|\e20(£> TED ()

We may further estimate this by using (3) < 37_, (/) = 27 and

iy
Z(£+1'

=0

, j
<42 forevery s3>0 (2.88)
J:

. 1 £ ] J J . . £ it1
(since Dy 7y < 2o Gomy = Jrifs = j+ land Yo (e+1 P < o UtE <o
otherwise) to obtain (2.87). o

Putting together Lemma 2.B.1 and Lemma 2.B.2, we find an estimate for the directional deriva-
tives of the function G,..

Proposition 2.B.3 Let G,; be given by (2.19) for some arbitrary function v : R — C. Then,
there exists a constant C > 0 so that we have for every j € No, x € R3\{0}, and v € S? the
inequality

o
0si .

Gi(w,z + sv)
0

< |Gy(w, z)|C7 (1 + "F&(w)’j) : (2.89)

)7
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Proof: Writing G in the form (2.84), Lemma 2.B.1 implies (with v = g, ) that

13)

&7 J! : ~
Gi(w,z + sv)| < [ 2R U (L))
’asj o ’;) 2kE(5 — 2k)! w22
Inserting the estimate for g,({j;; k) obtained from Lemma 2.B.2 (using that g, ., = — 4;\“/’%%,@(@

with 7, (,,) being defined by (2.86) and evaluating at p = %|x|2), we find that

l .

o7 |G w, z) L] j —k+1)! 1 2| |k (w)] )7 F

. 2 j—3k Jj—k+1 ]
g5 | Srl a0 <TG G — 2k)! Ny T

s

Using further that ,g,( k;,g =(—k+ 1)(];k) < (j — k +1)277F, we find that there exists a

constant C' > 0 so that

&7 |Gre(w, 3)| = L1 (o] k@) )
ool Gl s T 2 (T
k=[%]
Estimating the sum herein by using relation (2.88), we obtain the inequality (2.89). o

Proposition 2.B.3 allows us to estimate the derivatives of the function G, however, to apply
Corollary 2.A.4 to 77*77 for the 1ntegrated photoacoustic operator P.., we need to estimate the
derivatives of the kernel F}; of 73,i Py, given by (2.32). For the integral over the frequency which
appears in this estimate, we use the following result in the proof of Proposition 2.5.1.

Lemma 2.B.4 Let ¢ > 0 and k : R — H be a measurable function fulfilling the inequality (2.5)
for £ = 0 with some constants k1 > 0 and N € IN and the inequality (2.24) with some constants
wo >0, kg >0, and B > 0.

Then, there exist constants B,b > 0 so that we have for every j € Ny the estimate
J |] —2¢ Sm k(w) dw < Bby](%fl)]

Proof: By our assumptions on «, we have that there is a constant C' > 0 such that Sm x(w) >
ko|w|? — C for all w € R. Thus,

1 [ % 2Ce

J
‘R(w)‘je—%%mn(w) dw < K1

0¢]
f (1+ w)Nje_%”OwB dw.

J! J! 0

By Jensen’s inequality, applied to the convex function f(r) = ¥/, we can estimate

Nj Nj 1 1 NI Nj—1 Nj
(14 w)™ =2 5135w <21 4+ w).
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Then, we find with the substitution v = w? that

/<51 JeZCs w0 1
J |] —2e Sm k(w) do< 277 J uB~ 1 +u 5 )e—Qt’:‘fioV dv
0

]2Cz—: Nj+1 .
= 5rﬁ;+e1 (mo TIT(L) + (2em0) T F(L{BH)),

where

0
L(p) = f v le™dy, p>0,
0

denotes the gamma function.

Recalling Stirling’s formula, see for example [AS72, Section 6.1.42], we know that the gamma
function can be bounded from below and above by

2 P 2 P
\/7 (B) <T(p) < il <£> elép for every p > 0.
p \e p \e

Thus, we find constants B, b > 0 so that
- f |je—26\smn(w) dw < Bbj](%—l)]

for all j € INy. o
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Abstract

In this paper we study the problem of photoacoustic inversion in a weakly attenuating medium.
We present explicit reconstruction formulas in such media and show that the inversion based on
such formulas is moderately ill-posed. Moreover, we present a numerical algorithm for imaging
and demonstrate in numerical experiments the feasibility of this approach.

3.1 Introduction

When a probe is excited by a short electromagnetic (EM) pulse, it absorbs part of the EM-
energy, and expands as a reaction, which in turn produces a pressure wave. In photoacoustic
experiments, using measurements of the pressure wave, the ability of the medium to transfer
absorbed EM-energy into pressure waves is visualized and used for diagnostic purposes. Common
visualizations, see [Wan(9], are based on the assumptions that the specimen can be uniformly
illuminated, is acoustically non-attenuating, and that the sound-speed and compressibility are
constant.

In mathematical terms, the photoacoustic imaging problem consists in calculating the compactly
supported absorption density function h : R> — R, appearing as a source term in the wave
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equation
attp(tax) - Ap(t,X) = 5/(t)h’(x)’ te R7 X € Rga

3.1
p(t,x) =0, t <0, x€R?, G-

from some measurements over time of the pressure p on a two-dimensional manifold I" outside
of the specimen, that is outside of the support of the absorption density function. This problem
has been studied extensively in the literature (see e.g. [KK08; WA11; Kuc14], to mention just a
few survey articles).

Biological tissue has a non-vanishing viscosity, thus there is thermal consumption of energy.
These effects can be described mathematically by attenuation. Common models of such are the
thermo-viscous model [Kin+00], its modification [KSB11], Szabo’s power law [Sza%94; Sza95]
and a causal modification [KS12], Hanyga & Seredy’nska [HS03], Sushilov & Cobbold [SCO05],
and the Nachman—Smith—Waag model [NSW90]. Photoacoustic imaging in attenuating medium
then consists in computing the absorption density function / from measurements of the attenuated
pressure p® on a surface containing the object of interest. The attenuated pressure equation reads
as follows
Ax[p®](t,x) — Ap®(t,x) = & (t)h(x), teR, x e R3,

3.2
p(t,x) =0, t <0, x €R3, G:2)

where A,; is the pseudo-differential operator defined in frequency domain (see (3.4)). The formal
difference between (3.1) and (3.2) is that the second time derivative operator J;; is replaced by a
pseudo-differential operator A,.

The literature on Photoacoustics in attenuating media concentrates on time-reversal and attenua-
tion compensation based on power laws: We mention the k-wave toolbox implementation and
the according papers [CT10; TZC10], [Bur+07a; Hua+12]. In [ESS16] several attenuation laws
from the literature have been cataloged into two classes, namely weak and strong attenuation
laws. Power laws lead, in general, to severely ill-posed photoacoustic imaging problem, while
mathematically sophisticatedly derived models, like the Nachman-Smith-Waag model [NSW90],
lead to moderately ill-posed problems.

The paper is based on the premise that Photoacoustics is moderately ill-posed, and we therefore
concentrate on photoacoustic inversion in weakly attenuating media, which have not been part
of extensive analytical and numerical studies in the literature. Another goal of this work is
to derive explicit reconstruction formulas for the absorption density function h in attenuating
media. Previously there have been derived asymptotical expansions in the case of small absorbers
[Amm+12; KS13].

Notation

We use the following notations:

e For s = 0,1,2,... we denote by S(R x R*) the Schwartz-space of complex valued
functions and its dual space, the space of tempered distribution, is denoted by S'(R x R?).

We abbreviate S = S(R x R?) and S’ = S’(R x R3).
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e For ¢ € S(R) we define the Fourier-transform by

n _L r iwt
bw) = mf () dr

and the one-dimensional inverse Fourier-transform is given by

Let ¢ € S(R) and ¢ € S(R?). The Fourier-transform F [-] : S’ — &’ on the space of
tempered distributions is defined by

(Flu],e®@v)g s = (0, ¢ @ Y)g s (3.3)
Note that for functions u € S we have
Flul p@gs = | ultxFORC) dtdx.
RxR3

We are identifying distributions and functions and we are writing in the following for all
ue S’

Flu] (w,x) = \/12? J e“u(t,x) dt and
F 1y (t,x) = \/12? J e Wy (w, x) dw

We define the attenuation operator A,[-] : &’ — S’ by

Aulul 6@ )g 5 =~ (i 26@Y) . (3.4)

S8
This means that if u € S(R x R3) then

A u](t,x) = —F [ F[u]] (t,x), weR, xeR>. (3.5)
7 [-] denotes the time integration operator on the space of tempered distributions and is

given by
<I [U], ¢ ® ¢>5/75 = - <u7 ¢/ ® 7;[)>5/,5 ) (36)

and we write formally for u € S’

u— T [u](t,x) = J u(r,x) dr. (3.7)
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e (3.2) and (3.1) (here k(w) = w?) are understood in a distributional sense, which means
that for all € S(R) and ¢ € S(R?)

o 34 a Axt)) o
<p , K ¢®w>8’,8 + <p 7¢® ¢>S ,S (38)
=¢'(0) (h, V) (r3).5(RS) -

3.2 Attenuation

Attenuation describes the physical phenomenon that certain frequency components of acoustic
waves are attenuated more rapidly over time. Mathematically this is encoded in the function
defining the pseudo-differential operator A,. A physically and mathematically meaningful x has
to satisfy the following properties (see [ESS16]):

Definition 3.2.1 We call a non-zero function x € C*(R; H), where H = {2 € C : Sm z > 0}
denotes the upper half complex plane and I its closure in C, an attenuation coefficient if

1. all the derivatives of x are polynomially bounded. That is, for every ¢ € INy there exist
constants k1 > 0 and IV € IN such that

|9 (W)] < w11+ W)™, (3.9)

2. There exists a holomorphic continuation & : I — I of x on the upper half plane, that is,
& e C(H; ﬁz with &|g = s and & : H — H is holomorphic, and there exists constants
k1 > 0and N € N such that

7(2)| < (1 + |2V forall e

3. kis symmetric: That is, k(—w) = —k(w) for all w € R.

4. There exists some constant ¢ > 0 such that the holomorphic extension & of the attenuation
coefficient x satisfies

Sm(i(z) —2) =0 forevery z € H.
Remark: The four conditions in Definition 3.2.1 on x encode the following physical properties
of the attenuated wave equation (see [ESS16]):

The condition (3.9) in Definition 3.2.1 ensures that the product x?u of 2 with an arbitrary
tempered distribution v € S’ is again in S’ and therefore, the operator A, : &' — S’ is
well-defined on the space of tempered distributions.

The second condition guarantees that the solution of the attenuated wave equation is causal.

Condition three ensures that real valued distributions (such as the pressure) are mapped to real
valued distributions. That is p® is real valued if the absorption density A is real.
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The forth condition guarantees that the solution p® € &’(R x R3) of the equation (3.2) propa-
gates with finite speed ¢ > 0. That is

suppp® < {(t,z) e R x R3 : |z| < ¢t + R}

whenever supp h < Br(0).

In the literature there have been documented two classes of attenuation models:
Definition 3.2.2 We call an attenuation coefficient x € C®(IR; ) (see Definition 3.2.1)

e a weak attenuation coefficient if there exists a constant 0 < ky € R and a bounded
function k, € C*(R; C) n L?(RR; C) such that

K(w) = w + ko + ky(w) for all w € R. (3.10)

In particular, & is constantly attenuating, if « is a weak attenuation coefficient with k., = 0.
That is, there exists a constant ko, > 0 such that

K(w) = w + iky, forallw € R. (3.11)

e r is called strong attenuation coefficient if there exist constants kg > 0, # > 0, and wg > 0
Sm k(w) > ko |w|? forall w e R with |w| = wp. (3.12)

For such attenuation coefficients we proved in [ESS16] well-posedness of the attenuated wave
equation:

Lemma 3.2.3 Let x be an attenuation coefficient. Then the solution p® of the equation (3.2)
exists and is a real-valued tempered distribution in R x R,

Moreover, ¢° := T [p®] is a tempered distribution and satisfies the equation

Aelg®](t,x) — Ag®(t,x) = §(t)h(x), teR, xe R’ 3.13)
q*(t,x) =0, t <0, x € R?, )
and in Fourier domain
1
n2(w)]:[qa] (w,x) + AxF [¢*] (w,x) = ———=h(x). (3.14)

Proof: The first item has been proven in [ESS16]. The second item is an immediate consequence
of the definition of a tempered distribution. o
Remark: (3.13) has to be understood in a distributional sense: That is ¢* € S’ and satisfies for
every ¢ € S(R) and ) € S(R?) the equation

(Acld?], 0 ® w>sgs —(¢",¢® Ax¢>3/75 = ¢(0) (h, ¢>$/(R3),S(R3) . (3.15)
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If k(w) = w (that is the case of the standard wave equation) g = ¢ solves the following equation
in a distributional sense

attq(ta X) - AXQ(tv X) = 5(t)h(x)7 te R? X € ]RS’

3.16
q(t,x) = 0, t <0, xeR?, ©.10)
and its Fourier-transform F [¢] satisfies the Helmholtz equation
1
W F[q] (w,x) + AxF [q] (w,x) = ———h(x), weR, xeR3. (3.17)
V2T
Again ¢ € S’'(R x R?) and satisfies (3.16) in a distributional sense:
(0,040 @ V)55 — (0,9 ® Ax¥) g 5 = $(0) (h, V) 5(m3) s(R3) - (3.18)
The solution of (3.16) can also be written as the solution of the initial value problem:
onq(t,x) — Axq(t,x) = 0, t>0, x € R?,
q(0,x) = 0, x € R?, (3.19)
01q(0,x) = h(x), x € R?.

In the following we derive a functional relation between ¢ and ¢“, which is the basis of analytical
back-projection formulas in attenuating media.
Theorem 3.2.4 Let ¢ € S(R) and define

vi[o)(r) := \/12—% f e H T h(w) dw forall T = 0 .

w=—00

Then there exists a sequence (am)m>1 of real numbers satisfying >, 1 a;m2™ = (—1)? and a
function ¥ € C° (R; R) such that ¥(1) = 1 when |7| < 1 and ¥(71) = 0 when |7| = 2 such that
the function v : R — C, defined by

vi[6](7) forall T>0,
v(r) = v[o](T) := (3.20)
Y o amvi[@](—2mT)9(—2™7)  forall T <O,

is an element of the Schwartz space S(R).
Proof: 1. Using that for all £ € INg

(T, w) i= QP R — (—i)k/ﬁ(w)ke—imT forallw, 7 € R,
it follows from Definition 3.2.2 that, uniformly in 7, forallw € R

i (T, w)P(w)| < |r(w)|" e ImAl)T

Ow)| < Inw)

dw)| -

From (3.9) and ¢ € S(R) (in particular x € L*(R;C) and ¢ € C(R;C)), w —
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|k (w)[? ‘qg(w)‘ € L'(R;R). Thus by interchanging integration and differentiation it
follows that for R — o0

0

d* v [o](1) = — J Vi (7, w)P(w) dw for all 7 = 0 (3.21)

w=—00
and that these functions are continuous. Thus v [¢] € C*([0, 0); C).

2. From [See64] it follows that v/[¢] defined in (3.20) is in C(RR; C) and extends the function
v @] defined on [0, c0).

3. We are proving that v, [¢] and all its derivative are faster decaying than polynomials in 7
for 7 — +o0.

For this purpose we use the stationary phase method summarized in Theorem 3.A.1:
Let 6 € Ci°(R; R) be a mollifier satisfying #(w) = 1 when |w| < 1 and #(w) = 0 when
|w| = 2. For k € IN and R > 0 fixed, we apply the stationary phase method with
w— f(w) = —k(w) and w — gr(w) := Yi(7,w)0(w/R).
Below we are verifying the assumptions of the stationary phase method:

o f e C®(R;C) by Definition 3.2.1 and gr € C{°(R; C), because it is the product of
a C*(RR; C) function and the compactly supported function w — 0(w/R).

e The second property
Smf=8mk=0. (3.22)

is an immediate consequence of the assumption x € C®(IR; ) in Definition 3.2.1.

Thus (3.49) can be applied with the functions f = —F and gg, and using Lemma 3.A.2
(3.50) it follows that

7_l f ei‘rf(w)gR<w) dw
l
<1 Y sup [d°gr(w)] (If(@)]? + Sm f(w))/2! (3.23)
R

a=0we

l
<Oy Y sup |d®gr(w)| 5777

a=0 welR

Next, we consider the limit R — 0. Because § € C°(R;R) and g € S(R) and

Fan) = S d* o) (@ L o),
onte) = 3 )(§) o
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it follows that

2 _ a\ 1 _
|d%gr(w) — d*g(w)| < | ), d*Pg(w) —5d%0(w)| = O(R™).
=1 b R
and from (3.22) and the assumption 7 > 0 it follows
o0 ©¢]
J e gp(w) dw — f e @ g(w) dw
=—00 w=—00
o8]
< [ eI gpe) - glw)] dw f 9() — 9(e)] d
w=—00 w=—00
Using the definition of gp it follows that
o0
| lon(w) - gt} dw < j 9|1 - 0w/ R)| dw
w=—00 w=—0 m]
< lg(w)| dw.
|w|=R

Since g € S(R) the last integral tends to 0 for R — oo and thus (3.49) holds even for
the functions w — f(w) = —k(w) and w — g(w) = Y (7,w), although they are not
satisfying the assumptions of Theorem 3.A.1.

Because (according to Theorem 3.2.4), for every ¢ € S(R), v[¢] € S(R), the operator from the
following definition is well-defined.
Definition 3.2.5 The attenuation solution operator B [-] : " — S’ is defined by

<B [P] ’ ¢®'¢>S’,S = <p7 V[¢] ® z/}>S’,S

(3.24)
forall pe S’ and ¢ € S(R), v € S(R?) .

Remark: In a weakly attenuating medium x(w) = w + ik, + k«(w), and therefore, for every
t,TeR

k(t,7) = F-1 [ei(-+mw+k*(-))7] (1)
R [eik*(~)r] (t—7)
R F 14 (@O - )| (- 7)
= Vare Mt — 1) + TR F 07 1] (£ - 7).

(3.25)

Because there exists a constant C' > 0 such that

etk ()T _ 1‘ < Cky(w)7| forall w, 7 € R,
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it follows from Definition 3.2.2 (stating that k, € L?(IR; C)) and Plancharel’s identity that
w — e**@7 _1 e [2(R; C) and
t— e FeTFl [eik*(')T - 1] (t—7)e L*(R;C) forall T e R .
Now, assume that p € CY(R x R3; C) S’ with support in [0, 00) x R3, ¢ € S(R) and ¢ € S(R?)

<P, V[¢] ® ¢>S’,$

0

[ [ o0 I ar dx
R3 7=—00
1 [— [ [
= ik(w)T
o f@[}(x) f p(7,x) f e ¢(w)dw drdx .
R3 T=—00 w=—00
Using Parseval’s identity we get
(p,v[¢] ®¢>3'
m f f - X) D) f k(t, 7)3(0) dt dr dx
worm e (3.26)
=J f@[}(x)gb( m J/{?tT (1,x)dr | dt dx.
R3t=—0 T=—00
—Blp](tx)
Then for p € C°(R x R?; C) n S it follows from (3.26) and (3.25) that
"B p] (t, %) = (Zd + T)[p](t, %) , (3.27)
where
Tlp](t,x) = WT_fw ehoe(t=7) [eik*(w)T - 1] (t —7)p(r,x) dT . (3.28)

Theorem 3.2.6 Let q = 7 [p] and q* = I [p“], where p and p® are the solutions of the equations
(3.1) and (3.2), respectively. Then
q* =Blq] . (3.29)

Proof: Let ¢ € S(R) and ¢ € S(IR?). Then, from (3.29), the definition of the Fourier-transform
(3.3), the definition of B [-] in (3.24), because v[¢] € S(R) (see (3.20)) and because ¢ solves
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(3.16) it follows that
(Ax[Blall, o ® V)5 s — (Bld], ¢ ® Axth) s s
——(Bla.60u) (Bl 08 Abss

)

,;;] ® w>$l A (0, v[¢) ® Ax¥) s s (3.30)

__ <q, v [7 ®w>w — (g, 0B ® V) 51 5
]

(0) (b ) 5wy s (2
We are representing every term on the right hand side:

1. From Theorem 3.2.4 it follows that

and thus

g 1 . ~
q,v /ngb] ®w> = <q, — f k2 (w)e W) d(w dw®w>
(av| e N A
3. For the second term we find that

1 7 RN
<q, aTT”[Qﬂ @ 7/}>$/73 = <Qa E j aTTe—m(w)~ qb(w) dw @ Q,Z)>

w=—00 3173
o0
=—(q ii f R2(w)e " d(w) dw @ ¢
"V2r
w=—00 S/,S

The sum of the first and second term vanishes and thus from (3.30) it follows that
(Ax[Blq]], 0 ® ¢>5/,5 —(Blq],9o® Ast/,s
=3(0) (h, V)51 (m3),s(m3) +

which shows that B [¢] solves (3.15). Since the solution of this equation is unique it follows that
q* = Blq]. o
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3.3 Reconstruction formulas

In this section we provide explicit reconstruction formulas for the absorption density £ (the right
hand side of (3.2)) in attenuating media. The basis of these formulas are exact reconstruction
formulas in non-attenuating media.

In the case of non-attenuating media the problem of photoacoustic tomography consists in
determining the absorption density h from measurement data of

m(t,&) :=p(t, &) forallt >0,£el,

where I' denotes the measurement surface and p is the solution of (3.1).

Let W be the operator which maps h to p. The most universal (meaning applicable for a series of
measurement geometries I') formula for YW~ [-] is due to Xu & Wang [XW05]. Several different
formulas of such kind were presented and analyzed in [KKO08; Nat12; Kuc12]. The formula of
Xu & Wang [XW05] in R3 reads as follows:

2 [ pllE—xI.8) — 1€ - %1% (& - x|, £—x
h(z) = o € x? t <n§ T —x) ds(T") (3.31)

gel

where (g is 27 for a planar geometry and 47 for cylindrical and spherical geometries and ng is
the outer normal vector for the measurement surface I'.

From Theorem 3.2.6 we get an explicit reconstruction formula in the case of attenuating media:
Theorem 3.3.1 Under the assumption that the universal back-projection can be applied in the
non-attenuating case, we have

h =W o8B~ [(t,€) — ¢*(t, €)]] - (3.32)

In the following we study the attenuation operator B [-] and its inverse in weakly attenuating
media.

From (3.27) it follows

h=wl [at(zd )M, €) — eftga(t, 5)]] . (3.33)

In particular, in the case of a constantly attenuating medium the kernel of the integral operator
B[] simplifies to (k«(w) = 0)

Fl [ein(~)7] (t) = \/12?6_]%07.7:_1 [ew] (t) = e—koof(s(t — 7).

1
V2r
Thus from (3.26) it follows that

e Folg(t, x) . (3.34)
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Thus the operator B [-] is a multiplication operator and the reconstruction formula (3.33)
rewrites to

h=w! [(t,g) NS <e’footq“(t,§))] . (3.35)
koot a

Using that ¢ = e"**q®, we get explicit formulas for the time derivatives of g:

Orq(t, &) = e (kooq®(t, &) + 01" (¢, €))
Onq(t, €) = et (kL q"(t, &) + 2k 0rq” (. &) + dug(t,€)) -

Therefore, inserting the representation of the derivatives in (3.31) we get

q~a(t’ E) :atqa(t’ E) - tattqa(t) E) )

2 (1€ — x|, —X
-d [0 2 un| 0

gel

3.4 Numerical experiments

In this section we describe an algorithm for photoacoustic inversion in a weakly attenuating
medium, in which case the attenuation coefficient is w — k(w) = w + ikoy + kx(w), with
ks« € L*(R;C) n C*(R; C).

The numerical inversions and examples will be performed in R? for the two-dimensional at-
tenuated wave equation. This is consistent with a distributional solution of (3.2) in R? where
(z,y,2) — h(x,y) is considered a distribution in R3, which is independent of the third vari-
able. In this case p® can be considered a two-dimensional distribution (3.2), which solves the
two-dimensional attenuated wave equation:

Ax[p®1(t, 21, 22) — Ap®(t, 21, 2) = &' (t) (21, T2), teR, (x1,22) € R2?,

. (3D

p*(t,x1,22) = 0, t<0, (z1,22) e R

The two-dimensional universal back-projection formula from [Bur+07a], which is used below, is
given by

40 [ (@ p)re)
h(z) = _Qogfrt_'!_ | (m dt) ng - (£ —x)ds(I), (3.38)

where (g is 27 for a line measurement geometry and 47 for a circular measurement geometry,
n¢ is the outer normal vector for the curve I'.

We assume that the attenuated photoacoustic pressure p® is measured on a set of N points on a
measurement curve I' at N7 uniformly distributed time points

T
ti=1Ap,i=1,...,Np whereATzN—.
T



Chapter 3. Reconstruction formulas for Photoacoustic Imaging in Attenuating Media 79

In our experiments I" will either be a circle of radius R, where the N measurement points are
radially uniformly distributed,

2
€; = R(cos(jA¢),sin(jA¢)), 5 =0,1,...,N — 1 where A¢ = Fﬂ

or on a segment of length 2! of the x-axis, in which case
& = (2jA; — 1,0), where A, = I/N.

In this case we consider h to be supported in the upper half-space.

The evaluation of the integral operator Z [.] is numerically realized as follows: For every mea-
surement point {£; : j = 0,1,..., N — 1}

¢ (ti,€;) = Ar D " (tn, &) (3.39)
n=1

The relation ¢* = B [¢] from (3.29) is realized numerically as follows: Because we assume a
weakly attenuation medium B [-] (defined in (3.24)) is an integral operator with kernel & defined
in (3.25). We use the Taylor-series expansion of the exponential function 7 — €l¥*(“)7 and get

1 [lm ] i; [1k* () ](t), (3.40)

Inserting (3.40) into (3.28) and taking into account (3.27) and (3.29) we get forall¢ = 1,..., Np

that
qa(tiasj)
| 1 ok 3.41
=e*’“°°“q(ti,£j)+\/727 Jek"’TZ;ﬂ’k( 7)a(7,€;) dr oAb

T=—00

where

s = ri(s) := F [ikk§<w)] (s).

The integral on the right hand side of (3.41) is approximated for numerical purposes as follows:

t
Z e kootm Z klllrk(ti — tm)q(tm,ﬁj)- (3.42)

This expression is represented as a matrix-vector multiplication with vector ¢; = (q(tm, &;))m=1,...Ny
and matrix with entries

A
bim = T ¢~ kaotm Z 7776 tm) with 1 <i < Np, and 1 < m < Nr. (3.43)

Then it follows from (3.41) that

@ = (e "I + B)q;, (3.44)
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which is the discretized version of (3.27). To get numerical values for the entries of B, the terms
ri(t; — tm) have to be numerically calculated. For k = 1,

rl(t)z\/l27r J iy (w)e ™ dw, (3.45)

w=—00

which can be evaluated by numerical integration for all ¢;. When k& > 1, r, is a convolution of
rr—1 and r1 and thus

t
1 1

re(t) = r1#r_1)(t) = — | ri(7)rp_1(t — 1) d7. 3.46
k(1) m( 1% Tk—1) \/%J 1(7)rr—1( ) (3.46)

0

Numerically, we approximate the convolution by
T Yre—1(ti —t
\/ﬂ Z 1(tm)re—1(ti — tm).

We summarize the inversion process in a pseudo-code, where we truncate the Taylor-series (3.40)
at the tenth coefficient (the number ten has been found from numerical simulations):
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Data: The measurements are denoted by F}’; = p*(ti, & j) foralli =1,..., Ny and
j=0,...,N—1
Result: Numerical calculation of the absorption density h; = h(x;)
for1 <i< Npdo
o0

Til < ﬁwzgqf_i“ti (iky(w)) dw;
end
for1 <k <10do
forl <m <n< Nrdo

‘ (Fi)im < —=ri_m itk e Fetm;

V2r
end
for1 <7< Npdo
‘ Tiktl = %Tﬂ (et Tk Ti—m k)
end
end

. _ _ 10 F,
B — diag(e™F=t ekl ) 4 Ap 3T T
for1 <i< Npdo
a a a .
| Q< Qi+ ArPy:

end
Q< Q"B
for1 <7< Npdo
‘ P — Qz‘,j—AQTi—l,j :
end
Calculate h; by applying the back-projection operator WW~1 [-] on P j;
Algorithm 1: Pseudocode for reconstructing the absorption density h.

Numerical experiments

We assume that h is a function with compact support in R?. We calculated p, the solution of (3.1)
using the k-wave toolbox [TC10]. By integrating p at the points §;, j = 0,..., N — 1 over time
with (3.39) we get q(t;,&;) fori =1,...,Npand j = 0,..., N — 1. Then we find ¢*(t;, ;) by
matrix-vector multiplication (3.44).

In order to avoid inverse crimes we used different discretization points in space and time for
the simulation of the forward data and the inversion. The forward problem is simulated with
Nr = 500 and N = 896, while the inverse problem is solved with N7 = 443 and N = 849.
The absorption density function h : R? — R with support in (—0.8, 0.8)? is the Shepp-Logan
phantom [SV74]. In all numerical experiments the material parameter ko, = 0.45.

Circular measurement geometry

In these examples the measurement geometry is a circle with radius R = 1.7 on which there are
recorded data on N = 849 uniformly distributed measurement points. Moreover, the time length
is 6 and thus Ay = 6/Np = 6/443.
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We consider a constantly attenuating medium, with attenuation coefficient k(w) = w + ikq.
Figure 3.2 shows the ground truth (top left) and the simulated pressure data p® on I" over time.
Two reconstructions are presented: The first one is obtained by applying the universal back-
projection formula (3.38) (middle left), while the middle right image shows the reconstruction
obtained with algorithm 1. The quantitative values of ground truth and the two reconstructions
are plotted on the bottom.

L L L L
-3 -2 -1 1 2 3

FIGURE 3.1: Blue curve corresponds to Sm (w) of NSW model. Red curve
corresponds to power law 0.005w?.

Next we consider the Nachman, Smith and Waag (NSW) [NSWO90] attenuation model:

1 —iwT T—T.
K(w) = wy | T Y + 57 i+ ky(w) (3.47)

where k4 (w) = O(Jw|™!). Therefore,  is a weak attenuation coefficient with ko, = Z==. In

27T "
Figure 3.3 we present ground truth, simulated measurements p®, and compare three imaging

techniques:

e Applying the universal back-projection formula W~ [p®] (3.38) (thus neglecting the
attenuation).

e The compensated back-projection formula

W[ (€)= o (g (,)) | (3.48)

which neglects k. (w) but takes into account k.
e Reconstruction using (3.32) with the numerical code described in algorithm 1.

The parameters of attenuation coefficient in the NSW model are 7 = 0.1 and 7 = 0.11. For small
frequencies the NSW coefficients behaves like a power law of order 2. However, asymptotically,
for large frequencies, it behaves like w+ 72;: i. The NSW-coefficient has been plotted in Figure 3.1.
In order to demonstrate the stability of the algorithm, we also performed reconstructions from
noisy data, where a uniformly distributed noise is added with a variance of 20% of the maximal
intensity. The reconstruction results are depicted in the last image of Figure 3.2 and Figure 3.3,

respectively.
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FIGURE 3.2: Measurements along a circle and constantly attenuating model.

Top left: Ground truth. Top Right: the simulated pressure data p®. Middle:

Reconstruction by universal back-projection (not taking into account attenuation),

and by algorithm 1 with noise-free and 20% noise. Bottom: Cross section through
ground truth and reconstructions.



84 Chapter 3. Reconstruction formulas for Photoacoustic Imaging in Attenuating Media

0.2

0.15

0.05

-0.05

-0.15

100 200 300 400 500 600 700 800

0.8

0.8

0.7

0.5

0.4

0.3

0.2

0.1

true h(x)
WY
W%
— — — Algorithm 1

0.6~

0.4

0.2~

ok

~0.2 I I I I I I I
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

FIGURE 3.3: Measurements along a circle and NSW model. Top left: Ground

truth. Top Right: the simulated pressure data p*. Middle: Reconstruction by

universal back-projection (not taking into account attenuation), by compensated

attenuation (3.48) and by algorithm 1 with noise-free and 20% noise. Bottom:
Cross section through ground truth and reconstructions.
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Measurements on a line

The measurement points are N = 849 uniformly distributed on a line segment with length
I = 10.2. The distance of the line to the center of the phantom is 1.7. The time length is 8 and
thus Ap = 8/443.

We consider a constantly attenuating medium, with attenuation coefficient x(w) = w + iko.
Figure 3.4 shows the ground truth (top left) and the simulated pressure data p® on I' over time.
Two reconstructions are presented: The first one is obtained by applying the universal back-
projection formula (3.38) (middle left) and the middle right image shows the reconstruction
obtained with algorithm 1. The quantitative values of ground truth and the two reconstructions
are plotted on the bottom.

In Figure 3.5 we present ground truth, simulated measurements p® using NSW model, and
compare three imaging techniques, the universal back-projection formula neglecting attenuation,
the compensated back-projection formula (3.48), which neglects k. (w) but takes into account
k4, and reconstruction with algorithm 1. The parameters of the NSW attenuation coefficient are
again 7 = 0.1 and 7 = 0.11. The reconstruction results from noisy data are depicted in the last
image of Figure 3.4 and Figure 3.5, where uniformly distributed noise is added with a variance
of 20% of the maximal intensity value. Numerical results show that the algorithm is quite stable
even with 20% noise.
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FIGURE 3.4: Measurements along a line and constantly attenuating model.

Top left: Ground truth. Top Right: the simulated pressure data p®. Middle:

Reconstruction by universal back-projection (not taking into account attenuation),

and by algorithm 1 with noise-free and 20% noise. Bottom: Cross section through
ground truth and reconstructions.
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FIGURE 3.5: Measurements along a line and NSW model. Top left: Ground

truth. Top Right: the simulated pressure data p®. Middle: Reconstruction by

universal back-projection (not taking into account attenuation), by compensated

attenuation (3.48) and by algorithm | with noise-free and 20% noise. Bottom:
Cross section through ground truth and reconstructions.
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Conclusion

We have presented explicit reconstruction formulas for photoacoustic imaging in acoustically
attenuating media, which are based on the universal back-projection formula. We have presented
a numerical algorithm and showed numerical reconstructions, which were compared with atten-
uation compensation techniques. The numerical simulations show that the new technique can
produce better visualization in 2D with a similar numerical complexity.
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3.A Appendix

Theorem 3.A.1 [HO3, Section 7.7] Let f, g € C*(R; C) satisfying
e supp g is compact and
o Sm f(w) > 0.

Then there exists a constant C1 > 0 such that for alll € N and all T = 0,

o0
7t J ein(w)g(w) dw
l

—® (3.49)
S

uplda ) (/@) + Sm f(w)*?

Lemma 3.A.2 Let x be an attenuation coefficient (cf. Definition 3.2.1), then there exists a
constant Cy > 0 such that
’/ﬁ;l(w)‘Q + Smkr(w) = Cy . (3.50)

Proof: The fourth assumption of Definition 3.2.1 ensures that the maximal speed of propagation
c is finite. Then from [ESS16, Proposition 2.9], it follows that the holomorphic extension & (cf.
Definition 3.2.1)of  to the upper half plane can be represented as

0

1
R(z)=Az+ B+ J kil do(v), zeH, (3.51)
vV—2%
v=—00
where A = © > 0, B € R are constants, and o : R — IR is a monotonically increasing function

of bounded Varlatlon
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From [Nus72, Formula (C9)] we know that if k satisfies (3.51), then
v — Smk(v) = (1 +1v2)o’(v) forallve R . (3.52)

Because, by assumption x € C*(IR; C), and because o : R — R is a monotonically increasing

function of bounded variation, we conclude from (3.52) that o/ € C*(R;R) n L'(R;R).

Moreover, for all fixed z € H, because v — z # 0 for all v € R, we have v — (11:’;?2 is uniformly

bounded and thus the function

1+v2 1
Differentiation of (3.51) with respect to z and taking into account that o’ € C®°(R; R)nL'(R; R)
yields

©¢] V2
g(z)=A+ f ma'(u) dv, zeH.

Let now z = w + in and take real parts in the above formula to get

0
- . 9y (v — W)2 - 772 ’
Rer'(w+in) = A+ J 1+v )((V SR 772)20 (v)dv. (3.53)
v=—00
We are proving now that there exists a constant C, > 0 such that
Rer'(w) = lim Rei'(w+in) = A —2(1 + Cp)/ (1 + w?)o’ (w). (3.54)

n—0*
Let
Ay i={veR:|v—w]®> (1 +w?)d' (W)},
A ={veR: |[v—uw|® < (1 +w’)d (w)},
Ao i={peR: |7 <(1+w?o'(w)} .
Forw e Rand 7 > 0 let

(v—w)® —n’
(v —w)? +7?)?

V= pun(v) = (1+v2) o'(v)forallw # v € R.

The function p,, ;, can be estimated as follows:

142 (v—w)?—n? ,
pon(V) = (v—w)Z+n? (v—w)?+n? o)
_—
<1
Moreover, since v € A, we find that
1+ 02 1+ 02 1+ 02 1+ (v —w)?

I

(y—w)2+n2\(V—w)2:1+(u—w)2 (l/—w)QJ

~"

<2(f;w2) <1+((14w?)o’ (w))
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where the inequality % < 2(1 4 w?) is a consequence of the algebraic identity 2(1 +
WwH(1+ (v —w)?) — (1 +1?) = 20%(v —w)? + (v — 2w)? + 1 > 0. Therefore with C,, =
2(1 + w?)(1 + ((1 + w?)o'(w)) 1) it follows that

‘pw,n(’/)‘ < CWUI(I/),

and because o’ € L'(IR;R) the latter means that the functions {p,,, : 7 > 0} are uniformly
dominated by an L'(IR;R) function. Therefore we can apply the dominated convergence
theorem and get

h%l+ Puwn(v)dy = f puwo(v)dy = 0. (3.55)
77—)

A+ .A+

To estimate § , p,, () dv, we use the Taylor’s expansion of w — (1 + (¥ + w)?)o’ (P + w)
and get

1+ @ +w)?)o' @ +w) = (1 +w?)o' (w) + 7 ((1 +w?)o” (w) + 2wo’ (w)) + (D), (3.56)

with
lr(0)| < Crp? forall e A_.

Using the substitution v — ¥ := v — w and (3.56) we get

lim | poq,(v)dy

n—0+*
A
24 1 v =’
- nlir(l)l+ (1 + (V+w) )0’ (V—I-W)md’/
Ao
A 2
. 2N/ . Vi %
= (1+e)o'(w) lim | s 4 337
Ao
2\ N / 02_772
(140" (@) + 2w0'(w) lim, f”(mnm v
0
-
+ I D) vy AP
ngél* (D) (172 +772)2 v

Ao

Plugging in the integral formulas

~ 2 9 P 2_ .2
Ve —n —2a J ve—n
—5dv=———=and | v-—5—-F5dv=20
J(V2+772)2 a? +n? (v2 +n?)?

—a —a
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into (3.57) we get for the first term with a = /(1 + w?)o’(w)
52 2
(1 +w?o'(w) lim " .

n—0t+ J (0% +n?)?
Ao (3.58)

— w2 o' (w
- (14 w)0w) lim VST )

and the second integral term in (3.57) is vanishing, and for the third term we get

NG 5
J T‘(I/)W do| < Cy J 1d0 < 2CA/(1 + w?)o! (w). (3.59)

.A() -AO
Using the estimates (3.58) and (3.59) in (3.57) we get
lim | pu,(v)dv = —=2(1+ Cr)A/ (1 4 w?)o’(w). (3.60)

n—07F
A_

Considering the integral (3.53) as the sum of the two integrals over A4+ and using the estimates
(3.55) and (3.60) we get

liI(I)l+ Rer'(w+in) = A—2(1+ C)V/(1 + w?)o’(w).
77—)

Therefore, | Re ' (w)| = max(0, A — 2(1 + Cy)4/(1 + w?)o’(w)) and together with (3.52) it
follows that

K’ (w)[* + Sm K (w)
>m(1 4 w?)o'(w) + | Re k' (w)[?
>m(1 4 w?)o’ (w) + (max {O,A —2(1+ o)A/ (1 + w2)a’(w)}>2
TA?
> -
414+ Cp)2+ 7’
:=Co

where in the last inequality we estimated the minimum of the quadratic function p — A? —
4A(1+ C)p + (4(1 + C)2 + ) p% o
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This paper aims at imaging the dynamics of metabolic activity of cells. Using dynamic op-
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Chapter 4. A signal separation technique for sub-cellular imaging using dynamic optical
96 coherence tomography

4.1 Introduction

Since dynamic properties are essential for a disease prognosis and a selection of treatment options,
a number of methods to explore these dynamics has been developed. When optical imaging
methods are used to observe cell-scale details of a tissue, the highly-scattering collagen usually
dominates the signal, obscuring the intra-cellular details. A challenging problem is to remove the
influence of the collagen in order to have a better imaging inside the cells.

There have been many studies on optical imaging to extract useful information. In [Lee+12] the
authors use stochastic method, which follows from a probabilistic model for particle movements,
and then they express the autocorrelation function of the signal in terms of some parameters
including different components of the velocity and the fraction of moving particles. Those
parameters are then estimated using a fitting algorithm. In [Joo+10; LSD09], the autocorrelation
function of the signal can be written as a complex-valued exponential function of the particle
displacements. Through the relation between the real and imaginary parts of this autocorrelation
function, the authors analyze the temporal autocorrelation on the complex-valued signals to obtain
the mean-squared displacement (MSD) and also time-averaged displacement (TAD) (which is
the velocity) of scattering structures. Very recently, in [Ape+16], Apelian et. al. use difference
imaging method, which consists in directly removing the stationary parts from the images by
taking differences or standard deviations. The motivation of this paper comes from [Ape+16].

Some researchers use Doppler optical coherence tomography to obtain high resolution tomo-
graphic images of static and moving constituents simultaneously in highly scattering biological
tissues, for example, [Che+99] and in [DF08, Chapter 21].

In this paper, using dynamic optical coherence tomography we introduce a signal separation
technique for sub-cellular imaging and give a detailed mathematical analysis of extracting
useful information. This includes giving a new multi-particle dynamical model to simulate the
movement of the collagen and metabolic activity, and also providing some results relating the
eigenvalues and the feasibility of using singular value decomposition (SVD) in optical imaging,
which as far as we know is original.

The paper has three main contributions. First, we give a new model as an extension of the
single particle optical Doppler tomography, which allows us to justify the SVD approach for
the separation between the collagen signal and metabolic activity signal. Then we perform
eigenvalue analysis for the operator with the intensity as an integral kernel, and prove that the
largest eigenvalue corresponds to the collagen. This means that using a SVD of the images and
removing the part corresponding to the largest eigenvalue is a viable method for removing the
influence of collagen signals. Finally, based on SVD, we give a new method for isolating the
intensity of the metabolic activity.

The paper is structured as follows. In Section 2 we introduce our multi-particle dynamical model
based on a classical model in [DF08]. In Section 3, we discuss the forward operator with total
signal as its integral kernel, and give its eigenvalue analysis, showing that the part corresponding
to the collagen signal have rank one, which provides the theoretical foundation for using SVD.
In Section 4, we discuss the mathematical rationality for using a SVD method and the method
of isolating the metabolic signal. In Section 5 we give some numerical experiments. Some
concluding remarks are presented in the final section.
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4.2 The dynamic forward problem

Optical Coherence Tomography (OCT) is a medical imaging technique that uses light to capture
high resolution images of biological tissues by measuring the time delay and the intensity of
backscattered or back reflected light coming from the sample. The research on OCT has been
growing very fast for the last two decades. We refer the reader, for instance, to [EMS15; Hua+91;
Fer96; Fer+03; Pod05; Sch99; TWO05]. This imaging method has been continuously improved in
terms of speed, resolution and sensitivity. It has also seen a variety of extensions aiming to assess
functional aspects of the tissue in addition to morphology. One of these approaches is Doppler
OCT (called ODT), which aims at visualizing movements in the tissues (for example, blood
flows). ODT is based on the identical optical design as OCT, but additional signal processing is
used to extract information encoded in the carrier frequency of the interferogram.

The purpose of this paper is to analyze the mathematics of ODT in the context of its application
for imaging sub-cellular dynamics. We prove that a signal separation technique performs well
and allows imaging of sub-cellular dynamics. We refer the reader to [AA17; Alb+17; Alb+16]
for recently developed signal separation approaches in different biomedical imaging frameworks.
These include ultrasound imaging, photoacoustic imaging, and electrical impedance tomography.

4.2.1 Single particle model

We first consider a single moving particle. In [DF0OS, Chapter 21], the optical Doppler tomography
is modeled as follows. Assume that there is one moving particle at a point x in the sample {2 and
denote by v the z-component of its velocity. Then the ODT signal generated by this particle is
given by

*© A 2nut

Topr(z,t) = 2L So(w)K (z,w)Kg(z,w) cos(2mw(T + ?) + 27w

Ydw,  (4.1)

where w is the frequency, Sop(w) is the spectral density of the light source, K (z,w) and Kr(z,w)
are the reflectivities of the sample and the reference mirror respectively, n is the index of
refraction, c is the speed of the light, 7 is the time delay on the reference arm, and A is the path
difference between the reference arm and sample arm.

Since cos is an even function, the above integral can be rewritten as

- 2nut

w .
Topr(z,t) =J S0(w) K (2, w) K (1, w) i+ £) 0 2mai 5t g, 4.2)
—o0

To give an explanation for the exponential term of the above formula, we choose a suitable
coordinate system such that the beam propagates along the z-direction, and suppose that the
particle moves in this direction from point A to point B with velocity v, which also means
covering a distance of vt (see Figure 4.1). Physically, the received signal I'opr is determined by
the effective path-length difference between the sample and reference arms. In addition, for this
moving particle the effective path-length difference is represented by the quantity cm + A + 2nut,
which could also be seen as the z-coordinate of the particle (see Figure 4.1).
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FIGURE 4.1: a) Illustration of the imaging setup. b) A particle moves from A

to B covering a distance of vt. When the particle is at B, the light travels an

additional distance of 2v¢ inside a medium with refrative index 71, so the effective
path-length of the sample arm increases by 2nuvt.

Note that (4.2) is only applicable to a single particle at x moving with a constant velocity v. For
a particle with a more general movement, the path-length difference is no longer a linear function
with respect to ¢. Nevertheless, we define ¢(t) as the z-coordinate of the particle at time ¢, which
is a generalization of ¢ + A + 2nwvt. Also, in our case the reference arm is a mirror, so without
loss of generality, we make the assumption that K z(x,w) = 1. Then the following expression
for signal I'opr(z,t) holds

(X) —
Lopr(z,t) = f So(w) K (z, w)e2™iCE @) gy,
—Q0

This is not just a simplification of the model (4.1), but also a small modification, since the
particles with regular and random movements produce difference signals. Here we look into
more details of particle movements. For the sake of simplicity, we assume that the collagen
particles move with a constant speed v, so ¢(t) = (0) + vt. On the other hand, for the particles
belonging to the metabolic activity part, ¢(t) behaves as a random function, since we do not
have much information with regard to them.

Remark. Figure 4.2.1 is derived in [DF08] by considering what is essentially our () (written
as Ay there, see formula (21.11) and (21.15) of [DFO08].) This justifies our treatment for general
particles above. We emphasize that we generalized the model in [DF08] to accommodate particles
with variable velocities.
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4.2.2 Multi-particle dynamical model

We have seen the effect of the image I'opr(z,t) for one moving particle. We now consider
the more realistic case of a medium (could be cell or tissue) with a large number of particles
in motion. In actual imaging, for each pixel which we denote also by x, there would be many
particles, all with different movement patterns.

We choose an appropriate coordinate system, such that for any particle on the plane z = 0, its
effective path-length difference is zero. Let L be the coherence length. Physically, only the
particles with path-length difference smaller than L, or equivalently z € [—L, L], will be present
in the image. In fact, if the differences between the two arms are larger than the coherence length,
then the lights from two arms do not interfere anymore, and thus do not contribute to the received
signal. This means that the imaging region is a "thin slice" within the sample with thickness 2L
(see Figure 4.2). Then we divide the slice into small regions, such that each region corresponds
to a pixel of the final image. See Figure 4.2 for the imaged small region, which is given by
x x [—L, L], and for the correspondence between them and pixels of the final image.

Incoming Beam

Sample Image

FIGURE 4.2: One "slice" in the sample, and its division into small regions
corresponding to the pixels of the image.

Since there are many particles in this region, we describe their distribution using a density
function p. Moreover, for any function f(z), we have that the integral SZ f(2)p(z, z,t)dz is
equal to the sum of f(z) over all particles in = X [z1, 22]. We know that the received light
intensity in the small region z x [—L, L] could be seen as the sum of light intensity over all
particles in this region. Therefore for uniform medium, we can write it as an integral in terms of
the density function p(z, z,t),

© L -
FODT(xat) = f f SO(W)K(wvw)eQWWi(QTnZ)p(:C?Zat)dw dz,
—o0 J—-L

noting that the reflectivity coefficient K must be the same for all involved particles. According to
the definition of p(z, z, t), we consider it as the sum of the density function of collagen particles
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and the density function of metabolic activity particles, namely,
p(@, 2,t) = pe(@, 2,t) + Pm(@, 2, 1). 4.3)

Consequently, their respective reflectivities will be denoted K. and K,,, giving us the ODT
measurements formula

Fopr(z,t) = Topr(x,t) + TEpr(x,t), (4.4)

where I'G, p-(, t) corresponds to the collagen signal and I'fy ,-(«, t) corresponds to the metabolic
activity signal, with formulas

FODT x,t) J f So(w)Kj(z,w)pj(z, 2z, t)e 2mwi(322) g dz, forje{c,m}. (4.5)

Physically, since the collagen moves as a whole, we could assume that the collagen particles
move with one uniform (and very small) velocity vy, which means any such particles will be at
position z + vgt at time t. Let ¢.(x, z) denote the density function of all the collagen particles
inside area x with initial vertical position z. Then we have

pe(z, 2 + vot, t) = qe(z, 2). (4.6)

Furthermore, from this expression we could see when ¢t = 0, ¢.(x, z) = pc(z, z,0).

In the case of metabolic activity we do not assume any conditions on the density function
pm(x, v, z), because there is no physical law of motions for us to use. In the numerical experi-
ments, because of the large number of particles, a random medium generator is used to simulate
the particle distribution while keeping the computational cost low.

Since z is a small area inside the sample, when we choose z, it could include both collagen
particles and metabolic activity particles. The aim is to separate the two classes of particles.
In practice, the contributions of collagen particles to the intensity is much larger than the
contributions of the metabolic activity. This allows us to understand that the reflectivity of
collagen particles K, is much larger (realistic quantities are about 10? to 10* times) than the
reflectivity of metabolic activity particles K,,, and

ITopr(2: )] > [LSpr(2,1)]. 4.7)

In this section, we have given a multi-particle dynamical model, to separate the collagen signal
and the metabolic activity signal. The next step is to analyze the properties of this model.

4.3 Property analysis of the forward problem

4.3.1 Direct operator representation

Based on the multi-particle dynamical model, in order to analyze the properties of collagen and
metabolic activity, we first represent their corresponding operators.
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Let S be the integral operator with the kernel I'opr(z,t), which is a real-valued function
given by (4.5). Similarly, Let S, and S,, be integral operators with kernels I';, ,-(x, ) and
I'3pr(z,t), respectively. The collagen signal has high correlation between different points,
while the metabolic signals have relatively lower correlation, so it would be useful to look at the
correlation of the whole signal. The correlation between two points x and ¥ can be represented
as {Topr(z,t)Topr(y,t) dt, which is exactly the integral kernel of the operator SS5*, where
S* is the adjoint operator of S. We denote the kernel of S.S* by

T e —
F(Iﬂ, y) = f FODT(‘Tvt)FODT(y7t)dt7 (48)
0
for some fixed 7" > 0. Substituting the representation of I'o pr(x, t) in (4.4) into (4.8), we arrive
to

F(x,y) = Fee(x,y) + Fom(2,y) + Foe(@,y) + Fraum(2,9),

where for j, k € {c,m}, Fj,(x,y) is given by

F(,y) = j So(w1)So(w2) Kz, w1) K (31, wa)p; (x, 21, 1)
R2x[—L,L]2x[0,T] “4.9)

X Pk (yv 225 t)(i@(wlzl _w2Z2)dwldWQd21dZth,

with 21,29 € [—L, L] and wy,wy € R, t € [0,T]. Likewise, the integral operators with kernel
Fj(x,y) are exactly the operators S;S} for j,k € {c, m}. In the case of the collagen signal,
note that the operator S..S} contains the solely collagen information.

First we consider its kernel F... Applying the uniform movements of collagen particles (4.6)
along the z-direction yields

Fool,y) = j So(w1)So(wa) Ko 2, 01) K o(y, 02) 0@, 21 — vot)
R2x[-L,L]2x[0,T] (4.10)

% qe(y, 2o — vot)e e @12179222) duyy diodzy dzodt.

In order to simplify this expression even further, let us introduce a couple of assumptions.

Physically, since the scale of collagen and inter-cellular structures (such as collagen) are much
larger than the coherence length L, the particle distribution inside a small slice |z| < L should be
more or less uniform. Therefore, it is reasonable to assume that ¢.(x, z) does not actually depend
on z inside such a small slice, namely, g.(z, z) = g.(x).

Furthermore, in practice the tissue being imaged is nearly homogeneous, and therefore the
reflectivity spectrum, (or more intuitively, the "color" of the tissue) should stay the same every-
where. The only difference in reflectivity between two points should be a difference of total
reflectivity (using our "color" analogy, the two points would look like, e.g. "different shades
of red", and not "red and yellow"). Therefore, for any two pixels 1 and x2, by looking at the
reflectivities K. (x1,w) and K.(z2,w) as functions of frequency w, they are directly proportional.
Thus it is reasonable to assume that K. (z,w) could be written in the variable separation form
Ko, (2) Ky ().
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Under these two assumptions, the expression of F.(z,y) can be simplified considerably:

Fee(z,y) = TKe, (%) Key () ge()qe(y)

X f So(w1)So(we) Ke, (w1)Ke, (wg)e4ﬂcm (wlzl_w2Z2)dw1dWQd2’1d22
R2x[—L,L]2
= TKc1 ($>K01 (y)QC($)qc(y)
drnz dmnz
| RS K TSk (T dandas
[—L,L]2 C C
“4.11)

where the Fourier transform of a function f(w) is defined as F f (1) = {; f(w)e ™ dw.

This is the fundamental formula for analyzing collagen signal, since from this formula, we could
see that Fi.(x,y) is variable separable with respect to « and y. This property gives us a hint to
compute the eigenvalues of the collagen signal.

For the correlation terms Fi,,(x,y) and F,.(x,y), which contains both the collagen and
metabolic activity signals, we use again the uniform movement assumption for p. while keeping
the metabolic part p,,. Inserting (4.6) into (4.9), we have

Az
Fre(,) = KenWa0) | F(S0Key) (112
[—L,L]*x[0,T] ¢ (4.12)

A
X F(SoKm)(x,— e Vpm (, 21, t)dz1d2odt,

and

dtnz

Fo(2,9) = Koy <:c>qc<x>f F(Sey)(— T
[~L,L]2x[0,T] ¢ (4.13)

P
X F(S0Km) (1 ——22 Y (y, 22, t)dz1 dzodt.

Cc

From representations (4.12) and (4.13), we could see that F},,.(x,y) and Fn, (2, y) have also
variable separated forms with respect to = and .

In the case of the metabolic activity kernel F,,,,,(z,y), by keeping the representation p,y,, it is
clear that

4dmnz 4mnzey

mex,yzj F(SoKm)(x, — F(SoKm)(y,
( ) [—L,L]2x[0,T] (S0 )( c JF (S0 ) c 4.14)

X P (X, 21, 1) pm (y, 22, t)dz1dzadt.

To sum up, the main feature of our multi-particle dynamical model is that, except the sole
metabolic activity signal, all the other parts have kernels of variable separable form. Therefore, it
is important to relate this property to the separation of the signals. This will be the aim of the
next subsection.
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4.3.2 Eigenvalue analysis

Since the light source has a limited frequency range, the function Sy(w) has compact support.
Therefore, using (4.5), the functions I'G, (2, t) and I'}p(, ) are given by integrals of a
bounded integrand over a bounded region, so they are bounded functions on 2 x [0, T].

Then the operators S, and S, are integral operators with L? kernels. Therefore, they are
Hilbert-Schmidt integral operators by definition. Since the composition of two Hilbert-Schmidt
operators is trace-class (see [GG77]), the operators S.S7, S.S%,, S, S¥, and S,,, S}, are trace-
class operators, and their trace is given by

tr(S.5%) = |Sel%4s, tr(SeSpy,) = (Se, Smyms;
tr(SmSE) = [Sml%4s, tr(SmSy) = (Sm, Se)ms,

where the Hilbert-Schmidt inner product is written by

(S, Sids = J T3 (e )05 (2, ) da d,
Qx[0,T]

and the Hilbert-Schmidt norm is written by

)

135 = L L

for any j, k € {m, c}.

In order to argue for the feasibility of using a SVD, we will calculate the corresponding eigen-
values, showing that the collagen signal has one very large eigenvalue relative to the metabolic
activity. We assume that the eigenvalues are ordered decreasingly, so A; is the largest one.

We first recall that for an operator A with rank one, the unique non-zero eigenvalue A is equal
to the trace of A. From the expression of Fi.(x,y), we could see that Fi.(x,y) has rank one
because of the separable form with respect to « and y, so the operator S.S} has only one nonzero
eigenvalue, which we denote by A(S.S”). Now we compare A\(S.S7) and the eigenvalues of the
operator S, S} .

Lemma 4.3.1 Let S.S} and S,,,S;, be the integral operators with kernels F. and F,,, defined
in (4.11) and (4.14), respectively. If the intensities of collagen and metabolic activity satisfy (4.7),
then we have

A(S:SE) » Ni(SmSE), Vi=1.
Proof: On one hand, F.(z,y) has rank one, so it is clear that
A(SeSE) = tr(S.S)). (4.15)
On the other hand, since the eigenvalues of operator S,,,S;, are all positive, any eigenvalue

Ai (S Sy, satisfies
)\i(SmS:;z) < Zgil)‘i(sm‘s:z) = tr(SmSZL)' (4-16)
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Then it suffices to prove that tr(S.S%) » tr(S5,,S;,). From the definition of trace of an operator,
we readily get tr(S.S¥) = § _, Fee(a, z)dx. Substituting the expression (4.8) into the above
formula yields

tr(S.S9%) = f f opr (@, )T pp(x, t)dtd
ze) 2

1 J f TS 1 (, £)|dtda.
2 zeQ) J—0

The same analysis can be carried out by looking at tr(S,,S}),

el

Recall that the intensity of collagen signal is much larger than metabolic activity signal, which is
the assumption in (4.7). Hence, we obtain the trace comparison tr(S.S%) » tr(S5,,S%).

Now we compare the eigenvalue A(S.S};,) with A(S.S¥) and A1 (S, S).
Lemma 4.3.2 Let S.S}, S.S;, and S, S}, be the integral operators with kernels defined in
(4.11), (4.12) and (4.14). Then their eigenvalues satisfy

/\i(ScS;;) S \/)\(SCSZ‘)AI(SmS?n)

forall i.
Proof: Recall the definition of the operator norm of an operator A, namely, |A|op = sup{ Hm” ,UE

V withv # 0}, which yields A\(S.S},) < [S:S% |lop. Since the operator norm is equal to the
largest singular value, direct calculation shows that

1SeSilop < [Sclop|Shllop
o1(Sc)o1(Sy,)

VASSE)V AL (SmSE,),

where o7 denotes the largest singular value. o

In this section, we discussed eigenvalue analysis for the forward operator of multi-particle
dynamical model. More explicitly, we showed that the largest eigenvalue corresponds to the
collagen signal, the middle eigenvalues mix the collagen signal and metabolic activity signal,
and the remaining eigenvalue corresponds to the metabolic activity signal. Also in our model
the solely collagen signal has rank one, which provides a good reason to use SVD in solving the
inverse problem.

4.4 The inverse problem: Signal separation

Our main purpose in this paper is to image the dynamics of metabolic activity of cells. Highly
backscattering structures like collagen dominate the dynamic OCT signal, masking low-backscattering
structures such as metabolic activity. As shown in the modeling part, we divide the scattering
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particles in the tissue into the high-backscattering collagen part, and the low-backscattering
metabolic activity part. Based on this division, the resulting image I'opr(z,t) could also be
written as the sum of the collagen I'g, , (2, t) and the metabolic activity part I'3 - (z, t). The in-
verse problem is to recover the intensity of metabolic activity of cells from the image I'o pr(z, t).
In this paper, we use singular value decomposition (SVD) method to approximate the metabolic
activity part, then using a particular formula (see (4.23)) to get its corresponding intensity.

4.4.1 Analysis of SVD algorithm

Since we have proved the high backscattering signal corresponds to a rank one kernel and this
part is far larger than the rest, It is natural to associate it to the first singular value of the SVD
expansion. We claim that in order to remove the high backscattering signal, it is reasonable to
remove the first term in the SVD expansion of the image. Given the orthogonal nature of the SVD
decomposition, it is not possible to ensure a clean signal separation. Nonetheless at the end of
this section we provide a result that illustrates how the error committed with this decomposition
is actually small.

Let x1,22,...,2;,... denote the pixels of the image. Define the matrices A, A. € C"=*""t by

A =Topr(xj,tr)
(Ac)jk = Topr(@j, tr),

where j € {1,...,n;}, ke {1,...,n4}.

Recall that a non-negative real number ¢ is a singular value for a matrix A, if and only if there
exists unit vectors 4 € R™* and v € R™ such that

Av = ou and A*u = ov,

where the vectors u and v are called left-singular and right-singular vectors of A for the singular
value o.

Assuming that the singular values of A are ordered decreasingly, thatis, o1 > o9 > ..., and let
u; and v; be the singular vectors for ;. We emphasize that the vectors u; and v; are orthonormal
sets in C™* and C™ respectively. Thus, the SVD of the matrix A is given by

A =X" o (4.17)

Since the matrix A is composed of a large rank one part A. and a small part coming from
metabolic signal I'Y} -, we can say that A — A, is "relatively small" with respect to A. It is
well known that the first term in the SVD expansion of A is the rank one matrix A; such that
|A — Aiql|op is minimal. Therefore, it is natural to think that A, is "close" to A; in some way.
But A; = oyu 777 is generally not the same as A, because as we will see in section 4.A, the
eigenvectors of the kernels F,., F¢,, and F;,. are generally not orthogonal. Since SVD always
gives an orthogonal set of eigenvectors, we conclude that the SVD approach itself does not
give the eigenvectors exactly. Nevertheless, we can show that the SVD result is still a good
approximation to the true eigenvectors.
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Total signal | First term in the | collagen signal
Copr SVD of 'opr I'spr
Matrix A Aq A,
First singular value o1 o1 Oc
First singular vector U1, U1 Uy, V1 U, Ve
Other singular values | o2 > o3 > |0 0
- > 05

TABLE 4.1: Singular values and singular vectors.

To bridge the gap between the collagen signal I', - and the first term of SVD expansion of
I'opr, we investigate the relationship between their singular values and singular vectors. I'g,
has only one nonzero singular value o, with the corresponding singular vectors u. and v..

We claim in the following theorem that the singular value oy and the corresponding singular
vector u; are good approximations of the singular value o, and singular vector u.. See Table 4.1
for the notations of their singular values and singular vectors.

Theorem 4.4.1 Let o;, u;, v;, Ae, u. and v, be described in Table 4.1. Assume that the collagen
signal dominates, that is,

[A = Aclop
| Acllop

for alarge N. Then there exist constants C > 0 and € € {—1, 1} such that

=1/N (4.18)

loe=ail - o/w,

c

and

Jue = eurl> < C/N.

Proof: We define a matrix-valued function

F:s— (Ac+sN(A—A.))*(Ac+ sN(A - Ap)). (4.19)
Through this construct of F', we obtain

F(0) = A*A, and F(%) e

Applying Rellich’s perturbation theorem on hermitian matrices F' (see, for example, [Rel69])
to get the following two properties. There exists a set of n analytic functions A1 (s), A2(s), ...,
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such that they are all the eigenvalues of F'(s). Also, there exists a set of vector-valued analytic
functions w1 (s), ua(s), ..., such that F'(s)u;(s) = Xi(s)ui(s), and (ui(s), u;(s)) = 6.

In view of the definition of u;(s) and \;(s), we show four useful properties, for some € € {—1, 1},

(75} (0)
A1(0)

(4.20)

Ue, u1(1/N) = euq,
oo = | A

op?
where the last property comes from the fact \; (1/V) is the largest eigenvalue of F'(1/N) = A*A
when N » 1.

The objective is to get upper bounds for |u. — euq|;2 and |0, — o1]. Using (4.20), we have
ue — eur = u1(0) —u1(1/N) and o — o1 = 4/A1(0) — 4/A1(1/N). Since u; (s) and A1 (s) are
analytic, a Taylor expansion at 0 yields

/
190 1 o8,

[ue = eurll =
4.21)
A1(0) 2 (
c— o] = +O(1/N?).
o0 = 1l A1 (0)N /%)

The next step is to seek for proper upper bounds for A (0) and  (0).

For the upper bound of A} (0), we differentiate F'(s)u;(s) = \;(s)u;(s) with respect to s and
then take s = 0 to obtain

F/(0)ui(0) + F(0)u;(0) = Ai(0)u; (0) + Aj(0)u;(0). (4.22)

Since we always have |u;(s)||,2 = 1, a direct calculation shows that

(), i(5)) = 2o fus(s)]2 =

2ds

By taking an inner product of both sides of (4.22) with u;(0), we get

Ai(0) = X;(0) i (0)]
= <ui(0), F'(0)u;(0)) + (u:(0), F(0)u;(0))
= <ui(0), F'(0)u;(0)) + (F(0)ui(0), u3(0))
= <ui(0), F'(0)u:(0)) + Ai(0){ui(0), u;(0))
= <ui(0), F'(0)us(0)).

Hence, \;(0) satisfies |[X;(0)] < |F’(0)[op. By the definition of F(s), we have |F’(0)[op =
N|AY(A — Ac) + (A — A)*Ac|| < 2N|Ac|op|A — Aclop- Replacing N with (4.18) yields
IA;(0)] < 2| Ac|Z,. Therefore, by inserting the expression A1 (0) in (4.20) into (4.21), we get
loc — o1] < % + O(1/N?).

For the upper bound of u/ (0), we look again at (4.22). By taking an inner product with u/ (0),
we immediately obtain

(U (0), F'(0)ua(0)) + Cui (0), F(0)u (0)) = A1 (0)]uy (0)] 7.
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Recall that the matrix A, is of rank one. So, there exists a positive constant ¢, such that
A*A. = cup (0)uf (0), which reads

F(0)u;(0) = cur (0)(uf (0)u(0)) = cur (0)(us(0), u (0)) = 0.

[F7(0)u1(0)] 2

IE"(O)]o
) L o< 2.

1Aclz, =

N

Therefore, direct calculation shows that |[u} (0)[;2 <

The rest of the proof follows by substituting the above bound into (4.21), then we have ||u. —
eutl;z < &+ O(1/N32). a

Remark 1. Theorem 4.4.1 shows that the eigenvector difference of two classes is the order of <,
where N could be seen as the ratio between collagen signal and metabolic signal, so when N is
large enough, the difference could be ignored, therefore, it is reasonable to use the eigenvectors
of the SVD to approximate the true eigenvectors.

Remark 2. In the proof of Theorem 4.4.1, we did not use any representation of A and A, so in a
more general case, for any matrix A = A, + o(A.) where rank of A, is 1, the first singular value
and first singular vector of A could be used to approximate the singular value and the singular
vector of A..

4.4.2 Analysis of obtaining the intensity of metabolic activity

Recall that our objective is to get the intensity of the metabolic activity after removing the
influence of the collagen signal. We have proved that the largest singular value corresponds to the
collagen signal, and the following few singular values correspond to the correlation part between
collagen signal and metabolic activity, the rest of the singular values contains information related
to the metabolic activity.

Let T be the set of these "rest" singular values. In practice, we only know the total signal
Topr(z,t) (or the matrix A). By performing a SVD for 'opr(x,t), we take the terms only
corresponding to the singular values in 7" in the SVD expansion. The next problem is to
reconstruct the intensity of the particle movements of metabolic activity. In the numerical
experiments, by observation the sum Y, - o2|u;(z;)|? gives a very good approximation to the
intensity of metabolic activity at the pixel x;. A theorem is given to explain why it works.

Physically, we expect the metabolic activity signal to be centered around 0, so in each pixel z;,
the norm || Ay, (x5, t)||%: could be seen as the standard deviation of the metabolic signal, which
could represent the intensity of metabolic activities in pixel x;. However, the eigenvectors of
the operators with the kernels Fi., Fi,, and F;,. are not orthogonal (this statement may be
justified by arguing as in section 4.A). Thus when using a SVD, we do not get the exact "pure"
metabolic activity signal A,,, but only an approximation, which we denote by A,,,. We first give
an interpretation that > ;. oZ|u;(z)|? could be written as a /2 norm of the matrix A,,,.

Theorem 4.4.2 Let A be the matrix after the discretization of T opr(x,t) with respect to x and
t, such that the j-th row of A corresponds to the pixel x;, and the k-th column of A corresponds
to the time ty,. Let T' be a subset of singular values of A, and Ay, be the result of taking only the
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singular values in T from A. Then for any pixel z;, we have

ot i) = Y | Am, (5, t) . (4.23)
k

€T

Proof: We apply the SVD algorithm to the matrix A to get A = USV*, where U = (uq,ug,...),

V = (v1,v2,...) are unitary matrices, and S is a diagonal matrix containing the singular values
of A.

We construct a new diagonal matrix S, which is obtained from S by keeping all the singular
values in 7', but changing everything else to zero. By the definition of A,,,, we readily derive
Apm, =USTV™.

Note that o;u;(x;) is the element at row j, column 4 of the matrix US. By the construction of
St, we know o;u;(x;) is the element at row j, column ¢ of the matrix USy for every i € 7.
Therefore, the sum Y, 02|u;(x;)|? is equal to the square-sum of the j-th row of the matrix
U ST, which gives

|UST (x5, )7 = ) o7 i) (4.24)
€T

On the other hand, the relation A,,, = (USr)V* means that for each x;, Ay, (zj,-) =
USr) (@), V™.

A direct calculation from the definition of #2 norm of vectors shows that

DA (g, t) P = [Amy (25, )17 = Ay (25, ) Ay (5,-)*.
k
Using V*V' = I and substituting (U St)(x;,-)V* for Ay, (x4, -) yields
D Amy (@5, t)[> = USp(aj, )(USr(x),-)* = [USr(w;, )7 (4.25)
k

Combining (4.24) and (4.25) completes the proof. o

Then let us look at the #2 norm of the difference between the two matrices A,, and Ay
Proceeding as in the proof of Theorem 4.4.1, we can estimate || A,,, — A;,, . When N in (4.18)
is large enough, it is reasonable to approximate A,, by A,,,. This fact enables us to say that
[ A, (2, )72 ~ [ Am (j, £)[7 for each pixel z;.

Therefore, we conclude that Y, 02| (u;);|? over the set T of "rest" singular values is indeed a
good approximation for the metabolic activity intensity.

4.5 Numerical experiments

In this section we model the forward measurements of our problem. Using the SVD decomposi-
tion we filter out the signal, finally obtaining images of the hidden weak sources.
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4.5.1 Forward problem measurements

To simulate the signal measurements using ((4.5)), we only need to simulate the density function
p(x, z,t) of the media to be illuminated. For each pixel x, there are two types of superimposed
media. One is the collagen media characterized for having a strong signal and slow movement.
The second medium is the metabolic activity, that has a fast movement relative to the time
samples. According to [Ape+16], the collagen signal intensity is around 100 times stronger than
the metabolic one.

Given these properties, both media are modeled differently. The collagen particles are simulated
as an extended random medium on z that displaces slowly on time; see [K1i02]. For each pixel
x, an independent one-dimensional random medium 7, () is generated, and then p(z, z,t) =
r.(2z + tv) with v being the constant movement velocity. The metabolic activity is simulated as
an uniform white noise, whose intensity represents its magnitude. Background or instrumental
noise is added everywhere in a similar fashion, but with smaller intensity.

After the medium is simulated, ((4.5)) is applied to reproduce the measured signal, where for
integration purposes, the broadband light is approximated by Dirac deltas in certain frequencies.
All the model parameters are set such that we obtain similar measurements to the ones obtained
in [Ape+16]. In Figure 4.3 we can see, for a single pixel, the simulated signal as a function of
time.

Total Signal
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FIGURE 4.3: On top we can see the total signal measured at a fixed pixel. If
decomposed into the one corresponding to the collagen structures and metabolic
signal, we obtain the bottom images, left and right hand side respectively.
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In the following, we consider a two-dimensional 21x21 grid of pixels. The collagen signal, albeit
being generated by an independent random media, has the same parameters everywhere, thus
sharing a similar behavior. In Figure 4.4, we present the considered metabolic activity intensity
map and two snapshots at different times of the total signal.

Metabolic activity map Snapshot of measurements Snapshot of measurements

sssss

FIGURE 4.4: On the left we can see the considered metabolic map, it describes
the intensity of the metabolic signal presented in Figure 4.3. The other two
images correspond to raw sampling of the media at different times.

4.5.2 SVD of the measurements

To use the singular value decomposition on the signal, we reshape the raw data T'opr(x, t)
under a Casorati matrix form, where the two-dimensional pixels on the x variable are rearranged
as a one-dimensional variable, and hence the total signal is written as a matrix A where each
dimension corresponds respectively to the space and time variables. The total signal consists on
the addition of the metabolic and collagen signals, namely A = A,,, + A.. Our objective is to
recover the spatial information of the metabolic signal A,,.

We apply the SVD decomposition (4.17) over the total signal A, where the dimension of each
space corresponds to the amount of pixels of the image and the time samples respectively. Each
space vector {u;} point out which pixels are participating in the ith singular value. To obtain
an image of the pixels participating in a particular subset of singular values 7' = IN, we use the
following formula (see Section 4.2 for why it works):

I(j) =, [ D o?uij)?, (4.26)
€T

where the indices j are for indexing the image’s pixels. When the signal has mean 0, (4.26)
corresponds to the standard deviation that was already considered as an imaging formula in
[Ape+16].

In Figure 4.5, we can see an image of each space vector {u;} ordered by their associated singular
value, these vectors correspond to the decomposition of the total signal A. The other two pictures
on the right of it, correspond to the singular space vectors but for each unmixed signal A. and
A, separately. As it can be seen, the spatial vectors of both signals get mixed in the total signal,
but the metabolic activity ones get embedded in a clustered fashion, although there is a distortion
of these vectors, this is unavoidable given the nature of the SVD.

The location of the spatial vectors is related to their respective singular values, that are presented
in Figure 4.6. It is observed, that the moment in which the spatial vectors of the total signal start
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FIGURE 4.5: These images are the space matrices obtained with the SVD, where
each column of these matrices corresponds to a singular space-vector, naturally
ordered from left to right by their respective singular value index. Notice that
each row of these matrices represents each pixel of the image presented in
Figure 4.4 and the color intensity indicates how much weight does each singular
vector placed in that particular pixel. From the bottom-right image we can see
that the first singular space-vectors from the metabolic signal are clearly clustered
on some pixels (that correspond to the zones in where there is metabolic activity),
whereas from the bottom-left image we notice that the singular space-vectors do
not concentrate in any specific location, as the collagen is present everywhere.
Observing the image on the top, that is the total signal, we notice that after
dropping the firsts singular space-vectors, we also observe a clustered behavior.
This information is the one we seek to recover from the total signal.

to look like the ones from the metabolic activity, is close to the moment in which the singular
values from the metabolic activity get close to those in the total signal. In a mathematical way, we
say that the index j € IN in which the spatial vectors u; start to resemble those of the metabolic
activity, corresponds to

J = argmin{o;(A) < 01(Am)} — k, with k small. (4.27)

In practice, for the tested examples (up to 24x24 grid of pixels, and 500 to 1000 time samples)
k ~ 10 achieve the best results.

The clustered behavior of the singular vectors arise from the model itself, as it generates fast
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decaying singular values for the collagen signal, whereas the metabolic singular values decay in
a more slow fashion. Hence, it is possible to assign an interval of the total signal space vectors as
an approximation to the metabolic activity A,,.
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FIGURE 4.6: Singular values for the signals. The circle represents the optimal

starting index j at which we should consider the singular space-vectors of the

total signal to contain mostly information on the singular space-vectors of the

metabolic activity. The first singular value of the total signal and the collagen
signal is outside the plot, with an approximate value of 2.3 x 10°.

4.5.3 Selection of cut-off singular value

The before mentioned criteria to choose an adequate interval of singular-space vectors to apply
the imaging (4.26) is not possible in practice, as we have no a priori information on where the
metabolic singular values o;(A4,,) lie. Since the idea is to consider an interval of singular space
vectors, the first and last elements must be defined. The length of the interval corresponds to the
range of the matrix A,,, with some added terms coming from the matrix A.. This can be left as
a free parameter to be decided by the controller. As a general guideline, it corresponds to the
quantity of pixels in which it is expected to find the metabolic activity.

For the considered first singular space vector, also called cut-off one, there is a criteria that arises
from the model. Given the differences between the metabolic and collagen signal, the latter in
the time variable has some regularity and self correlation. This characteristic is transferred to the
first singular time-vectors. In Figure 4.7 we can see plots of these time-vectors for each signal.

Our proposed technique consists in measuring the regularity of the time vectors using the total
variation semi-norm, the smaller the value the more regular. With this information we seek to
estimate the argmin{c;(A) < 01(A,)} and thus, using ((4.27)), select the cut-off point. In the
case of a discrete signal, the total variation can be stated as

N-1
[vlry = 5 i+ 1) = o(@)].
i—1

Applying the total variation norm to the total signal singular time-vectors v;, we can see that the
regularity drops until arriving to, in mean, a slowly increasing plateau. To find it, in an operator
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FIGURE 4.7: Plots of the singular time-vectors for each signal, at the second sin-

gular value. The collagen time vectors are more regular and correlated compared

to the metabolic signal, albeit this property is gradually loosed as we augment

the index of the time vectors. Since the SVD of the total signal is dominated by
the collagen signal, its time vectors inherit the same property.

free way, it is possible to fit a 2 piece continuous quadratic spline in the total variation plot,
and estimate the first metabolic singular value index as the index [ in which the spline changes.
In our simulations this / is a good approximation for the first singular value of the metabolic
activity, meaning that o; ~ o1(A,,); see Figure 4.8, thus by subtracting the value % in (4.27), we
obtain a cut-off point. Keep in mind that this considered method does not make use of a priori
information.
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FIGURE 4.8: Same plot as in Figure 4.6, but including the total variation of the
singular time-vectors of the total signal. The total variation is scaled to fit the
plot with the singular values.

4.5.4 Signal reconstruction

Employing the cut-off criteria in subsection subsection 4.5.3 and (4.26) to our simulation, we
can reconstruct the metabolic activity. In Figure 4.9 we have on the left-hand side the best
possible reconstruction using the SVD technique, that is the one we could do if we could isolate
completely the signal A,,, from the total signal A. On the right-hand side, we have the actual
reconstruction. It is worth mentioning that we are not able to reconstruct the exact metabolic
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map, as (4.26) is used on the simulated media, and thus the image obtained out of the isolated
signal A,, is the one we are aiming to reconstruct.

Best possible reconstruction

Achieved reconstruction

FIGURE 4.9: Reconstruction of the metabolic map presented in Figure 4.4. The

left image correspond to using directly (4.26) on the isolated A,, signal. The

right-hand side image correspond to using our reconstruction method on the total

signal. Once the images are normalized, the committed error with respect to the
original metabolic map is 0.011 and 0.017, respectively

4.5.5 Discussion and observations

Since the SVD uses information of all pixels simultaneously to filter out the collagen signal, this
technique works better the larger the considered image size is, as the main point is to use the
joint information of all the pixels in the image, in contrast to frequency filtering that considers
only point-wise information. Numerically, this effect is notorious, as the larger the image size,
the more clustered are the singular space-vectors associated to the metabolic activity and thus it
is easier to filter out the collagen signal.

With respect to the time samples, keep in mind that all simulations considered a fixed sample rate,
and it is observed that the filtering process degrades if too many time samples are considered
(i.e. lengthier measurement experiences). When this happens (for our 21x21 grid size, this is
above 1000 time samples), the singular values of the collagen signal start decaying in a slower
rate, accomplishing a less clustered behavior of the metabolic singular space-vectors, and thus
achieving a worse signal separation. Therefore, if there are too many available time samples, one
possible recommendation is to do several reconstructions using subsets of these time samples
and then averaging the results.

The reasons of this behavior when too many time samples are accessible, are specific to the
singular value decomposition and not the sample rate or the noise level. It is possible that the
sample rate gets small enough to the point that we could track specific metabolic movements
inside the cell, if this is the case, the model becomes invalid and new assumptions must be placed.
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4.6 Conclusion

In this paper, we performed a mathematical analysis of extracting useful information for sub-
cellular imaging based on dynamic optical coherence tomography. By using a novel multi-particle
dynamical model, we analyzed the spectrum of the operator with the intensity as an integral
kernel, and shown that the dominant collagen signal is rank-one. Therefore, a SVD approach can
theoretically separate the metabolic activity signal from the collagen signal. We proved that the
SVD eigenvectors are good approximation to the collagen signal, proving that the SVD approach
is feasible and reliable as a method to remove the influence of collagen signals. And we also
discovered a new formula that gives the intensity of metabolic activity from the SVD analysis.
This is further confirmed by our numerical results on simulated data sets.

4.A Appendix

In this appendix we will illustrate the fact that the eigenvectors of the kernels F..(z,y), Fem(x,y)
and F,,.(z,y) are in general not orthogonal. Since all of them have variable separable forms with
respect to  and y, which is the basis of our analysis, so here we only prove the nonorthogonality
between eigenvectors of the kernels F..(z,y) in (4.11) and F,,(x,y) in (4.12).

Let A be the matrix obtained from discretizing the signal I'o pp. The singular values of A are
the square roots of the eigenvalues of the matrix A* A, and the singular vectors of A are the
corresponding eigenvectors of A* A. We notice that A* A is a discretization of the integral kernel
F(z,y). We first demonstrate the relation between kernels with variable separable forms and
eigenvectors.

Lemma 4.A.1 For any function f(x,y) € L?(Q x Q), if there exist functions fi(x) and f2(y),
such that f(z,y) = fi1(z)f2(y), then the operator T : L*(Q)) — L?(QQ) with kernel f(x,y)
can have only one nonzero eigenvalue. Furthermore, the eigenvector of T' corresponding to the
unique nonzero eigenvalue is given by f1(z) or fa(y).

Proof: Using the variable separation form f(x,y) = fi(x) f2(y) yields

(Th)(x) = L £, y)h(y)dy
- jﬂ £1(2) F2 () h)dy (4.28)
- hi(a) fﬂ fa(y)h(y)dy.

Suppose that \ is a nonzero eigenvalue of 7', and g(z) is the corresponding eigenvector, so that
Tg(z) = Ag(z). Comparing this with (4.28) implies

M) = fa(x) fQ f(0)g(w)dy. -

Therefore, the eigenvector g(z) is a multiple of f;(z), and the corresponding eigenvalue A =

$o f2(v) f1(y)dy.
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Denote the functions ¢°(x) and ¢ (x) by

‘Pc(x) =K (x)qc(m),
o () = f F(S0Ke,)(
[—L,L]?x[0,T]

47‘('7_12’1

Az

)

X F(SoKm)(z, — Vpm (2, 21, t)dz1dzodt

Then the kernels F. and F,.,, can be written as

where C7 and Cy are constants.

Applying Lemma 4.A.1 to the kernels Fi. and F¢,,, we know that the corresponding eigenvectors
are ¢ and ¢"" respectively.

Since this integral {, ()™ ()dz depends much on the random term py, (x, z, t), it will not
be zero almost all of the time. Hence, in our construction, the vectors ¢ and ™ are in general
not orthogonal.
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Discussion and Outlook

Photoacoustic tomography has been of significant interest in recent years due to the high contrast
and high resolution images. In this work, we concentrate on the inverse problems related to
acoustic wave equation in attenuating media from wavefield measurements. We successfully
handle attenuation effect in acoustic media, analyze the ill-posedness of the inverse problems
in different attenuating media. Furthermore, explicit reconstruction formulas are given and
numerical results show the viability of these formulas.

In order to address the ill-posedness of inverse problems. we first prove the existence and
uniqueness of solution of attenuated wave equation in the distributional sense. Then, we propose
a necessary and sufficient condition for the finite propagation speed of wave. By giving the
definitions of weak attenuation and strong attenuation, we divide the known photoacoustic models
to two classes. We consider a self-adjoint integral operator which is generated by the integrated
photoacoustic operator. Through proving the L? property of its kernel, we get that the self-adjoint
operator is a Hilbert-Schmidt operator and thus compact. Based on this property, we analyzed
the decay rate of its eigenvalues. In strong attenuating media, the kernel of this integral operator
is infinitely smooth, and we give the bound of its directional derivatives of every order. Using
this information, we prove that the singular values of the attenuated photoacoustic operator decay
exponentially. On the other hand, in the weak attenuation case the kernel of the integral operator
is weak singular. By dividing the integral operator into the sum of constant attenuating operator
and a perturbation, we prove the singular values of the attenuated photoacoustic operator decay
with the same rate as the singular values of the non-attenuated photoacoustic operator, which is
polynomial with the order — %

The research about spectral analysis provides fundamental theoretical basis and important tools
for analysing the degree of ill-posedness of inverse problems. More generally, our method to
analyze the eigenvalue asymptotic behavior of integral operator is applicable to any integral
operators with infinity smooth kernels or weak singular kernels. Thus, we could apply these
methods on other similar problems which may lie outside of the scope of imaging problems.
Also, these methods could be extended to analyze the eigenvalue asymptotic behaviors of the
related nonlinear problems.

After giving the ill-posedness of the attenuated PAT problem, we introduce some reconstruction
formulas for the initial pressure in the attenuated wave equation, that is, explicit reconstruction
formulas in the time domain based on the universal back-projection formula. Numerical ex-
periments show the formula works quite well. The reconstruction methods give more accurate
approximations for the initial pressure, which can be used in the subsequent quantitative PAT.

There are still some open problems. Since until now it is hard to make a standard rule to
distinguish good attenuation models. An interesting problem is to recover both the initial pressure
h(z) and complex wave number x(w) by providing more information.
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Also, in the thesis, we consider a homogenous medium. That is, we assumed the acoustic
properties of the medium, as defined by the complex wave number x(w), does not change
throughout the tissue we’re imaging. In practice, according to the different properties of the
tissue, the acoustic properties could be spatially varying, so the problem is how to recover the
initial pressure h(x) in the attenuating media with a varying complex wave number x(w, z). The
non-attenuating counterpart of this problem deals with a variable sound-speed ¢(x), and there are
some known works for this case. In this regard we refer to [AKO7; KunO7].

Moreover, the reconstruction formulas we gave in the thesis are for plane, cylinder or sphere.
More generally, if the observation surface is only assumed to be smooth and convex, what will
the reconstruction formulas look like? In non-attenuating media, we refer to [Nat12].

Another topic in the thesis is about optical coherence tomography. Our work on OCT present a
general technique to remove the influence of a strong and slow-varying background signal, to
unveil useful information on the cellular scale.

Using dynamic optical coherence tomography, based on a single particle model we give a new
multi-particle dynamical model to simulate the movements of the collagen and the cell metabolic
activity. We prove that the largest singular value of the associated Casorati matrix corresponds to
the collagen. Then, we present an efficient signal separation technique for sub-cellular imaging.
To isolate the signal from the metabolic activity, we perform a singular-value decomposition on
the dynamic optical images. Several numerical results are given to illustrate and validate our
approach.

This signal separation technique could be more generally used to separate two sets of signals
which have large difference in intensity. Also it provides some ideas to model other dynamical
imaging methods.
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Deutsche Zusammenfassung

Das wissenschaftliche Interesse an photoakustischer Tomographie (PAT) hat in den letzten
Jahrzehnten stark zugenommen. Die Griinde dafiir sind vielféltig, unter anderem liegt dies an der
hohen Auflosung, dem starken Kontrast, sowie der guten Genauigkeit der Methode. Dennoch
vernachldssigen die meisten aktuellen Artikel einen wichtigen Aspekt, die Ddmpfung. Da das
meiste Gewebe viskoelastische Figenschaften aufweist, wiirde sich die Energie wihrend der
Ausbreitung einer akustischen Welle verringern. Lisst man die Dampfung dabei auller Acht,
konnte dies die Qualitit der finalen Rekonstruktion verschlechtern.

Dies ist eine kumulative Dissertation, bestehend aus drei Artikeln aus dem Bereich der medi-
zinischen Bildverarbeitung.

Die ersten beiden Artikel beschéftigen sich mit PAT unter Beriicksichtigung von akustischer
Dampfung. Unser erstes Ziel ist es ein dazugehoriges mathematisches Modell zu entwickeln.
Bekannte Forschungsergebnisse diesbeziiglich gibt es bisher kaum. Einige der fundamentalen
Probleme, wie zum Beispiel die Frage danach wie sehr ein Problem schlecht gestellt ist und die
Existenz einer expliziten Rekonstruktionsformel, verbleiben offen.

Im ersten Artikel wird zuerst ein iiberblick iiber bekannte photoakustische Dampfungsmodelle
gegeben. Anschlielend préisentieren wir ein allgemeines Modell unter Beriicksichtigung der
Dampfung und zeigen Existenz und Eindeutigkeit der Losung. Au3erdem untersuchen wir das
asymptotische Verhalten der Singulidrwerte des direkten Problems und geben eine notwenige und
hinreichende Bedingung fiir die endliche Ausbreitungsgeschwindigkeit einer akustischen Welle
an.

Nach der Behandlung des direkten Problems beschéftigen wir uns im zweiten Artikel mit dem
inversen Problem, das heiflt, unser Ziel ist es die anfingliche Druckverteilung zu rekonstru-
ieren. Es gibt einige bekannte Methoden zur Losung dieses Problems, jedoch keine bekannte
Rekonstruktionsformel. Wir stellen neue Rekonstruktionsformeln basierend auf der allgemeinen
Riickprojektionsformel vor. Numerische Resultate zeigen vielversprechende Ergebnisse mit
dhnlichem rechnerischen Aufwand wie Riickprojektionsformeln.

Im dritten Artikel entwickeln wir eine Methode zur Teilung des Signals in sub-zellularer optischer
Kohirenztomographie (OKT). Dies riihrt daher, dass das Hintergrundsignal in OKT Bildern,
verursacht durch Kollagen oder andere interzellulidre Teilstiicke, so stark ist, dass wichtige
Informationen im Inneren der Zelle verborgen bleiben. Unser Ziel ist es den Einfluss dieses
Signals zu minimieren, um so die benotigten Informationen zu isolieren. Dazu untersuchen wir
zunichst die Modellierung des Hintergrundsignals sowie die Zellaktivitit und schlagen, unter
Verwendung der Singuldarwertzerlegung, eine effiziente Methode vor, um das Problem zu 16sen.

121



	Abstract
	Acknowledgements
	Contents
	List of notation
	Introduction
	Background
	Photoacoustic tomography with considering attenuation
	Ill-posedness of inverse problem
	Eigenvalues of integral operators
	Integral operator with finite differentiable kernel
	Integral operator with weak singular kernel

	Tempered distributions
	Pseudo-differential operator
	Stationary phase method
	Reconstruction in photoacoustic tomography
	Optical coherence tomography

	Contributions
	Eigenvalue analysis of attenuated photoacoustic operator
	Strong attenuation medium
	Weak attenuation medium

	Reconstruction formulas
	Dynamic optical coherence tomography

	Outline
	References

	Singular Values of the Attenuated Photoacoustic Imaging Operator
	Introduction
	The Attenuated Wave Equation
	Solution of the Attenuated Wave Equation
	Finite Propagation Speed

	Examples of Attenuation Models
	The Integrated Photoacoustic Operator
	Singular Values of the Integrated Photoacoustic Operator
	Strongly Attenuating Media
	Weakly Attenuating Media

	Eigenvalues of Integral Operators of Hilbert–Schmidt Type
	Estimating the Kernel of the Integrated Photoacoustic Operator
	References

	Reconstruction formulas for Photoacoustic Imaging in Attenuating Media
	Introduction
	Attenuation
	Reconstruction formulas
	Numerical experiments
	Appendix
	References

	A signal separation technique for sub-cellular imaging using dynamic optical coherence tomography
	Introduction
	The dynamic forward problem
	Single particle model
	Multi-particle dynamical model

	Property analysis of the forward problem
	Direct operator representation
	Eigenvalue analysis

	The inverse problem: Signal separation
	Analysis of SVD algorithm
	Analysis of obtaining the intensity of metabolic activity

	Numerical experiments
	 Forward problem measurements 
	SVD of the measurements
	 Selection of cut-off singular value 
	 Signal reconstruction 
	 Discussion and observations

	Conclusion
	Appendix
	References

	Discussion and Outlook
	Deutsche Zusammenfassung

