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Vorwort

Die vorliegende Arbeit setzt sich aus drei Teilen zusammen. Der erste Teil deckt die Grundlagen
zum elektronischen Vielteilchenproblem in der Physik der kondensierten Materie ab und stellt
den theoretischen Hintergrund der GW Methode vor. Nach einer Einfiihrung zur Dichtefunk-
tionaltheorie (DFT) werden spiter Methoden welche iiber konventionelle DFT hinausgehen,
wie DFT+U und Hybridfunktionale vorgestellt. Dabei werden auch die jeweiligen Grenzen der
Anwendbarkeit dieser Methoden diskutiert. AnschlieBend wird ein Uberblick iiber die GW Ap-
proximation gegeben, beginnend mit dem Bandliickenproblem und experimenteller Photoemis-
sionsspektroskopie. Die Herleitung der GW Approximation aus der Vielkorper-Storungstheorie
wird danach ausfiihrlich behandelt. Insbesondere werden die Ein-Teilchen-Green’s-Funktionen,
die Dyson-Gleichung und die Hedin-Gleichungen eingefiihrt. Zuletzt wird die praktische Um-
setzung der GW Approximation besprochen, einschlielich der konventionellen GW Implemen-
tierungen sowie der Space-Time-Methode. Hierbei werden auch die Nachteile der bestehenden
GW Implementierungen aufgezeigt, wodurch die Notwendigkeit fiir einen niedrig skalierenden
GW Algorithmus deutlich wird. Aus dieser Uberlegung stammt die Motivation zu dieser Ar-
beit. Abschliefend kann gesagt werden, dass dieser Teil eine solide Grundlage bildet und eine
konsequente Terminologie fiir den zweiten Teil der Arbeit einfiihrt.

Der zweite Teil priasentiert unsere kiirzlich entwickelte Low-Scaling-GW Methode, die im
”Vienna ab-initio Simulation Package” (VASP), einem weit verbreiteten Programm zur Berech-
nung der elektronischen Struktur, implementiert wurde. Diese neue Methode ermdglicht schnelle
Quasiteilchenberechnungen mit einer Skalierung, die sich in der SystemgroBe kubisch verhilt
und linear in der Anzahl der k-Punkte, die verwendet werden um die Brillouin-Zone zu sampeln.
Dadurch werden sowohl die Nachteile der konventionellen GW Implementierungen, welche in
der Regel auf kleine Systeme beschriinkt sind, als auch jene der speicherintensiven Space-Time-
Methode iiberwunden. Es wird ausfiihrlich erldutert, wie eine so giinstige Skalierung erreicht
werden kann. Danach wird der Erfolg der Methode bei der Berechnung von Quasiteilchen-
Energien und Spektralfunktionen typischer Isolatoren, Halbleiter und Metalle diskutiert. Die
Ergebnisse werden mit konventionellen GW Berechnungen verglichen und es zeigt sich eine
sehr hohe Ubereinstimmung. Dariiber hinaus wurde die neue Methode auch erfolgreich zur Bes-
timmung der Ionisierungspotentiale und der Elektronenaffinititen von hundert Closed-Shell-

Molekiilen angewandt. Die Ergebnisse werden mit experimentellen Daten sowie Ergebnissen



aus anderen elektronischen Strukturpaketen verglichen. Insgesamt wurde eine gute Ubereinstimmung
erzielt. Um diese Ubereinstimmung zu erreichen, korrigieren wir die Fehler fiir endliche Ba-
sissitze sowie Fehler, die durch periodisch wiederholte Bilder entstehen. Fiir die etwas grof3eren
Abweichungen der Elektronenaffinititen werden mogliche Erkldrungen diskutiert. Wegen der
geringen Skalierung unserer neuen Methode glauben wir, dass sie ein groBes Anwendungspoten-

zial besitzt, insbesondere fiir groe Einheitszellen. Dies wird im Bereich der Materialmodel-
lierung dazu beitragen, Methoden welche iiber DFT hinaus gehen zu etablieren.

Die vorgestellte Low-Scaling-GW stellt zwar einen groB3en Fortschritt gegeniiber dlterer GW
Methoden dar, jedoch wird in der aktuellen Implementierung die Spin-Orbit-Kopplung (SOC)
nicht beriicksichtigt, wihrend dies bei der herkommlichen GW Implementierung in VASP moglich
ist. In diesem Abschnitt werden daher einige Anderungen an der herkdmmlichen Implemen-
tierung der GW besprochen, welche es erlauben méflig gro3e Systeme zu behandeln, bei denen
SOC nicht vernachlissigt werden darf. Dies wird durch optimierte imaginére Zeit/Frequenz
Gitter sowie duflerst effiziente diskrete Fourier-Transformationen erreicht, beides Hauptmerk-
male der neuen Low-Scaling-GW Methode. Die modifizierte GW Methode wurde fiir ZnO und
CdTe getestet und es zeigt sich eine ausgezeichnete Ubereinstimmung mit der herkdmmlichen,
unmodifizierten GW Implementierung.

Dariiber hinaus wird eine teilweise selbst-konsistente Low-Scaling-G Wyr Methode vorgestellt
und vorldufige Testergebnisse fiir Si werden présentiert. Die Auswirkungen der Selbstkonsis-
tenz werden in Bezug auf Teilchenzahlerhaltung und Bandliicken diskutiert. Abschliefend wird
noch eine praktikable Moglichkeit zur Kombination unserer Low-Scaling-GW Methode mit der
Dynamical-Mean-Field-Theorie (DMFT), d.h. GW+DMFT, vorgestellt. Besonders hervorge-
hoben und ausfiihrlich besprochen wird die frequenzabhéngige, partiell abgeschirmte Wechsel-
wirkung U (iw), welche mittels der Constrained-Random-Phase-Approximation (cRPA) berech-
net wird sowie das Double-Counting, das beit GW+DMFT auftritt. Vorldufige Ergebnisse von
GW+DMFT fiir SrVO; werden prisentiert. Am Ende der Arbeit befindet sich eine Conclusio
in welcher die Ergebnisse und Schlussfolgerungen zusammengefasst werden und ein Ausblick
tiber die weitere Entwicklung skizziert ist.

Es sei noch angemerkt, dass einige Gleichungen und Herleitungen separat in den Anhéngen
platziert wurden. Obwohl viele dieser Gleichungen zum besseren Verstindnis des Haupttextes
beitragen, wurde zum Zwecke der besseren Lesbarkeit und Ubersicht diese Aufteilung gewihlt.

Der interessierte Leser wird daher in den Anhéngen niitzliche und ausfiihrliche Details finden.



Preface

The thesis is divided into three main parts. The first part covers basic textbook and literature
knowledge about the electronic structure problem in condensed matter physics. It introduces
the theoretical background of the GW method. Starting from density functional theory (DFT),
methods beyond DFT, such as DFT+U and hybrid functionals are then introduced, followed by
a discussion of their limitations. Afterwards, an overview of the GW approximation is given,
setting out from the band gap problem and experimental photoemission spectroscopy. Then, the
GW approximation is established starting from many-body perturbation theory. In particular,
the one-particle Green’s functions, Dyson equation, and Hedin’s equations are introduced. At
the end, practical implementations of the GW approximation including the conventional GW
implementations and the space-time method are discussed. Also, the drawbacks of existing GW
implementations are raised, highlighting the need for a low-scaling GW scheme. This provides
the motivation for the thesis. The first part lays a solid foundation and builds a consistent
terminology for the second part of the thesis.

The second part presents our recently developed low-scaling GW method, which is im-
plemented in the widely used electronic structure code Vienna ab-initio simulation package
(VASP). This new implementation allows for fast quasiparticle calculations with a scaling that
is cubic in the system size and linear in the number of k-points used to sample the Brillouin
zone. This overcomes the shortcomings of conventional GW implementations that are usually
restricted to small systems. It also addresses some of the drawbacks of the first implementations
of the space-time method such as the large memory requirements. An exhaustive explanation
regarding how such low scaling can be achieved is given. Then, the success of this method in
predicting the quasiparticle energies and spectral functions of typical insulators, semiconductors
and metals is discussed. The results are compared to conventional GW calculations, showing
very good agreement. In addition, the new method is also successfully applied to predict the
ionization potentials and electron affinities of 100 closed shell molecules. The results are com-
pared with the ones from experiments and other electronic structure packages. Overall, good
agreement is obtained. In order to achieve this agreement, we correct for finite basis set errors
as well as errors introduced by periodically repeated images. For the slightly larger deviations
on the electron affinities, tentative explanations are given. Due to the low scaling of our new

method, we believe that this method has great potential for applications, in particular for large



unit cells. This will greatly help to establish methods beyond DFT in the realm of materials
modeling.

However, the spin-orbit coupling (SOC) has not yet been implemented in our low-scaling GW
method, which is instead covered by the conventional GW implementation in the VASP code.
Hence, some modifications are made to the conventional GW implementation. This makes
possible the applications of the conventional GW method to moderately large systems where
SOC is non-negligible. This is achieved by employing the optimized imaginary time/frequency
grids and efficient discrete Fourier transformations which are the key features used in the low-
scaling GW method. Tests of this modified GW implementation on ZnO and CdTe are shown
and very good agreement is found compared to the conventional original GW implementation.

Moreover, partially self-consistent low-scaling GWyr is formulated and preliminary test re-
sults on Si are shown. The effects of self-consistency are discussed in terms of particle num-
ber conservation and the band gap. Finally, a feasible combination of our low-scaling GW
method with dynamical mean field theory (DMFT), 1.e., GW+DMFT, is given. Particular em-
phasis is devoted to the frequency-dependent partially screened interaction U(iw) calculated
from the constrained random phase approximation (cCRPA) and the double counting that occurs
in GW+DMFT. Preliminary results of GW+DMFT calculations on SrVO; are given. At the
end, the conclusions of the thesis are drawn.

It should be stressed that, in order to keep the thesis more readable, some equations and their
derivations used in the main text of the thesis are placed in the appendices. There the readers

can find useful additional details.
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Theoretical Background
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1. Density functional theory

Density functional theory (DFT) is one of the most successful quantum mechanical approaches
to condensed matter of physics. Nowadays, it is routinely applied for calculating the electronic
structure, the total energy, forces of solids, and so on. In this section, a detailed overview
of DFT is given. First, we start from the total Hamiltonian of the many-atom system and
the Born-Oppenheimer approximation. Then, the Hartree and Hartree-Fock approximation are
introduced. After that, the DFT based on the Hohenberg-Kohn theorem is built and thereby
the Kohn-Sham equation is given. We close this section by the introduction of some practical

exchange-correlation functionals.

1.1. The many-body Schrodinger equation and the

Born-Oppenheimer approximation
In quantum mechanics, particles’ behaviors are described by an equation of states, where a
wave function is used to characterize the probability of finding particles in a certain quantum

mechanic state. For a stationary system, this quantum mechanic equation is given by the time-

independent Schrodinger equation [[1,2]
Hio® = Eio®, oY)

where E and @ are the energy eigenvalues and many-body wave functions of the Hamiltonian
H,, of the system, respectively. Most physical properties can be associated with energies or
differences between energies. The Hamilton operator of a non-relativistic system of N nuclei

with coordinates R, and charges Z,, and N, electrons with coordinates r; reads
Htot = Te + Vee(r) + TN + VNN(R) + VeN(ra R) (2)

Here, T, and Ty are kinetic energy operators of electrons and nuclei, respectively. Ve, Vyn

and V.y are the Coulomb interactions between electrons and electrons, nuclei and nuclei, and
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electrons and nuclei. The explicit expressions of them are given by

1
T = ) -5V 3)
195 &y ]
V) = EZ%E_M )
O
T o= )5V )
1 ZoZ
Van(R) = EZZ‘HRQ——RﬂI (6)
a B+
Ne N -7
Ve R = D) i) @)
1 a
Vext(ri)

Here, Z represents the proton number of a nucleus and V(r;) is the external potential caused
by the nuclei, which would be used hereafter. Note that throughout the thesis Hartree atomic

units are employed unless otherwise explicitly stated.

With Eq. (2), the Schrédinger equation Eq. (I)) becomes

{Te + Vee(r) + Ty + Vyn(R) + Ven(r, R)} O(x, R) = EQO(x, R), ®)
where X = [(r1,0),...,(rn,,0n,)] combines all translational and spin degrees of freedom of
all the electrons and R = (Ry, ..., Ry) signifies the nuclear coordinates.

Considering that the nuclear mass exceeds the electron mass by more than three orders of
magnitude [3]] and thus the time scales also differ, the wave function ®(x, R) can be separated
into an electronic part W(x, R) and a nuclear wave function II(R). The nuclear wave function
is much more localized since V,II(R) > V,¥Y(x, R), which allows to separate the Schrodinger

equation into two parts:

{Te + Vee(r) + Ven(r, R)} (X, R)

E)(R)¥(x,R) ©)

{Ty + Vun(R) + Eo(R)}TI(R) EJI(R). (10)

Note that the nuclear positions R enter the electronic equation (9) only as parameters and it
is possible to use the Born-Oppenheimer approximation, which states that on the timescale
of the nuclear motion, the electronic system is always in the instantaneous ground state; the

electrons follow the ions adiabatically. Therefore, in the Born-Oppenheimer approximation,

14



the electronic part and nuclear part can be treated separately. For the electronic part, Eq. () can
be solved with fixed positions of nuclei. After the ground state energy of the electron system
E((R) has been obtained, the nuclear part Eq. reduces to the Newtons equations of motion
if the quantum effects on the motion of the nuclei are neglected. This leads to the so-called
ab initio molecular dynamics, where the forces that act on the nuclei are calculated from the
electronic ground state. Ions are moved according to those forces and for every new ionic
configuration, the electronic ground state is re-calculated. In this thesis, however, we restrict

ourselves to the electronic part only.

1.2. The Schrodinger equation of electrons

As discussed above, in the Born-Oppenheimer approximation, the electronic Hamiltonian can

be solved with fixed positions of nuclei. The Schrédinger equation of electrons then becomes
{Te + Vee(r) + Ven(r, R} ¥(r) = EY(r), (11

where E and YW(r) are the eigenvalue and eigenfunctions of system of many electrons. Note
that without loss of generality, we have suppressed the spin degree of freedom for the sake of
brevity. The Hamilton operator H = T, + V. (r) + Ven(r, R) of the Schrédinger equation of
many electrons is linear and Hermitian, and hence the eigenfunctions form an orthogonal set

satisfying [2]

fdh coedry, Wiy, ey )P, L ey, = (P = O (12)

By means of an orthogonal basis set, the expectation value of the Hamilton operator H can be

expressed by [2]
(PHY)
= H = .
) (FI'Y)

Supposing that the wave function ¥ is normalized, the general energy functional of the many

(13)

electron system is given by [2]

E[Y] = (YH|Y). (14)

The ground state of the system is thus obtained by minimizing the energy functional with respect
to ¥ [2]
Ey = E[Wy] = Min{E[Y]} with respect to 'P. (15)

All eigenstates can be calculated by finding the solutions of the variational principle 6E[¥] = 0.

15



1.3. Hartree approximation

In the Hartree approximation, the wave function of many electrons ¥(ry,...,ry,) is approxi-

mated by the multiplication of independent one-electron orbitals

Y(ri,ro,...,ry) = Y (r)a(ry) .. Yy (ry,), (16)

where ¢(r;) is the one-electron orbital of the electron at the position of r;, and orthogonality
of the one-electron orbitals f dry; (r)y (r) = 6;; is implicitly assumed. The energy functional

E[Y] = (Y|H|¥) in the Hartree approximation can thus be obtained by

E[¥] = Z f driy; (r»[——vz+Vext(r,>]wl(rl>+ 222 f drid i (rP o rj|

i j#

(.

7)

Ground state are obtained by minimizing the E[W] with respect to ¥ under the constraint of

[ drilyi(r)P = 1, yielding

=0, (18)

E[Y] - Z gi(fdrill/’i(ri)lz -1

where 0 E[V] is the variation of functional E['] and &; is just a Lagrange multiplier. Finally, we

obtain the following equation
1
(57 + Veulr) + 5 ; f e WP = e (). (19)
With Eq. (19), the total energy in the Hartree approximation is given by

e

Ey = Zel -5 fdrldrjllﬂz(l‘z)lzl |Ilﬁj( )P, (20)

i J#I
where the second term is included to avoid double counting.

Defining a charge density operator

Ne
pr)= > or -, @1
the density is then obtained by

l’l(r) :<\P(r19 ry,..., rNe)lﬁ(r)lly(rlv ry,... rN(,)>

= OZCC: G

(22)
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With the density, the Hartree potential is defined by

1
Vu(r) = fdr' n(’). (23)
Ir —r'|
By defining an effective mean-field potential Vep(r) = Vex(r) + Vu(r), Eq. (19) reduces to
1
[—EV? + Ver(D)]yi(r) = gfi(r). (24)

From Eq. one can deduce that the interactions felt by one electron from all other electrons
is described by a mean-field Hartree potential Vy(r), which is further absorbed in an effective
potential V.g(r). This equation should be solved self-consistently because V.g(r) depends on
the charge density n(r), which further depends on the one-electron orbital ¢;(r). It should be
noted that the Hartree approximation considers the electron-electron mean-field electrostatic

interactions only, whereas the exchange and correlation effects are completely neglected.

1.4. Hartree-Fock approximation

Because electrons are fermions, Pauli’s exclusion principle [3|] and the antisymmetry of the
many-body wave function, when two electrons exchange, should be satisfied. However, this is
not true in the Hartree approximation. To overcome the drawbacks of the Hartree approxima-
tion, Slater-determinant [2,/4] is better suited to describe the wave function of the many-electron
system. This is the so-called Hartree-Fock (HF) approximation. The Slater-determinant is con-

structed by a sum of products of one-electron orbitals ¢;(r;)

i) Yo(ry) - Y (ry)
1 |Yir) o) - Yy (r2)
Whr ) _ _ (25)
N, ! : : .. :
Yi(ry,) Yo(ry) - Y (ry,).
The prefactor \/% normalizes the many-electron wave function. It is trivial to show that the
following two equations hold in the HF approximation
Wyr(ry,...,r, ..., rj, ..., Ty,) = =Pup(ry, ..., .. L., Ty,) (26)
\I”Hp(rl, R .,rj, e ,I'Ne) = 0, ifrl- = l’j. (27)

This indicates that the Slater-determinant as a wave function of the many-electron system auto-

matically satisfies the antisymmetry and Pauli’s exclusion principle.
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After the Slater-determinant is inserted in Eq. (I4)), the total energy of the many-electron

system in the HF approximation is given by [2]]

EHF[w]—<‘PHF|H|THF>—ZH+ ZZ(JI, K, (28)
i=1 j=1
where
* 1 2
o= [arviw]- 3V +vext<r>]w,-<r) 29)
Jj = f dr de’ W ,lwr')w,-(r') (30)
K = f dr de’ i (0w, — ,le<r')wi<r'>. (31)

It should be noted that H; are one-electron integrals, whereas the Coulomb integrals J;; and
exchange integrals K;; are two-electron integrals. Also, one should note that constraint of i # j
in the summation of the second term in Eq. is eliminated, because i = j contribution is
cancelled by (J;; — K;)).

The minimization of Eq. under the constraints of f Yi(r)y(r)dr = 6;; gives rise to a set

of one-electron HF differential equations [2}|3]
Fyi(r) = Z Py (), (32)

where the Fock operator £ is given by
A 1 A
F= —EVZ + Vex(r) + ] — K, (33)

and the Coulomb operator ] and the exchange operator k are defined by [2]

/1) = Z [ ar v

km =y [ ar v
i=1

(34)

= r,|l/’i(l')-

It can be seen that the operator } is local, whereas the operator kis nonlocal, because its action
on a particular coordinate r depends also on the integration over all other coordinates r’.

Since there exist many possible solutions of the HF equations, it is always possible to find a

unitary transformation matrix U that diagonalizes the HF matrix €F such that

D UL, e Uy = €6 (35)

mn
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and

W) = ) Ui (o) (36)
J

hold [5/6]]. This leads to the canonical HF equations [5,(6]
Fyi(r) = €yi(n). 37)

Similar to the Hartree equation, this equation should be solved self-consistently as well because
the Fock operator is dependent of one-electron orbital ¢/(r). Finally, the total energy of the
many-electron system in the HF approximation can be calculated by [2]

Ne

Ne
Eyr = Z € — % Z (Jij — Kij), (38)

i i=1 j=1
where the Coulomb integrals J;; and exchange integrals K;; are calculated by using canonical
HF orbitals ¢/(r). Although the HF approximation explicitly treats the exchange effects by an-
tisymmetric wave functions and also is self-interaction free due to the cancellation in K and J,
the method does not incorporate electron-electron correlations between electrons with opposite
spins. In other words, the HF ansatz is too restrictive, since general many-electron wave func-
tions W(ry, ..., r,) cannot be represented by a single Slater determinant only. Instead, it should
be more accurately described by adding the double, triple, - - -, excited Slater determinants [5].
That is exactly what the configuration interaction (CI) [7] method does. The difference between
the exact total energy E,, of the many electron system and the HF energy E'F is defined as the

correlation energy [2,5]]

Ec = Etot — Eyr. (39)

1.5. Overview of DFT
1.5.1. Hohenberg-Kohn theorem

The Hartree-Fock approximation has already given some indications as to how to obtain the
total energy from first-principles calculations. However, it only accounts for the exact exchange
interactions between two electrons of same spins, whereas the correlation interactions of oppo-
site spins are completely neglected. Therefore, the Hartree-Fock approximation yields too large
band gaps for insulators, underestimates binding energies (by 50-70%) and predicts metals to

be unstable (to name a few).
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A satisfactory ab initio method is based on DFT, which owes to the fundamental theorems
formulated by Hohenberg and Kohn in 1964 on the inhomogeneous electron gas [8]. They
showed that for an interacting electron gas in an external potential Ve (r), there exists an uni-
versal energy functional of the density F[n(r)] which yields the correct ground state energy E

by minimizing the total energy Eyx[n(r)] with respect to the charge density n(r) [8]]

Enk [n(r)] =(PIT[¥) + (F[Vee ¥) + (F|Vex ¥)

(40)
=T[n(r)] + Ee[n(r)] + fdr Vexi(£)n(r).

Fln(r)]

and they proved that 8]

1. F[n(r)] is a unique functional of the density n(r), i.e., for an N, electron system, there do

not exist two ground state wave functions ¥ # ¥, resulting in the same density n(r).

2. Eyk[n(r)] > Egs[no(r)]

The energy functional Eyk[n(r)] obeys a variational principle and always results in ener-

gies larger or equal to the ground state energy Egs[no(r)].

3. Euk[no(r)] = Egs[no(r)]
The energy functional Eyk[n(r)] reaches the ground state energy at the ground state den-

sity no(r).

It should be noted that in DFT the electron density n(r) is introduced as a natural variable,
since it determines the number of electrons N, = f dr n(r) and thus the external potential Ve (1),
which in turn determines all electronic properties of the system. Since F[n(r)] describes all in-
teractions beyond the external electron-nuclei electrostatic interaction, the functional should
account for the kinetic energy of the electrons as well as all the electron-electron interactions
including the electron-electron electrostatic interactions, exchange and correlation effects. Min-
imization of the energy functional Eyk[n(r)] gives rise to the exact ground state density ny(r).

However, the exact functional F[n(r)] is unknown and approximations are required [2].

1.5.2. Kohn-Sham DFT

In 1965, Kohn and Sham proposed an approximation for the functional F[n(r)], which assumes

that there exists an auxiliary non-interacting system that has exactly the same charge density as
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the interacting system [9]. The many-electron wave function of the auxiliary non-interacting

system can thus be described by the Hartree wave function

W(ry,ra, ..., rn) = Y (r)Ya(rs) ... gy (ry,). 41)

The density of the auxiliary non-interacting system is given by

0ocC

a(r) = " (o), (42)
which is also the density of the real interacting system. F[n] is defined as [9]
Fln] = Tol[n] + Ey[n] + Exc[n], (43)

where Ty[n] is the kinetic energy of the auxiliary non-interacting system, which is straightfor-

wardly obtained by
occ 1
Toln(r)] = Zj“wil = 5 Vil (44)
Ey[n] is the electron-electron electrostatic interaction energy, i.e., Hartree energy, which is
given by
1 4
Eyln(r)] = = fdrdr’M. 45)
2 r —r/|

E,.[n] is the exchange correlation functional of the interacting system, which accounts for all the
effects beyond the non-interacting ansatz. That is, it includes all energy contributions beyond

the kinetic energy of free electrons and electrostatic Coulomb repulsions
Exc[n] = T[n] = Toln] + Ece[n] — Vylnl. (46)

Using these definitions for the functional F[n] and the density n(r), the so-called KS equations

are obtained by applying the variational principle to the KS energy functional [9]

1
( B Evz + Veff(l'))llfn(l') = € (1)

47)
Veff(r) = Vext(r) + VH(r) + ch(r)-

Here, the energy values ¢, are called KS eigenvalues. The effective potential is the sum of the

external potential V., the Hartree potential Vi and the so-called exchange-correlation potential

defined by
0Ey[n]

on(r)

Vie(r) = (48)
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Since V.g(r) depends on the density n(r), which depends futher on ¢, (r) by definition, one
has to solve this set of equations self-consistently, provided that E,. is known. The iterative
solution is shown in Fig. |1} First, the initial guess for the electron density is constructed from
overlapping atomic densities. Then, the effective potential V g(r) = Vex (r)+ Vy[n(r)]+ Vi [n(r)]
and hereby the KS Hamiltonian H®® = —1V? + V,q(r) are constructed. Third, the eigenvalue
problem is solved by diagonalizing the matrix H® in terms of the chosen basis sets such as
plane waves. This results in a new set of KS orbitals from which one can construct a new
density and thus a new Hamiltonian. These steps are repeated until the density is converged.
Once the converged ground state density ny(r) is found, one could calculate the total energy, its
first derivative with respect to nuclei coordinates (forces), band structure, density of states, and
so on. The KS total energy can then be rewritten as [9)]

Exs = ) & = Ex[n(t)] + Ex.[n(r)] - f Vie(rn(r)dr. (49)

Although KS-DFT has already witnessed its success in solid states of physics and chem-
istry, such as the good agreement of KS-DFT band structure with experimental photoemission
spectroscopies, the KS-DFT eigenvalues do not have any physical interpretation except for the
maximum occupied KS orbital energy, which corresponds to the negative ionization poten-
tial (IP) [10-12] for insulators and the negative work function for metals. This is because the
KS-DFT eigenvalue is just a Lagrange multiplier as a result of the variation principle. There-
fore, KS-DFT fails to predicted excited state properties [13]. For example, KS-DFT with the
local density approximation (LDA) [9]] or generalized gradient approximation (GGA) always
yields underestimated band gaps for semiconductors and insulators [14]. This is due to the
so-called “self-interaction error” inherent within the LDA or GGA energy functionals, which
lack a derivative discontinuity with respect to a change of the number of electrons. To solve the
band gap problem, approximations beyond DFT should be made. The GW approximation has
been proved to be the best choice so far to predict quasiparticle (QP) energies. We will discuss
this point in more details in the Section @) On the other hand, due to the “self-interaction
error’, local (LDA) and semilocal (GGA) functionals will prefer to spread out charge over the
fragments instead of localizing charge at one of the fragments, since fractional occupancies
are incorrectly preferred over integer occupancies [15]. Therefore, DFT also fails to describe

strongly correlated systems, where the electrons are localized.
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Calculate effective potential
Vetf(X) = Vext(r) + Vi [n(1)] + Vyc[n(r)]
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[_E v?+ Veff(r)]lpn(r) = €, Pp(r)
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Calculate new density
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Converged?
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Output quantities
ng(r), Eg[ny(r)] = Forces, band structure, ...

Figure 1: A flow chart of the iteration scheme in solving the KS equation. First, the initial guess
for the electron density is constructed from overlapping atomic densities. Then, the
effective potential Veg(r) = Ve (r) + Vy[n(r)] + Vi.[n(r)] and hereby the KS Hamilto-
nian HS = —%Vz + Veg(r) are constructed. Third, the eigenvalue problem is solved by
diagonalizing the matrix H®® in terms of the chosen basis sets such as plane waves.
This results in a new set of KS orbitals from which one can construct a new density
and thus a new Hamiltonian. These steps are repeated until the density is converged.
Once the converged ground state density ny(r) is found, one could calculate the total
energy, its first derivative with respect to nuclei coordinates (forces), band structure,

density of states, and so on.
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1.5.3. The exchange correlation functionals: LDA and GGA

As mentioned above, in KS-DFT, the system of N, interacting electrons is mapped to an auxil-
iary system of N, non-interacting electrons with exactly the same density as the original system.
The KS-DFT many-electron wave function is replaced by the Hartree many-electron wave func-
tion, which does not meet the antisymmetry of fermions. The kinetic energy is given in terms
of the non-interacting auxiliary system. All the effects beyond the electrostatic interactions and
the kinetic energy difference between real and auxiliary systems are all accounted for by an
exchange and correlation energy functional Ey.[n(r)]. KS-DFT is thus an exact theory provided
that the exchange-correlation energy functional E, [n(r)] is exact and known.

Unfortunately, the exact form of the exchange correlation functional is unknown and approx-
imations are required. Kohn and Sham [9] derived the exchange correlation energy functional
of the homogenous electron gas. It is proved that this functional works very well even for the
real systems, assuming the local density n(r) to be locally approximately uniform. This is the

so-called local density approximation (LDA) [9]]

E-PAn] = f dr €55[n(r)] n(r). (50)

The exchange correlation energy density functional €S

is derived from a homogenous elec-
tron gas with a density equal to the local density n(r). Normally, e/F%[n(r)] is separated into

exchange and correlation parts [2,/6]
€e )] = € [nm)] + £ [n(r)], (51)
where €EY is given by the Dirac exchange energy functional [16)]

3 3 1 3
& n(m)] = -3 (nm)’, (52)
T

and €EC i

is given by an analytic fit to quantum Monte Carlo simulations [[17-19].

It is observed that the LDA works well for systems with nearly homogeneous local den-
sities. However, it fails for systems with inhomogeneous local densities, for instance, de-
fects, interfaces, and surfaces. Thus, more accurate approximations are required. To this end,

Perdew et.al [20] proposed the generalized gradient approximation (GGA). As its name implies,
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the resulting functional depends not only on the electronic density but also its local gradient [20]]

ExF[n] = E°F[n]+ E’F(n] (53)
EPE[n] = f dr €'59[n(r)] Fy[n(r), Va(r)] n(r) (54)
EFE[n] = f dr(eCHEG[n(r)]+H[n(r),vn(r)] n(r). (55)

For the definition of the gradient contributions of the enhancement factor F, and the factor H,
we refer the readers to Refs. [20-22]]

It should be noted that there are several flavors of the GGA functionals in literatures, among
which two functionals are widely used. The first one is the so-called PBE functional [20], and
the second one is called PBEsol functional [22], which is optimized for solids and surfaces.
Although both are optimized for different conditions, they are based on the formulas in Eq. (54))

and Eq. (53) and differ only in few parameters.
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2. DFT in practice

2.1. Bloch theorem and plane wave expansion

In solid state systems, the systems of interest normally show a certain translational symmetry in
the space. Thus, periodic boundary conditions (PBC) [23-25] can be used, allowing to greatly
simplify the calculations of real system. Under PBC, the system is represented by a unit cell,
that is periodically repeated in space and spanned by the cell vectors a;, a,, and a3 [26]. Any

lattice point R can then be constructed by
R =ma; + ma, + nisas, (56)

using the three integer coefficients n;, n,, and n3;. Associated with the Bravais lattice, there is a
reciprocal lattice

G= I’I’L]bl + I’I’lzbz + m3b3, (57)

where any reciprocal lattice vector G is given by the superposition of the reciprocal basis vectors
by, by, and bs. Here, m,, m,, and mj are again integer numbers. The reciprocal basis vectors are

calculated from its real space counterparts

by = Z(a;xay) (58)
b, = Z(azxa) (59)
b; = Z(a; xa), (60)

where ) = a;(a, X a3) is the volume of unit cell in the real space. Real and reciprocal basis
vectors satisfy b; - a; = 276;;.

The Schrodinger equation of a single electron under PBC is given by [26]]

(— %Vz + V(r))l//(r) = Ey(r), (61)

where V(r) is a periodic potential V(r + R) = V(r). For this periodic potential, the Bloch
theorem states that all eigenstates ¥(r) of the one-electron Hamiltonian can be expressed as a
ikr

product of a plane wave phase factor " and a periodic function u, x(r) that has exactly the

same periodicity as the Bravais lattice [26]]

Yni(r) = e*u,, i (1) (62)
Ui (r + R) = 1 1 (1) (63)
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Here, the quantum numbers » and k denote the band index and Bloch wave vector in the recip-
rocal space, respectively.

It is known that any periodic function can be expanded into a plane wave basis set [24]]
U k(T) = Z Cuxg €. (64)
G
Hence, it follows that the one-electron wave function can be expanded by
Yni(®) = )" Cuce €70, (65)
G

In practice, however, the plane waves have been truncated within a cut off |G,,.,|, which corre-
sponds to the energy cut off E.y; = |K + G,,|*/2. Furthermore, the Bloch wave vectors k can be
restricted to the Brillouin zone (BZ), which is the first Wigner Seitz cell in the reciprocal space.
This is because all other Bloch states k can be calculated by a Bloch state of the BZ kg and an

additional reciprocal lattice vector G [26]
k = kBZ +G. (66)

This implies that the Bloch states (eigenvalues and eigenfunctions) are periodic in the reciprocal
space [26]. To further reduce the computational effort, symmetry is used. That is, only k points
within the irreducible wedge of the BZ (IBZ) are considered with weights wy. In this case, the

summation over Kk points for a periodic function F (k) in the whole BZ reduces to

IBZ

Q BZ
dkF(K) = o fB ) dkF(K) = Zk“ F(K) = Zk" W F(K), (67)

Qg BZ
where k point grids and the weights wy are usually generated by the Monkhorst and Pack
scheme [27]. Qg7 is the volume of the BZ and Q is the volume of the real-space unit cell.

The band structure of solids is given by €,(k), which is a function of k vector for a specific

band n. The density of states (DOS) for each band 7 is given by integrating over the IBZ [26]

IBZ

Q
D,(€) = o fB ) dkd(e — e,(k)) = Zk: wid(€ — €,(K)). (68)

Thus, the total DOS, including the contributions of all bands, is obtained by D(¢) = )., D,.(¢€).

2.2. The frozen core approximation and PS potential

As discussed in Section (2.1)), to make possible the first-principles calculations of real systems,

PBC has been employed. In addition, we have expanded the Bloch wave function with the
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Figure 2: A schematic illustration of the pseudo potential inside and outside the core region
of an atom at position R,. The black and red lines represent the exact and pseudo
potential (wave function), respectively. This figure is adapted from the thesis of Leif

E. H. [28].

plane wave basis set that is truncated within a energy cut off E. [25] for practical calculations.
Despite of these simplifications , it is still computationally demanding for a many-body system
including core and valence electrons. Therefore, further approximations are needed.

One widely used approximation to reduce the number of electrons is the so-called frozen core
approximation. The idea of this approximation is to freeze the core electrons within the inner
shells. This approximation is justified because the core electrons almost do not contribute to
the bonding. Instead, only the outmost valence electrons participate in the bonding. With the
frozen core approximation, we can restricted ourselves to the calculations of wave functions of
the valence electrons only.

Even though the number of electrons has been significantly reduced by the frozen core ap-
proximation, calculations of the wave functions are still demanding because of the strong os-
cillations of the wave functions around the core region due to the constraint of orthogonality
between valence and core electron wave functions. As a consequence, a large basis set of plane
waves is required to accurately describe the wave functions of the valence electrons in the core
region, which definitely increases the computational cost.

In order to overcome this problem, pseudo (PS) potentials come into play. As shown in

Fig. 2| the PS potential V, which is much smother, substitutes the exact potential V within the
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core region. The core region is defined by a sphere around the atomic position R, with a cut off
radius 7.. The PS potential is constructed such that the PS wave functions ¢ are nodeless within
the core region and reproduce the scattering properties of the exact wave functions ¢ [25].
Moreover, the PS potential and the PS wave functions coincide with their exact counterparts
outside the core region and at the boundary r = r., the PS wave functions are equal to the exact
wave functions up to their second radial derivatives. Since the PS wave functions are much
smoother than their exact wave functions, usage of PS potential can thus reduce the number of

plane-wave basis sets significantly.

2.3. The PAW method

PS potential methods have been used extensively from roughly 1980 on [29]. The biggest
merit of these methods is their formal simplicity, but unfortunately this simplicity has a price:
first-row elements, transition metals, and rare-earth elements are computationally demanding
to treat with standard norm-conserving PS potentials [30]. To solve this problem, ultrasoft PS
potentials (US-PP) have been introduced by Vanderbilt [31]]. Blochl [32] further developed the
US-PP concept by combining ideas from PS potential and linearized augmented-plane-wave
(LAPW) method in a conceptually elegant framework, called the projector augmented-wave
method (PAW). Afterwards, Kresse [[30] established the relationship between US-PP and PAW
methods: the only difference between Vanderbilt’s US-PP and Blochl’s PAW approaches lies in
the one-center terms.

Actually, the PAW method is a full potential method in the sense that it restores the correct
features of the exact AE wave function. This is achieved by adding correction terms within the
core regions of the atoms. Specifically, on the plane-wave grid, the Hamiltonian is represented
in a PS-potential-like manner, but pseudo wave functions are not correctly normalized [33]]. In
order to correct for this error, local compensation charges are added around each atom such
that the final charge density distribution has exactly the same multipoles and moments as the
exact all-electron (AE) charge density. The electrostatic potential determined from this charge
distribution is basically exact in the interstitial region, but the kinetic energy and the potentials
are not accurately represented inside the PAW spheres [33]. To make up for the error, the
PS wave functions and AE wave functions are reconstructed inside the PAW spheres, and the

corresponding one-center energy terms are subtracted and added from the energy [33|]. The
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Figure 3: An illustration of additive augmentation in the PAW method. (a) Pseudized quan-
tities are defined on a regular plane wave grid in the entire space. (b) Pseudo wave
functions are reconstructed inside spheres and the corresponding one-center terms are
subtracted. (c) The all-electron wave functions are reconstructed and the correspond-

ing one-center energies are added. This figure is adapted from Ref. [33].

general idea of PAW method is schematically shown in Fig.
Within the framework of the PAW method, the all-electron orbital i, is represented by the

corresponding pseudo orbital ¢, via the linear transformation [30]
W) = 1) + D (18 = 18:) Bl (69)
u

where ¢, and ¢, are all-electron and pseudo partial waves, respectively. j, are the projectors,
which are dual to the @, ((pil$;) = &,;) within the argumentation sphere. The index u =
(R,,n,,l,,m,) is an abbreviation for the atomic site R,, the energy quantum number n, and
angular momentum numbers (/,,m,) characterizing the solution of the Schrodinger equation
for a reference atom.

The pseudo orbital i, can be expressed in terms of a plane wave expansion, while the radial
wave functions are calculated by solving the radial Schrodinger equation of a single atom for
each atom type within the core regions and stored on a radial grid [25,30,32]. Note that the
correction of the PS wave functions only applies within the core regions of the atoms €,, since
the PS wave functions coincide with the AE wave functions outside of the core region.

With Eq. (69), the transformation operator that restores the AE wave function is given by [32]

T=1+> (I8 = 18- (70)

u

It allows to calculate expectation values of quasi-local operator A. By quasi-local operator we
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mean that (r|Ajr’) = 0 holds if r # r’. Specifically,

(A) =D Al

nk

= > Fakad AW + "k dulAldy) = D punkBulAldy), 1)
JR%

nk v

A Al Al

where the Hermitian one-center density matrix p,,, is defined as

P = D I B P, (72)

nk

with f; being the occupancy for the states i/,,. The term A arises from the contribution of PS
wave functions. A! and A! are the contributions from AE and PS one centered partial waves,
respectively. The essential point that makes the PAW method so efficient is that the terms with
the PS wave functions ¢, (r) and the PS (AE) partial wave functions q?u (¢,) are set apart so
that mixed terms that involve |\J,x) and |<Z,,) (I$,)) are vanishing in calculating the expectation

value of quasi-local operator.
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3. DFT+U method

3.1. Introduction to DFT+U method

In DFT all the effects beyond the electrostatic interactions have been described by an approxi-
mate exchange and correlation functional such as LDA and GGA. However, these approximate
functionals do not exactly account for the exchange and correlation effects, leading to an incom-
plete cancellation of the electronic self-interaction contained in the density-density Coulomb
integrals. Therefore, LDA or GGA tend to over-delocalize valence electrons and over-stabilize
metallic ground states. In addition, exchange and correlation effects included in DFT are static
and mean-field-like, and orbitals are not treated individually. Thus, for systems containing a
partially filled d or f shell one obtains a partially-filled band with a metallic-type electronic
structure. All these errors lead to DFT’s dramatic failures in predicting the insulating character
of the so-called Mott insulator, where the insulating character of the ground state arises from
the strong Coulomb repulsions between electrons that prevail over the kinetic energy, forcing
the electrons to localize on atomic-like orbitals [34]]. For example, late transition metal oxides,
which are insulators, are inaccurately predicted to be metals by the LDA due to the lack of
exchange.

To rationalize the physics of correlated materials, the most simplest model is the Hubbard
model [35]]. In its simplest form, the one-band Hubbard Hamiltonian is given by

H=t Z (CiT,chJ?" + h.c.) + UZ Nianj |, (73)

()0 i
T

where (i, j) represents nearest-neighbor atomic sites. ¢; , and ¢, are, respectively, the creation
and annihilation operator for electrons of spin o on atomic site i. n;, = ngci,a is the number
operator.

Apparently, the Hubbard model includes two terms. The first term describes the electron
hoping from one atomic site to its neighbors with a hoping amplitude ¢ that is proportional to
the bandwidth of the valence bands. The second term, however, accounts for the electronic
Coulomb interactions of the opposite spins on the same atomic site. In normal materials, the
hopping term dominates (¢ > U), leading to an itinerant band picture, which could be described
well by DFT. In contrast, in the correlated materials the second term prevails so that electrons

cannot hop easily because a sufficient energy is required to overcome the large Coulomb re-

pulsion from other electrons on neighbor sites. In other words, the large Coulomb repulsion
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makes the electrons more localized, resulting in an insulating behavior. In the large U limit, the
Hubbard model gives an atomic-picture-like solution.

Motivated by the Hubbard model, DFT+U method was proposed [36539]. For a good review
of the DFT+U method, we refer to Ref. [40]. Also, we refer the interested readers to the chapter
4 of the book [41]], where one can find helpful discussions about the DFT+U method. As its
name implies, DFT+U is a method that adds the orbital-dependent Coulomb U and exchange
interactions J onto some localized states of the system, which are absent in DFT, so that the
delocalized states, which are itinerant, are treated by DFT only, whereas the localized states are
dealt with DFT+U. Due to the introduction of the on-site Coulomb U and exchange J correc-
tions on some localized states, the DFT+U method gives a qualitative improvement compared
to DFT, not only for excited-state properties such as energy gaps but also for ground-state prop-
erties such as magnetic moments and interatomic exchange parameters [40]. Also, the DFT+U
method gives a correct orbital polarization and a corresponding Jahn-Teller distortion as well
as polaron formation [40]]. In addition, the incorporation of U and J does not significantly in-
crease the computational effort compared to DFT, so that the DFT+U method become a popular
method to study the Mott insulators such as transition metal and rare-earth metal oxides, long-
ranged ordered magnetism and polaron physics [40]. In the following, a general introduction of

the DFT+U method is given.

3.2. Formulations of the DFT+U method

The general idea of the DFT+U method is to add the orbital-dependent Coulomb and exchanges
corrections onto the DFT, hence within the DFT+U framework the total energy of a system can

be expressed as [41]

Eprriulp(m)] = Epprlp(r)] + Egu [n%n,] - Edc[nla]’ (74)

where Eg,; 1s a term that contains electron-electron interactions as modeled in the Hubbard
Hamiltonian. It is a function of electron occupation numbers nﬁfn E .[n'“] is the so-called the
double counting term. Because in Eppr[p(r)] partial exchange-correlations have already been
taken into account, the interactions contained in DFT should be eliminated from the additive
Hubbard-like correction term EHub[n%,] to avoid double counting. The occupation numbers

n!”  is usually defined as projections of occupied Kohn-Sham orbitals (147, ) onto the states of a
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localized basis set (¢):
ney = Y SRR Weh), (75)
nk

where f7 is the Fermi-Dirac occupations of the KS states with n and k being the band and k
point indexes, respectively. Index m labels the localized states of the same atomic site /. It
should be noted that the choice of the localized basis set is not unique. They can be chosen
from either atomic orbitals or maximally localized Wannier functions [42,43]. Compared to
the Hubbard model in Eq. (73)), it can be clearly seen that the DFT+U method corresponds to
substituting the number operators appearing in Eq. with their (mean-field) average on the
occupied manifolds of the system.

Although the general energy functional of the DFT+U method has been given, there are many
flavors and implementations regarding the form of the Hubbard-like energy functional and the
double counting term. Anisimov et al. [37-39] first proposed an energy functional that uses the

on-site Coulomb interaction U

Eprrivlp()] = Eprr[p(r)] + Z Z n, n - Z —n'(n' - 1),

m,o#m’ o' (76)
EHub[nmm ] Eq4c [nl(r]
where n!7 are the diagonal elements of occupation number matrix, i.e., nl% = n/? and n' =

me M. With this in hands, Eq. can be simplified to

Eprriulp()] = Eprrlp(r)] + Z {Z Z £101-11 Z/-n] . (77)

Taking the variational derivative of the DFT+U energy functional Eppr.y[p(r)] with respect to

(¢! |, one obtains
o o 1 1 lo 1 1 o
Vprrol) = Vorrlygd + Y U (5 — )y )|¢m><¢m|wnk>. (78)
I,m

As evident from Eq. (78), the Hubbard-like potential [second term in Eq. (78)] is repulsive
for less than half-filled orbitals (n/9 < 1/2), whereas it is attractive for more than half-filled
orbitals (n/” > 1/2). This means that the DFT+U method favors the localization of electrons,
i.e., n!7 — 1 or n! — 0. For an occupied band, the energy is increased by U’/2, while for an
unoccupied band the energy is decreased by U’/2. Therefore, an energy gap appears with the
size of approximately U’, consistent with the picture of the Hubbard model.

Although the DFT+U formulation presented in Eq. captures the main essence of the

DFT+U method, it is not invariant under rotation of the atomic orbital basis set used to define
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mao?

the occupation of d states n, _, which produces an undesirable dependence of the results on the
specific choice of the localized basis set [41]]. To solve these problems, A. Liechtenstein and

coworkers [44] introduced a basis set independent formulation of DFT+U [41]].

1
I I- I I
EDFT+U[p(r)] = EDFT[p(r)] + 5 Z {lemsmmztnn?l-mznms;z; + (Vm1m3m2m4 - Vm1m3m4m2)nm01-m2nm03-m4}

mympymzmy,o,1
UI 1,1 ‘][ LT/, 1T Ll Il
+Z{7n(n = D= Z "M@ = 1+t - 1)

(79)
Here, the four-index super matrix V,, ,u,m,m, Tepresents the bare (unscreened) electron-electron

interaction, which is defined by [41]

le mymonmg — <ml ms | |m2m4 >60'1 L0 60'3 04 (80)

Ir—r|
with |m) being the spherical harmonics. V,,um,m, can be further expressed by Slater inte-
grals [41]
Vinimsmoms = Z ag(my, my, my, my)F¥, (81)
k
where 0 < k < 2/ (/ is the angular moment of the localized manifold; —/ < m < /) and factors a;

can be obtained as products of Clebsch-Gordan coefficients [4 1]
dn
a(my, ma, ms, my) = > ;k(lml |Yigllmo)ms| Yy, lima). (82)

For p electrons, only F° and F? are non-vanishing. For d electrons, apart from F° and F?, F* is
required, too. For f electrons, F°,F?, F* and F® are all required [41]]. However, in practice these
integrals are often treated as parameters, i.e., adjusted to reach agreement with experiments in
terms of equilibrium volume, magnetic moment, or band gap. They are normally specified in
terms of an effective on-site Coulomb and exchange parameters, U and J. Taking d electrons

for instance

1
U = —— memm :FO
21+ 1)2 m;z 1 (83)
1 F?>+ F*
= AT s Viimomom, = ———, 84
2121+ 1) ml;tml HR 14 (84)

assuming F*/F? has the same value as in an isolated atom (this value is 0.625 in VASP). Usually,
U and J are extracted from constrained-LDA [45] or the constrained random phase approxima-

tion (cRPA) [46,47].
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However, in most cases, a much simpler expression of the Hubbard correction (Ey,;), intro-

duced by Dudarev et al. [48]], is actually used and implemented

Eprrsulp®)] =Eprrlp()] + Enulnto,] = Ez[n'7]

UI _ JI UI _ JI
=Eprrlp()] + Z > | @) - Z,“ Tr[(n)*]| - Z —5 @ = 1)
UI _ J[
=Eprrlp(r)] + ) ———Trn'(1 ~n"")].
1,0

(85)
Here, Tr represents the trace of the matrix. It was claimed [48] that Eq. (85) bridges the
orbital-dependent formulation by Anisimov et al. [38] [Eq. (76)] with the rotationally invariant
functional proposed by Liechtenstein ef al. [Eq. (79)], retaining the simplicity of the former and
the covariant character of the latter. It should be noted that in Dudarev’s approach the parameters
U and J do not enter separately, only the difference (U — J) is meaningful. The matrix of the
one-electron potential is given by the derivative of Eq. with respect to occupation number
matrix /7
WVorraly = S22 - OZ0IL (gt (35— i) (86)

Io Io Ji
6nij 5nl.j

3.3. Double counting

It should be noted that in the above formulations of the DFT+U total energy functional, the
so-called “fully localized limit” (FLL) [40]] double counting was employed. In this limit, Bloch
states are assumed to be localized atomic states. Since DFT (LDA or GGA) treats the Hartree
term exact for filled shells, there should be no corrections to the energy. Therefore, FLL uses the
form of Ey,,;, for filled shells and also shells with other fillings as the double counting correction.
The main effect of FLL is to decrease the energy of states that are more than half-filled, but
increase the energy of states that are less than half-filled, yielding the energy difference of
U.s = U — J between occupied and unoccupied states. However, FLL will do nothing for
the cases without spin symmetry breaking or orbital polarization. In addition, FLL has no
correction to the total energy for completely closed/empty shells, but changes their density of
states. For instance, even fully closed or empty states experience a shift, which is, however,
purely a double counting artifact.

Another most often used double counting form is “around mean field” (AMF) [37], which

assumes that DFT obtains a mean field solution of the Hubbard term E,;,. Therefore, AMF uses
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the form of Ey,, with the average filling n’” = ﬁ 1 as the double counting correction.

The resulting DFT+U potential is given as:

Vorrolt) = Vorrly) + Y U' (117 = nl? ) 161,00 0. (87)

Lm
In contrast to the DFT+U potential with the FLL double counting correction in Eq. (78),
Eq. uses the average filling n/” instead of half filling % The resulting effect of AMF is
to push down the energy of states that are more than filled on average n!”, but push up the
energy of states that are less than filled on average n'”. Thus, the “reference point” for energy
shift in AMF is the average orbital occupation instead of half filling % in FLL. Compared with
FLL, the effect of such shifts is usually smaller since the “reference point” is the average filling.
Since the form of the exchange-correlation functional in DFT is unknown, which kind of double
counting correction is more correct and should be used in realistic calculations is not known a
priori. One should carefully double-check the results, whether the double counting corrections

are important.

3.4. Some remarks on the DFT+U method

Due to the on-site U correction to the localized states on which the electrons are localized,
electrons with opposite spins would prefer to occupy different sites. In terms of the one-band
Hubbard model, the lower and upper Hubbard bands form due to the introduction of U. The
Mott gap formed between the lower and upper Hubbard bands increases as the U increases.
Therefore, the DFT+U method can give a very good description of Mott physics. The electrons
with U corrections are localized so that ordered magnetic states and polarons can be described
as well. In addition, DFT+U is as fast as DFT, which promotes its great applications in large
systems such as ab initio studies of surfaces and defects in transition metal oxides.

Although the DFT+U method describes well the Mott insulating states in the limit of strong
localization and band gaps with a reasonable U parameter, it works well only if the states above
and below the Fermi energy are all localized d or f states. However, often the valence bands
are made up by O-2p states and then the DFT+U method fails. In addition, it is a intrinsically
static and mean-field-like method, so that it cannot capture multideterminantal features such
as the transfer of the spectral weights and correlated metals. Thus, for systems with partially

filled 3d shells which are inherent metals, for instance, transition metals, the DFT+U method
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often produces nonphysical results since it splits the partially filled bands. Even though the U
and J parameters could in principle be calculated by the constrained-LDA or cRPA, in practice,
they are often adjusted to reach agreement with experiment in terms of equilibrium volume,
magnetic moment, or band gap. Moreover, the existing implementations employ effective in-
teraction parameters that correspond to atomically averaged quantities and are not individual
orbital dependent. Furthermore, due to the lack of a precise diagrammatic representation of
the DFT total energy, the so-called double counting term occurring in the DFT+U functional is
not uniquely defined. For instance, using the FLL double counting would induce an unphysical
shift for empty states even in 4d° or 5f° transition metal oxides. Despite the above-mentioned
disadvantages of the DFT+U method, it is still widely used because of its efficiency, and it is
often used to compare to other more expensive and accurate methods, such as hybrid functionals

and dynamical mean field theory.
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Figure 4: The total energy with respect to the number of electrons for the LDA, HF, and HSE

for a SigHy cluster. The dotted straight lines denote the ideal exact solutions. This

figure is adapted from Ref [[15]].
4. Hybrid functional approach

4.1. Introduction to hybrid functional approach

It has been shown [10,/49] from ensemble arguments that the total energy should be linear
between integer numbers of electrons. Unfortunately, all the usual approximations fail for this
property. Hartree-Fock calculation yields a concave behavior lying above the ideal straight line,
whereas LDA underestimates the discontinuities at integer numbers, yielding a convex behavior
below the ideal straight line, as shown in Fig. @ This results in the localization error of HF and
delocalization error of LDA or GGA. LDA or GGA lower the energy in spreading electrons out
so that a fractional number of electrons is preferred. Instead, HF find it energetically favorable to
localize electrons so that they integrate to an integer [S0,51]. The localization error of HF stems
from the fact that the HF approximation completely neglects the correlations of the electrons,
thus overestimating the band gap. Due to the delocalization error of LDA or GGA, the electron
density artificially spreads out because delocalization reduces the spurious self-repulsion of
electrons. This gives rise to an inaccurate estimation of the ionization energy and the electron
affinity, resulting in an underestimation of band gaps, see Fig. [5|for comparison between HF and
DFT in the band gap predictions. Since the HF approximation overestimates the band gap, while
KS-DFT underestimates it, it would be expected that the combination of two methods might

improve the band gap. Indeed, inclusion of partial exact exchange not only yields better band
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Figure 6: Comparison between computed (PBE, PBEO and HSE) and experimental band gaps.
This figure is taken from Ref. [57].

gaps (see Fig.[6]), but also improves the description of the lattice constants, cohesive energies and
electronic structures [52,53]. In the following, a general introduction to the hybrid functionals
approach will be given. For a more detailed discussion on hybrid functional approach, we
refer to the reviews by Benjamin et al. [54] and Franchini [S5] and chapter 15 of the book by
Franchini [56]).
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4.2. Formulations of hybrid functional approach

In order to combine HF and DFT, starting from the adiabatic connection formula, Becke [58]]
first proposed a half-half hybrid functional

i 1 1
ERP = EEQF + EEQgT. (88)

Afterwards, he introduced a practical parametric hybrid functional termed as B3LYP [59,60],
which includes exact exchange and LDA- and GGA-corrected exchange and correlation and
becomes very popular in the quantum chemistry. The B3LYP incorporates only 20% of the

exact HF exchange and has the form
EXP = ERPA + o (EXT — EXPY) + an(ESOY — EXPY) + ap(ESCA — EEPY), (89)

where the three mixing parameters a; = 0.20, a; = 0.72, and a3 = 0.71 are determined by fit-
ting experimental atomization energies, electron and proton affinities, and ionization potentials
of the molecules in Poples G1 data set [59,60]. Although the B3LYP has been successfully
used for atomic and molecular calculations, its applications to periodic systems is not that sat-
isfactory. For instance, for the free-electron gas the B3LYP functional does not reproduce the
correct exchange-correlation energy [56].

For solid-state applications, a more appropriate hybrid functional is PBEO, which was pro-

posed by Perdew, Burke, and Ernzerhof [61]]
EPBRO = GE 4 (1 - q)ED'T 4+ EDFT, (90)

where the parameter @« = 1/4 was suggested, which yields the best atomization energies of
typical molecules [61]]. PBEO reproduces the homogeneous electron gas limit and significantly
outperforms B3LYP in solids, in particular in systems with itinerant characters such as metals
and small-gap semiconductors [62].

However, calculating the long-range (LR) exchange interactions in PBEO can be computa-
tionally very demanding, and particularly difficult for metals where a dense k point sampling
is required, resulting in very slow convergence [62,/63]. To address this issue, Heyd, Scuseria,
and Ernzerhof [64] suggested a hybrid functional where the exchange interaction is split into a
short-range (SR) and LR part

1 erfe(ulr — 1)) N erf(ulr — r’|)
r-r|  |r—r| Ir — r'|

: oD

SR LR
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where u defines the characteristic length of the SR exchange interaction [65-67]. Now only

HF,SR
EHES

the SR exchange part is evaluated by mixing the HF and PBE exchange energies and

EYBESR whereas the correlation energy and the LR exchange part are calculated using the PBE

functionals EPBF and Ej 'R

EE = aB PR+ (1 - 0B w) + EPF + EPER ). (92)

From Eq. (92) it can be seen that the HSE functional can be tuned by controlling two parameters:
the proportion of the exact exchange a and the boundary between the SR and LR interaction
region u. For @ = 1/4 and u — oo, the HSE functional reduces to PBE, and for @ = 1/4 and
u = 0, the HSE functional is equivalent to the PBEO functional. To achieve a good compromise
between computational effort and accuracy, @ = 1/4 and u = 0.2 A~! were suggested [63}64].
Due to the split of the exchange interaction, HSE is much faster to compute compared to PBEO

without loss of accuracy.

4.3. Some remarks on HSE

Since the exact exchange energy shows a negative curvature with respect to the number of
electrons, which could partially cancel the positive curvature appearing in LDA or GGA and
thus reduce the self-interaction error, HSE has been successfully and intensively applied to
many kinds of systems in terms of crystal structure, cohesive energy and bulk moduli [63]],
electronic structures [55(68]], and phone spectra [[69]]. Nevertheless, HSE is not entirely self-
interaction-free, see Fig. [l In addition, it is still limited to small systems due to its relatively
heavy computational cost, which scales quadratically with the number of k points. Furthermore,
there are two empirical adjustable parameters (the proportion of the exact exchange «, and the
boundary between the SR and LR interaction regime u) that could be tuned, and hence it is
not ab initio, despite the fact that the commonly used a=1/4 and u = 0.2 yield satisfactory
results for many systems. However, these two parameters are in principle system dependent.
Since HSE in some sense is related to the GW approximation, it was suggested that the optimal
parameter « is approximately equal to the inverse of infinite dielectric constant, i.e., @ = 1/é
[56]. Still, e, has to be calculated before the HSE calculations. In the next section, the GW

approximation will be introduced.
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5. GW approximation

5.1. Band gap problem

The infamous band gap problem typically arises from the derivative discontinuity of the exact
exchange correlation functional, which occurs when the number of electrons is increased from

N.—gto N, + ¢ [11]

OEy . OFE

C = tim 22xlnll gy OBl 93)
e-0t on(r) |, &0 on(r) |, .

Thus, the band gap should be calculated by means of
E, = ecem(N.) — evpm(Ne) + C, 94)

where CBM and VBM indicate the conduction band minimum and valence band maximum,
respectively. However, existing approximate functionals such as LDA or GGA lack any such
derivative discontinuity and thus fail to describe the electron addition and removal process. They
also do not allow to determine C, leading to an underestimation of the band gaps compared
to the exact ones [13]. On the other hand, the band gap refers to excited states, but DFT is
just a ground state theory and there is no formal justification to interpret DFT eigenvalues as
quasiparticle (QP) energies. Actually, the DFT eigenvalues are just Lagrange multipliers in
obtaining the KS equation by the variational principle.

The DFT+U method is, however, designed for systems with localized states split by the
Coulomb repulsion, forming the upper and lower Hubbard bands. Though in some cases, U is
adjusted to match the experimental gap, it is still limited to a one-electron single-determinant
picture and cannot be expected to correct for inherent shortcomings of LDA or GGA, i.e., the
lack of a derivative discontinuity in the exchange correlation functional. In addition, applica-
tions to transition metals would lead to unreasonable results. Due to the introduction of the exact
exchange, the HSE approach in general improves the agreement with experiments not only in
ground state properties (lattice constants and cohesive energies), but also in excited state prop-
erties such as band gaps and photoemission spectra. However, it is not ab initio because there
are two empirical parameters that can be tuned to yield good agreement with experiments. Fur-
thermore, it is still a single-determinant (mean-field) method, that by construction lacks any
fluctuations.

The GW approximation to the exchange correlation is derived systematically from many-

body perturbation theory. The form of the self-energy in the GW approximation is similar as
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in the HF approximation but the Coulomb interaction is dynamically screened, remedying the
most serious deficiency of the HF approximation. The GW approximation of Hedin [70,/71]
has been widely and successfully applied to the calculations of QP energies for many kind of
systems (for reviews see Refs. [[13,(72,(73]]), because it provides a good approximation for the
electron’s self-energy by including many-body effects in the electron-electron interaction. This
is achieved by screening the bare exchange interaction with the inverse frequency-dependent
dielectric function. The self-energy in the GW approximation is therefore non-local and energy
dependent. It is found that the QP band structures obtained from the GW approximation agree
well with the spectra measured from direct photoemission (PES) and inverse photoemission
(IPES). In the following, starting from the introduction of photoemission spectroscopy, 1 will
introduce the one particle Green’s function, Dyson equation and Hedin equations, and then
give an exhaustive formulation of the GW approximation followed by an overview of existing

practical implementations.

5.2. Photoemission spectroscopy and quasiparticle

Fig.[/|shows the process of direct photoemission (PES) and inverse photoemission (IPES) spec-
troscopy. In PES, an incident beam of photons with an energy of Av hits the surface of the
material and kicks electrons out from occupied bands to the vacuum level with remaining ki-
netic energy Ey,, i.e., PES is a ’photon-in-electron-out’ process. By measuring the kinetic
energy Ey;, of emitted electrons and using the energy conservation, one can obtain the energy

levels for the occupied band
Ezcc = Ekin — hv. (95)

In the process of IPES, a beam of electrons with a kinetic energy Ey;, hits the material and the
impinging electrons relax into unoccupied states by emitting photons with energy hv, i.e., IPES
is a ’electron-in-photon-out’ process. Again, by measuring the energy of emitted photons hv

and using the energy conservation, one can obtain the energy levels for the unoccupied band
E}l;nocc = Ekin — hv. (96)

In theory, the measured PES and IPES spectra can be explained by the total density of states

D(w), which can be calculated by integrating the spectral function A,x(w)

Q
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Figure 7: Schematic representation of direct photoemission (PES) and inverse photoemission
(IPES) spectroscopy. IE and EA represent the ionization energy and electron affinity,
respectively. HOMO and LUMO denote quasiparticle energies of the highest occu-
pied orbital and lowest unoccupied orbital, respectively. Ey,. is the vacuum level, Er
the Fermi energy and ¢ the work function of the material. Blue and red colors repre-
sent the occupied and unoccupied states, which can be measured by PES and IPES,

respectively. This picture is adapted from Ref. .

For the non-interacting case, such as DFT, the spectral function is just a delta function and thus

D(w) reduces to

D(w) = Z (22)3 fB ) dkd(e — €). (98)

where €, are the DFT eigenvalues. However, for the interacting case, as an electron propagates,
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Figure 8: (a) Schematic representation of the spectral function A,k (w) for a non-interacting and
interacting many-body system. The QP energy is Ex = Ex + il with E, and T
being the position and width of the QP peak, respectively. Z, is the renormalization
factor (spectral weight), which can be related to the norm of the QP peak (shaded
area) and is a measure of the degree of correlation. Aiﬁf"(a)) is the incoherent part of
the spectral function. Due to the existence of the incoherent part in the interacting
system, Z, is thus always less than unity. For the non-interacting system, however,
Z,x 1s always unity. u is the chemical potential. Schematic view of k-resolved spec-
tral functions measured by angle-resolved photoemission spectroscopies (ARPES) for
(b) normal (nearly non-interacting or weakly interacting) and (c) interacting (corre-
lated electron) materials. Here, only one band is shown. This figure is adapted from

Refs. [[13]] and [56].

the other electrons surrounding it would try to be far away due to the electron-electron Coulomb
repulsions, leaving a positively charged polarization cloud (holes) around the electron. This
electron and nearby holes form a quasiparticle which interacts weakly with other quasiparticles
via a screened rather than bare Coulomb interaction. In contrast to the non-interacting bare
particle, the quasiparticle has a finite lifetime. The energy difference between the quasiparticle
and bare particle is described by the self-energy. According to the Fermi-liquid theory, the
spectral function follows a Lorentzian energy distribution [13]]

an 1—‘nk

Ap(w) =
K@) = O TR 2,

+ AN (w), 99)

where E,x and I’ are the position and width of the QP peak, respectively. In other words, the
pole of the self-energy is E.x = E,x + il x. The lifetime of the quasiparticle is given by 1/T .

Thus, the smaller I, is, the longer the quasiparticle lives and the sharper the corresponding QP
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peak in spectral function A,x(w). Z, is the renormalization factor, which can be related to the
norm of the corresponding QP peak and is a measure of the degree of correlation. AL‘}{C"(w) is
the incoherent part of the spectral function. It should be noted that spectral function is positive
definite and normalized to unity. Due to the existence of the incoherent part in the interacting
system, Z,x is thus always less than unity. For a deeper understanding of the physical meaning
of the spectral function, see Fig. [§(a). Actually, the k-resolved spectral function A,x(w) can
be measured by angle-resolved photoemission spectroscopy (ARPES), see Fig. [§[(b) and (c) for
the k-resolved spectral function of weakly and strongly interacting systems, respectively. For
weakly interacting systems, the spectral function for each angular momentum k and band looks
a bit like broadened a delta function, which clearly can be described by a single-particle theory,
such as DFT, whereas for strongly interacting systems, such as correlated materials, apart from
the sharp QP peak, the spectral function also shows some Hubbard-like band feature due to
the electron-electron interactions and incoherent feature caused for instance by interacting with
plasmons. For a better description of interacting systems, more accurate theories beyond single-

particle theory, such as the GW approximation and dynamical mean field theory, are required.

5.3. One particle Green’s function
5.3.1. Definition of the one particle Green’s function

In order to describe the photoelectron spectra measured in PES and IPES experiments, a quan-
tity that describes the propagation of a hole or an added electron is needed. A suitable quantity
is the one-particle Green’s function, which describes how one extra electron/hole propagates
through the system. In an N-electron system at ground state ¢, the one particle time-ordered

Green’s function G is defined as [72}/75./76]

G(r,1,x',1') = = il TP, " (', ') o)
== i0(t = 1) Wol Y (e, O (', ) o) (100)
+ 10" = 1) (ol ' (' 1), 1) o).
Here, T is the time-ordering operator, which has the effect of ordering the operator in such a way
that the largest time is always on the left. The creation field operator §'(r, ) = ™)' (r)e™ ™

and the destruction field operator J(r, ) = e™j(r)e~™ are defined in the Heisenberg picture.

Thus, for ¢ < ¢, G(r,t,1’,t’) is the probability amplitude of creating an electron at (r’,¢") and
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finding it later at (r, f), whereas for ¢ < ¢’, it describes the probability amplitude of creating a
hole at (r, ) and finding it later at (r’, #’). From the one-particle Green’s function, it is possible

to calculate [[72,/76]:
1. The expectation value of any single-particle operator in the ground state.
In the second-quantization framework, a single-particle operator A can be expressed as
A= f drdx’dtdt' 5t — ' (x, )J(x, t, ¥, W', 1), (101)
where J(r, 1,1, ) is the amplitude of operator A. The ground-state expectation value is then
given by

A = WYIAWYY = f drdr’dtdt 5t — t)J (v, t, v, YW W (x, O, )l
(102)
= - f drdv’drd? §(t' — t)J(x, t, ¥, )WY ITH , O (r, Dy,

where * = t + i with n being a positive infinitesimal, which is introduced because of the time-
ordering operator T. |y} is the ground state of N electrons. Inserting Eq. (100} into Eq. (102),

one obtains
A= WAy = —i f drdv’ didt’' 5(1' — t)J(r,t,x', )G, 1,1, 1). (103)

Now it is clear from Eq. (103) that the ground-state expectation value of any single-particle

operator can be calculated by the one-particle Green’s function. Take the density operator
y = f drdr’ dtdt’ 6(t' — ' (x, H6(r — r(r’, 1) (104)
for instance, the total density reads

p=-1i f drdr’didr’ 5(f' — to(r' — )G/, ¢, r,1)
(105)
:—ifdrdtG(r, f,r,1).

2. The ground state energy.

Galitskii-Migdal formula [77] states that the ground-state energy is a function of the one-particle

Greens function only

i 0
Eyt = —% ; O fdr gl_r{lr th_)r% (15 + ho(r)) G(r,t,x', 1), (106)
where o represents the spin and hy(r) = —V?/2 + V.(r) is the non-interacting one-particle

Hamiltonian.
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3. The single-particle excitation spectrum.

From the one-particle Green’s function, it is also possible to calculate the single-particle ex-
citation spectrum, i.e., QP band structure, by solving the QP equation, that we are going to
introduce below.

It should be noted that here we just give the definition of the zero temperature time-ordering
equilibrium Greens functions. It is also possible to define advanced and retarded Green’s func-
tions. For a finite temperature case, imaginary time Green’s function (or Matsubara frequency
Green’s function) should be employed. For the definition of the finite temperature Green’s
functions, we refer the interested readers to the book written by Richard D. Mattuck [[78]]. In
addition, we want to stress that despite its powerfulness of one-particle Green’s function in
explaining the photoemission spectroscopy, which itself is the one-particle (electron or hole)
prorogation process, it cannot be used for explaining the absorption spectra, since one-particle
Green’s function is only a one-particle theory and hence does not describe the electron-hole
interactions that need a two-particle description. To describe the propagation of electron and
hole at the same time, two-particle Green’s functions and solving the Bethe-Salpeter equation

(BSE) are required [[73]].

5.3.2. Spectral representation of the Green’s function

Using the fact that

o', = MPire™ (107)
d(r,t) = eMg(r)e ™, (108)
and
Hiy) <"y = EV*'ly)*") (109)
Hiy)) = EJlyy), (110)
we obtain
WA, DNy = W D)=y D (111)
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Inserting a complete set of N + 1 particle eigenstates Y, [y *")y*!| into the one-particle

Green’s function Eq. (I00), we obtain the spectral representation of the Green’s function [[79]

Gr. ', 1,0) = =IO — 1) ) (Wi T DEWAT YN ) e B -ED)
- " R e (112)
+iO(t — 1) Z(%ﬂ ¢'I'(r')|wr1:/—1><wnN—1|w(r) ng)e—z(EO —Ey D@1

Since the Green’s function depends only on the time difference 7 = ¢ — #/, we can Fourier

transform G(r, r’, 7) to the frequency domain

, W@ N () [
Grr.w) =), w— (ENT —EM) + i

(113)

Wyl W(l")llﬂf D ) g
" Z —(EN-'—ENy-in

Here, 1 is a positive infinitesimal number derived from a contour integration [[79]]. In the com-

plex plane, it shifts the occupied states a little bit over the real axis and the unoccupied states a

little bit under the real axis, see Fig. 0] In deriving Eq. (IT3), we have used the identity [79]

+00 .
f dr e e T O(4T) = £ ————. (114)

o w-€tin

Let us consider the energy terms appearing at the denominators. They can be rewritten as

EV'—E) = (EM - EV"Y+(E)T - EY) (115)
Erllv+l /1N+]

E)-EN" = (Ef -E/"hH-(EN'-E)). (116)
Iv‘N 671'\/—1

N+1

Here, the chemical potential 4" represents the minimum energy needed to add one electron

to a system of N electrons, which is the electron affinity (EA), whereas the chemical potential
u" represents the minimum energy needed to remove one electron (add a hole) to a system of

N electrons, which is the ionization energy (IE). It can be shown that IE < EA. If we define
E, = EA - 1IE, (117)

we obtain that E, is always positive definite. In a solid, we define the chemical potential u such

that

IE <u <EA (118)
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Figure 9: The poles of one-particle Green’s function. This picture is adapted from Ref. [80].

holds. In the thermodynamic limit (N, Q — oo, with Q/N=constant), we can distinguish metal-

lic and insulating systems:

metallic systems IE~u~EAE, =0 (119)

insulating systems IE<u<EAE, >0 (120)

Now, we may define the excitation energies of the system

EN*' - E) for € >pu
€& = , (121)
EY - EN! for € <p

and Lehman amplitudes

: (122)

s - {wmt&(rw% & > 1

Wy WO ) € < p

With these, we finally obtain the Lehman representation of the one-particle Green’s function

ot o) $n(r)$,,(r") 123
(r’r’w)_Zn:w—e,,+insgn(en—u)' (123)

It can be seen from Eq. (123) that the poles of the Green’s function are the exact excitation

energies of the N =+ 1 electrons, see Fig. 9]

The one-particle Green’s function can also be cast into the so-called spectral representation

L A ’ ’ 00 A / ’
Gr,r',w) = f doy AT f do AT ) (124)
oo w-—w —In p w—w +in
where
A w) = ) 60w = &) (125)
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is the spectral function of the system. By applying the identity [79]
1

wtin

1
= P— Finé(w) (126)
w
to Eq. (123)), we obtain the relationship between the spectral function and the Green’s function
1
A(r, v, w) = —— ImG(r,r’, w) sgn(w — p). (127)
Vs

As discussed before, the spectral function is of significant importance, since it can be directly
compared to the spectra measured by photoemission spectroscopy. It should be mentioned that

the spectral function satisfy the so-called “sum rule”

f ) dwA(r, Y, w) = 6(r —1’), (128)
because of
f " dwA T w) = f o D 406w — &)
= ) 5D x)

= > WO @ ) + > w1 O el o)

=W @), " ()]s lvy))
=6(r - r’).
(129)
In deriving Eq. (129), we have used the definitions of Lehman amplitudes in Eq. (122)), the
completeness of sets {|/V*1)} and {|y/¥~")}, and anticommutation rule of field operators. Second,
if we integrate the spectral function A(r, r’, w) with respect to w up to Fermi level u, one obtains

the density matrix

L
p(r,x’) = f A(r, 1, w) = Wi I ()l ). (130)

(%)

For the non-interacting cases, the Lehman amplitudes are replaced by the one-particle wave-

functions ¥, and excitation energies are replaced by one-particle eigenvalues €, satisfying

Hol//n = Enl//n- (131)
The non-interacting Green’s function is then given by

¢ Yn(), (') vaoce oy, (), (r")
—_—+

Go(r, ¥, w) = ) (132)

w-€=in —ow-g+in
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where ¢, is measured with respect to the chemical potential u. It should be noted that which kind
of system is assumed as the non-interacting system depends on the problem under consideration.

Most often the KS system is taken as the non-interacting reference.

5.4. Dyson equation and quasiparticle equation

For an interacting system, the one particle Green’s function can be expressed in terms of so-
called QP orbitals ¢,, and QP energies E,, if the QP orbitals are complete [|13]]

Y (0, (')

G(r,r',w) = 5
w— Ly,

(133)

In contrast to a non-interacting system, the QP energies of an interacting system are complex
with real and imaginary parts that give the positions and widths of the QP peaks, respectively
[see Fig.[/(a)]. The imaginary parts of the QP energies are further inverse proportional to
the lifetime of the quasiparticles. For the non-interacting case, the spectral function is a delta
function with an infinitesimal small width of QP peak and thus infinite lifetime. The time-

dependent interacting Green’s function G is given by the so-called Dyson equation [13]
G(r,r',w) = Go(r,r', w) + f dry dry Go(r, 11, w)X(r), 12, )G (2, 1, ), (134)

where X is the irreducible self-energy, which defines the general differences between interacting
and non-interacting systems. The self-energy comes from the interpretation that the bare particle
interacts with the many-body system, creating the cloud, and the cloud in turn reacts back on the
particle, disturbing its motion. Hence, the particle is, in a sense, interacting with itself via the
many-body system and changing its own energy [78]. Diagrammatically, the Dyson equation

reads

z
—t_0po e b—ips - (135)

Here, we used double particle lines in Eq. (135) to indicate interacting Green’s functions G. If

H, = —%Vz(r) + Vexe(r) 1s assumed as the the non-interacting Hamiltonian, then the irreducible

: ?+&+8+W+... . (136)

self-energy X reads [70]
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However, if the Hartree Hamiltonian H, = —%Vz(r) + Veu(r) + Vy(r) is assumed as the the

non-interacting Hamiltonian, the irreducible self-energy become

:C:f@*m*”' . (137)

Here, % is the non-local part of the self-energy. Similarly, if the Hartree-Fock Hamiltonian
Hy = —%Vz(r) + Vext(r) + Vi(r) + Vi(r) is assumed as the the non-interacting Hamiltonian, then

the irreducible self-energy become

:8+%+'” . (138)

Furthermore, if the DFT Hamiltonian H, = —%Vz(r) + Vext(r) + Vu(r) + Vi (1) is assumed as the

the non-interacting Hamiltonian, the irreducible self-energy X becomes
2=2%¢— Vi (139)

Plugging the spectral representations of the Green’s function Eq. (I33)) into the Dyson equa-

tion, the QP equation is obtained [13]]

| - %V%r) + Vext(r) + V(D) | () + f dr' T (v, ¥, E) (X) = Egp(r).  (140)

The QP equation looks similar to the KS equation in Eq. (7). However, the exchange and
correlation effects are now included through the self energy X,. instead of V,.. It turns out
that the quasiparticle orbitals y,(r) and energies E, can be obtained solving the QP equation
[70,/81,82]]. Since the self-energy is non-local, non-Hermitian and frequency-dependent, direct
solution of the QP equation without any further approximations is not possible. One of the
good approximations is the GW approximation, where the electron-electron interactions are
described by the screened Coulomb interaction W instead of the bare Coulomb interaction. It
turns out that the GW approximation not only gives a better description of band gaps, but also
describes the electronic structure of many weakly correlated materials reasonably well. In the
following, I will first show the Hedin’s equations and then the GW approximation followed by

its practical implementations.
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5.5. Hedin equations

In principle, the exact self-energy can be obtained from a closed set the so-called Hedin equa-

tions [[70]:

G(1,2) = Go(1,2)+ f d3d4Go(1, 3)Z,(3,4)G(4,2)
Te(1,2) = ifdl’dZ’ G(I',2)W(2',2I(2',2'; 1,1
W(l,2) = v(1,2)+fd1’d2’ v(L, 1) (1,2)YW(2',2)
x(1,2) = —ifdl’d2’ I(1,1;1,2)G(2,1)G(2',2)

ra,2;3,4) = F°(1,2;3,4)+fd(l’)---d(6’)F°(1,2;3’,4’)1(3’,4’;5’,6’)

x G(1',5)G(6',2)I(1",2';3,4)
1(1,2;3,4) = %, r(1,2;3,4) = 6(1,3)5(2,4).

(141)
(142)
(143)
(144)

(145)

(146)

Here, X,. is the non-local part of the irreducible self-energy, G (Gy) the interacting (non-

interacting) Green’s function, W the screened Coulomb interaction, y the irreducible polar-

izability, v bare Coulomb interaction, I" the vertex correction, and / the scattering amplitude.

Note that in deriving Eqs. (141H146) the following notations

1
0(1,2)
v(1,2)

fdl

l+

(rbtl)’ 2= (rZ’ tZ)

o(ry,12)0(t1, 1)
1

V(rlarZ)é(tl’ tl)’ V(r],rz) = |r " |
1 — 12

+00
fdrl f dh

(ri,ti+m), n=0"

are used. The corresponding Feynman diagrams read:
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Figure 10: (a) Schematic representation of the iterative determination of the self-energy X using
Hedin’s equations Eqs. (I4IHI46). (b) Schematic representation of the iterative
determination of the self-energy X in the GW approximation. See the main text for

the details. This figure is adapted from from Ref. [13]].

1 3

I'(1,2;3,4) = % (157)

2 4

3
I(1,1:3,4) = T(1;3,4) = 1% .
4

Here, double straight lines represent the interacting Green’s function, while double wiggly lines

(158)

denote the dressed (screened) Coulomb interaction. Although the compact structure of the
Hedin’s equations is appealing, a full solution remains a formidable challenge, since they are
coupled to each other. Fig. [10[a) shows the Hedin’s algorithm to solve the set of equations
for I', y, W, £ and G self-consistently. Specifically, starting from the non-interacting Green’s
function G, (GH*®), the vertex correction I' is calculated by Egs. . Afterwards, the
polarizability y is calculated by Eq. (144). Screened Coulomb interaction W is then calculated
by Eq. (I43). After W is obtained, self-energy X is calculated by Eq. (142)). With this self-
energy, the interacting Green’s function G is obtained by solving the Dyson equation Eq. (I41).

This procedure is repeated until the self-consistence is achieved.

5.6. GW approximation

Although in theory the exact self-energy can be obtained from a closed set of Hedin equations

as introduced above, the calculations are extremely prohibitive without further approximations.
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The GW approximation, which neglects vertex corrections in the irreducible self-energy and po-
larizability, provides a good approximation for the self-energy by including many-body effects
in the electron-electron interaction. It can be regarded as a generalization of the Hartrre-Fock
approximation. Apart from Hartrre and Fock terms, the GW approximation also accounts for
the correlated self-energy, which is frequency dependent. Without the vertex corrections, the

Dyson-equation shown in Eq. and Hedin equations shown in Eqs. (141H146) reduce to

G(r,r',t) = Gor,r, 0+ f dr, dr, Gy(r,r,, )2V (r), 12, DGy, ¥, 1) (159)
W, r',f) = —iG(r,r, )G, r,—t) (160)
W(r,r',t) = v(r,r’)+fdrldr2v(r,rl))(GW(rl,rz,t)W(rZ,r’,t) (161)
2V, v, = iGa,r,HW(r,r,1). (162)

Here, v(r,r’) = 1/|r — r’| is the bare Coulomb interaction kernel. The corresponding Feynman

diagrams read

GW
—b=o_0bo | o> (163)

@ © (164)
AL = e~ e + MOW (165)
2 @ (166)

Fig. [I0(b) shows the schematic representation of the iterative determination of the self-

energy X in the GW approximation. Similar to Hedin’s algorithm, in order to achieve the self-
consistency, the following procedure should be performed. Starting from the non-interacting
Green’s function G (GH#®), one then calculates the polarizability y by Eq. . Screened
Coulomb interaction W is calculated by Eq. (I6I). After W is obtained, self-energy X is cal-
culated by Eq. (162)). With this self-energy, the interacting Green’s function G is obtained by
solving the Dyson equation Eq. (I59). This procedure is repeated until the self-consistence is

achieved.

5.7. GW implementation in practice

Although the QP energies can be in principle elegantly calculated by a self-consistent solution of
Eqgs. (I59[{162)), in practice, none of the publicly available computer codes allow for such a fully

self-consistent solution for technical reasons: since the one-particle Green’s function G(r, r’, r —
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t") depends on the time difference 7 —¢’, the accurate discretization in time is challenging [15]]. In
fact, all the available GW implementations restrict the Green’s function to an “non-interacting”

form

O vy = Y — WO (167)

w— 6,?P + insign(e,?P )

n

where € are the QP energies, 17 is a positive infinitesimal and y is the Fermi energy. However,

Y, (r) are the normalized eigenfunctions of some Hermitian one-particle Hamiltonian (usually
DFT Kohn-Sham Hamiltonian). It is clear from Eq. that the QP energies can be easily
identified as poles of the Green’s function, so that the band gap is simply given as the energy
difference between the energy of the lowest unoccupied and highest occupied quasiparticle [[15].
This is a good approximation only if the DFT Kohn-Sham orbitals are close to the exact QP
orbitals. This is so for most cases [|83]].

If the DFT Kohn-Sham Hamiltonian is taken as the one-particle Hamiltonian in Eq.
and we assume that the DFT Kohn-Sham orbitals are close to the exact QP orbitals, we will

obtain an another simple approximate QP equation
&2 = Re [(WlT + Vex + Vir + Zue(eZN M) | (168)

where . is the non-local part of GW self-energy. Eq. is derived by comparing the

interacting Green’s function in Eq. with the non-interacting Green’s function

Y (X ), (r)
Go(r',r,w) = E — , 169
olr'» T, ) — w — €T + insign(e;™ — ) (169)
and using the Dyson equation
G_l = Gal - (Zxc - ch)a (170)

where V. is the DFT exchange-correlation energy functional. It should be mentioned that in
deriving Eq. it is implicitly assumed that the GW self-energy in the KS basis is diagonally
dominant, which is found to be true for most cases [83]].

Since the self-energy X, is energy dependent, Eq. (168) needs to be solved iteratively for
€?®. One possible solution is to calculate the roots of this non-linear equation by, for instance,
the Newton root-finding algorithm. This works for most cases, except for the cases where many
poles exist around the predicted QP energies. This might not occur for solids, but it might

happen for molecules, for instance, the closed shell molecules BN, O3, BeO, MgO and CuCN,
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as reported in Ref. [84]. Given the observation that the QP energies are often not so far away
from the DFT eigenvalues, the GW self-energy at the QP energies can be calculated to first

order, by linearizing the self-energy around the DFT single particle eigenvalues e>FT

0%, (w)

ow
DFT

Here, X, (w) = (Y, [Zxc(w)l,). Inserting Eq. (171]) into Eq. (168)), we obtain the linearized QP

energies

2.(e9) = 2, + (€2 — €T, (171)

n

€ = T + ZRe[(W,|T + Ve + Vil + T, (eXFT) — €2FT], (172)

n

where Z, is the renormalization factor and related to the derivative of the self-energy at €7

-1
ORe[Z,(w)]

Z,=|1- —— , 173
50 (173)

w=eDFT
The correlation factor Z, can be related to the norm of the corresponding QP peak and is a mea-
sure of the degree of correlation. Typically, Z, is between 0.7-0.9, corresponding to a low to very
low degree of correlation. It should be noted that apart from the neglect of vertex corrections,
the GW approximation also neglects all but the first irreducible polarizability term describing
the direct creation of a noninteracting (independent) electron-hole pair from the ground state.
That means the independent-particle polarizability is used in almost all the existing practical
implementations.

If one just does one-single shot iteration but does not update the Green’s functions again in
Fig. [I0(b), one obtained the so-called GoW, approximation. That is, one starts from the Kohn-
Sham one-electron energies and orbitals to construct the non-interacting Green’s functions G,
then uses Gy to calculate the independent particle polarizability y and furthermore the screened
Colombo interaction W, afterwards, calculates the self-energy ¥ = —G,W, and finally obtains
the QP energies by Eq. (I72). It turns out that Go W, obviously improves the band gaps towards
the experimental values compared with the LDA or GGA [85.86].

Even though GyW, to some extent improves the band gaps of typical insulators and semi-
conductors, it underestimates the band gaps even for (weakly correlated) semiconductors. It
fails even qualitatively in transition-metal and rare-earth-metal compounds such as CoO and
ErAs [87]. This is because GoW, depends strongly on the initial starting point and also implic-

itly assumes that the initial Kohn-Sham orbtials are close to the exact QP orbitals. Obviously,
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Figure 11: (a) Band gaps predicted by PBE, GoW,, and GW,, (b) Band gaps predicted by LDA,

HSE and GyW,@HSE. (c) Band gaps predicted by DFT, scGW without and with

electron-hole vertex corrections. This figure is adapted from Refs. [86,88./89].

this is not always satisfied. One of the possible ways to improve the band gaps further is
GW, [86]], where the screened Coulomb interaction W is fixed at the DFT level, but the Green’s
function G is updated only in the one-electron energies. Indeed, with the update of the one-
electron energies in GW,, the predicted band gaps are much more closer to the experimental
values than GoW,, as shown in Fig. [[Tfa). Another alternative method is GoW,@HSE [88],
where the Gy W, is done on top of the HSE one-electron energies and orbitals instead of LDA or
GGA. It can be seen from Fig.[11|(b) that G, W, @ HSE almost yields the same band gaps as GW,.
Which kind of methods one should choose, however, is not well understood or investigated. It
seems to depend largely on personal prejudice.

It should be mentioned that analogous to GoW,, GW, is also starting point dependent, and
of course GoW,@HSE depends on the HSE one-electron energies and orbitals and there is no
guarantee that HSE orbitals are closer to the exact QP orbitals than PBE orbitals. To overcome
the issue of the starting point dependence, one would expect that some self-consistency (not
only update one-electron energies, but also one-electron orbitals) might help. However, full
self-consistent GW (scGW) without inclusion of vertex corrections may lead to some problems.
For instance, scGW always overestimates the band gaps [89], as shown in Fig. c). The
valence bandwidth of the homogeneous electron gas predicted by scGW is 15% wider than the
noninteracting case, whereas the GoW, width is 15% narrower, in agreement with experiment
for Na [90]. In addition, scGW overestimates the valence bandwidth of Si and Ge, though the

band gaps are reasonably described [91]. If one takes into account the vertex corrections in
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scGW, for instance, the electron-hole interactions in the pair-bubble irreducible polarizability
Feynman diagram (vertex corrections in polarizability and thus in W), the overestimated band
gaps are reduced and in better agreement with experimental values, see Fig. [[T(c). Also, the
importance of vertex corrections in the self-energy X has been highlighted for predicting the
ionization potentials and d-electron binding energies of solids [92]], with typical corrections for
the d bands of 0.7 eV. However, the inclusion of vertex corrections becomes so expensive that
GW, and GoW,@HSE are instead often used.

Instead of inclusion of vertex corrections in scGW, quasiparticle self-consistent GW (QPGW)
tries to determine the optimum effective static exchange-correlation potential V. based on a
self-consistent perturbation theory so that the time evolution determined by H® = T + Vi +
Vi + Vi 1s as close as possible to that determined by H(w) = T + Vey + Vg + Zic(w) within the

RPA [85]]. One possible approximation for Vi, is [|85]]
1
Vie=3 Zj 1Y) {Rel[Zye()]) + RelZxe(e)]iy} )l (174)

With V. in Eq. (174), the self-consistency is closed. Specifically, starting from DFT calcu-
lations with a Hamiltonian H° = T + Vi + Vi + Vy, in QPGW the full self-energy matrix is
calculated and “quasiparticelized” X, (w), which couples one-electron states i and j, is evaluated
at the one-electron energies ¢ and ¢;, and then the average value is taken. This leads to a new
static but non-local potential V,. by means of Eq. (I74)). The new V. is then used to calculate a
new X;;(w), and the process is iterated until the convergence of V.. is achieved. QPGW theory
is an elegant way to find the optimum noninteracting Hamiltonian H° for GW calculations. It
removes the starting point dependence. It turns out that QPGW gives a better description in
most respects. It not only describes very well the band gaps, but also yields a better bandwidth
of Na, in good agreement with experiments [85].

For the existing GW implementations, there are two main schemes. One works in the re-
ciprocal space and real frequency [33,93-95], the other instead works in the real space and
imaginary time [96-98|]. The former is from now on called conventional GW and the latter is

termed ‘“‘space-time” method. In the following, the two schemes will be briefly introduced.

5.7.1. Conventional GW implementations

For the conventional GW implementations, calculations of the independent-particle polariz-

ability is done in the reciprocal space and real frequency by using the Adler and Wiser for-
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mula [99,100]

all

1
Xo(G, G w) = a Z 2wi(frk-q = fuk)

n,n’ kK

<lr//n’k—q|€_i(q+G)r|lr//nk> <¢’nk|ei(q+G o |¢’n’k—q>

w = (enk - en’k—q) + ”7 Sgn(Enk - en’k—q) '

(175)

where Q is the volume of the system, wy is the weight of the considered k point, and f is the
one electron occupancies of the states (n, K). Again, 7 is a positive infinitesimal. The factor of
2 is due to the spin-degenerate systems considered here. It should be noted that in Eq.
band index n and »n’ run over all the bands considered due to the introduction of (fyk—q — fuk)-
One can see that this step is computationally rather demanding, since the calculation involves
a summation over all pairs of occupied and unoccupied states at each frequency, with a rank-
one update of the microscopic response function for each pair, which leads to an unfavorable
scaling that is quadratic in the number of k points used to sample the Brillouin zone (kq ~ k?),
quartic in the number of plane waves (GG’nn’ ~ G*) and linear to the number of frequencies.
Therefore, the conventional GW calculations are usually restricted to small systems and few k
points.

To optimize the computational procedure one can instead first calculate the spectral represen-
tation of the polarizability [33,/101]

all

1
Y3660 = 5 D 2wiesgn(@)Sw’ + e = i) i = o) (176)

n,n’ kK

X <¢’n’k—q|e_i(q+G)r|lr//nk> <¢’nk|ei(q+G,)r, |¢’n’k—q>7 ( 1 77)

and then the polarizability can be calculated as

—+00 1 1
Xq(G, G, w) = f dw'x3 (G, G, w’){ - } . (178)
0

w—-—w —-in w+w +in
By using Eq. (176), for a given frequency w’ only states that satisfy ' + € — €k—q = 0 Will be
included into the summation, greatly enhancing the efficiency.

After )(g(G, G’, w) is known, the full screened Coulomb interaction Wy (G, G', iw) is evaluated

by multiplying the bare Coulomb kernel with the inverse dielectric matrix
Wy(G,G', ) = v4(G,Ge, (G, G, w), (179)

where the symmetric bare Coulomb kernel v4(G, G) is given by

4me?

Y6 = Gla T 6

(180)
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The symmetric dielectric matrix is calculated within the RPA as
£(G, G, w) = 666 — v(G, G )Ny(G, G, ). (181)

To make the integral over the imaginary frequency well-defined, the correlated screened

Coulomb interaction is defined
Wo(G, G, w) = Wy(G, G, w) — vy(G, G'). (182)

With Wy(G, G’, ), the diagonal matrix elements of the correlated self-energy is then calculated
by [33]

all +00 —i(q+G)r i(q+G)r’
~ <wn’k—q|e 4 |wnk><wnk|e q |lpn’k—q>
S(Wntenk == dw' Wy(G, G, o’ :
(@ = Z ZG: Z Lo @ Wal v w - €nk—q + i1 SZN(Evk—q — 1)
q

all

Z ' f d(,l) W (G G’ w )('70n "k— q|€_l(q+G)r|l//nk><l//nk|el(q+G,)r |lr//n 'k— q)

@
Q

n’

1
Q
{ 1 1 }
X - + :
W+ W = €kqtIn Sgn(fn’qu -4 w-w - €vk—q T 117 Sgn(en’k—q -
(183)

In order to obtain the final self-energy, the exact Fock exchange term must be added back

Z:(('U)nk,nk = i(w)nk,nk + <lpnk|GVx|¢’nk>- (184)

For more implementation details about (Y,x|Gv.|¢,x), see Ref. [52]. For the core-valence
exchange-correlation interaction, the Hartree-Fock approximation is used. This is found to be
more reliable than LDA since the GW self-energy approaches the bare Fock exchange operator
in the short wavelength limit [33]].

It should be noted that the evaluation of the self-energy by Eq. is rather time consum-
ing, at least two times more expensive than the evaluation of the polarizability. There are two
methods that are used in the VASP implementation [33]].

(1) If the full frequency-dependent self-energy is required, the following method is employed.

The first step is to calculate the screened two electron integrals for each pair (nk, n’k — q) [33]]

Wikck-q(@) = Z Wy(G. G, 0)Wkqle”™ O W) Wkl T W) (185)

GG/
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In the second step, a Hilbert transform of W ,_q(w) is performed to obtain Z, k_q(w) [33]

s +00

1 1A% ’

an,n’k—q(w) = ﬂ f dw Wnk,n’k—q(w )
0

1 1
X - + - .
{w + W — €yk—q T M SEN(Eyk—q — 1) W — W' — Eyk—q + N7 SEN(Eyk—q — ,u)}
(186)

Finally, the full frequency-dependent diagonal elements of the self-energy are obtained by [33]]

k(@) = ) D Eukricq(@). (187)
q

(2) If only QP energies are required, one does not need to calculate the full frequency-
dependent screened two electron integrals and self-energy. Instead, only the screened two
electron integrals at those two frequencies, say, @; and @, which are closest to |€x — €k_ql,
satisfying ; < |€x — €yk—q| < Wj+1, are required. Specifically, first, two auxiliary quantities are

calculated [33]]

T 1 1

CiG,G.0) = — f dw’Wq<G,G',w'>{_ g } (188)
21 Jo O+w+in w-w +in
I 1 1

C:(G,.G,@) = — dw’Wq(G,G’,w’){_ - } (189)
21 Jo WO+w —-in w-w -in

which are evaluated only for positive and negative complex shift, respectively, with @ lying on
the same frequency grid as other quantities such as the polarizability.

Second, the screened two-electron integrals are calculated as [33]]

1 , G
S knk—q(@) = 5ZC;(GaG’,@)<wn’k—q|e_l(q+G)r|'7l’nk><¢’nk|el(q+G)r Wwk-q)  (190)
GG’

1 . . I \yo!
S;k,n’k—q(d)) = 5 Z C;(G’ G,’ (wan’k—q|e_l(q+G)r|wnk><wnk|€l(q+c r |lpn’k—q>- (191)
G,G’

Finally, the self-energy at €, can be calculated as a sum of these screened two-electron

integrals [33]
< g€,/ k—q—H) SEN(Ek—Ek—q)
an,nk(enk) = Z Z sgn(Enk - En’k—q)S nk’n,quq K (€nk - 6n’k—q)~ (192)
nooq

It should be noted that the screened two electron integrals are originally calculated at a dis-
crete set of frequencies @;, the values of S™ or S~ at the points A, = €x — €yk—q Need to be

obtained by a linear interpolation from those two frequency points of the grid which are closest
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to the energy A, [33]]

S:l—k,n’k—q(lAnn’l) :9(|Ann’| - (Di)g((z)i-;-l - |Ann/|)

- 193)
vt = 1A ., [A] = @ (
X | ————S ; S / i
( iy —@; " (@) Wi — @ " (@)
S enk-q(Bnw]) =0 Anw| = 0)O(@is1 = [Apr])
- 194)
Divt = A A = @ (
X(msnknk (@) + msnknk @i ]
For a negative A,,,, the following simple transformations are used [33]]
S kgD = =S meeeq (Do) (195)
Skwkeq(“1Au) = =S 5k q(1Aun])- (196)

Similarly, one could easily calculate the self-energy at €, — ¢ and €, + 6 with small postive

0, say 0.1 eV, from

(Aur] + 6) (Bl + 6 i) o) (197)
nk n’k— | T = nk nk— nn’
! ! dw W={A |
ds r:k n’k— (CL))
Sk q(Bur | +0) = S q(Au)) 48— (198)
w w:‘Ann’l
. az:nk,nk((f‘)) L.
After 2, k(€ —0), Zikak(€:x) and Z,x k(€4 +0) are obtained, BT can be trivially
w

W=€xk

calculated by the finite difference method. Finally, the QP energy eﬁf is evaluated by Eq. .

One could see that to obtain the QP energy effkp , the screened two electron integrals S 7, ., (@)
are required to be calculated at two frequencies @; and @;,; only, which are closest to |€,x — €,k—q|
satisfying @; < | — €vk—q| < Wi+1. Therefore, this method is independent of the frequency grid
and significantly improves the efficiencies in the evaluation of QP energies. However, one

should note that this method cannot be used to obtain the full frequency-dependent self-energy.

5.7.2. Space-time method

As discussed above, the direct evaluation of the polarizability in reciprocal space and real fre-
quency results in an unfavorable scaling, that is quartic in the system size and quadratic in the
number of k points used to sample the Brillouin zone (BZ). Even though the spectral repre-

sentation of the polarizability greatly enhances the efficiency, one still needs to take care of
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the integration along the real frequency axis. To achieve a reasonably converged polarizability,
many real frequency grid points (~50 or more) are required, increasing the computational cost
and memory storage. However, the polarizability is simply multiplicative, when evaluated in

the real space and imaginary time domain [96,/102]]
x(,r',ir) = G(r,r',it)G*(r,r’, —i7). (199)

Also, the calculation of the self-energy becomes much simpler, when evaluated in real space

and imaginary time [96]]:
X(r,r,it) = -G(r, v, in)W(r,r’,i7). (200)

By doing so, one actually avoids the expensive convolution of the Green’s function and screened
Coulomb interaction in the reciprocal space and real frequency domain, as used in the conven-
tional GW implementations. Instead, only a few imaginary time points are required in the
space-time method, due to the smooth behavior of the Green’s functions and screened Coulomb
interaction along the imaginary axis.

However, in the original implementation of the space-time method by Godby et al. [96,102]
the Green’s functions, screened Coulomb interaction and self-energy are built and stored di-
rectly using the real space grid points, which are in the order of ten thousands, definitely in-
creasing the memory requirement. In addition, it is implemented within the pseudo-potential
framework and thus not full-potential. Another drawback of the space-time method is that to ob-
tain the experimental observables of interest, such as QP energies and spectral functions, which
are obviously measured all along the real frequency axis, analytic continuation from the imag-
inary axis to the real axis should be performed. In the work of Godby et al. [96]], a multipole

expansion was used by taking into account the pole structure of the self-energy

S(iw) = ag + Z _ A 201)
p= W — g

where ay, a; and z; are complex numbers, and n is the number of poles. However, it turns
out that the multipole expansion method is rather unstable when the number of poles exceeds
three. The fitted parameters are rather sensitive to the initial starting parameters. We have
put a separate discussion on the analytic continuation in Appendix (C). Another thing is that

if the GW method is implemented in the Matsubara-time domain [97, 98|], many Matsubara
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frequencies are required. For instance, for T= 300 K around 3078 Matsubara frequencies are
needed within 0 and 500 eV. This definitely increases the memory storage.

In order to overcome the disadvantages of the conventional GW implementation and space-
time method, we will present a promising low-scaling GW implementation in Section (6)). It
allows for fast quasiparticle calculations with a scaling that is cubic in the system size and
linear in the number of k points used to sample the Brillouin zone. This makes possible the GW

calculations on large systems.
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6. Low scaling GW method: implementation

As already mentioned in Section (5.7)), conventional GW calculations are usually restricted to
small systems and few k points, while the space-time method demands considerable storage
for the Green’s function and self-energy due to the huge number of real-space grid points and
fairly dense imaginary time/frequency grids. To circumvent the large storage requirement of the
space-time method, a promising scheme has been recently proposed by Kaltak et al. [103,104].
It allows to calculate the random phase approximation (RPA) correlation energy with a cubic
scaling in the system size and a linear scaling in the number of k points used to sample the BZ.
As in Rojas et al.’s work [96]], this is achieved by calculating the polarizability in real space
and imaginary time via contraction over the Green’s functions of occupied and unoccupied
states. The transformation of the polarizability from the imaginary time to the frequency domain
is performed by an efficient discrete Fourier transformation with only a few nonuniform grid
points [[103]]. Spatial fast Fourier transformations (FFT) within a supercell are utilized to go
from real space to reciprocal space and vice versa [104].

In this section, we extend Kaltak’s scheme [103,104] to QP calculations in the GW approxi-
mation, in which the screened Coulomb interaction W is calculated within the RPA and the self-
energy is efficiently evaluated via contraction over the Green’s function and W in real space and
imaginary time. Similar spatial FFT as discussed in Ref. [104]] are employed, whenever trans-
formations between the real and reciprocal space are required. To transform the self-energy
from the imaginary time to the frequency domain, nonuniform cosine and sine transformations
are used for the even and odd part of the self-energy, respectively. For the sake of brevity, here,
we focus only on the formulations for the low-scaling single-shot GW implementation within
the framework of the PAW, where the one electron energies and wave functions required in G
and W are fixed at the DFT level. To avoid confusion with the conventional GoW,, we denote
our low-scaling single-shot GW as GoW,r. Its applications on extended systems and molecules
will be shown in Sections and (7.2), respectively. The self-consistent low-scaling GW will
be discussed in Section (9). Given that DMFT is usually formulated on the imaginary frequency
axis as well [[105}/106], our method provides a natural interface for the combination of GW with
DMFT, which will be discussed in Section (10)).

This section was published in Ref. [107].
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Figure 12: Schematic work flow for the low-scaling GW QP calculations showing the necessary
steps [(1)—(12)] to obtain the QP energies from the Green’s function G via the po-
larizability y, screened Coulomb interaction W, and self-energy X. FFT denote fast
Fourier transformations between real and reciprocal space. CT and ST are nonuni-

form cosine and sine transformations between imaginary time and frequency.

6.1. Computational Scheme of low scaling GW method

Figure shows our scheme for the low-scaling GW QP calculations. The polarizability
x(r,R’,17) is calculated via the contraction (GG) of the occupied and unoccupied Green’s func-
tions within the PAW framework [104]. The contraction is performed in real space and the nec-
essary quantities are obtained by fast Fourier transformations (FFT) within a supercell [[104].
Subsequently, the screened interaction Wi(g, g’,1w) is obtained within the RPA. To transform
the polarizability y and screened Coulomb interaction W from imaginary time to frequency
domain and vice versa, efficient nonuniform cosine transformations (CT) [[103]] are used. The
self-energy X(r, R’,17) is calculated by contracting the Green’s function and W within the GW
approximation. The matrix elements of the self-energy in the orbital basis are evaluated within
the PAW. To transform the self-energy from the imaginary time to the frequency domain, CT
and sine transformations (ST), respectively, are used for the even and odd part of the self-energy.
The self-energy along the real frequency axis is obtained by an analytic continuation (AC). Fi-
nally, the QP energies Efkp within single-shot GoWr are calculated by linearizing the diagonal

elements of the self-energy around the DFT one-electron eigenvalues €,. The subsequent sub-
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sections describe these steps in detail.

6.2. Description of notations and definitions

In this part, we will give the description of the notations used throughout the thesis, the defini-

tion of the Green’s functions, as well as the spatial and temporal Fourier transformations.

6.2.1. Definitions of Green’s functions

We have defined two types of Green’s functions: occupied and unoccupied Green’s functions,

which are evaluated for the negative and positive time, respectively.

occ

G(r,r',it) = LYy (c)e s (r<0), (202)

unocc

Gr,r,it)= — Y g, (oi@)e s (r>0). (203)

Here the indices i and a label occupied and unoccupied orbitals, respectively. ¥;(r) (¥,(r)) is the
one-electron orbital with the energy of ¢ (€,) and the Fermi energy is set to zero. This implies
that all occupied (unoccupied) one-electron energies ¢ (€,) are negative (positive), yielding
exponentially decaying Green’s functions G and G. With the definitions in Egs. , the

single particle Green’s function can be expressed as
G(r,r,it) = O(1)G(r, v, i1) + O(-1)G(r, ¥, i1), (204)

where O is the Heaviside step function.

6.2.2. Nonuniform imaginary time and frequency grids

The imaginary time {it j}?’: , and frequency {iw,}y_, grids used in the present work have been
determined by minimizing the discretization error of the direct Mgller-Plesset energy in the

imaginary time and frequency domain, respectively [103]]

1 N
Ar 2 — _ ) —2x|‘rj| 205
(o, 7, x) P ,Z:; oje , (205)
2
1 1 W 2x
6,8,x) = ——— ) 6|— 206
n0.3.x) = - 2ﬂ; e (206)
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for all transition energies x € [€nin, €max] With €, = minf{e, — €} and €,,x = max{e, — €}. {o j}?’: |
and {6;};_, are the corresponding weights. For more detailed information concerning how such
optimized imaginary time/frequency grids are obtained, please refer to Appendix (B.I). It has
been found that the two grids are dual to each other. That is, given {it j}?’: |» the discretization
error function is minimal at the grid points {iwk}szl, and vice versa [[103[]. It has also been
observed that the RPA correlation energy can be evaluated accurately with a modest number
of grid points [103]. For instance, to achieve ueV accuracy per atom, 16 time and frequency
points are usually sufficient [103]. In the present work, we also found that with 20 grid points,
we could obtain converged QP energies with 0.01 eV accuracy for all the materials considered.

With a few imaginary grid points, the memory requirements are obviously much reduced.

6.2.3. Nonuniform cosine and sine transformations

To go from the imaginary time to imaginary frequency, and vice versa, nonuniform discrete co-
sine and sine transformations have been exploited for the even and odd functions, respectively.
Specifically, for an even function F with respect to imaginary time/frequency, such as the po-
larizability y and screened Coulomb interaction W, the forward Fourier transformation is given
by
F(w) =2 f dt cos(wT)F(it). (207)
0

We approximate it by a discrete CT

N
Fiwg) = ) yijcos(@it)F(it)). (208)

=1

}¥_ | and frequency {ia)k}k’\’:1 grids are precalculated. The coefficients

Here the imaginary time {it; ;

vi; are determined in analogy to the imaginary time and frequency grids by minimizing the error

function [[103]]
2x

n(x,y) =

N
- rcos(wgT e, 209
E¥: ,Z‘ Yij COS(@yT)) (209)

2 fom d7 cos(wyT)e™"
for all transition energies x € [€nin, €max] and each known frequency point w; separately.

Analogously, the inverse CT is given by [103]

N
Flit)) = ) &xcos(tjo)Fiwy), (210)

k=1
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where the coeflicients & are determined by minimizing the error function [103]]

N 2x
(x, &) = el =) gcos(tim)5— 211)
© dw 2x k=1 xe+ wk
Zfo b COS(T}‘“)xzmz

It can be proved that the matrix £ cos (Tw) is the inverse of the matrix ¥ cos (wt) in Eq. (208).
In contrast, for an odd function F with respect to imaginary time/frequency, the forward

Fourier transformation is described by

Flw) =21 f dt sin(w7)F(i7), (212)
0
which is approximated by a discrete ST
N
F(iw) =1 Z Ajsin(wyt ) F(T)). (213)
=1

N

Again, {iTj}j:1 and {iwk}k]":1 are precalculated and chosen to be identical to the cosine grid.

However, the coefficients A;; are determined by minimizing the error function

2a)k
7' (x, ) =

N
- Ay ;sin e . 214
X2+ wi ]Z:; kSIN(W T ) (214)

2 [ drsin(wgr)e ™
To this end, similar strategies as discussed in Ref. [103]] are used. The inverse ST is then

obtained by
N
Flit)) = =i ) Zusin(rjw)F (o), (215)
k=1

where the matrix {sin(tw) is the inverse of the matrix Asin(wt) in Eq. (213). It should
be noted that the matrices y, &, A, and ¢ are all precalculated and stored after the imaginary
time {it j}?’: , and frequency {iwk}sz , grids are determined. For more derivation details on the

nonuniform cosine and sine transformations, we refer the readers to Appendix (B.2).

6.2.4. Spatial fast Fourier transformation

To transform the Green’s functions from reciprocal to real space, we employ fast discrete
Fourier transformation within a supercell [104]. Considering the symmetry of the Green’s func-

tions, only the irreducible stripe G(r, R”) needs to be calculated in two steps [104]:

Gr,G) = Y ¢*rG(g, g, (216)
ge Lt

Gr,R)= X G(r,G')e ¢}, 217)
G'eLl;
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Here, position vector r is restricted to the unit cell (C), whereas R extends over the entire
supercell (S). g and G, respectively, represent the lattice vector of the reciprocal cell (L)
and reciprocal supercell (L;). Furthermore, k is a k point used to sample the Brillouin zone
(BZ) and G’ = k + g’. The time complexity of the spatial FFT is of the order: ln(NgNk)leNk
with N, and N, being the total number of considered basis vectors g and k points in the BZ,
respectively [[104]].

Similarly, the inverse spatial FFT is given by [[104]

Gr,G)= Y G(,R)eCR, (218)
R’eS

Gi(g.g) = X e M¥G(r,G), (219)
reC

which has the same time complexity as the spatial FFT.
Considering that the polarizability y has the same spatial symmetry as the Green’s functions,

the above mentioned spatial and inverse spatial FFT applies to the polarizability y as well.

6.3. Calculation of the polarizability y(r, R’, it) within the PAW

In this section, we discuss the steps (1-2) in Fig. [I2] and derive a suitable expression for the
polarizability in real space y(r, R’, it) within the framework of the PAW method.

It is known that the evaluation of the polarizability in reciprocal space and real frequency
results in an unfavorable scaling. However, the polarizability is simply multiplicative, when

evaluated in the real space and imaginary time domain [96}/102]
x(, R it) = G(r,R’,it)G*(r, R/, —i7). (220)

For simplicity, we restrict our considerations to positive imaginary times 7 > 0 in the following,
since the expressions for 7 < 0 are obtained by exchanging G < G.

Inserting expression (204)) for the Green’s function into (220) and using the explicit repre-
sentations in Eqgs. (202H203)) yields for 7 > 0,

X RiT) = = T g0 R)E S (RO (). (221)
However, within the PAW method [30,32], this expression is more involved, because the
all-electron orbitals /, are related to the corresponding pseudo orbitals ¢, by a linear trans-

formation

W) = 1) + D (16 = 13,) Bulib)- (222)
u
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The pseudo orbitals i,y are the variational quantity of the PAW method and are expanded in
plane waves, whereas ¢, and @, are all-electron and pseudo partial waves, respectively and
P, are projectors, which are dual to the ¢, within the augmentation sphere. The index u =
(R,,n,,1,,m,) is an abbreviation for the atomic site R, and the energy quantum number n, and
angular momentum numbers (/,, m,) that characterize the solution of the Schrodinger equation
for a reference atom.

Inserting Eq. (222) into Eq. (221) yields four terms for 7 > 0,

unocc occ

X0 R i) = = ) BT RS Fi(RF; (r)e, (223)

unocc

KO Ri0) = = > 0,(0) Y (Bl (R e
nv a

occ (224)
X 3 RVl Bye,
XV R ) = = " Qup(R) D GaB) il P
af a (225)

occ

X D {PalIg; (K)e,

X RIT) = = 3 0ul0)0up(R) D (Boliba)(ial e
g ‘ (226)

X > (Bl Bye,
where the auxiliary function Q,4(r) is defined as

Qup(r) = G (1)P(r) = B (1)h(r), (227)

and describes the difference between the charge density of all-electron and pseudo partial waves.
In practice, one needs further approximations for Q,4(r), since normally this function is oscilla-
tory within the augmentation sphere. In the present implementation, the function is expanded in
an orthogonal set of functions, and the rapid spatial oscillations are neglected beyond a certain

plane-wave energy cutoft [30].
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According to the definitions of the Green’s functions in Eqs. (202H203)) and four expressions

in Egs. (223H226)), we define here four auxiliary functions for unoccupied Green’s functions:

unocc

G R i = = ) TR, (228)
— o, N5 17\
G OR,i) = = D (Bl R)E, (229)
& . unocc _ . .
G (ra,it) = = > FO)WalPa)e ™, (230)
—@ . unocc o o .
G (va,it) = —Z(pylwa><walpa>e “, (231)
and four auxiliary functions for occupied Green’s functions:
GO R,-ir) = >GRO (r)e, (232)
GOGR ~ir) = 3 RGP (233)
GOr,B,-it) = ) (el (r)e (234)
GO B,=ir) = D (Pl il e (235)
It is easy to prove that
GO, R i) = Y (pINGE, R, iv), (236)
reC
GOw,a,ir) = Y GV R, iT(R|pa), (237)
R’eS
GO it) = > ) (BIOGU(E, R, ir)(R'|po), (238)
reC R’eS

holds for both auxiliary unoccupied and occupied Green’s functions.
With the definitions in Eqs. (228H235)), we obtain the central expression for the polarizability
x(r,R’,it) at T > 0 within the PAW framework as follows:
X, R',ir) =G (r, R, in)G"V(r, R, —it)
+ 3 0G0 RGP (. R, ~ir)
v

£ 0uRIG (x, 0, i)G"O(x, B, i) (23
ap

£ 0u®0usR)G (v, G (. B, ~i).

jva
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Here, the atomic positions R,,, R, are restricted to the unit cell C, whilst R,, Ry take values
within the supercell S. Note that the polarizability for 7 < 0 is recovered from Eq. (239) by
exchanging G « G.

In practice, we do not store the auxiliary Green’s functions in Eqs. (2284230) and (232}

[234)) directly using the real-space grids, since this would demand considerable storage due to
the large number of real-space grid points. Instead, we evaluate them in the reciprocal space
using a plane wave representation first, and successively Fourier transform the functions to real
space whenever required. Since the number of plane-wave coeflicients is at least twice but
often up to sixteen times smaller than the number of real-space grid points, the storage demand
is dramatically reduced. Fourier transforming Eqgs. to the reciprocal space yields

another three auxiliary unoccupied Green’s functions:

unocc

Gy (@G.iD) = — > (glla)(lG e, (240)
G .Gl = = > (PTG e, (241)
G @ain) = — > (el Walpa)e ™" (242)

Analogously, Fourier transforming Eqs. (232H234)) to the reciprocal space yields another three

auxiliary occupied Green’s functions [108]:

occC

G2 G0 = D UG Wi, (243)
GG =ity = Y (GBI, (244)
GO p.~in) = Y (PalliNTilge, (245)
where the notation

<g|‘/~/> _ Ze—i(k+g)rlp(r)’ (246)

reC
GG = Z J (R SR (247)

R’eS

is used. The computational complexity for evaluating both G and E(j) is of the order: NNkNS
showing a roughly cubic scaling in the system size (= N,) and linear scaling in the number of k

points N and imaginary grid points N.
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We point out that the widely used conventional GW implementation [33|], where the po-
larizability is directly evaluated in the reciprocal space and real frequency domain, shows an
unfavorable scaling that is quartic in the system size and quadratic in the number of k points.
This scaling is acceptable or even beneficial for small systems, but prohibitive as the system
size becomes larger. In contrast, in our new GW implementation, the computational cost in cal-
culating the polarizability reduces to a scaling that is nearly cubic in the system size and linear
in the number of k points. This definitely increases the efficiency of GW calculations for large
systems. This is also true for the original space-time implementation of Godby et al. [96,102],
but we emphasize that our implementation has the following advantages: (i) The Green’s func-
tions are stored in a plane wave representation at a few optimized imaginary time/frequency
grid points, which dramatically reduces the memory requirement. (ii) It is implemented within
the PAW method. (iii) Discrete CT and ST transformations and spatial FFT are used and the
implementation is highly parallelized. (iv) Although similar strategies were used in Ref. [[102]],
an auxiliary supercell Green’s function was defined without the Bloch phase factors ex*~™".
The present method is applicable to all electron Hamiltonians, whereas the augmentation terms

cannot be straightforwardly implemented following Ref. [[102].

6.4. Calculation of the correlated screened Coulomb interaction
W(r, R/, iw)

Now we describe the evaluation of the dynamical correlated screened Coulomb interaction
W(r,R’, iw), which corresponds to the steps (3—7) in Fig.

Once the polarizability y(r, R’, i7) has been calculated, one has to Fourier transform it to the
reciprocal space and imaginary frequency domain where the screened Coulomb interaction is
much more comfortable to be calculated. The calculation of W(r, R’, iw) involves five steps:

(1) xk(g, g’,17) is determined by an inverse spatial FFT of y(r, R’,i7) in two steps:

¥y, G it)= Y x(r R, ir)e®r, (248)
R’eS

(g g,it) = 3 e &y (r G, iT). (249)
reC

Actually, in our implementation the polarizability y(r,R’,i7) is never stored. Instead, once
x(r,R’,i7) is known for a specific r and all R’, Eq. (248)) is used to Fourier transform the

second index to the reciprocal space where the reciprocal wave vectors are restricted to a cutoff
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sphere, and y(r, G’,i7) is then stored. The second FFT in Eq. cannot be performed until
x(r,G’,1i7) for all r has been calculated.
(11) yk(g, g’,1w) is computed by a CT of yk(g, g’,17),
N
Xk(g, g iwy) = Z Yij COS(wiT xk(g, g, 17)). (250)
=1
(111) The full screened Coulomb interaction Wi (g, g’, 1w) is evaluated by multiplying the bare

Coulomb kernel with the inverse dielectric matrix,

Wi(g, g, iw) = v(g, g)e.' (g, g, iw), (251)

where the symmetric bare Coulomb kernel vi(g, g’) is

4re?
(g, g)= ———. (252)
HEE T K gk gl
The symmetric dielectric matrix is calculated within the RPA as
&x(g, g, 1w) = bgg — vi(g, g (8. &', iw). (253)

Note that matrix multiplication and inversion are implicitly used in Eq. (251)) and Eq. (253).
To make the integral over the imaginary frequency well-defined, we further define the corre-

lated screened Coulomb interaction

Wi(g. g’ iw) = Wi(g, g/, iw) — vk(g, g). (254)

(iv) Wi(g, &, i7) is determined by an inverse CT of Wy(g, &', iw),

N
Wi(g, g, it)) = Z & cos(Tjw) Wi(g, g, iwy). (255)

k=1

(iv) Finally, W(r, R’,i7) is calculated by a spatial FFT in two steps:

Wr, G in)= Y & OrW(g g, i), (256)
geLe

W, R it) = Y W, G, ir)e R, (257)
GeLl:

6.5. Calculation of the self-energy

In this section, we give a detailed description how the matrix elements of the self-energy in the

orbital basis along the imaginary frequency axis are evaluated. This corresponds to the steps

(8-10) in Fig.
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6.5.1. Evaluation of the self-energy X(r, R’, it) within the GWA

Within the GW approximation, the self-energy in the reciprocal space and real frequency do-
main is evaluated by a convolution of the Green’s function and screened Coulomb interaction
and is used in the conventional GW implementation [33]]. However, to obtain converged self-
energies, a reasonable number of the real frequency points (~50 or more) is required to evaluate
the convolution integral, thus increasing the computational cost. In contrast, when the self-
energy is evaluated in real space and time, it is simply multiplicative [96] [see Appendix (A.4)

for discussions on the convolution theorem],
2, R it) = -G(r,R’,in)W(r,R’, i71). (258)

In addition, only a few imaginary time points are required due to the smooth behavior of the

Green’s functions and screened Coulomb interaction along the imaginary axis.

6.5.2. Evaluation of £*(ir) within the PAW

In the following, we evaluate the matrix elements of the self-energy in the orbital basis within
the PAW framework. We focus only on the frequency/time-dependent correlation contribution
— (Wl GW ), since the bare exchange part —(,x|Gv.|,x) within the PAW has already been
discussed elsewhere [52]. Furthermore, we define “occupied” £ and “unoccupied” T corre-
lated self-energies, i.e., the self-energies evaluated at negative and positive time, respectively,
analogous to the Green’s functions.

Here we concentrate on the occupied self-energy  only. The evaluation of the matrix ele-
ments of the unoccupied self-energy T is done by replacing G with G. Within the PAW, the

diagonal matrix elements of the occupied self-energy (7 < 0) can be calculated as
(k) . < Vi
SGT) = WalEEDW) = ~ Wl GAOW D W)

== > {|r><r| "2 ny(r)lﬁy><ﬁv|}g(iT) 059)

reC R’eS

x W(ir) {IR'XR'I + Z Qwﬁ(R')IﬁaXﬁﬂl} k-
af

Here [r){r|+ X, O, (1) )Pyl 1s the density operator within the PAW at the position r [30,32].

The one-center term ), Q,,,(r)|p,){P,| arises from the additive augmentation of the PAW.
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The calculation is performed in two steps, starting with the contraction £ = —GW in real
space and imaginary time. In analogy to the four auxiliary components of the Green’s function,

we obtain four quantities that store the self-energy,

£ R0 = -GV R iDWER i), (260)
2(2)(ﬂ’ R.ir) = - Z D(Z)(,uv, R, iT)Q(z)(V, R’,i7), (261)
%0 = - GOr,a,inDV(r, aB, i), (262)
$9upin) = - GO0 ainDY .o, iv), (263)

where the auxiliary quantities D®, D® and D™ are defined as

DO Rir) = > OumW(r,R,in), (264)
reC

DOr,a,it) = ) W(r,R,in)Qus(R), (265)
R’eS

DOuv,apit) = D> Ou@WE, R ,inQu(R). (266)
reC R’eS

Again, the Green’s functions and the screened interaction are stored in reciprocal space and
Fourier transformed to the real space on the fly, whenever they are required. In the second step,
the matrix elements of the self-energy are then obtained as

5960 =Y Y L e R DGR

reC R’eS

£ 0 B (R DT (R

u ReS

+ 3 B 0L B sl

reC f

O Dl BE (1, B A el
B

(267)

For more derivation details on how the self-energy is derived within the PAW method, we refer

the readers to Appendix (E). To reduce the memory requirements, the self-energy is also stored
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in the reciprocal space,

S0 = > > T (g G/ TG W)

gel; G'eLl;

#0 BadpdE (W, G TG W)

n G'eL;

0 Dl (@ BT Pl

gele B

+ Z Z(&nk|ﬁy>z(4)(/l, BT Polic)-
u B

(268)

Here, £ (g, G, ir), £ (1, G, i) and £”(g, B, i) are the Fourier transformation of £ (r, R’, i7),
Z(z)(,u, R’,ir) and 2(3)(r, B,iT), respectively.

One point that should be mentioned here is that in the present implementation, the core-
valence exchange-correlation interaction is treated in the same way as in the conventional GW
implementation, that is, the Hartree-Fock approximation is used. This is found to be more
reliable than LDA since the GW self-energy approaches the bare Fock exchange operator in the

short wavelength limit [33]].

6.5.3. Evaluation of £ (iw) by CT+ST

After the matrix elements of the self-energy along the imaginary time have been obtained,
one needs to Fourier transform them to the imaginary frequency domain to calculate the QP
energies. However, the self-energy (like the Green’s function) is neither an even nor an odd
function in imaginary time/frequency. Hence, we split the Green’s functions into even and odd

parts,
1 1

G(ir) = 5 [G(iT) + G(—iT)] + 5 [G(iT) — G(-i1)]. (269)
Then, the self-energy along the imaginary frequency is given by the temporal Fourier trans-

formation

(9

Y(iw) = - f drG(T)W(it)e“"

‘;jj . (270)
=2 f drE¢(it) cos(wr) + 2i f drZ5(ir) sin(wr),
0 0
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where the cosine ¢ and sine * part read
$(ir) = - 5 [G(ir) + G(=in)| W(ir), 271)

i(it) = -

D = N =

|Glir) - G(-in)| W(ir). (272)

Therefore, the corresponding diagonal matrix elements are given by

~ . 1 T(k) ~(k)
£ = [zm (ir) + £* (—i‘r)] , (273)
~ 1 T(k) ~(k)
£ = [zm (i) - £* (—iT)] . (274)

Finally, the diagonal matrix elements of the correlated self-energy along the imaginary fre-

quency axis are evaluated as
EW(w) = ZP(w) + Z¥(w), (275)

where £ (iw) and 5% (iw), respectively, are determined by discrete CT and ST:

- N -

SWGw) = Y yrjeos(wyt)Ear (i), (276)
j=1

- N = (K

SWlw) = i Y Asin(wrHERO(T)). Q277)
j=1

6.6. Calculation of QP energies and spectral functions

In this section, we describe the calculation of QP energies and spectral functions, which corre-

sponds to the last two steps in Fig. [12]

6.6.1. Analytic continuation

In our present implementation, the self-energy and Green’s function are calculated in the imagi-
nary frequency domain. However, the experimental observables of interest, such as QP energies
and spectral functions, are obviously measured all along the real frequency axis. This implies
that an analytic continuation from the imaginary to the real frequency domain has to be per-
formed. Given that our self-energy is exact in the sense that there are no stochastic noises
(unlike the Green’s functions G(it) obtained from quantum Monte-Carlo (QMC) simulations),

here we utilize the N-point Padé approximant and combine the Thiele’s reciprocal difference
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method [109]] and least-squares method [[110]. For more details regarding the analytic continu-

ation, please refer to Appendix (C).

6.6.2. Evaluation of £2” and A, (w)

After the diagonal elements of the self-energy along the real frequency axis ¥ (w) including
contributions from the core-valence exchange-correlation, bare exchange and dynamical inter-
actions (hereafter we denote it as Z,x(w)) have been obtained by the analytic continuation, the
QP energies are evaluated as in conventional GW implementations, as shown in Egs.

(we rewrite them here for readers’ convenience).

E?” = € + ZuRe[(WklT + Vet + Val) + Zuc(€k) — €l (278)
where B
ORe[Z,(w)]
Zyx=11- —— ) (279)
ow
W=€rk

In principle, one could calculate the QP energies by searching the root of equation Er?lf =
Re[(W kT + Vexe + V) + an(Er?lf )] numerically. For solids, this does not make a sizeable
difference in the QP energies compared to the linearization. In the present work we therefore
only show the calculated QP energies from the linearized version to compare with the conven-
tional implementation where the linearization was used as well.

The spectral functions are calculated as the imaginary part of the interacting Green’s function,

which is calculated from the Dyson-equation [111]]

1
Ax(w) = —Im[G,k(w)]|
T (280)
1 Im[AX, k(w)]l

T 7 (@ - € — Re[A ()] + IM[AZ ()2

where Aznk((‘)) = <’7[fnk|T + ‘A/n—e + VHll/’nk) + an(w) — €.

6.7. Implementation details of low scaling GW method

Here, we will show how the self-energy are actually calculated within VASP. As already dis-
cussed, to reduce the memory storage, the quantities such as Green’s functions G, screened

interaction W and self-energy X are all stored in reciprocal space. However, it requires spatial
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fast Fourier transformations (FFT) whenever the real space contractions are needed. Three kinds
of arrays are required: A(G,G’,i7), A(G, a’,i1), and A(a, @/, i71). A(G, G’,i1) is used to store
quantities such as GV(G, G’,it) and GV(r,r',ir). A(G, o’,i7) is used to store quantities such
as GO(G, ', ir) and GP(r, o, i7). Since GP(a, G',ir) [G?(a,1’,i7)] is a complex conjugation
of GG, o, i1) [GP(r, @, i1)], A(G, o, 1i7) is used to store G?(a, G’,it) and G?P(a,1’,iT) as
well. Finally, A(a, ’,i7) is used to store quantities like G¥(«, o/, it). It should be noted that
the self-energy is stored in a similar way as Green’s functions, the data are distributed, and the
code is highly parallelized in terms of time/frequency. For the sake of brevity, in the following
we will omit the time index.

The arrays are distributed on different nodes over the second index, which allows to perform
FFT over the first index on a single core and perform multiplications over contiguous parts of
memory. However, the data need to be transposed during the calculation.

(1) We start by calculating (G, G"). GV(G, G’) and W(G, G’) are first partially Fourier
transformed to G(r, G’) and W(r, G’) along the first index. Then, the arrays are transposed
to GV(G’,r) and W(G’,r). Third, they are needed to be Fourier transformed to G’(r’, r) and

W(r’,r), such that the self-energy
SO, r) = -GV, r)W(r,r) (281)

is calculated on the fly and immediately Fourier transformed to £V(G’,r) along the first in-
dex and then transposed to V(r, G’), which is stored. £’(G, G’) cannot be performed until
£ (r, G’) for all r has been calculated.

(2) Next, we will show how 2(2)(,8, G’) is calculated. W(r, G’) obtained already in the first

step is used to calculate
DB, G) = ) W(r, G)Qup(r). (282)

D(aB,G’) and G®(a, G’) are then transposed to D(G’, o) and GP(G’,a). Afterwards, the
arrays are Fourier transformed to D(r’, a8) and G®(r’, @) along the first index on a single core.

Then,
£Ow,p) = - ) DI, aB)GO (', ) (283)
is calculated and stored. £®(G’,$) cannot be performed until @ (1, 8) for all r’ has been

calculated. Finally, £ (8, G’) is obtained by transposing *?(G’, B).
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(3) The third component of the self-energy £®(G, ') can be calculated in a similar way as
£@(B, G"). Specifically, GA(G, o) is first partially Fourier transformed to G®(r,a’). Then,
D(r,a’B’) calculated already in the second step and G®(r, ') are transposed to D(a’f’,r) and
G®(a/,r). The self-energy (8, r) is calculated by

SO@ 1) == DB, rG @, 1), (284)

Afterwards, 2 (8, r) is transposed to 2 (r, 8’). £3(G, ) cannot be performed until = (r, 5")
for all r has been calculated.
(4) The calculation of the last component of the self-energy £?(B3,3) is straightforward.

D(r,a’B’) obtained in the second step is used to calculate D(af, @’B’) by
D(ap,d'B) = ) Qup®)D(x, '), (285)
Finally, £#(3, ) is obtained by
SOB.E) =D > Diap,a'B)G (@, a). (286)

After all four components of the self-energy are obtained in reciprocal space, the matrix

elements of the self-energy in the orbital basis can be finally calculated by Eq. (268).
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7. Low scaling GW method: applications

7.1. Applications for extended systems

In this section, we apply our new implementation to predict the QP energies and spectral func-
tions for typical semiconductors (Si, GaAs, SiC, and ZnO), insulators (C, BN, MgO, and LiF),
and metals (Cu and SrVOs;), and compare our results with the conventional GW implementa-
tion. It is found that the QP energies and spectral functions predicted by GoWyr are in good
agreement with GoW, but with a reduced scaling in the system size and number of k points,

highlighting the power of the present method. This section was published in Ref. [107].

7.1.1. Technical details

Our low-scaling GW scheme has been implemented in the Vienna Ab initio Simulation Package
(VASP) [112,|113]]. For all the calculations presented here, the ultrasoft (US) PAW potentials
with an appendix (_GW) released with VASP.5.2 were used unless otherwise explicitly specified.
These potentials are constructed by using additional projectors above the vacuum level and thus
describe well the high-energy scattering properties of the atoms. The plane-wave cutoff for the
orbitals was chosen to be the maximum of all elements in the considered material. The energy
cutoff for the response function was chosen to be half of the plane-wave cutoff. To sample the
Brillouin zone, 8X8x8 k-point grids centered at the I point were used except for Cu where the
grids were increased to 10x10x10. For the tested materials, the experimental lattice constants
at low temperature (if available, otherwise at room temperature) were used. The total number
of bands was chosen to be 480, which is sufficient to obtain the converged QP energies for most
of the materials considered, except for GaAs and ZnO where the convergence is very slow. It
was suggested that thousands of orbitals are required for accurate predictions for ZnO [|114]],
but this finite-basis-set correction is beyond the scope of this work. In fact, for the present setup
the errors in some QP energies are large, with errors of, e.g., 0.5 eV for ZnO. For more accurate
results we refer to the previous publication by some of the present authors [[115]].

Clearly, the purpose of the present section is not to basis set converge the calculations (this
is of course possible with the present implementation, as it was possible in the standard frame-
work). Instead, we restrict ourselves to validating the low-scaling GW implementation by com-

paring the results with the already widely used conventional GW implementation. Hence, same
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Table 1: Positions of conduction band (CB) minimum at I' (T'.) and X (X,.), valence band (VB)

maximum at X (X,) with respect to the VB maximum at I', as well as the band gap.

Spin-orbit coupling (SOC) and finite basis-set corrections are not included. The crystal

structures, lattice constants, and experimental band gaps are identical to Ref. [86]] and

references therein.

X, X, band gap Crystal Lattice
GoWor GoWy  GoWor GoWy GoWor GoWy GoWor GoeWy  Expt. structure constant (A)

Si 3.22 3.23 1.24 1.25 -2.89  -2.89 1.15 1.16 1.17 diamond 5.430
GaAs  1.33 1.34 1.86 1.88 279 277 1.33 1.34 1.52  zincblende 5.648
SiC 7.40 7.41 2.30 2.31 -3.36 -3.35 2.30 2.31 240  zincblende 4.350
ZnO 2.10 2.06 6.73 6.66 231 -2.28 2.10 2.06 3.44  zincblende 4.580
C 7.39 7.39 6.07 6.08 -6.66  -6.66 5.49 5.50 5.48 diamond 3.567
BN 11.14 11.14  6.16 6.17 -5.28 527 6.16 6.17 6.1-6.4 zincblende 3.615
MgO 7.27 7.27 1147 1148 -1.55 -1.54 7.27 7.27 7.83 rocksalt 4213
LiF 13.68 13.68 20.20 20.20 -1.21 -1.19 13.68 13.68 14.20 rocksalt 4.010

setups (crystal structure, potential, k points and so on) were used for both GoWyr and GoyW,
calculations. In addition, finite basis-set corrections for QP energies discussed in Ref. [115]] are
not taken into account for neither GoWyr nor GoW, calculations.

The actual GW calculations involve three steps: (i) A self-consistent KS-DFT calculation
was performed using the Perdew-Burke-Ernzerhof (PBE) functional [21]. (i1) The one-electron
wave functions and eigenenergies of all unoccupied (virtual) orbitals spanned by the plane wave
basis set were evaluated by an exact diagonalization of the previously determined self-consistent
KS Hamiltonian. (iii) The GW calculations were carried out. For all the materials considered,
the number of imaginary time/frequency points in GoW,r calculations was set to 20, whereas
the number of real frequency points was chosen to be 200 for Gy W, calculations. Increasing the

number of grid points further changes the QP energies by less than 0.01 eV.

7.1.2. Results for semiconductors and insulators

Table [I| shows the QP energies and band gaps for the tested semiconductors and insulators pre-
dicted by GoWyr and GyW,. First, we emphasize that our GoW, @PBE results are consistent

with previous calculations [86]. As expected, the band gaps calculated by G,W,@PBE are
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Figure 13: (color online) The real part of the diagonal elements of the self-energy Re[X,x(w)]
[(a) and (d)], and the spectral functions A,x(w) of the Green’s functions at the I"
point [(b) and (e)], as well as the QP shift versus the DFT eigenvalues [(c) and (f)]
for Si (first row) and ZnO (second row). The solid lines and dotted (broken) lines
in [(a), (d), (b) and (e)], respectively, specify the results from GoWyr and GyW,.
Note that the sign of the spectral functions for the unoccupied states in (b) and (e)
is intentionally reversed for clarity. The inset in (d) shows the zoom-in plot for the

local satellites.

slightly underestimated compared to the experimental values. Improvements further towards
experimental gaps have been achieved either by GW,@PBE (iterating the one-electron ener-
gies only in G) [86], or by GoW,@HSE (using the hybrid functionals as a starting point) [|88]].
The best agreement with experimental values thus far has been achieved by GWTCTC (self-
consistent GW with the vertex correction only in W) [89]. We note again that finite basis-set
corrections [[115] have not been used here, which would increase the gap for ZnO by 0.3-0.4
eV, for instance. Second, one can see that the agreement between the results from GoWyr and
Gy W, is remarkably good, validating our low-scaling GW implementation. Specifically, for the
sp semiconductors and insulators (Si, SiC, C, BN, MgO and LiF), the difference in QP energies
and band gaps between GoWyr and GyW, is not larger than 0.02 eV. This is even true for GaAs
with localized d-orbitals. Except for ZnO the GoW,r seems to have the tendency to yield a

slightly smaller downwards shift (below 0.02 eV) for valence and conduction bands compared
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to GoW,. However, for ZnO the difference of the calculated gaps between GoWyr and GyW,
is larger (0.04 eV) since the self-energy exhibits many poles from d-p excitations at energies
around —40 eV [see Fig. e) below].

To further assess our low-scaling GW implementation, we plot the diagonal elements of the
self-energies and spectral functions at the I" point for some chosen bands around the Fermi
level, as well as the QP shift versus the DFT eigenvalues for Si and ZnO in Fig. The
results obtained from the conventional GoW, are also presented for comparison. Overall, the
agreement between the results from GoWyr and GoW, is very good, in particular for the region
close to the Fermi level. Specifically, for Si, the self-energies and spectral functions (including
the spectral background and contributions from plasmons) calculated by GoWyr agree nicely
with the ones from GoW, [see Fig. [I3|a) and [I3(b)]. This is achieved by employing Thiele’s
reciprocal difference method. Solving for the Padé coeflicients directly, however, yields less
satisfactory results (not shown here). For ZnO, the agreement in the self-energies and spectral
functions is still good. Even the small satellites in bands I'; and I'{ are reproduced [see the
inset in Fig. [13|d)]. However, satellites far from the Fermi level have been smoothed by the
analytic continuation.

In contrast, there exist larger deviations in the region far away from the Fermi level. As shown
in Fig. [13|c) and [I3(f), the difference in the QP shift between GoWyr and GoW, increases as
the binding energies increase above 4 eV. The reason can be easily understood. Considering
band I'; of Si for instance, the QP peak is not sharp. Instead, it is broadened with a width of
around 5 eV, as shown in Fig. [I3[b). Therefore, it is difficult to obtain the exact position of
the quasiparticle. This is true for both GoWyr and GoW,. In addition, the QP peaks measured
from the angle-resolved photoelectron spectroscopy (ARPES) would be as broad as in the GW

approximation so that the errors are in fact negligible compared to the width of the peak.

7.1.3. Results for metals

Now we turn to the QP calculations for metals where some extra considerations are required.
For metallic systems there exists a non-vanishing probability that an electron is excited within
one and the same band. These transitions are called intraband transitions and lead to the so
called Drude term for the long-wavelength limit (q — 0). Following similar strategies as in

Refs. [116,/117] we derived the head of the intraband dielectric function in the imaginary fre-
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Figure 14: (color online) Band structures [(a) and (d)], spectral functions A,x(w) of the Green’s
functions at the I' point [(b) and (e)], and QP shift versus the DFT eigenvalues [(c)
and (f)] for Cu (first row) and SrVO; (second row). Note that in (a) and (d) the red
broken lines specify the Wannier interpolated band structure from GoW,. PBE and

GW Fermi energies are aligned at zero.

quency domain,

intra

Eop (W) = PR (287)

Here the tensor @,z is the plasma frequency and its square is defined as,

47e? 0f(€x) O€nk O€énk

02, = — 2 - , 288
(,L)a/ﬂ QC Z aenk € (’)k eﬁ (‘)k ( )

where the factor of 2 is due to the spin-degenerate systems considered here, Q¢ is the volume
of the unit cell and e, is the unit vector along the cartesian coordinate «. It should be noted
that the intraband transitions are only non-vanishing for the head of the dielectric functions. For
the wings and body they are both zero. For the explicit derivation of the head of intra-band
dielectric functions, please refer to Appendix (D).

As a test, we calculated the QP energies for the metals Cu and SrVO; and compare the

results with the ones from the conventional GoW, in Fig. [I4[a) and [I4(d). To guide the eye, the
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Figure 15: (color online) (a) Momentum resolved spectral function in the GoW, approxima-
tion (color/gray) and DFT (black line). (b) Comparison of the DFT and local
GoW, spectral function A(w). The results are obtained from our low-scaling GoWyr

implementation.

PBE band structures and interpolated GoW, QP band structures obtained with the wannier90
code [42,43]] are also displayed. One can see that good agreement between GoWyr and Gy W, is
achieved for both Cu and SrVOs, indicating that our low-scaling GW implementation is robust
and applies to metals as well. However, if we take a closer look at the spectral functions,
as shown in Fig. [14(b) and [T4{e), we observed that although the main QP peaks are well
reproduced, the plasma and some satellites are again smoothed by the analytic continuation.

Fig. [14(c) and [T4[f) further show the QP shift versus DFT eigenvalues for Cu and SrVOs,
respectively. For the noble metal Cu, in the energy region of the plot, overall, the QP shift
difference between GyWyr and GyW, is not exceeding 0.1 eV. Analogous behavior as for Si is
observed for Cu. The further one moves away from the Fermi level, the larger is the QP shift
difference. This is due to the large broadening of the QP peak for the corresponding bands.
This is also true for the metal SrVO;. The negative slope of the QP shift between —1.5 and 1.5
eV implies a shrinking of the #,, bands as compared to the DFT results, which was observed in
other GW studies as well [[111}/118]. In the region far away from the Fermi level QP differences
are visible, but the maximum difference is smaller than 0.2 eV.

Figure[[5|a) shows the momentum resolved spectral function from single-shot GoWyr. Com-
pared to DFT, the t,, bandwidth is reduced by 20 % in GoWyr. In the GoW, approxima-

tion, spectral weight is transferred to satellites. This is much more clearly seen in the local,
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Table 2: QP energies (eV) of Cu predicted by GoWyr and GyW, using the norm-conserving
(NC) GW PAW potential (Cu_sv_.GW _nc). Basis-set corrected GoW, QP energies are
also given for comparison. The labeling of the high-symmetry points are shown in
Fig. [[4(a). The results are compared to the pseudopotential plane wave (PPW) values
obtained by Marini et al. [[122] and the full potential linear muffin-tin orbital (LMTO)

calculations by Zhukov et al. [|[123]]. Experimental data are taken from Ref. [[124].

PBE GoWor GoWy corrected GoWy PPW [122] LMTO [[123] Expt. [[124]

'y -205 -192 -1.92 -2.11 -2.81 -2.36 -2.78
Positions of d
Xs -133 -122 -1.23 —1.45 -2.04 -1.63 -2.01
bands
Ls -147 -136 -1.37 —-1.58 -2.24 -1.78 -2.25
I',-Tps  0.84 0.70 0.72 0.69 0.60 0.81 0.81
Widths of d X5 - X;3 2.97 2.61 2.68 2.60 2.49 2.92 2.79
bands Xs - X, 3.44 3.05 3.18 3.10 2.90 3.37 3.17
Ly —Ls 1.44 1.30 1.31 1.26 1.26 1.43 1.37
Lz — L, 3.51 3.16 3.26 3.16 2.83 3.42 291
Positions of I -929 -9.14 -9.20 -9.18 -9.24 -9.35 —-8.60
s/ p bands Ly -092 -1.00 -0098 -1.02 -0.57 -0.92 -0.85
L gap L{ = Ly 4.80 5.09 5.08 4.98 4.76 4.78 495

momentum-integrated, spectral function as shown in Fig[T5(b). The plasmon satellite of the #,,
quasi-particle band at ~3 eV arising from the #,, contribution to the fully screened interaction
at the plasmon frequency [119,/120] is well reproduced. Further, a plasmon peak deriving from
transitions outside the f,, subspace is seen at ~15 eV [47,]119]. We note, however, that in our
calculations repeated plasmon peaks at higher frequencies are absent. This is a well known
issue of the GoW, approximation [121].

In Table 2] we show in detail the QP energies of Cu predicted by GoWyr and GyW, and com-
pare our results with other theoretical calculations and experiment. The most significant error in
the PBE one-electron energies is the wrong description of the absolute positions and the band-
width of the d bands. For instance, the highest d band at X5 is located at —1.33 eV in PBE, 0.68
eV above the experimental value of —2.01 eV [124]]. The bandwidth of the d bands is widened
compared to the experiment (see X5 — X;). Unfortunately though, our GoW, does not improve
the results significantly. It shrinks the bandwidth of the d bands towards the experimental val-

ues, but predicts worse positions for the d bands than PBE. However, as already mentioned basis
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set errors might be substantial for the 480 bands employed in the present case. To improve the
results, finite basis-set corrections were used as discussed in Ref. [[115]]. Indeed, with these
corrections the absolute positions of the d bands are lowered by about 0.2 eV. Agreement with
the full potential LMTO method [123]] is then reasonable. However, our QP d-band energies are
still way above those of Marini et al. [122]]. We are pretty confident that the good agreement of
these calculations with experiment is largely fortuitous: the applied pseudopotentials somehow
canceled the errors introduced by the GoW, approximation. Compared to the LMTO data, we
note that all our QP energies are shifted upwards by 0.2 eV (except for L,/). Of course, our
QP energies are reported with respect to the GoW,, Fermi energy, whereas, Ref. [123]] does not
mention how and whether the Fermi energy was determined at the GoW, level. Using the DFT
Fermi energy would improve agreement with Ref. [[123]. For the widths of the d bands the
present results are in very good agreement with experiment, though, slightly improving upon
the LMTO data, which were generally above the experimental data.

We feel that the residual errors compared to experiment are to be expected and arise from (1)
the neglect of self-consistency (the DFT d orbitals of Cu are most likely too strongly hybridized
with the sp states), and (ii) spurious self-interactions in the GW approximation. The latter error
can be only eliminated via the inclusion of vertex corrections in the self-energy. Indeed, the
importance of vertex corrections has been highlighted for predicting the ionization potentials

and d-electron binding energies of solids [92]], with typical corrections for the d bands of 0.7 eV.

7.1.4. Time complexity for large systems

In order to investigate the scaling with respect to the system size in our new implementation,
we performed GoWyr calculations on different bulk Si diamond supercells with 16, 24, 36,
and 54 atoms using the I' point only. For comparison, similar calculations have been done
for the conventional GoW, code. Our GoW,r implementation displays clearly a better than
cubic scaling in the system size, as shown in Table 3] The reason for this good scaling is
that the contraction steps such as GG and GW scale only quadratically in system size, and for
the number of atoms considered here, construction of the Green’s function and manipulations
of the self-energy matrix, which scale profoundly cubically, are not yet dominating the total
compute time. Furthermore, it needs to be mentioned that the GoWyr compute time includes

the calculation of the full non-diagonal self-energy at all frequency points (including all off-
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Table 3: Timings in minutes for GoWyr and GyW, calculations for different bulk Si diamond
supercells. The calculations were done for 64 QP energies using the I" point only and

using the real valued I only VASP version.

Atoms Cores Time Timexcores/atoms® x 103
GoWy  GoWyr GoWy GoWyr
16 16 9.18 2.50 35.86 9.78
24 20 18.94 4.14 27.40 5.99
36 48 41.68 5.65 42.88 5.82
54 64 104.53 12.07 42.49 491

diagonal elements), whereas the GoW, code calculates only few diagonal elements of the self-
energy for the occupied and some unoccupied states. Despite this the GoWyr code substantially
outperforms the older GoW, code. Concerning scaling, the old Gy W, code shows a slightly less
beneficial scaling, nevertheless it is also closer to cubic than quartic in system size. This relates
to the fact that the quartic part (construction of polarizability and self-energy in orbital basis) is
done using high efficiency BLAS level 3 calls, and hence this part becomes only dominant for
very large systems, typically beyond 100 atoms.

To test the scaling with respect to the number of k points, we performed calculations on a bulk
Si diamond supercell with 16 atoms using 64 cores. We note that the new code does not yet
perform optimally if the number of cores exceeds the number of atoms. This and the need to use
a complex code version explain why the timings for a single k point in Fig. [[6|are hardly better
than for 16 cores shown in Table 3] As shown in Fig. [I6] the computational demand increases
almost perfectly linear in the number of k points for GoWyr. The slight deviation for the 4 x4 x4
case arises from the need to pick a less efficient parallelization strategy for this k-point set to
be able to perform the calculation using the memory available on 64 cores. In contrast, GoW,
shows a roughly quadratic scaling in the number of k points. The bad scaling of the old code is,
however, somewhat masked by its efficient handling of symmetry. The old implementation uses
small point group operations compatible with the considered momentum transfer ¢, whereas the
new code uses yet no symmetry when contracting GG or GW. Concomitantly, if symmetry is
switched off, the new code becomes only slower by a factor 2 for the 3 X 3 x 3 k points, whereas

the time for the old code increases to 162 minutes (off the scale, see the blue and pink broken
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Figure 16: (color online) Computational time for GoWyr and Gy W, calculations with symmetry
switched on or off on a bulk Si diamond supercell with 16 atoms as a function of the
number of k points (in the full Brillouin zone). Note that the computational time of
GoW, for the 3 X 3 X 3 case without symmetry is about 162 minutes, which is not

shown in the figure. The calculations are done for 64 QP energies using 64 cores.

lines in Fig. [16)). Therefore, one would expect that the GoWyr code outperforms the old G, W,
code, in particular, if large low-symmetry unit cells are used and/or if many k points are used. It
is however also clear that the old code can be competitive or superior for small high-symmetry
unit cells, even if many & points are used to sample the Brillouin zone. For instance, for a cubic

diamond unit cell or for fcc Cu, the old code is usually much faster than the new GW code.

7.2. Applications for 100 closed shell molecules

In a recent work, van Setten and coworkers have presented a carefully converged GoW, study
of 100 closed shell molecules [84]. For two different codes they found excellent agreement
to within few 10 meV if identical Gaussian basis sets were used. We inspect the same set
of molecules using the projector augmented wave method and the Vienna ab initio simulation
package (VASP). For the ionization potential, the basis set extrapolated plane wave results agree
very well with the Gaussian basis sets, often reaching better than 50 meV agreement. In order

to achieve this agreement, we correct for finite basis set errors as well as errors introduced by
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periodically repeated images. For positive electron affinities differences between Gaussian basis
sets and VASP are slightly larger. We attribute this to larger basis set extrapolation errors for
the Gaussian basis sets. For quasi particle (QP) resonances above the vacuum level, differences
between VASP and Gaussian basis sets are, however, found to be substantial. This is tenta-
tively explained by insufficient basis set convergence of the Gaussian type orbital calculations
as exemplified for selected test cases.

This section was published in Ref. [125].

7.2.1. Introduction

The GW approximation suggested by Lars Hedin [70] has a long history in solid state physics.
First practical applications were already published in the 1980s by Hanke and coworkers soon
followed by the often quoted study of Hybertsen and Louie [83,/126H128]]. For solids, it is gener-
ally found that even the simplest approximation Gy W, yields reasonably accurate quasiparticle
(QP) energies and band gaps in good agreement with experiment [85,86,[88]]. The results often
improve if the Green’s function is iterated to self-consistency, either updating the QP-energies
only or even the one-electron orbitals [85,86,129-135]]. Applications of the GW approxima-
tion to molecules, however, have been comparatively rare, since codes based on local orbitals,
which are by construction particularly well suited to treat molecules, did not incorporate the
GW approximation until recently. This has changed, with many local basis set codes, such as
FHI-aims, MOLGW, Turbomole, and CP2K now supporting GW calculations [[136-142]. Also,
efficient plane wave codes using a Sternheimer approach, such as ABINIT and West [[143.|144]],
are becoming available. As for solids, carefully converged QP calculations are, however, still
comparatively scarce [115].

To fill this gap, Bruneval recently performed systematic studies for about 30 molecules [[145].
van Setten and coworkers went one step further and evaluated basis set extrapolated GW QP
energies for 100 closed shell molecules using several codes [84]. They found that the GW QP
energies of the highest occupied orbital (HOMO) and lowest unoccupied orbital (LUMO) of
two local basis set codes, FHI-aims and Turbomole, virtually agree, if identical basis sets are
used. In many respects this is not astonishing, since two codes ought to yield the same results,
if the computational parameters are identical. The two codes are, however, technically quite

different. For instance, they introduce auxiliary basis sets to avoid storing the two-electron
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four orbital integrals. Furthermore, FHI-aims uses a numerical representation of the Gaussians
and calculates the self-energy along the imaginary axis (Wick rotation) requiring an analytic
continuation to the real axis. All these factors can introduce small uncertainties. Clearly, the
study impressively demonstrates that all these intricacies are well under control, and technically
well converged results can be obtained using both codes.

The paper by van Setten et al. [84] also reports results using the GW Berkeley plane wave
code [[146]. Although agreement of that code with experiment is very good if the plasmon-pole
model is used, comparison of the fully frequency dependent GoW, HOMO and LUMO with
Gaussian basis set results is less satisfactory. For the considered molecules, the mean absolute
difference between Gaussian type orbitals (GTO) and plane waves (PWs) is about 200 meV for
the HOMO. We note on passing that the agreement between GTO and other plane wave studies
is seemingly superior [143,|144], although, this could be related to the fact that these studies
only considered a subset of the GW100 set. The disagreement between the Berkeley GW PW
code and GTO codes is certainly slightly disconcerting, since it puts decades of studies using
PW based GW calculations into question. Remarkably, on the level of DFT, the reported one-
electron energies of the HOMO agree to within few 10 meV. So how can one understand the
much larger discrepancies for GW QP energies?

A partial answer is given by the observation that QP energies converge very slowly with re-
spect to the basis set size, as well established for Gaussian type orbitals [84,/140,/145]. van
Setten et al. obtained basis set converged QP energies by extrapolating against the basis set size
or against 1/ Cﬁ, where C, is the basis set cardinal number [84]. Extrapolation was based on
def2-SVP, def2-TZVP and def2-QZVP, but even though def2-QZVP constitutes a fairly com-
plete set, the extrapolated values can differ by more than 300 meV from the values at the largest
considered basis set. Astonishingly, the reported PW results were not extrapolated to the ba-
sis set limit, although a recent work of Klimes et al. shows that the GW QP energies con-
verge like one over the number of plane waves [115] and this behaviour is also confirmed by
purely analytical arguments [147]]. Early evidence of this slow convergence using PWs exist
aplenty [114}/148,/149]. In view of this slow convergence, a brute force approach to predict QP
energies seems elusive considering that most codes scale cubically with respect to the number
of basis functions. The present work tries to rectify this issue by reporting QP energies using
the plane wave code VASP, carefully correcting for basis set incompleteness errors, as detailed

in Section
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Another point that we briefly mention in the present work is that the calculation of the poles
of the GoW, Green’s function can be unphysical, if the initial Green’s function yields too small
excitation energies. In this case, first linearizing the GoW, self-energy and then determining
the poles of the Green’s function yields more robust QP energies. We, finally, finish with

discussions and our conclusions.

7.2.2. Technical details

As in the GW100 paper of van Setten et al. [[84], we use the PBE functional for the DFT starting
point. However, all calculations include scalar relativistic effects, in contrast to the calculations
of van Setten et al. that are based on non-relativistic potentials. The potentials used in the
present work are the GW potentials distributed with the latest release of VASP (vasp.5.4), and
we followed the recommendations in the VASP manual on which version to use. Generally this
means that lower lying semi-core states were not correlated in the calculations, except for the
alkali and alkali-earth metals, as well as Ti and Ga. For He, we found issues with the originally
distributed potential. The He_GW potential failed to converge in DFT calculations when the plane
wave cutoff was increased, because a ghost state was introduced as the basis set size increased.
The potential was slightly modified to remove this problem and will be distributed with the next
release. Furthermore, for boron to fluorine the potentials B_GW new, ..., F_GW_new were used
(also already distributed with vasp.5.4). These potentials include d partial waves, whereas the
standard GW potentials choose the d potential as local potential.

The potentials used in this work are not the most accurate GW potentials yet available for
VASP. Specifically, we have recently shown that norm-conserving (NC) GW potentials are nec-
essary to predict very accurate QP energies for 3d, 4d and 5d elements [[115]] with the NC
potentials generally increasing the QP binding energies. In our experience, such highly accu-
rate potentials are, however, not required in the present case for the following reasons. For s and
p elements the standard potentials conserve the norm very well to within about 70 %, often even
90 %. Furthermore, errors introduced by violating the norm-conservation can only occur at very
high scattering energies, since the standard GW-PAW potentials predict the scattering properties
correctly up to about 400 eV. Beyond that energy, the PAW projectors become incomplete. For
the elements considered here, we expect that the combination of these two effects means that the

results for the HOMO and LUMO will be accurate even though we do not use NC potentials.
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The only exceptions are copper, neon, fluorine, oxygen and possibly nitrogen. These elements
possess strongly localized 3d and 2p orbitals. We will return to this point later.

In the calculations presented here we calculate the Green’s function, the screened interaction
W as well as the self-energy in imaginary time and frequency. This has several advantages
compared to the full real frequency implementation also available in VASP. The fully frequency
dependent version along the real axis requires at least 100, but for molecules with their sharp
resonances often even several hundred frequency points to converge. Since the boxes considered
in this work are quite large, we also need several thousands of plane waves to describe the
frequency dependent screened interaction and Green’s function accurately. This becomes very
quickly prohibitive. In the imaginary frequency, on the other hand, only relatively few frequency
points are required. In the calculations presented here, 16 frequency points and the time and
frequency grids discussed by Kaltak et al. are used [103,/104]. These 16 points were found to
be sufficient to converge the QP energies of the HOMO and LUMO to about 10 meV [107]]. The
downside of working in the imaginary frequency domain is that the results along the imaginary
frequency axis need to be continued to the real axis. This was done using a (16 point) Padé fit
following Thiele’s reciprocal difference method based on continued fractions [[109]. We note
that the reported FHI-aims results in Ref. 84/ were— with few problematic exceptions —also
obtained using 16 parameter Padé fits. These exceptions are BN, O3, BeO, MgO and CuCN
where many more points were required. For the other molecules, the 16 parameter Padé fits
yielded excellent agreement with Turbomole, which calculates the exact GW self-energy along
the real axis. Details of our implementation are reported elsewhere [107]].

The other crucial issues are basis set extrapolation and convergence with respect to the box
size. To obtain basis set converged results, we used a relatively small box, but one that still
faithfully reproduces the character of the HOMO and LUMO. For this box, we performed cal-
culations for the default cutoff as specified by the VASP potentials, and calculations for three
additional plane wave cutoffs, with the largest calculation corresponding to twice the number
of plane waves used in the default setup. These four data points are fitted assuming that the QP
energies as a function of the number of plane waves N,,, converge like

E®(Npy) = E¥(c0) + i, (289)
Npw
where N,,, is the number of plane waves in the basis set [[115,{150-152]. A four point fit and

a two point fit with the largest and smallest PW basis set yielded a maximum difference of
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10 meV in the QP energies. To illustrate that the basis set dependence is indeed following
a 1/N,, behavior to great accuracy, we will show data for selected molecules in Sec.
The only subtlety impeding an accurate and automatic extrapolation is the use of the Padé fit.
The slope of the self-energy can vary somewhat between different calculations causing some
variations in the predicted QP energies. Extrapolation from these “noisy” data is difficult and
error prone. To circumvent this issue, we perform the extrapolation for the self-energy evaluated
at the DFT one-electron energies, specifically on AE = Re [(¢|T +VH 4 Z(GDFT)|¢>] — P
instead of AE = E?® — P and scale the correction by the Z-factor at the smallest, i.e. default,
PW cutoff. In this way, we neglect variations of the Z-factor between different basis sets, but
these variations are small and dominated by noise.

A few final comments are in place here. In the calculations presented herein, we calculate all
orbitals spanned by the PW basis set. This implies that the number of orbitals also increases as
the number of plane waves increases. Second, the kinetic energy cutoff for the response function
(ENCUTGW in VASP) is set to 2/3 of the cutoff used for the plane wave basis of the orbitals (ENCUT
in VASP). Whenever the PW cutoff for the orbitals is increased, the PW cutoff for the basis set
of the response function is increased accordingly. This means that a single parameter, the PW
cutoff for the orbitals (ENCUT), entirely controls the accuracy of the calculations (at least with
respect to the basis sets). Since all the intermediate control parameters are set automatically by
VASP, and since the QP energy corrections converge like one over the number of plane waves
and orbitals [115]], extrapolation to the infinite basis set limit is straightforward and robust.

Let us now comment on the second point, convergence with respect to the cell size. In plane
wave codes, it is common practice to truncate the Coulomb kernel at a certain distance r., say
half the box size, so that the periodically repeated orbitals can not screen the central atom. The
downside of this approach is that it modifies the Coulomb kernel to become [[153]]

2

e
gl

(1 = cos(lglr.)), (290)

g:

where g is a plane wave vector. Obviously, this modifies the Coulomb kernel at large reciprocal
lattice vectors g. In test calculations we found that this spoils the previously mentioned basis
set extrapolation (289): as one increases the plane wave cutoff, one moves through maxima and
minima of the truncated Coulomb kernel, causing superimposed oscillations in the QP energies.
Basis set extrapolation becomes then uncontrolled. To deal with the repeated images, we instead

resort to the standard trick used in periodic codes: k - p perturbation theory [[154]]. We calculate
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the first order change of the orbitals with respect to k [116]], and accordingly the head and wings
of the polarizability and a correction to the g — O component of the self-energy. This term
corrects the leading monopole-monopole interaction between repeated images, but leaves the
monopole-dipole and dipole-dipole interactions uncorrected. These two terms fall off like 1/V
and 1/V?, where V is the cell size volume [[155]]. To deal with this, we perform four calculations

at different volumes, with the box size progressively increased by 1 A and fit the data to
ap+ar/V +ay/V>. (291)

For most molecules the corrections are small and only of the order of 10-20 meV, whereas for
the alkali dimers and some polar molecules the corrections can be as large as 100-200 meV.
In these cases the correction is very well described by the theoretical equation. We hope to
find a better solution in future work, for instance, an explicit subtraction of monopole and
dipole interactions between periodic images. In terms of compute time, however, the additional
calculations for smaller boxes only require a modest amount of time: since the total compute
time scales quadratic to cubic with respect to the number of plane waves, the calculations scale
also quadratic to cubic in the volume. Typically we need 12 A large boxes to obtain results
converged to 20 meV with respect to the box size. The additional smaller volumes used for the
extrapolation require only half of the compute time of the largest final box.

The final QP energies reported in the next section were obtained by calculating the PBE one-
electron HOMO and LUMO for a 25 A box at an energy cutoff that is 30 % increased compared
to the VASP default values. The vacuum level, evaluated as the Hartree plus ionic potential, was
evaluated at the position furthest from the center of the molecule and subtracted from the PBE
one-electron energies. We checked that the DFT one-electron energies are converged to a few
meV with this setup. To the DFT one-electron energies, the shift of the QP energies E?° — €PFT
for the largest considered box, box size corrections, and basis set corrections as described above
are added. It goes without saying that this procedure is rather involved and since errors are
expected to accumulate, we estimate that the present predictions are only accurate to about
+50 meV, where convergence with cell size is the main source of errors and difficult to estimate
precisely.

To give a feeling for the required compute time and computational effort, we need to stress
that our plane wave code is mainly designed for solids. Nevertheless, a calculation for C¢Hg in

a 10 A box at the default cutoff takes about 4 hours on a single node with 16 Xeon v2 cores.

102



The compute time stays roughly constant if the box size is increased by 1 A and the number of
cores is simultaneously doubled. Furthermore, the compute time is mostly independent of the
number of atoms in the box, but increases cubically with the box size as the total number of

plane waves increases linearly with the box size.

7.2.3. HOMO for GW100

Let us first note on the agreement at the level of DFT (not shown). In general, our values agree
exceedingly well with the PBE values reported in the supplementary material of Ref. [84. In
most cases, our PBE HOMO is located between the basis set extrapolated values and the values
obtained with the best basis sets used in the GTO calculations (def2-QZVP). On average, our
PW HOMOs agree better with the non basis set extrapolated values with a mean deviation (MD)
of 7 meV and a mean absolute deviation (MAD) of 19 meV. Compared to the GTO basis set
extrapolated values, the MD and MAD are -25 meV and 30 meV (in both cases, CH,CHBr was
excluded, see below).

van Setten et al. [84] extrapolated the DFT eigenvalues using a cubic polynomial in the in-
verse of the cardinal number of the basis set (C;?); we believe that this is not appropriate and
will overestimate the basis set corrections. It is commonly agreed that DFT calculations con-
verge exponentially with the cardinal number, whereas any correlated wave function calculation
converges with the inverse of the basis set size (corresponding roughly to C;%) [84}|115,(145].
This is a result of Kato’s cusp condition [231] causing a kink in the many-body wave function
as two coordinates approach each other. We have shown that this problem carries over to GW
calculations [115]]. As a one-electron theory, density functional theory does not suffer from
this slow convergence. We hence believe that van Setten overestimated the basis set correc-
tions for DFT. This is supported by the observation that our PBE results tend to be closer to the
non-extrapolated Gaussian results at the level of def2-QZVP.

We now turn to the QP energies predicted at the level of GoW, shown in Table @ The
agreement between the VASP PW and the GTO results is generally very good. We note that
the GoW, approximation used here is identical to the one applied by van Setten et al. [84].
Specifically, van Setten determined the nodes of Eq. (168)), and we do exactly the same in
the present work. Linearization of the QP equation yields generally somewhat larger

QP energies and often improves agreement with experiment slightly (column lin-GoW,)). This
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Table 4: Ionization potential (IP, negative of HOMO QP energies) for 100 molecules using
GoW, and linearized lin-G( W, method. For comparison the basis set extrapolated val-
ues [[84] and the experimental IPs are given (vertical IPs are in italics). If basis set
extrapolated values are not specified in Ref. [84]], the AIMS-P16 values are shown in
the column GTO (marked by *). Last column shows the differences between GTO and

PW results. The * indicates differences to non basis set extrapolated values.

GoWy  GoWy  lin-Go Wy EXP A

GTO [84] PW PW PW-GTO

1 He 23.49(0.03) 23.38 23.62  24.59 [156] -0.11
2  Ne 20.33(0.01) 20.17 20.36  21.56 [156] -0.16
3 Ar 15.28(0.03) 15.32 1542  15.76 [157] 0.04
4 Kr 13.89(0.16) 13.93 14.03  14.00 [158] 0.04
5 Xe 12.02*  12.14 12.22  12.13 [159] 0.12*
6 H; 15.85(0.09) 15.85 16.06 15.43 [160] 0.00
7 Lip 5.05(0.02) 5.09 532 473 [161] 0.04
8 Na 4.88(0.03) 4.93 506  4.89 [162] 0.05
9 Na 4.14(0.03) 4.17 423 427163 0.03
10 Nag 4.34(0.06) 4.34 440  4.12[163] 0.00
11 Ky 4.08(0.04) 4.12 424  4.06[162] 0.04
12 Rb, 3.79* 4.02 4.14  3.90[162] 0.23*
13 N, 15.05(0.04) 14.93 15.06 15.58 [164] -0.12
14 P 10.38(0.04) 10.35 10.40 10.62 [165] -0.03
15 As 9.67(0.10) 9.59 9.62  10.0 [[166] -0.08
16 F 15.10(0.04) 14.93 15.08 15.70 [167]] -0.17
17 Cl, 11.31(0.05) 11.32 11.40 11.49[168] 0.01
18 Brnp 10.56(0.18)  10.57 10.65 10.51 [168] 0.01
19 b 9.23" 9.52 9.59  9.36 [169] 0.29"
20 CH4 14.00(0.06) 14.02 14.14  13.6 [170] 0.02
21 CyHs  12.46(0.06) 12.50 12.58 11.99[169] 0.04
22 CsHg 11.89(0.06) 11.90 11.98 11.51[169| 0.01
23 C4Hpp 11.59(0.05) 11.61 11.69 11.09[169] 0.02
24 CyH; 10.40(0.03) 10.42 10.50 10.68[170] 0.02
25 GCyH, 11.09(0.01) 11.07 11.24  11.49[170] -0.02
26 C4 10.91(0.03) 10.89 10.97 1254 [171] -0.02
27 GCsHe 10.65(0.04) 10.72 10.78  10.54 [172] 0.07
28 CeHs 9.10(0.01) 9.11 9.16  9.23[173] 0.01
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(continued)

GoWo GoW,  lin-GoW, EXP A

GTO  PW PW PW-GTO
29 CgHg 8.18(0.02)  8.19 824 843 [174] 0.01
30 CsHg 8.45(0.02)  8.47 851  8.53[175] 0.02
31 CH,CHF  10.32(0.02) 10.28 1036 10.63 [176] -0.04
32 CH,CHCl  9.89(0.02)  9.92 10.00  10.20 [177) 0.03
33 CH,CHBr  9.14(00.01)  9.75 9.83  9.90[177] 0.61
34 CH,CHI 901" 927 936  9.35[178] 0.26"
35 CF, 15.60(0.06)  15.41 15.53  16.20 [179] -0.19
36 CCly 11.21(0.06) 1120 1131 11.69 [169] -0.01
37 CBry 10.22(0.16)  10.25 1038 10.54 [180] 0.03
38 ClL 871 9.1 923 9.10[181] 0.40"
39 SiH, 12.40(0.06)  12.40 12.53  12.3]182] 0.00
40 GeH, 12.11(0.04)  12.13 1224 11.34183] 0.02
41 HeSip 10.41(0.06)  10.44 1052 10.53 [184] 0.03
42 Hy,Sis 9.05(0.05)  9.13 9.19  9.36[184] 0.08
43 LiH 6.58(0.04)  6.46 720 7.90 [185] -0.12
44 KH 4.99(0.01)  4.97 537 8.00[186] -0.02
45 BH; 12.96(0.06)  12.95 13.09 12.03 [187] -0.01
46 B,H, 11.93(0.06)  11.94 12.04  11.90 [188] 0.01
47 NH; 10.39(0.05)  10.32 1044 10.82 [189] -0.07
48 HN; 10.55(0.02)  10.50 10.56  10.72 [190] -0.05
49 PH; 10.35(0.05)  10.35 1045  10.59 [191] 0.00
50 AsH; 10.21(0.02)  10.26 10.36  10.58 [192] 0.05
51 H,S 10.13(0.04)  10.11 1030 10.50 [193] -0.02
52 HF 15.37(0.01) 1537 1538 16.12 [194] 0.00
53 HCl 12.36(0.01) 1245 12.51  12.79 [195] 0.09
54 LiF 10.27(0.03)  10.07 1045 11.30 [196] -0.20
55 MgF, 12.50(0.06)  12.41 12.77  13.30 [197] -0.09
56 TiF, 14.07(0.05)  14.01 1422 15.30 [198] -0.06
57  AlF; 14.48(0.06) 1433 14.53  15.45 [199] -0.15
58 BF 10.73(0.05)  10.46 10.67  11.00 [200] 0.27
59 SF, 12.38(0.07)  12.20 1229 11.69 [201] -0.18
60 KBr 7.57(0.13)  7.80 8.04  8.82[202] 0.23
61 GaCl 9.74(0.07)  9.89 9.99  10.07 [203] 0.15
62 NaCl 8.43(0.14)  8.47 8.76  9.80[202] 0.04
63 MgCl 11.20(0.07)  11.19 1141  11.80 [204] -0.01
64 All 9.30*  9.58 9.69  9.66 [205] 0.28*
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(continued)

GoWo GoW,  lin-GoW, EXP A

GTO  PW PW PW-GTO
65 BN 11.15(0.03) - 1061 11.50 -
66 HCN 13.32(0.01)  13.29 1343 13.61 [206] -0.03
67 PN 11.29(0.04)  11.24 1141 11.88 [207] -0.05
68  N,H, 9.37(0.04)  9.33 945  8.98[208] -0.04
69 H,CO 10.46(0.02)  10.42 10.57  10.88 [209] -0.04
70  CH;OH 10.67(0.05)  10.61 10.72  10.96 [210] -0.06
71  CH;CH,OH 10.27(0.05) 1021 1033 10.64 [211] -0.06
72 CH3CHO 9.66(0.03)  9.63 9.80  10.24[212] -0.03
73 CH3CH,OCH,CH;  9.42(0.05)  9.43 9.52  9.61[211] 0.01
74  HCOOH 10.87(0.01)  10.81 10.98  11.50 [213] -0.06
75 H,0, 11.100.01)  10.96 1112 11.70 [214] 0.14
76 H,0 12.05(0.03) 11.84 12.05  12.62[169] 0.21
77 CO, 13.46(0.06)  13.36 1344 13.77[215] -0.10
78 CS, 9.95(0.05)  9.96 10.01  10.09 [216] 0.01
79 CSO 11.11(0.05)  11.06 1113 11.19[217] -0.05
80 COSe 10.43(0.09)  10.42 1050 10.37 [218] -0.01
81 CO 13.71(0.04)  13.62 1376 14.01 [217) -0.09
82  0s 11.49(0.03) - 1207 12.73[219] -
83 SO, 12.06(0.06) 1191 12.04  12.50 [169] -0.15
84  BeO 8.60(0.01) - 9.50  10.10 [220] -
85 MgO 6.75(0.03) - 710  8.76 [221] -
86  CeHsCHs 8.73(0.02)  8.75 879  8.82[173] 0.02
87  CgHyo 8.66(0.02)  8.69 873  8.77[173] 0.03
88  CeFe 9.74(0.07)  9.63 9.69 10.20[179] -0.11
89  C¢HsOH 8.51(0.01)  8.38 843  8.75[222] -0.13
90  CeHsNH, 7.78(00.01) 778 784 8.05[223] 0.00
91  CsHsN 9.17(0.01)  9.16 931  9.66 [224] -0.01
92 Guanine 7.87(0.01)  7.85 790  8.24[225] -0.02
93 Adenine 8.16(0.01)  8.12 8.18  8.48[226] -0.04
94  Cytosine 8.44(0.01)  8.40 8.50  8.94[225] -0.04
95  Thymine 8.87(0.01)  8.83 8.89  9.20[227] -0.04
96  Uracil 9.38(0.01)  9.36 9.55  9.68[228] -0.02
97  NH,CONH, 9.46(0.02)  9.35 9.59  9.80[193] -0.11
98 Ag 708" 7.83 795 7.66[229] 0.75"
99  Cu, 7.78(0.06)  7.19 740 7.46 [230] -0.59
100 CuCN 9.56(0.04) - 9.99 - -
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Table 5: IP (negative HOMO GyW, QP energies) and GoW, LUMO for selected molecules.
The GTO values have been calculated using frozen core potentials, scalar relativistic

corrections, and are extrapolated to the infinite basis set limit.

IP Ip LUMO LUMO
GTO PW GTO PW

5 Xe 1222 12.14 -0.07 0.28
12 Rb, 4.07 4.02 -0.85 -0.74
19 L, 948 952 -2.28 -2.21
34 CH,CHI 9.13 9.27 0.56 0.37
38 ClL 897 O.11 -2.47 -2.42
64 All; 9.50 9.58 -1.18 -1.02
98 Ag 7.96  7.83 -1.40 -1.35

trend has also been observed in a recent benchmark for an unrelated set of molecules [232]. In
agreement with van Setten [84]], we have found poles in the self-energy close to the predicted
QP energies for BN, O3, BeO, MgO and CuCN. Since analytic continuation has difficulties to
resolve the precise pole structure of the Green’s function, we only report the values obtained
from the linearized self-energy.

Our discussion starts with the molecules that show large discrepancies between VASP and
GTO’s. A large out-liner is seemingly CH,CHBr. However, for this molecule, as well as
C¢Hs0H, we found large forces in the preparatory PBE calculations. Double checking the
original literature [233] suggests that the GW100 paper used incorrect geometries. Since the
ultimate purpose is certainly to compare with experiment, we decided to update the geometries
to the correct literature values.

Among the remaining molecules, errors are large for compounds containing iodine, rubidium,
and silver with a maximum deviation of 400 meV for CI; and Rb,, and 750 meV for Ag,.
However, in Ref. 84 no basis set extrapolation was performed for these molecules. From CCly
to CBry, the basis set corrections increase from 300 meV to 350 meV, suggesting a basis set
error of 400 meV for Cl4 using GTOs. Similarly, for Rb, the GTO results were not basis set
corrected, and estimating the basis set error from Na, and K, again suggests that the VASP

results are accurate. For Ag,, the difference between VASP and GTO seem on first sight to be
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Table 6: IP (negative HOMO G,W, QP energies) for selected molecules calculated for a 9 A
box for the standard GW potentials and normconserving GW potentials. Results differ
from the previous table, since calculations in Table 4] have been performed for larger
boxes and include a correction for the box size error. The column A reports the differ-

ence between the standard PAW and NC PAW potential.

GW PAW NC GW PAW A

13 N, 14.98 15.02 -0.04
16 F, 14.97 15.13 -0.15
35 CF4 15.42 15.58 -0.16
52 HF 15.39 15.32  0.06
58 BF 10.42 10.46 -0.04
59 SF, 12.19 12.26  -0.07
76  H,O 11.86 11.94 -0.09
99 Cu, 7.03 7.53 -0.50

too large to be ascribed to basis set errors alone. To resolve the issue, one of us (MvS) repeated
the Xe, Rb,, I, CH,CHI, Cl,, All;, and Ag, calculations using scalar relativistic corrections
and frozen core SVP, TZVP and QZVP basis sets. This yielded basis set extrapolated values
summarized in Table [5 certainly now in good to very good agreement with the VASP values, as
also evidenced in Fig.

For the remaining molecules, the mean absolute deviation between the two codes and thus
two completely different basis sets is only 60 meV, if we also exclude Cu,. For Cu,, the fluorine
containing compounds, H,O, as well as Ne the ionization potentials (IPs) are smaller in VASP,
which we will now show to be related to slight deficiencies in the PAW potentials. Copper,
neon, and fluorine and, to a lesser extent, oxygen are particularly difficult to describe using a
plane wave based approach, since the 3d and 2p electrons are strongly localized. To cope with
this, the Cu, F and Ne potentials are already the three smallest core and hardest potentials used
in the present work. But still, the partial waves do not conserve the norm exactly, which results
in errors, if an electron is scattered into a plane wave with very high kinetic energy [/115].
To determine this error, we performed calculations with norm-conserving (or almost norm-

conserving) GW potentials for the molecules Cu,, N,, F,, CF4, HF, BF, SE, and H,O reported
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Figure 17: (color online) IP differences between PW and GTO results (VASP—FHI-aims in red
color), between GTO and experimental results (FHI-aims—Expt. in green color), and
between PW and experimental results (VASP—Expt. in purple color) as a function
of molecular indices. Note that all the data are taken from the Table [ except for
those molecules shown in Table[5] for which the IPs are updated with new calculated
values. In addition, corrections due to the inaccuracies of GW PAW potentials for
some molecules shown in Table |§| are included. For BN, O3, MgO, BeO and CuCN,
where the roots of QP equations are difficult to obtain, they are not shown in the plot.
Furthermore, after we informed van Setten that crystal structures of CH,CHBr and
Cs¢HsOH were wrong in the GW100 paper [84], he redid these two calculations with
correct structures, so that in this plot we have used the corrected IPs of CH,CHBr
and C¢HsOH provided by van Setten. Now for the molecules considered in the plot,
excellent agreement between PW and GTO results is achieved. Lines are shown for

guiding the eyes.

in Tab. [6| using the potentials Cu_sv_GW.nc, N h_GW,...,F_h_GW. Except for HF, the QP energies
are clearly shifted towards higher binding energies in these calculations, and the discrepancies
to the GTO calculations are reduced to an acceptable level of 100 meV. We also note that the

PAW error increases from nitrogen, over oxygen to fluorine. HF and BF are exceptions, since
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the HOMOs possess predominantly hydrogen and boron character and, therefore, do not depend
strongly on the F potential (we note that the HF results were already accurate using the standard
potentials). Finally, the standard carbon and boron potentials used here are already almost norm
conserving, and hence negligible changes are found for carbon based compounds with harder
potentials (not shown).

The final case worthwhile mentioning is KBr. Here the GW100 paper [[84]] reports relatively
large extrapolation errors of 130 meV, indicating that in this case the GTO based extrapolation
might be inaccurate.

For the remaining systems, we find the agreement to be excellent (see Fig.[I7)). Specifically,
for all considered organic molecules the absolute differences are typically below 50 meV, with
very few out-liners. This clearly demonstrates that plane wave codes can be competitive in
terms of precision with GTOs. Certainly the agreement between GTOs and PWs is better than

originally reported in the GW100 paper, a point discussed in more detail in the next section.

7.2.4. Basis set convergence and comparison to other PW calculations

In Fig. we show the convergence of the HOMO with respect to the plane wave cutoff for
the orbitals. This cutoff also determines the total number of orbitals as well as the cutoff for the
response function. The number of plane waves and total orbitals is proportional to one over the
cutoff to the power of 3/2. It is clearly visible that the curves follow almost exactly a straight
line. In few cases, out-liners are visible. For instance for H,O, we have included results for two
box sizes 8 and 9 A. The 9 A box results have a slight jump, which is not present for the 8 A
box. However, this out-liner is small (about 10 meV), and changes extrapolated results only
by less than 10 meV. Usually the out-liners could be dealt with by just changing the box size
slightly. We believe that they are related to “shell”-effects, i.e. a sudden increase in the number
of plane waves when the cutoff is changed through certain values. Furthermore, the analytic
continuation is not always entirely well behaved and can cause changes of the order of 20 meV.
Overall, the plot demonstrates that extrapolation with respect to the energy-cutoff is very well
under control and can be done with great accuracy.

As noted before, the differences between the GTO and the Berkeley GW calculations reported
in Ref. |84 are more sizable. If we exclude the difficult multipole cases, BN, O3, MgO and BeO,

the mean absolute deviation between Berkeley GW and basis set extrapolated GTOs was 0.2 eV
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Figure 18: (color online) Convergence of QP HOMO with respect to the employed cutoft for
various materials. For N,, CF, and H,O, results are shown for two potentials, the
standard GW potentials, as well as NC potentials. The slopes are steeper for the NC
potentials, which is particularly obvious for CF,. For H,O results for two box sizes

(8and 9 A) are shown (see text).

in Ref.|84, whereas it is reduced to 0.05 eV for VASP PAW potentials (for the same subset). We
speculate that this is mostly related to neglecting basis set extrapolation errors or— less likely
—to an inaccurate treatment of the core-valence interaction. Typically our basis set corrections
are of the order of 300-400 meV at the default cutoff and therefore very sizable. Even doubling
the number of basis functions and therefore increasing the compute time by a factor of about 8
(cubic scaling), reduces the error only by a factor 2, to about 150-200 meV. Hence, calculations
without basis set corrections are hardly affordable or practicable, and it is certainly advisable to
perform an extrapolation whenever possible.

For the core-valence interaction, we emphasize that VASP always evaluates the interaction
at the level of Hartree-Fock if correlated calculations are performed. More precisely, VASP
calculates the PBE core orbitals on the fly and then recalculates the action of the PBE core states

on the valence states using the Hartree-Fock approximation. Not doing so can have a sizable
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effect on the QP energies for heavier atoms [33|]. We are not aware of other pseudopotential
codes following a similar route. This might be responsible for a small part of the errors in the
reported Berkeley GW calculations of Ref. |84, if heavier atoms are involved.

Calculations for another fairly large set of molecules have been reported by Govoni and Galli
using the West code [[144]. 29 molecules are identical to the GW100 set considered here. The
mean absolute difference between the basis set extrapolated GTO results and the VASP results
for this subset is 60 meV, whereas the difference between the West results and the basis set
extrapolated GTO results is about twice as large 120 meV (mean absolute difference between
VASP and West is 90 meV). In many cases, the West IPs are too small indicating again basis
set incompleteness errors. Anyhow, the West results are closer to the basis set converged values

than the GW Berkeley results.

7.2.5. Comparison to experiment

When comparing the present results against the experimental ionisation energies, a mean ab-
solute error of 0.5 eV is observed. This large discrepancy is not unexpected given that in this
computational approach self-consistency, vertex corrections and finite temperature effects are
omitted. However we can comment on the biggest outliers in the set. A first example is Cy:
it is well known that the smaller C, molecule is particularly challenging to describe, owing to
strong electron correlation [234]. For the larger cluster we expect similar effects, hence the
inclusion of the vertex should improve the agreement with the experiment. We have a similar
expectation for the case of F,. Our conjecture is substantiated by previous electron propagator
calculations [235]], where the poles of the Green’s function in the Lehmann representation were
located to give the IP, and where a comparable mismatch to experiment was ascribed to the
poor description of dynamic correlation. For AlF;, LiF and KH we have to bear in mind that
the experimental value for a vertical transition was not available, therefore geometry relaxations
may explain the mismatch. This is only partially true for KH, where the inclusion of adiabatic
effects in the perturbative calculations still leaves a sizable disagreement (~2 eV) [236]; in this

case it is not completely unreasonable to call for a further assessment of the experimental value.
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7.2.6. Linearized QP-HOMO for GW100

We now turn to results obtained by first linearizing the self-energy and then determining the
QP energy from this linearized equation. This procedure is in our experience more “robust”
and better behaved than seeking the poles in the non-linearized equation. The main issue of the
latter approach is that, in the GoW, approximation, the first pole in the self-energy is approxi-
mately located at the energy of the DFT HOMO minus the first excitation energy in the DFT
(LUMO-HOMO):

€nomo — (€Lumo — €HoMO)-

This is a simple Auger like excitation, where the hole has sufficient energy, i.e. is sufficiently
below the HOMO to be able to excite an electron-hole pair. As discussed by van Setten, such
poles lead to multiple solutions for the QP energy [84] and make the determination of the QP
energies difficult for molecules with small excitation energies. These poles are, however, an
artifact of the GoW, approximation. If the GW procedure were done self-consistently, the first

pole in the self-energy would move to approximately

E®

QP QP
HOMO (E - EH

LUMO OMO ) '

In other words, at the valence band edge (HOMO) and conduction band edge (LUMO) the
self-energy never possesses poles. However, in a single shot procedure and when starting from
much too small band gaps, the quasiparticle energy E?° might move into regions where the self-
energy evaluated from DFT orbitals has a pole. Linearization at the DFT eigenenergies resolves
this issue, as the GoW, self-energy has no poles in the direct vicinity of the DFT HOMO. The
problem is also less severe, if the calculations are done selfconsistently or when starting from a
prescription that yields larger HOMO-LUMO Kohn-Sham gaps, as shown in a recent evaluation
of the difference between the quasi-particle orbital energies and their linearized counterparts by
Govoni et al. [[144]. Therein it is shown that, for a wide range of molecules, this difference is
substantially more pronounced for GW calculations on a PBE reference state than if a hybrid
functional with non-local exchange is used.

In summary, we feel that for code benchmarking as well as for a comparison with experiment
determining the poles of the linearized equation is preferable, at least, if a PBE reference state
is employed. However, it also needs to be emphasized that for comparison with the already
published GW100 data, it is of paramount importance to exactly follow the procedures laid out

in the the initial GW 100 paper.
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7.2.7. LUMO for GW100

The calculated LUMOs are shown in Table [/, A few important comments are in place here.
First, the table reports the QP energy of the lowest unoccupied orbital in the preceeding DFT
calculations to maintain compatibility with the previous publication. In some cases (Xe, H,O,
CH,CHCI, CH3;CHO, and HCOOH) PW calculations predict at the DFT level a very weakly
bound LUMO+1 state (just below the vacuum level) whose GoW,, QP energy is below the QP
state corresponding to the DFT LUMO level. These energy levels are not shown in Tab.

If we consider the GoW, values corresponding to the DFT LUMOs, the agreement between
the GW100 reference GTO data and plane waves is reasonable, although not quite as good as for
the HOMO. Specifically troublesome is the observation that the GTO calculations sometimes
predict too positive LUMOs. Admittedly, box size convergence can be troublesome for QP
energies above the vacuum level, and we therefore only show few selected positive LUMOs—
those where we are confident that convergence to 50 meV was attained for the cell sizes con-
sidered in our calculations. All positive (unbound) GoW, LUMOs are marked by a superscript
” 4 7 sign in the last column. The differences are particularly striking for Ne, Xe, H,, H,O and
CH,4 reaching 11 eV for Ne.

To investigate this issue, we compared the DFT-LUMOs of the PW and GTO calculations
(the latter are available upon request to MvS), and found that the deviations between PWs and
GTOs are much larger than for the DFT HOMOs on average, and especially large for some of
the problematic cases, e.g. Ne, Xe, H,, or H,O which are the largest outliners in the subsequent
QP calculations. Specifically, for Ne and H, the PW DFT calculations predict very shallow
bound LUMOs, a few 10 meV below the vacuum level. These can not be reproduced with any
of the available GTO basis sets.

For the other cases with larger discrepencies, we now show that the GTO basis sets are
often not sufficiently flexible to describe unoccupied orbitals. This is supported by several
observations. (1) Basis set corrections using GTOs are much larger for the LUMO than for
the HOMO, as for instance exemplified for As,, F, or Cl,. To make this very clear, we have
included in Table both, the basis set extrapolated values (with estimated error bars), as well as
the values at the largest considered GTO basis set. (ii) Non basis set extrapolated GTO values
deviate markedly from PW results. As before, these are marked by a star superscript in the

last column. GTO basis set extrapolated values are tabulated in Tab. [5|and clearly improve the
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Table 7: LUMO QP energies for selected molecules using GoW, and the linearized lin-G,W,.
For comparison, the non basis set extrapolated values (AIMS-P16), the basis set extrap-
olated values [84]], and the negative of the experimental electron affinities are shown
(vertical attachment energies are in italics). Differences between PW and GTO are
shown in last column. The * indicates energies above the vacuum level, and * indicates

differences to non basis set extrapolated values.

GoWy GoWo  GoWy lin-GyW, EXP A

AIMS-P16 GTO-EXTRA PW PW PW-GTO

2 Ne 11.64 - 0.40 0.40 - -11.24*
5 Xe 4.28 - 0.70 0.70 - -3.58*
6 H; 3.50 3.30(0.52) 0.07 0.07 - -3.23%
7 Lip -0.63 -0.75(0.04)  -0.61 -0.54 - 0.14
8 Na -0.55 -0.66(0.70)  -0.60 -0.56 -0.54 0.06
9 Na -1.01 -1.15(0.90) -1.07 -1.03  -0.91 [237] 0.08
10 Nag -0.97 -1.13(0.10)  -1.07 -1.03 - 0.06
11 Ky -0.65 -0.75(0.05) -0.74 -0.70 -0.50 0.01
12 Rb, -0.62 - -0.74 -0.70  -0.50 [237] -0.12"
14 P, -0.72 -1.08(0.08)  -0.99 -0.97  -0.68 [238] 0.09
15 As -0.85 -1.52(0.35) -1.07 -1.06  -0.74 [239] 0.45
16 F -0.70 -1.23(0.14)  -0.96 -0.84  -1.24[240] 0.27
17 ClL -0.89 -1.40(0.12)  -1.25 -1.22 -1.02 [240] 0.15
18 Br -1.40 -1.96(0.29) -1.99 -1.97  -1.60 [240] -0.03
19 L -1.68 - 221 -2.20  -1.70 [240] -0.53"
20 CH4 245 2.03(0.35) 0.63 0.63 - -1.40*
26 Cy -2.94 -3.15(0.06)  -3.09 -3.08 -3.88 [241] 0.06
29 CgHg 0.06 -0.12(0.02)  -0.05 -0.02  -0.57 [242] 0.07
32 CH,CHCI 1.42 1.17(0.03) 1.19 1.25 - 0.02*
36 CCly -0.01 -0.54(0.13)  -0.32 -0.28 - 0.22
37 CBry -1.08 -1.56(0.29) -1.47 -1.44 - 0.09
38 CL -2.14 - 242 -2.40 - -0.28*
42 Hi,Sis 0.16 0.00(0.07) 0.03 0.05 - 0.03
43 LiH -0.07 -0.16(0.09)  -0.07 -0.04  -0.34 [243] 0.09
44 KH -0.18 -0.32(0.01) -0.25 -0.22 - 0.07
45 BH;3 0.12 0.03(0.05) 0.03 0.08 -0.04 [244] 0.00
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(continued)

GoWy GoWo  GoWy  lin-GoW, EXP A

AIMS-P16 GTO-EXTRA PW PW PW-GTO

54 LiF 0.09 -0.01(0.01) 0.17 0.17 - 0.18
55 Mgk, -0.14 -0.31(0.06)  -0.29 -0.28 - 0.02
56  TiF, -0.60 -1.06(0.13)  -0.79 -0.66  -2.50 [245] 0.27
57 AlF; 0.16 -0.23(0.10) 0.08 0.09 - 0.31
59  SF4 0.38 -0.10(0.13) 0.07 0.12  -1.50 [246] 0.17
60 KBr -0.31 -0.42(0.06)  -0.32 -0.31  -0.64 [247] 0.10
61 GaCl -0.02 -0.39(0.15)  -0.19 -0.15 - 0.20
62 NaCl -0.39 -0.42(0.01) -0.46 -0.43  -0.73 [247] -0.04
63  MgCl, -0.43 -0.68(0.08) -0.61 -0.59 - 0.07
64 All; -0.80 - -1.02 -0.99 - -0.22"
72 CH3CHO 1.05 0.83(0.05) 0.87 0.87 - 0.04*
74  HCOOH 1.91 1.59(0.00) 1.64 1.72 - 0.05*
76 H,O 2.37 2.01(0.16) 1.04 1.04 - -0.97*
78  CS, -0.20 -0.55(0.09) -0.42 -0.40  -0.55 [248] 0.13
82 O3 -2.30 -2.69(0.11)  -2.50 -2.52 -2.10 [249] 0.19
8 SO, -1.00 -1.49(0.12)  -1.25 -1.19  -1.11 [250] 0.24
84  BeO -2.56 -2.72(0.04)  -2.73 -2.37 - -0.01
8  MgO -1.89 -2.13(0.09)  -2.05 -2.12 - 0.08
88  CsFs 0.66 0.36(0.08) 0.24 0.27  -0.70 [251] -0.12*
94  Cytosine 0.26 0.01(0.01) 0.12 0.15 -0.23 [252] 0.11
95  Thymine 0.06 -0.18(0.01)  -0.06 -0.04  0.29[253] 0.12
96  Uracil 0.01 -0.25(0.01)  -0.11 -0.09  0.22 [253] 0.14
98 Ag -1.05 - -1.35 -1.31  -1.10[254] -0.30*
99  Cup -0.92 -1.23(0.08) -1.24 -1.21  -0.84 [255] -0.01
100 CuCN -1.65 -1.85(0.05) -1.91 -1.81  -1.47[256] -0.06

agreement with the PW results. For Xe, where the discrepancy was previously 3.6 €V, the error
is reduced to about 0.3 eV. Furthermore, we recalculated the QP energies of H,O and CH, using
Dunning correlation consistent basis sets and found basis set extrapolated GoW, QP energies
of 1.00 eV and 0.89 eV, now in excellent and reasonable agreement with the PW results. All
in all, we therefore conclude that the Gaussian basis set results for unoccupied states need to

be considered with some caution, and Dunning correlation consistent basis sets are seemingly

better suited to predict accurate values.
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If we restrict the comparison between PWs and GTOs to states below the vacuum level, we
find the agreement to be generally, as for the HOMO, rather satisfactory. Differences are about
a factor two larger than for the HUMO, but considering the previous discussion on the possible
issues with the Gaussian basis sets for unoccupied orbitals, this is certainly not astonishing.

Finally, concerning the agreement with the experiment, we find a similar absolute deviation
as for the first ionization energies (compare with Tab. [)). To make the comparison between
the LUMO energies and the experiment more immediate, the second last column reports the
negative of the experimental electron affinities, which is overall in quite satisfactory agreement

with experiment.

7.2.8. Discussions and Conclusions

The main purpose of the present work is a careful comparison of GW QP energies obtained
using Gaussian type orbitals and plane waves. One important motivation was that the values re-
ported for the Berkeley GW code were typically 200 meV smaller than the basis set extrapolated
GTO results. However, the Gaussian basis set extrapolation also often increased the predicted
QP energies by some 100 meV. Since basis set extrapolation using GTOs is not necessarily ac-
curate, and since the Berkeley GW calculations are often closer to the uncorrected values than
the basis set extrapolated values, we felt that it is important to bring in a third independent set
of calculations, hopefully confirming one or the other of the previous values.

The main outcome of our work is that our VASP predicted HOMOs are in excellent agreement
with the basis set extrapolated GTO results. We believe this establishes beyond doubt that the
values reported in Ref. |84 are very reliable and can be used as a rigorous benchmark for
future implementations. In the few cases (iodine compounds, Br, and Ag;), where the GTO
calculations were not extrapolated to the basis set limit, we find— not unexpectedly —that the
non basis set extrapolated GTO values underestimate the IP by about 300-400 meV. The present
work also reports basis set extrapolated GTO values for these molecules finding good agreement
with VASP PW results.

Although the mean absolute deviation between our PAW PW results and the GTO results is
only 60 meV, we found larger discrepancies for molecules containing copper, fluorine and nitro-
gen. We traced these differences back to the use of non-normconserving PAW potentials: using

normconserving PAW potentials the agreement between PW calculations and GTOs improves
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further.

For the LUMO, results are slightly less satisfactory. Agreement between GTOs and PWs is
good for QP energies below the vacuum level, although even for those there are more out-liners
and the average deviation is larger. For instance, differences are sizable for some seemingly
simple dimers. We attribute this to very large basis set corrections for GTOs for some molecules
(e.g. 700 meV for As;).

If the predicted QP LUMOs are above the vacuum level, the differences between the PW and
GTO results can be very large and can reach 11 eV (Ne). Our explanation for this behavior
is that the GTO basis sets employed in Ref. |84 are not always sufficiently flexible to model
unoccupied states. This is particularly true for atoms and small dimers, where the LUMO has
a character that is very different from a linear combination of atomic like orbitals. In most
cases, these basis set issues lead to small but noticeable errors on the level of DFT, but they
are dramatically amplified at the level of GoW,. For Xe, H,O and CH4, GTO calculations
with improved basis sets have been reported finding very good to good agreement with the PW
results.

If we disregard the slightly disconcerting propagation of errors in going from DFT to GyW,
for LUMOs, we are satisfied by the agreement between plane waves and Gaussian type orbitals.
As already stated, for the HOMO the mean absolute deviation is only 60 meV, which is excel-
lent if one considers that the computational details are so different. Furthermore, our results
have been obtained using the GW PAW potentials distributed with vasp.5.4, so that similar cal-
culations e.g. for molecules adsorbed on surfaces can be readily performed using the projector

augmented wave method.
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8. GoWy(iw): GW in imaginary frequency

Considering the advantages of the low-scaling scheme discussed in Sections (6)) and (7), one
would wonder if it is possible to extend this scheme to the conventional GW implementation.
Such extension will be rather promising for the following two reasons: (i) Due to the reduced
imaginary time/frequency points as will be used in the modified version (hereafter we denote
it as GoWy(iw)), the computational effort and memory requirement would be significantly re-
duced. This allows us to perform GW calculations on moderately large systems and thus over-
comes the drawback of the conventional GW implementation, which is currently restricted to
small systems. (ii) Since the spin-orbit coupling (SOC) has not yet been implemented in the
low-scaling GW implementation, the modified version might be a good method applicable for
systems where SOC is nonnegligible.

Therefore, in this section, we will show how this extension could be achieved and how it per-
forms. We will first give detailed practical formulations and then show our test results on ZnO
and CdTe. For ZnO, comparisons with conventional GoW, and low-scaling GoWyr are given.
For CdTe, we include SOC and comparison is only done between GoW,(iw) and conventional
GoWy. It turns out that the agreement with conventional GoW, or low-scaling GoWjyr is pretty

good, highlighting the potential of the modified G, W;(iw) method.

8.1. Computational scheme of GyW,(iw)

Actually, there are three possible alternatives to perform the computations in imaginary fre-
quency. However, the three methods bear a resemblance in the first step. That is, the evaluation
of the screened two electron integrals for each pair (nk, n’k — q) is always done along the imag-
inary frequency axis using the optimized frequency grids {iw,}}_, (for more information on the

optimized grids, please refer to Appendix (B]) and Ref. [103]]):
. 1 ’ e —il r i '
Wikri-ali®) = 5 D Wa(G. G i) Winncale ™ W W Winde " Wineg). - (292)
GG

This is the fundamental distinction with the conventional GW implementation, where the screened
two electron integrals are calculated along the real frequency axis [see Eq. (185)]. In the fol-

lowing, we will show the three possible schemes one by one all starting from W,y ,yk—q(iw).
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8.1.1. Direct method

Direct calculation of the self-energy X,k yk—q(iw) in imaginary frequency from W,y , k_q(iw)

N

using the optimized frequencies {iwi},_,

is not doable, since only few optimized frequencies
are used in evaluating the integral. Since screened two electron integrals are rather smooth
along the imaginary frequency axis, one could perform a Padé interpolation of W, k—q(iw)
from the few optimized frequencies {iw;}y | to a denser imaginary frequency grid {iw’}. This
step is relatively cheap.

To obtain X, i-q(iw) at the optimized frequencies {iwk}szl, a Hilbert transformation of
Wk wk—q(iw”) 1s then performed

. —+00 1 ’
. 1 . Wnk,n’k—q(lw )
an,n’k—q(lw) = ~_ f d(l(,()/). '
27 J_oo 1w + 10 — €k

+00

:go

(293)

. 1 1
do'’ Wnk,n’k—q(lw’) { B . + B N .
w+w + 1€k—q w—w + 1€yk—q

In deriving Eq. (293) we have used the fact that W, k—q(iw’) is an even function with respect
to iw’.
Then, the matrix elements of the self-energy X, .k (iw) are calculated by summation over q

and n’
k(@) = Y7 > ke qliw). (294)
qa

When %, .k (iw) is known, we perform an analytic continuation of X, ,x(iw) to the real fre-
quency grids by Thiele’s reciprocal difference approach or least-squares method, as discussed
in Appendix (C).

It should be noted that if one wants to obtain the QP energies only but not the spectral func-
tions, the analytic continuation can be done only for three frequency points: €, — 0, €, and
€x + 0 with g, being the DFT one-electron energies and ¢ a positive small energy, say 0.1 eV.
Finally, the QP energy e’?kp is evaluated by Eq. (172)). Although this scheme works equally
well with conventional GoW, (not shown), the efficiency is still not much improved. The com-
putationally most demanding step lies in the evaluation of the integral in Eq. (293) at dense

grids.
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8.1.2. Spectral method

Another alternative is to use the spectral representations of the self-energy and the relationship

between the screened two electron integrals and the self-energy

_Im[Wnk,n’k—q(En/k—q - E)H(En’k—q - E)Q(/J - En’k—q)]
if E < €rk—q < H, Eyk—q € OCC

Im[znk,n’k—q(E)] = (295)

+Im[Wnk,n’k—q(E - fn’k—q)g(E - Gn’k—q)g(en/k—q - /J)]

if E > €yk—q > H, €rk—q € UNOCC

which is derived in Appendix (F). Here, u is the Fermi energy and 6 is the Heaviside step
function.

Specifically, after the screened two electron integrals W,y »k—q(iw) have been calculated by
Eq. @, we perform the analytic continuation of W »k—q(iw) to a dense real frequency grid,
yielding Wk yvi—q(w’). Afterwards, the self-energy along the real frequency axis X, k—q(w) 18

calculated by the spectral transformation

| AR , 01 — €vi_q) O(€pi—q — 1]
Zknk-q(W) = — f dew' Im[W, yyk—q(@ )]{ k=q + k—q .
0

W+ W —€kq—11 W= — €gq+1in
(296)

Here, the relationship in Eq. (295) was used. Finally, the matrix elements of the self-energy

2kk(w) are calculated by summation over q and n’

Siak(@) = " T iq(@). (297)
q

Again, if one wants to obtain the QP energies only but not the spectral functions, the evalua-
tion of X,k »k—q(w) can be performed only for three frequency points: €, — 9, €, and €, + 6 and
the QP energy el?kp is evaluated by Eq. (172). This scheme also works equally well with con-
ventional GoW, (not shown), but performing the integral in Eq. (296) at denser real frequency

grid points is as expensive as the first scheme.

8.1.3. Using discrete Fourier transformations

As mentioned before, the first step is always the same: calculation of the screened two elec-

tron integrals W, »k—q(iw) at the optimized frequencies {iwk}kN: .- Then, we Fourier transform
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Wk wk—q(iw) to the imaginary time domain by an inverse cosine transformation

N
Wk wk-q(7)) = Z Ejk cos(T jw) Wik wi—q(1wi), (298)
k=1

where {it j}?’= , are optimized imaginary time grids and &, are the transformation matrix [see Eq.
(210) and Appendix (B)], which are both precalculated and stored.
After W,y vk—q(i7) is known, the occupied (unoccupied) self-energy X (Z) are calculated in

the imaginary time domain

znk,n’k—q(_i‘r) = _an’n,k_q(—iT) Wnk,n’k—q(iT) (299)

an,n’k—q(iT) _Gnk,n’k—q (IT) Wnk,n'k—q(iT)’ (300)

where the occupied and unoccupied Green’s functions, respectively, are given by

Goumiqgin) = €@ a™T (g g €0cc, T<0) (301)

Gukwkq(it) = —e @™ (g, . €unocc, T > 0). (302)

Here, u is the Fermi energy.
Afterwards, we Fourier transform the self-energy back to the imaginary frequency domain
by cosine and sine transformations

[Enk,n’k—q(iT) + znk,n’qu(_iﬂr)]
2

N
ok wk-q(wy) = Z YkjCOS(wT ;)
! _ _ _ (303)
[Enk,n’k—q(lT) - Enk,n/k_q(—lT)]

2

N
+i Z ﬂkjSiIl(a)ij)

=1

After X, vk-q(iw) has been obtained, we follow a similar procedure as in the first scheme:
the matrix elements of the self-energy %, .k (iw) are first calculated by summation over q and
n’ by Eq. (294), and then the analytic continuation of X, (iw) to the real frequency grids is
performed. As soon as the self-energy along the real frequency axis X,k ,x(w) has been obtained,
the QP energy eff is evaluated by Eq. .

It turns out that this scheme performs very well, with rather high efficiencies. This is achieved
by employing the efficient discrete Fourier transformations, so that the computationally expen-
sive evaluation of the integral at denser grids is avoided. Therefore, we finally adopt this scheme
and in the following we will show how well this scheme performs by comparing to low-scaling

GoWyr implementation and conventional GoW, implementation.
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Table 8: Calculated QP shifts for the valence band maximum (VBM) (first upper panel) and
conduction band minimum (CBM) (middle panel) of ZnO with zinc-blend structure
as a function of the number of bands using different implementations. GoW, denotes
the conventional implementation, while GoWj(iw) indicates GoW, operating in imag-
inary frequency with optimized imaginary grids. GoWyr represents the low-scaling
implementation. Also, the basis-set-corrected values and band gap are given. For both
GoWy(iw) and GoWyr, 16 imaginary frequency grid points are used, while for GoW,
120 real frequencies are used. The predicted PBE band gap is about 0.68 eV. Note that

SOC is not included.
IOOO/bands G()W() GQ Wo(l(u) Go W()I"

0.807 -1.27 -1.27 -1.26
0.581 -1.34 -1.33 -1.32

VBM
0.403 -1.39 -1.38 -1.37
corrected  -1.51 -1.48 -1.48
0.807 -0.06 -0.06 -0.06
0.581 -0.08 -0.07 -0.07

CBM
0.403 -0.10 -0.08 -0.07
corrected  -0.12 -0.09 -0.09
band gap 2.37 2.38 2.38

8.2. Applications of G\W;(iw)

Table [§] shows the calculated QP shifts and band gap of ZnO from G, Wy(iw). For comparison,
the results obtained from GoW, and GoW,r with almost similar setups except for the frequency
grids are also given. For this compound with localize d orbitals, it was suggested that thousands
of orbitals are required for accurate QP energies predictions for ZnO [|114]]. Therefore, we cor-

rect for finite basis set errors following the procedure discussed in Ref. [[115]. Specifically, the

pw

.t Was chosen to be the maximum of all elements in the considered ma-

plane-wave cutoft E
terial. To determine basis-set converged GW values, the plane-wave cutoff was systematically
increased by a factor of 1.25 and 1.587, corresponding to an increase of the number of plane

waves by a factor 1.4 and 2, respectively. The plane-wave cutoff for the response function was
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Table 9: Calculated QP shifts for the valence band maximum (VBM) (first upper panel) and

conduction band minimum (CBM) (middle panel) of CdTe with zinc-blend structure

(lattice constant 6.481 A [257]) as a function of the number of bands using different

implementations with or without SOC. Also, the basis-set-corrected values and band

gap are given. The notations and technical setups used here are the same as in Table[8]

Note that for the cases with SOC, more bands are employed. The predicted PBE band
gap without (with) SOC is about 0.544 (0.268) eV.

without SOC with SOC
1000/bands  GoW, GoWy(iw) GoWyr 1000/bands  GoW, GoWy(iw)
1.667 -0.543  -0.553 -0.547 0.807 -0.533  -0.534
1.136 -0.557  -0.565 -0.561 0.568 -0.541 -0.543
VBM
0.781 -0.576  -0.586  -0.580 0.391 -0.563  -0.564
corrected -0.603  -0.610  -0.605 corrected -0.587  -0.588
1.667 0.181 0.210 0.214 0.807 0.162 0.186
1.136 0.183 0.203 0.208 0.568 0.165 0.182
CBM 0.781 0.152 0.186 0.191 0.391 0.134 0.164
corrected  0.136 0.169 0.174 corrected  0.116 0.147
band gap 1.374 1.410 1.411 1.011 1.043
pw pw

always chosen to be 2/3E_ ., such that it increases simultaneously as E_  increases. The results

cut? cut

were then extrapolated to the infinite-basis-set limit, assuming that the QP energies converge
like (Ecp;’:)” 2=1 /Npw [115]]. Since the convergence behavior of the QP energies with respect to
the basis-set size depends weakly on the k-point set used [[115]], to reduce the overall computa-
tional cost, we used 4 X4 x4 k-points to obtain a basis-set size correction as the difference of the

basis-set converged values and data obtained with a smaller basis-set size. We then added this

correction to the results calculated with a smaller basis-set size using 8 X 8 X 8 k-points by [115]]

Ee(8X8%X8)=Eq(8X8X8)+[Ee(4X4x4)—Eq(4x4x4d)]. (304)

Here, E., is the QP energy extrapolated to the infinite basis set, and E.4 is the QP energy
calculated with a reduced basis set (in this case we have used 560 bands). It can be seen from

Table[§|that excellent agreement is achieved for each case with different number of bands among
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the three implementations, validating the implementation of GoWy(iw) in imaginary frequency.
Compared with the PBE one-electron energies, the VBM and the CBM shift down by 1.48 eV
and 0.09 eV, respectively. The basis-set-corrected band gap for ZnO is estimated to be 2.38 eV,
which is 0.26 eV larger than non-corrected value predicted by M. Shishkin and G. Kresse [80]
on the same single-shot Gy W, level.

Following the same procedures as discussed for ZnO, we have done similar calculations
on CdTe, where the SOC is non-negligible due to the heavy atomic mass. Since the SOC is
not implemented yet in the low-scaling GoW,r implementation, here, we show the comparison
between G Wy(iw) and GoW, only, as shown in Table [9] In contrast to ZnO, the basis-set cor-
rections for CdTe are much smaller. Again, the agreement among the three implementations is
very good not only for the cases without SOC, but also for the cases with SOC. The deviation
between GoWy(iw) and GyW, is about 0.036 eV, which is still acceptable within the GW ap-
proximation (<0.05 eV). As expected, inclusion of SOC reduces the band gap by 0.367 €V, in
good agreement with the estimation obtained from Ref. [92].

To summarize, we have successfully extended the imaginary frequency scheme in GoWyr to
the conventional G, W, implementation and applied it to the semiconductors ZnO with localized
d orbitals and CdTe where SOC is important. It turns out that this modified version Gy Wy(iw)
works pretty well for both cases with and without SOC. Of course, GoWj(iw) also has the
potential for applications to moderately large systems with SOC. However, since there are not
data available for direct comparison (GyW, is restricted to small systems, while GoW,r does not

support SOC yet), we have not performed such test calculations.
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9. Partially self-consistent GW: GWyr

Up to now, we have only discussed the single-shot G,Wj, but not touched any self-consistency
on neither G nor W. However, the single-shot GyW, violates the conservation laws such as
particle number conservation, since the GW approximation is only conserving when the Dyson
equation for the Green’s function is solved fully self-consistently. Another unsatisfactory aspect
of non-self-consistent schemes, such as GyW,, is that the values of the observables depend on
the starting point (PBE or HSE) and the way they are calculated [258]]. Therefore, it is essen-
tial to take into account the self-consistency. Although different self-consistencies have been
implemented, for instance, eVGW), [iterating the eigenvalues (QP energies) only in G] [86],
QPGW (quasiparticle self-consistent GW) [85], eVGWTSTC (quasiparticle self-consistent GW
with vertex corrections only in W) [89]], eVGWT (quasiparticle self-consistent GW with ver-
tex corrections in self-energy) [92], and full self-consistent GW (scGW) [90,|130L/135], there
are few self-consistent GW implementations available for solids. Therefore, in this section, we
will concentrate on how the self-consistency could be achieved using our low-scaling GyW,
implementation by determining the full interacting Green’s functions G from the Dyson equa-
tion shown in Eq. (I34). It should be noted that here we consider iterating G only, while W is
still fixed on the level of DFT, since full self-consistent GW (scGW) without inclusion of ver-
tex corrections leads to some problems such as overestimation of band gaps and band width as
discussed in Section (5.7). Since the term of GW, has been used in literatures, where only eigen-
values (QP energies) are updated, to avoid any confusion we denote our partially self-consistent
GW as GWyr. It has been shown that GWr conserves the particle number, which has been
tested on the electron gas [259]. In addition, since GWyr avoids the self-consistent calculation
of the screened interaction W, the computational cost is considerably reduced compared to the
scGW. However, it should also be noted that for time-dependent and inhomogeneous systems
W, 1s not invariant under spatial and time translations and thus GW,r will not be momentum or

energy conserving [258]].

9.1. Computational scheme of GW,r

Figure|19|shows the computational scheme for the low-scaling self-consistent GW,r implemen-

tation. For the sake of brevity, in the following we suppress the spin index and k-point index.
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Figure 19: Schematic work flow for the low-scaling self-consistent G Wjr implementation show-
ing the necessary steps to iterate the Green’s function G and obtain the QP energies.
The notations used here are the same as in Fig. [[2] Note that screened interaction
W is not updated and fixed on the DFT level (black arrows) and only G is updated
(shown in blue arrows). To avoid confusion, indices (m, n) are always used to rep-
resent the KS orbital basis in the first iteration and the natural orbitals basis beyond
the first iteration, whereas indices (i, j) are always used to denote HF orbitals basis,

unless otherwise explicitly stated. I is the density matrix, see the main text.

We start with the full GoW,r action matrix in the KS orbital basis
H,,(iw) = HY + %,,.(w), (305)

where H'F is the Hartree-Fock Hamiltonian matrix, which are frequency-independent and

2.m(iw) is the correlated GW self-energy. Then, we transform H,,,(iw) from the KS orbital
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basis to the HF orbital basis, because it is more convenient to apply the Dyson-equation [Eq.

(134)] in the HF orbital basis. To this aim, we first diagonalize the HF Hamiltonian matrix
D LY, Hir U, = €6y, (306)

Here, U is a unitary transformation matrix and el.HF are the HF eigenvalues. Obviously, HF
Hamiltonian matrix is diagonal in its own basis. Then, we rotate the correlated self-energy
from the KS orbital basis to the HF orbital basis using

Sii(iw) = Y (U1}, (@)U, (307)

mn

In addition, the KS orbitals are rotated to HF orbitals as well by means of
W = > Unws. (308)

It should be noted that in order to avoid any confusion, indices (m, n) are always used to rep-
resent the KS orbital basis in the first iteration and the natural orbital basis beyond the first
iteration, whereas indices (i, j) are always used to denote HF orbital basis, unless otherwise
explicitly stated. After the GW Hamiltonian in the HF orbital basis has been obtained, the QP
energies can be calculated in a similar way as we have used in the G, Wyr implementation, where
the KS orbital basis are used instead.

The interacting Green’s functions G(iw) can be calculated in the HF orbital basis by solving
the Dyson-equation [Eq. (134))]
[G7'(w)];; = iwd;j — (HSF +2;(iw) — ud;)), (309)

where p is the Fermi energy. The density matrix is then calculated by

+00

1
[j=Gir=07) = > f dwG;j(iw). (310)

However, this integral involving G(iw) diverges and cannot be evaluate with the chosen opti-
mized frequency grids. To address this issue, the interacting Green’s function G(iw) is split into

two parts:
Gij(iw) = G} (iw) + G (iw). (311)
Here, G (iw) is the non-interacting HF Green’s function

(G} = iwdy; — (Hjj" = péyy), (312)
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which is known to be diagonal in its own basis

[GMF] = liw — (¢ — w6y (313)
The correlated part of the Green’s function G“(iw) can thus be expressed as

Gi{(iw) = G;(iw) - G} (iw), (314)

which decays like 1/w? and can be accurately dealt with using the implemented numerical
frequency grids and quadrature rules. Due to the split of the interacting Green’s function in Eq.

(311)), the density matrix thus includes two contributions:

L =T +T5, (315)

lj’

where the calculation of the HF density matrix I''F is straightforward
L =0 —€M)s;. (316)

Here, O is the Heaviside step function. The correlated contribution I'“ can be calculated using
the quadrature rules
1 —+00
=— f dwG (iw) = 5~ f dw (G (iw) + Gi(—iw)}
: 2,

(317)

== f dwRe[G (iw)] = Z viRe[GE (iwp)].
0

Vs

where {iwg}Y 1 are optimized imaginary frequency grids and {)/k} _, are the corresponding weights
[see Appendix (B.I)]. In deriving Eq. (317), G°(—iw) = [G‘(iw)]* has been used.

After the total density matrix I has been obtained, the particle number is then calculated by
Nparticle = Tr[I']. (318)

It should be noted that the trace involves the summation over a band index n, a spin index and
a k-point index, though we drop the spin index and k-point index at the beginning. The particle
number will be an indicator how well the particle number is converged and conserved after a
few iterations. In addition, we diagonalize the density matrix I" such that
D BUTiBju = fubum (319)
ij
where f are one-electron occupancies and B is a unitary transformation matrix that will be used

to transform the HF orbital basis to the natural orbital basis.
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To close the self-consistency loop shown in Fig.[I9] a Fourier transformation (FT) of G from
the imaginary frequency domain to the imaginary time domain is needed. Again, direct FT of
the interacting Green’s function G is ill-defined. Therefore, we follow a similar strategy as used
in addressing the problem of the density matrix. The interacting Green’s function in imagi-
nary time G(it) involves two parts: the HF contribution G' (ir) and the correlated contribution
G°(it). In addition, analogous to the definitions in Egs. @]) and @), for each Green’s
function, here we also define occupied (G) and unoccupied (G) Green’s functions, which are

evaluated for negative and positive imaginary time, respectively.

G(ir) = G™(it) + G°(it) (1 < 0), (320)
Gir) =G (i) + G (i) (> 0). (321)

The evaluation of G (it) is straightforward, since it is diagonal

Gif(r)= 6@ M (icocc, T<0), (322)

Gy (iT) = —0ue @7 (a€unoce, 7> 0). (323)

The correlated contribution G¢(it) can be efficiently calculated by an inverse discrete cosine and

sine transformations, as shown in Appendix (B.2)
al [Gij(iwy) + G} i(iw,)]
Qij(iT) = Z gmn COS(men) 2 !
"~ . » (324)
. . [Gij(lwn) - Gi/(lwn)]
+i Z L SIN(T ;) ’ (r<0)
n=1

2 b
[Gij(iwy) + G (iw,)]
2
[Gij(iwn) - ij(lwn)]
2 b

N
Giiit) = ) & cOS(T)
" (325)
(t>0)

N
-1 Z {mn Sin(Tma)n)
n=1

where G* means the complex conjugation of G.
After the matrixes (_}U.(iT) and G; ;(iT) in the HF orbital basis have been obtained, they are then
rotated to the natural orbitals with the unitary matrix B obtained in Eq. (319).

G,,(0 = > [BI}G (B, (326)

ij
D [B1},Gij(i0)B)s. (327)

ij

GiT)
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Moreover, the orbitals are rotated into the natural orbitals as well
W) = D BimltiD, (328)
J

since it is more convenient to evaluate the Hartree-Fock contribution in the next step in the
natural orbital basis. Afterwards, G, (it) and G,n(i7) are transformed from the natural orbital

basis to the plane wave (PW) basis by means of

G @G0 = > S UeIG(r NG (329)
Gy 0nGLiD) = Y S MG (WG (330)
Gy (i) = Y > (@INGm GO, (331)
Go 0nin) = > S (BIPGu NI, (x> 0) (332)
and n
Gl GLin) = Y (EihG,, (DTG (333)
GYW.G ity = 3 N (BMING,, (TINIG') (334)
Gl a,in = > Y (eiiOG,, (rWhpL) (335)
Gl ity = ) S BNWADG,, (W), (x<0). (336)

They will be used in the second iteration to calculate y = GG. Note that here [\*) are pseudo
natural orbitals in the PAW method. With Eqs. (329)-(336)), the self-consistency loop (shown
in blue arrows) in Fig. |19 has been closed. It should be noted that in the second iteration and
beyond, the GW Hamiltonian in Eq. is always first evaluated in the natural orbital basis
and then transformed to the HF orbital basis, where the analytic continuation and linearization
around DFT eigenvalues are performed to obtain the QP energies (see Fig. [[9). In the next
section, we will show results of the self-consistent GWy,r implementation and test how well it

works.

9.2. Test of GWyr on Si

We apply the partially self-consistent GWyr method on the test material Si, for which a large
amount of theoretical data from different flavors of the GW approximation and also experi-

mental values are available. The obtained results are shown in Table One can see that upon
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Table 10: QP shifts (eV), corresponding renormalization factor Z, and band gap for selected
bands at I and K points, as well as the particle number Np,qice 0f Si predicted by
GW,yr as a function of self-consistent iterations. Note that 8 X 8 X 8 k points are used

to sample the BZ and SOC is not included.

number of s Iis K> K3 band gap Nparticle
iteration QP Z QP Z QP Z QP Z

1 -0.460 0.759 0.186  0.755 -0.489 0.733 0.114 0.776 1.093 8.00874318
2 -0.502 0.804 0.635 0.800 -0.696 0.789 0.459 0.812 1.480 7.99174461
3 -0.486 0.801 0.699 0.804 -0.667 0.787 0.514 0.814 1.519 7.99871247
4 -0.492  0.801 0.712  0.804 -0.668 0.786 0.524 0.815 1.535 7.99981693
5 -0.495 0.801 0.715 0.804 -0.669 0.786 0.525 0.815 1.539 7.99999937
6 -0.496 0.801 0.715 0.804 -0.670  0.786 0.526 0.815 1.541 8.00000255

1.6 i
_ = 8.005
Q
: :
=
5 S 8
he) Q
g g
- 2 7.995
1 | | | | | | |
1 2 3 4 5 6 1 2 3 4 5 6

#iteration #iteration

Figure 20: (a) band gap and (b) particle number as a function of iterations in GWjr.

iterating of G the valence bands (see I';5» and K) shift down, whereas the conduction bands shift
up (see I';s and K3), increasing the band gap. The convergence is achieved at the fifth iteration,
as also evidenced by the band gap and particle number as a function of iterations in Fig.
The converged particle number is 8, confirming that the GW,r method is a particle-conserving
approximation.

In Table |11} we compile and compare the theoretical band gaps with the experimental value.
As expected, PBE underestimates the band gap, while both single-shot G, W;r and one-electron
energies updated GW, improve the band gap towards the experimental value. In contrast, par-

tially self-consistent GWyr gives rise to a much larger band gap of 1.54 eV. This is not unex-
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Table 11: Band gap (eV) predicted by PBE and GW on different levels. The experimental value

is also given for comparison. See the main text for the notations.

PBE G,W,r@PBE eVGW,@PBE GWyr scGW eVGWTCTC eVGWI QPGW  Exp.
1861 [260] 189] 192] 1891  [261]
0.52 1.15 1.20 1.54 191 1.24 1.37 141 117

pected because the vertex corrections are not included. This is also true but even worse for the
full self-consistent scGW [260]|(see Table[11)). Indeed, the inclusion of vertex corrections either
on W only GWTCTC [89] or on the self-energy GWT [92] remedies the problems in GWyr and
scGW. QPGW yields a slightly smaller band gap of 1.41 eV [89] compared to GW,r, but still
overestimates the band gap with respect to the experimental value. More tests of GW;r on other

materials are in progress.
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10. Merging GW with DMFT

The interplay between localized electrons in open d- or f-shells and itinerant band states in
strongly-correlated materials gives rise to rich physics, such as metal-to-insulator transition,
high temperature superconductivity and spintronics. Thus, the first-principles description of
strongly-correlated materials is currently one of the greatest challenges in condensed matter
physics. One of the most successful approaches in this field is the dynamical mean field theory
(DMFT) combined with density functional theory (DFT) in the local density approximation
(LDA), i.e., LDA+DMFT [105,106], which treats local correlations in a small subset of orbitals
exactly, while the reminder of the problem is treated using a static mean field manner.

For truly parameter-free ab initio calculations, however, two severe shortcomings persist: (i)
a static Hubbard-like interaction U is used and usually considered to be an adjustable param-
eter in LDA+DMFT. Furthermore, the dynamical screening effects are often ignored. (ii) the
so-called double counting problem, e.g., it is difficult to determine the electronic correlations
already accounted for on the LDA level. In addition, the non-local effects are only partially
considered in the exchange-correlation functional in the LDA, which results in an underesti-
mation of the band gap for a variety of semiconductors and insulators. To overcome those
drawbacks of LDA+DMFT, Biermann et. al. suggested to replace the LDA with the GW ap-
proximation [262]]. Since the GW approximation takes into account the many-body effects in
the electron-electron interaction by screening the bare exchange interaction with the inverse
dynamical dielectric function, the inclusion of non-local GW self-energy results in a better
description of the band gap compared to experiments than typical density functionals. More-
over, the GW self-energy i1s diagrammatically formulated in the same many-body framework as
DMEFT. Hence, the GW approximation not only enables an elegant combination with DMFT,
i.e., GW+DMFT [263]], but also overcomes the fundamental double counting problems oc-
curring in LDA+DMFT. For GW+DMFT, one actually knows which Feynman diagrams (local
ones) are counted twice [264]], and hence one can trivially remove those diagrams. Furthermore,
the dynamical partially screened Coulomb interaction can be calculated by the constrained ran-
dom phase approximation (cRPA) in a similar framework as GW [264]. Therefore, merging
GW with DMFT could make possible the predictions of strongly-correlated materials entirely
ab initio.

In this section, we will first start by a layout of a feasible scheme to accomplish the combi-
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nation of GW with DMFT. Then, we will put particular emphasis on how dynamical partially

screened interactions are calculated within the cRPA based on the low-scaling scheme that is

used in the GoWyr implementation. Finally, we will deal with the double counting problem.

Note that this GW+DMFT work is still ongoing and for the DMFT part, we are collaborating

with Karsten Held’s group at the Technical University of Vienna.

10.1. Computational scheme of GW+DMFT

The essence of a self-consistent GW+DMFT algorithm is to calculate the fermionic and bosonic

propagators G and W self-consistently. Specifically, it can be formulated as follows [265-267]:

@)

(i)

(iii)

Calculate the lattice fermionic and bosonic propagators G°" and WY in the GW approx-
imation
(G = [Go]! -z (337)
(W™= vt =Y (338)

using XV = —GoW, and " = GG in the first iteration, where G, and W, are the
Hartree non-interacting Green’s function calculated from KS orbitals and the screened

interaction, respectively.

Calculate the non-interacting impurity fermionic and bosonic propagators G and U by
undressing respective local contributions of the self-energies Eg‘j’ and y 7%
617" = G +30Y (339)
(U1 = WO+ 0V, (340)

Compute the interacting impurity propagators G™ and y'™ with the extended DMFT
(eDMFT) action [268]]

s P
Serlc’,c] = - f dr f dr' ) /(MG (T - T)e,(T)

(341)
1de fﬁd'Z*U()U”'( e (T )eT')
= T CA\T)Ci\T T—T)C T )Ci(T ),

+2 \ T . 2. i(T)C; Kl k !

where ¢* and ¢ are Grassmann variables and 5 = k,%T with kg and 7" being the Boltzmann

constant and temperature, respectively.
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(iv) Compute the fermionic and bosonic impurity self-energies

Zimp — [g]—l _ [Gimp]—l (342)
X" = (U - (Wi (343)

(v) Calculate the GW+DMFT self-energies

yGW+DMET _  yGW _ yGW | yimp (344)

loc

Y CWVAPMFT . GW _\ GW . yimp, (345)

(vi) The calculation stops when the convergence

|2GW+DMFT _ ZGW| < eps (346)

IXGW+DMFT _XGW| < eps (347)

is achieved. Here, eps is the derived computational precision. Otherwise, one should go
back to step (i), solve Egs. (337)) and (338) with new updated self-energies in Eqgs. (344)
and (345), and repeat steps (i)—(v) until self-consistency in step (vi) is fulfilled.

Although the above GW+eDMFT algorithm is elegant, it is technically challenging and only
applies to a single-band Hubbard model [265,266]. Furthermore, the challenges originate from
the difficulties to take into account a frequency-dependent U(iw) in an impurity solver. It is
also hampered by the challenges of solving the bosonic self-consistency loop for multiorbital
systems. Very recently, L. Boehnke and co-anthers [[120] seem to overcome those challenges
and apply their implementation to the realistic material StVO;. However, self-consistent deter-
mination of bosonic propagators and self-energies are rather expensive. Thus far, we restrict
ourselves to the single-shot GW+DMFT only, but using the frequency-dependent U(iw) and
double counting entirely from ab initio calculations.

Figure 21| shows our illustrative scheme of the single-shot GW+DMFT. The GW self-energy
6Y(Kk, iw) are taken from our low-scaling G, Wyr calculations. The dynamical partially screened
interaction U(iw) are calculated by the cRPA, as will be discussed in Section (10.2). The lattice

interacting Green’s function is obtained by

GV (K, iw) = [iw — (T + Vo + Vi + 29V (K, iw) — M)]_1 : (348)
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1
[_EVZ + Vext + Vi + VeclPnk (1) = €ncPn(r)

_
>[ GW (K, iw) = [iw — (T + Voye + Vi + 2V (k, iw) — )] 1 ]
v,

A 4 v

[ G X, i0) = ) Poac (e lens” ] [ GGW(iw)=NiZU+GGW(k iw)U
nk k %

v

Ve

N
x(iv) = G(iv) G” (i) v

xc(iv) = G.(iv) G (—it)
[g]—l = [GGW] +EDMFT Z'DC ]b

i} ) ol crame |
U Gw) = (wi,wy | U | wj, wy) I l }
)

xr(iv) = x(it) — x.(iv) J [
\ 4
\ ~
W =V[1-Vy]?

U=V[1-V)]?

]

[ ] A\ 4
W (it) = —G(it)W (it
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[ A(w), Ak, w) ]

Figure 21: Schematic illustration on the scheme of the single-shot GW+DMFT. The left panel

shows how to calculate the lattice self-energy £V (k, iw) within the GW approxi-
mation and dynamical partially screened interaction U }(JL(iw) by cRPA. 2V (K, iw)
is then used to construct the lattice interacting Green’s function G°Y(k,iw) by
the Dyson equation, which is further used to calculate the local lattice interact-
ing Green’s function GV (iw). The obtained U¥’ (iw) and impurity non-interacting
(bath) Green’s function [G]~! constructed by taking account of the GW self-energy,
DMFT self-energy PMFT and double counting XPC are then taken as inputs for the
Anderson impurity problem, which is solved by continuous-time quantum Monte
Carlo (CT-QMC). After self-consistency is achieved within the DMFT loop, the
converged new impurity interacting Green’s function G(i7) is obtained. By an ana-
lytic continuation of G(i7) to the real frequency axis, the integrated spectral function
A(w) and momentum-resolved spectral function A(k, w) are finally calculated. See

the main text for more information.
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where u is the Fermi energy. Then, the local lattice interacting Green’s function is calculated in

the Wannier basis

T

. 1 )
Goni) = = ) ) [UV1L,GE (ki) U, (349)
K i

where [U®] are transformation matrices from the Bloch space to the Wannier space obtained
from the wannier90 code [42,43]]. The impurity non-interacting (bath) Green’s function are
constructed by taking into account the GW self-energy, DMFT self-energy °MFT, and double

counting correction XP¢

[G]7 (iw) =[G (iw) + ZPMT (jw) — ZPC(1w). (350)

Calculation of the double counting correction =P¢ will be discussed in Section (10.3). With
[G]7'(iw) and U(iw) in hands, the impurity problem is solved by the continuous-time quan-
tum Monte Carlo (CT-QMC) [269]]. After convergence is achieved within the DMFT loop, the
converged new impurity interacting Green’s function G(it) is obtained. In order to obtain the
integrated spectral function A(w) = %Im[G(w)] along the real frequency axis, a maximum en-
tropy method (MEM) as shown in Appendix (C.I) is used to perform the analytic continuation
to the real axis. To calculate the momentum-resolved spectral function A(k, w) from the inte-
grated spectral function A(w) obtained from MEM, three steps are involved [270]: (i) First, the
real part of the local interacting Green’s function G(w) is calculated by the Kramers-Kronig
relation

Re[G(w)] = fw de’, (351)

o W— W +1n
where 7 is a positive infinitesimal. (ii) Then, the complex local self-energy X(w) is fitted such

that it reproduces the local Green’s function
G() = Y [0 = (T + Ve + Vig + Zw) = )] ™" (352)
k
(iii) Finally, A(k, w) is obtained by
Ak, w) = —7—1rlm{[w ~ (T + Ve + Vg + Z(w) = )]}, (353)

One point that should be mentioned here is that the GW self-energy obtained from our low-
scaling GoW,r implementations are evaluated at a discrete optimized imaginary frequency grid,

whereas DMFT works on the Matsubara frequencies. Fortunately, the GW self-energy is so
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Figure 22: Calculated imaginary and real parts of the GW Hamiltonian (m|T" + Ve + Vg +
2(k,iw)|m) of SrVOs; in the 1,, Wannier basis (blue circles) along with the Padé fit
(red solid lines) as a function of imaginary frequencies at I" [(a) and (b)] and X [(c)
and (d)] points. Here, only elements corresponding to d,, orbital are shown. 20
optimized imaginary frequency grid points and 8 X 8 X 8 k points are used in the
calculations. The data for frequencies beyond 400 eV are truncated and not shown

in the plot.

smooth along the imaginary frequency axis that it is possible to do the Padé interpolation from
the discrete optimized frequency grid to the Matsubara frequencies. As an example, in Fig.
we show the GW Hamiltonian of SrVOs; in the #,, Wannier basis as a function of imaginary
frequencies together with the Padé fit. Apparently, the fitting is perfect, which makes it possible
to pass down the GW self-energy to the DMFT.

Another technical issue to merge GW with DMFT is that a very denser k points grid such
as 20 x 20 x 20 points are required to obtain spectral functions with a good quality in DMFT,
whereas such dense k-point grids are not doable in the GW calculations. To address this issue,

a Wannier interpolation [43] is performed. Taking the GW action matrix for instance, the GW
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action matrix is first transformed to the Wannier basis

Hon(k,iw) = Z [U(k)]jniHij(k, iw)[UM];,. (354)

ij
Next, we Fourier transform Hy,,(K, iw) into a set of Ny Bravais lattice vectors R within a Wigner-

Seitz supercell centered around R = 0
_ 1 N
HuR,iw) = — > e A, (k, iw).
m Zk: (355)
Finally, we Fourier transform back to an arbitrary k’ point

Hn(K,iw) = 3" ¥R Aop(R, iw). (356)
R

10.2. Dynamical partially screened interaction U(iw) by cRPA

In this section, we will first formulate how to calculate the dynamical partially screened interac-
tion U(iw) by cRPA based on our low-scaling GW scheme, and then show how it works on the
prototypical material SrVO;. To distinguish with the conventional cRPA implementation, which

directly works on the real frequency axis, we denote our present implementation as cRPAr.

10.2.1. Formulations of U(iw)

We start by the total polarizability in the real space and imaginary time domain, which has been

derived in Appendix (G).

BZ unocc occ
MERLD = =37 5 a0 ROE DT wa RGN, (357)
kq a i

where /,x(r) is a Bloch state. Similarly, the correlated polarizability is expressed by

BZ unocc occ

ERAT) == Dag O e g RDET S G (ROT3 (D™, (358)

k,q acC ieC

where 1, (r) is the correlated Bloch state, which is restricted within the correlated subspace
C and defined by Eq. (607). For the sake of brevity, from now on we suppress the indices of

the Bloch wave vector. Using the definitions of occupied and unoccupied Green’s functions in

Egs. (202) and (203), the total polarizability in Eq. (357) can be simply expressed as

x(x,R’,it) = G(r,R’,it)G"(r,R’, —i7). (359)
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If we define correlated occupied and unoccupied Green’s functions

occ

G_c(r, R,ir) = D l/_/i(r)l/_/f(R’)e_f"T (t<0), (360)
ieC

GR,i)= — 3 G FR)ET (1> 0), (361)
aeC

the correlated polarizability in Eq. (358) can be simplified as well
X', R,it) = G¢(r, R, in)G*(r, R, —i7). (362)

Within the PAW framework, the total polarizability y(r, R’, i7) has been derived and given by
Eq. (239). Similarly, the correlated polarizability x“(r, R’, i) can be calculated as
Yo, R, it) =G (r, R, in) GO (r, R, —it)
£ 0GR iD)G"P (. R, i)
v
£ 0RIG (x, e, i)G=O(x, g, ~i7) (569
af

£ 0u®0upR)G (v, in)G D (1., ~iv).

wvap
Here, the auxiliary correlated unoccupied and occupied Green’s functions are defined analo-
gously to Eqs. (228H233), but keeping the summation restricted within the correlated space,
i.e.,a € C and i € C, and using the counterparts of one-electron correlated Bloch state within
the PAW method.

After the total y(r,R’,i7) and correlated y“(r, R’,i7) polarizabilities have been obtained in
the real space and imaginary time domain, they are immediately Fourier transformed to the
reciprocal space and imaginary frequency domain (g, g’, iw) and x,(g, g, iw) by Egs. @)—
(250). The polarizability excluding the screening channels within the correlated space C is

simply calculated as

Xq(8 8,10) = xq(8,8',1w) — x4 (8, &', iw). (364)

The partially screened Coulomb interaction kernel U is then calculated by the RPA

Uy(8. 8, 1w) = vg(8, &[0y — vq(8 848 & iw)] ™, (365)
where the bare Coulomb interaction is given by vq(g,g") = ﬁig’l' Note that matrix multipli-

cation and inversion are implicitly used in Eq. (365). Finally, the on-site dynamical partially
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screened Coulomb interaction in terms of Wannier functions is obtained by
Uy, (iw) =(IL|U(r, 1, iw)[JK)

= f dr f dr'wir (W g (" )YU(r, ¥, iw)w R (X)WgRr(r’) (366)

1
NN

D0 Uy(g, g i) P nde ™ T e )P gl P ),
ek gg

where the mixed state |V, ) is defined as
Wi = > U W, (367)

with U being a transformation matrix from the Bloch space to the Wannier space. Note that in

deriving Eq. (366), we have used

1. Wannier function centered at the site of R is given by

1 “ikR 1K)
[wir) :Fk Z e RU, W)

Lo (368)
—ikR
=— Wik).
N §k e W)
2. Spatial Fourier transformation is given by
1 . 4 / /
, . _ i( )r ’ e —i( )r
U, Y, iw) = N g E etare Uy (g g iw)e arer (369)

4 q gz

3. Translation-invariant symmetry.

The so-called Hubbard-Kanamori parameters (the intra-orbital U, inter-orbital U’, and Hund’s

coupling J) are finally calculated by

N
Uiw) = %ZUgg(iw) (370)
» 1 N N .
U) = 5T Z ;;‘ UL (iw) (371)
N N
Jiw) = — Z Z U%(iw). (372)
NN = 1) & £ =
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Figure 23: On-site dynamical partially screened (a) intra-orbital interactions U(iw), (b) inter-
orbital U’(iw), and (c) Hund’s coupling J(iw) of SrVO; using V-t,,-like maximally
localized Wannier functions as local orbitals as a function of the imaginary frequency
(shown in blue circle). The corresponding bare (unscreened) counterparts are also
shown in black dashed lines. The red solid lines are obtained from a Padé fit. 20
optimized imaginary frequency grid points and 8 X 8 X 8 k points are used in the
calculations. The data for frequencies beyond 400 eV are truncated and not shown
in the plot. It should ne noted that U, U’, and J are all real-valued quantities along

the imaginary frequency axis.

10.2.2. Application on SrVO;

Figure [23] shows our calculated on-site dynamical partially screened intra-orbital interactions
U(iw), inter-orbital U’(iw), and Hund’s coupling J(iw) of SrVO; using V-15,-like maximally
localized Wannier functions as local basis sets. First of all, we want to point out that U, U’,
and J are all real-valued quantities along the imaginary frequency axis, because the polariz-
ability in the reciprocal space and imaginary time domain is real-valued [see Eq. (611)] and
the maximally localized Wannier functions can be chosen to be real-valued as well [42,43].
Second, it is found that U, U’ and J are rather smooth with respect to the imaginary frequency,
so that it is possible to expand them from our optimized frequencies to Matsubara frequencies
by the Padé interpolations (see the red solid lines in Fig. 23)). This makes it possible to transfer
them to a dynamical impurity solver, which has been recently implemented in the w2dynamics
code by the group of Karsten Held at the Technical University of Vienna. Third, at the static

limit (w = 0), U, U’, and J are, respectively, calculated to be 3.38, 2.42, and 0.44 eV, agreeing
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Figure 24: Real (Re) and imaginary (Im) parts of on-site dynamical partially screened intra-
orbital interactions U(w) of SrVOs; using V-15,-like maximally localized Wannier
functions as local orbitals as a function of the real frequency. The results from two
different implementations are shown. cRPA represents the conventional cRPA im-
plementation, which directly works on the real frequency axis, whereas cRPAr de-
notes our present implementation, which works instead on the optimized imaginary
frequency grid points. Note that the Padé fit is used to analytically continue U(iw)

obtained from cRPAr to the real frequency axis.

perfectly with the ones (3.38, 2.42 and 0.44 eV) directly obtained from the conventional imple-
mentation working on the real frequency axis. Moreover, they are in nice agreement with the
published values [47,271]. At the high-frequency limit (w — o0), it is expected that U, U’,
and J would approach their unscreened (bare) counterparts (16.29, 15.07, and 0.55 eV), since
the electron density cannot follow such fast external perturbations, and the polarizability would
be vanishing at the high-frequency limit. Indeed, this is observed in our calculations (see the
asymptotic behaviors of U, U’, and J compared to the black dashed lines in Fig. 23).

In order to further validate our implementation, we analytically continue the intra-orbital in-
teraction U(iw) from the imaginary frequency axis to the real frequency axis. For comparison,
we also calculate U(w) directly from the conventional cRPA implementation. The calculated
results are shown in Fig. [24] First, we want to mention that the calculated frequency-dependent

U(w) from the conventional implementation is in very good agreement with the work of F.
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Aryasetiawa et. al. [47]. In the energy region 12—15 eV, the imaginary part of U is dominated
by a single plasmon excitation induced mainly by free-electron-like O-2p states [47]. Second,
it can be seen that, overall, good agreement is achieved between the conventional and present
implementations, in particular in the low-frequency region. However, the strong plasmon exci-
tation observed in the conventional implementation is smeared out by the analytic continuation
in cRPAr. Finally, we would like to emphasize that considering that the dynamical impurity
solver of DMFT is implemented on the imaginary Matsubara frequencies, our cRPAr thus pro-
vides an natural way to calculate the required imaginary-frequency-dependent U(iw), U’ (iw),
and J(iw) quantities, This is in contrast to the conventional implementation, where Hilbert trans-
formations have to be performed to obtain those quantities along the imaginary frequency axis.
Hence, we believe that our cRPAr implementation facilitates the merging of GW with DMFT..
It should be noted that apart from SrVO;, we have also tested our cRPAr implementation on
different kinds of systems such as SrTiO3; and La,CuO, with different models [#,,/1,, d/d, and
d/dp models (the notations here are taken from Ref. [271]) ]. It is found that our cRPAr imple-
mentation works pretty well for all the cases and the calculated results are in good agreement

with the ones obtained from the conventional cRPA calculations (not shown).

10.3. Doubling counting in GW+DMFT

After the issue of U(iw) has been discussed, we are faced with the remaining challenge of the
double counting (DC) correction. Since GW is formulated in the same many-body framework as
DMEFT, the DC correction for merging GW with DMFT is thus quite well-defined. Specifically,
DMEFT is a purely local theory and precisely includes all the local diagrams. In this sense, one
should subtract all the local diagrams in the GW, i.e., the local Hartree and local GW diagrams,
to avoid double counting [272,273]]. In the following, it will be shown that how one can deal
with the DC correction and test how well it works in practice on a Be molecule and SrVOs;. For
the sake of simplicity, so far the formulations of DC correction on the level of GoWyr+DMFT

only are shown.

10.3.1. Formulations of the DC correction

Actually, the DC correction can be formulated in a similar way as is used in the low-scaling

GoWyr implementation in Section @ The main difference is that the DC correction here is
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Figure 25: Feynman diagram representation of (a) the local independent-particle polarizability

¥'°¢, (b) the DC correction XP¢ in GW+DMFT, which includes the local Hartree and
local GW diagrams, and (c) the local screened interaction W', which is calculated
by the RPA with y' and local partially screened interaction U'*(iw) calculated from

the cRPA.

evaluated in the local orbital basis. To derive the DC correction , four steps are involved.

(1) The first step is to define and calculate the local Green’s functions in the local orbital basis.
Here, we employ the Wannier functions as the local orbitals. Analogous to the definitions of
Green’s functions in Egs. and (203)), occupied and unoccupied local Green’s functions

are defined in the Wannier basis as

) 1 - .
Goon(—i7) =N ; Z [U¥]5,G, (k. —in)[UX];,, (373)
ij
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—loc 1 o
N ®7" F e T
G (iT) = N §k é [U™],Gy(k, in)[U™];,, (374)

which are defined in the negative and positive imaginary time, respectively. Here, Ny is the
number of k points. Again, [U%®] are transformation matrices from the Bloch function basis to
the Wannier basis obtained from the wannier90 code [42,43]. The occupied and unoccupied

Green’s functions in the Bloch space are given by

Gk ~in) = WilG(-iDl) = e, e oce (375)

Gu(k,i7) = —(WalGAT)Wok) = —Fape @7 a € unocc. (376)

Here, u is the Fermi energy and [y;k) and [|¥.x) denote the occupied and unoccupied Bloch
functions, respectively.

loc

(2) Next, the local polarizability y'°° is calculated via contraction over occupied and unoccu-

pied local Green’s functions in imaginary time, as shown in Fig.
DT () =(Winwl2G (- G “G)wawp)
(377)
1 . .
:2Q£;(—1T)an (i7).
Here, |w,) represents the Wannier function Note that a factor of “2” is due to the existence of
fermionic loop in the pair-bubble diagram of the polarizability and applies for spin-degenerate
system. Furthermore, a polarizability is treated as a four-index quantity here, instead of us-
ing a real-space representation. Then, a cosine transformation is used to transform the local

polarizability from the imaginary time to the frequency domain

DT ) = Z%wmmmm%m (378)

j=1
where vy, ; cos(w ;) matrix is precalculated [see Appendix (B.2)].
(3) Third, the local screened Coulomb interaction W' is calculated by the RPA (see Fig.

[W]OC]IJ (l(l)) [UIOC] (10)) + Z Z[UIOC] (l(l_))[/\/]oc mn(l(L))[W]OC pq(l()))

mn pq

-1 (379)
— Z 1-— Z[UIOC] (1 )[Xloc mn(1 [UIOC]E?(ICL))
pPq mn

Here, [U'*](iw) is the local partially screened Coulomb interaction, which is calculated by the
cRPA [see Section (10.2)]. After [W'*°](iw) has obtained, we need to Fourier transform it to the

imaginary time so that the local self-energy can be conveniently calculated. However, a direct
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FT of [W!**](iw) is diverging. Thus, before the FT we split W'® into correlated part W' and

bare part V [corresponding to W'(w — o0)],
W) (iw) = WL (iw) + V. (380)
The correlated part W'°(it) in imaginary time can be calculated by an inverse cosine transfor-

mation

N
(WS TGT0) = ) un COS(Tu0m) [WT (wp). (381)

m=1

Again, &, cos(t,w,,) matrix is precalculated [see Appendix (B.2)].
(4) Finally, the DC correction £P€ including the local Hartree, local Fock and local correlated

GW self-energies (see Fig. [23)) are calculated as
ch(la)) — Zg)c,Hartree + Zg)c,Fock + ig)c,GW(iw)’ (382)
where the local Hartree part is obtained by

Eijoc,Hartree :2 Z QSC(_iT)L_:OJr [UIOC(iw — O)]El (383)
k1

Note that the*-1” sign in the local Hartree self-energy is absorbed by the fact that there is a
fermionic loop in the local Hartree diagram, which also introduces a factor of “2”. “0*”” means
a positive infinitesimal.
The local Fock part can be calculated by
ZL'OC’FOCk - _ Z QiEC(_iT)

k.l

y
o Vi (384)
The frequency-dependent local correlated GW self-energy is determined by

(_iTn)

~loc,GW . ~loc.GW
Sloc.GW (- EN: % (iTy) + zi;) C
Zij T (W) = YmnCOS(Wy, Tp) )

n=l (385)

=loc,GW . =loc,GW , .
X N . pIe (1Tn) - zij (_1Tn)
+1 Z ApnSIN(W,, T5) > ,
n=1

y

where y,,,cos(w,,7,) and 4,,sin(w,T,) are cosine and sine transformation matrices [see Ap-
pendix (B.2))] and the auxiliary occupied and unoccupied local correlated GW self-energies are,

respectively, given by

Sloc,GW o . oc, - % loc1kj /-
57 (i) = = ) GRe=inIW o), (386)
k1
and
=loc,GW —loc . ~ locki /-
T (1) == ) Gy (0[W™]Jir). (387)
k1
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10.3.2. Tests on Be molecule

Since the above formulations of the DC correction follow quite closely the low-scaling GoWyr
implementation, one would expect that in principle the two implementations should yield ex-

actly the same self-energy if and only if the following four criteria are simultaneously satisfied:
1. Both implementations should work in the same basis.

2. The local partially screened Coulomb interaction [U'°](iw) in Eq. (379) are replaced by

the bare Coulomb interaction V.

3. The Bloch space has the same dimension as the Wannier space and the transformation

matrix [U®] is unitary.
4. Only one k point is used to sample the Brillouin zone (BZ).

The first two criteria can be straightforwardly achieved. However, searching for a system that
meets the last two criteria might not be trivial. Motivated by this idea, we select a Be molecule
as our test material, because: (i) the Be atom has a simple 25?p° electron configuration with only
one s-like state fully occupied, whereas the other three p-like states are empty. It can be simply
and accurately described by the sppp model in the Wannier space, so that 4 Bloch states are
mapped to 1 s-like Wannier function and 3 p-like Wannier functions. Hence, the transformation
matrix [U®] is unitary and criterion 3 is satisfied. (ii) To perform realistic calculations of a
molecule, a reasonably large box is required to avoid virtual interactions induced by periodically
repeated images. Usually, only one I' point is sufficient to sample the BZ, and thus the last
criterion is satisfied on the Be molecule as well . Therefore, the Be molecule is indeed a good
test material for validating our DC correction formulations and implementation.

Technically, a supercell with the box size of 8 X 7.2 x 8.8 A is used to model the Be atom. For
the test purpose, only 8 imaginary time/frequency grid points are used. 4 Bloch states are used
and mapped onto 1 s-like and 3 p-like Wannier functions, which are treated as the correlated
target orbitals. Therefore, the local U' calculated by the cRPA routine are exactly equal to
the bare Coulomb interaction V, and thus the criterion 2 is automatically satisfied. Recall that
in the cRPA, the correlated polarizability y¢ of the target space is subtracted from the total
polarizability y; hence if the target space is equivalent to the full space, y" = y — x¢ is zero and

U' = V. To validate our DC routine, we have performed G,W,r calculations with the same

149



@ X7V o) ) £55 Vi)
0 T | T | T | T | T _ —I _ E| T | T | T | T | T | T
g@ /,/" o ] 0.4 Hyﬂ O Re(DC) ]
05 @ T - . N O mbdo | |
<hs B, e < \ Re (G,W,r)
i - /ﬂ - @, 02+ h\ u] Im (GOWOr) 1
é\ 1= <} _ é\ L \EL\ i
z / 5 ERRSE
?O) : o O Re(DO) {4 9 0 8_|
A O Im(DC) 2 %
l -5+ Re (GW,) | — = - -0
® e
N o Im(GOWOr) i o2k \@\@-——'@’_-—‘ n
_2 1 | 1 | 1 | 1 | 1 | 1 1 | 1 | 1 | 1 | 1 | 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Imaginary frequency i (eV) Imaginary frequency i® (eV)

Figure 26: Comparison of the (a) first and (b) second diagonal elements of the correlated self-
energy 2'°°SW in the Wannier basis for the Be molecule calculated from the double
counting (DC) routine and the G W,r implementation. Re and Im represent the real

and imaginary part, respectively. The dashed lines are obtained from Padé fit.

setups that are used in the DC calculations and then transformed the G Wyr Hamiltonian to the
Wannier basis using exactly the same unitary matrix. It should be noted that the corrections
for screened Coulomb interaction W in the long-wavelength limit (wave vector ¢ — 0) was
not included in the GoWyr calculations, which makes it possible to directly compare the results
from the DC routine and GoWjr.

In Fig. we compare the correlated GW self-energies in the Wannier basis obtained from
the DC routine and GoWyr. Obviously, excellent agreement is achieved between the two inde-
pendent calculations. This is also true as the box size or the number of imaginary time/frequency
grid points increase (not shown). For the Fock part, we also obtain exactly the same matrix el-

ements in the Wannier basis

-9.708 0.000 0.000 0.000
0.000 -1.725 0.000 0.000
0.000 0.000 -1.732 0.000
0.000 0.000 0.000 -1.748

Zloc,Fock —

because open boundary conditions are used in the calculation of the exchange energy within
GoWyr [52]. This is also the way we treat the Fock part in the DC routine. The exchange energy

of the Be molecule is -9.708 eV, which is equal to X" since in the sppp model only the s
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Figure 27: Hartree energies (blue circles) calculated from the Hartree-Fock calculations as a
function of the inverse of the supercell size. The extrapolation to an infinite box size

(pink dashed line) and Zﬁﬂc’Hartree (green dashed line) are shown for comparison.

state is occupied and the one-electron energy of the s state yields the exchange energy.
However, direct comparison of the Hartree part is not straightforward, since instead of open
boundary conditions, periodic boundary conditions are used in GoWyr code to determine the
Hartree energy [52]. To obtain the converged Hartree energy, one should converge it with
respect to the box size, as shown in Fig. As expected, the convergence is slow and Hartree
energy alone converges like (box size) ™. The converged Hartree energy is about 19.232 eV. For

the Hartree part in the DC routine, the resulting matrix elements in the Wannier basis are

19.416 0.000 0.000 0.000
0.000 17.830 0.000 0.000
0.000 0.000 18.105 0.000
0.000 0.000 0.000 18.476

zloc,Hartree —

One would see that the Hartree energy is 19.416 eV, which is exactly twice the exchange energy.
In addition, it is also consistent with the converged Hartree energy from G, Wyr (see Fig. [27).
It should be emphasized that such good agreement between the results (correlated self-energy,
Fock, and Hartree energy) obtained from the DC routine and G,W,r is also found in the sp?
model, where 4 Bloch states are mapped to 4 sp> hybrid Wannier functions, indicating that our

DC formulations and implementations are robust and valid. With this, in the following I will
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Figure 28: Local correlated GW self-energy illolc’Gw(iw) versus imaginary frequency iw. Re and
Im represent the real and imaginary part, respectively. The dashed lines are obtained
from Padé fit. 20 optimized imaginary frequency grid points and 8 X 8 X 8 k points
are used in the calculations. The data for frequencies beyond 400 eV are truncated

and not shown in the plot.
apply this method to calculate the DC correction for SrVOs;.

10.3.3. Double counting corrections of SrVO;

Here, we show the matrix elements of the local Hartree, local Fock and local correlated GW self-
energy of SrVOs; in the V-1,,-like maximally localized Wannier basis in the order of d,,, d,; and
d,.. The imaginary-frequency-dependent partially screened Coulomb interaction [U l°°]EL(ia))
are taken from cRPA calculations in Section (10.2).

The calculated matrix elements of the local Hartree are

2.442 0.000 0.000
= 0.000 2.442 0.000
0.000 0.000 2.442

Zloc,Hartree
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Figure 29: Local Matsubara self energies (T = 300K) for the t,, orbitals of SrVOj; using (i)
DFT+DMFT with static U = U(w = 0), (i) DFT+DMFT with the dynamical in-
teraction U(iw) from cRPA, and (iii) GW+DMFT. Data obtained using the new GW

implementation of VASP in combination with w2dynamics.

The matrix elements of the local Fock are

—-2.581 0.000 0.000
zloeFock 10,000 -2.581 0.000
0.000 0.000 -2.581

For the local correlated self-energy of SrVOs;, the oft-diagonal elements are quite minute and

thus negligible. In addition, three f,,-like Wannier functions are degenerate in the energy, i.e.,

Zloc,GW _ ZIOC,GW _ zloc,GW

in Fig. [2§]

at each frequency, and hence we show the plot for EIOC SV (iw) only

10.4. Preliminary results of GW+DMFT on SrVO;

In Fig. 29 we compare Matsubara self energies for the #,, orbitals of SrVO; obtained with our
new implementation that combines the VASP GW code [107] with the w2dynamics DMFT
code [274,275]. We employ the same approximations (1)-(3) as in Ref. [119]. (1) Omit-
ting global self-consistency, i.e., performing only one-shot GoW, calculations starting with
G = GP'T. (2) Fixing the double-counting polarization y" to the dynamical cRPA result

and approximating '™ ~ X (see Eq. ). (3) Approximating the double-counting self
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energy by the local projection of the GW self energy: ZV(iw) ~ Y\ Z°V(K, iw). ﬂ However,
instead of the approximative Bose-factor Ansatz [276], we use a numerical exact continuous-
time quantum Monte Carlo algorithm [277]], as implemented in w2dynamics by D. Springer.
Our reference is a standard DFT+DMFT calculation that uses a static Hubbard U(w = 0)
and Hund’s J(w = 0) as provided by the cRPA. From the low-energy slope of ImZ(iw,) we
extract a quasi-particle weight Z = 0.6. Turning on the retardation in the interaction, i.e. solv-
ing DFT+DMFT with dynamical U(iw) adds band-renormalizations of plasmonic origin; Z
decreases to 0.5. Also, since the dynamical interaction recovers at high frequencies the un-
screened Coulomb interaction, ReU(iw — o0) ~ 16eV, also the self energy X lives on a much
larger energy scale [276] than in the standard static DFT+DMFT case. Adding the non-local
GW self energy decreases effective masses, i.e. the ratio of U over bandwidth diminishes and so
does the strength of correlations: In our GW+DMFT the local quasi-particle weight is Z = 0.7,

in qualitative agreement with previous results from Ref. [118]]. It should be noted that these are

just our preliminary results and the merger of GW and DMFT is still developing.

Note that inclusion of the double-counting correction shown in Section (10.3.3) is still ongoing and thus here

we do not use it
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11. Conclusions

To summarize, we have presented a promising low-scaling GW implementation within the
framework of the full potential projector-augmented wave methodology. It allows for quasi-
particle calculations with a scaling that is cubic in the system size and linear in the number of
k points used to sample the Brillouin zone. This is achieved by calculating the polarizability
and self-energy in real space and imaginary time. The transformation from the imaginary time
to the frequency domain is done by an efficient discrete Fourier transformation with only a few
nonuniform grid points. Fast Fourier transformations are used to go from real space to recip-
rocal space and vice versa. The analytic continuation from the imaginary to the real frequency
axis is performed by exploiting Thiele’s reciprocal difference scheme and least-squares method.
Finally, the method is applied successfully to predict the quasiparticle energies and spectral
functions of typical semiconductors (Si, GaAs, SiC, and ZnO), insulators (C, BN, MgO, and
LiF), and metals (Cu and SrVO;). The results are compared with conventional GW calcula-
tions. It is found that the QP energies and spectral functions predicted by GoWyr are in good
agreement with GoW, but with a reduced scaling in the system size and number of k points,
highlighting the strength of the present method. We believe that this method has great potential
for applications, in particular for large unit cells.

We also apply this low-scaling G, Wyr method to predict the ionization potentials and electron
affinities of 100 closed shell molecules. For the ionization potential, the basis set extrapolated
plane wave results agree very well with the Gaussian basis sets [[84], often reaching better than
50 meV agreement. In order to achieve this agreement, we correct for finite basis set errors as
well as errors introduced by periodically repeated images. For positive electron affinities differ-
ences between Gaussian basis sets and VASP are slightly larger. We attribute this to larger basis
set extrapolation errors for the Gaussian basis sets. For quasi particle (QP) resonances above
the vacuum level, differences between VASP and Gaussian basis sets are, however, found to be
substantial. This is tentatively explained by insufficient basis set convergence of the Gaussian
type orbital calculations as exemplified for selected test cases.

Moreover, we have coded and tested the self-consistent GWyr method, where the screened
Coulomb interaction W is fixed at the DFT level, while the interacting Green’s function G are
updated by solving the Dyson-equation with the updated self-energy. First results on the test

material Si have been shown. It is found that after 5 iterations self-consistency in GWyr is
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achieved, for example, the number of electrons is converged. It is also found that the band gap
predicted by GW,r method increases significantly compared to the single-shot G, W,r method.

Furthermore, we have extended the imaginary frequency scheme to the conventional GW im-
plementation. Specifically, instead of evaluation of the two electron integral along the real fre-
quency axis, we calculate it along the imaginary axis using the optimized imaginary time/frequency
grids. We make full use of efficient discrete temporal Fourier transformations to obtain the self-
energy along the imaginary frequency axis. Then, Thiele’s reciprocal difference or least-squares
methods are exploited to analytically continuing the self-energy to the real frequency axis. This
method was successfully applied to typical semiconductors ZnO and CdTe. For CdTe, spin-orbit
coupling was considered. It was found that the imaginary frequency version works equally well
as the conventional GoW, and low-scaling GoWyr implementations, with a modest computa-
tional effort and memory requirements that are between GoW, and GoWyr. Since the spin-orbit
coupling has not yet been implemented in the low-scaling GoW,r implementation and the con-
ventional GyW, implementation is often restricted to small systems, the imaginary frequency
version might be a compromise for the moderately large systems where spin-orbit coupling is
non-negligible.

Finally, we have formulated and discussed a feasible scheme to merge GW with DMFT. First,
our low-scaling GW self-energies are obtained in the imaginary frequency domain, which will
facilitate an elegant combination of GW with DMFT and thus enhance the predictive abilities of
GW+DMFT for large correlated systems. Second, the on-site imaginary-frequency-dependent
partially screened intra-orbital interactions U (iw), inter-orbital interactions U’(iw) and Hund’s
coupling J(iw), which are required in the dynamical impurity solver of DMFT, can be calculated
by the cRPA in the same framework as the GW approximation. Exhaustive derivations are given
and tests have been done on SrVOj; and other systems. The calculated results (U, U’ and J) are
in good agreement with the ones obtained from the conventional cRPA calculations. Finally,
the so-called double counting in GW+DMFT has been formulated and successfully tested for
the molecule Be and SrVOj;. The preliminary GW+DMFT results on SrVO; show the local
quasi-particle weight of Z = 0.7, in qualitative agreement with published results. The merger
of GW and DMFT is still under development by collaborating with Karsten Held’s group at the

Technical University of Vienna.
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Part Ill.
Appendix

Appendix A Fourier transformations

In this appendix, Fourier transformations and some useful equations used in the main text of the

thesis will be shown.

A.1 Continuous functions in a finite system

Considering a rectangular box in 3-dimension with side lengths L,, L,, L,, any well-behaved

function f(r) fulfilling the periodic boundary conditions
fr+Le,) = f(r+Lyey)=f(r+Le)= f(r), (388)

can be expressed as a Fourier series

1 ikr
fm=5 Zk: F(k)e™, (389)
where K is a wave vector in the reciprocal space of the system with a volume Q = L, L,L,
2 2 2
k = nXL—ﬂex + nyL—”ey + nzfﬂey, (nyn,.n.} € integer. (390)
X 'y Z

Then, the Fourier coefficients F(k) can be calculated by

F(K) = f drf(r)e . (391)
Q

Useful formulas that are often used for simplifying equations are

1 +ikr
P

f dre™ = Q§(K). (393)
Q

s(r), (392)
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A.2 Continuous functions in an infinite system

If the volume considered approaches infinity, the k vectors become quasi-continuous variables,

and thus the k-sum is converted into an integral

dk .
f®) = f oy F(k)e'™, (394)
F(k) = f drf(r)e *", (395)

Here and in the following, we used notation f dk = f dk,dk,dk, and f dr = f drdrydr,.

Useful formulas that are often used for simplifying equations are

dk 1
ool = ﬁzk:(...), (396)
f dke*™™ = (27)%s(r), (397)
f dre*™ = Q6&(Kk). (398)
Q

A.3 Time and frequency Fourier transformations

Analogous to the spatial Fourier transformations, the temporal Fourier transformations can be

given by
+00 d(,l) i
f@ = f —F(w)e™, (399)
e 2T
Fw) = f drf(T)e"". (400)

Comparing Eq. (399) and Eq. (394), one obtains that 7 plays the role of r, while w plays the
role of k but with an opposite sign.

Again, useful formulas that are often used for simplifying equations are

+00 d .
f Lot = (1), (401)
e 2T

+00 )

f dre" = 2nd(w). (402)

For the Fourier transforms of operator V., V2, VX, and d,, one can use the following substi-
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tution rule:

V., «— ik, (403)
VZ — -k (404)
Vx «— ikx, (405)
0, > -—iw. (406)

As an example,
V. f(r) = Vré Zk" Fk)e" = é Zk: FK)V,e* = é Zk: ikF(K)e'*r (407)

A.4 The convolution theorem

The convolution theorem states that the convolution 4 of two functions « and f can be expressed

as a simple product using their corresponding Fourier spectra H, U, and F.

h(r) = f 7’ u(t — ) f(7), (408)
Hw) = U(w)F(w), (409)
or the other way around
Hw) = fdw'U(w—w')F(w'), (410)
h(T) = u(®f(D). 411)

This can be extended to the case of multiple convolutions

h(t) fd‘r' fd‘r”u](‘r — (7' = 7" f(7) (412)

H(w) Ui(w)Ur(w)H(w) (413)

As an example, here we show the proof for Eq. (413) from Eq. (412) using the definitions of

temporal Fourier transformations:

fdw —iw’ "H(w')
d 7’ s » d r’ [
de de// f e i (T- T)U (W) fie—la) -7 )Uz(cu”) f w e T F(W")
2n 2n

dow' dw” dw'” e
W dw w —lw TU] ((1) )Uz((,l)”)F((U",) de/el‘r (W' -w'") de” it (W’ —w"")
2r 2n 2;

216(w’ —w'") 2rn6(w” —w"")

= f dz“’ e U () Ur(w)F ().
JT

(414)
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Clearly, Eq. (#13) is justified. This rule can be proved similarly for higher order convolutions.

A.5 Continuous functions in translation invariant systems

For a translation invariant system, any function f(r, r’) depends only on the difference between

the coordinates r — r’

fe,r) = f(r' - ). (415)
The consequences in reciprocal space from this constraint are

fr,r') = Z F(Kk, k/)elkr _
:§ Z F(k, K )ekr)gitk+k)r’ (416)
kK
Do e |
O Z Fk)e ™™ = f(r' — ).
k

Using Eq. 1} , one obtains k + kK’ = 0 and F(k,K’) = F(k)6(k + k’). Thus, we obtains the

Fourier transformations of translation invariant systems

[ 1) é D ke 417)
k

F(K)

f d(r —v)f(r' —r)e k), (418)

As an example, we show below the Fourier transformation of the Coulomb kernel v(r,r’") =

Replacing r — r’ = r yields v(r) = Il The Fourier transformation can be performed by

|r r’

using spherical coordinates

V() = f dre ™ y(r) (419)
27
= f drr? f dy f do sin(@)e™ F Oy () (420)
= 2 f dr r*v(r) f d@ sin(@)e " kreos® (421)
0
(422)
Using the variable transformation u = cos(6) and du = — sin(6)df, we can write
00 —1
Vk) = 2n f dr rv(r) f (=D due*r (423)
0 1
« 2 sin(k
- 2”[ dr Py(r) 220D, 424)
0 kr
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Choosing the specific identity v(r) = 1/[r| = lim,_,oe™ /r, we finally obtain the Fourier trans-

formed Coulomb kernel

Vk) = —hm f dre " sin(kr) (425)
k n—0
- 7}]5% Im ) dr e'kr=nr (426)
4 4
= lim—— =, (427)

n—0 kZ + 77 k2

A.6 One-index periodic functions in a crystal

Considering a periodic crystal (supercell) defined by Ny times of unit cells, the volume of the
crystal is given by Q = NQy with Qy = a; - (a, X a3) being the volume of the unit cell, which
is defined by three basis vectors a;, a, and az. If a continuous function f(r) which fulfils the

periodic boundary conditions and is periodic in the lattice
J(r+R) = f(r), (428)
where R is a real-space lattice vector
R = nja; + mya; + nzas, {n;,ny,n3} € integer, (429)
its Fourier transformation can be expressed as
f(r) = QLO ZG: F(G)e'°r. (430)

It should be noted that here, G is a reciprocal superlattice vector and the volume of the unit

cell Q is used, in contrast to Eq. (389). In obtaining Eq. (430), we have used the following

relationships
DR = NS, (431)
R
Z eiik(R_R/) = Nké‘R,RI. (432)
keBZ
Decomposing G into
G=q+g (433)

with q being a k-point restricted within the Brillouin zone (BZ) of the unit cell and g a reciprocal

lattice vector of the unit cell, Eq. (430]) becomes

1 BZ '
0= 5 2 D Fla+ e e, (434)
q g
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The inverse of Fourier transformation is then given by

F(q+g) = f drf(r)e @er, (435)
Qo
With Egs. lh and |b one obtains the Coulomb kernel = _1r,| in Fourier space
1 1 & in ,
- i(q+g)(r-r’)
ERE I N e (430

A.7 Two-index periodic functions of a crystal

For a periodic two-index function f(r, r’) of a crystal, such as the Green’s function and response

function, it is periodic in space
fr,r')= f(r+ R, r + R), (437)

where R is a real-space lattice vector. From the constraint in Eq. (437]), one obtains

BZ
1 i S o\
f(l’, r,) :Q_ Z Z el(q+g)rF(q + g, ql + gl)e—l(q +g)r
0 ’ 4
q.9° 2.8

(438)

BZ
:é Do URrRE(q 4 g q + g)e TR = f(r 4 R+ R).
0 ’ 4
9.9 28

Here, q and (' are the k-points restricted within the BZ of the unit cell and g and g’ are the
lattice vectors of the reciprocal unit cell. Q is the volume of the unit cell. From Eq. (438)) one

obtains

BZ . ‘

Z(el(q—q’)R _ 1) Z e1(q+g)ro(q +g, q/ + g/)e—l(q,+g,)r’ =0. (439)

a.q’ gg
In deriving Eq. (439), e®® = 1 has been used. Since Eq. (439) holds for any R, one obains

el @R = 1 (440)

This indicates that the difference between q and q’ has to be a reciprocal lattice vector. As q
and ¢’ are restricted to BZ, q — ' = 0 holds. Finally, one obtains the Fourier transformation of
the two-index periodic function f(r,r")

1 & . o
A i(q+g)r "N\a—i(q+g)r
f(r,r)——QO E E e Fq(g,g)e . 441)

qa gg
Here, Fy(g,g') = F(q + g,q + g') is assumed. The inverse of the Fourier transformation is then

given by

1 . o,
Fy(g, g) = Q_O L dr L dr e i@+er f(r, r/)el(q+g LS (442)
0 0
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Appendix B Non-uniform grids and temporal discrete

Fourier transformations

In this appendix, it will be exhaustively shown how the non-uniform imaginary time/frequency
grids and temporal discrete Fourier transformations are derived following the work of Kaltak
et al. [103]], where the interested readers could find the original derivation. It is noted that this

representation corrects for some inconsistencies in the original publication.

B.1 Non-uniform imaginary time/frequency grids

We start by the RPA correlation energy [278,279]

ERPA = % f dwTr[In(1 - y(iw)V) + y(iw)V], (443)

where y(iw) is the independent-particle polarizability along the imaginary frequency axis and
V is the bare Coulomb potential. For the seek of brevity, we drop the trace symbol in the
following.
Doing a series expansion for the correlation energy in Eq. by using the series expansion
ofIn(1 —x)=-37, ’;—" yields
E.=EP +ED +--. (444)

where EE.”) are the direct Mgller-Plesset (MP) correlation energies for order n

11
E" = = f do{y(w)V})", n>2. (445)
TN J_o

The lowest order contribution n = 2 is the direct MP2 correlation energy, which reads

E® = —Siﬂ f ) dwfy(iw)V}. (446)

Fourier transforming of y(iw) to the imaginary time domain, we obtain the corresponding imag-

inary time representation of E?

1 00 o] . 00 ) ,
EY =- o f dw[f dT,{/(iT)e‘“’TVf dr' Y (i)e " V]
1 00 (o] (o] . ,
=—— de dr’ f dwe ™) $(T)ViGr)V

8 J_ (447)

2n6(T+17)

00

__1 P,
= 4]:00 dr{y(ir)V}-.
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In deriving Eq. (447), Eq. (301I) and the fact that y is an even function with respect to imaginary
time/frequency have been used.

Due to the even symmetry of y, the Fourier transformation becomes a cosine transformation

Ylw) = = f ) dty(it) cos(tw) = 2 f ) dty(it) cos(tw), (448)
—o00 0
xGin) = = i f dwy(iw) cos(tw) = l f dwy(iw) cos(tw). (449)
21 J_o T Jo

The independent-particle polarizability reads [[73,86]

(i) = > xup(@, %), (450)
H
21 = D xud(T %), (451)
H
where the auxiliary functions
B(w, X) :ﬁ, (452)
H(t, x) =e™, (453)

are introduced, which describe the frequency and time dependence, respectively. To keep con-
sistency, here, we have adopted the same notations as in Ref. [[103].

e u stands for the compound index (i, @), where i goes over occupied and a over unoccupied
0OCC unocc

statesand >.(---) = > > (---).
u i a
e x, = ,—¢€ > 01is the transition energy between unoccupied a and occupied states i, which

meets €nin < X, < €max With €yiy being the band gap and €, the maximally considered

transition energy.

o xu = —(Wile ®T | i, e R8T |,y stands for a matrix with the dimension given by the
number of reciprocal lattice vectors, satisfying |g|*1/(2m) < ENCUTGW with ENCUTGW

being the energy cutoff for the basis.

Inserting either Eq. (451)) into Eq. (#47), or Eq. (450) into Eq. (#46), the resulting integrals

can be carried out analytically, giving rise to an exact expression for the direct MP2 energy

1

Xy + Xy

1
EQ =2 ) xuVxuV (454)

1g
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One can avoid the computationally expensive summation over pairs (u, ') in Eq. (@54) by
evaluating the integrals in Eqs. (446) and numerically using an appropriate quadrature

N

E? ~ - Vel (wo) V)2, (455)

8 —

E® ~ -

I

I
D okt (456)
i=1

To keep the necessary quadrature points N as small as possible, one needs to minimize the

discretization error between the exact and approximate direct MP2 energy. To this end, we

subtract Eq. from Eq. (455)) and substitute y(iw) by Eq. (450) obtaining

1 1 1 <
5 DX VX;/V{ - 1 2 e )b, xm} : (457)
! k=1

Xu + Xy

Clearly, we have obtained an error function to be minimized in order to determine the optimal

quadrature ({wi )y, {yx}r.,) for the frequency domain

1 1 <
HG.B.x.5) = —— == > yidlwr, Dp(wp, x), (458)
k=1

X+ x

with (xa X’) € [fmina Emax] X [Emin’ Emax]-
Analogously, subtracting Eq. (#54) from Eq. (456), one obtains the error function to be min-

imized to obtain the optimal quadrature ({Ti}fi 1> {O'i}fi ,) for the time domain

1 1 &
F(2x+ x) = — _EZI d(Ti, DB, X') . (459)
- ef(erx )T['

One can see that in Eq. the error function depends on x + x’ only and is essentially one-
dimensional. However, the error function in the frequency domain shown in Eq. depends
on two linearly independent variables x and x’. Fortunately, the largest errors of 9 are on the
diagonal x = x’ [103]. Therefore, it is a good approximation to consider the one-dimensional

problems with the following error functions:

RIS 1 2x ) 460

ny, o, —;—z—k Yo (wk’x)_;_ﬂzln(x2+wi) (460)
N 1 N

G Z LACEEEED I (461)
=1 i=1

By minimizing the error functions n(y, @, x) and /(& 7, x) with respect to either || - ||, or || - |le

norm, one obtains the least square or Minimax solutions of the quadratures for the frequency
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and time domain. Actually, it should be noted that VASP first evaluates the numerically more
convenient non-scaled optimal quadratures ({wi},, {vi}i.,) and ({7}, {o} ) for x € I =
[1,R] with R = €p,x/€min- Scaled optimal quadratures ({wk}k 1 {yk}k ) and ({7 }l o ;}fil) for

X € [€min, €max] are then obtained straightforwardly by

Yi = Yk€min» Wy = Wi€min (462)

O =0il€nin, T; = Ti/Emin. (463)

Since the MP2 energy E£2) is dominant in the RPA correlation energy EXP A that is |E£")| < |E£2)|
for n > 2, the above resulting quadratures ({w,}}, {y;}}) and ({r}}Y, {o/}\) obtained from the
second order diagram should be applicable for any other higher order diagrams. It has also

been found that the two grids are dual to each other. That is, given {it J} the discretization

_l’

error function is minimal at the grid points {iw}?_,, and vice versa [[103].

k=1°

B.2 Temporal discrete Fourier transformations

For an even function F with respect to imaginary time/frequency, such as the polarizability y,

the forward Fourier transformation is given by
Flw)=2 f dt cos(wT)F(iT). (464)
0

A natural question is whether one can obtain a discrete transformation matrix y;; from the
imaginary time to the frequency or the other way around if the optimized quadrature points

({wk}k 1> {yk}k ) and ({T,}l 1,{0'1} * ;) are known and fixed, such that

F(iwy) - Z Yii cos(wiT) F(iT;)
i=1
is minimized with respect to either || - ||, or || - || norm. The answer is yes. This can be done

analogous to Appendix (B.I)). The coefficients y;; can be determined by minimizing the error

function between the exact and approximate polarizability

Q(y, wy, x) = X(iwk)Exact —X(ia)k)Approx'

N
= Zxﬂas(wk, ) - Z] Vi COS(WiT:) Zﬂjxﬂém, %) 65)

=20

; cos(wyT;)e .
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Finally, we end up with the following error function at each frequency point wy for a specific
energy difference x € [€nin, €maxl:
(o 2)C z —XT;
Wy, w, x) = > Yii COS(wiT)e ™. (466)
i=1

- -
X +a)k —

Here, the imaginary time {ir;}?’ | and frequency {iw;}} , grids are precalculated. Specifically,
for one frequency point wy, one obtains a vector {y}, Vi = 1,---, N. Repeating this for all
frequency points wy, Yk = 1,---, N, then one obtains the transformation matrix [yy], Vi, k =
1,---,N. It should be noted that here the error function r°(y, wy, x), actually, is the quadrature

error of integral of 2 fooo dr cos(wyr)e™

00 N
7ﬂ%wbm:2]‘&w%wﬂk“F Yii Cos(wiT)e ™"
0 ;Z; (467)

2x

X2 -HU%

for the chosen frequency wy.
Similarly, the transformation matrix from the imaginary frequency to time domain can be

determined by minimizing the error function

N
0,7 2) =§(7i, ) = ) € cos(Tiw P, x)
=l (468)

a 2x
:e_xlTli - Z é‘:ik COS(Tia)k)ﬁ.
=l X + Cl)k

Again, the imaginary time {ir;}Y  and frequency {iw}y , grids are precalculated. For one
frequency point 7;, one obtains a vector {£;}, Yk = 1,---,N. Repeating this for all fre-
quency points 7;,¥i = 1,---,N, then one obtains the transformation matrix [&;], Vk,i =

1,---,N. Note that here the error function n°(§, 7;, x), actually, is the quadrature error of in-

2x
x2+w?

tegral 2 fooo 42 cos(Tiw)

. * dw 2x u 2x
né 1, x) = 2](; p cos(nw)m - kZ:; ik COS(Tiwk)m (469)

el

In contrast, for an odd function F with respect to imaginary time/frequency, the forward

Fourier transformation is described by

Flw) =21 f ) dt sin(w7)F(i7), 470)
0
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which is approximated by a discrete sine transformation (ST)

N
Flwy) =1 Z Ajsin(wyt ) F(iT)). 471
=1

N

j=1 and {iwi ), are precalculated and chosen to be identical to the cosine grid.

Again, {it;}

However, the coefficients A;; are determined by minimizing the error function

s 2wk S : —x7;
7° (A, wy, X) = o wi - ]Z:; Agjsin(wytj)e™™". 472)
2 [7 drsin(wir)e
The inverse ST is then obtained by
N
F(irj) = —i Z Ciesin(T jwi) F(iwy), 473)

k=1

where the matrix { sin (tw) is the inverse of the matrix A sin (wt) in Eq. (471).
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Appendix C Analytic continuation

The generalized mathematical problem of an analytic continuation can be stated as follows: find
an analytic function f(z) in the upper complex plane that coincides with calculated values on a

discrete set of points

f@p=1f;, Jj=12..N (474)

where (z;,f; ) are the known point-value pairs of the function. To this end, there are several
methods available, for example, the maximum entropy method (MEM) [280], statistical sam-
pling method (SSM) [281], and Padé approximate method (PAM) [109]. In the following, we
will recapitulate MEM and PAM methods, but put particular focus on the latter. We refer the

readers to those original papers or book for more details.

C.1  Maximum entropy method

MEM is widely used for determining the spectral function A(w) given the Green function data
sets G(it) obtained from a quantum Monte-Carlo (QMC) calculation. The starting point is the

Fourier transform of the spectral representation of the finite-temperature Green’s function

+00 pTH-w)
G(ir) = f:w dwm/l(w). (475)
Here, g = kBLT with T being the temperature. From Eq. l) one can see that the analytical
continuation is an ill-conditioned problem: the kernel of Eq. is very small for large fre-
quencies |w| so that large changes in A(w) have only a small impact on G(ir). This indicates
that there might be several possible A(w) giving similar solutions for G(it). Which one is the
most accurate one becomes an elusive issue. To address this problem, M. Jarrella and J.E. Gu-
bernatisb [280] proposed the maximum entropy method that is based on the Bayesian theorem.

The essence of the MEM is that the most likely spectral function A(w) is the one that maximizes

a posteriori probability [280]]
P(A|G) = P(G|A)P(A)/P(G), (476)

where P(G) is a constant for a given Green function, and the conditional probability P(G|A) and

a priori probability P(A), respectively, can be obtained by [280]]

[S]

_X

P(GIA) =e 7 477)
P(A) ~ €5, (478)
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where y? is the quadratic difference between given G(it) and that obtained from A(w) by Eq.
(475), a is a constant that should be chosen very carefully (see Ref. [280]]) and S is the entropy,
which is calculated by [280]

+w0/2
S = f dwA(w)In[A(w)wy]. 479)

wo/2

Generally speaking, the MEM is a good method in particular for the cases where the data sets
have large noise, e.g., the data obtained from quantum Monte-Carlo (QMC), for which MEM
provides an efficient way to make the statistical errors as small as possible. In addition, it can
provide reliable features at small frequencies, such as the height and width of the central peak,
and the overall weight and position of the Hubbard bands. However, it has disadvantages in
the sense that it requires a reasonable default model. Besides, because of the statistical errors
in the QMC calculations and because Eq. is ill-conditioned for large |w|, MEM thus
cannot resolve fine details at large frequencies. Statistical sampling method (SSM) improves
the analytic continuation in the sense that it does not require a default model and can resolve
the structure on a very small energy scale [281]]. However, both MEM and SSM can not predict
accurate poles of the function to be fitted. In our low-scaling GW method, the self-energy is
exact without any noise and we are mainly concerned with the calculation of the quasiparticle
energies. Therefore, MEM and SSM are not desirable methods for our case. Instead, the Padé
approximate method tends to represent well the position and weight of low-energy features in
the spectral functions, which are exactly what we desire. In the following we will focus on the

Padé approximate method.

C.2 Padé approximate method

A Padé approximant can be expressed as a [k/r] rational polynomial [282]:

k+1 i—1
i=1 Pi

Z:_’:] qizi—l + Zr’

where p; and ¢; are the unknown complex coefficients to be determined given the known data

f@)= (480)

sets (z;,f; ). Since the correlated self-energy X°(iw) has asymptotes A/iw, it is suitably fitted
using a [(r — 1)/r] Padé approximant [282]

1) = Dict piz™! Pt pazt.. + p,7 !

DIVl S A 1R N CY 4 SO S At

(481)

To solve this Padé fitting, there are three methods that are commonly used: Mutipole expansion

(ME), least-squares (LS) method and Thiele’s reciprocal difference (TRD) method.
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C.2.1 Multipole expansion method

Multipole expansion method is first explored by Godby et al. [96//102] in analytically continuing
the self-energy to the real frequency axis by taking into account the pole structure of the self-

energy

S(iw) = ap+ Y - . (482)
= W — g

where ay, a; and z; are complex numbers. n is the number of poles. This is easily implemented
by calling the Levenberg-Marquardt routine [283]. In the following, we will give more details
as to how ME is implemented.

In our case, instead of fitting the self-energy X directly, we apply the model to the Green’s
function G since it has a more favorable structure than the self-energy. G is calculated from the
self-energy by the Dyson equation

1
iw+ Er —2(>iw)

G(iw) = (483)

In order to avoid dealing with complex numbers, a block vector ¥ is created that contains both

the real and imaginary parts of G(iw)
¥y =[(Re[G(iw))],j=0,..N - 1),(Im[G(iw))], j = 0,..N = 1)]. (484)

To avoid branch cuts, only positive frequency points are used. To use the Levenberg-Marquardt
routine, the function and its derivative at each frequency point should be provided. To this aim,

we introduce

a, = by + icy (485)

Ir = X+ lyk (486)

Then, the real and imaginary parts of Green’s functions read

- -y —b
Re[G(iw)] = by + » | w =y — by (487)
n —b _ _
Im[Gie)] = o+ | AL I)Z (488)
The derivatives with respect to the parameters are given by
OR ]
RelGlw)] _ 4 (489)

0by
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ORe[G(iw)] _0

6c0
ORe[G(iw)] — X
by X+ (w— )
ORe[G(iw)] W — Yk
dcy T2+ (W= >

ORe[G(iw)]  —bi(x; + (w — y)?) — (cxlw — yi) — brxi)2x;

0x; (xi +(w = y)?)?

ORe[G(iw)] _ —ce(x7 + (W = y)?) + (crlw — yi) = bexi)2(w — i)

OV (2 + (w = y)?)?
OIm[G(iw)] _0
oby
Olm[G(iw)]
7
(9c0
OIm[G(iw)] _ —(w = yi)
6bk x,% + (w - yk)z
Olm[G(iw)] —X
ack B x,% + (a) - yk)2

Im[G(iw)] _ —ci(x + (0 = y)) + (bi(w — yi) + ceXi)2xk

0x; (7 + (w = y)?)?

OIm[G(iw)] _ b(x} + (0 = yi)?) — (br(w — i) — cexi)2(w — i)

Oy (x5 + (w — y)?)?

frequency axis by

k

- a
G(w) =ap+ —_—
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(490)

(491)

(492)

(493)

(494)

(495)

(496)

(497)

(498)

(499)

(500)

Once the parameters have been obtained, one can perform the analytic continuation to the real

(501)

However, it turns out that it is rather unstable when the number of poles exceeds three. The
fitted parameters are too sensitive to the initial parameters. The 2-pole model is always robust,
but it results in a poor fit. This also holds for the 3-pole model, though it is physically sound.
The 4-pole model yields the best fit, but it is rather unstable, even though we started from the

parameters of the 2-pole or 3-pole models. The models beyond 4 poles are generally unstable.



C.2.2 Least-squares (LS) method

Inserting Eq. (474) into Eq. (481) for each known points (z;,f; ) and defining a vector of un-
knowns [110,[282]]

X = [P1 P2s s Pra 1, 25 o 41 (502)
one could easily obtain the following linear system of equations [110,282]

Ax=b, (503)

where the matrix A and right-hand-side vector b, respectively, are expressed as [[110}282]]

Lz g =f —fim o —fi!
I n 5 . &' ~h —ho . -HG

Al b B G e s hn e fE (504)
Uozy 2y o 2y ~fu ~fuzu o —fuzy

b = [fi2}. oz e furZiyl " (505)

It is found that the precision of input points plays an important role in how good the Padé
fit is. In addition, as the number of frequencies N increases to a large number, the condition
number of the matrix A, however, rapidly increases, which makes the LS ill-defined. For our
low-scaling GW implementation, the GW self-energies can be obtained with a high precision
and the optimized grids used yield linear equations that are remarkably linearly independent.
From our tests, it is, however, found that the LS method works almost equally well with the
Thiele’s reciprocal difference method, as will be introduced below, except for few cases. In
order to improve the condition number of the matrix A, one possible solution is to use bound

Lagrange polynomials instead of the rational polynomials.
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C.2.3 Thiele’s reciprocal difference (TRD) method

In the TRD method, the Padé approximate Py(z) is expressed by a continued fraction expan-

sion [[109]

b ay ax)(z—2z1) an(z — zy-1) (506)
Z = _— cos
A P L+ (z— 2n)gn+12)
a
= ) (507)
a(z—z1)
1+
az(z — z2)
1+
1+
an(z — zn-1)
1+
I+ (z—zn)gn+1(2)
where the complex coefficients a, are given by the following recursion relations:
a, = gn(zn)’ gl(zn) = fn» n= 1, s N (508)
gn(Z) — gn—l(zn—l) - gn—l(z). (509)
(z = Za-1)8n-1(2)
It is straightforward to prove from the above recursion relations that [109]
Pyizj))=f;, j=1,.,N (510)

N

holds for the known point-value pairs {z, fj}j:1

of the function f(z) (the diagonal elements of
the self-energy in the GoWyr case).

This method is very simple and not difficult to implement and it has been successfully applied
to the analytic continuation of dynamic response functions [284]. It is also found that the TRD
method is rather efficient and robust except for few cases where there are poles close to the
DFT eigenvalues. In general, the TRD and LS methods work equally well for most cases. In

our practical implementation, however, we combine the TRD and LS methods and choose a

more reasonable value from one of them.
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Appendix D Derivation of the head of intra-band

dielectric functions

We start from the independent polarizability in the reciprocal space and imaginary frequency
domain, which has been derived in Appendix (G)

BZ occ unocc

2(Eak - Elk) —i r i ’ r/
X6.0(q,iw) = - Z Z Z ey o O ) ksl 1)

k+q — €k)°

BZ occ unocc

2(€k+q — €ik) - ~
— G G/ /
Z Z Z ( s Gl g tairale’ e,

€ak+q — €i)*

(511)

where €y is the eigenvalue of state (i,k) and uy(r) is the cell periodic part of a one-electron
orbital ¢ (r). € is the volume of the unit cell. The intra-band polarizability (i = a =n € p.f.,
where p.f. indicates the partially filled bands) can be calculated as

BZ p.f.

intra . 2(€nk _Enk) _iGr iG/r
Xee (g, iw) = ZZ ey o e k) ksl ). (512)

k+q — e_nk)z

The intra-band dielectric function can then be calculated by

2
47T e intra

|q+ G||q+ G'|XGG

intra

ee e (g, iw) = — (q,iw)

-
Z pzz 2(€nk+q — k) (513)
|q + G||(1 +GQ (Enk+q — Enk)* + W2

G _.
X (thyterql€ S Nttt ™ Nt

In the long-wave (q — 0) limit, the head (G = G’ = 0) of the intra-band dielectric function
diverges because it is divided by (|q|> — 0). Thus, special considerations should be taken. Now
we explicitly write down the head of the intra-band dielectric function

o2 B2 .

2 nk+q = En
ZZ ( A" g P (514)

2
€nk+q — Enk)

g0(q = 0,iw) = lim =~

By Taylor expansion of u,y.q around q — 0, we obtain

(kg | i) =tk | W) + AVl | i) + 0((12)
(515)
~1 + 0(qY).

In deriving Eq. (515)), we have used the fact that (u,x|u,x) = 1 and Viu,x is nearly orthogonal

to u,x so that the second term q{Viu,x | u.x) is negligible. By Taylor expansion of transition
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energy €x+q — €x around q — 0, we obtain

1
€nk+q — €k =q Vi €k T qu Vi €k + O(Q°)
(516)

1
=5¢" Vi &+ 0(@).
In deriving Eq. (516), we have used the fact that q Vi €, is an odd function in k and thus its

summation over K is vanishing. Considering €,x,q — € << w, we obtain

2(€"k+q — Enk) _2(6nk+q — €k) 1
(€Enkiq — €x)? + w? B w? 1+ (S"kw*fnk)z
2(€x+q — € €, €, €, €,
_ ( k+q2 k) {1 y k+q — k) +O[( k+q — k)4]} (517)
w w w
2 o2
q v €k
== +0@"
w

Inserting Eq. (517) and Eq. (519) into Eq. (514), we finally obtain

BZ p.f
Z Z V6. (518)
k

n

14
gg0(q — 0,iw) = =0

Using the squared plasma frequency

2 BZ p.f.

P = 2 Z Z VZew (519)

we obtain a simple expression for the head of intra-band dielectric function

2

w
8z)nga(q - 0,iw) = %’ (520)

It should be noted that for the wings (G = 0 or G’ = 0) and body (G # 0 and G’ # 0)
of the intra-band dielectric function, it can be proved that they are both zero [wings=0(q),

body=0(q*)].
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Appendix E Derivation of the self-energy within PAW

In this appendix, I will show in more details how the self-energy is derived within the framework
of the PAW. To this end, there are two alternatives: one starts with the direct Mgller-Plesset
(MP2) energy using the relationship between MP2 energy and self-energy, and the other is

directly obtained from the definitions of the Green’s functions and self-energy.

E.1 Indirect motivation from the direct MP2 energy

To derive the one-electron self-energy in second order
2(r,R',it) = -G, R, in)W(r,R’,i7) (521)

within the PAW, it is advantageous to start from the equation for the Laplace transformed direct

MP?2 energy (LT-dMP2)
EMP? = 0Ty [E(R', r,it)G(r, R, -in)W(r, R, ir)] . (522)

Here, G(r,R’, —i7) and G(r,R’,it) are the Green’s functions for occupied and unoccupied
states, respectively. W(r, R’, 17) is the screened Coulomb interaction in second order W = V'V
with V and y = GG being the bare Coulomb interaction and independent-particle polarizability,
respectively. With the definition of the self-energy in Eq. (521)), Eq. (522) can be rewritten as

EMP = 2Ty [G(R', 1, iDE(r, R, -i7)] . (523)

where X(r, R’, —i7) is the self-energy for the occupied states. In the following, we just show the
derivation for the occupied self-energy X(r, R’, —i7) only, while the derivation for the unoccu-
pied self-energy Z(r, R’, i) is similar and straightforward.

We are now going to rewrite the formula for LT-dMP2 using the representations of the Green’s
functions within the PAW method. This will help us to distil the structure required to represent
the self-energy within the PAW method. We first concentrate on the object inside of the trace in

Eq. (522), i.e., on
G(R,1,it)G(r, R/, —it)W(r, R, i7). (524)

Using the definitions for the unoccupied Green’s functions in Eqgs. (228H231)) and the occu-
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pied Green’s functions in Eqs. (232H235) the object inside of the trace operator then reads

GR',r,in)G(r,R’, —ir)W(r, R, i7)
-G R, r,inGV(r, R, —ir)W(r, R, it)

+3 G R 0GP0 R, ~i1)Q, W, R, i7),
W (525)

+3 G B rinGY x, o, ~i)Wr, R, i1)Qus(R)),
aff

+ 3 G B inGH (1, @, ~iT) 0 (®W(E, R, i) Qs(R).

fvaB

With this, the direct MP2 energy can be expressed by

1 _
SEMP = - % N GUR GO, R, —in) W, R i7)

2 reC R’eS
-3 3 Y IR GO0 R, ~in) ()W, R, i7),
reC R’eS puv s (526)
= > > > G B inGV(r, a,-inW(r, R, it)Qus(R'),
reC R’eS of
=33 3G B G v @, ~iT) QW R, iT) Qup(R).
reC R’eS uvap
We now define quantities D®, D® and D@
DO@vR i) = > QW R, i), (527)
reC
DO(r,af,it) = > W, R,in)QupR), (528)
R’eS
DO, aB,it) = ) > OQumWE, R, iT)Qus(R)). (529)
reC R’eS
Then Eq. (526)) reduces to
| =M o A r ,
SEM =~ > ) GURrinG R, ~in)W(r, R, iT)
reC R’eS
- 3 Y GV R 0GP0, R, ~in)DP (v, R, i),
R'eS uv N (530)
-G B rinGY r,a,-inDV(r, o, iv),
reC off
- Z 5(4)(@ U, iT)Q(4)(V, a, —iT)D(4)(/,lV, af,17).
uva

By comparing Eq. (530) with Eq. (523), we finally obtain a useful definition of the self-energy
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within the PAW scheme

D@, R, -it) = -GV, R, -ir)W(r, R, ir), (531)
IO R, -ir) = - GO R, -inDPwy, R i), (532)
2, B, —it) = —ZV]Q@(r, a, —in)DV(r, aB, i1), (533)
O, B, —it) = —ig“%, a, —it)D™ (v, aB, it). (534)

The derivation of the unoccupied self-energy X is simply done by replacing G with G

' RLin) = -G, RLiDWE, R, in), (535)
SR = - G0 RLiDDP @y, R, i), (536)
2 pin = - G inDOr, B, i), (537)
Spin = =Y. G nainDP . ap,in). (538)
In the second step, the matrix elements of the self-energy in the orbital basis are then obtained
by
Wi = D1 3 Iz, R, —i0)fu(R)
reC R’eS
£ D OndpE? (1, R, ~i0)(R)
u ReS
) ) (539)
) OO, B, i) Pl
reC g
£ D OB Z B =) Bolins)-
uo B
<® . =y = N ,
T (1) = )" > 0T (@ R, i0fw(R)
reC R’eS
- =D s~
£ D dPT (R (R))
u ReS
(540)

) 0 O, BT Balde)

reC B

£y ;@nkmi“)w,ﬁ, T Pelie).
U

It should be mentioned that although the above derivation has been done on the second-order

self-energy only, it is applicable to other higher orders as well. This gives rise to a general for-
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mulation of the correlated self-energy as long as the second-order screened Coulomb interaction

is replaced by the correlated screened Coulomb interaction VyV + VyVyV + ...

E.2 Direct derivation from the definitions

In contrast to the above Section (E.I]), here we show the derivation of the matrix elements of

the self-energy within the PAW method directly from the definitions of the Green’s functions

and self-energy. Now we concentrate on the unoccupied self-energy only, while the occupied

self-energy are obtained by replacing G with G.

S, (i7) = W) = ~ WG WD)

unocc

= Wkl D WaXWale ™ WD) )

unocc

= >0 WXl () ke WD)} IR (R )
a reC R'eS

- Z Z Z e W, R, it W) MWl R YR ).

a reC ReS

Note that in deriving Eq. (541) the completeness relationships

Dol = i

reC
DIRNR = 1,
R’eS

and the “space-time” representation of the self-energy

(IZEO)IR'Y = —~@GDWED)IR'Y = —([G(in)R ) (K| W(ir)R)

(541)

(542)

(543)

(544)

have been used. Also, we have used a composite index a = (n’, k) with n" € unocc for brevity.

According to the PAW method [Eq. (222)], we obtain

WalOXEl0) = Bl Xria) + Y Dd B Bola) {(BlrXEg,) = Blr)eld,))
uv

= Dkl XET) + D Gkl Bu X Pla) Qo (1),
uv
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and

WalR KR W) = alR R W) + Y il Y Pl {(BalR R 165) — (Bal R N(R )}
B

= <lpa|R/><R/|‘/~/mk> + Z<&a|ﬁa><ﬁﬁ|&mk>Qaﬁ(Rl)-
o

To summarize, there are four terms in the self-energy:

S () = S (1) + T (i7) + T (i) + T (i),

nm

where each term is given by

unocc
k(l)

T (1) = D7 D €W, R AT X0 )Pl R R i)

a reC ReS

=2 . {Z Fa(r)f; (R e } W, R’ in)fu(R)

reC R’eS

=33 GG @ R D)W, R i0)fu(R)

reC R’eS

=3 Y G @ R DR,

reC R’eS

unocc

k()

Son ()= )" 3" " e W(r, R, ir)(J,[R) <R’|wmk>Z<¢nk|pﬂ><pv|wa>Qw<r>

a reC ReS

=3 0D by {ufc<pv|m>w, (R))e } QW (r, R, iT)i(R')

reC R’eS puv

=3 3 D G R D ®WE, R in)u(R)

reC R’eS puv

= Z Z <&nk|pﬂ>§(2)(ﬂ’ R,’ iT)&nk(Rl)a

u ReS

unocc
k(3)

T (1) = D" > €W, R ATkl (xli) Z<wa|pa><pﬁ|wmk>Qaﬁ<R'>

a reC ReS

DIIPNC) {Z Fa(r) il e } W(r, R, i7) Qus(R X Pl

reC R’eS af

=3 3 3 B )G (r, i)W R i) Qus(R ) gl

reC R’eS af

= 3 3 0 B D sl

reC g
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(547)

(548)

(549)
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unocc

o (0= >3 TWE R 1) Y (G B Pl Q) D (Tl ) Pl Qup(R)
o

a reC ReS yri%

=> > Z@nkm{z <ﬁv|&a><&a|ﬁa>e-ifﬂ} O @W(r, R, i) Qs (R ) oltmc)

reC R’eS uvap

= 3 3 5G4, 0, i) G OW(E, R’ i7) QR N Pl

reC R’eS uvap

= 3 S G pE (BT Bl
B
(551)

Note that in deriving Eqs. (548H551)), the definitions in Egs. (527H529) and Eqs. (531H534)

have been used. By comparing Eq. (540), one can see that we have obtained exactly the same
expression of the matrix elements of self-energy in the orbital basis. Again, the occupied self-

energy can be obtained by replacing G with G.
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Appendix F Relationship between X, ,/x_¢(w) and
Wnk,n’ k—q(w)

Proof:

_Im[Wnk,n’k—q(en’k—q - E)H(En'k—q - E)o(u - En’k—q)]
if E < €yk—q < U, Eyk—q € OCC

Im[znk,n’k—q(E)] = (552)

+Im[Wnk,n'k—q(E - En’k—q)g(E - 6n’k—q)e(en’k—q - /J)]

if E > €yx_q > [, Eyk—q € UNOCC

We start from the definition of the self-energy for each pair (nk, n’k — q)

+00

1
2k wk—q(E) = " f dwG g px-q(E + )W pk—q(w)

(o0

i e " An nk—q\W e An nwk-qlW
_ 2L dw{f dle kn'k—q( 1).5 +f dle knk—q( 1)-(5}
T . +w-—w; —1 B +w-—w +1 (553)

0 +00
D,y wk—q(w D, x wk—q(w
y {f dw, knk—q( '2) +f dw, lk—q( ‘2)}.
oo w—wy, —in 0 w—w, —in

Here, 6 and 7 are both positive infinitesimal. Note that in deriving Eq. we have used

spectral representation of the Green’s function

" An n’k— W’ e An n'k— w’
Grtorecq () = f do Hrierk-a(@) | f doy Aneria@) (554)
—oo w—-w —10 p w—-w +10
and spectral representation of screened coulomb interaction
0 Dn e W +00 Dn ke W
Wnk,n'k—q(w) = f dw'Lw + f dw’Lq(')’ (555)
oo w—-w —10 0 w—w +10

where A,k vk-q(w) 1s the spectral function of Green’s function, which is proportional to the

imaginary part of G k—q(w)

1
Ank,n/k—q(w) = _;Im[Gnk,n’k—q(w)] Sgn(a) - ,U) (556)

Here, D, k—q(w) is the spectral function of screened coulomb interaction, which is propor-

tional to the imaginary part of W yk—q(w)

1
an,n’k—q(w) = _;Im[Wnk,n’k—q((u)] sgn(w). (557)
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Note that D,k yk—q(—w) = =D,k wk—q(w), 1.€., Dy yk—q(w) 1s an odd function with respect to w.

With this, the following equation holds

w—-—w +10 w+w —10

oo , 1 -1
Wnk,n’k—q(w) = f dw,an,n’k—q(w ) { + } . (558)
0
Therefore, Eq. (553) reduces to
1 e " Ank n’k—q(wl) e Ank n’k—q(wl)
Zn nk— E = — d d . — + d : N
kk-q(E) ZNIW w{[m w1E+w—w1—16 fy w1E+w—w1+16

—+00 1 _1
X {f dwr Dy jwg—q(w2)[ + ]}. (559)
0

W—wy+1n w+w; —1in

Performing the contour integration in the w-plane yields

H e Ankk-q(W1) Dk wi—q(w2)
an,n/k—q(E) :f d(,l.)lf d(l)z a a
—00 O

E+(,()2—(1)1—i6

00 0 560
" " Atk—q(W1) Dk ri—q(w2) (560)
+ de d(l)g ; .
u 0 E - Wy — W + 10
Now we employ the spectral representation of self-energy X,k yk—q(w)
H 1—‘n n'k— w’ e I_‘n n’k— w’
an’n/k_q((,()) = f dw/ k.n’k q( ' ) + f d(,(), k,n’k q( . )’ (561)
oo w—w —10 p w—w +10

where I vk—q(w) 1s the spectral function of self-energy, which is proportional to the imaginary
part of X,y yk—q(w)

1
l—‘nk,n’k—q((fu) = _;Im[znk,n’k—q(w)] Sgn(w - ﬂ) (562)

Using the following well-known theorem from complex function theory

1[1] F16(x) (563)

m[——=] = F1(x),

x+1i6
we obtain from Eq.
UL +00
Lk wk—q(E) = — sgn(E — ) f dw,; f dwrA i x—q(W1) Dk ri—q(W2)0(E + wy — w1)
—00 0

—+00 +00
+sgn(E — ) f dw f dwr A i-q(W1) Dk rk—q(W2)O(E — wy — wy)
U 0

w1=E+w2</1

w1=E-wi>p

—+00
—sgn(E — p) f dwr Ay i—q(E + W2) Dy ri—q(w2)0(u — E — wy)
0

+00
+sgn(E — ) f dwr Ak wk—q(E — W2) Dy rx—q(W2)0(E — wy — p).
0
(564)
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For non-interacting case, the spectral function of Green’s function reduces to ¢ function
Ak wk—q(W) = 6(w — €rk_q). (565)
Inserting Eq. (565)) into Eq. (564) finally yields
Lok wk—q(E) = — sgn(E — p) \[o h dwr0(E + w) — €yk—q) Dk wi—q(w2)0(u — E — w»)
+sgn(E — u) fo - dwr0(E — w) — €yk—q) Dk wk—q(w2)O(E — wy — p1)

w2:En/k,q—E>O

- Sgn(E - /J)an,n’k—q(en’k—q - E)G(Gn’k—q - E)Q(]J - Gn’k—q)

a)2=E—€n/k7q>0

(566)
+ Sgn(E - :u)an,n’k—q(E - en'k—q)g(E - En’k—q)e(en’k—q - /J)

=+ an,n’k—q(en’k—q - E)Q(En’k—q - E)Q(/J - En’k—q)

+ an,n’k—q(E - En'k_q)H(E - én’k—q)e(fn’k—q - /’t)

Combining Egs. and with Eq. (566), we finally obtain

Im[znk,n’k—q(E)] Sgn(E - ,Ll) :Im[Wnk,n’k—q(en/k—q - E)]Q(en’k—q - E)H(IJ - en’k—q)

+Im[Wnk,n’k—q(E - En’k—q)]g(E - En’k—q)g(en’k—q - :u), (567)

i.e., Eq. (552) is justified.

185



Appendix G Derivation of the correlated polarizability y°

from formula of Kubo and Nakano

In this appendix, I will show a more exhaustive derivation for the correlated polarizability y*
from the Kubo and Nakano formula following the Merzuk Kaltak’s derivation. For the original
derivation, please refer to his PhD thesis [267].

According to the Kubo and Nakano, the correlated polarizability y¢ can be expressed as the

density-density fluctuation response in the correlated subspace [2835]]
X1, i1) = (Rl T [8hc(r, in)dRu(r)] [¥o), (568)

where |¥y) denotes the non-interacting ground state of a M-particle system, 7i.(r) represents
the correlated particle number operator accounting for states in the correlated subspace C of
interest located at r, and 71, represents the remaining states, satisfying 7(r) = 7i.(r) + 71,(r). T is

the time-ordering operator. The density fluctuation operator 67.(r, i7) is given by

on(r,it) = f.(r,it) — (Polaa.(r,i1)[¥o). (569)
Inserting a complete eigenset of the non-interacting many-body system
DX =1 (570)

(o)
s=0

into the Kubo-Nakano formula in Eq. (568]), one obtains

X (r,r,ir) = - Z O(1)e B EIT (W |7, (1) [P (Wl (1) Wo)
= (571)
- Z O(—1)e B ET (Y |7 (1) W )W |72 (1) Wo).

s=1
Here, we have used the interaction picture relation 7.(r,ir) = efa.(r)e " where H, is the
Hamiltonian a system of M non-interacting electrons

M
Hy= ) h, (572)
=1

with 4; being the one-electron Hamiltonian of a free electron at position r;, and the fact that
|'P') is an eigenvector of the Hamiltonian H,, with corresponding eigenenergy E;. The s = 0
term is dropped due to the second term of right-hand side of Eq. (569). © is the Heaviside step

function.
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Next, we calculate the expectation value

We start by the definition of the many-body basis set. Adopting the Einstein convention, the

corresponding complete eigenset of H is given by the set of all Slater-determinants ‘Y

Po(x1, 5 Xu) = [E]™ ™ @a, (1) - - iy, (Tar) (574)

with corresponding eigenenergies

E, = Z €. (575)

nelg

Here, ¢;(r) and ¢; are the one-electron eigenfunction and eigenenergy of the one-electron
Hamiltonian 4, respectively. Thus, each determinant ¥ contains a specific set of occupied and

unoccupied states indicated by the index set /; and the Levi-Civita tensor is defined as [286]
O1a, -+ Olay
[€(s)]n1,.-- M 7 . , ,711, cee ﬁM c Is' (576)
Omi, --- Omiy

Because the relation of Bloch states and Wannier functions

60) = Igu) = ) €T O lwo,)

aR,
= Tislwa).
a

Here and in the following we use super indices @; = (@;, R,,) for Wannier states, i, = (n;,k;)

&77)

for Bloch states and the shorthand T;l,ﬁi = T;, = e*RaT'%) indicates the transformation

n@;

matrix from the Wannier basis to Bloch basis. A transformation to the Wannier basis is easily

performed by a replacement of € — 7, where the weighted Levi-Civita tensor 7, is defined by

g, ,am _ il it + T
[T(S)] l - [8(3)]_1 _M Tliqﬁl T T@MﬁM (578)
= [8(5)]’11’ iy T;]@] e T;;M(_YM

The Fock space of the M particle Hamiltonian is spanned by single, double and higher
excited Slater determinants ;. For instance, singly excited states are obtained by replacing one
occupied state ¢; in the ground state ¥, with an unoccupied state ¢, and defining the index set

I appropriately.
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Next, we focus on the quantization of the Schrodinger field ¢(r). Here, the concept of a field
operator y(r), which acts on the Fock space, is very convenient, since it allows us to express the
possibility of creation and annihilation of electrons intrinsically in its notation. For instance,

the action of the field operator &(r) onto an arbitrary M particle state ¥y can be written as [287]]

(X, 13, -, ey )Py = VM f dri6(r —r)) X Wy(ry, -+, ry)
(579)

= VMY (xr,r, -+ . 1y),
giving an (M — 1) particle state [@(r)‘Ps] with a missing electron at r. The action of 1/7(1‘) is
obtained by complex conjugation of Eq. . The product of the latter with ¢(r) gives the
well-known density operator 7i(r)
i(r) = § (r)i(r) (580)
counting the number of electrons at position r. Bloch and Wannier representations of the field

operators are given by

() = T ¢n(0)n (581)

d(r) = 2 wa(r)es (582)
with the corresponding inverses

ay = [drg;(e)(r) (583)

&a= [ drw (mi(r). (584)

Inserting of Egs. (581)) and (582) into Eq. yields the particle operator 7 in the Bloch and

Wannier representation

Ar) = 3 ¢r (06, (0)a) az, (585)
ar) = S wimwa(r)cscp. (586)
ap

Restricting the sums in Egs. (582) and to correlated states only, i.e., the subspace C, we
obtain the correlated field operator
Je(®) = > walr)es, (587)
aeC
and the corresponding correlated density operator
A1) =PI = > wimwa(rcles
apeC

= ZWZ(I')WB(I')fdl'lwd(rl)lf(l'l)fdrzwz-;(rz)l@(l'z)

apeC

(588)
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Expectation values of the correlated density operator 71, can thus be evaluated by inserting

Eq. (588) into Eq.
(Folie O,y = D wir)ws(r) f drydeawa(r)wi ) (Polds (0P ()Y, (589)

apeC
Now we focus on the evaluation of the expectation value on the right-hand side of this expres-

sion. For a Slater determinant |¥;) the action of the field operator zﬁ(rz) onto the M electron

state W(r/, - -+ ,1),) is given by Eq. (579). Together with the adjoint relation, one obtains
(Woldr" (e ()W)
:M‘[dr'2 ERYC) J9 90 578 CORRREN 70 (O30 /IRERNS y9))

« 1@y * % B1d; -
=M f dry -~ dr), |7 | Wh, (EOWS, (82) Wi, (040) [100 ™ W, ()W, (12) -+ e (a7)

=Mw}, (r)w,(r2) [TEFO)]

1@2°-am B1an - % %
[T(s)]ﬁla2 QMfdr/z..-dr;\lde(r2)W@2(r2).'.W@M(rM)'..W@M(rM)

a1y

— Mt * Bray
=Mw}, (r)wg,(r2) |7y | [t P
(590)
The contraction of the 7 tensors in the last line can be evaluated using the identity [288]]
R . (M -1)!
[8(0)] [e )™ = T5ﬁ17(s)6fm(s)- (591)
Therefore, one could obtain
w @102y B a « |n2iy T . «
[T(O)] [l = [8(0)] Tina, +** Tiyaw X [8)"" T; 3, "'Tﬁ/M[;M
« |2y Fii i, % *
= [8(0)] [S(S)] 1y Ty X Tﬁ](_ll . TﬁMC_YM X f]"}l/_g1 e Tr'l;w,BM
(M - 1)! - 652)
== OmiwOhae X Tna =+~ Tiaw X Ty Ty g,
:—M‘ T;(S)C_l] Ta(S)Bl .

Here, i(s) is the occupied state (contained in I) and is replaced by the unoccupied state a(s) in
the index set /. This implies that only singly excited Slater determinants ‘¥'; contribute and the
matrix elements in Eq.(590) read
(Folate(r)[¥s) = Z TisaT 4 55Wa(TWp(I). (593)
apeC
After inserting Eq. (593)) into Eq. (571]) and then Fourier transformation to frequency domain

using the fact

+00 ] _1
f O(r)efo Bt = —Z _Z
—c0 1w — Ly
v | L (594)
f O(-)e e dr = —————
oo iw+ E;—E,
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one obtains

X iw) = T > B (@i Owswws(r), (595)
s=1 aBydeC
with the four-point polarizability tensor [289]

TioaT? TassTs - Tayoals T
(wat g )43 () Qs
=(s) (1 ) = T g™ A " i(s)6 A& ()BT U8y (5)5. (596)

R

apys i(,()+E0—ES i(,()+ES—E0

The sum over singly excited Slater determinants }; , can be rewritten into a double Bloch sum

> Ja(l — fir) using the one-electron occupancies f;, f; and the replacements

Ev-E,—>e—-€/, i—n, a—n. (597)

Exchanging 72 <> 7’ in the second term of Eq. (596), one obtains the Wannier representation for

the correlated independent-particle polarizability
all

Y@, r,iw) :Z Z Sl = ) = fed = Ja) TaT s Ty T oW (DWW (X ws(r),

A’ aByseC v+ € — & B o a
apyoe

all
- Z Z P——_ TraT 5 Ty Trgwa (OWEOWS (X wg(r').

' apyseC
(598)
Now we Fourier transform Eq. (598) to reciprocal space using the definition in Eq. (442)
Yoo (Q,iw) = f dr f dr'e @O C(p ' iw)el @t e (599)
Q) Q
where € is the volume of the unit cell. Decomposing the Wannier functions into Bloch func-
tions via
1 —ikR, (K
a) = Wer,) = — > € KT W), 600
W) = War,) M;; Widu (600)
where N is the number of k-points within the BZ, and using the following notations
a=@R). %=%. A=k, I=3. (601)
Tra = e ¥R (K. (602)

Finally, one obtains
all

— Jw
XGG'(q’lw)_Q Z 2 2 m

an’ k nnanzig aBydeC

_' G M GI J
X{hn, €7V ET| b N i 1€ T EN (b,

S0 LY Ml il s ol il
I’l

nia mp nzy n40

% Z eiRa(K1-K) Z e iRs(ka—K) Z iRy (k3K Z e Roki—k).
R, R; R, Ry

(603)
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The sum over lattice vectors R can be carried out using the identity

Z e R ) = N6 ko (604)

Rg

+G)

and because the periodicity condition, T(k = T(k) holds and the Bloch functions obey

|Puisc) = | [290], so that we obtain

1 ko) x(K") —iRz(kr—K’
— > [ T 2T s, » el

ny  peC
= Z D T T ke YN kv
n2k2 ﬁGC (605)
=3 1D T OT S N e )
ny ﬁ€C
= > D T N pe).
np ﬁEC
Now we define a correlated projector
(k/) (K") (k")
P Z Tyi Trg > (606)
peC
and a correlated Bloch state
@) = |puic) = Z PX) | frie). (607)
ny
Finally, Eq. can be rewritten into
all
Yoo Qi) = Z Bl B0, Bl T B, (608)

Note that the matrix elements on the right-hand side of Eq. (608) are invariant under the trans-
formations

ro>r+Rand r - r -R
Forr — r + R, one obtains
(Buk(r + R)[e " TORG L (r + R))
= f drgr, (r + R)e @O g | (r + R)
_ f v, (r)e "R (@ Org-iaR g (1)elk R (609)
= f dr g (r)e TG, (r)e I

E((Z)nk(r)le_i(q+G)r |$nk' (l')>
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+GR — iR(-k-q+K') —

The above derivation has used the Bloch theorem and the fact that e ,yielding e

1,i.e, k' = k + q. Similarly, k" = k + q holds for r — r — R as well. We finally end up with

BZ all fk _ f .
n n +q — ) G - — . G 3
XGG’ (q’ lw) Q Z Z <¢nk|e e+ )r|¢n’k+q>90<¢n’k+q|el(q+ r |¢nk>Qg

w + €k — Enk+q

BZ occ unocc

2(€mk+q — €) - ; - - . N
— G G

Z Z Z (E + a)z <¢ik|e 1(q+ )r|¢ak+q>90<¢ak+q|el(q+ r |¢ik>QOa
a

k+q — €ix)’

(610)

where |@y) is defined in Eq. (607). Note that in deriving Eq. (610) the term including

all :
i0(fuk—fukeq)
(Enk+q—€nk P+aw?

iw(fuk—for k+q) ( .

= el G -) is vanishing because
n'k+q~ €nl

is an odd tensor with respect to n and n’.
n,n’

Taking a closer look at Eq. (610), one would obtain that the correlated independent-particle
polarizability y¢ has exactly the same expression as the independent-particle polarizability y as
long as |¢;) is replaced by |¢)

BZ occ unocc

. 2(Eak - Eik) - i Ny’
X66/(Q, i) = ZZ Z ey O ) Gl 1010,

k+q — €ik)?

(611)

Fourier transformation of Eq. to imaginary time yields

BZ occ unocc

X6e(g,i7) = - Z Z Z e R W B e D 1cs g0y (Bakral€ T D)y (612)

Fourier transformation of Eq. (612)) further to the real space yields a simple expression for the
polarizability

BZ occ unocc
X, it) = = Z > Z € RRTG (1) k(D g (1P E)
’ (613)

BZ unocc

== Z Z Pakrq ()P g (1€ 97 Z P (X' )P (r)e™,

which is consistent with the space-time method [96,|102].
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