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Abstract

Nonsmoothness plays a critical role in many optimization problems. Sometimes it is
put into the model purposely to induce desirable properties in the solution, most notably
sparsity, as it is the case with the composite models we study in the first half of this thesis.
Although, the used nonsmooth functions tend to be simple, difficulty arises through the
composition with another operator. We study such problems in a classical convex setting
by proposing a randomized method and testing it on numerical experiments in image
denoising and deblurring as well as completely positive matrix factorization. Additionally
we propose a more sophisticated nonconvex formulation together with a novel method
including convergence analysis for this setting. In either case, our approach is heavily
inspired by a smoothing strategy via the Moreau envelope.

Other times the nonsmoothness originates naturally, for example due to the fact that
the objective is derived from an auxiliary maximization problem. We study such mini-
max (a.k.a. saddle point) problems in the second half in a convex and nonconvex setting.
While these types of problems also arise from two-player zero-sum games we emphasize
applications in machine learning, in particular generative adversarial networks (GANs).
In the convex setting we propose a modification of Tseng’s method while for the noncon-
vex problem we prove novel convergence rates for the well established gradient descent
ascent method (GDA).

In general we focus on full splitting methods which aim to tackle the nonsmoothness
via the proximal operator and avoid convoluted inner loops or the need for subproblems.
Similarly, only first-order information and preferably even only stochastic estimators
of the involved gradients. These methods do not always achieve the best theoretical
convergence rates but are nevertheless highly popular due to their simplicity and because
they also tend to be very competitive in practice. For all presented methods we provide
a rigorous analysis in terms of convergence rates.
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Zusammenfassung

Nichtdifferenzierbarkeit spielt eine kritische Rolle in vielen verschiedenen Optimierungs-
problemen. Manchmal wird sie künstlich hinzugefügt um wünschenswerte Eigenschaften
in der Lösung zu erzeugen. Dies ist der Fall bei den Problemen denen wir uns in der
ersten Hälfte dieser Arbeit widmen. Obwohl die involvierten nichtglatten Funktionen ty-
pischerweise simpel sind, entsteht die Schwierigkeit dadurch, dass sie mit einem anderen
Operator hintereinander ausgeführt werden. Wir betrachten solche Probleme in einer
klassischen konvexen Formulierung und stellen ein neues randomisiertes Verfahren vor,
welches wir in numerischen Experimenten in der Bildverarbeitung und Matrixzerlegung
testen. Zusätzlich stellen wir eine komplexere nichtkonvexe Version desselben Problems,
gemeinsam mit einem neuen Verfahren, vor.

In anderen Fällen hingegen, entsteht Nichtdifferenzierbarkeit ganz natürlich, beispiels-
weise dadurch, dass die Zielfunktion einem inneren Maximierungsproblem entstammt.
Wir behandeln solche Sattelpunktprobleme in der zweiten Hälfte der Arbeit. Solche For-
mulierungen haben ihren Ursprung, unter anderem in Nullsummenspielen zweier kon-
kurrierender Parteien. Wir hingegen legen besonderes Augenmerk auf Anwendungen im
Maschinellen Lernen, insbesondere sogenannte generative adversarial networks (GANs).
Im konvexen Fall stellen wir eine Modifikation von dem bekannten Verfahren von Tseng
vor, während wir im Nichtkonvexen ein simples Gradientenverfahren analysieren.

Im Allgemeinen konzentrieren wir uns auf Splitting-Methoden, die sich dadurch aus-
zeichnen, dass die Nichtglattheit mittels des Proximalpunktoperators behandelt wird und
aufwendige Subroutinen vermieden werden. Diese Verfahren erreichen zwar nicht immer
die besten theoretischen Konvergenzraten, sind aber dennoch sehr beliebt aufgrund ihrer
Einfachheit und Kompetitivität in praxisrelevanten Anwendungen.
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1 Introduction

Nonsmoothness plays a critical role in many optimization problems. Sometimes it is
deliberately put into a model to induce desirable properties in the solution, most notably
sparsity. Typically this is done by adding a 1-norm of the decision variable to the
objective. In linear regression the resulting problem is known as Lasso [100] and through
the imposed sparsity irrelevant features can be excluded more easily. Similar applications
can be found, for example, in signal processing [81]. In inverse problems, particularly
image processing, usually sparsity is not sought in individual pixels but in the difference
of neighboring pixels. This consideration results in a problem formulation where the
1-norm is composed with a discretized gradient a.k.a. total variation regularization [94].
Other times the nonsmoothness is more intrinsic and originates, for example, from the

fact that the objective function itself is given as the solution of a maximization prob-
lem, see Chapter 5 and 6. Such minimax problems arise in various applications such
as zero-sum games in the sense of game theory [104]. More recently they attracted in-
creased interest due to their application in different machine learning tasks such as robust
adversarial learning [98], learning with uncertain data [31], multi-agent reinforcement
learning [79], learning with decomposable losses [39, 107] and the training of generative
adversarial networks (GANs).

(Near) optimality. In the remainder we will pool convex-concave minimax problems and
convex single-objective problems together for they similar proeperties and refer to them
as just convex. Defining optimality for such problems is elementary. Typically one is look-
ing for a global minimum in the case of single-objective optimization or a saddle point,
see (6.2), for minimax problems. In either way these notions can be equivalently charac-
terized by a first order condition. For nonconvex problems one can usually not expect to
find such global solutions and is typically content with finding stationary points. Even
for nonsmooth nonconvex problems an appropriate generalization of vanishing subgradi-
ents, see Definition 2.3.2, is straight forward. However, since we are generally interested
in convergence rates we have to quantify how close a given point is to stationarity. For
smooth functions this can be measured via the norm of the gradient. For nonsmooth
functions such an approach fails even in the convex case. Consider, for example, the
absolute value function. Every point different from the solution, no matter how close,
will have (sub)gradients bounded away from zero. This somewhat troublesome obser-
vation can be remedied by measuring criticality in terms of closeness to a point with a
small subgradient. In the weakly convex setting the gradient of the Moreau envelope, see
Definition 2.3.6, captures this property and additionally provides a framework [35,36] for
studying convergence.
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1 Introduction

Solution methods. For solving nonsmooth problems a natural first approach would be
to seek to devise an appropriate generalized notion of a gradient, see Definition 2.1.7
and 2.3.2, and then continue to use smooth first-order methods. It is easy to see that
subgradient descent with fixed stepsize fails to converge even on the simplest cases,
such as the absolute value function. However, by employing more sophisticated stepsize
regimes, this undesirable behavior can be circumvented [35,72], but this typically results
in slow methods. This approach also disregards the fact that nondifferentiability is often
given by a simple algebraic description of the functions involved. By making use of the
proximal operator, which inherently relies on the fact that the nonsmoothness arises in
a structured way, we can devise faster, more problem adapted methods [9, 11, 28, 37].
As seen by the above mentioned applications in imaging, inverse problems or machine
learning, we generally deal with problems which possibly exhibit a large number of vari-
ables but usually do not require high precision in the solutions. For this reason we aim
to devise methods which rely on first-order information and the proximal operator only.
To further cope with the possibly large scale of the problems we further emphasis the
use of stochastic methods which only require samples of the objective function [14,36,89].

1.1 Overview

Chapter 2 is devoted to establishing notation and introducing the relevant preliminary
concepts and statements. We will recall basic elements from convex and nonsmooth anal-
ysis in order to provide a compelling and self-contained reading experience. Most notably,
the Moreau envelope which will play an intricate role in the forthcoming Chapter 3, 4
and 6, is introduced.

Composition with a linear operator. The first half of the main body is devoted to prob-
lems of the type

min
x

f(x) + g(Ax) (L)

for a nonsmooth function g, composed with the linear operator A. For its desirable prop-
erties, we want to make use of the proximal operator of g, see Definition 2.3.6, but avoid
the one of g ◦A, as there is typically no formula available for the latter.

Chapter 3 is concerned with the convex version of (L). Instead of the, by now
classical, approach via primal-dual methods [27, 28, 32, 105] we make use of an accel-
eration techniques [9, 73] similarly to [101] with respect to the smoothed version. The
main convergence results are summarized in Theorem 3.3.2 and 3.4.4 for a deterministic
and stochastic problem formulation, proving complexity bounds of O(ε−1) and Õ(ε−2),
respectively (Õ hides logarithmic terms). We finish this chapter with numerical exper-
iments in image denoising/deblurring, where g ◦ A corresponds to the total variation
regularization [94] (the ROF model) as well as sparse completely positive matrix factor-
ization where we use our method as subroutine for the prox-linear method [37]. This
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1.1 Overview

chapter is based on the article [15].
Chapter 4 on the other hand deals with the setting where problem (L) is assumed

to be weakly convex. This allows us to study for example sparsity inducing regularizers
which do not induce a bias, see Section 4.1.1. We propose a simple novel method based
on vanilla gradient descent for the smoothed problem. While in the convex setting the
methods proposed in Chapter 3 competes with the well known primal-dual methods, in
the nonconvex setting there is no equivalent notion of duality. The convergence statement
for the basic version of our proposed method is analyzed in Theorem 4.2.2, whereas the
result for the more sophisticated extension which ensured improved feasibility guarantees
is stated in Theorem 4.2.5. Overall we prove a convergence rate of O(ε−3) which interpo-
lates nicely between the optimal rate for smooth nonconvex problem of O(ε−2) and the
black box subgradient method [35] with no additional knowledge about the nonsmooth-
ness requiring O(ε−4) iterations. The result is also in line with other methods dealing
with nonconvex problems where it is assumed that the nonsmoothness arises from some
particular algebraic description of the problem such as the composition of a nonsmooth
convex function with a smooth vector-valued function [37]; or due to the inner maximiza-
tion of a saddle point problem [61, 99], see also Chapter 6. The article [13] is the basis
of Chapter 4.

Minimax problems. The second half of this thesis studies so-called minimax (or saddle
point) problems of the type

min
x

max
y

f(x) + Φ(x, y)− h(x) (SP)

for a differentiable function Φ and nonsmooth, convex regularizers f, h. The implicit
assumption here is that neither the maximization nor the minimization can be solved
in closed form, and only steps based on first-order information can be taken in either
direction.

In Chapter 5 we tackle the case where the coupling function Φ is convex-concave
by using the well known forward-backward-forward method by Tseng [103] and prove
novel convergence rates in the case of stochastic gradient evaluations. We also propose a
modification which recycles old gradients but turns out to be a known scheme [66] related
to optimistic gradient descent ascent [33, 34, 58]. We analyze both methods in a unified
way for different stepsize choices in Theorem 5.3.9 and 5.3.13 proving a convergence
rate of O(ε−1) and O(ε−2) for the deterministic and stochastic setting, respectively. We
conclude this chapter, which is based on the article [12], with numerical experiments in
GAN training.
In Chapter 6 we turn to weakly convex-(strongly) concave saddle point problems.

Under these assumptions the inner maximization problem yields a weakly convex func-
tion in the remaining variable x, which keeps the problem tractable. Most of the existing
literature has focused on inner loop methods [61, 78, 86, 99, 110] which will either re-
peatedly approximate the inner maximization or regularize the problem by adding a
quadratic proximity term and then repeatedly solve the resulting convex-concave saddle
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1 Introduction

point problem. While these methods obtain the best convergence rates for this class
of problems, in practice, single loop methods, such as gradient descent ascent (GDA),
are still highly popular [4, 41, 49]. In particular, we prove the first convergence rates
for stochastic alternating GDA outside a convex-concave setting. We show O(ε−4) and
O(ε−8) for weakly convex-strongly concave (Theorem 6.4.9) and weakly convex-concave
problems (Theorem 6.3.13), respectively. We furthermore close the a gap in the deter-
ministic case where [106] studied criticality of Φ and [60] analyzes simultaneous GDA.
This chapter is based on [16].

The connection between (L) and (SP). We also want to point out that problems of
type (L) can be seen as a purely primal version of a saddle point problem where the
coupling function is bilinear. In fact, if g is convex, then (L) can be solved by considering
instead the minimax problem

min
x

max
y

f(x) + 〈Ax, y〉 − g∗(y),

where g∗ denotes the Fenchel conjugate of g. Similarly, the minimax problem (SP) can be
seen as just a minimization task, where the objective function exhibits a max-structure.

4
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2 Preliminaries

We denote by Rd the d-dimensional Euclidean space, with its inner product by 〈·, ·〉 and
the generated norm by ‖·‖, where ‖x‖2= 〈x, x〉 for x ∈ Rd.

2.1 Convex analysis

Definition 2.1.1. The normal cone of the nonempty and convex set C ⊂ Rd is given by

NC(x) = {v ∈ Rd : 〈v, u− x〉 ≤ 0 ∀u ∈ C},

for x ∈ C and NC(x) = ∅ for x /∈ C.

Lemma 2.1.2. For α ∈ R and every x, u ∈ Rd we have that

(1− α)‖x− u‖2 + α‖u‖2 ≥ α(1− α)‖x‖2.

Proof. See [6, Corollary 2.14].

Definition 2.1.3. We say that an operator between to Hilbert spaces Rd,Rn is said to
be Lipschitz with constant L, or L-Lipschitz, if

‖A(x)−A(u)‖Rn≤ L‖x− u‖Rd .

2.1.1 Convex functions

Definition 2.1.4. For an extended real valued function g : Rd → R∪{+∞} we introduce
the following notions.

(i) The domain of g, denoted by dom g, is defined as

dom g := {x ∈ Rd : g(x) 6= +∞}.

(ii) We say that g is proper if its domain is nonempty.

(iii) We say that g is convex if for all x, u ∈ Rd and 0 ≤ α ≤ 1

g(αx+ (1− α)u) ≤ αg(x) + (1− α)g(u).

(iv) We say that g is lower semicontinuous if for all x ∈ Rd

lim inf
u→x

g(u) ≥ g(x).

7



2 Preliminaries

Example 2.1.5. The indicator function δC of a set C ⊆ Rd is defined as

δC(z) :=

{
0, z ∈ C
+∞, otherwise.

If the set C is nonempty, convex and closed, then δC is proper, convex and lower semi-
continuous.

Definition 2.1.6 (Fenchel conjugate). For a proper, convex and lower semicontinuous
function g : Rd → R∪{+∞}, its Fenchel conjugate is denoted by g∗ defined as a function
from Rd to R ∪ {+∞}, given by

g∗(p) := sup
x∈Rd

{
〈p, x〉 − g(x)

}
∀p ∈ Rd.

Definition 2.1.7 (Subdifferential). For a function g : Rd → R ∪ {+∞} the convex
subdifferential is given by

∂g(x) :=
{
v ∈ Rd : 〈v, u− x〉+ g(x) ≤ g(u) ∀u ∈ Rd

}
for points x ∈ Rd where g(x) is finite and the empty set otherwise. We call any element
of this set a subgradient of g at x.

The (convex) subdifferential consists of all affine underestimates that touch the func-
tion at the given point.

Proposition 2.1.8 (Moreau decomposition). For a proper, convex and lower semicon-
tinuous function g : Rd → R ∪ {+∞} and its Fenchel conjugate g∗ it holds that for all
γ > 0

x = proxγg pxq + γ proxg∗/γ px/γq ∀x ∈ Rd.

Proof. See [6, Theorem 14.3 (ii)]

In particular, if we have an analytic formula for the proximal operator of g, we also
have a formula for the proximal operator of g∗ and vice-versa.

Lemma 2.1.9 (Fermat’s rule). Let g : Rd → R ∪ {+∞} be a proper function. Then,
x∗ ∈ Rd is a minimizer of g, i.e. g(x∗) ≤ g(x) for all x ∈ Rd, if and only if 0 ∈ ∂g(x∗).

Proof. This follows immediately from the definition of the convex subdifferential.

Definition 2.1.10 (Strong convexity). For some µ > 0, we say that

g : Rd → R ∪ {+∞} is µ-strongly convex if g − (µ/2)‖·‖2 is convex.

Lemma 2.1.11. Let g : Rd → R ∪ {+∞} be proper, µ-strongly convex and lower semi-
continuous. Then g has a unique minimizer x∗ and

g(x∗) +
µ

2
‖x− x∗‖2≤ g(x) ∀x ∈ Rd.

8



2.2 Differentiable functions

2.2 Differentiable functions

The class of differentiable functions with L-Lipschitz continuous gradient plays an im-
portant role in optimization. For short we call them L-smooth.

Lemma 2.2.1 (Descent lemma). For an L-smooth function h : Rd → R it holds that

h(u) ≤ h(x) + 〈∇h(x), u− x〉+
L

2
‖u− x‖2 ∀x, u ∈ Rd.

Proof. See e.g. [6, Theorem 18.15].

The descent lemma states that every L-smooth function can be upper bounded by a
quadratic function. By going from g to −g we can see that the same statement holds for
a lower bound.
The following lemma is a standard result for convex differentiable functions.

Lemma 2.2.2. For a convex and L-smooth function h : Rd → R we have that

h(x) + 〈∇h(x), u− x〉 ≤ h(u)− 1

2L
‖∇h(x)−∇h(u)‖2 ∀x, u ∈ Rd.

Proof. See [77, Theorem 2.1.5].

The previous lemma strengthens the obvious inequality we would have deduced from
the fact that the gradient is a subgradient of h which would yield that

h(x) + 〈∇h(x), u− x〉 ≤ h(u) ∀x, u ∈ Rd.

Lemma 2.2.3. Let h : Rd → R be an L-smooth and µ-strongly convex function. Then

〈∇h(x)−∇h(u), x− u〉 ≥ µL

µ+ L
‖x− u‖2+

1

µ+ L
‖∇h(x)−∇h(u)‖2.

If µ = 0 the inequality still holds true and is known as cocoercivity.

Proof. See [77, Theorem 2.1.11] and [6, Theorem 18.15 (v)].

2.3 Weak convexity

Definition 2.3.1. For some ρ ≥ 0, we say that

g : Rd → R ∪ {+∞} is ρ-weakly convex if g + (ρ/2)‖·‖2 is convex.

Weakly convex functions share some desirable properties with convex functions, but
include many interesting nonconvex cases; see Section 4.1.1.
The concept of subgradient of a convex function can be adapted to weakly convex

functions via the following definition.
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Definition 2.3.2 (Fréchet subdifferential). Let g : Rd → R ∪ {+∞} be a function and
x a point such that g(x) is finite. Then, the Fréchet subdifferential of g at x, denoted by
∂g(x), is the set of all vectors v ∈ Rd such that

g(u) ≥ g(x) + 〈v, u− x〉+ o(‖u− x‖) as u→ x.

Lemma 2.3.3. A lower semicontinuous function g : Rd → R∪{+∞} is ρ-weakly convex
if and only if for all Fréchet subgradients v ∈ ∂g(x) the subgradient inequality holds:

g(x) + 〈v, u− x〉 − ρ

2
‖u− x‖2≤ g(u) ∀x, u ∈ Rd.

Proof. See [36, Lemma 2.1] for a proof and more equivalent notions. The idea of the proof
is to the definition of the convex subdifferential of ϕ = g + (ρ/2)‖·‖2 and the calculus
rule that ∂ϕ(x) = ∂g(x) + ρx, see [91, Exercise 8.8].

The previous lemma together with the descent lemma immediately implies that every
L-smooth function is L-weakly convex.

Lemma 2.3.4. If g is differentiable at the point x ∈ Rd then its Fréchet subdifferential
consists of just the gradient ∂g(x) = {∇g(x)}.

Proof. See [91, Excercise 8.8].

While the next result is standard for the gradient and convex subgradients we explicitly
mention the general case.

Lemma 2.3.5. For an Lg-Lipschitz continuous function g : Rd → R every Fréchet
subgradient is bounded in norm by Lg.

Proof. See [69, Theorem 3.52].

2.3.1 The Moreau envelope

Definition 2.3.6. For a proper, ρ-weakly convex and lower semicontinuous function
g : Rd → R ∪ {+∞}, the Moreau envelope of g with the parameter λ ∈ (0, ρ−1) is the
function from Rd to R defined by

gλ(x) := inf
u∈Rd

{
g(u) +

1

2λ
‖u− x‖2

}
.

The proximal operator of the function λg is the arg min of the right-hand side in this
definition, that is,

proxλg pxq := arg min
u∈Rd

{
g(u) +

1

2λ
‖u− x‖2

}
. (2.1)

Note that proxλg pxq is uniquely defined by (2.1) because the function being minimized
is proper, lower semicontinuous and strongly convex. If g is in fact convex, i.e. ρ = 0,
then λ can be chosen in (0,+∞).
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Lemma 2.3.7. Let g : Rd → R∪{+∞} be a proper, ρ-weakly convex and lower semicon-
tinuous function, and let λ ∈ (0, ρ−1). Then the Moreau envelope gλ(·) is continuously
differentiable on Rd with gradient

∇gλ(x) =
1

λ

`

x− proxλg pxq
˘

for all x ∈ Rd.

This gradient is max
{
λ−1, ρ

1−ρλ

}
-Lipschitz continuous. In particular, a gradient step

with respect to the Moreau envelope corresponds to a proximal step, that is,

x− λ∇gλ(x) = proxλg pxq , for all x ∈ Rd. (2.2)

Additionally, if g is convex, then gλ is convex as well and the gradient of the Moreau
envelope can also be characterized in terms of the proximal operator of the conjugate

∇gλ = prox 1
λ
g∗

p·/λq .

Proof. For a proof of the first statement see [50, Corollary 3.4]. The statement for
convex g can be found in [6, Proposition 12.29], but follows immediately from the Moreau
decomposition, see Proposition 2.1.8.

Lemma 2.3.7 not only clarifies the smoothness of the Moreau envelope, but also gives a
way of computing its gradient via the proximal operator. Obviously, a smooth represen-
tation whose gradient could not be computed would be of only limited usefulness from
an algorithmic standpoint. The only difference between the weakly convex and convex
settings is that the Moreau envelope need not be convex in the former case.

Lemma 2.3.8. Let g : Rd → R ∪ {+∞} be a proper, ρ-weakly convex, and lower semi-
continuous function, and let λ ∈ (0, ρ−1). Then,

∇gλ(x) ∈ ∂g(proxλg pxq) ∀x ∈ Rd. (2.3)

Proof. From Definition 2.3.6, we have that

0 ∈ ∂g(proxλg pxq) +
1

λ
(proxλg pxq− x),

from which the result follows when we use (2.2).

Lemma 2.3.9. Let g : Rd → R be a ρ-weakly convex function that is Lg-Lipschitz
continuous, and let λ ∈ (0, ρ−1). Then the Moreau envelope gλ is Lg-Lipschitz continuous
as well

|gλ(x)− gλ(u)|≤ Lg‖x− u‖ ∀x, u ∈ Rd. (2.4)

Therefore, ‖∇gλ(x)‖≤ Lg and in particular

‖x− proxλg pxq ‖≤ λLg ∀x ∈ Rd. (2.5)

11
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Proof. By (2.3), we have for all x ∈ Rd

‖∇gλ(x)‖≤ sup
{
‖v‖ : v ∈ ∂g(proxλg pxq)

}
≤ Lg,

where we used Lemma 2.3.5 in the second inequality, which lets us conclude (2.4). The
bound (2.5) follows immediately by considering the fact that x− proxλg pxq = λ∇gλ(x)
from Lemma 2.3.7.

(The above two lemmata are proved for the case of g convex in [37, Lemma 2.1], with
essentially the same proof.)

2.4 Stochastics

We want to recall basic notions from measure and probability theory which can be found
in any introductory book on this matter.

Definition 2.4.1. For a set Ω and a sigma algebra A on this set we call the tuple (Ω,A)
a measurable space.

Definition 2.4.2. If a measurable space (Ω,A) is additionally equipped with a proba-
bility measure P we call the triple (Ω,A,P), a probability space.

A measurable mapping from a probability space to a measurable space is called a
random variable. Usually when talking about random variables we will omit the spaces
and sometimes even the probability measure, e.g. when talking about the expectation
ErXs of the random variable X.

Definition 2.4.3 (Expectation). For a random variable X : Ω :→ R on a probability
space (Ω,A,P) the expected value is defined as ErXs :=

∫
ΩX(ω) dP(ω).

Definition 2.4.4 (Conditional expectation). For a random variable X on a probabil-
ity space (Ω,A,P) with finite expectation, its conditional expectation with respect to
a subsigmaalgebra S of A denoted by ErX | Ss, is the S measurable random variable
fulfilling ∫

A
X dP =

∫
A
ErX | Ss dP ∀A ∈ S.

Although this definition is not constructive it is a standard task in measure theory to
show that such a random variable exists and is unique (in an almost sure sense). We
will regularly use the notation ErX |Y s for two random variables where we mean the
conditional expectation of X with respect to the sigmaalgebra generated by Y .

Lemma 2.4.5. Let the assumptions of Definition 2.4.4 hold.

(i) If X is measurable with respect to S, then ErX | Ss = X.

(ii) If X is independent of S, then ErX | Ss = ErXs.
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The combination of the above properties culminates in the following statement.

Lemma 2.4.6 (Independence lemma). Let g be a function of two arguments such that

ϕ(x) := Erg(x, Y )s.

If X and Y are two independent random variables, then

Erg(X,Y ) |Xs = ϕ(X).

Proof. See [97, Lemma 2.5.3].

In the stochastic settings of Chapter 3, 5 and 6. We will often deal with the case where
the objective function F : Rd → R is given for all x ∈ Rd as Eξ[F (x, ; ξ)] for a random
variable ξ (with a slight abuse of notation). We write Eξ to emphasize that ξ is stochastic
and not x, but leave it out later on. We will typically assume that the gradient of F (x; ξ)
with respect to x is an unbiased estimator for the gradient of F , i.e. that for all x ∈ Rd

Eξ[∇F (x; ξ)] = ∇F (x).

In order to analyze algorithms, which make use of such stochastic gradients, the iterates
(xk)k≥0 will turn to be stochastic themselves. Thus, by using Lemma 2.4.6 we get that

Er∇F (xk; ξ) |xks = ∇F (xk)

as long as ξ is independent of xk.

Lemma 2.4.7 (Tower property). Let A and A′ be two sigma algebras such that A ⊆ A′.
Then,

E
“

E
“

X
∣∣A′‰ ∣∣A‰ = ErX | As.

In particular, the above lemmata implies the law of total expectation stating that

ErErX | Ass = ErXs

for any sigma algebra A.
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3 Variable smoothing for convex composite
problems

We aim to solve a structured convex optimization problem, where a nonsmooth function is
composed with a linear operator. When opting for full splitting schemes, usually, primal-
dual type methods are employed as they are effective and also well studied. However,
under the additional assumption of Lipschitz continuity of the nonsmooth function which
is composed with the linear operator we can derive novel algorithms through regulariza-
tion via the Moreau envelope. Furthermore, we tackle large scale problems by means
of stochastic oracle calls, very similar to stochastic gradient techniques. Applications to
total variational denoising and deblurring are provided.

3.1 Problem setting

The problem at hand is the following structured convex optimization problem

min
x∈Rd

{
F (x) := f(x) + g(Ax)

}
, (3.1)

for f : Rd → R∪{+∞} a proper, convex and lower semicontinuous function, g : Rn → R
a, possibly nonsmooth, convex and Lg-Lipschitz continuous (Lg > 0) function, and
A : Rd → Rn a nonzero linear operator.
Our aim will be to devise an algorithm for solving (3.1) following the full splitting

paradigm (see [17,18,20,21,28,32,105]). In other words, we allow only proximal evalua-
tions for simple nonsmooth functions, but no proximal evaluations for compositions with
linear continuous operators, like, for instance, for g ◦A.
We will accomplish this feat by the means of the Moreau envelope, see Definition 2.3.6.

The approach can be described as follows: we “smooth” g, i.e. we replace it by its Moreau
envelope, and solve the resulting optimization problem by an accelerated proximal gradi-
ent algorithm (see [9,26,73]). This approach is similar to those in [19,22,23,74,76], where
a convergence rate of Õ(1/k) is proved. However, our techniques (for the deterministic
case) resemble more the ones in [101], where an improved rate of O(1/k) is shown. The
most notable difference between this work and ours being the fact that we use a simpler
stepsize and treat the stochastic case.
The only other family of methods able to solve problems of type (3.1) are the so

called primal-dual algorithms, first and foremost the primal-dual hybrid gradient (PDHG)
introduced in [28]. In comparison, this method does not need the Lipschitz continuity
of g in order to prove convergence. However, in this very general case, convergence
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rates can only be shown for the so-called restricted primal-dual gap function. In order
to derive from here convergence rates for the primal objective function, either Lipschitz
continuity of g or finite dimensionality of the problem plus the condition that g must
have full domain are necessary (see, for instance, [17, Theorem 9]). This means, that for
infinite dimensional problems the assumptions required by both, PDHG and our method,
for deriving convergence rates for the primal objective function are in fact equal, but for
finite dimensional problems the assumption of PDHG are weaker. In either case, however,
we are able to prove these rates for the sequence of iterates (xk)k≥1 itself whereas PDHG
only has them for the sequence of so-called ergodic iterates, i.e. (1/k

∑k
i=1 xi)k≥1, which

is naturally undesirable as the averaging slows the convergence down. Furthermore, we
do not show any convergence for the iterates as these are notoriously hard to obtain for
accelerated method whereas PDHG gets these via standard fixed point arguments (see
e.g. [105]).

Furthermore, we will also consider the case where only a stochastic oracle of the prox-
imal operator of g is available to us. This setup corresponds e.g. to the case where the
objective function is given as

min
x∈Rd

f(x) +

m∑
i=1

gi(Aix), (3.2)

where, for i = 1, . . . ,m, Rni are real Hilbert spaces, gi : Rni → R are convex and Lipschitz
continuous functions and Ai : Rd → Rni are linear continuous operators, but the number
of summands being large we wish to not compute all proximal operators of all gi, i =
1, . . . ,m, for purpose of making iterations cheaper to compute.

For the finite sum case (3.2), there exist algorithms of similar spirit such as those
in [27, 83]. Some algorithms do in fact deal with a similar setup of stochastic gradient
like evaluations, see [92], but only for smooth terms in the objective function.

In Section 3.2 we will cover useful identities and estimates connected to the Moreau
envelope. In Section 3.3 we will deal with the deterministic case and prove a convergence
rate of O(1/k) for the function values at the iterates. Next up, in Section 3.4, we will
consider the stochastic case as described above and prove a convergence rate of Õ(1/

?
k).

Last but not least, we will look at some numerical examples in image processing in
Section 3.5.

It is important to note that the proof for the deterministic setting differs surprisingly
from the one for the stochastic setting. The technique for the stochastic setting is less
refined in the sense that there is no coupling between the smoothing parameter and the
extrapolation parameter. Whereas this technique also works for the deterministic setting
it gives a worse convergence rate of Õ(1/k). The tight coupling of the two sequences of
parameters, however, is not compatible with the particular stepsize requirements of the
stochastic setting.
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3.2 More properties of the Moreau envelope

3.2 More properties of the Moreau envelope

As mentioned in the introduction, we want to smooth the nonsmooth summand of the
objective function which is composed with the linear operator as this can be considered
the crux of problem (3.1). The function g ◦ A will be smoothed via considering instead
gλ ◦ A : Rd → R. Clearly, by the chain rule, this function is continuously differentiable
with gradient given for every x ∈ Rd by

∇ pgλ ◦Aq (x) = A∗∇gλ(Ax) =
1

λ
A∗

`

Ax− proxλg pAxq
˘

= A∗ prox 1
λ
g∗

ˆ

Ax

λ

˙

,

where we used Lemma 2.3.7 to deduce the second and third equality. The gradient of
gλ ◦A is thus Lipschitz continuous with Lipschitz constant ‖A‖

2

λ , where ‖A‖ denotes the
operator norm of A.
The following lemmata have been presented in [101] in the finite dimensional case. We

provide proofs in order to ensure that the statements hold true even in Hilbert spaces.

Lemma 3.2.1 (see [101, Lemma 10 (a)]). Let g : Rd → R ∪ {+∞} be a proper, convex
and lower semicontinuous function. The maximizing argument in the definition of the
Moreau envelope is given by its gradient, i.e. for λ > 0 it holds that

arg max
p∈Rd

{
〈·, p〉 − g∗(p)− λ

2
‖p‖2

}
= ∇gλ(·).

Proof. Let x ∈ Rd be fixed. It holds

arg max
p∈Rd

{
〈x, p〉 − g∗(p)− λ

2
‖p‖2

}
= arg max

p∈Rd

{
− 1

2λ
‖x‖2 + 〈x, p〉 − λ

2
‖p‖2 − g∗(p)

}
= arg max

p∈Rd

{
−λ

2

∥∥∥x
λ
− p
∥∥∥2
− g∗(p)

}
= arg min

p∈Rd

{
g∗(p) +

λ

2

∥∥∥x
λ
− p
∥∥∥2
}

= prox 1
λ
g∗

´x

λ

¯

and the conclusion follows by using Lemma 2.3.7.

Lemma 3.2.2 (see [101, Lemma 10 (a)]). For a proper, convex and lower semicontinuous
function g : Rd → R∪{+∞} and every x ∈ Rd we can consider the mapping from (0,+∞)
to R given by

λ 7→ gλ(x). (3.3)

This mapping is convex and differentiable and its derivative is given by

∂

∂λ
gλ(x) = −1

2
‖∇gλ(x)‖2 ∀x ∈ Rd ∀λ ∈ (0,+∞).
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Proof. Let x ∈ Rd be fixed. From the definition of the Moreau envelope we can see that
the mapping given in (3.3) is a pointwise supremum of a family of functions which are lin-
ear in λ. It is therefore convex. Furthermore, since the objective function is strongly con-
cave, this supremum is uniquely attained at∇gλ(x) = arg maxp∈Rd

{
〈x, p〉 − g∗(p)− λ

2‖p‖2
}
.

According to the Danskin Theorem, the function λ 7→ gλ(x) is differentiable and its
derivative is given by

∂

∂λ
gλ(x) =

∂

∂λ
sup
p∈Rd

{
〈x, p〉 − g∗(p)− λ

2
‖p‖2

}
=− 1

2
‖∇gλ(x)‖2 ∀λ ∈ (0,+∞).

Lemma 3.2.3 (see [101, Lemma 10 (b)]). Let g : Rd → R∪{+∞} be proper, convex and
lower semicontinuous. For λ1, λ2 > 0 and every x ∈ Rd it holds

gλ1(x) ≤ gλ2(x) + (λ2 − λ1)
1

2
‖∇gλ1(x)‖2. (3.4)

If g is additionally Lg-Lipschitz and if λ2 ≥ λ1, then

gλ2(x) ≤ gλ1(x) ≤ gλ2(x) + (λ2 − λ1)
L2
g

2
. (3.5)

Proof. Let x ∈ Rd be fixed. Via Lemma 3.2.2 we know that the map λ 7→ gλ(x) is convex
and differentiable. We can therefore use the gradient inequality to deduce that

gλ2(x) ≥ gλ1(x) + (λ2 − λ1)

ˆ

∂

∂λ
gλ(x)

ˇ

ˇ

ˇ

λ=λ1

˙

= gλ1(x)− (λ2 − λ1)
1

2
‖∇gλ1(x)‖2,

which is exactly the first statement of the lemma. The first inequality of (3.5) is ob-
tained directly from the definition of the Moreau envelope whereas the second one follows
from (3.4) together with Lemma 2.3.9.

By applying a limiting argument it is easy to see that (3.5) implies that for any λ > 0

gλ(x) ≤ g(x) ≤ gλ(x) + λ
L2
g

2
(3.6)

which shows that the Moreau envelope is always a lower approximation of the original
function.

Lemma 3.2.4 ( [101, Lemma 10 (c)]). Let g : Rd → R ∪ {+∞} be proper, convex and
lower semicontinuous. Then, for λ > 0 and every x, y ∈ Rd we have that

gλ(x) + 〈∇gλ(x), y − x〉 ≤ g(y)− λ

2
‖∇gλ(x)‖2.
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Proof. Using Lemma 3.2.1 and the definition of the Moreau envelope we get that

gλ(x) + 〈∇gλ(x), y − x〉 = 〈x,∇gλ(x)〉 − g∗(∇gλ(x))− λ

2
‖∇gλ(x)‖2 + 〈∇gλ(x), y − x〉

= 〈∇gλ(x), y〉 − g∗(∇gλ(x))− λ

2
‖∇gλ(x)‖2

≤ sup
p∈Rd
{〈p, y〉 − g∗(p)} − λ

2
‖∇gλ(x)‖2

= g(y)− λ

2
‖∇gλ(x)‖2.

In the convergence proof of Section 3.3 we will need the inequality in the above lemma
at the points Ax and Ay, namely

g(Ay)− λ

2
‖∇gλ(Ax)‖2 ≥ gλ(Ax) + 〈∇gλ(Ax), Ay −Ax〉

= gλ(Ax) + 〈A∗∇gλ(Ax), y − x〉
= gλ(Ax) + 〈∇(gλ ◦A)(x), y − x〉 ∀x, y ∈ Rd.

(3.7)

By applying Lemma 2.2.2 with gλ, Ax and Ay instead of h, x and y respectively, we
obtain

gλ(Ax)+〈∇(gλ ◦A)(x), y − x〉 ≤ gλ(Ay)− λ
2
‖∇gλ(Ax)−∇gλ(Ay)‖2 ∀x, y ∈ Rd. (3.8)

3.3 Deterministic method

The idea of the algorithm which we propose to solve (3.1) is to smooth g and then to
solve the resulting problem by means of an accelerated proximal gradient method.

Algorithm 3.3.1 (Variable Accelerated SmooThing (VAST)). Let y0 = x0 ∈ Rd, (λk)k≥0⊆
(0,+∞), and (tk)k≥1 a sequence of real numbers with t1 = 1 and tk ≥ 1 for every k ≥ 2.
Consider the following iterative scheme

(∀k ≥ 1)


Lk = ‖A‖2

λk
γk = 1

Lk

xk = proxγkf

ˆ

yk−1 − γkA∗ prox 1
λk
g∗

´

A
yk−1

λk

¯

˙

yk = xk + tk−1
tk+1

(xk − xk−1).

Remark 3.3.1. The assumption t1 = 1 can be removed but guarantees easier computation
and is also in line with classical choices of (tk)k≥1 in [26, 73].
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Remark 3.3.2. The sequence (uk)k≥1 given by

uk := xk−1 + tk(xk − xk−1) ∀k ≥ 1,

despite not appearing in the algorithm, will feature a prominent role in the convergence
proof. Due to the convention t1 = 1 we have that

u1 := x0 + t1(x1 − x0) = x1.

We also denote
F k = f + gλk ◦A ∀k ≥ 0.

The next theorem is the main result of this section and it will play a fundamental role
when proving a convergence rate of O(1/k) for the sequence (F (xk))k≥0.

Theorem 3.3.2. Consider the setup of (3.1) and let (xk)k≥0 and (yk)k≥0 be the sequences
generated by Algorithm 3.3.1. Assume that for every k ≥ 1

λk − λk+1 −
λk+1

tk+1
≤ 0

and
ˆ

1− 1

tk+1

˙

γk+1t
2
k+1 = γkt

2
k.

Then, for every optimal solution x∗ of (3.1), it holds

F (xN )− F (x∗) ≤ ‖x0 − x∗‖2
2γN t2N

+ λN
L2
g

2
∀N ≥ 1.

The proof of this result relies on several partial results which we will prove as follows.

Lemma 3.3.3. The following statement holds for every z ∈ Rd and every k ≥ 0

F k+1(xk+1) +
1

2γk+1
‖xk+1 − z‖2 ≤

f(z) + gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), z − yk
〉

+
1

2γk+1
‖z − yk‖2.

Proof. Let k ≥ 0 be fixed. Since, by the definition of the proximal map, xk+1 is the
minimizer of a 1

γk+1
-strongly convex function we deduce from Lemma 2.1.11 that for

every z ∈ Rd

f(xk+1) + gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), xk+1 − yk
〉

+
1

2γk+1
‖xk+1 − yk‖2+

1

2γk+1
‖xk+1− z‖2≤ f(z) + gλk+1

(Ayk) +
〈
∇(gλk+1

◦A)(yk), z − yk
〉

+
1

2γk+1
‖z− yk‖2.
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Next we use the Lk+1-smoothness of gλk+1
◦A and the fact that 1

γk+1
= Lk+1 to deduce

that

f(xk+1) + gλk+1
(Axk+1) +

1

2γk+1
‖xk+1 − z‖2 ≤

f(z) + gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), z − yk
〉

+
1

2γk+1
‖z − yk‖2,

which finishes the proof.

Lemma 3.3.4. Let x∗ be an optimal solution of (3.1). Then it holds

γ1(F 1(x1)− F (x∗)) +
1

2
‖u1 − x∗‖2 ≤

1

2
‖x∗ − x0‖2.

Proof. We use the gradient inequality to deduce that for every z ∈ Rd and every k ≥ 0

gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), z − yk
〉
≤ gλk+1

(Az) ≤ g(Az)

and plug this into the statement of Lemma 3.3.3 to conclude that

F k+1(xk+1) +
1

2γk+1
‖xk+1 − z‖2 ≤ F (z) +

1

2γk+1
‖z − yk‖2.

For k = 0 we get that

F 1(x1) +
1

2γ1
‖x1 − x∗‖2 ≤ F (x∗) +

1

2γ1
‖x∗ − y0‖2.

Now we us the fact that u1 = x1 and y0 = x0 to obtain the conclusion.

Lemma 3.3.5. Let x∗ be an optimal solution of (3.1). The following descent-type in-
equality holds for every k ≥ 0

F k+1(xk+1)− F (x∗) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

´

F k(xk)− F (x∗)
¯

+
‖uk − x∗‖2
2γk+1t

2
k+1

+

ˆ

1− 1

tk+1

˙ˆ

λk − λk+1 −
λk+1

tk+1

˙

‖∇gλk+1
(Axk)‖2.

Proof. Let k ≥ 0 be fixed. We apply Lemma 3.3.3 with z :=
´

1− 1
tk+1

¯

xk + 1
tk+1

x∗ to
deduce that

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤ f
ˆˆ

1− 1

tk+1

˙

xk +
1

tk+1
x∗
˙

+ gλk+1
(Ayk) +

1

tk+1

〈
∇(gλk+1

◦A)(yk), x
∗ − yk

〉
+

ˆ

1− 1

tk+1

˙ 〈
∇(gλk+1

◦A)(yk), xk − yk
〉

+
1

2γk+1t
2
k+1

‖uk − x∗‖2.
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3 Variable smoothing for convex composite problems

Using the convexity of f gives

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

f(xk) +
1

tk+1
f(x∗) +

ˆ

1− 1

tk+1

˙

gλk+1
(Ayk)

+

ˆ

1− 1

tk+1

˙ 〈
∇(gλk+1

◦A)(yk), xk − yk
〉

+
1

tk+1
gλk+1

(Ayk) +
1

tk+1

〈
∇(gλk+1

◦A)(yk), x
∗ − yk

〉
+
‖uk − x∗‖2
2γk+1t

2
k+1

.

(3.9)

Now, we use (3.7) to deduce that

gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), x
∗ − yk

〉
≤ g(Ax∗)− λk+1

2
‖∇gλk+1

(Ayk)‖2 (3.10)

and (3.8) to conclude that

gλk+1
(Ayk) +

〈
∇(gλk+1

◦A)(yk), xk − yk
〉

≤ gλk+1
(Axk)−

λk+1

2
‖∇gλk+1

(Ayk)−∇gλk+1
(Axk)‖2.

(3.11)

Combining (3.9), (3.10) and (3.11) gives

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

gλk+1
(Axk) +

ˆ

1− 1

tk+1

˙

f(xk) +
1

tk+1
g(Ax∗) +

1

tk+1
f(x∗)

−
ˆ

1− 1

tk+1

˙

λk+1

2
‖∇gλk+1

(Ayk)−∇gλk+1
(Axk)‖2

− 1

tk+1

λk+1

2
‖∇gλk+1

(Ayk)‖2 +
‖uk − x∗‖2
2γk+1t

2
k+1

.

The first term on the right hand side is gλk+1
(Axk) but we would like it to be gλk(Axk).

Therefore we use Lemma 3.2.3 to deduce that

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

F k(xk) +
1

tk+1
F (x∗)

+

ˆ

1− 1

tk+1

˙

(λk − λk+1)
1

2
‖∇gλk+1

(Axk)‖2 +
‖uk − x∗‖2
2γk+1t

2
k+1

−
ˆ

1− 1

tk+1

˙

λk+1

2
‖∇gλk+1

(Ayk)−∇gλk+1
(Axk)‖2 −

λk+1

2tk+1
‖∇gλk+1

(Ayk)‖2.
(3.12)
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3.3 Deterministic method

Next up we want to estimate all the norms of gradients by using Lemma 2.1.2 which says
that

ˆ

1− 1

tk+1

˙

‖∇gλk+1
(Ayk)−∇gλk+1

(Axk)‖2+
1

tk+1
‖∇gλk+1

(Ayk)‖2

≥
ˆ

1− 1

tk+1

˙

1

tk+1
‖∇gλk+1

(Axk)‖2.
(3.13)

Combining (3.12) and (3.13) gives

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

F k(xk) +
1

tk+1
F (x∗) +

ˆ

1− 1

tk+1

˙

(λk − λk+1)
1

2
‖∇gλk+1

(Axk)‖2

− λk+1

2

ˆ

1− 1

tk+1

˙

1

tk+1
‖∇gλk+1

(Axk)‖2 +
‖uk − x∗‖2
2γk+1t

2
k+1

.

Now we combine the two terms containing ‖∇gλk+1
(Axk)‖2 and get that

F k+1(xk+1) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

F k(xk) +
1

tk+1
F (x∗) +

‖uk − x∗‖2
2γk+1t

2
k+1

+

ˆ

1− 1

tk+1

˙ˆ

λk − λk+1 −
λk+1

tk+1

˙

1

2
‖∇gλk+1

(Axk)‖2.

By subtracting F (x∗) = f(x∗) + g(Ax∗) on both sides we obtain the desired statement.

Now we are in the position to prove Theorem 3.3.2.

Proof of Theorem 3.3.2. We start with the statement of Lemma 3.3.5 and use the as-
sumption that

λk − λk+1 −
λk+1

tk+1
≤ 0

to make the last term in the inequality disappear for every k ≥ 0

F k+1(xk+1)− F (x∗) +
‖uk+1 − x∗‖2

2γk+1t
2
k+1

≤
ˆ

1− 1

tk+1

˙

´

F k(xk)− F (x∗)
¯

+
‖uk − x∗‖2
2γk+1t

2
k+1

.

Now we use the assumption that
ˆ

1− 1

tk+1

˙

γk+1t
2
k+1 = γkt

2
k
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3 Variable smoothing for convex composite problems

to get that for every k ≥ 0

γk+1t
2
k+1(F k+1(xk+1)− F (x∗)) +

‖uk+1 − x∗‖2
2

≤ γkt2k(F k(xk)− F (x∗)) +
‖uk − x∗‖2

2
.

(3.14)
Let N ≥ 2. Summing (3.14) from k = 1 to N − 1 and getting rid of the nonnegative
term ‖uN − x∗‖2 gives

γN t
2
N (FN (xN )− F (x∗)) ≤ γ1(F 1(x1)− F (x∗)) +

‖u1 − x∗‖2
2

∀N ≥ 2.

Since t1 = 1, the above inequality is fulfilled also for N = 1. Using Lemma 3.3.4 shows
that

FN (xN )− F (x∗) ≤ ‖x0 − x∗‖2
γN t2N

∀N ≥ 1.

The above inequality, however, is still in terms of the smoothed objective function. In
order to go to the actual objective function we apply (3.6) and deduce that

F (xN )− F (x∗) ≤ FN (xN )− F (x∗) + λN
L2
g

2
≤ ‖x0 − x∗‖2

2γN t2N
+ λN

L2
g

2
∀N ≥ 1.

Corollary 3.3.6. By choosing the parameters (λk)k≥1, (tk)k≥1, (γk)k≥1 in the following
way,

t1 = 1, λ1 = b‖A‖2, for b > 0,

and for every k ≥ 1

tk+1 :=
b

t2k + 2tk, λk+1 := λk
t2k

t2k+1 − tk+1
, γk :=

λk
‖A‖2 , (3.15)

they fulfill

λk − λk+1 −
λk+1

tk+1
≤ 0 (3.16)

and
ˆ

1− 1

tk+1

˙

γk+1t
2
k+1 = γkt

2
k (3.17)

For this choice of the parameters we have that

F (xN )− F (x∗) ≤ ‖x0 − x∗‖2
b(N + 1)

+
bL2

g‖A‖2
(N + 1)

exp

ˆ

4π2

6

˙

∀N ≥ 1.

Proof. Since γk and λk are a scalar multiple of each other, (3.17) is equivalent to
ˆ

1− 1

tk+1

˙

λk+1t
2
k+1 = λkt

2
k ∀k ≥ 1
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3.3 Deterministic method

and further to (by taking into account that tk+1 > 1 for every k ≥ 1)

λk+1 = λk
t2k
t2k+1

tk+1

tk+1 − 1
= λk

t2k
t2k+1 − tk+1

∀k ≥ 1. (3.18)

Our update scheme in (3.15) for the sequence (λk)k≥1 is exactly chosen in such a way
that it satisfies this. Plugging (3.18) into (3.16) gives for every k ≥ 1 the condition

1 ≤
ˆ

1 +
1

tk+1

˙

t2k
t2k+1

tk+1

tk+1 − 1
=

t2k
t2k+1

tk+1 + 1

tk+1 − 1
,

which is equivalent to
0 ≥ t3k+1 − t2k+1 − t2ktk+1 − t2k

and further to
t2k+1 + t2k ≥ tk+1

`

t2k+1 − t2k
˘

.

Plugging in tk+1 =
b

t2k + 2tk we get that this equivalent to

t2k+1 + t2k ≥ tk+12tk ∀k ≥ 1,

which is evidently fulfilled. Thus, the choices in (3.15) are indeed feasible for our algo-
rithm.
Now we want to prove the claimed convergence rates. Via induction we show that

k + 1

2
≤ tk ≤ k ∀k ≥ 1. (3.19)

Evidently, this holds for t1 = 1. Assuming that (3.19) holds for k ≥ 1, we easily see that

tk+1 =
b

t2k + 2tk ≤
a

k2 + 2k ≤
a

k2 + 2k + 1 = k + 1

and, on the other hand,

tk+1 =
b

t2k + 2tk ≥

d

(k + 1)2

4
+ k + 1 =

1

2

a

k2 + 6k + 5 ≥ 1

2

a

k2 + 4k + 4 =
k + 2

2
.

In the following we prove a similar estimate for the sequence (λk)k≥1. To this end we
show, again by induction, the following recursion for every k ≥ 2

λk = λ1

∏k−1
j=1 tj∏k

j=2(tj − 1)

1

tk
. (3.20)

For k = 2 this follows from the definition (3.18). Assume now that (3.20) holds for k ≥ 2.
From here we have that

λk+1 = λk
t2k

tk+1(tk+1 − 1)
= λ1

∏k−1
j=1 tj∏k

j=2(tj − 1)

1

tk

t2k
tk+1(tk+1 − 1)

= λ1

∏k
j=1 tj∏k+1

j=2(tj − 1)

1

tk+1
.
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3 Variable smoothing for convex composite problems

Using (3.20) together with (3.19) we can check that for every k ≥ 1

λk+1 = λ1

∏k
j=1 tj∏k+1

j=2(tj − 1)

1

tk+1
=

λ1

tk+1

k∏
j=1

tj
(tj+1 − 1)

≥ λ1

tk+1
= b‖A‖2 1

tk+1
, (3.21)

where we used in the last step the fact that tk+1 ≤ tk + 1.
The last thing to check is the fact that λk goes to zero like 1

k . First we check that for
every k ≥ 1

tk
tk+1 − 1

≤ 1 +
1

tk+1(tk+1 − 1)
. (3.22)

This can be seen via

(tk + 1)tk+1 ≤ (tk + 1)2 = t2k+1 + 1 ∀k ≥ 1.

By bringing tk+1 to the other side we get that

tk+1tk ≤ t2k+1 − tk+1 + 1,

from which we can deduce (3.22) by dividing by t2k+1 − tk+1.
We plug in the estimate (3.22) in (3.20) and get for every k ≥ 2

λk = λ1

∏k−1
j=1 tj∏k−1

j=1(tj+1 − 1)

1

tk

≤ λ1

k−1∏
j=1

ˆ

1 +
1

tj+1(tj+1 − 1)

˙

1

tk
≤ λ1

k−1∏
j=1

ˆ

1 +
4

(j + 2)j

˙

1

tk

≤ λ1

k−1∏
j=1

ˆ

1 +
4

j2

˙

1

tk
≤ λ1 exp

ˆ

π24

6

˙

1

tk
= b‖A‖2 exp

ˆ

π24

6

˙

1

tk
.

With the above inequalities we can to deduce the claimed convergence rates. First note
that from Theorem 3.3.2 we have

F (xN )− F (x∗) ≤ ‖x0 − x∗‖2
2γN t2N

+ λN
L2
g

2
∀N ≥ 1.

Now, in order to obtain the desired conclusion, we use the above estimates and deduce
for every N ≥ 1

‖x0 − x∗‖2
2γN t2N

+ λN
L2
g

2
≤ ‖x0 − x∗‖2

2btN
+
bL2

g‖A‖2
2tN

exp

ˆ

4π2

6

˙

≤ ‖x0 − x∗‖2
b(N + 1)

+
bL2

g‖A‖2
(N + 1)

exp

ˆ

4π2

6

˙

,

where we used that
γN tN =

λN tN
‖A‖2 ≥ b,

as shown in (3.21).
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3.4 Stochastic method

Remark 3.3.3. Consider the choice (see [73])

t1 = 1, tk+1 =
1 +

b

1 + 4t2k

2
∀k ≥ 1

and
λ1 = b‖A‖2, for b > 0.

Since
t2k = t2k+1 − tk+1 ∀k ≥ 1,

we see that in this setting we have to choose

λk = b‖A‖2 and γk = b ∀k ≥ 1.

Thus, the sequence of optimal function values (F (xN ))N≥1 approaches a b‖A‖2
Lg
2 -approximation

of the optimal objective value F (x∗) with a convergence rate of O( 1
N2 ), i.e.

F (xN )− F (x∗) ≤ 2
‖x0 − x∗‖2
b(N + 1)2 + b

‖A‖2L2
g

2
∀N ≥ 1.

3.4 Stochastic method

The problem is the same as in the deterministic case other than the fact that at each
iteration we are only given a stochastic estimator of the quantity

∇(gλk ◦A)(·) = A∗ prox 1
λk
g∗

ˆ

1

λk
A(·)

˙

∀k ≥ 1.

Remark 3.4.1. Consider Algorithm 3.4.7 for a setting where such an estimator is easily
computed.

For the stochastic quantities arising in this section we will use the following notation.
For every k ≥ 0, we denote by σ(x0, . . . , xk) the smallest σ-algebra generated by the fam-
ily of random variables {x0, . . . , xk} and by Ek(·) := Er· |σ(x0, . . . , xk)s the conditional
expectation with respect to this σ-algebra.

Algorithm 3.4.1 (stochastic Variable Accelerated SmooThing (sVAST)). Let y0 = x0 ∈
Rd, (λk)k≥1 a sequence of positive and nonincreasing real numbers, and (tk)k≥1 a sequence
of real numbers with t1 = 1 and tk ≥ 1 for every k ≥ 2. Consider the following iterative
scheme

(∀k ≥ 1)


Lk = ‖A‖2

λk
γk = 1

Lk
xk = proxγkf pyk−1 − γkξk−1q

yk = xk + tk−1
tk+1

(xk − xk−1),
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3 Variable smoothing for convex composite problems

where we make the standard assumptions about our gradient estimator of being unbiased,
i.e.

Ek[ξk] = ∇(gλk+1
◦A)(yk),

and having bounded variance

Ek
“

‖ξk −∇(gλk+1
◦A)(yk)‖2

‰

≤ σ2

for every k ≥ 0.

Note that we use the same notations as in the deterministic case

uk := xk−1 + tk(xk − xk−1) and F k(·) := f + gλk ◦A ∀k ≥ 1.

Lemma 3.4.2. The following statement holds for every (deterministic) z ∈ Rd and every
k ≥ 0

Ek
„

F k+1(xk+1) +
‖xk+1 − z‖2

2γk+1



≤ F k+1(z) +
‖z − yk‖2

2γk+1
+ γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Proof. Here we have to proceed a little bit different from Lemma 3.3.3. Namely, we have
to treat the gradient step and the proximal step differently. For this purpose we define
the auxiliary variable

zk := yk−1 − γkξk−1 ∀k ≥ 1.

Let k ≥ 1 and z ∈ Rd be arbitrary but fixed. From the gradient step we get

‖z − zk‖2 = ‖yk−1 − γkξk−1 − z‖2

= ‖yk−1 − z‖2 − 2γk 〈ξk−1, yk−1 − z〉+ γ2
k‖ξk−1‖2.

Taking the conditional expectation gives

Ek−1

“

‖z − zk‖2
‰

= ‖yk−1 − z‖2− 2γk 〈∇(gλk ◦A)(yk−1), yk−1 − z〉+ γ2
kEk−1

“

‖ξk−1‖2
‰

.

Using the gradient inequality we deduce

Ek−1

“

‖z − zk‖2
‰

≤ ‖yk−1 − z‖2 − 2γk((gλk ◦A)(yk−1)− (gλk ◦A)(z))

+ γ2
kEk−1

“

‖ξk−1‖2
‰

and therefore

γk(gλk ◦A)(yk−1) +
1

2
Ek−1

“

‖z − zk‖2
‰

≤ 1

2
‖yk−1 − z‖2 + γk(gλk ◦A)(z) +

γ2
k

2
Ek−1

“

‖ξk−1‖2
‰

.

(3.23)

Also from the smoothness of gλk ◦A we deduce via the descent lemma that

gλk(Azk) ≤ gλk(Ayk−1) + 〈∇(gλk ◦A)(yk−1), zk − yk−1〉+
Lk
2
‖zk − yk−1‖2.
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3.4 Stochastic method

Plugging in the definition of zk and using the fact that Lk = 1
γk

we get

gλk(Azk) ≤ gλk(Ayk−1)− γk 〈∇(gλk ◦A)(yk−1), ξk−1〉+
γk
2
‖ξk−1‖2.

Now we take the conditional expectation to obtain that

Ek−1[gλk(Azk)] ≤ gλk(Ayk−1)− γk ‖∇(gλk ◦A)(yk−1)‖2 +
γk
2
Ek−1

“

‖ξk−1‖2
‰

. (3.24)

Multiplying (3.24) by γk and adding it to (3.23) gives

γkEk−1 rgλk(Azk)s +
1

2
Ek−1

“

‖z − zk‖2
‰

≤

γkgλk(Az) +
1

2
‖yk−1 − z‖2 − γ2

k ‖∇(gλk ◦A)(yk−1)‖2 + γ2
kEk−1

“

‖ξk−1‖2
‰

.

Now we use the assumption about the bounded variance to conclude that

γkEk−1 rgλk(Azk)s +
1

2
Ek−1

“

‖z − zk‖2
‰

≤ γkgλk(Az) +
1

2
‖yk−1 − z‖2 + γ2

kσ
2. (3.25)

Next up for the proximal step we deduce

f(xk) +
1

2γk
‖xk − zk‖2 +

1

2γk
‖xk − z‖2 ≤ f(z) +

1

2γk
‖z − zk‖2. (3.26)

Taking the conditional expectation and combining (3.25) and (3.26) we get

Ek−1

„

γk(gλk(Azk) + f(xk)) +
1

2
‖xk − zk‖2 +

1

2
‖xk − z‖2



≤ γkF k(z) +
1

2
‖yk−1 − z‖2 + γ2

kσ
2.

From here, using now Lemma 2.3.9, we get that

Ek−1

„

γkF
k(xk)− γkLg‖A‖‖xk − zk‖+

1

2
‖xk − zk‖2 +

1

2
‖xk − z‖2



≤ γkF k(z) +
1

2
‖yk−1 − z‖2 + γ2

kσ
2.

Now we use
−1

2
γ2
kL

2
g‖A‖2 ≤

1

2
‖xk − zk‖2 − γkLg‖A‖‖xk − zk‖

to obtain that

Ek−1

„

γkF
k(xk) +

1

2
‖xk − z‖2



≤ γkF k(z) +
1

2
‖yk−1 − z‖2 + γ2

kσ
2 +

1

2
γ2
kL

2
g‖A‖2.
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3 Variable smoothing for convex composite problems

Lemma 3.4.3. Let x∗ be an optimal solution of 3.1. Then it holds

E
“

γ1(F 1(x1)− F 1(x∗))
‰

+
1

2
‖u1 − x∗‖2 ≤

1

2
‖x0 − x∗‖2 + γ2

1σ
2 +

1

2
γ2

1L
2
g‖A‖2.

Proof. Applying the previous lemma with k = 0 and z = x∗, we get that

E
„

γ1F
1(x1) +

1

2
‖x1 − x∗‖2



≤γ1F
1(x∗) +

1

2
‖y0 − x∗‖2 + γ2

1σ
2 +

1

2
γ2

1L
2
g‖A‖2.

Therefore, using the fact that y0 = x0 and u1 = x1,

E
„

γ1(F 1(x1)− F 1(x∗)) +
1

2
‖u1 − x∗‖2



≤ 1

2
‖x0 − x∗‖2 + γ2

1σ
2 +

1

2
γ2

1L
2
g‖A‖2,

which finishes the proof.

Theorem 3.4.4. Consider the setup of 3.1 and let (xk)k≥0 and (yk)k≥0 denote the se-
quences generated by Algorithm 3.4.1. Assume that for all k ≥ 1

ρk+1 := t2k − t2k+1 + tk+1 ≥ 0.

Then, for every optimal solution x∗ of 3.1, it holds

ErF (xN )− F (x∗)s ≤ 1

γN t2N

1

2
‖x0 − x∗‖2 +

1

γN t2N

‖A‖2L2
g

2

N∑
k=1

γ2
k(tk + ρk)

+
1

γN t2N

˜

σ2 +
‖A‖2L2

g

2

¸

N∑
k=1

t2kγ
2
k ∀N ≥ 1.

Proof of Theorem 3.4.4. Let k ≥ 0 be fixed. Lemma 3.4.2 for z :=
´

1− 1
tk+1

¯

xk+ 1
tk+1

x∗

gives

Ek

«

F k+1(xk+1) +
1

2γk+1

∥∥∥∥ 1

tk+1
uk+1 −

1

tk+1
x∗
∥∥∥∥2
ff

≤

F k+1

ˆˆ

1− 1

tk+1

˙

xk +
1

tk+1
x∗
˙

+
1

2γk+1

∥∥∥∥ 1

tk+1
x∗ − 1

tk+1
uk

∥∥∥∥2

+γk+1

˜

σ2 +
‖A‖2L2

g

2

¸

.

From here and from the convexity of F k+1 follows

Ek
”

F k+1(xk+1)− F k+1(x∗)
ı

−
ˆ

1− 1

tk+1

˙

(F k+1(xk)− F k+1(x∗)) ≤

‖uk − x∗‖2
2γk+1t

2
k+1

− Ek

«

‖uk+1 − x∗‖2
2γk+1t

2
k+1

ff

+ γk+1

ˆ

σ2 +
‖A‖2

2

˙

.
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3.4 Stochastic method

Let us now introduce for convenience the notation ∆k := F k(xk)− F k(x∗) for all k ≥ 0.
By multiplying both sides with by t2k+1, we deduce

Ek
“

t2k+1∆k+1

‰

+ (tk+1 − t2k+1)(F k+1(xk)− F k+1(x∗))

≤ 1

2γk+1

`

‖uk − x∗‖2 − Ek
“

‖uk+1 − x∗‖2
‰˘

+ t2k+1γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.
(3.27)

Next, by adding t2k(F
k+1(xk)− F k+1(x∗)) on both sides of (3.27), gives

Ek
“

t2k+1∆k+1

‰

+ ρk+1(F k+1(xk)− F k+1(x∗)) +
1

2γk+1
Ek

“

‖uk+1 − x∗‖2
‰

≤ t2k(F k+1(xk)− F k+1(x∗)) +
1

2γk+1
‖uk − x∗‖2 + t2k+1γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Using (3.5) together with the assumption that (λk)k≥1 is nonincreasing leads to

Ek
“

t2k+1∆k+1

‰

+ ρk+1(F k+1(xk)− F k+1(x∗)) +
1

2γk+1
Ek

“

‖uk+1 − x∗‖2
‰

≤ t2k∆k +
1

2γk+1
‖uk − x∗‖2 + t2k(λk − λk+1)

L2
g

2
+ t2k+1γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Using that t2k ≥ t2k+1 − tk+1, we get

Ek
“

t2k+1∆k+1

‰

+ ρk+1(F k+1(xk)− F k+1(x∗))

≤ t2k∆k +
1

2γk+1
(‖uk − x∗‖2 − Ek

“

‖uk+1 − x∗‖2]
˘

+ t2kλk
L2
g

2
− t2k+1λk+1

L2
g

2
+ tk+1λk+1

L2
g

2
+ t2k+1γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Multiplying both sides with γk+1 and putting all terms on the correct sides yields

Ek

«

γk+1t
2
k+1

˜

∆k+1 + λk+1

L2
g

2

¸

+
1

2
‖uk+1 − x∗‖2

ff

+ γk+1ρk+1(F k+1(xk)− F k+1(x∗))

≤ γk+1t
2
k

˜

∆k + λk
L2
g

2

¸

+
1

2
‖uk − x∗‖2

+ γk+1tk+1λk+1

L2
g

2
+ t2k+1γ

2
k+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

(3.28)
At this point we would like to discard the term γk+1ρk+1(F k+1(xk) − F k+1(x∗)) which
we currently cannot as the positivity of F k+1(xk)− F k+1(x∗) is not ensured. So we add
γk+1ρk+1λk+1

L2
g

2 on both sides of (3.28) and use the fact that (see (3.5))

γk+1ρk+1

˜

F k+1(xk)− F k+1(x∗) + λk+1

L2
g

2

¸

≥ γk+1ρk+1(F (xk)− F (x∗)) ≥ 0
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3 Variable smoothing for convex composite problems

to deduce that

Ek

«

γk+1t
2
k+1

˜

∆k+1 + λk+1

L2
g

2

¸

+
1

2
‖uk+1 − x∗‖2

ff

≤ γk+1t
2
k

˜

∆k + λk
L2
g

2

¸

+
1

2
‖uk − x∗‖2

+ γk+1λk+1

L2
g

2
(tk+1 + ρk+1) + t2k+1γ

2
k+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

(3.29)

Last but not least we use the that ∆k + λk
L2
g

2 ≥ F (xk) − F (x∗) ≥ 0 and γk+1 ≤ γk to
follow that

γk+1t
2
k

˜

∆k + λk
L2
g

2

¸

≤ γkt2k

˜

∆k + λk
L2
g

2

¸

. (3.30)

Combining (3.29) and (3.30) yields

Ek

«

γk+1t
2
k+1

˜

∆k+1 + λk+1

L2
g

2

¸

+
1

2
‖uk+1 − x∗‖2

ff

≤ γkt2k

˜

∆k + λk
L2
g

2

¸

+
1

2
‖uk − x∗‖2

+ γk+1λk+1

L2
g

2
(tk+1 + ρk+1) + t2k+1γ

2
k+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

(3.31)

Let N ≥ 2. We take the expected value on both sides (3.31) and sum from k = 1 to
N − 1. Getting rid of the non-negative terms ‖uN − x∗‖2 gives

γN t
2
NE

«

∆N + λN
L2
g

2

ff

≤ γ1E

«

∆1 + λ1

L2
g

2

ff

+
1

2
‖u1 − x∗‖2

+
N∑
k=2

γkλk
L2
g

2
(tk + ρk)

N∑
k=2

t2kγ
2
k

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Since t1 = 1, the above inequality holds also for N = 1. Now, using Lemma 3.4.3 we get
that for every N ≥ 1

γN t
2
NE

«

∆N + λN
L2
g

2

ff

≤ 1

2
‖x0 − x∗‖2 +

N∑
k=1

γkλk
L2
g

2
(tk + ρk) +

N∑
k=1

t2kγ
2
k

ˆ

σ2 +
‖A‖2

2

˙

.

From (3.6) we follow that

γN t
2
N pF (xN )− F (x∗)q ≤ γN t2N

˜

∆N + λN
L2
g

2

¸

,
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3.4 Stochastic method

therefore, for every N ≥ 1

γN t
2
NErF (xN )− F (x∗)s ≤ 1

2
‖x0 − x∗‖2 +

N∑
k=1

γkλk
L2
g

2
(tk + ρk)

+

N∑
k=1

t2kγ
2
k

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

By using the fact that λk = γk‖A‖2 for every k ≥ 1 we deduce by dividing by γN t2N that

ErF (xN )− F (x∗)s ≤ 1

γN t2N

1

2
‖x0 − x∗‖2 +

1

γN t2N

‖A‖2L2
g

2

N∑
k=1

γ2
k(tk + ρk)

+
1

γN t2N

ˆ

σ2 +
1

2
‖A‖2L2

g

˙ N∑
k=1

t2kγ
2
k ∀N ≥ 1.

Corollary 3.4.5. Let

t1 = 1, tk+1 =
1 +

b

1 + 4t2k

2
∀k ≥ 1,

and, for b > 0,

λk =
b

k
3
2

‖A‖2, and γk =
b

k
3
2

∀k ≥ 1.

Then,

ErF (xN )− F (x∗)s ≤ 2
‖x0 − x∗‖2
b
?
N

+ b‖A‖2L2
g

π2

3

1
?
N

+ 2b
`

2σ2 + ‖A‖2L2
g

˘ 1 + log(N)
?
N

∀N ≥ 1.

Furthermore, we have that F (xN ) converges almost surely to F (x∗) as N → +∞.

Proof. First we notice that the choice of tk+1 =
1+

?
1+4t2k
2 fulfills that

ρk+1 = t2k − t2k+1 + tk+1 = 0 ∀k ≥ 1.

Now we derive the stated convergence result by first showing via induction that

1

k
≤ 1

tk
≤ 2

k
∀k ≥ 1.

Assuming that this holds for k ≥ 1, we have that

tk+1 =
1 +

b

1 + 4t2k

2
≤ 1 +

?
1 + 4k2

2
≤ 1 +

?
1 + 4k + 4k2

2
= k + 1
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3 Variable smoothing for convex composite problems

and

tk+1 =
1 +

b

1 + 4t2k

2
≥

1 +

b

1 + 4(k2 )
2

2
≥ 1 +

?
k2

2
≥ k + 1

2
.

Furthermore, for every N ≥ 1 we have that

1

γN t2N

‖A‖2L2
g

2

N∑
k=1

γ2
k(tk + ρk) ≤

4

b
?
N

‖A‖2L2
g

2

N∑
k=1

b2

k3
k =

2b‖A‖2L2
g

?
N

N∑
k=1

k−2

≤
2b‖A‖2L2

g
?
N

∞∑
k=1

k−2 = b‖A‖2L2
g

π2

3

1
?
N
.

(3.32)

The statement of the convergence rate in expectation follows now by plugging in our
parameter choices into the statement of Theorem 3.4.4, using the estimate (3.32) and
checking that

N∑
k=1

t2kγ
2
k ≤ b2

N∑
k=1

1

k
≤ b2(1 + log(N)) ∀N ≥ 1.

The almost sure convergence of (F (xN ))N≥1 can be deduced by looking at (3.31) and
dividing by γk+1t

2
k+1 and using that γk+1t

2
k+1 ≥ γkt

2
k as well as ρk = 0, which gives for

every k ≥ 0

Ek

«

F k+1(xk+1)− F k+1(x∗) + λk+1

L2
g

2
+

1

2γk+1t
2
k+1

‖uk+1 − x∗‖2
ff

≤ F k(xk)− F k(x∗) + λk
L2
g

2
+

1

2γkt
2
k

‖uk − x∗‖2 +
λk+1

tk+1

L2
g

2
+ γk+1

ˆ

σ2 +
1

2
‖A‖2L2

g

˙

.

Plugging in our choice of parameters gives for every k ≥ 0

Ek

«

F k+1(xk+1)− F k+1(x∗) + λk+1

L2
g

2
+

1

2γk+1t
2
k+1

‖uk+1 − x∗‖2
ff

≤ F k(xk)− F k(x∗) + λk
L2
g

2
+

1

2γkt
2
k

‖uk − x∗‖2 +
C

k
3
2

,

where C > 0.
Thus, by the famous Robbins-Siegmund Theorem (see [90, Theorem 1]) we get that

(F k+1(xk+1)− F k+1(x∗) + λk+1
L2
g

2 )
k≥0

converges almost surely. In particular, from the
convergence to 0 in expectation we know that the almost sure limit must also be the
constant zero.

Finite sum. The formulation of the previous section can be used to deal e.g. with prob-
lems of the form

min
x∈Rd

f(x) +

m∑
i=1

gi(Aix) (3.33)
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3.4 Stochastic method

for f : Rd → R∪{+∞} a proper, convex and lower semicontinuous function, gi : Rni → R
convex and Lgi-Lipschitz continuous functions and Ai : Rd → Rni linear continuous
operators for i = 1, . . . ,m.
Clearly one could consider

A :=

{
Rd →Śm

i=1 Rni
x 7→Śm

i=1Aix

with ‖A‖2=
∑m

i=1‖Ai‖2 and

g :=

{
Śm

i=1 Rni → R ∪ {+∞}
Śm

i=1 yi 7→
∑m

i=1 gi(yi)

in order to reformulate the problem as

min
x∈Rd

f(x) + g(Ax)

and use Algorithm 3.3.1 together with the parameter choices described in Corollary 3.3.6
on this. This results in the following algorithm.

Algorithm 3.4.6. Let y0 = x0 ∈ Rd, λ1 = b‖A‖, for b > 0, and t1 = 1. Consider the
following iterative scheme

(∀k ≥ 1)



γk =
∑m
i=1‖Ai‖2
λk

xk = proxγkf

ˆ

yk−1 − γk
∑m

i=1A
∗
i prox 1

λk
g∗i

´

Aiyk−1

λk

¯

˙

tk+1 =
b

t2k + 2tk

yk = xk + tk−1
tk+1

(xk − xk−1)

λk+1 = λk
t2k

t2k+1−tk+1
.

However, problem (3.33) also lends itself to be tackled via the stochastic version of our
method, Algorithm 3.4.1, by randomly choosing a subset of the summands. Together
with the parameter choices described in Corollary 3.4.5 which results in the following
scheme.

Algorithm 3.4.7. Let y0 = x0 ∈ Rd, b > 0, and t1 = 1. Consider the following iterative
scheme

(∀k ≥ 1)



λk = b
∑m

i=1‖Ai‖2k−
3
2

γk = bk−
3
2

xk = proxγkf

ˆ

yk−1 − γk εi,kpi
∑m

i=1A
∗
i prox 1

λk
g∗i

´

Aiyk−1

λk

¯

˙

tk+1 =
1+

?
1+4t2k
2

yk = xk + tk−1
tk+1

(xk − xk−1),

with εk := (ε1,k, ε2,k, . . . , εm,k) a sequence of i.i.d., {0, 1}m random variables and pi =
P[εi,1 = 1].
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3 Variable smoothing for convex composite problems

Since the above two methods were not explicitly developed for this separable case and
can therefore not make use of more refined estimation of the constant ‖A‖, as it is done
in e.g. [27]. However, in the stochastic case, this fact is remedied due to the scaling of
the stepsize with respect to the i-th component by p−1

i .

Remark 3.4.2. In theory Algorithm 3.4.1 could be used to treat more general stochastic
problems than finite sums like (3.33), but in the former case it is not clear anymore how
a gradient estimator can be found, so we do not discuss it here.

3.5 Numerical experiments

We will focus our numerical experiments on image processing problems. The examples
are implemented in python using the operator discretization library (ODL) [1]. We define
the discrete gradient operators D1 and D2 representing the discretized derivative in the
first and second coordinate respectively, which we will need for the numerical examples.
Both map from Rr×s to Rr×s and are defined by

(D1u)i,j :=

{
ui+1,j − ui,j 1 ≤ i < m,

0 else,

and

(D2u)i,j :=

{
ui,j+1 − ui,j 1 ≤ j < m,

0 else.

The operator norm of D1 and D2, respectively, is 2 (where we equipped Rr×s with the
Frobenius norm). This yields an operator norm of

?
8 for the total gradient D := D1×D2

as a map from Rr×s to Rr×s × Rr×s, see also [25].
We will compare our methods, i.e. the Variable Accelerated SmooThing (VAST) and its

stochastic counterpart (sVAST) to the Primal Dual Hybrid Gradient (PDHG) of [28] as
well as its stochastic version (sPDHG) from [27]. Furthermore, we will illustrate another
competitor, the method by Pesquet and Repetti, see [83], which is another stochastic
version of PDHG (see also [105]).
In all examples we choose the parameters in accordance with [27]:

• for PDHG and Pesquet&Repetti: τ = σi = γ
‖A‖

• for sPDHG: σi = γ
‖A‖ and τ = γ

nmaxi‖Ai‖ ,

where γ = 0.99.

3.5.1 Total variation denoising

The task at hand is to reconstruct an image from its noisy observation. We do this by
solving

min
x∈Rr×s

α‖x− b‖2+‖D1x‖1+‖D2x‖1, (3.34)
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3.5 Numerical experiments

(a) Groundtruth (b) Data (c) Approximate solution

Figure 3.1: TV denoising. Images used. The approximate solution is computed by run-
ning PDHG for 7000 iterations.
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Figure 3.2: A comparison of different methods on the problem of TV denoising.

with α > 0 as regularization parameter, in the following setting: f = α‖· − b‖2, g1 =
g2 = ‖·‖1, A1 = D1, A2 = D2.
Figure 3.1 illustrates the images (of dimension r = 442 and s = 331) used in for this

example. These include the groundtruth, i.e. the uncorrupted image, as well as the data
for the optimization problem b, which visualizes the level of noise. In Figure 3.2 we can
see that for the deterministic setting our method is as good as PDHG. For the objective
function values, Subfigure 3.2b, this is not too surprising as both algorithms share the
same convergence rate. For the distance to a solution however we completely lack a
convergence result. Nevertheless in Subfigure 3.2a we can see that our method performs
also well with respect to this measure.
In the stochastic setting we can see in Figure 3.2 that, while sPDHG provides some

benefit over its deterministic counterpart, the stochastic version of our method, although
significantly increasing the variance, provides great benefit, at least for the objective
function values.
Furthermore, Figure 3.3, shows the reconstructions of sPDHG and our method which

are, despite the different objective function values, quite comparable.
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3 Variable smoothing for convex composite problems

(a) sVAST (b) sPDHG

Figure 3.3: TV Denoising. A comparison of the reconstruction for the stochastic variable
smoothing method and the stochastic PDHG.

3.5.2 Total variation deblurring

For this example we want to reconstruct an image from a blurred and noisy image. We
assume to know the blurring operator C : Rr×s → Rr×s. This is done by solving

min
x∈Rr×s

α‖Cx− b‖2+‖D1x‖1+‖D2x‖1, (3.35)

for α > 0 as regularization parameter, in the following setting: f = 0, g1 = α‖·−b‖2, g2 =
g3 = ‖·‖1, A1 = C,A2 = D1, A2 = D2.

(a) Groundtruth (b) Data (c) Approximate solution

Figure 3.4: TV Deblurring.The approximate solution is computed by running PDHG for
3000 iterations.

Figure 3.4 shows the images used to set up the optimization problem (3.35), in partic-
ular Subfigure 3.4b which corresponds to b in said problem.
In Figure 3.5 we see that while PDGH performs better in the deterministic setting,

in particular in the later iteration, the stochastic variable smoothing method provides a
significant improvement where sPDHG method seems not to converge. It is interesting
to note that in this setting even the deterministic version of our algorithm exhibits a
slightly chaotic behaviour. Although neither of the two methods is monotone in the
primal objective function PDHG seems here much more stable.
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Figure 3.5: A comparison of different methods on the problem of TV deblurring.

3.5.3 Matrix factorization

In this section we want to solve a nonconvex and nonsmooth optimization problem of
completely positive matrix factorization, see [30, 44]. For an observed matrix M ∈ Rs×s
we want to find a completely positive low rank factorization, meaning we are looking
for x ∈ Rr×s≥0 with r � s such that xTx = M . This can be formulated as the following
(robust) optimization problem

min
x∈Rr×s≥0

‖xTx−M‖1, (3.36)

where xT denotes the transpose of the matrix x. The more natural approach might be
to use a smooth formulation where ‖·‖22 is used instead of the 1-Norm we are suggesting.
However, the former choice of distance measure, albeit smooth, comes with its own set
of problems (mainly a non-Lipschitz gradient).
The so called prox-linear method presented in [37], solves the above problem (3.36), by

linearizing the smooth (Rs×s-valued) function x 7→ xTx inside the nonsmooth distance
function. In particular for the problem

min
x

g(c(x))

for a smooth vector valued function c and a convex and Lipschitz function g, [37] proposes
to iteratively solve the subproblem

xk+1 = arg min
x

{
g
´

c(xk) + (Dc)(xk)(x− xk)
¯

+
1

2t
‖x− xk‖22

}
(3.37)

for a stepsize t ≤ (LgLDc)
−1. For our particular problem described in (3.36) the sub-

problem looks as follows

xk+1 = arg min
x∈Rr×s≥0

{
‖xTk x−M‖1+

1

2
‖x− xk‖22

}
, (3.38)
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3 Variable smoothing for convex composite problems

Objective function in completely positive matrix factorization

(a) Random starting point. (b) Starting point close to the solution.

Figure 3.6: Comparison of the for different starting points. We run 40 epochs with 5
iterations each. For each epoch we choose the last iterate of the previous
epoch as the linearization. For the stochastic methods we fix the number
of rows (batch size) which are randomly chosen in each update a priori and
count d divided by this number as one iteration. For the randomly chosen
initial point we use a batch size of 3 (to allow for more exploration) and
for the one close to the solution we use 5 in order to give a more accuracy.
The parameter b in the variable smoothing method was chosen with minimal
tuning to be 0.1 for both the deterministic and the stochastic version.

and therefore fits our general setup described in (3.1) with the identification f = ‖· −
xk‖22+δRr×s≥0

(x), g = ‖·‖1 and A = xTk . Moreover, due to its separable structure, the
subproblem (4.3) fits the special case described in (3.33) and can therefore be tackled
by the stochastic version of our algorithm presented in Algorithm 3.4.7. In particular
reformulating (3.37) for the stochastic finite sum setting we interpret the subproblem as

xk+1 = arg min
x∈Rr×s≥0

{
s∑
i=1

∥∥xTk [i, :]x−M [i, :]
∥∥

1
+

1

2
‖x− xk‖22

}
, (3.39)

where M [i, :] denotes the i-th row of the matrix M .
In comparison to Section 3.5.1 and Section 3.5.2 a new aspect becomes important when

evaluating methods for solving (3.37). Now, it is not only relevant how well subprob-
lem (4.3) is solved but also the trajectory taken in doing so as different paths might lead
to different local minima. This can be seen in Figure 3.6 where PDHG gets stuck early on
in bad local minima. The variable smoothing method (especially the stochastic version)
is able to move further from the starting point and find better local minima. Note that
in general the methods have a difficulty finding the global minimum xtrue ∈ R3×60 (with
optimal objective function value zero, as constructed M := xTtruextrue ∈ R60×60 in all
examples).
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4 Variable smoothing for weakly convex
composite problems

We study minimization of a structured objective function, being the sum of a smooth
function and a composition of a weakly convex function with a linear operator. Ap-
plications include image reconstruction problems with regularizers that introduce less
bias than the standard convex regularizers. We develop a variable smoothing algorithm,
based on the Moreau envelope with a decreasing sequence of smoothing parameters, and
prove a complexity of O(ε−3) to achieve an ε-approximate solution. This bound inter-
polates between the O(ε−2) bound for the smooth case and the O(ε−4) bound for the
subgradient method. Our complexity bound is in line with other works that deal with
structured nonsmoothness of weakly convex functions.

4.1 Problem setting and motivation

We study minimization of the sum of a smooth function h and a possibly nonsmooth,
weakly convex function g composed with a linear operator defined by the matrix A ∈
Rn×d, that is,

min
x∈Rd

{
F (x) := h(x) + g(Ax)

}
. (4.1)

Our approach makes use of the Moreau envelope (see Definition 2.3.6) gλ, for a positive
scalar λ, together with gradient descent. Steps of the algorithm have the form

x← x− γ∇(h+ gλ ◦A)(x),

for some step length γ. For accelerated versions of this approach for convex problems see
Chapter 3, or [23,101].

4.1.1 Composite problems

We discuss several nonconvex instances of problems of the form (4.1) as the convex case
has been discussed in Chapter 3.

Weakly Convex Regularizers. Functions that are “sharp” around zero have a long history
as sparsity-inducing regularizers. Foremost among such functions is the `1 norm ‖·‖1,
which is used for example in sparse least-squares regression (also known as LASSO):

min
x

1

2
‖Ax− b‖2+‖x‖1
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4 Variable smoothing for weakly convex composite problems

or the anisotropic Total Variation denoising or deblurring problems (3.34) and (3.35).
However, the use of the `1 regularizer tends to depress the magnitude of nonzero elements
of the solution, resulting in bias. This phenomenon is a consequence of the fact that
the proximal operator of the 1-norm, often called the soft thresholding operator, does
not approach the identity for larger values of its argument. For this reason, nonconvex
alternatives to ‖·‖1 are often used to reduce bias. These include `p-norms (with 0 < p < 1)
which are not weakly convex, and the several weakly convex regularizers, which we now
describe. The minimax concave penalty (MCP), introduced in [108] and used in [57,96],
is a family of functions rν,θ : R → R+ involving two positive parameters ν and θ, and
defined by

rν,θ(x) :=

{
ν|x|−x2

2θ , |x|≤ θν,
θν2

2 , otherwise.

(Note that this function satisfies the definition of ρ-weak convexity with ρ = θ−1.) The
proximal operator of this function (called firm threshold in [7]) can be written in the
following closed form when θ > β:

proxβrν,θ pxq =


0, |x|< βν,
x−νβ sgn(x)

1−(β/θ) , βν ≤ |x|≤ θν,
x, |x|> θν.

The fractional penalty function (cf. [57, 82]) ϕa : R→ R+ (for parameter a > 0) is

ϕa(x) :=
|x|

1 + a
2 |x|

.

The smoothly clipped absolute deviation (SCAD) [38] (cf. [57]) is defined for parameters
ν > 0 and θ > 2 as follows:

rν,θ(x) =


ν|x|, |x|≤ ν,
−x2+2θν|x|−ν2

2(θ−1) , ν < |t|≤ θν,
(θ+1)ν2

2 , |t|> θν.

(This function is (θ − 1)−1-weakly convex.)
Since these functions approach (or attain) a finite value as their argument grows in

magnitude, they do not introduce as much bias in the solution as does the `1 norm, and
their proximal operators approach the identity for large arguments.
These regularizers have, however, mostly been used in the simple additive setting

min
x∈Rd

h(x) + g(x)

for a smooth data fidelity term h and nonsmooth regularizer g, for example in least
squares or logistic regression [96] and compressed sensing (cf. [7]).
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4.1 Problem setting and motivation

Weakly convex composite losses. The use of weakly convex functions composed with
linear operators has been explored in the robust statistics literature. An early instance
is the Tukey biweight function [8], in which g(Ax) has the form

g(Ax) =

n∑
i=1

ϕ(Ai·x− bi), where ϕ(θ) =
θ2

1 + θ2
. (4.2)

This function behaves like the usual least-squares loss when θ2 � 1 but asymptotes at
1. It is ρ-weakly convex with ρ = 6.
A different (but similar) definition of the Tukey biweight function appears in [63,

Section 2.1]. This same reference also mentions another nonconvex loss function, the
Cauchy loss, which has the form (4.2) except that ϕ is defined by

ϕ(θ) =
ξ2

2
log

ˆ

1 +
θ2

ξ2

˙

,

for some parameter ξ. This function is ρ-weakly convex with ρ = 6.

4.1.2 Complexity bounds for weakly convex problems

To put our results in perspective, we provide a review of the literature on complexity
bounds for optimization problems related to our formulation (4.1), including weakly
convex functions. In all cases, these are bounds on the number of iterations required to
find an approximately stationary point, where our measure of stationarity is based the
norm of the gradient of the Moreau envelope (a smooth proxy).
The best known complexity for black box subgradient optimization for weakly convex

functions is O(ε−4). This result is proved for stochastic subgradients in [35], but as in the
convex case, there is no known improvement in the deterministic setting. As in convex
optimization, subgradient methods are quite general and implementable for weakly con-
vex functions. However, when more structure is present in the function, algorithms that
achieve better complexity can be devised. In particular, when the proximal operator of
the nonsmooth weakly convex function can be calculated analytically, complexity bounds
of O(ε−2) can be proven (see Section 4.3), the same bounds as for steepest descent meth-
ods in the smooth nonconvex case. This means that the entire difficulty introduced by
the nonsmoothness can be mitigated as long as it is treated by a proximal operator.
For convex optimization problems, bounds of O(ε−1) can be obtained for gradient

methods on smooth functions and O(ε−1/2) for accelerated gradient methods. These
same bounds can also be obtained for nonsmooth problems provided that the nonsmooth
function is handled by a proximal operator. When the explicit proximal operator is not
available and subgradient methods have to be used, the complexity reverts to O(ε−2).
It is possible to keep the O(ε−2) rate when just a local model of the weakly convex

part is evaluated by a convex operator. The paper [37] studies optimization problems of
the type

min
x

h(x) + g(c(x))
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4 Variable smoothing for weakly convex composite problems

where h is proper, convex and lower semicontinuous, g is convex and Lipschitz continuous,
and c is smooth. (Under these assumptions, the composition g ◦c is weakly convex.) The
O(ε−2) bound is proved for an algorithm in which the (convex) subproblem

min
y

h(y) + g(c(x) +∇c(x)(y − x)) +
1

2t
‖y − x‖2 (4.3)

is solved explicitly. In the more realistic case in which (4.3) must be solved by an iterative
procedure, a bound of Õ(ε−3) is obtained in [37].
Functions of the form g(c(x)) have also been studied in [56] for the case of a smooth

nonlinear vector function c and a prox-regular g. This is more general than the for-
mulations consider in this paper, both in the fact that all weakly convex functions are
prox-regular, and in the nonlinearity of the inner map. The subproblems in [56] have
a form similar to (4.3), and while convergence results are proved in the latter paper, it
does not contain rate-of-convergence results or complexity results.
A different weakly convex structure is explored in Chapter 6, in which the weak con-

vexity stems from a smooth saddle point problem. We consider there

min
x

max
y

Φ(x, y),

where Φ(x, ·) is concave, Φ(·, y) is nonconvex, and Φ(·, ·) is smooth. In this setting a
bound of Õ(ε−3) for a method that uses only gradient evaluations can be achieved [61,99].
In light of the considerations above, the complexity bound of O(ε−3) for our algo-

rithm seems almost inevitable. It interpolates between the setting without structural
assumptions about the nonsmoothness (black box subgradient) and the perfect struc-
tural knowledge of the nonsmoothness (explicit knowledge of the proximal operator).
In Section 4.3, we treat the simpler setting in which the linear operator from (4.1) is

the identity, so that F (x) = h(x) + g(x). Similar problems have been analyzed before,
for example, in [7, 96]. However, it is assumed in [7] that convexity in the data fidelity
term h compensates for nonconvexity in the regularizer g such that the overall objective
function F remains convex. (We make no such assumption here.) The paper [96] does not
make such restrictive assumptions and proves convergence but not complexity bounds.

4.1.3 Stationarity

Recall that we say that a point x∗ is a stationary point for a function if the Fréchet
subdifferential of the function contains 0 at x∗. The concept of nearly stationary is
not quite so straightforward. We motivate our approach by looking first at the simple
additive composite problem, also discussed in Section 4.3, which corresponds to setting
A = I in (4.1), that is,

min
x

h(x) + g(x). (4.4)

Stationarity for (4.4) means that 0 ∈ ∂(h+g)(x∗), that is, −∇h(x∗) ∈ ∂g(x∗). A natural
definition for ε-approximate stationarity for a point x would thus be

dist(−∇h(x), ∂g(x)) ≤ ε.
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4.1 Problem setting and motivation

However, since we are running gradient descent on the smoothed problem, our algorithm
will naturally compute and detect points with that satisfy a threshold condition of the
form

‖∇h(x) +∇gλ(x)‖ ≤ ε. (4.5)

Recall Lemma 2.3.8 which says that ∇gλ(x) ∈ ∂g(proxλg pxq) for all x. It tells us that
when (4.5) holds, then

dist(−∇h(x), ∂g(proxλg pxq)) ≤ ε,
which means that the two arguments of ∇h and ∂g do not quite match. In general,
proxλg pxq might even be arbitrarily far away from x. We can remedy this issue by
requiring g to be Lipschitz continuous, see Lemma 2.3.9.
When x ∈ Rd satisfies (4.5), ∇h is L∇h-Lipschitz and g is Lg-Lipschitz, we have

dist(−∇h(proxλg pxq), ∂g(proxλg pxq))

≤ ‖∇h(proxλg pxq)−∇h(x)‖+ dist(−∇h(x), ∂g(proxλg pxq))

≤ L∇h‖x− proxλg pxq ‖+ε (from (4.5) and (2.3))

≤ L∇hLgλ+ ε (from (2.5)).

Thus, if λ is sufficiently small and x satisfies (4.5), then proxλg pxq is near-stationary
for (4.4).

4.1.4 Stationarity for the composite problem

It follows immediately from (2.3) in Lemma 2.3.8 that for λ ∈ (0, ρ−1), we have for all
x ∈ Rd

∇(gλ ◦A)(x) = A∗∇gλ(Ax) ∈ A∗∂g(proxλg pAxq). (4.6)

Extending the results of the previous section to the case of a general linear operator A
in (4.1) requires some work. Stationarity for (4.1) requires that 0 ∈ ∇h(x) +A∗∂g(Ax),
so ε-near stationarity requires

dist(−∇h(x), A∗∂g(Ax)) ≤ ε. (4.7)

Our method can compute a point x such that

‖∇h(x) +∇(gλ ◦A)(x)‖ ≤ ε,

which by (4.6) implies that

dist(−∇h(x), A∗∂g(z)) ≤ ε, for z = proxλg pAxq , (4.8)

where, provided that g is Lg-Lipschitz continuous, we have

‖Ax− z‖≤ Lgλ. (4.9)

The bound in (4.8) measures the criticality, while the bound in (4.9) concerns feasibility.
The bounds (4.8), (4.9) are not a perfect match with (4.7), since the subdifferentials of
h and g ◦A are evaluated at different points.
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4 Variable smoothing for weakly convex composite problems

Surjectivity of A. When A is surjective, we can perturb the x that satisfies (4.8), (4.9)
to a nearby point x∗ that satisfies a bound of the form (4.7). Since z = proxλg pAxq is in
the range of A, we can define

x∗ := arg min
x′∈Rd

{
‖x− x′‖2 : Ax′ = z

}
, (4.10)

which is given explicitly by

x∗ = x−A∗pAA∗q−1(Ax− z) = x−A†(Ax− z)
where A† := A∗(AA∗)−1 is the pseudoinverse of A. The operator norm of the pseudoin-
verse is bounded by the inverse of the smallest singular value σmin(A) of A, so when g is
Lg-Lipschitz continuous, we have from (4.9) that

‖x− x∗‖≤ σmin(A)−1‖Ax− z‖≤ σmin(A)−1Lgλ. (4.11)

The point x∗ is approximately stationary in the sense of (4.7), for λ sufficiently small,
because

dist(−∇h(x∗), A∗∂g(Ax∗))

≤ ‖∇h(x∗)−∇h(x)‖+ dist(−∇h(x), A∗∂g(z)) (since Ax∗ = z = proxλg pAxq)

≤ L∇h‖x− x∗‖+ε (from (4.8))

≤ L∇hσmin(A)−1Lgλ+ ε (from (4.11)). (4.12)

By choosing λ small, x∗ will be an approximate solution in the stronger sense (4.7)
and not just the weaker notion of (4.8), (4.9), which we have to settle for if A is not
surjective.

4.2 Main results

We describe our variable smoothing approaches for the problem (4.1), where we assume
that h is L∇h-smooth, g is possibly nonsmooth, ρ-weakly convex, and Lg-Lipschitz con-
tinuous, and A is a nonzero linear continuous operator. For convenience, we define the
smoothed approximation Fk : Rd → R based on the Moreau envelope with parameter λk
as follows:

Fk(x) := h(x) + gλk(Ax).

We note from Lemma 2.3.7 and the chain rule that

∇Fk(x) = ∇h(x) +
1

λk
A∗(Ax− proxλkg pAxq). (4.13)

The quantity Lk defined by

Lk := L∇h + ‖A‖2max

{
λ−1
k ,

ρ

1− ρλk

}
(4.14)

is a Lipschitz constant of the gradient of ∇Fk, see Lemma 2.3.7. When ρλk ≤ 1/2, the
maximum in (4.14) is achieved by λ−1

k , so in this case we can define

Lk := L∇h + ‖A‖2/λk. (4.15)

46



4.2 Main results

4.2.1 An elementary approach

Our first algorithm takes gradient descent steps on the smoothed problem, that is,

xk+1 = xk − γk∇Fk(xk), (4.16)

for certain values of the parameter λk and stepsize γk. From (4.13), the formula (4.16)
is equivalent to

xk+1 = xk −
γk
λk
A∗(Axk − proxλkg pAxkq)− γk∇h(xk).

Our basic algorithm is described next.

Algorithm 4.2.1 (Variable smoothing). For an initial value x1 ∈ Rd we iterate

(∀k ≥ 1)

⌊
λk = (2ρ)−1k−1/3, define Lk as in (4.15), set γk = 1/Lk
xk+1 = xk − γk∇Fk(xk)

We now state the convergence result for Algorithm 4.2.1. This result and later results
make use of a quantity

F ∗ := lim inf
k→∞

Fk(xk), (4.17)

which is finite if F is bounded below (and possibly in other circumstances too). When
F ∗ = −∞, the claim of the theorem is vacuously true.

Theorem 4.2.2. Suppose that Algorithm 4.2.1 is applied to the problem (4.1), where g
is ρ-weakly convex and ∇h and g are Lipschitz continuous with constants L∇h and Lg,
respectively. We have for all k ≥ 1

min
1≤j≤k

dist(−∇h(xj),A
∗∂g(proxλjg pAxjq))

≤k−1/3
a

L∇h + 2ρ‖A‖2
b

F1(x1)− F ∗ + (2ρ)−1L2
g,

where
‖Axj − proxλjg pAxjq ‖≤ j−1/3(2ρ)−1Lg,

and F ∗ is defined as in (4.17). If A is also surjective, then for x∗k := xk − A†(Axk −
proxλkg pAxkq), we have

min
1≤j≤k

dist(−∇h(x∗j ), A
∗∂g(Ax∗j ))

≤k−1/3

ˆ

a

L∇h + (2ρ)‖A‖2
b

F1(x1)− F ∗ + (2ρ)−1L2
g + L∇hσmin(A)−1Lg

˙

and ‖xj − x∗j‖≤ σmin(A)−1Lgλj = σmin(A)−1Lg(2ρ)−1j−1/3.

Before proving this theorem, we state and prove a lemma that relates the function
values of two Moreau envelopes with two different smoothing parameters. In the convex
case, such statements are well known, but in the nonconvex case this result is novel.
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Lemma 4.2.3. Let g : Rn → R∪{+∞} be a proper, ρ-weakly convex and lower semicon-
tinuous function, and let λ2 and λ1 be parameters such that 0 < λ2 ≤ λ1 < ρ−1. Then,
we have

gλ2(y) ≤ gλ1(y) +
1

2

λ1 − λ2

λ2
λ1‖∇gλ1(y)‖2.

If, in addition, g is Lg-Lipschitz continuous, we have

gλ2(y) ≤ gλ1(y) +
1

2

λ1 − λ2

λ2
λ1L

2
g.

Proof. By using the definition of the Moreau envelope, together with Lemma 2.3.7, we
obtain

gλ2(y) = min
u∈Rn

{
g(u) +

1

2λ2
‖y − u‖2

}
= min

u∈Rn

{
g(u) +

1

2λ1
‖y − u‖2+

1

2

ˆ

1

λ2
− 1

λ1

˙

‖y − u‖2
}

≤ g(proxλ1g pyq) +
1

2λ1
‖y − proxλ1g pyq ‖2+

1

2

ˆ

1

λ2
− 1

λ1

˙

‖y − proxλ1g pyq ‖2

= gλ1(y) +
1

2

ˆ

λ1 − λ2

λ2

˙

λ1‖∇gλ1(y)‖2,

proving the first claim. The second claim follows immediately from (2.4).

Proof of Theorem 4.2.2. Since Lk = 1/γk is the Lipschitz constant of ∇Fk, we have for
any k ≥ 1 that

Fk(xk+1) ≤ Fk(xk) + 〈∇Fk(xk), xk+1 − xk〉+
1

2γk
‖xk+1 − xk‖2.

By substituting the definition of xk+1 from (4.16), we have

Fk(xk+1) ≤ Fk(xk)−
γk
2
‖∇Fk(xk)‖2. (4.18)

From Lemma 4.2.3, we have for all x ∈ Rd

Fk+1(x) ≤ Fk(x) +
1

2
(λk − λk+1)

λk
λk+1

‖(∇gλk)(Ax)‖2≤ Fk(x) + (λk − λk+1)L2
g,

where we used in the second inequality that λk
λk+1

≤ 2. We set x = xk+1 and substitute
into (4.18) to obtain

Fk+1(xk+1) ≤ Fk(xk)−
γk
2
‖∇Fk(xk)‖2+(λk − λk+1)L2

g.

By summing both sides of this expression over k = 1, 2, . . . ,K forK ≥ 1, and telescoping,
we deduce

K∑
k=1

γk
2
‖∇Fk(xk)‖2≤ F1(x1)− FK(xK) + (λ1 − λK)L2

g ≤ F1(x1)− F ∗ + λ1L
2
g. (4.19)
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Since

γk =
λk

λkL∇h + ‖A‖2 ≥ k
−1/3 (2ρ)−1

(2ρ)−1L∇h + ‖A‖2
= k−1/3 1

L∇h + 2ρ‖A‖2

we have from (4.19) that

1

L∇h + 2ρ‖A‖2 min
1≤j≤K

‖∇Fj(xj)‖2
1

2

K∑
k=1

k−1/3 ≤ F1(x1)− F ∗ + (2ρ)−1L2
g. (4.20)

Now we observe that for all K ≥ 1

K∑
k=1

k−1/3 ≥
K∑
k=1

∫ k+1

k
x−1/3 dx =

∫ K+1

1
x−1/3 dx =

3

2

´

(K + 1)2/3 − 1
¯

≥ (K + 1)2/3 − 1 ≥ 1

2
K2/3,

where the final inequality can be checked numerically. Therefore, by substituting into (4.20),
we have

min
1≤j≤K

‖∇Fj(xj)‖2≤ 4
L∇h + (2ρ)‖A‖2

K2/3

´

F1(x1)− F ∗ + (2ρ)−1L2
g

¯

and so
min

1≤j≤K
‖∇Fj(xj)‖≤

C

K1/3
,

where C := 2
a

L∇h + (2ρ)‖A‖2
b

F1(x1)− F ∗ + (2ρ)−1L2
g. By combining this bound

with (4.8), and defining zj := proxλjg pAxjq for all j = 1, . . . , k, we obtain

min
1≤j≤k

dist(−∇h(xj), A
∗∂g(zj)) ≤ min

1≤j≤k
‖∇Fj(xj)‖≤

C

k1/3
, (4.21)

where we deduce from (2.5) that

‖Axj − zj‖≤
(2ρ)−1Lg

j1/3
∀j ≥ 1.

The second statement concerning surjectivity of A follows from the consideration made
in (4.10) to (4.12).

There is a mismatch between the two bounds in this theorem. The first bound (the
criticality bound) indicates that during the first k = O(ε−3) iterations, we will encounter
an iteration j at which the first-order optimality condition is satisfied within a tolerance of
ε. However, this bound could have been satisfied at an early iteration (that is, j � ε−3),
for which value the second (feasiblity) bound, on ‖Axj − proxλjg pAxjq ‖, may not be
particularly small. The next section describes an algorithm that remedies this defect.
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4.2.2 An epoch-wise approach

We describe a variant of Algorithm 4.2.1 in which the steps are organized into a series
of epochs, each of which is twice as long as the one before. We show that there is some
iteration j = O(ε−3) such that both dist(−∇h(xj), A

∗∂g(proxλjg pAxjq)) and ‖Axj −
proxλjg pAxjq ‖ are smaller than the given tolerance ε.

Algorithm 4.2.4 (Variable smoothing with epochs).
Require: x1 ∈ Rd and tolerance ε > 0;
for l = 0, 1, . . . do
Set Sl ←∞, Set jl ← 2l;
for k = 2l, 2l + 1, . . . , 2l+1 − 1 do
Set λk ← (2ρ)−1k−1/3, define Lk as in (4.15), set γk ← 1/Lk;
Set xk+1 ← xk − γk∇Fk(xk);
if ‖∇Fk+1(xk+1)‖≤ Sl then
Set Sl ← ‖∇Fk+1(xk+1)‖; Set jl ← k + 1;
if Sl ≤ ε and ‖Axk+1 − proxλk+1g

pAxk+1q ‖≤ ε then
STOP;

end if
end if

end for
end for

Theorem 4.2.5. Consider solving (4.1) using Algorithm 4.2.4, where h and g satisfy the
assumptions of Theorem 4.2.2 and F ∗ defined in (4.17) is finite. For a given tolerance
ε > 0, Algorithm 4.2.4 generates an iterate xj for some j = O(ε−3) such that

dist(−∇h(xj), A
∗∂g(zj)) ≤ ε and ‖Axj − zj‖≤ ε, where zj = proxλjg pAxjq .

Proof. As in (4.19), by using monotonicity of (Fk(xk))k≥1 and discarding nonnegative
terms, we have that for all l ≥ 1

2l+1−1∑
k=2l

γk
2
‖∇Fk(xk)‖2≤ F1(x1)− F ∗ + (2ρ)−1L2

g.

With the same arguments as in the earlier proof, we obtain

2l+1−1∑
k=2l

k−1/3 ≥
2l+1−1∑
k=2l

∫ k+1

k
x−1/3 dx =

∫ 2l+1

2l
x−1/3 dx =

3

2

´

(2l+1)
2/3 − (2l)

2/3
¯

=
3

2

´

22/3 − 1
¯

(2l)
2/3 ≥ 1

2
(2l)

2/3
.

Therefore, we have

min
2l≤j≤2l+1−1

‖∇Fj(xj)‖≤
C

(2l)
1/3

,
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with C defined as before, that is, C = 2
a

L∇h + (2ρ)‖A‖2
b

F1(x1)− F ∗ + (2ρ)−1L2
g.

Noting that zj := proxλjg pAxjq, we have as in (4.21) that

min
2l≤j≤2l+1−1

dist(−∇h(xj), A
∗∂g(zj)) ≤

C

(2l)
1/3

, (4.22)

as previously. Further, we have for 2l ≤ j ≤ 2l+1 − 1 that

‖Axj − zj‖≤ Lgλ ≤
(2ρ)−1Lg

j1/3
≤ (2ρ)−1Lg

(2l)
1/3

. (4.23)

From (4.22) and (4.23) we deduce that Algorithm 4.2.4 must terminate before the end
of epoch l, that is, before 2l+1 iterations have been completed, where l is the first non-
negative integer such that

2l ≥ max{C3, (2ρ)−3L3
g}ε−3.

Thus, termination occurs after at most 2 max{C3, (2ρ)−3L3
g}ε−3 iterations.

For the case of A surjective, we have the following stronger result.

Corollary 4.2.6. Suppose that the assumptions of Theorem 4.2.5 hold, that A is also
surjective, and that the condition ‖Axk+1−proxλk+1g

pAxk+1q ‖≤ ε in Algorithm 4.2.4 is
replaced by ‖xk+1 − x∗k+1‖≤ ε, for x∗j := xj − A†(Axj − proxλjg pAxjq). Then for some
j′ = O(ε−3), we have that

dist (−∇h(x∗j′), A
∗∂g(Ax∗j′)) ≤ ε

and ‖xj′ − x∗j′‖≤ ε.

Proof. With the considerations made in the previous proof as well as the one made
in (4.10) to (4.12), we can choose l to be the smallest positive integer such that

2l+1 ≥ 2 max{C3, σmin(A)−3L3
g(2ρ)−3}ε−3.

The claim then holds for some j′ ≤ 2l+1.

Although Algorithm 4.2.4 seems more complicated than Algorithm 4.2.1, the steps are
the same. The only difference is that for the second algorithm, we do not search for the
iterate that minimizes criticality across all iterations but only across at most the last
k/2 iterations, where k is the total number of iterations.
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4.3 Proximal gradient

Here we derive a complexity bound for the proximal gradient algorithm applied to the
more elementary problem (4.4) studied in Section 4.1.3, that is,

min
x∈Rd

F (x) := h(x) + g(x), (4.24)

for h : Rd → R a L∇h-smooth function and g : Rd → R∪{+∞} a possibly nonsmooth, but
proper, ρ-weakly convex and lower semicontinuous function. Such a bound has not been
made explicit before, to the authors’ knowledge, though it is a fairly straightforward
consequence of existing results. The bound makes a interesting comparison with the
result in Section 4.2, where the nonsmoothness issue becomes more complicated due to
the composition with a linear operator. In this section, we assume that a closed-form
proximal operator is available for g, and we show that the complexity bound of O(ε−2)
is the same order as for gradient descent applied to smooth nonconvex functions.
Standard proximal gradient for (4.24), given parameter γ ∈ (0,min{ρ−1/2, L−1

∇h}] and
initial point x1, is as follows:

xk+1 := arg min
x∈Rd

{
g(x) + 〈∇h(xk), x− xk〉+

1

2γ
‖x− xk‖2

}
, (4.25)

= proxγg pxk − γ∇h(xk)q , k = 1, 2, . . . ,

where the choice of γ ensures that the function to be minimized in (4.25) is (γ−1 − ρ)-
strongly convex, so that xk+1 is uniquely defined.
We have the following convergence result.

Theorem 4.3.1. Consider the algorithm defined by (4.25) applied to problem (4.24),
where we assume that g is ρ-weakly convex and that ∇h is Lipschitz continuous with
constant L∇h. Supposing that γ ∈ (0,min{ρ−1/2, L−1

∇h}], we have for all k ≥ 1 that

min
2≤j≤k+1

dist(0, ∂(h+ g)(xj)) ≤ k−1/2
a

2(F (x1)− F ∗) γ
−1 + L∇h
a

γ−1 − ρ
,

where F ∗ is defined in (4.17).

Proof. Note first that the result is vacuous if F ∗ = −∞, so we assume henceforth that
F ∗ is finite. We have for every x ∈ Rd that

g(xk+1) + h(xk) + 〈∇h(xk), xk+1 − xk〉+
1

2γ
‖xk+1 − xk‖2+

1

2
(γ−1 − ρ)‖x− xk+1‖2

≤ g(x) + h(xk) + 〈∇h(xk), x− xk〉+
1

2γ
‖x− xk‖2.

By applying the inequality

h(xk+1) ≤ h(xk) + 〈∇h(xk), xk+1 − xk〉+
1

2γ
‖xk+1 − xk‖2 for all x ∈ Rd,
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4.3 Proximal gradient

obtained from the Lipschitz continuity of ∇h and the fact that γ ≤ L−1
∇h, we deduce that

F (xk+1) +
1

2
(γ−1 − ρ)‖x− xk+1‖2≤ g(x) + h(xk) + 〈∇h(xk), x− xk〉+

1

2γ
‖x− xk‖2,

for every x ∈ Rd. By setting x = xk, we obtain

F (xk+1) +
1

2
(γ−1 − ρ)‖xk − xk+1‖2≤ F (xk),

which shows, together with the definition (4.17), that

∞∑
k=1

‖xk − xk+1‖2≤
2(F (x1)− F ∗)

γ−1 − ρ . (4.26)

From the optimality conditions for (4.25), we obtain

0 ∈ ∇h(xk) + ∂g(xk+1) + γ−1(xk+1 − xk)

which also shows that

wk+1 :=
1

γ
(xk − xk+1) +∇h(xk+1)−∇h(xk) ∈ ∂(h+ g)(xk+1), (4.27)

so that
‖wk+1‖2≤ (γ−1 + L∇h)

2‖xk − xk+1‖2.
By combining this bound with (4.26), we obtain

∞∑
k=1

‖wk+1‖2≤ 2(F (x1)− F ∗)(γ−1 + L∇h)
2

γ−1 − ρ ,

from which it follows that

min
1≤j≤k

‖wj+1‖≤
a

2(F (x1)− F ∗) (γ−1 + L∇h)
?
k
a

γ−1 − ρ
.

The result now follows from (4.27), when we note that

min
1≤j≤k

dist(0, ∂(h+ g)(xj+1)) ≤ min
1≤j≤k

‖wj+1‖.

This theorem indicates that the proximal gradient algorithm requires at most O(ε−2)
to find an iterate with ε-approximate stationarity. This bound contrasts with the bound
O(ε−3) of Section 4.2 for the case of general A. Moreover, the O(ε−2) bound has the
same order as the bound for gradient descent applied to general smooth nonconvex op-
timization.
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5 Convex-concave minimax problems

Motivated by the training of Generative Adversarial Networks (GANs), we study meth-
ods for solving minimax problems with additional nonsmooth regularizers. We do so
by employing monotone operator theory, in particular the Forward-Backward-Forward
(FBF) method, which avoids the known issue of limit cycling by correcting each update
by a second gradient evaluation. Furthermore, we propose a seemingly new scheme which
recycles old gradients to mitigate the additional computational cost. In doing so we re-
discover a known method, related to Optimistic Gradient Descent Ascent (OGDA). For
both schemes we prove novel convergence rates for convex-concave minimax problems via
a unifying approach. The derived error bounds are in terms of the gap function for the er-
godic iterates. For the deterministic and the stochastic problem we show a convergence
rate of O(1/k) and O(1/

?
k), respectively. We complement our theoretical results with

empirical improvements in the training of Wasserstein GANs on the CIFAR10 dataset.

5.1 About GANs

Generative Adversarial Networks (GANs) [43] have proven to be a powerful class of
generative models, producing for example unseen realistic images. Two neural networks,
called generator and discriminator, compete against each other in a game. In the special
case of a zero sum game this task can be formulated as a minimax problem.
Conventionally, GANs are trained using variants of (stochastic) Gradient Descent As-

cent (GDA) which are known to exhibit oscillatory behavior and thus fail to converge
even for simple bilinear saddle point problems, see [42]. We therefore propose the use of
methods with provable convergence guarantees for (stochastic) convex-concave minimax
problems, even though GANs are well known to not warrant these properties. Along sim-
ilar considerations an adaptation of the Extragradient method (EG) [54] for the training
of GANs was suggested in [40], whereas [33, 34, 58] studied Optimistic Gradient Descent
Ascent (OGDA) based on optimistic mirror descent [87,88]. We however investigate the
Forward-Backward-Forward (FBF) method [103] from monotone operator theory, which
uses two gradient evaluations per update, similar to EG, in order to circumvent the
aforementioned issues.
Instead of trying to improve GAN performance via new architectures, loss functions,

etc., we contribute to the theoretical foundation of their training from the point of view
of optimization.

Contribution. Establishing the connection between GAN training and monotone inclu-
sions [6] motivates to use the FBF method, originally designed to solve this type of
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5 Convex-concave minimax problems

problems. This approach allows to naturally extend the constrained setting to a regular-
ized one making use of the proximal operator.
We also propose a variant of FBF reusing previous gradients to reduce the computa-

tional cost per iteration, which turns out to be a known method, related to OGDA. By
developing a unifying scheme that captures FBF and a generalization of OGDA, we re-
veal a hitherto unknown connection. Using this approach we prove novel non asymptotic
convergence statements in terms of the minimax gap for both methods in the context
of saddle point problems. In the deterministic and stochastic setting we obtain rates of
O(1/k) and O(1/

?
k), respectively. Concluding, we highlight the relevance of our proposed

method as well as the role of regularizers by showing empirical improvements in the
training of Wasserstein GANs on the CIFAR10 dataset.

Organization. In Section 5.2 we highlight the connection of GAN training and monotone
inclusions and give an extensive review of methods with convergence guarantees for the
latter. The main results as well as a precise definition of the measure of optimality are
discussed in Section 5.3. Concluding, Section 5.4 illustrates the empirical performance
in the training of GANs as well as solving bilinear problems.

5.2 GAN training as monotone inclusion

The GAN objective was originally cast as a two-player zero-sum game (see [43]) between
the discriminator Dy and the generator Gx given by

min
x

max
y

Eρ∼q[log(Dy(ρ))] + Eζ∼p[log(1−Dy(Gx(ζ)))],

exhibiting the aforementioned minimax structure. Due to problems with vanishing gradi-
ents in the training of such models, a successful alternative formulation calledWasserstein
GAN (WGAN) [2] has been proposed. In this case the minimization tries to reduce the
Wasserstein distance between the true distribution q and the one learned by the gen-
erator. Reformulating this distance via the Kantorovich-Rubinstein duality leads to an
inner maximization over 1-Lipschitz functions which are approximated via neural net-
works, yielding the saddle point problem

min
x

max
y

Eρ∼q[Dy(ρ)]− Eζ∼p[Dy(Gx(ζ))].

5.2.1 Convex-concave minimax problems

Due to the observations made in the previous paragraph we study the following abstract
minimax problem

min
x∈Rd

max
y∈Rn

Ψ(x, y) := f(x) + Eξ∼Q rΦ(x, y; ξ)s− h(y), (5.1)

where the convex-concave coupling function Φ(x, y) := Eξ∼Q rΦ(x, y; ξ)s is differentiable
with L-Lipschitz continuous gradient. The proper, convex and lower semicontinuous
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5.2 GAN training as monotone inclusion

functions f : Rd → R ∪ {+∞} and h : Rn → R ∪ {+∞} act as regularizers. A solution
of (5.1) is given by a so-called saddle point (x∗, y∗) fulfilling for all x and y

Ψ(x∗, y) ≤ Ψ(x∗, y∗) ≤ Ψ(x, y∗).

In the context of two-player games this corresponds to a pair of strategies, where no
player can be better off by changing just their own strategy.
For illustrative purposes, we will restrict ourselves for now to the special case of the

deterministic constrained version of (5.1), given by

min
x∈X

max
y∈Y

Φ(x, y)

where f and h are given by indicator functions of nonempty, convex and closed sets X
and Y , respectively.

5.2.2 Minimax problems as monotone inclusions

If the coupling function Φ is convex-concave and differentiable then the necessary and
sufficient optimality condition can be written as a so-called monotone inclusion using

F (x, y) := (∇xΦ(x, y),−∇yΦ(x, y)) (5.2)

and the normal cone NΩ of the convex set Ω := X × Y . By denoting w = (x, y) ∈ Rm
where m = d+ n, it reads

0 ∈ F (w) +NΩ(w). (5.3)

The normal cone mapping is given by

NΩ(w) = {v ∈ Rm : 〈v, w′ − w〉 ≤ 0 ∀w′ ∈ Ω},

for w ∈ Ω and NΩ(w) = ∅ for w /∈ Ω. Here, the operators F and NΩ satisfy well known
properties from convex analysis [6], in particular the first one is monotone (and Lipschitz
if ∇Φ is so) whereas the latter one is maximal monotone. We call a, possibly set-valued,
operator A from Rm to itself monotone [6] if

〈u− u′, z − z′〉 ≥ 0 ∀u ∈ A(z), u′ ∈ A(z′).

We say A is maximal monotone, if there exists no monotone operator A′ such that the
graph of A is properly contained in the graph of A′.
Problems of type (5.3) have been studied thoroughly in convex optimization, with

the most established solution methods being Extragradient (aka Korpelevich) [54] and
Forward-Backward-Forward (aka Tseng) [103]. Both methods are known to generate
sequences of iterates converging to a solution of (5.3). Note that in the unconstrained
setting (i.e. if Ω is the entire space) both of these algorithms even produce the same
iterates.
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5.2.3 Solving monotone inclusions

The connection between monotone inclusions and saddle point problems is of course not
new. The application of Extragradient (EG) to minimax problems has been studied in
the seminal paper [71] under the name of Mirror Prox and a convergence rate of O(1/k)
in terms of the function values has been proven. Even a stochastic version of the Mirror
Prox algorithm has been studied in [51] with a convergence rate of O(1/

?
k). Applied to

problem (5.3), with PΩ being the projection onto Ω, it iterates

EG:
⌊
wk = PΩ[zk − αkF (zk)]
zk+1 = PΩ[zk − αkF (wk)].

The Forward-Backward-Forward (FBF) method has not been studied rigorously for min-
imax problems yet, despite promising applications in [24] and its advantage of it only
requiring one projection, whereas EG needs two. It is given by

FBF:
⌊
wk = PΩ[zk − αkF (zk)]
zk+1 = wk + αk(F (zk)− F (wk)).

(5.4)

Both, EG and FBF, have the “disadvantage” of needing two gradient evaluations per
iteration. A possible remedy — suggested in [40] for EG under the name of extrapolation
from the past — is to recycle previous gradients. In a similar fashion we introduce

FBFp:
⌊
wk = PΩ[zk − αkF (wk−1)]
zk+1 = wk + αk(F (wk−1)− F (wk)),

(5.5)

where we replaced F (zk) by F (wk−1) twice in (5.4). As a matter of fact, the above
method can be written exclusively in terms of the first variable wk by incrementing the
index k in the first update and then substituting in the second line. This results in

wk+1 = PΩ

”

wk − αk+1F (wk) + αk(F (wk−1)− F (wk))
ı

. (5.6)

This way we rediscover a known method which was studied in [66] for general monotone
inclusions under the name of forward-reflected-backward. It reduces to optimistic mirror
descent [87, 88] in the unconstrained case with constant stepsize αk = α, giving

wk+1 = wk − α(2F (wk)− F (wk−1)) (5.7)

which has been proposed for the training of GANs under the name of Optimistic Gradient
Descent Ascent (OGDA), see [33,34,58].
All of the above methods and extensions rely solely on the monotone operator formu-

lation of the saddle point problem where the two components x and y play a symmetric
role. Taking the special minimax structure into consideration, [46] showed convergence
of a method that uses an optimistic step (5.7) in one component and a regular gradient
step in the other, thus requiring less storing of past gradients in comparison to (5.6).
On the downside, however, by reducing the number of required gradient evaluations

per iteration, the largest possible stepsize is reduced from 1/L (see [54] or Section 5.3)
to 1/2L (see [40, 65, 66] or Section 5.3). To summarize, the number of required gradient
evaluations is halved, but so is the stepsize, resulting in no clear net gain.
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5.2.4 Regularizers

The role of regularizers is well studied in many fields such as statistics [100], signal
processing [81] or inverse problems [94]. They serve different purposes such as inducing
sparsity in the solution or conditioning of the problem. In the context of deep learning
this has been explored from different perspectives, e.g. in incremental convex neural
networks where neurons with zero weights are removed from the network and new ones
are inserted according to different policies, see [3, 10, 84,93].
In the framework of monotone operator theory the optimality condition of the regu-

larized minimax problem (5.1) can be written as

0 ∈ F (w) + ∂r(w), (5.8)

where r is given by (x, y) 7→ f(x) + h(y) and ∂r denotes its subdifferential, see Def-
inition 2.1.7. The monotone inclusion (5.8) generalizes (5.3) in a natural way, since
NΩ = ∂δΩ. In particular, the proximal mapping of the indicator δΩ yields the projection
onto the set Ω, i.e. proxλδΩ = PΩ.

5.3 Main results

Motivated by the considerations above we study the inclusion problem

0 ∈ F (w) + ∂r(w), (5.9)

where F : Rm → Rm is a monotone and Lipschitz operator and r : Rm → R ∪ {+∞} is
a proper, convex and lower semicontinuous function.

5.3.1 Measure of optimality

Typically in monotone inclusions, the distance to the set of solutions is used as a measure
of quality of a given point due to the lack of more specific structure in general. Asymptotic
convergence of the iterates has been established for FBF and FBFp in [6, Proposition
27.13] and [66], respectively. Furthermore, no convergence rates can be expected without
stronger monotonicity assumptions. We will therefore focus on the following gap function,
given for any w ∈ Rm by

sup
z∈Rm

〈F (z), w − z〉+ r(w)− r(z),

for which we will be able to prove quantitative convergence rates. If r is the indicator
δΩ of the compact and convex set Ω it is clear that the supremum is only taken over
z ∈ Ω and will thus be finite. Since the problem (5.9) is in general unconstrained and
the supremum can be infinite we consider instead, as done in e.g. [75], the restricted gap
where the above supremum is taken over an auxiliary compact set B ⊂ Rm instead of
the entire space.

GV IB (w) = sup
z∈B
〈F (z), w − z〉+ r(w)− r(z), (5.10)
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where we interpret the possible occurrence of ∞−∞ as +∞. Note that the restricted
gap is in general only a reasonable measure of optimality for elements of B.
If F arises from a saddle point problem (5.1) meaning that F has the form (5.2),

we want to use a more problem specific measure, the minimax gap, which for a point
w = (u, v) ∈ Rd × Rn is given by

GSPB = sup
(x,y)∈B

Ψ(u, y)−Ψ(x, v). (5.11)

In order to capture both at the same time we define the following unifying gap

GB(w) :=

{
sup(x,y)∈B Ψ(u, y)−Ψ(x, v) if F and r come from (5.1)
supz∈B 〈F (z), w − z〉+ r(w)− r(z) otherwise.

(5.12)

use the following (restricted) minimax gap, common for saddle point problems, which
for a point (u, v) is given by

GB(u, v) = sup
(x,y)∈B

Ψ(u, y)−Ψ(x, v).

For the general case, i.e. F being an arbitrary monotone and Lipschitz operator this is
connected to the other measure of optimality we use in (5.12), for w ∈ Rm given by It
stems from the field of Variational Inequalities where such a function is also known as
merit function [75]. The relevance of the above two quantities will be made clear by the
following statements.

Theorem 5.3.1. Let Φ : Rd × Rn → R be continuously differentiable and f : Rd →
R ∪ {+∞}, h : Rn → R ∪ {+∞} be proper, convex and lower semicontinuous and
B ⊂ Rd ×Rn. A point (x∗, y∗) in the interior of B solves the saddle point problem (5.1)
if and only if its minimax gap (5.11) is zero, GSPB (x∗, y∗) = 0. For all other elements of
B the gap is nonnegative.

Proof. A saddle point (x∗, y∗) clearly fulfills that sup(x,y)∈Rd×Rn Ψ(x∗, y)−Ψ(x, y∗) = 0.
On the other hand let GSPB (x∗, y∗) = 0. For an arbitrary point (x, y) we can choose
α ∈ (0, 1) large enough such that (u, v) := α(x∗, y∗) + (1 − α)(x, y) is in the interior of
B. Therefore,

Ψ(x∗, v)−Ψ(u, y∗) = Ψ(x∗, αy∗ + (1− α)y)−Ψ(αx∗ + (1− α)x, y∗) ≤ 0.

Using the convex-concave structure of Ψ we deduce that

αΨ(x∗, y∗) + (1− α)Ψ(x∗, y)− αΨ(x∗, y∗)− (1− α)Ψ(x, y∗) ≤ 0,

which implies that Ψ(x∗, y) ≤ Ψ(x, y∗). Since (x, y) was chosen arbitrary (x∗, y∗) is a
saddle point.

Similarly, an analogous statement can be shown for (5.10). The proof, however is split
up into multiple lemmas to highlight the connection to Variational Inequalities.
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Theorem 5.3.2. Let F : Rm → Rm be monotone and continuous, r : Rm → R ∪ {+∞}
proper, convex and lower semicontinuous and B ⊂ Rm. A point w∗ in the interior of B
solves the monotone inclusion

0 ∈ F (w) + ∂r(w) (5.13)

if and only if its restricted gap (5.10) is zero, GV IB (w∗) = 0. For all other elements of B
the gap is nonnegative.

Let the assumptions of Theorem 5.3.2 hold true for the following lemmas as we break up
the proof into separate statements. We do so by making use of the associated Variational
inequality (VI)

find w such that 〈F (w), z − w〉+ r(z)− r(w) ≥ 0 ∀z ∈ Rm. (5.14)

Lemma 5.3.3. The monotone inclusion (5.13) is equivalent to the VI (5.14).

Proof. The equivalence of (5.13) and (5.14) follows immediately from the definition of
the subdifferential of r.

The formulation (5.14) is typically referred to as the strong form of the VI, whereas

find w such that 〈F (z), z − w〉+ r(z)− r(w) ≥ 0 ∀z ∈ Rm, (5.15)

is known as the weak formulation.

Lemma 5.3.4. Under the given assumptions the notion of weak and strong VI are equiv-
alent.

Proof. For the monotone operator F it is clear that if w∗ is a solution to the strong
formulation (5.14), it is also a solution to the weak formulation (5.15). In fact, if F is
continuous the reverse implication also holds true. To see this, let w∗ be a solution to
the weak VI (5.15) and z = αw∗+ (1−α)u for an arbitrary u ∈ Rm and α ∈ (0, 1), then

〈F (αw∗ + (1− α)u), (1− α)(u− w∗)〉+ r(αw∗ + (1− α)u)− r(w∗) ≥ 0.

This implies by the convexity of r that

(1− α)〈F (αw∗ + (1− α)u), (u− w∗)〉+ (1− α)(r(u)− r(w∗)) ≥ 0.

By dividing by (1− α) and then taking the limit α→ 1 we obtain that w∗ is a solution
of the strong form (5.14).

With the notion of VIs in mind, the above defined gap (5.10) becomes natural as it
measures how much the statement of (5.15) is violated.

Lemma 5.3.5. GV IB is nonnegative on B and zero for solutions of the weak VI.
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Proof. It is clear that GV IB (w) ≥ 0 for w ∈ B as z = w can be chosen in the supremum.
On the other hand if w∗ ∈ B is a solution to the weak VI (5.15) then GV IB (w∗) = 0. This
follows from the fact that for a solution of (5.15) for all z ∈ B

〈F (z), w∗ − z〉+ r(w∗)− r(z) ≤ 0.

Therefore the supremum over the above expression in z is also less than zero, but clearly
zero is obtained for z = w∗.

For the reverse implication to hold true, we may not use points on the boundary of B.

Lemma 5.3.6. If a point w∗ in the interior of B exhibits zero gap GV IB (w∗) = 0, then it
is a solution to the weak VI (5.15).

Proof. Since w∗ is in the interior of B we can, for an arbitrary w ∈ Rm, choose α ∈ (0, 1)
large enough such that z := αw∗ + (1− α)w ∈ B. Using this z in the supremum of the
gap we deduce that

〈F (αw∗ + (1− α)w), w∗ − αw∗ − (1− α)w〉+ r(w∗)− r(αw∗ + (1− α)w) ≤ 0.

This implies that

(1− α)〈F (αw∗ + (1− α)w), w − w∗〉+ (1− α)(r(w)− r(w∗)) ≥ 0.

By dividing by (1 − α) and then taking the limit α → 1 we deduce that w∗ solves the
strong form of the VI (5.14).

Now, we can turn to proving the theorem.

Proof of Theorem 5.3.2. Combine Lemma 5.3.3, 5.3.4, 5.3.5 and 5.3.6.

5.3.2 Methods

We now present a novel unifying scheme for solving problem (5.9), which generalizes
FBF (5.4) and in addition recovers the method motivated in (5.5) as FBFp. Let us point
out again that the latter algorithm was already introduced in [66] and corresponds to
OGDA [33,34,87] if F stems from the minimax setting (5.2).

Algorithm 5.3.7 (generalized FBF). For a starting point z0 ∈ Rm and stepsizes αk > 0
we consider for all k ≥ 0 ⌊

wk = proxαkr pzk − αkF (♦k)q

zk+1 = wk + αk(F (♦k)− F (wk)).

For ♦k = zk this reduces to the well known FBF method, whereas ♦k = wk−1, with the
additional initial condition w−1 = z0, recycles previous gradients (FBFp).
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Consider the scenario where F is given as an expectation Eξ[F (· ; ξ)], e.g. coming
from (5.1), and only a stochastic estimator F (· ; ξ) is accessible instead of F itself. In
this case we adapt Algorithm 5.3.7 in the following way.

Algorithm 5.3.8 (generalized stochastic FBF). For a starting point z0 ∈ Rm and step-
sizes αk > 0 we consider for all k ≥ 0 ξk ∼ Q (optionally ηk ∼ Q)

wk = proxαkr pzk − αkF (♦k;4k)q

zk+1 = wk + αk(F (♦k;4k)− F (wk; ξk)).

For ♦k = zk and 4k = ηk this results in a stochastic version of FBF, whereas ♦k = wk−1

and 4k = ξk−1 recycles previous gradients (stochastic FBFp) with the additional initial
condition w−1 = z0 and ξ−1 = η0.

Even though both methods encompassed by the unifying scheme Algorithm 5.3.7 have
been studied in the deterministic setting before, the stated convergence results are new.
However, we want to point out that the stochastic version of FBFp has not been consid-
ered prior to this work.

5.3.3 Convergence

Let in the following B ⊂ Rm be the compact set of the restricted (unifying) gap func-
tion (5.12) with D := supw,z∈B‖z − w‖ denoting its diameter. For convenience in the
estimation we assume that the starting point z0 of the discussed methods is in B. Lastly,
all the convergence statement will be in terms of the averaged iterates, given for K ≥ 1
by

w̄K :=
1∑K−1

k=0 αk

K−1∑
k=0

αkwk.

Theorem 5.3.9 (deterministic). Let (wk)k≥0 be the sequence generated by Algorithm 5.3.7.
If

(i) FBF, i.e. ♦k = zk, with stepsize 0 < αk ≤ 1/L, or

(ii) FBFp, i.e. ♦k = wk−1, with stepsize 0 < αk ≤ 1/2L

is chosen, then for all K ≥ 1 the averaged iterates w̄K := 1
K

∑K−1
k=0 wk fulfill

GB(w̄K) ≤ D2

2
∑K−1

k=0 αk
.

where GB is the restricted gap defined in (5.12). For constant stepsize this results in a
convergence rate of O(1/k).

In order to derive similar convergence statements for the stochastic algorithm we need
to assume (standard) properties of the gradient estimator F (· ; ξ).
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Assumption 5.3.10. Unbiasedness: Eξ[F (w; ξ)] = F (w) ∀w ∈ Rm.

Assumption 5.3.11. Bounded variance: Eξ[‖F (w; ξ)− F (w)‖2] ≤ σ2 ∀w ∈ Rm.

In particular we actually only need the above assumption to hold for all iterates wk.
Such an hypothesis is in practice difficult to check, but could be exploited in special cases
where additional properties of the variance and boundedness of the iterates are known a
priori.

Assumption 5.3.12. The samples ξk are independent of the iterates wk, for all k ≥ 0.

Equipped with these assumptions we are now able to prove the statement.

Theorem 5.3.13 (stochastic). Let Assumption 5.3.10, 5.3.11 and 5.3.12 hold and let
(wk)k≥0 be the sequence generated by Algorithm 5.3.8. Then, with GB being the restricted
gap defined in (5.12):

(i) If stochastic FBF, i.e. ♦k = zk and 4k = ηk, with stepsize αk ≤ α < 1
L is chosen,

then

ErGB(w̄K)s ≤ D2 + 4(1− α2L2)
−1
σ2
∑K−1

k=0 α2
k

2
∑K−1

k=0 αk
.

(ii) If stochastic FBFp, i.e. ♦k = wk−1 and 4k = ξk−1, with stepsize αk ≤ α < 1
2

?
2L

,
is chosen, then

ErGB(w̄K)s ≤
D2 + 2

´

5 + 4α2L2

1−8α2L2

¯

σ2
∑K−1

k=0 α2
k

2
∑K−1

k=0 αk
.

Although, the stepsize in the above statements of Theorem 5.3.13 can be chosen ar-
bitrarily close to 1/L and 1/(2

?
2L) for stochastic FBF and stochastic FBFp, respectively.

This does not mean it should be — since the constant in the convergence rate deteriorates
when the stepsize is close to its allowed upper bound. The constants in the convergence
rate for stochastic FBF(p) can, however, be combined and simplified by restricting the
upper bound for the stepsizes α further. If α ≤ 1/

?
2L for FBF, or α ≤ 1/3L for FBFp,

then

ErGB(w̄K)s ≤ D2 + 18σ2
∑K−1

k=0 α2
k

2
∑K−1

k=0 αk
,

This statement exhibits a classical stepsize dependence [89], yielding convergence
for sequences (αk)k≥0 that are square summable

∑∞
k=0 α

2
k < +∞ but not summable∑∞

k=0 αk = +∞. Additionally, if the stepsize is chosen αk = α/
?
k + 1, a convergence

rate can be obtained and is given by

ErGB(w̄K)s = O
´ 1

?
K

¯

. (5.16)
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If the stepsize does not go to zero, the gap can usually not be expected to vanish either.
However, we can still show decrease in the gap up to a residual stemming from the
variance. In particular, for a constant stepsize αk = α we have

ErG(w̄K)s ≤ D2

2αK
+ 9σ2α. (5.17)

Additionally, if the number of iterations K is fixed beforehand, a conclusion similar
to (5.16) can be obtained by choosing α = 1/

?
K in (5.17).

5.3.4 Proofs

We introduce the notation connected to the strong formulation of the VI (5.14) associated
to the monotone inclusion (5.9), given by

g(w, z) := 〈F (w), w − z〉+ r(w)− r(z),
for g : Rm ×Rm → R ∪ {+∞}. Next we will establish the fact that this function can be
used to bound the (restricted) unifying gap function, which we remind, is defined as

GB(w) =

{
sup(x,y)∈B Ψ(u, y)−Ψ(x, v) if F is (5.2)
supz∈B 〈F (z), w − z〉+ r(w)− r(z) otherwise,

where in the first case (u, v) ∈ Rd × Rn is identified with w ∈ Rm. In particular the
dimensions fulfill d+ n = m, and r(w) is given by f(u) + h(v).

Lemma 5.3.14. It holds that for all K ≥ 1

sup
z∈B

{
1∑K−1

k=0 αk

K−1∑
k=0

αkg(wk, z)

}
≥ GB(w̄K).

Proof. First we will prove the case if F is derived from a saddle point problem. Note
that from the convex-concave structure of Φ we get that

Φ(u, y) ≤ Φ(u, v) + 〈∇yΦ(u, v), y − v〉
and

Φ(u, v) + 〈∇xΦ(u, v), x− u〉 ≤ Φ(x, v).

By summing the two up we obtain

Φ(u, y)− Φ(x, v) ≤
〈
−∇xΦ(u, v), x− u
∇yΦ(u, v), y − v

〉
.

We can reformulate the above inequality in terms of g to see that for z = (x, y) ∈ Rd×Rn

〈F (w), w − z〉 ≥ Φ(u, y)− Φ(x, v).

The statement of the first case is obtained by adding r(w)−r(z) on both sides and using
the fact that Ψ is convex-concave.
If F is a general monotone operator, then we use its monotonicity to deduce that

〈F (w), w − z〉 ≥ 〈F (z), w − z〉.
The desired result follows from using the linearity of the inner product.
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Notation. We denote the error of the stochastic estimator via

Zk := F (♦k;4k)− F (♦k) and Wk := F (wk; ξk)− F (wk). (5.18)

Furthermore, we will denote via Er · |U s, the conditional expectation with respect to the
random variable U .

A unified decrease result

We will start with a unifying proposition which covers the common parts of all conver-
gence proofs.

Proposition 5.3.15. For a γ > 0 we have for all k ≥ 0 and z ∈ Rm

αkErg(wk, z)s +
1

2
E‖zk+1 − z‖2

≤ 1

2
E‖zk − z‖2−

1

2
E‖zk − wk‖2+

1

2
(1 + γ)α2

kL
2E‖♦k − wk‖2+2(1 + γ−1)α2

kσ
2.

(5.19)

Proof. Let k ≥ 0 and z ∈ Rm be arbitrary. Using the decomposition (5.18) it follows
that

〈αkF (wk; ξk), wk − z〉 = αk〈Wk, wk − z〉+ αk〈F (wk), wk − z〉. (5.20)

Since, from the proximal operator wk + αk∂r(wk) = zk − αkF (♦k;4k) we deduce that

〈z − wk, wk − zk + αkF (♦k;4k)〉 ≥ αk(r(wk)− r(z)). (5.21)

Adding (5.20) and (5.21) gives that

〈αk(F (wk; ξk)− F (♦k;4k)) + zk − wk, wk − z〉 ≥ αk 〈Wk, wk − z〉+ αkg(wk, z),

which, using the definition of zk+1, is equivalent to

〈z − wk, zk+1 − zk〉 ≥ αk〈Wk, wk − z〉+ αkg(wk, z). (5.22)

We estimate the inner product on the left side of the inequality by inserting and sub-
tracting zk and using the three point identity twice to deduce

〈z − wk, zk+1 − zk〉 = 〈z − zk + zk − wk, zk+1 − zk〉

=
1

2

`

‖z − zk‖2−‖zk+1 − z‖2+‖zk+1 − wk‖2−‖zk − wk‖2
˘

.
(5.23)

The first two summands are fine as they will telescope, so we are left with estimating
‖zk+1 − wk‖2. By the definition of zk+1 we have that

‖zk+1 − wk‖2 = α2
k‖F (♦k;4k)− F (wk; ξk)‖2

= α2
k‖F (♦k)− F (wk) + Zk −Wk‖2

≤ (1 + γ)α2
k‖F (♦k)− F (wk)‖2+(1 + γ−1)α2

k‖Zk −Wk‖2

≤ (1 + γ)α2
kL

2‖♦k − wk‖2+2(1 + γ−1)α2
k(‖Zk‖2+‖Wk‖2),

(5.24)
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where we inserted and subtracted F (♦k) and F (wk) and applied Young’s inequality to
deduce. Adding (5.24), (5.23) and (5.22) we deduce that

αkg(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2−

1

2
‖zk − wk‖2+

1

2
(1 + γ)α2

kL
2‖♦k − wk‖2

+ αk 〈Wk, z − wk〉+ (1 + γ−1)α2
k(‖Wk‖2+‖Zk‖2).

Taking the expectation Er·s and using the bounded variance assumption of the estimators
yields

αkErg(wk, z)s +
1

2
E‖zk+1 − z‖2

≤ 1

2
E‖zk − z‖2−

1

2
E‖zk − wk‖2+

1

2
(1 + γ)α2

kL
2E‖♦k − wk‖2+2(1 + γ−1)α2

kσ
2,

where we used that

Er〈Wk, z − wk〉s = E
”

Er〈Wk, z − wk〉 |wks

ı

= E
”

〈ErWk |wks, z − wk〉
ı

= Er0s = 0,

since
ErWk |wks = ErF (wk; ξk)− F (wk) |wks

(∗)
= F (wk)− F (wk) = 0.

Here, (∗) holds because of the independence and unbiasedness, see Assumption 5.3.12
and 5.3.10, respectively.

Forward-Backward-Forward

Proof for deterministic FBF, Theorem 5.3.9 (i). We start off by plugging♦k = zk into (5.19).
Since σ = 0 we can discard the expectations and use γ → 0 to deduce that for all k ≥ 0

αkg(wk, z) +
1

2
‖zk+1 − z‖2≤

1

2
‖zk − z‖2−

1

2
(1− α2

kL
2)‖zk − wk‖2.

From this it is clear that the stepsize is constrained by α ≤ 1/L as stated in the theorem.
By summing up from k = 0 to K − 1 and dividing by

∑K−1
k=0 αk we obtain

1∑K−1
k=0 αk

K−1∑
k=0

αkg(wk, z) ≤
‖z0 − z‖2

2
∑K−1

k=0 αk
.

The claimed statement is then derived by taking the supremum in z over B and applying
Lemma 5.3.14.

Proof for stochastic FBF, Theorem 5.3.13 (i). Plugging♦k = zk and4k = ηk into (5.19)
gives for all k ≥ 0

αkErg(wk, z)s +
1

2
E‖zk+1 − z‖2

≤ 1

2
E‖zk − z‖2−

1

2
(1− (1 + γ)α2

kL
2)E‖zk − wk‖2+2(1 + γ−1)α2

kσ
2.
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By choosing γ such that α = (
?

1 + γL)
−1 we deduce that 1+γ−1 = 1/(1−α2L2). Next,

we sum up and divide by
∑K−1

k=0 αk to obtain

E

«

1∑K−1
k=0 αk

K−1∑
k=0

αkg(wk, z)

ff

≤ E‖z0 − z‖2+4(1− α2L2)
−1
σ2
∑K−1

k=0 α2
k

2
∑K−1

k=0 αk
.

The final statement follows by taking the supremum in z overB and applying Lemma 5.3.14.

Forward-backward-forward-past

Proof for deterministic FBFp, Theorem 5.3.9 (ii). We start off by plugging ♦k = zk
into (5.19). Since σ = 0 we can ignore the expectations and use γ → 0 to conclude
that for all k ≥ 0

αkg(wk, z) +
1

2
‖zk+1 − z‖2≤

1

2
‖zk − z‖2−

1

2
‖zk − wk‖2+

1

2
α2
kL

2‖wk−1 − wk‖2. (5.25)

Now we need to bound the term ‖wk−1 − wk‖2 by ‖zk − wk‖2. Since

2‖zk − wk‖2+2‖zk − wk−1‖2≥ ‖wk − wk−1‖2 (5.26)

we have for all k ≥ 1

‖zk − wk‖2 ≥ −‖zk − wk−1‖2+
1

2
‖wk−1 − wk‖2

≥ −α2
k−1L

2‖wk−1 − wk−2‖2+
1

2
‖wk−1 − wk‖2

(5.27)

whereas for k = 0, since w−1 = z0, we have that

‖z0 − w0‖2= ‖w−1 − w0‖2. (5.28)

Plugging (5.28) into (5.25) for k = 0 we get that

α0g(w0, z) +
1

2
‖z1 − z‖2+

1

2
(1− α2

0L
2)‖w0 − w−1‖2≤

1

2
‖z0 − z‖2. (5.29)

Plugging (5.27) into (5.25) we get that for all k ≥ 1

αkg(wk, z) +
1

2
‖zk+1 − z‖2+

1

2

ˆ

1

2
− α2

kL
2

˙

‖wk − wk−1‖2

≤1

2
‖zk − z‖2+

1

2
α2
k−1L

2‖wk−1 − wk−2‖2.
(5.30)

In order to be able to telescope we need to ensure that for all k ≥ 0

ˆ

1

2
− α2

kL
2

˙

≥ α2
kL

2.
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This is equivalent to the condition αk ≤ 1/2L which was required in the statement of the
theorem. Now we sum up (5.30) from k = 1 to K − 1 which yields

K−1∑
k=1

αkg(wk, z) +
1

2
‖zK − z‖2+

1

2

ˆ

1

2
− α2

K−1L
2

˙

‖wK−1 − wK−2‖2

≤ 1

2
‖z1 − z‖2+

1

2
α2

0L
2‖w0 − w−1‖2.

(5.31)

Adding (5.31) and (5.29) and dividing by
∑K−1

k=0 αk to deduce

1∑K−1
k=0 αk

K−1∑
k=0

αkg(wk, z) ≤
‖z0 − z‖2

2
∑K−1

k=0 αk
,

where we used that 1 − α2
0L

2 ≥ α2
0L

2 to get rid of ‖w0 − w−1‖2. The final statement
follows by taking the supremum in z over B and applying Lemma 5.3.14.

Proof for stochastic FBFp, Theorem 5.3.13 (ii). By using♦k = wk−1 we deduce from (5.19)
for all k ≥ 0 that

αkErg(wk, z)s +
1

2
E‖zk+1 − z‖2

≤ 1

2
E‖zk − z‖2−

1

2
E‖zk − wk‖2+

1

2
(1 + γ)α2

kL
2E‖wk−1 − wk‖2+2(1 + γ−1)α2

kσ
2.

(5.32)
Let from now on k ≥ 1 as we will treat the case k = 0 separately. Using (5.26) we deduce
that

‖zk − wk‖2 ≥ −‖zk − wk−1‖2+
1

2
‖wk−1 − wk‖2

≥ −α2
k−1‖F (wk−1; ξk−1)− F (wk−2; ξk−2)‖2+

1

2
‖wk−1 − wk‖2.

(5.33)

Now we bound the difference of the two estimators by inserting ±F (wk−1), ±F (wk−2)
and applying the inequality ‖a+ b+ c‖2 ≤ 3(‖a‖2 + ‖b‖2 + ‖c‖2) which yields

‖F (wk−1; ξk−1)− F (wk−2; ξk−2)‖2

≤ 3‖Wk−1‖2+3‖Wk−2‖2+3‖F (wk−2)− F (wk−1)‖2.

We conclude that

E
“

‖F (wk−1; ξk−1)− F (wk−2; ξk−2)‖2
‰

≤ 6σ2 + 3L2E‖wk−1 − wk−2‖2. (5.34)

Using (5.34) in (5.33) we deduce that

E‖zk − wk‖2≥ −α2
k−1(6σ2 + 3L2E‖wk−1 − wk−2‖2) +

1

2
E‖wk−1 − wk‖2, (5.35)
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whereas for k = 0 we have (5.28). Now we plug (5.35) into (5.32) to conclude that

αkErg(wk, z)s +
1

2
E‖zk+1 − z‖2+

1

2

ˆ

1

2
− (1 + γ)α2

kL
2

˙

E‖wk − wk−1‖2

≤ 1

2
E‖zk − z‖2+

1

2
3α2

k−1L
2E‖wk−1 − wk−2‖2+(2(1 + γ−1)α2

k + 3α2
k−1)σ2.

(5.36)

From this we conclude that in order to be able to telescope we need to enforce
ˆ

1

2
− (1 + γ)α2

kL
2

˙

≥ 3α2
kL

2,

which is equivalent to
1

2(4 + γ)
≥ α2

kL
2.

Since αk ≤ α, we can ensure this by choosing γ such that

1

2(4 + γ)
= α2L2. (5.37)

With (5.37) in place we sum (5.36) from k = 1 to K − 1 to deduce that

K−1∑
k=1

αkErg(wk, z)s +
1

2
E‖zK − z‖2+

1

2

ˆ

1

2
− (1 + γ)α2

K−1L
2

˙

E‖wK−1 − wK−2‖2

≤ 1

2
E‖z1 − z‖2+

1

2
3α2

0L
2‖w0 − w−1‖2+(5 + 2γ−1)σ2

K−1∑
k=1

α2
k + 3σ2α2

0,

(5.38)
whereas for k = 0 we have

α0Erg(w0, z)s+
1

2
E‖z1−z‖2+

1

2
(1−(1+γ)α2

0L
2)E‖w0−w−1‖2≤

1

2
‖z0−z‖2+2(1+γ−1)α2

0σ
2.

(5.39)
Combining (5.38) and (5.39) and using the fact that 3α2

0L
2 ≤ 1−(1+γ)α2

0L
2 from (5.37)

to discard the ‖w0 − w−1‖2 term, yields

K−1∑
k=0

αkErg(wk, z)s ≤ 1

2
‖z0 − z‖2+(5 + 2γ−1)σ2

K−1∑
k=0

α2
k. (5.40)

Through (5.37), we can estimate

1

γ
=

2α2L2

1− 8α2L2
. (5.41)

Plugging (5.41) into (5.40), dividing by
∑K−1

k=0 αk taking the supremum in z over B and
applying Lemma 5.3.14, deduces the final statement.
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5.4 Experiments

Due to the theoretical nature of this work, the aim of this section is rather to validate the
results on standard examples and not to strive to achieve new state-of-the-art results.
Instead we simply aim to show how the use of methods with convergence guarantees,
albeit only in the monotone setting, can yield better training performance.

5.4.1 2D toy example

Following [40,42,68] we consider the canonical example minx maxy xy, which illustrates
the cycling behavior of (even bilinear) minimax problems, and augment this approach
by adding a nonsmooth L1-regularizer for one player, resulting in

min
x∈R

max
y∈[−1,1]

κ|x|+xy, (5.42)

with κ > 0.
Figure 5.1 highlights the aforementioned issue of GDA (and its proximal extension

PGDA) cycling around the solution. The other methods, for which we display the av-
eraged iterates, however do converge to a solution and show a decrease in the restricted
gap according to theory. Even though the proximal steps provide improvement towards
the solution (0, 0) and FBF only uses half the amount of evaluations compared to EG,
it outperforms the competing algorithms.
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(a) Trajectories converging to solution.
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(b) Restricted gap function.

Figure 5.1: A comparison of the methods presented in Section 5.2.3 applied to prob-
lem (5.42) with κ = 0.01. PGDA denotes (alternating) gradient descent
ascent with proximal steps. As mentioned in the introduction it fails to con-
verge. EGp denotes the method presented in [40] as extrapolation from the
past. For the restricted gap we use B1 = B2 = [−1, 1].
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5.4.2 WGAN trained on CIFAR10

In this section we apply the above proposed techniques from monotone inclusions to the
training of Wasserstein GANs making use of the DCGAN architecture [85]. All models
are trained on the CIFAR10 dataset [55] which consists of 60,000 images in 10 different
classes (with 50,000 training images and 10,000 test images) using an NVIDIA RTX
2080Ti GPU.
We choose to work with the original WGAN formulation including weight clipping,

since it includes regularizers innately (the indicator of a box for the weights of the dis-
criminator). Although more recent models like ones for example based on ResNet [47]
or SAGAN [109] architectures provide better overall performance, they usually do not
warrant the use of regularizers. We do this to highlight the difference between FBF and
EG, as without projections or proximal steps they are equivalent and their relevance
including state-of-the-art architectures has already been shown [29,40].
In addition we propose a modification of the WGAN formulation which replaces the

box constraint on the discriminator’s weights with an L1-regularization, under the name
ofWGAN-L1. This results in a soft-thresholding operation instead of the “harsh” clipping.

Inception Score (IS) Fréchet Inception Distance (FID)

clip prox clip proxMethod
AltAdam1 4.12±0.06 4.43±0.03 56.44±0.62 50.86±2.17
Extra Adam 4.07±0.05 4.67±0.11 56.67±0.61 47.24±1.21
FBF Adam 4.54±0.04 4.68±0.16 45.85±0.35 46.60±0.76
Optimistic Adam 4.35±0.06 4.63±0.13 50.41±0.46 47.98±1.49

Table 5.1: The best Inception Score (IS) and Fréchet Inception Distance (FID), aver-
aged over 5 runs. The column denoted by clip refers the standard formulation
WGANs where the weights of the discriminator are clipped after every gradient
step to enforce the box constraint, whereas prox refers alternative implemen-
tation using the 1-norm of the weights for regularization. The latter provides
improvement throughout all considered methods. For both formulations, the
FBF method (with Adam update) yields the best results (higher IS and lower
FID).

Given the ubiquity and dominance of Adam [52] as an optimizer for many deep learning
related training tasks, instead of using vanilla SGD we opt for Adam updates. This
results in a method we call FBF Adam. Analogous approaches have been applied in [40]
and [33] resulting in Extra Adam and Optimistic Adam, respectively. We compare the
aforementioned methods with the status-quo in GAN training, namely alternating one
Adam step for each network: AltAdam1.
Our hyperparameter search was limited to the stepsizes when using the WGAN-L1

formulation, while all other parameters were kept the same as in [24, 40]. It seems
noteworthy that in the case of soft-thresholding bigger stepsizes performed better with
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the only exception of AltAdam1.

Figure 5.2: Left: Mean and standard deviation of the IS averaged over 5 runs on the
WGAN objective with weight clipping. Middle: Samples from the DCGAN
generator trained with the WGAN-L1 objective using the FBF method with
Adam updates. Right: Mean and standard deviation of the IS averaged over
5 runs on the WGAN-L1 objective using the proximal operator; The WGAN-
L1 objective improves the IS in comparison to weight clipping and stabilizes
the behavior of all considered methods during the training procedure. The
advantage of using FBF Adam is most pronounced in the case of weight
clipping.

The two evaluation metrics used are the Inception Score (IS) [95] and the Fréchet
inception distance (FID) [48], both computed on 50,000 samples. In the case of the IS
we use the updated and corrected implementation from [5]. All results are averaged over
5 runs for each method.
Table 5.1 reports the best IS and FID for each method. FBF Adam outperforms all

considered competitors with respect to both evaluation metrics with the most significant
difference for WGAN with weight clipping (“clip”). One can also see that WGAN-L1
using the proximal operator (“prox”) improves the performance of all considered methods,
decreasing the absolute and relative differences. Note that the results with WGAN-L1 are
comparable for the three methods with underlying convergence guarantees in the convex-
concave case. Figure 5.2 shows the training progress regarding IS for each method and
both problem formulations. The graphs suggest that making use of WGAN-L1 objective
has a stabilizing effect during training leading to a smoother and more consistent learning
curve — a property that only FBF Adam seems to exhibit for weight clipping.
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6 Weakly convex-concave minimax problems

Minimax problems of the form minx maxy Ψ(x, y) have attracted increased interest largely
due to advances in machine learning, in particular generative adversarial networks. These
are typically trained using variants of stochastic gradient descent for the two players. Al-
though convex-concave problems are well understood with many efficient solution meth-
ods to choose from, theoretical guarantees outside of this setting are sometimes lacking
even for the simplest algorithms. In particular, this is the case for alternating gradient
descent ascent, where the two agents take turns updating their strategies. To partially
close this gap in the literature we prove a novel global convergence rate for the stochastic
version of this method for finding a critical point of g(·) := maxy Ψ(·, y) in a setting
which is not convex-concave.

6.1 Introduction

We investigate the alternating proximal gradient descent ascent (GDA) method for
weakly convex-(strongly) concave saddle point problems, given by

min
x∈Rd

max
y∈Rn

{
Ψ(x, y) := f(x) + Φ(x, y)− h(y)

}
(6.1)

for a weakly convex-concave coupling function Φ : Rd×Rn → R and proper, convex and
lower semicontinuous regularizers h : Rn → R ∪ {+∞} and f : Rd → R ∪ {+∞}, see
Assumption 6.3.1, 6.3.3 and 6.4.1 for details.
Nonconvex-concave saddle point problems have received a great deal of attention in the

recently due to their application in adversarial learning [98], learning with nondecompos-
able losses [39,107], and learning with uncertain data [31]. Additionally, albeit typically
resulting in intricate nonconvex-nonconcave objectives, the large interest in generative
adversarial networks (GANs) [2, 43] has led to the studying of saddle point problems
under different simplifying assumptions [4, 12,33,40,60].
In the nonconvex-concave setting inner loop methods have received much of the at-

tention [53, 60, 70, 80, 99] with them obtaining the best complexity results in this class,
see Table 6.1. Despite superior theoretical performance these methods have not been as
popular in practice, especially in the training of GANs where single loop methods are still
state-of-the-art [4, 33, 40, 41, 43, 49, 62]. The simplest approach is given by simultaneous
GDA, which, for a smooth coupling function Φ and stepsizes ηx, ηy > 0, reads as:

(simultaneous)
⌊
x+ = x− ηx∇xΦ(x, y)
y+ = y + ηy∇yΦ(x, y).
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After the first step of this method, however, more information is already available, which
can be used in the update of the second variable, resulting in

(alternating)
⌊
x+ = x− ηx∇xΦ(x, y)
y+ = y + ηy∇yΦ(x+, y).

It has been widely known that the alternating version of GDA has many favorable con-
vergence properties of the simultaneous one [4, 41, 106]. We are naturally interested in
— and will give an affirmative answer to the question:

Does stochastic alternating GDA have nonasymptotic convergence
guarantees for nonconvex minimax problems?

This might seem surprising as it has been sufficiently demonstrated [12, 40, 42, 68] that
either version of GDA fails to converge if equal stepsizes are used. We therefore want
to point out the importance of the two-time-scale approach which was also emphasized
in [48,60].

Optimality. For convex-concave minimax problems, the notion of solution is simple. We
aim to find a so-called saddle point (x∗, y∗) ∈ Rd ×Rn satisfying for all (x, y) ∈ Rd ×Rn

Ψ(x∗, y) ≤ Ψ(x∗, y∗) ≤ Ψ(x, y∗). (6.2)

For convex-concave problems this notion is equivalent to the first order optimality con-
dition

ˆ

0
0

˙

∈
ˆ

∇xΦ(x∗, y∗)
−∇yΦ(x∗, y∗)

˙

+

ˆ

∂f(x∗)
∂h(y∗)

˙

. (6.3)

Similarly to the nonconvex single objective optimization where one cannot expect to find
global minima, if the minimax problem is not convex-concave the notion of saddle point
is too strong. So one natural approach is to focus on conditions such as (6.3), as done
in [64,78,106]. However, treating the two components in such a symmetric fashion might
not seem fitting since in contrast to the convex-concave problem minx maxy 6= maxy minx.
Instead we will focus, in the spirit of [60,86,99], on the stationarity of what we will refer
to as the max function given by

ϕ(x) := max
y∈Rn

Φ(x, y)− h(y), where ϕ : Rd → R. (6.4)

This makes sense from the point of view of many practical applications. Problems arising
from adversarial learning can be formulated as minimax, but typically only x, which
corresponds to the classifier is relevant as y is adversarial noise. Similarly, for GANs,
one is typically only interested in the generator and not the discriminator. See Table 6.1
for a comparison of other methods using the same notion of optimality. Note that it is
possible to move from one notion of optimality to the other [60], but as both directions
are typically associated with additional computational effort a comparison is not trivial
and out of scope of this work.
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Table 6.1: The gradient complexity of algorithms for nonconvex-(strongly) concave min-
imax problems and their convergence rates for (near) stationarity of the max
function. ε is the tolerance and κ > 0 is the condition number.

Nonconvex-Strongly Concave Nonconvex-Concave single
Deterministic Stochastic Deterministic Stochastic loop

[86] Õ(κ2ε−2) Õ(κ3ε−4) Õ(ε−6) Õ(ε−6) 7

[99, 110] – – Õ(ε−3) – 7

[61, 80] Õ(
?
κε−2) – Õ(ε−3) – 7

[60] O(κ2ε−2) O(κ3ε−4) O(ε−6) O(ε−8) X

this work O(κ2ε−2) O(κ3ε−4) O(ε−6) O(ε−8) X

Contributions. We prove novel convergence rates for alternating gradient descent ascent
for nonconvex-(strongly) concave minimax problems in a deterministic and stochastic
setting. For deterministic problems, [106] has proved convergence rates for alternating
GDA in terms of the criticality of Φ while we use the max function ϕ, see (6.4), instead.
Our results are also more general than e.g. [60,61,110] in the sense that they require Φ to
be smooth in the first component wheres we only require weak convexity, similar to [86].
Furthermore, we allow for our method to include possibly nonsmooth regularizers, similar
to [86,110], which captures and extends the common constraint setting.

6.1.1 Related literature

For the purpose of this paper we separate the nonasymptotic study of minimax problems
into the following domains.

Convex-concave. For convex-concave problems historically the extra-gradient and the
forward-backward-forward method have been known to converge. For the former even
a rate of O(ε−1) has been proven in [71] under the name of mirror-prox. Both of these
methods suffer from the drawback of requiring two gradient evaluations per iteration.
This has led to the development fo methods such as optimistic GDA [33, 34] or [12, 40,
46, 66] which use past gradients to reduce the need of gradient evaluations to one per
iteration. In all of these cases, however, convergence guarantees typically do not go
beyond the convex-concave setting. Nevertheless, these methods have been employed
successfully in the GAN setting [12,33,40].

Nonconvex-concave with inner loops. Approximating the max function by running mul-
tiple iterations of a solver on the second component or convexifying the problem by
adding a quadratic term and then solving the convex-concave problem constitute natural
approaches [61,78,86,99,110]. Such methods achieve the best known rates [61,80,99,110]
in this class. However, they are usually quite involved and have for the most part not
been used in deep learning applications.
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Nonconvex-concave with single loop. While these methods have received some atten-
tion in the training of GANs [12,33,40] most of the theoretical statement are for convex-
concave problems. In the nonconvex setting only two methods have been studied. Previ-
ous research, see [60,64], has focused on the simultaneous version of the gradient descent
ascent algorithm where both components are updated at the same time. The only other
work which focuses on alternating GDA is [106]. Their results are in terms of stationarity
of Φ and they do not treat the stochastic case. Note that our work is most similar to [60]
where the same notion of optimality is used and similar rates to our are obtained for
simultaneous GDA.

Others. Clearly the above categories do not cover the entire field. However, other set-
tings have not received as much attention. Only [106] treats (strongly) convex-nonconcave
problems and proves convergence rates similar to the nonconvex-(strongly) concave set-
ting. In [102] a special stochastic nonconvex-linear problem with regularizers is solved
via a variance reduced single loop method with a significantly improved rate over the
general nonconvex-concave problem.
The most general setting out of all the aforementioned ones is discussed in [59, 62,

67], namely the weakly convex-weakly concave setting. They use however, a weaker
notion of optimality related to the Minty variational inequality formulation. We also
only mentioned (sub)gradient methods, but the restrictive assumption that the proximal
operator of a component can be evaluated has been considered as well [53].

6.2 Preliminaries

As mentioned in the earlier we will consider optimality in terms of the max function for
any x ∈ Rd given by ϕ(x) := maxy∈Rn ψ(x, y), for ψ(x, y) := Φ(x, y)− h(y) as mapping
from Rd × Rn to R ∪ {−∞}. Similarly, we also need the regularized max function

g := ϕ+ f, where g : Rd → R ∪ {+∞}.

In the remainder of the section we will focus on the necessary preliminaries connected to
the weak convexity of the max function in the nonconvex-concave setting, see Section 6.3.

6.2.1 About the stochastic setting

We discuss the stochastic version of problem (6.1) where the coupling function Φ is
actually given as an expectation, i.e.

Φ(x, y) = Eξ∼D rΦ(x, y; ξ)s ∀(x, y) ∈ Rd × Rn

and we can only access independent samples of the gradient ∇xΦ(x, y; ξ) (or subgradient)
and ∇yΦ(x, y; ζ), where ξ and ζ are drawn from the (in general unknown) distribution
D.
We require the following standard assumption with respect to these stochastic gradient

estimators.

78



6.3 Nonconvex-concave objective

Assumption 6.2.1 (unbiased). The stochastic estimator of the gradient is unbiased, i.e.
for all (x, y) ∈ Rd × Rn

Er∇Φ(x, y; ξ)s = ∇Φ(x, y),

or in the case of subgradients

E
”

gξ
ı

∈ ∂[Φ(·, y)](x), where gξ ∈ ∂[Φ(·, y; ξ)](x).

Assumption 6.2.2 (bounded variance). The variance of the estimator is uniformly
bounded, i.e. for all (x, y) ∈ Rd × Rn

E
“

‖∇xΦ(x, y; ξ)−∇xΦ(x, y)‖2
‰

≤ σ2 and E
“

‖∇yΦ(x, y; ξ)−∇yΦ(x, y)‖2
‰

≤ σ2,
(6.5)

for a variance σ2 ≥ 0. In the setting of Section 6.3 where Φ is not necessarily smooth in
the first component, we make the analogous assumption for subgradients, i.e.

E
„∥∥∥gξ − E

”

gξ
ı∥∥∥2



≤ σ2 (6.6)

for a stochastic subgradient gξ ∈ ∂[Φ(·, y; ξ)](x).

6.2.2 The algorithm

Since we cover different settings such as smooth or not, deterministic and stochastic we
try to formulate a unifying scheme.

Algorithm 6.2.3 (proximal alternating GDA). Let (x0, y0) ∈ Rd × Rn and stepsizes
ηx, ηy > 0. Consider the following iterative scheme

(∀k ≥ 0)

⌊
xk+1 = proxηxf pxk − ηxGx(xk, yk)q

yk+1 = proxηyh pyk + ηyGy(xk+1, yk)q ,

where Gx and Gy will be replaced by the appropriate (sub)gradient and its estimator in
the deterministic and stochastic setting, respectively.

6.3 Nonconvex-concave objective

In this section we treat the case where the objective function is weakly convex in x, but
not necessarely smooth, and concave and smooth in y. This will result in a weakly convex
max function whose Moreau envelope we will study for criticality.

6.3.1 Assumptions

While the first assumption concerns general setting of this section, i.e. weakly convex-
concave, the latter assumptions are more of a technical nature.
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Assumption 6.3.1. The coupling function Φ is

(i) concave and L∇Φ-smooth in the second component uniformly in the first one, i.e.

‖∇yΦ(x, y)−∇yΦ(x, y′)‖≤ L∇Φ‖y − y′‖ ∀x ∈ Rd ∀y, y′ ∈ Rn.

(ii) ρ-weakly convex in the first component uniformly in the second one, i.e.

Φ(·, y) +
ρ

2
‖·‖2 is convex for all y ∈ Rn.

Assumption 6.3.1 is fulfilled if e.g. Φ is L∇Φ-smooth jointly in both components, i.e.

‖∇Φ(x, y)−∇Φ(x′, y′)‖≤ L∇Φ‖(x, y)− (x′, y′)‖ ∀x, x′ ∈ Rd ∀y, y′ ∈ Rn,

in which case (ii) holds with ρ = L∇Φ.
The next assumption is a classical technical assumption nonconvex optimization.

Assumption 6.3.2. The function g is lower bounded, i.e. infx∈Rd g(x) > −∞.

In Section 6.3 we will actually need to bound the Moreau envelope gλ, but these two
conditions are in fact equivalent as for all x ∈ Rd and any λ ∈ (0, ρ−1)

gλ(x) = inf
u∈Rd

{
g(u) +

1

2λ
‖x− u‖2

}
≥ inf

u∈Rd
g(u)

and conversely

gλ(x) = inf
u∈Rd

{
g(u) +

1

2λ
‖x− u‖2

} u=x
≤ g(x).

We also want to point out that this assumption is weaker than the lower boundedness
of Ψ, which is usually required if stationary points of the type (6.3) are used, see for
example [64].

Assumption 6.3.3. Φ is L-Lipschitz in the first component uniformly over domh in
the second one, i.e.

‖Φ(x, y)− Φ(x′, y)‖≤ L‖x− x′‖ ∀x, x′ ∈ Rd ∀y ∈ domh.

Assumption 6.3.4. The regularizers f and h are proper, convex and lower semicontin-
uous.

(i) Additionally, f is either Lf -Lipschitz continuous on its domain, which is assumed
to be open, or the indicator of a nonempty, convex and closed set. Either of those
assumptions guarantees for any γ > 0 the bound

‖proxγf pxq− x‖≤ γLf (6.7)

for all x ∈ dom f (in the case of the indicator the statement is trivially true).

(ii) Furthermore, h has bounded domain domh such that the diameter of domh is
bounded by Ch.
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6.3.2 Properties of the max function

Previous research, when concluding the weak convexity of the max function, has relied
on the compactness of the domain over which to maximize. This is done so that the
classical Danskin Theorem can be applied. This assumption is e.g. fulfilled in the context
of Wasserstein GANs [2] with weight clipping, but not in other formulations such as [45].
We provide an extension of the classical Danskin Theorem, which only relies on the
concavity and lower semicontinuity of the objective in the second component and the
boundedness of domh, see Assumption 6.3.1 and 6.3.4. This implies that for every
x ∈ Rd the set

Y (x) :=
{
y∗ ∈ Rn : ϕ(x) = Φ(x, y∗)− h(y∗) = max

y∈Rn
{Φ(x, y)− h(y)}

}
(6.8)

is nonempty. For brevity we will denote arbitrary elements of Y (xk) by y∗k for all k ≥ 0.

Proposition 6.3.5 (Subgradient characterization of the max function). Let Assump-
tion 6.3.1 and 6.3.4 hold true. Then, the function ϕ, see (6.4), fulfills for all x ∈ Rd

∂[Φ(·, y∗)](x) ⊆ ∂ϕ(x) ∀y∗ ∈ Y (x).

In particular, ϕ is ρ-weakly convex.

Proof. From the ρ-weak convexity of Φ(·, y), we have that Φ(·, y) + ρ
2‖·‖2 is convex for

all y ∈ Rn. We define Φ̃(x, y) = Φ(x, y) + ρ
2‖x‖2 and ψ̃(x, y) = ψ(x, y) + ρ

2‖x‖2 for
(x, y) ∈ Rd × Rn as well as

ϕ̃(x) = max
y∈Rn

ψ̃(x, y) = ϕ(x) +
ρ

2
‖x‖2.

Notice that ψ̃(x, ·) is concave for any x ∈ Rd and ψ̃(·, y) is convex for any y ∈ Rn. Thus,
the function ϕ̃ is convex and dom ϕ̃ = domϕ = Rd. Therefore ϕ is continuous, which
implies that ∂ϕ(x) 6= ∅ for any x ∈ Rd. Let x ∈ Rd, y ∈ Y (x) and v ∈ Rd. For any α > 0
it holds

ϕ̃(x+ αv)− ϕ̃(x)

α
≥ ψ̃(x+ αv, y)− ψ̃(x, y)

α
=

Φ̃(x+ αv, y)− Φ̃(x, y)

α
,

thus

ϕ̃′(x; v) = inf
α>0

ϕ̃(x+ αv)− ϕ̃(x)

α
≥ inf

α>0

Φ̃(x+ αv, y)− Φ̃(x, y)

α
= [Φ̃(·, y)]′(x; v),

where [Φ(·, y)]′(x; v) denotes the directional derivative of Φ in the first component at x
in the direction v. In conclusion,

ϕ̃′(x; v) ≥ sup
y∈Y (x)

[Φ̃(·, y)]′(x; v) ∀v ∈ Rd (6.9)

and for y ∈ Y (x) we therefore conclude

∂[Φ̃(·, y)](x) ⊆ ∂ϕ̃(x).

The first statement is obtained by subtracting ρx on both sides of the inclusion.
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Lemma 6.3.6 (Lipschitz continuity of the max function). The Lipschitz continuity of Φ
in its first component implies that ϕ is Lipschitz as well with the same constant.

Proof. Let x, x′ ∈ Rd and y∗ ∈ Y (x). On the one hand

ϕ(x)− ϕ(x′) = Φ(x, y∗)− h(y∗)− ϕ(x′)

≤ Φ(x, y∗)− h(y∗)− Φ(x′, y∗) + h(y∗)

≤ L‖x− x′‖.

The reverse direction ϕ(x′)− ϕ(x) ≤ L‖x− x′‖ follows analogously.

6.3.3 Deterministic setting

For initial values (x0, y0) ∈ dom f × domh the deterministic version of alternating GDA
reads as

(∀k ≥ 0)

⌊
xk+1 = proxηxf pxk − ηxgkq

yk+1 = proxηyh pyk + ηy∇yΦ(xk+1, yk)q ,
(6.10)

for gk ∈ ∂[Φ(·, yk)](xk).

Theorem 6.3.7. Let Assumption 6.3.1, 6.3.2, 6.3.3 and 6.3.4 hold true. The iterates
generated by (6.10) with the stepsizes ηx = O(ε4) < 1/2ρ, ηy = 1/L∇Φ and λ = 1/2ρ fulfill

min
0≤j≤K−1

‖∇gλ(xj)‖2

≤ 2ε−4 ∆∗

K
+ 4ρε2

`

L(L+ Lf ) + L∇ΦC
2
h

˘

+ 4ρ
ϕ(x0)− ψ(x0, y0)

K
+ 8ε4ρL2,

for K ≥ 1, where ∆∗ := g(x0)− infx∈Rd g(x). Therefore, in order to drive the right-hand
side to O(ε2) and thus to ensure that we visit an ε-stationary point, at most K = O(ε−6)
iterations are required.

Similarly to the proofs in [35,60] and others, the main descent statement makes use of
the quantity proxλg pxkq for a λ > 0. This is somewhat surprising as this point does not
appear in the algorithm and can in general not be computed.
But first, we need to establish the fact that x̂k := proxλg pxkq can also be written as

the proximal operator of f evaluated at an auxiliary point.

Lemma 6.3.8. For any λ ∈ (0, ρ−1) and all k ≥ 0 the point x̂k := proxλg pxkq can also
be written as

x̂k = proxηxf
`

ηxλ
−1xk − ηxvk + (1− ηxλ−1)x̂k

˘

for some vk ∈ ∂ϕ(x̂k).

Proof. Let k ≥ 0 be arbitrary but fixed and recall that g = f + ϕ. By the definition of
x̂k we have that

0 ∈ ∂g(x̂k) +
1

λ
(x̂k − xk) = ∂(ϕ+ f)(x̂k) +

1

λ
(x̂k − xk).
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We can estimate through the continuity of ϕ and subdifferential calculus

1

λ
(xk − x̂k) ∈ ∂(ϕ+ f)(x̂k) ⊆ ∂ϕ(x̂k) + ∂f(x̂k).

Thus, there exists vk ∈ ∂ϕ(x̂k) such that

1

λ
(xk − x̂k) ∈ vk + ∂f(x̂k).

Also,

ηx
1

λ
(xk − x̂k) ∈ ηx∂f(x̂k) + ηxvk ⇔ ηxλ

−1xk − ηxvk + (1− ηxλ−1)x̂k ∈ x̂k + ηx∂f(x̂k)

⇔ x̂k = proxηxf
`

ηxλ
−1xk − ηxvk + (1− ηxλ−1)x̂k

˘

.

With the previous lemma in place we can now turn our attention to the first step of
the actual convergence proof.

Lemma 6.3.9. With λ = 1/2ρ and ηx ∈ [0, λ] we have for all k ≥ 0 that

gλ(xk+1) ≤ gλ(xk) + 2ρηx∆k −
1

2
ηx‖∇gλ(xk)‖2+4ρη2

xL
2,

where ∆k := ϕ(xk)− ψ(xk, yk) ≥ 0.

Proof. Let k ≥ 0 be fixed. As in the previous lemma we denote x̂k := proxλg pxkq. From
the definition of the Moreau envelope we have that

gλ(xk+1) = min
x∈Rd

{
g(x) +

1

2λ
‖x− xk+1‖2

}
≤ g(x̂k) +

1

2λ
‖x̂k − xk+1‖2. (6.11)

Let now vk ∈ ∂ϕ(x̂k) as in Lemma 6.3.8. We successively deduce

‖x̂k − xk+1‖2

= ‖proxηxf
`

ηxλ
−1xk − ηxvk + (1− ηxλ−1)x̂k

˘

− proxηxf pxk − ηxgkq ‖2 (6.12)

≤ ‖(1− ηxλ−1)(x̂k − xk) + ηx(gk − vk)‖2 (6.13)

= (1− ηxλ−1)
2‖x̂k − xk‖2+2ηx(1− ηxλ−1)〈gk − vk, x̂k − xk〉+ η2

x‖gk − vk‖2

≤ (1− ηxλ−1)
2‖x̂k − xk‖2+2ηx(1− ηxλ−1)〈gk − vk, x̂k − xk〉+ 4η2

xL
2 (6.14)

where (6.12) uses Lemma 6.3.8 and the definition of xk+1, inequality (6.13) holds because
of the nonexpansiveness of the proximal operator, and (6.14) follows from the Lipschitz
continuity of Φ and ϕ (see Lemma 6.3.6) and the fact that Lipschitz continuity implies
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bounded subgradients. We are left with estimating the inner product in the above in-
equality and we do so by splitting it into two: first of all, from the weak convexity of Φ
in x we have that

〈gk, x̂k − xk〉 ≤ Φ(x̂k, yk)− Φ(xk, yk) +
ρ

2
‖x̂k − xk‖2

= Φ(x̂k, yk)− h(yk)− (Φ(xk, yk)− h(yk)) +
ρ

2
‖x̂k − xk‖2

≤ ϕ(x̂k)− ψ(xk, yk) +
ρ

2
‖x̂k − xk‖2.

Secondly, by the ρ-weak convexity of ϕ

−〈vk, x̂k − xk〉 ≤ ϕ(xk)− ϕ(x̂k) +
ρ

2
‖x̂k − xk‖2.

Combining the last two inequalities we get that

〈gk − vk, x̂k − xk〉 ≤ ϕ(xk)− ψ(xk, yk) + ρ‖x̂k − xk‖2. (6.15)

Plugging (6.15) into (6.14) we deduce

‖x̂k − xk+1‖2

≤ [(1− ηxλ−1)
2

+ 2ηx(1− ηxλ−1)ρ]
looooooooooooooooooooomooooooooooooooooooooon

=(∗)

‖x̂k − xk‖2+2ηx∆k + 4η2
xL

2. (6.16)

Now note that
(∗) = 1− 2ηxλ

−1 + η2
xλ
−2 + 2ηxρ− 2η2

xλ
−1ρ

= 1− 4ηxρ+ 4η2
xρ

2 + 2ηxρ− 4η2
xρ

2

= 1− 2ηxρ.

(6.17)

Combining (6.11), (6.16) and (6.17) we deduce,

gλ(xk+1) ≤ g(x̂k) +
1

2λ

`

‖x̂k − xk‖2+2ηx∆k − 2ηxρ‖x̂k − xk‖2+4η2
xL

2
˘

= gλ(xk) + 2ρηx∆k −
1

2
ηx‖∇gλ(xk)‖2+4ρη2

xL
2,

where we used that λ = 1/2ρ.

Naturally, we want to telescope the inequality established by the previous lemma. We
are left with estimating ∆k, preferably even in a summable way. But first we need the
following technical, yet standard lemma, estimating the amount of increase obtained by
a single iteration of gradient ascent.

Lemma 6.3.10. It holds for all y ∈ Rn and k ≥ 0 that

ψ(xk+1, y)− ψ(xk+1, yk+1) ≤ 1

2ηy

´

‖y − yk‖2−‖y − yk+1‖2
¯

. (6.18)
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Proof. By the definition of yk+1 we have that

yk+1 = arg min
y∈Rn

{
h(y) + Φ(xk+1, yk)− 〈∇yΦ(xk+1, yk), y − yk〉+

1

2ηy
‖y − yk‖2

}
.

Let now y ∈ Rn be arbitrary but fixed. Since yk+1 minimizes a 1/ηy-strongly convex
function,

h(yk+1) + Φ(xk+1, yk)− 〈∇yΦ(xk+1, yk), yk+1 − yk〉+
1

2ηy
‖yk+1 − yk‖2+

1

2ηy
‖y − yk+1‖2

≤ h(y) + Φ(xk+1, yk)− 〈∇yΦ(xk+1, yk), y − yk〉+
1

2ηy
‖y − yk‖2.

(6.19)
From the descent lemma (in ascent form) and the fact that 1/ηy = L∇Φ we have that

Φ(xk+1, yk) + 〈∇yΦ(xk+1, yk), yk+1 − yk〉 −
1

2ηy
‖yk+1 − yk‖2≤ Φ(xk+1, yk+1). (6.20)

From the concavity of Φ in its second component we get that

Φ(xk+1, y) ≤ Φ(xk+1, yk) + 〈∇yΦ(xk+1, yk), y − yk〉. (6.21)

By plugging (6.21) and (6.20) into (6.19) we deduce

Φ(xk+1, y)− h(y) +
1

2ηy
‖y − yk+1‖2≤ Φ(xk+1, yk+1)− h(yk+1) +

1

2ηy
‖y − yk‖2.

The statement of the lemma is obtained by rearranging the above inequality.

We can now use the previous lemma to estimate ∆k. Recall also that y∗k denotes a
maximizer of ψ(xk, ·) for all k ≥ 0.

Lemma 6.3.11. We have that for all 1 ≤ m ≤ k,

∆k ≤ 2ηxL(L+ Lf )(k −m) +
1

2ηy

´

‖yk−1 − y∗m‖2−‖yk − y∗m‖2
¯

. (6.22)

Proof. Let 1 ≤ m ≤ k be fixed. Plugging y = y∗m into (6.18) we deduce that

0 ≤ ψ(xk, yk)− ψ(xk, y
∗
m) +

1

2ηy

´

‖y∗m − yk−1‖2−‖y∗m − yk‖2
¯

. (6.23)

Starting from the definition of ∆k, we add (6.23) to obtain

∆k = ψ(xk, y
∗
k)− ψ(xk, yk)

≤ ψ(xk, y
∗
k)− ψ(xk, y

∗
m) +

1

2ηy

´

‖y∗m − yk−1‖2−‖y∗m − yk‖2
¯

.
(6.24)
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Due to the Lipschitz continuity of Φ, terms which only differ in their first argument will
be easy to estimate. Therefore, we insert and subtract Φ(xm, y

∗
k+1) to deduce

ψ(xk, y
∗
k)− ψ(xk, y

∗
m)

= Φ(xk, y
∗
k)− h(y∗k)− Φ(xk, y

∗
m) + h(y∗m)

= Φ(xk, y
∗
k)− Φ(xm, y

∗
k) + Φ(xm, y

∗
k)− h(y∗k)− Φ(xk, y

∗
m) + h(y∗m)

≤ Φ(xk, y
∗
k)− Φ(xm, y

∗
k) + Φ(xm, y

∗
m)− h(y∗m)− Φ(xk, y

∗
m) + h(y∗m)

= Φ(xk, y
∗
k)− Φ(xm, y

∗
k) + Φ(xm, y

∗
m)− Φ(xk, y

∗
m).

(6.25)

We estimate the above expression for k > m by making use of the Lipschitz continuity
of Φ(·, y) and (6.7) deducing

Φ(xk, y
∗
k)− Φ(xm, y

∗
k)

≤ L‖xk − xm‖≤ L
k−1∑
l=m

‖xl+1 − xl‖

≤ L
k−1∑
l=m

´

‖proxηxf pxl − ηxglq− proxηxf pxlq ‖+‖proxηxf pxlq− xl‖
¯

≤ ηxL(L+ Lf )(k −m).

(6.26)

For k = m the inequality follows trivially. Analogously, we deduce

Φ(xm, y
∗
m)− Φ(xk, y

∗
m) ≤ ηxL(L+ Lf )(k −m). (6.27)

Plugging (6.25), (6.26) and (6.27) into (6.24) gives the statement of the lemma.

In order to estimate the summation of ∆k we will use a trick to sum over it in blocks,
where the size B of these blocks will depend on the total number of iterations K. Note
that w.l.o.g. we assume that the block size B ≤ K divides K without remainder.

Lemma 6.3.12. It holds that for all K ≥ 1

1

K

K−1∑
k=0

∆k ≤ ηxL(L+ Lf )B +
L∇ΦC

2
h

2B
+

∆0

K
. (6.28)

Proof. By splitting the summation into blocks we get that

K−1∑
k=0

∆k =

K/B−1∑
j=0

(j+1)B−1∑
k=jB

∆k. (6.29)

By using (6.22) from Lemma 6.3.11 with m = 1 and the fact that
∑B−1

k=1 k ≤ B2/2 we get
that

B−1∑
k=0

∆k ≤ ∆0 + ηxL(L+ Lf )B2 +
1

2ηy
‖y0 − y∗1‖2

≤ ∆0 + ηxL(L+ Lf )B2 +
1

2ηy
C2
h,

(6.30)
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where Ch was defined in Assumption 6.3.4 and denotes the diameter of domh. Analo-
gously, for j > 0 and m = jB we have that

(j+1)B−1∑
k=jB

∆k ≤ ηxL(L+ Lf )B2 +
1

2ηy
‖yjB−1 − y∗jB‖2

≤ ηxL(L+ Lf )B2 +
1

2ηy
C2
h.

(6.31)

Plugging (6.30) and (6.31) into (6.29) gives

1

K

K−1∑
k=0

∆k ≤ ηxL(L+ Lf )B +
1

2ηyB
C2
h +

∆0

K
.

The desired statement is obtained by using the stepsize ηy = 1/L∇Φ.

Proof of Theorem 6.3.7. From Lemma 6.3.9 we deduce by summing up

gλ(xK) ≤ gλ(x0) + 2ηxρ

K−1∑
k=0

∆k −
1

2
ηx

K−1∑
k=0

‖∇gλ(xk)‖2+4Kρη2
xL

2.

Next, we divide by K and obtain that

1

K

K−1∑
k=0

‖∇gλ(xk)‖2≤ 2
∆∗

ηxK
+

4ρ

K

K−1∑
k=0

∆k + 8ρηxL
2.

Now, we plug in (6.28) to deduce that

1

K

K−1∑
k=0

‖∇gλ(xk)‖2≤ 2
∆∗

ηxK
+ 4ρ

´

ηxL(L+ Lf )B +
L∇ΦC

2
h

2B

¯

+
4ρ∆0

K
+ 8ηxρL

2.

With B = 1/?
ηx, we have that

1

K

K−1∑
k=0

‖∇gλ(xk)‖2≤ 2
∆∗

ηxK
+ ρ

?
ηx

´

4L(L+ Lf ) + 2L∇ΦC
2
h

¯

+
4ρ∆0

K
+ 8ηxρL

2.

We obtain the statement of the theorem by plugging in ηx = O(ε4).

6.3.4 Stochastic setting

For initial values (x0, y0) ∈ dom f × domh the stochastic version of alternating GDA is
given by

(∀k ≥ 0)

 xk+1 = proxηxf

´

xk − ηxgξk
¯

yk+1 = proxηyh pyk + ηy∇yΦ(xk+1, yk; ζk)q ,
(6.32)

for gξk ∈ ∂[Φ(·, yk; ξk)](xk) for ξk, ζk ∼ D independent from all previous iterates.
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Theorem 6.3.13. Let in addition to the assumptions of Theorem 6.3.7 also Assump-
tion 6.2.1 and 6.2.2 hold true. The iterates generated by (6.32) with ηy = O(ε2) ≤ 1/2L∇Φ,
ηx = O(ε6) < 1/2ρ and λ = 1/2ρ fulfill

min
0≤j≤K−1

E
“

‖∇gλ(xk)‖2
‰

≤ 2∆∗

K
ε−6 + 4ρε2(L(L+ Lf + σ) + C2

h + σ2) + 4ρ
ϕ(x0)− ψ(x0, y0)

K
+ 8ε6ρ(L2 + σ2),

for K ≥ 1, where ∆∗ = g(x0)− infx∈Rd g(x). Therefore, in order to drive the right hand
side to O(ε2) and thus to ensure that we visit an ε-stationary point, at most K = O(ε−8)
iterations are required.

The proof proceeds along the same lines of the deterministic case. Similarly we show
an adapted version of Lemma 6.3.9.

Lemma 6.3.14. With λ = 1/2ρ we have for all k ≥ 0 that

Ergλ(xk+1)s ≤ Ergλ(xk)s + 2ρηx∆̂k −
ηx
2
E
“

‖∇gλ(xk)‖2
‰

+ 4ρη2
x(L2 + σ2)

where ∆̂k := Erϕ(xk)− ψ(xk, yk)s.

Proof. Let k ≥ 0 be arbitrary but fixed. Note that it follows easily from (6.6) that

E
”

‖gξk‖2
ı

≤ E
“

‖gk‖2
‰

+ σ2 ≤ L2 + σ2, (6.33)

where E
”

gξk

ı

= gk ∈ ∂xΦ(xk, yk). From the definition of the Moreau envelope we deduce
that

Ergλ(xk+1)s ≤ Erg(x̂k)s +
1

2λ
E
“

‖x̂k − xk+1‖2
‰

. (6.34)

Similarly to Lemma 6.3.9 we deduce that for vk ∈ ∂ϕ(x̂k) (as given in Lemma 6.3.8)

‖x̂k − xk+1‖2

= ‖proxηxf
`

ηxλ
−1xk − ηxvk + (1− ηxλ−1)x̂k

˘

− proxηxf

´

xk − ηxgξk
¯

‖2

≤ ‖(1− ηxλ−1)(x̂k − xk) + ηx(gξk − vk)‖2

= (1− ηxλ−1)
2‖x̂k − xk‖2+2ηx(1− ηxλ−1)〈gξk − vk, x̂k − xk〉+ η2

x‖gξk − vk‖2.

By applying the conditional expectation Er· |xk, yks, then the unconditional one and
using (6.33), we get that

E
“

‖x̂k − xk+1‖2
‰

≤ E
“

‖x̂k − xk‖2
‰

+ 2ηx(1− ηxλ−1)Er〈gk − vk, x̂k − xk〉s + 4η2
x(L2 + σ2).

where gk = E
”

gξk

ı

. Lastly, we combine the above inequality with (6.34) and the estimate
for the inner product (6.15) as in Lemma 6.3.9 to deduce the statement of the lemma.
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Next, we discuss the stochastic version of Lemma 6.3.10. It is clear that we cannot
expect the same amount of function value increase by a single iteration of gradient ascent
if we do not use the exact gradient.

Lemma 6.3.15. With ηy ≤ 1/2L∇Φ we have for all k ≥ 0 and all y ∈ Rn

Erψ(xk+1, y)− ψ(xk+1, yk+1)s ≤ 1

2ηy

´

E
“

‖y − yk‖2
‰

−E
“

‖y − yk+1‖2
‰

¯

+ ηyσ
2. (6.35)

Proof. Let k ≥ 0 and y ∈ Rn be arbitrary but fixed. By the definition of yk+1 we have
that

yk+1 = arg min
y∈Rn

{
h(y)− 〈∇yΦ(xk+1, yk; ζk), y − yk〉+

1

2ηy
‖y − yk‖2

}
.

Therefore, as in Lemma 6.3.10, we deduce that

h(yk+1)− 〈∇yΦ(xk+1, yk; ζk), yk+1 − yk〉+
1

2ηy
‖yk+1 − yk‖2+

1

2ηy
‖y − yk+1‖2

≤ h(y)− 〈∇yΦ(xk+1, yk; ζk), y − yk〉+
1

2ηy
‖y − yk‖2.

The term 〈∇yΦ(xk+1, yk; ζk), yk+1 − yk〉 is problematic, because the right hand side of
the inner product is not measurable with respect to the sigma algebra generated by
(xk+1, yk), so we insert and subtract ∇yΦ(xk+1, yk) to deduce

h(yk+1) + 〈∇yΦ(xk+1, yk; ζk), y − yk〉+
1

2ηy
‖yk+1 − yk‖2+

1

2ηy
‖y − yk+1‖2

≤ h(y) + 〈∇yΦ(xk+1, yk), yk+1 − yk〉

+ 〈∇yΦ(xk+1, yk; ζk)−∇yΦ(xk+1, yk), yk+1 − yk〉+
1

2ηy
‖y − yk‖2.

Now, using Young’s inequality we get that

〈∇yΦ(xk+1, yk; ζk)−∇yΦ(xk+1, yk), yk+1 − yk〉

≤ ηy‖∇yΦ(xk+1, yk; ζk)−∇yΦ(xk+1, yk)‖2+
1

4ηy
‖yk+1 − yk‖2.

Combining the above two inequalities and taking the conditional expectation gives

〈∇yΦ(xk+1, yk), y − yk〉+ E
„

h(yk+1) +
1

2ηy
‖y − yk+1‖2

∣∣∣∣xk+1, yk



≤ h(y) + E
„

〈∇yΦ(xk+1, yk), yk+1 − yk〉 −
1

4ηy
‖yk+1 − yk‖2

∣∣∣∣xk+1, yk



+ ηyE
“

‖∇yΦ(xk+1, yk; ζk)−∇yΦ(xk+1, yk)‖2
∣∣xk+1, yk

‰

+
1

2ηy
‖y − yk‖2.
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And now the unconditional expectation together with the bounded variance assump-
tion (6.5)

Erh(yk+1) + 〈∇yΦ(xk+1, yk), y − yk〉s +
1

2ηy
E
“

‖y − yk+1‖2
‰

≤ Erh(y) + 〈∇yΦ(xk+1, yk), yk+1 − yk〉s−
1

4ηy
E
“

‖yk+1 − yk‖2
‰

+
1

2ηy
E
“

‖y − yk‖2
‰

+ ηyσ
2.

(6.36)

From the descent lemma (in ascent form) and the fact that ηy ≤ 1/2L∇Φ we have that

Φ(xk+1, yk) + 〈yk+1 − yk,∇yΦ(xk+1, yk)〉 −
1

4ηy
‖yk+1 − yk‖2≤ Φ(xk+1, yk+1).

We plug the above inequality into (6.36) and also make use of the concavity as in (6.21)
to deduce the statement of the lemma.

We can now use the previous lemma to estimate ∆̂k.

Lemma 6.3.16. For all 1 ≤ m ≤ k, we have that

∆̂k ≤ 2ηxL(Lf + L+ σ)(k −m) +
1

2ηy

´

E
“

‖yk−1 − y∗m‖2
‰

− E
“

‖yk − y∗m‖2
‰

¯

+ ηyσ
2.

(6.37)

Proof. Let the numbers 1 ≤ m ≤ k be fixed. Plugging in y = y∗m into (6.35) we deduce
that

0 ≤ Erψ(xk, yk)− ψ(xk, y
∗
m)s +

1

2ηy

´

E
“

‖y∗m − yk−1‖2
‰

− E
“

‖y∗m − yk‖2
‰

¯

+ ηyσ
2.

(6.38)
Starting from the definition of ∆̂k, we add (6.38) to obtain

∆̂k = Erψ(xk, y
∗
k)− ψ(xk, yk)s

≤ Erψ(xk, y
∗
k)− ψ(xk, y

∗
m)s +

1

2ηy

´

E
“

‖y∗m − yk−1‖2
‰

− E
“

‖y∗m − yk‖2
‰

¯

+ ηyσ
2.

(6.39)
As in (6.25) we deduce that

ψ(xk, y
∗
k)− ψ(xk, y

∗
m) ≤ Φ(xk, y

∗
k)− Φ(xm, y

∗
k) + Φ(xm, y

∗
m)− Φ(xk, y

∗
m).

Together with the L-Lipschitz continuity of Φ(·, y) and (6.7) we estimate for k > m that

ErΦ(xk, y
∗
k)− Φ(xm, y

∗
k)s

≤ LEr‖xk − xm‖s ≤ L
k−1∑
l=m

Er‖xl+1 − xl‖s

≤ L
k−1∑
l=m

´

E
”

‖proxηxf

´

xl − ηxgξl
¯

− proxηxf pxlq ‖
ı

+ E
“

‖proxηxf pxlq− xl‖
‰

¯

≤ ηxL
´

Lf +
a

L2 + σ2
¯

(k −m).
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For k = m the statement follows trivially. Analogously,

ErΦ(xm, y
∗
m)− Φ(xk, y

∗
m)s ≤ LEr‖xk − xm‖s ≤ ηxL

´

Lf +
a

L2 + σ2
¯

(k −m).

Plugging all of these into (6.39) gives the statement of the lemma.

In order to estimate the summation of ∆̂k we will use the same trick as in the deter-
ministic setting and sum over it in blocks, where the size B of these blocks will divide
the total number of iterations K.

Lemma 6.3.17. We have that for all K ≥ 1

1

K

K−1∑
k=0

∆̂k ≤ ηxL(L+ Lf + σ)B +
C2
h

2ηyB
+ ηyσ

2 +
∆0

K
. (6.40)

Proof. By using (6.37) from Lemma 6.3.16 with m = 1 and the fact that
∑B−1

k=1 k ≤ B2/2

we get that

B−1∑
k=0

∆̂k ≤ ∆0 + ηxL(L+ Lf + σ)B2 +
1

2ηy
E
“

‖y0 − y∗1‖2
‰

+Bηyσ
2

≤ ∆0 + ηxL(L+ Lf + σ)B2 +
1

2ηy
C2
h +Bηyσ

2,

(6.41)

where Ch denotes the diameter of domh, see Assumption 6.3.4. Analogously, for j > 0
and m = jB we have that

(j+1)B−1∑
k=jB

∆̂k ≤ ηxL(L+ Lf + σ)B2 +
1

2ηy
E
“

‖yjB−1 − y∗jB‖2
‰

+Bηyσ
2

≤ ηxL(L+ Lf + σ)B2 +
1

2ηy
C2
h +Bηyσ

2,

(6.42)

Plugging (6.41) and (6.42) into (6.29) gives the statement of the lemma.

Now we can prove the convergence result for the stochastic algorithm.

Proof of Theorem 6.3.13. We sum up the inequality of Lemma 6.3.14 to deduce that

Ergλ(xK)s ≤ Ergλ(x0)s + 2ηxρ
K−1∑
k=0

∆̂k −
ηx
2

K−1∑
k=0

E
“

‖∇gλ(xk)‖2
‰

+ 4Kρη2
x(L2 + σ2).

Thus, by dividing by K and ηx yields

1

K

K−1∑
k=0

E
“

‖∇gλ(xk)‖2
‰

≤ 2∆∗

ηxK
+

4ρ

K

K−1∑
k=0

∆̂k + 8ρηx(L2 + σ2).
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Now we plug in (6.40) to obtain

1

K

K∑
k=1

E
“

‖∇gλ(xk)‖2
‰

≤ 2∆∗

ηxK
+ 4ρ

´

ηxL(L+ Lf + σ)B +
C2
h

2ηyB
+ ηyσ

2
¯

+ 4ρ
∆0

K
+ 8ρηx(L2 + σ2).

With the stepsize ηy = ε2, ηx = ε6 and B = ε−4 we have that

1

K

K−1∑
k=0

‖∇gλ(xk)‖2≤
2∆∗

ε6K
+ 2ρε2(2L(L+ Lf + σ) + C2

h + 2σ2) + 4ρ
∆0

K
+ 8ρε6(L2 + σ2),

which finishes the proof.

6.4 Nonconvex-strongly concave objective

Instead of the assumptions of Section 6.3 we require only the following ones.

Assumption 6.4.1. Let Φ be L∇Φ-smooth uniformly in both components and concave in
the second one. The regularizers f and −h are proper, convex and lower semicontinuous.
Additionally, either Φ is µ-strongly concave in the second component, uniformly in the
first one, or −h is µ-strongly concave.

Assumption 6.4.2. Let g = ϕ+ f be lower bounded, i.e. infx∈Rd g(x) > −∞.

Notation. In Proposition 6.4.4 we will show that under the above assumptions ϕ =
maxy∈Rn{Φ(·, y)−h(y)} is L∇ϕ-smooth, with L∇ϕ = (1+κ)L∇Φ, for κ := max{L∇Φ/µ, 1}
denoting the condition number. In the setting without regularizers, where the strong
concavity arises from Φ it is well known that µ ≤ L∇Φ and therefore 1 ≤ L∇Φ/µ (which
is the standard definition of the condition number). If the strong concavity stems from
the regularizers h this is no longer true and L∇Φ/µ might be smaller than 1 which would
lead to tedious case distinctions, which is why we adapt the definition of the condition
number in order to provide a unified analysis. Additionally, the solution set Y (x) defined
in (6.8) consists only of a single element which we will denote by y∗(x). We denote the
quantity δk := ‖yk − y∗k‖2, measuring the distance between the current strategy of the
second player and her best response according to the current strategy of the first player.

6.4.1 Properties of the max function

In the following we will show the smoothness of ϕ, as well as the fact that the solution
map fulfills a strong Lipschitz property.

Lemma 6.4.3 (Lipschitz continuity of the solution mapping). The solution map y∗ :
Rd → Rn which fulfills ψ(x, y∗(x)) = maxy∈Rn ψ(x, y) for all x ∈ Rd is well defined and
κ-Lipschitz where κ = max{L∇Φ/µ, 1}.
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6.4 Nonconvex-strongly concave objective

Proof. Let x, x′ ∈ Rd be fixed. From the optimality condition we deduce that

0 ∈ ∂h(y∗(x))−∇yΦ(x, y∗(x))

and
∇yΦ(x′, y∗(x′))−∇yΦ(x, y∗(x′)) ∈ ∂h(y∗(x′))−∇yΦ(x, y∗(x′)).

Thus by the strong monotonicity of ∂h−∇yΦ(x, ·) we obtain

µ‖y∗(x)− y∗(x′)‖2 ≤ 〈y∗(x)− y∗(x′),∇yΦ(x, y∗(x′))−∇yΦ(x′, y∗(x′))〉
≤ ‖y∗(x)− y∗(x′)‖‖∇yΦ(x, y∗(x′))−∇yΦ(x′, y∗(x′))‖
≤ ‖y∗(x)− y∗(x′)‖L∇Φ‖x− x′‖.

The statement of the lemma follows.

Proposition 6.4.4 (Smoothness of the max function). Let Assumption 6.4.1 hold true.
Then, ϕ is smooth and its gradient is given by

∇ϕ(x) = ∇xΦ(x, y∗(x))

and is therefore L∇Φ(1 + κ)-Lipschitz.

Proof. Following the notation of Proposition 6.3.5, we introduce ϕ̃(x, y) = ϕ(x, y) +
(L∇Φ/2)‖x‖2, Φ̃(x, y) = Φ(x, y) + (L∇Φ/2)‖x‖2 and ψ̃(x, y) = ψ(x, y) + (L∇Φ/2)‖x‖2
for all (x, y) ∈ Rd × Rn. Let x, v ∈ Rd, αk ↓ 0 and xk := x + αkv for any k ≥ 0.
Further, let be yk = y∗(xk) for any k ≥ 0. Then, by the Lipschitz continuity of y∗(·), see
Lemma 6.4.3, limk→∞ y

k = y∗(x). In addition, for any v ∈ Rd and all k ≥ 0,

ϕ̃′(x; v) ≤ ϕ̃(x+ αkv)− ϕ̃(x)

αk
≤ ψ̃(x+ αkv, y

k)− ψ̃(x, yk)

αk

=
Φ̃(x+ αkv, y

k)− Φ̃(x, yk)

αk

≤ −[Φ̃(·, yk)]′(x+ αkv;−v) ≤ [Φ̃(·, yk)]′(x+ αkv; v).

In other words, for any v ∈ Rd,

ϕ̃′(x; v) ≤ 〈∇xΦ̃(xk, yk), v〉 ∀k ≥ 0.

Since the gradient of Φ̃ is continuous, this implies by letting k → +∞ that

ϕ̃′(x; v) ≤ 〈∇xΦ̃(x, y∗(x)), v〉, ∀v ∈ Rd,

which, together with (6.9), yields

ϕ̃′(x; v) = 〈∇xΦ(x, y∗(x)), v〉 ∀v ∈ Rd.

The fact that the gradient of ϕ is Lipschitz continuous follows from

‖∇ϕ(x)−∇ϕ(x′)‖
≤ ‖∇xΦ(x, y∗(x))−∇xΦ(x′, y∗(x))‖+‖∇xΦ(x′, y∗(x))−∇xΦ(x′, y∗(x′))‖
≤ L∇Φ‖x− x′‖+L∇Φ‖y∗(x)− y∗(x′)‖≤ (L∇Φ + L∇Φκ)‖x− x′‖,

together with the claimed constant.
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6.4.2 Deterministic setting

For the purpose of this section Algorithm 6.2.3 reads as

(∀k ≥ 0)

⌊
xk+1 = proxηxf pxk − ηx∇xΦ(xk, yk)q

yk+1 = proxηyh pyk + ηy∇yΦ(xk+1, yk)q ,
(6.43)

We start with the main convergence result of this section.

Theorem 6.4.5. Let Assumption 6.4.1 and 6.4.2 hold. The iterates generated by Algo-
rithm 6.2.3 with stepsize ηy = 1/L∇Φ and ηx = 1/(3(κ+1)2L∇Φ) fulfill

min
1≤k≤K

dist
´

−∇ϕ(xk), ∂f(xk)
¯2
≤ 6(κ+ 1)2L∇Φ

∆∗

K
+ 4

L2
∇Φκ‖y∗(x0)− y0‖2

K
.

for ∆∗ = g(x0)− infx∈Rd g(x). This means that an ε-stationary point is visited in at most
O(κ2ε−2) iterations.

Let us start with the first lemma.

Lemma 6.4.6. There exists a sequence of points (wk)k≥1 such that wk ∈ (∂f +∇ϕ)(xk)
and its norm can be bounded by

1

2
ηx‖wk+1‖2≤ g(xk)− g(xk+1) +

1

2

´

L∇ϕ + 2L2
∇ϕηx −

1

ηx

¯

‖xk − xk+1‖2+ηxL
2
∇Φδk

for all k ≥ 0.

Proof. Let k ≥ 0 be arbitrary but fixed. From the definition of the proximal operator we
deduce that

0 ∈ ∂f(xk+1) +∇xΦ(xk, yk) +
1

ηx
(xk+1 − xk)

Thus,

wk+1 :=
1

ηx
(xk − xk+1) +∇ϕ(xk+1)−∇xΦ(xk, yk) ∈ ∂f(xk+1) +∇ϕ(xk+1),

as claimed. In order to prove the bound on ‖wk+1‖ we proceed as follows:

‖wk+1‖2 = η−2
x ‖xk − xk+1‖2+2η−1

x 〈xk − xk+1,∇ϕ(xk+1)−∇xΦ(xk, yk)〉
+ ‖∇ϕ(xk+1)−∇xΦ(xk, yk)‖2.

(6.44)

The smoothness of ϕ implies via the descent lemma that

ϕ(xk+1) + 〈∇ϕ(xk+1), xk − xk+1〉 −
L∇ϕ

2
‖xk+1 − xk‖2≤ ϕ(xk). (6.45)

Since the proximal operator minimizes a 1/ηx-strongly convex function we have that

f(xk+1) + 〈∇xΦ(xk, yk), xk+1 − xk〉+
1

2ηx
‖xk+1 − xk‖2+

1

2ηx
‖xk+1 − x‖2

≤ f(x) + 〈∇xΦ(xk, yk), x− xk〉+
1

2ηx
‖x− xk‖2
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6.4 Nonconvex-strongly concave objective

for all x ∈ Rd. Adding this inequality at x = xk to (6.45) we deduce that

〈∇ϕ(xk+1)−∇xΦ(xk, yk), xk − xk+1〉 ≤ g(xk)− g(xk+1) +
1

2

ˆ

L∇ϕ −
2

ηx

˙

‖xk+1− xk‖2.
(6.46)

Lastly, by the Young inequality

‖∇ϕ(xk+1)−∇xΦ(xk, yk)‖2 = ‖∇ϕ(xk+1)−∇ϕ(xk) +∇ϕ(xk)−∇xΦ(xk, yk)‖2

≤ 2L2
∇ϕ‖xk+1 − xk‖2+2L2

∇Φδk.

Plugging (6.46) and (6.45) into (6.44) yields the desired statement.

In the next lemma it remains to bound δk.

Lemma 6.4.7. We have that for all k ≥ 0, then

δk+1 ≤
ˆ

1− 1

2κ

˙

δk + κ3‖xk+1 − xk‖2.

Proof. Let k ≥ 0 be fixed. From the definition of yk+1, see (6.43), we deduce that

δk+1 = ‖y∗k+1 − yk+1‖2

= ‖proxηyh
`

y∗k+1 + ηy∇yΦ(xk+1, y
∗
k+1)

˘

− proxηyh pyk + ηy∇yΦ(xk+1, yk)q ‖2.

If Φ is strongly concave in its second component we can use the nonexpansiveness of the
proximal operator and Lemma 2.2.3, which states

〈∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk), y

∗
k+1 − yk〉

≤ − µL∇Φ

µ+ L∇Φ
‖y∗k+1 − yk‖2−

1

µ+ L∇Φ
‖∇yΦ(xk+1, y

∗
k+1)−∇yΦ(xk+1, yk)‖2

(6.47)

to conclude

δk+1 ≤ ‖y∗k+1 + ηy∇yΦ(xk+1, y
∗
k+1)− yk − ηy∇yΦ(xk+1, yk)‖2

= ‖y∗k+1 − yk‖2+2ηy〈y∗k+1 − yk,∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk)〉

+ η2
y‖∇yΦ(xk+1, y

∗
k+1)−∇yΦ(xk+1, yk)‖2

(6.47)
≤

ˆ

κ− 1

κ+ 1

˙

‖y∗k+1 − yk‖2≤ q‖y∗k+1 − yk‖2

with q :=
´

κ
κ+1

¯2
, where we used that ηy = 1/L∇Φ. If on the other hand −h is strongly

concave we can use the fact that the proximal operator (of h) is even a contraction,
see [6, Proposition 25.9 (i)], to deduce that

δk+1 ≤ q‖y∗k+1 − yk‖2.
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6 Weakly convex-concave minimax problems

Therefore, in either case δk+1 ≤ q‖y∗k+1 − yk‖2. Using this, the triangle inequality and
Young’s inequality, we have

δk+1 ≤ q‖y∗k+1 − yk‖2

≤ q
´

‖y∗k+1 − y∗k‖+‖y∗k − yk‖
¯2

≤ q
ˆ

1 +
3κ2 − 1

2κ3

˙

‖y∗k − yk‖2
looooomooooon

=δk

+q

ˆ

1 +
2κ3

3κ2 − 1

˙

‖y∗k+1 − y∗k‖2

≤
ˆ

1− 1

2κ

˙

δk + κ‖y∗k+1 − y∗k‖2. (6.48)

Due to the κ-Lipschitz continuity of y∗(·) we have that ‖y∗k+1−y∗k‖≤ κ‖xk+1−xk‖, which
finishes the proof.

Now we can bound the sum of δk.

Lemma 6.4.8. We have that, for all K ≥ 1

K−1∑
k=0

δk ≤ 2κδ0 + 2κ4
K−1∑
k=0

‖xk+1 − xk‖2.

Proof. By recursively applying the previous lemma we obtain for k ≥ 1

δk ≤
ˆ

1− 1

2κ

˙k

δ0 + κ3
k−1∑
j=0

ˆ

1− κ 1

2κ

˙k−j−1

‖xj+1 − xj‖2.

Now we sum this inequality from k = 1 to K − 1 and add δ0 on both sides to deduce
that

K−1∑
k=0

δk ≤ 2κδ0 + 2κ4
K−1∑
k=0

‖xk+1 − xk‖2,

where we used that
K−1∑
k=1

k−1∑
j=0

ˆ

1− 1

2κ

˙k−1−j
‖xj+1−xj‖2≤

¨

˝

K−1∑
j=0

ˆ

1− 1

2κ

˙j
˛

‚

˜

K−1∑
k=0

‖xk+1 − xk‖2
¸

, (6.49)

and
∑∞

j=0 (1− (2κ)−1)
j

= 2κ.

We can now put the pieces together.

Proof of Theorem 6.4.5. Summing up the inequality of Lemma 6.4.6 from k = 0 to K−1
and applying Lemma 6.4.12 we deduce that

1

2
ηx

K∑
k=1

‖wk‖2 ≤ g(x0)− g(xK)

+
1

2

´

L∇ϕ + 2L2
∇ϕηx −

1

ηx
+ 2κ4L2

∇Φηx

¯

K−1∑
k=0

‖xk+1 − xk‖2+2L2
∇Φηxκδ0.
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6.4 Nonconvex-strongly concave objective

With the stepsize ηx = 1/(3(κ+ 1)2L∇Φ) it follows that

L∇ϕ + 2L2
∇ϕηx −

1

ηx
+ 2κ4L2

∇Φηx = (κ+ 1)L∇Φ +
2L∇Φ

3
− 3(κ+ 1)2L∇Φ +

2κ4L∇Φ

3(κ+ 1)2

≤ −2

3
(κ+ 1)2L∇Φ ≤ 0,

which concludes the proof.

6.4.3 Stochastic setting

For the purpose of this section Algorithm 6.2.3 reads as

(∀k ≥ 0)

⌊
xk+1 = proxηxf pxk − ηxGxq

yk+1 = proxηyh pyk + ηyGyq ,
(6.50)

where we denote Gx = 1
M

∑M
i=1∇xΦ(xk, yk; ξ

i
k) and Gy = 1

M

∑M
i=1∇yΦ(xk+1, yk; ζ

i
k).

Theorem 6.4.9. Let in addition to the assumptions of Theorem 6.4.5 also the two
properties of the gradient estimator Assumption 6.2.1 and 6.2.2 hold true. The iter-
ates generated by (6.50) with stepsize ηy = 1/L∇Φ and ηx = 1/(4(1+κ)2L∇Φ) and batch size
M = O(κε−2) fulfill

min
1≤k≤K

E
„

dist
´

−∇ϕ(xk), ∂f(xk)
¯2


≤ 2
∆∗

ηxK
+ 4

L2
∇Φκ‖y∗(x0)− y0‖2

K
+ 4ε2(κ+ 1)σ2,

where ∆∗ = g(x0) − infx∈Rd g(x). This means that a ε-stationary point is visited in at
most O(κ2ε−2) iterations resulting in O(κ3ε−4) stochastic gradient evaluations.

Let us start with the first lemma.

Lemma 6.4.10. There exists a sequence of points (wk)k≥1 such that wk ∈ (∂f+∇ϕ)(xk)
and its norm can be bounded by

1

2
ηxE

“

‖wk+1‖2
‰

≤ Erg(xk)− g(xk+1)s +
1

2

´

L∇ϕ + 3L2
∇ϕηx −

1

ηx

¯

E
“

‖xk − xk+1‖2
‰

+ ηxL
2
∇ΦErδks + ηx

σ2

M

for all k ≥ 0.

Proof. Let k ≥ 0. From the definition of the proximal operator we deduce that

0 ∈ ∂f(xk+1) +Gx +
1

ηx
(xk+1 − xk).

Thus,

wk+1 :=
1

ηx
(xk − xk+1) +∇ϕ(xk+1)−Gx ∈ ∂f(xk+1) +∇ϕ(xk+1).
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In order to bound wk+1 we consider

‖wk+1‖2

= η−2
x ‖xk − xk+1‖2+2η−1

x 〈xk − xk+1,∇ϕ(xk+1)−Gx〉+ ‖∇ϕ(xk+1)−Gx‖2.
(6.51)

Analogously to (6.46) we have that

〈xk − xk+1,∇ϕ(xk+1)−Gx〉 ≤ g(xk)− g(xk+1) +
1

2

´

L∇ϕ −
2

ηx

¯

‖xk+1 − xk‖2. (6.52)

Using (6.52) and

E
“

‖∇ϕ(xk+1)−Gx‖2
‰

= E
“

‖∇ϕ(xk+1)−∇ϕ(xk) +∇ϕ(xk)−∇xΦ(xk, yk) +∇xΦ(xk, yk)−Gx‖2
‰

= E
“

‖∇ϕ(xk+1)−∇ϕ(xk)‖2+2〈∇ϕ(xk+1)−∇ϕ(xk),∇ϕ(xk)−∇xΦ(xk, yk)〉
‰

+ 2Er〈∇ϕ(xk+1)−∇ϕ(xk),∇xΦ(xk, yk)−Gx〉s
+ 2Er〈∇ϕ(xk)−∇xΦ(xk, yk),∇xΦ(xk, yk)−Gx〉s

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

=0

+ E
“

‖∇ϕ(xk)−∇xΦ(xk, yk)‖2
‰

+ E
“

‖∇xΦ(xk, yk)−Gx‖2
‰

≤ 3L2
∇ϕE

“

‖xk+1 − xk‖2
‰

+ 2L2
∇ΦErδks + 2

σ2

M

in (6.51) yields the desired statement.

In the next lemma it remains to bound δk.

Lemma 6.4.11. We have that for all k ≥ 0

Erδk+1s ≤
ˆ

1− 1

2κ

˙

Erδks + κ3‖xk+1 − xk‖2+
σ2

ML2
∇Φ

.

Proof. Let k ≥ 0 be fixed. We first consider the case where Φ is strongly concave in its
second component from the definition of yk+1 (see (6.50)) we deduce that

δk+1 = ‖y∗k+1 − yk+1‖2

= ‖proxηyh
`

y∗k+1 + ηy∇yΦ(xk+1, y
∗
k+1)

˘

− proxηyh pyk + ηyGyq ‖2

≤ ‖y∗k+1 + ηy∇yΦ(xk+1, y
∗
k+1)− yk − ηyGy‖2

and
‖y∗k+1 + ηy∇yΦ(xk+1, y

∗
k+1)− yk − ηyGy‖2

= ‖y∗k+1 − yk‖2+2ηy〈y∗k+1 − yk,∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk)〉

+ 2ηy 〈y∗k+1 − yk,∇yΦ(xk+1, yk)−Gy〉
loooooooooooooooooooomoooooooooooooooooooon

(˝)

+ η2
y‖∇yΦ(xk+1, y

∗
k+1)−∇yΦ(xk+1, yk)‖2+η2

y‖∇yΦ(xk+1, yk)−Gy‖2

+ η2
y 〈∇yΦ(xk+1, y

∗
k+1)−∇yΦ(xk+1, yk),∇yΦ(xk+1, yk)−Gy〉

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

(∗)

.

(6.53)
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Some of the terms vanish after taking the expectation such as Er(∗)s = ErEr(∗) | yk, xk+1ss =
Er0s = 0 and Er(˝)s = ErEr(˝) | yk, xk+1ss = 0. Using furthermore Lemma 2.2.3 which
states that

〈∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk), y

∗
k+1 − yk〉

≤ − µL∇Φ

µ+ L∇Φ
‖y∗k+1 − yk‖2−

1

µ+ L∇Φ
‖∇yΦ(xk+1, y

∗
k+1)−∇yΦ(xk+1, yk)‖2

(6.54)

results in

Erδk+1s ≤
ˆ

κ− 1

κ+ 1

˙

E
“

‖y∗k+1 − yk‖2
‰

+
σ2

ML2
∇Φ

≤ qE
“

‖y∗k+1 − yk‖2
‰

+
σ2

ML2
∇Φ

, (6.55)

with q =
´

κ
κ+1

¯2
, where we used that ηy = 1/L∇Φ. If h is strongly concave then we use

the fact that the proximal operator is a contraction, see [6, Proposition 23.11], to deduce
that

Erδk+1s = E
“

‖y∗k+1 − yk+1‖2
‰

= E
”

‖proxηyh
`

y∗k+1 + ηy∇yΦ(xk+1, y
∗
k+1)

˘

− proxηyh pyk + ηyGyq ‖2
ı

= qE
“

‖y∗k+1 − yk + ηy∇yΦ(xk+1, y
∗
k+1)− ηyGy‖2

‰

(6.53)
= qE

“

‖y∗k+1 − yk‖2
‰

+ 2qηyE
“

〈y∗k+1 − yk,∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk)〉

‰

+ qη2
yE

“

‖∇yΦ(xk+1, y
∗
k+1)−∇yΦ(xk+1, yk)‖2+qη2

y‖∇yΦ(xk+1, yk)−Gy‖2
‰

Using now (6.54) with µ = 0, i.e. the cocoercivity of the gradient, we deduce that

Erδk+1s = E
“

‖y∗k+1 − yk+1‖2
‰

≤ q‖y∗k+1 − yk‖2+q
σ2

ML2
∇Φ

,

meaning that we concluded (6.55) in both cases. Next, using (6.55) and the considerations
made in (6.48) we deduce that

Erδk+1s ≤
ˆ

1− 1

2κ

˙

Erδks + κE
“

‖y∗k+1 − y∗k‖2
‰

+
σ2

ML2
∇Φ

.

Again, due to the κ-Lipschitz continuity of y∗(·) we have that ‖y∗k+1−y∗k‖≤ κ‖xk+1−xk‖,
which finishes the proof.

Now we can bound the sum of δk.

Lemma 6.4.12. We have that, for all K ≥ 1

K−1∑
k=0

Erδks ≤ 2κδ0 + 2κ4
K−1∑
k=0

E
“

‖xk+1 − xk‖2
‰

+ 2K
κσ2

ML2
∇Φ

.
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Proof. By recursively applying the previous lemma we obtain for k ≥ 1

Erδks ≤
ˆ

1− 1

2κ

˙k

δ0 +

k−1∑
j=0

ˆ

1− 1

2κ

˙k−j−1 ˆ

κ3E
“

‖xj+1 − xj‖2
‰

+
σ2

ML2
∇Φ

˙

.

Now we sum this inequality from k = 1 to K − 1 and add δ0 on both sides to deduce
that

K−1∑
k=0

Erδks ≤ 2κδ0 + 2K
κσ2

ML2
∇Φ

+ 2κ4
K−1∑
k=0

E
“

‖xk+1 − xk‖2
‰

using the considerations made in (6.49).

We can now put the pieces together.

Proof of Theorem 6.4.9. We sum up the inequality of Lemma 6.4.10 from k = 0 to K−1
and applying Lemma 6.4.12 we deduce that

1

2
ηx

K∑
k=1

E
“

‖wk‖2
‰

≤ Erg(x0)− g(xK)s + 2ηxκL
2
∇Φδ0 + 2ηxκK

σ2

M
+ ηxK

σ2

M

+
1

2

´

L∇ϕ + 3L2
∇ϕηx −

1

ηx
+ 2κ4L2

∇Φηx

¯

K−1∑
k=0

E
“

‖xk+1 − xk‖2
‰

.

Applying the stepsize ηx = 1/(3(1+κ)2L∇Φ) it follows that

L∇ϕ + 3L2
∇ϕηx −

1

ηx
+ 2κ4L2

∇Φηx ≤ 2(κ+ 1)L∇Φ − 3(κ+ 1)2L∇Φ +
2κ2L∇Φ

3

≤ −1

3
(κ+ 1)2L∇Φ ≤ 0

which concludes the proof.
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7 Conclusion

In this thesis we investigated different structured nonsmooth optimization problems and
iterative schemes to solve them. We studied the convergence behavior of these solution
methods in terms of quantitative global bounds, i.e. convergence rates. This kind of worst
case analysis is fundamental in giving a principled understanding of the performance of
different algorithms. Where we deemed it appropriate, these theoretical considerations
were augmented with numerical experiments.

In Chapter 3 and 4 we studied composite optimization problems where a nonsmooth
function is composed with a linear operator and highlighted applications in imaging and
machine learning. We focused on full splitting methods where the proximal operator of
the outer nonsmooth function is evaluated separately from the matrix, resulting in easy
to use algorithms.

In Chapter 3 we presented a novel (randomized) method for the convex formulation
of the aforementioned problem using stochastic accelerated gradient evaluations of the
Moreau envelope and proved state-of-the-art convergence guarantees. While the empir-
ical performance of our proposed algorithm was mostly comparable to the primal-dual
methods [27,28], it outperformed them significantly when used as a subroutine inside the
prox-linear algorithm [37] for weakly convex problems.

Chapter 4 dealt with the same problem formulation but dropped the convexity assump-
tion. This enables the use of more sophisticated regularizers [38, 108], possibly reducing
the bias caused by convex functions such as the 1-norm. While similar formulation have
been considered before we proposed a novel method and proved a worst case complexity
which interpolates nicely between gradient descent for smooth objectives and black-box
subgradient descent for nonsmooth problems.

In Chapter 5 we highlighted the connection between GAN objectives and monotone
inclusions and were therefore able to tackle their training via the Forward-Backward-
Forward (FBF) method which is known to converge to a solution for convex-concave
minimax problems. We deepened this theoretical understanding by proving novel con-
vergence rates in terms of the function values. Since FBF provides a natural way to deal
with nonsmooth regularizers via the proximal mapping, we modified the WGAN objective
to encompass a 1-norm instead of the usual weight clipping. We showed that this formu-
lation provides a benefit for all considered methods, smoothing the training process and
improving Inception Score and Fréchet Inception Distance. Moreover, FBF outperformed
all competitors including the commonly used gradient descent ascent (GDA) method as
well as Extragradient [40] and Optimistic GDA [33].
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7 Conclusion

Lastly, Chapter 6 was devoted to a theoretical study of the already well established
GDA method. In particular, we considered its alternating variant, where the two com-
ponents are updated in a sequential manner. In the convex setting is known that for
equal stepsizes simultaneous GDA diverges while the alternating update scheme at least
provides bounded trajectories. Although the assumptions in this chapter are some-
times rather restrictive, our obtained convergence rates were still novel outside the
convex-concave setting, albeit only a slight improvement over simultaneous GDA was
obtained [60].
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[92] L. Rosasco, S. Villa, and B. C. Vũ. A first-order stochastic primal-dual algorithm
with correction step. Numerical Functional Analysis and Optimization, 38(5):602–
626, 2017.

[93] S. Rosset, G. Swirszcz, N. Srebro, and J. Zhu. ` 1 regularization in infinite di-
mensional feature spaces. In International Conference on Computational Learning
Theory, pages 544–558. Springer, 2007.

[94] L. I. Rudin, S. Osher, and E. Fatemi. Nonlinear total variation based noise removal
algorithms. Physica D: nonlinear phenomena, 60(1-4):259–268, 1992.

[95] T. Salimans, I. Goodfellow, W. Zaremba, V. Cheung, A. Radford, and X. Chen.
Improved techniques for training GANs. In Advances in Neural Information Pro-
cessing Systems, pages 2234–2242, 2016.

[96] X. Shen and Y. Gu. Nonconvex sparse logistic regression with weakly convex
regularization. IEEE Transactions on Signal Processing, 66(12):3199–3211, 2018.

109



Bibliography

[97] S. Shreve. Stochastic Calculus for Finance I: The Binomial Asset Pricing Model.
Springer Science & Business Media, 2005.

[98] A. Sinha, H. Namkoong, and J. Duchi. Certifiable distributional robustness with
principled adversarial training. In International Conference on Learning Represen-
tations, 2018.

[99] K. K. Thekumparampil, P. Jain, P. Netrapalli, and S. Oh. Efficient algorithms
for smooth minimax optimization. In Advances in Neural Information Processing
Systems, pages 12680–12691, 2019.

[100] R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of the
Royal Statistical Society: Series B (Methodological), 58(1):267–288, 1996.

[101] Q. Tran-Dinh, O. Fercoq, and V. Cevher. A smooth primal-dual optimization
framework for nonsmooth composite convex minimization. SIAM Journal on Op-
timization, 28(1):96–134, 2018.

[102] Q. Tran-Dinh, D. Liu, and L. M. Nguyen. Hybrid variance-reduced SGD algorithms
for nonconvex-concave minimax problems. arXiv:2006.15266, 2020.

[103] P. Tseng. Applications of a splitting algorithm to decomposition in convex pro-
gramming and variational inequalities. SIAM Journal on Control and Optimization,
29(1):119–138, 1991.

[104] J. Von Neumann and O. Morgenstern. Theory of Games and Economic Behavior
(Commemorative Edition). Princeton University Press, 2007.
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