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Zusammenfassung

Die Erzeugung von Photonen mit mal3geschneiderten Eigenschaften ist von gro3ter
Bedeutung in der experimentellen Quantenoptik. Fast alle verwendeten Photonen-
quellen basieren heutzutage auf spontaner Fluoreszenz, durch die ein Photon in
einem nichtlinearen Kristall spontan in zwei Photonen zerfallt. Mithilfe dieses Ef-
fektes lassen sich sowohl Einzelphotonenquellen als auch Quellen zur Erzeugung
von verschrankten Photonenpaaren verwirklichen. In dieser Arbeit werden die
Eigenschaften von verschiedenen, auf Fluoreszenez basierender, Photonenquellen
beschrieben, sowie ihre Anwendung in zwei ausgewéahlten quantenoptischen Ex-
perimenten. Das erste Experiment stellt eine Anwendung der sogenannten blinden
Quantendatenverarbeitung dar, in der ein Anwender ohne quantenmechanische
Ressourcen eine Berechnung auf einen Server auslagert, der {iber groe Quantenka-
pazitédten verfiigt. Das Besondere dabei ist, dass der Server die Berechnung zwar
ausfiihrt, dabei aber keine Details {iber die Berechnung selbst erfahrt. Er ist der
Eingabe, der Durchfithrung und der Ausgabe gegeniiber ’blind’. Das zweite Exper-
iment beschéftigt sich mit Einmalprogrammen, die nach einmaliger Verwendung
unbrauchbar und nicht kopiert werden konnen. Durch Eigenschaften der Quan-
tenmechanik ist es moglich, diese Art von Programmen zu verwirklichen ohne die
physische Zerstorung von Hardware. Abschlief3end werden die Vorteile einer ge-
brauchsfertigen Photonenquelle besprochen, die durch ihre einfache Handhabung
ideal fiir quantenoptische Experimente in einem Laborpraktikum geeignet ist.






Abstract

The generation of photons with tailor-made properties is of paramount importance in
experimental quantum optics. Almost all sources for photons nowadays are based on
spontaneous fluorescence where a photon spontaneously decays into two photons in
a nonlinear crystal. Using this effect single-photon sources as well as sources for the
generation of entangled pairs of photons can be realized. This thesis describes the
properties of different photon sources based on fluorescence and their application
in two selected quantum optical experiments. The first experiment represents an
application of so-called blind quantum computing, in which a client without quantum
resources outsources a computation to a server providing large quantum capacities.
While the server carries out the computation, it is oblivious to the details of the
computation itself. The server is ’blind’ to the input, the computation and the output.
The second experiment deals with one-time programs that become unusable after a
one evaluation and cannot be copied. Due to the properties of quantum mechanics, it
is possible to implement this type of program without physically destroying hardware.
Furthermore, the advantages of a plug-and-play photon source are discussed which,
due to its simple handling, is ideally suited for quantum optical experiments in a
laboratory course.
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Introduction

Quantum theory has revolutionized our understanding of Nature. Counterintuitive
properties such as the superposition of physical systems and the apparent instanta-
neous communication of correlated quantum systems were explored in the 1930s
in famous thought experiments including Schrodinger’s cat [1] and the Einstein-
Podolsky-Rosen paradox [2]. Experiments realizing the superposition of electrons
in 1961 [3, 4] and the demonstration of entanglement in 1967 [5, 6] established
quantum theory as a theory of how Nature behaves on a fundamental level. Ad-
ditionally, technological breakthroughs such as the invention of the laser [7] and
the transistor [8] were made possible by employing the laws of quantum theory.
In the following years, the principles of quantum theory were tested with increas-
ingly sophisticated experiments and existing technologies benefited from advances
in quantum research, which in turn lead to further improved experiments. Soon,
physicists began to wonder whether principles of quantum theory could be used to
implement fundamentally new technologies and concepts not possible with merely
classical physics. First ideas for quantum algorithms and quantum cryptography
protocols [9-12] showed the potential of using quantum objects and their properties
as resources. In information theory, it has been suggested that quantum algorithms
may result in significant speedups compared to classical algorithms, for example
for the factoring of large numbers [13], the search in unordered lists [14] or the
simulation of quantum systems [15].

One of the main challenges to realize these quantum algorithms the isolation of
the quantum system from unwanted environmental influences. On the other hand,
this susceptibility to disturbances also allows the reliable detection of malicious
third parties in cryptographic protocols. For example, the Ekart91 protocol [16]
employs the nonclassical threshold given by the Bell inequality to test for the security
of a quantum channel. A main advantage in quantum cryptography is that the
security is not guaranteed by technological means but rather by the laws of nature
themselves. Quantum theory enables protocols that are secure even in the face
of an adversary with unlimited resources - quantum or otherwise. In this type of
quantum cryptography protocol, known as quantum key distribution (QKD), the
scenario assumes two friendly parties, usually named Alice and Bob, who want to
securely exchange information, for example an access key or a private message. They
combine their knowledge and resources to keep a malicious eavesdropper, known
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as Eve, from intercepting the transmitted information. Depending on the premise,
Eve has more or less options to gain access to the information without Alice and
Bob noticing, however, Alice and Bob can always find a way to guarantee a secure
communication.

The protocols discussed in this thesis deal with the premise of Alice and Bob not
trusting each other nor any intermediary. Each party is potentially malicious and
might try to cheat during the protocol to gain an advantage. Nevertheless, they
both rely on a joint resource to accomplish a certain task. Therefore, they work
together but at the same time try to exchange only the bare minimum of information
necessary for the completion of the task. This is a common scenario in our every-day
lives: we need banks to manage our money and give us access to it when we need it.
We store data on the servers of companies and expect them to keep it private. If we
need to conduct computations that are too computationally intensive for a personal
computer, we have to delegate the computation to a more powerful computer not
under our purview. In all of these cases, we rely on the discretion of the supplier of
the resource. We have to trust the bank to not steal our money, we trust the server
company to not leak our data and we trust the computation provider not to steal the
results of our computation. We rely on them, knowing that bank accounts can get
hacked and private data gets stolen regularly. In most of these cases, the failure in
security lies at the end of one of the active parties. Every time we exchange access
keys or rules about how to construct a security measure, there is a chance that a
malicious party at the other end takes the information to gain knowledge about
our data or program. In a classical world, we would have to accept and live with
these insecurities forever. However, employing the laws of quantum theory opens up
possibilities to exchange messages with or use the resources of a non-trustworthy
party without leaking essential information.

Quantum theory enables us to let someone run our program without providing
access to the program itself. If we want to implement a secret quantum computation
but do not have one ourselves, we can delegate the computation to a quantum
server without ever telling the server what he is actually computing [17]. Here, we
discuss implementations of both of these premises. The first application is realized
using one-time programs, which are functions that allow for one input by a user
but cannot be used a second time [18, 19]. All the while, the structure of the
program is hidden from the user. This is primarily possible due to a fundamental
property of quantum theory: the measurement outcome of a quantum state in a
superposition of the measurement basis cannot be predicted with certainty [20, 21].
The second application has gained traction since the first quantum cloud processors
have been opened to private users [22-24]. Blind quantum computing is a premise
that allows a user to implement a computation on a quantum computer without
the server knowing the computation conducted [18]. This feature, which sounds
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impossible at first, is again enabled employing the inherently random outcome of the
measurement of a quantum state. While quantum technology is still in its infancy,
vast improvements in the implementations have been made in the last few years.
This is possible due to the improvement of existing and the development of new
technologies, a large part of which addresses the performance of the physical system
used to encode the basic unit of information in quantum computing, the qubit.

While qubits encoded in the electronic spin [25-27], in the nuclear spin [28-30] or in
the degrees of freedom of Josephson junctions [31, 32] are becoming more and more
feasible, photonic qubits remain one of the top contenders in quantum information
and quantum cryptography. Linear optical components such as waveplates and beam
splitters allow the manipulation of photons to a high precision, and detection systems
based on semiconductors or superconducting wires can detect single photons with
high probability [33]. On the other hand, the generation of photons leaves room for
improvements in various regards.

Today, the vast majority of quantum optical experiments rely on a process called
spontaneous parametric down-conversion (SPDC) where a single incident photon is
split in two daughter photons of lower frequency [34]. SPDC sources can be used to
create single photon states [35] (making use of a special technique) and entangled
photon pairs [36] used as basic resource in countless experiments. Since the Knill-
Laflamme-Milburn (KLM) scheme turned photonic qubits into viable candidates
for universal quantum computing [37], much attention has been given to the
improvement of SPDC sources. While current SPDC sources offer a wide wavelength
range, high photon count rates and high versatility despite requiring low resources
and low maintenance, more and more research is focused on the development
of alternatives. Technologies such as quantum dots [38-40] and NV centers [41]
are potential candidates for natural single-photon source but, apart from requiring
careful and resource-intense preparation, they still need improvements in order to
take over the primary role of single-photon sources. While these sources gradually
take over state-of-the-art research labs, many applications continue to be based on
the tried- and true technology of SPDC in the foreseeable future. All the experiments
discussed in this thesis are based on such sources, and while they all rely on the
same process for the generation of photons, each source is built differently, providing
different advantages and properties.

The goal of this thesis is to give an overview of the applicability of SPDC sources
in different quantum technology protocols as well as an example for their use for
educational purposes. It will be shown that while having inherent drawbacks, SPDC
sources are still extremely powerful and versatile sources of photons for a wide
variety of applications. As a first example of the main topic of this thesis, Figure
1.1 depicts a possible architecture of an SPDC source. The heart of the source is
a nonlinear BBO-crystal pumped by a continuous-wave laser at 780nm. For each
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pump photon entering the crystal, there is a small chance that spontaneous down-
conversion occurs, splitting the pump photon into two photons of half the frequency,
referred to as signal and idler photons. In this example, the generated photons are
orthogonally polarized and exit the crystal in overlapping emission cones. After
emission from the BBO crystal, the photons traverse a half-wave plate which switches
the polarization state and are then spatially separated by two prism mirrors. In the
path of each photon, a second BBO-crystal of half the length of the main crystal is
placed. In combination with the aforementioned waveplate, the crystals cancel out
dispersive effects caused by the birefringent nature of the BBO that would reduce
the coherence of the photons. Additionally, frequency filters are placed in each path
to further increase the quality of the entanglement and block residual pump light.
Finally, signal and idler photon are collected into a single-mode fibers which act as
spatial filters and guide the photons to the subsequent parts of the experiment. In
any case, after the desired operations have been implemented, the final properties
of the photons are measured which, for photons, corresponds to the absorption in a
single-photon detector. Apart from the source technology, the overarching premise
of this thesis is the mistrust between the two communicating parties, Alice and Bob,
as discussed above. Using SPDC sources, optical components and single-photon
detectors, the two can implement various protocols together without ever having to
resolve their trust issues.

The thesis is structured as follows: In Chapter 2, the fundamentals of quantum
optics are introduced, starting with single-qubit states, a graphical representation
and the polarization degree of freedom to encode quantum information in pho-
tons. Subsequently, the creation, manipulation and detection of photonic qubits
in a laboratory will be described, including the main topic of this thesis, SPDC.
Chapter 3 deals with qubits as information carrier in quantum information theory.
Measurement-based quantum computing (MBQC) [42] is introduced, along with
one of its main applications, blind quantum computing (BQC) [18]. Based on this,
the theory and experimental implementation of a new protocol of blind quantum
computing is discussed, dealing with the interaction between a classical client and a
universal quantum server. This protocol, known as classically-driven blind quantum
computing (CDBQC) [43], retains partial blindness for the server while shifting
the required quantum resources away from the client. The second protocol of this
thesis is described in Chapter 4: Quantum theory provides advantages to one-time
programs, functions that can be evaluated for only one input. The protocol is split
into two communication phases, one wholly quantum and the other entirely clas-
sical. Finally, in Chapter 5 a new kind of plug-and play SPDC source is used to
implement some of the most fundamental experiments in quantum optics. Here,
two examples are given, namely the reconstruction of the density matrix for a given
quantum state and the generation of indistinguishable photons and the verification

Chapter 1 Introduction



CW Laser

SMF
Polarizer

HWP Lens BBOpc

Fig. 1.1: Example for an SPDC source design: a pump beam emitted by a continuous-
wave laser at 780nm is coupled to a single-mode fiber (SMF). The power of the
pump beam is tuned using a half-wave plate (HWP) in combination with a linear
polarizer. A convex lens focusses the laser beam to the center of a nonlinear beta
barium borate crystal (BBOpc) where pump photons are spontaneously split in
pairs of daughter photons via SPDC. The generated photons are orthogonally
polarized and emitted in overlapping cones. Photons collected from the inter-
section points denoted by the red arrows show non-classical correlations. Prism
mirrors are used to spatially separate photons from the two intersection points.
Due to birefringent effects in the crystal, a half-wave plate after the BBO is used
to exchange the polarization of the daughter photons. In combination with BBOg
and BBO; which are half the thickness of BBOpc, these effects can be compensated
to a high degree. Bandpass filters (BPF) are used to filter scattered pump light
and to spectrally post-select the generated photons. Both photons are coupled
into SMFs which are connected to single-photon avalanche diodes (SPAD). Coin-
cidence events in both detectors are noted in the coincidence logic (e.g. a field
programmable gate array (FPGA)). The source can be used as a heralded single-
photon source or a source for entangled photon pairs. To analyze the polarization
properties of the generated state, additional polarizers have to be placed in front
of the SMFs.
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via Hong-Ou-Mandel interference. The thesis is concluded with a comparison of the
most important properties of the different SPDC sources introduced.

Chapter 1 Introduction



Quantum optics

In this Chapter, basic concepts of quantum mechanics applied to light are introduced.
Quantum optics emerged as its own field in the 1950s, following research into
coherence of light [44] and the invention of the laser [7]. The improvement of
lasers, optical components and detectors in the following decades allowed for more
and more sophisticated experiments using quantum states of light. Many remarkable
results were achieved in experimental quantum optics in the 1990s and the early
2000s, including the realization of quantum teleportation [45], entanglement swap-
ping [46] and two-qubit logic gates [47-49]. Today, quantum optics is a diverse field
of research including fundamental research as well as the investigation of quantum
technologies. The comparably simple manipulation of photonic qubits allows for
the implementation of a large amount of proposals using a handful of types of
components for the most parts. In the following, we start by introducing single-qubit
states, including their general properties and their graphical representation on the
Bloch sphere. We then briefly discuss polarization-qubits since all qubits employed in
this thesis are of this type. Related, we define states of multiple qubits and introduce
the concept of entanglement including tests of entanglement in the form of Bell
inequalities. The final part of the Chapter discusses the creation, manipulation and
detection of single- and two-qubit states, in theory as well as in an experiment.
This includes the basic working principles of lasers, nonlinear optics and SPDC, the
properties of linear optical components and the detectors used to measure single
photons.

2.1 Basic Concepts of Quantum Mechanics

2.1.1 Single-qubit states

In quantum mechanics, a physical system is completely described by a state ¥
represented by a ray in a separable Hilbert space H. Using Dirac’s ket notation,
a ray is defined by {¢'® |¥) |¢ € R}, i.e. the equivalence class of vectors differing
by multiplication with a complex scalar ¢’*. Choosing a representative of the
class, denoted by |¥) and with unit norm (¥|¥) = 1, states can be represented by
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normalized vectors and overall (global) phases e'? are of no physical significance for
|e’?| = 1. A quantum system evolves unitarily in time, described by

(1)) = U(1) [¥(t =0)) 2.1

where U(t) is a unitary operator, i.e. a bounded linear map U : H% — H? in
d dimensions satisfying U(t){U(t) = U(t)U(t)! = 1. Every state of a finite d-
dimensional quantum system can be decomposed into a linear superposition of a set
of vectors {¢;} spanning #, giving

d
|U) = Z i |d3) (2.2)
i=1

where )\; are complex amplitudes normalized to 3%, |\;|*> = 1. The probability to
measure and find the system in state |i) is then given by |);|? using equation 2.2.
Note that if the elements of {¢;} spanning  are linearly independent, they form
a basis for the space. Properties of the state that can (in principle) be measured
are called observables and realized by Hermitian operators AT = A for A bounded.
Hermitian operators in a Hilbert space ‘H have a spectral representation in #, i.e.
their eigenstates form a complete orthonormal basis. The observable can therefore
be represented as

d
A= My, (2.3)
m=1

where \,, are the eigenvalues of A and M,, are the corresponding orthogonal
projection operators onto the space of eigenvectors with eigenvalue )\,,. Projective
operators are orthogonal and Hermitian and can be expressed as

A~

M, = Im) (m| 2.49)

where {m} is the orthonormal basis of eigenstates of A. When applying M,, to |¥)
the measurement result m occurs with a probability p given by the square absolute
value of the overlap

p(m) = (U] M,, |T) (2.5)

To conclude, an observable gives information about the probability distribution of
the measurement outcomes, a projector gives the outcome of a single measurement
of the corresponding observable. In the following we will specifically deal with state
vectors describing two-level systems, i.e. qubits

W) = al0) +311) (2.6)

Chapter 2 Quantum optics



for a, 8 € C and «a|? + |B]? = 1, and therefore focus our discussion on these states.
The measurement operators which span a complete orthonormal basis of observables
in two-dimensional Hilbert space are the (unitary Hermitian) Pauli operators!

0 1 0 —i 10
o= X = Gy=v = " 6. =2 = 2.7)
10 i 0 0 -1

with eigenstates

Ups) = | 4) = 7<ro>+u>> U, ) =|-) = 7<ro> 1))
(Tyi) = |+i) = 7<ro>+zu>> Ty} = | =) = 7<ro>—zu>> (2.8)
0..) =0) U._) = 1)

where the subscripts A+ denote the eigenvalue +1, respectively. Having established
the fundamental rules of how to describe the states, time evolution and measurement
of a quantum system, we can already state one of the most fundamental rules of
quantum theory:

2.1.2 No-cloning theorem

The no-cloning theorem [50] is one of the most important properties of quantum
theory, in particular for the following protocols. It states that arbitrary quantum states

cannot be perfectly copied. Suppose there exists a unitary operator U, (t) that acts

on a qubit |¥), and a qubit in an initial state |7),, such that |¥), |i), U—> (W), |T),.

However, due to the linearity of quantum mechanics

Ue(t) [0), [i)y = aUc(t) 0); |8y + BUE) 1), [i)y 2.9)

a0}y [0)y + B 1)y 1),

which is an entangled state and different from |¥), |¥), except for |i) = |¥) or
|i) L |¥). Therefore, cloning an arbitrary unknown quantum state is not possible.
While this makes error correction in quantum computing impossible with classical
schemes (where bits are copied to reduce the error rate), the no-cloning theorem
is the fundamental principle preventing eavesdroppers from copying transmitted
quantum information. Moreover, the no-cloning theorem is essential for the the
uncertainty principle and prevents superluminal communication with entangled
states.

lwhile in most of quantum mechanics, the notation & is common for the Pauli matrices, in quantum
information theory the Pauli matrices correspond to single-qubit gates denoted as X,Y, Z

2.1 Basic Concepts of Quantum Mechanics
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2.1.3 Bloch sphere

An important geometric tool for the graphical representation of qubit state vectors is
the Bloch sphere depicted in Figure 2.1a. The two-dimensional Hilbert space 72 and
the Bloch sphere have a one-to-one correspondence meaning every element of H?
can be represented by a point on the sphere: Qubits are points on the surface of the
unit sphere, their position can be determined by the polar coordinates # and ¢

| W) = cos (g) |0) + €% sin (g) 1) (2.10)

where 0 < § < 7w and 0 < ¢ < 27. This representation of the qubit state vector
in spherical polar coordinates is called the Bloch vector. Orthogonal elements of
H? are represented by antipodal points on the sphere, e.g. the eigenstates of the
Pauli operators which are located at the poles of the sphere. Applying a Pauli
operator &,, 6y, 0, to a single-qubit state rotates the state by = about the z, y, z-axis,
respectively and up to a global phase. To restore the original state, 5, needs to be
applied two more times making the Bloch sphere 47-symmetric which is significant
if the phase is relative between two qubits. In general, every single-qubit unitary
corresponds to a rotation Ry (6) around an axis 72 = (n,, ny, n.) on the Bloch sphere.
Furthermore, R;(#) can be decomposed into a linear combination of the Pauli
operators and the identity in terms of

Rﬁ(@) = exp <_29n : J)

2 (2.11)

0 .. (0 N N A
=cos | 5 1 —isin B (ngby + nyGy + n262)

where ¢ = (d3,6,,6,)T [51]. Therefore, an arbitrary single-qubit state can be
continuously rotated into any other single-qubit state by applying a unitary single-
qubit operator. Using P4 = cos (0)1 + sin (0) A for A2 = 1, we can express rotations
about the x-, y-, and z-axis in terms of rotation matrices

~ COS (g) —1sin (g) R coS (%) —sin (g) R (e
Ry (0) = , Ry(0) = , R.(0) =
—18in (g) cos (g) ! sin (g) cos (g)

Since Rj;(0) can rotate any single-qubit state into any other single-qubit state up to
a global phase, we can define an arbitrary single-qubit unitary operator as

A

U = exp (i) Ra(0) (2.13)

for angles v and 6. From this operator, all single-qubit unitaries used in this thesis can
be directly derived by choosing appropriate unit vectors # and angles. Furthermore,

Chapter 2 Quantum optics
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A ‘U) A ‘H>

(a) Bloch sphere (b) Poincaré sphere

Fig. 2.1: (a) Bloch sphere to represent single-qubit states. The sphere is spanned by the
eigenstates of the Pauli matrices, antipodal states are mutually orthogonal. Qubit
states can be written in the Bloch sphere representation as |¥) = cos8/2|0) +
e'?sin@/2|1) where 0 < § < rand 0 < ¢ < 2. (b) Poincaré sphere to represent
single polarization-qubit states. The states representing for linear, diagonal and
circular polarization are located at the poles. Apart from the notation and the
name, the representation of a qubit state on the Poincaré sphere is identical to
the representation on the Bloch sphere which is why the names are often used

synonymously.

we denote measurement operators that project a state on the eigenstates of the Pauli
operators, located on the x—, y— or z-axis of the Bloch sphere, by

6z Mus, = |£) (£]
Gy« Mis, = |+4) (il (2.14)
6. My, =0/1) (0/1]

Depending on the type of qubit, different methods have to be applied to implement
unitary operations and measurements. Since in this thesis, the same type of photonic
qubits are used for all experiments, we are going to introduce their most important
properties in the following.

2.1.4 Polarization qubits

In general, various physical two-level systems can be used to encode qubits (atoms
[52, 53], electrons [54, 55], Josephson junctions [31, 32]), some more suitable for
specific tasks than others. Here, qubits encoded in the polarization degree of freedom
of photons will be used for all applications. While photons offer several degrees
of freedom that can be used to encode quantum information (frequency, orbital
angular momentum, arrival time), polarization-encoding is especially useful since
single-qubit unitary operators can be implemented using standard optical elements

2.1 Basic Concepts of Quantum Mechanics
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such as wave plates, beam splitters and polarizers. Due to the particle-wave duality,
we can assign a polarization state to a photon according to the oscillation of the
electromagnetic field. In analogy to classical optics, the polarization can be linear,
diagonal or circular. We assign polarization states to corresponding computational
qubit states defined in 2.8 to get

Dy=l+) A=) (2.15)

where A (D) denote the (anti-) diagonal and R (L) the right- (left-) handed po-
larization states. We can therefore treat polarization-qubits as eigenstates of the
Pauli operators as described before. Furthermore, this tells us that these polarization
states are enough to form a complete basis in two-dimensional complex Hilbert
space giving a full representation of any polarization state possible.

In experiments, polarization qubits are remarkably convenient in contrast to many
other qubits for several reasons: as mentioned, they can be manipulated using
classical polarization manipulation technology that has been explored and refined
for centuries. Secondly, photons as having neither charge nor mass only couple
weakly to the environment making it possible to transmit them through air with
limited loss of coherence or absorption (satellite QKD). Qubits such as atoms or su-
perconducting qubits have to be isolated in vacuum chambers resulting in expensive
and sophisticated setups. At last, for selected wavelength regimes, highly efficient
single-photon detectors make the detection of photons comparably convenient. As
for all things, these advantages come with drawbacks: one of the most prevalent
drawbacks of photonic qubits is the complicated creation of entangled states and
nonlinear gates for quantum computing. Photons do not interact directly up to first
order since they are electrically neutral and second-order interactions only occur at
high energies through the creation and annihilation of virtual particle-anitparticle
pairs [56]. Since these energies are not easily accessible in an optical laboratory,
experimentalists have to resort to different means such as nonlinear crystals and
probabilistic gates. Despite these problems, photons are still the most versatile,
robust and easiest-to-set up system for the implementation of qubits.

2.1.5 Two-qubit states

The states discussed up until now describe a single two-level system. When describing
composite systems made up of several individual subsystems, for example systems
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consisting of several qubits, the multi-partite state for two qubits 1 and 2 can be
expressed as

W) 19 = |0} |0)y + B10)y [1)g +7[1)1 [0) +[1); [1), (2.16)

in a bipartite Hilbert space H2 = H; ®Ho where {00, 01, 10,11} is the computational
two-qubit basis, {«, 3,7, } are complex amplitudes and ® is the tensor product. If
a bipartite state can be written as a tensor product of the individual subsystems 1
and 2 as

(U)o = V), @ [F), (2.17)

the state is called separable. However, since the Hilbert space is linear, it also contains
superpositions of states such as |00) + |11). These states can’t be decomposed into a
tensor product of their subsystems, i.e. |¥.;) # |V,) ® |¥}). These states are called
nonlocal or entangled and give rise to quantum phenomena that cannot be described
using classical theories?. For the applications discussed here, we are most interested
in the four pure maximally entangled two-qubit states known as the Bell states:

1

[0F) = —= (|01) £[10))
. \? (2.18)
&%) = 7 (100) £ [11))

which, amongst other properties, form an orthonormal basis for the four-dimensional
Hilbert space. The singlet state |¥~) (spin quantum number 0) is of significant im-
portance since it is isotropic with respect to rotations around an angle 6, i.e. it looks
the same in any basis rotated by 6 respective to |0). This makes the |¥~) oftentimes
the go-to state for experiments, especially since Bell states can be transformed into
any other Bell state by local unitary transformations.

Projective operators acting on two-qubit states are generated from single-qubit
operators me = Mml ® Mm2 and applied in the same way such that p(m) =
(Y] My, |U )15- Single-party measurements are equivalent to applying the pro-
jection operator on the bipartite state: |¥), == (M, ® 1) |¥),, where |0), is the
reduced output state. If |¥),, was an entangled state, local measurement of one
subsystem immediately collapses the remaining subsystem into a well-defined local
quantum state independent of the distance between the parties holding the qubits
1 and 2. These correlations hold not only in the basis the state was prepared in
(which would be explainable with classical probability theory) but in any basis such
as the {+, —} basis. In this case the qubit gets projected onto either the state + or
— with a probability of 50%. Which state it is, however, is probabilistic and only
decided in the instant of the projection. Nevertheless, as soon as Alice measures

2For the most part from now on, we are going to suppress the indices describing the individual
subspaces 1 and 2 for better readability)

2.1 Basic Concepts of Quantum Mechanics
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Fig. 2.2: Schematics for a Bell-type experiment. A source located in the center distributes
particles to Alice on the left and Bob on the right. Both parties are equipped with a
suitable detector which can be set to measure one of two properties A, A’ and B, B’
of the particle. Alice and Bob can freely choose their setting but are not allowed to
communicate. Every time the detector measures, it gives out a binary output +1
depicted by the two light bulbs at the side of the detector. After the experiment,
Alice and Bob compare their results and compute the correlation parameter C. If
the measured particles are at most classically correlated, [(C)|c = 2. If the source
emits maximally entangled particles, |(C)|or = 2v/2, violating the classical bound.

+, Bob will always measure — independent of distance, and vice versa. This seem-
ingly instantaneous communication between two separated parts of an entangled
state are perhaps the most peculiar feature of quantum theory and gave rise to
the well-known EPR paradox in 1935 [2]. In essence, if quantum theory is to be
considered complete, it cannot be both realistic and local. Realistic in the sense that
the properties of the constituent parts of the system are in some sense deterministic
to measurement and local in the sense that manipulation of a subsystem at place A
should not instantaneously influence the properties of subsystem B at a spacelike
separated location. Since both assumptions are very intuitive and dropping them
would mean to break with two very fundamental properties of reality, a solution was
to assume that quantum theory is incomplete and there exist local hidden variables,
properties of the system not accessible by a quantum treatment. This would render
quantum theory incomplete and keep the assumptions of local realism intact.

2.1.6 Bell inequality

In 1964, John S. Bell formulated an inequality that assigns an upper bound to
correlations and should be obeyed by all local realistic theories [20]. In Bell’s
original paper, perfect anticorrelation is assumed for the measurement outcomes.
Since this is impossible to realize experimentally, a more general version of Bell’s
inequality is used for experiments, introduced in 1969 by Clauser, Horne, Shimony
and Holt [57]: In the scenario, two parties, Alice and Bob, share a bipartite state
distributed by a source. Each party can choose to measure one of two observables
we denote by A, A’ for Alice and B, B’ for Bob. The observables can take the values
{£1} and are assumed to be functions of some hidden variable. Alice and Bob are
not allowed to communicate which can be guaranteed by spacelike separation. From
the possible outputs of the observables, we can see that either A + A’ = 0 and
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therefore A — A’ = +2 orelse A — A’ = 0 and A + A’ = +2. Using this, we can
define the correlation parameter

A

C=A+A)B+(A+A)B' =+2 (2.19)

The assumption for local hidden variables (LHV) is implicit in this definition since we
assume that {£1} can be assigned to all four observables even though it is impossible
to measure both A, A’ and B, B'. Taking a series of measurements, the absolute of
the expectation value of C is bounded by

(C)|c1 = [(AB) + (A’B) + (AB') — (A'B")| < 2 (2.20)

since [(C)| < (|C|)q = 2. It was first shown in 1972 that this bound can be violated
if Alice and Bob share an entangled state, for example a Bell state [6]. For a long
time, it was not clear if this violation is inherent in quantum theory or if it is merely
a product of flaws in the experimental design. For example, the detection loophole
addresses the problem arising from imperfect detectors: Since only a subsample of
all emitted pairs is detected, the whole sample might result in random outcomes
while the quantum correlations detected are the result of LHV combined with specific
detector settings. If the measuring parties are not spacelike separated, the detector
on one side might communicate with the other detector, somehow influencing the
results. This is known as the communication loophole. In the years following
the first experimental demonstration, numerous experiments were designed and
conducted to close these and other loopholes. Eventually, three groups reported
loophole-free Bell tests all violating Bell’s inequality in 2015, showing that quantum
theory cannot be described by LHV theories [58-60]. It is important to understand
that, while quantum entanglement allows for stronger correlations than expected
in LHV theories, it does not allow for faster-than-light communication since Alice
has no way to know the random measurement outcome on Bob’s side and therefore
no way to transmit this information to Bob. This becomes apparent in the fact that,
would Alice and Bob reconstruct the their part of the state on their side they would
get a maximally mixed state. The condition of no faster-than light communication
is called 'no-signalling’ and is implicit in the formulations of Bell’s inequalities in
the sense that Alice’s measurement settings does not influence Bob’s settings and
vice versa. Using correlations obtained from measurements on entangled states,
there exists a maximum violation of Bell’s inequality, known as Tsirelson’s bound
and given by

(C)or < 2v2 (2.21)

Approximate equality can be achieved by using maximally entangled states and
specific measurement angles. Remarkably, Tsirelson’s bound is not the algebraic
upper bound of 2.20, which is given by |(C))|al; = 4°. This discrepancy has inspired

*Note that |(C)] is discontinuous from 2+/2 to exactly 4
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researchers to look for more generalized probability theories that include quantum
theory as a special case while still obeying no-signalling (see, for example PR-boxes
in [61-63]).

CHSH Game

In the context of quantum information theory, the CHSH inequality and Tsirelson’s
bound is often introduced via an alternative approach called the CHSH game. Here,
a referee distributes two input bits {0, 1} and sends one to Alice and the other one
to Bob. After receiving their bits, Alice and Bob both produce an output bit and send
it back to the referee who compares the results. If a certain condition is fulfilled,
Alice and Bob win the game, otherwise, they lose. The CHSH inequality can then be
expressed in terms of the winning probabilities for the different configurations of
the game and is given by

(p)a <=~ =0.75 (2.22)

=~ w

This is the classical upper bound of the CHSH inequality introduced above. Again,
it can be shown that if Alice and Bob receive one part of an entangled state, the
classical winning probability can be surpassed. Specifically, the winning probability
when using entanglement results to

(p)or < % + 2\1@ ~ 0.853 (2.23)
The upper bound of 0.853 is simply Tsirelson’s bound in the context of the CHSH
game. The advantages that can be gained by employing quantum entanglement
are diverse and powerful. For this reason, entangled quantum states have become
fundamental resources in the development of quantum technologies. It is used to
teleport information from qubit to qubit in measurement-based quantum computing
or shared between parties to enable universally secure communication in QKD. The
CHSH inequality, as a fundamentally valid proof of non-classicality, is commonly
employed to verify the presence of entanglement or to detect eavesdroppers in a
private channel.

For the applications discussed in the following sections, photonic qubits will be
the constituents of the entangled states. While entanglement between photons is
robust, the practical creation of entanglement is one of the main challenges in today’s
experimental quantum optics, especially if one wants to create higher-dimensional
entangled states such as the three-photon GHZ state. In the following section, we
will describe SPDC, one of the best-developed techniques to create polarization
entanglement in the lab, followed by a description of some of the most important
optical components to apply unitary operations to photonic qubits. Following that,

Chapter 2 Quantum optics



we will conclude with the implementation of measurements on single- and multi-
qubit systems.

2.2 Spontaneous Parametric Down-Conversion
Photon Sources

2.2.1 Laser sources

For many applications in classical as well as quantum optics including SPDC, a basic
necessity are sources of spatially and temporally coherent light. Spatial coherence
means that two points of the wave can interfere with each other while temporal
coherence means that a wave can interfere with itself in different points in time.
When the first laser (light amplification by stimulated emission of radiation) was
built in 1960 [7], it was regarded as a curiosity with no apparent applications. Nowa-
days, since for many effects in (quantum) optics interference of wave(-functions)
is a prerequisite necessary for many secondary effects (e.g. nonlinear effects and
multiphoton interference), lasers are one of the fundamental building blocks of any
photonic experiment. Apart from providing the light source from which the photonic
states are created, lasers are crucial for manipulation and readout of photonic sys-
tems. Here, we are going to give a basic overview of the working principle of laser
diodes and optical amplifiers which, in combination, make up the basic source used
in the following experiments to create continuous highly monochromatic, coherent
light.

Laser diodes

In almost all modern solid-state laser sources, the light pumping the gain material
is provided by a laser diode. They consist of two semiconductor crystals stacked
on top of each other but separated by a narrow slit, one crystal with an excess of
electrons, called n-type, and one with a deficit of electrons (or a surplus of holes),
called p-type. The area between the seminconductors is referred to as p-n-junction.
A schematic of a laser diode is reported in Figure 2.3. When the diode is polarized
in forward direction, the electrons flow towards the holes and vice versa. In order
to recombine at the p-n-junction the electron has to lose some energy, since the
hole is in a lower energy state, resulting in the emission of a photon. In addition
to a positive net radiative decay, to turn the diode into a laser diode, a feedback
or resonator mechanism has to be provided to keep the photons in the junction.
Fortunately, the semiconductors have a high refractive index relative to the air in
the slit resulting in total reflection similar to a waveguide. The semiconductor
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Fig. 2.3: Schematics of a laser diode. A p-type semiconductor is brought close to an
n-type semiconductor, leaving a thin open slit called the p-n-junction. A voltage is
applied, generating a current in forward direction. At the p-n-junction, which acts
as the active area in the diode, electron-hole-recombination leads to the emission
o