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Abstract

Diffraction tomography is a powerful method to obtain a three-dimensional visu-
alisation of a light penetrable object from a number of optical two-dimensional
images. It is used in many different fields of science, such as medicine, radiology,
physics and biology. Diffraction is a physical effect describing scattering in
weakly scattering objects. Our particular studies are motivated from tomograph-
ical optical imaging where the probe is moved contact-free with tweezers. The
advantage is that the probe can be imaged in a “more” natural enviroment. The
downside is that the induced motion of the probe is rather irregular. Thus,
tomography with irregular movement will be treated. A valuable tool for deriv-
ing the reconstruction formulas for these applications is the Fourier Diffraction
Theorem. An analytical investigation of the theorem as well as the mathematical
background and the applications of the theorem in diffraction imaging will be
presented.

Abstract

Beugungstomographie ist eine effiziente Methode, um eine drei-dimensionale Visu-
alisierung eines licht-durchdringbaren Objekts aus optischen zwei-dimensionalen
Bildern. Sie wird in verschiedenen wissenschaftlichen Fachgebieten wie in
der Medizin, Radiologie, Physik und Biologie angewendet. Die Beugung ist
ein physikalischer Effekt, der die Streuung eines schwach streuenden Objekt
beschreibt. Die Masterarbeit ist von tomographische optische Abbildung, bei
denen die Probe kontakt-frei mit Pinzetten bewegt wird, motiviert. Der Vorteil
ist, dass die Probe in einer “natiirlicherer” Umgebung studiert werden kann. Der
Nachteil ist, dass die induzierte Bewegung der Sonde irregulér ist. Deswegen wird
die Tomographie mit irreguldrer Bewegung betrachtet. Ein wertvolles Werkzeug
fiir die Herleitung von Rekonstruktionsformeln ist der Fourier’sche Beugungssatz.
Die analytische Untersuchung des Satzes zusammen mit dem mathematischen
Hintergrund und die Anwendung des Satzes sind in der Masterarbeit ausgefiihrt.
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1 Introduction

We use tomography as a synonym for recontructing a three-dimensional object
from a sequence of two-dimensional recordings. In diffraction tomography, the
object is illuminated by waves from different directions and transmission or
reflection recordings give information about the interior of an object. Diffraction
is the phenomenon, which describes propagation of waves in weakly scattering
objects. Tomographic inversion of waves produced by weakly scattering objects
is called diffraction tomography. For example, the tomography using ultrasound
or microwaves falls within the scope of diffraction, while using X-ray does not.
When it comes to application, diffraction tomography plays a significant part in
medical imaging.

While the Fourier Slice Theorem is a fundamental theorem of X-ray tomography,
the Fourier Diffraction Theorem is the most valuable theorem for diffraction
tomography. It shows the relation between the two-dimensional spatial Fourier
transform of the waves resulting from illumination and the three-dimensional
spatial Fourier transform of the object.

In order to study Fourier Diffraction Theorem, some fundamental concepts are
required. Two of which are Fourier transform and partial Fourier transform,
which will be discussed in Section 2 and 3 together with their basic properties
defined on different spaces. In particular, in the experiment described later
in Section 4, the one-dimensional Fourier transform is applied to the function
with respect to one component, while the other two components are fixed. The
reason is that the wave, which we want to measure, is recorded at a fixed plane.
Therefore, the measured data are in fact the Fourier transforms of the outgoing
waves with respect to the first two components only.

In Section 4, a diffraction experiment, which requires the application of the
Fourier Diffraction Theorem, is investigated. An incident wave propagates
through the scattering object, which is exposed to irregular motion and can
be trapped by instruments called tweezers. The measured data are the Fourier
transform of the scattered waves. It is required to reconstruct the images of the
object from the measurements. Since the probe is weakly scattering, Born and
Rytov approximation describe the scattering reasonably well.

Afterwards, the Fourier Diffraction Theorem and its proof in three-dimensional
case are studied thoroughly in Section 5.

The measurements gained from the experiment are only given by the data on
a space covered by the phase and spatial frequencies with k7 + k3 < k2, where
ko is the wave number of the incident field. This space is called the k-space
coverage. Different k-space coverages of different experimental settings will be
observed in Section 6.



Finally, in Section 7, a numerical application and visualisation of the experimen-
tal results in a two-dimensional setting are considered.

Some background information ultilised in the previous sections is given in the
Appendices.

This thesis is written by two authors: Milica Uzelac worked on Section 2, 3 and
Subsection 7.1; Thi Lan Nhi Vu worked on Section 4, 5, 6 and Subsection 7.2.

2 Fourier transform and distribution theory (M.U.)

Fourier transform plays a very important role in the study of the Fourier Diffrac-
tion Theorem. In this section, we will study the basic properties of the Fourier
transform defined on different spaces. In order to achieve the task, we first need
to define some function spaces.

Let 1 <p < oo and (Q,%(Q), ) be a measure space with

LP () = {f Q—=C ’ f measurable,/ |f(x)|p du(z) < oo}.
Q

For f € £P(Q, u), define

wsz(AU@demfi

In this £P(Q, 1) space, || f||,,» is not a norm, since it does not fulfil

[flly =0=f=0

for f € ZP(Q, ). From | f|l;, = 0, we can only get that f = 0 p-almost
everywhere. Therefore, we define the equivalence relation

ng — ||f_gHLp:()7

i.e., the two functions f and g are called equivalent if they coincide p-almost
everywhere. This leads to the definition of the space

LP(, p) := L7 (Qp) [ ~ .

We can understand this LP(2, ) space as a set of all equivalence classes of
measurable function f, for which || f||,, is finite. In this space, if we have that
f = g p-almost everywhere, they are then considered as equal, i.e. f = g. Hence,
the property

Il =0=f=0

is fulfilled and || f||,, is a norm in LP(Q, ). Furthermore, LP(Q, ;1) is a complete
space, that is, every Cauchy sequence (fi)r C LP(), 1) converges to a function



f € LP(Q,u) (cf. Theorem 1.34 in [19]). Thus, LP(£2, u) is a Banach space. A
function f € LP(Q, i) is called a p-integrable function.

Analogously, for p = 0o, we have
L= p) = L= Q) /{f € 2@, 1) | [ f]] L = 0}

with
LR, p) = {f Q0 —C ’ [ measurable, ||f]|;«~ < OO}

and
1 £l o :=nf{C >0,C < oo ||f| <C p—a.e}

L>°(Q, ) is also a Banach space (Theorem 1.34 in [19]).

If the choice of p is understandable from the context, we can write LP(Q), for all
p € [1,00]. So, in this paper, we have the Banach space LP(2) with finite norm

I£1s = ([ 1roor dr);

| fll e == esssup|f(r)| )
reQ2

for p € [1,00) and

For 1 < p < g, the space L9(Q) is continuously embedded in L?(2), if @ C R™ is
bounded.

We also define the space of p-locally integrable functions

LP

loc

Q) ={f:Q—=C| flg € LP(K) VK C Q, K compact},
where f|x is the restriction of f to the set K.

Moreover, for 2 C R™, we denote:

(i) €(Q) == {f : Q@ = C | f continuous} the space of continuous functions
endowed with the || - || L~ norm.

(ii) €.(Q) :={f : Q@ — C| f continuous with supp(f) C K C R", K compact},
where

supp(f) := Q\{y € Q | 3 neighborhood U > y : f|y = 0}

the space of continuous functions with compact support.

(iii) €*(Q) = {f : Q = C | Va € NI, |a| < k,0°f € €(Q) } the space of
k—times differentiable functions endowed with the norm

1f ey =D 10 fllz=

o] <k



(iv) () :={f : Q@ = C | f infinitely differentiable} the space of smooth
functions.
We say that a sequence (fx)r C €°°(€2) converges to f € €°°(R) if and
only if for all compact subsets K of €2, for all a € N, we have

sup [0 fr, — 0% f| =0.
zeK

(v) €°(Q) 1= 6.(2) N E>(Q) the space of smooth functions with compact
support or the space of test functions.
A sequence (fi)r C €°(Q2) converges to f € €°(Q) if and only if there
exists a compact subset K of €2 so that for all a € Njj, we have

sup |0 fr, — 0% f| = 0.
reK

In the following subsections, we will first study the classical Fourier transform
that is defined on the function space L'(R"). Then, we work with the Fourier
transform defined on a subspace that is closed under pointwise multiplication
of LY(R™). Afterwards, we extend the definition of the Fourier transform to
the only p-integrable function space that is a Hilbert space, namely: L?(R™).
The study of the Fourier transform in this space does not belong to the field of
classical analysis anymore. Finally, we extend our knowledge of the properties
of the Fourier transform to a larger space, in particular, the space of tempered
distributions. The theory of distributions will be introduced in Subsection 2.4.

2.1 Fourier transform on L'(R")

Now, we define the Fourier transform for functions in L*(R™). A function that
depends on the space variables will be transformed into function that depends
on the spatial frequencies.

Definition 2.1. For f € L'(R"), that is, f : R® — C integrable,

1
(vV2m)n

is called the Fourier transform of f.

Ff(k) =

/ f)e ™ dr vk eR" (2.1)

Then, we present some basic properties of the Fourier transform.

Lemma 2.2 (Properties of Fourier transform). For f,g € L'(R™), 0 # a € R",
a, B € C, we have:

(i) F(af + Bg) = aF (f) + BF(9),
(i) Ff(-—a)=e ™ Ff,

F
(iii) F(e~* f) = Ff(- +a),



(iv) Zf(3) =la|" Z f(ak),
(0) Z(f *g) = (VDT )(Fg).

Proof. (i) Follows from the linearity of the integral.
(ii) We first apply the Definition 2.1 above to have

Ff(-—a)k) = (\/Tlﬂ)n /Rn f(r—a)e T dr,

Substitution r — a = p yields

FI ) = o [ S dp

Now, putting the exponential part, which does not depend on p, in front
of integral, we arrive at

FHC A = ﬂl—w)n [ s dp — e k7w,

(iii) Here we apply Definition 2.1 on e~ f to get
1
(V2m)"

Rearranging the exponential part and applying again Definition 2.1 on
function f leads to the following

Fe ™ f)(k) = /Rn e BT f(r)e” T dr.

1

P00 = o

/ f(r)e kAT qpr — Zf(k +a).

(iv) Analogous to (ii) with substitution : = p.

(v) We know that f*g € L'(R™), due to the Young’s theorem (cf. Theorem
B.1, Appendix B). First, utilising Definition 2.1 on f * g € L'(R™) we have

1
(Var)"

Then, changing the order of integration yields

F(f 5 g)(k) = (\/;ﬂ) [ s [ o= e ar ap,

Multiplying and dividing with e’ gives

/ ) / g(r — p)e TP dr =P dp.

F(Fxg)) = /n o, /(P)g(r—p)dp e~ T dr.

F(f *g)(k) =

1
(v2m)"



Finally, applying Definition 2.1 once for g and once for f, we arrive at the
assertion, namely,

F(fxg)k)= | f(p)Fgk) e P dp = (V2r)"Zf(k)Fg(k).

Rn
O

Furthermore, one of the most important properties of the Fourier transform is
that it is a bounded operator that maps L'-functions to continuous functions:

Lemma 2.3. The Fourier transform # : L*(R") — ¢ (R™) is a linear and
bounded operator.

Proof. We prove first the continuity of % f. If the sequence k,, converges to
some k, then we also have the following pointwise convergence

f(r)e ¥ T s f(r)e”® T vreR™
Since f € L*(R™) and

[F@e | <[5 vrer,

we can conclude, using Lebesgue dominated convergence theorem (cf. Theorem
B4, Appendix B), that

(\/2177)" / f(r)e~* =T dr — (\/21?)n / f(r)e~* T dr,

or equivalently,

7 [ (kn) — F [ (k).
Therefore, we have that .7 f € €(R™).

Moreover, the space of continuous functions %' (R™) endowed with the norm
|-l L is a Banach space (Theorem 1.28 in [19]). Therefore, .# is an operator
between Banach spaces. The linearity is shown in Lemma 2.2.

Now, to show the boundedness of .%, we consider the operator norm of .%, which

is given by [|F |14 = (\/217)n < 00. Indeed, we can show this in two steps.

First, from
Z109] £ e [ )]l dr = 1],
(vV2m)™ Jre (v2m)
for all f € L*(R™) and all k € R™, we get ||.Z f| ;~ < (\/217)n. Then, choosing
1 =2
= 2
)= e

we have | Z f|| o = —= Therefore, .% is bounded. O

(V2mm



We have another important property of the Fourier transform of integrable
functions:

Lemma 2.4 (Riemann-Lebesgue). For f € L*(R"), we have|Z f(k)| — 0 as
k| — 0.

Proof. Proposition 2.2.17 in [2]. O

Remark 2.5. From the lemma above, we know that for an integrable function
f, Zf € €(R"). Unfortunately, in general, it does not hold that .% f € L'(R™).
For example, choose the 1-dimensional function

T
Fr) = \/; for |7“|§1.

0 otherwise

/R|f(7~)|dr=/_11\/§dr=\/%<oo,

we can conclude that f € L'(R). The Fourier transform of f,

From

sin(z)

T

(formula 17.23.22 in [3]), is not an integrable function (cf. [25], pg. 73). Therefore,
in general, we cannot write the inverse transform as a Lebesgue integral, that is,
the Fourier operator .Z defined on L'(R™) is not an isomorphism. Thus, we want
to define the Fourier transform on some other spaces, where .% is guaranteed to
be an isomorphism.

We define a new function space:

Definition 2.6. The function space
L (R™) == {w €E(R") | paph) <ooVa,pe Ng}

where

Pa,s(¥) 1= sup [r*87(r)| (2.2)

reRn

is called Schwartz space or the space of rapidly decreasing functions.

Lemma 2.7. The maps pq g : - (R") — C are for all o, € N* semi-norms.
Hence, Z(R™) is a locally convex space.

Proof. By definition, the following properties hold for all ¢ € .(R™):
* Pa,s(¥) >0,
o Pa,g(M) = |Apa.s(¢) for all A € C,



o Pa,s(V1 4+ V2) < pa,p(¥1) + pa,s(¥2).

Hence, {pa’g :SR") > Cla,fe N”} is a family of seminorms on . (R™) (cf.
Definition A.1, Appendix A). From Definition A.2, we can conclude that .#(R™)
is a locally convex space. O

From the lemma above, we can define the topology of .#(R") as follows:

Remark 2.8. Define the metric d : .7 (R") x Z(R") = R,

d(wad)) = ZnQ\aHlﬁ\ 1+pi,ﬁ(¢*¢) for 1/J7¢€«7(R )7

a,BEe

where d(¢y, 1) — 0 if and only if po g(¢n, — 1) — 0 for all o, € Nj. With
respect to d, Z(R™) is a complete metric space (see [24], pg. 133).

We have an important property of Schwartz space, which is essential for defining
the Fourier transform on the space of L?-functions:

Theorem 2.9. Forp € [1,00), ./ (R™) < LP(R") is a dense and continuous
embedding.

Proof. For density: From definition, we know that €>°(R") C .(R™). For
p € [1,00), we need to prove that €>°(R™) C LP(R™), so that we can conclude
that .#(R™) C LP(R™) dense. So, to show is: €>°(R™) C LP(R™) dense, for
1 < p < oco. Since 6. (R™) C LP(R™) dense (see Corollary 0.2 in [26]), it remains
to prove that €>°(R"™) C %.(R™) dense. To do that, we take f € €.(R") and a
sequence in €2°(R™) and show that this sequence converges to f € €.(R"):

Let u € €2°(R™) with [u = 1 so that ue € €>°(R™) defined as follow is an
approximate identity (Definition A.4, Appendix A) with

Then, u.x f € €>°(R™), and by Theorem B.1 in Appendix B, we have u.* f — f
in LP(R™) for € — co. So, €°(R™) C 6.(R™) dense with respect to LP-topology,
and therefore, we have €°(R™) C %.(R™) C LP(R™) dense.

For continuity: see Lemma 5.2 in [1]. O

To make the definition of the Schwartz functions more understandable, we
provide a concrete example:

Example 2.10. (i) f(r) :=e " € .Z(R).
We have that fO(r) = Pi(r)e="" for a polynomial P,. Now, we consider
two cases. First, for k,1 € N and |r| > 1, we have the estimation

[rlF|Pi(r)] < Cifr|® s fr] > 1,

10



where d > deg(F;) + k, C; € R. Choose d € N even.

. 2 = (PR —
Since e = Z R we then get the estimation
k=0

e > 14 St Vrirf > 1L
(8):
Hence,
1
o™ < || Wrilrl 21
L
Finally, we get
d d
k) <G - |7"|Td < |‘:L| <G <;l>‘ <ooVr:|r|>1.
RE)] (@

Then, consider the case |r| < 1. It is clear that |r|*|f()(r)| is bounded for
all k,1 € N. Therefore, f € .Z(R).

(ii) g(r) :==e " sin(e’TQ) decays faster than any polynomial, i.e., [r*g(7)| is
bounded for all k& € N, but its derivatives are not. Hence g ¢ . (R). Indeed,
consider

g'(r) = —2re " sin(e™") + 2rcos(e™" ).

The first addend is bounded due to the first item, but the second addend
is not.

As we introduced before, .#(R") is a subspace of L!(R™) that is closed under
pointwise multiplication. Furthermore, the derivatives and convolution of func-
tions in .(R™) are again Schwartz function. Indeed, we have the following
proposition:

Proposition 2.11. Let ¢,¢ € Z(R™) and o € N, the followings hold:
e 0% € S (R").
o ¢ € S(R™).
o px1p € S (R™).
Proof. See Proposition 3.1.6 in [17]. O

Since .(R™) C L'(R™) (see Theorem 2.9), for a Schwartz function f, we can
calculate the Fourier transform of f using Definition 2.1. In the next subsection,
we study the properties of the Fourier transform on .(R™).

11



2.2 Fourier transform on . (R")

Proposition 2.12 (Properties of Fourier transform on #(R™)). For ¢,¢ €
Z(R™), we have

(i) F (o + po) = aF () + BF(¢), for alla,f € C.

(i) For allk € R", a = (a1, a2, ...,an) € N§, we have
9 F(k) = (—i)*.Z (r = r*9(r)) (k),
F(0%) (k) = dk>*Fp(k).

(i) F (b * 0)(K) = (VI F () F o(K).
(iv) Fo(-—a) =e ™ .F¢, for all a € R".
(v) F(e7®¢) =F¢(-+a), for alla € R".
Proof. (i) Follows from the linearity of the integral.
(i) First, we note that
()0 | = (=) e (r)e= T = [rop(r)| € LIR) Vi € R™.

Then, applying Definition 2.1 and using the fact that |y (r)dge= 7] is
bounded by the L!-function [r®¢)(r)| for all k € R", we can apply the
Lebesgue dominated convergence theorem and get

0 F1h(k) = o | w(r)e T dr =

1 1 o, —ik-r
W . (Vam) /n P(r)oge dr.

Calculating 0Ze~™ T we obtain

1

o g = (—i =] r® re*ikr r
0 Fuk) = (i) o | e .

with || = a1 + -+ - + .

For the second part of (ii), after writing

(\/2171_)” /Rn (8“1/}(1‘)) e~ T dr,

we utilise integration by parts where the first addend vanishes, since
¥ € Y (R™) and all boundary terms vanish. This yields

F(0%P)(k) =

(A _ (_ 1\ 1 r ae—i T Jr.
Fr)09 = (1 o [ weae i d

Calculating the derivative in the integrand gives

1

T (A :i|a\ e I‘eiik'r I‘:ila‘ o gr )
Fre)00 = o [ we e de= e Fu9

12



(iii) Using the definition of convolution and the fact that the convolution of
two Schwartz functions is again a Schwartz function (cf. Proposition 2.11),
we have

7 —-AA;EA, r— e ikr r
FWro)) = s [ v o) dpa

[ |p=pioee e
R™ xR™
because ¢ * 1) € S(R™), hence also in L'(R™). Thus,

(r,p) — ¥(r — p)p(p)e " € L'(R" x R")

and we can apply the Fubini-Tonelli theorem (Theorem B.3, Appendix B).
Now, writing e~ %" = ¢~ (r=P)e=kP making substitution r — p = q and
applying Fubini-Tonelli theorem to get

i L v da [ o) dp,

and
d(r,p) < o0

T (Y *¢)(k) =
which then gives

F (P ¢) (k) = (V2r)" Zy(k).F ¢(k),

that completes the proof.
O

In contrast to the L'(R™) case (cf. Remark 2.5), the Fourier transform maps
Z(R™) onto itself. Therefore, the inverse Fourier transform is well-defined.
Indeed, we have this following Proposition:

Proposition 2.13. The Fourier transform F : ./ (R™) — #(R™) is a topological
isomorphism with continuous inverse # ' : . (R") — (R™) given by

—1 R 1 ik-r n n
F 7 Y(r) = 7(@)” /n Pk)e™T dk vy € S(R"),r € R". (2.3)
Proof. Corollary 2.2.15 in [2]. O

Remark 2.14. We have some other useful properties of the Fourier transform
on .#(R™), namely,

(i) For ¢ € Z(R"), F(F)(r) = P(-r).

(ii) For ¢, ¢ € L(R™), we have the Plancherel’s identity

<1/)7 ¢>L2 = <§d)7 y¢>L27
(2m)"
and also the Parseval’s identity as the direct consequence
1
19l > = =17Vl -

(V2m)r

13



(iii) For all ¢, ¢ € Z(R™), we have that

. Y(r)Fo(r) dr = F(r)o(r) dr. (2.4)

R’n.
For proof see Theorem 2.2.14 in [2].

Now, we want to study the Fourier transform on the space of L?-functions.

2.3 Fourier transform on LQ(R")

Since the dual space of L?(R™) is again L?(R™), and it is the only Hilbert space
among all LP(R™) for p € [1, o], it is a convenient setting for utilizing the Fourier
transform.

We consider a function f € L?(R™). The integral

(\/%T)" /” f(r)e ®T dr

does not converge absolutely. For example, consider the 1-dimensional function

1 f >1
- or r
fry=gr =T
0  otherwise
From
/|f(r)|2dr:/ | dr=—| =1
R 1 T T 1
and |
oo 1 o0
Lisorar= [ ar= TR o
R 1|7 2| 1

we can conclude that f € L%(R) but ¢ L'(R). For k € R, the integral

— / e dr = — / ey
r)e r= r
V21 Jr V2T J1 r

does not converge absolutely, since

[ Jre

In consequence, we need to define the Fourier transform for f € L?(R") differ-
ently. We find an extenstion of .# to L?(R") as follows:

dr = || fllz1(r) = o0.

Since we know that .#(R™) is dense in L?(R") (c.f. Theorem 2.9), for every
f € L?(R™), there exists a sequence of functions f;, in .%(R™) that converges to
f- Moreover, the Fourier transform of fj is actually a Cauchy sequence. Indeed,

k,l—o0
| Z fx — Zfillee = | F (fx — )22 = | fx — fill L2 ———> 0,

14



using the property in Remark 2.14, (ii). Therefore, the limit of . fj, exists. Now,
let us define

Zf = lim Zf.
k—o0

This definition of Fourier transform of f € L?(R") is well-defined, i.e., it does
not depend on the choice of the sequence fj,. We can see that by the following:
First, we take another sequence g; € #(R™) that converges to f. From the
triangle inequality, we have that

Ff—Farlle: < NFf—F fillee + |F fr — Fgrllr2-

From the linearity of the Fourier transform, we can rewrite the inequality above
as
|Zf = Fgelle: < | Ff = F fellez + 1.7 (fr — gi)ll 2

The Parseval’s identity in Remark 2.14 gives || # (fx — gx)llzz = | fx — 9kllz2,
which yields
|Zf = Farllee <NFf = F fellee + 1 fe — grllze-

Using the triangle inequality again, we obtain

\Ff—Fgille: < |Ff—F fullez + 1fk — fllee +11f — grllzz-

k—oc0

Since we have that || #f — Z fr|L2 —— 0 due to the fact that Ff; is a

Cauchy sequence, ||fx — fllL2 £ 0 and IIf = grllrz LN according to the

assumptions, we get that

lim & fi, =: Ff= lim Fg.

k— o0 k—oc0

Hence, we have an extension of the Fourier transform from .%(R"™) to L?(R"), i.e.,
the operator .% : L?(R") — L%(R™). Similarly, we get .# 1 : L?(R") — L?(R"),
which means that the extension of the Fourier transform on L?(R") is also a
topological isomorphism.

Remark 2.15. For f € L'(R") N L?(R"), the definition on Fourier transform
in Definition 2.1 and Z# f := klim Z fr coincide pointwise a.e..
— 00

To see this, first we denote the Fourier transform in Definition 2.1 as %1, i.e.,

1
(vV2m)"

and the extension of the Fourier transform from .(R™) to L?(R") as %, i.e.,

F1f(k) = /n f(r)e”™T dr Vk € R",

Fof := lim Z [y,
k—o0
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where (fx)r is a sequence in .#/(R") that converges to f in L?(R"™). Then, for
f € LY(R™") N L?(R"), take a sequence (fx)r C .7 (R™) so that f converges to f
in both L'(R™) and L?(R™). Now, from

[F1fe = F1flloo < [Ifx = flin

and the assumption that f; converges to f in L!'(R™), we can conclude that .7 fj,
converges uniformly to %1 f. But by definition, we have that .%#; fi converges
to Zof in L?(R™) and it follows that we can find a subsequence of .Z;(fx) that
converges pointwise a.e. to Fs f. Since #1 fi converges uniformly to . f, we
have that the entire sequence converges pointwise to %1 f. Thus, % f = Zof
a.e..

Similar to the case of Schwartz functions, the properties of the Fourier transform
written in Remark 2.14 also hold for L?(R™). We can prove the Parseval’s identity
for functions in L?(R™) as in the next theorem. The other two properties can be
proved analogously.

Theorem 2.16. For f € L*(R"), we have that
IF Fllze = (V2m)" [ f]] L2
Proof. Choose a sequence f;, € .“(R™) that converges to f € L?(R™). Consider
[F fllee = || im Z fi|lL> = lim |7 fill 2,
k—o0 k—o0
using the continuity of norm. Then, due to Remark 2.14, (ii), we get

|-Z fllL> = |7 frllL> = klgf;o I fellzz = [Ifllz2

lim
k— o0
and arrive at the assertion. O

We have already studied the definition and fundamental properties of the Fourier
transform on both L'(R") and L?(R™) spaces. However, the case LP(R"), for

€ (1,2), has not been examined yet. In this situation, we have the subsequent
remark.

Remark 2.17. Let f € LP(R™), p € (1,2). The Fourier transform is defined as
yf = ff1+9\f2, (25)

with f = fi + fo, f1 € L'(R"), fa € L*(R™).
We can always find such functions f; and fo. For example, take fi = fls1
and fa = fl <1, where

1 for recA
1 = ’
Alr) { 0 otherwise

is the characteristic function of the set A.
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The definition in Equation (2.5) is well-defined. In fact, let f1 + fo = g1 + g2 be
two different decompositions of f, with f1,g1 € L*(R"), f2, g2 € L*(R™). Thus,
fi— 91 =go — fo € LY(R™) N L?(R™), which yields

F(fr —q1) = F(92 — f2),

which is equivalent to

This gives
FhHh+Ff

991 + 9927

or equivalently,
F(fr+ f2) = F (91 + g2).

Hence, % f does not depend on the choice of decomposition components, i.e.,

fl7f2~

Additionally, in L?(R™), there are some special functions, called the eigenfunctions
of the Fourier operator .%#. They are functions that have the same form as their
own Fourier transforms. A properly scaled Gaussian curve is one prominent
example of eigenfunctions of the Fourier operator. Indeed, we have

Proposition 2.18. For
f:R" >R
ro— e—%\lrl\z,

it holds Ff = f.

Proof. Before we prove this, we first need to show that the following statement
holds true: For a > 0, 8 € C"

elI2 n o\ " 2
/ 65.,.,% dr = (ra)%e™ Zj:lBJ (2.6)

(see Example 2.2.9 in [2]).

For n =1, p =0, we have

2 2 7‘2 2
(/e‘ra2 dr) = (/6_22 dr)(/e‘i dp> ://6_ = dr dp.
R R R R JR

Using polar coordienates p > 0, € [0,27) to have r = pcosp and p = psin ¢,
we arrive at

2 2 oo p27 2 oo 2
(/ea dr> :/ / e o pdyp dp:27r/ e« pdp.
R 0 0 0
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2
Now, we make use of the substitution 7 = —£- to calculate the indefinite integral

2

2
27r/e_%p dp = —27r/%eT dr = —mae™ =

Therefore, we get

7”2 2 P2 e
e adr) =-—mae o
R

Thus, utilising substitution p = r + %ﬂ, we obtain

0

2 )" _as? [ g
Vria= [ e o dr= [ e o dp=e "1 e« PP dp. (2.7)
R R R

2

For high-dimensional case with 5 € R"™, since r; efimi—d € L'(R) for all
&

2
j =1,...,n, we can conclude that e**~ . € L'(R") using the second item of
Theorem B.3. Applying the first item of Fubini-Tonelli theorem, together with
Equation (2.7), we obtain

aﬁf aﬂi

o lx? _n? _ra @Bl afg
/ eB r o dr = / e / eﬁlTl o dTl...elB"T" o drn — (1/71'0[)”6 1 ... 4
n R R

For the case g € C", consider analytic continuation.

Now, taking the Fourier transform of f(r) = e~ 2IFI” gives

7 __ 1 e—ikr—rl® g
FN09= e [ d

and applying Equation (2.6) by taking a = 2 and § = —ik yields

1 n 2 Z” (—ik»)2 1 kHQ
(Z k) = (2m) B et ST = el < p (),
(v2m)"
which completes the proof. O

We are left with the task of determining all eigenvalues and their possible
corresponding eigenfunctions. We do this in four steps:

1. First, we show that a eigenvalue of .% must be an element of {£1,+i}.
2. +1 and =47 are indeed eigenvalues of .%.
3. We specify the corresponding eigenfunctions in 1-dimensional case.

4. We extend the specified eigenfunctions to n-dimensional case.
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According to the first item of Remark 2.14, that is, #2f = f(—-), we have
that the Fourier transform operator applied four times gives us the identity
operator .#. For f € L?(R") eigenfunction of .Z, i.e., #Zf = Af, A € R, we have
Frf=X"f, A€ R, n> 0, which holds true because the Fourier transform is
linear operator. Taking n = 4, we have the following:
Frf=)MNfo 7f=)\fo f=\F

So, eigenvalues of Fourier transform can only be the 4th roots of unity, i.e.,
1,-1,4, —i.

Now, we want to show that 1, —1,4,—% are indeed eigenvalues of .# and the
corresponding eigenfunctions are indeed the Hermite functions defined as follows:

Definition 2.19. For [ € N, the polynomials P, : R = R with
P(r) = (~1)e" dle™,

are called the Hermite polynomials of degree [. The Schwartz functions p; : R — R
with ) ,

pi(r) := 2U/m) " 2e” T P(r),
are called Hermite functions.

These Hermite functions build the orthonormal basis of L?(R). In fact, we have
the following proposition:

Proposition 2.20. The orthonormal basis for L*(R) is {p; | | € N}.

Proof. Before we start, we will show a statement, which will help us prove this
proposition: Namely, for r, s € R, it holds

Z H(T) Sl _ e2rsfsg' (28)

!
leN

In order to prove this, we first define a function f(q) = e’qz, for ¢ € R and
then, for r, s € R, using Taylor series expansion and the definition of Hermite
polynomials, we get the following:

! T 2 T
=3 0 gy = S ayte B gy

leN ’ leN

Applying this gives

> ? =y (e Pll(f) (=)' =€ flr—s).

leN leN

Plugging in f(r —s) = e~ (=" we arrive at

Z ]Dll('r) Sl _ 621‘5—52.

1eN
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Now, we concentrate on proving the proposition. First, we show the orthonor-
mality, i.e.,
(P1sPm) L2 (R) = Ot,m- (2.9)

We observe the Hermite polynomials and define a space L?(R, 7dr) with
T(r) = —=e ", (2.10)
endowed with the inner product

(P, Pm) L2(Ryrdr) 1= / Pi(r) Py (r)7(r) dr,
R
that is,

2R, 7dr) == {f :R= C | Ifl2@rar) < o0} /{1 :R=C | Iflz2@rar) =0}

On the one hand, from Equation (2.6), for 7,0 € R, we have
1 / e 2
296 _ 276 (r=(v+8)° g
e =€ (& T,
VT Jr

and after some calculations in the exponential part we get

/ r? 27”)/ ~242r5—52 dr.

Applying both Equation (2.8) and the definition of 7 yields
L sm
36
e? / Z Z Tl Py(r)Py,(r) dr.
1eN meN

Now, interchanging the sums and the integral and using the definition of
L?(R, rdr)-inner product leads to

Ao A
Z Z ' m' / )H( )P d?" - Z Z . ‘F)l’ >L2(R TdT‘)
leNmeN leN meN
Finally, we utilise the definition of Hermite functions to obtain
I sm
v 6
V=)0 VIV N p) 12wy (2.11)
1eN meN

On the other hand, we have that the exponential function can be defined by the
power series, i.e.,

2l
=> l—"yl(Sl. (2.12)

leN
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Now, comparing the coefficients in (2.11) and (2.12), we arrive at (2.9).

What is left to show is that span{p, | [ € N} is dense in L?(R). We know
that span{P; | | < m} coincides with all polynomials of degree at most m and
therefore, by applying Stone-Weierstrass theorem (cf. Appendix B8), we have
that span{P, | [ € N} is dense in L*(R,7dr). Thus, from

(f,P)r2(Rrary =0 VIEN, (2.13)
where f € L?(R,7dr), it follows that f = 0. Assume that we have
(f.p)r2ry =0 VIEN, (2.14)

where f € L?(R). Applying the definition of Hermite functions gives
2
0= (fip)r2r) = (" f, P)r2(Rrary VIEN, (2.15)

from which we conclude that e” f = 0 and therefore f = 0. So, span{p; | | € N}
is dense in L?(R). O

Now, we show that the Hermite functions are the eigenfunctions of the Fourier
transform on L%(R).

Theorem 2.21. Forn =1, 1 € N, the following holds true:
T = (—i)'p.
Proof. From Proposition 2.12, we have for all k,r € R,
F () (k) = ikF (k) (2.16)

and
OFY(k) = —i.F [r— rip(r)] (k). (2.17)

Setting &1 := [r s rip(r) — 9p(r)], we have
F(EG)K) = F [r = r(r) = 09(r)] (k) = F [ ()] ())=F [r = 09(r)] (k)
and applying Equations (2.16) and (2.17), we get

F (&) (k) = i0FY(k) — ikFY(k) = —i(kF — 0Fp) (k) = —i&(FP) (k).

Thus,
FE = (—i&).7. (2.18)

Consider the following calculations, which will help us prove this theorem.
Applying the setting above together with the definition of Hermite functions
yields
2 2
Ep(r) = rpi(r) — dpi(r) = r2U/m) " 2e” T P(r) — 0(2U/T) " Fe” T Py(r).
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Plugging in the definition of Hermite polynomials leads us to
1 7‘2 7‘2
Ep(r) = QUm) 3 (=D reTdle™ —a(eTdle ).

After differentiating the product, we arrive at
_1 2 2 1
Ep(r) = —2'Nm) 2 (- eTd e = lel“(’")’

with a properly chosen constant ¢; € R. Iteratively, we get

pi(r) = c1Epi—1(r) = 118128 pr_g = - = c1_1 - - - ¢o E'po. (2.19)
C
=

2

Applying Proposition 2.18 for I = 0, po(r) = (\/7?)_%6_% gives Fpyg = po.
Eventually, using Equation (2.18), it holds:
TIp = F(C16'po) = CL.F E'po = C1(—i&) F py.
Equation (2.19) yields
Fpi = (—1)'C1&'po = (—i)'py
and we arrive at the assertion. O

Remark 2.22. According to the theorem above, we note that the Fourier
transform of p; is a complex-valued function, despite the fact that p; is real-
valued.

Now, using the fact that {p;, ® --- ® p;, | I € N"} is an orthonormal basis of
L?(R™) (cf. Appendices) for high dimensional case n > 1, we finally obtain the
following result for the eigenfunctions of the high-dimensional Fourier transform:

Corollary 2.23. Forn € N, [ € N", it holds:
Flp, @ @p,) = (_7;)|l|pl1 Q- -,
Proof. We first have
1 .
F R ® kzi/ i) Tne_lk'rdr
(p1, i) (k) Vo) e pu(r) - pu, (rn)

and rewriting the exponential part yields

L —ikir —ik, T
Zn @ @) = o [ ptee i e
Since r — py, (r1)-..p1,, (rn)e"™* € L*(R™), we can apply Fubini-Tonelli theorem
to get

F(p,®---@p,)=F(p,)©- - ©F(p,)
Utilising Theorem 2.21 gives

Fpn) @ 0 Fm,)=(i)lp, @ @p,.

So, the assertion follows. O
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Despite having many important and useful properties, the space of L?(R™)-
functions still has a shortcoming as described in the remark below:

Remark 2.24. Consider the Helmholtz equation
—~(A+kHu=g onR" (2.20)

with kg € R. To handle this equation appropriately, we need to find a suitable
space so that the A-operator is well-defined. We keep in mind that A is not
well-defined on L?(R™). It is well-defined on .%(R™), that is,

A: S RY) = F(RY).

So, in a #(R™) setting, taking the Fourier transform of both sides of Equation
(2.20), we obtain

(—[1%l* + k§) Fu(k) = Fg(k).
Unfortunately, in .#(R™), this is not equivalent to

1

Full) = ClRE T R

Zg(k),

since in general, we do not have that

1

R

1
because of the fact that m is not guaranteed to be in . (R™). Indeed,
2|

for example, take the 1-dimensional function f(r) := From

kg — Ir*
2 2

3 - r - ko r—00

T f('l")'rk%_/rz'r<1+k(2)_r2> HO(%

we have that f € #(R). Thus, in order to solve the Helmholtz equation using
the Fourier transform, we need another concept, namely, distributions, which
will be studied in the next subsection.

2.4 Fourier transform on .’(R™)

Let 2(R™) := €°(R™) be the set of test functions. First, we define the space of
distributions:

Definition 2.25. A functional T : Z(R™) — C is called C-linear, if

T(Mw1 + Aotha) = MT (1) + AT (¢2). (2.21)
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Definition 2.26. A functional T': Z(R™) — C is called a distribution, if it is
C-linear and if for every compact set K C R™, there exist constants C' > 0 and
k € N, such that for all ¥ € 2(R™) with supp(¢)) C K, the following holds:

T <c Y Sup|6'a1/) )] - (2.22)

\a|<k
The set of all distributions is denoted by 2’(R™).
We have some note on the set of distributions:

Remark 2.27. (i) The set

2(R™) 3¢ — Zbupma ’ k,leN
o<k TEK
is a family of semi-norms and hence, Z(R") is a locally convex space.

(ii) The space of distributions 2’(R™) is the dual space of Z2(R™), i.e., for all
T € 2'(R™) the following holds

« T(owp + B¢) = aT(¥) 4+ fT(¢) Vo,B € C,1p,¢ € Z(R")
T(r) =% T(y), for 1 = 4 in 2(R).
For proof see Theorem 1.26 in [23].

(iii) The convergence in Z'(R™) can be defined as follows: For T" and a sequence
(Tk)r in Z(R™), we define

2'(R™) 2(R")
— —

In the following, we introduce some familiar examples of distributions:
Example 2.28. (i) If f is locally integrable, then Ty : Z(R™) — C given by

Ty() = [ )0 dr (229

is called regular distribution. This functional is clearly linear. The bound-
edness follows by the following consideration:

T3] =| [ s a < [

Now, let K C R™ be a compact subset such that supp(¢) C K. We have

f(r)w] dr. (2.24)

175 (4) /‘f dr<sup|¢ \/ F()| dr, (2.25)
e

=:C
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which holds for all ¢y € Z2(R™). Therefore, if zero is the limit of the sequence
(Y1) € 2(R™), then it is also the limit of (T¢(¢y)); € Z'(R™).

For f,v € L?(R"), it holds that

Tr(Y) = (f,0) L2 (Rr)-

Therefore, some authors utilise the notation (f,v) for Ty (%), although f,v
are not elements of L?(R™). Here, (f, 1) is considered as a distribution,
not an inner product.

Furthermore, the distribution 7% is uniquely determined by function f.
Indeed, the identical symbol is usually being used for the function and the
related distribution. The reason is: We have that, if Ty = Ty, then f = g.
To verify that, observe the following: If Ty = T}, , then

) dr = / g(£)0(E) dr Vi € D(R™).

Hence,
[ (@)~ 9T dr =0 v € 2R
Therefore, f = g.

(i) For f € L{_(R™), the operator defined as

loc

Ve [ IR ar b e 2R,

is a distribution as well.
We give another well-known example of distribution:

Definition 2.29. For ry € R", we define the Dirac-delta distribution 6, €
72'(R™) as

Oro (¥) 1= ¥(ro),
for » € 2(R™). For ro = 0, we write dy as o.

Remark 2.30. (i) It is clear that d., is C-linear. From

1620 (V)] = [ (xo)| < sup|y(z)],

reK

the equation (2.22) is satisfied with k = 0 and C' = 1. Hence, dy, is indeed
a distribution.
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(ii) Tt is not a regular distribution. We will prove it by contradiction. Suppose
that there exists a function f € L] (R™) such that &,, = T. Let 1) € 2(R")
with supp(y)) € % C R™, where 4 is the unit ball, and (0) = 1. Then,
for k£ € N, define

Yr(x) := Y (k(r —ro)).

From definition, we have supp (1) C %}, where %, is the open ball with

radius % centered at rg, and 9y (ro) = 1. Then, we have

k Z

(8o (1)) = [Ty ()] < / £ [ (K(r — x0))] dr < / £l dr.

Substitute u := k(r — rg), we get

. kr,
/@klﬂr)lwllm dr:”w“m/@wduﬁi/ﬂf(uz 0)

which converges to 0 as k — oo, since f € L}, (R™). Thus, we have that

du,

1620 (U1)] 2225 0,

which is a contradiction to the fact that

|00 (V)] = Px(ro) = 1.
Hence, dy, is not a regular distribution and also not in L{ _(R™).

From these examples, we get the observation: 2’'(R™) is a larger space than
2(R™). Moreover, we know that each locally integrable function f uniquely
determines a regular distribution 7. Besides, since 0 is an element of 2’(R™)
and is not locally integrable, the space of distributions is a strict extension of
L{ .(R™). Thus, we also have the other name for distribution, viz., generalised
function.

Remark 2.31. Note that Fourier transform of a compactly supported func-
tion is not guaranteed to have a compact support. Thus, we can say that

F(7'(R")) # 7'(R").

Indeed, for a function f € 2(R"™), % f can only have compact support if f = 0.
We can show that as follows: Consider f € 2(R™). We know that Z f can be
extended to a holomorphic function on C™ (see Theorem 5.30 in [23]). Therefore,
we have that if % f is a compactly supported function, it is zero on a open subset
of R™ and hence will be zero on C". But because of the fact that the Fourier
operator is injective, we can conclude that f = 0.

As before, we need a space so that the Fourier transform defined on this space is
again a isomorphism. We have the following definition:
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Definition 2.32. A functional 7" : (R™) — C is called a tempered distribution,
if it is C-linear and there exist constants C > 0 and k,l € N such that for all
¢ € S (R™), the following holds:

Tw)<c Y sup raa%(r)]. (2.26)
ol <k, 1Bt R
=;0a,5(1/))

The set of all tempered distributions is denoted by .#’(R™).

Similar to the space of distributions 2'(R™) (cf. Remark 2.27), for the set of
tempered distributions, we note the followings:

Remark 2.33. (i) The set

> Pas| kleN

la|<k, |BI<!

is a family of semi-norms and hence, #/(R™) is a locally convex space.
(ii) ’(R™) is the topological dual of .7(R™) (see Theorem 5.17 in [23]).

(iif) The convergence in .#/(R™) can be defined as follows: For T' and a sequence
(Tk)r in 7 (R™), we define

' (R™)

T, —>T: <= Tk(wﬂ

T() Y € Z(R™).

(iv) We have ./(R") C 2'(R™), see Remark 5.20 in [23].

The following lemma is fundamental for determining whether the distribution
Ty, where f is a locally integrable function, is tempered.

Lemma 2.34. If the function f € L (R™) and there exists N € N such that

loc

lim Lr)’:

Iel—oo [|r|[¥

then Ty € '(R). We simply write f € .7"(R), with
v f(r)y(r) dr.

Proof. Example 5.12 in [1]. O

For a better understanding of the space of tempered distributions, we give some
basic examples.
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Example 2.35. (i) We know from Example 2.28 that Tf : Z(R™) — C given
by

Tr() = | f(r)y(r) dr

be
is a distribution. However, it is not a tempered distribution. Tzo see
this, we take the 1-dimensional case and the function f(r) := e and

P(r) = e e 7 (R). So we have

r2
e? dr = co.
R

(ii) As in Definition 2.29, that is, dy,(¢)) := ¥(rg) for ¢ € #(R™), the Dirac-
delta distribution is an element of .#/(R™). Indeed, for ¢ € #(R"), we
have

1600 ()] = [(xo)| < sup v ()],
reEK
Equation (2.26) is satisfied with k,/ =0 and C = 1.
(iii) For all p € [1,00), LP(R™) C .#/(R™). For proof see Remark 5.20 in [23].
In the following, we can find three examples of functions that are elements

of .#/(R™), which hold true, due to the fact that these functions are locally
integrable and polynomially bounded at infinity as stated in Lemma 2.34.

(iv) 1€ ~'(R™).
(v) The characteristic function 1y ) € .#/(R").
(vi) The function f :R™ — C, r —|r||~, N € N is also an element of .7”(R™).
Now, we want to define the Fourier transform on .#/(R™).
Definition 2.36. For T € ./ (R™), the Fourier transform is defined by
FT(W) = T(FV) (2.27)
for all ¢ € Z(R™).

This definition of the Fourier transform is well-defined because of the fact that for
T € .'(R™), the map .#(R™) 3 ¢ — T(F4) € Cis also a tempered distribution,
together with the equation (2.4) by third item of Remark 2.14.

As an example, we calculate the Fourier transform of the identity function:

Example 2.37. Applying the Fourier transform to the constant function gives
us the Dirac-delta distribution. Indeed, for ¢ € .#(R™), we have

W)
(Vam)"

/n (F¢)(r)e™ 0 dr.



Using the definition of the inverse Fourier transform and Definition 2.29, we
obtain

F1(¢) = (V2m)"FH(F$)(0) = (V27)"$(0) = (V27)" .

Similarly to the case of (R"), we also have .7 (/(R™)) = .#”(R™) and hence,
the inverse Fourier transform can also be defined uniquely. Indeed, we have the
following important result:

Proposition 2.38. The Fourier transform % : ' (R™) — ./(R™) is topological
isomorphism with continuous inverse 1 : %' (R") — &'(R"), given by

FT@W) =T(F ) (2.28)
for T € & (R™), ¢ € .Z(R™).
Proof. Theorem 5.17 in [1]. O

Remark 2.39. The Fourier operator .% defined on ./ (R™) is the extension of
Z on . (R™) (see Remark 5.15 in [1]). Therefore, the properties (i), (ii), (iv),
(v) in Proposition 2.12 also hold for the Fourier transform defined on the space
of tempered distribution.

Subsequently, we want to learn about one of the crucial properties of the Fourier
transform, namely, the convolution theorem. To accomplish this, we first take
into account the following facts.

First, we define the multiplication of a tempered distribution and a Schwartz
function and observe its property:
Remark 2.40. Consider the multiplication operation
Z(R™") x Z(R™") = .Z(R")
(¥, 9) = Y (r)o(r),
which turns .(R™) into a commutative algebra without identity (cf. Proposition

2.11).

For T € &'(R") and ¢ € .“(R™), the tempered distribution Ty € .%/(R"™) is
defined by

(T¥)(8) :==T(v¢), ¢S (R").
For f, v, ¢ € /(R™), we have Ty = T, because due to Example 2.28, it holds

(Tr)(9) = Ty (V) = . f(x)(4e)(r) dr

and commutativity property of pointwise multiplication gives

(@) = [ FE0wo) dr = [ (F)w)ot) dr = Tyo(0)

This extends the multiplication of functions from .#(R™) to the multiplication
of a tempered distribution with a Schwartz function on .#/(R™).
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Then, we define the convolution of a tempered distribution and a Schwartz
function as follows:

Definition 2.41. For T' € ./(R") and ¢ € .(R"), the convolution is defined
as

(T +9)(¢) =T ((—) * ¢) (2:29)
for all ¢ € .#(R"), yielding T * ¢ € .#/(R™) for r € R™.

An example of convolving a tempered distribution with a Schwartz function is
given in the lemma below:

Lemma 2.42. For ¢ € ¥(R"), it holds that 6o * 1 = T,,. Hence, 6o ¢ =1 in
S (R™).

Proof. For ¢ € .#(R™), due to Definitions 2.41 and 2.29, we have that
(B0 * ) (@) = do(¥(—) * @) = (¥(—) * $)(0).

Using the definition of convolution in .(R™), we arrive at
(00 * ) (¢) = A (=r)¢(0 —r) dr = A (r)o(r) dr = Ty(¢).
O
Analogous to the pointwise multiplication described above, from Definition 2.41,

we can also extend the convolution of functions from .#(R™) to the convolution
of a tempered distribution with a Schwartz function on .#/(R™) as follows:

Remark 2.43. For f,¢, ¢ € . (R™), applying the known definitions from above
yields

Ty @) =Ty +0) = [ ) [ wi-p)otc—p) dp dr.

Now, utilising the substitution r — p = q gives
T+ 0)(@) = [ 50) [ wla-nola) da dr.
n R’VL

Again, since f, $,¢ € (R™), from Proposition 2.11 and Theorem B.3(ii), we
have that

(r,q) — f(r)v(q —r)p(q) € L'(R" x R™).

Hence, we can apply the Fubini-Tonelli theorem to interchange the order of
integration, namely,

T = [ [ syt oa) da= [ (0 @p(a) da

n

So, we arrive at

(Tr #9)(9) = Tray ().

30



From the two remarks above, we can finally state the convolution theorem as
follows:

Theorem 2.44 (Convolution theorem). For T € .#/(R™) and ¢ € .#(R™), it
holds:

(i)

F(T*y) = (V2m)"FT.F, (2.30)
(ii)

FTx Fop = (V2r)"F(T). (2.31)

The same equalities holds for F~!.
Proof. Let ¢ € Z(R™).

(i) Due to the definition of Fourier transform on the space of tempered distri-
butions and Definition 2.41, we have:

F(Tx)(9) = (T*)Fo=T (V(—) * F¢)
Now, applying again the definition of # on .#’(R™), we obtain
F(Tx9)(0) =T (FF 7 (6(=)+ F0)) = FT (F7 (b(=) » 79) ).
Finally, utilising Proposition 2.12(iii) yields

F(T 5 0)(6) = FT ((V20)" (F1)0) = (V2r)"(FT.F0)(9).

(ii) Definition 2.41, definition and the property (F1)(—-) = .Z ! of the Fourier
transform on the space of tempered distributions give

(L5 F0)0) = FT(F)(-)0) =T (# (0 10)).

At last, Proposition 2.12(iii) and the definition of the Fourier transform on
'(R™) lead us to

(FT* F4)(9) = T ((V20)"0F0) = (V2r)"(T)(F ),
which is equivalent to
(FT+ F9)(9) = (V2m)" (F (T)) ().

O

At last, we show that the space of tempered distributions overcomes the shortcom-
ing of the two function spaces .#(R™) and L?(R™), which is stated in the previous
subsection. Compared to Remark 2.24, which shows that despite g € .7 (R"),
solving the Helmholtz equation (A + ko)u = g on R™ for kg € R does not give
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a .(R™) solution. The following shows that if g € ./(R™), the solution of the
Helmholtz equation is again a tempered distribution. Indeed, let g € #/(R™).
First, we have

1 n—1
p
> dp dS = w(S,_ /7dp,
/@ko—HrH / /k2 (Snt) | 22

with dS is the surface element, & C R™ is the unit ball, w(S,,—1) denotes the
surface area of the (n — 1)-sphere S, _1. Now, we consider two cases:

o For n € N even, we use the substitution k3 — p? =: u to get

n—1 2\ 22
P (u—kg) 2
— dp= | —2~  du.
/k‘é—/ﬂ P / u “
2

From binomial expansion, we get
— k) = /n=2
/7@ uO) " du= Z( ]i )( ko) 7 /uk_1 du.

Integrating [ u*~1 du for each k € {0,1, ..., "T*Q} gives

(w =)= e
/ " du = (—ko) = ln (Ju|) +Z —ko) =

Since

~ (52 wez o (K2 — p2)F
(—ko)"=" In(|kg — p* |)+Z< 2 >(—k0)zk(k0p) <,

k k
k=1
0
we can conclude that
1 pn—l
/ 2 5 dp < o0
0o fo—
e For n € N odd, we have
1
1n=3 n—1 —k  arctanh (£
/ / n—l-kpk—2 _ kg o ko
-0 z_%p O T R2KZT Tn—k o
B 0
< 0.
Hence, we can conclude that 5 € L (R™). Tt is also clear that

w00 kg —||r|
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Hence, we can apply Lemma 2.34 and obtain

1 / n
= —s c '(R").
kg — k|l
Thus, the equation
—(A+ko)u=g & (ki — ||k|*) Fulk) = Fg(k)
is now equivalent to

1

ZFZulk)= ———
409 = e Tk

Fg(k) € S (R™).
Therefore, from Definition 2.41, we obtain

u(r) = 71 <Myg) ()= 7 <k%—1|H2> sge (R,

To summarise this section, we first give the following relation between the studied
spaces:

Def 2.6 2.9 2.35 2.33
¢ C 9(R") C Z(R") C [P(R") C .Z'(R") C 7'(R").

Then, we provide a table comparing the properties of the Fourier transform
defined on these spaces:

FOR) LR,

L'(R™) Z : L}(R") — € (R™) is not an isomorphism,

Solution of —(A + kg)u = g is not in L' (R™).

FARY) = R, FLARY) = LR,

7 SR — S (R"), F: L>(R") — L*(R") are isomorphisms,
Solution of —(A + ko)u = g is not in .(R"™) and L*(R™).
F(7'R") # 7'(R"),

7'(R™) F is not an isomorphism,

Solution of —(A + ko)u = g is not in 2'(R™).
F(L"(R")) = ' (R"),

<’ (R™) F: S'(R") —» < (R™) is an isomorphism,

Solution of —(A + ko)u = g is in .7/ (R™).

Among all of these spaces, the space of tempered distributions .#/(R™) is the
best for our use, because the Fourier transform is a topological isomorphism
on .#'(R") and many PDE problems that do not have a function solution,
have solutions in ./(R™), e.g., the Helmholtz equation, which will be studied
thoroughly in Section 5.
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3 Partial Fourier transforms (M.U.)

As the Fourier transform is defined on .(R™) and .’ (R™), we define the partial
Fourier transform on the same spaces. For Schwartz functions, we have the
definition:

Definition 3.1. For j € {1,2,...,n} and ¢ € .#(R™), the partial Fourier trans-
form Z; is defined by

1 —ikjs
yjd)(Tl, ey i1, kj, Tid1y ens Tn) = E /R w(rl, ey TG—13 8y T4y eeny rn)e kj ds.
(3.1)
For I = {j1,...,dm} C {1,2,...,n} and ¢ € #(R"™), the partial Fourier transform
F1 is given by
T = Fj, o T, (3.2)
The order of the partial Fourier transform is not important due to the Fubini-
Tonelli theorem. Note that %, = #.

Remark 3.2. The map r; — 9(r) with fixed r1,...,7j_1,7j41,...,75 is an
element of .7(R) and therefore in L!'(R) with respect to r;, too. Hence, the
partial Fourier transform in Definition 3.1 is well-defined.

The partial Fourier transform has the same properties as the n-dimensional
Fourier transform:

Proposition 3.3. The partial Fourier transforms %1 : ./(R") — #(R") are
topological isomorphisms with continuous inverses F;* : Z(R") — Z(R™) given

by
Fri =71 TNy, (3.3)

where
1 )
F(ry, i1 ki T, T :—/ Thy ooy 51, 8, T4y ey T )€ 5.
j ¥(r J=L g T+l n) NGT R¢( 1 Jj-1 J+1 n)
(3.4)
Proof. Due to Definition 3.1 and Equation (3.2), we know that
[ Z1¢|[ L= < C,

fora C > 0. ¢ € €°(R™) and Z; interchanges differentiation and multipli-
cation with polynomials. Suppose I = {1,...,m}, we find

(k,1)20% Z1op = (—i) 1Al Zp (901 ro2 851 §024)) (3.5)

for all k € R™r € R ™ and all @ = (a1,a32),8 = (B1,82) € N x N*—™,
Indeed, consider

O Fri(k,r) = (—i)*|.F1(s > sP(s)) (k,r) (3.6)
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and

F1(0%9) (k,1) = IIK° Z1p(k,x). (3.7)
First, we have
(k,r)*0° Frip = k122291 952 Ty = k™' r2 0, Fr(024)).

Then, applying Equation (3.6) leads to

(k,r)*0° Frip = k1 ro2 (—i) 1 Zr (s s s710029))
and additionally making some rearrangements with i gives

(k,1)*0 Fpyp = krro2 (=i HAldenl g7 (551 9824p).

After that, we use Equation (3.7) to obtain

(k,r)*0° Fryp = (—i)orHAl zp (gerrozgf gfzy).
So, since Fr1) is continuous, ||.#r| , < C, C > 0 and Equation (3.5) yields
H(k,r)“@ﬁfleLm < Cy, Cy > 0, we have ¢ € Z(R™).

Now, to show is: For all o, 3 € N™ x N~ there exist &, 5 and C' > 0 such
that pa g(F1¢) < Cps 5(¢). First, we apply Equation (3.5) to get

F1(00 25" 002)] .

Pas(F1¢) = sup
(k,l‘) ER™M xRn—m

We use the definition of the Fourier transform to have
Pa,p («9\11#)

1
= sup —_—
(k,r)ER™ xRn—m (271')”

/ / D0 (ro2gPrgPzqp)etkasi—ikasa g s,
Now, we use the triangle inequality to have

1
Pa,s (1) < sup / /
@B (27’(’)” (k17k2)€RmXRn—m m n—m

Note that s; = (511, ..., 51m) € R™ and sg = (521, ..., 52,(n—m)) € R(n=m) Multi-
plying the integrand with

921 (r2gP19P2q)) ‘d51ds2.

ﬁl%—s%jnﬁ%l—ks%k
L 14 s2 - 1+ s2,

j=1 17 k=1
yields
1 m n—m N N
Pap(Z19) < o sup [T TT (U4 3@+ 3,008 (2267 020)
=1 k=1
d81'> (/ d82k>.
11;[1,};[1 /Rl+5%j ! R 1483,
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So, we have the following:

Pas(Frib) = sup | [T T (1 + s3)) (1 + s3,)08" (x> 9724p)

Using the Leibniz formula (Theorem B.5, Appendix B), we obtain

m
2n

pa.ﬂ(ylw) =

m
sup H

seR” .

n—m

H 1+51J (1+s3) Z <O;1>53r“28518§‘1Vaf2w(s1,s2,r) )

y<ai
Applying triangle inequality and differentiating yield

_1 min{o1,81}
" 1

2n
7=0

!
1+s7)(1+s3 <a1>ﬁ1' 22817790 TV 9024) (51, 82,
(1+s7;)(1 + s3;) + ) B _7)!1" S ¥ (s1,82,1)

and finally, we arrive at

Fr) < mm{ifﬁl} @ pi!
paﬁ( Iw)f = (7)(/61_7)!

vl 3

TT TT 0+ 8201+ s3)(s,) 0290005, 1) < o

Therefore, pa,5(Fr¢) < Cps 5(¢) and hence F; is continuous on .7 (R™).

Since k — Z1(¢)(k,r) is the partial Fourier transform of s — ¢ (s,r) € .#(R"),
Z1 has an inverse, which is also continuous on .7 (R™). O

Remark 3.4. Let A: (R") — (R™) be a linear and bounded operator and
assume that there exists an operator B : . (R™) — .%/(R™), which is also linear
and bounded with

| o) de= [ wBo ar o s R 63)

Then, A can be uniquely extended to a bounded operator on .’ (R™) by applying
Au() = u(By) for u € ' (R™).

In the same way, we can make the extension of the partial Fourier transform to
the space of tempered distributions as below:
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Definition 3.5. For T' € .¥/(R™), we define .Z#;T € ¥/(R™) by
FITW) = T(Fh) Vb€ #RY). (3.9)

Similar to the Fourier transform on .#/(R™), this property also holds for the
partial Fourier transform:

Proposition 3.6. The partial Fourier transforms %1 : '(R") — ' (R™) are
topological isomorphisms with continuous inverses F; ' : ' (R") — &' (R")
given by

FIT(W) =T(F W) VT € S'(R™), 4 € Z(R™). (3.10)

Proof. Since Z1 : #'(R") — .#/(R") is bounded, due to Remark 3.4, #; ' :
S (R™) — '(R™) is also bounded. We use Definition 2.36 twice to obtain the
following:

F1F[TW) = FIT(F; W) = T(Fr.F; ) = TW) = FLFT (). (3.11)
Therefore, we can conclude that % 1'is the inverse of .Z;. O

Remark 3.7. For ¢ € . (R"™), we have that ¢ € #(R™). So, from Fubini-
Tonelli theorem, it follows that for the partial Fourier transform, it holds:

F1F = F1Fp = Frogp Y e LR,

with disjoint I,J C {1,...,n}. Thereby, for all T € .¥/(R") and 3 € ¥ (R"),
using Definition 2.36, we get

F1F;T (W) = FiT(Fp) = T(F1.F50) =T(Fros0) = FrosT (V).

Therefore, applying n-dimensional Fourier transform is in fact successively ap-
plying the partial Fourier transform n times, i.e. F = %#1.%5...%,.

We will later use in Section 5 the special case of F = #1.%5....%,, for n = 3, that
is, #3.#1 2 = %, which leads to

Fr2=F; ' 7, (3.12)

where % 5 and .% stand for the 2-dimensional Fourier transform with respect to
the first two components and the 3-dimensional Fourier transform, respectively.

Now, we introduce some other definitions, namely, the partial convolution of two
Schwartz functions and the partial convolution of a Schwartz function with a
tempered distribution, which are necessary for the next sections.

Definition 3.8. For ¢,¢ € (R") and j € {1,...,n}, the convolution along
j-th coordinate is defined by

(7/) gk ¢)(r) = / q/}(7"17"'77']4—17577"]4-5-13 ...,Tn)¢(T1,...,Tj_17Tj — 5, Tj+1, ...,T’n)dS.
R
(3.13)
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The partial convolution possesses the following property:

Proposition 3.9. Let j € {1,....,n} and ¢ € .Z(R™). Then, for all ¢ € ./(R"),
we have

(¥ *): S(R") = F(R")
= SUET)

Proof. We know that ¢ % ¢ € €°(R"), for all $,é € #(R"), due to the
interchange of differential and integral sign. Now, for every a € N{*, we consider

(4 6)(x /w —sds—/aaw ~s) ds.

Applying the Leibniz formula and Lebesgue dominated convergence theorem,
since 0%19*~P¢ € .7 (R™) hence also in L' (R™), we obtain

B,,50—8 _ B,,50—8
1/)*(;5 /R[Ka()awa ¢ ds = ﬁ<a<>/8w3 ¢ ds.

This, together with ||r?(x 1 ®)|| L= < C4 for a constant Cy > 0, for all § € N*—™
and x, ¢ € .(R™), implies that ||r/380‘(1/1~31< )|l < Cy for a constant Cy > 0.
From the proof of Proposition 3.3, for &, 3 € N", we can find Cy > 0 such that
o d
01 % ¢) < Cypy 5(9) < oo,
O

Now, we extend the convolution operators from . (R™) to .#/(R™) (cf. Remark
3.4):

Definition 3.10. For T € ./(R") and ¢ € .#(R™), the partial convolution
along the j-the coordinate of ¢ and T is defined as
(T*9)(@) :=T(Wj *¢) Ve SR, (3.14)

yielding T' i P E Y/(R”), where wj_(r) = (P Ly e T 1, =T T Ly ey T

Applying the Fourier transform to a partial convolution of a Schwartz function
with a tempered distribution leads to the following results:

Theorem 3.11 (Partial convolution theorem). ForT € .%/(R™) and ¢ € #(R™),
it holds:

(1)
(i)

The same holds for F: !



Proof. For v, ¢ € 7 (R™),

Z;(0 ¢) = VIrF 0T, (3.15)
and }
Tk Ty = 2w T (1), (3.16)

hold true, also for .7 j_l, as the properties of the 1-dimensional Fourier transform.

Here, r; are fixed for i # j, and r; — ¥(r), r; — ¢(r) are 1-dimensional
complex-valued functions.

(i) We can use Definition 3.5 and Definition 3.10 to get
Fi(T*0)(0) = (T %) F56 = T(V; * F;0).

In order to obtain the desired result, we first take ﬁjﬁj_l to have
J — —J — _J
Fi(T$)(9) =T(F;F; (5 *F9) = FiT(F; (¥ *.F;9))

and then apply Equation (3.15) yields
FHTHY)(6) = FT(N2m T 6) = Vor(FTF0)(6).  (3.17)

(ii) Analogous to (i).

4 Conceptual experiment (N.V.)

In this section, we describe a diffraction experiment and its mathematical setting.

As it can be seen in the following figures, a plane wave u'"® spreads in the

direction e3 = (0,0,1)7 i.e.,
uinc(r) — eik?o?“g’ re RS,

where kg is the wave number, and illuminates the object. The wavelength A of
ui"® is inversely propotional to the wave number ko,
27
A= —.
ko

Let the object be surrounded by the open ball %, (0) C R? centered at 0 with
radius rs;. Due to the rotation of the object around 0, we obtain numerous
illuminations of the object. For transmission imaging, the incident wave ui"°
gives rise to a scattered waves us*. At the plane r3 = rp; > ry > 0, the real
and imaginary parts of the scattered waves are recorded. In practice, it means
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that we measure the waves using interferometry. For reflection imaging, at

rg = —ry < —rs < 0, the same holds.

Transmission Imaging

[}
=
©
=
o
g
[9)
p=d
(3]
g

-

Figure 1: Setting of transmission imaging experiment

Reflection Imaging

n

incident wave

fy

Figure 2: Setting of reflection imaging experiment
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An adequate function used for characterisation of the scattering property of our
observed object is

no

where r € R3, n(r) € R is the refractive index of the object and ny is the constant
refractive index of the background. We have that k(r) # kZ if and only if
r e %,,(0).

Our goal is to reconstruct the scattering potential, given by a real-valued function
f(r) = kQ(r) - k(2)7

from the scattered data. By assumptions, we have supp(f) C %, (0) C (—7s,7s)3
for ry < rpg.

We can describe wave by a complex-valued function p(r,t) € C, which depends
on the position r € R™ and time ¢ > 0. The progression of the wavefunction p
is characterised by a partial differential equation, namely: the inhomogeneous
wave equation.

Remark 4.1. Consider the inhomogeneous wave equation
Oup(r,t) — E*(r)Ap(r,t) =0, (r,t) € 2 x (0,00) CR? x R. (4.1)

If we assume that p(r,t) = u'°*(r)e”™? the complex harmonic wave with
frequency w, solves the wave equation (4.1), then the total field «*°® must solve

the reduced wave equation

w? tot .y _
(A + k:Q(r)> u(r) = 0. (4.2)

Indeed, we have

Oup(r,t) — k*(r)Ap(r,t) = 0
o 8tt(utot(r)e—iwt) _ k‘2(1‘)A( tot(r)e—iwt) =0.

IS

Calculating the derivatives yields
ut Ot (r) (—w?)e ™ — e 2 (r) Autt (r) = 0.
Divide both sides by —e™ ¥ gives
wutot(r) + k% (r)Aut°(r) = 0.
Rewriting the equation gives

(W + E*(r)A)ut(r) = 0
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and therefore, we arrive at

(1;( ) +A> u'(x) = 0.

Now, we denote s by our k%(r) as in the experimental setting above and get

K2(r)
(A + E2(r))u™ (r) = 0, (4.3)

where _
utot (I‘) — ulnc(r) + uscat (I‘)
represents the total field.

Moreover, we let u'™¢

satisfy the homogeneous Helmholtz equation
(A + k3)u™(r) = 0. (4.4)

Our inverse problem of determining f(r) from the measurements of u'' is
non-linear. Rather than solving directly, a simpler way to solve this non-linear
problem is linearising it first. The two frequently used ways for linearisation are
based on Born and Rytov approximation.

4.1 Born approximation

Recall the equation
A tot( )—|—k2( ) tot(r) =0.

Adding the term kZu'°'(r) to both sides, we obtain
A () (K + K20 (1) = Kt ().
Now, setting u'°t(r) = u'"(r) + u***(r) yields
AW ) (1) R () 0 (1) = (K — (1) () 0 1),
which is equivalent to
(A + k§u™ (r) + (A + kg )u™(r) = (k§ — k(1)) ('™ (r) +u**(r)).
Since by assumption, u™® solves (A + k2)u™¢(r) = 0, we finally arrive at
(A + ku™(r) = (kg — k*(r))(u™(r) + ™ (r)). (4.5)

By letting the higher order term (k3 — k2(r))u 5¢**(r) = 0, under the assumptions
that u5°@* is relatively small with respect to u"° and k% — k?(r) is relatively
small with respect to kg, we get the Born approximation

—(A+ kg)uB(r) = f(r)uinc(r) =:g(r). (4.6)

The explicit solution of the Born approximation will be discussed in the next
section.
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4.2 Rytov approximation

Rytov approximation uses the same idea as the Born approximation, with the
difference that the complex logarithms of the incident and scattered field are
considered.

Now, we define
utot(r) _ uinc(r) + USCat(r) = e‘Pwt(r)
wine(r) = etkors = @ () (4.7)
POHE) = () + ).

We keep in mind that all the calculations below are only formal because we do
not specify the branch of .

From the definition in Equations (4.7), it follows that

uscat(r) _ utot(r) . uinc(r) _ egomt(r) . eapir‘c(r) _ egoinc(r)(egosc‘“(r) . 1)

Since uf* = e#"" solves Equation (4.3), we obtain
Ae? " (®) 4 kgesa“’t(r) = (k2 - k2(r))es@t°t(r).

Using chain rule and product rule, we get

to

Ae?™ =V . (e“"ngotOt) = e‘pmAgatOt + e“’ngatOt AV

So,
tot

Ae?™” = o™ (A(ptot + (thotf)’

3 tot 2
where (Vp'o)? = Z <6§T_ > .

i=1

Similarly, for ui"® = e‘PmC, we have

Ae?™ = o <A<Pinc 4 (v(pinc)2).
Plugging these results in the Helmholtz equation (4.4), we get

Ae?" ) 4 kge‘f"“(r) =0 (r) (Agpinc(r) + (Vgpinc(r))2> = —k%e“’mc(r),
which is equivalent to
—k§ = Ap™C(r) + (Vo™ (r))%. (4.8)

Analogously, plugging in the reduced wave equation (4.3), we get

—k*(r) = Ag"(r) + (V' (r))%,
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where we can apply ¢™(r) = p'"°(r) + ¢*°**(r) to obtain
EA(r) = AGT(r) + AP () + (V) + V()
Finally, we arrive at
R (r) = AG(E) 4 (V)2 + A 1) + (Vi 1))
+ 2V (1) - Vst (). (4.9)
Taking the difference of Equations (4.8) and (4.9), we get
—f(r) = k§ — k*(r) = Ag*™ (r) + (V™ (1)) + 2V (r) - V**!(r). (4.10)
Now, we want to simplify the term Apsat(r) +2V¢"¢(r) - Vscat(r). Note that,
Aoty = ¥ (uCV gt 4 (Tyine)gent)
— WICAGE | 2T L YAt | (Agine) PRt

Since . 4
inc __ e p'tC inc __ , inc inc
Vu'™ =Ve? =e? V" =u"Vop

Aulnc — umc (A@mc 4 (V(,Omc)2) — —Umckg,

we arrive at the equation
A(uinc(pscat) _ uincA(pscat + 2(uincv<phw) X Vsoscat _ kguinc(pscat.

s¢at on the other side of the equation gives

Therefore, putting —k3u"
(A + kg)(uincspscat) _ uincAwscat 4 2(uincv(pinc) . vwscat
and applying Equation 4.10 yields
(A + k‘%)(uinc(pscat) — uinc( _ f _ (v(pscat)Z),
or equivalently, we have

—(A+EG) (™) (r) = (f(r) + (V™ (1)) u™(x).

If the phase gradient V¢t (r) is small compared to the scattering potential f(r),
we neglect the higher order term (V¢*a%)? and get the Rytov approximation
©® of the phase gradient:

—(A 4+ kg) (™) (r) = f(r)u™(r) = g(r). (4.11)
Then, together with the Born approximation (4.6), we obtain the relation
uB(r) = u™(r)pR(r). (4.12)

So far, we have only studied the Rytov approximation of the phase gradient
©®. In the next remark, we will examine the Rytov approximation u® of the
scattered wave.
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Remark 4.2. From the definition of v**** in Equation (4.7) and the relation
(4.12), the Rytov approximation of the scattered wave uS* is

UR(I‘) _ uinc(r)(ewR(r) —1) = uiIlC(r) exp (;i((?)) 1

The equation above yields

ut(r) +1=exp < u>(r) ) .

uinc(r) uinc(r)

Taking logarithm on both sides, we have

B inc uR(r)
u”(r) = u™log (uinc(r) + 1) . (4.13)

Here, the complex logarithm log(z), which is the inverse function of the expo-
nential function e?, is given by the multi-valued function

log(re'®) = log(r) 4 i0 + 2rki

for z = re? = rei+27ki ¢ C for all k € Z (i.e. 7 = |z| € R is the modulus and
6 = arg(z) € (—m,n] is the principle argument of z). Each k € Z corresponds to
a branch of logarithm. The k-th branch satisfies

S(log(2)) € (m(2k — 1), 7(2k + 1)].

Thus, in Equation (4.13), we can choose, for example, the principle branch
(k=0):
Log(z) = log(|z]) + i arg(),

or typically, in physics, one uses phase unwrapping in order to suppress the 27-
discontinuity of the complex logarithms. It can be done by adding or substracting
multiplies of 27 (see [28]).

In practice, the measurements are either assumed to be the Born approximation
uB or the Rytov approximation u®. For the latter case, we then calculate u?
from uf using (4.13). Hence, in the following sections, we will only take into

account the Born approximation uP. For simplicity, we write u instead of uB.

5 Fourier Diffraction Theorem (N.V.)

The Fourier Diffraction Theorem gives us the relation between the 2-dimensional
Fourier transform of the measured data u at the measurement plane and the
3-dimensional Fourier transform of the scattering potential f. In this section, we
first state the Fourier Diffraction Theorem in 3-dimensional case, then apply it
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in our particular experimental setting. Afterwards, the theorem will be proved
in Subsection 5.3. Finally, a generalised version of Fourier Diffraction Theorem
in a n-dimensional setting will be introduced in Subsection 5.4.

Now, consider again the Born approximation u that satisfies the inhomogenous
Helmholtz equation (4.6), that is,

—(A+kpu(r) = f(r)u™(r) = g(r) onR?

and assume that « fulfils the Sommerfeld radiation condition

lim max ||r|| %u(r) — ikou(r)| =0, (5.1)

500 [rfi=s

0
where I denotes the directional derivative. Here, we assume that the complex
r

harmonic wave is p(r, t) := u*t(r)e = (cf. Remark 4.1). If p(r, t) := u'°*(r)e'?,
we replace —i with +i in the equation (5.1) (see [10], pg. 328).

The assumption that the Born approximation u has to satisfy the Sommerfeld
radiation condition is worthwhile. We will enquire into the reason in the first
subsection.

5.1 Sommerfeld radiation condition

In order to get a unique solution of some partial differential equations, it is neces-
sary to have the Sommerfeld radiation condition, which describes the asymptotic
behaviour of the solutions. These problems describe waves that propagate from
the object.

The Born approximation (4.6), that is,
—(A+ kg)u(r) = f(r)u™(r) = g(r) on R’

is one example of mathematical formulation of these problems.

Solving the Born approximation mathematically might give us not only the
outgoing wave obtained by the wave scattering, but also the incoming waves
coming from the infinity to the object, which is physically not possible. Arnold
Sommerfeld characterised the radiation condition: "the source must be sources,
not sinks of energy. The energy which is radiated from the sources must scatter
to infinity; no energy may be radiated from infinity into the field [4]". Therefore,
we need the Sommerfeld radiation condition to prevent the latter case.

In the case of a 3-dimensional problem, the outgoing wave v must fulfil Equation
(5.1)

0
lim max ||r]| | =—u(r) — ikou(r)| =0
Jim max ]l 5 ulr) = ikou(r)
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uniformly, i.e., the limit must be 0 for all directions going to infinity.

For an incoming wave u, we have the absorption condition

d .
au(r) + ikou(r)| =0

lim max ||r||
$—00 ||r||=s

(see [13], pg. 394).

The inhomogenous Helmholtz equation (4.6) has infinite number of solutions,
that is,

u(r) = / (C1G4(r — 1) + CoG_(r — 1)) f(x')u(x') dr/,
R3
where Cy,Cs € C,
. eikollr]
0 =
and
e—ikoHPH
dme|
Indeed, let G := C1G4 4+ CoG_. We have

a4 Ru=g e -@+R)| [ =) ar| =)

which is equivalent to

/R3 —(A+EHG(xr —1)g(r) dr’ = g(r).

Moreover, the following equality also holds true, as a property of the 3-dimensional
Dirac-delta distribution:

g(r) = [ 3(x—1')g(x') dr'.
R3
Thus, G has to solve the equation

—(A+EDG(r—1) =d(r 1),

or in other words, G must be the Green’s function of the Helmholtz operator
—(A + k). The expression of G' will be shown in Subsection 5.3.

However, only one solution satisfies the Sommerfeld radiation condition, namely:

uy(r) = . Go(r = 1) f(t)u™ (') dr’ = (G4 * g)(r).

This will also be proved in Subsection 5.3. Thus, we call G the outgoing Green’s
function and G_ the incoming Green’s function of the Helmholtz operator.
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5.2 Fourier Diffraction Theorem
To express Fourier Diffraction Theorem, we first define
o = (ki Ey) k3 — k3 — k3 if k%—f—k%gkg.
’ ik +k3— k2 if kP 4+ k3 > K}
Then, we define the Heaviside function

0 if s3 <
1 otherwise

Xr3(51,82753) = {

The Heaviside function Y., is piecewise continuous and therefore a regular dis-
tribution.
Now, we can state the Fourier Diffraction Theorem as follows:

Theorem 5.1 (Fourier Diffraction Theorem). Let kg > 0 and 0 # g €
LP(R?), p > 1 with supp(g) C B,.(0) for some rs > 0. Assume that u solves

—(A+ku=g

and satisfies the Sommerfeld radiation condition. Then, we have

F12u(ky, ko, rs) = \/?/Z@ [ei’”‘g‘?((l — XT3)g) (k1, ko, k)
+ efim"‘*gz(xrsg) (K1, k2, —n)} (5.2)

almost everywhere.
We have some notices on the relation (5.2):

Remark 5.2. (i) The following Lemma is necessary for proving the theorem:
du Bois - Reymond’s lemma (Lemma 3.2 in [1])
Let f € L (), which satisfies

loc

/ f(@)p(z) dz =0
Q

for all test functions ¢ € Z(). Then f = 0.

(ii) We will prove the Theorem 5.1 assuming that £ > 0, since physically, if the
object is not rotated, the measurements are only given by the data of the
spatial frequencies with k% + k3 < k2, that is, we only get the measurements
on

{(k:hkg,:l:/i — k)T €R® | K2+ K2 < kg} ,

because if x is complex, then e*"3 is asymptotically decaying and we can
not measure such waves. This set is a hemisphere (depicted in Subsection
5.4) and is called the k-space coverage of the experiment. Some other
authors call it frequency coverage.
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Now, to get the Fourier Diffraction Theorem for our particular experiment
described in Section 4, we first summarise the mathematical setting of the
experiment, namely:

Assumption 5.3. (i) f is the scattering potential of the object,
(ii) u™(r) = e'*o™s js the incident field,

(i) the scattered field u fulfils the Born approzimation (4.6) with the Sommerfeld
radiation condition (5.1) and

(iv) the measured data of the scattered field are u(ky, ko, mar) for transmission
imaging and u(ky, ko, —rar) for reflection imaging.

Then, we can apply the Fourier Diffraction Theorem 5.1 to our setting to attain

Corollary 5.4. Assume that Assumption 5.8 holds. Then, for f € LP(R3),
p > 1, with supp(f) C B, (0) for some 0 < rg <1y, it holds:

T ieinT
jl,gu(kl,kg,ﬂ:TM) = \/; ,‘Q agif(kl,k'g,:l:lﬁf ko) (53)
for ki, ks €R, k3 + k3 < k2.

Proof. From Theorem 5.1, with g = fu'™°, we have

F1ou(kr, ko, 13) = \/?/i [emrsﬁ((l — XTS)fuinc) (k1, ko, k)
€T (v, fu) (R, B, ) .

Since u"¢(r) = e?*07s we can use the property .Z[r s e T f(r)](k) = .7 f(k—Db)
of the Fourier transform with r = (r1,79,73)" and b = (0,0, ko)™ to get

Fi1ou(k, ko, r3) = \/Z; [eimﬂ‘*g‘\((l — Xrg)f)(kh ko, k — ko)
+ e_i’w-gy(X’IEf) (k17 k27 —K — ko):| .

If 5 = raz, since rs < rpy, we have x,,, f =0 and (1 — x,,,)f = f. Analogously,

if r3 = —rp, since —ry < —rg, we have x_,,,f = fand (1 — x_,,)f =0,
which yields the desired result. O
Remark 5.5. The function
jetrlrsl
r3 — )
2K

which appears in the equation (5.3), is the outgoing Green’s function for the
one-dimensional Helmholtz equation with wave number x (cf. Corollary B.15,
Appendix B).
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5.3 Proof of the Fourier Diffraction Theorem
To prove the Fourier Diffraction Theorem 5.1, we need to show some results first.

Definition 5.6. A function f : R™ — C is called radial if for all r,r’ € R™ with
[x]] = [['||, we have that f(r) = f(r).
A radial function can be written in the form
f(x) = F([[x]]),
where F : [0,00) — C.

Theorem 5.7. If f € LY(R") is a radial function of the form f(r) = F(r),
r = ||r||, then Z f is also a radial function and

Ff(k) = Hk||17%/ F(r)rs Jy 1 (r|k]) dr, (5.4)
0
where k € R™\{0} and
_ v " —it cos(6)
B0 = () /0 ¢ sin2"(0) df (5.5)

is the Bessel function of the first kind of order v > 0 (¢f. Theorem B.10, Appendix
B). Here, w(S4_1) is the surface area of the unit sphere Sy_; = {r € R : ||r| =
1} CRY,

ol

2

w(Sd_l) = (%)

—

In the case n = 3, we have that

Ff(k) ||kH / F(r)rsin(r|k|]) d (5.6)
Proof. Since f € L'(R"™) is a radial function, we have f(r) = F(r), r = ||r|.

Now, consider the definition of the Fourier transform and the Bessel function
(5.5), we have that

Ff(k) = (\/Tlﬂ)n / f(r)e ™T dr.

Then, we use the substitution r = rn with n is the unit vector in S,,_1 to get

F f(k) =

(7‘)/ e~irkn qg pnml gy,

\/ﬂ)n 0

Now, use the polar coordinates with the z—axis along k, so that k-n = ||k|| cos(6),
for 6 € [0, 7], we have

/ e_irk.n dS:/ e—i|\k||rcos(0)w(Sn72)Sinn—?(a) do
Sn 1 0
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Thus, the following holds:

a _ 1 > " r 72'Hk|\rcos(0)w inn72 rnfl r
FI0= o | ] Foe (Sn2)sin™ (@)™ o

In order to use the Poisson’s integral representation of the Bessel function of the
first kind of order § — 1 in Equation (5.5), we first multiply the integrand with

L= (r|kl)' =% (k)5

to obtain

7 [ (k)

:/Oo F(r)rs||k||*~ “”kH)g_l/ﬁ e tlIk|[r cos(0) sin" " 2(0)w(S,_5)d0 | dr,
0 (V2m)™ Jo

which yields
F ) = k|2 / F(r)r? Ty (r|Kl])dr.
0

The formula of the surface area of the (d — 1)-unit sphere

(N[SW

2T

A1) = gy

[NISH

is proved in Theorem 1 in [9].

Now, for the case n = 3, setting d = 2 in the formula above, we get w; = 27 and
hence,

1

1
t2 4 . tz2  2sin(t 2
Ji(t) = 21 277/ e~ eos(9) gin(h) dg = ’ . sin(t) = ifé sin(t).
2 @2m)E1 7 o (2r)% ¢t Nz
(5.7)
Therefore,
F1) = k| ¢ [ Pyt k) ar
0
Applying Equation 5.7, we obtain
7500 =20 [ F@rsingi) a
=4/ —— r)rsin(r .
=Tl Js
O
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Corollary 5.8. The function

cikollxll

GO =

is the Green’s function of the Helmholtz operator —(A + k3) that satisfies the
Sommerfeld radiation condition, whereas

o—ikollrll

A

G(r)_ =
is the Green’s function of the Helmholtz operator that satisfies the absorption

condition.

Proof. By definition, the Green’s function of the Helmholtz operator —(A + k2)
must solve the Helmholtz equation

~(A+ )G —r) = 6 —1),
where § is the 3-dimensional Dirac-delta distribution.

Since this partial differential equation is translationally invariant, we can intro-
duce a new coordinate
p=r—1

so that we have
—(A+k3)G(p) = 8(p). (5.8)

Because 4 is a radial function, G(p) is a function that depends only on ||p||, that
is, G(p) = G(]|p||)- Hence, for the sake of simplicity, we write p instead of ||p||.

Now we want to write Equation (5.8) in polar coordinates. First, let
9(p,8) == D®(p,0)" DP(p, 9),
where ®(p, 8) = (pcos(d), psin(d)). Then,

1
Vdet g

1 - 1 1 .
= 20,(p0,1)(0.) + 300 (955007 ) (5.,

Af(pcos(h), psin(h)) = div( detgg_lvpﬂf(p, 9))

with f(p,0) := f(pcos(0), psin(0)).

Since G(p) does not depend on the angles, we get from Equation (5.8) the
equation

2 0,(p0,G)(p) ~ KG(p) = .
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which is equivalent to the ordinary differential equation
(pG)" + k5 (pG) =0, p#0.
Solving this equation gives us the solution
pG(p) = Cyettor 4 Cye~tkor,
ie.,

ikop —ikop
e e
+ Cy

G(p) = C4

for C1,C5 € C. Now, we want to find the solution that satisfies the Sommerfeld
radiation condition. First, consider

etkop

Gi(p) =Ch

Then,

0 ethop 1 1
g —c ko— - ) =G ko — —
=0, (Z 0 p) +(0) (2 0 p)’

which gives

9 G(p) — koG (p)] = €1 >

il — =C1—,

ap +\p ol -\p 1p2

which converges to 0 as p — oo. Therefore, G (p) satisfies the Sommerfeld
radiation condition and hence is an outgoing wave. Analogously, we can consider

G_(p) =1
—(p) = ,
Y

which does not satisfy the Sommerfeld radiation condition. Instead, it satisfies
the absorption condition

9
dp

. 1
G-(p) +ikoG-(p)| = C2p72'
Therefore, G_ is an incoming wave.

Finally, to determine the constant C; and Cy, we consider the behavior of the
equation as p — 0. Assume that C7,Cs are independent of kg. As kg — 0, the
Helmholtz equation turns into the Laplace equation —AG(p) = d(p). Since it
is well-known that the Green’s function of the Laplace operator A is given by

fm, we get
1
= C = —,
= > un
Hence, we find that
o (r) etkollr|l
4+\r) = ———
Ar |||
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is the Green’s function of the Helmholtz operator —(A + k3) that satisfies the
Sommerfeld radiation condition, whereas G_(r) is the solution that satisfies the
absorption condition. O

From now on, we only consider the outgoing solution of the Helmholtz equa-
tion, because it is the only physically possible solution. The reason is that in
reality, waves decay. Therefore, for simplicity, in this section, we denote G, as G.

We have some properties of the Green’s function of the Helmholtz operator:
Lemma 5.9. For p € [1,00], we have that G ¢ LP(R®). Therefore, G ¢ /(R3).

Proof. First, consider for p € [1,00):

G(r)[? dr = /
R3 R3

Then, making the substitution with the unit vector n € So, we obtain

1 > 1
G|’ dr = / /7d5p2dp,
SOV =T | L o

. P
cikollr]

Ar|r|

1 1
= — dr
(4m)P Ja [Ir[l”

which leads to

1

p _ x 2—p _
R3|G(I‘)‘ dr (4ﬂ)pw(SQ)A p dp 00,

where w(Ss) denotes the surface area of the unit 2-sphere Sy C R3.

For p = oo, we have the following:
1
Gr)|=-——.

) A ||

Letting [[r|| — 0, we get |G(r)| — o0, so G ¢ L*°(R?), and 0 is the singularity

Lemma 5.10. The function
gkl
R
withr € R3, kg €R, is an element of . (R?).

Proof. We need to prove that G € L{ (R3) and

loc

6w _

Iel—oo x| ™Y

o4



for a N € N to apply Lemma 2.34 so that we can conclude that G' € ./ (R3).

Let 2 C R3 denote the unit ball and consider

/@|G’(r)| dr:/@

As in the previous lemma, we make the substitution to get

eikol
Ar ||

1 1
r—=— — .
4r S Il

1 1
/qg|G(r)‘ dr = Ew(Sg)/O p dp < oo,

which yields G € L (R3). It is clear that

e _

Iel—o0 ||e||™Y

for a NV € N. Hence, the proof is complete. O

Remark 5.11. Similar to the proof of the two lemmas above, if we fixed
r3 € R, we can also prove that G(-,-,r3) ¢ L'(R?) and therefore, .#; 2G can
not be defined on a L!'(R?) or ¥ (R?) setting, but we can calculate .7 5G in
distributional sense.

Now, the idea of proving the Fourier Diffraction Theorem 5.1 is as follows:

o First, we define a function G, which is the Green’s function of the viscosity
equation

—(A+(k0+ie)2)u:g

that satisfies the Sommerfeld radiation condition. We have G, converges
to G in .7/(R3) for € — 0. Then we calculate .7 oG, and take the limit to
get §172G.

e Second, we take a sequence g,, that converges to g and consider the equation
—(A + k3)u,, = g, with the unique solution u,, = G * g,, that satisfies the
Sommerfeld radiation condition and calculate % ou,,.

 Finally, from % ou, we find #; su.
For the first step, define
G(r) := e~ IlG(r), e>o0. (5.9)

G. solves the viscosity equation — (A + (ko + i€)?) u = g (see proof of Corollary
B.15 in Appendix B). Note that G' and G, are both in .#”(R?). Indeed, we have

Lemma 5.12. For
Ge(r) == e~ IlG(r), e>o0,

we have that G, € .%'(R?).
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Proof. From

1
—elrlig ’ d :/ d :/ —elixl d
e r r r e r,
/ga‘ (x) B B 4|

we use again the substitution as in the proof of Lemma 5.10 to get

ko x|
—e|lr)| ©

(&
A

1 (S)/ll_ede—l (S)/l e g
47Tw 2 o pe P p_47Tw 2 ) pe p-

Therefore,

1 ¢ 1fec 1
/ ‘e*\lr”G(r)\ dr = —w(Sy) | S+ = (6 + > < o0
B 4 —€ €\ —€ €

1

L .(R®). Moreover, from

for € > 0, and we can conclude that G, € L

lim
[r]| 20 T

with a N € N, (see proof of Lemma 5.10), together with

lim e <I*l =,
flr]| =00
we obtain
S (C21C)] R —Y (e )] Y
(S llr]|—o0 rv

Therefore, we can apply Lemma 2.34 to arrive at the assertion that G, €
7'(R). o

Then, we want to show that G, converges to G in .#’/(R®) as € goes to 0, as in
the following lemma:

Lemma 5.13. For G and G, defined above, G. =% G in S'(R3).

Proof. First, using the definition of G, we get

r°9° [G(r) — Ge(r)] ] -

ro9? [(1 - e‘eHrH)G(r)} ‘ .

Then, using the Leibniz’s formula to calculate 9° {(1 - e*EHFH)G(r)} yields

r*9°[G(r) — Ge(r)]‘ = [r® Z (5) [87(1 - G_EHTH):| {8’8_7(}’(1‘)} .

Y<B
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Calculating 97 (1 — e~lIFll) and 9°~7G(r) gives

o2 () o] ol

Y<B

Utilising the triangle inequality, we obtain

29 [G() - Gl < Y (ﬁ) (2”§”§>Veelrl

v<B

v
€ ) el <20
2||r||2

raaﬁ_WG(r)‘ < 00

raaﬁ*va(r)‘ .

Since the sum is finite,

and
x|

for all r € R® and all «, 8 € Nj and v < /3, we can conclude that

;ﬁ (f) <2llillé>7 ol

Hence, we have that

e—0
—

97 G(r) 0.

e—0

pa’g(G — Ge) — 0,

or equivalently, G, — G as € — 0 in .%’(R?).
O

Next, we want to calculate %1 2G. and %1 2G to complete the first step. To do
this, we need to define, for ¢ > 0,

ke i= 1/ (ko +1€)2 — k2 — k2 5.10
1— k3

the root with positive imaginary part. With the definition of k., we can now
compute the partial Fourier transform of G, and G.

Lemma 5.14. The partial Fourier transform F1 G € .#'(R3) is given by
F1,2G(9) = lim F12G(9) (5.11)
ieime\r3|

= lim
=0 Jrs  4TKe

@(kl,kQ,Tg) d(kl,kQ,T’g) (512)

for all ¢ € S (R3).
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Proof. First, from Proposition 3.6, we have that .#; 5 is a bounded operator on
#'(R3). Therefore, 1 2G. <=2 F1,G in .7 (R3) as G, <% G and we get
Equation (5.11).

Now, we compute %1 2G. using F#; o = ﬁgly. Since G, is a radial function,
using Theorem 5.7, we have

FG(k) HkH/ G (r)rsin(r|k|) d

Applying the definition of G, i.e., G(r) = e~ " e:::, € > 0 yields

1 1 [ .
FG.(k :7—/ r(=etiko) gin (r||k]||) dr. 5.13
(k) am)? Tl /s e sin(r|k||) dr (5.13)

Now, we want to integrate the term on the right-hand side, but before doing that,
we first use the interpretation of the sin function with exponential functions,
namely,

etrlikll _ p—irlkll

sinfrifkl]) = 5 ——

which then gives
/OO 6r(7e+ik0) Sin(’l”||k||) dr = l |:/oo 6T(76+iko+i”k”) o er(75+ik07i|\k||) dr
0 2i |Jo

So, integrating yields
o0
/ o5 (—etikotillkl) _ s(~etiko—illkl) g,
0

-1 1
, + .
—e+i(ko +[k[l) * —e+iko — [[K])

After finding a common denominator and simplifying the fraction, we obtain the
following:
-1 n 1 B 24| k||
e ilko+ KI) T —e+ilko —KI) (= 2ieko — k) + [KIP"

Therefore,

® e 1 ik
e" (=t ko) gin (r||k||) dr = — - .
| el dr = S e o) + TP

Hence, plugging this in Equation (5.13) gives

1 1 B 1 1
(v2r)3 (e —iko)? + k|2~ (v2m)3 ||k — i2(e — iko)?

FG.(k) =
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and finally, we arrive at

1 1 1 1
(V2r)3 [k = (ie + ko)? — (v2m)3 k3 — K2

Because of the property .# 1 f = Z[x — f(—x)] of the 1-dimensional Fourier
transform and the formula 17.23.14 in [3], we have that

7 ealrs|
2 a

for a € C, Re(a) > 0. Now, choose a = —ik.. Since Im(k.) > 0, the condition
Re(a) > 0 is satisfied. So we arrive at

1
k2 + a?

1
5 [k o

_ylk3H

T 1 ettelrsl 1 eirelrsl 1 jeirelral
F12G (k) = F3 ' FC (k) = /= < = —
1.2Gelk) () 2 (V2m)3 —ike A ik AT K.

and we have shown Equation (5.12).
O

Now, we do the second part of the proof of the Fourier Diffraction Theorem.

Let g € LP(R%),p > 1 with supp(g) € %,(0), r > 0. Since for 1 < ¢q < p,
LP(Q) — LI(Q) for any Q C R3 bounded and Z(R®) is dense in LP(R?) for
p € [0,00), we can find a sequence of functions g,, € Z(R?) with supp(g,) C %,(0)
so that g, —— g in L9(R®) for

ge[l,p] if pe(l,00)
ge[l,o0) ifp=o0

Now, consider —(A + k3)u, = g,. The unique solution that satisfies the
Sommerfeld radiation condition is u,, = g, * G (cf. Subsection 5.1). We have
this following result of the partial Fourier transform of w,:

Lemma 5.15. For the outgoing solution u,, of the equation —(A + k2)u, = gn,
we have

_wm [ ¢
_\/5 Rs K

91,2Un(¢) (einrgy [(1 - Xrg)gn] (kh ko, /f)

T T [y gl (kr ko, =) Ak ko, 7o),
Proof. From # 5 = f{lff and the two convolution theorems, i.e., Theorem

2.44 for Fourier transform and Theorem 3.11 for partial Fourier transform, we
have

Fratn = Fr1(gn * G) = F5 F o+ G) "2 71 [(V2m) (F9.)(FG)]
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which equals
3
*

(V2m 25 [(Zgn)(ZG)] °2 (V2r)*V2r(Z57 Fgn)

Hence, we get

(Z717G).

3
F1 20Uy = 27F 2gn * F12G.

Now, for every ¢ € .%(R3), since partial convolutions are continuous on ./ (R3),
we have that,

3 ) 3
F12un(9) = 27 (F1 29 * F1,2G)(9) = 2w i (F1,29n * F1,2Ge)(9)-
Due to Definition 3.10, we get
3 _3
(F129n ¥ F12Ge) (@) = F12Ge {(91,2911)3 * ¢]

and applying Lemma 5.14 leads to

. ike|rs)

_3 i e 3

F12G. |:(jl,29n)3 * 4 =1 / {(91,2%)3 * ¢] (K1, k2,73) d(k1, k2, 73).
T JR3 Ke

Now, the definition of convolution yields
3
(ﬁLan * ﬁlQGE)(QZ))

i elte |rs]

= / F129n(k1, ko, —2)p(k1, ko, r3 — x) do d(ky, ka2, 73).
R

AT Jrs ke

Then, utilising the substitution, we obtain

3
(91,2gn * ﬁl,zGe)(¢)

7 ei""ielri‘l‘
- / yl,an(kjh kQa m)(b(kh kQa T3 + (E) dx d(kh kQa T3),
R

A1 Jrs ke

which then equals
i eiﬁeng—x‘
= 7/91,2%(1617k27$)¢(k51,k2,7“3) dx d(ky, k2, 73).
T JR3 Re R

Since ¢ € .#(R3) with respect to (k1, ka,73) and F1 2(g,) € #(R?) with respect
to (ki1,k2,x), we can conclude that

(k1, ko, 3, @) > €I 2y og, (K1, ko, 2)d (K, ko, 73)
is Lebesgue integrable. Hence, we can apply Fubini-Tonelli theorem to get

F1 2un(0) = %ll_g(l) g % (/R etrelra=el 2 o g, (K1, ke, 2) dx) d(k1, ka,73).
(5.14)
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Now, for ¢ € Z(R?), we want to interchange the limit and the integration, using
Lebesgue dominated convergence theorem twice. First, since fl,ggn(kl, ka,-) €
L'(R), we can use Lebesgue’s theorem to get

lim 6iﬁe\r3_w|ylﬁggn(k1,k‘Q,l’) dx:/eiKITB_a:lﬁngn(kl,kQ,iﬁ) dx
e—0 R R

for all (k1, k2,73) € R3. Then,

¢(k1,l€2,7"3) iKke|rs—a|
I Gk o Pl ) o
¢(k1,k2,7“3)/ iklra—al| g
= e 9/ I TG ogn (K1, ke, x) d 5.15
H(kth) Re 1,29 ( 1, ~2 I) X ( )

for k? + k3 # k3 (or k # 0).

Next, in order to apply the Lebesgue’s dominated convergence theorem to
interchange the limit and the integral over R?® in equation (5.14), we need to

show that P € Li .(R?) with respect to (ky, ko) in order to show that
Ke
d) ike|rs—z| g
(K1, k2) — —|e F129n(k1, ko, ) dz
e JR

is bounded by a L!-function.

For %.(0) C R? with ¢ > kg, we have:

1 3
/ d(kr, ks) :/ ‘kﬁ —kf—k%‘ d(kr, ka),
% #(0)

- (0) |Kel

which equals

1
-2
kg —p2’ p dp de,

27 kg
/0 /0

_1
using polar coordinate (ki,ks2) — (pcose, psing). Since |k — p?| 2 p is inte-
grable with respect to p and does not depend on ¢, we have that

1
-2
(p, @) = ‘kg - 02‘ p

is Lebesgue integrable. Hence, we can apply Fubini-Tonelli theorem to get

1 27 ]Cg _%
/ d(ky, ko) = / Lde / ’kS*pQ‘ pdp|.
B.(0) el 0 0
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So,

kg
1 k
/ d(k1, ko) = 7( 02) = 2mko < o0,
. (0) "fe| |p -k ‘ 0
since X .
(P* —kg)z _ J—(p* —k§)z for |ko| >l
|p? — k3| (p> —k2)z  otherwise.
1 1
Therefore, Tl € L' (%.(0)) for all ¢ > ko, i.e., Tl € Ll.(R?).
Ke Ke

Now, consider the integrand on the right-hand side of Equation 5.14 and use the
triangle inequality to get

9

Ke
|9l

|Fie]

/ ein€|r37m|§172gn(k_1’ k’g, x) dz
R

|1 200 (k1 ko, )| dz
R

Then, we apply the 2-dimensional Fourier transform with respect to the first
two components to have

||j|/|91,29n(k1,k2733)} dx
el JR
1 .
||:)| %/z9”(51’52@)6_1%81%252) d(s1, s2)| dx.
€ R

Applying the triangle inequality again, we obtain

|¢‘ /|</1 29n k17k2’ |,f|| / 27‘(‘/ |gn S51,82,T | d 51552

The right-hand side of the above inequality equals

1
Mi/s |gn(31,32,x)| d(s1, s2, ).
-

|ke| 2

So, since ¢ € ./(R3) and € Li.(R?), we have

|e|

L

Ke

1
o il € LR, (6.10)

/6in€|r37z‘ﬁ17ggn(k517k2, )de
R

Now, we can apply the Lebesgue’s dominated convergence theorem with Equa-
tions (5.15) and (5.16) to Equation (5.14) to get

F12un(0) = %/R d </R e™Ira=el Z o9, (K, ke, x) dﬂ«”) d(ky, ka,rs).

3 K
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We then calculate

/ eI =l 7y g, (ky, ko, ) da
R

r3 oo
= / e“i(ra_x)ylﬂgn(kla k27‘r) dz +/ ezn(x_TS)yl,an(kl7k27x) d(L‘7

—o0 r3

which equals

. T3 . . o .
6”"3/ e T ogn (k1 ke, x) do + e_mm/ € F1,9Gn k1, ke, x) dz.

—o00 T3

Now, we rewrite this for the integral over R that yields

R
= eiKTS / (1 — X’l‘3 (klv k27 w))eiiﬁIyl,an(kl’ k27 x) dl’
R

+ 6_mr3/eierg(khkz,x)ﬁl,zgn(/ﬁykz»x) dx.
R

So, we have that

R
= ¢T3 / eiim’flﬁ [(1 - X?”a)g”] (k1, k2, ) dz
R

b [ 7 [ ga] (b k) d
R

Then, the definition of the 1-dimensional Fourier transform gives

/einlr3_r‘91,2gn(k17k2;$) dx
R

= ¢t \/%3233\1,2 [(1 - er)gn] (K1, ko, k)

—+ eiinrsmg\gg\lg [ergn] (kh k?a _F‘“)a (517)
which equals

\/ﬂ(em""? [(1 — Xr;;)gn] (kla k?a ﬁ)
+eTRTs gz [Xrggn] (k1, ka, _H))

due to the fact that .%#3.%; 5 = .# holds true. Thus,

_WT [ ¢

jlzun((b) - \/5 Rs K (61-’“‘ng [(1 - Xrg)gn] (kla ka H)

eI F [xpa gn] (1, Ko, fn)) d(k1, ko, 73). (5.18)
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Lastly, we find .#; su from % ou,. We do this in two steps:
o First, find the limit of the right-hand side of (5.18) as n — oo.
o Then, consider the limit of the left-hand side of (5.18) as n — oc.

What we get from these two limits will be %1 s2u(¢).

For the first step, since g, — ¢ in L*(R®) and % : L'(R3) — %(R3), we
obtain the pointwise limit:

lim 2 (emsfrsg‘\l,z [(1 = Xrs)gn] (k1 ko, &) + €78 P31 5 [Xrg Gl (1, 2, —H)>

n—o00 K

= 2 (75 3,715 [(1 x0,)0) (ko) + €™ 371 [y 0] (ko )

" (5.19)

for k? + k3 # k2. Moreover, from Equations (5.16) and (5.17), by applying the
triangle inequality, we have

¢

K

¢
K

(eimﬂ’ (1= Xrg)gn] + 7727 [XrggnD'

<

<‘ff (1 = Xry)n)

+|F [xmgn]l)

Then, utilising the definition of the Fourier transform, the right-hand side of the
above inequality equals

¢ "
K

1 "3 .
\/T—W/ e_mmylzgn dx
¢

R

1 <
— e "I 09y dx
o /7-3 1,29
1

"z /Oo _L@/
Wer (/m’J1,29n‘d$+ . |91,29n|d33 = ol R|91,29n‘d$-

Finally, we arrive at

¢

K

g
@r) In||L1(R3)-

(eimﬁ (1= Xry)gn] +e"73F [Xrggn]>’ <

Since g, — ¢ in L*(R?), we can find a C > 0 and N € N such that

¢ ¢
gl ey < gl ey € 1R,

K

1
(2m)?
for all n > N and almost every (ki, ko, 73) € R3. Hence,

¢

KR

(em‘sy (1= Xry)gn] + €727 [Xre,gn])‘ < C%HQHU(R?’)- (5.20)
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Now, from Equations (5.19) and (5.20), we can apply Lebesgue’s dominated
convergence theorem to get

tim [ 2 (52 (1 X )ga] + T [ryal) Al o)

n—00 Jps K

= /R 4 (ez’m"s,? [(1 — Xr3)g] 4 e T3 g [erg]) d(kq, ko, 13). (5.21)

3 K

Then, for the second step, we consider the limit of the left-hand side of equation
(5.18) as n — oo. To do this, we first need a remark:

Remark 5.16. (Theorem 6, Remark 1 in [14])
For the unique solution u that satisfies the Sommerfeld radiation condition u of
—(A + k})u = g, where g € L% (R?), it holds:

[ullee < C(ko)llgll Lo (5.22)
for
< > >3 L € L2 (5.23)
q1 27 q2 ) o P 27 3 . .
If we take

94 3¢ 6+26]

:3 ) E b
“=steq [9+2e 5+

for e sufficiently small, ¢; and g2 will satisfy the conditions in (5.23). By choosing
€ small enough, ¢; also satisfies the condition 1 < ¢; < p for any p > 1.

Now, consider g € LP(R3),p > 1 with supp(g) € %4,.(0). We know that for
1< q <p, LP(R?) < L9 (R3). Therefore, g € L9 (R®). That yields g, —— g

in L% (R?) and because of Equation (5.22), we get u,, —— u in L% (R®) and

hence u,, ——5 v in ./(R3). Due to the continuity of the Fourier transform,
we get

91,2%1(@ = 91,2“(@ (5-24)
for all ¢ € .7 (R3).

Finally, from Equations (5.18), (5.21) and (5.24), we obtain the equality

Frautd) =[5 [ o2 (725 [0~ )] (s baor)

TS T [xragn] (1, Ko, —n)) d(ky, k2,73)
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for all test functions ¢ € Z(R?). Using du Bois-Reymond’s lemma (see first item
of Remark 5.2), we arrive at the assertion that the equation

F1ou(ky, ko, r3) = \/?Z (eimsy (1= Xry)gn] (K1, k2, k)

K

+67inr3y [XT;;gn] (kh k?a 7”))

holds almost everywhere.

5.4 Generalisation of Fourier Diffraction Theorem in R"

In this subsection, we introduce a more general case of the conceptual experiment
described in Section 4, where the scattering potential f is now a real-valued
function of n variables, n > 2, i.e.,

f:R" =R,
and the incident field ©™¢ is now defined as
uinc(r) _ eik0d0~l‘7 re R™.

Here, dg € R” is the unit vector of the direction, in which u"® propagates, and
ko is the wave number.

We summarise the n-dimensional experimental setting in the assumption below:
Assumption 5.17. (i) [ is the scattering potential of the object,
(ii) u'™(r) = etkodoT s the incident field,

(iii) the scattered field w fulfils the n-dimensional Born approzimation with the
Sommerfeld radiation condition and

(iv) the measured data of the scattered field are w(ky, ..., kn—1,7n) for transmis-
sion imaging and w(ky, ...,kn—1, —7rn) for reflection imaging.

Remark 5.18. In Section 4 and Subsection 5.2, the special case, where n = 3
and dg = e3 = (0,0,1)T is considered.

For the n-dimensional case, we also define k as

if > k7 <k
R = Ii(kl, ceey knfl) =

if > k7 >k

Then, we can state the Fourier Diffracion Theorem for the n-dimensional setting:
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Theorem 5.19. Let kg > 0 and g € LP(R™), n > 2, p > 1 with supp(g) C
By, (0) CR™ for some rs > 0. Assume that u solves

—(A+ku=g
and satisfies the Sommerfeld radiation condition. Then, we have
ar i KT gF
/1,...,n—1u(k1,-~->kn—17rn) = §E|:6 ”/((1 7XT7,,)9)(k17"'7kn—17/$)
+ e_i"””f(xmg) (K1, ookn_1,—K)
(5.25)
almost everywhere.

Proof. see Theorem 2.3 in [12]. O

Analogous to what we did in Subsection 5.2, we get the Fourier Diffraction
Theorem for our particular n-dimensional experimental setting:

Corollary 5.20. Assume that Assumption 5.17 holds. Then, for f € LP(R™),
p>1, n>2, with supp(f) C P, (0) for some 0 < ry < rpp, the following holds:

T iethT™
F,om—(kr, o by, ) = \/; Ff ((kla ) kodo)

K
(5.26)
for ki, ks € R KT + k3 < k2.
Proof. Analogous to the proof of Corollary 5.4. O
Remark 5.21. If the object is not rotated, thf measurements are only given
by the data of the spatial frequencies with Ti k? <k, i.e. we only get the
j=1

measurements on the k-space coverage, which is a (n — 1)-hemisphere:

(/{11, . k‘n_l, :EH)T — kodg € R™

We will discuss the k-space coverage in more detail in the next section.

The following figures visualise the k-space coverage for the case n = 3 and
do =e3 = (0,0,1)*:
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e Erea i kspace coverage (iransmission imaging)

Figure 3: k-space coverage in the case of transmission imaging

Kespace coverage (refection imaging) Keapace coverage (reflection imaging)

Figure 4: k-space coverage in the case of reflection imaging
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6 k-space coverage (N.V.)

At this moment, we examine the effects of modifying some components on the
k-space coverage. Precisely, first, we consider the wave number k(t), which
changes with respect to ¢ € [0,T]. The other components are in correlation with
each other, namely, altering one of them, is the same as changing the others.
The three of them are the incident direction, the orientation of the object and
the hyperplane where the data are measured.

The following table provides an overview of the incident fields when different
modifications are made. These modifications are made on wave number, inci-
dence direction, orientation of an object and the measurement plane.

Modified Fixed Incident field

Wave number Incident direction uln®(r) = ek dor
Object te[0,T]
Measurement plane

Incidence direction | Wave number ul"(r) = eFod®)r
Object te[0,T]
Measurement plane

Object Wave number ui"¢(r) = efodor
Incident direction | t € [0, 7]
Measurement plane

Measurement plane | Wave number ui"®(r) = efodor
Incident direction | t € [0,7]
Object

6.1 Modifying the wave number

Here, we concentrate ourselves on the effects of changing the wave number on
the k-space coverage. We fix the object and consider the incident field

up(r) = e Mdor ¢ ¢ [0, T, (6.1)

with wave number k(t), which propagates towards the object and produces the
scattered wave, which is represented by u;. Using Corollary 5.20, we get the
following formula:

T iein(t)rM

Ty (k1, o ko1, Er0y) = \/;/f(t)ng ((k‘l, ) k’(t)do) ;
(6.2)
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where

n—1
for k2(t) > Z ka,
j=1

otherwise.

In this case, the k-space coverage is given by

U =< (k1. kn_1,£6)T — k(t)do € R"

kZ(t)>ik§,te[o,T] . (6.3)

We have
7=

te[0,T]

where 7, t € (0,T] is (n — 1)-hemisphere obtained by translating and scaling

n—1

> k< k]

j=1

% = (klv ) knflai"{)T - kodo €R"

so that 0 € 7.

Example 6.1. We study the 2-dimensional case, where we choose dg = (?)

The data are recorded at the plane ro = rj; for transmission imaging and
ro = —ry for reflection imaging. Furthermore, the wave number k(%) is given
by k(t), t € [0,T], so that [k, k] = k([0,T]).

Here, the k-space coverage is
T 2| 1.2 2
@/z{(kzl,im—k(t)) ER2| K2(t) > k2, te[o,T]}. (6.4)

Since k7 < k2(t), we must have |k;| < k(t) for all ¢ € [0,T]. Therefore, |k;| < k.
Moreover, for k1| < k we have

VE =k} =k <ky < K2 — K} — K

and for |k;| > k, we have

—|k1| < ko < (/K2 — k2 — K2

The figures in Figure 5 are the visualisations of %. According to these figures, in
both cases of transmission and reflection imaging, there are no accessible points
in the area close to the origin. This means that the lower frequency data are
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missing in the reconstruction. In particular, if we measure at both ro = rj; and
ro = —rp, the area mentioned above is a circle with radius k.

Figure 5: k-space coverage of the 2-dimensional case with dg = (0,1)T, k(t)
covers the interval [k, k] = [0.2,0.7]. Upper left: k-space coverage for transmission
imaging. Lower left: k-space coverage for reflection imaging. Right: Combine
the k-space coverage of transmission imaging and reflection imaging.

Now, we pay attention to modification of incidence direction.

6.2 Modifying the incidence direction
In this subsection, the incidence field is
up(r) = e*dr -t e 0,1, (6.5)

where the incidence direction d(t) € S,,—1 changes with respect to ¢ € [0, 7] so
that d(0) = dg. The wave number and the object are fixed. From Corollary
5.20, we have the relation

T ieisry
yl,..,nflut(klv (XX} knfla j:rM) = \/; gf ((klv (X3} knfh :l:K/)T - kod(t)) ’

K

(6.6)

where u,; is again the scattered wave. In this case, if the incident direction is
rotated, the k-space coverage is obtained by translations of the (n—1)-hemisphere
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), namely,

U = (k‘l, ..,k‘nfl,i/ﬁ)T — k‘od( ) e R"

ZkQ tel0,T]p. (6.7)

Example 6.2. We choose n = 2 and d(t) = (:?rfg))) The k-space coverage is

U = {(k1 — kocos(t), £r — kosin(t)) " € R? | K(t) > k2, t € [o,T]}, (6.8)

which is illustrated by the following figures.

Figure 6: k-space coverage of the 2-dimensional case for transmission imaging
with d(t) = (cos(t),sin(t))T, ko = 0.5. Upper left: Taking t = 6’“47r, k=
0,1,...,64, ie. t € [0,7]. Lower left: Taking t = &7, k = 64,...,128, i.e.
t € [r,27]. Right: Taking ¢t = L, k=0,...,128, i.e. t € [0,27].
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Figure 7: k-space coverage of the 2-dimensional case with data taken at both
ry = ra and ro = —rpr, d(t) = (cos(t),sin(t))T, ko = 0.5. Upper left: Taking
t = Gﬁw, k=0,1,..,64, i.e. t € [0,7]. Lower left: Taking t = &m k=
64,...,128, i.e. t € [m,2n]. Right: Taking t = &w, k=0,..,128, ie. t € [0,27].

Next, we deal with the k-space coverage in the case of altering the object
orientation.

6.3 Modifying the orientation of the object

Here, the object is assumed to be rotated using the matrix R € SO(n), t € [0, T].
The rotated scattering potential is f o R;. The incident direction and the wave
number are fixed. The scattered wave, which is generated by the incident field
illuminating the object,

uinc(r) _ 6ik0d0-r, (69)

is denoted by w¢, t € [0,T]. According to Corollary 5.20, we obtain the formula

_ i T
F,on—1ug (ki oy ko1, Era) = 5 Ff| R ((kh oy kn_1, £R)T — k‘odo) .
(6.10)
The k-space coverage is
n—1
u = {R, ((kl,..,kn,l,in)T - kodo) ER" | K1) > Y k2, t€[0,T]
j=1
(6.11)
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If the object is rotated, we get the k-space coverage by rotations of the (n — 1)-
hemisphere 4. We can see it in the example below:

Example 6.3. For n =2 and R; = (_C(S)ISI(:E; ig;ig)

(i) Let do = <(1)> Then,

o — {< (k1 — ko) cos(t) + msin(t))) c R?

2 2
— (k1 — ko) sin(t) + k cos(t ko > ki, t€[0,T] o,

(6.12)
which is showed in the pictures:

« ¢

Figure 8: k-space coverage of the 2-dimensional case for transmission imaging
with dg = (1,0)T, ko = 0.5 and the object is rotated using the standard rotation
matrix. Left: Taking t = &m k=0,1,...,64, i.e. half turn [0, 7]. Right: Taking
t= %ﬂ', k=0,..,128, i.e. full turn [0,27]. The rotation of J% goes clockwise.

(ii) Let do = <(1)> Hence,

) ((k — ko) sin(t) + ky cos(t) 2
= { <(I€ — ko) cos(t) — ky sin(t)) €R

k2> k? te [O,T}}. (6.13)
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Figure 9: k-space coverage of the 2-dimensional case for transmission imaging
with dg = (0,1)T, ko = 0.5 and the object is rotated using the standard rotation
matrix. Left: Taking ¢t = 6%7r, k=0,1,...,64, ie. half turn [0, 7]. Right: Taking
t= 6%7r, k=0,...,128, i.e. full turn [0,27]. The rotation of S goes clockwise.

Finally, we move to the case where the location of the measurement hyperplane
is changed.

6.4 Modifying the measurement hyperplane’s location

If we vary the distance between the origin and the measurement hyperplane, such
that the hyperplane does not meet the support of the scattering potential, that is,
ry > 1 for transmission imaging and —ry; < —r, for reflection imaging, while
the object and incident field are fixed, the k-space coverage stays unmodified.

Now, assume that the hyperplane is rotated around 0 by the rotation matrix
R} € SO(n), t € [0,T]. The formula

F,oon—1u (k1 k1, £70r)

B zieinrM o~ T T
— \/; —7f (Rt ((kh o kn_1,£R)" — koR; d0)> (6.14)
_ \/Z“?ng (Relhr, - knor, )" — kody )

K

is attained by utilising Equations (6.6) and (6.10), where d(t) = R} dg, because
rotating the measurement hyperplane is equivalent to rotating the incident
direction and the object. The k-space coverage in this case is:

E%(t) > ni:kf—, t€[0,T] 7. (6.15)
j=1

U = Rk, .., kn_1,+r)T — kodg € R™

We study an example of the 2-dimensional case:
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Example 6.4. For n =2 and R; = (—C:fr(l?t) 22;?3)

(i) Let do = <(1)> Thus,

| (kicos(t) + ksin(t) — k o 9 1o
v= { ( —ky sin(t) + k cos(t) 0> €R™ [ ko > kit e [OaT]}- (6.16)

(ii) do = <(1)> Therefore,

_ ky cos(t) + ksin(t)
v = { <—k1 sin(t) + # cos(t) — ko> ER* | ki > ki te [O,T]}. (6.17)

As we can see, since rotating the measurement hyperplane is equivalent to
rotating the object and the incident direction, we obtain more data than in
the two previous cases. %'s in both cases are represented by the following

illustrations:

Figure 10: k-space coverage of the 2-dimensional case for transmission imaging
with kg = 0.5 and the measurement hyperplane is rotated using the standard
rotation matrix. The incidence direction is chosen to be dg = (1,0)T (top) and

do = (0,1)T (below). Left: Taking t = &m, k=0,1,...,64, i.e. half turn [0, 7].
Right: Taking ¢t = 6%#, k=0,..,128 i.e. full turn [0, 27].
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In the previous sections, we considered the continuous case, where the scattered
wave is assumed to be continuous. In this case, the k-space coverage ) is the
entire (n — 1)-hemisphere. Moreover, the modifications discussed in Section 6
are also studied with ¢ covering the entire interval [0,7]. Thus, the number
of accessible data is infinite. However, in practice, we can only measure a
finite number of scattered data. Therefore, the study of the discretised Born
approximation is required. For simplicity, in the next section, we will examine
the discreteised Born approximation in the 2-dimensional case.

7 Discretisation of the Born approximation and
application

7.1 Discretisation of data (M.U.)

Consider the unique solution of the 2-dimensional Born approximation that
satisfies the Sommerfeld radiation condition,

u(r) = . G(r—r)f(r)u™ (') dr' = G xg, r€R? (7.1)

where g := fu'"® and G is 2-dimensional Green’s function of the Helmholtz

operator, that is,
Gr) = LHO (& R\ {0
(1) = SHE (ko el), v € R\ {0},

with H(()l) is the Hankel function of the first kind of order zero (cf. Corollary
B.15 in Appendix B).

We can discretise Equation (7.1) on the uniform grid

_ 2rg
N
with Iy := {—% +4;5=0,..,n—1}, N € 2N, to get

Dy : In C [—rs,rs}g, (7.2)

u(r) = uy(r) == (%Cf’) Z G(r—1')g(r') reR% (7.3)

r'€Dy

In the experiment described in Section 4, the measured data are assumed to
be the Fourier transforms of the discretised Born approximation up (r1, £7ar),
N € 2N, with r € Ql%]q are the equidistant points discretising [—Ias, las].
Our goal is the reconstruction of the scattering potential f, which is related
to the measured data by the Fourier Diffraction Theorem. Therefore, it is
desirable to calculate the discrete Fourier transform (DFT) of uy(ri,£7a),
which approximates

1 .
Fru(ky, £ry) = E/U(Tl,iﬁw)emkl dry, k1 € [—ko, ko).
R
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The discrete Fourier transform of the Born approximation is given by

1 2y ik I,
Fyqu(ky, £ry) = or 4 D ulry, k)™ dry, k€ hogy — (7.4)

with the equidistant points r € Ql%lq discretising the interval [—Inr, Ip].
In reality, the object moves. Therefore, we consider the case where the object

is rotated using the rotation matrix R € SO(2). From Equation (6.10) with
n=21ie.,

Fuualh,ran) = /35 (R (20 - kods) ). (09

we obtain the relation

2
Ff <Rt ((kl, +r)T — kod0)> = i\/;nemw Frug(ky, £rar),  (7.6)

which holds true if k3 < k2. In order to get the reconstruction of the scattering
potential, we need to approximate .% f with the discrete Fourier transform on
the discretised k-space coverage

I T
%q q = Rt ((klv :l:ﬁ)T - kOdO) kl € k07qa k% < k(2)7 te *{O, ]-a '~~7Qt} y
' 200 q
(7.7)
where %{0, 1,...,q:} are the equidistant samples of ¢ € [0,T] and k; € kzoﬁ are

the equidistant points discretising the interval [—kg, ko].

Since %y,q4, is a non-uniform grid, the analysis of the 2-dimensional non-uniform
discrete Fourier transform is desired. Accordingly, we define the non-uniform
discrete fourier transform elementwise as

Fnin(y) = (21C> Y e~ Ff(y), yeUn, (18

reDyn

for fy := (f(r))reny € RY". To determine fy, we use the iterative method
(Algorithm 7.27, described in Chapter 7.6.2 of [7]). This process is referred to as
the inverse non-uniform discrete Fourier transform.

To summarise, we list the steps required for reconstructing the scattering poten-
tial:

1. The measured data are the discretised Fourier transform of the Born
approximation.
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2. Using the relation (7.5), we calculate the approximation of the Fourier
transform of the scattering potential.

3. Applying inverse non-uniform discrete Fourier transform to the previously
gained 7 f, we get the scattering potential approximately.

7.2 Data generation (N.V.)

In our concrete example, we assume that the wave number kg of the incident
field is 2w. Then, we scrutinise the efficacy of the Born approximation in 2-
dimensional case by first generating the data, then solving the inverse problem
and finally comparing the obtained solutions with the generated data.

For data generation,

1. We choose a test function f.
2. Then, we solve the equation
— (A + k;Q(r)) (uinc(r) + u(r)) =0,
where
k*(r) = f(r) + kg,

to get u. The solution u is either assumed to be the Born approximation
uB, or we let it be the Rytov approximation u® and calculate the Born
approximation using the relation

uB(r) = u'™ log < u(x) + 1) .

uinc (I‘)

We solve the inverse problem by performing the following:

1. First, we calculate the discrete Fourier transform of the Born approximation
obtained from the previous step.

2. From the discrete Fourier transform of the Born approximation, we deter-
mine the approximation of the Fourier transform of function f.

3. Next, we utilise inverse non-uniform discrete Fourier transform to get the
approximation of f.

Let us specify the first step of data genarating by taking the indicator function
of the disc B,(0) with radius 0 < p < 75 and centre 0, i.e., for r € R?,

1 ifr e B,(0),

0 otherwise.

f(r) ==1p,0(r) = {
We compute the Fourier transform of f in the following lemma:
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Lemma 7.1. Let B,(0) be the disc. Then, for k € R?\ {0}, it holds
p
F1p,0)(k) = ||T||J1(P||k|\), (7.9)

where Jy denotes the Bessel function of the first kind of order 1. For k =0, we

have
2

F1p,(0)(0) = %. (7.10)

Proof. Since 1p(g) is a radial function, we can apply Theorem 5.7 to obtain

00 P
ﬁlBP(O)(k):/ Lo, (5)sJo(s|k) ds:/ sJo(s||K[)) ds.
0 0

Now, for k # 0, we get

P 1 P
[ santslily ds = e [ sl sl d
: T Jo
Substituting ¢ = s|/k|| yields

1

p Alkll
/ sl o(sljk])) ds = — / £Io(t) dt.
0 1 Jo

Then, using the property

"1 (t) = %(t"Jn(t)),

which is proved in Lemma B.12, Appendix B, with n = 1, we get

L Akl g 1 Ak
o [0 = [T S d = S enw) |

2 2 2
1] ||| (||| 0
which equals
p

~—J1(plk])-
(k]|

For k = 0, we have
P P

Flp 00 = [ sh(s]o]) ds = / 5Jo(0) ds.
0 0

Then, using the fact that Jy(0) = 1 (Theorem B.13, Appendix B), we get

4 P p2
/ sJop(0) ds = / sds==—
0 0 2

and arrive at the assertion. O
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For the second step, namely, computing the Born aproximation, we first need
to discretise the test function f, for which we choose different radii p = 2 and
p = 4.5. We sample f on the 40 x 40 grid Dyg, defined by equation (7.2). Here,

the square [—rg,74)? is [_%ﬁ’ %} with N = 40. Then, we evaluate discretised

Born approximation from equation (7.3). In [12], the authors calculate the
approximation of u(-,ryr) using the full waveform inversion.

Now, we solve the inverse problem. First, by utilising Equation (7.4), we get the
discrete Fourier transform of the Born approximation. Then, applying Equation
(7.6) leads to discrete Fourier transform of f, which completes the fourth step.
Further step requires us to find an approximantion of f by solving Equation (7.8).

Eventually, we rate the approximations of f found in the previous step. Depend-
ing on the value of the peak signal-to-noise-ratio (PSNR), we can conclude how
high the quality of reconstruction is; the higher the values of PSNR, the finer
the reconstruction. The PSNR is defined by
2
f
max |£(r)]

w2 ) — g

reDy

PSNR(f, g) := 10log,,

: (7.11)

where f is the discretisation of the test function f chosen in the first step and g
is the approximation of f.

The following figures give us adequate visualisatons of reconstruction. We de-
scribe the dissimilarities between different visualisations depending on frequency,
radius of test function, choice of approximation (Born or Rytov) and k-space
coverage. The authors of [12] reconstruct f under the setting:

o grid size: N = 120,
e length of the measurement plane: [;; = 10, i.e.,

e {10+ 1% je {0,...,200}}7

o number of time steps: ¢; = 40,
o Ty = % ~ 10.

For the radius of test function p = 4.5 and the frequency w = 1, we have:
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Figure 11: [12] Data generating using full waveform method and reconstruction
using non-uniform discrete Fourier transform. The frequency of the incident field
is w = 1. Left: Original function f(r) = 1p, ,(0)(r). Center: Reconstruction
using Born approximation. Right: Reconstruction using Rytov approximation.

Figure 11 depicts the result of applying either Born or Rytov approximation.
The visualisations show that using Born approximation gives higher difference
between function values than utilising Rytov approximation. This difference is
zero for the original function f. Additionally, the PSNR of Born approximation
is lower than the one of Rytov. In particular, the PSNR of the Born is 13.26,
whereas the PSNR of the Rytov is 17.67.

If we take p = 2 with the same frequency as above, then we can see that the
difference between Born and Rytov approximation is hardly identifiable. Further-
more, PSNRs are almost identical, namely, for Born and Rytov reconstructions,
18.04 and 18.49, respectively. In fact, for objects with sufficiently small radii,
Born and Rytov approximation are almost equal to each other (cf. [5], pg. 218).

The statement is visualised by the following figures:
6
08 1 08 (1]
2
S w2 0 z & 8 @ @ O @ 4. s i g 9 B W e

Figure 12: [12] Data generating using full waveform method and reconstruction
using non-uniform discrete Fourier transform. The frequency of the incident
field is w = 1. Left: Original function f(r) = 1p,()(r). Center: Reconstruction
using Born approximation. Right: Reconstruction using Rytov approximation.

Taking smaller frequencies, w; = 0.7 and we = 0.4, the wave number also changes,
so k1 = 0.147 or k3 = 0.87. Observing Figure 13, we can conclude that: the
lower the frequency, the worse the quality of reconstruction.
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Figure 13: [12] Data generating using full waveform method and reconstruction
using non-uniform discrete Fourier transform. The frequency of the incident field
is w = 0.7 (top). and w = 0.4 (below). Left: Original function f(r) = 1g, ,(0)(r).
Center: Reconstruction using Born approximation. Right: Reconstruction using
Rytov approximation.

8

Keeping the rotation of the object R = I and the incidence direction dg =
(0,1)" fixed, combining the reconstructions with diverse frequencies w € [0, 1]
(k(t) covers the interval [0, 27], see equation (6.4) in Subsection 6.1), i.e., recon-
structions with data on the k-space coverage

U = {(kl,in — k()" € R | K2(t) > K2, k(t) € [0,271']},

we get Figure 14.

s 0.18 6 1
0.16 09
4 0.14 4 0.8
2 0.12 2 07
0.1 06
-0 008 0 05
0.06 04
i 008 2 03
4 0.02 -4 0z
0.1

0
6 . -6 0

6 4 2 0 2 4 6 6 4 2 0 2 4 6
r| r‘

Figure 14: [12] Data generating using full waveform method and reconstruction
using non-uniform discrete Fourier transform. The frequency w of the incident
field ranging from 0 to 1. The incidence direction is dg = (0,1)T. Left: Original
function f(r) = 1p, ;(0)(r). Right: Reconstruction using Born approximation.
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As we can see, if we compare Figure 13 with Figure 14, reconstructions with only
one wave number are worse than the reconstruction with multiple frequencies.

cos(t)  sin(t)
—sin(t) cos(t)
frequency of the incident field w = 1 and the incidence direction dg = (0,1)T
fixed. In other words, we reconstruct with data on the k-space coverage (6.13):

o — { ((n — ko) sin(t) + kr cos(t)> CR?

Now, we choose the rotation matrix R; = < ) and keep the

2 2
(5 — ko) cos(t) — ky sin(t) ko > ki, t € [O’T}} :
The following figures show the reconstruction of the full turn and the half turn
rotation of an object (cf. Figure 9 in Subsection 6.3) with the artefacts on some
parts of the boundary in the latter case.

60 1 60 1 60 1
0 08 40 08 40 08
20 20 20
06 06 06
) &0 S0
04 04 04
-20 20 20
40 02 4 02 i 02
-60 0 -60 0 -60 0

-60 -40 20 0O 20 40 60 -60 -40 -20 0 20 40 60 -60 40 -20 0 20 40 60

Figure 15: [12] Data generating using full waveform method and reconstruction
using non-uniform discrete Fourier transform. The frequency of the incident field
is w = 1. The incidence direction is dg = (0,1)T. The object is rotated using
the standard rotation matrix. Left: Original function f(r) = 1p,;(0)(r). Center:
Reconstruction from full turn rotation (¢ € [0,27]). Right: Reconstruction from
half turn rotation (¢ € [0, 7]).
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Appendix A Definitions

Definition A.1 (Semi-norm).
Let X be a vector space over K, where K is a subfield of C. A semi-norms on X
is a map p: X — R that satisfies

* pa,B(w) >0,
o Pa,g(M) = |A|pa,s(¢) for all A € C,
° pa,ﬁ(wl + 712)2) < pa,5(¢1) + pa,B(w2)~

Definition A.2 (Locally convex space).
A vector space X over K, where K is a subfield of C, along with a family & of
semi-norms on X is called a locally convex space.

Definition A.3 (Topological isomorphism).
Let X,Y be topological spaces. We call a continuous map f : X — Y an
isomorphism if there exists a function g : ¥ — X such that f o g = idx and

go f=1idy.

Definition A.4 (Approximate identity).
An approximate identity is a family (u)cso € L*(R™) such that

(i) Je > 0 such that [Jue|pr < cforalle >0
(ii) [ue=1foralle>0

(iii) for any neighborhood U of 0,

/ lue| =% 0.
X\U

Definition A.5 (Tensor products of Hilbert spaces). Let 4 and % be Hilbert
spaces. For each i € J4, o € I, we define the conjugate bilinear form

V1 @by 1 A X A — R
(p1,902) = (p1,¥1){p2,¥2).
Let & := span ({1 @ 12 | ¢1 € H4, 12 € H#5}). The inner product on &, (-,-)e,

is defined by
(m ®@n2,(1 @ C2)e = (N1, C1) (M2, C2),

where 11,1 € 4 and 19, (s € H5. (-, )¢ is well-defined and positive definite
(cf. Appendix B). Then, the tensor products .77 ® % of the two Hilbert spaces
A and % is defined to be & endowed with the inner product (-,)s.

Definition A.6 (Bessel functions of the first kind and second kind). For v > 0,
we define the Bessel function of the first kind of order v as

0= () Erwtion ()

k=0
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and the Bessel function of the second kind of order v as
Ju(t) cos(vm) — J_,(t)

n() = sin(vm)

Definition A.7 (Hankel functions). The Hankel functions of first and second
kind (or Bessel functions of the third kind) are defined as

HV(z) := J,(z) + iV, (z) >0,

v

H®(z):= J,(z) —iY,(z) >0,

v

respectively.

Appendix B Results

Theorem B.1 (Young’s convolutional inequality). For f € LY(R™) and g €
LP(R™), 1 < p < 00, the convolution

(Fra)m) = | f@)gle—x) ax' € /R

is well-defined a.e. and the Young’s inequality
I *gllee < I Flrllgllze
holds.
Proof. Theorem 2.2.4 in [17]. O

Theorem B.2 (Convolution with an approximate identity). Let 1 < p < oo
and f € LP(R™). If (u¢)eso s an approximate identity, then

e [ == f
in LP(R™).
Proof. Theorem 2.3.4 in [17]. O

Theorem B.3 (Fubini’s theorem). Let X C R™ and Y C R™ be Lebesque
measurable subsets and f: X xY — RU{—00,0}.

(i) If f € LY(X x Y), then, we have

v | Hew) dy € 2(x),

yH/Xf(x,y) dr € LM(Y),

and the following equalities hold:

/Xxyf(%y) d(%y):/x (/Yf(x,y) dy) dx:/y(/xf(x,y) da:) dy.
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(i) If f is Lebesque measurable on X x Y | then,

w/ywx,yn dy and yH/X\f(:E,y)I dz

are Lebesgue measurable on X and Y, respectively. The following equalities
also hold:

[ e = [ ([ir@ota) o= [ ([ @) a

If any of the integration above is finite, then f € L*(X x Y).
Proof. Theorem 2.4.11 in [19]. O

Theorem B.4 (Lebesgue’s dominated convergence theorem). Let (fi)r be a
sequence of functions in L*(Q) such that for almost all v € Q,

lim fi(r) = f(r)

k—o0

for a function f : Q — C in L*(Q)). Suppose that there exists an integrable
function g € L*(Q) such that

|ful < g
almost everywhere for all k € N. Then, f € L'(Q) and
lim [ fi(r) dr = / f(r) dr.
k—o0 Q Q

Proof. Theorem 2.3.14 in [19]. O

Theorem B.5 (Multivariable Leibniz’s formula). Let f, g be elements of €*(Q)
for some open set @ C R™ and o = (a1, a9, ,an) € NJ be a multi-indez, with
la] == a1 +as+ - -+ a, < k. We have

070 = 3 (§) @ nieea)

BLa b
Here,
b<a & o <p;Vi=1,..n,
a) . (o (o7} On
(5) . <61> (52) <B>
and

9% = 905 - O,
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Proof. Follows by mathematical induction:
For n =1, it is the Leibniz’s formula in one variable

m

o ()= ()@ e

§=0
For the induction step, suppose that the result is true for n — 1 variables:

052 - 03 (f9)

= 22 () (5) (e o o),

B2=0
Then, applying 07* to both sides gives
604180(2 .. aan(fg)

-3 Z( e (7)o (080 nyap o).

B2=0

(B.1)

Then, we use Leibniz’s formula for the case n =1 to get

o (0520 )52 07 Fng))
_ Z ( ) aﬁﬁ aﬁ2 . .agnf)(aftlfﬁzaém*tb Y Bn 9)
28

and insert it in equation (B.1). Since all the sums are finite, we can moves Z

B1=0

828 a2 Qn

to the far left to get Z Z Z on the left-hand side of equation (B.1)

B1=0 B2=0 Bn=0
and arrive at the assertion. O

Proposition B.6 (Inner product of A ® 5%). Let S and 5 be Hilbert
spaces. The inner product (-,-),

(m @2, ® C2) = (11, C1){m2, C2),
where 1,1 € A and g, (o € I, is well-defined and positive definite.
Proof. Chapter II, Proposition 1 in [8]. O

Proposition B.7 (Orthonormal basis of 54 ® 94). Let 54 and 5 be Hilbert
spaces and {ok }r and {1} be the orthonormal bases of 74 and & respectively.
Then {pr @ Y1}, is an orthonormal basis of /4 @ .

Proof. Chapter II, Proposition 2 in [8]. O
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Theorem B.8 (Weierstrass Approximation Theorem). Let f € €([a,b],R) be
given. Then, for every e > 0, there exists a polynomial P : [a,b] — R such that

If = pllee <€
In the other words, the space of polynomials 2 ([a,b],R) is dense in € ([a,b],R).
Proof. Theorem 2.1.1 in [21]. O

Theorem B.9 (Solution of Bessel differential equation). For v > 0, the Bessel
functions of the first and second kind of order v are linear independent solutions
of the Bessel differential equation

(2°02 + 20, + (2* —v?)) f = 0.
Hence, the Hankel functions also solve the Bessel differential equation.
Proof. cf. [31]. O

Theorem B.10 (Poisson’s integral representation of Bessel function). Forv € C

1
with R(v) > —g we have

1 t\" [ .
J,t) = —— (2> /O eiteos(9) 4in2v(9) dg.

Proof. Theorem 3 in [31]. O

Theorem B.11 (Integral representation of Hankel functions). For v € C with

1
R(v) > —g we have

r (l — V) t Y L\ri > 1
(1) —__\2 “J(Z _ 72(1177)71'2 itp;, 2 1\w—1
B0 = 1 <2) (1 ¢ ’ ) /1 e"P(p? — 1) 2 dp
and
r (l B V) t v 1 i o° ; 1
(2) —__\2 “J(Z 1— 2(1/—7)777, / —itp (2 1)V 3 .
H20 == 1 (2) ( er ) )T dp
Proof. 6.13 in [9]. O

Lemma B.12 (Property of Bessel function of the first kind). For v > 0, we
have

d v _ v
P (2", (2)] = 2" J,_1 ().

Proof. From the definition of the Bessel function of the first kind of order v, we
have

% [T, ()] = % o (§>§m (;)2’“ |
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which equals

& i o et i 1" ! d & w2k
dz | = D(v +k + 1)k! Qut2k T+ &+ A 3% | dz .

2u+2k

Calculating the derivative d—x gives

i )k (2v + 2k)z2+2h=1
k_ol“u+k+1k 2v+2k ’

which equals

o p2v2k—1 2\V 1 (_l)k T 2k
=2 (2 (2} =g,
kZ:Or 1/+k kol gv2k-1 — 7 (2) Zf(v+k)k! (2) " Jv-1(@)

k=0

and we arrive at the assertion.
O

Theorem B.13 (Representation of Bessel function as Fourier series coefficients).
Forv e Z, we have

Jl,<t) _ 7/ e—iveeitsin(e) de.
Therefore,

0  otherwise

1 =0
Proof. The first equality is proved in [31]. Setting ¢t = 0 yields

1"
JV(O):% / e~ dg,

which is 0 for all integer v # 0 and 1 for v = 0. O

Theorem B.14 (Residue Theorem). Let U C C be a domain, A be closed in
U without any accumulation point in U and v be a cycle, i.e., a sum of closed
curves, in U\A that is homologous to zero in U, i.e., ind,(z) = 0 for all z € C\U,
where ind., denotes the winding number of z & || with respect to the cycle =,

ind, (2) : 2m/§—z

Then, for any f holomorphic in U\ A, which has either a removable singularity
or a pole at each point of A, we have that the set {a € A | ind,(a) # 0} is finite

and
m/fdz—ZRes f;a)ind, (a),

a€A
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where Res(f;a) is the residue of f at a, defined as the coefficient c_1 of the
Laurent expansion

f(z)= Z en(z—a)", 0<|z—al<r

n=—oo

of f, where r > 0 such that $,(a) CU and HB,(a) N A =a.
Proof. Theorem 8.1 in [22]. O

Corollary B.15 (Green’s function of Helmholtz operator). The Green’s function
of the Helmholtz operator —(A + ko) that satisfies the Sommerfeld radiation
condition is
Z‘eiko\r\
(i) Gi(r) = T in the 1-dimensional case,

(i) Ga(r) = 3Hél)(l’coHrH) in the 2-dimensional case, where Hél) is the Hankel
function of the first kind of order zero, and
ietkollrll
(iii) Gs(r) =
Ar||re]|

Proof. 1. Consider first the one-dimensional case. By definition, the Green’s
function of the Helmholtz operator must solve the Helmholtz equation

- (d + k%) G(r—r")=0d0(r—1'),

in the 3-dimensional case.

dr?

where § is the Dirac delta function. For simplicity, write p = r — 7’ and get

(4 1) 60) = 300

Then, taking the Fourier transform on both sides yields

(—k? + k2)FG(k) = f\/%, (B.2)

using the fact that
1
F(0) = —

V2r
Indeed, for & : .#'(R") — /(R™), we have that

n

FU(g) = 1(F ) = / 1(F16)(r) dr,
which equals

(Vam)"
(Vam)"

[ Frowe 0 dr = (VB F(F19)(0) = (VER)"9(0).

91



Using definition of the n-dimensional Dirac-delta distribution, we get
(V2m)"¢(0) = (V2m)" g = (V2m)"0.

Then, using # '.¥% = F.F7! = .7, we get

which is equivalent to
1
(vV2m)n
In our case, n = 1. Thus, from (B.2), we have
11
Ny e

Taking the inverse Fourier transform of both sides, we get

lk?p
o / k2 — k2

kp

F6 =

FGk) =

Since k +— e'** is entire, the map k — —5—5 has only two simple poles

k2 — kg
at tkg, which lie in the real axis. On one hand, one could apply Residue
theorem (Theorem B.14) directly to calculate this integral along the contour
depicted in the following figure:

Figure 16: Contour using to calculate the integral directly.

On the other hand, for simplicity, one could consider kg as a limit of kg + i€
for e > 0 as € — 0 instead. Thus, G(p) becomes

zk:p
G(p) = li dk,
~ Dor 2m / k2 — (ko + i€)? (ko + i€)?
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and the two simple poles are now +(kg + i€). Now, to determine the

integral
T
[oo k‘Q—(k’Q—‘riG)Q ’

we first consider the case p > 0 and calculate the contour integral

6ipz 4
/C 22 — (ko + i€)? =

where C' is a contour that goes along the real line from —a to a, a > k,
and then goes counterclockwise along a semicircle centered at 0 from a to
—a. We note that only kg + i€ lies in the region bounded by this contour.
The contour is depicted in the following figure:

Figure 17: Contour C in the case p > 0.

The Residue theorem yields

eipz eipz
——— dz = 2mR —— k ;
/C 22 — (ko + t€)? SRl e (ko +i€)2" " e

eirz

z—ko+ie

ei(ko+ie)p
=2m—.
"9 ko + ic)

Now, split the contour C' into the interval [—a, a] and the arc T' (cf. Figure
17), we get

a eipz q eipz d eipz d
/_a 22 — (ko + i€)? Z_/sz—(ko—kie)Q Z_/FZZ — (ko + i€)? =
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Since

eipz eipz
Y 4l < -
/F 22 — (ko + i€)? 7 =ma Slllp 22 — (ko + ie)?
< 1

Tasup ———————————=7
p ’22 (ko + ie)2|

Ta a—00

- |k0 + i€|2

we obtain
ei(ko +i€)p

zpk
dk =27 ———.
/ k2 — (ko + i€)? m?(ko + ie)

Analogously, for p < 0, we choose another contour C as in the following

figure.

Figure 18: Contour C in the case p < 0.

From the same argument, we get
0 eipk: e—i(k0+ie)p
s dk =271 ———.
/_OO k2 — (ko + i€)? 2(ko + t¢)
Taking the limit € — 0, we arrive to the assertion that
jetkolpl
2ko

(p) =
Note that ) ]
jet(kotie)|p|

Ge(p) = Do +ic)

is the Green’s function of the viscosity Helmholtz operator — (A + (ko + i€)?) .
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2. Now, consider the 2-dimensional Helmholtz equation
—(A+EHG(r—1)=d(r—1').

Because of the translational invariance property of this partial differential
equation, we can introduce the new coordinate p = r — r’. Furthermore,
since ¢ is a radial function, G(p) only depends on ||p||. Therefore, we can
write p instead of ||p|| for simplicity.

Analogous to the first case, we take the Fourier transforms of both sides of
—(A+ ko)G(p) = 6(p) to get

1 1
7Gk) = ———
U= or e — 53

then apply the inverse Fourier transform to obtain

G 1 et dk
()= Gy . ez 4

This integral can also be evaluated as part of a contour integral, resulting

1 0 1 gthopt 7 (1)
[ I dt = SO (k
G(P) 2 /1 9 \/ﬁ 470 ( Op),

using the integral representation of the first Hankel function of order zero

: —2i [* il
H(())(a:):—/l — dt,

cf. Theorem B.11. The calculation of the contour integral can be found in
Section 3.2 of [15].

3. Already proved in Corollary 5.8.
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