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A B S T R A C T

Polymeric, stimuli-responsive materials are one of the central research
topics in modern soft mater physics. This thesis is a study of polymer-
like structures with magnetic nanoparticles as monomers, systems
that emerged in attempts to capitalize on the potential of magneto-
responsive materials, commonly referred to as magnetic filaments.
Using magnetic fields as a stimulus is interesting because of the dy-
namic intensity control and/or great spatial resolution that can be
achieved with them, in addition to the fact that they typically do not
interfere with biological tissues and processes.

Using Molecular dynamics simulations as the principal tool of in-
vestigation, we encompass key elements of magnetic filament design:
microstructure, crosslinking, magnetic nature and shape of monomers,
and systematically relate them to the properties of a single filament at
equilibrium and its rheological response to shear flow. Furthermore,
we explore the effects of van der Waals and electrostatic forces in
terms of a central attraction between the monomers of a filament,
and using the Lattice-Boltzmann method, encompass hydrodynamic
effects on the rheology of magnetic filaments.

A magnetic filament, as a representative member of highly magneto-
responsive, smart nanomaterials, is a compelling system only as far
as it has a flexible backbone and a highly tunable microstructure.
Flexible, nanoscopic magnetic filaments, with a finely tunable mi-
crostructure, have not been synthesized yet. The key difficulty in
such an endeavor is instilling selective, anisotropic interactions be-
tween nanoobjects that are otherwise entirely isotropic, with colloids
that are chemically stable and when crosslinked, remain so perma-
nently. To this end, we present a theoretical investigation of magnetic
filaments based on DNA nanochambers, nanoobjects that have been
used to synthesize nanopolymers. We analyze their mechanical re-
sponse to compression and study the rheology of magnetic filaments
based on DNA nanochambers, subjected to the simultaneous action
of shear flow and a stationary external magnetic field perpendicu-
lar to the flow. We demonstrate that DNA nanochambers represent
a compelling, finely tunable platform for creating highly magneto-
responsive, nanoscopic, polymer-like structures.
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Z U S A M M E N FA S S U N G

Eines der zentralen Forschungsthemen der modernen Physik der wei-
chen Materie sind Polymer-artige, auf Stimuli reagierende Materia-
lien. In dieser Dissertation werden polymerähnliche Strukturen, de-
ren Monomere aus magnetischen Nanopartikeln bestehen, sogenann-
te magnetic filaments, untersucht. Diese Systeme wurden entwickelt,
um das Potenzial magnetisch reagierender Materialien auszuschöp-
fen. Der Einsatz von Magnetfeldern als Stimulus ist wünschenswert,
da sich mit ihnen dynamische Intensitätskontrolle und hohe räum-
liche Auflösung erzielen lassen, und da Magnetfelder in der Regel
nicht mit biologischem Gewebe oder Prozessen interferieren.

Durch die Nutzung von Molekulardynamik-Simulationen als Un-
tersuchungsmethodik erfassen wir die Schlüsselelemente des Designs
magnetischer Filamente: Mikrostruktur, Vernetzung, magnetische Ei-
genschaften und Form der Monomere, und setzen sie systematisch in
Beziehung zu den Eigenschaften eines einzelnen Filaments im ther-
modynamischen Gleichgewicht und seiner rheologischen Reaktion
auf Scherströmung. Darüber hinaus erforschen wir die Auswirkun-
gen von van der Waals- und elektrostatischen Kräften in Bezug auf
die zentrale Anziehung zwischen den Monomeren und nutzen die
Lattice-Boltzmann Methode, um die Auswirkungen der Hydrodyna-
mik auf die Rheologie von magnetischen Filamenten zu erfassen.

Ein magnetisches Filament als Exemplar von hochmagnetisch rea-
gierenden, "smart"-en Nanomaterialien ist nur dann von Interesse,
wenn es ein flexibles Rückgrat und eine hochgradig abstimmbare
Mikrostruktur aufweist. Solche nanoskopischen magnetischen Fila-
mente wurden bisher noch nicht synthetisiert. Die Hauptschwierig-
keit bei einem solchen Unterfangen besteht darin, selektive, anisotro-
pe Wechselwirkungen zwischen Nanoobjekten, die ansonsten isotrop
sind, mit Kolloiden zu erzeugen, die chemisch stabil sind und im
Falle einer Vernetzung dauerhaft so bleiben. Zu diesem Zweck prä-
sentieren wir eine theoretische Untersuchung von magnetischen Fi-
lamenten auf der Grundlage von DNA-Nanokammern, das bedeutet
von Nanoobjekten, die zur Synthese von Nanopolymeren verwendet
wurden. Wir analysieren die mechanische Reaktion auf Kompression
und die Rheologie von magnetischen Filamenten auf der Basis von
DNA-Nanokammern, die der gleichzeitigen Wirkung eines Scherflus-
ses und eines stationären externen Magnetfeldes senkrecht zum Fluss
ausgesetzt sind. Wir zeigen, dass DNA-Nanokammern eine überzeu-
gende, fein abstimmbare Plattform für die Schaffung hochgradig ma-
gnetisch reagierender, nanoskopischer, polymerähnlicher Strukturen
darstellen.
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1
P R O L O G U E

If one was trying to demarcate human history in epochs, predomi-
nantly used materials would be great markers. Books encompass the
protohistory of humankind with the Stone, Bronze, and Iron age. In
1920, Staudinger proposed the macromolecular hypothesis,[165] by
which he unequivocally defined what is a polymer. Namely, poly-
mers (Greek: poly-, "many" + -mer, "part") are supramolecular chains,
formed from a sequence of chemically identical units or sequences
thereof, referred to as monomers. Polymeric, stimuli-responsive ma-
terials are one of the central research topics in modern soft mater
physics,[7, 79] and are the focus of this thesis. Currently, available re-
sponsive materials are sensitive to a broad range of stimuli, like tem-
perature, electromagnetic radiations,[87] pH,[38] ionic strength,[111]
specific additives and substances,[181] and external fields.[147] M.
Rubinstein proclaimed that the 20th century is the Polymer age, in
his famous book on Polymer physics.[148] In the spirit of his procla-
mation, the 21st century could be called the Nanomaterial age.

Responsiveness to magnetic fields is of particular interest among
the plethora of stimuli one can use to modify material properties
in case it is advantageous to have dynamic intensity control and/or
great spatial resolution. Furthermore, magnetic fields typically do not
interfere with biological tissues and processes, which makes them
useful for in-vivo stimulation of engineered materials.[174] The nonex-
istence of known polymer substances with pronounced magnetic prop-
erties, except for a few compounds at very low temperatures,[19, 90,
134] suggests the necessity of combining polymers with magnetic
micro- or nanoparticles (MNPs).[171] Indeed, Staudinger’s polymer
definition reads quite naturally if one envisions MNPs as monomers,
(chemical monomers in this context) while the crosslinkers establish
the backbone of a polymer.

Polymer-like structures with MNPs, commonly referred to as mag-
netic filaments (MFs) are one of the soft matter systems that emerged
in attempts to capitalize on the potential of magneto-responsive ma-
terials. The elegant simplicity of merging polymer-like systems and
MNPs as a solution to the problem of magneto-responsive mate-
rial design has naturally sparked a great deal of research. Magnetic
nanoparticles in liquid carriers were first stabilized in the second half
of the XX-th century and are named ferrofluids.1 These colloidal dis-

1 Ferrofluids (ferrocolloids, magnetic fluids) are stable colloidal suspensions of single-
domain particles of ferromagnetic or ferrimagnetic materials in liquid carriers.[143]
The term ferrofluids was coined in Resler and Rosensweig [137]. The idea for fer-
rofluids initially came from NASA, as they were trying to create rocket fuel that
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2 prologue

persions of magnetic iron oxides in hydrocarbon oil, represent prob-
ably the first application of magnetic materials in a novel form.2

These magnetic systems have been studied theoretically and exper-
imentally for more than 50 years.[74, 151, 184] Properties of mag-
netic fluids were shown to strongly depend on self-assembly of mag-
netic particles within them. In general, self-assembly has been recog-
nized as a key mechanism for appropriating soft mater systems as
building blocks for enhanced magnetic fluids and complex magneto-
responsive structures. Numerous systems based on self-assembly have
been studied, such as patchy colloids,[17, 131, 164] blunt-end DNA

duplexes,[92, 117, 146, 210] and magneto-rheological suspensions.[126,
160] Self-assembled structures can further be stabilized and/or modi-
fied by introducing additional bonding mechanisms, such as crosslink-
ers, to the system. This allows the creation of supramolecular struc-
tures with specific properties, such as magnetic gels [58, 190, 219]
and DNA origami structures.[125, 144, 209] Using crosslinked struc-
tures instead of sole nanoparticles has a tremendous impact on the
thermodynamics and the microstructure of the bulk system. Inter-
esting examples of realized crosslinked structures are dense arrays
of non-permanent linear chains, adopting a transient polymer brush-
like structure on a surface,[176] created via the field-induced assem-
bly of polymer-coated magnetic particles, or polymer brushes embed-
ded with MNPs directly.[36] The picture of polymer-MNP composite
structures is clearly a compelling way to envision materials with a
pronounced response to magnetic fields.

In recent years, chained, magnetic structures have found a grow-
ing range of applications.[187] Chain-like aggregates of MNPs have
been shown as promising candidates for the design of recording me-
dia and sensor systems, biomedical materials and tunable photonic
crystals.[187] Initial need for synthesis of chain-like aggregates of
nanoparticles, arose for magnetically controlled microfluidic imple-
mentations. In particular, the main application of MFs explored to
date, is their use as magnetically actuated artificial cilia, which can
be used to create micro-swimmers.[10, 26, 47, 84] More generally,
they are promising candidates to replace conventional magnetic flu-
ids,[184, 195] in any application that may benefit from the enhance-
ment of magneto-rheological responsiveness. Magnetic filaments can
make the design of magnetically controlled micro-fluidic valves and
micro-filter devices significantly simpler,[45] and might find use in
magnetically controlled dampener designs or polishing systems.[126,
184, 195] Most existing crosslinking procedures for synthesis of com-
posite materials are based on the functionalization of nanoparticle
surface. Even though crosslinking through nanoparticle functional-

could be guided towards fuel pumps in a gravity-less environment using magnetic
fields.

2 Their preparation was based on mechanical grinding of the bulk oxide in the pres-
ence of surfactant oleic acid and a hydrocarbon solvent.
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ization has afforded much in terms of responsive magnetic material
synthesis, it has proven an insurmountable obstacle, to create sys-
tems with a finely controllable microstructure. Furthermore, it has
not been possible to utilize them in bio-compatible applications. Find-
ing chemicals which will not dissociate in a polar solvent and remain
bio-compatible is the main roadblock in application of any ferrofluid
and more generally any material containing MNPs, for medical pur-
poses.[85]

Theoretically, the properties of MFs exposed to external magnetic
fields have mostly been explored in bulk.[9, 26–29, 52, 100, 158]. MFs

with super-paramagnetic MNPs have been theoretically investigated
in artificial swimmer designs.[62, 140, 141] In-field behavior (i.e. buck-
ling, coiling and bending) of MFs with super-paramagnetic MNPs

has been investigated under multiple conditions,[80, 215] such as hav-
ing the MFs grafted to a surface,[192] or exposed to a rotating or fast
precessing magnetic fields.[42, 99, 183]. MFs in general have proven
very interesting as a basis for bio-medical application designs.[124,
129, 154] MFs with paramagnetic monomers have been investigated
and characterized as potential micro-mixers,[18] as well as for cargo
capture and transport purposes.[205]

Despite what the amount or research summarized here might sug-
gest, it remains a matter of fact that flexible, nanoscale MFs, with a
finely tunable microstructure, have not been synthesized yet. The key
difficulty in such an endeavor is instilling selective, anisotropic in-
teractions between nanoobjects that are otherwise entirely isotropic,
with colloids that are chemically stable and when crosslinked, remain
so permanently. Furthermore, despite the extremely broad spectrum
of potential applications, research on MFs is still in an early stage,
with huge gaps in understanding. Most of the aforementioned ap-
plications have barely been explored, if at all (both theoretically and
experimentally). This thesis is a conglomeration of theoretical inves-
tigations aimed to provide a deep and comprehensive insight into
fundamental properties of MFs and the phenomenology they exhibit.



4 prologue

1.1 thesis outline

Results compiled in this thesis are presented in four, largely self-
sufficient parts that broadly speaking, communicate how filament ar-
chitecture, monomer properties, such as their magnetic nature and
shape, are linked to the response of MFs to external magnetic fields.
In the adjoining chapters comprising Part i of this thesis, a discussion
of the principles and ideas that permeate through the topics covered,
is presented. In general, however, the guiding principle adhered to in
this work is to present concepts where first necessary. Therefore, each
part of the thesis has its own, task specific exposition section. The rest
of the thesis can be summarized as follows:

• Part ii: Shaping the magnetic response of nanoscopic mag-
netic filaments
The second part of this thesis is a scrutinization of how mi-
crostructure and monomer properties relate to the structural
and magnetic properties of MFs, at equilibrium. We encompass
the effects of crosslinking and backbone stiffness in terms of
inter-particle correlations. Together with the magnetic nature of
monomers, we capture in a very general way how one can en-
gineer equilibrium properties of MFs. Special attention is given
to MF designs with super-paramagnetic monomers, where re-
search was previously lacking. We develop a computation ap-
proach for super-paramagnetic MNPs that accounts for magne-
tization effects of dipolar fields, which are commonly neglected
in literature. However, magnetization effects prove to be the key
that unlock the door to exciting backbone bending phenomenol-
ogy otherwise inaccessible. Furthermore, we investigate the ef-
fects of central attraction on the conformations of a single MF
with super-paramagnetic monomers. In effect, by recognizing
the key factors that determine magnetoresponsiveness of MFs,
from fundamental theoretical investigations, we establish best
practice guidelines for MF design, encompassing crosslinking,
magnetic nature of monomers, microstructure, and effects of
central attraction in a solution.

• Part iii: Directional assembly of DNA nanocuboids as a plat-
form for synthesis of MFs

Part iii of the thesis is focused on a specific, prospective design
of MFs, that might in fact be the first instance of a synthesized
MF that fulfills the criteria we underline and scrutinize through-
out the thesis. Assembly of nanoscale objects into linear architec-
tures is a basic organization resulting from divalent interactions.
In particular, divalent cuboid DNA nanochambers (DNCs) can
form nanopolymers and can be used as templates for targeted
assembly of nanoparticles. [104, 201] We relate DNC nanoob-
ject reactivity to polymerization and polymeric properties of the



1.1 thesis outline 5

resulting polymer-like morphologies. We underline that DNC-
based nanopolymers represent a compelling, finely tunable plat-
form for creating magneto-responsive materials. In effect, this
part of the thesis establishes guidelines how to efficiently use
DNCs to engineer MFs with desired properties.

• Part iv: In-field Dynamics of MFs in Shear Flow
We present a study of the effects of the shape and magnetic
nature of monomers on the behavior of MFs subjected to the si-
multaneous action of shear flow and a stationary external mag-
netic field perpendicular to the flow. We find that based on
the magnetic nature of monomers, MFs exhibit completely dif-
ferent reorientational dynamics. While it was understood that
non-equilibrium conformations and reorientation dynamics of
polymer-like structures can be modified in a multitude of ways,
here we not only elucidate that magnetic fields can be used to ef-
fectively control filaments in shear flow, but that their response
can be architected with considerations of magnetic nature and
shape of monomers.

In its entirety, this work envelops the phenomenology of a single
MF in magnetic fields, both at equilibrium and in shear flow, and
links it with corresponding design choices. With that we qualify the
statement that MFs exhibit vastly different and systematically control-
lable behaviors. Depending on the use case, there are clear-cut advan-
tages for filament designs based on crosslinking, the magnetic nature
and shape of monomers. All of this is contextualized with a prospec-
tive filament design, based on a novel, experimentally realized, and
theoretically well understood system.





Part I

F O U N D AT I O N S

In this part, a discussion of ideas, concepts, and techniques
that form the foundations on which this work stands and
builds upon, is presented. In effect, this part is the expo-
sition of topics common to all the parts of the thesis, nec-
essary for the digestion of the results. Key aspects that
contextualize this research and form the bedrock of the
investigation can broadly be enveloped by: Molecular dy-
namics simulations, Polymer physics and Magnetism, all
from the point of view of nanotechnology and nanoparti-
cles. The discussion is, however, not meant to be exhaus-
tive, as a comprehensive overview of either of the afore-
mentioned topics would require us to venture far beyond
the intended scope. Therefore, conscious effort is made to
keep the "world building" aspect this work short and to
the point, covering only the most salient aspects.3

3 The author reserves the right to indulge in some sidequests along the way.
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M O L E C U L A R D Y N A M I C S

Molecular dynamics (MD) is a deterministic computer simulation
technique used to study the dynamics of classical many-body sys-
tems. The basic idea of MD is simple and somewhat parallel to what
would happen in an experimental setting (in the laboratory or in na-
ture). An outline of the basic idea could go as follows:

• In a lab, one would firstly engage in sample preparation. For
MD simulations this typically means initializing a system in
equilibrium. However, depending on the investigation, one can
specify a system with any set of positions and momenta.

• Investigations of sample properties would be performed using
a measuring device over a time. Longer measurements decrease
statistical errors. In MD simulations, we propagate the system
in small timesteps, by solving Newtons equations of motion.
While the system evolves in time, we measure some property.

• Statistically relevant and representative results are obtained as
averages of multiple, separate measurements.

MD simulations
with velocity rescal-
ing thermostats can

be thought of as
Monte Carlo sim-

ulations with MD

moves and velocity
rescaling moves.

First MD simulations were carried out by Alder and Wainwright in
1956 to investigate whether a hard sphere system undergoes a (purely
entropic) first order transition from the fluid phase to a crystalline
phase.[5] Confirming that this is in fact the case was one of the first
major successes of computer simulations.

2.1 the basic structure of an md scheme

MD simulations follow the natural time evolution of a system, and as
such can be applied to study not only systems in equilibrium but also
system out of equilibrium, and their dynamics. Consider a system of
N point particles with a mass mi. Interactions between the particles
are expressed through the potential energy U(~rN), where~rN is the lab
frame Cartesian coordinates vector. The total energy of the system is
given by the Hamilton function:

H(~rN,~pN) =
NX

i

~p2
i

2mi
+U(~rN), (2.1)

with the Hamilton equations of motion given by:

@~ri
@t

=
~pi

mi
;

@~pi

@t
= -riU(~rN) = ~Fi. (2.2)

8



2.2 langevin thermostat and the integration scheme 9

This is a set of 6N coupled ordinary first order differential equations,
that are deterministic and reversible. Solving these equations of mo-
tion (given initial conditions) yields particle trajectories, where the po-
sitions and momenta of the particles are specified as functions of time.
MD simulations therefore inherit the conservation laws from Hamil-
tonian dynamics. A time-independent Hamiltonian implies strict to-
tal energy conservation. Translationally invariant potential energy im-
plies total (linear) momentum conservation. In principle, for an iso-
lated system the total angular momentum is also conserved by Hamil-
tonian dynamic. Hamilton’s equations of motion also conserve phase
space volume.

In general, solving the Hamiltonian equations analytically is chal-
lenging and usually not possible except for simple and/or small sys-
tems (i.e., free particle or for a harmonic oscillator). Equations of mo-
tion are commonly solved numerically in small, discrete timesteps.
This is exactly the idea behind MD simulations. MD simulations in
this work have been performed in the NVT ensemble at a constant
temperature. We specify the scheme below.

2.2 langevin thermostat and the integration scheme

Molecular dynamics schemes for carrying out simulations at con-
stant temperature are called thermostats. A few examples where such
schemes are useful would be sampling the canonical ensemble at
equilibrium or removing dissipated energy in a non-equilibrium sys-
tem driven by an external perturbation. For instance, one would need
to do so for a liquid between sheared plates or dipole moments in
an external magnetic field. Without a suitable thermostat, the energy
would increase indefinitely precluding the possibility of every reach-
ing a non-equilibrium steady state. The central quantity that connects
the microscopic and the macroscopic world is the canonical partition
function QNVT :

QNVT =
1

N!(2⇡ h)3N

Z
d~rNd~pNe

-
H(~rN,~pN)

kbT . (2.3)

Analysis on the level of statistical mechanics is related to thermo-
dynamics through the relation between QNVT and thermodynamic
potentials, namely:

F(N,V , T) = -kbT lnQNVT = E- TS, (2.4)

where F(N,V , T) is the free energy and S is entropy. Thermodynamic
inner energy E is equal to the expectation value of the Hamilton func-
tion in the canonical ensemble. The probability of observing a partic-
ular microstate in the canonical ensemble is proportional to the Boltz-
mann factor exp(-H(~rN,~pN)/kbT). The ratio of the probability of
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observing a particular microstate and QNVT therefore makes a prob-
ability density function. In the canonical ensemble, it is important to
keep in mind the instantaneous temperature Tk, is a fluctuating quan-
tity, and only on average corresponds to the temperature T of the
thermostat.1 In fact, the probability distribution of Tk in the canonical
ensemble can in general be given with:

P(Tk) =
1

T

3N/2

�(3N/2)
(
3NTk
2T

)3N/2-1e3NTk/2T . (2.5)

There are many thermostats that can produce a canonical ensem-
ble for a given temperature such as the Anderson, Nosé-Hoover, and
Bearsden thermostats.[75] In principle, they are based on propagating
Newtons equation of motion with velocity rescaling in regular inter-
vals, to fit an appropriate distribution. However, for equilibrium prop-
erties simulations, we use a thermostat based on an extension of New-
tons equation of motion, namely the Langevin equations, which are
very computationally efficient and reliable.[66] The Langevin equa-
tions are stochastic differential equations which describe the evolu-
tion of a system coupled to fast degrees of freedom, implicitly re-
flected by random forces. A typical example would be colloids im-
mersed in a liquid, where the colloid has a much larger mass com-
pared to the solvent. The Langevin equations description applies at
times much greater than the characteristic collision time of the sys-
tem. Therefore, we assume that the solvent molecules exert random
forces (Brownian motion). The Langevin equations are given by:

Mi
d~⌫i

dt
= ~Fi - �Tl~⌫i + 2~⇠Tli (2.6)

Ii
d~!i

dt
= ~⌧i - �R ~!i + 2~⇠Ri , (2.7)

where for the i-th particle in Eq. (2.6), Mi is the mass tensor, ~⌫i de-
notes the translational velocity, ~Fi is the force acting on it, �Tl denotes
the translational friction coefficient, ~⇠Tli is a stochastic force modelling
the random forces of the implicit solvent. In Eq. (2.7), Ii denotes i-th
particle inertia tensor, ~!i is its rotational velocity, ~⌧i is torque acting
on it, �R denotes the rotational friction coefficient, and the ~⇠Ri is a
stochastic torque serving for the same purpose as ~⇠Tli . The friction
terms account for dissipation in a surrounding fluid whereas the ran-
dom force mimics collisions of the particles with solvent molecules
at a fixed temperature. Both stochastic terms satisfy the following
conditions on their time averages [180]:

h~⇠R/Tlit = 0 (2.8)

h~⇠Tl/Rl (t)~⇠Tl/Rk (t0)i = 2�Tl/RkBT�l,k�(t- t0), (2.9)

1 In fact, the magnitude of the instantaneous temperature fluctuates as 1/
p
N with a

relative variance �2Tk
= 2T2/3N, as expected for a quantity that represents a sum of

many independent contributions.
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where k, l = x,y, z.
Forces and torques in Eq. (2.6) and (2.7) are calculated from inter-

particle interaction potentials. In absence of friction and random forces
Eq. (2.6) and (2.7) reduce to Newtons equation of motion. Since the
fast degrees of freedom are implicitly taken as stochastic terms inside
the Langevin thermostat, we can choose relatively large timesteps.
Trajectories of point like particles are described by the equations of
motion:

@~vi(t)

@t
=

~Fi({~rj},~vi, t)
mi

(2.10)

@~ri(t)

@t
= ~vi(t). (2.11)

In practice, Langevin equations of motion are discretized and inte-
grated over time t numerically in �t increments, usually and prefer-
ably using the Velocity Verlet algorithm.[135]. Numerical integration
of Eq. (2.10) and (2.11) discretized using the Velocity Verlet algorithm
transpires in the following steps:

• Calculate the particle velocity at the half of the time interval
�t/2

~vi(t+�t/2) = ~vi(t) +
~Fi({~rj(t)},~vi(t-�t/2), t)

mi
�t/2 (2.12)

• Determine particle position propagated by the time interval �t

~ri(t+�t) = ~ri(t) +~vi(t+�t/2)�t (2.13)

• Determine the total force acting on the particle at the new posi-
tion

~Fi = ~Fi({~rj(t+�t)},~vi(t+�t/2), t+�t) (2.14)

• Calculate velocity based on new forces at position x(t+�t)

~vi(t+�t) = ~vi(t+�t/2) +
~Fi
mi

�t/2 (2.15)

The Velocity Verlet algorithm is a self-starting algorithm, that keeps
our simulations fully time-reversible and phase volume conserving.
This implies energy conservation. The global error associated with
the Verlet algorithm is third order for the position and second order
for the velocity.
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2.3 technical and implementation notes

This thesis is a collection of theoretical investigations on polymer-
like systems with MNPs, using MD simulations. The goal is, how-
ever, to gain insight into the fundamental physics behind the phe-
nomenology. What makes that, what can operationally be describes
as computational modelling, into fundamental research? The answer
lies in, what is commonly referred to as coarse graining. One sys-
tematically re-envisages and reformulates the problem at hand into a
distilled representation that consists of only the fundamental, neces-
sarily elements. In the context of this work, this means that by using
coarse grained computational models, we pinpoint the basic princi-
ples and interactions that govern the phenomenology at hand, and
therefore uncover at the fundamental level how their interplay rever-
berates back into reality. All the simulation work presented in this
thesis were done using the ESPResSo simulation package.[193] What
ESPResSo is, is well described by a quote from the documentation:

ESPResSo is a simulation package designed to perform Molec-
ular dynamics (MD) and Monte Carlo (MC) simulations. It is
meant to be a universal tool for simulations of a variety of soft
matter systems. It features a broad range of interaction poten-
tials which opens possibilities for performing simulations using
models with different levels of coarse graining. It also includes
modern and efficient algorithms for treatment of electrostatics
(P3M, MMM-type algorithms, constant potential simulations,
dielectric interfaces, . . . ), hydrodynamic interactions (Dissipa-
tive Particle Dynamics, Lattice-Boltzmann), and Magnetostat-
ics / Dipolar interactions, only to name a few. It is designed to
exploit the capabilities of parallel computational environments.
The program is being continuously extended to keep the pace
with current developments both in the algorithms and software.
The kernel of ESPResSo is written in C++ with computational
efficiency in mind. Interaction between the user and the simu-
lation engine is provided via a Python scripting interface. This
enables setup of arbitrarily complex systems, with simulation
parameters that can be modified at runtime.

Simulations performed in the scope of this thesis, while mostly con-
cerned with the properties of a single filament (with the notable ex-
ception of the content discussed in Chapter 11) have also explored en-
vironments (simulation box and constraints) of varying shape, dimen-
sionality, and periodicity. Unless otherwise noted, the default space
configuration in this thesis is a 3D, non-periodic simulation box with
a side length corresponding to 25 times the characteristic length scale
of the system we are simulating.

It is worthwhile to justify Langevin dynamics as the principal tool
used for much of the work presented in this thesis. While certainly

https://github.com/espressomd/espresso/wiki
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not the only appropriate method, it is the pragmatic choice. As op-
posed to the Berendsen thermostat, for example, where it is neces-
sary to sum up the kinetic energies over the whole system, Langevin
thermostat is purely local. This means that computationally, calcula-
tions can be done in parallel (excluding long range interactions) on
the level of the cell domain decomposition. Furthermore, Langevin
thermostat is much more efficient and stable in thermalizing dilute
systems. For example, the Anderson thermostat randomly reassign A system can be

treated as having
periodic or non-
periodic boundaries.
Periodic boundary
conditions (PBC)
allow simulations
to mimic the
conditions present
in bulk.

the velocities of a selection of particles, drawing from a Maxwell-
Boltzmann distribution with the desired temperature. This leads to
sudden and random decorrelations of particle velocities. Therefore,
it is very complicated to be used correctly if one is interested in dy-
namical quantities.2 A well-documented artifact of algorithms used
in MD simulations, known as the "flying ice cube effect", manifests
in simulations of particles in vacuum, where the simulated system ac-
quires high linear momentum with overdamped internal dynamics,
freezing the system into a conformation reminiscent of an ice cube
flying through space. Essentially, the energy of high-frequency fun-
damental modes is absorbed into low-frequency modes, particularly
into zero-frequency motions such as overall translation and rotation
of the system. In general, schemes such as the Berendsen thermostat,
fail when the rescaling is done with respect to a kinetic energy dis-
tribution of an ensemble that is not invariant under microcanonical
MD.

There are several technical optimizations that we relied on heavily.
They are outlined in no particular order bellow. We use cell domain
decomposition based using Verlet lists for interaction calculations.3

With a Langevin thermostat, this means that the order of pair inter-
actions is O(N), excluding long range interactions. Although there
are highly efficient algorithms for calculation of long-range magneto-
static interactions such as the P3M method,[31], the system we sim-
ulate cannot benefit from them. We calculate energies and forces be-
tween dipoles by explicitly summing over all pairs, which adds the
bulk of computational cost (order of pair interactions O(N2)) in our
simulations. For the directions in which the simulation box is peri-
odic, we use the minimum image convention, i.e., the interaction is
effectively cut off at half the image box length. We rely heavily on
the concept of virtual sites.[193] A virtual site is fixed with respect to
the reference frame of the "real" particle to which it is attributed. The
interactions between virtual-virtual and virtual-real particles can be
specified using any suitable potential. All forces exerted on the virtual
sites because of such interactions are instantaneously propagated to

2 It is necessary to select the collision rate appropriately.
3 Verlet list is a data structure in MD simulations that contains sets of interaction

partners for each particle within a cut-off distance. Short-range interactions pair in-
teractions can be considered negligible after the cut-off distance. Usually, Verlet lists
are supplemented by a buffer that allows for some overlap between cells.
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the reference, real particle, at each timestep. This feature allows us to
make rigid bodies with any shape by defining proper arrangements
of virtual sites. This will be further elaborated for each application
and implementation.

Finally, it is worth noting, while ESPResSo, as a toolbox for compu-
tational investigation of soft matter is very comprehensive and robust,
the results in this work are heavily reliant on custom tools and code
that is not part of the ESPResSo codebase. Regardless, ESPResSo has
a very accommodating way to implement custom tools directly into
it without having to interfere with the core or risk of breaking core
functionality, by using a Cython mediator layer for example.

2.4 about units

Length scale choice
when simulating

hydrodynamic inter-
actions are restricted

based on algorithm
implementation.

This is discussed at
length in Part iv.

Throughout this work, we extensively use reduced units. This high-
lights the fact that the results presented in this work, are, just like law
of corresponding states, representative for many states with different
units. What is probably one of the most confusing subjects for the
uninitiated, the freedom afforded by not predefining any units, facil-
itates a relative way of thinking about scales. As longs as ratios are
maintained, the system can be arbitrarily rescaled. In any case, physi-
cally, absolute values are meaningless if not relative to something else.
Reduced unit system is the embodiment of this paradigm.

The length, time and energy scales can be freely chosen. Once these
scales are fixed, all remaining units are derived from them. Length
scale in our simulations is chosen in relation to monomer size, be-
cause the phenomenology we are interested in is on the level of the
overall polymeric structure.4 Apart from freely choosing the length
scale, one needs to choose the energy scale. Temperature is coupled
to the energy scale by the Boltzmann constant. Temperature scaling
is outside the scope of this thesis. Therefore, by choosing room tem-
perature as the standard choice, one specifies the energies of all the
other interactions in units of thermal energy. Scaling interaction en-
ergy with respect to the strength of thermal fluctuations is a very
intuitive and generalizable way to scale parameters.

The final choice to make is either the time or mass scale. For in-
vestigations of properties at equilibrium, mass is irrelevant, as it is
completely absent from the partition function.5 Therefore, it is sen-
sible to derive the mass based on the time scale. When extracting
equilibrium properties, one implicitly assumes that the duration of
simulation is long enough that we have sampled the phase space suf-
ficiently to make conclusion about the equilibrium. Therefore, time

4 Internal particle dynamics do not propagate with the equations of motion and are
therefore external to the MD scheme.

5 Investigation of dynamics, where mass is crucial, is tackled in the Introduction of
Part iv.
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scale should be chosen as large as possible. Of course, it should not
be so high that one would not be able to resolve the eigenfrequencies
of the processes we are looking to capture. Furthermore, sampling
frequency, while not entirely a physical consideration, should be cho-
sen in conjunction with the time scale, because it should be smaller
than the eigenfrequencies we are trying to resolve but large enough
to sample statistically independent microstates. By default, ESPResSo
uses a reduced mass of 1 for all particles, so that the mass unit is sim-
ply the mass of one particle. Combined with the energy and length
scale, this is sufficient to derive the resulting time scale:

[time] = [length]

s
[mass]

[energy]
. (2.16)

Actual values of reduced units we use are discussed for each part of
the thesis separately, together with conversions to SI units.



3
P O LY M E R S

In this chapter, an overview of basic concepts in polymer physics
is presented. We begin with a quote from the inspiring book Piazza
[130], that skillfully and eloquently envelops just how much polymers
permeate our lives:

Packaging, bags, and food containers. Synthetic fibers, sun-
glasses, and pantyhose. Furniture, mattresses, and tubing. Video-
tapes, records, and DVDs. Glues, sealants, and varnishes. Switches,
electric cables, and optical fibers. Car tires, bumpers, and dash-
board. Keyboard, mouse, and screen of the computer I am using...
And so on and so forth. From children’s toys to space probes, the
world as we see it today could not exist without the essential
contribution of what we call plastic materials.

Polymers are the common motif for all abovementioned things. Al-
though the chemical properties are set by the specific chemical nature
of the monomers, most of the physical properties that make polymers
so different from simple molecules are very general, and stem from
their being long and flexible macromolecules. Let us qualify this state-
ment.

3.1 length and time scale

The most common
catalysts consist
of titanium(III)
chloride, the so-

called Ziegler-Natta
catalysts. Another

common catalyst is
the Phillips catalyst,
prepared by deposit-
ing chromium (VI)
oxide on silica.[50]

Consider the simplest polymer known and coincidentally the most
widely used one today, polyethylene. Monomers that make out the
polymer in this case are instances of hydrocarbon ethylene (C2H4).
When catalyzed, the double bond between the carbon atoms (C) in
ethylene can be broken to essentially form a double methylene se-
quence (-CH2-CH2-) where each methylene has a free bond. There-
fore, polyethylene is denoted as (-CH2 - CH2-)n. The angle be-
tween consecutive carbon atoms is well-defined, and as such for every
triplet of carbon atoms the relative orientation can be described by a
fixed angle. However, between every triplet there is an additional de-
gree of freedom,1 as C triplets can be rotated with respect to each
other. In fact, there is a discrete set of possibilities of the relative ori-
entation between C triplets, corresponding to the energy minima in
the potential energy. 2

1 The main source of flexibility in polyethylene is the variation in the so-called torsion
angle.

2 The potential energy depends on the angle between successive C triplets. There are
three energy minima due to excluded volume interactions, corresponding to three

16
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Let us consider a closed system where the only source of energy is
thermal fluctuations. If the thermal energy kbT is comparable to the
energy difference between discrete configurations of polyethylene �✏,
for a long chain, on average we would have a coiled-up polymer. In
other words, when �✏/kbT < 1, we are in the flexible polymer regime.
As we increase the ratio �✏/kbT however, conformations will tend to
form based on the global minimum, and as such become more rigid.
It is important to understand that rigidity can be recast in terms of
the length scale of a problem. Regardless of the value of the �✏/kbT ,
a sufficiently long chain will be coiled up. Energy scale and its en-
ergy ratios essentially determine what is the length scale at which
a polymer is flexible. Using the nomenclature used in De Gennes
[40] we denote this the length scale of static flexibility of a polymer.
Rigidity can also be understood in terms of time scale. The ratio be-
tween the energy barrier between the discrete conformational states
�E and kbT , gives us the time it takes to transition between them.
Energy scale and its energy ratios determine what is the time scale at
which a polymer is flexible. Again, using the nomenclature used in
De Gennes [40] we denote this the time scale of dynamic flexibility
of a polymer. In this thesis, we are interested exclusively in the static
flexibility length scale and dynamic flexibility time scale of polymer-
like objects. In other words, we are interested in local properties: con-
formations and motions inside the chain, and their dependence on
monomer properties and polymer microstructure. Therein also lies
the genesis of soft matter, and plastic industry for that matter. Con-
trolling the microstructure of polyethylene determines the rigidity of
the resulting material. We needed to introduce very little to underline
this simple concept, a tip of the iceberg of the potential that has since
proliferated under the umbrella of soft mater physics.

We can constrain out interest further. As previously stated, while
chemical properties of monomers are locally relevant, on the scales of
flexible chains, they are largely irrelevant, and fall under the umbrella
of very general scaling laws. In the same sense, magnetic monomers
in polymer-like conformation behave largely like typical polymers.
The twist is that one can use external magnetic fields to leverage
the magnetic nature of individual monomers and generate an overall
magnetic response of the filament. Therefore, a MF as a representative
member of highly magneto-responsive, smart micro- and nanomate-
rials, is a compelling system only as far as it has a flexible backbone
and a highly tunable micro- and nanostructure.

principal conformations called trans (0�) and gauche (120�&-120�). Trans configu-
ration is preferable because it has a lower energy.
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3.2 ideal polymers

Let us introduce some mathematical rigor to the intuitive notion of
what a polymer is. We follow the approach of a pragmatic physi-
cist that, as is known in contemporary culture, starts modelling the
production of milk on a farm with a spherical cow in vacuum. Con-
sider a mesh grid of equally spaced nodes. A random walk on a grid
constitutes that each step is a move in a random direction, only one
node at a time, a distance we denote as a. A random walk starting
at node xi and reaching node xf after N steps, outlines a conforma-
tion of an ideal polymer with N monomers. The entropy of an ideal
polymer increases proportionally to ⌦(xi ! xf) =

P
N⌦(a) = nN

a ,
where na is the number of nearest neighbors each node has. On the
other hand, for a N step random walk, along every grid dimension,
the number of possible ways to have reached xf is the coefficient of
the binomial distribution W(N, xf). The probability to be at xf after
N steps is therefore given by p(N, xf) = W(N, xf)/nN

a , which in the
limit of xf << N, can be approximated to a Gaussian distribution.
It can be shown that the total length of a random walk is given by
< R2

ee >= N · a2, or in other words end-to-end distance of an ideal
polymer is proportional to the square of the steps.3

The statement that individual steps are completely uncorrelated
from each other, is equivalent to saying that monomers in an ideal
polymer do not interact with each other. However, in the case of
polyethylene for example, we know that a triplet of C atoms enclose
an essentially fixed angle. Consequently, one should consider thatThe distance

between carbon
atoms in an ethylene

molecule is almost
constant d = 1.54 ·
10-10m ± 0.03%.

A C atom triplet
forms a torsion

angle of 68�.

monomers in an ideal polymer are not entirely uncorrelated. In fact,
we take that correlations between steps of a random walk decay for
every lcorr steps. Ree of a random walk with a correlation length
lcorr still respects /

p
N scaling if we "zoom out" and consider every

lcorr segment as a single uncorrelated step. If we understand each
uncorrelated step of a random walk to correspond to a monomer in
the conformation of an ideal polymer, we reformulated the length
and time scale argumentation from the section above. In this case, a
monomer corresponds to what is commonly called a Kuhn segment.
One can always get a random walk if one takes enough Kuhn segment
steps, which is also why such a simplistic treatment of a polymer is
always useful.

So far, we have established that an ideal polymer obeys Gaussian
statistics and that its end-to-end distance increases as the square of
the number of monomers. The probability of finding a monomer of

3 The ensemble average of the end-to-end vector is < ~Ree >= 0 for an ideal polymer.
When we talk about Ree it is implied that we are talking about the root-mean-square
end-to-end distance. With the assumption of constant step and Gaussian statistics,
Ree /

p
Na, where a is the uncorrelated step size end N is the length of a random

walk. The proportionality involves the Flory characteristic ratio factor C which is
asymptotically constant with length of walk.
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an ideal polymer in a spherical volume with radius r around an-
other monomer along the backbone, is expressed by the so-called
pair-correlation function g(r) and is given by:

g(r) =
1

⇢2

X

i,j 6=i

�(r- rij). (3.1)

Integrating the pair-correlation function over all pairs and monomers
must give the number of monomers. The Fourier transform of the
pair-correlation function, called the Debye function, therefore respects
that

R
g(r)eiqrdr|q=0 = N. The pair-correlation function scales like

the number density of monomers in a sphere of radius r, where
for a random walk with a Kuhn segment a, the Debye function be-
comes gD(r) / (a2r)-1, as long as the radius of the sphere is smaller
than the size of our ideal polymer. In other words, it is likely to find
monomers of an ideal polymer close together, in a coiled conforma-
tion.

Furthermore, if we look at the free energy of a 3D random walk,
given by

F(~Ree) = F(0) +
3kbT~R2

ee

2 < R2
ee >

, (3.2)

where F(0) is the free energy of a polymer with both ends at the same
point and ~Ree is the vector pointing from xi to xf, one can see that
ideal polymers maximize entropy for a walk where xi and xf are at
the same point. This outlines the characteristic trend of flexible poly-
mers to coil up. Furthermore, the free energy of a free chain increases
quadratically with Ree. In other words, entropic elasticity of an ideal
polymer can be described using Hooks law.[40] In general, the pair-

correlation function
g(r) / RDH-3.

This brings us to a discussion of dimensionality. We naturally think
of crystalline lattices as 3D structures. From this point of view poly-
mers are 1D objects. However, it is more appropriate to have this
discussion in terms of the Hausdorff fractional dimensions DH.4 For
a suspension of homogeneously distributed monomers, the number
of monomers in a spherical volume grows as the third power of its
radius. In other words, the fractal dimension of a homogeneous sus-
pension of monomers is DH = 3. If we take a spherical volume with
a radius corresponding to the Ree of a random walk, we know that
the radius of this volume is proportional to the square root of the
number of steps. Therefore, using the Hausdorff fractal dimension
interpretation, ideal polymers have DH = 2 Ideal polymers are 2D

fractals. With this, we have outlined the definition of an ideal poly-
mer in terms of scaling laws.

4 A fractal is an object that is self-similar, i.e., a geometric shape reducible to smaller
reduced copies of itself. We can calculate fractal dimension DH = liml!0

logN(l)
log (1/l) ,

where N(l) is the number of self-similar structures of linear size l required to cover
the original object.
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3.3 flory free energy of a real chain

In Section 3.2, we outlined an idealized representation of a polymer
that is only governed by entropy. Ideal polymers have non-interacting
monomers, in analogy to non-correlated random walk steps. The
most significant omission from the ideal polymer model is that no
two monomers can occupy the same volume at the same time. Each
monomer excludes volume and renders it inaccessible. If the simpli-
fying assumptions of the ideal polymer model are given up, i.e., if
interactions between the monomers and excluded volume effects are
allowed for, many-particle systems become much more difficult to
represent. However, one can use the ideal polymer model as a refer-
ence system and use a type of perturbation theory around the ideal
representation to get an approximation of a more realistic polymer.
This chapters content is well within the range of applicability of such
perturbation theories, which means that the monomer number den-
sity is low and inter-monomer interactions are weak. Given that we
are interested in single polymer properties, this is a condition that
is fulfilled trivially. Furthermore, we are going to always assume a
good solvent, in which excluded volume interactions are small.5 In
other words, excluded volume interactions in this model are exclu-
sively pair interactions. Here, we present the simplest real polymer
model called a self-avoiding walk (SAW), that while flawed, has sur-
prisingly wide applicability.

Consider an ideal polymer in a D-dimensional space. The excluded
volume fraction of a polymer in a spherical volume of radius R =
a
p
N is defined as: � = aDN/RD, where a is the Kuhn segment.

The probability of any two monomers overlapping is proportional to
�. The number or monomer-contacts is proportional to N�. It can
be seen that, as is also true for ideal polymers, if 2 6 D 6 4, the
probability of overlap is very small, but the number of monomer-
contacts is large.

To understand the contribution of excluded volume interaction to
the free energy in a general way, one only needs the assumption that
the system is closed, and that the canonical coordinates ~p and ~q in
a Hamiltonian H(~p,~q, t) are therefore finite. The Virial of H(~p,~q, t) is
defined as G =

PN
i ~pi~qi. Using the Hamilton equations, we know

that:

@G

@t
/ (~p) +

NX

i

~qi(@~qi
U(~q) + fext(~qi)), (3.3)

5 Throughout this work, unless central attraction is explicitly included, monomers
make no energetic distinction between other monomers and solvent, which could
correspond to an athermal fluid in high T limit. We are not interested in the high T

limit, but interaction energy scales where the interactions are competitive. Therefore,
it is implicit that polymers and filaments in this work are in a good solvent but are
chemically stabilized.
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where (~p) is the kinetic energy, U(~q) is the total potential energy,
and fext(~qi) encompasses external forces acting on the system. We
assume that U(~q) can be represented as a sum of exclusively pair in-
teractions U(~q) =

PN
k=1

PN
j=1,j 6=kUpair(~qk,~qj). For an ideal gas in

a closed container with volume V , molecular theory and the equipar-
tition theorem state that, from Eq. (3.3), one can obtain an equation
of state for pressure as a function of temperature T and density ⇢,
P(T , ⇢), in the following form:

P(T , ⇢) / ⇢kbT- <
1

3V

NX

i

~qi@~qi
U(~q) > . (3.4)

Equation (3.4) is an equation of state of an ideal gas with a correc-
tion, called the Virial correction, that accounts for the inter-particle
interactions governed by the potential U(~q). In general, the Virial cor-
rection can be written using the pair correction function g(r) given in
Eq. (3.1).

The potential energy cost to bring two monomers from infinity to
a distance r from each other is proportional to the Boltzmann factor.
Furthermore, if the interaction potential is radially symmetric, under
the assumption that the pair-correction function is a Boltzmann dis-
tribution of the interaction potential, one can reach the definition of
excluded volume v corresponding to the second order virial expan-
sion coefficient:

v =

Z ✓
1- exp

-U(r)

kbT

◆
d3r. (3.5)

For example, if the excluded volume is governed by the hard sphere
interaction potential, excluded volume v ⇡ a3, where a is monomer
size. In MD simulations however, the hard sphere potential is usu-
ally replaced a continuous, soft-core interaction because of numerical
stability.

Interactions between monomers are restricted to excluded volume
interactions is a SAW and the contribution of interacting monomers
to the free energy is proportional to the probability of monomer pairs
overlapping and the total number of monomers. Therefore, for a poly-
mer with the size rf, the free energy correction can be written as
Fint ⇡ kbTvN

2/r3f . Together with the purely entropic contributions
we outlined for ideal polymers, the Flory theory free energy of a real
polymer with length rf, is given:

F ⇡ kbT

✓
vN2

r3f
+

r2f
< R2

ee >

◆
. (3.6)

Real polymers are swollen compared to their ideal counterparts. The
energy minimum of Flory free energy dictates that, while for an ideal
polymer Ree /

p
N, real polymers have Ree / N3/5. So real poly-

mers are fractal objects with DH = 5/3. The pair-correlation function
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for real polymers must be modified to account for the fact that the
monomers contained in a spherical volume or radius r have excluded
volume and their number is, therefore, proportional to n / (r/a)5/3,
where a is the diameter of the excluded volume of a hard sphere
monomer. As long the radius of the spherical volume is smaller than
the polymer size, gD(r) / r-4/3a-5/3. A SAW under tension does
not satisfy Hooks law. Chain elongation is proportional to force with
an exponent equal to 3/2. Finally, SAW does not obey Gaussian statis-
tics, because excluded volume interactions are repulsive. This reduces
the probability for two monomers to be near each other. The probabil-
ity distribution of normalized end-to-end distances for real polymers
is approximately:

P(x) ⇠= 0.278x0.28 exp (-1.206x2.43). (3.7)

With this we can precisely define what we mean by a flexible back-
bone. Ideally, an MF design should be a DH = 5/3 fractal object,
respecting scaling laws of a real polymer as closely as possible, when
not subjected to an external magnetic field. Designing the polymer
backbone is only one aspect of MF design, and as we will see, needs
to be done with the magnetic nature of MNPs in mind. In any case,
with this, we have defined real polymers in terms of scaling laws.

3.4 radius of gyration

In Section 3.2, we introduced Ree, denoting the distance traveled by
a random walk, which is also the size of an ideal polymer. However,
Ree can be an ill-defined measure.6 Instead, one should preferably use
the normalized square radius of gyration R⇤2

g , which is the average
square distance between the monomers in a conformation, defined as:

R⇤2
g =

2

d2
avgN

4

NX

i,j

(~ri -~rj)
2. (3.8)

Here, ~ri is the position vector of the i-th monomer in the lab coor-
dinate frame and davg is the average inter-monomer distance. For
polymers and fluctuating objects in general, one usually talks about
ensemble averages, and it is implicit that R⇤2

g stands for the mean-
square radius of gyration.

It is illuminating to understand R⇤2
g in terms of the gyration tensor:

Gµ⌫ =
1

N

NX

i=1

(ri,µ - rcm,µ)(ri,⌫ - rcm,⌫), (3.9)

6 The beginning and the end of a polymer can be overlapping for example
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where ri,µ and rcm,µ are the µ-th Cartesian components of the posi-
tion of the i-th monomer and the center of mass, respectively.7 The
gyration tensor is a 3⇥ 3 symmetric matrix, which can always be diag-
onalized. The eigenvectors of Gµ⌫ written in its eigenbasis are called
principal moments of the gyration tensor. The sum of the squared
eigenvalues corresponding to the principal moments is the squared
radius of gyration davgR

⇤2
g . However, Gµ⌫ is much more useful and

descriptive of polymers and polymer-like structures than just the R⇤2
g .

In a basis chosen such that Gµ⌫ is diagonal, and its eigenvalues are
ordered in magnitude as �2x < �2y < �2z, principal moments can be
combined to give several descriptors of monomer distribution in a
conformation. In no particular order, asphericity b is defined as:

b = �2z -
1

2

�
�2x + �2y

�
. (3.10)

b is a non-negative descriptor that quantifies how symmetrically are
monomers distributed for along each coordinate axis. For example,
for a spherical or cubic distribution of monomers b = 0.

Acylindricity c, is a non-negative descriptor defined as �2y - �2x,
describing the monomer distribution in the plane perpendicular to
the longest principal axis. The relative shape anisotropy, 2, is defined
as

2 =
3

2

�4x + �4y + �4z
(�2x + �2y + �2z)

2
-

1

2
. (3.11)

2 is bounded between zero and one. If 2 = 0, all points are spheri-
cally symmetric, while 2 = 1 signifies that all points lie on a line.

For an ideal polymer, R⇤2
g is easily related with Ree because the

mean-squared distance of monomers i and j can be treated as a
shorter i-to-j random walk, so < (~ri -~rj)2 >= (i- j)a2, where a is
the length of uncorrelated steps. Therefore, for a flexible, ideal chain:
< davgR

⇤2
g >=< R2

ee/6 >. Despite the fact that this relation has been
demonstrated for a particular model of polymers, R⇤2

g and R⇤
ee can

largely be treated as analogous quantities in this work.

3.5 central attraction and polymeric stabilization

Colloidal suspensions were distinguished from other solutions by
Thomas Graham. A colloidal suspension is, on face value, nothing
more than chemicals immersed in a liquid. While simple to imag-
ine, such a system is tremendously complex to describe. However,
there are several levels of abstraction a soft matter physicist could
engage in to obtain a more palatable, representative description of
a colloidal suspension. One could manipulate the liquid to make it

7 In general, center-of-mass is defined as: rcm =
PN

i mi~ri/
PN

i mi, where ri and mi

are the lab frame position and mass of i-th monomer.
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chemically neutral with respect to the colloids. In this case, one can
use very general models to treat the liquid and the description of the
colloidal suspension becomes focused solely on the colloidal parti-
cles. For example, colloids tend to spontaneously clump together. In
general, given a chemically inert fluid, this can be explained by the
fact that colloids want to minimize their interfacial energy. A clump
of colloids has a smaller area exposed to the fluid, and as such mini-
mizes the interfacial energy. The forces that arise due to this tendency
are known as van der Waals (vdW) forces, more frequently discussed
in the context of atomic systems.[128] Electron density fluctuations in
an atom generate a dipole moment which gives rise to a weak attrac-
tive force, known as London dispersion.[72] It is intuitive to imagine
this effect in the context of colloidal suspensions. With decreasing
inter-particle distance, the colloids begin to feel the vdW interaction
between their respective atoms. In fact, since vdW forces are additive,
at small inter-colloidal separations, they can be tremendous.[149]

Colloids usually have a relatively simple shape, certainly much
more palatable compared to the variety in the molecular world. Even
though vdW attraction can be attributed to the polarization of the
particle surfaces and for MNPs, it has a dipolar nature, this interac-
tion is short-ranged and effectively central. Therefore, given a sim-
ple enough shape, one can capture vdW interaction in a colloidal
suspension with effective, spherically symmetric, short-range poten-
tials between spherical particles. Commonly, and in this work, this is
achieved using the Lennard-Jones (LJ) potential:

ULJ(r) = 4✏

�

(�/r)12 - (�/r)6
✏

, (3.12)

and the value of the cut-off where rcut is the interaction range and ✏

defines the strength of the interaction. We often use the terms vdW

forces and central attraction interchangeably. It is important to under-
line that, even though one can, and usually does, take measures to
render the background medium (fluid) in a suspension as chemically
transparent as possible, one still needs to consider ramifications of
vdW forces present in it. As colloids clump together, they necessarily
displace the fluid molecules, which experience vdW force themselves.
In practice this usually results in more coagulation than one might
anticipate considering only inter-colloidal central attraction. Theoret-
ically, this excess coagulation can be accounted for by exacerbating
slightly the central attraction between the colloids.

For the purposes of engineering smart, highly magneto-responsive
materials, coagulation is a very undesirable circumstance. Scaling
laws we have outlined to define an ideal polymer are in fact not com-
patible with coagulation. In any case we have defined the scope of
this thesis to revolve squarely around filament designs that, without
an external magnetic field applied, should ideally behave like real
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polymers. One of the techniques used to counteract coagulation due
to vdW forces is to induce a repulsive interaction by covering the
surface of colloidal particles with a protective coating. The choice of
coating is paramount. For example, if the coating is molecularly sim-
ilar to the colloid, it facilitates stronger vdW forces. However, if the
coating chemically resembles the medium in a colloidal suspension
(i.e., similar dielectric properties), it can prevent coagulation. Suitable
coatings consisting of polymeric molecules, typically surfactants, can
be engineered to prevent aggregation and lead to a homogeneous
dispersal of the colloids in a medium.[89, 149] Stabilization of col-
loids using a polymeric halo, forming metallopolymeric nanocompos-
ites, works due to the conformational entropy of the extended chains.
When coated colloids approach each other the polymeric halos start
to overlap, causing a local decrease in entropy. The colloidal particles
will repel due to the gain in entropy, hence the term entropic repul-
sion.

In this thesis, colloids of particular interest are MNPs that are
more accurately described as metallopolymeric nanocomposites. In-
deed, polymer mediated stabilization of MNPs is in fact the classical
method of choice for stabilization MNPs in a non-aqueous carrier
liquid, e.g., organic solvents like kerosene.[143] and has since been
achieved in various ways. Here we highlight a strategy where MNPs

are coated with single strained DNA.8[168, 214]

8 Furthermore, as we will discuss in more detail in Part iii of the thesis, one can use
DNA nanoobjects and encapsulate MNPs with them.[104] Given that DNA carries
charge, static repulsion becomes an additional repulsion force working against vdW.
However, electrostatics are outside the scope of this work, and are for all intents and
purposes effectively composed in the steric and, if present, central attraction forces.
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Magnetism is, presumably since the Maxwellian formulation of classi-
cal electromagnetism,[113] usually introduced as a part of electrody-
namics. While it is in many ways analogous to electrostatics, mag-
netism comes with two important twists. The lack of a magnetic
monopole, which would carry a hypothetical magnetic unit of charge,
and the link between magnetic fields and motion tends to compli-
cate the basic level analysis of the emerging phenomenology. As was
suggested previously, working within the framework of magnetic
nanoparticles offers some major simplifications. In fact, we will stick
rigidly to those simplifications. While this limits how useful this work
can be as a reference for magnetism, it is necessary to keep the work
focused.

4.1 magnetic nanoparticles

Interstellar space, lunar samples, and meteorites have inclusive magnetic
nanoparticles. The geomagnetic navigational aids in all migratory birds,

fishes and other animals contain magnetic nanoparticles. The most common
iron storage protein ferritin ([FeOOH]n containing magnetic

nanoparticles) is present in almost every cell of plants and animals
including humans. The human brain contains over 108 magnetic

nanoparticles of magnetite-maghemite per gram of tissue.[96]

— Sergey P. Gubin [71]

Magnetic nanoparticles are crucial for the research presented in this
thesis. However, a comprehensive overview of magnetism, magnetic
colloids and nanoparticles, or their types, synthesis and properties
would be out of place. Instead, here we introduce only the necessary,
in order to be able to digest the results with a similar overview as the
author. Nanoparticle research is mainly concerned with preparationTypically, the term

nanoparticle is
somewhat inter-
changeably used

with single-domain
particles. However,

it is possible to
have particles,

whose sizes are
smaller than the

domain size range

and characterization of "uniform" spherical forms of various sizes,
which opened the doors to research of organized nanostructures, both
fundamental and applied.[71] Nanoparticles are of great scientific in-
terest because they form a bridge between bulk materials, molecules,
and structures at an atomic level. Nanoobjects are physical objects
with a diameter in the range of 1nm < d < 100nm, whose properties
differ appreciably from the corresponding bulk material. A nanoparti-
cle is a quasi-zero-dimensional nanoobject in which all characteristic
linear dimensions are of the same order of magnitude. When dealing
with nanoparticles, magnetic properties are largely size dependent.

26
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In general, they consist of a core, a shell, and often also external
functional groups. Magnetic properties of nanoparticles are usually
inherited from the core, typically sized between 2nm < d < 30nm1

The magnetic core properties of nanoparticles are determined by
factors such as the chemical composition, type, and degree of de-
fectiveness of the crystal lattice, particle size and shape, morphol-
ogy (for structurally inhomogeneous particles), the interaction of the
particle with the surrounding matrix and the neighboring particles.
By changing the nanoparticle size, shape, composition, and struc-
ture, one can control to an extent the magnetic characteristics of the
structures based on them. Materials containing single-domain MNPs

that are isolated in nonmagnetic matrices at distances comparable to
their size, are most interesting for investigations in this work. Specifi-
cally, in the context of this thesis we are technically treating magnetic
molecular clusters immersed in a dielectric nonmagnetic medium (i.e.,
good solvent) as isolated MNPs. In other words, MNPs in this work
are as identical, single-domain pseudo atoms with an overall mag-
netic moment. We essentially use

ferromagnetism
as an umbrella
term for ferri-,
and anti-ferri and
anti-ferromagnetic,
while super-
paramagnetism
is an idealized
representation
of paramagnetic
phenomenology.

The intrinsic magnetism of atoms arises from a combination of the
spin and orbital angular momenta of the electrons within them. More
precisely, it is the electron configuration (quantum numbers of the
occupied atomic orbitals), which directly determines the magnetic
properties of an atom. The ways in which these various momenta
combine constructively and destructively, manifests in different forms
of magnetic behavior in materials.[56] Magnetic nanoparticles funda-
mentally differ from classic magnetic materials because their single-
domain structure can be described with a "collective spin". Therefore,
when dealing with MNPs, we can lend ourselves a much-simplified
treatment of magnetic properties. There is a multitude of different
forms of magnetism that can be observed for MNPs. For the pur-
poses of this work we distinguish only two edge cases of magnetism
in nanoparticles, namely ferromagnetic nanoparticles with a large
and permanent magnetic moment without the necessity for an exter-
nal field, and perfectly polarizable, super-paramagnetic nanoparticles
with no remanent magnetization outside external magnetic fields.2

Most of the currently known methods for synthesis yield nanopar-
ticles with a broad size distribution (dispersion > 10%). Control of
reaction parameters does not always allow one to narrow down this
distribution to the required range. Therefore, together with nanopar-
ticle synthesis methods, separation techniques of nanoparticles into

1 For MNPs, this value coincides with the size of a magnetic domain in most bulk
magnetic materials.

2 While these are reasonable assumptions for the purposes of our investigations, we
are missing some key ideas introduced by Stoner-Wohlfarth[166] and Néel[118] that
are very much in effect. We assume that dipole moments of individual nanoparticles
are always aligned with the total magnetic field and that Néel relaxation is extremely
long.
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monodisperse fractions have proliferated. Nanoparticle synthesis meth-
ods cannot be considered separate from stabilization methods. On
the nanoscale, particles have a huge surface energy. It is difficult
to find an inert medium.[68] Furthermore, the surfaces of nanopar-
ticles are usually chemically modified during synthesis, which appre-
ciably affects the nanomaterial properties. Most magnetic materials
used are either metals or metal oxides. Iron is a magnetically soft,
ferromagnetic material with high magnetic moment density (about
220emu/g).3 Iron nanoparticles in the size range below 20nm are
super-paramagnetic. Among all iron oxides, magnetite is of most
ubiquitous use and interest.4 Throughout this thesis we use magnetite
(Fe3O4) nanoparticles as a reference.

As previously established, MNPs of interest for this work are most
accurately described as isolated magnetic molecular clusters forming
metallopolymeric nanocomposites. As metallopolymeric nanocompos-
ites, MNPs can have considerably improved physical, mechanical
and magnetic properties (saturation magnetization, coercive force,
etc.).[69, 70] This thesis leans on the fact that arrays of nanoscalePolyethylene occu-

pies a special place
among the polymers
that are used as the

matrices for mag-
netic nanoparticle

stabilization.

magnetic particles have novel, exploitable, collective physical and
magnetic properties, and broadly is about formalizing how and why
exactly. The value of this work therefore lies in the fact that finely
tunable assemblies of nanoparticles have substantially different prop-
erties from quasispherical nanoparticles and higher dimensional mi-
crostructures, which makes them unique class of nanomaterials and
important object for nanotechnological developments.[78, 200]

However, the focus in this thesis is solely on nanoscopic magnetic
filaments. These supramolecular systems are themselves organized
1D ensembles of metallopolymeric nanocomposites. In this sense one
cannot distinguish effectively between magnetic filaments and a mul-
titude of anisotropic, quasi-1D systems based on nanoparticles in-
cluding high aspect-ratio nanoparticles (nanowires, nanorods, and
nanotubes) and linear arrays of nanoparticles. However, this work
revolves on our insistence that magnetic filaments are distinct. It is
important to underline that while there is a breadth of designs of
magneto-responsive micro- and nanoscopic systems that can be nom-
inally considered as magnetic filaments,[8, 11–13, 15, 16, 21, 23, 24, 37,
47, 53, 60, 61, 64, 73, 77, 98, 109, 112, 156, 161, 162, 186, 194, 203, 204,
211, 217, 218] many of them are fundamentally incompatible with the
idea of a polymer-like entity controllable with magnetic fields.

3 Iron and cobalt, are the basic metals for numerous magnetic compounds used in
practice. Moreover, these bulk metals are characterized by high ferromagnetic transi-
tion temperatures (1043K, 1408K, and 650K, respectively) and rather high magnetic
anisotropy (4.72 ⇥ 104J/m3, 4.53 ⇥ 105J/m3, and 5.7 ⇥ 103J/m3, respectively).[35,
157]. Magnetic anisotropy is larger by 10 or 100 times for nanoparticle samples

4 In magnetite, iron cations are present in two valence states, Fe2+ and Fe3+, in an in-
verse spinel structure. The cubic spinel Fe3O4is ferrimagnetic at temperatures below
858K.
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In conclusion of this section, we take a short digression to highlight
the important role DNA molecules have in spatial organization of in-
organic nanoparticles and for building up precisely controlled and re-
producible nanoscopic structures such as magnetic filaments. There
are numerous desirable properties that DNA has, such as recognition
capability, highly selective binding, physicochemical and mechanical
stability. This has not gone unnoticed. Iron oxide nanoparticle arrays
and microstructures were formed via DNA templating and scaffold-
ing already quite a while ago.[94, 119] Immobilized DNA complexes
were used as templates or as iron-containing precursor material in the
process of formation of organized iron oxide nanoparticulate struc-
tures.[63] We will come back to this point in Part iii, where we present
research motivated by the relatively recent advancements in DNA-
origami technology.

4.2 magnetic interactions

It is known that 1D structures of colloidal MNPs form under an
applied magnetic field, predominately aligned along the field direc-
tion.[25, 95, 163, 199] This is a well known phenomenon in monodis-
perse, kerosene-based ferrofluids, where interesting patterns of Fe3O4

nanoparticles form in films, under applied parallel and perpendicu-
lar magnetic fields.[76, 97]5 Furthermore, it is known that colloidal
MNPs depending on the particle size and magnetic properties can
self-assemble into quasilinear chain structures without an external
magnetic field applied.[39] The paragraph above summarizes some
works and phenomenology observed for what is now considered to
be the "classic" magneto-responsive system. It also underlines the key
driving mechanisms that permeate the results in this thesis, namely
dipole-dipole interactions, and Zeeman coupling.

The mathematical description of electromagnetism is quite robust,
and we have fundamental understanding of such phenomenology on
the level of quantum electrodynamics. However, we shall consider
magnetic interactions only up to a level of description appropriate
for understanding the results present. In classical electrodynamics,
Maxwell introduced the vector potential 2~A = -µ0

~j, where ~j is the
current density.6 Current density in the context of magnetic colloids
corresponds to the angular momentum of electrons.7 We restrict our
phenomenology to the electrostatic limit. For a localized current dis-
tribution of on atomic scales, ~A on inter-colloidal distances can clearly
be approximated using the multipole expansion. We constrain our in-

5 This effect was for example used for the separation of large duplex DNA in a mi-
crochannel device prepared by soft lithography.[46]

6 We are using the Lorentz gauge and SI to white the second Maxwell equation, where
µ0 is the vacuum permeability

7 We do not make a distinction between orbital and spin angular momenta. By angular
momentum we refer to the total angular momentum.
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terest up to the dipolar approximation, because irrespective of the
magnetic nanoparticle variant, in all but the most unusual of circum-
stances, the dominant contribution to the magnetic behavior is the
dipolar term. Therefore, from ~B = r ⇥ ~A, we can obtain the standard
form of the magnetic field of a magnetic dipole:

~B(~µ,~r) = r ⇥ ~A(~r) =
µ0

4⇡
[
3(~µ ·~r)~r- ~µ|~r|2

|~r|5
]. (4.1)

The potential energy of a dipole moment in an external magnetic
field, called Zeeman energy, is given by:

UH(~H, ~µ) = -µ0
~H · ~µ. (4.2)

The dipole-dipole interaction potential due to dipole fields between
two magnetic particles can be written by:

Udd(~rij, ~µi, ~µj) =
µ0

4⇡


~µi · ~µj

r3
-

3(~µi ·~rij)(~µj ·~rij)
r5

�
, (4.3)

where the inter-particle distance is r = |~rij|, and ~rij = ~ri -~rj is the
displacement vector connecting i and j particle, with dipole moments
~µi and ~µj, respectively. A key signature of Udd is that it has a global
energy minimum for the so-called head-to-tail arrangement of dipole
moments. The maximum of the interaction potential corresponds to
an antiparallel collinear dipole arrangement. There are two inflection
points, formed for side-by-side dipoles with antiparallel and parallel
orientations, the former being energetically preferable.

4.3 magnetization of mnps

To completely
describe an electron

in an atom, four
quantum numbers
are needed: energy

(n), angular
momentum (l),

magnetic moment
(ml), and spin

(ms). Coinciden-
tally, n, l and ml

denote the orbital.

Consider a system of N point dipoles, with a fixed volume at temper-
ature T . As is, the system might as well be a kinetic gas or a colloidal
suspension. In Chapter 4, intrinsic magnetism of atoms was described
as a quantum mechanical effect. Atoms and molecules have atomic
nuclei and electron clouds surrounding them. In fact, these electron
clouds have structure, shells subshells and orbitals. Electrons within
each orbital have specific energies and quantum states denoted by no
less than 4 quantum numbers. No two electrons in an atom can oc-
cupy the same quantum state. Fully populated orbitals carry no net
spin and therefore cannot cause a magnetic moment. For the sake
of simplicity, the particles in the hypothetical system scrutinized in
this section, have a lone, unpaired electron, that is responsible for a
tiny magnetic moment in each of the particles. Outside an external
magnetic field, these magnetic moments are subject to thermal fluc-
tuations and as such on average, the system is not exhibiting any
remanent magnetization. Once a magnetic field is applied, however,
magnetic moments orient themselves along the external field ~H direc-
tion, due to Zeeman coupling. Therefore, with an external magnetic
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field applied, the system is magnetized. In other words, magnetiza-
tion is a measure of how aligned dipole moments are, with ~H. A state
in which all the dipole moments in a system are aligned with ~H is
called saturation magnetization.

We outlined the two driving mechanisms in the system to be ther-
mal fluctuation and Zeeman coupling. At equilibrium, given a tem-
perature T and a magnetic field ~H, the probability that a dipole mo-
ment ~µ is at an angle ✓ with respect to ~H, is given by:

p(E) = A exp
-E

kbT
= A exp

|~µ||~H| cos ✓
kbT

. (4.4)

Clearly, the number of particles whose magnetic moment is at angle
✓ with respect to ~H is proportional to Eq. (4.4). The average magnetic
moment of the system is the projection of the magnetic moments on
the direction of the external magnetic field:

< µ >=

R⇡
0 |~µ| cos ✓ exp

|~µ||~H| cos ✓
kbT

sin ✓d✓

R⇡
0 exp

|~µ||~H| cos ✓
kbT

sin ✓d✓

. (4.5)

Integration of Eq. (4.5) reveals that magnetization in proportional to
the so-called Langevin magnetization function:

L(↵) = coth(↵)-
1

↵
; ↵ = (|~µ||~H|)/(kbT). (4.6)

The obtained expression tells us that a system of magnetic particles
is only as magnetic as much as the dipole moments of the particles in
it are oriented along ~H. Alignment of dipole moment with ~H is deter-
mined by the competition between thermal fluctuations and Zeeman
coupling. So, the Langevin function essentially measures how remote
a magnetic system is from saturation magnetization, given a T and
~H.8 Therefore, magnetization is determined as

µ = L

 
|~µ||~H|

kbT

!

µsat. (4.7)

But why stop here. We can imagine this system to be even more
hypothetical. Firstly, we refer to a somewhat arbitrary "system", the
choice of which is of little consequence for the derivation above. Trans-
lational degrees of freedom have no relevance in the calculation we
outlined. So, one could have just as well an Ising model-style grid
of magnetic moments, inside a spherical volume for example. Each
section on our grid corresponds to a magnetic domain. In fact, this
is exactly the classical limit of the ideal multi-domain paramagnetic

8 The Langevin function also relates the average chain elongation and extension force
(normalized by thermal energy) for an ideal polymer.
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material model. On the nanoscale however, one can operate under
the assumption that particles are single-domain. In this case we ar-
rive at the interpretation of the Langevin magnetization law relevant
for this thesis. Magnetization of a single, mono-domain nanoparticle,
immersed in a homogeneous magnetic field, is given by the Langevin
function. Clearly, there are advantages to the nanoscale beyond being
able to write the entire 24 volumes of the Encyclopedia Britannica on
the head of a pin, as famously suggested in a lecture by the brilliant
Richard Feynman.[55]Magnetic suscepti-

bility � is a measure
of how magnetizable

a material is in
magnetic fields. It

is calculated as the
ratio between the

saturation magneti-
zation and strength

of the magnetic
field applied.

As far as dilute ferrofluids are concerned, their magnetic response
is well represented by the Langevin magnetization law, in the limit of
infinite dilution, where the magnetic colloids can be considered non-
interacting.[159] In this case, we treat ferrofluids as an ideal param-
agnetic gas of particles, suspended in a liquid carrier. However, with
increasing density, this description falls apart.9 The Langevin model
completely neglects the fact that dipoles cause dipolar fields, and
that dipole moments interact with each other. A number of theoreti-
cal models can evaluate magnetic properties taking into account the
dipole-dipole interactions, but none more successfully than the Mod-
ified Mean Field Theory (MMFT2), as firstly presented in Ivanov and
Kuznetsova.10 Dipole-dipole interactions are reflected in inter-particle
correlations. As such, MMFT2 is based on reinterpreting dipole-dipole
interactions in terms of pair-correlation functions. MMFT2 is known
to describe static magnetic properties of relatively concentrated fer-
rofluids well, if dipolar forces do not lead to cluster formation.[83]
In the framework of MMFT2, the magnetization of a monodisperse
system has the form:

µ = ⇢⇤µmaxL (µmaxHe) , (4.8)

He = H+
1

3
⇣L(�) +

1

48
(⇣)2 L(�)

dL(�)

dH
. (4.9)

Here, µmax is the saturation magnetization, H ⌘ |~H|, � = µmaxH,
⇣ = µmax⇢

⇤ and ⇢⇤ is the magnetic particle number density. The
derivation of Eq. (4.8) and Eq. (4.9) is quite involving. Instead, here
we provide the outline of how one obtains them. In the derivation
of the Langevin magnetization law, particles motion is only subject
to thermal fluctuations and Zeeman coupling. This we know is a rea-
sonable description of idealized paramagnetic materials and dilute
ferrofluids. However, with that, one assumes implicitly that excluded

9 Initial magnetic susceptibility does not scale linearly with particle concentration, as
is predicted by the Langevin magnetization law.

10 There for example are different variants of the mean-field models,[41, 122, 133,
179], mean-spherical models[114, 115, 196] and the thermodynamic perturbation
model.[81]. All of them are only valid if the strength of dipole-dipole interactions
is less than kbT
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volume, steric, van der Waals interactions are all irrelevant. All of
them, together with electrostatic forces are very much present in a
real ferrofluid. So firstly, one needs to introduce all the spherically
symmetric steric interactions into the Hamiltonian governing the sys-
tem. Furthermore, one needs to supplement Zeeman coupling with
dipole-dipole interactions. The magnetization of a more realistic sys-
tem, can be related to the partition function Q:

µ =
-1

V

@

@H
(-kbT lnQ) , (4.10)

where V is the volume of the system, and the Hamiltonian contains
all relevant interactions. One can use perturbation theory to expand
the dipole-dipole interaction potential in terms of |~µ|H/kbT . Equating
this expression with an approach like in Eq. (4.5), we can obtain the
explicit form of the probability for a single particle to be placed at a
point in a volume V and to be oriented in a particular direction, which
is the pair-correlation function of order k for k-th order perturbation
theory expansion of the dipole-dipole interaction potential.

The elegance of mean field approaches is that they reinterpret the
effects of inter-particle correlations arising from dipole-dipole inter-
actions in terms of an effective magnetic field He. In particular, the
model presented in Pshenichnikov, Mekhonoshin, and Lebedev [133]
defines He by introducing a correction proportional to the Langevin
magnetization of the magnetic particles in the system. Expansion of
the expression for magnetization, obtained in this approach coincides
with the results from the perturbation theory approach from Ivanov
and Kuznetsova [82].11 Equating the results of the two approaches
gives the elegant form of MMFT2 magnetization, as given in Eq. (4.8)
and (4.9).

11 Ivanov and Kuznetsova [82] used 2nd order perturbation theory dipole-dipole inter-
action corrections, and they match with the mean field approach in Pshenichnikov,
Mekhonoshin, and Lebedev [133] up to O(2) expansion terms.





Part II

S H A P I N G T H E M A G N E T I C R E S P O N S E O F
N A N O S C O P I C M A G N E T I C F I L A M E N T S

The following chapters are dedicated to the study of the re-
lationship between filament microstructure and monomer
properties on one side, and structural and magnetic prop-
erties of MFs on the other, at equilibrium. As summa-
rized in the Prologue, advantages in terms of magentore-
sponsiveness, of anisotropic and/or crosslinked structures
compared to conventional magnetic fluids have been noted
and sparked a great deal of research. However, in order to
be able to unlock the full potential of MFs, it is necessary
to understand, in a fundamental way, how all the elements
that constitute a magnetic filament affect its properties. In
this way, we establish general guidelines applicable to any
magnetic filament design.



5
I N T R O D U C T I O N

A comprehensive description of the link between microstructure and
monomer properties in a magnetic filament, and its structural and
magnetic properties, at equilibrium, demands an exploration of fil-
ament phenomenology within broad, generalizable classes. The pre-
ceding discussion is constructed with generality in mind. Microstruc-
ture of a magnetic filament is defined by the arrangement of magnetic
colloids crosslinked together to form the filament backbone. There-
fore, understanding how microstructure relates to equilibrium prop-
erties of MFs, means encompassing MFs with a different number
and arrangement of monomers, crosslinked together in various ways.
When talking about monomer arrangement, instead of exploring a bi-
nomial distribution coefficient worth of possibilities for every length,
we recognize that a filament backbone can have a uniform, a peri-
odically non-uniform or aperiodically non-uniform arrangement of
magnetic colloids. In this way, length scaling is redundant, and con-
clusions we draw from specific monomer arrangements are system-
atically generalizable. Crosslinking introduces correlations between
monomers and restricts their degrees of freedom relative to each
other. The following discussion focuses on two broad classes of MFs,
that encompass most crosslinking approaches by considering what
monomer degrees of freedom are coupled, and how rigid is the back-
bone. Therefore, the discussion of the relationship between filament
properties and crosslinking consists of considering flexible vs rigid
crosslinking and/or only translational vs both translational and rota-
tional degrees of freedom coupling.

On the level of a single monomer, one can consider the size, shape,
type of magnetic relaxation of MNPs, as well as central attraction due
to the presence of electrostatic interactions for example. As discussed
in Chapter 4, considering MFs with two types of magnetic colloids,
namely ferromagnetic and super-paramagnetic ones, implicitly con-
siders monomer size. These two types of MNPs, allow us to paint a
high contrast picture of the complex interplay between the magnetic
nature of monomers and filament microstructure, and their impact
on the overall magnetic response of a magnetic filament. Here, elec-
trostatic interactions and the possibility that the solvent is not chem-
ically inert with respect to the colloids, are considered only in terms
of a central attraction between the monomers.
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5.1 crosslinking

In this section, we present the crosslinking approaches we use, to
scrutinize the relationship between filament microstructure and mag-
netoresponsiveness. We realize filament models, distinct in terms of
stiffness and inter-monomer correlations, both for ferro- and super-
paramagnetic MNPs. These models are shown in Fig. 1.
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(c)

Figure 1: Schematic depictions of different bead-spring models of MFs.
Dipole moments are shown as white arrows. The crosslinking is
depicted as springs attached to either filament centers (black dots)
or to anchoring sites with permanently fixed positions on the sur-
face of MNPs (yellow dots).(a) CTC crosslinking; (b) Constrained
crosslinking for MFs with ferromagnetic MNPs; (c) Constrained
crosslinking for MFs with super-paramagnetic MNPs.

The crosslinking depicted in Fig. 1a is designed to represent MFs

that have a very flexible backbone, with restrictions on only the trans-
lational motion of monomers. The filament backbone is implemented
by linking monomers pairwise, center-to-center, with finitely exten-
sible nonlinear elastic potential bonds (FENE). When defined as a
function of the center-to-center distance r, the FENE potential takes
the form:

UFENE(r) =
-Kfr

2
f

2
ln

�

1-
⇣ r

rf

⌘2
✏

, (5.1)

where rf and Kf are the maximum extension and bond rigidity, re-
spectively. Having all monomers in a line, connected pairwise, center-
to-center, with FENE bonds, ensures close contact between adjacent
monomers, without introducing any energetic penalty on their ro-
tation. Therefore, the characteristic and energetically advantageous
head-to-tail dipole moment configuration is achieved purely through
the cooperative influence of dipolar fields generated by neighboring
magnetic monomers and the external magnetic field (if applied). This
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crosslinking approach is referred to throughout the thesis as CTC

crosslinking, regardless of the magnetic nature of monomers.
The constrained crosslinking model, for both ferromagnetic and

super-paramagnetic monomers, is designed to allow us to investigate
the effects of increased (relative to CTC crosslinking) stiffness and
inter-monomer correlations on the equilibrium properties of MFs. To
achieve this for MFs with ferromagnetic monomers, we couple the
relative orientations of the monomers and the filament backbone, by
introducing anchoring sites for the FENE bonds (5.1) (see Fig. 1b).
These anchoring sites have fixed positions corresponding to the pro-
jection of the head and the tail of the magnetic moments on the sur-
face of the MNPs, similarly to works [152, 154, 155]. If we are deal-
ing with isotopic shapes, relative orientation of super-paramagnetic
monomers is meaningless. Super-paramagnetic MNPs have no rema-
nent magnetization in the absence of an applied magnetic field. Given
that dipole moments are the only "anisotropy" for perfectly spherical
monomers, we can only introduce additional inter-monomer correla-
tions and stiffness against bending, by adding an isotropic bending
pair potential between first-nearest neighbors (see Fig 1c):

Ubend(�) =
Kb

2
(�-�0)

2, (5.2)

where � is the angle between the vectors spanning from particle
i to its nearest neighbor particle pair (i - 1, i + 1), i 2 [2,N - 1].
Kb is the bending constant, while �0 = ⇡ is the equilibrium bond
angle. The expression in Eq. (5.2) is a harmonic, angle dependent
potential, included in the sketch shown in Fig. 1c. These crosslink-
ing approaches are referred to throughout the thesis as constrained
crosslinking, where it is implicit that for MFs with ferromagnetic
MNPs we are referring to the model with anchoring sites, while
for MFs with super-paramagnetic MNPs we are talking about direct
crosslinking via the FENE potential with an additional bending po-
tential.

5.2 the magnetic response of super-paramagnetic mnps

To model super-paramagnetic MNPs, one needs to accurately calcu-
late the total magnetic field ~Htot in each point of the system. The
total magnetic field is the sum of ~H and the dipolar field ~Hd. The
latter field, created by particle j, at position ~r0 is given by:

~Hd =
3~r0j · ~µj

r50j
~r0j -

~µj

r30j
. (5.3)
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The study of the response of MFs to external magnetic fields of ar-
bitrary strength requires one to define the dipole moment, ~µs

i , of an
i-th super-paramagnetic particle at a given temperature T , as:

~µs
i = µmaxL

 
µmax|~Htot|

kBT

!
~Htot

Htot
, (5.4)

where µmax = |~µmax| denotes the modulus of the maximal magnetic
moment of the particle, ~µmax. Here, kB is the Boltzmann constant and
L(↵) is the Langevin function, given in Eq. (4.6) This approach allows
us to consider nonlinear effects, in contrast to work Wei, Song, and
Dobnikar [192] In fact, expression (5.4) is a generalization of mean-
field approaches, such as the modified mean field approach,[82] with
the difference that no assumptions were made when calculating ~Htot.
This approach is also verified by analytical calculations of the magne-
tization of super-paramagnetic particles.[49]

In simulations, this calculation is not trivial to implement. One
needs to freeze the system and calculate ~Htot at the position of every
particle in the system. For single filament simulations this is a calcu-
lation that scales as the square of the monomer number and cannot
be efficiently parallelized. Furthermore, one needs to reset the dipole
moment of every particle according to Eq.5.4. The fact that for ev-
ery MD timestep one reassigns dipole moments means that we must
recalculate forces for every half step of the Verlet algorithm (see. Sec-
tion 2.2), which adds some overhead. One also needs to handle the
fact that the orientation of a dipole moment is defined with respect to
the particle director. Defining one, necessary defines the other. There-
fore, reassigning a dipole moment will change the orientation of the
particle. This is fatal for filament models where relative orientation of
monomers is coupled. To avoid this issue, we instead placed a virtual
site in the center of every monomer, that carries the monomer dipole
moment instead, and has no quaternion.

5.3 units and implementation notes

Results that follow, are obtained from simulations where the length
scale was set to be in units of � (introduced earlier as the monomer di-
ameter). We set the reduced temperature of the Langevin thermostat
to be kBT = 1, corresponding to room temperature. For excluded vol-
ume (steric) interactions we use the Weeks-Chandler-Andersen pair
potential (WCA),[191]:

UWCA(i, j) =

8
><

>:

4✏

⇣
�
rij

⌘12
-
⇣

�
rij

⌘6�
+ ✏ if rij < rcut

0 otherwise
(5.5)

where � is the characteristic diameter of the sphere, rij is the center-
to-center distance between monomers i and j, and the cut-off value
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is rcut = 21/6�. Parameter ✏ defines the energy scale of the repul-
sion. Since we set ✏ = 1, this means that the energy in our sim-
ulations is measured in units of kBT . We consider two values of
the reduced, saturated magnetic moment µ2

max = |~µmax|
2 = 1 and

µ2
max = 3, for a range of reduced external magnetic fields H 6 6.

Given a choice of a particular magnetic nanoparticle, such as using
magnetite nanoparticles coated with a thin layer of stabilizing agent
(i.e. oleic acid coating, 2nm thick), in the case of µ2

max = 1, � corre-
sponds (not uniquely) to a colloid with a magnetic core of 11nm with
a dipole moment of 3.35x10-19Am2,whereas for µ2

max = 3, � corre-
sponds (not uniquely) to a colloid with a magnetic core of 15nm with
a dipole moment of 8.5x10-19Am2. This also means that the max-
imum of the applied magnetic field range we explored represents
moderate fields of only 0.05 T, for MNPs with µ2

max = 1 and 0.072
T, for MNPs with µ2

max = 3. The chosen range of magnetic field
strength spans from an initially weak magnetic response to the satu-
ration magnetization of MNPs. The factor Kf of the potential given
in Eq. (5.1) is set to Kf = 10. The maximum extension of the FENE
bond rf, is set to rf = 2�. The bending constant Kb of the harmonic
angle dependent potential given in Eq. (5.2), is set to Kb = 3.2.

Experimentally, CTC crosslinking could represent ferromagnetic
or super-paramagnetic monomers enclosed into semi-flexible steric
cages within a multiple-cage chain structure.[173] This would corre-
spond to an effective crosslinking scenario, since the MNPs would
not be physically bonded to the cages, rather trapped inside. This
crosslinking mechanism, is however, more appropriate for represent-
ing crosslinking of super-paramagnetic MNPs. One can consider the
free rotation of MNPs as equivalent to free dipole moment rotation
within the colloid. We will elaborate more on why it is a more appro-
priate model for MFs with super-paramagnetic MNPs in Chapter 7.

The bending constant Kb of the harmonic angle dependent poten-
tial given in Eq. (5.2), is set to Kb = 3.2. Note that these parameters
have been chosen so that the end-to-end distance of MFs with con-
strained crosslinking and ferromagnetic monomers is equal to their
counterparts with super-paramagnetic monomers, at H = 0. Exper-
imentally, our constrained crosslinking models should be represen-
tative of ferromagnetic and/or super-paramagnetic MNPs, bonded
directly with semi-flexible polymer crosslinkers. This model should
also generalize quite well to MFs realized with DNA origami tech-
niques, where orientations of functionalized MNPs are rendered per-
manent with respect to the filament backbone, by attaching the MNPs

to DNA patches inside steric DNA origami cages. The cages subse-
quently assemble and bond among themselves into linear conforma-
tions, by means of complementary binding vertices.[104, 173, 201].
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F I L A M E N T M I C R O S T R U C T U R E A S
I N T E R - M O N O M E R C O R R E L AT I O N S

The main appeal of MFs lies in their responsiveness to external mag-
netic fields and their ability to maintain structural integrity. Inves-
tigating MFs with different crosslinking is interesting because soft
matter systems with a microstructure defined via crosslinking have
been shown to have much improved responsiveness to external mag-
netic fields compared to conventional ferrofluids.[153] The preceding
discussion uses ferrofluids as a reference extensively, which is why in
this chapter we focus solely on MFs with ferromagnetic monomers.

We start the discussion with Fig. 2, looking at the difference be-
tween normalized filament magnetization m⇤ = m/(Nµmax), and
the Langevin function, L(H), as a function of the dimensionless ap-
plied magnetic field strength, H = |~H|. Filament magnetization m is
calculated as the average value of the projection of filament magnetic
moment, ~µtot =

PN
i=1 ~µi, where ~µi is the dipole moment of the i-th

monomer and N is the monomer number, on to the direction of ~H.
The maximum dipole moment of a monomer is denoted with µmax.
Fig. 2 features a comparison between different arrangements of mag-
netic and non-magnetic monomers in a filament with 20 monomers.
We address filament a configuration where all monomers are MNPs,
referring to conventional filament; a configuration with an arbitrarily
selected aperiodic sequence; a configuration with alternating, mag-
netic and nonmagnetic monomers. For the arbitrarily chosen filament
configuration, denoted in Fig. 2 simply as "sequence", the number of
MNPs is Nmag = 12. For filaments with an alternating configuration,
the number of MNPs is Nmag = 10.

Along with m⇤ - L(H) profiles for different MNP arrangements
and crosslinking models, each figure shows the difference between
the Langevin magnetization given by Eq. (4.6) and the magnetization
based on MMFT2, given in Eq. (4.8). To calculate the effective field in
the framework of the MMFT2, we use the following approach. The to-
tal volume of the system is estimated as a sphere with a radius equal
to the radius of gyration of a filament (see. Eq. (3.8)). Within this vol-
ume, we calculate the local volume fraction of magnetic particles. In
Fig. 2, we always use the same volume fraction of magnetic particles
obtained for the smallest radius of gyration observed in simulations,
as MMFT2 is used to underline the impact of crosslinking.

Looking at Fig. 2a, one can see that MFs with weakly magnetic
MNPs (µ2

max = 1), and CTC crosslinking, are magnetically similar
to ferrofluids. Magnetization deviation from the Langevin magneti-

41
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zation law is at most 6%. The fact that Langevin and MMFT2 pre-
dictions agree so closely means that in this case dipole-dipole inter-
action potential corrections are small. Furthermore, crosslinking does
not really contribute to the monomer pair-correlation function. How-
ever, for MNPs with µ2

max = 3 and/or constrained crosslinking, MFs

exhibit an enhanced magnetic response to external magnetic fields
compared to ferrofluids. For highly magnetic MNPs, dipole-dipole
interactions are expected to impact inter-monomer correlations, and
MMFT2 predictions differ significantly from the Langevin magneti-
zation law. However, as can be seen in Fig. 2d, they are off by up to
a factor of four in predicting the magnetization of MFs, for a mod-
erately strong magnetic field (H = 1.5). This can only be attributed
to crosslinking. Additional inter-monomer correlations that arise be-
cause of crosslinking are not considered in MMFT2. They, however,
clearly make a difference. If we compare Fig. 2b and 2d, we can see
that dipole-dipole interactions for µ2

max = 3 tend to dominate inter-
monomer correlations, and differences based on crosslinking, while
notable, are slight. Interestingly, constrained crosslinking increases
the difference between magnetization curves corresponding to fila-
ment configurations where not all monomers are magnetic, indepen-
dent of µ2

max.
Comparing MFs with all magnetic monomers to MFs with alter-

nating magnetic and nonmagnetic monomers, we see that roughly,
double the number of MNPs leads to twice the magnetization. Es-
sentially, we are increasing the average distance between the MNPs

in MFs with alternating magnetic and nonmagnetic monomers. How-
ever, MFs with an irregular sequence have only 10% more MNPs yet
can have up to double the magnetization that MFs with alternating
magnetic and nonmagnetic monomers have. This can be rationalized
if one imagines that the alternating configuration has homogeneously
distributed correlations that are mild, while irregular sequence has
an inhomogeneous distribution of very weak and very strong inter-
monomer correlations. The latter, tend to percolate more than their
immediate neighborhood and as such lead to a higher magnetization
than expected. In other words, the alignment of a dipole moment
with ~H in a filament with an irregular sequence of MNPs, depends
on its position in the backbone, due to differences in the local dipolar
fields.

This can be seen nicely by looking at per-particle magnetization
m# along ~H, shown in Fig. 3. In line with Fig. 2, for CTC crosslink-
ing the overall magnetization is low in a weak magnetic field. We do
not see an appreciable difference in per-particle magnetization in this
case based on the arrangement of MNPs in a filament. Overall, inter-
monomer correlations are low. With increasing µ2

max, inter-monomer
correlations increase and m# profiles for MFs with different arrange-
ments of MNPs start to have features that we can distinguish. Inter-
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monomer correlations seem to percolate less uniformly along the
chain for CTC compared to constrained crosslinking. This can be seen
if we compare Fig. 3c, corresponding to MFs where all monomers are
magnetic, with their counterparts in either Fig. 3b or 3d, where in
both cases, magnetic moments of neighboring monomers are more
correlated and overall flatter profiles can be seen. Furthermore, with
constrained crosslinking, one can see that MFs with an irregular se-
quence of MNPs have asymmetrical per-particle magnetization pro-
files, with the highest m# value around the position along the back-
bone with the most consequent magnetic monomers. From there, inter-
monomer correlations percolate and diminish further down the chain,
resembling the per-particle magnetization of MFs with the alternat-
ing MNP sequence.



7
M A G N E T I C R E S P O N S E O F M F S

In Chapter 6 we rationalized filament microstructure in terms of inter-
monomer correlations. To maximize the magnetic response of MFs

with ferromagnetic monomers, regardless of the arrangement of MNPs,
crosslinking that constrains both translational and rotational degrees
of freedom is desirable. In general, inducing inter-monomer corre-
lations that support synergetic orientation of individual dipole mo-
ments in a filament, increase its magnetic responsiveness. Further-
more, constrained crosslinking leads to larger differences in the mag-
netization between filaments with different MNP arrangement. Inter-
monomer correlations also enhance local alignment of dipole mo-
ments with ~H, depending on the particle position within filament con-
formation with a non-uniform arrangement of magnetic monomers.
Regardless, filament designs where all monomers are magnetic are
preferable. In this chapter we expand our investigation to consider the
interplay between crosslinking and the magnetic nature of monomers,
in MFs with exclusively magnetic monomers.

We start the discussion using measures adapted for polymer physics
[148] to communicate how the magnetic nature of monomers in fila-
ments, backbone rigidity and inter-monomer correlations, translate
to experimentally measurable quantities, representative of structural
properties of MFs. We calculate the normalized end-to-end distance,
R⇤
ee, as the distance between the centers of mass of the first and the

N-th monomer:

R⇤
ee = (|~r1 -~rN|) /davg, (7.1)

where N = 20 and davg denotes the mean inter-monomer distance
between neighboring monomers along the backbone. The value of
davg is calculated separately for each crosslinking approach and H.
Let us firstly consider results for MFs with CTC crosslinking. As it
can be seen in Fig. 4a, for CTC crosslinking and µ2

max = 1, R⇤
ee re-

mains mostly flat as H increases, regardless of the magnetic nature
of the monomers. Clearly, in this case magnetic interactions are weak
and are dominated by entropy. For µ2

max = 3 we can observe an in-
crease in R⇤

ee with H. In fact, this increase is particularly pronounced
for MFs with super-paramagnetic monomers (plotted with triangles),
in the low field region (H < 1). For H > 1, we see largely flat profiles
with similar R⇤

ee values for MFs with ferro- (plotted with circles) and
super-paramagnetic monomers. Observing a higher degree of stretch-
ing for MFs with super-paramagnetic monomers can be explained by
the local orientation of dipole moments along ~H. Such a local orien-
tation is supported by dipolar interactions and leads to a head-to-tail
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Figure 4: Normalized end-to-end distance, R⇤
ee, as a function of H. (a) MFs

with CTC crosslinking; (b) MFs with constrained crosslinking.
Color coding for different µ2

max is explained in the legends. SMP
stands for super-paramagnetic monomers; FM – for ferromagnetic
ones. Error bars are calculated as the standard deviation across 20
independent simulations.

alignment of the dipole moments and therefore, stretching of the fil-
ament backbone. In the case of MFs with ferromagnetic monomers
and µ2

max = 3, the dipolar fields are not necessarily aligned with ~H.
Thus, for low-fields, MNPs are distributed to optimize dipolar forces.
For global reorientation and stretching of a filament with ferromag-
netic monomers to take place, high H is needed. For high values of H,
magnetic nature of monomers becomes unimportant, and MFs reach
a state where R⇤

ee is approximately 20% lower than that of a straight
rod.

Looking at R⇤
ee profiles for MFs with constrained crosslinking, plot-

ted in Fig. 4b, one can note that MFs are overall more stretched out
compared to their counterparts with CTC crosslinking, regardless of
µ2
max and the magnetic nature of the monomers. We observe substan-
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tial differences in R⇤
ee based on the magnetic nature of monomers for

MFs with constrained crosslinking, particularly for µ2
max = 1. In the

low field region, similar to Fig. 4a, local stretching of MFs with super-
paramagnetic monomers, with µ2

max = 1, is still more pronounced
than that of their counterparts with ferromagnetic monomers. How-
ever, at H ⇡ 0.8 or greater, MFs with ferromagnetic monomers are no-
tably straighter. Qualitatively, for µ2

max = 3 and constrained crosslink-
ing, the behavior of R⇤

ee is the same as for MFs with CTC crosslinking,
discussed above: MFs with super-paramagnetic monomers stretch
more in low fields than their counterparts with ferromagnetic ones.
This difference disappears, however, as H increases. The analysis of
R⇤
ee curves reveals an important fact. Structural properties of MFs

with CTC crosslinking, at equilibrium, are indistinguishable regard-
less of the magnetic nature of monomers.

In summary, based on the analysis of R⇤
ee, if one had to recog-

nize a singular distinguishing factor between MFs, the most appro-
priate one would not be the magnetic nature of the monomers, but
rather the crosslinking approach. Constrained crosslinking not only
increases the overall value of R⇤

ee but is necessary to be able to ob-
tain a significant difference in field-induced stretching between MFs

with ferromagnetic and super-paramagnetic monomers. The dipolar
strength has a larger impact on R⇤

ee for MFs with CTC crosslinking:
the value of R⇤

ee for µ2
max = 1 is almost two times smaller than for

µ2
max = 3 at high H. The same measure differs at most 15% for MFs

with constrained crosslinking. Finally, none of the MFs studied here
stretch to their full length under the influence of an applied magnetic
field.

To obtain a better understanding of the local structure for different
MFs, we measured the angle ✓ between segments within a filament
with µ2

max = 3, separated by a given amount of bonds, l, as shown
in Fig. 5a. A segment is defined as a pair of neighboring monomers
together with the bond between them. Here, if the segments are touch-
ing, like in the case of segments between monomers 1- 2 and 2- 3,
which are sharing a common monomer, l = 0 and the measured
angle is addressed as ✓0. If the segments are immediately next to
each other, but do not share a common monomer, in other words, if
they are separated by a single bond, as is the case between segments
formed by monomers 1- 2 and 3- 4, l = 1 and correspondingly de-
fine an angle ✓1. Analogously, ✓2 is the angle between segments 1- 2

and 4- 5, which are separated by two bond lengths. We measure the
inter-segment correlations by calculating the cosine of the angle ✓l,
hcos ✓li. The averaging is done first over all segments separated by
l bonds, then over all snapshots for a particular simulation, and, fi-
nally, over all runs. Regardless of crosslinking and magnetic nature
of the monomers, the more separated the segments are, the less they
are correlated. However, segments in MFs with constrained crosslink-
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(a) (b)

(c) (d)

(e)

Figure 5: Inter-segment correlations hcos✓li, for four different values of H.
(a) hcos ✓0i; (b) hcos ✓1i; (c) hcos ✓2i. Each bar shows a particular
combination of magnetic nature of monomers and crosslinking ap-
proach, as explained in the legend provided in (e). Results are
shown for µ2

max = 3. Error bars are calculated as the standard
deviation of the measure in question (hcos ✓0i, hcos ✓1i, hcos ✓2i,
respectively), across 20 independent simulations.

ing (middle two columns in each bar plot) are more correlated than
their counterparts with CTC crosslinking, and the value of hcos✓li de-
cays weakly with increasing l. Inter-segment correlations strengthen
with growing H. Comparing the left most and the right most columns
in each bar plot for hcos ✓0i shown in Fig. 5b, one can notice that for
weak fields, neighboring segments in MFs with CTC crosslinking and
super-paramagnetic monomers (right most columns) are more corre-
lated than they are in MFs with ferromagnetic monomers (left most
columns). The difference decreases and basically vanishes with grow-
ing H. This behavior explains why R⇤

ee for MFs with CTC crosslink-
ing, is found to be higher for super-paramagnetic monomers than for
ferromagnetic ones, only in low H (see Figs. 4a).

Spatial correlations in MFs with super-paramagnetic monomers
and constrained crosslinking (right middle column in each bar plot),



50 magnetic response of mfs

coincide with those of MFs with ferromagnetic monomers (left mid-
dle column in each bar plot) only for the highest value of H we ex-
plored. For lower H, segments in MFs with constrained crosslinking
and super-paramagnetic monomers turn out to be more correlated
than their counterparts with ferromagnetic monomers. The differ-
ence in correlations grows with l. So, MFs with super-paramagnetic
monomers and constrained crosslinking exhibit spatial correlations
that percolate further along the filament backbone. This observation
explains why, in Fig. 4b, MFs with constrained crosslinking have
significantly higher R⇤

ee if they have super-paramagnetic monomers
rather than ferromagnetic ones, especially for H < 2. The intricate
relationship between the magnetic nature of monomers within a fila-
ment and crosslinking can result in notably different structural prop-
erties and responsiveness of MFs to external magnetic fields. We con-
tinue the analysis of the magnetic response of MFs by looking at how
the interplay between crosslinking and magnetic nature of monomers
reflects in the magnetization of MFs and compare it to the magnetic
response of non-crosslinked magnetic soft matter systems, such as
conventional ferrofluids.[82, 148]

In order to understand, how spatial correlations between filament
segments are related to the overall magnetic response of MFs, we
analyze the normalized filament magnetization m⇤ as a function H,
shown in Fig. 6. For MFs with non-interacting monomers, correspond-
ing field dependence of m⇤ would follow the Langevin function of
↵ = µmaxH, given in Eq. (4.6), that is plotted in each subfigure of
Fig. 6 with a black, solid line. Even for µ2

max = 1 and CTC crosslink-
ing, shown in Fig. 6a, filament inter-monomer correlations manifest
themselves, as the actual magnetization is above the Langevin curve.
As we saw above, structural properties of MFs with CTC crosslink-
ing and µ2

max = 1, are almost independent of H. To confirm that the
magnetic response of a filament in this case is equivalent to the re-
sponse that non-crosslinked monomers would have, we consider m⇤

calculated via MMFT2.[82]
As we did in Chapter 6, we assume that for a given value of H, all

MNPs are constrained to a volume V = 4⇡R3
g/3, so ⇢⇤ = N/V . The re-

sults of Eq. (4.8) are plotted in all subfigures of Fig. 6 with a solid gray
line. It can be seen in Fig. 6a that for µ2

max = 1 and CTC crosslink-
ing, MMFT2 describes the magnetization of MFs well. Clearly, in
this case the crosslinking does not affect the magnetic response of
the individual monomers. For all other parameter sets however, the
crosslinking enhances m⇤, especially in the low-H region: simulation
data is well above the MMFT2 curve. Looking at m⇤ of MFs with
µ2
max = 1 and constrained crosslinking, shown in Fig. 6c, one can

see that m⇤ is lower for MFs with super-paramagnetic monomers.
This fact agrees with the field-dependence of R⇤

ee, plotted in Fig. 4a,
showing that MFs with µ2

max = 1 and constrained crosslinking can
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be stretched and magnetized more easily if the monomers are ferro-
magnetic. This changes, however, if µ2

max = 3, as it can be seen in
Figs. 6b and 6d. Independent of crosslinking, m⇤ for a filament with
super-paramagnetic monomers is higher than for a filament with fer-
romagnetic ones, as is shown above in Fig. 4. This is rather similar to
what we previously discussed for R⇤

ee. Comparing the results from
Figs. 6b and 6d to correlation plots in Fig. 5, one can notice that
for constrained crosslinking models, MFs with super-paramagnetic
monomers, that are comparatively more correlated, exhibit higher
magnetization.

In summary, one can say that for µ2
max = 1, the highest m⇤ is

observed for MFs with ferromagnetic monomers and constrained
crosslinking. Furthermore, such MFs stretch more in applied mag-
netic fields and their m⇤ grows faster with H, than for MFs with
super-paramagnetic monomers. The end-to-end distance of such MFs

in the region of magnetic saturation is comparable to that of filaments
with µ2

max = 3. In general, for µ2
max = 3, we observe the highest m⇤,

R⇤
ee and spatial correlations in high H fields for MFs with constrained

crosslinking and super-paramagnetic monomers. This is in contrast to
what we have seen for µ2

max = 1.
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F R E E E N E R G Y O F M F S I N A S T R O N G M A G N E T I C
F I E L D

In Chapter 6 and 7 we obtained a broad understanding of how fila-
ment microstructure, and the interplay between the magnetic nature
of monomers and crosslinking affect properties of MFs at equilibrium.
It is necessarily to point out that while the aforementioned proper-
ties can be very similar between MFs with ferromagnetic and super-
paramagnetic properties, the way they reach equilibrium is quite dif-
ferent. With strong magnetic fields applied, one expects that mini-
mization of dipolar (Eq. (4.3)) and Zeeman (Eq. (5.3)) energies should
necessarily lead to the elongated filament conformations. However,
independent of crosslinking, MFs with super-paramagnetic monomers
can persist in conformations with a bent backbone, as schematically
depicted in Fig. 7.
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Figure 7:
Schematic depic-
tion of a folded
filament. The legs
of the folded chain
are at � distance
one from another.
All dipole mo-
ments are aligned
with ~H and at
µmax. Length of
the shorter leg k.

This kind of bending is visually similar to the behavior of polymers
in nematic fields, observed in Tkachenko and Rabin [175], or the bend-
ing of ferromagnetic micron-sized filaments reported in Ērglis, Li-
vanovičs, and Cēbers [51]. However, none of the two scenarios can be
realized in our systems: instead of a quadrupolar nematic field,[175]
MFs with magnetic nanoparticles experience Zeeman linear coupling
and the interaction between monomers is quadratic. As a result, in-
stead of stretching, at high fields, we observe chain bending; instead
of dynamic bending found in Ērglis, Livanovičs, and Cēbers [51], here,
we find equilibrium conformations of MFs with super-paramagnetic
monomers in a strong static homogeneous magnetic field. In this
chapter, to shed light on the mechanism leading to bending in MFs

with super-paramagnetic monomers, we introduce an idealized theo-
retical approach that encompasses the competition between entropy
and magnetic interactions, based on the combination of Flory ap-
proach and direct calculation of dipolar interactions, for a folded mag-
netic filament.

Let us assume that the Zeeman coupling is strong enough, so that
all dipoles in a filament consisting of N monomers, are pointing in the
same direction, as shown in Fig. 7. We also assume that all MNPs are
at saturation magnetization µ = |~µmax|, independent of the magnetic
nature of the monomers. We expect a competition between three con-
tributions to the free energy of a filament: entropy, that favors a coiled
configuration, Zeeman energy, which is constant under our assump-
tions, and dipolar interactions, that favor a head-to-tail orientation of
dipoles. We calculate the contribution of dipole-dipole interactions to
the free energy, by splitting Udip into a head-to-tail term, Uhtt, and
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a diagonal term, Udia: Udip = Uhtt +Udia. Both terms depend on
the folding, characterized in our model by the number of monomers
in the shorter leg of the folded filament, k 6 bN/2c, as shown in
Fig. 7. To simplify the calculations, we assume that the two legs of a
folded filament are touching and the separation between all touching
monomers is �. Uhtt and Udia are the sums of pair dipole-dipole
interactions Udd(~rij; ~µi; ~µj), given by Eq. (4.3), where the distances
between monomers do not fluctuate and can be calculated exactly.
In the approximation where monomer positions and dipolar orienta-
tions are fixed to ~r0 and ~⌦0 respectively, we can get rid of the inte-
gration in the partition function over coordinates, ~r and orientations,
~⌦, using the delta-function property

Fhtt

kBT
= ln

1

A

Z
d~rd~⌦e

Uhtt(~r, ~⌦)
kBT �(~r = ~r0, ~⌦ = ~⌦0). (8.1)

Up to a normalization constant A, this brings us to an estimate of
Fhtt/(kBT) = Uhtt/(kBT):

Fhtt(k,µ,�,N)

kBT
=

-2µ2
max

�3kBT

0

@
N-kX

i=1

N- k- i

i3
+

kX

j=1

k- j

j3

1

A . (8.2)

This expression is identical to the chain ground state energy,[132]
and was successfully used to estimate chain free energies at low tem-
perature.[91] Following the same approach and using the same set
of approximations as in Eq. (8.1), Udia that contains the sum of all
monomer interactions not belonging to the same fold, contributes to
the free energy of a filament as Fdia/(kBT) = Udia/(kBT):

Fdia(k,µ,�,N)

kBT
= -

8
>>><

>>>:

µ2
max

�3kBT

N1(k,N)P
i=0

I(i,k,N)
r3i

⇣
9

4r2i
- 2
⌘

Kcr > k

µ2
max

�3kBT

N2(k,N)P
i=0

I(i,k,N)
r3i

⇣
9

4r2i
- 2
⌘

otherwise.

(8.3)

Here, ri =
p
1+ i+ i2. The upper limits of the summation are defined

as

N1(k,N) = k+ (N- 2k- 1+ |N- 2k- 1|) /2;
N2(k,N) = N- k- 2.

The factor I(i,k,N) gives the number of monomer pairs with the same
interaction energy. The calculation of I(i,k,N) for arbitrary values of



free energy of mfs in a strong magnetic field 55

k and N is a non-trivial task which results in the following expression:

I(i,k,N) =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

8
>>><

>>>:

k k 6 i 6 N- 2k- 1

2k- i i < k

N- k- i- 1 otherwise

Kcr(N) > k

8
>>><

>>>:

2k- i i 6 N- 2k- 1

N- 2i- 1 N- 2k- 1 6 i 6 k

N- k- i- 1 otherwise

otherwise,

(8.4)

where Kcr depends only on filament length, N:

Kcr(N) =

8
<

:

N
3 Nmod3 6= 0

N
3 - 1 otherwise.

(8.5)

The total dipolar contribution to the free energy of a folded filament
can be written as:

FD(k,µ,�,N)

kBT
=

Fhtt(k,N,�,µ) + Fdia(k,N,�,µ)
kBT

. (8.6)

The total Zeeman energy of a filament, UH, does not depend on
k. Therefore, its contribution to the free energy of a filament, after
getting rid of the integral and logarithm, simplifies to FH/(kBT) =
-UH/(kBT). Finally, following the Flory approximation of the free
energy of a polymer in a good solvent without magnetic interac-
tions,[148] FNM, with an entropic and a steric term, Fent and Fs re-
spectively, can be written as:

FNM(k,�,N)

kBT
=

Fent(k,�,N) + Fs(k,�,N)

kBT

=
R2
ee(k,�,N)

N�2
+

⇡

6
�3 N2

R3
ee(k,�,N)

.
(8.7)

Here, we use end-to-end distance Ree, as a function of k,� and N,
which, by using the cosine theorem, can be obtained in the following
form:

Ree = �
p
(N- 2k)(N- 2k- 1) + 1.

Summing all terms up, assuming � = 1, one can obtain the free
energy of an "ideally" folded filament, as a function of k, N and µ:

F(k,µ,N) = FNM(k,N) + FD(k,µ,N) + FH(µ,N). (8.8)

We want to depict the dependence of FD on k, for different values
of monomer number in a filament N. To compare FD values corre-
sponding to a straight filament FD(0,µ,N), to the one a folded fila-
ment would have, in Fig. 8, we plot the µ-independent dimensionless
ratio:

�FD =
FD(k,µ,N)- FD(0,µ,N)

N|FD(0,µ,N)|
. (8.9)
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k

Figure 8: �FD from Eq. (8.9) as a function of k, for different values of MF
length N as indicated in the legend.

In this way, all curves collapse to zero at k = 0, and the positive values
of �FD correspond to a parameter region where the free energy of a
folded filament is higher than that of a straight one. One can see, that
for MFs with less than N = 28 monomers, it is magnetically more ad-
vantageous to assume a straight conformation. However, along with
the minimum at k = 0, an increase of N leads to the development of
a second minimum at k ⇠ N/2- 1, separated from the first one by
a barrier. In fact, for N > 28, we see that �FD becomes negative for
k > 12, revealing that the folded state becomes more advantageous
than the straight one.

In this chapter, however, we discussed and noted folding for MFs

with N = 20: Eq. (8.9) shows that considering only dipolar contribu-
tion, such MFs should have remained unfolded. Thus, in Fig. 9, we
plot the total free energy difference between a straight filament and a
folded one �FT , for N = 20 and different values of µ and k:

�FT (k,µ) =
F(k,µ, 20)- F(0,µ, 20)

20
. (8.10)

Lighter color shades in the color map of �FT , correspond to higher
values of �FT (k,µ). The total free energy difference can be positive,
only if the straight conformation is more advantageous than the bent
one. Correspondingly, �FT will be negative if a bent conformation is
more advantageous than a straight one. Vertical lines correspond to
a given k, contour lines show regions of constant �FT . One can see
that for small values of µ (bottom part of Fig. 9), the minimum of
�FT is around k = 6 - 7, and basically any folding is leading to a
free energy decrease compared to the k = 0 case. The picture changes
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0.5

Figure 9: Color map of �FT for MFs with 20 monomers, in simulation units
from Eq. (8.10) for different values of k and µ. Contour lines indi-
cate constant values of �FT ; vertical white lines show k = const
cuts, whereas dashed horizontal lines show µ = const sections.
Color coding is provided in the legend on the right.

dramatically with increasing µ: a maximum of �FT starts developing
at k ⇠ 1- 2, whereas the minimum corresponding to a folded state
abates, but never disappears. In other words, a filament needs to over-
come a barrier introduced by the dipole-dipole interaction, in order
to bend. Once folded, however, it reaches its global minimum of the
free energy. Note that R⇤

ee corresponding to the values of k ⇠ 6- 7, for
which �FT is minimized, is in a good agreement with R⇤

ee presented
in Fig. 4a, where for MFs with super-paramagnetic monomers and
CTC crosslinking R⇤

ee ⇠ 0.4- 0.5.
To summarize this section, one should underline that bending has

not only entropic but also energetic advantages, especially for long
magnetic filaments (N > 30). At the filament length considered in
this chapter, however, bending corresponds to local energy minima,
but is favored by entropy at finite temperature.
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C E N T R A L AT T R A C T I O N I N M F S W I T H
S U P E R - PA R A M A G N E T I C M O N O M E R S

In Section 3.5 we introduced the concept of vdW forces. To avoid
aggregation, one would try to render the background medium in a
suspension as chemically transparent as possible and stabilize mag-
netic colloids. Regardless, it remains a matter of fact that vdW forces
will be present to some degree in real suspensions of MFs. Here, we
focus on a magnetic filament that has a slight affinity towards its
own species rather than the solvent. We want to understand in a
general way, how the presence of vdW forces affects the magnetic
response of MFs. In particular, the focus in this chapter is on MFs

with super-paramagnetic monomers. Given their tendency to bend
the backbone, resulting in a very diverse and rich conformational
spectrum, it stands to reason to expect vdW forces affecting the ob-
served phenomenology greatly.

We have seen in Fig. 4, that MFs with weakly magnetic monomers
and CTC crosslinking are essentially coiled up, and remain so across
the range of H we explored. In this case magnetic interactions are
weak and are dominated by entropy. With central attraction between
monomers, one can reach even more compact conformations of MFs,
as the system attempts to maximize the average number of neighbors
for each monomer. MFs with weakly magnetic (µ2

max = 1) monomers
and CTC crosslinking, shown in Figs.10a-10c, have largely flat R⇤2

g

profiles that differ at most 10%, regardless of filament length.
However, for MFs with strongly magnetic monomers (µ2

max = 3),
shown in Figs.10d-10f, entropy cannot compete with dipole-dipole
interactions. In the ✏ 6 0.5 central attraction region, for N = 20,
R⇤2
g suggests that MFs unravel into conformations characteristic for

a head-to-tail dipole arrangement, even for H < 1. With increasing
L, we see the joined action of vdW forces, and bent backbone confor-
mations becoming more favorable and persistent. In Chapter 8, we
rationalized how MFs with super-paramagnetic monomers can bend
in an applied magnetic field to obtain a significant gain in entropy,
and depending on filament length, do so without a loss in magnetic
energy. Consequently, for ✏ 6 0.5, MFs with N = 100 at equilib-
rium have less than half the R⇤2

g of MFs with N = 20. Furthermore,
such bent conformations collapse due to central attraction. For ✏ > 1,
central attraction is strong enough to compete with dipole-dipole in-
teractions. Therefore, for CTC crosslinking, the differences between
the profiles for µ2

max = 1 and µ2
max = 3 are small and mostly con-

strained to the low field region, where the bending tendencies of MFs

58



central attraction in mfs with super-paramagnetic monomers 59

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

Fi
gu

re
10

:N
or

m
al

iz
ed

ra
di

us
of

gy
ra

tio
n

sq
ua

re
d,

(R
⇤ g
)2

,p
lo

tt
ed

as
a

fu
nc

tio
n

of
H

.E
ac

h
su

bp
lo

ti
s

sh
ow

in
g

re
su

lts
fo

r
M

Fs
w

ith
su

pe
r-

pa
ra

m
ag

ne
tic

m
on

om
er

s
an

d
C
T
C

cr
os

sl
in

ki
ng

,w
ith

va
ri

ou
s

st
re

ng
th

of
ce

nt
ra

l
at

tr
ac

tio
n
✏

.I
n

Su
bp

lo
ts

(a
)

-
(c

),
µ
2 m

a
x
=

1
(h

ol
lo

w
sy

m
bo

ls
);

(d
)-

(f
),

µ
2 m

a
x
=

3
(fi

lle
d

sy
m

bo
ls

).
In

Su
bp

lo
ts

(a
)a

nd
(d

),
N

=
20

;(
b)

an
d

(e
)a

re
sh

ow
in

g
N

=
50

;(
c)

an
d

(f
)a

re
sh

ow
in

g
N

=
10

0.
C

ol
or

co
di

ng
fo

r
di

ff
er

en
t✏

v
d
W

is
ex

pl
ai

ne
d

in
th

e
le

ge
nd

s.
Er

ro
r

ba
rs

ar
e

ca
lc

ul
at

ed
as

th
e

st
an

da
rd

de
vi

at
io

n
of

(R
⇤ g
)2

ac
ro

ss
40

in
de

pe
nd

en
ts

im
ul

at
io

ns
.



60 central attraction in mfs with super-paramagnetic monomers

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

Fi
gu

re
11

:N
or

m
al

iz
ed

ra
di

us
of

gy
ra

tio
n

sq
ua

re
d,

(R
⇤ g
)2

,p
lo

tt
ed

as
a

fu
nc

tio
n

of
H

.E
ac

h
su

bp
lo

ti
s

sh
ow

in
g

re
su

lts
fo

r
M

Fs
w

ith
su

pe
r-

pa
ra

m
ag

ne
tic

m
on

om
er

s
an

d
co

ns
tr

ai
ne

d
cr

os
sl

in
ki

ng
,w

ith
va

ri
ou

s
st

re
ng

th
of

ce
nt

ra
l

at
tr

ac
tio

n
✏

.I
n

Su
bp

lo
ts

(a
)

-
(c

),
µ
2 m

a
x
=

1
(h

ol
lo

w
sy

m
bo

ls
);

(d
)-

(f
),
µ
2 m

a
x
=

3
(fi

lle
d

sy
m

bo
ls

).
In

Su
bp

lo
ts

(a
)

an
d

(d
),
N

=
20

;(
b)

an
d

(e
)

ar
e

sh
ow

in
g
N

=
50

;(
c)

an
d

(f
)

ar
e

sh
ow

in
g
N

=
10

0.
C

ol
or

co
di

ng
fo

r
di

ff
er

en
t
✏
v
d
W

is
ex

pl
ai

ne
d

in
th

e
le

ge
nd

s.
Er

ro
r

ba
rs

ar
e

ca
lc

ul
at

ed
as

th
e

st
an

da
rd

de
vi

at
io

n
of

(R
⇤ g
)2

ac
ro

ss
40

in
de

pe
nd

en
t

si
m

ul
at

io
ns

.



central attraction in mfs with super-paramagnetic monomers 61

with super-paramagnetic monomers are less pronounced. Further-
more, for H > 2, it can be seen that R⇤2

g profiles are indistinguishable
for a given L, regardless of the value of µ2

max. We attribute the over-
all shape of these profiles to the local orientation of dipole moments
along the field direction. For high values of H, MFs with ✏ 6 0.5
reach R⇤2

g that is approximately 20% lower than that of a straight rod.
Otherwise, they remain below 30% of the R⇤2

g of a straight rod. It is
interesting to note the particularly wide error bars in the Fig.10e. This
is an energetically contentious region for MFs. Based on the deliber-
ations in Chapter 8, for MFs with N = 50 magnetic monomers, we
expect that there are bend backbone conformations that are magnet-
ically favorable. At this length, MFs tend to spend significant time
in such conformations and therefore exhibit a lot of variance in R⇤2

g .
Central attraction favors bent and collapsed conformations which is
why increasing ✏ and/or L decreases the variance of R⇤2

g .
Increase in inter-monomer correlations exacerbates the variance in

R⇤2
g , as can be seen for constrained crosslinking in Fig.11. Constrained

crosslinking leads to a backbone that is overall stiffer and resists bend-
ing. A new player enters the competition, where on the one side, fa-
voring elongation of the backbone along ~H are the head-to-tail dipole
arrangement and resistance to bending induced by the constrained
crosslinking, and on the other are the magnetically and entropically
favorable bent backbone conformations and vdW interactions. Just
like we saw for CTC crosslinking, R⇤2

g profiles for MFs with con-
strained crosslinking and strongly magnetic monomers (µ2

max = 3)
in the H 6 2 region, shown in Fig.13d, for ✏ > 1.5, correspond to
completely clumped up filament conformations, with the noted ex-
ception for short N = 20 MFs. This outlines the importance of chem-
ically stabilized colloids. For monomers that have a slight to mod-
erate preference for their own species, the conformational landscape
is diverse, judging by the variance in R⇤2

g . Once again this is par-
ticularly pronounced for MFs with N = 50, shown in Fig.13b and
13e. Filaments with constrained crosslinking are, in line with Fig.4,
more elongated than their counterparts with CTC crosslinking. Fur-
thermore, they follow broadly similar trends as their CTC counter-
parts. Longer filaments favor collapsed conformations. Differences in
R⇤2
g based on µ2

max, for a given L, are small and mostly constrained to
the low field region. For constrained crosslinking, this is true even for
weaker ✏ 6 0.5 central attraction. Additional inter-monomer correla-
tions introduced by constrained crosslinking enhance the magnetic
response of MFs and therefore, make R⇤2

g corresponding to MFs with
weakly magnetic monomers much closer to their counterparts with
highly magnetic ones.

Looking at Figs. 12 and 13 we can see how the structural collapse
of the filament backbone, facilitated by central attraction, affects the
magnetic response of MFs, quantified by m⇤ as a function of H. Gen-
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erally, m⇤ should be independent of filament length, and profiles in
Figs. 12 and 13 for MFs without central attraction reflect that. How-
ever, vdW forces scale with filament length and therefore make it in-
teresting to consider m⇤ in that context also. Central attraction tends
to push dipole moments in rather frustrating arrangements. This can
be most clearly seen if we focus on MFs with CTC crosslinking and
weakly magnetic monomers, whose magnetic response is similar to
a semi-dilute ferrofluid. Central attraction decreases the magnetic re-
sponse of MFs tremendously. They manage to reach predictions of
MMFT2 only for relatively strong magnetic fields. Once again, we
see why it is necessarily to avoid agglomeration of magnetic colloids.
Moreover, we can see that the loss in magnetic response is worse for
longer filaments. It can be seen in Fig.12d-12f, showing m⇤ for MFs

with strongly magnetic monomers and CTC crosslinking, that hav-
ing strongly magnetic monomers alleviates the issue somewhat. It
should be clear by this point, that CTC crosslinking severely limits
the magnetic response of MFs when vdW forces are present, where
one can expect a system with a magnetic response to a semi-dilute
ferrofluid at best. However, looking at Figs.13a-13f, one can see that
MFs with constrained crosslinking fare much better. In fact, if vdW

forces are not too strong (✏ 6 1), m⇤ profiles corresponding to MFs

with constrained crosslinking are representative of systems that are
substantially more magneto-responsive than conventional magnetic
fluids, even for rather long N = 100 filaments with weakly mag-
netic monomers. The additional inter-monomer correlations and resis-
tance against bending complement and favor the head-to-tail dipole
moment configuration. In effect, for strongly magnetic µ2

max = 3

monomers, constrained crosslinking suffices to almost completely off-
set the reduction in magnetic responsiveness of shorter MFs (N = 20)
due to vdW forces, while for long chains N = 100 this is the case if
✏ 6 1.5.

Taking what we learned from Figs. 11 and 13 together, it is in-
teresting to see how MFs with constrained crosslinking and super-
paramagnetic monomers manage to maintain an amicable magnetic
response to external magnetic fields while persisting in very compact,
collapsed structures. This implies that they manage to maintain an
ordered internal structure and a favorable dipole moment configura-
tion. We investigate whether our insinuations are justified by looking
at the number of magnetically favorable neighboring monomers in a
filament, as a function of H, for different crosslinking, µ2

max and L.
Neighbors of a monomer i are all monomers j/neqi whose center is
within the volume of a sphere of radius 1.3� centered at the monomer
i. Among the neighboring monomers, we count only the ones whose
dipole moment is favorably orientated with respect to the dipole mo-
ment of the i-th monomer (Udd > 0).
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Looking at Fig.14, we can see that without vdW forces, a weak
magnetic field is enough for a filament to establish an overall head-
to-tail dipole moment configuration. For MFs with weakly magnetic
monomers µ2

max = 1, since the scale of dipole-dipole interactions
and thermal fluctuations is the same, we see the number of magnet-
ically favorable neighbors to be less than two, while for µ2

max = 3

we see exactly two magnetically favorable neighbors independent
of filament crosslinking and L. Once vdW forces are present in the
system we see that in the low H region, central attraction pushes
dipole moments in a filament into magnetically unfavorable config-
urations. We also know from the analysis of Figs. 10 and 11 that
these are compact configurations. With increasing H, Zeeman cou-
pling helps counteract central attraction and dipole moments man-
age to arrange into ever more favorable configurations. The num-
ber of magnetically favorable neighbors is overall higher for larger
✏, where we saw that increase in H does not increase R⇤2

g . Here it is
important to note that, non-collapsed filament conformations with a
bent backbone are discriminated against by the distance criterion in
Fig.14, because the legs of bent MFs rarely approach close enough to
be counted as neighbors. Overall, MFs with CTC crosslinking man-
age to collapse into structures that, in the high H region, have a
more favorable local arrangement of dipole moments compared to
their counterparts with constrained crosslinking. This is understand-
able, as constrained crosslinking restricts how dipole moments can
rearrange due to Zeeman coupling. Regardless, magnetic response
of MFs with constrained crosslinking remains considerably higher.
While the structure might be locally more frustrated, additional inter-
monomer correlations enforce an overall more organized structure
where the configuration is dictated by the external magnetic field, as
can be seen in Fig.16.
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H

1.7

1.5

m

Figure 16: Simulation visualization of N = 50 MFs with CTC (left) and
constrained crosslinking (right), with highly magnetic monomers
(µ2

max = 3),in a strong magnetic field (H = 6), where monomers
have a strong affinity toward agglomeration (✏ = 2). Color bar
denotes the m span of monomers in the configuration shown.



Part III

D I R E C T I O N A L A S S E M B LY O F D N A
N A N O C H A M B E R S A S A P L AT F O R M F O R

S Y N T H E S I S O F M F S

In the following chapters we present:

• a theoretical investigation of the relationship between
DNA Nanochamber reactivity and the morphologies
arising from their self-assembly, presented in Chap-
ter 11;

• a comparative analysis of nanopolymer designs with
a focus on polymer-like structures made out of DNA
Nanochambers, elucidating the impact of monomer
shape, magnetic characteristics (if monomers are mag-
netic) and crosslinking on their equilibrium proper-
ties, presented in Chapter 12 and 13.



10
I N T R O D U C T I O N

In the Prologue, we emphasized that flexible, nanoscopic MFs with a
finely controllable nanostructure, as this thesis is being written, have
not yet been synthesized. We brought forward in the Prologue that in
order to be able to do so, it is necessary to instill selective, anisotropic
interactions between nanoobjects that are otherwise entirely isotropic.
To this end, DNA nanoobjects have emerged as one of the most promi-
nent candidates, due to their structural programmability and selec-
tivity of sequence-specific interactions. [54, 88, 104, 106, 110, 120, 127,
139, 145, 169, 172, 178, 185, 189, 202, 207, 216] Assembly of DNA

nanoobjects is a powerful way to form polymer-like morphologies –
nanopolymers. [1, 4, 14, 22, 67, 101, 104–106, 167, 170, 188, 208, 212]
Here, we present polymer-like systems, based on nanoobjects called
divalent cuboid DNA nanochambers (DNC), that can also be used
as templates for targeted assembly of nanoparticles. [104, 201] Piece
by piece, we build the case that these nanoobjects and the nanopoly-
mers they assemble into, are an excellent, finely tunable platform for
construction of MFs, when functionalized with MNPs. A schematic
depiction of DNC with complimentary bonding sites on their surface,
forming nanopolymers, as well as incorporating MNPs in to DNC to
form DNC-MNP complexes, resulting in MFs, are shown in Fig. 17.
Resulting filaments are not conventional polymer-like structures but
are distinct in both crosslinking and monomer shape. DNC-MNP
complexes are connected to each other via multiple bonds holding
their adjacent faces together. There is a complex interplay between
bonding and monomer shape that affects mechanical and magnetic
properties of MFs. Moreover, the MNPs used to form DNC-MNP
complexes can be both ferro- and super-paramagnetic, depending on
the magnetic material. The type of magnetic relaxation will have a
profound impact on magnetic and mechanical properties of MFs, es-
pecially in conjunction with the interplay between monomer shape
and inter-monomer connectivity.

It is worth noting that, while the author participated in the design
and synthesis efforts that resulted in morphologies presented and
broadly discussed here, experimental results are not presented. This
work is focused solely on theoretical investigations. Therefore, except
for presenting a phase diagram of the morphologies experimentally
accessible with DNC, for further detail on the experimental aspects of
these systems, the reader is encouraged to refer to Xiong et al. [201].

70
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A
A B A

B

I

II

III

Functionalised  
MNP

DNC- MNP  
complex

DNC

Figure 17: Schematic depiction relating assembly of DNC nanoobjects (top
left) into a magnetic filament (bottom left); (I) Linkers between
DNC type A and B hybridize to form longitudinal bonds. (II)
Illustration of the growth of nanopolymers by connecting two
complementary types of DNC, A and B. (III) DNC can form
DNC-MNP complexes. Nanoparticles functionalized with single-
stranded DNA (ssDNA) linkers can hybridize with complemen-
tary overhangs inside a DNC. (IV) Illustration of the growth of
MFs by connecting complementary types DNC-MNP complexes.

10.1 morphological phase diagram of dna nanocham-
bers

In this section we present and discuss the morphological phase dia-
gram of DNC in terms of bond design. Cuboid geometry facilitates
the formation of ordered arrays. Here, we present the morphologies
obtainable form DNC self-assembly, with a focus on polymerization.
DNC nanoobjects are created by DNA origami technology. They con-
sist of four double-layer DNA helix walls (outer layer: 12 ⇥ 12 dou-
ble helices, inner layer: 10 ⇥ 10 double helices) that enclose a cavity
(25nm⇥ 25nm⇥ 28nm). Furthermore, ssDNA linkers with sequence-
based specificity are placed at a pair of opposite faces of the cubic
surface (meaning front and back face), facilitating directional (lateral)
inter-object interactions.

Specifically, a ssDNA linker is composed of an inert "spacer" and
a so-called “sticky end” overhang, capable of hybridization with its
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complement on another linker. These linkers can be extended from
one of the two terminations of the DNA helices making out the walls
of a DNC. Complementary linkers form inter-object bonds. In order
to minimize undesired random bonding between linkers and to de-
fine a relative orientation between DNC nanoobjects, all sticky ends
on a face of a DNC are distinct.1. Reactivity of DNC is determined by
two parameters: the number of thymine nucleobases (poly-T ) in the
spacer of a linker, l, and the number of linkers per DNC, k. A DNC

nanoobject with k linkers, each with spacer length l is denoted with
Mk

l and schematically depicted in Fig. 18. Through adjustment of l

and k, one can tune reactivity and control the assembly behavior.

Figure 18: Top-
view illustration
of Ml

16 , Ml
32 ,

and Ml
64 designs;

red-colored helices
are decorated with
ssDNA

Looking at Fig. 19, let us examine the influence of k on the mor-
phologies arising from DNC self-assembly. We sampled the morpho-
logical phase diagram along the k dimension using three DNC de-
signs; Ml

16 stands for a DNC design with eight linkers, positioned
separately on the corners of the front and back faces (one linker per
corner), while the remaining eight linkers are positioned in the mid-
dle of each edge (one linker per edge); Ml

32 stands for a DNC design
where four linkers are placed at each corner of the front and back
faces of a DNC; Ml

64 stands for a DNC design with the same linker
arrangement as for Ml

16 design, but with four linkers at each position.
The number of monomers in resulting nanopolymers increases with
k, as it is most easily seen for l = 20. Overall hybridization energy is
proportional to k, resulting in longer nanopolymers for larger k. Fur-
thermore, increased number of linkers also contributes to a higher
binding probability of DNC with larger k, due to increased probabil-
ity that linkers with run into each other while exploring the phase
space.

The influence of l on the morphologies arising from DNC self-
assembly can be seen by fixing k and varying the length of poly-T
spacers in a range of 10 to 40.2 The effects of l, apparent in Fig. 19,
can be rationalized with two entropic factors. With increasing linker
length, conformational entropy increases. Furthermore, the effective
cross-section for inter-object binding increases with l. Together, these
effects contribute to DNC reactivity, resulting in a higher probabil-
ity of polymerization with larger l. However, beyond the longitudi-
nal growth of DNC, we also observed lateral growth in to ordered
bundles of nanopolymers, most frequently occurring for DNC M40

64,
as depicted in Fig. 19. The probability of encountering such bundles
drops precipitously for shorter linkers. For the purposes of this thesis,
however, such morphologies are not relevant and as such will not be
further explored.

1 We dubbed such encoding as “differentiated poly-chromatic bonds, as can be found
in Lin et al. [104] and Xiong et al. [201]

2 The number of thymine nucleobases corresponds to an effective spacer length. How-
ever, the actual length is a complex function of many experimental factors. Therefore,
values of l are not to be taken literally.



10.2 raspberry model of complex shapes 73

Ml
k

k

M4064M2064

M2016 M4016

M4032M3032M2032M1016

l
Figure 19: Morphological phase diagram for Ml

k DNC self-assembly, as a
function of k and l. Images obtained by negatively stained trans-
mission electron microscopy (TEM).

10.2 raspberry model of complex shapes

In Section 5.3, we brought forth that in MD simulations, a typical
approach to address the excluded volume in an ensemble of spher-
ical monomers is to use the WCA pair potential given by Eq. (5.5).
For non-spherical monomers however, or spherical monomers whose
surface properties need to be considered, there are two general ways
of modelling steric interactions. One could solve an algebraic system
of equations on each MD integration step to check for the overlap
of complex shapes; Alternatively, one can construct complex shapes
out of rigid arrangements of WCA spheres. Here, we use the latter
method which, albeit less accurate, is very flexible, can be applied
to arbitrary shapes and is computationally efficient. Realizations of
monomers using this method are usually called (affectionately and
literally) raspberries.[107] Therefore, we refer to simulation represen-
tations of DNC as raspberry cubes. The raspberry model was used
successfully for investigations of magnetic and charged cubes.[43, 44,
142]

Positions and radii for the WCA spheres that make out a raspberry
are calculated using the superball model, developed by Donaldson,
Linse, and Kantorovich [44]. Here we roughly outline how does one
construct a raspberry cube in the framework of the superball model.
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The surface of a raspberry is outlined with a (x,y, z) set of points in
the center-of-mass reference frame by the superball equation:

f(⇢) =
���
x

r

���
2⇢

+
���
y

r

���
2⇢

+
���
z

r

���
2⇢

= 1, (10.1)

where ⇢ is the shape parameter. At lim⇢!1f(⇢), Eq. (10.1) is describ-
ing a cube with perfectly sharp edges. With ⇢ = 1, Eq. (10.1) de-
scribes a sphere with radius r centered at r = 0. To approximate a
surface of the true geometry, given by Eq. (10.1), using WCA spheres,
one can consider two sets of characteristic positions within the true
geometry. Specifically, one can take cross-sections at the vertex and
the mid-edge position of the true geometry, calculating the ⇢ depen-
dent radius of curvature at both. From there radii of WCA spheres
can be determined, by parametrizing the equations describing the
cross-sections for a given ⇢, in the form X(q, ⇢), Y(q, ⇢). The radius
of curvature is determined using:

R =
(X

02 - Y
02)3/2

|X
0
Y

00 - Y
0
X

00
|
, (10.2)

where the primes denote derivatives with respect to q. The magni-
tude of the position vector for each WCA sphere is the displacement
from the true surface, reduced by the appropriate radius of curva-
ture. Consequently, the WCA spheres and the analytical surface of
a superball coincide at this position. For computational efficiency, all
WCA spheres in a raspberry except for the center-of-mass particle are
subsequently converted to virtual sites (see. Section 2.3)
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10.3 implementation notes and units

Here, we use raspberry cubes introduced in Section 10.2, or spherical
monomers realized like standard WCA spheres. We refrain from us-
ing explicit representations of ssDNA, such as the freely jointed chain
representation, used in works like Vargas-Lara, Starr, and Douglas
[182], or tools for simulating ssDNA, such as in oxDNA.[123] Such
models are rather costly in terms of computational resources, and
unnecessary to qualitatively reproduce the experimental findings.

In thermal annealing simulations, presented in Chapter 11, we rep-
resent the ssDNA linkers as attractive LJ spheres (Eq. (3.12)) con-
nected to the raspberry surface via FENE bonds (Eq. (5.1)), in arrange-
ments as shown in Fig. 18. Attractive LJ spheres are realized with the

Figure 20: Raspberry model representation of Ml
32 DNC (linkers shown as

small black spheres). Central reference particle is shown as large
black sphere. Virtual sites outlining the DNC vertices shown in
purple. Virtual sites populating the DNC edges shown in white.

following parameters: �sticky = 0.05, ✏ = 10 and rcut = 2.5�sticky,
where �sticky is the diameter of the attractive LJ sphere. FENE bonds
connecting them to the raspberry surface are realized with r0 = ↵�,
where ↵ 2 {0.6, 0.8, 0, 9, 1.0} and � is raspberry diameter. The param-
eter ↵ corresponds to l for given k arrangement of an Ml

k DNC.
Maximal extension of each FENE bond, rf, was set to be three times
the equilibrium linker length r0. In Fig. 20, one can find a visualiza-
tion of a raspberry cube employed in this study. When simulating
nanopolymers in Chapter 12 and 13, monomers are directly linked
with FENE bonds in arrangements as shown in Fig. 18, with the pa-
rameters as stated above. The diameter of the center-of-mass particle
of a raspberry cube is set to � = 1. With this choice, according to
the superball model, for shape parameter q = 2, corner virtual sites
have � = 0.41 while vertex virtual sites have � = 0.49. All particles
outlining the raspberry surface have the excluded volume interaction
strength ✏ = 1.

Computational models used for the comparative study in Chap-
ter 12 and 13 are depicted in Fig. 21. These models are designed to en-
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(a) (b)

(c) (d)

Figure 21: (a) CTC crosslinking for spherical monomers; (b) CTC crosslink-
ing for cubic monomers; (c) FTF crosslinking of cubic monomers;
(d) FTF crosslinking of spherical monomers.

compass a range of nanopolymeric systems with different monomer
shape and crosslinking. Figs. 21a and 21b show representations of
polymer-like systems, with spherical and cubic monomer shape, re-
spectively, with center-to-center (CTC) crosslinking. Only the transla-
tional degrees of freedom of monomers are restricted. Combination
of CTC crosslinking and spherical monomer shape corresponds to a
self-avoiding walk.[148] DNC nanopolymer model shown in Fig. 21c
captures the distinctive cubic monomer shape using raspberry cubes,
together with the specific inter-object connectivity of DNC, we refer
to here as face-to-face crosslinking (FTF). The arrangement of FENE
bonds corresponds to Ml

16 DNC, as depicted in Fig. 18. By varying
the equilibrium linker length r0, we vary the equilibrium distance be-
tween monomers in a nanopolymer. This corresponds to varying the l

of Ml
k DNC as presented in the introduction. One can account for the

added rigidity of Ml
64 nanopolymers, compared to their Ml

16 counter-
parts, by increasing the FENE potential prefactor Kf. Therefore, from
the point of view of our coarse-grained model, the results presented
in this section could be representative of both Ml

16 and Ml
64 DNC

nanopolymers. Model depicted in Fig. 21d, is designed to reproduce
the characteristics of FTF crosslinking, in conjunction with spherical
monomers. We achieve this by creating two crowns of virtual sites on
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opposite sides of spherical monomers, that serve as anchoring points
for FENE bonds. Positions of virtual sites that make the crowns are
determined by finding the cross-section of a sphere with diameter �

and a plane, whose normal vector is pointing in the direction along
which the backbone is initially spanning. We are looking for circles of
points that solve this problem, whose centers are located at ri + �/4

and ri -�/4, respectively, where ri is the position of the center of the
i-th monomer. We create eight equidistant virtual sites on each of the
resulting circles on the surface of the spherical monomer. For each
pair of monomers, adjacent virtual sites are linked by FENE bonds.
Important to note is that FTF crosslinking leads to a stiffer polymer
backbone as it couples not only the translational but also rotational
degrees of freedom of monomers, in analogy to constrained crosslink-
ing introduced in Section 5.1. In other words, monomers can still ro-
tate, but cannot do so freely with respect to their neighbors along the
backbone.

To be able to compare nanopolymer designs with different monomer
shape and crosslinking with different linker number, we need to tune
the overall pair-interaction potential. Interaction potential between a
pair of bonded monomers is determined by the interplay between the
steric interaction and FENE bonds between them. We match the pa-
rameters so that the magnitude of the interactions between nearest
neighbors in different crosslinking scenarios is nearly the same for
a given value of r0 in Eq. (5.1), regardless of monomer shape. This
is achieved by adjusting monomer diameter �, the strength of the
excluded volume interaction ✏ in Eq. (5.5) and the FENE potential
prefactor Kf. Based on interaction potential matching, for spherical
monomers we set: � = 0.91 and ✏ = 100. Furthermore, FENE bonds
in CTC crosslinking should be nine times as rigid as the ones in FTF

crosslinking. Therefore, for FTF crosslinking, Kf = 10, while for CTC

crosslinking Kf = 90. The reduced characteristic mass of all massive
particles in our simulations is taken to be m = 1. This value does not
affect the results, rather the speed of the convergence to equilibrium.
However, the tensor of inertia of the center-of-mass particle in each
raspberry cube must be set to represent the fact that it carries a shell
of virtual sites that make out the cubic shape. The overall energy scale
in our simulations is determined by the choice of the reduced temper-
ature kBT = 1. Finally, for MFs, we consider reduced saturated mag-
netic moment of µ2

max = 3, for a range of reduced external magnetic
fields H 6 6. Given a choice of a particular magnetic nanoparticle,
such as using magnetite nanoparticles coated with a thin layer of sta-
bilizing agent (i.e., oleic acid coating, 2nm thick), � corresponds (not
uniquely) to a colloid with a magnetic core of 15nm with a dipole
moment of 8.5x10-19Am2. This also means that the maximum of the
applied magnetic field range we explored represents moderate fields
of only 0.072 T.
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T H E R M A L A N N E A L I N G O F DNC N A N O O B J E C T S

In this chapter we use MD simulations to qualitatively reproduce the
assembly behavior of DNC. The focus here is directional assembly of
DNC into nanopolymers. Even though polymerization is the domi-
nant assembly mode1, additional bonding modes arise with increas-
ing k and l, that result in bundles of nanopolymers, as shown in for
DNC M40

64 in Fig. 19. We propose that the unique binding character-
istics of DNC are the main factor responsible for the formation of
bundles with a 3D lattice structure.

We simulate self-assembly between two complementary types of
DNC, akin to -A-B-A- assembly schematically depicted in Fig. 17,
by making attractive LJ spheres on DNC A attractive exclusively to
the ones on DNC B. This is very much a patchy-particle inspired
representation of a DNC, where we coarse-grain the ssDNA linkers
to lose all specificity except from linker length and overall interaction
strength. Furthermore, the relative orientation between DNC is not re-
stricted as opposed to the experimental system. Inside a fully periodic
simulation box (12�⇥ 12�⇥ 12�), we place 40 randomly placed DNC.
We firstly make sure that system settles into a configuration, where
there are no overlapping particles. We simulate thermal annealing by
incrementally decreasing the thermostat temperature from T = 1 to
T = 0 in 10 steps separated by 5000 timesteps. Simultaneously, we
run a collision detection procedure. Once the attractive LJ spheres
touch, they remain permanently bonded. Furthermore, they become
inert with respect to the rest of the system in all ways except from the
excluded volume interaction. We run twelve parallel simulations for
each Ml

k design.
Visual inspection of Fig. 22 qualitatively confirms the trends seen

in Fig. 19: higher values of k and l lead to longer structures and
more branching that could lead to bundling. We analyze the clusters
formed during thermal annealing of raspberry cubes. The topology
of clusters is characterized by the coordination number Nneighbor,
namely the number of close neighbors to which each DNC binds.
Note that for linear structures, Nneighbor is between 1 and 2; a value
above 2 suggests bundling or branching. In Fig. 22b and 22c, we com-
pare the probability of finding a DNC bound with Nneighbor neigh-
boring DNC, and the number average of Nneighbor, N̄. Looking at
Fig. 22c, for M40

16 DNC, N̄ = 1.71 corresponds to linear polymeriza-
tion; M40

32, N̄ = 2.28 suggests partial branching or bundling of chains;
M40

64, N̄ = 2.61 strongly indicates a more significant crosslinking be-

1 The ssDNA linkers have been designed to facilitate this mode of assembly
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tween DNC leading to nanopolymer bundles. Furthermore, compar-
ing models based on linker length, across Fig. 22b and 22c respec-
tively, we see that for Ml

16, increasing l leads to longer nanopoly-
mers, without significant bundling. However, for Ml

32 and Ml
64, we

see that longer linkers also contribute to bonding modes that result
in nanopolymer bundles.
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DNC N A N O P O LY M E R S

For the comparative analysis of the polymeric properties of various
nanopolymer designs, we create chains of L monomers, L 2 [2, 50] and
place each of them in a separate non-periodic (500� ⇥ 500� ⇥ 500�)
simulation box, initially fully straight and stretched (length of all
bonds is their equilibrium length r0 = ↵�), with the backbone ori-
entated randomly. We run 40 parallel, model/length specific simula-
tions, for different values of r0 at constant T = 1. We firstly make
sure that system relaxes into an equilibrium configuration, by run-
ning an integration cycle for 2.1⇥ 106 integration steps. After the re-
laxation cycle, we start recording simulation snapshots every 7000 in-
tegrations, to minimize correlations between observed conformations.
The total length of the measurement cycle is 1.05⇥ 107 integrations.

In Fig. 23, we scrutinize how monomer shape, crosslinking and r0,
manifest themselves in R⇤

ee, given by Eq. (7.1) and plotted as a func-
tion of H. The value of davg in Eq. (7.1) is calculated separately for
each crosslinking approach, monomer shape, L and r0. Our aim here
is to underline DNC features, that is, cubic monomer shape and spe-
cific inter-monomer connectivity, and how they lead to unique prop-
erties. Independently of value of r0, presented as increasing from
Fig. 23a to 23b, the most rigid nanoscopic polymer model is the one
with FTF crosslinking with cubic monomers, whereas conformations
with most coiling are assumed by the nanopolymers with spherical
monomers and CTC crosslinking. Differences between models are ex-
acerbated for smaller r0.

It is interesting to underline that the shape of the monomers man-
ifests itself only for relatively large values of L. Thus, below L = 15

the behavior of the R⇤
ee is defined exclusively by the type of crosslink-

ing. The way R⇤
ee grows with L depends predominantly on monomer

shape. The R⇤
ee gradient decreases, with increasing L, especially for

nanopolymers with spherical monomers. To quantify the differences
between the growth rates, for each of the models, we fit the simula-
tion data with a power-law, bLa, starting from L > 15. These fits are
shown in Fig. 23 with solid lines. The fit parameters are collected in
Table 1. Nanopolymers with spherical monomers and CTC crosslink-
ing exhibit the scaling of a self-avoiding walk. The situation changes
drastically for MFs with FTF crosslinking and spherical monomers:
the exponent a decreases with ↵ and never corresponds to a self-
avoiding walk. For cubic monomers, R⇤

ee grows almost linearly with
L independently of the type of crosslinking. The latter affects the pref-
actor b. Nanopolymers with FTF crosslinking are in general straighter

81
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(a)

(b)

Figure 23: Normalized end-to-end distance, R⇤
ee as a function of monomer

number L. (a) and (b) show results for different r0 = ↵�, where
↵ 2 {0.6, 1}, and � is particle size. Datapoints for nanopolymers
with spherical monomers are represented with spherical symbols
(red); Datapoints for nanopolymers with cubic monomers are rep-
resented with square symbols (purple). Filled symbols, shown
in a darker color shade, represent models with FTF crosslinking;
non-filed symbols, shown in a lighter color shade, are for CTC
crosslinking. Error bars are calculated as the standard deviation
of R⇤

ee across 40 independent simulations. Solid lines represent
the power-law fits, explained in the text. Values of the fit expo-
nents are shown in the legend. All fit parameters are shown in
Table 1.
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Table 1: Parameters obtained by fitting R⇤ee with a power law y(L) = bLa for differ-
ent value of r0.

Linker length Shape Fit, CTC Fit, FTF

r0 = 0.6� � a=0.598, b=1.008 a=0.750, b=1.361
2 a=1.008, b=0.303 a=0.974, b=0.620

r0 = 0.8� � a=0.665, b=0.740 a=0.523, b=2.228
2 a=1.071, b=0.230 a=1.018, b=0.412

r0 = 0.9� � a=0.676, b=0.676 a=0.485, b=2.051
2 a=1.052, b=0.237 a=1.076, b=0.295

r0 = � � a=0.686, b=0.622 a=0.448, b=1.981
2 a=1.032, b=0.248 a=1.078, b=0.265

than their CTC counterparts. The closest to unity exponent a can be
found for a nanopolymer with cubic monomers and CTC crosslink-
ing, with r0 corresponding to monomer close contact.

For nanopolymers with CTC crosslinking, increase of ↵ leads to an
expected increase of the scaling exponent a, regardless of monomer
shape. The growth of the equilibrium inter-particle distance can be re-
garded as an increase of an effective monomer diameter or swelling
of the nanopolymers. However, the shape of monomers manifests it-
self in a nontrivial way when their rotational degrees of freedom are
coupled to the backbone. Nanopolymers with FTF crosslinking have
difficulties to coil for short bonds (↵ = 0.6). An increase of ↵ leads
to coiling, where for filaments with spherical monomers, conforma-
tions become more compact, and we see a decrease in a. However,
there is an additional, purely steric coupling between the relative ori-
entation of cubic monomers. In fact, relative orientation coupling be-
tween cubic monomers is mostly steric, which is why a is so similar
for nanopolymers with cubic monomers, regardless of crosslinking.
These points are also depicted by in Fig. 24, which is showing repre-
sentative simulation snapshots of the conformations our models take,
across the combinations of monomer shape, crosslinking approach
and r0 we explored.

One can conclude that shape effects, albeit less pronounced com-
pared to crosslinking effects, are still present. We attribute this to the
fact that at r0 = 0.6�, where � is monomer size, crosslinking ensures
that monomers are essentially touching. Most intuitive way to imag-
ine monomer shape affecting R⇤

ee, is the way it restricts monomers
sliding past one another or rolling over each other’s surface. Spher-
ical monomers can easily do both of those things. Cubic monomers
instead are limited in either of the motions when crosslinked. If, how-
ever, crosslinking is restrictive enough to minimize such behavior re-
gardless the monomer shape, R⇤

ee profiles are grouping, like we see
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in Fig. 23a. This explanation is corroborated by persistence length Lp
values, shown in Table 2, which is to be read together with Fig. 24,
where we show representative simulation snapshots corresponding
to the Lp entries in Table 2. We extract Lp from the decay of the auto-
correlation function:

C(n) =< cos✓i,i+n >=< ~ai · ~ai+n >⇡ exp
✓
-
ndavg

Lp

◆
, (12.1)

between vectors ~ai connecting each pair i of neighboring monomers
along the backbone, separated by n monomers. We see that models
with FTF crosslinking can have several times higher Lp than their
counterparts with CTC crosslinking. We achieve the highest differ-
ence between CTC crosslinked nanopolymers with spherical monomers,
and FTF crosslinked nanopolymers with cubic monomers.

Linker length Shape Lp, CTC Lp, FTF

r0 = 0.6� � 1.08 8.41
2 1.37 8.73

r0 = � � 1.06 2.09
2 1.31 2.24

Table 2: Persistence length Lp of nanopolymers, with different equilibrium length of
linkers and monomer shape, shown in Fig.24, in units of �. Fits performed
on datasets for nanopolymer models with L = 50.
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13
DNC N A N O P O LY M E R B A S E D MFs

As was discussed at in Chapter 10, DNC are nanoobjects that can
self-assemble into nanopolymers, due to their shape anisotropy and
selective inter-object interactions. The latter generalizes to what we
refer to as a finely tunable nanostructure. DNC can form DNC-MNP
complexes, with MNPs functionalized with ssDNA.[213] MagneticMost existing

procedures for
synthesis of MFs

are based on the
functionalization
of MNP surface.

properties on the level of a DNC-MNP complex are defined by the
choice of material, diameter of the MNP and its coating, while struc-
tural properties are defined by the choice of k and l of Ml

k DNC.
Therefore, DNC nanopolymers carrying MNPs, DNC MFs, fulfil the
criteria brought forth in the Prologue for a compelling, representative
member of highly magneto-responsive, smart nanomaterials.

The intricate relationship between the magnetic nature of monomers
and crosslinking can result in notably different structural proper-
ties and responsiveness of MFs to external magnetic fields, underlin-
ing that the crosslinking mechanism strongly affects both magnetic
and structural properties.[116] Considering the peculiarities of DNC

nanopolymer crosslinking and the fact that monomer shape affects
magnetic properties even in non-crosslinked systems,[44, 93] we ex-
pect an interesting shape/crosslinking interplay once MNPs are in-
corporated in DNC. This chapter is dedicated to exploring how does
this interplay affect the magnetic response of DNC MFs.

13.1 polymeric and magnetic properties

In this section, we present how the magnetic nature and shape of
FTF crosslinked monomers, relate to the response of MFs, to external
magnetic fields. We compare these results to the magnetic response
of a reference filament design, with ferromagnetic MNPs and con-
strained crosslinking (see Section. 5.1), extensively scrutinized in Part
ii. We create filaments with 20 monomers and place each of them in
a separate non-periodic (500�⇥ 500�⇥ 500�) simulation box, at con-
stant T = 1, initially fully straight and stretched (length of all bonds
is their equilibrium length r0 = ↵�), with the backbone orientated
randomly. We run fifteen parallel, model/H/r0 specific simulations,
with ~H always directed along the z-axis. The simulation protocol here
is identical to the one outlined in Chapter 12. Note that, indepen-
dent of monomer shape, the magnetic core is assumed to be spheri-
cal in all models. However, considering the actual size of the DNC,
we allow for the possibility of a spherical MNP to be ferro- or super-
paramagnetic, abbreviated below to SPM and FM correspondingly. In

86
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Figure 25: Comparison between models with FTF crosslinking: (R⇤
g)

2 ver-
sus H. Data for filaments with spherical monomers are repre-
sented with spherical symbols (can); data for filaments with cubic
monomers are represented with square symbols (purple). Filled
symbols, shown in a darker color shade, represent filaments
with ferromagnetic monomers; non-filed symbols, shown in a
lighter color shade, represent filaments with super-paramagnetic
monomers. Reference system of filament with ferromagnetic
monomers and constrained crosslinking [116] is shown with a
black, full line. Error bars are comparable to symbol size.

this way, we allow for the possibilities that without a magnetic field
applied, MFs can be non-magnetic or have a remanent magnetization.

In Fig. 25, we plot the square of the normalized gyration radius
R⇤2
g given in Eq. (3.8), as a function of external magnetic field strength,

H = |~H|. Here,~ri is the position vector of the i-th filament monomer in
the lab coordinate frame and davg is the average inter-monomer dis-
tance. Comparing qualitatively across Fig. 25, the difference between
overall R⇤2

g profiles for different r0 is stark. For r0 = 0.6� the profiles
are basically flat, regardless of monomer shape and the values of R⇤2

g

are higher than for the reference system. Results for r0 = �, reveal a
rapid, field induced increase. Longer linkers make the shape effects
visible. MFs with cubic monomers, due to lower inter-monomer corre-
lations inherent to monomer shape anisotropy, have lower R⇤2

g profiles
overall, compared to their counterparts with spherical monomers. In-
terestingly, having super-paramagnetic monomers further diminishes
inter-monomer correlations, compared to their ferromagnetic counter-
parts.

Further insight into filament response to external magnetic fields,
comes from analyzing the filament magnetization m⇤, as introduced
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Figure 26: Comparison between models with FTF crosslinking: m⇤ versus H.
Data for filaments with spherical monomers are represented with
spherical symbols (can); data for filaments with cubic monomers
are represented with square symbols (purple). Filled symbols,
shown in a darker color shade, represent filaments with ferro-
magnetic monomers; non-filed symbols, shown in a lighter color
shade, represent filaments with super-paramagnetic monomers.
Reference system of filament with ferromagnetic monomers and
constrained crosslinking [116] is shown with a black, full line. Er-
ror bars are comparable to symbol size.

in Chapter 6. In accordance with Fig. 25, Fig. 26 reveals that larger
values of r0 result in a lower magnetization. Still, as is apparent in
the magnetization profiles, relatively low to moderate external mag-
netic fields are sufficient for MFs to be magnetized to saturation. For
lower r0 = 0.6�, FTF crosslinking is restrictive enough to keep the
monomers and dipole moments well oriented along ~H, regardless
of monomer shape, or magnetic nature of MNPs. MFs with super-
paramagnetic monomers have an overall lower magnetization. Local
dipole fields between neighboring monomers, introduce fluctuations
of the direction of individual dipole moments within the filament. Fil-
aments with ferromagnetic monomers, as can be seen in Fig. 26, are
basically rod-like compared to the rest of the models presented. As
r0 increases, monomers can move more freely and dipole moment
orientations can fluctuate more, which leads to an overall decrease
in magnetization profiles. The shape anisotropy of cubes, on aver-
age, further inhibits the ability of dipole moments to predominately
align with ~H. This in turn means that cubic monomers crosslinked
with FTF crosslinking, DNC MFs, while generally more elongated,
have monomer dipole moments that fluctuate more than their coun-
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terparts with spherical monomers. Therefore, an increase in r0, leads
to a more pronounced magnetization decrease for MFs with cubic
monomers than for those made with spherical monomers. In fact,
magnetization profiles for MFs with spherical, super-paramagnetic
monomers and MFs with cubic, ferromagnetic monomers are basi-
cally indistinguishable.

time

⃗H

time

⃗ H

Figure 27: Typical conformations occurring during the runtime of two sepa-
rate simulations (red and purple are meant to distinguish confor-
mations found in independent simulation runs performed for the
same system), revealing bend backbone conformations of DNC
MFs with super-paramagnetic monomers and r0 = �.

In summary, Figs. 25 and 26 underline an effect that permeates
the results here, namely the decorrelation of dipole monomer orienta-
tion in MFs with cubic monomers. DNC MFs have monomer dipole
moments that locally fluctuate more. Zeeman coupling can compen-
sate for this effect for all models, except for DNC MFs with super-
paramagnetic MNPs, that do not fully stretch for high H. Instead,
as it is shown in Fig. 27, we captured several instances of persisting
conformation of DNC MFs with a bent backbone. This bending is a
signature of MFs with super-paramagnetic spherical monomers [116]
that is clearly intensified by the cubic shape.

Figure 28: Simula-
tion snapshots of
conformations of
DNC MFs with a
bent backbone.

13.2 in-field compression of DNC MFs

In this section, we analyze whether the relative drawbacks of DNC

MFs – less magnetically correlated monomers and more persistent
bent backbone conformations – affect their mechanical response. As
depicted in Fig. 28, we fix the ends of fully stretched FTF crosslinked
MFs with 20 monomers (length of all bonds is their equilibrium
length r0 = 0.6�), with different monomer shape and/or magnetic
nature of colloids, on the surface of two semi-infinite slit walls. By
moving one of the slit walls vertically towards the other, in steps �d,
we elucidate the effects of confinement on MFs and their response
to compression, with and without an external magnetic field point-
ing antiparallelly to the direction of compression. We run ten parallel,
model specific simulations, for different values of H at constant T = 1.
Compression was realized by moving the steric planes in increments
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of 0.1 every 300000 integrations, until we reached maximum desired
compression of five length-scales. With this we ensure that filaments
reach equilibrium before each compression step.

The initial, fully stretched conformation (no compression) of a fil-
ament is entropically disadvantageous. Indeed, this is confirmed by
Fig. 25, where one can notice that the (R⇤

g)
2 never approaches that of

a rod, (R⇤
g)

2 ⇠ 0.34. As a result of this, looking at Figs. 29b and 29c the
projection of the force a filament exerts the bottom wall, on the axis
of compression is positive. This shows that the filaments are pulling
on the bottom wall. With further compression, entropy grows as the
filament is given more freedom to fluctuate. At a certain compression,
dC, the filament can reach conformations corresponding to its equi-
librium (R⇤

g)
2, shown in Fig. 25. For such conformations, no net force

is exerted on the walls, and the force-displacement curves cross zero.
Looking at orange curves in Fig. 29b we compare MFs with ferromag-
netic spherical monomers to their counterparts with cubic ones, with-
out an external magnetic field applied. We see that they stop pulling
on the wall at different dC. MFs with spherical monomers have a
slightly higher (R⇤

g)
2 (see Fig. 25) than their counterparts with cubic

monomers. Therefore, they do not need to be given as much leeway
to be able to reach equilibrium radius of gyration, corresponding a
freely moving filament. For further displacement of the top wall in
the range we explored, MFs with ferromagnetic monomers, regard-
less of monomer shape, oscillate around the zero position.

Switching on the external magnetic field, depicted by green (H = 3)
and violet (H = 6) curves, we see the ramifications of correlations in-
duced by Zeeman coupling. Stretched out configurations with head-
to-tail dipole arrangements are facilitated by Zeeman coupling lead-
ing to smaller values of dC. However, given that the (R⇤

g)
2 profiles

of freely moving MFs with spherical monomers and r0 = 0.6� are
basically flat, only a small difference between dC at any strength of
magnetic field applied is observed. For their counterparts with cu-
bic monomers, a difference can be noticed if the field is switched
on. This is in line with the small (R⇤

g)
2 increase observed in Fig. 25.

On further compression past dC, the force becomes repulsive, corre-
sponding to MFs pushing on the bottom wall. Notice that for MFs

with cubic monomers, the repulsive regime is reached for larger com-
pression, than for their counterparts with spherical monomers. This
is entirely in line with the dipole de-correlation effect we referred to
earlier. Force-compression curves for MFs with super-paramagnetic
monomers, shown in Fig. 29c, exhibit qualitatively the same trends
seen in Fig. 29b. The most apparent difference, however, is a depen-
dence of dC on H, for MFs with the same monomer shape. This can
be understood from the magnetization curves in Fig. 26, where for
MFs with ferromagnetic monomers, H = 3 is already sufficiently
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(a)

(b)

(c)

Figure 29: Force projection-compression curves for FTF crosslinked MFs
with (b) ferromagnetic and (c) super-paramagnetic monomers.
Exponential fits are plotted. Errors shown as confidence inter-
vals, matching color halos around each force profile. Insets are
showing the projection of the magnetization on the compression
axis, at equilibrium of confined, FTF crosslinked MFs with (b) fer-
romagnetic; (c) super-paramagnetic monomers, respectively, as a
function of compression.
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strong to reach saturation magnetization, while for MFs with super-
paramagnetic monomers it is not.

Looking at insets of Figs. 29b and 29c, showing the projection of
the magnetization on the compression axis, at equilibrium, for MFs

with ferromagnetic and super-paramagnetic monomers, respectively,
we see a crossover between two linear magnetization regimes. The
change of the regimes happens at corresponding values of dC. The
differences between ferro- and super-paramagnetic monomers is man-
ifested in the absolute scale of the magnetization before dC. Past dC,
the growing separation between the magnetization curves reflects the
competition between entropy on one side and dipole-dipole interac-
tions with Zeeman coupling, on the other.

In summary, based on the analysis of mechanical resistance to com-
pression, cubic monomer shape of DNC MFs proves to be advanta-
geous, compared to MFs with spherical monomers, with a smoother
and more controllable response to compression.



Part IV

I N - F I E L D D Y N A M I C S O F M F S I N S H E A R F L O W

The following chapters are dedicated to the study of con-
formational instability and reorientational dynamics of MFs

in shear flow, with and without an applied magnetic field
perpendicular to the flow direction. We show that MFs
exhibit different dynamics, based on the magnetic nature
and shape of monomers.



14
I N T R O D U C T I O N

Rheology of polymer-like systems in shear flow, if the list of applica-
tions presented in the Prologue is any indication, are of broad inter-
est and great relevance in soft matter research. Polymeric systems are
known to exhibit rich and varied dynamic in shear flow. Furthermore,
it is understood that their non-equilibrium conformations and reori-
entational dynamics can be modified in a multitude of ways apart
from shear rate,[32–34, 86, 103, 138, 150, 177, 198] out of which apply-
ing magnetic fields is of specific interest for this thesis.[30, 108] The
most commonly observed reorientational dynamics of polymer-like
systems in high Weissenberg number W shear flow 1 (i.e., when the
characteristic time of the flow is shorter than the polymer relaxation
time) is tumbling. It is characterized by a polymer-like structure alter-
natively adapting stretched and collapsed conformations along the
flow direction. In time, a tumbling polymer flips “head” over “tail”.
However, MFs with ferromagnetic monomers exposed to an external
magnetic field perpendicular to the flow-vorticity plane (normal mag-
netic field), due to a competition of torques acting on the monomers
caused by Zeeman coupling and hydrodynamic interactions, stabi-
lize at an angle between the filament backbone and the flow direc-
tion.[108] Monomer shape effects on these conclusions were previ-
ously not explored.Weissenberg and

Deborah number
are often used inter-

changeably. While
we do not engage in

such questionable
semantics, I would

like to encourage the
reader to read the
remarkable paper

by Reiner [136]

In Part iii of this thesis, we brought forward that monomer shape
does not really affect equilibrium properties of MFs if crosslinking
is restrictive enough, meaning that very short crosslinkers or very
rigid ones conceal monomer shape effects. In this case crosslinking
dominates inter-particle correlations. Magnetoresponsiveness tends
to be affected by monomer shape most, for MFs with relatively long
and stretchy bonds, crosslinked in such a way that dipole moments
point in the same direction along the filament backbone and that their
translational and rotational degrees of freedom are coupled to the
backbone. The latter design criterion, as discussed in Part ii, is nec-
essary to capture the nature of ferromagnetic MNPs in a filament.
Furthermore, we have seen that the magnetic response of MFs with
different magnetic nature of monomers can be remarkably similar, de-
pending on the crosslinking. The main distinction in magnetization
we noted is that MFs with super-paramagnetic monomers are more
responsive to weak magnetic fields than their counterparts with ferro-

1 Weissenberg number is essentially the ratio between elastic and viscous forces. Char-
acteristic flow time, determined by viscous forces is just the inverse of the shear
rate. Relaxation time of a polymer can in principle be relative to investigation goals.
Usually, it is determined as the decorrelation time of the radius of gyration.

94
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magnetic monomers. However, magnetic nature of monomers leads
to vastly different filament conformations at equilibrium. Filaments
with super-paramagnetic monomers tend to bend their backbone in
attempts to minimize dipole-dipole interaction energy, in external
magnetic fields. It is reasonable to expect that the conformational dif-
ferences between MFs due to the magnetic nature of monomers in
external magnetic fields, reflect greatly the rheology of filaments in
shear flow in a normal magnetic field.

(a)

(b)

Figure 30: Simulation renders of models used to obtain results in Chapter
15 and 16. (a) is showing sMFs. (b) is showing cMFs, based on
DNC nanopolymers

Here, using MD simulations coupled with the Lattice-Boltzmann
method (LBM), we tackle the implications of filament architecture,
monomer magnetic nature and shape on the conformational insta-
bility and reorientational dynamics of MFs in shear flow, with and
without a normal magnetic field applied. Computational models we
in the following chapters, namely, sMFs and cMFs, are visualized in
Fig. 30. sMFs stands for filaments with spherical monomers and con-
strained crosslinking (see Section 5.1). cMFs stands for the M40

16 DNC

nanopolymer inspired filament model, with cubic monomers and FTF

crosslinking. In fact, sMFs and cMFs differ to MFs with constrained
crosslinking discussed in Part ii and M40

16 cMFs discussed in Part iii,
respectively, in the way the monomers were designed. This is further
elaborated on in Section 14.4. Importantly, these models reflect best
practice design criteria established throughout this thesis.
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14.1 mesoscopic fluid description

In Section 3.1 we outlined relevant time and length scales from the
point of view of polymer physics, which is also where the phenomenol-
ogy that is the subject of this thesis resides. The MD scheme is tuned
in accordance with the physical requirements and technical restric-
tions. Up until this point in the thesis, we used Langevin dynamics
exclusively, where the effects of a thermalized fluid are represented
implicitly by sampling a random force distribution. This works well
since the relevant time scales are large enough, that the atomistic
picture of the fluid can be averaged out. However, in this picture, im-
plications of hydrodynamic interactions are also averaged out.MD simulations

could in principle
be used to solve

the NSE. However,
given that a gram
of water contains

1022 molecules, it is
not quite practical.

In general, the mathematical description of fluid dynamics relies
on the continuum assumption. This is essentially a macroscopic de-
scription of fluids that relates directly to physical, experimentally ac-
cessible quantities such as viscosity and density. The governing equa-
tion of fluid dynamics macroscopically is the Navier-Stokes equation
(NSE). This level of description is diametrically opposite to the micro-
scopic, usually Hamiltonian level description, where the governing
equations are Newtons equations, describing reversible dynamics. In
this work, however, we are interested in a mesoscopic description of
fluid dynamics, where the governing equation is the Boltzmann equa-
tion. The Boltzmann equation is the basis of the Lattice-Boltzmann
method we rely on extensively throughout the rest of this thesis. The
discussion that follows is formally in continuation of Section 3.1.

The length scale at which a system relaxes to local equilibrium
through collision events can be quantified using the Knudsen number:

Kn =
dmfp

dch
, (14.1)

where dmfp is the kinetic theory mean free path, and dch is the char-
acteristic length scale of the physical quantity we are interested in
resolving (see Section 14.5). For Kn > 1 one takes the point of view of
kinetic theory. However, if we are curious about fluid flow, we should
focus on length scales where one can observe the fluid migrating
from one region into another, where Kn < 1. Hydrodynamic inter-
actions cause objects to flow, due to viscous forces. However, object
motion in general can be caused by a multitude of forces apart from
viscous ones. Therefore, we distinguish the viscous regime where
we observe diffusion dynamics, from inertial regime where one ob-
serves advective dynamics.2 The ratio between the time scales of these

2 Advection and diffusion are easily understood in the context of the continuity equa-
tion @⇢/@t+r ·~j = 0, where ~j = Dr⇢+~v⇢. ⇢ is the fluid element density, D is the
diffusion coefficient, ~v local velocity of the fluid.
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two regimes for a given system is the definition of the well-known
Reynolds number:

Re =
u�

⌫
, (14.2)

where u = |~u| is the fluid velocity and ⌫ is the kinematic viscosity
of a fluid. We are interested exclusively in the Re << 1 regime. Fur-
thermore, we consider only incompressible fluids. This is a sound
assumption if the time scale of propagation of compression waves in
a fluid is lower than the advective time scale. This is quantified using
the Mach number:

Ma =
u

cs
, (14.3)

where cs is the speed of sound. Dimensionless parameters Kn, Re
and Ma form a set that defines a fluid flow. In this framework, any
other fluid flow, with the same dimensionless numbers, reproduces
the same physics.

14.2 the lattice-boltzmann method

As is said in Section 14.1, in this work we are interested in the meso-
scopic fluid description governed by the Boltzmann equation. The
Boltzmann equation is conventionally given in the following form:

⌦(f) =
@f(~x,~⇠, t)

@t
+ ⇠�

@f(~x,~⇠, t)
@x�

+
~F�@f(~x,~⇠, t)

@⇠�
, (14.4)

where f(~x,~⇠, t) is the particle distribution function, ~⇠ is the micro-
scopic particle velocity and ~F� is the specific body force. f(~x,~⇠, t)
is essentially a generalization of mass density, simultaneously rep-
resented in position and velocity space. In other words, it represents
the probability of finding a molecule in a phase space volume d3~xd3~⇠,
at a time t. The quantity f(~x,~⇠, t)d3~xd3~⇠ corresponds to the popula-
tion in a particular cell of the phase space. The Boltzmann equation
is rather intuitive to understand. On the right-hand side, the first two
terms of the describe advection of monomers, while the third term
envelopes the forces that cause the advection at velocity ~⇠. Therefore,
we can understand the left-hand side of the equation as the source
term. ⌦(f) is commonly referred to as the Collision operator.

The mesoscopic fluid description is an effective bridge between the
fundamental physics happening on the microscopic level, with the
macroscopic quantities we can handle efficiently. This is true as long
as microscopic conservation laws relate to macroscopic conservation
laws. The link between is the mesoscopic level description. We make
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the strong but macroscopically reasonable assumption that we con-
serve mass, momentum, and energy (total and internal) microscop-
ically.3 However, macroscopic conservation equations derived from
basic kinetic theory have only mass conservation guaranteed. Momen-
tum and energy conservation depend on the form of f(~x,~⇠, t).

Figure 31: Schematic depiction of an LBM lattice. Fluid populations migrate
between the lattice nodes in discrete timesteps and with discrete
velocities. Black arrows denote the D3Q19 velocity set we used.
From the central node (white circle), the velocity vectors point
towards the 18 nearest neighbors’ nodes. The 19-th velocity vector
is the rest mode (zero velocity)

Final strong assumption we make is that f(~x,~⇠, t), provided enough
time has passed during which the system was not perturbed, con-
verges to the Maxwell-Boltzmann distribution around ~⇠ = ~u, denoted
by feq(|~u|), where ~u is the mean velocity. The simplest possible form
of a collision operator that respects the microscopic conservation laws

3 Microscopic conservation laws are expressed as moments of the collision operator.
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and ensures that a local f(~x,~⇠, t) converges to feq(|~u|) is the Bhatna-
gar, Gross, and Krook (BGK) operator:

⌦(f) = -
1

⌧
(f(~x,~⇠, t)- feq(|~u|)) (14.5)

where ⌧ is the relaxation time, determining the rate of relaxation to-
wards equilibrium. For the academic discussion presented here we
will stick to the BGK collision operator. However, the LBM Imple-
mentation used in this thesis uses the multiple-relaxation-time (MRT)
operator, which resolves some potential pitfalls, discussion of which
is not very relevant for the scope of this work.[6, 20] From here, it is
relatively simple to formalize how to relate kinetic theory to a macro-
scopic fluid. Taking the idea of Chapman and Enskog, one can use
perturbation theory to generally represent f(~x,~⇠, t) in terms of devia-
tions from the equilibrium distribution. It turns out that already the
first order approximation f(~x,~⇠, t) = feq(|~u|) + ↵f(1)(~x,~⇠, t) can de-
scribe the macroscopic behavior of a fluid as given by NSE. With this
we outline the general idea of the Lattice-Boltzmann method: from
numerical solutions of the Boltzmann equation, one can find a solu-
tion to the NSE. While solving the Boltzmann equation analytically
is very difficult, numerical schemes to do so are fabulously simple to
implement. A discussion of

lattice-gas automata
which asymptot-
ically go to NSE
such as in Frisch,
Hasslacher, and
Pomeau [59], is
very helpful for
understanding
LBM. Generally,
the author finds
work on cellular
automata to be quite
engaging readings.

LBM is a competitive second-order accurate solver of the weakly
compressible NSE. It was inspired by the lattice automata models,
and it uses a discretized velocity space, in addition to spatial and
temporal discretization. The key benefit in doing so is that a particle
distribution function can be exchanged for a set of discrete distribu-
tion functions fi(~x, t), one for each velocity ~vi. In fact, velocity space
discretization forms a set {wi,~vi}, where wi are relative weighing co-
efficients. While there are many possible discretization sets, we use
the D3Q19, which is the most commonly used one. (see Fig. 31) This
set determines population migration from one lattice node to another,
in a single timestep. The Boltzmann equation, discrete in velocity, po-
sition, and time space, also called the lattice Boltzmann equation is
given by:

fi(~x+~vi�t, t+�t) = fi(~x, t)-
�t

⌧
(fi(~x, t)- feqi (~x, t)), (14.6)

where we have used the discretized version of the BKG collision oper-
ator. The MRT operator, however, replaces the relaxation time of the
BGK operator with a matrix consisting of, for the D3Q19 velocity set,
19 relaxation times. However, with judicious use of the symmetries
inherent to the D3Q19 set, only four independent relaxation times
remain, two of which are for the shear and bulk viscosity.4

4 The remaining two relaxation times are free parameters with no specific correspon-
dence to a physical quantity. They can be adjusted to optimize algorithm stability.
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Provided a reasonably simple way to determine feqi (~x, t), we have
outlined the basic LBM algorithm.5 With the assumption that feq(|~u|)
is the Maxwell-Boltzmann distribution, it is possible to express it as a
weighted, truncated sum of Hermite polynomials. In a discrete veloc-
ity space, this is sufficient to obtain the correct macroscopic conserva-
tion laws. In summary, given an initial fi(~x, t), the LBM algorithm it-
eratively finds the feqi (~x, t) and the corresponding fi(~x+~vi�t, t+�t),
from the moments of fi(~x, t). The result is applied to neighboring
nodes of our discrete space. In other words, populations migrate to
lattice cells according to where the corresponding velocity points to.
Subsequently, distribution functions in each lattice cell are relaxed
towards the local thermodynamic equilibrium.

14.3 from boundary conditions to shear flow in lbm

The Lattice-Boltzmann method is essentially a numerical scheme that
solves a discretized version of the Boltzmann equation, which is a
linear partial differential equation. Therefore, boundary conditions
with LBM are relatively simple to deal with. This is in fact one of
the main advantages of the Lattice-Boltzmann approach. In general,
solving a time-dependent flow problem requires the specification of
initial conditions in the entire domain. However, for discrete methods
a more general initialization step is necessary, which takes care that
computations also do not start with random values. If the objective
is a steady-state solution (as it is for the purposes of this thesis), it is
sufficient to set initial populations to equilibrium.

On the other hand, if a solution of our differential equation describ-
ing the physical process varies spatially, one needs to also prescribe
boundary conditions. In hydrodynamics, this is normally achieved
by specifying Dirichlet or Neumann conditions for the fluid velocity.
Boundary conditions in numerical methods, however, must be imple-
mented as part of the algorithm and as such must be given special
attention to. In LBM, the boundary conditions are applied on theIf the order of accu-

racy of boundary
conditions is less

than the overall
accuracy of the dis-
cretized numerical

scheme, the accuracy
of the solution may

degrade everywhere.

boundary nodes. In this thesis we make use of periodic boundary
conditions and the bounce-back (BB) method of dealing with solid
boundaries in LBM.

Periodic boundary conditions are in principle appropriate in situ-
ations where the flow solution is periodic, or at length scales where
the flow profile is a steady state. Fluid passing through the boundary
re-enters instantaneously from the opposite side boundary.6 An exam-
ple of a situation, of relevance for this work, where such a handling of
boundaries is appropriate, is flow in a microchannel at low Reynolds
numbers. On the other hand, if a population meets a solid bound-

5 The discretized equilibrium feqi (~x, t) can be obtained locally from the local density
⇢ and fluid velocity ~u, which are calculated as the moments of local fi(~x, t).

6 Periodic boundary conditions conserve mass and momentum by construction
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Figure 32: Visualization of an sMF in thermal shear flow from one of our
simulations at W = 30, T = 1. Black lines denote the BB bound-
aries, where the arrow on the top boundary indicates that the
boundary is moving with a given velocity along the x-axis. Sim-
ulation box is periodic in the yz-plane. Fluid streamlines are col-
ored based on local flow axis (x-axis) velocity.

ary during propagation, BB method dictates that it will be reflected
to its original location with its velocity reversed. If the boundary is
moving, the momentum of bounced-back populations is adjusted to
respects Galilean invariance. This implies no relative transverse mo- Momentum

transfer requires
the knowledge of
local density at
the boundary. In
flow configurations
where there is no
mass flux across the
boundaries, such
as in parallel shear
flow, this is not an
issue.

tion between the fluid and the boundary. Therefore, the BB method
mirrors the Dirichlet boundary condition for the macroscopic velocity
at the wall and leads to a no-slip velocity condition for a resting or
moving wall, located midway on the link between lattice nodes.7

With this, we are finally able to specify how we achieve shear
flow. We make a rectangular simulation box, periodic in the yz-plane.
Along the x-axis we place two, 2D periodic BB boundaries, one of
which is stationary, while the other can move with a specified veloc-
ity along the z-axis, which is the long axis of our rectangular box. (see
Fig. 32)

14.4 fluid-particle coupling and the raspberry model

We want to use a mesoscopic method (Lattice-Boltzmann) to simulate
a nanoscopic polymer-like system (magnetic filament) in a flow pro-
file (shear) of a fluid defined by macroscopically measurable quan-
tities (i.e., kinematic viscosity and density). We are trying to bridge
vastly different length and time scales. Furthermore, we tackled the
microscopic description of nanoscopic MFs, at some length, using

7 The boundary is midway between nodes only approximately, and placed in such a
way so that the BB method can be second-order accurate.
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MD simulations. To explicitly include a flow profile in our simula-
tions, the pragmatic thing to do is to somehow include the hydrody-
namic forces arising due to the fluid viscosity in to the MD scheme.
This is in fact one of the ways to couple an LBM fluid with MD

particles, called the frictional coupling scheme.[2, 3, 48, 107]
The general idea of the force coupling scheme is that the force act-

ing on a point particle moving with the speed ~v relative to the fluid
is proportional to the Stokes friction, given by:

�S = 6⇡⌘rh (14.7)

where ⌘ is the dynamic viscosity and rh is the hydrodynamic radius
of an effective "Stokes sphere". In other words, the frictional coupling
scheme interprets every particle as a sphere with an effective size.
However, in LBM, the proportionality factor is not quite �S, but an
artificial friction usually called the bare friction �B, that is essentially
a fit parameter that needs to be tuned to reproduce the actual size
of the colloids we are simulating. Given that in LBM, we resolve the
fluid in a discrete space, its velocity is mapped on to a smooth space
(or a position of an MD particle) using trilinear interpolation.

Finally, one needs to have in mind that as such, the MD scheme
and LBM run completely independent of each other. To maintain mo-
mentum conservation, the opposite force to the one acting on a par-
ticle must be distributed to the surrounding nodes. Additionally, for
energy conservation, one needs to maintain a constant temperature.
This is achieved by an addition of random forces, according to the
fluctuation dissipation theorem, analogous to the Langevin thermo-
stat. Altogether, the fluid-particle coupling force is given by,[3]

~F = -�B~v+ ~F, (14.8)

where ~F is the stochastic force respecting

< Fi(t)Fj(t
0) >= 2�BkBT�ij�(t- t 0). (14.9)

Having outlined how LBM handles fluid-particle coupling, it would
seem that it is limited to spherical particles. Furthermore, it is not
possible to simulate rotational diffusion of particles in this way. To be
able to accurately capture the hydrodynamic effects on the monomers
in our simulations, we once again rely on the raspberry model. In
Section 10.2, we used a combination of the super-ball equation and
the raspberry model, to construct a monomer with a complex shape,
with an emphasis on obtaining a smooth steric surface. Here, however,
the raspberry is designed in accordance with the requirements of the
LBM algorithm (see Fig. 33). A single particle in a simulation box
can only couple to a single lattice site per timestep. Using the rasp-
berry model, one can construct a monomer with an arbitrary shape
by homogeneously filling its volume with particles that serve as fluid
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coupling points. The MD scheme is coupled only to the center-of-
mass particle, and all other particles in the monomer are fixed with
respect to it. The moment of inertia tensor of this particle is set accord-
ing to the mass and shape of the monomer. We construct raspberry
monomers for sMFs using the procedure described by Fischer et al.
[57]. Cubic monomers in cMFs are modeled as a 5⇥ 5⇥ 5 mesh grid
of virtual sites. We once again come to the important point of �B

u(1,t) u(2,t)

u(3,t) u(4,t)

v(t)

Figure 33: Schematic depiction of a raspberry monomer in LBM with the
frictional coupling scheme between the fluid and particles. Local
fluid velocity at the particle position is obtained by trilinear in-
terpolation of the fluid velocity from lattice nodes immediately
around it. A force is applied one each particle, based on the par-
ticle velocity relative to the interpolated fluid velocity based on
Eq. (14.8)

and the effective size of monomers in simulations. While there most
definitely are expressions developed to relate them, it is difficult to
generalize the results of such expressions to a raspberry. Construc-
tion of raspberry monomers to be used with LBM is a balancing act
between computational load, time scale, monomer shape and how
finely one needs to resolve its steric surface. In general, particles fill-
ing out the volume of a raspberry monomer should be as homoge-
neously distributed as possible and their density, in conjunction with
�B, should be tuned so that the translational and rotational diffusion
coefficients Dt and Dr of the raspberry correspond to the expected
hydrodynamic radius rh.

Let us outline a typical workflow to check if a raspberry monomer
reproduces the correct hydrodynamic size (remember that a cube can
be interpreted as a Stokes sphere with an equivalent surface area.)
One can obtain the translational diffusion coefficient Dt from the
slope of the mean-square displacement of a monomer, in the diffu-
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sive regime. The hydrodynamic radius of a Stokes sphere for a given
Dt can be obtained using the Stokes-Einstein relation:

Dt =
kBT

6⇡⌘rh
. (14.10)

One also needs to check rh obtained from the rotational diffusion co-
efficient Dr, by calculating the directional correlation function of the
raspberry director d(t) · d(0) = cos ✓(t). Correlations between tempo-
rally separated directors of a raspberry decay exponentially, and are
related to Dr with:

< cos ✓ > (t) = e-2Drt. (14.11)

This approach is called the Green-Kubo method, which can also be
used for Dt, where one would use the center of mass velocity auto-
correlation function instead. The Stokes-Einstein relation connecting
Dr with rh is given by:

Dr =
kBT

8⇡⌘r3h
. (14.12)

In general, rTh extracted from DT , and rRh extracted from DR will not
match perfectly for a porous body such as a raspberry. The art of it
is to construct a raspberry that has a close match between the radii
extracted from Dt and Dr.

14.5 units and implementation notes

Analogously to Chapter 10.3, the interaction potential between a pair
of monomers in our simulations is determined by the interplay be-
tween the steric interaction and the bonds between them. We match
the parameters so, that the overall interaction potential between near-
est neighbors is nearly the same for sMFs and cMFs. The length scale
is prescribed by monomer hydrodynamic radius, which is chosen to
be rh = 9nm. For sMFs this means that � = 3[x] in reduced units,
where [x] is the length scale. However, raspberry monomers in sMFs

reproduce rh = 9.72nm (rTh/r
R
h = 0.94) for bare friction �B = 8. For

cMFs this corresponds to a cube side length � = 2[x]. However, rasp-
berry monomers in cMFs reproduce a cube side length a = 17.2nm
(rTh/r

R
h = 0.97), for �B = 3. The simulation box is a 2D periodic rect-

angle with dimensions Lbox = (140[x], 280[x], 280[x]), with periodic
boundary conditions in the y-z plane.

The energy scale corresponds to the thermal energy at room tem-
perature [E] = kb300K. Based on interaction potential matching, we
determined that the energy scale of the steric repulsion between spher-
ical monomers in sMFs should be achieved by a WCA potential on
the center-of-mass particle corresponding to monomer size �LJ = 3

and ✏ = 1. Steric repulsion between cubic monomers of cMFs is
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Figure 34: Showing the auto-correlation function C(t) of the radius of gy-
ration of ten randomly oriented nanopolymers with spherical
monomers and constrained crosslinking, in a thermalized fluid.
Black dash-dotted lines show exponential fits that decay with 1/⌧,
where ⌧ is the characteristic time scale. Fits were performed on
data until t = 105 integrations. Colored halos are confidence in-
tervals of the fits.

achieved via a WCA potential on every particle on the surface on
the monomer with �LJ = 0.5 and ✏ = 0.1. Following the interaction
potential matching strategy, we determined that FENE bonds in sMFs

should be 9 times as rigid as the ones in cMFs. Therefore, for cMFs

Kf = 10, while for sMFs crosslinking Kf = 90. Equilibrium length
of FENE bonds is set to be a multiple of monomer size r0 = 0.6�.
Maximal extension of each FENE bond, rf, was set to be 3 times the
equilibrium bond length r0.

We choose the fluid density to correspond to water ⇢w = 1 ⇥
103kgm-3. The LBM grid spacing is set to agrid = 1[x]. Therefore,
the mass scale for sMFs is set to [m] = 2.15 ⇥ 10-22kg, while for
cMFs [m] = 7.3 ⇥ 10-22kg. Time scales in our simulations are [t] =
1.37⇥ 10-9s for sMFs and [t] = 3.78⇥ 10-9s for cMFs. In simulation,
we adjust the timestep to match the overall time in the simulations in
between sMFs and cMFs and slip velocity to match the shear forces
regardless of model. In effect, we manage to match the characteristic
time scales between the models (roughly), to be ⌧ = 4.2 ⇥ 105 (see
Fig 34).

We set the fluid kinematic viscosity to ⌫ = 0.1⌫w = 8.9⇥10-8m2s-1,
corresponding to 3.4[x]2/[t] in simulation units for sMFs, and 4.1[x]2/[t]
for cMFs. This choice does not affect the physical results of our sim-
ulations while reducing simulation time by an order or magnitude.

Monomers in our simulations correspond to magnetite MNPs with
a core density of ⇢Fe2O3

= 5.17 ⇥ 103kgm-3, and a thin 1.5nm oleic
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acid coating with ⇢C18H34O2
= 0.89 ⇥ 103kgm-3. Therefore, dimen-

sionless dipolar coupling parameter between the monomers in our
simulations is fixed to � = 3. This also means that the maximum of
the applied magnetic field range we explored represents strong fields
of about 0.26 T.
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F I E L D - I N D U C E D O R I E N TAT I O N O F M F S I N S H E A R
F L O W

We start the discussion in this chapter by comparing the behavior of
sMFs and cMFs with ferromagnetic monomers. In Fig. 35 we show
the alignment angle ✓ of the filament backbone with respect to the
flow direction, in the flow-field plane, as a function of W and H. The
orientation of a filament is its principal gyration axis, calculated as
the eigenvector corresponding to the largest eigenvalue of the gyra-
tion tensor, given by Eq. (3.9). Looking and Fig. 35, we see that ✓ as a
function of W and H, is independent of monomer shape. For a fixed
shear rate, increasing H leads to an increase of ✓. Conversely, keeping
H fixed, increase in W leads to a decrease of ✓. In fact, one needs
only a modestly strong normal magnetic field to eliminate tumbling
in MFs with ferromagnetic monomers. Furthermore, the analytical es-

Figure 35: Showing the angle ✓, for different H, as a function of W, com-
paring sMFs and cMFs with ferromagnetic monomers. Symbol
shape corresponds to monomer shape. Error bars are calculated
as the standard deviation of ✓, across independent runs. Inset
is showing ✓ as a function of H, for different filament designs
and W. Data points correspond to simulation results while the
lines correspond to the fit of the H = (a/b)sin(✓)tan(✓) solu-
tion of Eq. (15.1), introduced in Lüsebrink et al. [108], where
b cos(✓) 6= 0.

timation of ✓ obtained by balancing the hydrodynamic and magnetic
torques acting on the center-of-mass of a filament:[108]

��
N2 - 1

12
d2
avg sin2(✓) = µHcos(✓), (15.1)

where � is the effective friction coefficient, � is the shear rate and
davg is the average inter-monomer distance, can be used to fit our
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data, as shown in the inset of Fig. 35. This formula applies only if
the stabilized filament conformations can be described as rod-like
and if H and W are high enough to overcome thermal fluctuation ef-
fects. The limits of applicability are depicted in the fits for W = 3

(weak shear) and/or H = 6 (strong field). It comes as a surprise
that monomer shape has no effect on ✓. It is known that hydrody-
namic forces excreted on cubic monomers are higher than for a cor-
responding sphere.[121] By proxy, the overall hydrodynamic torque
for cMFs is expected to be higher than for sMFs. It must be that this
increased hydrodynamic torque due to monomer cubicity is balanced
with a complementary increase in magnetic torques in MFs with cu-
bic monomers.

In Fig. 36a we plot the difference in � between sMFs and cMFs,
denoted as ��, where � is the angle the overall magnetic moment of
a filament ~µtot =

PN
i=1 ~µi, where ~µi is the dipole moment of the i-th

monomer and N is the monomer number, encloses with the filament
backbone. Indeed, the difference in hydrodynamic interactions based
on monomer shape is compensated with magnetic torques. Looking
at Fig. 36a, �� suggests that ~µtot for sMFs is on average less aligned
with the filament backbone compared to cMFs. For the parameters
we explored, �� is 10� at worst, and 5� at best. Low W and high H

offer the least hydrodynamic counter-torque for dipole moments to
reorient along ~H. Spherical monomers easily slide past one another
and rotate with respect to each other. Cubic monomer shape, on the
other hand, penalizes such motion. As a result, dipole moments in
filaments with cubic monomers are more aligned with the backbone
than they would be in filaments with spherical monomers. Therefore,
magnetic torque due to Zeeman coupling is higher for cMFs than for
sMFs, and ✓ appears to be invariant to monomer shape. In Fig. 36b
we show simulation renders for the parameter set (W = 3;H = 6),
corresponding to the highest �� shown in Fig. 36a, that depicts the
conclusions from the paragraph above: dipole moments in an sMF

fluctuate more with respect to the main axis (the deviation is color-
coded, as shown on the side). Here, it can also be seen that a cMF

is on average slightly more aligned with ~H than its counterpart with
spherical monomers.

While a single filament with ferromagnetic monomers, in a normal
magnetic field, stabilizes with a given alignment angle ✓ with respect
to the flow direction, where ✓ is a function of H and W, MFs with
super-paramagnetic monomers exhibit a far more interesting phe-
nomenology. Super-paramagnetic MNPs have an internal relaxation
mechanism and are magnetizable both by applied magnetic fields
and the dipole fields of other MNPs in their environment. Because of
this, MFs with super-paramagnetic monomers can access and persist
in bent conformations impossible for their counterparts with ferro-
magnetic monomers.
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(a)

H

Flow
�

(b)

Figure 36: (a) showing the difference in � between sMFs and cMFs with
ferromagnetic monomers, denoted as ��, as a function of W, for
different H. (b) showing conformation snapshots with monomer
dipole moments, corresponding to the (W = 3;H = 6) parameter
set, which is the point of largest ��, presented in (a). Here, we
also annotate magnetic field applied, flow direction, and the an-
gle ✓.
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Looking in Fig. 37a, we see that the alignment angle ✓ tells a very
different story for MFs with super-paramagnetic monomers. The over-
all shape of ✓(W) curves is similar to the ones seen for MFs with
ferromagnetic monomers in Fig. 35. However, they are grouped by
monomer shape, rather than by field strength. We see a larger ✓, for
sMFs than cMFs, across the W range we explored. Furthermore, ✓
drops precipitously with increasing W, where sMFs seem to platoe
around ✓ = 20� while cMFs essentially align the backbone with the
flow direction. The error bars in Fig. 37a suggest that the averages
presented are representative. However, it is revealing to consider the
variance of ✓, as a function of H and/or W, shown in Fig. 37b.

For a given monomer shape, ✓ does not scale with H, but its vari-
ance does. sMFs with super-paramagnetic monomers vary more in
✓ than cMFs, across the range or parameters we explored. In the
W < 15 (low shear) region, increasing H slightly decreases the vari-
ance of ✓. This region coincides with the highest ✓ in Fig. 37a. This
data point has wider error bars than any other one in Fig. 37. For low
W and H we can attribute much of the variance to thermal fluctua-
tions. As Zeeman coupling becomes stronger with increasing H, we
enter the range where shear forces are low enough that MFs estab-
lish relatively persistent conformations. However, MFs with super-
paramagnetic monomers tend to bend the backbone as they try to
alight themselves along ~H and get stuck in conformations that corre-
spond to local energy minima. This explains the wide error bars we
see for W = 3 in Fig. 37a. Increasing H tends to increase the cost of
escaping such local minima in the conformational spectrum, which is
why we see a decrease in variance.

However, past the W < 15 region, we see inverse trends. Hydro-
dynamic torques become strong enough to compete with magnetic
torques and filaments enter the buckling instability regime. Variance
decreases with increasing W as the hydrodynamic interactions facil-
itate filament extension along the flow direction. Meanwhile, mag-
netic dipoles attempt to establish a favorable configuration along ~H,
and due to Zeeman coupling, variance increases with increasing H.
For cMFs with super-paramagnetic monomers, while we see a simi-
lar trend, where an increase in W decreases variance, we do not cap-
ture a systematic scaling with H. Inspection of variance of ✓, shown
in Fig. 37b reveals that a single filament with super-paramagnetic
monomers rotates in shear flow even when exposed to a normal mag-
netic field, and it does so with important differences based on its
monomer shape.

Deeper insight into the mechanism responsible for the variance of
✓ and why it is monomer shape dependent we obtain by looking at
the angle between filament ~µtot and ~H, denoted as �, as a function
of W and H, shown in Fig. 38a. An idealized representation of the
magnetic nature of super-paramagnetic MNPs, where one discards
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(a)

(b)

Figure 37: (a) showing a comparison in angle ✓ between sMFs and cMFs
with super-paramagnetic monomers, for different H, as a function
of W. Symbol shape corresponds to monomer shape. Error bars
are calculated as the standard deviation of ✓, across independent
runs.(b) showing contour plots of the variance of ✓. The contour
plot on the left is showing results for sMFs, while the contour
plot on the right is showing results for cMFs.



112 field-induced orientation of mfs in shear flow

the magnetization effects of dipole fields, would have dipole mo-
ments fully aligned with ~H. In other words, dipole moments in such
MNPs reorient instantaneously and have magnitudes in accordance
with the Langevin magnetization law. Looking at Fig. 38a, ~µtot for
cMFs is overall more aligned with ~H than for sMFs. The difference in
� decreases with increasing W. Interestingly, an increase in W aligns
~µtot with ~H more, which is initially rather counter-intuitive. How-
ever, in relation with Fig. 37b, it can be understood that high W fa-
vors filament conformations aligned with the flow direction, causing
a decrease in variance. The flow profile constrains the translational
motion of monomers to the flow-vorticity plane, decreasing variance
in the normal direction. As a result, the dipolar field configuration
is more homogeneous, increasing the alignment of ~µtot with ~H. In
the case of cMFs, additional steric restrictions compared to sMFs,
reduce dipole field fluctuations further. Therefore, we see that ~µtot

for cMFs is overall more aligned with the ~H. This is further corrob-
orated with the variance of �, shown in Fig. 38b. Overall, magnetic
moment orientation is quite robust against time, where we see signif-
icant variance only for low H. It takes a moderately strong magnetic
field to constrain the variance of � for MFs with super-paramagnetic
monomers within 5�. Analogously to what we have seen in Fig. 37b,
cubic monomer shape also leads to less overall variance of �. With
increasing Zeeman coupling, we can also see a moderating effect on
the variance of � with increasing W.
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(a)

(b)

Figure 38: (a) showing the angle � as a function of W, and its scaling with
field strength H, for MFs with super-paramagnetic monomers.
Symbol shape corresponds to monomer shape. Error bars are cal-
culated as the standard deviation of �, across independent runs.
(b) showing contour plots of the variance of �. The contour plot
on the left is showing results for sMFs, while the contour plot on
the right is showing results for cMFs.
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S U P E R - PA R A M A G N E T I C M O N O M E R S

In Chapter 15, we brought forward that MFs with super-paramagnetic
monomers can persist in bent backbone conformations corresponding
to local minima in their free energy spectrum, in low W shear flow, re-
gardless of monomer shape. However, with increasing W, MFs with
super-paramagnetic monomers start to rotate. Filaments with cubic
monomers are mostly aligned with the flow direction, while filaments
with spherical monomers are not, even for the highest W we explored.
Furthermore, the variance of ✓ increases with H for sMFs, which sug-
gests that the conformational instability for sMFs correlates with field
strength. For cMFs this does not seem to be the case. Lastly, mag-
netic moments in cMFs with super-paramagnetic monomers are more
aligned with ~H than in sMFs. Increase of H and/or W, aligns ~µtot

more with ~H, and reduces variance, regardless of monomer shape.
We can infer that the reorientational mechanism of a single filament
with cubic, super-paramagnetic monomers in shear flow and normal
magnetic fields must look quite different from what it looks like for
its counterpart with spherical monomers.

In Fig. 39e, one can see the reorientational dynamics captured in
simulations for sMFs and cMFs with super-paramagnetic monomers,
establishing that MFs with super-paramagnetic monomers tumble in
shear flow even in normal magnetic fields. Due to the internal re-
laxation and magnetization of super-paramagnetic monomers, sMFs

assume bent, coiled up and collapsed conformations. Cubic monomer
shape in cMFs restricts the phase-space of accessible conformations
and stops the backbone from collapsing. Conformations depicted in
Fig. 39e are all examples of tumbling. However, these are vastly dif-
ferent kinds of tumbling. It is important to have in mind that the col-
lapsed conformations characteristic for sMFs with super-paramagnetic
monomers are not assumed and held together only by entropy, but
are also favored by magnetic interactions. Therefore, such collapsed
conformations are not analogous to coiling.

We characterize the effects of monomer shape on tumbling using
the diagonal elements of the gyration tensor to construct a cross-
correlation function in the flow-field plane Cxz(t),

Cxz(t) =
< �Gxx(0)�Gzz(t) >p

< �G2
xx(0) >< �G2

zz(0) >

where �Gab = Gab- < Gab >, is the component-wise fluctuation
of Gab around its mean. Generally, polymers and polymer-like sys-
tems in shear flow expand in the flow direction, with their motion
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mostly constrained in the flow-vorticity plane. However, this is en-
tropically rather unfavorable. Thermal fluctuations lead to stochas-
tic extensions of the polymer in the normal direction, where due
to the flow, the polymer experiences torque. As a result, the poly-
mer coils, flips around, and subsequently extends again. In other
words, it tumbles. Tumbling dynamics are characterized by a strong
anticorrelation peak in the Cxz, and a correlation peak for negative
lags. Given the stochastic nature of the process outlined above, Cxz

correlations decay very quickly, implying that tumbling dynamics
are cyclic rather than periodic. Filaments with super-paramagnetic
monomers, however, have Zeeman coupling as an additional driv-
ing mechanism. Fig. 39 shows a Cxz comparison between sMFs and
cMFs with super-paramagnetic monomers, with and without an ex-
ternal magnetic field applied (H = 0 or H = 6), at different shear rates
W 2 {3, 15, 30, 60}.

Looking at Fig. 39a, we see a typical Cxz of a polymer, as super-
paramagnetic monomers have no remanent magnetization without
an external magnetic field applied. We see that at H = 0, sMFs with
super-paramagnetic monomers tumble in a cyclic fashion. Their char-
acteristic time of tumbling scales just like it does for individual lin-
ear polymers, where ⌧tb / W-2/3.[197] The anticorrelation peak sig-
nifies that a contraction along the flow direction is reflected in the
extension in the field direction, and vice versa. In other words, as
the chain tumbles, it coils. The correlation peak for negative lags re-
lates that collapsed states along the flow are correlated with previous
collapsed states along ~H. The situation changes substantially with a
strong H = 6 normal magnetic field. As can be seen in Fig. 39b, the
slowly decaying anti-correlation peak in low shear (W = 3) shifts sev-
eral characteristic time scales ⌧r. As we increase W, we reproduce Cxz

profiles that signal tumbling. However, ⌧tb does not scale with W as
it did for H = 0, and Cxz profiles for high W seem to be damped. As
we have previously stated, MFs with super-paramagnetic monomers
tend to bend their backbone as they align with ~H, instead of rotating
as a whole. For low shear, orientation of MFs is mostly determined
by Zeeman coupling, and it can be understood that instead of reorien-
tation, sMFs bend, as they follow the flow. Therefore, in addition to
a shifted anticorrelation peak, we see a slowly decaying, pronounced
correlation peak for negative lags. With increasing W, hydrodynamic
forces become strong enough that conformations enforced by Zeeman
coupling cannot persist, and filaments start to tumble. However, for
high W, the filament backbone collapses in to semi-persistent, coiled
up conformations, as depicted in Fig. 39e. These conformations are
held together by magnetic forces in addition to entropy. This would
not be possible without the magnetization effects of the dipole fields,
as such conformations would be magnetically extremely unfavorable,
and the chain would break apart. Furthermore, these conformations
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(a) (b)

(c) (d)

⃗H

t

(e)

Figure 39: Showing a comparison of Cxz for sMFs and cMFs with super-
paramagnetic monomers, with and without an external mag-
netic field applied (H = 0 or H = 6), at different shear rates
W 2 {3, 15, 30, 60}. Time is normalized by the characteristic relax-
ation time ⌧ for each filament model, defined as the time it takes
for the autocorrelation function of the radius of gyration to decay
in a thermalized fluid. Symbol shape corresponds to monomer
shape. (a) & (b) showing results for sMFs; (c) & (d) showing re-
sults for cMFs. (a) and (c) showing results for H = 0; (b) and
(d) showing results for H = 6. (e) Simulation snapshots that cap-
ture of the reorientational dynamics exhibited by sMFs (up) and
cMFs (down) with super-paramagnetic monomers, in shear flow
W = 30 and external magnetic field applied in the gradient direc-
tion H = 3.0.

have dynamics of their own. They rotate as a whole and slowly un-
wind as shear tries to break the "globule" apart. Therefore, we see
damped Cxz profiles, as characteristic times are influenced by eigen-
modes of oscillation of the coiled structure, which correspond to
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much higher frequencies. In fact, fitting the region 30 6 W 6 60

with a power law we get ⌧tb / W-1.1.
Looking at Cxz profiles for cMFs without an external magnetic

field applied, shown in Fig. 39c, it is apparent that monomer shape
has a tremendous impact on the dynamics of MFs in shear flow. For
low shear W = 3, Cxz does not suggest that there is tumbling. Steric
constrains imposed by cubic monomer shape inhibit coiling and tum-
bling. Therefore, ⌧tb is shifted outside our simulation window. With
increasing W, tumbling resumes, but with an overall higher ⌧tb than
for sMFs. Furthermore, we see that the Cxz profiles are overall more
symmetric. This is interesting, as the overall symmetry of the profile
can tell us a lot about how the tumbling motion looks like. As stated
before, a Cxz correlation peak for negative lags says that a collapsed
state along the flow direction is correlated with a previous collapsed
state along the field direction. A Cxz correlation peak for positive lags
on the other hand signifies that a collapsed state along the flow direc-
tion is correlated to a future collapsed state along the field direction.
For sMFs, the asymmetry between the correlation peaks for positive
and negative lags is there because during tumbling, once the filament
coils, it tends to stay coiled or some time, in an entropically favorable
configuration. However, cubic monomers make coiling difficult. In-
stead, cMFs tumble in a distinct bend and flip motion, as depicted
Fig. 39e. Therefore, correlation peaks for both positive and negative
lags are more symmetric for cMFs than they are for sMFs. Finally,
once we turn on the magnetic field, while we maintain the overall
shape of the profiles and do not seem to affect ⌧tb, we intensify the
correlations. Furthermore, cross-correlations decay more slowly. This
means that, external magnetic field makes the reorientation of cMFs

with super-paramagnetic monomers more periodic.
Further proof of our reasoning can be seen in the frequency spec-

trum of ✓. In Fig. 40, we show the occurrence of frequencies N(f),
calculated by Fourier analysis of the time evolution of ✓, between
sMFs and cMFs with super-paramagnetic monomers, for different
W. While ⌧tb estimated from Cxz gives us information about the fre-
quency of the tumbling, N(f) tells us how frequent this tumbling is.
Looking at Fig. 40a, for sMFs we see that with increasing W, N(f)
shifts to higher frequencies. Without an external magnetic field ap-
plied, the spectrum is rather smooth which suggests a lack of period-
icity, regardless of W. Turning on an external magnetic field changes
the N(f) distribution tremendously. For low shear W 2 {3, 15}, pre-
ferred frequencies become more apparent but do not change sub-
stantially in comparison to the left figure. However, for higher W 2
{30, 60} values, we see that the dominant frequencies change substan-
tially. This corresponds the collapsed conformations of sMFs with
super-paramagnetic monomers. The high frequencies correspond to
the oscillation eigenmodes of these globular structures that seem to
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(a)

(b)

Figure 40: Frequency occurrence N(f) comparison between sMFs and cMFs
with super-paramagnetic monomers, for different W. (a) is show-
ing results for sMFs in shear flow with (right; H=6) and without
(left; H=0) an external magnetic field applied perpendicular to
the flow direction.(b) is showing results for cMFs in shear flow
with (right; H=6) and without (left; H=0) an external magnetic
field applied perpendicular to the flow direction.

be the dominant reorientational mode. It is important to note that
this does not eliminate tumbling as such. Rather, oscillation eigen-
modes of these globular structures are intertwined with tumbling.
Consequently, the complexity of the dynamics exhibited by sMFs

with super-paramagnetic monomers restricts how controllable they
can be by magnetic fields in shear flow. To this end, as can be seen in
Fig. 40b, super-paramagnetic monomers with cubic shape have a dis-
tinct advantage. Without an external magnetic field applied, N(f) of
preferred reorientational modes is higher for cMFs than for sMFs, re-
gardless of shear. Additional steric constraints imposed by monomer
cubicity restrict the phase-space of accessible conformations. Turning
on the external magnetic field makes the intensity of the preferred re-
orientational mode stand out even more. Cubic monomers preclude
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the possibility that the backbone collapses like it does for sMFs. For
a strong magnetic field, the main driving mechanism of the reorienta-
tion is Zeeman coupling, which restricts the phase-space even more,
and makes the tumbling more periodic.
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While this chapter denotes the end the thesis, it most definitely does
not suggest that research of MFs at a fundamental level is anywhere
near being complete. The author certainly attempted to shed light on
the phenomenology that MFs exhibit and pave ways for researchers
to harness their potential. Starting with simple and general bead-
spring models, we explored various designs of MFs, focusing on
the most promising candidates for further scrutinization. We inves-
tigated how does the way MNPs are crosslinked to form a filament,
and the way they are arranged along the filament backbone, reflect
on the magnetoresponsiveness of MFs, using ferrofluids as a refer-
ence. Magnetoresponsiveness of MFs decreases significantly as the
average inter-monomer distance increases. Therefore, a uniform dis-
tribution of MNPs crosslinked with short linkers is preferable. How-
ever, structural inhomogeneities do not affect the responsiveness of
MFs to applied magnetic fields as strongly as one might expect. It
is useful to think about crosslinking in terms of inter-monomer cor-
relations. Inter-monomer correlations are intensified by long range,
dipole-dipole interactions, and percolate through the backbone, help-
ing MFs maintain a desirable magnetic response (compared to semi-
dilute ferrofluids). Formally, crosslinking of MNPs forms the back-
bone of a magnetic filament. However, the essence of crosslinking
is to couple the degrees of freedom between monomers. Therefore,
crosslinking approaches can in general be distinguished based on
whether they couple only the translational degrees of freedom or
both the translational and rotational degrees of freedom of monomers.
Which degrees of freedom are coupled not only affects the magnetore-
sponsiveness of MFs, but also affects what kind of magnetic response
they have. In other words, one should consider the magnetic nature
of monomers within a filament together with crosslinking, in order
to obtain the desired magnetic response.

When it comes to the magnetic nature of MNPs one could use to
synthesize MFs, we considered ferromagnetic nanoparticles, with a
large and permanent magnetic moment without the necessity for an
applied magnetic field, and perfectly polarizable, super-paramagnetic
nanoparticles, with no remanent magnetization outside an applied
magnetic field. Regardless of the magnetic nature of MNPs within
them, MFs with crosslinking that couples both the translational and
rotational degrees of freedom of monomers, have much improved re-
sponsiveness to external magnetic fields compared to conventional
ferrofluids. Furthermore, MFs with super-paramagnetic monomers
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tend to bend their backbone in applied magnetic fields, which is a
tendency that has not only entropic, but also energetic advantages,
especially for long filaments. In general, we focused on pinpointing
the physical interactions that govern and determine the phenomenol-
ogy of MFs. In a lab, however, MFs will be subjected to a multitude of
experimental factors that could affect the expected response greatly.
We treated the effects of vdW and/or electrostatic forces in a po-
tential suspenspension of MFs by looking at a single filament with
super-paramagnetic monomers and a central attraction between its
monomers. In this way, we established general guidelines applicable
to any magnetic filament design and set expectations for the equilib-
rium properties of MFs in a multitude of environments.

Having established best practice criteria for filament design, en-
compassing crosslinking, magnetic nature of monomers, microstruc-
ture, and effects of central attraction in a solution, we proposed a
prospective design of MFs, based on experimentally realized sys-
tems, namely, nanopolymers synthesized through directional assem-
bly of DNC nanoobjects. We revealed that DNC-based nanopolymers
represent a compelling, finely tunable platform for creating highly
magneto-responsive MFs, with unique structural properties. We scru-
tinized the mechanical resistance of DNC MFs to compression, re-
vealing that cubic monomer shape proves to be advantageous, com-
pared to MFs with spherical monomers, with a smoother and more
controllable response. Furthermore, we investigated the rheology and
dynamics of MFs subjected to the simultaneous action of shear flow
and a stationary external magnetic field perpendicular to the flow.
We showed that MFs can exhibit vastly different and systematically
controllable behaviors. MFs tumble in shear flow. Applying an ex-
ternal magnetic field perpendicular to the flow direction, eliminates
tumbling of MFs with ferromagnetic monomers. However, tumbling
of a filament with super-paramagnetic monomers can be eliminated
with a magnetic field perpendicular to the flow direction only in low
shear. Backbone bending tendencies of MFs with super-paramagnetic
monomers restrict how controllable they can be with magnetic fields
in shear flow. DNC MFs have a distinct advantage to this end. Cubic
monomer shape stops the backbone form collapsing. Instead, DNC

MFs tumble in a distinct bend and flip motion. Occurrence of such
motion can be enhanced by applying external magnetic fields.

The conclusions we made throughout this thesis, on the level of a
single filament, should generalize well to filament suspensions. How-
ever, there is plenty left unexplored on that front. Sampling the free
energy spectrum of DNC MFs that leads to the dynamics we out-
lined in this work and investing if and how these dynamics depend
on filament length remains to be done. In general, there is much to be
understood about the behavior of MFs in non-homogeneous, rotating
or alternating magnetic fields. Initially, this thesis was not supposed
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to be about MFs, but systems based on them. However, there was
simply too much to be said on the level of a single filament, and
a seemingly simple, but compelling story to be told. Having stud-
ied the exciting phenomenology of a single magnetic filament, it is
truly exciting to see what can be done with them, when compelling
MFs with a flexible backbone and a highly tunable micro- and nanos-
tructure, become a reality. Eventually, such MFs could be used to
build more elaborate magneto-responsive, soft matter systems, such
as permanently crosslinked assembles of MFs into planar or spheri-
cal geometries. Furthermore, for spherical geometries, a particularly
interesting idea is to combine Janus particles and MFs into superstruc-
tures we call Janus Brushes. The surface of a Janus particle has two
or more distinct physical properties.[102, 206] This unique surface of
a Janus particle allows two different types of chemistry to occur on
the same particle. The simplest case of a Janus particle can be imag-
ined if, for example one half of its surface is composed of hydrophilic
groups and the other half hydrophobic groups.[65] In the Prologue of
this thesis we stated that the 21st century could be called the Nano-
material age. Mastering the design and harnessing the potential of
magnetic filaments could very well be the development that solidifies
that statement.
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