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Abstract

Generalizing the canonical symplectization of contact manifolds, we construct an infinite
dimensional non-linear Stiefel manifold of weighted embeddings into a contact manifold.
This space carries a symplectic structure such that the contact group and the group of
reparametrizations act in a Hamiltonian fashion with equivariant moment maps, respec-
tively, giving rise to a dual pair, called the EPContact dual pair. Via symplectic reduction,
this dual pair provides a conceptual identification of non-linear Grassmannians of weighted
submanifolds with certain coadjoint orbits of the contact group. Moreover, the EPContact
dual pair gives rise to singular solutions for the geodesic equation on the group of contact
diffeomorphisms. For the projectivized cotangent bundle, the EPContact dual pair is closely
related to the EPDiff dual pair due to Holm and Marsden.
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1 Introduction

Every contact manifold gives rise to a symplectic manifold in a canonical way. If the contact
structure is described by a 1-form « on P, then this symplectic manifold can be described
as P x (R\0) with the symplectic form d(ta), where ¢t denotes the projection onto the
second factor. Regarding the contact structure as a subbundle of hyperplanes, £ C T P, and
denoting the corresponding line bundle over P by L := T P /&, this symplectization can
be described more naturally as M = L*\ P, with the symplectic form induced from the
canonical symplectic form on 7* P via the natural vector bundle inclusion L* C T*P.

The group of contact diffeomorphisms, Diff (P, &), acts on M in a natural way, preserving
the symplectic structure. This action is in fact Hamiltonian and admits an equivariant moment
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map. This moment map identifies (unions of) connected components of the symplectization
M with certain coadjoint orbits of the contact group.

1.1 The EPContact dual pair

In this paper we will introduce a natural infinite dimensional generalization M of the sym-
plectization M = L*\ P with similar features. To this end we fix a closed manifold S, we
denote by |A|s its line bundle of densities, and we consider the space M of line bundle
homomorphisms from |A[§ — S to L* — P which restrict to a linear isomorphism on each
fiber. Every volume density on S provides an identification M = C*°(S, M) and permits
to regard elements & € M as pairs consisting of a map ¢: § — P together with a contact
form for £ along this map. This space M can be equipped with the structure of a Fréchet
manifold in a natural way, and admits a canonical (weakly non-degenerate) symplectic form.
The symplectization M can be recovered by choosing S to be a single point.

The contact group acts on M in a natural way, preserving the symplectic structure. This
action is Hamiltonian and admits an equivariant moment map, see Proposition 2.4. Fur-
thermore, the group of reparametrizations, Diff(S), acts on M in a Hamiltonian fashion,
also admitting an equivariant moment map. On the non-linear Stiefel manifold of weighted
embeddings, £ C M, the latter action is free. We show that the restrictions of these moment
maps to £,

JE JE
X(P, &) «——— & —F— QI(S,|Al5) € X(S)*, (1

constitute a symplectic dual pair in the sense of Weinstein [34], see Theorem 2.6. Here
X(P, &) denotes the Lie algebra of contact vector fields on P, X(S) denotes the Lie algebra
of all vector fields on S, and Q!(S, |A|s) denotes the space of smooth 1-form densities on
S. The moment maps are given by (JL'S(CD), X) = fS D(X o) forall X € X(P,§&), and
(JE(®), Z) = [ ®(Tpo Z) forall Z € X(S).

Actually, we will show a stronger statement: The group Diff () acts freely and transitively
on the fibers of J LE, and the group Diff (P, &) acts locally transitive on the level sets of J < see
Proposition 4.2 and Theorem 3.5. Moreover, we will see that the level sets of both moment
maps are smooth submanifolds of £. The dual pair in (1) will be referred to as the EPContact
dual pair, because the left leg provides singular solutions of the EPContact equation, i.e., the
Euler—Poincaré equation associated with the group of contact diffeomorphisms.

Recall that the projectivized cotangent bundle of a manifold Q admits a canonical contact
structure. The EPContact dual pair corresponding to the projectivized cotangent bundle of
Q is closely related to the EPDiff dual pair, due to Holm—Marsden [18], associated to the
action of Diff (Q) and Diff (S) on 7* Emb(S, Q), the cotangent bundle of embeddings of S
into Q, see Sect. 5.1.

1.2 Coadjoint orbits of the contact group

The EPContact dual pair will be used to identify coadjoint orbits of the contact group via
symplectic reduction for the reparametrization action, following the general principle: Sym-
plectic reduction on one leg of a dual pair of moment maps leads to coadjoint orbits of the
other group. The same principle was used in [12], where symplectic reduction on the right leg
of the ideal fluid dual pair due to Marsden and Weinstein [26] led to coadjoint orbits of the
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Hamiltonian group consisting of symplectic submanifolds [16], resp. of weighted isotropic
submanifolds of the symplectic manifold [22, 35].

To make this more precise, consider the non-linear Grassmannian of weighted submani-
folds, G = £/ Diff (§), consisting of pairs (N, y) where N is a submanifold of type S in P and
v |Al}y — LI} is anisomorphism of line bundles which may be regarded as being akin to a
trivialization of the contact structure along N. This space G is a Fréchet manifold in a natural
way and the projection £ — G is a smooth principal bundle with structure group Diff (S). The
moment map J Lg descends to a Diff (P, &)-equivariant injective immersion G — X(P, &)*,
which permits to identify orbits of the contact group in G with coadjoint orbits. Each 1-form
density p € Q!(S, |A|s) gives rise to a reduced space G” C G given by

GP = (J§)™1(0,)/Diff (S) = (J§) ' (p)/ Diff (S, p),

where O, denotes the Diff (S)-orbit through p, and Diff (S, p) is the isotropy group of p.

Reduction works best for the zero level. The corresponding reduced space G° coincides
with the subset of weighted isotropic submanifolds, G° C G. We will see that Gi*© is
a smooth submanifold of G and that the action of the contact group on G'*° admits local
smooth sections. In particular, this action is locally transitive. Hence, the restriction of the
moment map, G — ¥(P, &)*, identifies (unions of) connected components of G5° with
coadjoint orbits of the contact group. Moreover, this identification intertwines the Kostant—
Kirillov—Souriau symplectic form with the reduced symplectic form on G*°. These facts are
summarized in Theorem 4.10.

The situation is more delicate with regard to reduction at more general levels. In this case
the reduced spaces are more singular subsets of G and it is unclear if the contact group acts
locally transitive on them. If p is a contact 1-form density on S, i.e., if ker p is a contact
structure on S, then the reduced space G” consists of certain weighted contact submanifolds
of P which are of type (S, ker p). This is an open condition on the submanifold in view of
Gray’s stability theorem. The condition on the weight, however, is rather singular: The space
of all admissible (for G”) weights on a fixed contact submanifold may be identified with
the Diff (S, ker p)-orbit of p. The situation is tamer if we specialize to 1-dimensional S, see
Example 4.16. In particular, (unions of) connected components in the spaces of weighted
transverse knots of fixed length in a contact 3-manifold, may be identified with coadjoint
orbits of the contact group.

1.3 Singular solutions of the Euler-Poincaré equation

Another motivation for studying the EPContact dual pair is the construction of singular
solutions of the geodesic equation on the group of contact diffeomorphisms equipped with a
right invariant Riemannian metric. This works analogous to the EPDiff equation, where the
EPDiff dual pair has been used by Holm and Marsden [18] to construct singular solutions
for the geodesic equation on the full diffeomorphism group. Similarly, point vortices in
two dimensional ideal fluid flow, a geodesic equation on the group of volume preserving
diffeomorphisms, have been described using a dual pair by Marsden—Weinstein [26]. The
same kind of argument has been applied for the Vlasov equation in kinetic theory by Holm—
Tronci [19] using the ideal fluid dual pair, and for the Euler—Poincaré equations on the group
of automorphisms of a principal bundle in [13] using the EPAut dual pair [10].

In all these cases the singular solutions of the system are obtained, viaa moment map, from
a collective Hamiltonian dynamics on a symplectic manifold, referred to as Clebsch variables.
This moment map turns out to be the left leg of a dual pair associated to commuting actions
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on the manifold of embeddings, while the right leg moment map gives conserved quantities
by Noether’s theorem. We show that for the group of contact diffeomorphisms the situation
is similar.

To describe this in more detail, let us start by briefly reviewing the geodesic equation on
a Lie group with respect to a right invariant Riemannian metric. We write the inner product
on the Lie algebra g in the form (u, v) = (Qu, v), where the inertia operator Q: g — g* is
symmetric and strictly positive. Formally, the right trivialized geodesic equation on the Lie
algebra g is the Euler—Arnold equation,

4y =—ad, u, ()

where the adjoint of the adjoint action can be characterized by (aduT v,w) = (v,ad, w)
for all u, v, w € g. In other words, ad;r = 0! ad’ Q, where ad’’: g* — g* denotes the
coadjoint action characterized by (ad m, v) = (m, ad, v) foru, v € gand m € g*.

Via Legendre transformation, using the momentum m := Qu, the Euler—Arnold equation
(2) becomes the Lie—Poisson equation,

dm = —adim, 3)

which is the Hamilton equation on the Poisson manifold g* for the Hamiltonian
h:g*— R, h(m):= %(m, 0 'm).

Its solutions are confined to coadjoint orbits, the symplectic leaves of g*.

Let us now turn to the group of contact diffeomorphisms on a contact manifold (P, &).
Recall that its Lie algebra can be canonically identified with the space of contact vector fields,
X(P,&) = I'°(L), where L = T P /. For simplicity, we will assume P to be closed. We
consider X (P, &)* = I'"°°(L* ® |A|p), the space of distributional sections of L* ® |A|p,
where |A|p denotes the bundle of densities on P. We assume that the inertia operator,
Q:T®(L) - I'*(L* @ |Alp), is a pseudo-differential operator of real order s which is
symmetric, strictly positive, invertible, and its inverse, O 1 T®(L*®|Alp) — I'™®(L), is
a pseudo-differential operator of order —s. Hence, the corresponding inner product, (u, v) =
(Qu, v), generates the Sobolev H*/? topology on I'(L). Using elliptic theory, such inertia
operators can be easily constructed. For instance, we may use Q = ¢ (1 + A)*/2, where A
is a Laplacian acting on I'(L) which is non-negative and formally self-adjoint with respect
to a volume density on P and a fiberwise Euclidean metric on L, and ¢: L — L* ® |A|p
denotes the isomorphism of line bundles provided by these geometric choices.

The Hamiltonian function i (m) = % (m, O~ 'm) is well defined on T —/2(L*®|A|p), the
space of sections which are of Sobolev class —s /2. Note that the Sobolev space I'™*/?(L* ®
|A|p) is invariant under the coadjoint action of Diff (P, &). If k € I ~°°(L X L) denotes the
Schwartz kernel of Q’l, then

1
h(m) = %(k, mMXm) = 5/ m(x)k(x, y)ym(y)
(x,y)ePxP

extends continuously (regularization) to m € I'™/2(L* ® |A|p). Assuming
s> dim P — dim S, @)

the moment map ]Lg 1 & = X(P,&)* takes values in T 5/2(L* @ |A|p) = I¥/2(L)*.
Indeed, for ® € & the distribution J f (®) is the push forward of a smooth section on S along
a smooth embedding S — P, cf. Remark 2.9. According to a standard property of the trace
map on Sobolev spaces, see for instance [31, Proposition 1.6 in Chapter 4], it thus provides
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a continuous functional on I'*/2(L). The map JLS is actually smooth into I=2(L* Q@ |Alp).
Hence, the pull back of the Hamiltonian / to &,

H: & — R, H:=ho]f,

is smooth. Although the symplectic form on £ is only weakly non-degenerate, the function H
gives rise to a Hamiltonian vector field X i on (and tangential to) &, cf. the discussion in [5,
Section4.2.2]. Indeed, since Jf is amoment map, we formally have X i (P) = ;‘g_l JE @) (D)

L
and thus

Xu(®) =21 e g 0 P, ®)

where ;5 and {L* denote the infinitesimal Diff (P, &)-actions on £ and L*, respectively, cf.
(25) and (20) below. By microlocal regularity, 0! J L“: (®) is smooth along the submanifold N
in P determined by @, see for instance [32, Corollary 9.4 in Chapter 7] or [15, Proposition 3.11
in Chapter IV§3]. Furthermore, since ;L* : (L) — I'°°(TL¥) is essentially given by a

first order differential operator, it extends to distributional sections, and ¢ g:l JE @) is smooth
L

along L*|y. In particular, the latter is smooth along ® and thus X g (®) is a tangent vector
to £ at ®, cf. (5).
Every solution ®; € £ of the Hamilton equation

P =Xn(®) ©)

provides a singular solution (peakons, filaments, sheets) u; := o'y Lg (®;) € I'S/2(L) of the
Euler—Arnold equation (2) with momentum m; := J f (®,) e T /2(L*Q|A|p). The support
of the distributional momentum m;, coincides with the smooth submanifold determined by
®,, and this also coincides with the singular support of u,. Due to the dual pair property,
each solution ®; of (6) remains in a level of the other moment map, J 5 1 € — X(8)*, and is
thus confined to a Diff (P, &) orbit in £. Hence, its momentum m; = J Lg (®;) is constrained
to a coadjoint orbit.

If S is a single point, then the assumption in (4) implies that the distributional kernel k of
0~ !is continuous. In this case we have £ = L*\ P and H is given by the (smooth) restriction
of k to the diagonal.

The initial value problem for the EPContact equation has been studied by Ebin and Preston
in [5]. They consider inertia operators of the form Q = 1 + A, where the Laplacian is with
respect to a Riemannian metric which is adapted to the contact structure.

Itappears to be interesting [4] to replace the class of inertia operators considered above with
operators in the Heisenberg calculus [3, 28, 30], a calculus of pseudo-differential operators
which is closely linked to the contact geometry on P. Using the Rockland theorem, one can
construct pseudo-differential operators Q: I'*°(L) — I'*°(L* ® |A|p) of Heisenberg order
s which are symmetric, strictly positive, invertible, and such that the inverse, Q‘l TR(L*®
[A]p) — T'°°(L), is of Heisenberg order —s. For instance, we may use Q = ¢ (1 + A)S/2,
where A is a subLaplacian. Everything mentioned above remains valid, provided the Sobolev
spaces are being replaced with the corresponding spaces in the Heisenberg Sobolev scale and
the assumption (4) is replaced by the stronger condition s/2 > dim P — dim S.

1.4 Structure of the paper

The remaining part of the paper is organized as follows. In Sect. 2 we construct the EPContact
dual pair. In Sect. 3 we show that the level sets of the right moment map are submanifolds on
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which the contact group acts locally transitive. In Sect. 4 we study the reduced spaces obtained
by factoring out the group of reparametrizations. In Sect. 5.1 we compare the EPContact dual
pair for the projectivized cotangent bundle with the EPDiff dual pair of Holm and Marsden.
In Sect. 5.2 we provide a comparison with a dual pair due to Marsden and Weinstein for the
Euler equation of an ideal fluid.

2 Weighted non-linear Stiefel manifolds

The aim of this section is to construct the EPContact dual pair, see Theorem 2.6.

2.1 Canonical symplectization of contact manifolds

In this section we set up our notation and recall some well known facts about the symplec-
tization of contact manifolds. We emphasize the structure that will be generalized in the
subsequent sections. For more details we refer to [1, Appendix 4.E] and [25, Section 12.3].

Consider a contact manifold (P, £) where & C T P denotes the contact subbundle. We
write L := T P /& for the corresponding line bundle. The vector bundle projection of the dual
line bundle will be denoted by 7L L* — P. The canonical projection TP — L permits
to regard the dual bundle as a subbundle of the cotangent bundle, L* C T*P. We denote by
6L" € Q'(L*) the pull back of the canonical 1-form on 7*P.! Hence, the defining equation
for 61" is

0F (V) = B(Tpm™" - V), 7

where B € LY, x € P,and V € TgL*. The pairing in (7) can be viewed either as a pairing
between L} and L, by considering the class of TﬂnL* -Vin Ly =T\ P/&,, or as a pairing
between 7% P and T P by considering B an element of L} C T P. It is well known that the
closed 2-form

ot = dot e Q2 (L)

restricts to a symplectic form on M := L*\ P, which will be denoted by ™ = d6™. The
symplectic manifold (M, ™) is called the symplectization of the contact manifold (P, £).
Note that both forms are homogeneous of degree one with respect to the fiberwise scalar
multiplication §;: L* — L*, that is SZ*GL* = 1oL and SZ*wL* = tol” forallt € R.

The action by the contact group

Let us write Diff (P, &) for the group of contact diffeomorphisms. Since contact diffeomor-
phisms preserve the contact subbundle &, the Diff (P, &)-action on P lifts to an action on
the total space of L*. For g € Diff (P, &), we let \115 € Diff(L*) denote the corresponding
(fiberwise linear) diffeomorphism on L*. Clearly, 7~ o \Ifé* =gonl 80 lllé* = \Ifé* ody,

and \Ilgjgl = \Ilg \Ilgfl* forall g, g1, g» € Diff (P, £) and t € R. Moreover, the contact group

action preserves 6% and w’", that is (\1/5)*9” = oL and (lI/gL*)*a)L* = wl” for all
g € Diff (P, &). Noticing that the symplectic piece M C L* is invariant under the contact
group action, we write ‘-Ilé,” for the restricted action.

B3 & = kera and L* = P x R denotes the trivialization provided by «, then oL" = t(m L*)*a, where ¢
denotes the projection onto the factor R.
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Let X(P, &) denote the Lie algebra of contact vector fields. Via the projection TP — L,
every (contact) vector field gives rise to a section of L which may in turn be regarded as a
fiberwise linear function on the total space of L*. This provides canonical identifications,

X(P,&) =T>(L) = Ci (L), X < Xmodé& < hy, ®)

where hy € Cph(L*) is the fiberwise linear function given by hx (8) = B(X,) for B € L}
and x € P. Clearly, this identification is equivariant, i.e.,

(WEDY*hx = hgx ©)

for all g € Diff(P, &) and X € X(P, &).
For X € X(P, &), we denote the corresponding fundamental vector field (infinitesimal
action) on the total space of L* by ¢ )%* € X(L*). Clearly,

Tal otk = Xonl, (10)
T8 ock =k o8, (WO = ¢y and [¢f], ¢f)] = ¢y, x, forall X, X1, X; €
X(P,&), g € Diff (P, &) and t € R. From the definition of 6L" in (7) one immediately gets
i1:60" = hx (11)

X

for X e .’{(P £). Invariance of A" and w®" yields infinitesimal invariance L L*OL* =0

and L )%*w = 0, respectively, for all X € X(P, &). Using Cartan’s formula and (11), we
obtain

i o =—dhx (12)
X
as well as the following formula for the bracket of contact vector fields,

hix 1=tk by = ¢ hx = ot (CE tE), (13)

forall X,Y € X(P, &).
Over the symplectic piece M = L*\P the Hamiltonian vector field corresponding to
hM = hx|pm coincides with ;X = §X |m, see (12). Moreover, (13) implies

hix vy = (0¥ Y'Y, (14)

where the right hand side denotes the Poisson bracket on C°°(M). The formulas (12) and
(9) above imply that the action of Diff (P, &) on M is Hamiltonian with equivariant moment
map

I M — 2P &)Y, (IMB), X) = hY(B) = B(X), (15)
where B € M and X € X(P, §).

Remark 2.1 A slightly more explicit, yet less natural description is possible if the contact
structure is described by a contact form o € Q! (P), that is, if £ = ker «. Such a contact
form provides a trivialization P x R = L* C T*P, (x, t) <> ta,. Via this identification we
have L% = t(nL*)*oz, and the fiberwise linear function 4y from (8) becomes hyx(x,t) =
t(ixa)(x) where x € P and t € R. A diffeomorphism g of P is a contact diffeomorphism
iff it preserves the contact form up to a conformal factor, i.e., iff there exists a (nowhere
vanishing) function ag on P such that g*a = aga. Similarly, a vector field X on P is
a contact vector field iff it satisfies Lya = Axa, for a conformal factor Ax € C*®(P).
Both, the group action of Diff (P, &) and the Lie algebra action of X(P, &) on L*, written
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in the trivialization L* = P x R, involve the conformal factors. More explicitly, we have
WE (x, 1) = (g(x), tag(x)) and £ £ (x, 1) = (X (x), tAx (x),).

Coadjoint orbits

It is well known that each connected component of a symplectic manifold is equivariantly
symplectomorphic to a coadjoint orbit of its Hamiltonian group, see for instance [12]. We
will now formulate a similar statement for the group Diff.(P, &) of compactly supported
contact diffeomorphisms which can be considered as a special case of Theorem 4.10 below.

For B € M, the isotropy subgroup Diff.(P, &; B) is a closed Lie subgroup of Diff.(P, &).
Moreover, the map provided by the action, Diff.(P, &) — M, g +— ¥ g’f (B), admits a local
smooth right inverse defined in a neighborhood of 8. In particular, the group Diff. (P, &) acts
locally and infinitesimally transitive on M, and the Diff (P, £)-orbit through S is open and
closed in M. Denoting this orbit by Mg, the map Diff .(P, &) — Mg is a smooth principal
bundle with structure group Diff.(P, &; B). Hence,

Mg = Diff (P, &)/ Diff .(P, &; B)

may be regarded as a homogeneous space. The moment map (15) induces an equivariant dif-
feomorphism between Mg and the coadjoint orbit of Diff . (P, &) through JM(B) € X(P, &)*.
By infinitesimal equivariance of J* and (13), this diffeomorphism intertwines the Kostant—
Kirillov—Souriau symplectic form @FES with o™ . Indeed, for BeMand X,Y € X(P,§&),
we get

((IM* oS8 M (B), ¢ (B))

= K8 (F PO My, T (M (py)

(15) (13)
= (MPB).[X.Y]) = h y (B =
whence (JM)*@oKKS = oM
In particular, each connected component of M is equivariantly symplectomorphic to a
coadjoint orbit of the identity component in Diff.(P, &). If P connected and the contact
structure is not coorientable, then M is connected, hence a coadjoint orbit of Diff. (P, &).

oM B), M (B)),

2.2 Moment maps on a manifold of weighted maps

In this section we introduce an infinite dimensional generalization £ of L* that also carries
a canonical 1-form 6< which is invariant under a natural Diff (P, &)-action.

To this end, we fix a closed manifold S. We let |A|s denote the line bundle of densities
[21,Chapter 16] on S, and we write w215 |A|g — S for the corresponding vector bundle
projection. Recall that sections of |A|s can be integrated over S in a natural way. Every
orientation of S provides an isomorphism of line bundles |A|s = AY™S T*§ A nowhere
vanishing density, i.e., a section in (| A|s\S), will be referred to as a volume density.

We denote the space of line bundle homomorphisms from |A[§ — S to L* — P by

lin

L= CR(AL LY) = {cp € CO(AIL LY |vi e R: @ o s =67 o q>] .

There is a canonical map 7. > C (S, P), characterized by

alod = n£(¢) o nlA‘g, (16)
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for all ® € L. For the fiber over ¢ € C*°(S, P) we have a canonical identification,
o= (@5 @) =T™(|Als ® *L*). (17

The contact group Diff (P, &) acts from the left on £, and the reparametrization group
Diff (S) acts on £ from the right in an obvious way. More explicitly, these actions are given
by

VE@) =W od  and  yE(@): _cbow‘A'S, (18)

where ® € L, g € Diff(P, &), f € Diff(S), and wl 5 S Diff(|A|’§) denotes the induced
(fiberwise lmear) action of Diff (S) on the total space of | A[§. The two actions on £ commute,
and the map 7~ intertwines them with the corresponding actions on C*(S, P) given by

VTSP () =gop and ¥y M) =90,

where g € Diff (P, &), f € Diff(S), and ¢ € C*(S, P). More explicitly, we have lInggl =

C>®(S,P C®(S,P
VE oWl al oWt =w S onl yb =ykoyl nfoyl =yl P ok,

and W£ o wf = wf oWE, for g, g1, g2 € Diff(P,€) and f, fi, f» € Diff(S).

Remark 2.2 Let u € T°°(J]A|s\S) be a volume density on S, i.e., anowhere vanishing smooth
section of |A|s. Such a volume density provides an identification

LECT(S, LY, @< ¢=>of,

where [i € T®°(JA[5) denotes the section dual to u, that is ft(u) = 1. In this picture the
actions on L take the form

VEG =W 0p  and  yE@ =L o),
m

where ¢ € C*°(S, L*), g € Diff(P, §) and f € Diff(S).

The space £ can be equipped with the structure of a smooth Fréchet manifold such that
the identification £ = C°°(§, L*) in Remark 2.2 becomes a diffeomorphism, for each choice
of volume density 1. The map 7% : £ — C(S, P) is a smooth vector bundle. The tangent
space at @ € L can be canonically identified as

Tl n=® and
TsF

x 19
VeR:noz?lAIS: (19

Tol = {n € C(JAl5, TLY)

The actions of Diff (P, &) and Diff(S) on £ are smooth. For X € X(P, &) and Z € X(S),
the corresponding fundamental vector fields are

AL}

K@) =¢f 0@ and  (F(®)=Tdoy, (20)

where ® € L and {l 5 € X(]A[3) denotes the fundamental vector field of the Diff (S)-action
on the total space of |A[§. Note that

[AlS \AIS
z =&y
C>®(S,P)

T o M5 = ZonMs and  (51"15)% @1

Clearly, (W) = ¢y 05, xa1 = 18K, $5,)- Tn‘o:x ; ok, (WS =

Cf*Z’ 5[21 Z] = [;Z {Zz] Trnt o{Z = ;C S.PB , and [{X {ZL] 0, where
g € Diff(P, &), X, X1, X2 € X(P,¢), f € Diff(S), Z, Zl, Z2 € X(9).
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The canonical 1-form

Consider the 1-form 6% on £ defined by
o< = [ %', @)
s

where n € Te L and ® € L. Note here that, because of (19), inserting 7 into 6L leads to a
fiberwise linear map oL (m): |Al§ — R which, when regarded as a section of |A|s, may be
integrated over S. By invariance of GL*, the 1-form 6% is invariant under both actions, i.e.,
we have

(WH*0F =0% and  (Y[)*0° =0"
for all g € Diff(P, &) and f € Diff(S). The corresponding infinitesimal invariance reads
L,c6°=0 and L.6°=0,
X A

where X € X(P,&) and Z € X(S).

Moreover, we introduce the 2-form ot := d6% on L. By invariance of 0L, this 2-
form is invariant under both actions too. More explicitly, we have (\I/gﬂ)*wﬁ = % and
(I/ff)*wﬁ = ¥ for g € Diff(P, &) and f € Diff(S), as well as infinitesimal invariance
Lgxga)ﬁ = 0and ngﬁu)ﬁ =0for X € X(P,&) and Z € X(S). Clearly, see [9, 33],

(1, m) = /S ot (1, m2) (23)

where 01,12 € ToL and ® € L. As before, the fiberwise linear function wL*(m, 12) on
| Al§ may be regarded as a section of | A|s which can be integrated over S.

The exact 2-form w® = d6% is not (weakly) non-degenerate, because w’" is not sym-
plectic on all of L*. In the subsequent section, we will restrict to an invariant open subset of £
on which w* is (weakly) symplectic. On this symplectic part, both actions are Hamiltonian
with equivariant moment map. This is a well known formal consequence of the fact that
these actions preserve the 1-form %, see for instance [25,Section 12.3]. The corresponding
Hamiltonian functions and moment maps are given by contraction of the fundamental vector
fields with the canonical 1-form. However, these geometric objects make sense on all of L.
Hence, we will now formulate their fundamental relations on L.

L*

The left moment map
For X € X(P, &), consider the function h§ : L — R defined by
ig}feﬁ = h%. (24)
Using the infinitesimal invariance, L ¢ f@ﬁ = 0, we obtain
igxca)ﬁ = —dh% (25)

analogous to (12), as well as

hi oy =5 hy = —¢f - hg = 0" (5. 0f), (26)
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forall X,Y € X(P, &), cf. (13). From the invariance of 8~ we obtain, cf. (9)

(WOYhS =hfy and  (YF)*hg = hf (27)
for all f € Diff(S), g € Diff (P, &), and X € X(P, ). We introduce a smooth map
JE: L — X(P,&)* (28)
by putting (JLE, X) = h§, that is,
(J£ (@), X) = h(®) = 07 (£ (D)), (29)

where ® € £ and X € X(P, &). The equations in (27) may be written in the form
(JEoWE X)=(WF.g*X) and Jfoyf =Jf, (30)

where g € Diff (P, ), X € X(P, &), and f € Diff(S). Combining (24), (20), (22), (7), (10),
and (16), we obtain

h§<<b)=/scb(Xo<p>, (31)
where ¢ € C°(S, P), ® € L, =T (|Als ® ¢*L*),and X € X(P,&) =T*°(L), cf. (17)
and (8). Here we use the canonical contraction between L* C T*P and T P to obtain the
density ® (X o ¢) € '*°(]A|s). More explicitly, the verification of (31) reads:
24) (20) * (22) * *
h§(®) = 6°(E (@) = 65§ o®) = / 0 (5 0 @)
s

@ /@(Tn otk o) @/ob(xonl*ocb)
S S

@/¢(xo¢on‘A|§):/q>(xo<p).
S N

The right moment map

For Z € X(S), consider the function k§ : L — R defined by
igzﬁeﬁ = k5. (32)
Using the infinitesimal invariance, L ¢ deﬁ = 0, we obtain
zggw dkz (33)
as well as
L L L L L Lo L L
kiz,. 2 = ¢z, "kz, = =87, k7, = 07 (&7,.¢7)). G4
forall Z, Z1, Z» € %(S). From the invariance of 6£ we obtain
WOk =kf and  (YF)'kZ =kF, (35)
for all g € Diff (P, &), f € Diff(S), and Z € X(S). We introduce a smooth map
I £L— Q'(S, |Als) € X(9* (36)
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by putting (J,f, Z) = ké, that is,
(JE (@), Z) = k5 (®) = 0°(¢5 (D)), 37)
where ® € £ and Z € X(S). The equations in (35) may be written in the form
(JEoYF.2)=(YF. fxZ) and JgoWf=Jg, (38)

where [ € Diff(S), Z € X(S), and g € Diff (P, &). In view of (32), (20), (22), (7), (16), and
(21), we have

k% (@) :/S@(wo 7). (39)

where p € C(S, P), ® € L, =T*®(|Als®¢*L*),and Z € X(S), cf. (17). As before, we
use the canonical contraction between L* C T*P and T P to obtain a density ®(Tg o Z) €
' (]Als). More explicitly, the verification of (39) reads:

k5@ 2 oL cf @) Dol T o) Z fSeL*(m o c %)

@ / O(Trt o Td o)) 9 / O(Tgo Tr'Ms 0 £ M)
S S

(Zz”/¢(T¢ozon'A‘§):/¢(T¢OZ).
S S

It follows from (37) and (39) that J ,f(cb) is indeed a smooth 1-form density as indicated
in (36), i.e., J1§(<I>) e Q1(S, |Als). More precisely, we have

,\(J,f(eb)(Z)) =(@oA)(TpoZ) (40)

for Z € X(S) and A € T*°(|A[Y). Note that JI§(¢) can also be characterized as the smooth

1-form density on S corresponding to the 1-homogeneous vertical 1-form ®*9L" on the total
space of |A[§. More explicitly, we have

JE (@) = d*L (41)
via the canonical identification

QL(S, [Als) = {/3 e Q'(IA[%) | B is vertical and (5,"5)* = 1 for all r € ]R} . 42)

Here p € Q'(S, |Als) corresponds to B € Q' (JA[%) given by B(W) = w(p(T,,x'Als - W))
where w € |Al5 and W e Ty, |A[S.

Remark 2.3 Using a volume density p on S to identify £ = C°°(S, L*) as in Remark 2.2,
the differential forms 6< and w” become, see (22) and (23),

0X(n) = /S oL (. and  “(n1,m) = /S o (1, mu, 43)

where ¢ € C°(S, L*) and n, 1, m2 € TpC®(S, L*) = {n € C®°(S, TL*) : a1 on = ).
For X € X(P, &) and Z € X(S), the fundamental vector fields ¢ § and ;’é identify to

tF@) =t o¢  and  (£(¢) =ThoZ+divu(Z)  (Rod), (44)
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where div, (Z) := LZT" denotes the p-divergence, and R := % |,:18,L* € X(L*) denotes the
Euler vector field of L*. The functions h§ and ké become, see (31) and (39),

h5(p) = /S (@*hx)p and  kZ(}) = /S XA 45)

Hence, the maps J LE and J 1§ identify to
JE: C®(S, L) — C®(L* — X(P, &), JE@) = punt (46)
JE 1 C®(S, L) — (S, |Als) € X(S)*, JE@) =00  @u (47

where ¢ € C*°(S, L*) and we use the inclusion X (P, &) = C2O(L*) C C°(L*), see (8).

lin
2.3 The symplectic part

Let M € L = Cii(IAl§, L*) denote the open subset of line bundle homomorphisms
|Al§ — L* which restrict to a linear isomorphism on each fiber,

M= Cyy inj(|A|’§, LY). (48)

2 We will denote the restriction to M of any action, function, form, or vector field on £
considered above, by replacing the superscript £ with M. Because L*\ P is symplectic, the
2-form ™ = doM is (weakly) non-degenerate, whence symplectic, cf. (23).

The map 7™: M — C(S, P) is a principal fiber bundle with structure group
C°(§,R*), provided we restrict to the connected components of C°°(S, P) in the image of
7M_If ¢ is in one of these components, then the fiber My = (™)~ () may be canoni-
cally identified with the space of nowhere vanishing sections of the line bundle |A|s ® ¢*L*,
cf. (17). Thus, disregarding the density part, M, may be considered as the space of contact
forms for & along the map ¢p: S — P.

Clearly, M is invariant under the action of the groups Diff (P, &) and Diff(S). Since
both actions preserve the 1-form 6, they are Hamiltonian with equivariant moment maps
obtained by contraction of the 1-form with the infinitesimal generators, see for instance [25,
Section 12.3]. We summarize these facts in the following proposition.

Proposition 2.4 (a) The action of the group Diff (P, &) on M is Hamiltonian with an equiv-
ariant moment map Ji\/l M — X(P, &), given by

@), X) = (i 0 (@) = h' (@) = /S P(X 0 9), (49)

where ® € My and X € X(P, ). Moreover, the moment map JLM is Diff (S)-invariant.
More explicitly, we have (\IJgM)*a)M = oM, ig)/(ma)M = —d(JZ\A, X), (JLM o \Ilg\/t, X) =
(WM, g*X), and J{M o l/ij = J{M where g € Diff (P, &), X € X(P, &), and f € Diff(S).

(b) The action of the group Diff (S) on M is Hamiltonian with an equivariant moment
map J,/?Vl: M — QUS, |Als) S X(S)*, given by

(1 (@). Z) = (i pm0™)(@) = k7" (@) = /S ®(TyoZ), (50)

2 Using a volume density on S to identify £ = C°°(S, L*) as in Remark 2.2, the space M corresponds to
C®(S, L*\P). When & = ker« for a contact form «, then the corresponding trivialization L* = P x R
yields a further identification M = C°(S, P) x C*° (S, R*).
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where ® € My and Z € X(S). Moreover, the moment map J/QM is Diff (P, &)-invariant.
More explicitly, we have (W}Vl)*a)M = oM, igéwwM = —d(J/eM, Z), (Jlé\/l o 1//;.‘/1, Z) =

w}”, f+Z), and Tt o WM = T, where f € Diff(S), Z € X(S), and g € Diff(P, £).

Proof The statements in (a) follow immediately from (25), (29), (30), and (31). The statements
in (b) follow immediately from (33), (37), (38), and (39). m]

Remark 2.5 1f S is a single point, then we recover the symplectization discussed in Sect. 2.1.
More precisely, in this case the canonical volume density on S provides a canonical iso-
morphism between the line bundles 7t L — C™(S, P) and xl* x> p. Up to this
identification, we have \Ilgﬁ = \IJgL*, for all g € Diff(P, &), 6F = 6L and 0t = ol
M/&reover, M =M and J LM = JM, Clearly, the Diff(S)-action is trivial in this case and
Jp© =0.

2.4 A dual pair on the non-linear Stiefel manifold of weighted embeddings

We will now restrict to an open subset of M on which the Diff (§)-action is free. Let

& == Embyin(|A[5, L) (5D
denote the open subset of all (fiberwise linear) embeddings in £ = Cpy (JA[§, L*). Elements
of £ are automatically isomorphisms on fibers, so & € M. We consider £ as a non-linear
Stiefel manifold of weighted embeddings.?

We will denote the restriction to £ of any action, function, form, or vector field on £
considered above, by replacing the superscript £ with £. The map 7€ : & — Emb(S, P)isa
principal fiber bundle with structure group C*° (S, R*), provided we restrict to the connected
components of Emb(S, P) in the image of 7. Since £ is open in M, the symplectic form
™ restricts to a symplectic form € on £. Hence, (£, »®) is a (weakly) symplectic Fréchet
manifold.

Note that £ is invariant under the actions of Diff (P, &) and Diff(S). In view of Proposi-
tion 2.4, the restrictions of J LM and J 1/{\4 to & provide equivariant moment maps

* Jf J;?S 1 *
X(P, &) «—— & —— Q (S, |Als) € X(S) (52)
for the actions of Diff (P, &) and Diff (S) on &, respectively.

A pair of equivariant moment maps for commuting Hamiltonian actions of (infinite dimen-
sional) Lie groups G and H on an (infinite dimensional) symplectic manifold Q,

J, J,
gf «——— 0 —F> p*,

is called a symplectic dual pair [34] if the distributions ker 7'J;, and ker T Jg are symplec-
tic orthogonal complements of one another: (ker TJ)t = kerTJg and (ker TJg)*+ =
ker T'Jr . Both identities are needed here, due to the weakness of the symplectic form. Let
go(x) == {g)? (x)|X € g} denote the tangent space to the G-orbit at x € Q. When

go=bgp and bo =g, (53)

3 Using a volume density 1 on S to identify £ = C%(S, L*) as in Remark 2.2, the subset £ corresponds
to C®(S, L*\P) N (nﬁ)*' (Emb(S, P)). If, moreover, § = kerw, we get a further identification £ =
Emb(S, P) x C°(S, RX).
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i.e., if the G-orbits and H-orbits are symplectic orthogonal complements of one another,
then the actions are said to be mutually completely orthogonal [23]. Since ker T Jg = bJQ-,
the first identity in (53) can be rephrased as the transitivity of the g-action on level sets of the
moment map Jg, and similarly for the second identity.

Mutually completely orthogonality of the actions implies that J;, and Jg form a dual pair.
The reverse implication is not always true, due to the weakness of the symplectic form [11].

Theorem 2.6 The moment mappings JLS and J ,f in (52) form a symplectic dual pair, called
the EPContact dual pair. Moreover, the commuting actions of Diff (P, &) and Diff(S) on £
are mutually completely orthogonal, i.e., for each ® € £ we have

[LE@) | X ex(P, &) ={cE(@)|Zex®)
= {A € To& |VZ € X(8) : 0§ (A, 5 (@) =0} (54)

as well as

[5@)|Zex(9) ={f(@)]|X exP &)
= {B € To& |VX € X(P,§) : 0§ (¢ (®), B) =0} . (55)

Proof Suppose ® € £. The inclusion

[E@) | X ex(P,&)) C {cE@)|Zzex®)

follows immediately from (27) and (25). To show the converse inclusion, suppose A €

{L@]|z e%(S)}l. The 1-form B := ®*ia0wl’ € QU(A[%), given by (V) =

qu;(y)(A(Y), Ty®(V)) for all V. € Ty|A[j, satisfies (8,|A|S)*ﬂ = t8, by homogeneity of

@, A, and w®". Thus, for all Z € X(S),

0= of (4, £ (0) B / o (4, T OC\ZM;):/ ﬁ(§|ZAF§)’
S s

where the integrands are fiberwise linear functions on the total space of [A[§, which may

be regarded as sections of |A|s and integrated over S. By Lemma 2.7 below, there exists a

fiberwise linear function u € CE, (| A[s) such that 8 = du.

Because @ is a fiberwise linear embedding, one can construct i € Cp-(L*),i.e. ho 8,“ =
thforallt € R, suchthath o ® = u and dh o ® = iz, Indeed, let it € Cro(L*) be
any fiberwise linear function with iz o ® = u and write h = & + h'. Hence, it suffices to
construct A’ € C°(L*) which vanishes along ® and has prescribed derivative dh’ o @ =
iswl" — (dit) o ® along ®. This is possible, since ®*(i g’ ) — ®*(dit) = B — du = 0.

According to the identification (8), there exists a contact vector field X € X(P, &) such
that h = —hy, hence

iAa)L* =—dhxod® (12 i{)%*oq)wL*.

Since w®” is non-degenerate over L*\ P, we conclude A = ;“)%* o @, and using (20) we get

A = ¢§(®), whence (54).
It remains to check the other equality (55). The inclusion

[£@)|Z e x(9)) < {cE(@)| X e x(P, )}
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follows immediately from (35) and (33), or (54). To show the converse inclusion, suppose
that B € {¢£(®)|X € X(P,£)}". Hence, for all X € X(P, &),

0= (£ (@), B) D ottt oo, B) E fS o (¢t 0w, B) P / (dhy o ®)(B).

and thus fs (dho®)(B) =0, forallh € CJ (L"), cf. (8). This implies that B is tangential to
N := (| Al¥). To see this, consider y : [Al§ — ann(TN) € T*L* satisfying 77 L 0y =

® and (T(S,L*)* oy o 8,|A|5 = y for all 7. Since @ is a fiberwise linear embedding, there
exists h € Cio(L*) withh o ® =0 and y = dh o ¥, hence fs y(B) = 0 for all such y. We

conclude that B is tangential to N. Consequently, there exists a vector field W on the total
space of |A|§ such that B = T® o W. Clearly, §f W = W, for all r € R. Using Lemma 2.8

below, we conclude that there exists Z € X(S) such that W = {‘ZAls. In view of (20), we
obtain B = (‘Zg (®). This completes the proof of (55). O

Lemma 2.7 Suppose p € Q! (IA[5) is a 1-form on the total space of | A5, such that 57 B = t B

forallt € R and
[A]
/Sﬂ(;z ) =0 (56)

forall Z € X(S).* Then B = digB where R = %Itzlét € X(|A[3) denotes the radial vector
field, i.e., the fundamental vector field of the action é;.

Proof We fix a volume density w on S and identify |A[§ = S x R correspondingly. The two
canonical projections shall be denoted by p: S x R — Sand¢: § x R — R, respectively.
The radial vector field becomes R = 13, € X(S x R). By homogeneity, 8 € Q!(S x R)
can be written in the form 8 = tp*B + (p*b)dt where B € Q!(S) and b € C®(S, R).
Moreover, for Z € X(S), we have

AN =z 4 (p div(Z))ra,, (57)

where Lz =: div(Z)p and p*Z € X(S x R) denotes the vector field which projects to Z
on S and 0 on R. Consequently,

p (ZIZMS) =1p*(izB +bdiv(2)).

Using Stokes’ theorem, we obtain

fﬁ (§|ZA\S) _ /(,ZB +bdiv(Z))u /(B db) Nizu.

In view of the assumption (56), we conclude that B = db, whence digf = d(tp*b) =
tp*db + (p*b)dt = tp*B + (p*b)dt = B, the desired relation. o

Lemma 2.8 Suppose W is a vector field on the total space of |Al§, such that 5§ W = W for
allt € R and such that

/dh(W) =0, (58)
S

4 Note that the integrand is a fiberwise linear function on the total space of |A|’§, which may be regarded as
a section of |A|g and integrated over S.
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for all smooth, fiberwise linear functions h on the total space of |Al5. > Then W is a fun-

damental vector field of the natural Diff (S) action on |A[%, i.e., there exists Z € X(S) such
IAlg

that W = ¢, =

Proof As in the proof of the preceding lemma we fix a volume density p on S, we identify

|Al§ = SxR correspondingly, and we denote the two canonical projectionsby p: SxR — §

and7: S xR — R.Hence, the vector field W can be written in the form W = p*Z+(p*w)t9;

where Z € ¥(S) and w € C®(S). Every function 2 € C*(S) gives rise to a fiberwise linear

function & := tp*i_z on the total space of |A[§. Then

dh(W) = tp*(hw + dh(Z))

and Stokes’ theorem yields

/dh(W) = /(f_zw—f-d}_z(Z))u :/iz(w —div(2)) .
N N N

Using the assumption (58), we conclude that w = div(Z). Consequently, see (57), we obtain
W = p*Z + (p*w)td, = p*Z + (p* div(Z)id; = ¢y 5. o

Remark 2.9 Let us give a more explicit description of the EPContact dual pair if the contact
structure is described by a contact form, § = ker «, and a volume density p on S has been
fixed. We have already pointed out before, see footnote 3, that these choices provide an
identification of the non-linear Stiefel manifold £ with Emb(S, P) x C°°(S, R*). Via this
identification, the actions of Diff (P, &) from the left and Diff (S) from the right are

\y;?(ga,h):<goqo,<%w)h> and wf(w,h)=(<ﬂ0f,(h0f)ﬂ7">,

where g € Diff(P, &), f € Diff(S), and (¢, h) € Emb(S, P) x C*®(S, R*). Using the
identification X(P, §) = C°°(P) provided by the contact form «, the EPContact dual pair
(52) becomes

JE JE
C®(P)* <« — Emb(S, P) x C®(S,R*) —X 5 QI(S, |Als) € X(9)*  (59)

with moment maps
JE(p, h) = pu(hp)  and  J5 (9, h) = ¢ a @ hpu. (60)

This follows readily from the formulas provided in Remarks 2.2 and 2.3.

In view of Theorem 2.6 one might expect [2, 12] that the contact group acts locally tran-
sitive on the level sets of J g. This is indeed the case, see Theorem 3.5 in the subsequent
section. Moreover, one might expect that a coadjoint orbit O C X(S)* gives rise to a reduced
symplectic structure on the quotient (J g )~1(©)/ Diff (S) which is equivariantly symplec-
tomorphic to a coadjoint orbit of Diff.(P, &) via the symplectomorphism induced by the
moment map JLE . Below we will see that this can be made rigorous for coadjoint orbits
corresponding to isotropic embeddings, see Theorem 4.10.

5 Note that the integrand is a fiberwise linear function on the total space of | A|%, which can be regarded as a
section of |A|g and integrated over S.

@ Springer



2954 S. Haller, C. Vizman

3 Level sets of the right moment map

In this section we will show that each level set of the right moment map
Jg: & — Q'(S.|Als) € X(S)*

is a smooth splitting Fréchet submanifold in £. Furthermore, we will see that the contact
group acts locally transitive on each level set. More precisely, we will show that this action
admits local smooth sections and the isotropy groups are Lie subgroups. Hence, (unions of)
connected components of these level sets may be regarded as homogeneous spaces of the
contact group. These results are summarized in Theorem 3.5 below.

A similar transitivity statement has been established in [9, Proposition 5.5] using methods
quite different from the approach presented here.

Let 7/'L: J'L — P denote the 1-jet bundle of sections of L. Recall that each section
h € T°°(L) gives rise to a section j'h € I (J'L). We equip the total space of J! L with the
contact structure uniquely characterized by the following property: A section s € I (J!L)

has isotropic image iff there exists & € I (L) such thats = j!4.° In this case h = nZIL os,

where 1{ 'L. J'L — L denotes the natural projection.

Consider the line bundle p: hom(p{L, pjL) — P x P where p1,p2: P x P — P
denote the two canonical projections. We let P := isom(pj L, p5L) denote the open subset
of fiberwise invertible maps. We equip the total space of P with the contact structure

£ ={A e TP |a((Tu(p1 o p)A) mod & opya)) = (Tu(p2 0 P)A) M0d E(pyopya)} (61)

where a € P.7 Note that a diffeomorphism g € Diff (P) is contact if and only if there exists
asmoothmap a: P — P with isotropic image satisfying pjopoa =idand ppopoa = g.
Moreover, in this case W;x =a(x) inhom(Ly, Lg(x)), forall x € P. Here \I/}ix denotes the

restriction of llléf to the fiber L.
It is well known [24,Corollary in Section 1] that there exists a contact diffeomorphism

JI'LovESucye (62)

from an open neighborhood V' of the zero section P < J!'L onto an open neighborhood U
of the diagonal P C P intertwining the contact structure obtained by restriction from J'L
with the contact structure obtained by restriction from P. Moreover, for all x € P, we have

8(0y) =1idr, . (63)
It is also well known, see [20,Theorem 43.19] for the coorientable case, that the map
Ly o2w L Diff (P, &), F(h):=propoBojlho (propoEo j‘h)“,
(64)

provides a chart for the Lie group Diff.(P, &) at the identity, which is known as Lychagin
chart. Here W is a C*°-open neighborhood of zero such that, for each & € W, the image of

6 If L = P x Ris a trivialization of L, then J lp>7*%p x R, and the contact structure can be described by
the contact form p*@ — dt, where 6 denotes the canonical 1-form on T* P, while p: T*P x R — T*P and
t: T*P x R — R denote the canonical projections.

T1f & =kera,and P = P x P x (R*) denotes the corresponding trivialization, then the contact structure
can be described by the contact form 7pja — pja on P x P x (RX).
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j'h is contained in V and pj o po Eo jlh as well as pr o p o E o jh are diffeomorphisms
of P. Clearly, F(0) = idp, see (63). Moreover, for h € W and x € P, we have

= . - . -1
Uk = (B0 i'ho(propogojn)™)mw (65)

inhom(Ly, LF)(x))- In particular,

Wh=0 & F)(x)=xand Wi,  =idg,. (66)

Lemma 3.1 For ® € &, the isotropy subgroup
Diff (P, &; ®) = {g € Diff (P, £) : Vi () = D}
is a splitting Lie subgroup of Diff.(P, §).
Proof Put ¢ = 7E(®) € Emb(S, P) and N := ¢(S). For the chart F in (64) we obtain
F7'(Diffo(P,&; ®)) = {h e T°(L) | Vx e N @ jih =0} nw,

see (66) and (18). Since N is a closed submanifold in P, the linear space on the right hand side
admits a linear complement in I'>°(L). To construct such a complement, let . w > N
denote the normal bundle of N, where W = T P |y /T N fix a tubular neighborhood W C P
of N such that N corresponds to the zero section in W; and choose an isomorphism of line
bundles L|w = (z")*L|y. This provides a linear map

I(LIN) @ TP(LIy ® W¥) — T¥(L|w), (67)

by regarding sections of L|y as =" -fiberwise constant sections of L|w, and by regarding
sections of L|y ® W* as 7" -fiberwise linear sections of L|w. Let x € CX(W,R) be a
compactly supported bump function such that x = 1 in a neighborhood of the zero section.
Multiplication with x and extension by zero provides a linear map I'*°(L|w) — T'2°(L).
Composing this with (67), we obtain a linear map we will denoted by

x: TP(LIN) ®T®(LIy @ W) — T°(L). (68)

The image of x provides a linear complement of {h eI (L) | VxeN:jlh= O} in
I'2°(L). Hence, Diff .(P, &; @) is a splitting Lie subgroup of Diff.(P, £). O

Suppose @1, P, € M, and write ¢; = aM(®;) € C®(S, P). For x € S consider the
restrictions to the fibers, ®; ,: |A|"§’x — L;l(x) and ®, ,: |A|§,x — LZZ(X), and define a
smooth map G(®, ®3): S — P by

G(®1, P2)(x) = (P15 0 D 1)* € hom(Ly, (1), Lyy(x) (69)
for x € S. Clearly,

propoG(P,P)=¢1 and propoG(Py, Py) =g (70)

Lemma3.2 The map G(®1, ®2): S — P has isotropic image iff J3'(®1) = J31(P2).
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Proof Suppose x € S, Zy € T, S,0 # Ay € |A|’§’x, and write a := G(®1, ®»)(x). Then:
T.G(®1, @) - Zy € E]

61
L a(T(pr o PTG (@1, B2) - Z, m0d &(pyopyiay)

=Ty(p2 o p)TG(P1, 2) - Z, mod S(pzop)(a)

70
& a(Tepr - Zx mod §(pyopy@) = Tx92 - Zx mod &(py0p)(a)

69)
< D, (TX‘PI - Zx mod S(PIOP)((I)) = (D;,x(Txﬁ"Z - Zx mod f(pzop)(a))

< Ay ((DT,X (Tx(pl - Zx mod f(pwp)(a))) = )‘X(d);,x (waz - Zy mod E(pzop)(a)))
< qDl,x(Ax)(Tle - Zy) = CDZ,X(AX)(TX¢2 - Zy)

Qo (@) (Z0)) = 2 (T (@)(Z,))

& JPN@)(Zy) = TR (D) (Zy)

—~
=

=
O

The lemma follows at once. ]
For p € Q'(S, |Als) we let
&P =) o) =[P e JE(P) =p)

denote the corresponding level set of the moment map JI‘;:: E— QIS |Alg) € X(5)*.

m

Lemma 3.3 The level set EP is a smooth splitting Fréchet submanifold in E, for each p
Ql(S, |Als).

Proof Fix @1 € £, put ¢ := 7E(®1) € Emb(S, P), and consider the submanifold N :=
©1(S) of P. Let7": W — N denote its normal bundle, W := T P|n/T N.Choose a tubular
neighborhood W C P of N in P such that the zero section in W corresponds to N. As in the
proof of Lemma 3.1, we fix an isomorphism of line bundles,

Llw = (x")* LIy (71)

and a compactly supported bump function x € C°(W, R) such that x = 1 on an open
neighborhood X of the zero section in W. The corresponding map (68) extends naturally to
a linear map x such that the following diagram commutes:

-1

reo(L) d

|

I®(LIy) @ T®(LIy @ W*)

rewuin)
Ti (72)

ree(JN(LIN) @ T(LIy @ W*)

jloid

Here the component ' (J(L|y)) — l“COO(J1 L) of y is the tensorial map induced from the
map '*°(L|y) — I'2°(L) given by 7 W-fiberwise extension and multiplication with . The
line bundle isomorphism in (71) also provides an isomorphism

r((J'L)Iy) Z T (L) @ T (LIy ® WF). (73)

Using this isomorphism to replace the lower right corner in the diagram (72), we obtain
linear maps y and FOO((JIL)lN) — Fgo(JlL), s — §, such that the following diagram

@ Springer



A dual pair for the contact group 2957

commutes:
-1

J -

(L) reUin) 5
xT T } (74)

P¥(LIy) & I (Ly ® W*) ——— > T ((J1L)|y) s

For every v € I'*®(W) with v(N) C X we obtain a linear isomorphism

5. T((J'D)Iy) — T®(W*('L)),  ¥(s):=Fov. (75)

Moreover, ¥ and its inverse D! are given by first order differential operators depending

smoothly on v. Furthermore, if v(N) € X and s € '®((J'L)|y), then
§ o v has isotropic image in J'L < s € img(y), (76)

since § is holonomic when restricted to fibers of 7. Also note that img(y) admits a closed
complementary subspace in I'*°((J 11)|x). Indeed, the space of smooth sections in the kernel
of the canonical projection J!(L|y) — L|y provides a closed complement for the image of
1 T(L|y) — I (JY(L|y)). Taking the sum with T%°(L|y ® W*) and using (73), we
obtain a complementary subspace of img(y) in I'*°((J "Div.

Let V denote the C°°-open neighborhood of zero in I'*°((J L) consisting of all s €
'®((J'L)|y) with the following five properties:

(a) the image of § is contained in V, cf. (62),

(b) propoEos: P — P isadiffecomorphism,

(¢) ppopoEos: P— Pisadiffeomorphism,

(d) the image of (pjopoEo $Hlo ¢1: S — P iscontainedin X € W, and
(e) s :=mVo(piopoBos)logp:S— N isadiffeomorphism.

Fors € V we define vy := (pjopo Eof) ' ogo 1//;1 € I'>°(W). Hence,
vsoys = (propoEed) oyl (77
We will next show that the following map is a diffeomorphism

r®(J'L)IN) 2V > UCS {GeC®(S.P):propoG =g}

s> Gyi=Eofo(piopoEBod) oy (78)

from V onto the C°°-open subset I/ in {G eC®(S,P):piopoG = (pl} consisting of all
G € C*°(S, P) with the following five properties:

(@ propoG =g,
(b) the image of G is contained in U, cf. (62),

(c) the image of 7/'L 6o =1 0 G: § — P is contained in X C W,
d) yg:=7"orn’'L o8 1oG: S — N is a diffeomorphism, and
(e) sg := GEI(E_I oGo W(_;l) €V, where vg := /'l oE o Go 1//51 € I'°(W).
To see that (78) is a diffeomorphism, let s € V and observe that (77) and (78) yield
Gy =EoSovs oy (79)

as well as ¥, = ¥, and vg, = v,. Hence, 210G, 0 1//51 = § o vg, and (75) gives
: s 3 :

s =75 (7 0 Gyoyg)). (80)
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We conclude that G5 € U and s, = s, forall s € V, see (j). This shows that the map i/ — V,
G +— sg, is left inverse to the map (78). To show that it is right inverse too, consider G € U
and note that (75) and (j) yield S ovg = 2 !0 G o w&l. Hence,

EoSgovgovs =G.

Composing with p; o p and using (b), (f) we obtain,

vG oY =(piopoEoig) o1
Combining the latter two equations, we get

- |

aosGo(plopocosG) op; =G.

In other words, G, = G, for all G € U, cf. (78). This shows that (78) is indeed a diffeo-
morphism. Using (76), (79), and the fact that E is a contact diffeomorphism we find

Gy has isotropic image in P < s € img(y). (81)
The construction in (69), cf. also (70), provides a diffeomorphism
MZE{GeC®S,P):ipiopoG=g}, @ G(P, D).
Combining this with the diffeomorphism in (78), we see that the map
I(J'DIN) 2V =&, s> @y (82)

characterized by G(®1, ®5) = Gy, is a diffeomorphism from V onto a C*°-open neighbor-
hood of ®; in £. Combining Lemma 3.2 with (81) and J1‘§(<I>1) = p, we obtain

JE@)=p & seimg(y). (83)
This shows that (82) is a submanifold chart for £° in £, centered a ;. O

Lemma 3.4 The action of Diff .(P, &) on the level set EP admits local smooth sections, for
each p € QU(S, |Als).

Proof We continue to use the notation set up in the proof of Lemma 3.3. Using the commu-
tativity of the diagram (74) we obtain a linear map img(y) — I'S°(L), s — hy, such that
jlhs =5, forall s € img(y). Using (65), (a), (b), and (c), see also (64), we find iy € VW and
- - e |
"I"Ie(h;),(pl(x) = (a oSo (Pl opo& os) )(‘Pl(x))
inhom(Ly, (x), L F(hy)(e;(x)))» Torall x € S and s € img(y) N V. Hence, see (78) and (82),
L
\PF(hx),(pl(x) = G (P, Dy)(x).
Using (69) we obtain
L
qu,x O WE )0 0) = q’T,x’
and dualizing yields
W () © Plx = P
forall x € S and s € img(y) N V. Hence, in view of (18), we get
WE ) (@1) = @y,

for all s € img(y) N V. As (82) restricts to a chart, img(y) NV — &P, for the manifold £°,
the lemma follows. ]
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Combining Lemmas 3.1, 3.3, and 3.4 we obtain the following result:

Theorem 3.5 Suppose p € QU(S, |Als). Then the level set E° is a smooth splitting Fréchet
submanifold of £. For ® € EP, the isotropy subgroup Diff .(P, &; ®) is a closed Lie subgroup
of Diff . (P, &). Moreover, the map provided by the action, Diff .(P, &) — EP, g — \Pg‘g(@),
admits a local smooth right inverse defined in a neighborhood of ® in EP. In particular, the
group Diff .(P, &) acts locally and infinitesimally transitive on EP, and the Diff . (P, &)-orbit
of ® is open and closed in EP. Denoting this orbit by EX, the map Diff (P, &) — Sg isa
smooth principal bundle with structure group Diff.(P, &; ®). Hence,

&R = Diff (P, &)/ Diff (P, &; @)

may be regarded as a homogeneous space.

4 Weighted non-linear Grassmannians

We continue to consider a manifold P endowed with a contact structure &, and a closed
manifold S. Recall that the Diff (S) action is free on the non-linear Stiefel manifold £ of
weighted embeddings. We will now factor out this action and consider the corresponding
space G = £/ Diff (S) of unparametrized weighted submanifolds of P.

4.1 Principal bundles over non-linear Grassmannians

Let Grg(P) denote the non-linear Grassmannian of all smooth submanifolds of P which
are diffeomorphic to S. It is well know that Grg(P) can be equipped with the structure of a
Fréchet manifold such that the canonical map Emb(S, P) — Grg(P) becomes a principal
bundle with structure group Diff ().

Consider the space of weighted submanifolds

N € Grg(P) and }

y € I'*®(J]A|y ® L|}) a nowhere vanishing section (84)

G:= ((N . 7) ‘
The Diff (P, &)-actions on P and on L* induce a left action on G. For g € Diff(P, &) we let
\Ilgg denote the corresponding action on G, that is, \Ilgg (N,y)=(g(N), g«v)-

Remark 4.1 If & = Kker «, then the contact form « provides a trivialization L* = P x R which
permits to identify G with a weighted non-linear Grassmannian,

G= Gr§'(P):={(N,v) | N € Grg(P)andv € T°(|A|y\N)}, (85)

by identifying (N, v) with (N, v ® a|y) € G. The weighted Grassmannian can be equipped
with a smooth structure such that the canonical forgetful map Gr‘gt(P) — Grg(P) is a
smooth fiber bundle. Indeed, it can be canonically identified with the bundle associated
to the principal fiber bundle Emb(S, P) — Grg(P) via the Diff(S)-action on the space
' (JA]s\S) of volume densities on S. Note that the induced smooth structure on G does
not depend on the contact form « for £. Via the identification (85), the Diff (P, &)-action
becomes

g _ 8=
wI(N, v)—(g(N), . ‘gmg*”)’ (86)

where g € Diff(P, §) and (N, v) € Gr{'(P). Indeed, g, (v Q@a|y) = &%

o

28V @ g).-
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The space G in (84) can be equipped with the structure of a smooth manifold such that
the canonical forgetful map

9.6 — Grg(P)

becomes a smooth fiber bundle with typical fiber [*°(|A|s\S). Indeed, if (N, y) € G, then
locally around N, the contact structure on P is coorientable and can be described by a contact
form. We can therefore use Remark 4.1 to equip G with a smooth structure. In view of (86)
the Diff . (P, £)-action on G is smooth.

To an element ® € £ = Embyiy (| A5, L*) over the embedding ¢ = 7€ (®) € Emb(S, P)
we associate a pair (N, y) € G in the following way: N = ¢(S) and y is the composition
of @ (corestricted to L*|y) with the isomorphism |A|j; :|Aly — |A]% induced by the
diffeomorphism¢: § — N.Itiseasytoseethatthemapg: £ — G, givenbyq(®) = (N, y),
is a smooth principal bundle with structure group Diff (§). We summarize this in the following
Diff (P, £)-equivariant commutative diagram:

£
& — = Emb(S, P)

ql i (87)
g

G ——"——>Grs(P)

By Diff (S) invariance, see Proposition 2.4(a), the moment map J f descends to a smooth
map

JPiG - X&), Jlog=JE. (88)

In view of (49) we have the explicit formula

N, p). X) = fN Y (XIx), (89)

where (N, y) € G and X € X(P, &). On the right hand side X is regarded as a section of
L, see (8), restricted to N and contracted with y to produce a density on N which can be
integrated.®

Proposition 4.2 The following assertions hold true:

(a) The map JLg 1 G — X(P, &)* is a Diff (P, &)-equivariant injective immersion.

(b) We have DIiff (P, &; (N, y)) = Diff (P, &; JLg (N, y)), where the left hand side denotes
the isotropy group of (N, y) € G and the right hand side denotes the isotropy group of
Jg (N, y) € X(P, &)* for the coadjoint action.

(c) The group Diff (S) acts freely and transitively on level sets of JLg & — X(P, &)

Proof In view of Proposition 2.4(a), the smooth map JLg is Diff (P, £)-equivariant. It
follows from the dual pair symplectic orthogonality condition (55) that JLg is immer-
sive. To check injectivity, suppose (Ny, y1) and (N2, y2) are two elements in G such that
JI? (N1, y1) = JI? (N2, v2). Since y; is nowhere vanishing, we have supp(JLg(Ni, ¥i)) = Ni,

8 Using a contact form « to identify G = Gr‘gt(P) as in Remark 4.1, the map (89) is simply

(I, ), X) = /Noz(X)le.
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see (89), whence Ni = N,. Assume, for the sake of contradiction, y; # y». Then there

exists X € I'®(L|y) such that (y;, X) # (3, X) with respect to the canonical pairing
between I (|A|y ® L|}) and IT'*°(L|y). Extending X to a global section X € I'®°(L), we
obtain (JLg (N1, v, X) # (JLg(Ng, y2), X) using (89). Since this contradicts our assumption
JLg (N1, 1) = JLg (N2, 2), we must have y; = y». This shows that Jf is injective.

The assertion about the isotropy groups in (b) follows readily from the injectivity and
equivariance of J Lg . The assertion in (c) also follows from the injectivity statement in (a),
since the Diff (S)-action on the fibers of g: £ — G is free and transitive. O

4.2 Right leg symplectic reduction

In this section we study the spaces obtained by symplectic reduction for the right moment
map J§: £ — QU(S, |Als) € X(S)*. For a 1-form density p € Q!(S, |Als) we put

G’ :=q(&"),

where £ = (JI‘;:)_l (p). By Diff(S)-equivariance of J £ and since Diff (S) acts transitively
on the fibers of ¢ : £ — G, the definition of G may be rephrased equivalently as

q~'(G") = £P - Diff(S) = (J§) ™' (p - Diff ($)). (90)

Here p - Diff(S) € Q1(S, |Als) € X(S)* denotes the coadjoint orbit through p. Note that ¢
induces a bijection

G* = (J§) (o - Diff(S))/ Diff (S) = £°/ Diff (S, p), 1)

where Diff (S, p) = {f € Diff(S) : f*p = p} denotes the isotropy group of p. Thus, G* is
the underlying set of the symplectically reduced space at p.
We have the following more explicit description of G*:

Lemma4.3 Foreach p € Q'(S, |Als) we have

G" ={(N.y) € G|(N. i y») =(S.p)} .
Here ty: N — P denotes the inclusion and the pull back vy € QUN, |Aly) =
I'°(|Aly ® T*N) is defined as the composition | Ay, RN Ly S T*Pln m T*N.°

Proof Consider ® € & over ¢ := 7€(®) € Emb(S, P) and put (N,y) = q(®). By
definition of g, we have ¢(S) = N and the “triangle” on the top of the following diagram
commutes:

AL
/"”’W’—”“ ---------------- N\\\

Al 5 LTy v Al
J,?@)l l \Lt’fv)’
T* T*

TS e T*Ply — = T*N
e

The left rectangle in this diagram commutes in view of the formula for Jl‘g in (50); the
right rectangle commutes in view of the definition of ¢}, ; and the “triangle” at the bottom

9 Because y is nowhere vanishing, the kernel of ‘7\/7 : TN — |A|y coincides with §|y N TN.
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commutes trivially. We conclude that (N, iy y) = (S, J;?(CID)) via . Hence, (N, y) =
(S, p) iff (S, Jg (®)) = (S, p). The latter, in turn, holds iff there exists f € Diff(S) with
JE(®) = f*p,ie.,iff ® € (J§)~!(p-Diff(S)). Using the description (90) of G” we obtain
the lemma. m]

Remark 4.4 We have seen in Remark 4.1 that the choice of a contact form « on P permits
to identify G with a weighted Grassmannian. Under this identification, the reduced space
becomes

G” = {(N.v) € Gr§'(P) : (N.iya ®v) = (S, p)}. (92)

Remark 4.5 A general fiber of the forgetful map 79 : G — Grs(P) will intersect several of
the spaces G”, for many different p. A notable exception are fibers over isotropic submani-
folds, cf. (95) in the subsequent section.

Remark 4.6 We do not expect G” to be a (smooth) submanifold in G for general p.

4.3 Weighted isotropic non-linear Grassmannians

We will now specialize to the isotropic case, p = 0. Let us introduce the notation
€50 = ()" (Emb™(S. P)) = (Jp) 7 (0) = €°, (93)

where Embi®°(S, P) denotes the space of isotropic embeddings, cf. (41), (47), or (60). This
can equivalently be characterized as the elements in £ = Embyi, (JA[5, L*) which restrict to
isotropic embeddings [A[5\S — L*\P = M.10

Let Gr§°(P) denote the space of isotropic submanifolds of type S and consider the space
of all weighted isotropic submanifolds of type S,

G == (29~ (Gr§*(P))
={(N,y)|N € GriSSO(P), y € T®(|A|y ® L*|y) nowhere vanishing}. (94)

In view of (87) and (93) we have g ~1(G'*°) = gis° = (JI‘;:)_1 (0). Hence, G™*° coincides with
the reduced space G” for p = 0, i.e.,

G° = (J5)71(0)/ Diff(S) = G*° = (%)~ (Gr°(P)). (95)

Remark 4.7 1f « is a contact form for &, then isotropic submanifolds N are characterized by
tya = 0 and the identification in Remark 4.4 becomes

G¥ =g = {(N,v): N € Gr§°(P) and v € T°(|A|y\N)}. (96)
Lemma 4.8 The subset GriSS”(P) is a smooth splitting submanifold of Grg(P).

Proof This follows from the tubular neighborhood theorem for contact structures near
isotropic submanifolds, see [14,Theorem 2.5.8] or [24,Theorem 1]. Since we were not able
to locate this statement in the literature, we will sketch a proof below.

Suppose S = N C P is an isotropic submanifold, and let E := TN-L/TN denote its
conformal symplectic normal bundle, see [14,Definition 2.5.3]. Using the relative Poincaré

10 Using a volume density on § to identify £ = C™ (S, L*) as in Remark 2.2, the subset £15° corresponds
to C(S, M) N (X)L EmMbSO(S, P)). If moreover § = ker a, then the corresponding diffeomorphism
L = C®(S, P) x C(S) provides an identification £'° = Emb'° (S, P) x C*®(§, R*).
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lemma, one easily constructs a 1-form ¢ on the total space of E such that (1) & vanishes along
the zero section; (2) ixde = 0 for every vector X tangent to the zero section; and (3) such that
(de)|n represents the conformal symplectic structure on each fiber of E, cf. the proof of [24,
Proposition in Section 4]. Hence « := pje 4 p;60 + dt is a contact form in a neighborhood
of the zero section of E @ T*N x R, where p1, p», t denote the canonical projections onto
the three summands, and 6 denotes the canonical 1-form on 7*N. Assuming, for simplicity,
that the contact structure on P is coorientable near N, the tubular neighborhood theorem
for isotropic submanifolds asserts that there exists a contact diffeomorphism ¥ between an
open neighborhood of the zero section in E @ T*N x R and an open neighborhood of N in
P which restricts to the identity along N. Using this diffeomorphism, we obtain a manifold
chart for Grg(P) centered at N by assigning to a smooth section o of E ® T*N x R, which
is sufficiently C I_close to the zero section, the submanifold ¥ (o (N)) in P. As ¥ is contact,
the part of Griss"(P) covered by this chart corresponds to sections o € T*°(E @& T*N x R)
such that o*a = 0. Identifying T®(E @ T*N x R) = I'*(E) x Q!(N) x C®(N) and
writing o = (s, B8, f) accordingly, the latter condition is equivalent to s*¢ + 8 + df = 0.
Hence, Gr‘s"(P) corresponds to the part of the chart domain contained in the splitting linear
subspace

[(E) x C®°(N) CT*°(E) x QI(N) x CP(N)=T*(E®T*N x R),
(Sr f) = (S, —S*S—df, f)

This shows that Gri§°(P) is a splitting smooth submanifold of Grg(P). ]

Remark 4.9 Lemma 4.8 implies that Emb'*°(S, P) is a smooth splitting submanifold of
Emb(S, P), because the natural map Emb(S, P) — Grg(P) is a (locally trivial) smooth
principal bundle with typical fiber Diff (S). Since 7€ : € — Emb(S, P) is a (locally trivial)
smooth fiber bundle, this also implies that £ 150 j5 a smooth submanifold of &, see (93). Using
the isotropic isotopy extension theorem for contact manifolds, see [14,Theorem 2.6.2] for
instance, one can show that the group Diff. (P, £) acts locally and infinitesimally transitive
on £°, Hence, for p = 0, Theorem 3.5 is essentially known.

As mentioned before, one expects that connected components of G'*°, endowed with a
reduced symplectic form, are symplectomorphic to coadjoint orbits of Diff.(P, &) via the
restriction of J Lg 1 G — X(P, &)*. The following theorem makes this precise.

Theorem 4.10 (a) The subset G*° is a smooth splitting submanifold of G. Moreover, the map
provided by the action, Diff.(P, &) — G, g —> \llgg (N, y), admits a local smooth right

inverse defined in a neighborhood of (N, y) in G"°_ In particular, the group Diff.(P, £)
acts locally and infinitesimally transitive on G*°, and the Diff .(P, &)-orbit of (N, y) is open

and closed in G*°. Denoting this orbit by Q”" Ny the smooth map Diff (P, &) — g;;{; )

locally trivializable with structure group lef «(P,&; (N, vy)) and induces a bijection
G(x.,, = Diff (P, &)/Diff.(P, & (N, y)).

(b) The projection q restricts to a smooth principal bundle q'° : £° — G'° with structure
group Diff(S). The restriction of the symplectic form % 10 5 descends to a (reduced)
symplectic form 9" on G'°. The Diff (P, £)-equivariant injective immersion

79 G L x(PLEY", <Jf"”<N,y>,x>=/ Y (X,
N
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provided by restriction of J Lg from (89), identifies gg;;; ) with the coadjoint orbit through

JLg (N, y) of the contact group Diff (P, &), such that
(Jgim)*wKKS _ wgi.m, (97)

where X% denotes the Kostant—Kirillov—Souriau symplectic form on the coadjoint orbit
through JLg (N, y), cf. Remark 4.11 below.

Remark 4.11 To avoid discussing differential forms on coadjoint orbits, we consider the
Kostant—Kirillov—Souriau form on the coadjoint orbit through J Lg (N, y) as a formal object

only. We actually work with its pull back along J Lg m , that is, the well defined smooth 2-form
on G'° characterized by

(Y KK 8 (N ). c§ (N, y)) = (J9 (N, ). [X. YD), (98)

where X,Y € X(P,&) and (N, y) € G°. To motivate this definition, recall that for a
Lie algebra g the Kostant—Kirillov—Souriau symplectic form on the coadjoint orbit through
A € g* is (formally) given by

ST ), 8 W) = (X, YD),

* is
where X, Y € gand ¢ )g( denotes the infinitesimal coadjoint action. Since J g *is equivariant,
we are being lead to (98).

Proof of Theorem 4.10 We have already observed that Gr‘SO(P) is a smooth submanifold of
Grs(P), see Lemma4.8. Since the forgetful map 79: G — Grg(P) is asmooth fiber bundle,

we conclude that G*° is a smooth submanifold of G, see (94). In particular, the map provided
by the action p: Diff (P, &) — giso, pg) = \Ilgg(N, y), is smooth. Using local sections of
£is0 5 G1% and the fact that the Diff..(P, &)-action on £%° admits local smooth sections, see
Theorem 3.5, we readily see that the Diff . (P, &)-action on G's° admits local smooth sections.
If U is an open subset in g};‘;‘y) andif o : U — Diff (P, &) is such a local section, then

p~'(U) = U x Diff (P, & (N,y)), g+ (p(g),a(pe) g (99)

is a Diff . (P, &; (N, y))- equlvarlant local trivialization with inverse (x, i) — (o (x)h).!!
In view of £1%° = q_l (ngO) the smooth principal bundle ¢ : £ — G restricts to a smooth
principal bundle q'%°: £15° — G1%° with structure group Diff (). By Proposition 4.2 the map
JLgIsn is a Diff (P, S)-equivariant injective immersion. In view of (the trivial inclusion in)
Eq. (55), we have wg(g“x ;Z) =O0forall X € X(P,£) and Z € X(S). Since Diff (P, &)
acts infinitesimally transitive on giso, the 1-form o (—, ¢5 £), thus, vanishes when pulled
back to £%°. Hence, the restriction of w® to £ is vertical. We conclude that there exists
a unique 2-form wglso on G such that (qiso)*q)gm coincides with the pull back of w®
to £, Clearly, 9™ is closed. The 2-form w9 is (weakly) non-degenerate in view of
(the non-trivial inclusion in) Equation (55). From (98), (29) (26) and the equivariance of
g we immediately obtain (g5)* Jy gre VKKS = (g1s0)*¢g gt , whence (97). The remaining
assertions are now obvious. O

Remark 4.12 'We expect that the isotropy group Diff.(P, &; (N, y)) in Theorem 4.10(a) is a
closed Lie subgroup in Diff . (P, &). If this is the case then the local trivializations in (99) are

11 We do not claim that Diff (P, &; (N, y)) is a submanifold of Diff.(P, &).
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diffeomorphisms, hence the map Diff.(P, &) — 5\‘; ) is a smooth principal bundle with

structure group Diff. (P, &; (N, y)) and 95{,’ ») may be regarded as a homogeneous space in
the category of smooth manifolds.

In any case, one can equip Diff.(P, &; (N, y)) with the smooth Frolicher structure, see
[20, Section 23] and [6-8], induced from the ambient Lie group Diff. (P, &). Then the local
trivializations in (99) are diffeomorphisms of Frolicher spaces and QS\‘,’ ,) may be regarded
as a homogeneous space in the sense of Frolicher spaces.

Example 4.13 If S is the circle S! and P is a 3-dimensional contact manifold, then the
weighted non-linear Grassmannian G becomes the manifold of weighted (unparametrized)
knots in P, and G*° is the (symplectic) manifold of weighted Legendrian knots in P. By
Theorem 4.10, its connected components can be identified with coadjoint orbits of the identity
component of the contact group.

4.4 Weighted contact non-linear Grassmannians

Let us now consider a 1-form density p € Q(S, |Als) of contact type, i.e., kerp € TS is
assumed to be a contact hyperplane distribution. Then the reduced space G*, see (91), consists
of weighted contact submanifolds. More precisely, according to Lemma 4.3 we have

G’ < (x9N Gy, (P, &), (100)

where Grfgnﬁiitp)(P, &) C Grg(P) denotes the subset of contact submanifolds which are of
type (S, ker p). In contrast to the isotropic case, see (95), the inclusion (100) is strict.

The maps in (87) restrict to a Diff (P, £)-equivariant commutative diagram

o

&
er —>”; EmbgTact (P, £)

. l (101)
g/)

GF ————— Gr{giat (P, &)

where Embfgnﬁii‘p)(P, &) € Emb(S, P) denotes the subset of contact embeddings inducing

the contact structure ker p on S.

Lemma4.14 If p € QI(S, |Als) is a contact 1-form density, then the following hold true:

(a) Grfgflﬁgﬁ’p) (P, &) is an open subset of Grg(P).
(b) Embfgf’]igftp)(P , &) is an initial Fréchet submanifold of Emb(S, P).
(c) The natural map

Embfg7,§g§fp) (P, &) — Grfgf'lﬁ‘;?p) (P, £)

is a smooth principal bundle with structure group Diff (S, ker p).
(d) The natural map
(ﬂC’JRE ) contact 00 *
Llgmpggree p.e) — Emb{SYr,) (P, &) x T™((T'S/ker p)" ® |Als)

(S.ker p er p)
is a diffeomorphism of Fréchet manifolds, providing a Diff (S, ker p)-equivariant trivi-

alization of the bundle w*: £ — C*(S, P) over Embfgf'ﬁgﬁtp)(P, &).
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(e) The map w€: & — Emb(S, P) restricts to a diffeomorphism of Fréchet manifolds,
EP = Emb{\e) (P, §).

Proof (a) follows from the Gray stability theorem, see [14, Theorem 2.2.2]. Locally around
points in Gr(g"3(P, &), the Gray stability theorem permits to construct cross sections of
the Diff (S)-bundle Emb(S, P) — Grg(P) which take values in Embﬁgf‘]ﬁ?p)(P, £). Such
a local cross section, defined on an open subset ¢/ in Grg(P), provides a local trivializa-
tion of Diff(S)-bundles, ¢/ x Diff(S) = Emb(S, P)|y, which maps U x Diff (S, ker p)
onto Embfgnﬁ?}? ) (P §)lu. Recall that Diff (S, ker p) is a Fréchet Lie group, and the natural
inclusion into Diff (§) is initial, see [20, Theorem 43.19]. Whence (b) and (c).

Since p is nowhere vanishing, the map in (d) is a bijection. This map is smooth because
the inclusion Emb‘(’gf‘ﬁiﬁ‘p)(P, &) € Emb(S, P) is initial. To see that its inverse is smooth
too, we fix a vector bundle homomorphism o: TS/ker p — TS splitting the canonical
projection TS — TS/ ker p. Let W denote the set of embeddings ¢ € Emb(S, P) for which

the composition

TS/kerp > TS 1% o* TP - ¢*L

is an isomorphism of line bundles over S. Clearly, W is an open neighborhood of

Emb(§ & (P, &) in Emb(S, P). We obtain a smooth map

s:Wx T®((TS/kerp)* ® |Als) — L,

characterized by 7% (s(¢, B)) = ¢ and J5(s(¢,B)) oo = B, forall ¢ € W and B €
e ((TS /ker p)* @ |A] s). Its restriction provides the smooth inverse for the map in (d).
Restricting the diffeomorphism in (d) to the level set £°, we obtain a diffeomorphism

er = Embfgf‘lg‘p)(P, £) x {p}, whence (e). O

A preliminary extended version of this paper contains an example [17,Proposition 4.20]
which shows that for general contact 1-form densities p € Q(S, |Als) the continuous
bijection

EP | DIff (S, p) — (Jlf)_](p - Diff(S))/ Diff(S) = G* (102)

induced by the natural inclusion is not a homeomorphism with respect to the quotient topolo-
gies. Note that since ¢ : £ — G admits local smooth sections, the quotient topology (Frolicher
structure) on the right hand side in (102) coincides with the one induced from G. Hence, for
(N, y) € G” the map provided by the action, Diff (P, §) — G*, g — \Ilgg(N, y), does not
admit a continuous local (with respect to the trace topology induced from G) right inverse
defined in a neighborhood of (N, y).

The diffeomorphism in Lemma 4.14(e) induces a natural homeomorphism:

Diff (S, ker p)
Diff (S, p)
Note that the isotropy group Diff (S, p) is akin to the group of strict contact diffeomorphisms.

The diffeomorphism in Lemma 4.14(d) induces a diffeomorphism

Glorgs (p.e) = BB, (P, &) xpi(s.ker ) T ((T'S/ ker p)* @ AI5)\S)

(S.ker p

EP/ DIff(S, p) = Emb{E | (P, &) XDiff(s ker p)

which restricts to a natural homeomorphism,

P = Emb(\a (P, &) Xpife(s ker ) Op: (103)
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where G” is equipped with the topology induced from G and O, denotes the Diff (S, ker p)-
orbit of p equipped with the topology induced from ' (S, |A|s). The fact that the map
in (102) fails to be a homeomorphism is reflected by the fact that the canonical continuous
bijection % — O, is not homeomorphic. The remarks in this paragraph remain true

if the topologies are replaced with the corresponding Frolicher structures.

Remark 4.15 Let p € Q1(S, |Als) be a contact 1-form density. Since G” may not be a
manifold, we refrain from considering the Kostant—Kirillov—Souriau form on G°. However,
formally pulling back the Kostant—Kirillov—Souriau form along J fp 1 EP — X(P, &), we
obtain a well defined smooth 2-form (J Lg p)*a)KKS on £, characterized by

((TE" Y o8 (£ (@), 5" (@) == (JE (@), [X, Y]),

where ® € £ and X,Y € X(P, &), cf. Remark 4.11 and Theorem 3.5. Proceeding exactly
as in the proof of Theorem 4.10, we see that this coincides with o’ the pull back of the
symplectic form o€ to £°, i.e.,

P P
(JLS )*wKKS — o
For 1-dimensional S the situation is as nice as one could wish for:

Example 4.16 Let us specialize to the circle, S = S'. In this case, any contact 1-form density
p € QLS |Als) gives rise to an orientation and a Riemannian metric on S. We write /[ p]
for the induced volume density on S, and denote the total volume by vol(p) := f s Vol
Using parametrization by arc length it is easy to see that two contact 1-form densities lie
in the same Diff (5)-orbit iff they have the same total volume. In particular, these orbits are
closed submanifolds in ' (S, |A|s). Moreover, parametrization by arc length provides local
smooth sections for the Diff (S)-action on said orbits. Note that Diff (S, ker p) = Diff(S) in
this case.

Suppose (P, &) is a contact manifold and let p € Q' (S, |Als) be a contact 1-form density
onS =S Using (103) we conclude that G” is a closed submanifold of G. Parametrization
by arc length provides local smooth sections of £7 — G and the latter is a locally trivial
smooth principal bundle. Note that the structure group Diff (S, p) = SO(1) is a closed Lie
subgroup of Diff(S). Using Theorem 3.5, we conclude that the Diff.(P, &)-action on G”
admits local smooth sections. Hence, its orbits are open and closed subsets in G” which
may be identified with coadjoint orbits of the contact group via the restriction of J Lg . The
symplectic form on & gives rise to a reduced symplectic form on G” which coincides with the
pull back of the Kostant—Kirillov—Souriau symplectic form via J Lg as in Theorem 4.10(b). If
P is 3-dimensional, then G” is a (symplectic) manifold of weighted transverse knots.

A slightly more explicit description can be given if the contact structure is admits a contact
form, £ = ker «. Then, via the identification in Remark 4.4, we have

G” = {(N,v) € Grii(P)|iya #0, vol (e @ v) = vol (p)},

for every contact 1-form density p.
5 Relation with other dual pairs

5.1 Comparison with the EPDiff dual pair

A pair of moment maps has been introduced by Holm and Marsden [18] in relation to the
EPDiff equations, describing geodesics on the group of all diffeomorphisms. The left moment
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map provides singular solutions of these equations, whereas the right moment map provides
a constant of motion for the collective dynamics of these singular solutions. In this section
we relate the EPDiff dual pair of a manifold with the EPContact dual pair of its projectivized
cotangent bundle.

Recall that the projectivized cotangent bundle,

P:=P(T*Q) = (T*Q\Q)/R* %> 0,
admits a canonical contact structure [1,Appendix 4] given by
§o=(Tep) ™ (ker ), (104)

where £ € P and B € T*Q is any non-zero element of £. As the natural action of Diff (Q)
on P preserves the contact structure &£, we obtain an injective group homomorphism

Diff (Q) — Diff(P, &).

The line bundle L* associated with the projectivized cotangent bundle, see Sect. 2.1, is
naturally isomorphic to the canonical line bundle over P:

y ={ Pl eP et}

Indeed, the vector bundle homomorphism x : y — T*P over the identity on P, given by
x (£, B) := B o Ty p, induces an isomorphism of line bundles, x : y — L*. Furthermore,

x* oL =prioTQ, (105)
where pry: ¥y — T*Q denotes the canonical projection, i.e., the blow-up of the zero section
in T*Q, and 67" denotes the canonical 1-form on T* Q. One readily checks:

Lemma5.1 Themapi: L* — T*Q, k :=pryox !
the bundle projection p,

is a vector bundle homomorphism over

Lx—% > T%Q

nL*l \L”T*Q

p— " .o

with the following properties:

(a) « is equivariant over the homomorphism Diff (Q) — Diff (P, &).
(b) « restricts to a diffeomorphism from L*\ P onto T*Q\ Q.
(c) k072 =g".

Composition with k provides a map
L=CR(Al5, L) —— CR(A[5 T*Q) = T*C™(S, Q)reg

where T*C*°(S, Q)reg denotes the regular part of the cotangent bundle. The identification
on the right hand side is provided by the canonical pairing between I'*°(|A|s @ n*T* Q) and
the tagent space T,,C°(S, Q) = I'**(n*T Q) at n € C*(S, Q). Via this identification, the
canonical 1-form on T*C* (S, Q)ree can be written in the form

HT*COC(SsQ)ng(A) — / GT*Q(A)7 (106)
N
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where A is a tangent vector at ® € T*C(S, Q)eg. The differential doT C> (S . Dreg {5 the
canonical (weakly non-degenerate) symplectic form on T*C°(S, Q)reg.

The cotangent lifted actions of the groups Diff (Q) and Diff (S) on the manifold C*° (S, Q)
preserve the canonical 1-form 6 T*C®(S. Qreg In particular, these actions are Hamiltonian with
equivariant moment maps [18], Jsing: T*C®(S, Q)reg — X(Q)*,

* (100 T*C®(S, O)re,
Using (@), ¥) = 67O (6] 0O @)) - [ wyom.  qaon
S
and Js: T*C™(S, Q)ree — Q1(S, |Al5) C X(5)*,
(Js(®), Z) = 67" C SO (o7 () = / ®(Tnoz),  (108)
S

respectively, where n € C*°(S, Q) and ® € TU*COO(S, Oreg = ' (|Als ® n*T*Q). Here

T* o0 ) re T* o0 s re
Ly €06 Dneg g ¢y €76 Dres gonote the fundamental vector fields on T*C*®(S, Qreg

corresponding to the (infinitesimal) action of ¥ € X(Q) and Z € X(S§), respectively.
These maps and the moments maps in (28) and (36) fit into the following diagram:

* ]LL Jé: 1 *
X(P,§) L Q7(S, [Als) € X(S)

li* i (109)

J in
x(0)* e s

T*C(S, Qreg ———— Q(S, |Als) € X(S)*

Here i* denotes the dual of the Lie algebra homomorphism i: X(Q) — X(P, &) corre-
sponding to the homomorphism of groups Diff (Q) — Diff (P, &). Clearly, i* is equivariant
over the homomorphism Diff(Q) — Diff(P, &). Note that via (8) and «, the Lie algebra
X(P,&) = Cp;(L*) may be regarded as the space of homogeneous functions on 7*Q\ Q,
while the image of i consists of those which extend to fiberwise linear functions on 7*Q.
Recall the open symplectic part M = Cf inj(|A|*, L*) in £ and let T*C®°(S, Oree
denote the open subset of the regular cotangent bundle that corresponds to the space

Cin, inj (IA[5, T* Q) of smooth maps which are linear and injective on fibers.

Proposition 5.2 The diagram (109) commutes. The map k. is equivariant over the homo-
morphism Diff (Q) — Diff (P, &) and also Diff (S)-equivariant. It restricts to a symplectic
diffeomorphism from M onto T*C*(S, Q)

reg*

Proof The map «, is equivariant over the homomorphism Diff (Q) — Diff(P, &) since k
has the same property, see Lemma 5.1(a). Clearly, «, is Diff (S)-equivariant too. Hence, the
fundamental vector fields are «-related, that is,

Tky o Ci%Y) = {; €76 g ke and Tkyo {ZE = ;‘ZT €0 Do ks (110)
for Y € X(Q) and Z € X(S). Using Lemma 5.1(c), (22), and (106), we obtain
()07 €78 e — gL (111)

Combining the latter with the first equation in (110), we see that the square on the left hand side
in (109) commutes, cf. (107) and (29). Combining (111) with the second equation in (110),
we see that the square on the right hand side in (109) commutes, cf. (108) and (37). Using
Lemma 5.1(b) we see that «, restricts to a diffeomorphism from M onto T*C*(S, Q)rxeg
which is symplectic in view of (111). O
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Restricting the actions and moment maps in the first row in the diagram (109) to the non-
linear Stiefel manifold & = Emby;n (| A5, L*) of weighted embeddings, we get the EPContact
dual pair from Theorem 2.6. The pair of moment maps in the second row, when restricted to
the open subset 7* Emb(S, Q). , form a symplectic dual pair [9]:

reg’

Jsin,
X(Q) < T*Emb(S, Q)% —— Q' (5. 1Al5) € X(S)*. (112)

namely the EPDiff dual pair of Holm and Marsden [18].

5.2 Comparison with the dual pair for the Euler equation

A dual pair of moment maps associated to the Euler equations of an ideal fluid has been
described by Marsden and Weinstein [26]; it justifies the existence of Clebsch canonical
variables for ideal fluid motion and also explains the Hamiltonian structure of point vortex
solutions in a geometric way. In this section we relate the EPContact dual pair to the ideal
fluid dual pair, via the symplectization of the contact manifold.

Recall the symplectic manifold M = Cﬁﬁ, inj(lAl*, L*) with Hamiltonian actions of the

groups Diff (P, &) and Diff (S) and moment maps JZM and JIJQM from Sect. 2.3. We fix a
volume density © on S. The latter provides an identification

L M — C®(S, M) (113)

given by 1, (®) := ® o 1, where ji € I*°(JA[}) denotes the section dual to u. Here M =
L*\ P C T*P is the symplectization of the contact manifold (P, &), equipped with the exact
symplectic form o™ = d6™ obtained by restricting the cotangent bundle symplectic form,
cf. Sect. 2.1. As the action of the contact group on M is symplectic, we have an (injective)
group homomorphism Diff (P, §) — Diff(M, oM).

There is a natural (exact) symplectic form on C*°(S, M), that can be described by

o W) = [ MUV, (14)
S

where U,V € IT'®(@*TM) = T,C(S, M) are vector fields along ¢ € C*°(S, M). The
right action of Diff (S, i) on C*°(S, M) is Hamiltonian, with equivariant moment map:

JETEM (s, M) — Q'(5) L Q(S. |Als) S X(S)* — (S )"
Here the first arrow is given by pull back of M ; the second identification is via the volume
density j; the third is the inclusion of smooth sections into distributional sections of 7*S &
|Als; and the fourth map is the dual of the canonical inclusion X(S, n) € X(S). We write
this as

JETEM @y =g oM @u  ie (IS SM(@), X) = /S @ M) (X)u, (115)
where ¢ € C°(S, M) and X € X(S, ).

Via the Lie algebra homomorphism C®°(M) — Xpam(M, ™), the Poisson algebra
C°° (M) acts from the left on C*°(S, M) in a Hamiltonian fashion with equivariant moment

map JLCOO(S’M): C®(S§, M) — C>*(M)* given by
N OO N EA VA SN ONE / @* M. (116)
S
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where ¢ € C°°(S, M) and h € C*°(M).
The four moment maps mentioned in this section fit into the following diagram:

Ui 77
X, &) M X"
j*T < - (117)
JE M) JE2E,M)

CoOM) = C(S, M) — 5~ X(S, w*

Here j: X(P,&) — C® (M), j(X) := hM  denotes the Lie algebra homomorphism provided
by (8), see also (14). In view of (9), j is equivariant over the homomorphism Diff (P, &) —
Diff (M, ™). Note that the composition of j with the action C*°(M) — Xpam(M, M)
yields a Lie algebra homomorphism X(P,§) — Xpam(M ,oM)y € XM, M) corre-
sponding to the homomorphism of groups Diff (P, &) — Diff (M, ™), see (12). Finally,
i: X(S,n) — X(S) denotes the natural inclusion, which is clearly equivariant over the
inclusion Diff (S, n) C Diff(S).

Proposition 5.3 The diagram (117) commutes. The map 1, in (113) is a symplectic diffeo-
morphism which is equivariant over the inclusion Diff (S, u) € Diff(S) and equivariant
over the homomorphism Diff (P, §) — Diff(M, oM).

Proof Clearly, ¢, is an equivariant diffeomorphism, see Remark 2.2. It is symplectic in view
of (43) and (114). The right hand side of the diagram commutes in view of (47) and (115).
The left hand side of the diagram commutes in view of (46) and (116). ]

The first row in (117) becomes the EPContact dual pair from Theorem 2.6 when restricted
to the non-linear Stiefel manifold £ = Emblin(|A|’§, L*) of weighted embeddings. In the
second row, by restricting the actions and moment maps to the open subset Emb(S, M) C
C°°(§, M) of embeddings, we obtain a symplectic dual pair, see [9] and [11,Section 4.2]:

JEmb(S,M) Emb(S,M)
C®(M)* <« —— Emb(S, M) —5— %(S, p)*, (118)

namely the ideal fluid dual pair of Marsden and Weinstein [26].
Note that the image ¢, (£) is an open subset (strict, in general) of Emb(S, M):

W& ={p e C®(S,M): 7M o ¢ € Emb(S, P)},
where 7™ : M — P denotes the restriction of the canonical projection Ll L > P.
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