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Abstract

Matrix conőgurations coming from matrix models comprise many important aspects of modern

physics. They represent special quantum spaces and are thus strongly related to noncommutative

geometry. In order to establish a semiclassical limit that allows to extract their intuitive geomet-

rical content, this thesis analyzes and reőnes an approach that associates a classical geometry to

a given matrix conőguration, based on quasi-coherent states.

While, so far, the approach is only well understood for very speciőc cases, in this work it is

reviewed and implemented on a computer, allowing the numerical investigation of deformations

of these cases. It is proven that the classical space can be made into a smooth manifold immersed

into complex projective space. Further, the necessity for the consideration of foliations thereof is

shown in order to deal with the observed and subsequently described phenomenon called oxidation.

The developed numerical methods allow the visualization of the semiclassical limit as well as

quantitative calculations. Explicit examples suggest the stability under perturbations of the

reőned approach and highlight the physical interpretation of the construction. All this supports

a better understanding of the geometrical content of arbitrary matrix conőgurations as well as

their classical interpretation and establishes the determination of important quantities.

Zusammenfassung

Matrix-Konőgurationen als Lösungen von Matrixmodellen beinhalten viele wichtige Aspek-

te der modernen Physik. Sie repräsentieren spezielle Quantenräume und sind daher eng mit der

nichtkommutativen Geometrie verbunden. Um einen semiklassischen Grenzfall ebendieser zu őn-

den und um die darin beschriebene Geometrie zu extrahieren, wird in dieser Arbeit eine spezielle

Konstruktion analysiert und verfeinert, die, basierend auf quasi-kohärenten Zuständen, einer ge-

gebenen Matrix-Konőguration eine klassische Geometrie zuordnet.

Die Konstruktion ist nur in speziellen Fällen wirklich verstanden, daher wird diese hier dis-

kutiert und auf einem Computer implementiert, was die numerische Untersuchung von Defor-

mationen dieser Fälle erlaubt. Es wird bewiesen, dass aus der klassischen Geometrie eine glatte

Mannigfaltigkeit, die in den komplexen projektiven Raum immersiert ist, gemacht werden kann.

Weiters wird die Notwendigkeit zur Betrachtung von Blätterungen dieser Mannigfaltigkeit gezeigt,

um das beobachtete und beschriebene Phänomen der Oxidierung handhaben zu können. Die ent-

wickelten numerischen Methoden erlauben es, den semiklassischen Grenzfall zu visualisieren und

quantitative Berechnungen durchzuführen. Explizite Beispiele belegen die Stabilität des verfeiner-

ten Zugangs unter Störungen und verdeutlichen die physikalische Interpretation der Konstruktion.

All dies unterstützt ein besseres Verständnis der beschriebenen Geometrie sowie der klassischen

Interpretation und erlaubt die Berechnung wichtiger Größen.
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1 Introduction

Matrix conőgurations ś reőned quantum geometries ś are extremely simple objects from a technical

point of view. As solutions of matrix models, they can carry a lot of physical information, while their

geometrical content is not directly accessible. They are inherently described as quantum theories,

which is clearly favorable from a conceptual perspective, but coming to the price that a classical

understanding is difficult. Therefore it is especially desirable to have the ability to construct a semi-

classical limit, represented by a classical manifold with additional structure.

One possibility to construct such a limit is inspired by ordinary quantum mechanics. There, coherent

states allow one to deőne quantization maps which build the bridge between classical manifolds and

quantum geometries. Paralleling this mechanism, one associates so called quasi-coherent states to

arbitrary őnite dimensional matrix conőgurations. Their collections can be used to deőne associated

manifolds.

This construction is well understood for (quantum) geometries associated to compact semisimple Lie

groups with the fuzzy sphere as a prototypical example, but in the general case very little is known.

This motivates the scope of this thesis, that is, to reőne the construction of a semiclassical limit via

quasi-coherent states ś allowing one to extract the geometrical content of a matrix conőguration ś

and to study this limit for deformed quantum geometries, being perturbations to well known matrix

conőgurations.

An important aspect is the analytic study and the local and global visualization of the associated

manifolds as well as the evaluation of the approach based on quasi-coherent states away from over-

simpliőed examples. This further includes the investigation on the stability of the framework under

perturbations as well as quantitative veriőcation (here, the focus lies on properties of the quantization

map proposed in [1]).

This thesis is organized in three parts, where the őrst part focuses on the theoretical background

and analytic results, while the second part is dedicated to the implementation of the framework on a

computer. The third part then discusses actual numerical results.

The őrst part (section 2) assumes a working knowledge in Lie theory and differential geometry, thus

well established results are expected to be known. On the other hand, the more involved discussions

can mostly be skipped, without foreclosing the comprehension of the argumentation. It is divided

in four sections, where the őrst (section 2.1) features an introductory view on quantum spaces and

quantization itself, including important examples like the Moyal-Weyl quantum plane and the fuzzy

sphere. Then section 2.2 focuses on quantum spaces coming from matrix conőgurations and espe-

cially on the construction of their semiclassical limit in terms of a so called quantum manifold. Some

examples are discussed in section 2.3, making the connection between earlier examples of quantum

geometries and the numerical investigation in the subsequent part. Section 2.4 introduces different

approaches to foliations of the quantum manifold, reőning the latter in order to maintain stability

under perturbations.

The second part (section 3) discusses the algorithms that are used for actual calculations in Mathe-

matica, while the focus rather lies on a conceptual understanding than on the actual code, thus not

much knowledge in programming is necessary. In section 3.1 the quasi-coherent states and other basic

properties are calculated, followed by the visualization of the quantum manifold in section 3.2. Section

3.3 deals with calculations in the leaves (coming from the foliations from section 2.4), including the

integration over the latter.

The őnal part (section 4) is reserved for the discussion of actual results for important matrix conőg-

7



urations. These examples are the squashed fuzzy sphere (section 4.1), the (with random matrices)

perturbed fuzzy sphere (section 4.2), the squashed fuzzy CP 2 (section 4.3), the related completely

squashed fuzzy CP 2 (section 4.4) and the fuzzy torus (section 4.5).

Further, this thesis includes three appendices, where appendix A contains the more technical aspects

related to the quasi-coherent states for which there was no place in section 2.2. Appendix B collects

the most crucial facts about the irreducible representations of the Lie algebras su(2) and su(3) as well

as the clock and shift matrices, where the őrst two play an important role throughout this thesis.

The last (appendix C) shows the explicit computations related to the perturbative calculations for

the squashed fuzzy sphere.

The most important paper for this thesis is [1], where a particular construction of the quasi-coherent

states and (based on that) of a semiclassical limit has been introduced that will be used throughout

this work. Thus section 2.2 recapitulates some of the framework and the results ś stipulated with new

őndings and additional considerations.

An introductory account to the background and theory of quantum spaces and matrix models can

be found in the lecture notes [2], while a comprehensive introduction in form of a book by Harold C.

Steinacker is in progress (some preliminary material has strongly inŕuenced section 2.1 and especially

both discussions of coadjoint orbits 2.1.3 and 2.3.4 as well as the introduction to section 2).

In [3, 4] a different method to construct quasi-coherent states, based on a Laplacian or Dirac operator,

is discussed. This carries the possibility to compare some results.

The origins of the generalization of coherent states to semisimple Lie algebras lie in [5], while the

fuzzy sphere was őrst described in [6]. Some completely squashed quantum geometries have already

been studied in [7, 3, 4].

General results on matrix models that highlight their physical importance can for example be found

in [8, 9, 10, 11, 12, 13], reaching from emergent gravity to noncommutative quantum őeld theory. An

important matrix model is given by the so called IKKT model, introduced in [14]. In accordance with

its strong relation to type IIB string theory here a semiclassical limit acquires the interpretation as a

brane in target space [8, 1, 14].

In this thesis, an accessible semiclassical limit for arbitrary matrix conőgurations is described as a

reőnement of the construction from [1], which allows for a better understanding of the geometry

encoded in these.
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2 Quantum Matrix Geometries

The matrix conőgurations that we will consider in this section are deőned in terms of extraordinarily

simple objects ś then again it is far from obvious how to extract any geometrical information from

them.

They are formulated in so called quantum spaces (which are here described as noncommutative geome-

tries via noncommutative algebras) which are usually thought of as quantizations of classical spaces

(i.e. Poisson or symplectic manifolds with their commutative algebras of functions).

At őrst, one attempts to construct quantum spaces associated to classical spaces together with a

correspondence principle implemented as quantization maps (one then says that one quantized the

classical spaces). But if one wants to consider matrix conőgurations coming from matrix models as

fundamental, the task is to őnd classical spaces together with quantization maps as semiclassical limits

in such a way that the quantum spaces are the quantizations of the classical spaces. Deőning such a

construction is the purpose of this section.

Since a basic understanding of the quantization of Poisson or symplectic manifolds is necessary, the

here used procedures are reviewed in section 2.1, together with some of the basic examples that will

frequently reappear throughout this work, based on [1, 2, 3, 4, 8, 10].

Having that background, in section 2.2 matrix conőgurations are introduced as special tuples of Hermi-

tian matrices (whereas matrix models are actions upon matrix conőgurations) without going too deep

into their origins. Following [1], a procedure for őnding a corresponding classical manifold (together

with additional geometrical structure) ś relying on so called quasi-coherent states ś is introduced.

In section 2.4 a main problem of the previous procedure ś the latter constructed manifolds are often

too high dimensional ś is tackled via different foliation prescriptions, mostly relying on the different

geometrical structures.

Finally, some of the developed concepts are applied to basic examples of matrix conőgurations (re-

producing some of the examples discussed in section 2.1).

2.1 Quantization of Classical Spaces and Quantum Geometries

There are various approaches to noncommutative geometry and the quantization of Poisson or sym-

plectic manifolds (like the spectral triple [15] or deformation quantization based on formal star prod-

ucts [16]), yet here we follow a different (although related) approach.

We őrst look at the classical space, deőned in terms of a Poisson manifold (M, {, }). This means

M is a smooth manifold, coming with its commutative algebra of smooth functions C∞(M) (under

point wise multiplication), where we will drop the ∞ from now on. The manifold is equipped with

a Poisson bracket ś an antisymmetric and bilinear map {, } : C(M)× C(M) → C(M), satisfying the

Leibniz rule and the Jacobi identity1, making C(M) into a Lie algebra [17]. We can simply extend

the algebra of functions by allowing the latter to attain complex values. If we demand the bracket

to be complex bilinear it also extends naturally. From now on, this extension is assumed and C(M)

stands for the complex algebra of smooth (yet not holomorphic) complex valued functions on M.

Alternatively, we can start with a symplectic Manifold (M, ω) where ω ∈ Ω2(M) is a nondegenerate

two form that is closed dω = 0, called symplectic form. Then, there is a naturally induced Poisson

1{fg, h} = {f, h}g + f{g, h} respectively {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 for all f, g, h ∈ C(M).

9



bracket {f, g} := −ω(df ♯, dg♯) ∀f, g ∈ C(M) on M, where ♯ indicates the induced isomorphism between

Ω1(M) and X(M), deőned via ω(α♯, ξ) = α(ξ) ∀α ∈ Ω1(M), ξ ∈ X(M). Conversely, any Poisson

manifold decomposes into a foliation of symplectic leaves, thus symplectic manifolds are special cases

of Poisson manifolds [17].

While the latter algebra is commutative, we take as a model of a quantum space an (in general)

noncommutative endomorphism algebra End(H) of a Hilbert space H, coming with the commutator

as a natural Lie bracket [, ] : End(H) × End(H) → End(H). This map is antisymmetric, complex

bilinear and satisőes a relation parallel to the Leibniz rule and the Jacobi identity2.

The function algebras equipped with Poisson brackets and the endomorphism algebras provide many

comparable operations and objects with physical interpretation. Table 1 provides a list of related

structures. For example on the classical side we can construct the L2 inner product if the manifold

is compact, whereas on the quantum side the Hilbert-Schmidt inner product is naturally available for

őnite dimensional Hilbert spaces. Similarly, real functions respectively Hermitian operators may be

interpreted as observables. If they are also positive and normalized in the respective induced norms,

they may be regarded as mixed states [1, 3].

structure classical space (comm.) quantum space (noncomm.)
algebra C(M) End(H)

addition & multiplication pointwise operations matrix operations
(Lie) bracket (f, g) 7→ i{f, g} (F,G) 7→ [F,G]
conjugation f 7→ f∗ F 7→ F †

inner product3 (if well def.) (f, g) 7→ ⟨f |g⟩2 := 1
(2π)n

∫

M Ω f∗g (F,G) 7→ ⟨F |G⟩HS := tr(F †G)

observable f∗ = f F † = F
mixed state f ≥ 0 & ∥f∥2 = 1 F ≥ 0 & ∥F∥HS = 1

Table 1: Comparison of related structures on Poisson manifolds and endomorphism algebras of Hilbert
spaces (for f, g ∈ C(M) and F,G ∈ End(H)). Adapted from [3] and [1]

Now, quantizing a Poisson manifold means to őrst őnd an appropriate Hilbert space and then relating

algebra elements and especially classical observables to quantum observables in such a way that at

least some features are preserved. Here, this is done by a quantization map.

A quantization map is deőned as a (complex) linear map

Q : C(M) → End(H) (1)

that further depends on a parameter θ called quantization parameter4 and satisőes the following

axioms:

1. Q(1M) = 1H (completeness relation)

2. Q(f∗) = Q(f)† (compatibility of con- and adjungation)

3. limθ→0(Q(f ·g)−Q(f) ·Q(g)) = 0 and limθ→0
1
θ (Q({f, g}))− 1

i [Q(f), Q(g)]) = 0 (asymptotic

compatibility of algebra structure)

2[FG,H] = [F,H]G+ F [G,H] respectively [F, [G,H]] + [G, [H,F ]] + [H, [F,G]] = 0 for all F,G,H ∈ End(H).
3dim(M) =: 2n and Ω := 1

n!
ω∧n =

√

det(ωab)dx
1∧· · ·∧dx2n ∈ Ω2n(M) is the volume form coming from the symplectic

form ω that is potentially induced by {, }.
4This parameter may be discrete or continuous while also {, } and the Hilbert space itself may depend on it. It should
be thought of as a formalization of the usual use of the reduced Planck constant ℏ, for example when saying to take ℏ

to zero.
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4. [Q(C(M)), F ] = 0 =⇒ F ∝ 1H (irreducibility)

The őrst condition ensures that totally mixed states are mapped to totally mixed states (up to

normalization), while the second condition guarantees that observables are mapped to observables.

The third condition ensures compatibility of multiplications and brackets in the two algebras at least

in the semiclassical limit θ → 0. The last condition ensures that there are no sectors of End(H) that

are left invariant under the adjoint action of the quantization of C(M) and therefore H is only as large

as necessary.

There are further axioms that may be imposed. Naturally, we might demand

5. ⟨Q(f)|Q(g)⟩HS = ⟨f |g⟩2 (isometry)

meaning that Q is an isometry under the natural inner products. If both C(M) and End(H) are

representations of some Lie algebra g with both actions denoted by ·, we can further impose

6. Q(x · f) = x ·Q(f) (intertwiner of action)

meaning that Q is an intertwiner of the action [2, 4, 16].

Let us formulate two remarks. Since the dynamics of classical or quantum systems are governed by

the Hamilton equations in terms of the brackets with a Hamiltonian that itself is an observable, Q

can be said to represent the correspondence principle.

If Q is an isometry, completeness implies 1
(2π)n volΩ(M) = ∥1M∥22

!
= ∥1H∥2HS = dim(H) what is better

known as Bohr-Sommerfeld quantization condition of the symplectic volume [2].

2.1.1 The Moyal-Weyl Quantum Plane

As a őrst example, we brieŕy review the Moyal-Weyl quantum plane, that reformulates results from

ordinary quantum mechanics.

Let M = R2n, together with the Poisson bracket deőned via

{xa, xb} = θab, (2)

where the xa are the Cartesian coordinate functions5 and θab is the constant matrix given by

(θab) = θ

(

0 1n

−1n 0

)

,

using the quantization parameter θ [2, 8].

Recalling the Stone-von Neumann theorem [18], we put H = L2(Rn) and deőne operators6 Xa via

(

Xiϕ
)

(q) = qiϕ(q),
(

Xjϕ
)

(q) = −iθ∂jϕ(q) (3)

5We might view R2n as a phase space and view the őrst n coordinates as spatial coordinates and the second n coordinates
as momentum coordinates.

6In analogy, we might interpret the őrst n operators as position operators and the second n operators as momentum
operators.
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for i = 1, . . . , n and j = n+ 1, . . . , 2n and for any ϕ ∈ L2(Rn) and q ∈ Rn.

This implies the commutation relations

[Xa, Xb] = iθab1H, (4)

that already nicely compare to equation (2) [2, 8].

Since M itself is a Lie group (the translation group R2n with a natural action on itself given by

t · x := x− t), we have the induced action of the translation group R2n on C(M)

(t · f)(x) = f(x+ t). (5)

On the other hand, H is a projective representation of the translation group (respectively a represen-

tation of a central extension thereof) given by t · |v⟩ = Ut |v⟩ for Ut := exp(i
∑

a,b t
aθ−1
ab X

a) and we

get an induced ordinary representation on End(H) via

t · F = U−1
t FUt, (6)

considering the Baker-Campbell-Hausdorff formula.

Under these actions, we őnd t · xa = xa + ta (the function xa not a point in R2n) as well as t ·Xa =

Xa + ta1H so both observables transform in a comparable way under translations, giving them a

related interpretation.

We note further that this implies that the Poisson bracket is invariant under translations.

Now, we deőne the so called plain waves vk ∈ C(M) via

vk(x) := exp(i
∑

a

kax
a) (7)

and the corresponding quantum version Vk ∈ End(H) via

Vk := exp(i
∑

a

kaX
a). (8)

Then, we directly őnd t · vk = exp(i
∑

a kat
a)vk and again via the Baker-Campbell-Hausdorff formula

t · Vk = exp(i
∑

a kat
a)Vk, thus both transform identically under the translation group as common

eigenmodes of all translations. It is further obvious that the vk form a basis of C(M).

With this at hand, we deőne the quantization map to be the unique linear map satisfying

Q(vk) = Vk, (9)

for all k ∈ R2n. It is not hard to verify that all axioms (1-6) are satisőed and Q is a quantization map

ś in fact the additional axioms (5) and (6) even make Q unique.

Further this implies

Q(xa1 · · · · · xa) = X(a1 · · · · ·Xan), (10)

what is well known as the Weyl ordering prescription. Especially this leaves us withXa as quantization

of xa, giving equation (4) the interpretation of the canonical commutation relations [2, 8].
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2.1.2 The Fuzzy Sphere

Now, we turn to a quantum analogue of the sphere S2, the fuzzy sphere. This represents the proto-

typical compact quantum space.

Of course, we pick M = S2 →֒ R3, where we have the Cartesian embedding functions (xa) : S2 → R3,

satisfying
∑

a x
axa = 1M. Further, we deőne a Poisson bracket via

{xa, xb} := θab(x) :=
2

N

∑

c

ϵabcxc (11)

(the use of the factor N = 2, 3, 4, . . . will become apparent later), where we view 1
N as our quantization

parameter θ [2, 8].

On the other hand, we set H = CN , observing the scheme: A compact (noncompact) classical space

őts to a őnite (inőnite) quantum space. Such a link is highly plausible in the light of the combination

of axiom (1) and (5).

At this point a little ad hoc7, we introduce the operators Xa := 1
CN

JaN , where C2
N := (N2 − 1)/4

and the JaN are the orthogonal generators of the Lie algebra su(2) in the N dimensional irreducible

representation CN (discussed in appendix B.1), satisfying
∑

aX
aXa = 1H and

[Xa, Xb] =
i

CN

∑

c

ϵabcXc. (12)

The appearance of SU(2) and consequently SO(3) ∼= SU(2)/{±1} in the last deőnition is not acci-

dental: While S2 is exactly an SO(3) orbit of the natural action on R3, we get the induced action on

C(M) via

(R · f)(x) = f(R−1 · x). (13)

Let now R = exp(i
∑

a r
aJa) (where the Ja are the Lie algebra generators of SO(3)), then we get

from the su(2) representation on H the induced projective SO(3) representation R · |v⟩ = UR |v⟩ where

UR := exp(i
∑

a r
aJaN ), further inducing an SO(3) representation on End(H) via

R · F = U−1
R FUR. (14)

We then őnd the identical transformation behaviours R · xa =
∑

bR
abxb and R ·Xa =

∑

bR
abXb.

Also here, we note that the Poisson bracket has been chosen such that it is invariant under rotations.

As for the Moyal-Weyl quantum plane, we consider the common eigenmodes of the rotation operators

in the respective representations: For C(M), these are the well known spherical harmonics

Y lm =
∑

a−l,...,al

Y
(m)
(a1...al)

xa1 . . . xal (15)

for l = 0, 1, 2, . . . and m = −l, . . . , l and for some known coefficients Y
(m)
(a1...al)

, coming with also known

7Alternatively, we could somehow parallel the use of Cartesian embedding functions and construct operators via the so
called Jordan-Schwinger representation or oscillator construction, based on the operators of the Moyal-Weyl quantum
plane [10].
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but here irrelevant eigenvalues. For End(H), we őnd the eigenmodes

Ŷ lm =
∑

a−l,...,al

clY
(m)
(a1...al)

Xa1 . . . Xal (16)

for some real normalization constants cl with the same eigenvalues. However, here we have l =

0, 1, 2, . . . , N − 1 ś providing us with a natural ultraviolet cutoff.

Now, we can deőne a quantization map in the same manner as for the Moyal-Weyl quantum plane as

the unique linear map that satisőes

Q(Y lm) =

{

Ŷ lm l ≤ N − 1

0 else
(17)

One then veriőes that the axioms (1-6) hold (while (5) only holds in the limit θ → 0 respectively

N → ∞). Again, the axioms (5) and (6) make Q unique.

An interesting consequence is the natural quantization of the prefactor 1
N in (11), quantizing the

symplectic volume of S2.

Here, we also have

Q(xa) = Xa, (18)

while for general polynomials in xa the result is (only a little bit) more involved [2, 6, 8, 19].

2.1.3 Quantized Coadjoint Orbits

The idea behind the fuzzy sphere can be generalized from SU(2) to an arbitrary compact semisimple

Lie group G of dimension D (coming with its associated Lie algebra g), also providing us with a less

ad hoc conception of the former. While this section is rather technical, it can in principle be skipped

leaving most of the remaining comprehensible. Let λ ∈ g∗ be a dominant integral element8.

We consider the coadjoint action of G on the dual of the Lie algebra g∗, providing us with the

(coadjoint) orbit Oλ := Ad∗(G)(λ) that is naturally a smooth manifold (in fact a so called homogeneous

space) and isomorphic to the quotient manifold G/Gλ, where Gλ is the stabilizer of λ. As long as λ

does not lie on the border of a fundamental Weyl chamber, the stabilizer is simply isomorphic to the

maximal Torus T := exp(h) (otherwise T is strictly contained in Gλ) and we deőne

M := Oλ
∼= G/Gλ. (19)

If we identify9 g∗ ∼= RD, we őnd natural Cartesian embedding functions for M.

The restriction of the G action to M is by deőnition transitive, while the corresponding inőnitesimal

action induces a map, mapping Lie algebra elements X ∈ g to vector őelds VX ∈ X(M). Due to the

transitivity, the image of a basis of g spans the whole tangent bundle, allowing us to uniquely deőne

the 2-form

ωλ(VX , VY ) := −λ([X,Y ]) (20)

8We shall assume that a maximal Cartan subalgebra h ⊂ g and a set of positive roots has been chosen.
9Since G is compact, g has a natural G invariant inner product (the Killing form) providing us with an inner product
on g∗ and we should identify isometrically with respect to the standard inner product on RD.
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on M, using the Lie bracket in g. It turns out that this is a symplectic form that is further invariant

under the G action, known as the Kirillov-Kostant-Souriau symplectic form, inducing a G invariant

Poisson structure on Oλ.

On the other hand, by the theorem of highest weight, we have a unique őnite dimensional irreducible

representation Hλ of G (coming with a G invariant inner product) with highest weight λ, which we

use as our Hilbert space

H := Hλ. (21)

Since both M and H are equipped with G actions and invariant inner products, we őnd induced

actions (and invariant inner products) on C(M) respectively End(H), and we may decompose each

into irreducible representations of G.

It then turns out that beneath some cutoff (comparing the Dynkin indices of the respective irreducible

representations to the Dynkin indices of λ) the two algebras are isomorphic and we may construct a

quantization map Q that is a G intertwiner and an isometry below this cutoff, where we further deőne

a parameter θ from the Dynkin indices of λ [2, 4, 5, 17, 20].

Coming back to SU(2) ś the universal covering group of SO(3) ś maximal tori are isomorphic to

U(1) ⊂ SU(2) and all dominant integral elements λ are labeled by a single Dynkin index N =

1, 2, 3, 4, . . . .

The stabilizer Gµ is simply given by U(1), implying M ∼= SU(2)/U(1) ∼= S2. su(3) is three dimen-

sional, so the above embedding exactly reproduces the Cartesian embedding S2 →֒ R3 (again up to a

scalar depending on N). Further the induced Poisson structure simply reproduces equation (11) (up

to a scalar depending on N).

Further, we őnd H = Hλ
∼= CN .

The irreducible representations in the decomposition of C(M) are spanned by the spherical harmonics

Y lm of őxed l, while in the decomposition of End(H) they are spanned by the corresponding eigen-

modes Ŷ lm of őxed l. The cutoff is then simply given by N − 1 and we have θ = 1
N , while also the

deőnition of Q matches perfectly. Thus we conclude that the fuzzy sphere is a quantized coadjoint

orbit of SU(2).

Finally, we őnd some parallels in the construction of the Moyal-Weyl quantum plane. However the

analogy works only to some extent.

We might start with the 2n+1 dimensional Heisenberg group H2n+1, being a central extension of the

translation group R2n. It is rather easy to see that all coadjoint orbits are isomorphic to R2n (carrying

a natural invariant inner product), since the coadjoint action of the central charge is trivial10. The

induced Poisson bracket is then simply given by equation (2) (up to a scalar).

On the other hand, by a more modern version of the Stone-von Neumann theorem [21], the Hilbert

space L2(Rn) is the only unitary irreducible representation of H2n+1, while the action of the central

charge on End(L2(RN )) is again trivial.

Q is then simply chosen to be an intertwiner of the R2n actions and an isometry, while θ is only a

scale here.

10This is compatible with the trivial fact that R2n is a representation of itself.
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2.1.4 Coherent States on the Moyal-Weyl Quantum Plane

As a good preparation for what is yet to come, we look at a second quantization map for the Moyal-

Weyl quantum plane that is based on coherent states ś (normalized) states in H that are optimally

localized. Also their generalizations, the quasi-coherent states, will be of great importance in the

following.

As the location of a state |v⟩, we deőne the expectation value of the Xa (deőned in equation (3)) given

by ⟨v|Xa |v⟩. The square of the norm of the average deviation is then given by
∑

a(⟨v|XaXa |v⟩ −
(⟨v|Xa |v⟩)2). (By the Heisenberg uncertainty principle we know that this value is strictly positive.)

The normalized vector |v⟩ is then said to be coherent or optimally localized (at ⟨v|Xa |v⟩) if and only

if the latter expression is minimal over all normalized states in H.

One then őnds a coherent state |0⟩, that is optimally localized at the origin11 x = 0, implying that it is

at the same time a (the) state minimizing the simpler expression
∑

a
1
2 ⟨v|XaXa |v⟩ (where the factor

1
2 is purely conventional), representing the Hamiltonian of an n dimensional harmonic oscillator at the

origin. Now, taking into account the action of the translation group (recall U−1
x XaUx = Xa+xa1H),

this immediately implies that |x⟩ := Ux |0⟩ is a coherent state located at x and minimizing the

expression ⟨v| 1
2

∑

a(X
a−xa)(Xa−xa) |v⟩ ś the Hamiltonian of a shifted harmonic oscillator, located

at x.

For a later use, this motivates the deőnition of (quasi-)coherent states |x⟩ to be normalized lowest

eigenvectors of the operator

Hx =
1

2

∑

a

(Xa − xa)(Xa − xa). (22)

Having these states at hand, we can deőne a new quantization map for the Moyal-Weyl quantum

plane, given by

Q(f) :=
1

(2π)n

∫

M
Ω f(x) |x⟩ ⟨x| , (23)

going under the name of coherent state quantization, where Ω = θ−2ndx1 ∧ · · · ∧ dx2n.

This quantization map satisőes the axioms (1-4) and (6), while it is not an isometry. Axiom (1) is

őttingly called completeness relation as it is equivalent to

1

(2π)n

∫

M
Ω |x⟩ ⟨x| = 1H, (24)

while the intertwiner property (axiom 6) is equivalent to

Q(vk) = ckVk, (25)

for some proportionality constants ck that actually tends to 1 for θ → 0, thus the Weyl quantization

and the coherent state quantization tend to each other in this limit.

Further, the quasi coherent states provide us with a map going in the other direction ś a dequantization

11This actually makes |0⟩ unique up to a phase.
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map: We deőne the so called symbol map Sym : End(H) → C(M) via

(Sym(F ))(x) := ⟨x|F |x⟩ . (26)

However, at this point it should not be expected that Sym is inverse to Q [1, 10].

This construction generalizes to arbitrary matrix conőgurations, as we will see in section 2.2, although

the quasi-coherent states are then no longer strictly optimally localized.

2.2 Quantum Matrix Geometries and Quasi-Coherent States

The starting point for our discussion is a so called matrix conőguration, an ordered set of D Hermitian

endomorphisms respectively matrices12 Xa acting on a Hilbert space H of dimension dim(H) = N > 1

in an irreducible way13. In the following (except explicitly stated otherwise), N will be őnite.

(A matrix model is then given by an action principle for matrix conőgurations for őxed D and N .)

We may view such conőgurations as quantum spaces which are equipped with a metric (in the light of

section 2.1, the quantum space itself is then given by End(H) ∼= MatC(N)). The heuristic explanation

why the Xa represent a metric comes from interpreting the Xa as quantized Cartesian embedding

functions for RD, while one can always pull back the Euclidean metric to manifolds embedded into

RD. Yet, there is an intrinsic and more well deőned explanation, based on generalized differential

operators.

Considering a manifold, a linear differential operator ∂ on the algebra of smooth functions is character-

ized by linearity and the satisfaction of the Leibniz rule ∂(fg) = ∂(f)g+f∂(g) for all f, g in the algebra.

Having a Poisson structure, especially every i{h, ·} for h ∈ C(M) is a differential operator. Thus maps

of the form ∂̂ = [H, ·] for H ∈ End(H) provide a nice generalization to quantum linear differential

operators14 since they are linear and satisfy the generalized Leibniz rule ∂̂(FG) = ∂̂(F )G+F ∂̂(G) (see

especially footnote 2 on page 10). Having this at hand, we can deőne the so called matrix Laplacian

□ :=
∑

a,b

δab[X
a, [Xb, ·]], (27)

encoding the quantum version of a metric15.

However, this point of view will not play a big role in the following [1, 2, 4, 22].

One advantage of matrix conőgurations and matrix models is that with them one starts directly on

the quantum side (and one does not need begin with a classical theory that is subject to quantization)

what is clearly favorable from a conceptional point of view as we expect nature to be inherently a

quantum theory.

Further, (őnite dimensional) matrix conőgurations enjoy the generic advantages of quantum spaces as

we have seen them in section 2.1: There is a natural (high energy) cutoff in the observables with many

consequences. Heuristically16, the high energy modes are needed to build observables that allow one

12We always identify H ∼= CN and End(H) ∼= Mat(CN ) in őnite dimensions.
13This means that the natural action of the matrices on End(H) (given by [Xa, ·]) satisőes [Xa, F ] = 0∀a =⇒ F ∝ 1H

in analogy to irreducible Lie algebra actions.
14In fact, as we already interpreted the trace as an integral, the relation tr([H,F ]G) = − tr(F [H,G]) can be interpreted

as partial integration where we observe no boundary terms.
15The use of □ instead of ∆ is purely conventional. In principle, δab can be replaced with ηab if one wants to work with

the Minkowski signature.
16This topic can be addressed with more rigor in terms of characters, see for example [15, 22]
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to resolve small distances, hence the cutoff causes coarse-graining which is also reŕected in uncertainty

relations [1, 12, 22].

Also, one can do (quantum) őeld theory on matrix conőgurations, which goes under the name of

noncommutative (quantum) őeld theory. For example, we could consider a so called Φ4 Lagrangian

for the őeld Φ ∈ End(H)

S[Φ] = tr

(

1

2
Φ□Φ+

1

2
m2Φ2 +

λ

4!
Φ4

)

, (28)

where m is the mass of the őeld and λ is the coupling constant. This can be seen to be the quantization

of the well known ordinary ϕ4 theory over a classical space.

Yet there are great consequences of the noncommutativity: One can quantize the classical dynamics

described by the action via path integrals. Especially one őnds the partition function17

Z[J ] :=

∫

DΦ e−S[Φ]+tr[ΦJ] (29)

for an external current J , while the integration runs over all matrices Φ ∈ End(H). However, the

measure DΦ is here well deőned since one simply integrates over a őnite dimensional vector space.

Due to the natural cutoff, we might hope that no ultraviolet divergences occur, however we are

disappointed here: We get a new kind of divergences, where ultraviolet and infrared contributions mix

(so called UV/IR mixing) which is not acceptable in view of what we know from ordinary quantum

őeld theory.

A heuristic explanation of these effects lies once again in the uncertainty relations: For example for

the Moyal-Weyl quantum plane, we have seen that the average deviation of the location is strictly

greater than zero, meaning that if we look at short scale effects in one direction, automatically long

scale effects come into play in other directions to compensate for the total uncertainty. Evidently,

such a theory then turns out to be strongly nonlocal [2, 12, 13].

Although this looks catastrophic at őrst, a possible cure lies just in an important question that is due

to be posed: Which matrix conőgurations should we actually consider?

One answer is the so called IKKT model, a supersymmetric dynamical matrix model that describes

ten Hermitian matrices and spinors (what we neglect here for simplicity) via the (simpliőed) SU(N)

invariant action

S[(Xa)] = tr





∑

a,b,a′,b′

ηaa′ηbb′ [X
a, Xb][Xa′ , Xb′ ]



 (30)

(where ηab is the Minkowski metric in 9 + 1 dimensions), preferring almost commutative matrix con-

őgurations. Also here, we can quantize the dynamics via a well deőned path integral. The appearance

of the number ten is no coincidence as the model is actually strongly related to string theory and may

be a nonperturbative formulation of type IIB string theory.

The reason why this model is so interesting is that there are strong suggestions that noncommutative

quantum őeld theories on solutions of the IKKT model do not show UV/IR mixing (this is due to the

supersymmetry that relates bosons and fermions) and are supposed to be UV őnite [8, 9, 13, 14].

Also, it has to be mentioned that matrix versions of Yang-Mills gauge theories naturally emerge if one

17Depending on the signature, one might have to replace − 7→ i in front of the action, causing the need for additional
regularization.
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considers the dynamics of ŕuctuations Aa of a background solution X̄a of the IKKT model

Xa = X̄a +Aa. (31)

Further, the dynamics of the Xa carries a dynamical behaviour of the implicitly described metric18

leading to so called emergent gravity or emergent geometry, while there is evidence that through

quantum effects, the Einstein-Hilbert action can be recovered in a semiclassical limit [2, 7, 9, 10, 11].

Although all the mentioned prospects are highly interesting, here we focus on the construction of a

semiclassical limit ś especially a classical manifold M with additional structure, assuming that we

already chose a speciőc matrix conőguration. This construction is based on quasi coherent states and

has been introduced in [1].

In the optimal case, this limit should be a symplectic manifold M →֒ RD that is embedded in Euclidean

space together with a quantization map Q, s.t.

Q(xa) = Xa (32)

for the Cartesian embedding functions xa ś however, to which content this is exactly achievable in

general shall be discussed in the following.

2.2.1 Quasi-Coherent States on Quantum Matrix Geometries

The őrst step to construction of a semiclassical limit for a given matrix conőguration (Xa) is to deőne

quasi-coherent states.

Recalling equation (22) for the Moyal-Weyl quantum plane, we deőne the so called Hamiltonian

H :RD → End(H) (33)

(xa) 7→ Hx :=
1

2

∑

a

(Xa − xa1)
2
=

1

2

∑

a,b

δab (X
a − xa1)

(

Xb − xb1
)

,

where we call RD target space in analogy to string theory. The expression on the (rhs) makes the use

of the Euclidean metric explicit.

One easily veriőes that for a given x, Hx is positive deőnite, using the irreducibility19. This implies

the existence of a minimal eigenvalue λ(x) with corresponding eigenspace Ex. In the following we

often restrict to points in20 R̃D = {x ∈ RD : dim(Ex) = 1}, where we őnd a corresponding normalized

eigenvector |x⟩ ∈ Ex ⊂ H that is unique up to a complex phase. (At this point this may seem

restrictive, but actually this is a core feature that is necessary to reproduce the appropriate topology

as we will see for the example of the fuzzy sphere in section 2.3.2.) This state we call quasi-coherent

state (at x). Loosely speaking, we have deőned a map |·⟩ : R̃D → H, yet in general we can not őnd a

smooth global phase convention [1].

Sometimes, we are interested in the full eigensystem of Hx, for what we introduce the notation

Hx |k, x⟩ = λk(x) |k, x⟩ = λk,x |k, x⟩ (depending on the purpose), assuming λk(x) ≤ λl(x) for k < l.

18The semiclassical limit of the metric is usually called effective metric and its inverse is found to be Gab =
∑

cd θ
acθbdgcd, where the objects on the (rhs) will be introduced in the equations (41) and (69).

19While positivity is obvious, deőniteness follows from this argument: Assume Hx |ψ⟩ = 0. This implies (Xa−xa) |ψ⟩ =
0, but then [Xa, |ψ⟩ ⟨ψ|] = 0 for all a, thus |ψ⟩ ⟨ψ| ∝ 1H. Now, the ranks can only match for |ψ⟩ = 0 [1].

20In appendix A.2 it is shown that R̃D is open in RD.
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2.2.2 The Bundle Perspective

In a more abstract language, we have deőned a principal őber bundle

p : B ⊂ R̃
D ×H → R̃

D ⊂ R
D (34)

with standard őber U(1) over the open R̃D ⊂ RD. For a detailed discussion, see the appendices A.1

and A.2. In this picture, we should regard x 7→ |x⟩ as a smooth local section of the bundle, existing

locally around any point in R̃D. (If we want to stress the fact that we consider the local section and

not a single quasi-coherent state, we write |·⟩s respectively |x⟩s if we evaluated it at some x.)

The potentially from R̃D missing points (deőning the set K := RD\R̃D) may prevent the bundle from

being trivial or equivalently from admitting global smooth sections.

Now, we deőne the natural connection 1-form

iA = ⟨x|s d |x⟩s , (35)

where A is real. This provides us with the gauge covariant derivative operator

D := d− iA, (36)

acting on sections. Again, for a detailed discussion see appendix A.2.

Under a gauge transformation

|x⟩s 7→ eiϕ(x) |x⟩s (37)

for some local smooth real-valued function ϕ, we őnd the transformation behaviour of the connection

iA 7→ i(A+ dϕ), (38)

while the gauge covariant derivative transforms as its name suggests:

D |x⟩s 7→ eiϕ(x)D |x⟩s . (39)

Further, we őnd the őeld strength21

ω =
1

2
dA. (40)

Form here on, it is more practicable to switch to index notation.

Using the gauge covariant derivative, we őnd the gauge invariant Hermitian form

hab := ((∂a − iAa) |x⟩)†(∂b − iAb) |x⟩ =: gab + iωab (41)

(turning out to be the pullback of a canonical U(1) invariant bundle metric on TB) that decomposes

21The factor 1
2

is rather an accident here and is only introduced for consistency. Later results suggest that the choice

ω = −dA would be optimal. One could then redeőne hab = 1
2
(gab − iωab) in equation (41) to circumvent all factors

and adapt for the changes in the following.
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into the real and symmetric (possibly degenerate) quantum metric

gab =
1

2
((∂a ⟨x|)∂b |x⟩+ (∂b ⟨x|)∂a |x⟩ − 2AaAb) (42)

and the real and antisymmetric would-be symplectic form

ωab =
1

2i
((∂a ⟨x|)∂b |x⟩ − (∂b ⟨x|)∂a |x⟩) =

1

2
(∂aAb − ∂bAa) =

1

2
(dA)ab

[1]. For a detailed discussion, look at appendix A.3.

2.2.3 The Hermitian Form from Algebraic Considerations

The Hamiltonian (33) is of extremely simple form, allowing us to compute hab entirely algebraically

without performing any explicit derivation. This will be very useful for the implementation on a

computer in section 3.

Let x ∈ R̃D. As a beginning we őnd22 ∂aHx = −(Xa − xa1). Thus

(Hx − λ(x))∂a |x⟩ = ∂a((Hx − λ(x)) |x⟩)− ∂a(Hx − λ(x)) |x⟩ = (Xa − xa + ∂aλ(x)) |x⟩ , (43)

where we used the eigenvalue equation in the second step and inserted the derivative of Hx in the

third step. The (lhs) is (again by the eigenvalue equation) orthogonal to |x⟩, thus we get

0 = ⟨x|Xa |x⟩ − xa + ∂aλ(x). (44)

Since the multiplicity of the eigenvalue λ(x) equals one, we őnd by the spectral theorem

Hx − λ(x) =

N
∑

k=2

(λk(x)− λ(x)) |k, x⟩ ⟨k, x| . (45)

Now, we deőne the pseudoinverse of Hx − λ(x)

(Hx − λ(x))−1′ :=
N
∑

k=2

|k, x⟩ ⟨k, x|
λk(x)− λ(x)

, (46)

satisfying

(Hx − λ(x))−1′(Hx − λ(x)) = (Hx − λ(x))(Hx − λ(x))−1′ = 1 − |x⟩ ⟨x| . (47)

Applying this operator to (43), we őnd

(∂a − iAa) |x⟩ = (1 − |x⟩ ⟨x|)∂a |x⟩ (48)

= (Hx − λ(x))−1′ (Xa − xa + ∂aλ(x)) |x⟩ ,

where we used the deőnition of the connection 1-form [1]. Since by deőnition (Hx − λ(x))−1′ |x⟩ = 0,

this simpliőes even more and we arrive at

(∂a − iAa) |x⟩ = (Hx − λ(x))−1′Xa |x⟩ =: Xax |x⟩ , (49)

22Here, we do not distinguish between upper and lower indices since we work with the Euclidean metric.
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with the newly introduced operator Xax := (Hx − λ(x))−1′Xa that is completely independent of any

derivatives.

This allows us to calculate hab complete algebraically as

hab(x) = ⟨x| (Xax)†Xbx |x⟩ , (50)

and consequently gab and ωab.

2.2.4 Algebraic Constraints on the Quasi-Coherent States

Again, due to the simple form of the Hamiltonian (33), we can formulate nontrivial relations between

its spectrum at different points.

We start by deőning the equivalence relation x ∼ y : ⇐⇒ Ex = Ey for all points x, y ∈ R̃D and label

the corresponding equivalence classes by Nx := [x] = {y ∈ R̃D|Ex = Ey} that we call null spaces.

A direct calculations shows

Hx = Hy +
1

2

(

|x|2 − |y|2
)

1 −
∑

a

(xa − ya)Xa. (51)

Assume now that x ∼ y, then this implies
∑

a(x − y)aXa |x⟩ ∝ |x⟩ (since |x⟩ is an eigenvector of all

other terms) and applying (Hx − λ(x))−1′ from the left, we őnd
∑

a(x− y)aXa |x⟩ = 0 [1].

Similarly, we őnd the relation

H(1−α)x+αy = (1− α)Hx + αHy +
α2 − α

2
|x− y|21 ∀α ∈ R. (52)

Considering again the case x ∼ y, this shows that also all points on the straight line segment (with

respect to the Euclidean metric) between x and y lie in the equivalence class Nx: Since x ∼ y we have

Ex = Ey, but then at (1− α)x+ αy for α ∈ [0, 1] the subspace Ex remains the lowest eigenspace.

Following this line further |x⟩ remains an eigenvector, so either the line hits K and beyond another

lowest eigenvector takes the place or |x⟩ remains the lowest eigenvector until inőnity.

This yields two important results:

1. Nx is convex,

2. Nx is closed in R̃D.

Since this implies that Nx is a submanifold of R̃D, it makes sense to consider TxNx ⊂ TxR̃
D.

Further, any va ∈ TxNx is proportional to (x− y)a for some y ∈ Nx, thus

∑

a

vaXa |x⟩ = 0 ∀v ∈ TxNx. (53)

Our considerations from section 2.2.3 then imply that TxNx lies in the kernel of hab(x) and conse-

quently of gab(x) and ωab(x) [1].
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2.2.5 The Manifold Perspective

In section 2.2.2, we have seen that the quasi-coherent states deőne a őber bundle over R̃D. An

alternative viewpoint is to consider the set of all quasi-coherent states of the matrix conőguration

(identifying states that discern only in a phase) as a subset of complex projective space

M′ := ∪x∈R̃DU(1) |x⟩ /U(1) ∼=
{

Ex|x ∈ R̃
D
}

⊂ CPN−1, (54)

under the identiőcation H ∼= CN .

Locally, a smooth section |·⟩s of B deőnes a smooth map23 qs := U(1) |·⟩s : U ⊂ R̃D → M′. Since

all sections only deviate in a U(1) phase, all qs assemble to a global smooth and surjective map

q : R̃D → M′.

Since all our deőnitions őt nicely together, q descends to a bijection q : R̃D/ ∼→ M′ [1].

We now want to know whether M′ has the structure of a smooth manifold. It is tempting to use the

map q to construct local coordinates, however this only has a chance if q has constant rank. As we

will see later, this is not the case in general (look for example at section 2.3.3), so instead we have to

look at the subset of R̃D where the rank of q is maximal.

We deőne k = maxx∈R̃D rank(Txq). This allows us to deőne R̂D := {x ∈ R̃D| rank(Txq) = k}. One

can easily show that R̂D is open24.

Consequently, we deőne M := q(R̂D) and use the same letter q for the restriction to R̂D.

Then we őnd (using the constant rank theorem and the results from section 2.2.4) that M is a smooth

immersed submanifold of CPN−1 of dimension k what we will call quantum manifold or abstract

quantum space, being a candidate for the semiclassical limit of the given matrix conőguration. For a

detailed discussion see appendix A.4.

Especially, we have

ker(Txq) = TxNx, (55)

and more importantly

Txq · ∂a ∼= Da |x⟩s (56)

and consequently

Tq(x)M ∼= ⟨Da |x⟩s⟩R. (57)

Further, we can pull back the FubiniśStudy metric and the Kirillov-Kostant-Souriau symplectic form

along the immersion M →֒ CPN−1 what we (up to a scale) call gM (a Riemannian metric) respectively

ωM (a closed 2-form), reproducing exactly the gab and the ωab if further pulled back along q to R̃D

[1].

From that, we know that the kernel of gab(x) coincides with the kernel of Txq (since gM is nondegen-

erate), but we only know that the kernel of Txq lies within the kernel of ωab(x), while there might be

even more degeneracy. For a detailed discussion once more see appendix A.4.

23Actually, we should consider the natural smooth projection p : CN → CPN−1 and consequently qs := p ◦ |·⟩s.
24See for example the discussion of deőnition 2.1 in [17].
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Finally, we deőne the set M̃ := {(⟨x|Xa |x⟩)|U(1) |x⟩ ∈ M′} ⊂ RD and call it embedded quantum

space. In the context of the IKKT model which is strongly related to type IIB string theory, this has

the interpretation as a brane in target space. In general, this will not be a manifold25 yet it is more

accessible than M from an intuitive point of view, being a subset of RD. This embedded quantum

space M̃ →֒ RD exactly represents the candidate for the space for which we wish equation (32) to

hold [1].

2.2.6 Properties of the Quasi Coherent States

In the previous, we have seen a few constructions based on quasi-coherent states but have not discussed

their actual meaning, except for the coherent states of the Moyal-Weyl quantum plane.

First, we consider the expectation values of the Xa in the quasi-coherent state at x ∈ R̃D

x
a(x) := ⟨x|Xa |x⟩ resp. x

a(U(1) |x⟩) := ⟨x|Xa |x⟩ (58)

(depending on the context), providing us with a point in M̃ for some given point in R̃D respectively

M′. This should be thought of as the location associated to the quasi-coherent state |x⟩.
Especially we might think of the map U(1) |x⟩ 7→ x

a(x) as the Cartesian embedding functions26 that

map M into RD, subject to quantization as in equation (32).

For later use, we note

∂ax
b(x) = ⟨x|Xb(Da + iAa) |x⟩+ (⟨x|Xb(Da + iAa) |x⟩)∗ = ⟨x|XbXa |x⟩+ (⟨x|XbXa |x⟩)∗ = (59)

= 2 ⟨x|X(b(Hx − λ(x))−1′Xa) |x⟩ = ⟨x|XbXa |x⟩+ ⟨x|XaXb |x⟩ ,

where in the second step the contributions proportional to Aa cancel and we used equation (49) [1].

Based on this interpretation, it makes sense to consider the following two quality measures, namely

we deőne the displacement

d2(x) :=
∑

a

(xa(x)− xa)2 (60)

and the dispersion

δ2(x) :=
∑

a

(∆Xa)2, (61)

for

(∆Xa)2 := ⟨x| (Xa − x
a(x))2 |x⟩ = ⟨x|XaXa |x⟩ − x

a(x)xa(x). (62)

Then the displacement measures how far the location of |x⟩ is away from x itself, while the dispersion

measures how well the state |x⟩ is localized at xa(x) via the standard deviation. So, the coherency of

a state is the better the smaller both the displacement and the dispersion are (one directly generalizes

the measures to arbitrary states of norm one).

25It may have self intersections or other peculiarities as we will see in section 4.4.
26Although in general this map will not be a topological embedding or even an immersion.
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Now, we őnd

δ2(x) + d2(x) =
∑

a

(

⟨x|XaXa |x⟩ − x
a(x)xa(x) + (xa(x)− xa)2

)

= 2 ⟨x| 1
2

(

∑

a

(Xa − xa)2

)

|x⟩ = 2 ⟨x|Hx |x⟩ = 2λ(x), (63)

but this means that if λ(x) is small also the dispersion and the displacement are small.

Choosing the lowest eigenstate of Hx by deőnition means to minimize the sum of the quality measures,

thus choosing the state of most optimally coherence ś the quasi-coherent state [1]. Finally, we note

that if dim(Nx) > 0 we automatically őnd by equation (63) that λ can not be constant on Nx (since

the displacement changes while the dispersion remains constant) thus in general we should not expect

that λ is small for all x ∈ R̃D. In fact we will see that for the fuzzy sphere λx 7→ ∞ for |x| → ∞.

2.2.7 Quantization and Dequantization

Now, we turn to a very important aspect of the construction. Our intention was to őnd a semiclassical

geometry, corresponding to a given matrix conőguration for what we deőned the quantum manifold

M as a candidate.

Therefore, we would like to deőne a quantization map Q from C(M) to End(H). However, so far

it is necessary to assume that ωM is nondegenerate27 (thus symplectic, inducing a Poisson structure

on M) and M is compact, allowing us to integrate over the latter with the induced volume form

ΩM := 1
(k/2)!ω

∧k/2
M . We will deal with the fact that this is not the case in general in section 2.4.

We now deőne28 the would-be quantization map (paralleling the idea of the coherent state quantization

for the Moyal-Weyl quantum plane in section 2.1.4)

Q : C(M) → End(H)

ϕ 7→ α

(2π)k/2

∫

M
ΩM ϕ |·⟩ ⟨·| , (64)

where α is chosen such that α
(2π)k/2Vω = N , introducing the symplectic volume Vω :=

∫

M ΩM of M.

On the other hand, we can deőne a dequantization map29 that we call symbol map via

Symb : End(H) → C(M)

Φ 7→ ⟨·|Φ |·⟩ , (65)

noting that for example x
a is the symbol of Xa [1].

Then there are a few things that we might conjecture or hope to őnd, at least approximately (especially

that Q satisőes the axioms of a quantization map in section 2.1).

27This directly implies that k = dim(M) is even.
28This is meant in the sense (|·⟩ ⟨·|)(U(1) |x⟩) := |x⟩ ⟨x|.
29The map is obviously independent of the chosen U(1) phase and actually smooth as we can locally express it via

smooth local sections |·⟩s.
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1. We would appreciate to őnd Q
?
= Symb−1 (in the weak sense Symb ◦Q = idC(M)).

2. This would be plausible if | ⟨x|y⟩ |2 behaved somehow like a delta distribution or at least as a

strongly peaked Gaussian.

3. Considering the introduction of this section, we might conjecture equation (32) to be true in the

sense

Xa ?
= Q(xa) ∝

∫

M
ΩM x

a |·⟩ ⟨·| . (66)

(We have already seen that we should think of the xa as would-be Cartesian embedding functions

embedding M into RD.)

4. In order to satisfy the őrst axiom, we need the completeness relation

1H
?
= Q(1M) ∝

∫

M
ΩM |·⟩ ⟨·| (67)

to hold. Then the condition on α ensures that this equation is consistent when taking its trace.

5. Luckily, axiom two as well as linearity are satisőed by deőnition.

6. The őrst part of axiom three is again plausible if ⟨x|y⟩ were similar to the delta distribution.

7. The second part of axiom three becomes plausible if additionally {xa,xb} ?
= 1

i ⟨x| [Xa, Xb] |x⟩ =:

θab(U(1) |x⟩) for the Poisson structure induced by ωM, assuming we can establish Q
?
= Symb−1

as well as Xa ?
= Q(xa).

(In any local coordinates for M, we can calculate the Poisson bracket as
∑

µ,ν(ω
−1
M )µν∂µx

a∂νx
b = {xa,xb} ?

= θab.)

8. Now, if all Xa lie in the image of Q, axiom four is satisőed by deőnition.

The őrst conjecture cannot hold true in the strong sense in general, since already in simple examples,

Q has an ultraviolet cutoff (strongly oscillating functions are mapped to zero) and thus is not injective.

However, in a certain regime in C(M) respectively End(H) the maps Q and Symb can be shown to

be approximately mutually inverse. So, we would hope that the Xa themselves lie in that regime. On

the other hand, the result30 | ⟨x|y⟩ |2 ≈ e−|x−y|2g supports the second conjecture.

It further turns out that if Xa itself lies in the regime, −2
∑

c ωacθ
cb ≈ pba ≈ ∂ax

b (this is the őrst

evidence for the suggested redeőnition ωab 7→ − 1
2ωab), where p is a rank k projector with kernel

TxNx, under the assumptions that the matrix conőguration is almost commutative (especially that

the commutators [Xa, Xb] are small compared to the Xa in some norm31, which can often be achieved

by choosing N large) and that the ∂aλ are small32 [1].

We will thus focus in sections 3 and 4 on verifying the completeness relation, the quantization of the

embedding functions and the compatibility of the Poisson structure induced by ωM with the would-be

Poisson structure induced by −2θab

{xa,xb} ?
= −2θab (68)

via numerical computations.

30|v|2g :=
∑

a,b v
avbgab.

31Such conőgurations are especially favored by the IKKT model.
32This especially means that x

a ≈ xa.
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2.2.8 Comparison of the Different Structures

We have already discussed the objects gab and ωab, but there are further structures available. We

deőned the target space together with the Euclidean metric δab and in the last section we introduced

the real antisymmetric object33

θab(x) :=
1

i
⟨x| [Xa, Xb] |x⟩ resp. θab(U(1) |x⟩) := 1

i
⟨x| [Xa, Xb] |x⟩ , (69)

what we might call (semiclassical) Poisson tensor since (in the light of the previous section we want

to think of it as {xa,xb} respectively as the dequantization of 1
i [X

a, Xa].

However, there is some caveat: In some sense, gab and ωab are tied to the quantum manifold, while

δab and θab are supposed to be viewed on target space.

To understand this, we note that the őrst two are well deőned on M since they are pullbacks of gM

and ωM (as discussed in section 2.2.5) while they need not have to be constant on Nx (equation (79)

shows this explicitly for the fuzzy sphere) ś what is somehow peculiar and inconsistent viewed on the

target space. On the other hand, δab and θab are constant on Nx, but cannot be pushed forward to

M consistently ś in general TxNx does not even necessarily lie within the kernel of θab. However, the

component functions can be pushed forward to M which is evident from equation (69).

There is another structure on M that we might consider ś the (1, 1)-tensor őeld JM that is deőned via

gM(η, JM(ξ)) = ωM(η, ξ) for all vector őelds ξ, η. If now J2
M = −PM (for some projector PM = P 2

M)

is satisőed, we call M almost Kähler34. Namely, one then has a metric, a would-be symplectic

structure and a would-be complex structure that are compatible [1].

2.3 Examples of Quantum Matrix Geometries and Analytic Results

Having discussed quite a few constructions built on quasi-coherent states, it is time for examples that

actually relate directly to the examples of section 2.1, now viewed as matrix conőgurations.

We begin with the Moyal-Weyl quantum plane from section 2.3.1, followed by the fuzzy sphere from

section 2.3.2. An important new example is the squashed fuzzy sphere discussed in section 2.3.3, a

perturbed version of the ordinary (round) fuzzy sphere. Then, in section 2.3.4 we look at coadjoint

orbits, and as an example thereof the fuzzy CP 2 in section 2.3.5 ś the SU(3) equivalent of the fuzzy

sphere. In section 2.3.6 we end with random matrix conőgurations.

2.3.1 The Moyal-Weyl Quantum Plane as a Matrix Conőguration

The Moyal-Weyl quantum plane can be reformulated as a matrix conőguration. Since it guided us

to the deőnition and use of quasi-coherent states via the Hamiltonian (33) this is not surprising. We

deőne the matrix conőguration

R
2n
θ := (X1, . . . , X2n) (70)

33Note that the components depend smoothly on x and that the deőnition is independent of the choice of a local section.
34Note that this is a nonstandard notion. If ωM is additionally nondegenerate, M gets truly Kähler.
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via the operators from equation (3), meaning our target space is RD for D = 2n. This is the one and

only time that we actually deal with an inőnite dimensional matrix conőguration (N = ∞), meaning

that not all arguments from the last section remain valid. Still, we can reproduce most results due to

the simple structure of the geometry.

In section 2.1.4, we have already identiőed the (quasi-)coherent states |x⟩ = Ux |0⟩, where we used

the representation of H2n+1 on H and thus őnd R̃D = RD. It is further obvious that the Nx are zero

dimensional. After calculating ∂a |x⟩ via the Baker-Campbell-Hausdorff formula one concludes that

Txq has full rank for all x ∈ RD. Thus we have R̂D = RD and M = H2n+1 |0⟩ /U(1) ∼= R2n.

Calculating35 θab, Aa, gab and ωab (the latter reproduces the Poisson structure from equation (2) up

to a scale) is a fairly simple task but not very illuminating, so we stop at this point (after noting that

Q simply reproduces the coherent state quantization map) and continue with the more interesting

fuzzy sphere [1].

2.3.2 The Fuzzy Sphere as a Matrix Conőguration

We start with the three Hermitian matrices JaN for a = 1, 2, 3 and N ≥ 2 ś the usual orthonormal gen-

erators of the N dimensional irreducible representation of su(2) ś that satisfy [JaN , J
b
N ] =

∑

c iϵ
abcJcN

and
∑

a J
a
NJ

a
N = N2−1

4 1N . The explicit construction can be found in appendix B.1, together with a

quick overview on the relevant related quantities.

Naively, the last equation can be viewed as őxing the radius, motivating us to normalize the matrices

according to

Xa :=
1

CN
JaN ∀a, CN :=

√

N2 − 1

4
=
√

j(j + 1), (71)

leaving us with the new relations

[Xa, Xb] =
∑

c

i

CN
ϵabcXc,

∑

a

XaXa = 1, (72)

while we note that we have already seen these matrices in section 2.1.2.

Now, the matrix conőguration of the fuzzy sphere of degree N is simply deőned as the ordered set

S2
N :=

(

X1, X2, X3
)

. (73)

This means, our target space is the R3 and our Hilbert space is N dimensional, identiőed with CN .

Due to equation (72), the Hamiltonian has the simple form

Hx =
1

2

(

1 + |x|2
)

1 −
3
∑

a=1

xaXa, (74)

so the quasi-coherent state at x is given by the maximal eigenstate of
∑

a x
aXa. As a őrst consequence,

we note that 0 ∈ K, since there all eigenvalues of Hx equal one half. Also, a positive rescaling of x

35Actually, we should not confuse the semiclassical Poisson tensor with the Poisson tensor θab that we introduced in
section 2.1.4. However, it turns out that both coincide.
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does not change the eigenspaces and the ordering of the eigenvalues, thus |x⟩ = |λx⟩ for λ > 0 and

especially λx ∈ Nx.

Now, using the adjoint representation of SU(2) (namely SO(3)) allows us to calculate |x⟩ elegantly.

Let x = |x|R−1
x · ê3 for some appropriate rotation36 Rx ∈ SO(3). Then we őnd Rx = Ad(Ux) for

some37 Ux ∈ SU(2).

By the orthogonality of Rx we őnd

∑

a

xaXa =
∑

a

(

|x|R−1
x · ê3

)a
Xa =

∑

a

(|x|ê3)a (Rx ·Xa) (75)

=
∑

a

|x|δ3aAd(Ux)(X
a) = |x|UxX3U†

x.

Since by construction X3 has the simple eigensystem X3 |k⟩ = 1
CN

k |k⟩ for k = −j, . . . , j, we őnd

|x⟩ = Ux

∣

∣

∣

∣

N − 1

2

〉

= Ux |j⟩ , λ(x) =
1

2

(

1 + |x|2
)

− |x|N − 1

2CN
=

1

2

(

1 + |x|2
)

− |x|
√

N − 1

N + 1
. (76)

But that directly implies k = 2, R̃3 = R̂3 = R3 \ {0}, Nx = R+x and M = SU(2)(U(1) |N−1
2 ⟩) (where

we view U(1) |N−1
2 ⟩ as a point in CPN−1). From Lie group theory, we know that we can identify any

Lie group orbit with the homogeneous space we get from the Lie group modulo the stabilizer of one

point in the orbit. Here, the stabilizer of U(1) |N−1
2 ⟩ is simply U(1) ⊂ SU(2) (coming from the one

parameter subgroup generated by J3), thus we őnd

M ∼= SU(2)/U(1) ∼= S2, (77)

so the quantum manifold of the fuzzy sphere is diffeomorphic to the classical sphere S2.

In the same manner we őnd

⟨x|Xa |x⟩ =
〈

N − 1

2

∣

∣

∣

∣

U†
xX

aUx

∣

∣

∣

∣

N − 1

2

〉

=
∑

b

(R−1
x )ab

〈

N − 1

2

∣

∣

∣

∣

Xb

∣

∣

∣

∣

N − 1

2

〉

(78)

=

√

N − 1

N + 1
(R−1

x · ê3)a =

√

N − 1

N + 1

xa

|x| ,

using ⟨N−1
2 | JaN |N−1

2 ⟩ = δa3N−1
2 . Thus also M̃ assembles to a sphere, however with radius

√

N−1
N+1 .

This radius is exactly at the global minimum of λ(x), attaining the value 1
N+1 . The displacement is

given by d2(x) = (|x| −
√

N−1
N+1 )

2, while we őnd the dispersion δ2(x) = 2
N+1 . Thus the quality of the

quasi-coherent states gets better the larger N is and the closer |x|2 is to N−1
N+1 .

Yet, λ(x) is not bounded and goes to ∞ as |x| → ∞ [1].

For the fuzzy sphere, the quantum metric and the would-be symplectic form can be calculated explicitly

(this is thoroughly done in appendix C) with the result

(gab) =
j

2|x|4







(x2)2 + (x3)2 −x1x2 −x1x3
−x1x2 (x1)2 + (x3)2 −x2x3
−x1x3 −x2x3 (x1)2 + (x2)2






=
N − 1

2|x|2
(

δab − xa

|x|
xb

|x|

)

(79)

36Evidently, this can be done for all x ∈ R3 but there is no unique choice.
37Actually, for each Rx there are two Ux deviating only in a sign since SU(2) is the double cover of SO(3).
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and

(ωab) =
j

2|x|3







0 x3 −x2
−x3 0 x1

x2 −x1 0






=
N − 1

4|x|2

(

∑

c

ϵabc
xc

|x|

)

, (80)

where j = N−1
2 . Here, we can explicitly see that hab is not constant on the Nx.

Further, we őnd

θab =
1

i
⟨x| [Xa, Xb] |x⟩ =

∑

c

1

CN
ϵabc ⟨x|Xc |x⟩ =

∑

c

2

N + 1
ϵabc

xc

|x| (81)

and subsequently

ωabθ
bc = −1

2

1

|x|2
N − 1

N + 1

(

δab − xa

|x|
xb

|x|

)

. (82)

Also, we have

∂ax
b =

√

N − 1

N + 1
∂a

(

xb

|x|

)

=

√

N − 1

N + 1

1

|x|

(

δab − xa

|x|
xb

|x|

)

, (83)

noting that pab := (δab − xa

|x|
xb

|x| ) is the projector on the tangent space of TxS
2 ⊂ R3 for the sphere of

radius |x|.
Thus, −2

∑

c ωacθ
cb ≈ pba ≈ ∂ax

b holds for |x| →
√

N−1
N+1 (the points where λ is minimal) and for large

N (when the Xa become almost commutative, looking at equation (72)).

In this sense, we őnd the pseudoinverse of the would-be symplectic form (ω−1′)ab = − 4|x|2
N−1ϵ

abc xc

|x| ,

satisfying (ω−1′)abωbc = pac and consequently

{xc,xd} =
∑

a,b

(ω−1′)ab∂ax
c∂bx

d = − 4

N + 1
ϵcde

xe

|x| = −2θcd, (84)

so both Poisson structures coincide exactly up to the factor −2 that can be absorbed into the deőnition

of ωab. Further, −2ωab reproduces the Poisson structure introduced in section 2.1.2 up to a scale factor

that goes to one for increasing N .

The implied SU(2) invariance of ωab together with equation (76) shows that Q is an intertwiner of the

SU(2) action, implying that the completeness relation holds and Q(xa) ∝ Xa, yet Q is no isometry

[1]. This will be discussed more generally in section 2.3.4.
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2.3.3 The Squashed Fuzzy Sphere

We now turn to a more complicated geometry coming with less symmetry than the round fuzzy sphere

from the last section. We rename the corresponding matrices Xa 7→ X̄a and deőne the squashed fuzzy

sphere of degree N

S2
N,α :=

(

X̄1, X̄2, αX̄3
)

=:
(

X1, X2, X3
)

, (85)

where α ≥ 0 is called the squashing parameter.

We directly see that although the matrices still span the same Lie algebra su(2) in the same represen-

tation, the Hamiltonian looses its simple form and symmetry and is given by

Hx =
1

2

(

1 + |x|2
)

−
3
∑

a=1

xaX̄a −
(

1− α2
) 1

2
X̄3X̄3 + (1− α)x3X̄3. (86)

Thus we cannot expect to őnd an easy way to calculate λ(x) and |x⟩ explicitly using group theory.

Yet, there are a few statements that can be read off directly.

The quasi-coherent states at points that are related by a rotation around the z-axis are still related

by the corresponding unitary matrix since the SU(2)-symmetry is only partially broken.

We consider the asymptotic Hamiltonian for x ̸= 0

H∞
x :=

1

2|x|
∑

a

XaXa −
∑

a

xa

|x|X
a, (87)

having the same eigenvectors as Hx, while the eigenvalues are shifted by a strictly monotonic function

λkx 7→ λk
x

|x| − 1
2 |x|. Here, we have the asymptotic behaviour H∞

lx = −∑a
xa

|x|X
a + O(l−1) for l → ∞.

For our current matrix conőguration this means

H∞
x = − 1

|x|
(

x1X̄1 + x2X̄2 + αx3X̄3)
)

+O
(

1

|x|

)

. (88)

Considering an x ∈ R̃3, by continuity liml→∞ |lx⟩ is the lowest eigenstate of H∞
x , neglecting the

O
(

1
|x|

)

terms. But this means that in the limit l 7→ ∞, we recover the quasi coherent state of the

round fuzzy sphere at the point (x1, x2, αx3).

Further, for α < 1 and x = ±|x|ê3, we őnd Hx = 1
2 (1 + |x|) ∓ α|x|X̄3 − (1 − α2)X̄3X̄3, still having

|±N−1
2 ⟩ as lowest eigenvector for |x⟩ ≠ 0, implying Nx = ±R+ê3.

Similarly, we see H0 = 1
2 (1 + |x|) − (1 − α2)X̄3X̄3, implying that E0 is given by the span of |N−1

2 ⟩
and |−N−1

2 ⟩, so 0 ∈ K.

The result that |±N−1
2 ⟩ is the lowest eigenvector on the whole positive respectively negative part of

the z-axis has profound consequences: It tells us that the rank of q is at most two there. So if the

rank of q is three at any other point, this means that the whole z-axis has to be excluded from R̂3.

This we will show in a moment for N > 2 and α = 1− ϵ for a small ϵ > 0.

It is rather obvious that the quasi coherent states can not be calculated explicitly for arbitrary points.

Still, the setup is particularly well suited for perturbation theory if we are only interested in the

vicinity of α = 1, thus α = 1− ϵ. It turns out that a lot of calculation is needed, therefore we refer to
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appendix C for the derivation, featuring an explicit expression for the őrst order correction of hab.

These results explicitly give the terms in the expansion gab = g0,ab + ϵg′ab +O(ϵ2), where g0,ab is the

quantum metric for the round fuzzy sphere given in equation (79).

g0,ab has the eigenvector xa/|x| with eigenvalue 0, so its determinant vanishes

det (g0,ab) = 0, (89)

just as we would expect.

On the other hand we have

det (g′ab) =
C2

2C
5
3x

2
3

(

|x|2 − x23
)

128C3
1 |x|15

· (90)

·
(

C2x
2
3(4C3(C2 − C1|x|) + C2) + 4(C2 − 1)C3x3|x|(C1|x| − C2)− C2

2 |x|2
)

for coefficients Ci that depend only on N with their deőnition given in equation (199).

The reason why we look at det (g′ab) is the following: Assume that the latter is nonvanishing for some

x, then this tells us that g′ab has full rank for these x, hence rank three. But then, making ϵ small

enough, also gab(x) will have rank three (just as Txq) and thus the dimension of M is three (at least

for small ϵ). (We note that in turn vanishing det (g′ab) does not imply that the rank of gab is smaller

than three.)

We assume N > 2 (for N = 2 we have C2 = 0 and thus det (g′ab) = 0). Now, there are two obvious

zeros, given by either x1 = x2 = 0 (what we would expect from the discussion above) and x3 = 0.

Mathematica őnds a third one that is of rather complicated form but only describes a zero set in R3

ś just as the őrst two.

Now, this leads us to the conclusion that the rank of Txq is three almost everywhere at least for small

ϵ and thus we have k = Dim(M) = 3 rather than two.

Numerical results suggest that only along the z-axis the rank of q is reduced.

Any further analysis of the squashed fuzzy sphere shall be postponed to section 4.1 until we are ready

to do numerical calculations.

2.3.4 Quantized Coadjoint Orbits as Matrix Conőgurations

We can immediately generalize the description of the fuzzy sphere analogously to the discussion in

section 2.1. Also this section is rather technical and can in principle be skipped, leaving most of the

remaining comprehensible.

Let G be a compact semisimple Lie group of dimension D with its associated Lie algebra g. Assume we

have chosen a maximal Cartan subalgebra h ⊂ g and a set of positive roots. Let λ ∈ h∗ be a dominant

integral element, providing us with the unique irreducible representation H = Hλ with highest weight

λ ∈ h∗. This we use as our Hilbert space of dimension N = dim(H). In order not to confuse λ ∈ h∗

with the lowest eigenvalue of Hx we write λ′(x) for the latter in this section.

Since G is compact, both g and H carry a natural G invariant inner product ś for g this is the Killing

form.

Thus we can chose orthonormal bases T 1, . . . , TD of g and b1, . . . , bN of H. The T a then act as

Hermitian matrices T aλ in the basis bi.
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Since G is semisimple, in any irreducible representation, the quadratic Casimir operator T aT a acts as

a scalar C2
λ and we deőne the matrix conőguration as

Gλ := (X1, . . . , XD) (91)

for Xa := 1
Cλ
T aλ .

But this allows us to write the Hamiltonian (in analogy to the fuzzy sphere) in the very simple form38

Hx =
1

2

(

1 + |x|2
)

1 −
∑

a

xaXa. (92)

We then may consider (xa) as x ∈ g∗ via x :=
∑

a x
a(T a)∗ where (T a)∗ is the dual of T a with respect

to the Killing form.

Let x ∈ g∗ and |ψ⟩ ∈ H, then we deőne the coadjoint orbit Ox := Ad∗(G)(x) through x respectively

the orbit O|ψ⟩ := G · (U(1) |ψ⟩) through U(1) |ψ⟩ (where we view U(1) |ψ⟩ as a point in CPN−1, thus

we have already factorized out the U(1) phase).

For any g ∈ G we have

∑

a

xaXa =
∑

a

g−1 · g · (xaXa) · g−1 · g =
∑

a

g−1 ·Ad(g)(xaXa) · g (93)

=
∑

a

g−1 · (Ad∗(g)(x)aXa) · g,

thus for x ∈ R̃D we őnd Ad∗(g)(x) ∈ R̃D and U(1) |Ad∗(g)(x)⟩ = g · U(1) |x⟩. In terms of orbits this

means y ∈ Ox =⇒ |y⟩ ∈ O|x⟩.

Now, every Ox contains at least one x̃0 ∈ h∗ and exactly one x0 in the closure of the fundamental

Weyl chamber within h∗.

Then we can write x0 =
∑

i x0,iαi for some coefficients x0,i ≥ 0 where the αi are the positive simple

roots.

On the other hand, we can consider the weight basis |λµ⟩ of H, where the λµ are the weights of H
and especially λ0 = λ. Since λ is the highest weight, all λµ can be written as λµ = λ −∑i k

µ
i αi for

some coefficients kµi ≥ 0 (where all coefficients vanish if and only if µ = 0).

In this basis (recalling
∑

a x
a
0X

a ∈ h) we őnd

Hx0
|λµ⟩ =

(

1

2

(

1 + |x0|2
)

− λµ

(

∑

a

xa0X
a

))

|λµ⟩ =
(

1

2
(1 + |x0|2)−

1

Cλ
⟨λµ, x0⟩

)

|λµ⟩ (94)

where ⟨·, ·⟩ is the dual of the Killing form.

Now, we őnd

⟨λµ, x0⟩ = ⟨λ, x0⟩ −
∑

i,j

kµi x0,j⟨αi, αj⟩ = ⟨λ, x0⟩ −
∑

i

kµi x0,i ≤ ⟨λ, x0⟩. (95)

38Especially this means U(1) |lx⟩s = U(1) |x⟩s for l ∈ R+.
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But this exactly means that we have the smallest eigenvalue

λ′(x0) =
1

2
(1 + |x0|2)−

1

Cλ
⟨λ, x0⟩ (96)

together with a lowest eigenstate

|x0⟩ = |λ⟩ . (97)

If now x0 lies on the border of the fundamental Weyl chamber (this exactly means that at least one

x0,i = 0), there may or may not be other lowest eigenstates and consequently x0 is or is not in K,

depending on whether there is a µ such that kµi ̸= 0 and kµj = 0 for j ̸= i or equivalently if λ− αi is

a weight of the representation.

Thus, we conclude that we can always write x = Ad∗(g)(x0) for a g ∈ G a point x0 in the closure of

the fundamental Weyl chamber. If x0 lies within its border, there is the chance that x ∈ K, otherwise

|x⟩ = g |λ⟩ with λ′(x) = 1
2 (1 + |x|2)− 1

Cλ
⟨λ, x0⟩.

Especially,

M = G · (U(1) |λ⟩) = O|λ⟩ ∼= Oλ, (98)

where the last isomorphism is due to the fact that the corresponding stabilizers agree Gλ = GU(1)|λ⟩

for a highest weight λ.

Further, we őnd that this implies a constraint on Gx if x /∈ K: Since the set of quasi coherent-states

on the coadjoint orbit through x is M, this implies that Gx ⊂ Gλ (otherwise there would be more

quasi-coherent states coming from Ox than there are points in the orbit). If λ is from the inner of the

fundamental Weyl chamber, this implies that all orbits through its border belong to K (since there

the stabilizer is strictly larger then Gλ, where the latter is given by the maximal torus T := exp (h)),

while these are the only ones. Similar statements can be made if λ itself is part of the border.

By our construction, ωM coincides up to a factor with the G invariant Kirillov-Kostant-Souriau

symplectic form from section 2.1.3.

But this means that Q exactly intertwines the natural group actions on C(M) respectively End(H).

Thus irreducible representations map to irreducible representations. This directly implies that 1M is

mapped to 1H (since both transform in the trivial representation) and consequently the completeness

relation is satisőed. Since both the x
a and the Xa transform in the adjoint representation, this also

implies Q(xa) ∝ Xa.

It turns out that this Q satisőes all axioms of a quantization map but is not an isometry ś thus

although (M, ωM) and H agree (up to a scale of the symplectic form ωM) with our construction in

section 2.1.3, the quantization maps discern ś just as the Weyl quantization and the coherent state

quantization were different for the Moyal-Weyl quantum plane.

We also mention that M here even is a Kähler manifold [1, 20, 23, 24].

Finally, we note that this construction explicitly recovers our őndings for the round fuzzy sphere.
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2.3.5 The Fuzzy CP 2

After considering the general case, we look at a speciőc geometry, the generalization of the fuzzy

sphere from SU(2) to SU(3) called the fuzzy CP 2. It will be our simplest example with D > 3 in our

numerical considerations in section 4.

Let G = SU(3) (then D = 8) and consider the representation (n, 0) of dimension N = (n+1)(n+2)
2 .

Then we őnd the matrices T aN (generalized Gell-Mann matrices) and the quadratic Casimir C2
n =

1
3 (n

2+3n) as discussed in appendix B.2 (with an explicit implementation for Mathematica introduced

in [25]).

Then we can apply the general construction and obtain the matrix conőguration

CP 2
n :=

(

X1, . . . , XD
)

, (99)

where the XD are normalized to
∑

aX
aXa = 1.

Let us őrst discuss why we only consider the (n, 0) representations. SU(2) has the two Cartan

generators T 3 and T 8, thus the dimension of the maximal torus is dim(T ) = 2, meaning that dim(M) ≤
6 where equality exactly holds if the highest weight lies within the fundamental Weyl chamber. On

the other hand, dim(CP 2) = 4, thus we have to consider representations with highest weight in the

border of the fundamental Weyl chamber.

It turns out that (except the trivial representation) the only such representations are given by (n, 0)

with the corresponding stabilizer SU(2)× U(1) of dimension dim(SU(2)× U(1)) = 3 + 1 = 4. Here,

we have

∼= SU(3)/(SU(2)× U(1)) ∼= CP 2, (100)

explaining the name of the matrix conőguration [1, 20].

Obviously, this means that we őnd M ∼= CP 2, yet it is instructive to sort out how K looks like. We

know that K is built from coadjoint orbits through the border of the fundamental Weyl chamber.

Identifying R8 ∼= su(3)∗, the border is given by the rays R
+
0 ê8 ⊂ R8 and R

+
0 (

1√
3
ê3+ ê8) ⊂ R8 for c ≥ 0.

Let us now consider the fundamental representation (1, 0) with the Gell-Mann matrices

T 3 =







1 0 0

0 −1 0

0 0 0






,

1√
3
T 8 =







1 0 0

0 1 0

0 0 −2






. (101)

We start by considering the point ê8 ∈ R8, then the Hamiltonian is of the form

c11 − c2T
8 (102)

for positive constants c1, c2, having the two lowest eigenstates







1

0

0






,







0

1

0






(103)
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and we conclude that Ocê8 ⊂ K for any c ∈ R+.

(This őts to the observations that here we have a positive simple root αi orthogonal to ê8 such that

λ− αi is also a weight of the representation, where λ is the highest weight.)

We continue with the point 1√
3
ê3 + ê8 ∈ R8, then the Hamiltonian is of the form

c31 − c4(
1√
3
T 3 + T 8) (104)

for positive constants c3, c4, having the single lowest eigenstate







1

0

0






(105)

and we conclude that Oc( 1√
3
ê3+ê8) ⊂ R̂D for c ∈ R+.

(This again perfectly őts to the observation that for the positive simple root αj orthogonal to 1√
3
ê3+ê8,

λ− αj is not a weight of the representation.)

Finally, we look at 0 ∈ R8. Here, the Hamiltonian is of the form

c51 (106)

for a positive constant c5, having a completely degenerate spectrum, letting us conclude O0 = {0} ⊂ K.

(This corresponds to the fact, that all positive simple roots αk are orthogonal to 0 and for two of

them λ− αk is a weight) [20].

2.3.6 Random Matrix Conőgurations

Let us assume that we know nothing about a given matrix conőguration (Xa), respectively that it is

constituted from D random N ×N Hermitian matrices.

Then there are two constraints on the dimension k of M: By our construction k ≤ D and k ≤ 2N −2.

The őrst constraint is due to the limitation of the quasi-coherent states due to their dependence on

target space RD, while the second constraint is due to the immersion of M into CPN−1.

Thus, we conclude

k = dim(M) ≤ min{D, 2N − 2}. (107)

Just as random matrices usually have maximum rank (the set of matrices with reduced rank is always a

zero set), we should expect for random matrix conőgurations that M assumes its maximum dimension

k = min{D, 2N − 2}.

If the squashed fuzzy sphere behaved randomly, this would tell us that it had k = 3 for N > 2

respectively k = 2 for N = 2, agreeing with our results from section 2.3.3.
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2.4 Foliations of the Quantum Manifold

In this section, (approximate) foliations of M are discussed, allowing us to look at (approximate)

leaves in M (for which we write L ⊂ M). We will describe these through distributions in the tangent

bundle of M respectively of R̃D (in the latter actual calculations are easier, while using q we can push

forward to M either the distribution itself or the resulting leaves).

Recalling the squashed fuzzy sphere from section 2.3.3, we have seen that there are points x in R̃3 where

the rank of Txq equals two, while for most others it equals three (implying an awkward discrepancy

between R̃D and R̂D). Yet in the round case we globally had rank two. We will later see that in a sense

one of the three directions is strongly suppressed with respect to the quantum metric in comparison

to the others.

On the other hand, since M is three dimensional, it can not be symplectic with any chance ś for

example prohibiting to integrate over M.

Similar phenomena arise for other (deformed) quantum spaces.

If we had a degenerate Poisson structure on M, one way to proceed would be to look at the naturally

deőned symplectic leaves. Yet a manifold with a degenerate symplectic form does not necessarily

decay into a foliation of symplectic leaves.

However, we still can try to őnd (approximate) foliations of M. As (exact) foliations are in one to

one correspondence with smooth involutive distributions via the Frobenius theorem (see for example

[17]), we deőne approximate foliations of M via general distributions in the tangent bundle TM that

can then be integrated numerically as we will discuss in section 3.

For these leaves we wish the following heuristic conditions to be fulőlled:

1. The dimension of the leaves respectively the rank of the distribution (for what we write l ≤ k)

should be even and in cases of deformed quantum spaces it should agree with the dimension

of the unperturbed M. We would also hope that l is smaller or equal than the minimum of

rank(Txq) over R̃D ś potentially allowing us to include all points in R̃D.

2. The leaves should contain the directions that are not suppressed with respect to the quantum

metric, while the suppressed directions should label the leaves. In the latter directions the quasi-

coherent states should hardly change. This means l should agree with the effective dimension

of M, where the exact deőnition of the latter dependece on the speciőc case.

3. The restriction of ωM to the leaves (for what we write ωL) should be nondegenerate and thus

symplectic.

The directions in RD orthogonal to the leaves (after precomposition with Txq) will then be considered

as approximate generalizations of the null spaces Nx (we might write NL
x ⊂ R̃D for them) on which

we expect to őnd almost the same quasi-coherent states.

Once having a foliation of M, the question remains which leaf L to choose ś this problem also has to

be addressed.

If we made a speciőc choice, we can then formally reőne the quantization map Q from section 2.2.7

by replacing all M 7→ L.

The őrst approach that we look at is the most obvious way to construct symplectic leaves of maximum
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dimension which is explained in section 2.4.1 (we thus talk of the symplectic leaf if we mean the

construction). This approach in general turns out not to satisfy the second condition, leading us to

the Pfaffian leaf described in section 2.4.2 that is based on a quantum version of the Pfaffian of θab.

This method turns out to be rather time consuming in calculation, directing us to a simpliőed version

what we call hybrid leaf discussed in section 2.4.3. A őnal approach is based on the idea to consider

leaves that are in a sense optimally Kähler39 (the Kähler leaf ) what is presented in section 2.4.4.

From now on, we use the Einstein sum convention when appropriate.

2.4.1 The Symplectic Leaf

Let us start with the so called symplectic leaf. We assume that ωM is degenerate as it is in the

example of the squashed fuzzy sphere. Especially all cases where the dimension k of M is odd fall in

this category.

Our approach is to deőne a distribution of rank l = rank(ωM) that is orthogonal to the kernel of ωM

with respect to gM, resulting in symplectic leaves of the maximally possible dimension.

The construction works as follows: Let p ∈ M. On TpM we naturally deőne the degenerate subspace

TpZM := ker(ωM(p)) = {ξ ∈ TpM| ω(ξ, ·) = 0}. Actually, we are interested in some complement

TpLM of TpZ (there, ωM(p) is by deőnition nondegenerate).

In general there is no natural complement, but M is also equipped with a nondegenerate metric gM,

allowing us to deőne TpLM := TpZ
⊥
M via the induced orthogonal complement.

Then we deőne TLM as our distribution. Thus we őnd the even symplectic dimension l = rank(ωM)

(note that we actually do not know if l is constant on M).

In practice, we want to work with g = (ωab(x)) and ω = (gab(x)) in target space for a given x ∈ R̃D

with q(x) = p, since calculations are much easier there. But then, special care has to be taken, as q is

not inverse to a coordinate function in the usual sense, since D− k coordinates are always redundant.

In appendix 2.2.5 we have already seen that we can lift the problem locally by choosing k independent

coordinates and dropping the remaining ones. However, here a different approach is more comfortable.

We deőne TxW := TxNx = ker(Txq) ⊂ TxR̃
D. Assuming k < D, we know that both g and ω act as

zero on TxW . Thus, there we deőne an inner product gW by the inclusion into TxR̃
D and extend it

by zero to the induced orthogonal complement. Then gW + g is a nondegenerate inner product on the

whole TxR̃
D.

This allows us to formulate the orthogonal complement as TxV := TxW
⊥ with respect to gW +g. This

subspace is what we take as a representative for TpM as we note that Txq(TxV ) = TpM and that

g is nondegenerate on TxV . However, of course this representative is not uniquely satisfying these

properties.

Then, we deőne TxZ := ker(gW + ω) as representative of TpZM and TxL := TxZ
⊥ (again with

respect to gW + g) as representative of TpLM, as we actually őnd Txq(TxW ) = {0} ⊂ TpM as well as

Txq(TxZ) = TpZM and Txq(TxL) = TpLM.

In this setting, the symplectic dimension is given by l = D − dim(ker(ω)).

One obstacle of this leaf is that l will be too large in general. For example for the squashed fuzzy CP 2

the rank of ωM will be l = 8, while in the round case we have k = 4 (as we will see in section 4.3), so

this method will not help us to reduce the effective dimension.

39This is based on the őnding that for quantized coadjoint orbits M is a Kähler manifold.
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2.4.2 The Pfaffian Leaf

We now look at an alternative approach to foliate M that is not bound to the degeneracy of ωM.

Further, the formulation is more affine to target space as it is not based on the quantum metric and

the would-be symplectic form.

Let x ∈ R̃D and 0 ≤ s ≤ D be an even integer and consider the Grassmannian manifold Grs(TxR̃
D),

the manifold of linear subspaces of TxR̃
D with dimension s. Then we deőne the generalized Pfaffian

Psx : Grs(TxR̃
D) → C (108)

V 7→ ⟨x| [Xa1 , Xa2 ] . . . [Xas−1 , Xas ] |x⟩ ϵa1...asV ,

where

ϵa1...asV := Oa1b1 . . . Oasbsϵb1...bs (109)

is the Levi-Civita symbol on V , using any orthogonal map O : Rs → V ⊂ TxR̃
D (with respect to the

standard inner product on Rs and the standard Riemannian metric on R̃D ⊂ RD).

Psx(V ) is called generalized Pfaffian since it can be viewed as the dequantization of a quantum version

of the Pfaffian40 of θ|V , the volume density constructed from θ|V where θ = (θab(x)).

So Psx(V ) should be thought of as a volume density assigned to V (up to a complex phase). Then max-

imizing this density over Grs(TxR̃
D) heuristically means to pick the directions that are not suppressed

in the context of condition 2.

Since Grs(TxR̃
D) is compact, the absolute square of the generalized Pfaffian attains its maximum. We

deőne V sx,max to be the (hopefully unique) subspace of dimension s where the latter attains its maxi-

mum, coming with the absolute square of the corresponding volume density vsx,max := |Psx(V sx,max)|2.
This őxes two problems at hand: It allows us choose the effective dimension l as the maximal s such

that vlx,max ≫ 0 (in whatever sense) and then choose Tq(⊔x∈R̂DV lx,max) as distribution, deőning the

Pfaffian leaf41.

Yet, there is an obstacle with this leaf as we do not know if ωab(x) is nondegenerate on V lx,max. In

principle there could even be vectors in V lx,max that lie in the kernel of Txq.

2.4.3 The Hybrid Leaf

While the symplectic leaf does not sufficiently reduce the effective dimension, the Pfaffian leaf is

numerically difficult to calculate. Thus we introduce a hybrid of the two, based on θab.

Let θ := (θab(x)) for a given x ∈ R̃D, having the eigenvectors vi with corresponding eigenvalues λi

(ordered such that |λi| ≤ |λj | if i > j).

Since θ is skew symmetric, the eigenvalues come in pairs λ2s−1 = +iϕs and λ2s = −iϕs for ϕs ∈ R

and consequently |λ2s−1| = |λ2s|. We thus choose l such, that |λl+1| ≈ 0, while |λl| ≫ 0. (Note that

this immediately implies that l is even.)

We also deőne w2s−1 = Re(v2s−1) = Re(v2s) and w2s = ± Im(v2s−1) = ∓ Im(v2s). Then θw2s−1 =

40This is up to a complex phase given by ⟨x| [Xa1 , Xa2 ] |x⟩ . . . ⟨x| [Xas−1 , Xas ] |x⟩ ϵa1...as
V

.
41Note that Pl

x is constant along the Nx and that a large vlx,max suggests that vl
′

x,max is also large for l′ < l.
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±ϕsw2s and θw2s = ∓ϕsw2s−1, so ⟨w2s−1, w2s⟩ is the subspace corresponding to ϕs. We consequently

deőne Vx := ⟨w1, . . . wl⟩, leading to the distribution Tq(⊔x∈R̂DVx).

Since the Pfaffian is related to the product of the eigenvalues, this result is quite parallel to the Pfaffian

method if we assume that ⟨x| [Xa1 , Xa2 ] . . . [Xal−1 , Xal ] |x⟩ ≈ ⟨x| [Xa1 , Xa2 ] |x⟩ . . . ⟨x| [Xal−1 , Xal ] |x⟩
(what is plausible if the matrices Xa are in the regime brieŕy discussed in section 2.2.7 [1]).

Also here, we do not know if ωab(x) and Txq are nondegenerate on Vx.

A slightly modiőed version (that is more parallel to the symplectic leaf), where we use ωab instead

of θab őxes the last problem, since then ωab(x) and Txq deőnitely are nondegenerate on Vx. In the

following, we always explicitly specify if we work with the hybrid leaf based on θab respectively based

on ωab.

2.4.4 The Kähler Leaf

Finally, we discuss an approach based on the fact that for quantized coadjoint orbits the manifold M
is a Kähler manifold, corresponding to the observation that then we can choose the local sections |·⟩s
in a holomorphic way (but then we have to accept that the |x⟩s are no longer normalized).

This is further directly related to the following property: iDa |x⟩ ∈ ⟨Db |x⟩⟩R, noting that we should

think of ⟨Db |x⟩⟩R ⊂ H ∼= CN as a representative of Tq(x)M, so the representative of the tangent space

is closed under the action of i, assuming that we have chosen an x ∈ R̃D [1].

For general matrix conőgurations, we will őnd iDa |x⟩ /∈ ⟨Db |x⟩⟩R, but we might try to őnd a maximal

subspace Vx ⊂ ⟨Db |x⟩⟩R that is approximately invariant under the multiplication with i, meaning it

is (approximately) a complex vector space and thus even dimensional.

In the following, we are going to identify CN ∼= R2N , thus it is convenient to consider multiplication

with i as the application of the linear operator J |v⟩ = i |v⟩.

The best way to őnd such a Vx is to construct a function on Grs(⟨Db |x⟩⟩R) ⊂ Grs(R
2N ) for even s

that measures how well the subspace is closed under the action of J .

This means, we need a distance function d : Grs(R
2N )×Grs(R

2N ) → R. A common choice for such a

function is given by

d(V,W ) := sup
v∈V,|v|=1

inf {|v − w||w ∈W} . (110)

The latter expression can be calculated in the following way: Let PW be the orthogonal projector on

W and let iV be the natural inclusion of V into R2N , then

d(V,W ) = ∥(PW − 1) ◦ iV ∥2, (111)

where ∥ · ∥2 is the spectral norm42 [26].

42When we actually calculate the Kähler cost, it may be convenient to replace the spectral norm with the Hilbert-
Schmidt norm ∥ · ∥2 7→ ∥ · ∥HS ś although then d is not necessarily a true distance function any more.
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Having this distance function at hand, we deőne the so called Kähler cost

Csx : Grs(⟨Db |x⟩⟩R) → R, (112)

V 7→ d(V, JV ).

Via q, this can be pulled back to Grs(TxR̃
D) and we deőne

csx : Grs(TxR̃
D) → R, (113)

Ṽ 7→ d(Txq(Ṽ ), JTxq(Ṽ )).

We note, that by our construction Csx = csx = 0 for quantized coadjoint orbits.

Now, we deőne Ṽ sx,min to be the (hopefully unique) subspace of dimension s where csx attains its

minimum and vsx,min := csx(Ṽ
s
x,min) as the corresponding Kähler cost. Then we choose l as the

maximal s such that vsx,min ≈ 0 and deőne the distribution as Tq(⊔x∈R̂D Ṽ lx,min).

Yet, also here we do not know if ωab(x) and Txq are nondegenerate on Ṽ lx,min.

Even if this method should not be well suited for determining foliations (as it turns out to be the case

in section 3), the Kähler cost remains an interesting quantity.
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3 The Implementation

In this section the implementation on a computer of the various concepts that were introduced in

section 2 is discussed.

The corresponding algorithms are rather sketched than shown in full detail. Further, the focus lies on

the use of Mathematica as the latter is used for all explicit calculations.

Many of the algorithms are demonstrated on the squashed fuzzy sphere (from section 2.3.3) for N = 4

and α = 0.1 respectively α = 0.9 (whatever is more instructive).

If not stated explicitly, we will not discern between R̃D and R̂D in the following since the difference

will not play an important role.

In section 3.1 the basic quantities like the quasi-coherent states |x⟩ and the quantum metric gab are

calculated. The section 3.2 then discusses multiple approaches to visualize the quantum manifold

M. The őnal section 3.3 treats the various methods for foliations, allowing us to construct curves in

the leaves (what we call integrating curves in the leaves) and consequently adapted coordinates what

enables us to integrate over them globally.

3.1 The Basic Quantities

Assume we have chosen a point x = (xa) ∈ RD. As a beginning, we are interested in őnding the basic

quantities |x⟩, gab(x) and similar43. This can be achieved in the following steps.

• λ(x) and |x⟩ can easily by calculated via the eigensystem of Hx (given by equation (33)).

Often it is useful to introduce a phase convention (for example ⟨N |x⟩ ≥ 0 where |N⟩ := êN ∈
CN ), although we have to accept that there is no smooth global convention.

• Already a bit more involved is the calculation of (∂a−iAa) |x⟩. There are two available methods:

Either one can calculate the difference quotient of |x⟩ for a choice of some small ϵ and calculate

Aa using equation (35) or one proceeds using the eigensystem of Hx following section 2.2.3,

especially using equation (49). The latter has the advantage that the calculation is pointwise

and independent of some arbitrary ϵ (thus that will be the standard choice), while in the őrst

some kind of phase őxing is particularly important in order to obtain a smooth dependence of

|x⟩ on x (we once again note that this can only be achieved locally).

• Having these quantities, hab, gab and ωab can readily be calculated using equation (41).

• We can also calculate Jab , related to JM from 2.2.8, but unless gab is nondegenerate, we need

some pseudoinverse44 g′ab of gab. Then we őnd Jac = g′abωbc.

• Finally, θab can be calculated using equation (69), while we őnd x
a by equation (58) and ∂ax

b

using equation (59).

Being able to calculate these important quantities, we are further interested in the calculation of

simple invariants like k = dim(M) or the rank of ωab. Also, we may want to check if for example the

kernels of θab and gab agree.

43We will mostly drop the argument from gab(x) and similar.
44The pseudoinverse satisőes g′acgcb = pa

b
= gbcg

′ca for a projector pa
b

of the same rank as gab. Such a method is
already part of Mathematica.
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• Actually, before we do anything else, we should check whether x lies within R̃D or K. This can be

done by checking the degeneracy of the lowest eigenvalue of Hx via the respective eigensystem.

• The dimension45 k of M can be calculated via the rank of Txq. According to equation (56), we

can calculate the rank of Txq via the real rank of ((∂a − iAa) |x⟩), considered as a matrix. The

real rank of a complex matrix A is simply deőned as

rankR(A) := rank

(

Re(A)

Im(A)

)

. (114)

• The ranks of gab, ωab and θab can be calculated directly, where we already know that rank(gab)
!
=

k, while the rank of ωab is even and bounded from above by k. For the rank of θab we have no

such constraints in general.

• Also, we are interested in the kernels46 of Txq (which we can calculate using the above iden-

tiőcation), gab, ωab and θab. Mathematica outputs for these a basis of the respective vector

spaces.

• This allows for a sequence of checks: We know that the kernel of Txq should be contained in the

kernel of ωab and agree with the kernel of gab. We might want to verify if that actually holds

true.

Since we are only in possession of bases of the respective kernels, we use the following relation47:

⟨v1, . . . , vm⟩ ⊂ ⟨w1, . . . , wn⟩ ⇐⇒ rank(w1, . . . , wn) = rank(w1, . . . , wn, v1, . . . , vm), (115)

where the rank is calculated for the matrices constituted from the respective column vectors.

• Finally, we can check the almost Kähler condition deőned in 2.2.8: It is satisőed if and only if

(Jab )
2 has eigenvalues −1 or 0.

While the actual discussion of the squashed fuzzy sphere shall be postponed to section 4.1, we can

demonstrate the output of what we achieved so far. (Here, we use α = 0.9, thus ϵ = 0.1.)

For the random point x = (−0.414,−0.584, 0.161), we őnd

(gab) =







1.014 −0.658 0.192

−0.658 0.554 0.271

0.192 0.271 1.299






≈







1.044 −0.688 0.190

−0.688 0.562 0.267

0.190 0.267 1.458






= (g0,ab) + 0.1(g′ab) (116)

and

(ωab) =







0. 0.356 1.131

−0.356 0. −0.803

−1.131 0.803 0.






≈







0. 0.336 1.219

−0.336 0. −0.865

−1.219 0.865 0.






= (ω0,ab) + 0.1(ω′

ab), (117)

45Strictly speaking, we have to assume that x ∈ R̂D, else we only calculate the local rank of Txq. Thus in order to
calculate the true k it is advisable to calculate the respective rank for multiple points and take the maximum. Then
only the points where the maximum is attained lie within R̂D.

46Although θab takes 1-forms as arguments, we can implicitly convert the kernel to vectors using the isomorphism
induced by δab.

47To see this, we note that the span of the vi is contained in the span of the wi if and only if adding any vi to the span
of the wi does not increase the vector space. When a vector space is extended, its dimension always increases while
the dimension equals the rank of the matrix built from basis vectors, thus the rank increases.
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where the (rhs) comes from the perturbation theory in appendix C.

Here Txq and gab(x) have the maximal rank three, while ωab(x) and θab(x) have rank two. Conse-

quently, the kernel of the őrst two is {0}, thus they are automatically contained in all other kernels.

For ωab(x) and θab(x) we őnd that the respective kernels do not agree. Further (Jab )
2 has the eigen-

values −1.000,−1.000, 0.000, thus M is almost Kähler.

Considering the special point x = (0, 0, 1), we őnd that all Txq, gab(x), ωab(x) and θab(x) have rank

two and that all kernels agree.

Thus we have k = 3 and (−0.414,−0.584, 0.161) ∈ R̂3, while (0, 0, 1) ∈ R̃3 but not in R̂3.

3.2 The Visualization

In order to obtain an intuitive understanding of M, it would be advantageous to depict M or subsets

thereof, described via points or subsets of R̃D. (Often, for the sake of convenience, we will speak of

points in R̃D but mean either their image under q or (xa), yet this should always become clear from

the context.)

Unfortunately, there is no general elegant way to plot subsets of (respectively points in) CPN−1 and

consequently of M. Yet, we can deőne a smooth map v : CPN−1 \ Z → CN−1 ∼= R2(N−2) by

[(a1, . . . , aN )] 7→ |aN |
|(a1, . . . , aN )| · (a1/aN , . . . , aN−1/aN ), (118)

where48 Z = {[b1, . . . , bN ] ∈ CPN−1| bN = 0}. This is equivalent to choosing the unique normalized

representative in the quotient with aN ≥ 0.

Although any such construction can not work globally, this map still is not too bad since the points

in Z that we had to exclude are conőned to a set of measure zero with respect to the Fubini-Study

metric. Plots generated with this method will be referred to as plots of M.

Alternatively, we can deőne the map w : CPN ∼= S2N−1/U(1) → RD via U(1) |v⟩ 7→ (⟨v|Xa |v⟩) (thus

by equation (58) w|M = (xa)) in order to obtain points in RD. In this sense depicting M via this

constructions is equivalent to depicting M̃ and we will be referring to plots based on this approach

as plots of M̃.

Also, we note that in the case of the round fuzzy sphere for N = 2 this is exactly the Hopf map up to

a rescaling.

Further, if we are concerned with foliations as described in section 2.4, we directly obtain varieties in

R̃D that we might want to depict. Consequently we will talk of plots of R̃D.

For all of the three cases, we still have to plot subsets of Rl for some l that in general is bigger than

three.

The őrst approach to this is to choose a rank three projector P on Rl and an SO(l) operator O that

maps the image of P to R3 × {0}, resulting in a map P = OP : Rl → R3.

If we want to apply P after v, our generic choice is to map

[(a1, . . . , aN )]
v7→ |aN |

|(a1, . . . , aN )| · (a1/aN , . . . , aN−1/aN ) (119)

P7→ |aN |
|(a1, . . . , aN )| (Re(a1/aN ),Re(a2/aN ), Im(a1/aN )),

48The prefactor could also be omitted, but since we always work with normalized vectors, this choice lies at hand.
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if we want to apply it to points of RD, it is

(x1, . . . , xD)
P7→ (x1, x2, x3). (120)

Plots based on this approach will be referred to as projective plots.

Alternatively, we might only consider points that lie within a three dimensional hyperplane of Rl.

Let again P = OP and v ∈ Rl, then every three dimensional hyperplane can be written as {x ∈
Rl| (1−P )(x− v) = 0} for some rank three projector P and some v. Thus, our method looks as such:

Check if x lies within the hyperplane (if yes keep the point, else drop it) and then apply P.

In practice, we will not demand the constraint exactly, but rather |(1−P )(x− v)| < ϵ for some small

cutoff ϵ for obvious reasons.

If we use this approach, we will refer to sliced plots.

In őgure 1 we demonstrate projective plots of M and M̃ and a sliced plot of M for ϵ = 0.1. (Here,

with ϵ the tolerance is meant and not 1 − α.) In all cases we show random points in R̃3 (strictly

speaking points in R3), lying in the unit ball.

Here, we directly see a disadvantage of the sliced plots: Most points lie outside the slice, resulting in

many computations that do not contribute to the picture.

Figure 1: Random points in the squashed fuzzy sphere for N = 4 and α = 0.1. Left: projective plot of
M for 10000 points, middle: projective plot of M̃ for 10000 points, right: sliced plot of M for 50000
points

In order to get a more detailed understanding of how the mappings q and x
a work and how M and M̃

look, it can be rewarding to consider coordinate lines in R̃D in favor of random points. In the simple

case of D = 3 we might for example use Cartesian or spherical coordinate lines as shown in őgure 2.

Figure 2: Coordinate lines in R3. Left: Cartesian coordinate lines around x = (0, 1, 0), middle:
spherical coordinate lines, right: smaller sector of spherical coordinate lines at equator. The latter
two have inverted colors in the southern hemisphere

From these, we get plots of M and M̃ as shown in 3. Fitting to our previous knowledge, it is plain

to see that the dimension of M is (at least) three.
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Figure 3: The squashed fuzzy sphere for N = 4 and α = 0.1. Left to right: coordinate lines from
őgure 2; top: plot of M, bottom: plot of M̃

The discussion so far gave us the possibility to generate plots for points in R̃D. Yet, for given x

we might also consider the states that we get for liml→∞ |lx⟩, the so called asymptotic states. We

can obtain them by considering the asymptotic Hamiltonian (87) where we drop the O(|x|−1) terms,

allowing us to explicitly compute49 the latter as lowest eigenstate of −∑a
xa

|x|X
a (assuming that the

lowest eigenspace is one dimensional). If we look at plots that show asymptotic states, we speak of

asymptotic plots.

In some sense, these states form part of the closure of M.

In őgure 4 we can see such plots together with random points within a ball of unit radius as in őgure

1 and points on a sphere of radius 0.001, where the latter represents the opposite limit for liml→0 |lx⟩.
For example on the left, we see that the asymptotic states (the blue points) form a boundary of the

random points within (the orange points). Note that the gap in between is a result of our restriction

to the unit ball for the random points.

Figure 4: Random points (orange), random asymptotic points (blue) and random points on a sphere
of radius 0.001 (green) in the squashed fuzzy sphere for N = 4 and α = 0.1. Left: projective plot of
M, right: projective plot of M̃

49Especially we can restrict to points of norm |x| = 1.
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3.3 Foliations, Local Coordinates, Integration and Completeness

The next step is to implement the various distributions from section 2.4. In section 3.3.1 we begin

with calculating the projectors on the distribution, in turn allowing us to integrate curves in the leaves

L in section 3.3.2.

With such curves we scan L globally in section 3.3.3 and construct local coordinates in section 3.3.4.

Via tilings, introduced in section 3.3.5, we are ready to integrate over the leaves in section 3.3.6,

allowing us to check for example the completeness relation (67).

Finally, in section 3.3.7 an approach for choosing a special leaf is presented, based on the attempt to

minimize λ over NL
x .

3.3.1 Calculation of the Distributions

In section 2.4 we have deőned the respective leaves via distributions in the tangent bundle in the

spirit of the Frobenius theorem. Especially, we were working with R̃D, where the tangent spaces are

isomorphic to RD and thus rather simple. Any such distribution induces a distinguished subspace Vx

in TxR̃
D ∼= RD and consequently we get an orthogonal projector px on this subspace with respect to

any inner product.

In principle, the leaf is independent of the choice of an inner product, while the speciőc curves that

we will integrate in the next section are dependent. Thus we use δab as our generic choice, while it is

conceptually more obvious to use gab for the symplectic leaf and the hybrid leaf using ωab. (In fact,

in the latter case both versions will be implemented and it will always be speciőed which metric is

used.)

Knowing these projectors for all x ∈ R̃D characterizes the distribution, thus our current task is to

calculate the orthogonal projector px on Vx for given x.

Let us begin with the symplectic leaf, for which the construction has been discussed in section 2.4.1:

We split the tangent space at x in TxR̃
D = TxW ⊕ TxZ ⊕ TxL and use TxL as our desired local

subspace Vx.

• The starting point is to calculate gab and ωab as discussed in section 3.1.

• We őnd a basis of TxW by calculating the kernel of (gab).

• Then, we orthonormalize this basis with respect to δab, providing us with the normalized vectors

w1, . . . , wr where r = dim(ker(gab)) = D − k.

• This deőnes a nondegenerate bilinear form on the whole TxR̃
D via g̃ab :=

∑r
m=1(wm)a(wm)b +

gab. (In section 2.4.1 this has been called gW .)

• We would get the complement TxV = TxW
⊥ with respect to g̃ab exactly via the kernel of

(
∑r
m=1(wm)a(wm)b), but we actually do not need that.

• A basis of TxZ (by deőnition lying within TxV ) can then be obtained by calculation of the kernel

of ω̃ab :=
∑r
m=1(wm)a(wm)b + ωab. After another orthonormalization with respect to g̃ab, we

őnd the basis zr+1, . . . , zr+s of TxZ, where s = dim(ker(ω̃ab)).

• Then, a basis of TxL = (TxW ⊕ TxZ)
⊥ with respect to g̃ab can be found via the kernel of

((w1)
a, . . . , (wr)

a, (zr+1)
a, . . . , (zr+s)

a) · (g̃ab), which after one further orthonormalization with
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respect to g̃ab provides us with a basis lr+s+1, . . . , lD. This then also provides us with the

symplectic dimension l = D − r − s = k − s.

• Finally, we get our desired projector px = (
∑s
m=1(lr+s+m)a(lr+s+m)c) · (gcb).

In the case of the Pfaffian leaf, the procedure is rather different. Here, we want to maximize the

function Psx over the linear subspaces of TxR̃
D with őxed (even) dimension s as discussed in section

2.4.2, resulting in the optimal subspace Vx. The effective dimension l is then determined in retrospect.

• We start with a random subspace W ⊂ TxR̃
D ∼= RD of dimension s, represented by an orthonor-

mal basis w1, . . . , ws.

• The őrst task is to calculate Psx(W ) = ⟨x| [Xa1 , Xa2 ] . . . [Xas−1 , Xas ] |x⟩ ϵa1...asW (with ϵa1...asW :=

Oa1b1 . . . Oasbsϵb1...bs for any orthogonal O mapping Rs × {0} to W ).

Such anOab (we only need the components with b ≤ s) is simply given by the matrix (w1, . . . , ws).

The rest of the calculation is trivial but comes with large computational cost, so a clever imple-

mentation is advisable. A way in that direction is to deőne the matrices X̃b :=
∑

aO
abXa for

b ≤ s, resulting in Psx(W ) = 2s/2 ⟨x| X̃b1 . . . X̃bs |x⟩ ϵb1...bs .
This can then simply be rewritten as

Psx(W ) = 2s/2
∑

σ

sgn(σ) ⟨x| X̃σ1 . . . X̃σs |x⟩ , (121)

where the sum runs over all permutations σ of (1, . . . , s). In this formulation, we have much

fewer summands than in the original formulation.

• For the optimization process, it is also necessary to calculate the gradient and the hessian of Psx
with respect to Oab (as the optimization will actually be done with respect to Oab, representing

W ).

Analytically, the gradient is given by

d

dOcd
Psx(W ) = 2s/2

s
∑

t=1

D
∑

a=1

∑

σ

sgn(σ) ⟨x| X̃σ1 . . . XaMaσt

cd . . . X̃σs |x⟩ (122)

with Mab
cd := δac δ

b
d.

Similarly, we őnd the hessian

d

dOef
d

dOcd
Psx(W ) = 2s/2

s
∑

t ̸=u=1

D
∑

a,a′=1

∑

σ

⟨x| X̃σ1 . . . XaMaσt

cd . . . . . . Xa′Ma′σu

cd X̃σs |x⟩ . (123)

• For further efficiency, we note the relations Psx(W ) = 1
sO

cd d
dOcdPsx(W ) and d

dOcdPsx(W ) =
1
s−1O

ef d
dOef

d
dOcdPsx(W ).

• Since we are actually interested in the absolute square of Psx, marginal modiőcations have to be

made, but that shall not bother us any further.

• For the actual maximization, we use the algorithm described in [27], providing a gradient de-

scent method and a Newton procedure for real valued functions on Stiefel manifolds adapted to

Grassmannian manifolds, where the optimization is with respect to the Oab from above. The

output is then given by a matrix Oab, corresponding to the optimal subspace Vx = O(Rs×{0}).
The orthogonal projector on Vx is simply given by (px)

a
c =

∑s
b=1O

abOcb.
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• However, we still have to determine the correct s that we use as effective dimension l. Therefore

we calculate vsx = |Psx(Vx)s|2 for all even s and deőne l as the largest s such that vsx ≫ 0 (actually

deőned as vsx > ϵ for a lower bound ϵ of our choice).

Practically, it suffices to check l for a few points and then always use s = l.

For the hybrid leaf, it suffices to know θab(x) (respectively ωab(x) and gab(x)), while the remaining

calculations are then straight forward.

• All we need is the eigensystem of θ := (θab(x)), given in the ordering |λi| ≤ |λj | if i > j together

with the corresponding eigenvectors vi.

• As described in section 2.4.3, we choose l such that |λl| ≫ 0 while |λl+1| ≈ 0.

• Then, we deőne w2s−1 = Re(v2s−1) = Re(v2s) and w2s = ± Im(v2s−1) = ∓ Im(v2s) for s =

1, . . . , l/2, providing us with the basis w1, . . . , wl of Vx.

• Finally, we calculate a corresponding orthonormal basis w̃1, . . . , w̃l, allowing us to deőne (px)
a
b =

∑l
s=1(w̃s)

a(w̃s)
b.

• When we use gab as our metric instead of δab two simple adaptions have to be made: At őrst, we

have to orthonormalize w1, . . . , wl with respect to gab, resulting in the basis w̃1, . . . , w̃l. Then

we get the modiőed projector (px)
a
b =

∑

c

∑l
s=1(w̃s)

a(w̃s)
cgcb.

• For ωab(x), the procedure is exactly the same. Having in mind the discussion in section 2.2.8,

it is natural to use δab when using θab and gab when using ωab, but using δab anyways is also

reasonable. To keep the overview we introduce the following nomenclature: If we talk of the

hybrid leaf we use θab and δab. For the hybrid leaf using ω, we use ωab and δab and only if we

talk of the hybrid leaf using ω and g we actually work with ωab and gab.

Finally, we consider the Kähler leaf. Here, the calculation is similar to the Pfaffian leaf, but our cost

function looks different.

• Again, we start with a random subspace W ⊂ TxR̃
D ∼= RD of dimension s, represented by an

orthonormal basis w1, . . . , ws.

• Here, we have to calculate the cost csx(W ) = d(Txq(W ), J(Txq(W ))) =: d(V, V ′), where

d(V1, V2) = ∥(PV2
− 1) ◦ iV1

∥2 and J represents the multiplication with i in CN .

We start by calculating Txq(wt) =
∑D
a=1(wt)

aDa |x⟩, which we then view as a real vector in

R2N . In general, this gives us an overcomplete basis of Txq(W ) that is not orthonormal, thus we

orthonormalize it and obtain the basis ŵ1, . . . , ŵs′ , where s′ is the dimension of Txq(W ). The

matrix J depends on our choice on how we identify CN ∼= R2N , but in any case J is a simple

orthogonal matrix, thus w̃1, . . . , w̃s′ for w̃i := Jŵi is an orthonormal basis of J(Txq(W )).

In order to write down the operator (PV ′ − 1) ◦ iV explicitly, we need to extend50 the basis w̃i

to an orthonormal basis w̃1, . . . , w̃2N of R2N . Then, in this basis we őnd ((PV ′ − 1) ◦ iV )ab =
∑s′

c=1(w̃a · ŵc)(ŵc · w̃b)− δab, where a = 1, . . . , D and b = 1, . . . , s′. The spectral norm can then

be calculated using built in methods.

50This can be done as follows: We get an orthonormal basis of the complement by calculating the kernel of

(
∑s′

t=1(w̃t)a(w̃t)b) and subsequently orthonormalizing the obtained basis.
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If we replace the norm ∥ · ∥2 7→ ∥ · ∥HS , we őnd the explicit result

∥(PV2
− 1) ◦ iV1

∥HS =

√

√

√

√s′ −
s′
∑

a,b=1

(w̃a · ŵb)2. (124)

• While it is possible to calculate the gradient of csx explicitly, it is computationally faster to

calculate it via őnite differences. This is due to the fact that the gradient of the Gram-Schmidt

procedure is rather complicated.

• The remaining part of the procedure is completely parallel to the Pfaffian leaf, only we maximize

−csx instead of |Psx|2, thus we do not repeat the discussion.

For any of the methods above, having a basis of Vx ⊂ TxR̃
D, it is an easy task to calculate a basis

of the corresponding subspace Txq(Vx) = Tq(x)L ⊂ Tq(x)M via Txq, while in practice this will not be

needed since most computations will take place in R̃D.

All of the following discussion is completely agnostic to the choice of a special leaf. What is important

is that we can calculate the respective px.

3.3.2 Integrating Curves in the Leaves

As we are able to calculate the orthogonal projectors px onto the distributions (in target space) for

given x ∈ R̃D, our next task is to integrate (discretized) curves within the respective leaf through q(x).

In the following steps we explicitly construct a discrete curve in R̃D for a given initial tangent vector

v ∈ TxR̃
D ∼= RD. Using q, this can then be lifted to a discrete curve in the leaf L ⊂ M through q(x)

with initial tangent vector Txq(px(v)). (Thus slightly abusively we also say that the curve in R̃D lies

within the leaf through x.)

• At őrst, we have to őx a small but őnite step length δ and deőne x0 = x as well as v0 = v.

• If we already have xi and vi, we deőne

xi+1 = xi + δ
pxi

(vi)

|pxi
(vi)|

, (125)

where the norm is usually taken with respect to the metric δab, while we would also be free to

use gab in principle.

• In order to proceed further it is also necessary to deőne vi+1. For that we have the two choices

vi+1 = v or vi+1 = pxi
(vi). (126)

In the őrst case we hold the unprojected tangent vector őxed (we then speak of a őxed tangent

vector), while in the second we constantly project the previous tangent vector back into the

distribution (thus we speak of an adapted tangent vector).

• We continue this procedure until we have calculated the desired amount of points.

Let us brieŕy discuss what we have gained. We constructed a set of points {xi} ⊂ R̃D for i = 1, . . . , n,

which we take as an approximation to a curve γ : [0, n] → R̃D with γ(i) = xi. By our construction,
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we have γ̇(i) ≈ δpxi
(vi)/|pxi

(vi)|, thus all tangent vectors of γ approximately lie within the chosen

distribution ś but this exactly means that the curve approximately lies within the corresponding leaf.

Further, the norm of the tangent vector is approximately conőned to δ, so the curve is parameterized

by path length (up to δ) with respect to the chosen metric and has approximately length nδ. If we

want to calculate the length with respect to another metric g′ab (for example if we used δab in the

construction but want to know the length with respect to gab), this can be done via

|γ|g′ ≈
n−1
∑

i=1

√

g′ab(xi)(xi+1 − xi)a(xi+1 − xi)b. (127)

Finally, we note that if we choose to adapt the tangent vector, this means that γ approximately is a

geodesic within the leaf with respect to the restriction of the chosen metric51.

In őgure 5 we see curves in all the leaves with same initial x and two different initial adapted tangent

vectors v1 and v2. Looking at the single leaves, the really interesting observation is that in every leaf

the two curves intersect each other away from the initial point (both in R̃D and M), meaning the

distributions are (approximately) integrable. However, we have never demanded that they are already

integrable in R̃D, but only in M. Later, it turns out that this is only an artifact of the fact that

we considered the squashed fuzzy sphere, while the integrability in M also remains intact for more

general matrix conőgurations.

Comparing the different leaves, we directly note that not all are equivalent as not all colored curves

intersect away from the initial point.

We see that only the curves in the Pfaffian leaf and the hybrid leaf (using θ) strictly agree (That they

agree is obvious for D = 3. Also l = 2 is immediate.), while at least the curves in the symplectic leaf

and the hybrid leaf using ω are not too different (both in R̃D and M).

That the curves in the hybrid leaf using ω respectively the hybrid leaf using ω and g intersect each

other away from the initial point őts to the fact that both leaves are in principle identical, while the

curves themselves do not agree due to the different projections px.

However, the Kähler leaf is strongly different. Graphically, we see that there we almost have

px(v1)/|px(v1)| ≈ −px(v2)/|px(v2)|.
Here, also the computational time is interesting: While the hybrid methods as well as the symplectic

method are rather fast, the Pfaffian method is a bit slower. The Kähler method is already much

slower.

51This is only true if the metric used here and the metric used to deőne px coincide.
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Figure 5: Curves in the respective leaves starting at x = (1, 2, 1) with adapted tangent vectors
v1 = (0, 1, 0) and v2 = (1, 0, 0) in the squashed fuzzy sphere for N = 4 and α = 0.1. Symplectic leaf:
red and gray, Pfaffian leaf: green and gray, hybrid leaf: blue and gray, Hybrid leaf using ω: cyan
and gray, hybrid leaf using ω and g: magenta and gray, Kähler leaf: yellow and gray; top: projective
plots of R̃D for the six different leaves, bottom-left: projective plot of R̃D of all leaves, bottom-right:
projective plot of M of all leaves. Note that the green and blue line agree exactly

3.3.3 Scanning the Leaves

The next step is to analyze the leaves globally (or at least on a large scale). This can be done by a

simple procedure that we call scanning the leaf through x ∈ R̃D.

• For each i = 0, . . . , n′ we deőne the points xij (j = 1, . . . , n) as the points we get from integrating

the curve through xi0 with adapted initial tangent vector vi0.

• It remains to deőne xi0 and vi0. This we do iteratively.

• For i = 0, we put xi0 = x and choose vi0 randomly.

• For i > 0, we randomly pick a point from the xi′j for i′ < i that we use as xi0 and again choose

a completely random vi0.

• In order to obtain reproducible results it is advisable to seed the random number generator in

advance.

This procedure never leaves the leaf through x since all the curves that we integrate remain within

individually. Choosing the vi0 randomly allows us to look into many different directions.
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Figure 6 shows a scan of the hybrid leaf. We can see that this allows us to understand the global

structure of the leaf and strengthens our trust in the integrability (of the hybrid leaf). In the plot of

M̃ we see how strongly the squashing pushes points towards the equator, yet still points in the polar

regions remain part of M̃.

Figure 6: Scan of the hybrid leaf through x = (1, 2, 1) in the squashed fuzzy sphere for N = 4 and
α = 0.1. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

3.3.4 Construction of Local Coordinates

Having found a tool to analyze the global structure of the leaves, we now need to consider the local

structure. Therefore we want to őnd well adapted local coordinates. In principle, there are two kinds

of coordinates that we can construct.

Let us start with the coordinates of the őrst kind around x ∈ R̃D.

• Our aim is to iteratively construct points xi1...il with x0...0 = x and ij = −n, . . . , n.

• We pick an orthonormal basis v1, . . . , vl of Vx ⊂ TxR̃
D. Usually, we do this with respect to δab,

but in principle we could also use gab.

• Then, we deőne the points xi1...is−1is0...0 as the points we get from integrating the curve through

xi1...is−100...0 with őxed tangent vector vs if is > 0 (respectively −vs if is < 0) and step length

δ. This uniquely őxes all xi1...il .

• We also want to calculate the Jacobian Ji1...il for each y := xi1...il .

Therefore, we deőne y±s as the point we reach by integrating one step with step length ϵδ with

initial tangent vector ±vs. Then, we set (Ji1...il)
a
s := 1

2ϵ (y
+
s − y−s )

a for some small ϵ > 0 that

allows us to build a difference quotient.

• Let us őnally consider the integration of any of the involved curves, producing the point yi for

i = 0, . . . , ñ with step length δ̃. In order to improve our results it may be advantageous to reduce

the step length δ̃ 7→ 1
m δ̃ and consequently calculate mñ points y′j for j = 0, . . . ,mñ and őnally

put yi = y′mi for some m ∈ N. (Of course, this also applies to the calculation of the Jacobians.)

If we proceed after this scheme, we say that we use m − 1 intermediate steps in the curve

integration, reducing the numerical errors we make by taking smaller step lengths.

Having this construction, we may think of the xi1...il as a discretization of inverse coordinate functions

ψ−1 : (−n− ϵ, n+ ϵ)l → R̃D (in order to obtain true coordinate functions around q(x) ∈ L ⊂ M, we

further had to apply q, but we will keep that implicit) such that ψ−1(i1, . . . , il) = xi1...il , where by
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construction all points xi1...il lie within the leaf through x. In this picture we have ∂s(ψ
−1)a|(i1,...,il) ≈

(Ji1...il)
a
s .

For the coordinates of the second kind around x ∈ R̃D, we have to recall that the curves generated

by adapting the tangent vector are geodesics in the leaf (with respect to the restriction of the chosen

metric δab or gab to the leaf). Thus, we can simply construct an exponential map analogous to the

exponential map from Riemannian geometry.

• Again, for a given initial point x we choose an orthonormal basis v1, . . . , vl of Vx.

• Let χ ∈ Rl. Then we deőne v := δ
∑l
s=1 χ

svs ∈ Vx. We pick an n ∈ N such that 1
n |v| is of order

δ (with respect to the chosen metric).

• Then we deőne expx(δχ) as the end point we get by integrating a curve with initial point x,

adapted tangent vector v and step length 1
n |v| for exactly n steps.

• We can calculate the Jacobian simply as the differential quotient ∂s(expx)
a|χ ≈ 1

2ϵ (exp(χ +

ϵvs)− exp(χ− ϵvs))
a.

• In practice, we will evaluate expx on a lattice {−n, . . . , n}×l, providing us with the points

xi1...il := expx(i1, . . . , il) and the Jacobians (Ji1...il)
a
s := ∂s(expx)

a|(i1,...,il).

Here, we should really think of expx : Vx → R̃D as the map that maps radial lines in the distribution

at x to geodesics in the leaf through x, locally deőning so called normal coordinates.

In őgure 7 we can see local coordinates of the őrst and second kind for the hybrid leaf.

The beneőt of the coordinates of őrst kind is that they are fast to calculate, while for y = xi1,...,il
far away from x it might happen that some of the vs lie within the kernel of py, meaning that the

coordinates can not be continued further, while also the ordering of the vs takes a large role.

On the other hand the beneőt of the coordinates of the second kind is that they are constructed via

geodesic and completely independent of the ordering of the vs. Further, they can easily be calculated

for arbitrary χ. Yet, the calculation is more cumbersome since it is not built on a recursion.

In the following, we will always use coordinates of the őrst kind.

Figure 7: Local coordinates around x = (1, 2, 1) for the hybrid leaf in the squashed fuzzy sphere for
N = 4 and α = 0.1. Top: projective plot of R̃D, bottom: projective plot of M; left: coordinates of
the őrst kind, right: coordinates of the second kind
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3.3.5 Tilings

In the following we want to integrate over the leaf L through some x ∈ R̃D. Analytically, we would

choose a covering with local coordinates and a subordinate partition of unity to calculate any integral.

Here, we use this idea to patch local coordinate charts together to a global picture. The key to that

is to tile R̃D. By a tile, we mean a set of the form T = [a1, b1]× · · · × [aD, bD] ⊂ RD.

• We begin by scanning the leaf through x.

• Then we choose tiles Tα in RD that only overlap at their borders and satisfy the following

conditions: They should be so small that the intersection of the leaf with a tile is diffeomorphic

to [0, 1]l (thus topologically trivial) but so large that the coarseness of the scan is small in

comparison. Also, aside from where the leaf intersects the borders of a tile, it should not come

too close to them. Finally, the uniőcation of all tiles has to cover the scan.

• Then, for each tile Tα that contains at least one point of the scan (a nonempty tile) we choose

a point xα ∈ Tα of the scan that is located as centered as possible. To achieve this, we might

calculate the center of the tile, measure its distance (with respect to the ∥ · ∥max norm) to all

points from the scan that lie within and then choose a point of minimal distance.

• For each nonempty tile Tα, we generate local coordinates (of the őrst kind) around xα, while

choosing n so large that xαi1...,il /∈ Tα if for at least one s we have is = ±n (then we őlled the

tile).

• Finally, for each nonempty tile we drop the coordinate points that lie outside the tile.

In őgure 8 we can see a covering with local coordinates patched together to give a global picture of the

hybrid leaf, where we have chosen the tiles to be the octants in R3. We can see that we őlled all tiles,

no tiles are empty and obviously we covered the whole scan. While the individual coordinates do not

őt together (this we can see readily from their random directedness), this construction will turn out

to be very practical in the next section.

Figure 8: Tiling of the hybrid leaf through x = (1, 2, 1) in the squashed fuzzy sphere for N = 4 and
α = 0.1 where the tiles are given by the octants in R3. Top-left: projective plot of R̃D, top-right:
projective plot of M̃, bottom-left: projective plot of M, bottom-right: projective plot of M of two
octants
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3.3.6 Integration over the Leaves

Now that we covered the whole leaf with local coordinates52, it is an easy task to integrate over it.

The main purpose is to verify the completeness relation (67) and the quantization of the x
a as in

equation (66). Accordingly, we perform the following steps.

• We cover the leaf with coordinates xαi1...il as above and also calculate the corresponding Jacobians

Jαi1...il , where α is the index of the (nonempty) tile Tα. We deőne I(xαi1...il) as one if xαi1...il ∈ Tα

and zero otherwise, implementing a discrete version of a partition of unity.

• Since our volume form is deőned as ΩL = 1
(l/2)!ω

∧l/2
L , we calculate the pullback of ωM to the

leaf. In our coordinates, we have

ωαst(i1, . . . , il) =
∑

a,b

(Jαi1...il)
a
s(J

α
i1...il

)btωab(x
α
i1...il

) (128)

(where at least for the symplectic leaf and the hybrid leaf based on ωab these ωαst are guaranteed

to be nondegenerate).

• Let now f be a map from the leaf to a vector space. Then, we őnd the numerical approximation

to the integral of f over L with respect to ΩL

∫

L
ΩL f ≈

∑

α

∑

i1,...,il

I(xαi1...il)
√

| det(ωαst(i1, . . . , il))| f(q(xαi1...il)), (129)

noting that every point (i1, . . . , il) represents a unit volume in Rl.

• If we want to use f(q(x)) = |x⟩ ⟨x|, then all we need to do is calculate |xαi1...il⟩ for all xαi1...il ,

while for f(q(x)) = x
a |x⟩ ⟨x| we additionally need x

a(xαi1...il). For f(q(x)) = 1, we simply őnd

the symplectic volume of the leaf.

We once again consider the squashed fuzzy sphere for N = 4 and α = 0.1.

We deőne the quantization of 1L (up to a proportionality factor)

1
′ :=

∫

L
ΩL |·⟩ ⟨·| (130)

as well as the quantization of xa (again up to a proportionality factor)

(X ′)a :=

∫

L
ΩL x

a |·⟩ ⟨·| (131)

and the symplectic volume

Vω =

∫

L
ΩL = tr(1′), (132)

where here L is the hybrid leaf through x = (1, 2, 1). Since we have the relation

α

(2π)l/2
Vω = N (133)

52Here, we used the step length 0.05. This will be the generic choice in most later examples, although weighted with
the quotient of the respective |x|.
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for the constant α (that is not related to the squashing parameter) in equation (2.2.7),

this completely őxes the proportionality factor from above to N
Vω

.

Numerically, we őnd Vω = 10.515 and consequently α = 2.390.

According to the above, we suspect the N
Vω

1′ ?
= 1 (assuming that the completeness relation (67) holds).

We őnd the mean of the eigenvalues of N
Vω

1′ to be µ1′ = 1.000 (what is clear by construction) with

a standard deviation of σ1′ = 0.139, so the result is promising. Alternatively, we őnd the relative

deviation d1′ := ∥ NVω
1′ − 1∥HS/∥1∥HS = 0.121.

Now, we come to the veriőcation of equation (66) (the quantization of the x
a): We thus suspect

N
Vω

(X ′)a
?
= Xa. Similarly as before, we consider the relative deviation53 ∥ NVω

X ′−(Xa)∥HS′/∥(Xa)∥HS′

= 0.422 which is not very encouraging. Thus, we look at n1 := ∥ NVω
X ′∥HS′/(DN2) = 0.020 and

n2 := ∥(Xa)∥HS′/(DN2) = 0.034 and consequently nX′ := n2

n1

= 1.725 ≫ 1, so the previous result

is not surprising. So we may still hope and suspect nX′
N
Vω

(X ′)a
?
= Xa. Here, we őnd the relative

deviation dX′ := ∥nX′
N
Vω
X ′ − (Xa)∥HS′/∥(Xa)∥HS′ = 0.058 ś which looks much better.

3.3.7 The Minimization of λ

Yet, there is a vast choice of initial points x ∈ R̃D, while of course not all belong to the same leaf.

Thus, having a unique rule to select a leaf via some initial point would be welcome.

A natural choice is to try to approximately minimize λ. This in turn means that ∂aλ will be small

and consequently by equation (44) xa will be near x
a.

On the other hand, it is not advisable to search for the global minimum of λ. We should rather őnd

a minimum in Nx. Since we are working with leaves, it would be even better to actually work with

NL
x .

In our framework, it is not hard to concretize these objects introduced in section 2.4: Since we have

a distribution in the tangent bundle that describes the leaf L, we can simply use the orthogonal

complement V ⊥
x (coming with the orthogonal projector (1− px)) to deőne a distribution that in turn

deőnes the generalization of Nx to NL
x which we call null leaf.

So, we start from a random point x ∈ R̃D, try to őnd the minimum of λ in the null leaf at some x′

and use that point as our true initial point, deőning the leaf L′.

Then, we have to hope that for the sake of consistency y′ also lies in (or at least near) the leaf through

x′ for every y ∈ R̃D.

For any initial x ∈ R̃D, we can use an adapted gradient descent procedure to őnd x′.

• We construct a sequence xi in NL
x with x0 = x that (hopefully) converges against a local

minimum of λ in the null leaf.

• Assume, we already know xi. Then, using equation (44), we calculate the gradient ∂aλ(xi) =

−(xa(xi)− xai ). In the spirit of gradient descent methods, we put vi = −∂aλ(xi).

• Then, we simply deőne xi+1 = xi + (1 − pxi
)(vi).

53Here, by ∥ · ∥HS′ we mean the square root of the sum over the square of all components, generalizing the Hilbert-
Schmidt norm to objects with three indices.

57



• For every i we check if |(1−pxi
)(∂aλ(xi))| < ϵ for some cutoff ϵ > 0. If this holds true, we deőne

x′ := xi.

In őgure 9 we see that our hope is not fulőlled and we do not őnd a unique leaf by this procedure.

Yet, still this procedure might select a scale for us for choosing |x|. If this scale actually selects a leaf

of good quality for us will become clearer in section 4.1.

Figure 9: Hybrid leaf in the squashed fuzzy sphere for N = 4 and α = 0.1. Green: scan of hybrid leaf
through x′ where x = (1, 2, 1), purple: x′i for 10000 random xi. Projective plot of R̃D
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4 The Squashed Fuzzy Sphere and Other Results

This section is dedicated to the discussion of actual numerical results for some of the matrix conőgu-

ration deőned in section 2.3 as well as a few others, based on the algorithms from section 3.

In section 4.1 the squashed fuzzy sphere is studied in more detail (compared to what we have already

seen in section 3). This is followed by section 4.2, where we add random matrices to the round fuzzy

sphere.

In section 4.3 we then turn to the squashed fuzzy CP 2, our őrst example with D > 3, accompanied

by the related completely squashed fuzzy CP 2 in section 4.4.

The őnal example in section 4.5 is then given by the so called fuzzy torus T 2
N , our őrst example that

is not derived from a semisimple Lie group.

4.1 The Squashed Fuzzy Sphere

In section 3 we have already seen some results for the squashed fuzzy sphere (that has been introduced

in section 2.3.3) for N = 4 and α = 0.1, 0.9. Now, we are going to study the latter geometry in more

detail, including the dependence on N and α and a detailed discussion of the results coming from the

integration over L.

This will be accompanied by several plots that allow us to understand the geometry visually.

4.1.1 First Results and Dimensional Aspects

As a beginning, we want to determine the dimension k of M (given by the rank of Txq) as well as the

ranks of gab(x), ωab(x) and θab(x). Also, we want to know which of the kernels of the latter agree and

which points lie in R̃D respectively R̂D (note that we already know from analytic considerations that

0 ∈ K).

Therefore, we perform a cascade of calculations: For the points (0, 0, 1), (0, 1, 0) as well as for three

random points in the unit ball, for N = 2, 3, 4, 10, 100 and for α = 1, 0.5, 0.1, 0 we check if x ∈ R̂D,

calculate the latter objects and the associated ranks and compare the kernels.

We begin with the discussion of the choice N = 2, turning out to be fundamentally different to N > 2.

For the round case α = 1 we őnd that all considered points lie in R̃3, while we always őnd that the

dimension k as well as all ranks equal two. This in turn shows that all these points also lie in R̂3.

Further, all kernels agree and the almost Kähler condition is satisőed. These results are őtting well

to our knowledge dim(M) = 2 and R̃3 = R̂3 = R3 \ {0} from section 2.3.2.

In the squashed cases α = 0.5, 0.1 all considered points still lie in R̃3, the dimension and the ranks

remain at two but the kernel of θab discerns from all the other kernels (except for (0, 0, 1)). The almost

Kähler condition remains intact. So we őnd k = 2 and conjecture R̃3 = R̂3 = R3 \ {0}.
In the completely squashed case α = 0 we őnd (0, 0, 1) ∈ K while the other points remain in R̃3.

The dimension of M turns to one just as the rank of gab. Accordingly, ωab and θab vanish. The

kernel of Txq and gab agree. Since ωab vanishes, the almost Kähler condition is meaningless. Here, we

conjecture R̃3 = R̂3 = R3 \ Rê3.

Let us now consider the more interesting choices N > 2.

In the round case α = 1 nothing changes and we obtain the expected results.
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For the squashed cases α = 0.5, 0.1 we witness an interesting effect (we have already stumbled upon

it in section 2.3.3) that we will call oxidation in the following. For all points except (0, 0, 1) the

dimension as well as the rank of gab turn to three. The ranks of ωab and θab remain two, while their

kernels again discern. At (0, 0, 1) the dimensions as well as the ranks are still two and all kernels agree.

The almost Kähler condition only remains true approximately. These observations together with our

analytic results from section 2.3.3 encourage us to conjecture R̃3 = R3 \ {0}, while R̂3 = R3 \ Rê3.

Also the case α = 0 changes: The dimension of M and the rank of gab return to two with agreeing

kernels, while ωab and θab vanish, noting that again (0, 0, 1) ∈ K. So we conjecture that also here

R̃3 = R̂3 = R3 \ Rê3.

These conjectures are supported by numerous further calculations. Table 2 summarizes the őndings

for points x ∈ R3 \ Rê3.

Let us explain heuristically why these results are plausible: In section 2.3.6 we have seen that k is

bounded from above by min(D, 2N − 2), explaining why we őnd no oxidation for N = 2. Again by

arguments from the same section it is expected that k = 3 for N > 2 under the assumption that the

squashed fuzzy sphere already behaves like a random matrix conőguration. In section 2.3.3 we have

even seen analytically that k = 3 at least for α = 1− ϵ for small ϵ > 0. Further, complete squashing

effectively reduces D from three to two, again supporting the validity of the őndings.

That the behaviour is special on the ê3 axis őts to the fact that the SO(3) symmetry remains unbroken

for rotations around this axis and that analytically the quasi-coherent states are unperturbed there.

dim(M) rank(g) rank(ω) rank(θ)
N = 2 α = 1 2 2 2 2

0 < α < 1 2 2 2 2
α = 0 1 1 0 0

N > 2 α = 1 2 2 2 2
0 < α < 1 3 3 2 2
α = 0 2 2 0 0

Table 2: Overview of the dimensions and ranks in different scenarios for points x ∈ R3 \ Rê3

We further refer to the comparison of gab and ωab once calculated numerically and once via pertur-

bation theory in section 3.1, mutually validating both approaches. This has also been checked for

further scenarios.

4.1.2 A Graphical Account

In őgure 10 we see plots of M and M̃ for random points in the (squashed) fuzzy sphere for N = 4

and for α = 1, 0.1, 0.

Looking at M, we immediately witness self-intersections of the shape. This is not surprising since we

projected from R6 to R3 in order to generate the plots. Also, the large scale shape depends strongly on

the choice of a projection P . On the other hand we see that this large scale shape is preserved during

the squashing. This is not surprising as we have seen in section 2.3.3 that the quasi coherent states

of the round fuzzy sphere remain as asymptotic states of the squashed fuzzy sphere for 0 < α < 1.

While in the plots of M it is hardly possible to recognize the actual geometry, that is very present in

the plots of M̃. In the round case, the result exactly is a sphere54, while for α = 0.1 we approximately

54Note that in these plots the ê3 axis is scaled differently than the ê1 and ê2 axes!
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őnd an ellipsoidal and in the completely squashed case a disc. The interesting result of course is the

squashed case where we see that points accumulate (and in fact oxidize) at the equator while at the

polar regions there are fewer points than in the round case.

Figure 10: 10000 random points in the squashed fuzzy sphere for N = 4. Left to right: α = 1, 0.1, 0;
top: projective plot of M, bottom: projective plot of M̃

In the latter őgure it is hardly possible to determine k visually. For that reason, in őgure 11 the

Cartesian coordinate lines centered at (0, 1, 0) shown in őgure 2 are plotted.

In the round case we directly see that one coordinate is always redundant, matching to our knowledge

k = 2 and to our discussion55 in appendix A.4.

In the squashed case, these coordinates are not redundant anymore and M visually turns out to be

(at least) three dimensional. Interestingly, the same holds for M̃.

In the completely squashed case we once again see that one coordinate is redundant (especially the

ê3 coordinate) and M is therefore two dimensional.

Here we can also see how the large scale shape is preserved throughout the squashing, while the actual

shape strongly changes.

Figure 11: Cartesian coordinate lines around (0, 1, 0) in the squashed fuzzy sphere for N = 4. Left to
right: α = 1, 0.1, 0; top: projective plot of M, bottom: projective plot of M̃

55There we found that we can construct true coordinates of M by dropping redundant coordinates.
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For the sake of a more systematic global understanding, in őgure 12 the spherical coordinate lines

from őgure 2 are plotted56.

We directly see that these coordinates are better adapted to the geometry. In the round case it

is evident that the radial coordinate is redundant. Further, we immediately see that M is three

dimensional for 0 < α < 1. In the plot of M̃ we perceive that at the poles the radial direction is

degenerate, őtting to our previous observations.

Figure 12: Spherical coordinate lines in the squashed fuzzy sphere for N = 4. Left to right: α =
1, 0.1, 0; top: projective plot of M, bottom: projective plot of M̃

4.1.3 The Dependence on N

We have already seen that N = 2 is a special case, so we included őgure 13 (which is the analogue of

őgure 10). Let us őrst consider the plots of M̃: The round case looks just as the one for N = 4, while

only the radius deviates, őtting to equation (78). From this perspective it looks as if the same held in

the completely squashed case, but this is not true. For N = 4 we obtained a disk, while here we would

only see a circle. The partially squashed case is also interesting as we again see an accumulation of

points at the equator, while here the shape is much more that of an ellipsoidal than for N = 4 as

there is no oxidation.

Let us come to the plots of M. We see that the large scale shape is much simpler than for N = 4, but

we cannot recognize a sphere in the round case. This is an artifact of our plotting procedure where

we trivialized CPN−1 ∼= S2N−1/U(1). Since there is no global trivialization we cannot expect to get

a global result. Practically this means that the border of the plotted shape is given by the states in

the set Z deőned in section 3.2 where we could not choose a unique representative by our rule. That

the shape looks like a half sphere is merely a coincidence, while the points on the border are glued

together in a nontrivial way. Further, here we can nicely see how the squashing takes place: The

points get more and more conőned to a circle, while we have a complete collapse for α = 0.

56Here we replaced the color yellow with orange for a better visibility.
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Figure 13: Random points in the squashed fuzzy sphere for N = 2. Left to right: α = 1, 0.1, 0; top:
projective plot of M, bottom: projective plot of M̃

In őgure 14 we see plots of M for N = 2, 3, 4, 5, 10 and α = 1, 0.1, 0. We already know that in the

round case M ∼= S2 for all N , thus in the őrst line we only see projections of different immersions

of S2 →֒ CPN−1. With increasing N the large scale shape winds more and more around the origin,

until we lose almost all information for too large N since then the R3 gets much too low dimensional

to capture all aspects of the immersion57.

In the squashed and completely squashed cases we see similar behaviour.

Figure 14: Random points in the squashed fuzzy sphere, projective plot of M. Left to right: N =
2, 3, 4, 5, 10; top to bottom: α = 1, 0.1, 0

57That does not mean that it is impossible to visualize M locally.
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4.1.4 The Dependence on α and the Oxidation Process

Now we want to focus on the squashing of the fuzzy sphere. Therefore we once again specialize to

N = 4. In őgure 15 we plotted58 spherical coordinate lines as shown in őgure 2 for exponentially

decreasing α.

What we directly see is that the radial coordinate (red/cyan) does not play any role in the round

case, while in the completely squashed case the radial and the polar coordinate lines (green/magenta)

play the same role (this is clear from analytical considerations) and the top and bottom hemisphere

produce exactly the same states (which is again obvious).

For the azimuthal coordinate lines (blue/orange) one sees especially well how the upper hemisphere

moves closer to the lower hemisphere, starting at the equator where they touch.

Note that the broken symmetry between the upper and lower hemisphere is only an artifact of the

way we produced the plots via the procedure described in section 3.2.

Figure 15: Spherical coordinate lines in the squashed fuzzy sphere for N = 4. Projective plot of M.
Top: left to right: α = 1, 0.1, 0.01; bottom: left to right: α = 0.001, 0.0001, 0

In őgure 16 we plotted a sector of spherical coordinate lines centered at the equator (this sector is

shown in őgure 2). Here, we can easily trace the oxidation process and we can see remarkably well how

the upper and the lower hemisphere join together during squashing. Yet we should not think of an

upper layer hovering above a lower layer since the smaller we make α, the further inwards both layers

heuristically touch. (In the next section we will see that this view is anyways completely wrong.)

These plots also allow us to visually trace the thickness of M. For α = 0.1 this oxidation is at a peak

and again becomes almost irrelevant for smaller scales of α.

Figure 16: Sector of spherical coordinate lines (located at the equator) in the squashed fuzzy sphere
for N = 4. Projective plot of M. Left to right: α = 1, 0.1, 0.01, 0.001

58Again, the color yellow has been replaced with orange.
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4.1.5 Asymptotic States and Topological Aspects

In order to better understand the topology of M, we want to know the behaviour for large and small

|x|.
For large absolute values this is simple since in the limit |x| → ∞, we can consider the asymptotic

states (that we have discussed in section 2.3.3).

In the opposite limit |x| → 0 it is not that trivial to őnd the quasi-coherent states. Yet numerically,

we can simulate this limit by considering random points on a tiny sphere of radius ϵ in R̃D.

In őgure 17 we plotted random points from the unit ball (orange), random asymptotic points59 (blue)

and random points from a tiny sphere of radius 0.001 (green) as well as a radial curve through a

random point (red) and a polar curve connecting the points60 (0, 0, 1) and (0, 1, 0) (cyan).

For a more complete understanding őgure 18 (instead of random points) shows corresponding coordi-

nate lines for the case α = 0.1, while őgure 19 features specially chosen radial coordinate lines together

with asymptotic spherical coordinate lines, visualizing the inside of M̃.

We can make a number of observations:

• In the round case we see that the asymptotic states, the random states and the states from a

tiny sphere agree. The radial curve shrinks to a point. All this is fairly obvious as in the round

case the quasi-coherent states do not depend on the radius.

• For all squashed cases 0 < α < 1 the asymptotic states recover the round case, but the distribu-

tion of the points changes strongly. In the plots of M̃, the asymptotic states form an ellipsoidal

that is squashed according to the factor α compared to the round case.

The plots in őgure 18 suggest that the states at |x| = 1 discern only slightly from the asymptotic

states, while the radial and the polar coordinate lines behave similarly. On the other hand, in

the right plot we see that there are radial coordinate lines that terminate at the origin.

Figure 19 resolves the discrepancy: The latter are exactly those with x3 = 0, while for |x| ∼ |x3|,
the radial coordinate lines tend to behave like polar coordinate lines. Only for |x| ≫ |x3|, the

radial coordinate lines come near to the origin, before they drift off to a pole.

From that we conclude that in M̃, the whole inside (with respect to the asymptotic states) is

őlled except from the ê3 axis itself61, while unless 1 ≫ |x| ≫ x3 the states are strongly conőned

to the asymptotic states.

• In the completely squashed case the asymptotic states form a one dimensional manifold and M
turns two dimensional again. In the plots of M̃ this assembles to a disk where the center is

coming from the ê3 axis (omitting 0) in R̃D, while the points on the tiny sphere in R̃D lie in a

tiny disk around the origin. The border of the whole disk is given by the asymptotic states. The

radial and the polar coordinate lines in R̃D both behave identically as radial lines in the disk.

• Note that the gap in between the blue and the orange points is only an artifact of the fact that

the random points are conőned to the unit ball in R3.

The discussion of the actual thickness of the auxiliary direction in the squashed case will be addressed

in the following section.

59This means, we calculated the corresponding asymptotic states in favor of the quasi-coherent states.
60Prior knowledge tells us that the point (0, 1, 0) is at the end of the cyan curve that is lower with respect to the print

for the plots of M respectively higher for the plots of M̃.
61Since 0 ∈ K and the rest of the axis is in N±ê3 , only two points lie on the ê3 axis in M̃, distinguished by a relative

sign.
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Figure 17: Random points from unit ball (orange), random asymptotic points (blue), random points
from a tiny sphere of radius 0.001 (green), radial line through random point (red) and polar line from
(0, 0, 1) to (0, 1, 0) (cyan) in the squashed fuzzy sphere for N = 4. Top: projective plot of M, bottom:
projective plot of M̃; left to right: α = 1, 0.9, 0.1, 0

Figure 18: Spherical coordinate lines of radius 1 (orange), asymptotic spherical coordinate lines (blue),
spherical coordinate lines of radius 0.001 (green) and radial line coordinate lines (red) in the squashed
fuzzy sphere for N = 4 and α = 0.1. Left: projective plot of M, right: projective plot of M̃

Figure 19: Spherical coordinate lines through (0, 1, σ) (red) respectively (−1, 0.3, σ) (cyan) for different
σ > 0 and asymptotic spherical coordinate lines (blue) in the squashed fuzzy sphere for N = 4 and
α = 0.9. Left: projective plot of M, right: projective plot of M̃

4.1.6 Foliations, Adapted Coordinates and Integration ś The Prototypical Result

Now, we turn to foliations of M that allow us to calculate adapted coordinates and to integrate

over a chosen leaf L. That enables us to check the completeness relation and similar properties. In

this section, we present the prototypical results for the following choices: We put N = 4, α = 0.9,

x = (1, 2, 1) (what speciőes the actual leaf in the foliation) and use the hybrid leaf.

In the following section, we will then discuss what changes if we modify these parameters or use

different leaves.
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In section 3.3.2 we have already seen that the leaves are (approximately) integrable for these choices,

so we directly turn to the global discussion.

In őgure 20 we see a covering with coordinates of the hybrid leaf through x. Once again, we note

how well the leaf is integrable, especially already in R̃D. In the plot of M we recognize the large scale

shape that we know from the previous sections, while we now look at a two dimensional manifold

L ⊂ M. Here the different colors (corresponding to different tiles) allow us to understand how the

shape can be entangled and conőrms that the plot only looks so complicated because the plotting

procedure from section 3.2 maps different regions in CPN−1 onto another. The plot of M̃ already

looks very much like an ellipsoidal.

Figure 20: Tiling of the hybrid leaf through x = (1, 2, 1) in the squashed fuzzy sphere for N = 4 and
α = 0.9. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

Now we can leave the qualitative discussion behind in favor of quantitative results.

Our őrst interest lies on the completeness relation. We őnd that the leaf has the symplectic volume

Vω = 10.058. According to section 3.3.6 we consider N
Vω

1′, representing Q(1M), which has eigenvalues

1.025, 1.013, 0.991, 0.971. If the completeness relation (67) holds, all eigenvalues should equal 1, so the

results are not far away from that.

To quantify the deviation, we look at the standard deviation62 of the eigenvalues that is given by

σ1′ = 0.024. Another measure is the relative deviation of N
Vω

1′ to 1 with respect to the Hilbert-

Schmidt norm, turning out to be d1′ = 0.021.

Let us turn to the quantization of the embedding functions x
a. Here we look at nX′

N
Vω
X ′ from section

3.3.6, representing nX′(Q(xa)) for the proportionality constant nX′ . If equation (32) holds, this

should agree with (Xa). Explicitly, we őnd the relative deviation dX′ = 0.025 with the correction

factor nX′ = 1.668, which is pretty good.

As we have addressed two important conjectures from section 2.2.7, we also want to verify if {xa,xb} ?
=

−2θab (the compatibility of the respective Poisson structures) and −2ωabθ
bc ?

= pca as well as ∂ax
b ?
= pba

for a projector pab .

As a measure for the compatibility of the respective Poisson structures we deőne the relative deviation

d{} := ∥({xa,xb} − (−2)θab)∥HS′/∥({xa,xb})∥HS′ = 0.00014, which is remarkably good.

For the others it suffices to look at the eigenvalues of the (lhs) (they should be given by 1 with

multiplicity l′ and 0 with multiplicityD−l′, where l′ is the symplectic dimension of M). Explicitly, the

eigenvalues of −2ωabθ
bc and ∂ax

b are given by 0.088, 0.088, 0.000 respectively 0.319, 0.277, 0.000047.

So in both cases the conjectures are heavily violated. But as we are far away from the local minima

of λ(x) this is not astonishing at all and we will come back to this in the following section when we

look at the dependence on x.

62By construction we have the mean µ1′ = 1.
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Further, it is interesting to look at the Kähler cost of the subspace VL := Vx ⊂ TxR
D coming from

the distribution corresponding to the leaf.

As the result is only a number of generic scale we compare it to the cost of a random subspace

VR ⊂ TxR
D and the optimal Kähler subspace VK ⊂ TxR

D (both of the same dimension as VL).

Accordingly, we őnd63 c2(VR) = 0.077, c2(VL) = 0.0010 and c2(VK) = 0.000062. This means that the

hybrid leaf is rather well optimized with respect to the Kähler cost (compared to a random subspace),

while it is still far away from the absolute optimum.

In order to arrive at the speciőc VK (there are plenty of local minima of c2 that lie even higher

than c2(VL)) it was necessary to start from twenty different random subspaces for which the gradient

descent method was performed. This makes the őnding of the optimal subspace for the Kähler leaf

even harder (we have already mentioned that the computational effort is rather high right from the

beginning) and untrustworthy. On the other hand, the results on the Kähler cost are interesting on

their own.

We then come to another interesting question, namely the thickness of M in the directions orthogonal

to the leaf NL
x .

We address the question via the following attempt: First, we calculate the length64 lL of a curve in

the leaf starting at x that approximately goes once around the origin. This gives us a reference length

scale. Then we calculate the lengths lI and lO of two curves in the null leaf NL
x starting at x ś one

going inwards (we let it terminate shortly before we arrive at the origin) and one going outwards.

This setup is shown in őgure 21, where we additionally plotted spherical coordinate lines and a radial

coordinate line through x for a better orientation.

We őnd the lengths lL = 5.323, lI = 0.891 and lO = 0.0061. This means, that the outwards pointing

curve is of negligible length, while the inwards pointing one acquires a őnite length. This means we

should not think of M as extremely thin in the direction of the null leaf, even for α = 0.9. It turns

out that the greatest contribution comes from the vicinity of the origin, őtting to the observation that

in the round case gab diverges for |x| → 0. Thus it is hard to say how sensitive lI is to the chosen

endpoint of the curve and the results should be considered cautiously.

While the quantitative result is not very enlightening, the qualitative results in the őgure are inter-

esting. In the left plot we see that the radial curve is almost identical with the inward pointing curve.

On the other hand, considering the right plot, we note that in M̃ the two curves discern strongly as

the radial curve terminates at the north pole, while the inwards pointing curve heads to the origin.

Finally, a short comment on the numerical quality of the results is due.

While the veriőcation of the completeness relation and the quantization of the xa depends on numerical

integration over the constructed leaf (and thus on a őnite step length, here taken to be 0.05) the results

on the compatibility of the Poisson structures and the conjectures −2ωabθ
bc ?

= pca and ∂ax
b ?
= pba are

calculated at the point x. So for the latter three we should expect a much lower numerical deviation

from the exact results than for the őrst two.

While the Kähler cost of VL should be of descent numerical quality, the cost of VR depends on a

random choice and the determination of VK is problematic itself.

Concerning the thickness, we have already stated that the lengths lL and lO are rather unproblematic,

while the length lI strongly depends on the exact endpoint.

63From now on we omit the x in csx and round results by the following scheme: In principle we keep three digits behind
the comma unless the number is too small. Then we round such that we keep two nonzero digits. If the result is
smaller than 10−5 we only show its scale.

64With respect to gab.
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Figure 21: Determination of the thickness in hybrid leaf through x = (1, 2, 1). Spherical coordinate
net through x (orange), inwards pointing radial curve (blue), curve in leaf (red), inwards pointing
curve in null leaf (magenta) and outwards pointing curve in null leaf (green) in the squashed fuzzy
sphere for N = 4 and α = 0.9. Left: projective plot of R̃D, middle: projective plot of M, right:
projective plot of M̃

4.1.7 Foliations, Adapted Coordinates and Integration ś Dependence on Parameters

Having seen the prototypical result for N = 4, α = 0.9, x = (1, 2, 1) in the hybrid leaf, we now look at

the dependence of the results on these parameters. Thus we subsequently vary α, N , x and the leaf

while holding the other parameters őxed.

As a beginning, we look at the dependence on the squashing parameter α and calculate the respective

quantities from the last section for α = 1, 0.9, 0.5, 0.1. The most important results are listed in the

tables 3 and 4.

Let us brieŕy focus on the round case. There we would expect σ1′ = d1′ = dX′ = d{} = c2(VR) =

c2(VL) = c2(VK) = lI = lO = 0. This turns out to hold true up to numerical deviations. The size of

these deviations perfectly őts the discussion at the end of the last section.

The symplectic volume Vω is almost independent of α, while the quality of the completeness relation

and the quantization of the x
a is high in the round case and decreases with increasing α. For example

for α = 0.5 the results are still tolerable, while for α = 0.1 d1′ > 10%.

The correction factor nX′ seems to be almost independent of α with a slight tendency to increase with

decreasing α.

The compatibility of the two Poisson structures holds remarkably well until α = 0.5, but for α = 0.1

we can clearly see a violation.

Now, we come to the Kähler cost: For all three subspaces, the cost increases with α, while the dis-

crepancy between c2(VL) and c2(VK) grows worse with decreasing α. Still, in all cases the subspace

VL is much better conditioned than the random subspace.

Looking at the thickness, we witness an interesting behaviour: While in the round case lI and lO

vanish, the values of lI jumps immediately from 0 to approximately 1 and then remains almost őxed.

This means M instantly grows thick in the auxiliary dimension when going away from α = 1. The

length lO on the other hand slowly increases with decreasing α, meaning that even for small α the

quasi-coherent states at x = (1, 2, 1) are not far away from the asymptotic states.

We conclude that most of the appreciated properties of the round fuzzy sphere are preserved ap-

proximately during the squashing, while the quality decreases with α. Only the thickness jumps

immediately when leaving the round case. This suggests a stable behaviour of the construction under

squashing.
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α Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
1 10.043 0.0010 0.0086 0.015 1.666 ∼ 10−9 ∼ 10−8 ∼ 10−8 ∼ 10−8

0.9 10.058 0.024 0.021 0.025 1.667 0.00014 0.077 0.0010 0.000062
0.5 10.102 0.061 0.053 0.030 1.688 ∼ 10−6 0.555 0.032 0.0013
0.1 10.571 0.139 0.120 0.056 1.724 0.190 1.335 0.312 0.0028

Table 3: Dependence of various quantities on the squashing parameter α

α lL lI lO
1 5.293 ∼ 10−7 ∼ 10−9

0.9 5.323 0.927 0.0061
0.5 4.435 0.878 0.029
0.1 5.497 0.848 0.042

Table 4: Dependence of the thickness on the squashing parameter α

Figure 22 shows plots for α = 0.1 that are the analogues to the ones in őgure 20. We see that the

shape in R̃D does not change strongly, while M looks slightly different (comparable to the results of

section 4.1.4). M̃ looks like a squashed sphere (an ellipsoidal) as we would expect heuristically. Also

these graphical results support the conjectured stability of the construction under squashing as the

dimension of L (and thus the local structure) is preserved.

Figure 22: Tiling of the hybrid leaf through x = (1, 2, 1) in the squashed fuzzy sphere for N = 4 and
α = 0.1. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

Let us discuss the dependence on N . In the tables 5 and 6 the most relevant quantities are displayed

for N = 2, 3, 4, 10, 100.

Here, N = 2 turns out to be the special case where the same quantities vanish numerically as before

for α = 1.

We deduce that the symplectic volume follows the rule Vω ≈ (N − 1) · 3.4. We might explain the

numerical factor by 3.4 ≈ 1
2 · (2π), although the deviation is rather large. The additional factor 1

2

is related to the fact that we should actually replace ω 7→ − 1
2ω (as discussed in section 2.2.2), while

then Vω ≈ 2πN and α ≈ 1 for large N as suggested in [1].

For the completeness relation and the quantization of xa we őnd that the quality slightly decreases

with N but stagnates for large N . We will come back to that in a moment.

The correction factor follows the simple rule nX′ ≈ N+1
N−1 (which exactly is |(xa)|−2 in the round case).

The compatibility of the Poisson structures at őrst gets worse with increasing N but for N = 100 it

is again much better.

For the Kähler costs of VL and VR, we őnd a similar behaviour. For VK the result is paradoxical since

for N = 10, 100 the cost is higher than for VL. This is once again related to the fact that c2 does not

have a unique local minimum. This problem shows to increase with N .

Further, we őnd that all three lengths lL, lI and lO increase with N . For lL, we őnd the dependence
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lL ∝
√
N − 1 (this is just őne as the symplectic volume showed to scale with N − 1). If we correct for

this rescaling, both lI and lO decrease again for large N .

Let us come back to the discussion of the quality of the completeness relation and the quantization

of the x
a. We have already seen that the relative deviation approximately stagnates for large N .

We now assume that N
Vω

1′ = 1 + C where C is the constant matrix with entries c. This models a

constant error per component. Under this assumption, we őnd the relative deviation

d1′ =
∥ NVω

1′ − 1∥HS
∥1∥HS

=

√

∑N
i,j=1 C

2
ij

√

∑N
i,j=1 δ

2
ij

= |c|

√

∑N
i,j=1 1

√

∑N
i=1 1

= |c|
√
N2

√
N

= |c|
√
N. (134)

This result suggests that if d1′ is approximately constant with N , the error per component scales with

c ∝ N− 1

2 and thus the quality in fact increases with N .

So, we conclude that for our actual results the quality of the completeness relation improves like N− 1

2

in the large N limit.

Similar arguments can be made for the quantization of the x
a.

Under these considerations we conclude that the large N limit is likely to restore the results from the

round case, although for smaller N the behaviour is vice versa.

N Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
2 3.348 0.0064 0.0045 0.0090 3.001 ∼ 10−9 0 ∼ 10−8 0
3 6.6803 0.020 0.0164 0.018 2.003 0.00012 0.073 0.00094 ∼ 10−7

4 10.058 0.024 0.021 0.025 1.667 0.00014 0.077 0.0010 0.000062
10 30.031 0.033 0.031 0.034 1.223 0.00090 0.064 0.00058 0.0023
100 331.062 0.064 0.064 0.063 1.019 0.000011 0.023 0.00018 0.0027

Table 5: Dependence of various quantities on N

N lL lI lO
2 3.055 ∼ 10−7 ∼ 10−9

3 4.338 0.705 0.0048
4 5.323 0.927 0.0061
10 9.251 1.218 0.0083
100 30.744 3.665 0.010

Table 6: Dependence of the thickness on N

The next step is to study the dependence on x. Here we deőne x0 = (1, 2, 1) and consider the cases

x = 100·x0, x0, 0.05·x0 and xλ, where xλ := x′0 is the point in the null leaf NL
x0

that minimizes λ. Using

the algorithm from section 3.3.7, this can be calculated and one őnds xλ = (0.316, 0.632, 0.287) ≈
0.310 · x0. Thus we őnd |xλ| ≈

√

4−1
4+1 , being consistent with the result from the round case, which is

discussed in section 2.3.2.

The most relevant quantities65 are provided in table 7.

Also here, we őnd a special case (that is x = 100 · x0) where the same quantities almost vanish as

before for α = 1. Consequently, we therefore conjecture that for |x| → ∞ (meaning we work with the

asymptotic states) the round case is recovered. This would őt to the observation that the asymptotic

states are exactly the quasi-coherent states from the round case. Nevertheless, ωab in principle does

not have to be the same. Yet in appendix C we have seen that in the round case ωab ∼ |x|−2, while

65Here, we do not look at the thickness once again as this is not fruitful for points on the same radial line.
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in the squashed case the őrst perturbation ω′
ab ∼ |x|−3. Thus, the latter is negligible compared to the

unperturbed ωab in the limit, making the behaviour at least plausible.

Here, we őnd that the symplectic volume and the correction factor nX′ are almost independent of x,

while the quality of the completeness relation and the quantization of xa gets worse and worse with

decreasing66 |x|.
Also the compatibility of the different Poisson structures and all three Kähler costs grow worse with

decreasing |x|.
This leads us to the conclusion that the quality is better for large |x| and that the approach to take

the leaf through xλ as default is not promising for the squashed fuzzy sphere.

Finally, we once again come back to the conjectures −2ωabθ
bc ?

= pca and ∂ax
b ?
= pba which are sup-

posed to hold if λ is minimal, so they should hold at xλ. Here, we őnd the eigenvalues of −2ωabθ
bc

and ∂ax
b, given by 1.011, 0.949, 0.0016 respectively 0.960, 0.960, 0. In both cases we have the approx-

imate eigenvalues 1 with multiplicity 2 and 0 with multiplicity 1, so the conjectures hold at least

approximately.

x Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
100 · x0 10.069 0.015 0.013 0.019 1.668 ∼ 10−8 0.00073 ∼ 10−6 0.00024
x0 10.058 0.024 0.021 0.025 1.667 0.00014 0.077 0.0010 0.000062
0.05 · x0 10.146 0.199 0.172 0.105 1.741 0.079 1.264 0.018 0.016
xλ 9.999 0.035 0.030 0.022 1.669 0.0015 0.241 0.0023 0.00065

Table 7: Dependence of various quantities on x

In őgure 23 we see comparable plots to the ones in őgure 20 but with x = 0.05 · (1, 2, 1). Here we note

that the shape in the plot of R̃D is rescaled with the factor 0.05, while the plot of M is only slightly

different. M̃ almost remains unchanged. This supports the interpretation of the null leafs NL
y as the

approximate generalization of the Ny.

Figure 23: Tiling of the hybrid leaf through x = 0.05 · (1, 2, 1) in the squashed fuzzy sphere for N = 4
and α = 0.9. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

In őgure 24 we see a comparable plot to the one in őgure 9 but with α = 0.9 instead of α = 0.1. Here,

the points that minimize λ over the null leaves approximately lie on a single hybrid leaf. Thus here,

choosing the leaf through xλ is consistent and independent of the initial x0 while this has not been

the case for α = 0.1.

66Note that the points are not ordered by their absolute value as |xλ| ≫ 0.05 · x0.
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Figure 24: Hybrid leaf in the squashed fuzzy sphere for N = 4 and α = 0.9. Green: scan of hybrid
leaf through x′0 =: xλ, purple: x′i for 10000 random xi. Projective plot of R̃D

Let us őnally come to the dependence on the chosen leaf, an important discussion that hopefully

guides us to a preferred method. We look at the following leaves67: the hybrid leaf (H), the hybrid

leaf using ω (O), the hybrid leaf using ω and g (G), the Pfaffian leaf (P) and the Kähler leaf (K). The

tables 8 and 9 show the most interesting quantities while some are missing for P and K (for these

some quantities have not been calculated due to the large computational effort for these two leaves).

From the three implemented hybrid leaves (H, O and G) ś these are the ones which are rather less

computationally demanding ś we őnd that the results discern only slightly, yet they are best for G.

The results obtained by P are catastrophically bad. This is caused by the enormous computational

expense of this leaf that made it necessary to rely on much fewer points in the integration. Since we

have seen in section 3.3.2 that P is almost identical to H for the squashed fuzzy sphere, we should be

able to arrive at adequate results in principle. Nevertheless, the needed computational effort forces us

to discard P. For K almost the same holds, although the effort is not as large. Although here we used

fewer points for the integration (compared to the hybrid methods) the results are remarkably good.

Due to the unreliability discussed in the previous section, we nonetheless discard K.

We őnally conclude that all hybrid leaves generate acceptable and comparable results, but at least for

the squashed fuzzy sphere G is the superior choice.

Leaf Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
H 10.058 0.024 0.021 0.025 1.667 0.00014 0.077 0.0010 0.000062
O 10.008 0.020 0.017 0.017 1.668 0.00014 0.077 0.00089 0.000062
G 10.032 0.013 0.011 0.014 1.667 0.00014 0.077 0.00089 0.000062
P 1.244 1.533 1.327 - - 0.00014 0.077 1.414 0.000062
K 9.951 0.021 0.018 0.031 1.663 0.00014 0.077 0.000062 0.000062

Table 8: Dependence of various quantities on the leaf

Leaf lL lI lO
H 5.323 0.927 0.0061
O 5.323 0.941 0.0061
G 5.323 0.937 0.0061

Table 9: Dependence of the thickness on the leaf

In őgure 25 we see plots comparable to őgure 21 but using G instead of H. We see that although in

R̃D the respective plots are almost identical, there is some deviation for small radii in M̃.

67The symplectic leaf is omitted since most of the relevant procedures have not been implemented on Mathematica due
to the fact that the leaf is not promising for arbitrary geometries as discussed in section 2.4.
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Figure 25: Determination of the thickness in hybrid leaf using ω and g through x = (1, 2, 1). Spherical
coordinate net through x (orange), inwards pointing radial curve (blue), curve in leaf (red), inwards
pointing curve in null leaf (magenta) and outwards pointing curve in null leaf (green) in the squashed
fuzzy sphere for N = 4 and α = 0.9. Left: projective plot of R̃D, middle: projective plot of M, right:
projective plot of M̃

In őgure 26 we see a scan of K that shows how unreliable the calculation is. At some locations the

curves look smooth while at others the curves bend erratically.

Figure 26: Scan of Kähler leaf through (1, 2, 1) in the squashed fuzzy sphere for N = 4 and α = 0.9.
Projective plot of R̃D

Let us shortly summarize what we have learned in this section.

We concluded that the quality reduces with decreasing α, decreasing |x| and increasing N ś while for

large N the quality improves again.

Further, all three hybrid leaves produce good results while the hybrid leaf using ω and g turns out to

be preferable.

In the regimes of good quality, we have found the compatibility of the Poisson structures induced by

ωab and −2θab

{xa,xb} ≈ −2θab, (135)

the symplectic volume

Vω ≈ (N − 1) · 3.4, (136)

the completeness relation

N

Vω

∫

L
ΩM |x⟩ ⟨x| ≈ 1H, (137)

and the quantization of the x
a

N + 1

N − 1

N

Vω

∫

L
ΩM x

a |x⟩ ⟨x| ≈ Xa. (138)

74



This shows that many important axioms of the quantization map

Q(f) :=
N

Vω

∫

L
ΩM f |x⟩ ⟨x| (139)

are satisőed at least approximately and especially

Q(1M) ≈ 1H and Q(xa) ≈ N − 1

N + 1
Xa. (140)

Finally, we have seen that equation (135) should be viewed as a generalization of the conditions

−2ωabθ
bc ?

= pca and ∂ax
b ?
= pba that in contrast to the latter two has a chance to hold away from points

that minimize λ.

4.2 The Fuzzy Sphere and Random Matrices

We now deőne a new matrix conőguration that is partially random. Here, we pick three random

Hermitian N ×N matrices Ra such that the norm of all components is bounded by 1. Then we deőne

the matrix conőguration68

S2
N,β,R :=

(

X̄a + (1− β)Ra
)

(141)

where the X̄a are the matrices from the round fuzzy sphere S2
N . Here, we might speak of the perturbed

fuzzy sphere.

Of course, also the random matrices themselves constitute a matrix conőguration

R = (Ra) (142)

for what we formally write S2
N,−∞,R for convenience.

4.2.1 First Results and Dimensional Aspects

In table 10 the dimensions of M and the ranks of gab, ωab and θab are listed for different scenarios.

Obviously, we recover the results of the round fuzzy sphere for β = 1, while in the other cases we see

exactly the behaviour for random matrix conőgurations suggested in section 2.3.6.

dim(M) rank(g) rank(ω) rank(θ)
N = 2 β = 1 2 2 2 2

β < 1 2 2 2 2
β = −∞ 2 2 0 0

N > 2 β = 1 2 2 2 2
β < 1 3 3 2 2
β = −∞ 3 3 2 2

Table 10: Overview of the dimensions and ranks in different scenarios

In the random cases we further őnd (as the only nontrivial result) that the kernels of ωab and θab do

not agree.

68This guarantees that S2
N,1,R = S2

N as we had S2
N,1 = S2

N for the squashed fuzzy sphere.
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In őgure 27 (that should be compared to őgure 10 for the squashed fuzzy sphere) we see plots of

random points for β = 0.9,−∞. In the case of β = 0.9 we can still recognize the perturbed shape of

the round sphere, while for −∞ we can hardly see any geometry.

Figure 27: Random points in the perturbed fuzzy sphere. Left: β = 0.9, right: β = −∞; top:
projective plot of M, bottom: projective plot of M̃

Figure 28 (here, we should compare to őgure 11) shows Cartesian coordinate lines. We note that even

in the completely random case β = −∞, the coordinate lines look smooth, while for β = 0.9 we can

still recognize the shape of the round case. For both choices it is evident that M is three dimensional.

Figure 28: Cartesian coordinate lines around (0, 1, 0) in the perturbed fuzzy sphere. Left: β = 0.9,
right: β = −∞; top: projective plot of M, bottom: projective plot of M̃

4.2.2 Foliations and Integration

In this section, we want to look at foliations of M, while keeping the hybrid leaf as default. Our őrst

task is to check if the leaf is still integrable.

In őgure 29 we see two different curves in the hybrid leaf starting from the same initial point. For

β = 0.9 we őnd that the curves visually intersect away from the initial point both in R̃D and M, while
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for β = 0.7 it is clear that the curves miss each other in R̃D but still intersect69 in M.

Therefore we conclude that the hybrid leaf is still integrable, however only in M but no longer in

R̃D. So the integrability in R̃D for the squashed fuzzy sphere was only a consequence of the special

geometry.

Figure 29: Curves in the hybrid leaf starting at x = (1, 2, 1) with adapted tangent vectors v1 = (0, 1, 0)
and v2 = (1, 0, 0) in the perturbed fuzzy sphere for N = 4. Top: β = 0.9, bottom: β = 0.7; left:
projective plot of R̃D, right: projective plot of M

Knowing about the integrability of the leaf, we are ready to generate global coverings with coordinates.

As our reference conőguration we take N = 4, β = 0.9, x = (1, 2, 1) and the hybrid leaf. Figure 30

shows the plots in analogy to őgure 20. Here, we recognize the shape from őgure 28.

Figure 30: Tiling of the hybrid leaf through x = (1, 2, 1) in the perturbed fuzzy sphere for N = 4 and
β = 0.9. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

Let us now discuss the dependence on the parameter β. Table 11 shows the most relevant quantities

for β = 1, 0.9, 0.7.

Of course, for β = 1, we reproduce the results from section 4.1 for α = 1, given in table 3. Also for

β = 0.9, the results for the completeness relation are comparable to the respective result for α = 0.9,

while the quality of the quantization of x
a is worse. The same holds for the compatibility of the

Poisson structures and the Kähler properties. By decreasing β further, the results impair even more.

In total, we conclude that the results are better for higher β, while the quantization of xa works worse

than for the squashed fuzzy sphere.

69This can be seen much better directly in Mathematica when it is possible to adjust the viewpoint.
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β Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
1 10.043 0.010 0.0086 0.015 1.666 ∼ 10−9 ∼ 10−8 ∼ 10−8 ∼ 10−8

0.9 10.126 0.019 0.017 0.095 1.682 0.084 0.388 0.262 0.148
0.7 10.915 0.072 0.063 0.236 1.775 0.487 1.159 0.713 0.382

Table 11: Dependence of various quantities on the parameter β

In őgure 31 we see a covering with coordinates for β = 0.7. Here the deviation from the round sphere

is already much stronger and it is plain to see that the leaf is not integrable in R̃D. Also the shape in

M is now far away from the well studied round case.

Figure 31: Tiling of the hybrid leaf through x = (1, 2, 1) in the perturbed fuzzy sphere for N = 4 and
β = 0.7. Left: projective plot of R̃D, middle: projective plot of M, right: projective plot of M̃

We now come to the dependence on N . In table 12, the relevant quantities are listed for N = 4, 10, 20.

We see that Vω still follows the rule in equation (136). On the other hand, the results are getting

much poorer already for N = 10, while it is not foreseeable that they start to improve again for larger

N .

If we view the perturbations Ra to the X̄a as gauge őelds as proposed in [7], the discussion in [1]

suggests that we should only consider perturbations that are in some sense considered as almost

local (respectively in the regime we touched upon in section 2.2.7). For the fuzzy sphere that means

to impose a cutoff on the allowed SU(2) modes in the Ra of order O(
√
N) (or equivalently, only

considering polynomials of order O(
√
N) in the X̄a) [1]. Since by the discussion in section 2.1.2

random matrices will include all modes up to order N − 1, it is no wonder that for large N the results

are far from optimal, yet it remains to check if a restriction to almost local random matrices improves

the quality.

N Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
4 10.126 0.019 0.017 0.095 1.682 0.084 0.388 0.262 0.148
10 30.870 0.151 0.143 0.146 1.233 0.209 1.147 0.262 0.311
20 57.395 0.591 0.576 0.449 0.988 0.479 0.742 0.559 0.509

Table 12: Dependence of various quantities on N

In that context, increasing N means that we add more and more modes to the gauge őelds. This

behaviour can be seen very well in őgure 32. We can nicely observe how the degrees of freedom grow

with N , letting the shape become more and more complicated, changing on a shorter and shorter

length scale.

The plot for N = 20 further makes it crystal clear that the leaf is no longer integrable in R̃D.

78



Figure 32: Tiling of the hybrid leaf through x = (1, 2, 1) in the perturbed fuzzy sphere for N = 4 and
β = 0.9. Top: N = 10, bottom: N = 20; left: projective plot of R̃D, middle: projective plot of M,
right: projective plot of M̃

Now, we discuss the dependence on x. In table 13, the relevant results are shown for x = 100 ·
x0, x0, 0.1 · x0, xλ, where x0 = (1, 2, 1) and xλ = x′0 is the point in NL

x0
that minimizes λ.

At őrst we note that xλ = (0.339, 0.651, 0.278) ≈ 0.320 · x0 and there, the eigenvalues of −2ωabθ
bc

and ∂ax
a are given by 1.127, 1.217, 0 respectively 1.274, 1.024, 0.015, which is approximately what we

would expect from section 2.2.7 (although the results are worse than the comparable results for the

squashed fuzzy sphere).

On the other hand, we observe that the results for the completeness relation and the quantization of

the x
a are best for x0, while the results for the compatibility of the different Poisson structures is

better for xλ. Yet for 0.1 · x0, the results are already very bad.

We conclude that the behaviour is fundamentally different from the squashed fuzzy sphere where we

obtained the optimal results for larger and larger |x|, while here the optimal results can be found in

the vicinity of xλ and x0.

x Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
100 · x0 10.177 0.038 0.033 0.087 1.681 0.286 0.286 0.286 0.284
x0 10.126 0.019 0.017 0.095 1.682 0.084 0.388 0.262 0.148
0.1 · x0 9.958 0.184 0.202 0.199 1752 0.126 1.412 0.161 0.134
xλ 10.091 0.054 0.047 0.111 1.689 0.072 0.669 0.225 0.145

Table 13: Dependence of various quantities on x

Let us őnally discuss the dependence on the leaf. Table 14 collects the most important results for the

hybrid leaf (H), the hybrid leaf using ω (O) and the hybrid leaf using ω and g (G).

We see that the results are almost identical for H and O, while they are much worse for G. This

is curious since for the squashed fuzzy sphere the latter method produced the best results. Yet, the

explanation is simple: For G the constructed coordinates have a much smaller range where they behave

well (i.e. there are no self-intersections or strong accumulations), thus providing a covering with global

coordinates is much harder and more susceptible for numerical errors. The same happens for O when

N grows large, while the coordinates obtained by H are still well behaved.
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L Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
H 10.126 0.019 0.017 0.095 1.682 0.084 0.388 0.262 0.148
O 10.100 0.018 0.016 0.094 1.682 0.084 0.388 0.262 0.148
G 10.367 0.110 0.095 0.179 1.669 0.084 0.388 0.262 0.148

Table 14: Dependence of various quantities on the leaf

In őgure 33 we see what can possibly go wrong when constructing coordinates for the leaves. While

the hybrid leaf using ω is more resilient than the hybrid leaf using ω and g (in the őrst case we have

to go to N = 20 until we őnd such problems, but they are present already for N = 4 in the second

case), for both leaves we encounter situations where the coordinates intersect or accumulate.

On the other hand, the projective plots of M̃ suggest that in principle it should be possible to pick a

őner tiling to circumvent the problems, meaning we pick more but smaller coordinate charts.

Figure 33: The perturbed fuzzy sphere for β = 0.9. Top: hybrid leaf using ω and g for N = 4,
bottom: hybrid leaf using ω for N = 20; left: projective plot of M̃ for a scan through x = (1, 2, 1),
right: projective plot of R̃D for a tiling through x = (1, 2, 1)

Such reőned charts are shown in őgure 34. These have been used to calculate the results in table 14.

It is no wonder that there is more room for numerical errors. Yet, it is in principle possible to improve

the results by constructing coordinates with shorter step lengths and more coordinate points.

Figure 34: Tiling of the hybrid leaf using ω and g through x = (1, 2, 1) in the perturbed fuzzy sphere
for N = 4 and β = 0.9, using a reőned tiling. Left: projective plot of R̃D, middle: projective plot of
M, right: projective plot of M̃
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4.3 The Squashed Fuzzy CP 2

Until now, we have only studied matrix conőgurations for D = 3. Thus, it is time to look at a higher

dimensional example, namely the squashed fuzzy CP 2 with D = 8. The round case has been discussed

in section 2.3.5.

The general squashed fuzzy CP 2 is then deőned as the matrix conőguration

CP 2
n,αa

= (α1X̄
1, α2X̄

2, α3X̄
3, α4X̄

4, α5X̄
5, α6X̄

6, α7X̄
7, α8X̄

8) =: (Xa) (143)

(where the X̄a are the matrices from the round fuzzy CP 2), for arbitrary parameters αa ≥ 0, while

we mostly restrict ourselves to the special case

CP 2
n,α = (X̄1, X̄2, αX̄3, X̄4, X̄5, X̄6, X̄7, αX̄8), (144)

for a single α ≥ 0, where we only modify the Cartan generators X̄3 and X̄8 as we have done for the

squashed fuzzy sphere.

4.3.1 First Results and Dimensional Aspects

We start with an incomplete discussion of R̃D. In section 2.3.5 we have seen that in the round case

for n = 1 all points in R
+
0 ê8 lie within K. This remains true for all n and for all 0 ≤ α ≤ 1, but not

for random αa.

In table 15, the dimension of M and the ranks of gab, ωab and θab are given for randomly chosen

points. In the round case, we őnd that the dimension as well as all ranks are four for all n. Further,

the kernels of Txq, gab and ωab agree, while the kernel of θab discerns in general.

When squashing, we have to treat the case n = 1 (the fundamental representation) separately. This is

analogous to the special case N = 2 for the squashed fuzzy sphere. There, we see the same behaviour

as in the round case.

Yet for n > 1 the behaviour is different. Here the dimension of M and the ranks of gab and ωab jump

to eight, while the rank of θab goes to six.

dim(M) rank(g) rank(ω) rank(θ)
n = 1 α = 1 4 4 4 4

0 < α < 1 4 4 4 4
α = 0 4 4 4 4
random αa 4 4 4 4

n>1 α = 1 4 4 4 4
0 < α < 1 8 8 8 6
α = 0 6 6 6 6
random αa 8 8 8 6

Table 15: Overview of the dimensions and ranks in different scenarios

Now we consider the special point x = (0, 1, 0, 0, 0, 0, 0, 0). Table 16 shows the values analogous to the

ones in table 15 for x. Here, we see a completely different behaviour compared to randomly chosen

points: In the round case nothing changes, but for n > 1 and 0 ≤ α < 1 the dimension of M, gab and

ωab are reduced, while for θab this only holds true for α = 0. Considering random αa, only the rank
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of ωab is reduced.

Thus we conclude that x /∈ R̂D for 0 ≤ α ≤ 1 but x ∈ R̂D for α = 1 and random αa. So, this behaviour

very much compares to the behaviour at the special point (0, 0, 1) for the squashed fuzzy sphere.

dim(M) rank(g) rank(ω) rank(θ)
n = 1 α = 1 4 4 4 4

0 < α < 1 4 4 4 4
α = 0 3 3 2 2
random αa 4 4 4 4

n>1 α = 1 4 4 4 4
0 < α < 1 7 7 6 6
α = 0 6 6 4 4
random αa 8 8 6 6

Table 16: Overview of the dimensions and ranks in different scenarios for x = (0, 1, 0, 0, 0, 0, 0, 0)

Coming back to random points in R̃D, in the squashed cases the behaviour of the dimension of M
and the ranks of gab and ωab can very well be explained by the discussion of section 2.3.6, assuming

that the matrix conőguration behaves randomly itself, yet this does not explain why the rank of θab

is bounded by six in all cases. To solve this riddle, we look at a group theoretical explanation.

By deőnition, we have

θab =
1

i
⟨x| [αaX̄a, αbX̄

b] |x⟩ =
∑

c

αaαbf
abc ⟨x| X̄c |x⟩ , (145)

where the so called structure constants fabc are deőned via [X̄a, X̄b] =:
∑

c
1
Cn
ifabcX̄c.

Since all X̄a ∈ su(3), also the vector ξ :=
∑

c ⟨x| X̄c |x⟩ X̄c ∈ su(3).

Let us now consider the adjoint representation of ξ, given by Ξ := ad(ξ). Due to ad(X̄c)(X̄b) =

[X̄c, X̄b] =
∑

a
1
Cn
if cbaX̄a, we őnd the components of (Ξ)ab in the basis X̄a

(Ξ)ab =
∑

c

⟨x|Xc |x⟩ ad(X̄c)ab =
∑

c

⟨x| X̄c |x⟩ 1

Cn
if cba. (146)

On the other hand, for sure ξ is an eigenvector of Ξ with eigenvalue zero ś we insert into the deőnition

Ξ(ξ) = ad(ξ)(ξ) = [ξ, ξ] = 0 ś thus the rank of Ξ is bounded by seven.

Using the complete antisymmetry of the fabc for su(3) and introducing the matrix P = (αaδ
ab), we

őnd

θab = −Cn(P · Ξ · P )ab. (147)

But since the rank of Ξ is bounded by seven, the same holds for θab, as multiplication with P from

the left and right does not increase the rank. By antisymmetry, this means that the rank of θab is

bounded by six.

In őgure 35 we can see plots of M and M̃ that show Cartesian coordinate lines in the directions ê1,

ê2 and ê3 in R̃D for n = 2.

If we compare the plots of M̃ to the corresponding plots in őgure 11, we can see that some of the

structure of the squashed fuzzy sphere is preserved in the squashed fuzzy CP 2.

Here we can also witness that whilst squashing the dimension of M grows larger.
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Figure 35: Cartesian coordinate lines in the directions ê1, ê2, ê3 around (0, 1, 0, 0, 0, 0, 0, 0) in the
squashed fuzzy CP 2 for n = 2. Left to right: α = 1, α = 0.9, α = 0.1, random αi; top: projective plot
of M, bottom: projective plot of M̃

Figure 36 shows a similar plot for n = 5 and Cartesian coordinate lines centered at a random point.

Here, we can see very well how the large scale structure is preserved during squashing, while in detail

there are signiőcant changes taking place.

Figure 36: Cartesian coordinate lines in the directions ê1, ê2, ê3 around a random point in the squashed
fuzzy CP 2 for n = 5. Left to right: α = 1, α = 0.9, α = 0.1, random αi; top: projective plot of M,
bottom: projective plot of M̃

4.3.2 A Global View

In őgure 37 we see Cartesian coordinate lines in the directions ê2, ê4 and ê6 in R̃D that reach approx-

imately from −1.5 to 1.5, a much larger sector than the one shown in őgure 36. While the plots of M
are too much entangled to give a good understanding of the geometry, the plots of M̃ are enlightening.

For α = 1 we can see a sphere, while for smaller α the plots look very much like what we have seen

for the squashed fuzzy sphere in section 4.1, although, there we used different coordinate lines. Also

for random αa, we see a similar behaviour, yet it compares to a very strong squashing.

For the visualization of M̃ we had to project from R8 to R3 and considered only points in a three

dimensional subspace of R̃8 (and correspondingly for M), meaning we do not know how M and M̃
look in different directions.

Therefore, the same plots as in őgure 37 are shown in őgure 38, yet the direction ê2 has been replaced

with ê1. Here, the large scale shape looks completely different, while the local structure can be very

well compared to the previous perspective.
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Figure 37: Large scale Cartesian coordinate lines in the directions ê2, ê4, ê6 around a random point
in the vicinity of 0 in the squashed fuzzy CP 2 for n = 5. Left to right: α = 1, α = 0.9, α = 0.1, αi =
random; top: projective plot of M, bottom: projective plot of M̃ in the directions ê2, ê4, ê6

Figure 38: Large scale Cartesian coordinate lines in the directions ê1, ê4, ê6 around a random point
in the vicinity of 0 in the squashed fuzzy CP 2 for n = 5. Left to right: α = 1, α = 0.9, α = 0.1, αi =
random; top: projective plot of M, bottom: projective plot of M̃ in the directions ê1, ê4, ê6

The left and middle plot in őgure 39 show sliced plots for α = 1 in the respective directions shown

in őgures 37 and 38 for random points in the unit ball. These conőrm that the apparent large scale

shapes are not merely a result of considering points in a three dimensional subspace of R̃8 only, but

rather represent the intersection of M̃ with the respective planes in R8.

Yet the shapes are washed out a bit. This is due to the needed tolerance in the calculation of sliced

plots as described in section 3.2.

The right plot in őgure 39 shows random points in the plane spanned by ê1, ê4, ê6 that make the shape

in őgure 38 for α = 1 better visible.

Figure 39: Plots of the squashed fuzzy CP 2 for n = 5 and α = 1. Left to right: sliced plot of M̃ in
the directions ê2, ê4, ê6 for 15000 random points, sliced plot of M̃ in the directions ê1, ê4, ê6 for 15000
random points, projective plot of M̃ for 10000 random points lying in the plane spanned by ê1, ê4, ê6
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4.3.3 Effective Dimension, Foliations and Integration

Before we can do anything else, we need to determine the effective dimension l of M. For the fuzzy

sphere, the only possible choice had been l = 2, while here in principle we only know l ∈ {2, 4, 6, 8}.
In the round case we know that l = 4 and we would readily expect that this generalizes also to the

squashed cases, but this is a good opportunity to check if the methods that we have developed so far

work properly.

In table 17 various quantities related to the different leaves are listed for x = (1, 2, 1, 0, 0, 0, 0, 0) and

n = 3 that should allow us to determine l for α = 1, 0.9, 01 respectively for random αa.

Before we go into the discussion, we note that here it is obvious why the symplectic leaf cannot be a

good choice for the squashed fuzzy CP 2: In general, the rank of ωab is eight, meaning that there will

only be one leaf that őlls the whole M.

We start with the Pfaffian method. In section 2.4.2, we described how to choose l. There we said

that we should calculate vsx,max(x) for all possible s and then choose l as large as possible so that

vsx,max(x) ≫ 0. Looking at the table this means in all cases that l = 4, just as we expected.

The Kähler method works in a rather similar way, but here we calculate vsx,min(x) and choose l as the

largest possible s such that vsx,max(x) ≈ 0. Here we can see once again how unreliable the method is,

in fact vsx,max(x) should always increase with s and not decrease. Still there is a tendency to l = 4,

while the matter is much less clear compared to the Pfaffian method.

Also for the hybrid leaves we described a way to determine l: We choose it as the amount of eigenvalues

λi of θab respectively ωab with |λi| ≫ 0. In all cases, this means l = 4.

We conclude that l = 4, becoming less and less obvious with decreasing α.

method α = 1 α = 0.9 α = 0.1 Random αa
Pfaffian s = 2 0.600 0.599 0.599 0.033
vsx,max(x) s = 4 0.720 0.659 0.146 0.004

s = 6 0.000 0.000 0.000 0.000
s = 8 0.000 0.000 0.000 0.000

Kähler s = 2 0.000 0.002 0.009 0.012
vsx,min(x) s = 4 0.000 0.000 0.006 0.006

s = 6 1.414 0.002 0.005 1.412
s = 8 2.000 1.414 1.414 1.414

Eig(θab(x))









±0.300i
±0.300i
±0.000
±0.000

















±0.300i
±0.275i
±0.000
±0.000

















±0.300i
±0.034i
±0.000
±0.000

















±0.072i
±0.031i
±0.000
±0.000









Eig(ωab(x))









±0.333i
±0.333i
±0.000
±0.000

















±0.328i
±0.080i
±0.000
±0.000

















±0.315i
±0.013i
±0.000
±0.000

















±0.358i
±0.037i
±0.000
±0.000









Table 17: Determination of the effective dimension for n = 3 and x = (1, 2, 1, 0, 0, 0, 0, 0). Note that
the eigenvalues ±0.000 are only identically zero for α = 1

Now that we know that l = 4, we can construct local coordinates70 for M. Figure 40 features plots

of two directions of such coordinates for n = 2 around the point (1, 2, 1, 0, 0, 0, 0, 0). We can see that

these coordinates are well behaved.

70In principle it would be good to check if the leaves are integrable. In higher dimensions this is a difficult task. Still,
on the one hand we can argue that the results for the fuzzy sphere were promising and on the other hand we can
substantiate the assumption with our results a posteriori.
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Figure 40: Two directions of local coordinates around x = (1, 2, 1, 0, 0, 0, 0, 0) in the hybrid leaf in the
squashed fuzzy CP 2 for n = 2 and α = 0.1. Left: projective plot of R̃D, right: projective plot of M

Figure 41 shows similar coordinates for n = 5 around a random point. Here, we note that the large

scale shape winds itself strongly in the plot of M. This is also the reason why the surface in the plot

of R̃D is less curved than the one in őgure 40: Here, the step length has been chosen much smaller in

order to produce a plot of coordinates where it is visible that they are not self-intersecting.

Figure 41: Two dimensions of local coordinates around a random point in the hybrid leaf in the
squashed fuzzy CP 2 for n = 5 and α = 0.1. Left: projective plot of R̃D, right: projective plot of M

The next step is to integrate over M and to look at the usual quantities. The tables 18 and 19 show

the dependence of these quantities on α and N .

Yet, there is a caveat: For D > 3 and l > 2 a few systematic problems arise that either make the

calculations more computationally demanding or less precise.

For D > 3 we őrst őnd that the visualizations of R̃D and M̃ cease to be faithful and it therefore

is harder to estimate the quality of local coordinates what in turn makes it more difficult to select

the appropriate number of points and step length. Also, if one wants to use a similar tiling as for

the squashed fuzzy sphere, 2D tiles are needed. This implies we have to calculate many more local

coordinates.

If l > 2 this means that the total number of coordinate points is given by the number of points in

each direction to the power of l. Thus, we can either enlarge the step length or calculate signiőcantly

more points. Also, the higher dimension of the coordinates makes it harder to judge their quality.

In total, this means that either the computational cost is much larger or the quality suffers.

In the apparent calculations a compromise has been chosen. This means that the step length has been

increased strongly with respect to the squashed fuzzy sphere and some tiles are not őlled completely,

still resulting in a signiőcantly longer computational time. Thus, the results should not be taken too

serious, while further computations with stronger hardware could be promising.

Additionally, numerical problems occurred for α = 1. Consequently we replaced 1 7→ 0.99. The scan

has still been calculated for α = 1 since this showed better success.
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We brieŕy discuss the results, őrst for the dependence on α.

Here, we see that the symplectic volume Vω strongly depends on α. This is in strict contrast to the

squashed fuzzy sphere. Yet, it is not clear if this is only due to the fact that not all tiles are őlled and

thus Vω is incorrect or if this is systematically true.

For the completeness relation and the quantization of the x
a we see that the quality for α =

0.99, 0.9, 0.5 is rather good, but hardly acceptable for α = 0.1 For random αa the results are again

a bit better. The quality for α = 0.99 is not overwhelming, which is a consequence of the earlier

described numerical problems.

The compatibility of the different Poisson structure is rather bad for smaller α and terrible for random

αa. For the Kähler properties we őnd a different behaviour as the quality of VL is once again better

for the random αa.

We conclude that for the quantities that do not depend on the numerical integration we see a rather

expected behaviour, while we cannot tell exactly for the others, although the results in principle őt

to the scheme we know from the squashed fuzzy sphere.

α Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
0.99∗ 24.513 0.088 0.080 0.127 2.481 ∼ 10−6 0.0053 0.000017 0.00081
0.9 41.698 0.074 0.067 0.110 2.495 0.00030 0.051 0.0018 ∼ 10−6

0.5 102.544 0.095 0.087 0.132 2.495 0.000064 0.196 0.056 ∼ 10−7

0.1 180.811 0.617 0.563 0.648 2.117 0.064 0.705 0.486 0.0037
random αa 92.875 0.361 0.329 0.304 2.167 0.984 0.922 0.049 0.012

Table 18: Dependence of various quantities on α (∗Here α = 1 has been used for the scan in order to
improve the quality)

Finally, we look at the dependence on n.

Here the symplectic volume Vω explodes with increasing n, while the quality of the completeness

relation and the quantization of the x
a decreases with n. On the one hand, we could repeat the

argument from section 4.1.7 that showed that stagnating values actually mean an improvement of the

quality with increasing N , but on the other hand, the quality is already so poor that it is hard to say

if the reasoning is still applicable.

Yet, considering the compatibility of the Poisson structures and the Kähler properties, we see a totally

different picture: Here the quality is always decent and starts to improve for large n.

Under these considerations, it is at least plausible to assume that the bad behaviour in the őrst place

is only due to the computational difficulty in the integration over the leaf.

n N Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
1 3 12.827 0.071 0.058 0.137 3.986 ∼ 10−16 0 ∼ 10−8 0
2 6 41.698 0.074 0.067 0.110 2.495 0.00030 0.051 0.0018 ∼ 10−6

3 10 96.156 0.126 0.120 0.115 1.984 0.00036 0.054 0.0016 0.00024
5 21 311.277 0.131 0.128 0.149 1.588 0.00035 0.053 0.0012 0.00026
13 105 1992.790 0.263 0.262 0.265 1.196 0.00022 0.043 0.00058 0.00017

Table 19: Dependence of various quantities on n
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4.4 The Completely Squashed Fuzzy CP 2

Another matrix conőguration that is derived from the fuzzy CP 2 is the completely squashed fuzzy

CP 2, deőned via the matrices

CP 2
n,cs :=

(

X̄1, X̄2, X̄4, X̄5, X̄6, X̄7
)

(148)

(where the X̄a are the matrices from the round fuzzy CP 2). This means we omit the two Cartan

generators X̄3, X̄8.

4.4.1 First Results and Dimensional Aspects

At őrst, we note that also here 0 ∈ K. In table 20 we see the dimension of M and the ranks of gab,

ωab and θab for random points, depending on n. We őnd that for n = 1 all the latter are given by

four and turn to six for n > 1. Once again, this can be explained by the results for random matrix

conőgurations.

dim(M) rank(g) rank(ω) rank(θ)
n = 1 4 4 4 4
n > 1 6 6 6 6

Table 20: Overview of the dimensions and ranks in different scenarios

Yet there are special points like (0, 0, 0, 0, 0, 1) and (0, 1, 0, 0, 0, 0) where the dimension of M respec-

tively the ranks of gab, ωab and θab are locally reduced as shown in table 21. These őndings are not

surprising, especially (0, 1, 0, 0, 0, 0) should be compared to (0, 1, 0, 0, 0, 0, 0, 0) for the squashed fuzzy

CP 2 where we also found a special behaviour.

dim(M) rank(g) rank(ω) rank(θ)
n = 1 3 3 2 2
n > 1 6 6 4 4

Table 21: Overview of the dimensions and ranks in different scenarios for the exemplary special points
(0, 0, 0, 0, 0, 1) and (0, 1, 0, 0, 0, 0)

4.4.2 A Global View

As the completely squashed fuzzy CP 2 (that has őrst been discussed in [7]) is in some sense the limit

of the squashed fuzzy CP 2 for α 7→ 0, we expect to őnd a related behaviour. This has already been

manifested in the tables 20 and 21, comparing them to the tables 15 and 16 for α = 0.

Looking at őgure 42, which is constructed analogously71 to the őgures 37 and 38 for the squashed

fuzzy CP 2, this relationship is perfectly visible.

71Here, the directions ê4, ê6 have to be replaced by the directions ê3, ê5 as we dropped X̄3, X̄8.
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Figure 42: Large scale Cartesian coordinate lines in the directions êi, ê3, ê5 around a random point in
the vicinity of 0 in the completely squashed fuzzy CP 2 for n = 5. Top: projective plot of M, bottom:
projective plot of M̃ in the directions êi, ê3, ê5; left: i = 2, right: i = 1

In őgure 43 we see sliced plots similar to the ones in őgure 43 for the squashed fuzzy CP 2 that conőrm

that the shape is not only caused by the restriction in R̃D.

Figure 43: Plots of the completely squashed fuzzy CP 2 for n = 5. Left: sliced plot of M̃ in the
directions ê2, ê3, ê5 for 15000 random points; right: M̃ in the directions ê1, ê3, ê5 for 15000 random
points

Now, we take a closer look at the slice of M̃ through the plane spanned by ê1, ê3, ê5. Figure 44 shows

plots of random points from the same plane in R̃3. On the left hand side, the components of the points

are bounded by 1 and we recover the shape from őgure 42. Here, we might wonder how the inside

looks like. This question is answered by the plot on the right hand side, where the components of the

points are bounded by 0.01. Now we can see that asymptotically there are three planes that intersect

orthogonally in the origin, preventing M̃ from being a well deőned manifold, while M remains a

smooth manifold.

This phenomenon has been well known and was őrst described in [7] and then in [4].
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Figure 44: Plots of the completely squashed fuzzy CP 2 for n = 5. Left: sliced plot of M̃ in the
directions ê1, ê3, ê5 for 10000 random points lying in the plane spanned by ê1, ê4, ê6, right: the same
but the components of the points are now bounded by 0.01

4.4.3 Effective Dimension, Foliations and Integration

For the completely squashed fuzzy CP 2 the effective dimension can be found to be l = 4 for n > 1,

continuing the result for the squashed fuzzy CP 2.

In table 22 we see the most relevant quantities calculated for the hybrid leaf through x = (1, 2, 1, 0, 0, 0)

depending on n. Yet, the completely squashed fuzzy CP 2 and squashed fuzzy CP 2 share the same

problems concerning the integration over the leaf and we should not be too trustworthy with the

quantities coming from integration.

Also here, we see that Vω depends on n. The quality of the completeness relation and the quantization

of the x
a is extremely bad already for n = 2, while the compatibility of the different Poisson structures

is not very good but acceptable. The Kähler properties hardly depend on n, while we see that the

hybrid subspace is not very well adapted compared to the optimal Kähler subspace.

n N Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
2 6 39.418 0.784 0.716 0.767 1.983 0.029 0.253 0.168 0.031
3 10 120.331 1.695 1.608 1.092 1.138 0.043 0.203 0.179 0.027
5 21 216.906 1.657 1.617 1.012 1.236 0.054 0.253 0.173 0.019

Table 22: Dependence of various quantities on n

4.5 The Fuzzy Torus

Our őnal example is the so called fuzzy torus, deőned via the two unitary clock and shift matrices U

and V for a given N > 0. Their exact deőnition is given in appendix B.3.

Then, we set

T 2
N := (Re(U), Im(U),Re(V ), Im(V )) . (149)

In principle, a discussion (that we do not repeat here) completely analogous to our őrst construction

of the fuzzy sphere in section 2.1.2 is possible (where the relation to the ordinary Clifford torus is

manifest), see for example [4]. Still, there are fundamental differences to the fuzzy sphere, since the

matrices do not come from a semisimple Lie algebra.
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4.5.1 First Results and Dimensional Aspects

As usual, we begin by calculating the dimension of M and the ranks of gab, ωab and θab depending

on N .

Table 23 shows the results, where we őnd that M is one dimensional for N = 2 (this can also be

shown analytically [1]) and three dimensional for N > 2, while the ranks follow the usual scheme.

dim(M) rank(g) rank(ω) rank(θ)
N = 2 2 1 0 0
N > 2 3 3 2 2

Table 23: Overview of the dimensions and ranks in different scenarios

Since the Clifford torus T 2 is two dimensional, this is not exactly what we would expect, but since we

do not deal with coadjoint orbits, it is also not completely surprising that we őnd a drawback.

For the fuzzy torus, there is a better way to plot points in R4 than our usual method from section 3.2,

using the generalized stereographic map

(

x1, x2, x3, x4
)

7→
(

√

(x1)2 + (x2)2 + x3
√

(x1)2 + (x2)2
x1,

√

(x1)2 + (x2)2 + x3
√

(x1)2 + (x2)2
x2, x4

)

(150)

that maps the Clifford torus T 2 to a better known embedding of the topological torus into R3 (the

doughnut) [28].

In őgure 45 we can see projective plots of Cartesian coordinate lines and stereographic plots for random

points.

First, we note that we truly őnd M̃ ∼= S1 for N = 2. So far, we can not easily recognize a torus in the

plots of the Cartesian coordinate lines, but for N = 100 the plot partially looks like what we would

expect for a projective plot of T 2.

Considering the lower plots, we get conődent that we might őnd M̃ → T 2 as N → ∞.

Figure 45: Plots of the fuzzy torus. Top: projective plot of M̃ for Cartesian coordinate lines, bottom:
stereographic plot of M̃ for random points; left to right: N = 2, 3, 5, 10, 100

This can easily be veriőed quantitatively: If we had M̃ = T 2, we would őnd (x1)2 + (x2)2 = 1 =

(x3)2 + (x4)2, so we check this constraint for different N .

In table 24 we see the average and the standard deviation of (x1)2 + (x2)2 respectively (x3)2 + (x4)2

for 5000 random points in R̃D, depending on N . The results conőrm that for N → ∞ we have µ→ 1

and σ → 0 which shows that the claim holds.
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N µ((x1)2 + (x2)2) σ((x1)2 + (x2)2) µ((x3)2 + (x4)2) σ((x3)2 + (x4)2)
2 0.502 0.352 0.498 0.352
3 0.441 0.289 0.436 0.289
5 0.530 0.203 0.326 0.204
10 0.711 0.131 0.709 0.133
100 0.966 0.017 0.966 0.017

Table 24: Mean and standard deviation of the toroidal constraints (x1)2 + (x2)2 = 1 = (x3)2 + (x4)2

for different N over 5000 random points

4.5.2 Effective Dimension, Foliations and Integration

We now come to the most interesting part, the foliation of M. Fittingly, we őnd the effective dimension

l = 2. In table 25 the relevant quantities associated to the hybrid leaf through x = (1, 2, 1, 0) are

listed, depending on N .

We can see that the symplectic volume depends on N . Further, the quality of the completeness

relation and the quantization of the x
a is pretty good. With the same arguments as in section 4.1.7 it

is plausible that equation (67) and (66) hold exactly for N → ∞. We also see that the correction factor

nX′ goes to one in the limit. Similarly, we őnd that the two Poisson structures mutually approach

with increasing N . Finally, also the Kähler properties improve with N .

N Vω σ1′ d1′ dX′ nX′ d{} c2(VR) c2(VL) c2(VK)
3 9.699 0.057 0.046 0.081 2.641 0.185 0.569 0.530 ∼ 10−8

5 16.207 0.044 0.039 0.052 1.855 0.734 0.836 0.266 0.112
10 31.571 0.050 0.047 0.056 1.367 0.050 0.531 0.122 0.122
100 306.157 0.097 0.097 0.097 1.027 0.00017 0.192 0.0093 0.0093

Table 25: Dependence of various quantities on N

In őgure 25 we see projective plots of M̃ showing scans and stereographic plots of M̃ for tilings of

the hybrid leaf. The őrst are very interesting since we can read off N from their shape: For a given

N it is approximately an N corner in the plane. This őts extremely well to the heuristics behind the

construction of T 2
N that in some sense discretizes U(1)× U(1), but here we deal with true manifolds

and not with discretizations. The plots of the tilings conőrm that already for N = 5 the foliation

approximately recovers a torus in M, what is clearly better than what we have seen in őgure 45. For

larger N the quality improves further.

Figure 46: Plots of the fuzzy torus. Top: projective plot of M̃ for a scan of the hybrid leaf through
x = (1, 2, 1, 0), bottom: stereographic plot of M̃ for a tiling of the hybrid leaf through x = (1, 2, 1, 0);
left to right: N = 3, 5, 10, 100
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5 Conclusion

This work implements the framework introduced in [1] on a computer and makes it possible to lo-

cally and globally visualize the so called quantum manifold that is associated to an arbitrary matrix

conőguration. Further it shows the necessity to work with foliations of this quantum manifold in

order to maintain stability under perturbations and to produce meaningful results. For these, various

approaches were discussed and compared for different examples, making it possible to construct cov-

erings with local coordinates and to integrate over the leaves, allowing for quantitative veriőcation.

Also analytical results are featured in this thesis, including the proof that the quantum manifold is

a well deőned smooth manifold as well as various perspectives on the Hermitian form hab and the

perturbative calculations for the squashed fuzzy sphere.

We have seen in section 2.2.3 that (∂a− iAa) |x⟩ (and consequently also hab) can be calculated purely

algebraically using the reőned equation (49) while equation (52) showed that the Nx are convex in

R̃D.

In the sections 2.2.2 and 2.2.5, interwoven with appendix A, we have seen plenty of different perspec-

tives on the Hermitian form hab and consequently the quantum metric gab and the would-be symplectic

form ωab: While the perspective on ωab as the őeld strength of a principal connection respectively as

the pullback of the Kirillov-Kostant-Souriau symplectic form and the quantum metric as the pullback

of the Fubini-Study metric have already been discussed in [1], the perspective as the pullback of a

bundle metric on the bundle TB is new. On the other hand the convexity of the Nx is crucial in the

proof that M is an immersed submanifold of CPN−1.

The perturbative calculations allowed for a mutual veriőcation of themselves and later numerical com-

putations and made it possible to analytically witness the phenomenon called oxidation, making the

use of foliations inevitable.

We have seen four different approaches to foliations of M in section 2.4, where the hybrid leaf (coming

in two different ŕavors) showed to be the most robust and easiest method to calculate. Concerning

deformed quantum geometries, it allows one to calculate the effective dimension of M that always

agreed with the unperturbed case. It is further the basis for many numerical results.

In section 3 algorithms for numerical computations are described. This includes methods for the

calculation and analyzation of the quasi-coherent states, the quantum metric gab and the would-be

symplectic form ωab as well as the visualization of M and M̃.

Further the integration of curves in the leaves and the construction of local coordinates and cover-

ings with coordinates for a given leaf ś őnally allowing numerical integration over the latter ś were

implemented.

The explicit results in section 4 show that the framework introduced in [1], reőned with foliations

of M, generates a meaningful semiclassical limit for matrix conőgurations that are not too far away

from well known examples, where the perturbations may still be signiőcant. Further, we have seen

visually and quantitatively how robust these methods are against such perturbations.

For the squashed fuzzy sphere we could observe the oxidation of M both graphically and via the

computation of various ranks. We further saw how well the numerical methods work, especially to

generate a covering with coordinates of the leaf L, which turned out to be (at least approximately) well

deőned. The veriőcation of the completeness relation and similar properties showed a good quality

for small and medium perturbations with a tendency to reach the quality of the round case in the

large N limit.
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For the (with random matrices) perturbed fuzzy sphere we got comparable results, accompanied by

intuitive pictures that come with a nice interpretation via gauge őelds. However, some questions

remain concerning the large N limit.

The (completely) squashed fuzzy CP 2 showed to behave very similar in principle, while the computa-

tional demand increased signiőcantly. The visual results are well comparable to the results in [3, 4].

Due to the lacking computational power, the quantitative results that depend on the integration over

the leaf showed to be of too bad numerical quality in order to be of great signiőcance.

The fuzzy torus turned out to be an example where the methods apply extraordinarily well. Due to

the foliations, we could recognize the torus in L already for N = 5. Without foliations this was only

possible in the large N limit.

In general, the results suggest that the completeness relation (67), the recovery of the matrix con-

őguration Xa as the quantization of the x
a (66) and the compatibility of the two different Poisson

structures (68) hold approximately for perturbed quantum spaces, with a tendency to improve for

large N . Further, the results suggest that equation (68) reformulates results from [1] (discussed in

section 2.2.7), such that they also hold away from local minima of λ.

This supports the assumption that the quantization map (64) fulőlls the axioms from section 2.1, at

least in the large N limit.

Yet, a few open tasks and questions remain.

First, some analytic results on the integrability of the distributions that deőne the leaves would be

desirable. Further, the suggested method to select a preferred leaf L did not prove very successful,

thus the deőnition of such a choice remains an open task.

On the other hand, it could be beneőcial to look at more examples, including both higher D and N .

For that, clearly, more computational power is needed. Concerning the perturbed fuzzy sphere, it

would be interesting to investigate the consequences when restricting the random matrices to modes

of order smaller or equal O(
√
N) as discussed in section 4.2.

Finally, one could also think of a generalization of the framework and the implementation to more

general target spaces, for example Minkowski space.

This thesis reőned the construction of a semiclassical limit from [1] and showed that produced results

are meaningful, stable and numerical accessible for arbitrary matrix conőgurations.
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A The U(1) Bundle and the Quantum Manifold

In this appendix the details behind the bundle and manifold structure (that come with the quasi-

coherent states), for which there was no room in section 2.2, are discussed.

As the smooth dependence of the eigensystem of the Hamiltonian Hx on the point x is essential, an

important result on the analytic parameter dependence of the eigensystem is reviewed in section A.1.

Based on that, in section A.2 the naturally emerging U(1) bundle B together with its natural principal

connection is discussed, followed by an alternative view on the quantum metric and the would-be

symplectic form in section A.3.

Finally, in section A.4 it is shown that M is a smooth manifold.

A.1 Analytic Parameter Dependence of the Eigensystem

In the following, we need an important result on the analyticity of the eigensystem that follows from

[29], noting that we only consider neighborhoods where the eigenvalue of interest is strictly separated

from the others.

Theorem: Let A : U ⊂ Rn → Herm(H) be an analytic function from an open subset U of Rn into the

set of hermitian operators on a őnite dimensional Hilbert space H. Let x ∈ U and λx be an eigenvalue

of A(x) of multiplicity 1 with corresponding eigenvector vx.

Then, there exists an open neighborhood V ⊂ U of x and analytic functions λ : V → R and v :

V → H such that λ(x) = λx, v(x) = vx with λ(y) being an eigenvalue of A(y) of multiplicity 1 with

corresponding eigenvector v(y) ∀y ∈ V .

In our case, we deal with the analytic72 Hamiltonian H : RD → Herm(H) introduced in equation (33),

while we restrict ourselves to the subset R̃D := {x ∈ RD| dim(Ex) = 1} (where Ex is deőned as the

eigenspace of Hx corresponding to the lowest eigenvalue λ1,x). The theorem then implies őrst that

R̃D is open in RD and second that locally around x (in the notation from section 2.2.1) we can write73

λ1,x = λ(y) and |1, y⟩ = |y⟩s for smooth λ and |·⟩s.

72The analyticity is obvious as the Hamiltonian is a polynomial in x.
73At őrst, it is not clear if the function v(x) in the theorem is normalized, but, as normalizing a vector is a smooth

operation, we can always choose a smooth ṽ(x).
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A.2 The U(1) Bundle

We start by prooőng that any matrix conőguration with őnite dimensional Hilbert space H and

nonempty R̃D deőnes a unique U(1) bundle.

Proposition: For a matrix conőguration as deőned in section 2.2 (with N őnite), there exists a

unique principal őber bundle p : B → R̃D with őber U(1), where B := {(x, |ψ⟩) ∈ R̃D × H| |ψ⟩ ∈
Ex, ⟨ψ|ψ⟩ = 1} and p is the restriction of pr1 : R̃D ×H → R̃D to B.

Proof: In the last section we have noted that R̃D is open and thus a D dimensional submanifold of

RD. There, we also saw that for any x ∈ R̃D exists a neighborhood U ⊂ R̃D and a map |·⟩s : U → H
such that |y⟩s ∈ Ey and ⟨y|y⟩s s = 1 for every y ∈ U . Then, for each |·⟩s the map y 7→ (y, |y⟩s) exactly

is a candidate for a local smooth section of B.

Consequently, we deőne the smooth map ϕ : U × U(1) → p−1(U) ⊂ B via (y, eiλ) 7→ (y, eiλ |y⟩s)
(obviously being bijective) and we declare (U, ϕ−1) as a bundle chart for B.

Let now (V, ψ−1) be a chart of the same form coming from another |·⟩s′ : V → H with nonempty

W := U ∩ V , providing us with the transition function ω := ϕ−1 ◦ ψ :W × U(1) →W × U(1).

For each y ∈ W we őnd |y⟩s′ = ⟨y|y⟩s s′ |y⟩s where ⟨y|y⟩s s′ computes the necessary U(1)-phase74,

thus ω(y, eiλ) = (y, ⟨y|y⟩s s′ e
iλ) what clearly is a diffeomorphism.

By lemma 2.2 in [30], B is a őber bundle with standard őber U(1) and by the explicit form of the

chart change we constructed a principal bundle atlas, making B into a principal őber bundle. □

Using the metric structure of the standard őber, we now want to őx a natural connection on the

bundle.

Since B ⊂ R̃D ×H, we get a natural inclusion TB →֒ T R̃D × TH ∼= T R̃D ×H ×H. In terms of local

curves, we get an intuitive description of the tangent bundle of B. Therefore, for any manifold M we

introduce the set Γx(M) that consists of all smooth curves c : [−ϵ, ϵ′] → M for some ϵ, ϵ′ > 0 with

c(0) = x. Then we can write any tangent space of B as

T(x,|ψ⟩)B ∼= { d
dt

∣

∣

∣

∣

t=0

(c(t), |ρ(t)⟩)| c ∈ Γx(R̃
D), |ρ⟩ ∈ Γ|ψ⟩(H), ⟨ρ(t)|ρ(t)⟩ = 1, |ρ(t)⟩ ∈ Ec(t)}.

Considering the identiőcation T R̃D×TH ∼= T R̃D×H×H, we write d
dt

∣

∣

t=0
(c(t), |ρ(t)⟩) ∼= (ξx, |ψ⟩ , |v⟩),

where ξx := (x, d
dt

∣

∣

t=0
c(t)) ∈ TxR̃

D and |v⟩ := d
dt

∣

∣

t=0
|ρ(t)⟩ ∈ H.

A small side remark: Fixing a local section |·⟩s such that |x⟩s = |ψ⟩, we őnd the parameteriza-

tion |ρ(t)⟩ = eiϕ(t) |c(t)⟩s for a smooth function ϕ : [−ϵ, ϵ′] → R, thus d
dt

∣

∣

t=0
(c(t), eiϕ(t) |c(t)⟩s) ∼=

(ξx, |ψ⟩ , (d |x⟩s)(ξx)+iα |ψ⟩), where α := d
dt

∣

∣

t=0
ϕ(t). Mapping (ξ, |ψ⟩ , (d |x⟩s)(ξx)+iα |ψ⟩) 7→ (ξx, iα)

thus locally trivializes TB. This corresponds to the local trivialization of B induced by any local sec-

tion |·⟩s.
Based on this result, we get a simple deőnition of a principal connection on B.

Proposition: On B there is a natural principal connection, given by H := {(ξx, |ψ⟩ , |v⟩) ∈ TB ⊂
T R̃D×H×H| ⟨ψ|v⟩ = 0}. Then the associated connection 1-form is given by γ(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩) =
−⟨ψ|v⟩, while the pullback of γ to R̃D along a local section |·⟩s is given by −iA(x) := (|·⟩∗s γ)(x) =
−⟨x| d |x⟩, where A is real.

74This for example follows from the spectral theorem in one dimension.

98



Proof: We consider γ(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩) := −⟨ψ|v⟩ (if γ shows to be a principal connection 1-from,

then H is exactly its kernel and thus a principal connection by theorem 3.3 in [30]).

Obviously, γ is smooth and C∞-linear, thus a 1-from. For every normalized |ρ⟩ ∈ Γ|ψ⟩(H) we have

0 = d
dt

∣

∣

t=0
(⟨ρ(t)|ρ(t)⟩) = ⟨ρ(t)| ddt |ρ(t)⟩

∣

∣

t=0
+ (⟨ρ(t)| ddt |ρ(t)⟩)∗

∣

∣

t=0
, implying γ is Lie algebra val-

ued75.

For iα ∈ u(1), consider the fundamental vector őeld ζiα(x, |ψ⟩) := d
dt

∣

∣

t=0
rexp(−iαt)(x, |ψ⟩)

= d
dt

∣

∣

t=0
(x, exp(−iαt) |ψ⟩) ∼= (0, |ψ⟩ ,−iα |ψ⟩), thus γ(x, |ψ⟩)(ζiα(x, |ψ⟩)) = iα, meaning γ is vertical.

Now, ((rg)∗γ)(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩) = γ(x, g |ψ⟩)(ξx, g |ψ⟩ , g |v⟩) since rg is linear. Using the U(1) in-

variance of the inner product, we get

((rg)∗γ)(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩) = γ(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩) = Ad(g−1)(γ(x, |ψ⟩)(ξx, |ψ⟩ , |v⟩)), while the sec-

ond step is a consequence of the fact that the adjoint representation of any abelian Lie group is trivial.

So we conclude that gamma is U(1) equivariant and thus a principal connection 1-form.

Finally, we consider −iA(ξx) := (|·⟩s ∗γ)(x)(ξx) = γ(x, |x⟩s)(ξx, Tx |·⟩s · ξx). The tangent map can

be calculated in terms of curves: Tx |·⟩s · ξx = d
dt

∣

∣

t=0
|c(t)⟩s = (d |x⟩s)(ξx), giving us the result

−iA(ξx) = γ(x, |x⟩s)(ξx, |x⟩s , Tx |x⟩s · ξx) = − ⟨x|s (d |x⟩s)(ξx) = −( ⟨x|s d |x⟩s)(ξx). Of course, iA lies

in the Lie algebra too, so A is real. □

Now we are in possession of a principal U(1) bundle, equipped with a principal connection. On the

other hand, H has a natural U(1) action, inducing an associated vector bundle π : E := P ×U(1) H →
R̃D, coming with an induced linear connection on E.

For a local section |·⟩s of B on U ⊂ R̃D, we directly get a local trivialization of both P and E. Here,

we can view local sections σ of E as smooth functions f : M → H.

Through these trivializations, we can view |·⟩s both as a section of P as well as of E. Using theorem

3.4 in [30], one őnds the simple description of the induced linear connection:

σ ∼ f, ∇ξσ ∼ ξ[f ] + (|·⟩s ∗γ)(ξ) · f = df(ξ)− iA(ξ) · f,

where ξ is a smooth local vector őeld, and · indicates the U(1) action.

In Cartesian coordinates, viewing |·⟩s as a local section76 of E, this reads

iAa(x) = ⟨x|s ∂a |x⟩s , Da |x⟩s = (1 − |x⟩s ⟨x|s )∂a |x⟩s = (∂a − iAa) |x⟩s ,

where it is conventional to write Da (what we call gauge covariant derivative) instead of ∇∂a in this

context.

Of course, we can look at the curvature 2-form Ω = dγ+[γ, γ] = dγ (since U(1) is abelian), descending

to the 2-form 2ω := −i |·⟩s ∗Ω = dA. We call ω őeld strength and A gauge őeld.

As a őnal remark, we observe that E inherits a complex valued bundle metric from the inner product

on H as the latter is invariant under U(1).

75The Lie group of U(1) is given by u(1) ∼= iR.
76In the above, this exactly means f = |·⟩s.
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A.3 The Quantum Metric and the Would-Be Symplectic Form

As we have seen in the last section, we can equip E with a natural U(1) invariant bundle metric. Using

a similar construction, we can equip TB with a horizontal complex valued metric h̃ : TB ×B TB →
C∞

C
(TB), ((ξx, |ψ⟩ , |v⟩), (ξ′x, |ψ′⟩ , |v′⟩)) 7→ ⟨vH |v′H⟩, where (ξx, |ψ⟩ , |vH⟩) for |vH⟩ := (1 − |ψ⟩ ⟨ψ|) |v⟩

is the projection on the horizontal subbundle77.

Then, the pullback along a local section |·⟩s immediately gives

h(ξ, η) := (|·⟩s ∗h̃)(ξ, η) = (Dξ |·⟩s)†Dη |·⟩s as (|·⟩s ∗ξ)H = (d |·⟩s (ξ))H = (d |·⟩s − |·⟩s ⟨·|s d |·⟩s)(ξ) =
(d |·⟩s−iA |·⟩s)(ξ) = Dξ |·⟩s. In Cartesian coordinates this reads hab(x) = ((∂a−iAa) |x⟩)†(∂b−iAb) |x⟩.
By construction it is clear that h is independent of the chosen section.

Since h̃ is hermitian, the same holds for h and we may decompose it into its real and imaginary part

h = g+ iω, where g is symmetric and ω is antisymmetric. Carrying this out, one immediately veriőes

that the so deőned ω coincides with the őeld strength from the last section

hab = ∂a ⟨x| ∂b |x⟩ −AaAb,

gab =
1

2
(∂a ⟨x| ∂b |x⟩+ ∂b ⟨x| ∂a |x⟩ − 2AaAb) ,

ωab =
1

2i
(∂a ⟨x| ∂b |x⟩ − ∂b ⟨x| ∂a |x⟩) =

1

2
(∂aAb − ∂bAa) = (

1

2
dA)ab.

This directly implies that ω is closed (and if further nondegenerate: symplectic). However, from this

construction we can not determine the rank of neither g nor ω.

A.4 The Quantum Manifold

Recall the deőnition of k, M and q from section 2.2.5. By construction we deal with a smooth

surjection q : R̂D → M ⊂ CPN−1 of constant rank k.

Therefore, we recall the constant rank theorem:

Theorem: łSuppose M and N are smooth manifolds of dimensions m and n, respectively,

and F :M → N is a smooth map with constant rank r. For each p ∈M there exist smooth

charts (U, ϕ) for M centered at p and (V, ψ) for N centered at F (p) such that F (U) ⊆ V ,

in which F has a coordinate representation [F̂ = ψ ◦ F ◦ ϕ−1 : ϕ(U) → ψ(V )] of the form

F̂ (x1, . . . , xr, xr+1, . . . , xm) = (x1, . . . , xr, 0, . . . , 0).ž ś theorem 4.12 in [28].

For any x ∈ R̂D the theorem guarantees the existence of corresponding charts (U, ϕ) for R̂D and (V, ψ)

for M. We will use these to deőne a chart for M, but before we can do so we need two technical

lemmas.

In the őrst lemma we construct a prototypical chart (U , β̄−1) around q(x) ∈ M, using the constant

rank theorem.

Lemma 1: Consider q : R̂D → M ⊂ CPN−1 as in section 2.2.5. Then for each x ∈ R̂D there exists

an open subset Ū ⊂ Rk and a subset U ⊂ M around 0 respectively q(x) and a smooth bijection

β̄ : Ū → U between them.

77That this gives the horizontal projection can be seen in various ways. The easiest is to insert what we already know
in the deőnition ΠH(ξ̃p) = ξ̃p − ζ

γ(p)(ξ̃p)
(p) for ξ̃p ∈ TpB, while noting that ΠH acts trivially on the őrst component.
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Proof: We consider the charts and the map q′ := ψ ◦ q ◦ ϕ−1 : ϕ(U) → ψ(V ), coming from the

constant rank theorem.

Now, we deőne the sets U ′ := ϕ(U), U := q(U) and the smooth map β′ := q ◦ ϕ−1 : U ′ → U , thus β′

is bijective by construction.

Further, β′ = ψ−1 ◦ q′ and since ψ is a diffeomorphism, β′ still has constant rank k and depends only

on the őrst k coordinates χ1, . . . , χk in U ′ ⊂ RD.

We deőne78 Ū := U ′ ∩ Rk and β̄ := β′|Ū .

By shrinking79 U we can make β̄ surjective. Since β̄ has full rank it is an immersion, thus locally

injective and we can shrink U once again in order to make β̄ bijective. □

A little comment on the notation may be helpful. All quantities marked with a comma are related to

the space RD that is the target of the coordinates ϕ, while the quantities marked with a bar live on

the Rk ∼= Rk × {0} ⊂ RD.

Now we note that for all y ∈ Ū the restriction of ϕ−1 to N ′
y := ({y}×RD−k)∩U ′ is a diffeomorphism

from N ′
y to Nϕ−1(y,0) ∩ U .

To see this we note that ϕ−1(N ′
y) lies within Nϕ−1(y,0)∩U as β′ is constant here. Further q′ is injective

on U ′ ∩ Rk, thus only points in N ′
y are mapped to Nϕ−1(y,0) ∩ U .

For any z ∈ R̂D this immediately implies dim(TzNz) = D − k, while obviously TzNz ⊂ ket(Tzq).

Thus, TzNz = ket(Tzq) what in turn implies that the whole Nz lies within R̂D.

This leads us to the following lemma that shows that NW := ∪x∈WNx is open in R̂D if W is. NW is

called saturation of W under the equivalence relation ∼ from section 2.2.5.

Lemma 2: Let W ⊂ R̂D. If W is open in R̂D, then also NW is open in R̂D.

Proof: Recall the setup from the proof of lemma 1. Since NW ∪ NX = NW∪X , it suffices to show

the claim for W ⊂ U . We deőne W ′ := ϕ(W ) ⊂ U ′ what is clearly open. By the above we őnd

NW ∩ U = ϕ−1((W ′ + {0} × RD−k) ∩ U ′). Since ϕ is a diffeomorphism, this shows that NW ∩ U is

open.

Consider now a point y ∈ NW . By construction there is a y′ ∈ W such that y ∈ Ny′ . Since Ny′ is

convex, it contains the straight line segment that joins y with y′.

Then, we can pick ordered points yα for α = 0, . . . , n on this line segment with y0 = y′ and yn = y

such that the corresponding Uα (which we get in the proof of lemma 1 for the point yα) cover the

line segment (w.l.o.g. we have Uα ∩ Uβ = ∅ if |α − β| > 1). For α > 0 we inductively deőne

Wα := NWα−1
∩ Uα−1 ∩ Uα ⊂ NW with W0 :=W .

Repeating the above discussion, all Wα are open. By construction, all Wα contain Ny′ ∩ Uα−1 ∩ Uα
and are thus nonempty. So őnally, y ∈ NWn

∩ Un ⊂ NW .

This means that every point y ∈ NW has an open neighborhood in NW . □

This result is crucial and allows us to prove that M is a smooth manifold.

Proposition: M as deőned in section 2.2.5 is a smooth manifold of dimension k.

78Here, we implicitly identiőed Rk ∼= Rk × {0} ⊂ RD and similarly for RD−k.
79Especially such that Ū × RD−k contains U ′.
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Proof: By lemma 1 we can cover M with prototypical charts (Uα, β̄−1
α ) around q(xα) for appropriate

points xα, deőning a prototypical atlas.

Consider now two charts with indices β, γ such that Uβγ := Uβ∩Uγ ̸= ∅. That the corresponding chart

changes are smooth is obvious, but it remains to show that the charts consistently deőne a topology

on M. Then by lemma 1.35 in [28] M is a smooth manifold of dimension k.

Especially, this means that we have to show that (w.l.o.g.) Ūβγ := β̄−1
β (Uβγ) is open in Rk.

Since Ūβγ ⊂ Ūβ , we only have to show that Ūβγ is open in the latter. This is equivalent to the

statement that there is no sequence Ūβ \ Ūβγ that converges against a point in Ūβγ .

Assume to the contrary that such a sequence (ya) exists. Since ϕβ is a diffeomorphism, this deőnes the

convergent sequence (xa) := (ϕ−1
β (ya)) in R̂D with lima→∞ xa =: x′β . By assumption, q(x′β) ∈ Uβγ ,

thus, there is an x′γ ∈ Uγ with q(x′β) = q(x′γ). But then by deőnition, x′β ∈ Nx′
γ

and consequently

x′β ∈ NUγ . Since the latter is open by lemma 2, this implies that some xai lie within NUγ . But for

these, we őnd q(xai) ∈ Uβγ and consequently yai ∈ Ūβγ what contradicts the assumption. □

As the rank of q equals k this shows that the inclusion M →֒ CPN−1 is an immersion and thus M is

an immersed submanifold of the latter.

Further, the topology that we deőned on M via the atlas is exactly the topology that we get when

declaring the bijection q : R̂D/ ∼→ M from section 2.2.5 as a homeomorphism when considering the

quotient topology on R̂D/ ∼. In fact, lemma 2 exactly shows that q : R̂D → M is a quotient map for

this topology.

If we identify CPN−1 ∼= S2N−1/U(1), where S2N−1 ∼= {|ψ⟩ ∈ CN | ⟨ψ|ψ⟩ = 1}, we also get a natural

identiőcation of the tangent spaces80 TU(1)|ψ⟩CP
N−1 ∼= {|v⟩ ∈ CN | ⟨ψ|v⟩ = 0}.

On the other hand, complex projective space can be viewed as the natural őber bundle p : CN \{0} →
CPN−1, where in our identiőcation the bundle projection p maps |ψ⟩ to U(1) |ψ⟩ /

√

⟨ψ|ψ⟩, coming

with the tangent map T|ψ⟩p = (1 − |ψ⟩ ⟨ψ|).
Then, we get an induced hermitian form ĥ on TCPN−1 via ĥ(U(1) |ψ⟩)(|v⟩ , |w⟩) = ⟨v|w⟩. By construc-

tion, its real part is proportional to the Fubini-Study metric and its imaginary part to the canonical

symplectic form on CPN−1, the Kirillov-Kostant-Souriau symplectic form [24].

Since the inclusion j : M →֒ CPN−1 is a smooth immersion, we can pull back ĥ to M what we

call hM = gM + iωM, providing us with a metric and an (in general degenerate but closed) would-

be symplectic form. Especially, we őnd hab(x) := (q∗hM)(x)(∂a, ∂b) = hM(q(x))(Txq · ∂a, Txq · ∂b) =
hM(q(x))(T|x⟩sp·∂a |x⟩s , T|x⟩sp·∂b |x⟩s) = hM(q(x))(Da |x⟩s , Db |x⟩s) = ĥ(U(1) |x⟩s)(Da |x⟩s , Db |x⟩s)
= (Da |x⟩s)†Db |x⟩s, where we described q = p ◦ |·⟩s via a local section and used Da |x⟩s = (1 −
|x⟩s ⟨x|s )∂a |x⟩s = T|x⟩sp · ∂a |x⟩s.
But this means that the pullback of hM along q agrees with the hab we have deőned earlier, while the

same holds for gM and ωM.

Since we now know that M is a manifold, locally we can get even simpler coordinates. For each point

x0 in R̂D, we can őnd k distinct indices µ such that ∂µ is not in the kernel of Txq. But then we can

őnd an open neighbourhood in Rk where the map (χµ) 7→ x0 +
∑

µ êµχ
µ is bijective, providing us

with a chart for M. The pullbacks of gM and ωM are then simply given by the submatrices of (gab)

and (ωab) corresponding to the selected indices.

Since we know that g agrees up to a scale with the pullback of the Fubini-Study metric, (gµν) cannot

be degenerate, while we have no result for (ωµν).

80The tangent space of S2N−1 at |ψ⟩ is given by all vectors |v⟩ ∈ CN that satisfy the constraint Re(⟨ψ|v⟩) = 0. In the
quotient this means that the constraint has to be satisőed for all U(1) |ψ⟩, meaning ⟨ψ|v⟩ = 0.
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B The Relevant Representations

In this appendix we want to discuss the construction of the su(2) and su(3) Lie algebra generators in

a given irreducible representation as well as the clock and shift matrices, where SU(n) is the n2 − 1

dimensional Lie group of unit determinant unitary matrices acting on Cn and su(n) is the associated

Lie algebra consisting of the traceless Hermitian matrices acting on Cn.

B.1 The Representations of su(2)

Let J1, J2, J3 be an orthonormal basis of the Lie algebra su(2) with respect to the Killing form. Then

we know their commutation relations

[Ja, Jb] = iϵabcJc. (151)

SU(2) has exactly one nontrivial irreducible representations of dimension N for every N > 1, where

we have the quadratic Casimir

J2 :=
∑

a

JaJa =
N2 − 1

4
1 := j(j + 1)1 =: C2

N1. (152)

We can then isometrically identify the representation with CN , especially such that J3 acts diagonally

on the standard basis.

We can even do more: It turns out that J3 has the eigenvalues −j,−j + 1, . . . , j − 1, j and we can

implement J3 as the diagonal matrix diag(−j,−j + 1, . . . , j − 1, j), while we introduce the notation

|k⟩ := êk+(j+1). So it remains to őnd J1 and J2 explicitly. For that reason, we deőne J± := J1 ± J2,

implying the commutation relations

[J3, J±] = ±J±. (153)

Thus, the J± raise respectively lower the eigenvalues of J3 by 1 in the eigenbasis. But this means

nothing more than J± |k⟩ ∝ |k + 1⟩, while the proportionality factors turn out to be

J± |k⟩ =
√

j(j + 1)− k(k ± 1) |k ± 1⟩ . (154)

This means that J+ acts as the matrix with the only non zero components being

(
√

j(j + 1)− k(k + 1)) for k = −j, . . . , j − 1 on the őrst diagonal below the main diagonal and

J− with (
√

j(j + 1)− k(k − 1)) for k = −j + 1, . . . j on the őrst diagonal above the main diagonal.

Finally, we recover the matrices J1 = 1
2 (J

+ + J−) and J2 = 1
2i (J

+ − J−) [31].

We also note that

j =
N − 1

2
(155)

respectively

N = 2j + 1 (156)

and write for the explicit matrices in a chosen representation JaN for a = 1, 2, 3.
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B.2 The Representations of su(3)

For SU(3) we pick eight matrices T a that form an orthonormal basis of the Lie algebra su(3), again

with respect to the Killing form. These matrices satisfy the commutation relations

[T a, T b] = ifabcT c (157)

for well known coefficients fabc that are completely antisymmetric.

Here, we have the two Cartan generators T 3 and T 8 that mutually commute.

Then for each pair (p, q) where p, q ≥ 0, there is a unique irreducible representation of dimension

N = 1
2 (p+ 1)(q + 1)(p+ q + 2), coming with the quadratic Casimir

∑

a

T aT a =
1

3

(

p2 + q2 + 3p+ 3q + pq
)

1. (158)

Further, the eigenvalues of T 3 and T 8 are well known and the representation can be identiőed with

CN [31]. The remaining task is to explicitly calculate the components of the matrices as which the

T a act in an appropriate basis.

An algorithm for that together with an actual implementation for Mathematica can be found in [25].

We will only need the special case where (p, q) = (n, 0). Here the formulae reduce to

N =
1

2
(n+ 1)(n+ 2) (159)

and

∑

a

T aT a =
1

3
(n2 + 3n)1 := C2

n1 (160)

and we write T an for the explicit matrices.

B.3 The Clock and Shift Matrices

Now we come to the clock and shift matrices. For a given N > 1 we deőne

q := exp(2πi
1

N
), (161)

and the two matrices

Uij = δi,j+1 and Vij = δijq
i−1 (162)

acting on CN .

These objects satisfy the relations

qN = 1, UN = 1 = V N respectively U · V = qV · U. (163)

This construction is called clock and shift algebra [4].
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C The Perturbative Approach for the Squashed Fuzzy Sphere

In this appendix the perturbative approach to the calculation of the quasi-coherent states of the

squashed fuzzy sphere for arbitrary N is discussed.

We begin by replacing the squashing parameter α with 1− ϵ for a small ϵ > 0, leading to the matrix

conőguration (X1, X2, (1 − ϵ)X3), where the Xa = 1
CN

Ja are the matrices81 introduced in section

2.3.2 respectively appendix B.1.

This leads to the Hamiltonian

H(x) = H0(x) + ϵV (x), for V (x) :=
ϵ− 2

2

(

X3
)2

+ x3X3, (164)

where

H0(x) =
1

2

∑

a

(Xa − xa1)2 (165)

is the Hamiltonian of the round fuzzy sphere, while the different notation with respect to section 2.2

has only been adapted for better readability. Here, we might drop the ϵ contribution to V (x) directly.

Our task is to calculate the eigensystem ofH(x), especiallyH(x) |k, x⟩ = λk,x |k, x⟩ for82 k = −j, . . . , j.
Thus, we expand the eigenvectors and eigenvalues in powers of ϵ, meaning |k, x⟩ = |k, x, 0⟩+ϵ |k, x, 1⟩+
O(ϵ2) and λk,x = λk,x,0 + ϵλk,x,1 +O(ϵ2), where H0(x) |k, x, 0⟩ = λk,x,0 |k, x, 0⟩.

From perturbation theory we know that we őnd

λk,x,1 = ⟨k, x, 0|V (x) |k, x, 0⟩ and |k, x, 1⟩ =
∑

l ̸=k

⟨l, x, 0|V (x) |k, x, 0⟩
λk,x,0 − λl,x,0

|l, x, 1⟩ (166)

(see for example [32]), thus we start with the calculation of the unperturbed eigensystem λk,x,0 and

|k, x, 0⟩.

C.1 The Unperturbed Eigensystem

Any given y ̸= 0 we can write as ya = rna where r = |y| ∈ R
+
0 and n = y/r ∈ S2 ⊂ R3. Then the

su(2) commutation relations imply ad(rnaJa)(Jb) = rna[Ja, Jb] = irnaϵabcJc = (ad(rna))bcJc, thus

the matrix form in the basis Ja is

ad(rnaJa) = ir







0 n2 −n2

−n3 0 n1

n2 −n1 0






=: irVn. (167)

One directly veriőes that (Vn)
3 = −Vn.

81In section 2.3.3 we wrote X̄a for them, but here it is advantageous to stick to the notation Xa.
82Note that also here the notation is different from section 2.2. The labeling k of the eigensystem is not such that
λk,x ≤ λk′,x for k < k′ but rather corresponds to the eigenvalues of J3 |k⟩ = k |k⟩.
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This can be used to calculate

eirn
bJbJae−irn

bJb

=Ad
(

eirn
bJb
)

(Ja) = ead(irn
bJb)Ja =

( ∞
∑

k=0

1

k!
(−rVn)k

)ab

Jb (168)

=

(

1 −
(

r − 1

3!
r3 +

1

5!
r5 ∓ . . .

)

Vn −
(

−1 + 1− 1

2
r2 +

1

41
r4 ∓ . . .

)

V 2
n

)ab

Jb

=
(

1 − sin(r)Vn + (1− cos(r))V 2
n

)ab
Jb

=
(

δab − sin(r)ncϵcab + (1− cos(r))
(

nanb − δab
))

Jb

=Ja cos(r) + ϵabcnbJc sin(r) + nanbJb(1− cos(r)).

This is very parallel to the derivation of the Rodrigues rotation formula (see for example [33]). Once

again, one directly veriőes that for an (ma) ∈ S2

rm := arccos(m3) and (nam) :=
1

√

(m1)2 + (m2)2







m2

−m1

0






(169)

rotates J3 to maJa, meaning eirmn
b
mJ

b

J3e−irmn
b
mJ

b

= maJa (special care has to be taken at the

poles).

We write this as UmJ
3U †

m = maJa for Um := eirmn
b
mJb. In the eigensystem of J3 (deőned as

J3 |k⟩ = k |k⟩ for k = −j, . . . , j) we thus őnd

H0(x)Um |k⟩ =1

2
(1 + |x|2)Um |k⟩ − |x|/

√

C2
Nm

aJaUm |k⟩ (170)

=
1

2
(1 + |x|2)Um |k⟩ − |x|/

√

C2
NUmJ

3 |k⟩ =
(

1

2
(1 + |x|2)− |x|k/

√

C2
N

)

Um |k⟩ ,

so |k, x, 0⟩ = Um |k⟩ (where m = x/|x|) with the corresponding eigenvalue λk,x,0 = 1
2 (1 + |x|2) −

|x|k/
√

C2
N .

We further conclude that we őnd the lowest eigenvalue for k = j and thus λ(x) = λj,x and |x⟩ = |j, x⟩.

C.2 The First Correction

The next step is to calculate the őrst correction to the eigensystem, meaning λk,x,1 and |k, x, 1⟩.

For (na) ∈ R3 we deőne n± := 1
2 (n

1 ± in2). Recalling the results from section B.1, this allows us to

rewrite

naJa |k⟩ =
(

n3J3 + n−J+ + n+J−) |k⟩ = n3C3
k |k⟩+ n−C+

k |k + 1⟩+ n+C−
k |k − 1⟩ , (171)

where we deőned C3
k := k and C±

k :=
√

j(j + 1)− k(k ± 1).
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Using these observations, we can explicitly calculate the transition amplitudes

⟨l|naJa |k⟩ =n3C3
kδ
lk + n−C+

k δ
l−1,k + n+C−

k δ
l+1,k, (172)

⟨l|naJambJb |k⟩ =
(

m3C3
kn

3C3
k +m−C+

k m
+C−

k+1 +m+C−
k n

−C+
k−1

)

δlk+

+
(

m3C3
kn

−C+
k +m−C+

k n
3C3

k+1

)

δl−1,k +
(

m3C3
kn

+C−
k +m+C−

k n
3C3

k−1

)

δl+1,k+

+m−C+
k n

−C+
k+1δ

l−2,k +m+C−
k n

+C−
k−1δ

l+2,k.

Reconsidering equation (168), we note that U †
mJ

3Um = maJa, where we deőned m1,2 := −m1,2 and

m3 := m3 (this follows directly from Um = U †
m, what can be checked easily). Of course this also

implies m± = −m±.

Based on that, we őnd

⟨k, x, 0|V (x) |k, x, 0⟩ = ⟨k|U†
M

(

ϵ− 2

2C2
N

(J3)2 +
x3
√

C2
N

J3

)

Um |k⟩ (173)

=
ϵ− 2

2C2
N

⟨k|maJambJb |k⟩+ x3
√

C2
N

⟨k|maJa |k⟩

=
ϵ− 2

2C2
N

(m3C3
km

3C3
k +m−C+

k m
+C−

k+1 +m+C−
k m

−C+
k−1) +

x3
√

C2
N

m3C3
k

=
ϵ− 2

2C2
N

((m3C3
k)

2 +m+m−(C+
k C

−
k+1 + C−

k C
+
k−1) +

x3
√

C2
N

m3C3
k

=
ϵ− 2

2C2
N

(m3C3
km

3C3
k +m−C+

k m
+C−

k+1 +m+C−
k m

−C+
k−1) +

x3
√

C2
N

m3C3
k

=
ϵ− 2

2C2
N

(

m3k2 +
(m1)2 + (m2)2

2

)

(j(j + 1)− k2) +
x3
√

C2
N

m3k

and especially

⟨j, x, 0|V (x) |j, x, 0⟩ = ϵ− 2

2C2
N

(

m3j2 +
(m1)2 + (m2)2

2

)

j +
x3√
CN

m3j. (174)

In the same way, one derives

⟨j − 1, x, 0|V (x) |j, x, 0⟩ =ϵ− 2

2C2
N

m3m+(2j − 1)
√

2j − x3
√

C2
N

m+
√

2j, (175)

⟨j − 2, x, 0|V (x) |j, x, 0⟩ =ϵ− 2

2C2
N

(m+)2
√

2j
√

4j − 2,

⟨j − k, x, 0|V (x) |j, x, 0⟩ =0 k > 2.

We further have λj,x,0 − λj−1,x,0 = −|x|/
√

C2
N and λj,x,0 − λj−2,x,0 = −2|x|/

√

C2
N .
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Plugging all this into equation (166), we get

λj,x,1 =
ϵ− 2

2C2
N

(

m3j2 +
(m1)2 + (m2)2

2

)

j +
x3√
CN

m3j, (176)

|j, x, 1⟩ =
√

C2
N

|x|

(

ϵ− 2

2C2
N

m3m+(2j − 1)
√

2j − x3
√

C2
N

m+
√

2j

)

|j − 1, x, 0⟩−

−
√

C2
N

2|x|
ϵ− 2

2C2
N

(m+)2
√

2j
√

4j − 2 |j − 2, x, 0⟩ .

Certainly, we could repeat the calculation for any k, but here we are only interested in k = j as

λ(x) = λj,x and |x⟩ = |j, x⟩.

With a little rewriting (we also drop the j from the notation from now on) we can summarize

λx,0 =
1

2
(1 + |x|2)− ∥x∥j/

√

C2
N , (177)

|x, 0⟩ =Um |j⟩ ,

λx,1 =
ϵ− 2

2C2
N |x|2

(

x3j2 +
(x1)2 + (x2)2

2

)

j +
1√
CN |x| (x

3)2j,

|x, 1⟩ =
(

ϵ− 2

2
√

C2
N |x|3

x3x+(2j − 1)
√

2j − 1

C2
N

x3x+
√

2j

)

Um |j − 1⟩−

− ϵ− 2

2
√

C2
N |x|3

(x+)2
√

2j
√

4j − 2Um |j − 2⟩ ,

where m = x/|x|, UmJ3U †
m = maJa, rm := arccos(m3) and (nam) = (m2,−m1, 0)†/

√

(m1)2 + (m2)2.

C.3 The Derivatives of the Unperturbed Eigenstates

Now, our aim is to calculate ∂
∂xa |k, x⟩ and therefore especially ∂

∂xa |k, x, 0⟩ = ( ∂
∂xaUm) |k⟩. Therefore,

we need the derivative of the exponential map.

For the latter exists the explicit formula

d

dt
eX(t) = eX(t)

∞
∑

k=0

(−1)k

(k + 1)!
(ad(X(t)))k

dX(t)

dt
=: eX(t) 1− e− ad(X(t))

ad(X(t))

dX(t)

dt
, (178)

where the only assumption is that X(t) is a smooth curve in the Lie algebra [34]. Therefore,

∂

∂(rne)
eirn

aJa

=eirn
aJa

( ∞
∑

k=0

(−1)k

(k + 1)!
(−rVn)k

)ef

iJf (179)

=eirn
aJa

i

(

1 +
1

2
rVn +

1

3!
r2V 2

n +

∞
∑

k=3

1

(k + 1)!
(rVn)

k

)ef

Jf .
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Using V 3
n = −Vn, this amounts to

1

3!
r2V 2

n +

∞
∑

k=3

1

(k + 1)!
(rVn)

k = −1

r
Vn

( ∞
∑

k=3

1

(k + 1)!
(rVn)

k+1

)

(180)

= −1

r
Vn

(

erVn − 1 − rVn − 1

2
r2V 2

n − 1

3!
r3V 3

n

)

=

(

−1

r
erVn +

1

r
− 1

2
r

)

Vn +

(

1− 1

3!
r2
)

V 2
n .

Based on the result erVn = 1 + sin(r)Vn + (1− cos(r))V 2
n and the deőnition of Vn we őnd

∂

∂(rne)
eirn

aJa

=eirn
aJa

i

(

1 +

(

−1

r
erVn +

1

r

)

Vn + V 2
n

)ef

Jf (181)

=eirn
aJa

i

(

1 +
1

r
(1− cos(r))Vn +

(

1− 1

r
sin(r)

)

V 2
n

)ef

Jf

=eirn
aJa

i

(

δef +
1

r
(1− cos(r))ndϵdef +

(

1− 1

r
sin(r)

)

V 2
n

(

nenf − δef
)

)

Jf

=eirn
aJa

i

(

1

r
sin(r)δef − 1

r
(1− cos(r))ndϵedf +

(

1− 1

r
sin(r)

)

V 2
nn

enf
)

Jf

= : eirn
aJaMef

rnJ
f .

Thus, for any given vector V e (that is not related to the matrices Vn) we get

V e
∂

∂xe
|k, x, 0⟩ =V e ∂

∂xe
eirmn

a
mJ

a |k⟩ = V e
∂(rmnm)f

∂xe
∂

∂(rmnm)f
eirmn

a
mJ

a |k⟩ (182)

=eirmn
a
mJ

a

V e
∂(rmnm)f

∂xe
Mfg

rmnm
Jg |k⟩ =: eirmn

a
mJ

aVgmJg |k⟩ ,

where we deőned

Vgm :=V e
∂(rmnm)f

∂xe
Mfg

rmnm
(183)

Mef
rn :=i

(

1

r
sin(r)δef − 1

r
(1− cos(r))ndϵedf +

(

1− 1

r
sin(r)

)

V 2
nn

enf
)

.

Consequently, using equation (171), we arrive at the result

V e
∂

∂xe
|k, x, 0⟩ = V3

mC
3
k |k, x, 0⟩+ V−

mC
+
k |k + 1, k, 0⟩+ V+

mC
−
k |k − 1, x, 0⟩ . (184)

C.4 Calculation of the Quantum Metric and the Would-Be Symplectic

Form

Our őnal step is the calculation of hab, gab and ωab as deőned in equation (41). Accordingly, we

expand hab = h0,ab + h′ab (and similarly for the others).

In the round case (ϵ = 0) we have hab = h0,ab = (∂a + iAa) ⟨j, x, 0| (∂b − iAb) |j, x, 0⟩ where (∂a −
iAa) |j, x, 0⟩ = (1 − |j, x, 0⟩ ⟨j, x, 0|)∂a |j, x, 0⟩ = V+

mC
−
j |j − 1, x, 0⟩ for V b = δab. Since (C−

j )
2 = 2j,

this implies

h0,ab = 2j(V+
m)∗V c=δac(V+

m)V c=δbc . (185)
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Using Mathematica, we őnd the explicit result

(h0,ab) =
j

2|x|4









(x2)2 + (x3)2 (x2x3+ix1|x|)(x1x3+ix2|x|)
(x1)2+(x2)2 −(x1x3 + ix2|x|)

(x2x3−ix1|x|)(x1x3−ix2|x|)
(x1)2+(x2)2 (x1)2 + (x3)2 −(x2x3 + ix1|x|)

−(x1x3 − ix2|x|) −(x2x3 − ix1|x|) (x1)2 + (x2)2









(186)

and consequently

(g0,ab) = Re(h0,ab) =
j

2|x|4







(x2)2 + (x3)2 −x1x2 −x1x3
−x1x2 (x1)2 + (x3)2 −x2x3
−x1x3 −x2x3 (x1)2 + (x2)2






(187)

as well as

(ω0,ab) = Re(h0,ab) =
j

2|x|3







0 x3 −x2
−x3 0 x1

x2 −x1 0






. (188)

For ϵ > 0 the calculations get more involved. We recall

|j, x⟩ = |j, x, 0⟩+ ϵ

(

ϵ− 2

2
√

C2
N |x|3

x3x+(2j − 1)
√

2j − 1

C2
N

x3x+
√

2j

)

|j − 1, x, 0⟩− (189)

− ϵ− 2

2
√

C2
N |x|3

(x+)2
√

2j
√

4j − 2 |j − 2, x, 0⟩+O(ϵ2)

= : |j, x, 0⟩+ ϵ
(

W1
x |j − 1, x, 0⟩+W2

x |j − 2, x, 0⟩
)

+O(ϵ2).

Using equation (184), this implies

∂a |j, x⟩ =∂a |j, x, 0⟩+ ϵ
(

∂aW1
x |j − 1, x, 0⟩+ ∂aW2

x |j − 2, x, 0⟩+W1
x∂a |j − 1, x, 0⟩+ (190)

+W2
x∂a |j − 2, x, 0⟩

)

+O(ϵ2).

Further, we can calculate

|j, x⟩ ⟨j, x| = |j, x, 0⟩ ⟨j, x, 0|+ ϵ
(

W1
x |j − 1, x, 0⟩+W2

x |j − 2, x, 0⟩
)

⟨j, x, 0|+ (191)

+ ϵ |j, x, 0⟩
(

(W1
x)

∗ ⟨j − 1, x, 0|+ (W2
x)

∗ ⟨j − 2, x, 0|
)

+O(ϵ2),

and thus

(∂a − iAa) |j, x⟩ =
(

1 − |j, x, 0⟩ ⟨j, x, 0| − ϵ
(

W1
x |j − 1, x, 0⟩+W2

x |j − 2, x, 0⟩
)

· (192)

· ⟨j, x, 0| − ϵ |j, x, 0⟩
(

(W1
x)

∗ ⟨j − 1, x, 0|+ (W2
x)

∗ ⟨j − 2, x, 0|
))

∂a |j, x, 0⟩+
+ ϵ (1 − |j, x, 0⟩ ⟨j, x, 0|)

(

∂aW1
x |j − 1, x, 0⟩+ ∂aW2

x |j − 2, x, 0⟩+
+W1

x∂a |j − 1, x, 0⟩+W2
x∂a |j − 2, x, 0⟩

)

+O(ϵ2).

Now, we insert V e ∂
∂xe |k, x, 0⟩ = V3

mC
3
k |k, x, 0⟩+V−

mC
+
k |k + 1, k, 0⟩+V+

mC
−
k |k − 1, x, 0⟩ for V e = δea,
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resulting in

(∂a − iAa) |j, x⟩ =
(

1 − |j, x, 0⟩ ⟨j, x, 0| − ϵ
(

W1
x |j − 1, x, 0⟩+W2

x |j − 2, x, 0⟩
)

⟨j, x, 0| − (193)

−ϵ |j, x, 0⟩
(

(W1
x)

∗ ⟨j − 1, x, 0|+ (W2
x)

∗ ⟨j − 2, x, 0|
)) (

V3
mC

3
j |j, x, 0⟩+ V+

mC
−
j |j − 1, x, 0⟩

)

+

+ ϵ (1 − |j, x, 0⟩ ⟨j, x, 0|)
(

∂aW1
x |j − 1, x, 0⟩+ ∂aW2

x |j − 2, x, 0⟩+
+W1

x

(

V3
mC

3
j−1 |j − 1, x, 0⟩+ V−

mC
+
j−1 |j, k, 0⟩+ V+

mC
−
j−1 |j − 2, x, 0⟩

)

+

+W2
x

(

V3
mC

3
j−2 |j − 2, x, 0⟩+ V−

mC
+
j−2 |j − 1, x, 0⟩+ V+

mC
−
j−2 |j − 3, x, 0⟩

))

+O(ϵ2).

This expression can then be rewritten as

(∂a − iAa) |j, x⟩ = V+
mC

−
j |j − 1, x, 0⟩ − ϵV3

mC
3
j

(

W1
x |j − 1, x, 0⟩+W2

x |j − 2, x, 0⟩
)

− (194)

− ϵV+
mC

−
j (W1

x)
∗ |j, x⟩+ ϵ

(

∂aW1
x |j − 1, x, 0⟩+ ∂aW2

x |j − 2, x, 0⟩+W1
x

(

V3
mC

3
j−1 |j − 1, x, 0⟩+

+V+
mC

−
j−1 |j − 2, x, 0⟩

)

+W2
x

(

V3
mC

3
j−2 |j − 2, x, 0⟩+ V−

mC
+
j−2 |j − 1, k, 0⟩+ V+

mC
−
j−2 |j − 3, x, 0⟩

))

+

+O(ϵ2)

= V+
mC

−
j |j − 1, x, 0⟩+

+ ϵ
(

−V3
mC

3
jW1

x |j, x, 0⟩+
(

−V3
mC

3
jW1

x + ∂aW1
x +W1

xV3
mC

3
j−1 +W2

xV−
mC

+
j−2

)

|j − 1, x, 0⟩+
+
(

−V3
mC

3
jW2

x + ∂aW2
x +W1

xV+
mC

−
j−1 +W2

xV3
mC

3
j−2

)

|j − 2, x, 0⟩+W2
xV+

mC
−
j−2 |j − 3, x, 0⟩

)

+

+O(ϵ2).

From that, we can now calculate

hab =h0,ab + ϵ
[

(

C−
j V+

m

)∗
V c=δca

(

−V3
mC

3
jW1

x + ∂aW1
x +W1

xV3
mC

3
j−1 +W2

xV−
mC

+
j−2

)

V c=δcb
+ (195)

+
(

−V3
mC

3
jW1

x + ∂aW1
x +W1

xV3
mC

3
j−1 +W2

xV−
mC

+
j−2

)∗
V c=δca

(

C−
j V+

m

)

V c=δcb

]

+O(ϵ2).

As a side remark we note that we can write ∂a |j, x⟩ as

∂a |j, x⟩ =∂a |j, x, 0⟩+ ϵ
(

∂aW1
x |j − 1, x, 0⟩+ ∂aW2

x |j − 2, x, 0⟩+W1
x∂a |j − 1, x, 0⟩+ (196)

+W2
x∂a |j − 2, x, 0⟩

)

+O(ϵ2)

=V3
mC

3
j |j, x, 0⟩+ V+

mC
−
j |j − 1, x, 0⟩

+ ϵ
[

W1
xV−

mC
+
j−1 |j, x, 0⟩+

(

∂aW1
x +W1

xV3
mC

3
j−1 +W2

xV−
mC

+
j−2

)

|j − 1, x, 0⟩+
+
(

∂aW2
x +W1

xV+
mC

−
j−1 +W2

xV3
mC

3
j−2

)

|j − 2, x, 0⟩+W2
xV+

mC
−
j−2 |j − 3, x, 0⟩

]

+

+O(ϵ2).

Using Mathematica, we can explicitly calculate h′ab deőned in equation (195) and consequently g′ab
and ω′

ab. The results are given on the next page.

In section 3.1 we veriőed the results by comparing them to numerical calculations for N = 4.
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=
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(
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−
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(
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(
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(
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