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Abstract

In contact with flat surfaces, several biological cells develop a thin membrane protrusion called the
lamellipodium. Employing a dense actin filament meshwork along with other accessory proteins, the
lamellipodium drives the crawling motility of the cell. Cell crawling by lamellipodium dynamics has
become the subject of a series of papers under the framework of the Filament Based Lamellipodium
Model (FBLM), a two-dimensional continuum model systematically derived from a microscopic de-
scription of two interacting families of locally parallel actin filaments.

In contrast to previous works, we have assumed that the width of the lamellipodium around the
cell periphery is small relative to the cell circumference. This regime has enabled us to perform short
filament approximations to the FBLM, resulting in mathematically simpler and computationally less
expensive models. Further, simplifying assumptions that are not too restrictive and concentrate on the
mechanical parts rather than the biochemical ingredients of the model have been applied.

First, we derive a rigid filament version of the FBLM that accounts for filament-to-substrate
adhesions and the twisting of cross-links. With a vanishing lamellipodium width, this FBLM version
has produced a circular-shaped cell in equilibrium, consistent with the numerical findings of available
literature. Second, we analyze the FBLM with pressure, where instabilities with respect to non-
symmetric perturbations emerge. This issue has been resolved by introducing the tension energy of
the center-of-mass curve. Consequently, the competing effects of pressure and tension have generated
a pitchfork bifurcation away from the trivial, stationary, steady state when the ratio between the
stiffness parameters exceeds a critical value. The nontrivial steady state, on the other hand produces
a nonvanishing velocity that allows translocation of the lamellipodial strip. Finally, we study a model
for filament density derived from the FBLM with pressure. We have investigated special solutions to
this system by numerical implementation of a semi-implicit conservative scheme.
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Zusammensfassung

Im Kontakt mit flachen Oberflichen entwickeln einige Arten biologischer Zellen eine diinne Mem-
branausstiilpung, das Lamellipodium. Das Lamellipodium treibt die kriechende Zellmotilitdt an unter
Verwendung eines dichten Netzwerks von Aktinfilamenten und anderer Proteine. Zellkriechen durch
die Dynamik des Lamellipodiums wurde in einer Reihe von Publikationen durch das Filament Based
Lamellipodium Model (FBLM) beschrieben, einem zweidimensionalen Kontinuumsmodell, systema-
tisch hergeleitet aus einer mikroskopischen Beschreibung zweier interagierender Familien lokal paral-
leler Aktinfilamente.

Im Gegensatz zu frilheren Arbeiten wird hier angenommen, dass die Breite des Lamellipodiums
klein ist im Vergleich zum Umfang der Zelle. In diesem Regime wird eine Approximation des FBLM
fiir kurze Filamente hergeleitet, was zu mathematisch einfacheren Modellen fiihrt, die auch billiger
numerisch zu 16sen sind. Weitere vereinfachende aber nicht zu restriktive Annahmen wurden gemacht,
die die mechanischen (aber nicht die biochemischen) Aspekte des Modells betreffen.

Zunichst wurde eine Version des FBLM fiir steife Filamente hergeleitet unter Beriicksichtung von
Adhésion zum Substrat und Rotationssteifigkeit von Filamentverbindungen. Das asymptotische Modell
fiir kleine Lamellipodiumsbreite produziert ein kreisformiges Equilibrium konsistent mit numerischen
Resultaten fiir das volle FBLM. Weiters wurde ein FBLM mit Druck analysiert, wo sich Instabilitdten
unter nicht-symmetrischen Storungen zeigen. Diese konnen durch einen zusitzlichen Spannungsterm
regularisiert werden. Die einander entgegenwirkenden Effekte von Druck und Spannung erzeugen eine
Heugabelverzweigung, wenn ein Steifigkeitsparameter einen kritischen Wert erreicht. Die Verzweigung
erzeugt einen nichttrivialen Zustand mit nichtverschwindender Geschwindigkeit. Schlielich wird
noch ein einfaches Modell fiir die Filamentdichte untersucht, das aus einem FBLM mit Druck entsteht.
Spezielle Losungen werden numerisch mit Hilfe eines semi-impliziten Verfahrens berechnet.
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Chapter I

Introduction

Over the past few decades, a significant amount of attention has been dedicated to the study of cell
migration and the underlying dynamics of the cytoskeleton. This is motivated by the fact that different
processes in living organisms, such as morphogenesis, wound healing, tumor metastasis, and immune
response, are steered by the movement of cells [Alb+02; AE07]. An important motility organelle
of several cell types is the lamellipodium (see Figure 1.1). First identified by Abercrombie [Abe80],
lamellipodia are quasi-two-dimensional, thin layers of cytoplasm which contain a meshwork of actin
filaments, mostly lying in a plane parallel to flat adhesive substrates. Lamellipodia are dynamic cell
protrusions, relying on actin polymerization that drives the plasma membrane outward. The actin
filament network then depolymerizes at the rear of the protrusion in a treadmilling mode. In the
presence of adhesive contact with a substrate, this process drives the crawling motility of the cell
[Abe80; Alb+02; Aral6; CPV10; Lod+08].
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Figure I.1:  Lamellipodium of
different cell types. Left column:
Fluorescent images of NGI108
growth cone, keratocyte and SVT?2
fibroblast. Right column: Illustra-
tions of growth cone, keratocyte
and fibroblast.

Image reproduced / adapted
with permission from Soft Matter
[Kno+11].
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Actin dynamics is a very complex process influenced and regulated by a large number of cytoskeletal
proteins. Although several biochemical and mechanical aspects are already well-established, the
picture is still far from complete. Mathematical modeling of subprocesses started roughly 30 years ago
[Mog09], followed by the formulation of models for the whole lamellipodium system. These efforts
have continued until today and can be categorized into two groups [OS10b]. The first group models the
mechanisms of the actin network as a continuum. Examples of continuum models include a two-phase
formulation for cytoplasm dynamics [AD99], a one-dimensional (1D) viscoelastic model [GO04], a 1D
system for the actin distribution [MMBO1], and a two-dimensional (2D) elastic multiscale description
of motile cells [RIMO5]. These models typically rely on assumptions on the rheological properties of
the network built into off-the-shelf continuum models. The second group, on the other hand, makes
conjectures about the microscopic structure of actin filament networks (see for example [Lac+07;
MBO1; Mar+06; MO96; Pol07; STB0O7]).

In the past ten years, a group around C. Schmeiser (involving his former PhD students and PostDocs)
has tried to integrate the two approaches in the Filament Based Lamellipodium Model (FBLM). The
FBLM is a two-dimensional, two-phase, anisotropic continuum model, systematically derived from
a microscopic description based on individual actin filaments. From a mechanical point of view, it
incorporates elastic contributions from filament bending, viscous contributions from dynamic cross-
linking and cell-to-substrate adhesion, and active contributions from actin-myosin interactions. On the
other hand, it contains detailed accounts of biochemical processes such as filament branching, capping,
polymerization, and depolymerization. The analysis, extensions, and numerical simulations of the
FBLM have continually been sustained (see e.g. [HMS17; MS17; Man+15; Sfa+18]).

The FBLM is a new type of continuum model, meaning that existing analytical results of continuum
mechanics are not applicable and hardly any analytical results are available, with the exception of a local-
in-time existence theorem for the rotationally symmetric lamellipodium [OS10a]. From a modeling
point of view, the FBLM is seen as a model for cell fragments without any cell organelle aside from
the lamellipodium and the cell membrane. A mechanically more realistic model of cell motility would
require a description of the mechanics of the passive parts of a cell (e.g. nucleus) and its coupling to the
FBLM. In [Sfa+18] cell-cell interaction has been introduced to the model and groups of several cells
have been numerically simulated. This shows the potential of the model to describe cell monolayers.
However, by the complexity of the model for individual cells, the numerical cost of simulating larger
cell ensembles is prohibitive. The issues raised in this paragraph serve as motivation for our work.

Filament movement in the FBLM results from a quasi-stationary balance of forces acting on the
lamellipodium. Positions and deformations of filaments are assumed to minimize a potential energy
functional alongside dominating friction effects and biologically motivated constraints. The model
derivation based on individual accounts of filaments makes the FBLM highly flexible in the sense of
ease in inclusion and (or) removal of contributions and (or) constraints. In this thesis, we incorporate
the assumption that the lamellipodial width around the outer parts of the cell is small compared to the
cell circumference. This assumption makes the filaments short and, consequently, rigid. The length of
the filaments can therefore be treated as a small parameter, and techniques from asymptotic analysis
and perturbation theory help us develop mathematically simpler and computationally less expensive
models. Below, we briefly discuss each proposed model.

Zero-width limit for lamellipodium. A reparametrization of the full FBLM allows us to fix the
varying coordinate domain of the original model and introduce the filament length as a small parameter
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into our equations. Solutions of the formal limiting system turn out to be straight lines, which has led to
the derivation of FBLM with rigid filaments. This situation puts us into the other extreme case of what
was considered in [HMS17], where the limit of large bending stiffness produced stiff actin filaments.

Instead of inserting the straight filament ansatz into the reparametrized FBLM, we have decided
to systematically derive the rigid filament version of the FBLM from the formulation of a Lagrangian
that includes only a minimal number of contributions. This strategy has enabled us to discuss each
effect in detail and study model problems. We have reproduced the degenerate cases of a dissolving
lamellipodium (where filaments are all parallel) and its collapse into a dense ring (where filaments of
different directions are anti-parallel), consistent with the numerical results in [OSSO0S].

With simplifying, but not too restrictive assumptions, we pass to the vanishing width limit for the
lamellipodium. The asymptotic model for small lamellipodium width is a coupled interaction between
the evolution of the cell boundary and the solutions of differential equations along this curve. Searching
for equilibria (i.e. when the cell shape is fixed), we are able to produce the desired circular-shaped
cell. This outcome agrees with the numerical results of previous works for the rotationally symmetric
lamellipodium in [OSS08], and the stationary cross-link dominated equilibrium in [HMS17].

Lamellipodial strip with pressure. A different scaling of parameters modifies the leading order
problem of the FBLM as the filament length vanishes. Solutions to this reduced FBLM account for
filament bending, in contrast to the rigid filament ansatz discussed above. With the conjecture of
convergence to straight lines (inspired by the result in [Oell1]), we study equilibrium states which lead
us back to rigid filaments. However, we focus on the pressure term included in the FBLM version of
[Man+135] to stabilize the system.

In our analysis, we found that the pressure term causes instabilities with respect to non-symmetric
perturbations, which has already been observed in the supplementary material of [Man+15] but was
not further investigated. Pressure instabilities can be regularized by an additional stress term, which in
our case is a tension energy for the center-of-mass curve. The opposing effects of pressure and tension
create a pitchfork bifurcation when a stiffness parameter reaches a critical value. The bifurcation
produces a non-trivial state with non-vanishing velocity for the lamellipodium strip.

Filament density models. A simple model for the filament density has been investigated, which
arises from an FBLM with pressure. A transformation to Eulerian coordinates has enabled us to
discuss special solutions and their physical interpretations. Guided by system sturcture, a semi-implicit
conservative scheme has been proposed and implemented to solve a specific numerical example.

The thesis is organized as follows: In the next chapter, we collect the notations and preliminary
concepts that are used throughout the manuscript. For completeness, the full FBLM is presented in
Chapter III. Approximations of the FBLM with rigid and short filaments are found in Chapter IV, where
the potential energy only includes contributions necessary to produce nontrivial dynamics. Discussions
regarding the pressure term in the FBLM are collected in Chapter V. To supplement the results of the
latter, a model for the evolution of filament density is investigated in Chapter VI. A summary of our
study and topics for future work are collected in the final chapter.






Chapter 11

Preliminaries

Contents
ILT Notations . . . . . o v v vt i ittt i ettt ettt oot nnneeas 5
II.2 Variational considerations . . ... ... ... ... .00ttt 6
I1.3 Singular singularly perturbedsystems . . . . . ... ... ............. 9

This short chapter collects the notations and preliminary concepts that are helpful to motivate the
discussions in the thesis.

I1.1 Notations

The set of all real numbers is denoted by R.

Vectors and operations. All vectors and vector-valued functions are indicated by a bold font, such
as F, w, and z. The orthogonal complement of a vector z = (z1,22) " € R2 is defined by

2t = (-z22,21)",

where T denotes matrix transposition. The scalar product of two vectorsz = (z1,z2) " andy = (y1, y2) "
is the value

Z-y= ZTY =Z1y1 t 22Y2,

while their tensor product is the matrix

i z1yz]

X = T =
z y zy [ZZ)’I 22Y2

Orthogonal projection and vector decomposition. A nonzero unit vector w € R? and its orthogonal
complement w= constitute an orthonormal basis for the vector space R?. Indeed, with the orthogonal
projection to the unit vector w defined by

II, = w®w,
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a vector z € R? can be decomposed as

z =1,z + 1,z (II.1.1)
The unit vector w can written in the form w(g) = (cos ¢, sin ¢) T with its direction angle ¢. With this,
the decomposition in (II.1.1) is just the Fourier expansion of z.
Big O symbol. Consider £y > 0 and a Banach space 4 equipped with norm ||-||. Suppose y, € #
and g, > 0 for 0 < & < gy. We say that y, is of order g. as &€ approaches zero, denoted by

ye =0(g8s) as &—0,
if and only if there exists a constant C > 0 such that
lysll < Cge for 0 <& < &y.

Fréchet and Gateaux derivatives. Suppose 7 is a Banach space with normed dual %" and duality

pairing (-, -) : B x #* — R. A functional ¥ € A is Fréchet-differentiable at a point u € % if there
exists a bounded linear map 0F (u) € #*, called the differential of ¥ at u, such that

|F [u+v]—F[u] —5F [u]v|
IVl 2

— 0 as ||vl]lg—=0. (IL.1.2)

If F is a Fréchet differentiable functional, then the Gdreaux-derivative of ¥ at u in the direction du is
given by

%9’ [u+&dul| _ = (6w, 67 [ul) =: 67 [u]du. (I.1.3)

For such ¥, a point u € 4 is said to be critical it 6F (u) = 0.

Oftentimes, we use the notation ¥ (#)[u, ¢] to emphasize that ¥ is a functional that depends on ¢
with a vector argument u and scalar ¢. Assuming that both the partial Fréchet derivatives exist and are
continuous at (u, ¢), then

SF (D[, p](du, 5¢) = 0uF [u, plou + 3,7 [u, ¢]¢,

with the notations

d
T [u, ¢lou = i7"[u + gdu, (p]| and  0,F [u, lop ;== —F [u, ¢ + 8690]| . (I1.1.4)
de =0 de =0

I1.2 Variational considerations

Suppose Q ¢ R” and L?(Q) denote the usual class of Lebesgue (square-) integrable functions from Q
to R. For a functional # defined on some dense subspace of L?(Q), we define the linear functional Gy
by

Flu+ev]—F[u]

&

Gu(v) = lim
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Initially, Gy, is defined for smooth functions v such that (u + ¢v) lies in the domain of ¥, and is then
extended to have a domain as large as possible. Let us therefore assume that G, can be extended
to a bounded linear functional on L?(Q), and thus be defined on the whole space (e.g. when F is
reasonably well-behaved and u is smooth enough). Then by the Riesz Representation theorem [Kre91],
there exists an element wy, € L?(Q) such that

Gu(V) = (v, Wy)

with the usual L?-inner product (v, w) = fQ vw* dx, where * denotes complex conjugation.

Variational derivative. The variational derivative of ¥ at u is defined to be w, (which is the Riesz
representation of the Fréchet derivative, c.f. (I.1.2)). For any v € L>(Q) with ||v| = 1,

(v, Wy)

defines the directional derivative of ¥ at u in the v-direction (c.f. Gateaux-derivative (II.1.3)).

In analogy with the finite-dimensional vector space R”, if # : R” — R, then w, may be defined as
above and is the gradient of ¥ atu, denoted by V# . This motivates the notation VF for the variational
derivative wy,.

Potential energy and gradient flow. Now, suppose that u € L?(Q) denotes the state of some
mechanical system, and let & : L>(Q) — R be a potential energy functional of the form

8[u]:f9f[u,Vu,x]dx.
Q

If u satisfies some boundary conditions, these would be incorporated implicitly into the definition of
the domain of &. Here, let us further assume that u satisfies a no-flux boundary condition Vu - v = 0
on the boundary 9€Q2, where v is a unit normal vector with respect to Q2 (Dirichlet or other conditions
can also be incorporated).

The requirement & < co imposes a natural integrability (smoothness) condition upon u, so we will
assume that the domain of & is dense in L?>(Q). The abstract ordinary differential equation (ODE)

u; = —VEJ[u] (1.2.1)

is called the gradient flow for the energy &, where the state u evolves through time in a way to decrease
& continually. This differential equation can be solved by the implicit Euler method

Wi —h
w, (1) Zh(f ) - V&, (1))

which has the variational formulation

—u,(t — h)|?
[lv —way( )| N

u,(¢) = argmingg;2q) o &lv]]. (I1.2.2)
The gradient flow is a useful method to find minima of &: Equation (I1.2.1) implies
d&lu]
5 = (Velulu) = —[[VEu]*.

On the other hand, the gradient flow can also serve as a model where forces are derived from a potential
energy and from friction effects. Below we discuss some examples.
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Example (Dirichlet principle). Consider the Dirichlet energy

2
a[u]:f(”V“” +7—([u])dx, (11.2.3)
o\ 2

where H is possibly a nonlinear function of u. We would like to find u that continually decreases &
and satisfies a no-flux boundary condition, so that the domain is given by

DE) = {u € LZ(Q) :Vu-v=0o0n 69}.

This problem can be written as the abstract ODE (I1.2.1) with energy (I1.2.3). The variational derivative
of & at u is computed through the expansion

Eu+ev]-Eu] = sf (Vu - Vv + ﬁV) dx + O(&?).
[¢) du

Integration by parts yields

gu(v):f Vu-Vv+ﬁv dx:f —Au+% de+f vVu - vdA,

where dA is an area element. The last term is annihilated by the boundary conditions (note that v also
satisfies a no-flux boundary condition). Therefore,

Gu(v) = f (—Au + ﬂ) vdx = (v,VE[u]).
Q du

Initially, we require Vv to be in L?(Q) for Gy to exist, however, after integration by parts, we only need
v € L*>(Q). The price to be paid is the extra smoothness that must be assumed for u, i.e. Au € L>(Q).
The evolution of u follows a gradient flow for &:

d
u; = Au+ ﬂ(u).
du

This is a semilinear parabolic equation, which we derived here from a minimization of the Dirichlet
energy through the variational form (I.2.2).

Constraints and Lagrange multiplier method. For more general systems, we may have a constraint
of the form

f g1(u, Vu,x)dx = 0.
Q
The energy & is then augmented to become the Lagrangian functional
Llu] = f (F [w, Vu, x] + g1 (u, Vu, X)) dx,
Q

with a Lagrange multiplier A independent of x. As a result, we obtain an evolution equation involving
A, which may be a function of time and assumes values in a way to maintain the constraint. If on the
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other hand we have a constraint of the form g (u, Vu, x) = 0 for x € €, then the multiplier A is allowed
to depend on x in the augmented energy.
To illustrate, suppose u = (u, v) : R? — R2 on (x, y)-space. Consider the energy

2,2 22 .2 2
ui+u,+vi+v \v}
S(u,v)zf S A ydxdy:f [Vul dxdy
R2 2 R2 2

subject to the constraint u, + vy, = V- u = 0, where V - u means the divergence of u. This is just
the Dirichlet energy (I1.2.3) with H = 0, but now u must satisfy a subsidiary condition. Then & is
augmented to become the Lagrangian

Vul?
f (l ul +/l(x,y)V-u) dxdy.
ol 2

The associated gradient flow now reads

U = Au+ Ay,
{vt =Av+ 4y,

or in vector notation,
u; = Au+ V4,

where the pressure-like variable A is always such that V- u = 0.

II.3 Singular singularly perturbed systems

In many areas of the natural sciences, mathematical modeling of systems with different time scales
frequently arise. This comes as a result of studying differential equations where some variables have
derivatives with much larger magnitude compared to those of other variables.

Singularly perturbed systems. Consider a system of ODEs with a small parameter 0 < ¢ <« 1
taking the form

a—X =f(x,y, &),
dr (IL3.1)

d
d—f =g(x,y, &),

where ¢ € R, vectors x € R”, y € R”, and right-hand sides f € R” xR" — R™ g € R" xR" — R".
Such equations form a singularly perturbed system since when & = 0, the ability to specify an arbitrary
initial condition for x(7) is lost.

In the language of fast-slow systems [Kuel5], (I1I.3.1) is called an (m, n)- fast-slow vector field,
where X is a fast variable and y is a slow variable. With T =t/ we get an equivalent form

dx

- = f(X, y7 8),
g; (IL3.2)
I eg(x,y, &).

.

We refer to ¢ as the slow time scale or slow time and to T as the fast time scale or fast time.
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Degenerate systems. The usual approach to the qualitative study of (II.3.1) and (I.3.2) is to first
consider their degenerate systems, which are obtained by setting € = 0. For System (II.3.1), we obtain
the reduced problem

{o =1f(x,y,0),
y=8(xy,0),
where - means derivative with respect to 7. This describes the dynamics of the slow variable y on the
critical manifold {(x,y) € R” xR" : f(x,y,0) = 0}. In other words, the reduced system can be seen as

an ODE for y with an algebraic constraint.
Setting € = 0 in (II.3.2), on the other hand, yields the layer problem

X' =f(xy,0),
y =0,

where  means differentiation with respect to 7. It pertains to the dynamics of the fast variable x on the

so-called layers, which are areas where y is fixed.

From the reduced and layer problems (which are mathematically simpler), one draws conclusions
about the qualitative behavior of the full system (II.3.1) or (II.3.2) for sufficiently small €.

Singular singularly perturbed systems. [SSM14, Section 5.1] A singularly perturbed differential
system with 0 < & < 1 can often be written in the form

ez =12L(z1t,¢), (I1.3.3)

where z € R™*" ¢ € R and the vector-valued function Z is sufficiently smooth. Assume that for & = 0
the degenerate system Z(z,¢,0) = 0 has a family of solutions

z=vY(w,t), veR", tek.

If m > 0, then (I1.3.3) is called a singular singularly perturbed system. In words, these are singularly
perturbed systems whose degenerate equations have an isolated but not simple solution.
A simple example is the ODE

dz
E— =
dt
where A is an (m + n) X (m + n) singular matrix. The degenerate equation Az = 0 has an m-parameter
family of solutions (since m = dim x — rank A).

We close this section with an illustration to have a better idea of the problem and gain some insights
in handling singular singularly perturbed systems. Consider the system

. ,
s(z.;):A(s) (2) where A(g) = (6+ 2 _g).

At first, it seems that there are two fast variables z; and z,. With & = 0, the linear algebraic system

Az,

221 —22=0, 621 -322 =0,
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has, apart from the trivial solution, a one-parameter family of solutions z; = s and zo = 2s, where
s € R. Hence, no isolated solution exists for the degenerate system. Notice that the matrix A is singular,
i.e. det A(0) = 0, which actually motivates the terminology singular singularly perturbed system.

In this particular example, we can extract a slow variable to obtain a (1, 1)- fast-slow system. The
rows of matrix A(0) are proportional, with proportionality constant equal to 3. This inspires us to
introduce a new variable x := z5 — 371, and obtain a differential equation for the (new) slow variable
x. The solution to the full problem is then obtained by using either of the two equations for z; or z; as
a fast equation. Here, we choose the z;-equation and use x — 7o = —3z; to obtain the new system

X=—-X+ 2,
et =—-2+e)x-(1-¢8)z.

This system possesses the one-dimensional attractive slow invariant manifold zo = kx. Inserting this
to the equations above gives

ek(-1+k)x=-Q+¢&)x— (1 —-¢&)kx,
which implies
ek + (1 -2e)k+2+&=0.

With k = ko + €k; + O(g?), and equating the powers of &, we compute that kg = —2 and k; = —9.
Thus, the invariant manifold has the form

2=-(2+9+0(g))x = =(2 + 9 + O(eH)) (22 - 321),
or equivalently,

22=02+3&+ 0(82))Z1.
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The Filament Based Lamellipodium Model
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In this chapter, we present the FBLM and refer to e.g. [Man+15] for more details. An overview of
the full model is discussed in the first section, followed by a description of the mechanisms of filaments
in the second one. The heart of the FBLM resides in Section I11.3, where filament movement is derived
from a minimization of the potential energy of the system subject to some constraints. It is written in
the form of a generalized gradient flow, c.f. Equation (I1.2.1). In the last section, a strong formulation
(i.e. differential equations) of the FBLLM is presented together with an interpretation of each term
appearing in the equations.

III.1 Overview of the FBLM

Lamellipodia are layers of the cytoplasm with small aspect ratios (about 100-200 nm thickness vs.
several um lateral and inward extension). Their flatness is not necessarily due to flat substrates
since their shape is preserved in three-dimensional (3D) space (on cells in suspension). Simulations in
[SW15] of a 3D model discussing the interplay between actin dynamics and cell membrane deformation
were able to predict pieces of flat lamellipodia without prescribed geometric restrictions. On the other

13
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hand, a projection of the 3D actin network to a flat substrate shows two dominant filament directions
(see Figure III.1). These directions are nearly symmetric with respect to the direction of the leading
edge, and are around 70 degrees apart. Finally, the density of actin filaments in the lamellipodium is
very high, as can be seen in the lamellipodium piece in Figure III.1. The statements in this paragraph
motivate the idealizations discussed below.

0
0 15 30 45 60 75 90 105 120 135 150 165 180
filament angle

Figure I1I.1: Actin filament organization in a treadmilling lamellipodium. Left: Electron microscopy
and tomography of a piece of lamellipodium. Center: Map of filament network. Right: Angular
distribution of filaments relative to the leading edge. Image reproduced / adapted with permission from
Journal of cell science [Vin+12].

Basic modeling assumptions of the FBLLM are that the lamellipodium is a two-dimensional structure,
and that the actin filament network consists of two families of locally parallel curves intersecting each
other transversally. Filaments are categorized into clockwise (right-going) and counterclockwise (left-
going) families, which we denote by the superscripts + and —, respectively. These superscripts are
omitted whenever we concentrate on one filament family, and the quantities related to the other family
are then indicated by the superscript *. Each of these families cover a ring-shaped domain between
two closed curves: the cell membrane and the cell interior (see Figure I11.2).

From a microscopic description of a discrete number of filaments, a homogenisation limit is adopted
in [OS10b] in order to work with continuous quantities. Filaments are then labeled by the continuum
variable a € [0, 27), and are parametrised by their arclength

F(a,s,1) €R%  (a,s) € B(1) :={(a,s) e T' xR: —L(a,1) <s <0}, ¢>0. (IIL.1.1)

Here, we identify the one-dimensional torus T! with the interval [0, 27). The coordinate s denotes arc
length along the filament (at a fixed time), i.e.

|0F| = 1. (II1.1.2)

This means that the distance between two material points remains constant. One may interpret the
coordinate s as a monomer counter along a filament (see Figure II1.3). Itis increasing outwards: s = —L
corresponds to the pointed end of the filament, assumed to be in the cell interior (inner boundary),
while s = 0 corresponds to the barbed end of the filament, assumed to be always in contact with the
leading edge (outer boundary) of the lamellipodium. The inner boundary is artificial since the rear end
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2 \

Figure II1.2: Functional framework of the model

of the lamellipodium is typically not well-defined. However, we require the outer boundary to be the
same for both families, which leads to the tethering constraint,

{F+(a, 0,1):ac Tl} = {F-(a, 0,1):ac¢ Tl}, t>0. (111.1.3)

The maximal length of the filament with label @ at time 7 is denoted by L(«,t). The term maximal
length is used since in this continuum description F(e, -, ¢) represents an ensemble of filaments with
varying lengths.

pointed barbed '
end actin end

Figure III.3: Actin monomers treadmill through a filament

II1.2 Filament mechanics

An important feature of the FBLM is the interplay between macroscopic aspects of cell migration
and the meshwork structure. Individual accounts of filaments are employed to systematically derive
a continuum model, making the FBLM adaptive to the inclusion of information or assumptions
on subprocesses. In this section, submodels of the FBLM are presented which deal with filament
mechanisms. In particular, we discuss the length distribution, crossings, polymerization, and density
of filaments.
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II1.2.1 Filament length distribution

The length distribution of filaments is described by the density
n(a,s,t) > 0.

The values n(a,0,7) > 0 give the number density of barbed ends along the leading edge. The map
s — n(a, s, t) is nondecreasing, indicating the fact that all barbed ends touch the leading edge. The ratio
n(a, s, t)/n(a,0,t) € (0, 1] gives the proportion of filaments with length at least —s (since s € [—1, 0]).
Another interpretation of 7 is that of a filament length density with respect to (a, s).

II1.2.2 Filament crossings

The set Z*(t) := F*(%*(1),t) is the area covered by the +-family. The two are not necessarily
the same. The lamellipodium area at time ¢ is therefore given by £ () = £*(¢t) U £ (¢t). The
transformation from (e, s) to Eulerian coordinates x € R? is given by x = F(a, 5,1), and the area
element satisfies

dx = |det(d,F, 4,F)| d(a, s) = |(aaF)L . 8,F|d(a, s).

At this point we have to decide about the orientation of the leading edge curve, which we choose as
clockwise (right-going). This implies that d,F* is an outward normal vector, and that

dx = 9,F* - 4, Fd(a, s).

The filament length density o with respect to Eulerian coordinates has to satisfy the equality odx =
nd(a, s). Hence, it is given by

n

olF] = O FL OF

(II.2.1)

and we assume that
0,F* - 0,F > 0. (I11.2.2)

Crossing filaments occur in the set € (¢t) = Z*(t) N £~ (t). The corresponding reduced domains
%’Z}(t) have to be determined such that F* (%’%(I), t) = € (t). We expect that both families provide
simple coverings of € (¢), which implies the existence of maps ¢ * : %’%(r) - ,%’% (2) such that

F* = F*oy*. (I1.2.3)

II1.2.3 Polymerization on barbed ends

Actin monomers move away from the leading edge with the variable polymerization speed v(a,1).
Therefore, s € [—L, 0] is just a geometric parameter and not a Lagrangian variable. The Lagrangian
variable is given by

t
0':s+f v(a, ) dr.
0
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Therefore, the material derivative (i.e. time derivative for fixed («, o)) is

Dt = al‘ + %65 = 01‘ — ’U((I, t)as (11124)

and the velocity of monomers relative to the substrate is D;F. This is also called the ground speed of
monomers.

II1.2.4 Model for filament density

The leading edge is assumed to be a rectifiable curve, parametrized by
o
x =X (a,t) = f |0, F*(a’,0,1)|da’.
0

Denoting the number density of the clockwise filament ends by u(x, t), the requirement
udx =n"(s = 0)da,
for the plus-family implies
7+ (@,0,1) = |0, F* (0, 0,0)|u(X* (@, 1), 1),
where we recall 7 from Section II1.2.1. Differentiating with respect to ¢ gives
an* (s =0) = |0, F" (s = 0)|(du + 3x(6, X ")),

where 9, X™ can be interpreted as the lateral flow velocity of the filament ends. An analogous compu-
tation holds for the number density v(x, ¢) of the counterclockwise filament ends. Introducing

ut(a,t) =u(X (a,1),t) and u (a,t) = v(X (a,1),1),
the length distribution of filaments at the leading edge evolves through the equation
(Koe/ Keap)u® 0 Y (5 = 0) ui)
l+ur+uoyy™(s=0) ’
where ky,; and k¢,p are the branching and the capping rates, respectively. Assuming that the processes

regulating the length distribution are fast and are therefore always in equilibrium, we can compute the
s-dependence of n*:

Om* (s =0) = |0,F*(s = 0)| ( (I11.2.5)

2
n*(a,s,t) =n(a,0,1) exp . (I11.2.6)
20%(a, t)

where 17(,0,¢) is determined by (III.2.5), and with constant severing rate xs,. Finally, the lamel-
lipodium region is defined by asking the density to be above a threshold value nyi, > 0, i.e. we define
the maximal length by

n* (e, —L*(a,1),1) = fmin > 0. (111.2.7)

Finally, one can compute explicitly

Kcap,eff(t) + \/Kcap,eﬂ”(l‘)2 + 2v log(’]((), 1) )’

2
Ksev Ksev

L(t) :=—-

Ksev N'min

where we refer to [Man+15] for more details on the derivation. Note that in this case, a faster
polymerization speed leads to a wider lamellipodia.
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III.3 Modeling filament movement

The main unknowns of the model are the positions and deformations of filaments. A quasi-stationary
force balance is assumed, which relies on the fact that viscous forces in the cytosol dampen elastic
oscillations in the filament network. This situation gets us into the friction-dominated regime, a typical
idealization in biology. It is derived from Newton’s second law of motion (force = mass X acceleration)
when force is much larger than the acceleration term, which we now neglect in the model formulation.

Mathematically, we minimize a potential energy containing contributions from the bending of
filaments, repulsion between filaments of the same family, stretching and twisting of cross-links, and
stretching of filament-to-substrate adhesions. This is coupled to age-structured population models for
the distributions of cross-links and adhesions, with the building and breaking of these connections
modeled as stochastic processes.

A fast turnover of cross-links and adhesions compared to other mechanisms (e.g. polymerization
and depolymerization) allowed carrying out a formal limit procedure [OS10b], and a rigorous one for
a simplified model problem [MO11]. Both has led to friction models. The filament movement is
therefore reproduced in the form of a generalized gradient flow. The FBLM is phrased as

(F*(¢,-1),F (1)) = lim argmin &“'(t)[G",G7], (II1.3.1)
Ar=0 (G+,G-)eg (1)

where the set of all admissible deformations is defined by
9(t) = {(G"G) |G*: B*(1) 5> B2, |9,G*| =1, {G'(s =0)} = (G (s =0)}}, (1132

with admissibility conditions occurring as a consequence of the inextensibility (III.1.2) and tethering
(TI1.1.3) constraints. Problem (II1.3.1) determines the positions and deformations (F*,F~) for given
densities (7, n7), which is in turn the solution of (II1.2.5)-(II.2.7). The total energy & consists of
two parts: the potential energy and friction effects, written as

ECYH[FY, F] := EPUN[F, F] + EM(t, A)[F*,F]. (111.3.3)

Below, these functionals are discussed.

Potential energy. The total potential energy
EPYNIF,F]:= EM[F 1+ E2MF 1+ EOF 1+ EOF 1+ ()[F',F] (II13.4)
consists of the following contributions:

1.1. Filament bending. Filaments are described as Euler-Bernoulli beams and we postulate that the
potential energy for filament bending takes the form of Kirchhoff bending energy from standard
linearized beam theory:

B
EB(1)[F] := “7 L 102F|*n d(a, s), (I11.3.5)
B(t)

with the bending stiffness u® > 0, and the density 7 appears as a weight. In particular, a larger
value of 17 causes a part of the structure to become more resistant to bending.
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1.2. Pressure between locally parallel filaments. It has been shown that actin filaments usually

1.3.

carry negative electric charges, which provides a repulsive Coulomb force. The potential energy
describing pressure caused by repulsion between filaments of the same family is postulated to be

EC(1)[F] := ff()d)(g)gdx:f%()d)(m)nd(a,s), (I1L.3.6)

where @ is the electrostatic potential. The connection (III.2.1) between the actin densities in Euler
and, respectively, Lagrange coordinates is employed.

Twisting of cross-links. We account for the elastic energy in branches turned away from the
equilibrium angle. The set €' (¢) of all crossing filament pairs is given by

E(t) = {(a+, @) eT xT! | st = S*(a",a",1) : F (a7, s,1) = F'(a”, s+,z)}, (111.3.7)

which has already been introduced in Section III.2.2. Note that s* = S*(a*, @7, 1) is equivalent
to (a*,s7) =yT(a”,s7) and (a7, s7) = ¥ (a’,s). The potential energy in twisted cross-links
is

T
ETOEF1:=5 | (4= nn da*,a"), (II1.3.8)
% (1)
where n* = n*(a*, S*(a™, a7, 1),t), and the angle ¢ € [0, 7] between crossing filaments is given
by
cosp(at,a,t) = O, F (a™, S (a¥,a™,1),t) - O,F (a™, S (a,a",1),1), (I11.3.9)

with equilibrium value ¢¢ € [0, x].

Friction effects. The filament-to-substrate adhesions and the interaction between filaments of differ-
ent families via cross-links give rise to friction effects. The stretching energies are combined into

2.1.

EMC(r, ANFY F ] = 84(1, ANIF*] + 84(1, ADIF] + & (1, A[F*, F7]. (I11.3.10)

Adhesions to the substrate. For simplicity, we assume that any point on an actin filament can
be transiently connected to the substrate, resulting in friction between filament and substrate.
Because of polymerization, a monomer which has the coordinate s at time ¢, had the coordinate
o=s5+ fl t_ Ar vE(a, ') dt’ at time t — At. Therefore, if this monomer has been connected to the
substrate at time ¢ — At, then it has been displaced by

t
Sadn[F] :=F(a, s,t) — F (a/, s + f v(a, 7)dr,t — At],
t—At

and the connection has been stretched to the length of this displacement. The adhesion stretching
energy reads as

A
EA(t, Ar)[F] = % L |Saan[F11%7 d(a, 5), (IIL.3.11)
B(t)

with friction coefficient 4.
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2.2. Stretching of cross-links. We are interested in the displacement F*(a*, s%,7) — F (a7, s, 1),
where the two monomers have been at the same place, and have been connected there at time
t — At. Recalling the set € (¢) of crossing pairs in (II1.3.7), together with the approximation
ftt_m * ~ v*At, we have

sTHUEAL = ST (at, a7, t = Ar)
e F'a™,s"+v ALt —At) =F (a7, s  +v At,t — At). (I11.3.12)
The displacement above can be written as
ScllFOF 1 :=F (o, ST —v AL —F (o™, S —v At 1).

A stretching energy for the cross-links now reads

S

ES(t, AD[FH,F = —
(t, An)[ ] AL

f |Ssc1[F*, F_]|2n+n_ d(a®, @), (II1.3.13)
& (t—Ar)

where n* = n*(a®, S*,t — Ar).

II1.3.1 Weak formulation

The displacements F* (-, -, ¢) at time ¢ has to satisfy the variational equation
SE'([F*,F 1(6F",0F ) =0 (I11.3.14)

for all admissible variations F* in (II1.3.2), where §&''(¢) is the variation of the total energy (I11.3.3).
In the derivation of a strong formulation of (II.3.14), the constraints are enforced by a Lagrange
multiplier approach. For the extension of filaments, we introduce the Lagrange multiplier Ajpex(a, s, t)
and add the contribution

1

M ()[F. dinex] = 5 L Aines (@ 5, (10,F = D d(a, s) (I3.15)
AB(t)

to the total energy functional. Note that in order to produce a smooth Lagrangian, we have replaced the
constraint by |3;F|> = 1. The other constraint involving an equality between sets has to be rewritten
as a system of local equations. The deviation between the outer edges of both filament families is
described by the functional

Stether(t)[F+a F_a Atethcr] = fl /ltether(a+a t)(F+(a+’ 05 t) - F_(&(a+a t)’ 0’ t)) : V(a/+7 t) da’a
T
(I11.3.16)

where @(a™, t) has to be chosen such that F*(a*,0,1) — F~(&(a™,1),0,1) is parallel to the unit normal
vector

0o F* (a*,0,1)*

via* 1) = — (@ )
|8Q’F+(a+’ 0’ t)l
along the barbed ends of the clockwise filaments. Recall from Section II1.2.2 that we have chosen a

clockwise parametrization by « of the leading edge (s = 0), so that v is an outward pointing normal
vector. Below, the variations of energy and additional functionals are computed individually.

(II1.3.17)
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Bending. The variation of the bending energy in (II1.3.5) reads

5EB(1)[F10F = uB f noF - 920F d(a, s). (II1.3.18)
B(1)

Pressure. For the variation of the pressure energy, we recall o in (II.2.1) and take its variation:
-n

POl = G oy

(0,F* - 3;,6F — 6,F* - 0,0F),
where we used the fact that x* -y = x** - x* = —x - y*. Denoting pressure by p(o) := ®'(0)0?, we
compute

§EC(1)[F]OF = f p(0)(8;F* - 8,0F — ,F* - 3,6F)d(a, 5). (111.3.19)
B(1)

Twisting. Before finding the variation of the twisting energy, observe that the formula for the angle
between filaments is only valid if the constraint |0;F| = 1 holds. In the Lagrange multiplier approach,
however, variations which violate this condition are also allowed. Hence, we reformulate the definition
(IT1.3.9) of the angle as

osF* o F~

(s=S*",a,1)-

p— — —_ —+ —_
" 10,F| ¢ =S (@han ). (I11.3.20)

cosp(at,a™,1)

Denoting T[F*,F~] := ¢ — ¢ and using the identity (6 > )lle = (xt - 6x)xt, we compute that

Ix]|

op- TIF", F10F" = —ﬁ((é’sml 9,88 (0.F")* - O.F"
— COS
= - ! (asF-H_ : avF_)(asF-i—l : 6v6F+)

sin ¢

The last equality holds from our requirement that ¢ € (0, ), so that [sin ¢| = sin ¢. If 6 is the angle
between d,F*+ and d,F~, then

O, F™* - 0,F =cosf = cos(% - ¢) = sin ¢,
where we used |0;F**| = |0,F | = 1. It follows that
Op-T[F*,F~|0F* = —9,F* . 3,0F",

where 0;F* and 0,0F" are evaluated at (a*, S*(a™, a7, 1),t). Similar computations hold for the the
other family. Therefore,

SET[FT, F10F* = 4" (¢ — ¢0) (O F** - 8,6F5)n*n~d(a™, 7). (IIL.3.21)
% (1)

The sign in the last term is due to the fact that the superscript + indicates the family of clockwise
filaments. More precisely, if 1 is the angle between ;F* and d,F*, then

OF - 0,F" =cost) = cos(g + ¢) = sin(—¢) = —sin¢.
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Adhesion. For convenience, we use the notation F:=F (a, s — ft t_ A v(a, T)dt,t — At). The varia-
tion of the stretching energy of the adhesions reads

A —_
SEA(t, Ar)[F]OF = K- f (F-F) - 6Fyd(a.s).
At Bt

Sending At — 0, a material derivative occurs:
lim 6&%(z, At)[F]0F = p* f D,F - 6Fnd(a, s), (I11.3.22)
At—0 B(t)

where we recall the definition of the material derivative D, := d; — v, in (II1.2.4).

Stretching. For cross-link stretching, the variation of the energy (I11.3.13) in the direction dF* is

S
685(t, AD[F", F ]10F" = % f (Fr(a™, ST = v A, t) = F (a™, S~ —v At 1))-
& (t—Ar)

-OF (@™, ST —v*AL ) nT T d(eT, a7).

The next step is the limit Az — 0. As the monomers were assumed to have been connected at time
t — At (see (I11.3.12)), or in particular, F*(a™, S*,t — h) = F (a~, S™,t — h), we have

1
A [Ff(a®, ST —v"ALt) —F (a™,S™ —v At 1)]

_Ff(a", 8" —v'AL ) —-F*(a",5",t - Ar) N F (a~,S,t—At) -F (a~,S™ —v A1)
B At At '

As At — 0, we get the difference
DF"(a*,S",t) - D;F (a~,S7,1),

where the definition of material derivatives D;" = 9, —v* 0y in (II1.2.4) is employed. This is the relative
velocity between monomers on crossing filaments. An analogous computation holds for the minus
family. In summary,

lim 6&5(r, At)[F*,F 16F*
At—0

=+u’ . (DF (a", 8%, 1) - D;F (a7, 57,1)) - 0F* (o™, S5, )n" n~ d(a™, "), (II1.3.23)
6 (1)

where again n* = n*(a*, S*,t — Ar).

In the following, we compute the variations of the additional functionals arising from the inexten-
sibility (III.3.15) and tethering (II1.3.16) constraints.
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Inextensibility. The variation of the functional (III.3.15) is

58meXt(t)[F, /linext]((SF, 0 Ainext) = \f% (/linextnasF - 050F + (lasFlz - 1)775/linext) d(a, s),
B(1)
(II1.3.24)

where the second term in the integral corresponds to the inextensibility constraint (II1.1.2).

Tethering. Letus split the integral (II1.3.16) into two and perform a change of variables @(a™*,t) = @~
so that (a*,t) = &' (a7, 1) in the second term. We compute

Stether(l)[F+, F—] — f /ltether(a+a I)F+(a+’ 0’ t) . y(a""’ [) da'+
T!

oa!

oa~

(a™,t)da".
(I11.3.25)

- f Atether (@ (@7, 1), OF (a7, 0,1) - v(@~ (a7, 1), 1)
Tl

Computing the variations in the directions dF* and dF~, respectively, yields
58" (1) [F*, F~10F* = f Atether(@™, v (@™, 1) - OF " (a™,0,1) da™,
T

and

68tether(t) [F+, F—](SF—

A—1
= - f Aiether (@~ (@7, 1), 1) aa—_(a_,t) v(a@ ' (a,1),t) - 6F (a”,0,1)da".
Tl 504

Once the outer edges of the two families coincide, we can replace &' (a~, f) by the index of the crossing
clockwise filament for a given @~ at s = 0 and time ¢, which we shall denote by aar (a=, 1) :=a*(a”,0,1).
Therefore, the term which guarantees that all pointed ends touch the leading edge gives

68tether(t)[F+, F—](sFi =+ f A* vE. 5Fi(afi’ 0, t) da, (III326)
T

. tether

. .1 _ _ dat . _
with the Lagrange multipliers A/, = := Atether(@™,7) and A, . = Arether(ag (@7, 1), 1) 6;‘1 (a™,t). The
unit normal vectors are

v =v(a',t), and v =wv(aj(a,1),1), (111.3.27)

where the outward pointing normal vector v(a*,t) can be computed from 9,F*(a™,0,7)* as in
(IIL.3.17).
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Weak form of the FBLM. Collecting the variations (II1.3.18)-(I11.3.19), (II1.3.21)-(I11.3.24), and
(TI1.3.26), the full weak formulation for the position F* reads

inext

0= f (uPOIF* - 076F* + u* DIF* - 6F* + A%, 0.F* - 0,6F* )n* (e, 5)
B=(1)

bending adhesion inextensibility

+ f p(0*) (9,F* - 9,0F* — 9, F** - 3,6F*) d(a. 5)

B=(1)

pressure
+ L (15 (DFF* - DFFT) - 6F* = ' (¢ - ¢0)0,F** - 0,6F* )n*n~ d(a*, ")
@« cross-link stretching cross-link twisting

+ f Aether?”  OF [y da, (I11.3.28)

Tl

tethering

where now there are no restrictions on the variations 0F" and dF~. From the first three integrals,
the Euler-Lagrange equations are derived. The last integral corresponds to the leading edge of the
lamellipodium which contributes boundary conditions to a strong formulation of the problem. Notice
that we have not put forces on the inner ends of the lamellipodium, i.e. at s = —L*.

II1.3.2 Domain transformations

To derive the strong formulation of (III.3.28), mappings between integration domains have to be
introduced. The coordinate transformations for crossing filaments are summarized in Figure I11.4.

We define the transformation from ¢’(¢) to Z2(t) by (a,s) = (a,S"(a", a",1)) and introduce
its inverse (a*,a”) = (a,a (@, s,1)). In other words, a™(a, s, 1) is the index of the minus-filament
crossing the filament with label @ at location s and time ¢. The argument of F~ in this case is
(=, S (a%,a™,1)) =: ¥ (a,s,t). Analogously, €(¢) is transformed to ,%’%,(t) through the map
(a,8) = (=, S"(at,a™,1)), with inverse (o™, a”) = (a*(a, s, 1), @). Notice that a* and a~ are inverse
mappings of each other at s = 0.

2 (at,a”") e®

Ft(a*,s") =F (a7,s7)

(at,s%) € %% "

(a,s7) € %’Zg

Y

(@7, s7) =4 (a",s")

Figure III.4: Coordinate transformations for crossing filaments
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Modified stiffness parameters. Going back to the variation of the twisting energy of cross-links,
Equation (III.3.21) transforms to

GETIFNFIOF =% [ (0 - o) OF - F I 0 47 da )
B)*(1)
with the modified stiffness parameter

da™
0s

~Tx _ T
= g )

) (I11.3.29)
where 1 4 denotes the indicator function for a set A. Integration by parts yields the desired form

SET[F',F10F* = + L() ()&(ﬁT’in*(f o P¥) (¢ — )9, F*) - OF* d(a, 5)
B(t)*(t

=T+ + . F F + +|5=0
¥ fl 207 0 7Y (¢ — g0) A, F* - 6F*| | da.
- -
On the other hand, the limit in (II1.3.23) becomes
lim 6E5[F*, F~10F* = f 5 (DEF* — DFFT 0 %) - 6F* n*(n o ¥™) d(a, 9),
A0 B(0)* (1)
with the modified stiffness parameter

da*

os

~S+ _ S
= 1 Lpe

. (I11.3.30)

F

The additional terms in (II1.3.29) and (II1.3.30) can be interpreted as the number of crossings

s
per unit length.

III.4 Euler-Lagrange equations
The Euler-Lagrange equations read

0 = B0 (92F) — 05(1 AinextOsF) + u*nD,F + 35(p(0)3aF) = 9a (p(0)O5F*)
N——

bending inextensibility adhesion pressure
£0, (B 10" 0 ") (@ = 0)0F*) + 0 (0" 0 ) (DF — DiF" 0 4)"). (IL4.1)
cross-link twisting cross-link stretching

The terms in the first row correspond to standard linear models for the deformation of beams. The
first term corresponds to bending, the second to stretching (with the right amount to satisfy the
inextensibility constraint |0;F| = 1), and the third to friction caused by filament-to-substrate adhesions.
The fourth corresponds to a Coulomb-like repulsion between filaments of the same family. All these
terms are evaluated at («, s, f), and none of them generates coupling between the different filaments. In
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contrast, the terms on the second line describe the filament cross-links between filaments of different
families, where the modified stiffness parameters ji’ and /° are determined by (I11.3.29) and (I11.3.30),
respectively. These connections allow communication between the two filament families which is
important for structural stability. The last term in (III.4.1) shows that the macroscopic effect of the
resistance against stretching of cross-links is friction caused by the relative motion of the two filament
families.

Solutions of (III.4.1) are subjected to the boundary conditions

uBnd’F =0, s=-L,0, (I1L.4.2)
— 1B0,(m3;F) — p(0)0.F* + N dinextOsF F T (0" 0 ™) (¢ — o) O, F*
0 fors = —-L,
_ (111.4.3)
FAemer fors =0.

The first boundary condition (II1.4.2) models the absence of torque on both filament ends. As mentioned,
we do not put forces on the pointed ends of the filaments (s = —L), while at the barbed ends (s = 0),
the Lagrange multiplier Amer has to be determined such that the tethering constraint is satisfied.

II1.4.1 Area constraint

The most abundant molecule in cells is water, essentially an incompressible material at least under
normal conditions. Water accounts for 70% or more of the total cell mass, and as a consequence,
changing the volume of the cell would require a large amount of force. It is therefore reasonable to
assume that the cell maintains a constant area, instead of membrane tension [OS10a] or myosin pulling
[Man+15] in the previous model versions. The FBLM with area constraint has already been considered
in a study of the limit of short filaments [Hen17]. Mathematically, we impose

d
SAWIFI =0, fort >0, (I11.4.4)

where the current total area A(¢) enclosed by the cell at time # can be computed with the help of Green’s
theorem:

AMI[F] = % le F(,0,1) - ,F(a,0,1)" da, (I11.4.5)

where 9,F(a, 0, 1)* is the outward normal vector with respect to the leading edge (c.f Section I11.2.2).
Indeed, suppose Q c R? is the plane region covered by the cell with area A and boundary 9Q :=
{F(a,0,1) : @ € T'}. Then

A[F]:ffdlef V-xdx:lf x - vdy,
Q 2 JJa 2 Jsa

where vy is the length of dQ and v is a unit outward normal vector with respect to 9Q2. With a change
of variables, we obtain

1 1
A[F]:—f F(a,O,t)-l/IF(a,O,t)Ida:—f F(a,0,1) - 0,F(a,0,0)*" da.
2 T! 2 Tl
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To enforce the area constraint, we introduce a Lagrange multiplier A,,(¢) and add the contribution
ETUDIF, Aareal = Aarea(t) (A(D[F] = A), (I11.4.6)

with A(¢) in (IIL.4.5) and prescribed constant area Ay > 0. The variation of (1I1.4.6) reads

2
— F(a,0,1)* - 6,0F(a, 0, z)) da.

Aarea
583rea(l)[Fa Aareal (5F’ O0Adarea) = (A(D)[F] = Ag)O0Aarea + f (5F(a’» 0,7) - 6QF(Q’, 0, I)J_
Tl

Applying integration by parts to the second term yields
68area(t)[F, Aareal (OF, 0 Aarea) = (A()[F] — Ap)S Aarea

+ /larea f 8QF(Q, O, t)J_ * JF(Q, 0, t) da.
T!

Notice that the second term on the right hand side vanishes when A(7)[F] = Ao for all variations 6 Ayrea,
which is equivalent to the constraint (II1.4.4). Incorporating the additional functional (II1.4.6) to the
FBLM (II1.4.1)-(I11.4.3) modifies the second boundary condition to

— 1B8,(0’F) — p(0)8.F* + 1 AinexidsF F (" 0 ™)l (¢ — )0 F+
{ 0 fors = —-L,

_ {11.4.7)
(FAtether — Aarea)v  for s =0,
where the outward unit normal vector v is defined in (II1.3.17) and A, area -= Aareal 0. F (@, 0, 1)].
In the next chapter, the FBLM with area constraint, i.e. equations (II[.4.1)-(I11.4.2) and (II1.4.7)
shall be utilized.
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Short filament approximation to the FBLM
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The motivation for the present chapter is a significant simplification of the FBLLM to propose a model
for the simulation of large cell ensembles. Cells exhibiting lamellipodia typically have about a hundred
pm of circumference yet contain a lamellipodial breadth of only a few um (order of magnitude as in
[VSB99; SIC78]). We exploit this information to justify the assumption that the width of lamellipodium
on the cell periphery is small compared to the cell circumference.

An approximation to the FBLM with vanishing lamellipodium is therefore realized. The model
derivation follows the framework presented in Section III.3 while retaining only a minimal number
of effects to represent realistic cell organelle mechanics. In particular, the formulation only includes
contributions from filament tethering, adhesion to the substrate, polymerization, area constraint, and
cross-link twisting. The cell boundary is described by a curve carrying a finite number of degrees of
freedom, and the dynamics is a coupled interaction between the evolution of the curve and solutions
of PDE:s for filament directions and crossings along the curve. A challenging step is to identify an
appropriate scaling such that a nontrivial result can be established.

It is worth noting that the thinness of the dense strip provokes shortness of filaments, which gives
rise to their stiffness. In contrast to this paradigm, the previous works [HMS17; Hen17] assumed a
large filament bending stiffness u? to produce rigid filaments.

29
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The chapter is organized as follows. In the first section, a formal limit of the full FBLM with a
constant maximal filament length L — 0 is carried out. Starting from Section IV.2, the solutions of
the limiting problem are used as ansatz to derive a variational form of the model. Sections IV.3-1V.5
contain detailed discussions of each potential energy contribution, along with constraints, where model
problems are considered to explain system mechanics. The last section presents weak and strong
formulations of the FBLM with rigid and short filaments, where we obtain a circular-shaped cell as
equilibria.

IV.1 Formal limit for short filaments

With only a thin (and dense) lamellipodium, it is a reasonable assumption that filaments are of the same
constant length 0 < L < 1. For simplicity, we consider constant and equal polymerization speeds v for
both filament families. We further assume that there are no filament pointed ends inside the modeled
part of the lamellipodium, with the consequence that the length distributions n and 1™ both equal to
one. The coordinate change

(a,s,t) = (a, Ls, 1)

fixes the new domain B := {(a, 5) : @ € [0, 2r7), s € [—1, 0]} and introduces the small parameter L into
the equations. The computational domain B is now time-independent and rectangular, in contrast to
the time-varying and non-rectangular domain B(¢) in (III.1.1). The inextensibility constraint (I1I.1.2)
is transformed to

|0;F(a, s, t)| = L. (IV.1.1)
In the new coordinates, the FBLM (111.4.1), (I11.4.2), (II1.4.7) simplifies to
,uBajF - Lzas(/linextasF) + L4/1AB:F + L3(6s(p(9)aaFl) — 0y (p(Q)asFJ_))
+120,(A7 (¢ — o) O FY) + L*SD,(F-F*) =0, -1<s<0,
02F =0, fors=-1,0,
_,UBa?F + Lz/linextasF - LSP(Q)aarFJ_ + LZﬁT(¢ - ¢0)65FJ—

{ 0 for s = —1,
L3(¢/ltether - ;iarea)’/ for s =0,

(Iv.1.2)

with the modified material derivative

— v
Dt = 6}; — 26;

Sending L — 0 in the reparametrized FBLM (IV.1.2), the solutions of the formal limit
¥F =0, for —1<s5<0,

3F =0, fors=-1,0, (IV.1.3)
0’F =0, fors=-1,0,
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with constraint (IV.1.1) can be written as
F(a,s,t) =z(a,t) + Lsw(p(a,t)), (a,s)€B, t=>0, (Iv.1.4)

where {z(e, ) : 0 < @ < 27} c R? corresponds to the curve traced by the barbed ends of the filaments,
assumed to be in contact with the leading edge of the cell. The unit vector w(p) = (cos ¢, sin )7 is
the filament direction dependent on the angle-valued function ¢(a, t) € R. The other filament family
is parametrized similarly, replacing F, z and ¢ in (IV.1.3) by F*, z* and ¢*, respectively. As mentioned
in the beginning of this chapter, the shortness of filaments, i.e. smallness of L, led to rigid filaments.

One approach to formulate the FBLM with rigid filaments from equations (IV.1.2) and (IV.1.4) is
to begin with the derivation of the total force and total torque balances [HMS17, Section 3]. Using
the first equation in (IV.1.2), the total force balance is obtained by integration with respect to s from
—1 to 0 and subsequent application of boundary conditions, while the total torque balance is found by
its integration against (F — z)* = Lsw=. Substitution of ansatz (IV.1.4) to the total balances results to
equations for z and ¢, where the coupling in @ happens only indirectly through the interaction between
the two filament families.

A different strategy shall be adopted here: We systematically derive the rigid filament version
starting from the formulation of a Lagrangian functional that accounts for the potential energy of
the system (involving only filament-to-substrate adhesions and twisting of cross-links) along with
constraints (filament tethering and prescribed area). This framework exposes the mechanisms of each
effect more clearly and provides insights on how to achieve desirable steady states, i.e. those consistent
with the results of the full FBLM.

IV.2 Variational problem for FBLM with rigid filaments

In this section, the FBLM with the rigid filament ansatz (IV.1.4) is formulated. However, we shall not
include all the effects found in the reparametized version (IV.1.2), but only consider elastic contributions
from stretching filament-to-substrate adhesions, twisting of cross-links, and constraints from filament
tethering and prescribed cell area.

Area constraint. The cell is assumed to maintain a constant area, or in particular,

d

EA(t)[z] =0, forr>0, (Iv.2.1)
where the current total area enclosed by the cell can be computed with the help of Stokes’ theorem,

1 2r
A(D)[z] = Ef z- 0,2t da, (Iv.2.2)
0

with the outward normal vector 8,z to the leading edge.

Filament tethering. Filament barbed ends of both families are assumed to tether to the leading edge
of the cell. Instead of employing a Lagrange multiplier technique (c.f. III.3.1), it shall be directly
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incorporated in the problem formulation. As a consequence, the outer curves of the filament families
must coincide at each point in time. Mathematically,

{z(a,1) : @ €[0,2n)} = {z" (o, 1) : @ € [0,27)}, Vit >0, Iv.2.3)

where we recall that the superscript * denotes the terms corresponding to the *-filament family.

o —
leading edge

ag (@)

Figure IV.1: Polymerizing filament barbed ends tether to the leading edge

Filament crossings. Connections between two opposing filament families are essential to prevent
the structure from disintegrating. The maps introduced in Section III.3.2 are adapted to fit our
simplifications. We define a scalar function

a* : B x[0,00) — [0,27), Iv.2.4)

such that a*(«, s, 1) is the index of the *-filament crossing the filament with label @ at location s and
time ¢. Similarly,

a: B x|[0,00) — [0,2n), Iv.2.5)

gives the index of the non-+ filament crossing the filament with label @™ at location s* and time . We
shall also use the notations

ag(a,t) :=a*(a,0,¢), and ag(a’,t) :=a(a”,0,1), (IV.2.6)

for filaments crossing at the leading edge (where s, s* = 0). The parametrization of the curve is chosen
such that a is an increasing function of @, consequently, d,a; > 0.

Going back to filament tethering (IV.2.3), we enforce the equality of sets by assuming that for a
fixed clockwise filament with label @, there exists a =-filament with label a; (e, r) defined in (IV.2.6)
such that

z(a, 1) = 2" (ay(a, 1), 1). av.z2.7n
Setting a* = a(@), the relation (IV.2.7) can be written in a different way,

z(ap(a®,1),t) = 2" (a*,1). (Iv.2.8)
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Therefore, the scalar functions az;(a/, t) and ag(a*, t) in (IV.2.6) are inverses of each other, i.e.
a = ap(ay(a,t),t) and " = ay(ap(a’,1),1). (Iv.2.9)
By (IV.2.8), the *-filament crossing the filament with label @ at s = 0 and time ¢ is given by

F*(a’, s,t) =2 (a",t) + Lsw(¢*(ap(a”,t),1))
z(ap(a’,t),1) + Lsw(¢* (ap(a™, 1),1)). (Iv.2.10)

This parametrization has the following advantage: Instead of working with two vector unknowns z and
z" constrained by the equality of sets in (IV.2.3), one has to find only a vector z and a scalar a; and use
either of the two vector equations (IV.2.7) or (IV.2.8) to find z*.

Variational formulation. The set of all admissible deformations is defined by

Y1) := {(F, F*) = (z+ Lsw,z+ Lsw")|(z, ¢, ¢*, ay) € R?>Xx R X R X [0,27), s € [-1,0],

(IV.2.1) and (IV.2.7) hold},

with the notations w := w(y) and w* := w(¢"). The dynamics of the filaments (F, F*) is governed by
the equation

(FC, ), F (1)) = Altir_)nO(FAz(-, 1), Fy, (1), (Ivz2.il
where
(Fas (-, -,t),F*A[(-, 1)) = argmin(y’w’w*ybé)eg g\, ANy, ¥, ¥, b(’;]. (Iv.2.12)

The potential energy E! of the network arises from the combined effects of resistance against stretching
substrate adhesions and the twisting of cross-links:

E°U L ANz, ¢, ", aj] = EXt, Az, o] + EX (1, AD)[z, ¢, af] + ET D[z, ¢, ¢*,ag].  (IV.2.13)

The contributions on the right-hand side of the energy above are discussed in the next sections. Here
we have decided to skip the pressure term for the following reasons: Mechanically, when filaments are
short, repulsion between them is not as significant compared to the effects of adhesion and twisting.
Mathematically, it leads to complicated terms which do not fit our present purpose of a simplified
model. Nevertheless, we have dedicated Chapter V to discuss its effects on a reduced version of the
FBLM. Finally, the pressure term has been included in [Man+15] to stabilize the model in the sense of
smoothing in the a-direction which we have, at least for the filament direction angles, achieved through
cross-link twisting (c.f. Equation (IV.6.4)).

System (IV.2.11)-(IV.2.13) is a constrained minimization problem, which is solved by introducing
the Lagrangian

Lz, ¢, ¢, aa, Aarea] 1= 8t0t(t’ At)[z, ¢, ¢", 618, Aareal + E(1)[2, Aareal, (Iv.2.14)
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with the Lagrange multiplier Aa.e,(¢), and the additional functional
ETU(1)[2, dareal = Aarea(t) (A(t)[2] = Ap), (IV.2.15)

for a given constant area Ap > 0. Unconstrained stationary points of the Lagrangian must satisfy the
first order necessary condition for optimality, i.e. that the first variation of (IV.2.14) vanishes. Then, the
displacement z(-, 1), the angles ¢(-, 1), ¢*(-, 1), and the label a; have to satisfy the variational equation

AlimO 6.L[z, ¢, ¢", a,1(dz, 69, 69", 5a;) = 0, (Iv.2.16)
r—

for all admissible variations (dz, d¢, 6¢*, & a(";) € ¢, where 6 L is the variation of the functional (IV.2.14).
As promised, each contribution in (IV.2.14) is examined in the subsequent sections. Variations of each
functional are also computed to write the weak form (IV.2.16). Model problems are also included to
reveal the interplay between the mechanical effects.

IV.3 Resistance against stretching filament-to-substrate adhesions

This section focuses on how the filament-to-substrate adhesion energy, which has already been intro-
duced in (IIL.3.11), affects the rigid filament version of the FBLM. Hence, in the next subsections,
we investigate the FBLM with rigid filaments and a potential energy consisting of only the resistance
against stretching substrate adhesions. A discussion of a system of equations for the filament direction
angles, along with its equilibria takes us into degenerate situations which were already observed in
[OSSO08]. First, let us compute for the variation of the total adhesion energy.

Adhesion energy for F—filaments. For clockwise filaments, the energy from stretching substrate
adhesions reads

,uA 2r 0
EAt, AD[z, ¢] = o f f |Sadnlz, @117 ds da, (IV.3.1)
0 -1

with the displacement (see light blue line in Figure 1V.2)
Saanl 0] = 2(er, 1) + Lsw(@(a, 1)) — (z(cy,t AN+ L (s + %At) w(p(a,t - At)))
=2-7Z-v(AH)@ + Ls(w — ). (Iv.3.2)
Here we used the notations
z:=2(a, 1), w:=w(p(at)), Z:=z(a,t—At), ©:=w(plat—Ar)). (Iv.3.3)

Notice that the (1/L) appearing in (IV.3.2) with the polymerization speed v is a consequence of the
rescaling s — Ls implemented in the beginning of the present chapter. Evaluating the inner definite
integral in (IV.3.1), the adhesion energy becomes

IUA 2r 5 L2 5
&Nt Az g] = o= f (|z ~Z- 0B - Lz -7~ v(ANB) - (@ = B) + —|w - & ) da.
0
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Its variation is computed through the chain rule:

A 2
& (1, Az, ¢](8z, 6¢) = % f ((z -Z-v(A)) - 6z — g(w -w)-0z
0

L _ L? _
- E(Z ~Z-v(A)D) - wdp + ?(w -w) - wLégo) de.

Rearranging the terms and sending Ar — 0 gives

AlimocSSA(t, ANz, ¢](8z, 5¢)
r—

2r L L2 L
= MAfO ( (atz —vw — 5(6t90)wJ_) -0z + (?@so - 50z wL) 690) da. Iv.3.4)

#(az(a,t), )
( ) )

z(a,t) =
z(a, t — At) = 2" (ag(a, t — At), t — At) / z(aog(o t — At), t — At) = 2" (ag (v, t), t — At) o —

leading edge

‘\ z(ap(a™),t — At)

~t L(s + (v/L)At)w(p* (ag(a®), t — At))
~

2(ap(a®),t) + Lsw(e* (ap(a™), ) h ~

A

z(a,t — At) S
+ L(s + (v/L)Atw(p(a b — m);;’ adh
4 z(a, t) + Lsw(p(a,t))

*
S, adh

4
4

4
, «

~
~

ag (o)

Figure IV.2: Present (solid lines) and past (dashed lines) positions and directions of clockwise (blue)
and counterclockwise (red) rigid filaments, with sample monomer (gray circles) displacements caused
by actin filament treadmilling.

Adhesion energy for F*—filaments. The adhesion energy from the *-filaments is given by

A 'uA 2 0 5 .
EV(t, ANz, ¢, ap] = AL f f |S;‘dh[z, ", a0]| dsda”, (Iv.3.5)
0 -1

with the displacement
S:dh[za QD*, a()] = Z(a()(a/*’ t)a t) - Z(a()(a/*’ r— At)at - At) - U(At)w(go*(a()(a/*’t - At)at - At))

where we utilize the F*—filament parametrization in (IV.2.10). All the functions on the right hand side
above are composed with a;; and a change of variables is performed so that the outer integral in (IV.3.5)
is in terms of @ and not in a*. Consequently, (IV.3.5) is transformed to

A ,UA 2r 0
EM(t, Az, 0", a] = —
(t,Af)[z, ¢", ay] meo (f_l

2
Seanlz. ¢, ag]| ds) dqas da, (IV.3.6)

a
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where the relations in (IV.2.9) between a, a”, ag and ag allow us to write

Srnlz ¢", agl ==z —Z 0 ap — v(ADW(E" 0 ap) + Ls(w" — w(@" 0 ap)).
For the notations, we recall (IV.3.3) and also introduce

ap = ap(ap(a,1),t — A1), w':=w(e(a,1), ¢ =¢"(a,t—Ar).

Evaluating the integral with respect to s in (IV.3.6), the adhesion energy for #-filaments reads

A 2n
& (1. Az, ", aj] = 5 - fo (lz—ioao—vmt)w(a*oao)|2—L(z—2oa‘o

—~ -~ * ~ -~ L2 * ~ -~ *
—v(ADw(§* 0 ap)) - (w* —w(@” o ap)) + ?|w —w(p o Clo)|2)3a“0 da.

Its variation is computed as

SEM (1, An)z, ¢*, ag)(62, ¢, 5ap)

h

2n
= ((Z -z o ay— v(ADw(P" o ap)) - (02 + (9az)(Ja+ap)day)
0

L —~ —~ —~x —~ * * * *
— 5@ -zoa - v(ANw(¢” o ap)) - w T(6¢" + (a9 (D0+a0)dag)

L —~
- E(w* —w(@" 0 ap)) - (82 + (9a2)(0e-a0)day)

L? _
+ ?(w* —w(P*oap)) - wt(dp* + (Gago*)(ﬁa*ao)éag))(?aag da + O(AY).

Passing to the limit Ar — 0 and using the equality dya; = 1/0,+ag allow us to arrive to the contribution

lim 6&Y (1, At)[z, ¢*, a;](5z, 69", 5ay)

At—0
2 2
L . L L
= ,uAf Dz — vw* — =(Di" )™ | - 02+ | D" — =Dz - W™ | 6¢" |daa;
0 2 3 2
* L * x 1 L2 * L * 1 * *
+ | | Dz —vw” — E(D,(p Jw - 0gZ + ?D,go - ED,Z Cw Oo” |0ay| da,  (IV.3.7)

where D; denotes the material derivative (of a scalar or a vector) defined by

3,618
D[ = (a; - ﬁ aa) . (IV38)
a™o
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Total adhesion energy. The variation of the total adhesion stretching energy (&4 + &4*) for both
filament families is the sum of (IV.3.4) and (IV.3.7), which reads

lim (684 (1, AD)[z ¢1(82, 6¢) + 6E (1, A1) [z, ¢", a}](02, 6", 6ay)
t—

2r L L
= ,uAf [ (a,z —w — E((?,(,a)wL + Oqay (th —vw* — E(Dtgo*)w“)) -0z
0

L? L L? L
+ (?6,50 - Eatz : wL) 8¢ + dqay (?D,go* - ED;Z : w“) Sp*

L L? L
+ ((D,z —vw* - E(Dtgo*)w*l) 0,7 + (?D,(p* - ED,Z . w*J') 8wcp*) 5a(’§] dee. (IV.3.9)

For the rest of the present section, we concentrate on a model for rigid filaments which includes only
the variation of the adhesion energy (I1V.3.9).

IV.3.1 Rigid filaments with adhesion, polymerization, and filament tethering

A rigid filament version of the FBLM with adhesion, polymerization, and filament tethering is described
by the weak formulation

lim (6841, A0z ¢1(82, 6¢) + 66 (1, M) [z, ¢", a3 (82, 66", 6ag) ) = 0 (IV.3.10)
r—

for all admissible variations 8z, d¢, 6¢* and daj. In fact, (IV.3.10) is the variational form already
introduced in (IV.2.16) but only with the adhesion energy.

Euler-Lagrange equations. The Euler-Lagrange equations corresponding to Problem (IV.3.10) con-
stitute the following system:

Oz —vw — %((9,(,0)(.‘1L + Oaay (D,z —vw* — %(Dt‘p*)w*l) =0,
2
(Diz - vw = §(Dip"w™) - duz+ (5 D" = §Diz - w™) Ga9" = 0,
2
LTGZQD — %8,2 : wJ_ = 0,

2
%DI‘P* - %D,Z N w*L = 0

av.3.11)

It is helpful to rewrite (IV.3.11) in a more convenient form, i.e. into explicit evolution equations for the
unknowns z, a;, ¢ and ¢*. Inserting the last equation to the second one yields the equation

L .
Dz — vw* — E(D,(p*)w*l = [8,z*, for an unknown auxiliary scalar /.

This, and the first equation in System (IV.3.11) serve as equations for the vector unknown z and scalar
unknowns ag and {. The last two equations in (IV.3.11) are then used to eliminate the time derivatives
of ¢ and ¢*. The result reads

M(w)o,z = vw — (0ya’ 0,2,
{ @)d £0ady Ga (IV.3.12)

M(w*)Dz = vw* + { D2+,
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where the matrix M is defined by
3 1
M(w):=1- ZHW =1II, + ani with I, := w @ w. (IV.3.13)

Its inverse is just M (w)~! =TI, + 4I1,,:. Multiplication of M(w)~! to the first and M (w*)~! to the
second equation of (IV.3.12) isolates the time and material derivatives of z, in particular,

0z = vw — {OyaM(w) 10,2,
{ ' EOnayM () (IV.3.14)

Dz = vw* + (M (w*) 10,2+
Now let us return to the last two equations of System (IV.3.11). For these, we insert the scalar

product of the first and second equations of (IV.3.14) with w* and w**, respectively. Gathering our
calculations so far, we have transformed (IV.3.11) to

Oz = vw — {0eaiM (w) ™ dyzt,
Dz = vw* + (M (w*) 10,27,
80,9 = ~[04a(0az - w),
ED¢p" = {(Baz - W),

Iv.a.15)

which is a closed system (two vector and two scalar equations) for the vector z, scalar a;, angles ¢
and ¢*, and a scalar auxiliary term . Compared to System (IV.3.11), we now possess an extra scalar
unknown £ (with an extra equation). Nevertheless, it is more convenient to work with System (IV.3.15)
since each equation comes only with one time derivative of an unknown. Moreover, observe that the
dependence on L of the first two equations of (IV.3.15) only happens through their coupling with the
last two equations.

Let us take another step and find explicit equations for the scalars { and a;. We recall the material
derivative D; in (IV.3.8), and subtract the second equation from the first in (IV.3.15) to eliminate 0,z.
We obtain

6; (18

Oy a;;

v(w - w*) — Oaz = { (M(w") ™' 8oz* + pagM (w) ™' 042") . (IV.3.16)

Projection of (IV.3.16) to d,z" yields ¢,
(= {0z w.w'q) = — (- w) - Doz, (IV.3.17)
q
with the quadratic form ¢ defined by
q = q(Oat.w,w", 85a3) = (M(w") ' 0uz" + B0ayM (w) ™' 0uz") - Doz (IV.3.18)

The estimate g > 4 (1 + dya) |6az|2 along with d,a; > 0 and 9,z # 0 assures that g remains positive.
On the other hand, projection of (IV.3.16) to d,z produces an evolution equation for aj,

1
day = —— (v(w —w") = (M(W") 00" + BuaiM (w) ™' 042" )) - Buz Baar, (IV.3.19)
0a2|

0o

which describes how the *-filaments are transported in the leading edge of the lamellipodium.
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Explicit evolution equations. The second vector equation in (IV.3.15) is replaced by equations
(IV.3.17) and (IV.3.19) to finally arrive to the closed system of (explicit) equations:
0z = vw — g“ﬁaa(";M(w)_lﬁazL,

T | R A *\—1 L * -1 1)) . *
day = ol (U(w w*)—-¢ (M(w ) 0™ + OpagM (W)™ ds2 )) 0o O ay, IV.320)
L0190 = —{ 040} (Do - w),

LDp* = {(Boz - W),

where the matrix M is defined in (IV.3.13) and £ in (IV.3.17). We close this subsection with some
observations regarding System (IV.3.20).

Preliminary observations on System (IV.3.20). When the polymerization speed v = 0, the term
¢ vanishes, and consequently, all the time derivatives of the unknowns z, a;, ¢ and ¢* become zero.
There is no movement at all, which should not be a surprise because the whole network relies on actin
polymerization to evolve.

On the other hand, the first equation in (IV.3.20) can be rearranged to

Oz = (U - {aaag(aazJ_ : w)) w = 4§aaa8(a‘¥z ’ w)wl'

This is the evolution of the curve z decomposed into its components in the filament direction w and its
orthogonal complement w*. With £ = 0, the curve z moves only according to the filament direction w
with constant speed v.

Meanwhile, the second equation in (IV.3.20) is a nonlinear transport model for a;. It describes
the lateral flow of filaments on the leading edge. If we focus only on the first term on its right-hand
side (e.g. £ = 0), we notice that the difference between the directions w and w* multiplied by v is the
forward speed in the parameter space caused by polymerization. Its scalar product with 9,z projects it
onto the membrane. This is consistent with the meaning of a;: the label of #-filament crossing non-*
filament at the leading edge. Finally, time evolution of the filament direction angles ¢ and ¢*, along
with the auxiliary term £, are analyzed and interpreted in the next subsection.

IV.3.2 A singular singularly perturbed system for filament direction angles

In the language of singular perturbation theory (c.f. Section I1.3), the angle equations of (IV.3.20),
together with ¢ in (IV.3.17), yield the system

1 * * 1 L
—=00a} (0,2 - W) (W —W") - 0p2— = £0:,
{ a0 6 ¥ (IV.3.21)

év(@az cw*) (W — W) - Opzt = %D,go*,

which constitute a singularly perturbed system with a small parameter L.

Degenerate system. The degenerate system corresponding to (IV.3.21) is found by setting L = 0, i.e.

—vdya’ (042 w) (w—w*) - d,z+ =0,
{ @) (B - w) ( ) - Oa (V3.22)

V(0y2 - W*) (W — w*) - Oyz* = 0.
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We decide to rewrite the tangent vector d,z to better understand the terms on the left-hand sides of the
equations above:

0oZ = |0y Z|w (1), (Iv.3.23)

where ¥ is the direction angle of d,z and we recall that w is the vector w(-) = (cos(+),sin(-))". In
these coordinates, the degenerate system (IV.3.22) becomes

—vdya’ |0yz|% cos(¢p — ?) (sin(¢ — F) —sin(¢* — 3)) = 0,
{v ag 10az|” cos(p — @) (sin(p — ) (¢" = 1)) V.324)

v]0,2|? cos(¢* — ¥) (sin(¢ — ?) —sin(g* —9)) = 0.
Below, solutions of this system are discussed.

Case 1. v = 0. Without polymerization, there is no movement. This has already been mentioned in
the paragraphs below System (IV.3.20), when all time derivatives of the unknowns vanish:
Oz = 0ray = O = O,¢" = 0.

Case 2. c’)aag = 0. This makes ag constant, which is not allowed in our parametrization (c.f. (IV.2.6)
where we have chosen d,a;, > 0).

Case 3. |0,z| = 0. The tangent vector 0,z vanishes, which implies that z is constant in @. This means
that the cell is reduced to a single point, which we shall not consider here.

Case 4. cos(¢ — 1) = 0and cos(¢* — ) = 0. This implies that

kym « kom
=9+— and ¢ =9+ —,
i 2 i 2
for some integers k; and ky. In particular, filaments of both families are orthogonal to
the membrane. But since ¢ and ¢* are the direction angles of crossing clockwise and

counterclockwise filaments, respectively, then they must coincide, i.e.

T
=" =9+ -
p=¢ >

Case 5. sin(¢ — ) —sin(¢* — ) = 0. Its equivalent formulation (w — w*) - 9,2+ = 0 reflects the
fact that crossing filaments are symmetric with respect to the outward normal vector to the
cell membrane.

Symmetric filaments with respect to the leading edge. Let us focus on Case 5, along with the
assumptions that v, d,a; and |0,z| are all nonzero. If in addition cos(¢ — ) = 0, then symmetry
implies cos(¢* — ) = 0 and we are back to Case 4. Hence we also assume that cos(¢ — @) and
cos(¢* — 1) are both non-zero. Now, the equation

sin(¢ — ) —sin(¢* —9) =0
has the general solution

o= =nr+(-1)"(¢-9), nez.
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When n = 0, then ¢* = ¢, which means that crossing filaments coincide. Because of our choice of
orientations for ¢ and ¢* (right- and left-going, respectively), this is only possible when the filaments
are orthogonal to the membrane, which is the situation in Case 4. Again due to the filament orientations,
we are left to consider the case when n = 1, i.e.

' =20—-¢+m. (IV.3.25)

Assuming that the direction angle i} is given, we have just found a one-parameter family of solutions
(where ¢ serves as a parameter) to the degenerate system (IV.3.24). This makes (IV.3.21) a singular
singularly perturbed system of equations for ¢ and ¢*. In the following, we use (IV.3.25) to find a
quasi-stationary equation for ¢.

Now, observe that one can take a linear combination of the equations in (IV.3.21) to eliminate their
left-hand sides. In particular,

SO ) + (D) Bat) Bz ) =0,

which we rearrange to

*

atao
8,0 | =0,
Dact] “9")

(0o - w*)at(P + aaas (0pZ - W) ((9[(,0* -
again recalling the material derivative D; in (IV.3.8). Inserting ¢ in (IV.3.25) to the equation above

yields an evolution equation for ¢,

|0az] cos (@ = 9) ((1 + Baag)drp — 20aag 80 + yay (2069 = Datp) ) = 0. (IV.3.26)

Explicit evolution equation for ¢. A difficulty however in Equation (IV.3.26) is the appearance of
the time derivatives of ¢ and a;. We appeal to the evolution equations for z and a;, in (IV.3.20) to
remove this issue. Before that, we shall need the time derivative of Equation (IV.3.23):

31(002) = 01(10a2]) W (D) + |0azl W(P)™ ;0.

Scalar product with w () yields an equation for the time derivative of ¥:

1
09 0, (0p2) - w(P)* = E 8,(0az) - Opz™, (Iv.3.27)

0.2l vzl
where we used |0,z| # 0, and reinserted (IV.3.23).
Now, let us go back to the first two equations in (IV.3.20). First, inserting ¢* from (IV.3.25) into

these equations is equivalent to just setting { = 0. This results to the system

oz = vw(p),
2v (IV.3.28)
(9;&8 = m COS(QD - 19) 8aa8.

Taking the a-derivative of the first equation above and assuming sufficient smoothness of z, we obtain

00 (0r2) = 6,(002) = VW (P) " Dup.
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Substituting this to (IV.3.27), one has
veos(p — 1)
0zl Y

As a last step, let us insert (IV.3.28) and (IV.3.29) to (IV.3.26) to arrive to the equation

8,0 = (IV.3.29)

|0zl cos (¢ —F) | (1 + dqay) Orp — cos(@ — 1) dqay (Oap — 0a?) | = 0.

4v

1% 4

Because |d,z| and cos(¢ — 1) are both nonzero, we can divide the equation above by |0, z| cos(¢ — ).

Furthermore, 8aa5 > 0, so one can divide by (1 + c')aag) and isolate the time derivative of ¢. Finally,
we have the desired form for the evolution of ¢:

4v cos(¢ — 1) daay

= Ogp — 0, 1) . 1V.3.30

00l (1 + 0a)) (Gap = Gad) ( )

Given z, and hence 1, this can be interpreted as a transport equation for ¢ with speed
4v cos(p — ¥) yay
100zl (1 + Deag)

§(0uz, ¢, 0pay) = (IV.3.31)

Finally we scrutinize the last term involving 8,9 in (IV.3.30). The scalar product of w(i#)* and the
a-derivative of (IV.3.23) gives us

02z - 0,7+
|0zl
which is related to the signed curvature x of the curve z through
Opz* - 022 1
T 0o V.
|0az| 0oz

In summary, the filament directions evolve through a nonlinear transport with a source term related to
the curvature of the outer edge of the lamellipodium.

0,0 = , (Iv.3.32)

#(0y2) =

Zeroth-order approximation of System (IV.3.20). Let us end this subsection with a summary of
our results. Equation (IV.3.25) for the angle ¢*, which is a solution of the degenerate system (IV.3.24),
allowed us to find a quasi-stationary equation (IV.3.30) for the angle ¢ and also for the other unknowns
z and ag. Equations (IV.3.25), (IV.3.28) and (IV.3.30) constitute the zeroth-order approximation (since
L = 0) of model (IV.3.20). It is the system

oz = vw(p),

oa; = % cos(p — ) duay,

5o = 4v cos(p — ¥) Oyay (o — 0,5, (IV.3.33)
|0az|(1 + Onayg)

p*=20—-¢+m.

We reiterate that the values v, d,a;, 9,z and cos(¢ — ) are all nonzero. In the next section we look
at a steady configuration of System (IV.3.33) and interpret our results.
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IV.3.3 Steady configuration for lamellipodium with rigid filaments

A non-trivial steady profile for the FBLM corresponds to the situation when there are only movements
in the tangential directions with respect to the leading edge curve. Biologically, this pertains to the
so-called lateral flow of filaments [Koe+08], a dynamic rotation of the barbed ends along the leading
edge, caused by polymerization and the inclination of filaments. In this subsection, we look at steady
configurations of System (IV.3.33).

Lamellipodium with steady shape. Components in the normal direction of d;z must vanish, while
the components in the tangential direction should be nonzero. On the other hand, to achieve lateral flow
of filaments, d;a; should not vanish and filament direction angles do not change in time, i.e. ;¢ = 0.
Therefore, in equilibrium, we look for states of System (I'V.3.33) that satisfy the following:

0z - 0,2t =0,
OZ - 0,2 % 0,
Oray # 0,

Oa = 0,0.

(Iv.3.34)

The last condition implies that (@) = ¥(a@) + 8, where 6 is a constant angle. In particular, this means
that the filament directions are just rotations of the tangent vector. Indeed, one can write

w(@) = w@+0) = w(?) cos O + w(P)* sin 6.

Plugging this result to the equations for z, a; and ¢ in System (IV.3.33) yields

0z = (vcos )w (D) + (vsin O)w (),

. 2vcosé .
3,a0 = m Baao,
p*=0+0+n.

Now, to satisfy the first equation in (IV.3.34), sin & must vanish, which forces § = 0. The system
above then reduces to the equations for a steady shape:

0z = vw (),
2v
o;a = —— 0,4,
70T |9z 1O (IV.3.35)

¢ =1,

=19 +mn.
The first equation is just

0;Z =

v
Oy
|00z

which means that points on the curve z move in the tangential direction with speed (v/|d,z|). According
to the last two equations in (IV.3.35), filaments of different families are antiparallel to each other and
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are tangential to the membrane with relative flow speed (2v/|d,z|). In this case, the lamellipodium
collapses into a dense ring. This degenerate situation has already been observed in the implementations
of the rotationally symmetric FBLM in [OSS08], when adhesion is strong and there is no torsional
stiffness. We have also mentioned its opposite extreme case: when adhesion is weak and there is no
torsional stiffness, filaments become orthogonal to the membrane (see Case 4 after equation (I1V.3.24)).
The result is a dissolving lamellipodium with filaments in the radial direction, which is again supported
with simulations in the rotationally symmetric case [OSS08].

Outlook. Let us close this section with the following remarks. First, one can choose « to be an arc
length parametrization of the leading edge, with the consequence |9,z| = 1. This transforms the first
two equations in (IV.3.35) into

{atz = V0,1,

Oray = 200,44y,

which are linear transport models with constant speeds. Therefore, every possible (initial) shape is a
solution, since points are merely transported around the curve and the cell shape no longer changes
in time. Second, we have seen in equilibrium that filaments of different families become antiparallel
and tangential to the membrane, which we have obtained by setting L = 0. For a nonvanishing L, we
consider the Fourier expansion

w(p) = lrw(p) + yw(p),
with the notations for orthogonal projections

OgZ _ Ogt OoZ" _ Oo2"
- =71 = ® , and II, =vQ®v= —-
i |0az] ~ |Oaz] Y |0az] ~ |Oaz]

(IVv.3.36)

to the tangent 7 and to the outward normal v of the leading edge, respectively.
Substituting of the decomposition to the first equation in the original System (IV.3.15) and gathering
its normal components, we require

1
p (W = w") - 0oz 8oy (10a21* + 300z w)*) = |0a2* Opz* - w

to achieve a steady shape. As symmetry is approached on the left-hand side, i.e. (w —w*) - 9,2+ — 0,
clockwise filaments become more and more tangential to the membrane, i.e. d,z* - w — 0 on the
right-hand side. By symmetry, counterclockwise filaments also become tangential to the membrane,
i.e. dpzt - w* — 0. Consequently, the densities (c.f. Equation (II1.2.1))

1 1
= d ofi=—— 1v.3.37
0 O0p2t - w and ¢ O0p2t - W* ( )

approach infinity. The hope is that the issues raised in this paragraph can be resolved by the effects that
are discussed in the next sections.
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IV.4 Inclusion of the area constraint

In the present section, we compute for the variation of the additional functional (IV.2.15) that enforces
the area constraint. We also include a short subsection to discuss how this constraint influences the
model for rigid filaments in System (IV.3.20).
Calculating the variation of the cell area functional in (IV.2.2), one has
1 2w 2r
SA(t)[z]dz = 3 ), (02 - 0pz" +2-0,02")da = ](; Opzt - 6z da.

Consequently, the variation of the area constraint functional in (IV.2.15) reads

2r
SETA ()2, Aarea] (0Z, 6 Aarea) = Aarea(t) f 0o - 02da + 6 darea (1) (A(1)[2] = Ag).  (IV.4.1D)
0

The second term on the right hand side vanishes when A(¢)[z] = A for all variations 6 A area (), which
is exactly the area constraint (IV.2.1). In the sequel, we add this variation to the weak form of a model
for rigid filaments with adhesion, polymerization and filament tethering in (IV.3.10).

IV4.1 Rigid filaments with adhesion, polymerization, tethering and area con-
straint

The rigid filament version of the FBLM with adhesion, polymerization, tethering and area constraint
is derived by including the variation (IV.4.1) to the weak form (IV.3.10). It reads

lim (6841, AD)z, ¢1(82, 6¢) + 6E™ (1, A1) [z, ¢", a3 (02, 6", 6ay) )
t—
+ 68area(t) [Z, /larea] (52, 6/larea) =0 (IV42)

for all admissible variations 0z, d¢, d¢*, 6a(*), and 0 Ayrep. Mimicking the steps in Section I'V.3.1 allows
us to derive the corresponding Euler-Lagrange equations with the area constraint:

Oz = vw — ({dgag + I Aarea(M ()1 0p2") - Dozt ) M(w)™' 8,2,
day = [v(w w*) — Irea Mw) 9,2zt
~ 0
- <§ - l/larea(l\/l(w)_laOZZJ_) ) (')QZJ‘) (M(w*)_laa’zl + aaasM(w)_la"ZJ—) ] ) QZZ 8”’(18’
Lo = - ((6 ay + ﬂarea(M(w) 1902*) - Ozt )ﬁaz-w,
%DtSD* = (§ - 5 area(M(w) laaZJ_) - Oq2* ) 0o - W,
(Iv4.3)

where /Tarea = (Aarea/ ,uA), and we recall the terms ¢ from (IV.3.17) and ¢ from (IV.3.18). This is just
System (IV.3.20) with an area constraint.
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Equation for A,rea. The task left is to find an equation for the Lagrange multiplier A,e,. Integrating
the projection of the first equation in (IV.4.3) to d,z* on the interval [0, 27r) with respect to « yields

2r
1~
f (vw - (gawa; + = Agrea(M(w*) 1 0,z") - aazL) M(w)—laazL) - 0pz*t da
0 q

2r
= 0,z - Opzt da =0,
0
where the last equality follows from the area constraint (IV.2.1). Solving for A,ea, one finds that it
is equal to u4 multiplied by an integral. In this case, we can drop the tildes in System (IV.4.3) for
simplicity, and write

2n
Aarea = % f (w Lwow. Oz 04a; (M(w)—laazl)) - Oz da, (IV.4.4)
0 q

where
2 1
A= f — (M(w*)18,2Y) - 0pz™ (M (w) 1 9,2") - dpz* dar.
0 9
For the remainder of this subsection, we scrutinize System (IV.4.3)-(IV.4.4).

Degenerate system and remarks. As in Section IV.3.2, we consider the degenerate system for the
angle equations in (IV.4.3) (c.f. System (IV.3.22)) obtained by setting L = 0:

~ (00ay + L darea(M(w*) 100" ) - Ba2*) Boz - w = 0,
1 (IV.4.5)

(£ = Larea(M (@) 71 802") - Go2*) Doz w* = 0,

As we do not want the filaments to be orthogonal to the membrane, i.e. 0,z - w # 0 or 0,z - w* # 0,
the second equation implies that

1
¢ = = Aarea(M (W) '0p2") - o2+ = 0. (IV.4.6)
q

The term ¢ from (IV.3.17) thus allows us to write (IV.4.6) as
V(W = W) - B2t = Agrea(M(w) ' 8p2b) - Dzt (IV.4.7)

Inserting this to the first equation in (IV.4.5) leaves us with A,y = 0, and consequently from (1V.4.7),
we obtain (w —w™) -,z = 0. However, this requirement forces w - 9,2+ = 0 and w* - 9,2+ = 0 as one
can see in (IV.4.4). The density of filaments again becomes infinite, and the problems we encountered
in the previous section are still unresolved.

We speculate that adding the area constraint is not enough to control the cell shape and the density
of filaments, since it only controls cell size. On the other hand, A4, is a global variable, so its inclusion
is not expected to have control over local quantities (in the variable @). In the next section, another
effect is introduced which takes care of the issues still reflected in the present model (IV.4.3)-(IV.4.4).
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IV.S Resistance against cross-link twisting with preferred angle
and symmetry at the leading edge

With the rigid filament ansatz, turning the cross-linked filaments away from the equilibrium angle
@0 € [0, ] is assumed to produce the energy

T

&'z ¢ ¢" a5l = % L() (¢ (ao(e”,0),1) = @(a, 1) — ¢0)” d(e, @), IV.5.1)

where the set of all crossing filament pairs is given by
(1) = {(a.) €[0.2m)%| 35,5 € [-1,0] s.t. F(a, 5.1) = F' (2, 5'.1)} .

To derive the rigid filament version of the FBLM with adhesion, polymerization, tethering, area
constraint and cross-link twisting, one can compute the variation of (IV.5.1), follow the steps in Section
I11.3.2 to map %’(¢) to B, and finally combine the result with (IV.3.9) and (IV.4.1). Here we proceed with
approximations that exploit the smallness of L along with simplifying assumptions before computing
the variation of the twisting energy.

The resistance against cross-link twisting is assumed to be very strong. However, for a curved
membrane, we cannot expect the equilibrium angle at all crossings. Therefore, as an approximation,
the equilibrium angle is enforced at the barbed ends and deviation from the former is penalized at the
other crossings by an energy functional discussed below.

Now, assuming short (0 < L <« 1) and rigid filaments with equilibrium angle ¢¢ at the barbed
ends, one has

F(a,s,t) = z(a,t) + Lsw(e(a, 1)), F(a,s1)=z(a,t) + Lsw(p(a,t) + ¢o), (Iv.5.2)
for0 < @ <2mand -1 < s < 0. Here, « indicates filaments of the F-family as in the ansatz (IV.1.4),

whereas a* = a;(a, t) indicates filaments of the F*-family as parametrized in (IV.2.10).

Filament crossings. Given (@, s) € B, we try to find (@, s”) such that F(a, s,¢) = F*(a’, s’, ). Since
the filaments are short, we can assume that @’ — @ = O(L) and approximate from (IV.5.2):

F (o, 5, 1) = 2(a, 1) + (¢ — @)dpz(a, 1) + Ls'w(p(a, 1) + ¢o) + O(L?)
~z(a,t) + (o — @)0,z(a,t) + Ls'w”,
where from now on w* := w(¢ + ¢p). This gives the approximate equation
Lsw = (o’ — )0,z + Ls'w", (Iv.5.3)

where w := w(p). Scalar multiplication with w** yields Lsw - w** = (@’ — @)d,z - w**, and since
w - w*t = —sin ¢y, we compute that

, Ls sin ¢
—a = —"- IV.5.4
@-a OgZt - W* ( )

At the barbed ends where s = 0, the labels are equal, i.e. @’ = «, as expected.



48 CHAPTER IV. SHORT FILAMENT APPROXIMATION TO THE FBLM

Twisting energy. For the angle between filaments at the crossing, we approximate

QO(()’,,t) + ¢0 - QD(CY,t) ~ ¢0 + (al, - a)aa<P~
With a* = aj(a’, 1), the approximation above transforms the twisting energy (IV.5.1) into

T
E' [z, ¢ a)) = il (@ — @)*(Bap)? d(a, a®). (IV.5.5)

2 Jzw

For further computation of the twisting energy, we make the simplifying symmetry assumption
OpZ" - w = Opzt - W* = |0,2| cos(¢o/2), (IV.5.6)

which has already been enforced in the derivation of rigid filaments with adhesion, polymerization,
tethering and vanishing length found in (IV.3.33) (c.f. Case 5 in Section IV.3.2). In particular, this
means that crossing filaments at the leading edge meet with equilibrium angle ¢¢ and are symmetric
with respect to the normal direction d,z".
The scalar product of (IV.5.3) with w*, i.e.
, _ Ls’"sing¢g

o —a
02t - w’

together with (IV.5.4) and symmetry (IV.5.6) imply that s = 5" and

2Lsin(o/2) _ o
I =

We then continue to compute for the twisting energy (IV.5.5) by a coordinate transformation, where
we introduce the variable a := @’ — «@. It yields the functional

T 2r 0
ET [z ¢, agl = %f f ‘ az(aago)zaaaz; dada
0 J-@Lsin(¢0/2)/1001])

o (Lu? fzn Oqay,
T 0 2
= —_— o) da,
a ( 4 ) 0 |6Q,Z|3 ( 90) ¢

— 16u”
where the parameter ! := 3 'uA L?sin’(¢o/2) is chosen to simplify the computations in the next
U

section.

Variation of twisting energy and rescaling. As a simplification, we only consider the variation of
the twisting energy with respect to ¢:

. N L A 2 8aa*
0,E [z, ¢, ajlop = —ii" (L) f Oa (—03 Gasa) Spda.
2 0 |0, 2

Finally we rescale u! to (u”/L?) so that i7 becomes O(L). This is the same order as the lowest one in
the variation with respect to angles of the adhesion energy in (IV.3.9). Adding the contribution above
to the weak form (IV.4.2) completes the formulation of the variational problem (IV.2.16) of the present
chapter.
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IV.6 Zero-width limit for the lamellipodium

The rigid filament version of the FBLM with adhesion, polymerization, tethering, area constraint and
cross-link twisting reads as the variational form

lim (667 (z, An)lz ¢1(82,6¢) + 68 (1, An)lz ", ag](02. 64", 5ay))
r—
+ 6E"(1)[2, Aareal (0Z, 6 Agrea) + agOST[Z’ L2 06]590 =0 (Iv.e.n

which must hold for all admissible variations 4z, d¢, d¢*, 5a8, and dA,rea. With the simplifications
of equilibrium angle at the barbed ends (IV.5.2) and symmetry (IV.5.6) with respect to d,z* of the
previous section, we derive equations for z, a(’g, and ¢ in the limit L — 0.

Euler-Lagrange equations for adhesion, area constraint, and twisting in the limit L — 0. The
strong form is derived from Equation (IV.6.1) with preferred angle and symmetry at the leading edge.
Passing to the limit L — 0, we obtain the final system

Oz — vw + Opay(Diz — vw™) + Agreadoz™ =0, (IV.6.2)
(Dyz — vw™) - 04z = 0, (Iv.6.3)
1 * s L T aaag
Oz - w™ + 0uaqDiz - W + U Oy E |3 0o | =0, Iv.6.4)
o Z

where we recall for convenience that D; := 9, — % 9y and i’ := 136;1_M/‘T sin®(¢o/2). Using (IV.6.3) in
(04 0

the scalar product of (IV.6.2) with d,z gives
0/Z - 0,2 = VW - 0,2,

which is not surprising, since it describes just the lateral flow of the F-family due to polymerization.
Inserting this to (IV.6.3), one can write

v(w —w") -0,z
|0azl®

Oiay = Oqay, (IV.6.5)

for the evolution of a(*) which, in a way, describes the lateral flow of the F*-family. This can be used to
eliminate ;a,, from (IV.6.2) to get an equation for z:

(1 + 0pag)dyz — v(I + Opag Il )w — vVIgagll,w™ + Agreadoz” = 0, (I1V.6.6)
where we recall from (IV.3.36) the notations I1 :=7® 7 = f;‘:;l ® |3Z il for the orthogonal projection
to the tangent of the leading edge and I1,,, with v := fgﬂzzll, the projection to the outward normal.

Equations (IV.6.5) and (IV.6.6) can be used in (IV.6.4) to get a quasi-stationary equation for ¢.
Indeed, one can compute that

Oga;
il 0, (Ia ?3 aago) + v0pay (M (w - w")) - (w—w")" = A0,z (w+w dpay) =0.  (IV.6.7)
oz
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A highlight of the equation above is the presence of a second-order derivative of ¢ with respect to «,
which helps with regularity along the a-direction.
Finally for A, we project (IV.6.6) to d,z* and integrate with respect to @ from 0 to 27:

ts [ AR [+ 8qa 11 00 Tl,w") - oz d
area | T(%ag a=v . TM)(("‘ way lr)w + dya uw)' W2 da,

. 2 . .
where the integral fo " &z - 8,2" da vanished due to the area constraint. Because
((I + Oga T )w + 0aa31_[,,w*) 02" = (W + Bpajw”) - doz™,

we expand and rearrange the terms into the equation

v 2r 1 i i N
Aarea = X o Té)aaf) (w+ aaaow ) - 0q2~ da,

2n 2
O
ne [T,
0 1+ 66,610
Equilibria. We shall look for equilibria, where the shape of the cell does not change:

z(a,1) = 2o (@ + B(D)),  @(a,1) = (@ + (D)), ap(@,1) = a + b(2D),

and we shall write z_ (o + B(t)) = Rw(¥), as well as g — oo = y. Substitution to (IV.6.5) and
(IV.6.6) and separating the tangential and orthogonal components gives

where

Rb = v(cosy — cos(y + ¢p)),
Rf = vcosy,
RAarea = v(siny + Sin(y + (bO)),

where - means differentiation with respect to #. An initial conclusion is that R and y cannot depend on
« and therefore not on 7 (because they only depend on « + (t)), so all quantities in the above equations
are constants. Now everything is substituted to (IV.6.7) to achieve the equation

il = R3u(cos o) sin(mr — ¢g — 2y). (IV.6.8)
Since ¢ has to satisfy the boundary conditions
Poo(271) = 9o (0) = 2, Yoo (2m) = ¢, (0) = 0,
the right hand side of (IV.6.8) has to vanish, and we get the symmetry result
>

Consequentially, up to a phase shift,

- +7T—¢0 vt (ﬂ—¢o)

;= + & 608 5

which corresponds to a circular-shaped cell, as expected. This result agrees with the numerical
computations for long time solution in the rotationally symmetric case [OSS08], and the stationary
cross-link dominated equilibrium in [HMS17]. The radius R is determined by the equation for Aye,,
which is also anticipated since the area constraint provides control over the cell size.
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Chapter summary. In this chapter, we have derived a model for rigid filaments with adhesion,
polymerization, tethering, area constraint and cross-link twisting. With the simplifying assumptions
of symmetry with respect to and equilibrium angle at the leading edge, the asymptotic model for small
lamellipodium width produces a circular equilibrium consistent with numerical results for the full
FBLM. We emphasize that this result is achieved with a prescribed area, as opposed to the previous
FBLM versions with artificial tension energy acting on the cell membrane [OS10b] or pulling towards
the center of the cell due to actin-myosin interaction [Man+15].
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Existence of solutions of the FBLLM has only been shown for the rotationally symmetric case and for
short enough times [OS10a]. The rotational symmetry assumption has been made to reduce complexity,
but its removal is expected not to cause significant difficulties. The restriction to sufficiently short time
intervals, on the other hand, was more crucial. The model describes two intersecting families of locally
parallel filaments and it relies on the assumption that filaments of the same family do not cross. The
model analyzed in [OS10a] does not contain any mechanism to avoid such crossings, a situation where
the local-in-time existence result seems to be optimal.

Heuristics dictate that the structure might break down due to the clustering or bundling of the
filaments. Therefore, a repulsive force between parallel filaments, caused by Coulomb interaction, has
been introduced in [Man+15; Leil5], and its derivation from a microscopic model based on individual
filaments can be found in [Ram11]. With rotational symmetry, convergence to and stability of the
steady state has been supported by a linear stability analysis [Leil5]. Without rotational symmetry
and boundary conditions, the FBLM with pressure has been shown to possess smooth solutions for all
times [Leil5]. Based on these works, the additional pressure term helped stabilize the model so that
one can hope for global existence of solutions.

The discussion above serves as impetus to the present chapter, where we focus on the effects of the
pressure term in the FBLM. The first section deals with a one-dimensional (1D) problem which will
be the basis for the development of the ideas and strategies implemented in the subsequent sections. In
Section V.2, a reduced model is derived systematically from contributions of the potential energy of
the system and prescribed external forces. Section V.3 specializes on FBLM with rigid filaments and

53
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pressure since we expect steady states of the reduced model to be straight lines. Instabilities brought
about by the pressure term (and possibly nonconservative external forces) motivated the inclusion of
an artificial tension energy of the filaments’ center-of-mass curve. A bifurcation analysis is presented
in Section V.4 where parameters for pressure and center-of-mass curve tension play the key roles.

V.1 1D model problem

To better understand the mechanisms of filament repulsion, it is helpful to demonstrate its effects in a
simple situation. Instead of filaments, we consider k moving points with Lagrangian label a; = j/k
on the line with positions

n o _ .n n _
Hefg = X < Xp <+ < xk xrlght (V.1.1)

The terms x;? are interpreted as approximations for the values x(aj,t,) of an increasing (with respect
to the first coordinate), continuous function x : [0, 1] X [0, c0) — R where t,, = n7 and 7 is a given time
step. With only the Coloumb interaction, friction from filament-to-substrate adhesions and prescribed
external forces, the dynamics is dictated by

L xth = argming, U (01 0 (V.1.2)

with the Lagrangian

k k
1
Uiy, .., = E P— X - E - ioht- V.1.3
O Vi) kT jzl(yj ] k (k(yJ Vi 1)) ylfleft+ykfr1ght ( )

Here, @ is an electrostatic potential, and fief, frighe > O are constant external forces on the left-end
and on the right-end points, respectively. The negative sign in front of y; fiefy and positive in front of
Yk fright depict the fact that we have chosen the external forces to push inwards, thus preventing the
structure from expanding indefinitely due to repulsion.

Euler-Lagrange equations for (V.1.2)-(V.1.3). The Euler-Lagrange equations corresponding to
Problem (V.1.2)-(V.1.3) are now derived. Passing to the limit 7 — 0, we arrive to the system

20 X1efi + P(02) = fieit = 0 for xiefr,

%atxright - plor) + fright =0 for Xrights

k(p(oj+1) —p(0;)) + 6;x; =0 for xa,. .., xk_1,

where we define pressure by p(o) = D' (0)0* along with the notation p; := (k(x;(t) - xj_l(t)))‘l.
Formally sending k — oo, a gradient flow (or steepest-descent curve c.f. (I.2.1)) emerges:

1
Oix = =0,(p(0), o©:= Tor(al)

as the curve x tends to move in the direction of the fastest decrease ' of p(o) with respect to a, which
is now a continuous variable with values ranging from O to 1. In this continuum description, o is

(V.14)

1if @’ > 0 or increase if ®’ < 0
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interpreted as density of points. Indeed, o > 0 since x is an increasing function of a. Equation (V.1.4)
is subject to the boundary conditions

= Jle fi =Y,
{p(g) fiett  fora =0 V1S

p(0) = frighe fora =1.

Coordinate change to Eulerian variables. A transformation to Eulerian coordinates allows us to
understand System (V.1.4)-(V.1.5) in terms of its surrounding space. To this end, we introduce the map
Y(a,1) = (x,1) = (P}, V), its inverse E := ¥, E(x,1) = (a,1) = (2}, Z,), and the notations

o(x, 1) == 0(a, )| (gry=z(xp» and v(x,1) := ¥1(a, 1) 4=z (- (V.1.6)

The definition of o in (V.1.4) implies that o = 1/9,'¥;. In the new coordinates, equation (V.1.4)
transforms to v = —(1/0)9,p(p). Multiplying this by o, one has

oxp(0) + ov =0. (V.1.7)

Continuity equation for (V.1.7). It is helpful to find conserved quantities. Guided by the fact that
the density of points in the structure remains unchanged through time, we consider the time derivative
of p. Using chain rule, we compute that

- d —
do= &Q(a,l)ka,t):a(x,t) = ((020)0,E1 + 60) |(a,t):E(x,t)’ (V.1.8)
where we used d,Z, = 1. From the first equation in (V.1.6), we find

000, )| (4.1)=2(er) = (0:0)0aP1.

On the other hand, we compute for the time derivative of o defined in (V.1.4):

1
(@ D g=z () = (0a¥1)? 00 H1.
Inserting the last two equations to (V.1.8) yields
~ 1
0;0 = (0x0)(0,¥1)0/E1 — ——— 0:0,V1. V.1.9
10 = (0x0)( 1OE] (0,9))2 t 1 ( )

Our goal is to write the right-hand side of (V.1.9) in the new variables. Differentiating the relation
x =¥ (E1(x,1),t) with respect to ¢ and x, we obtain the equations

0= (0,¥1)0E1 +0,¥Y;, and 1= (0,¥1)0,E,

respectively. Plugging these into (V.1.9) and assuming sufficient smoothness of ¥, so that 9,0,V =
0,0;¥Y1, one has

- 1
00 = —(0,0)0,¥ — a—\P(aaaz\Pl)axEl- (V.1.10)
a 1]
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Notice that taking the x-derivative of v defined in (V.1.6) gives 0,v = (0,0,¥1)0,Z;. We also remember
that o = 1/9,'¥;. The foregoing statements allow us to write (V.1.10) as ;0 = —(9y0)v — 0V, or
more compactly, the continuity equation

6,0 = —0x(0v). (V.1.11)

Integrating with respect to x from Xjef; t0 Xrjghe yields

d Xright

dr

Xright

odx =—pv =0,

Xleft
Xleft eft

since v vanishes at the end points in the new coordinates. We can therefore assume, with appropriate
scaling, that

Xright
f gdx = 1. (V.1.12)
Xleft

Free-boundary problem. We are ready to write the final equations with the help of the conservation
equation above. Going back to Equation (V.1.7), we take another derivative with respect to x and drop
the tildes for simplicity. We compute that

0 = 32p(0) + dx(ov) = 2p(0) — d,0,

where the last equality follows from the continuity equation (V.1.11). Gathering the results above, we
arrive to the transformed system:

6IQ = a)%p(g) for xerc (1) < x < xright(t),
P(0) = fiets et = —5xp(0)  for x = Xiegc(0), (V.1.13)

p(o) = frighta xright = _é p(0) forx = xright(t),

where - denotes differentiation with respect to time 7. The first equation models nonlinear diffusion,

8,0 = 07p(0) = 0x(p'(0)0x0), (V.1.14)

where the nonnegativity of the diffusivity p’(0) is necessary for stability.

System (V.1.13) takes the form of a free boundary problem, which is a partial differential equation
(PDE) for both an unknown function and an unknown domain. A classical example of such problems
is the melting of a block of ice, where regions with temperature greater than the melting point of ice
will be occupied by liquid water instead. The free boundary formed from the ice-liquid interface is not
known at the outset of the problem and is governed dynamically by the solution of the PDE. In our case,
the unknown density o evolves through the PDE (V.1.14), and the unknown boundary points xief; and
Xright are controlled by o and the density-dependent pressure p(o). The pressure p is simultaneously
prescribed at the boundaries. Below, we study traveling wave solutions to System (V.1.13).
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Traveling wave solutions to System (V.1.15). One of the most important properties of nonlinear
parabolic systems (e.g. heat/diffusion equation) is their potential to admit traveling wave solutions.
Traveling waves are solution profiles advancing in time without change in shape and with constant
speed of propagation. In contrast to the linear hyperbolic wave equation, where any wave profile
advances with a specific speed, nonlinear diffusion equations may only allow certain wave profiles to
propagate, each with its own characteristic velocity.

To gain a better understanding of the long-time behavior of (V.1.13), we seek solutions in the form
of a traveling wave,

o(x, 1) = w(x —ct), (V.1.15)

where z = x — ct is the wave variable, w(z) is a wave profile and c is a constant wave speed. In a
traveling frame moving with speed ¢, waves described by (V.1.15) appear stationary. Inserting the
ansatz (V.1.15) to (V.1.7) gives

oxp(w) + cw = 0. (V.1.16)

Integrating with respect to x from xjef; t0 Xyjghe and imposing the boundary conditions in (V.1.13), one
computes

Xright
fright_fleft+cf wdx =0.

Xleft

The conservation equation in (V.1.12) then allows us to compute for the constant wave speed c,

¢ = fleft — fright’ (V.1.17)

which is, unsurprisingly, just the difference between the external forces. For a consistency check, notice
that the structure moves to the right whenever fiefe > frignt, meaning we push stronger on the left. This
implies that ¢ > 0, and the wave w(x — ct) goes to the right.

Boltzmann-Poisson pressure model. As a next step, let us now choose a potential ® = ® (o) such
that p’(0) > 0. The Boltzmann-Poisson model for mobile carrier density leads to @ (o) = In g, implying
that p(o) = 0. With this choice of ® and the traveling wave ansatz (V.1.15), Equation (V.1.16) becomes

w +cw =0, (V.1.18)
where ” denotes derivative with respect to z. The ODE above has the solution
w(x — ct) = woexp(—c(x — ct)), (V.1.19)
for a given initial data wy. The boundary conditions in (V.1.13) imply

Weft := W(Xieft — 1) = flefts Wright += w(xright —ct) = frighta t >0,

and

. w’
Xleft = ———

=c Xright = —
w ’ &

’
= |
X=Xleft W 'X=Xright
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where the last two equations follow from (V.1.18). Integrating Xjef; and Xjone With respect to time gives
Xieft = ct and Xggne = ct + L for some L. Then, at t = O the left endpoint xjer = 0. Substitution
to (V.1.19), one finds that the initial data must be wy = fier. Now, let us evaluate w in (V.1.19) at
X = Xright. Straightforward computations yield wyight = fright = fieft €xp(—cL), from where we find the
value of L:

1 1
L= —1n(flef‘)= 1n(fleft), (V.1.20)
¢ f right f left — f right f right

where the last equation follows from (V.1.17). Remember that the external forces fief; and frigne are
both assumed to be positive. Consequently, L > 0, which is to be interpreted as the length of the
segment of moving points (V.1.1).

Summary. In summary, we find that traveling wave solutions of system (V.1.13) take the form

{Q(X, 1) = freiexp(—c(x —ct)), 120, (V.1.21)

X € [xleft’ -xright] = [Ctv ct + L]7 2 O’
with wave speed ¢ = fieft — fright > 0, and strip length L defined by (V.1.20). As an example, we plot

o at times 7 = 0 (blue curve) and 7 = 1 (red curve) in Figure V.1, where fiee = 1.75 and fijgne = 0.5.
The wave moves to the right with speed ¢ = 1.25 and the length of the strip is L = 1.0022.

0.8

0.6

0.4

Figure V.1: Traveling wave solution (V.1.21) to System (V.1.13) plotted at times ¢ = O (blue curve) and
t = 1 (red curve), where the prescribed external forces are fierp = 1.75 and fjgne = 0.5.

V.2 Reduced FBLM with pressure

Because repulsion acts only on filaments within the same family, we approximate a piece of lamel-
lipodium by a strip consisting of just one filament family, with filaments of the same length, so that the
maximal filament length L becomes constant and = n* = 1. In contrast to Section IV.1, we rescale
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the Lagrange multiplier Ajnex¢ SO that it appears in the leading order problem of the FBLM (IIL.4.1) as
L is formally sent to zero. More precisely,
uBAIF = 0,(Ainexi0sF), for —1 < s <0,
uBO3F = AinexOsF, for s = —1,0, (V.2.1)
02F = 0, for s = —1,0,

subject to the constraint |J;F| = L. We next linearize the nonlinear problem above around the trivial
solution

F(a,s) =Z(a) + L (s + %) w(@(a)), A1=0, (V.2.2)

where Z is the center-of-mass of the filament with direction w(¢) := (cos ¢, sin ¢). The constraint is
rewritten as |(9SF|2 = L? for convenience. The linearization of (V.2.1) around (V.2.2) reads
,uBaf'F = L(05Adipext)w, for —1 <5 <0,
uBAF = LAjpexw, for s = —1,0, (V.2.3)
uBo2F =0, for s = —1,0,

subject to the linearized constraint
w-0F =0, -1<s5<0. (V.2.4)

This implies that 9°F = cw™ for some scalar ¢ independent of s.

For a given w, we look at the solutions of (V.2.3)-(V.2.4). Integrating the first equation with respect
to s and using the first boundary condition give us u? 6S3F = LAjpexiw for s € [—1,0]. Integrating once
more yields

N
uBo°F = Lw f Ainex(5) d5. (V.2.5)
-1
With the second boundary condition, this becomes
0
f Ainext(s) ds = 0.
-1
Taking the scalar product of (V.2.5) with w and applying the constraint (V.2.4) result to
N
f Ainext(§)ds =0 forall s € [-1,0].
-1

Consequently, Adipex¢ = 0 in [—1, 0]. Therefore, the right hand sides of the first two equations in (V.2.3)
should vanish. This takes us back to the linear system (IV.1.3), however, the constraint (IV.1.1) is
replaced by its linear version (V.2.4). Solutions to this reduced system can be written as

F(a,s,1) = z(a,1) + Ls;w(p(a, 1) + Ls, b(a, Hw(p(a, 1)L, (V.2.6)
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with the Legendre polynomials (chosen for convenience)

2
1 1 1 1
sei=s+o, and s ::E(s+§) ~ 5y SEL-LOL

These polynomials satisfy

0 0 0 d
f seds =0, f sqds =0, f s¢sqds =0, —s, =54
-1 -1 -1 ds

The term b(«, t) dictates the amount of filament bending.

V.2.7)

(V.2.8)

With the ansatz (V.2.6), we derive a description of a lamellipodium strip with one filament family
that accounts for filament repulsion. As in the full model, the dynamics of the filaments is governed
by a generalized gradient flow, which means that at each point in time, the positions and deformations
of the filaments minimize a potential energy functional arising from the combined effects discussed
below. The variations of each contribution is computed to derive the weak and strong formulations of

the problem.

Filament bending. A straightforward computation from (V.2.6) yields 8,F = Lw + L?s;bw™, so that

2
02F = L?bw™ with squared length 63F| = L*b? and

L4 B 1
B[] = —L f b da,
2 Jo
since b = b(a, t) is independent of s. Its variation is
1
&8 ()[b16b = f uBL* sbda.
0

Adhesion to the substrate. Filament-to-substrate adhesions give rise to the energy

A
—~ —~ -~ ~12
EXt, AD)[z, ¢, b] = ;—At f |Z ~Z+ Lsg(w — @) + L*s,(bw* — b&*) - vAtw| d(a, s),
B

with the notations z := z(a, 1 — At), @ := w(p(a,t—At)), and b= b(a,t — At). Here, we have rescaled

v to v/L. The variation of the adhesion energy is

uh

5&Mz, ¢, b1(8z, 5, 5b) = = f [(z-Z+ Lso(w - &) + L2sy(bw* - b &*) - vA1D) - 62
B

+ L(z-Z+ Lsg(w — @) + L5, (bw* — b&") - vAt&") - (w s — wLsgb)dg

+ Lzsq (z —~Z+ Lsp(w - @) + Lzsq(bwl - Z)\&El) - UAIZJ) . wLéb] d(a, s).

For convenience, let us introduce the notation

0
Sij ::f sysy ds.
-1

(V.2.9)
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Remembering (V.2.8), one has S19 = So;1 = S1.1 = 0. It follows that

A 1
5EAz, ¢, b](62, 59, 5b) = f [ (z -7 - vAID) - 0z + (LZSZ,O(w -@)-wt
0

At
— L*Spab(bw* — bt - w)&p + L*Son (bw™ — bot) - wLéb] da.
Taking the limit as At — 0,
1
lim §EA(t, AD)[z, ¢, b|(6z, S¢, 5b) = p* f [0z - vw) - 6z + (LS9 — L*S02b”) b1 540
I— 0
+ L*S02(8,b)5b] dar,

with the coefficients S>p = 1/12 and Sp» = 1/720.

Pressure from filament repulsion. To compute for pressure, we first find the density 0. We shall need
the derivative 9, F = 0,z + Ls;w*0,¢ + Lzsqw%?ab — L%5,bwd, ¢ and its orthogonal complement

0o = 042" — Lsiwdyp — L2 s,wdyb — L*s,bw 0, ¢
for the computation
1
— = 0, F* - 0,F = (02" — Lswdpp — L*s4wdab — L5 ,bwdy¢) - (Lw + L*spbw™)
o
= LOoz" - w — L*5¢00 — L5,00b + L?s¢b0z - w — L*sps,b* 0. (V.2.10)
The energy arising from the pressure-like repulsion between filaments reads

EC()[z, ¢, b] = f ® (olz, ¢, b)) d(a, ), (V.2.11)
B

with o determined by (V.2.10). In what follows, we introduce the notation

0 .
P = f s’fsjq p(o)ds, with p(p) := @’(Q)Qz. (V.2.12)
-1

The variation of E€ is
6EC(1)[z, ¢, b1 (82, 6, 6b) = 8,E(1)[z, ¢, b10Z + 0,EC (1)[2, ¢, b1S¢ + 0EC (1)[2, ¢, b1,

with terms on the right-hand side computed below. First, from (V.2.11), we have

8,ECz, ¢, bl6z = f —p(0)(L3y62" - w + L?s;bdy6z* - wt) d(a, s)
B

= fp(g)(Lc.uL — L%s5;bw) - 8,0z2d(a, 5).
B
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Evaluating the integral with respect to s with the aid of integration by parts gives us

1
8,2, ¢, b]dz = f (LPyow™ — LZPLObw) - 0,02 da
0

1
1
= (LPyow™* — L*P gbw) - 6z|0 + f (~LA(Pogw™) + L*8a(P1obw)) - 6zda.
0
The variation with respect to ¢ of (V.2.11) reads

6¢8C[Z, @, blop = f —p(0)(LOyzt - wdp — LZSgﬁaécp — L%spb8yz+ - wdp — L4S5qu26a,(590) d(a,s)
B

1
= f (=LP008,z - wd@ + L>P100,6¢ + L*P1obdyz* - wée + L* P11 h*8,6¢) da.
0
Integrating by parts once again, this is rewritten as
] 1
0,& 12, ¢, b169 = (L*Pg + L*P116")5¢)| + f (~LP000yz - w + L*P1ghdyz* - w — L*0a P10
0

— L*3,(P1.1h))6pda.
Finally, we find the variation of (V.2.11) with respect to b:

AECz, ¢, b16b = f P(0)(L?5,04(6b) — L*s5¢0,7 - wSb + 2L s¢5,b(000)5b) d(a, 5)
B

1
= f (L3Py1046b + (~L?P1 00,7z - w + 2L* Py 1h0,¢)Sb) dar.
0
Applying integration by parts to the expression above yields

1
1
ECz, ¢, b]6b = L3P0,15b|0 + f (=L?*P10y7 - w + 2L*Py 1bdy — L3, Py1)Sbda.
0

Forces on the layer ends. With only the effects introduced above (especially filament repulsion), the
structure has a tendency to expand arbitrarily. We counteract this by introducing external forces along
the first and last filaments of the strip, i.e. the filaments with label @ = 0 and @ = 1, respectively. To
have control over the size of the structure, the forces must be assumed to push inwards. A contribution
to the potential energy is produced by multiplying the external forces gy and g; by the displacements:

0
&)z, ¢ b] = —f [z + Lsgw + L7 sgbw*)| o - 81(s.1)
-1

+ (2 + Lsw + L2sgbw")| g - go(s. 1) | ds, (V.2.13)
where gy and g; are prescribed below. The variation of the foregoing functional reads

687 (1)[z, ¢, b1(z, 5@, 5b)
0
= —f [ (5Z + LS[wLégD — Lzsq ((6b)wl _ Lzsqb(5(,0)w)) | | . gl(s’ t)
-1 a=

+ (02 + Lspw ¢ — L?s, ((6b)w* — L2s,b(6¢)w) ) \azo - g0 (s, t)] ds. (V.2.14)
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The external forces are chosen to act in a direction orthogonal to the sides of the strip and to push the
filaments inwards. Denoting the magnitude of these forces on the left and right ends by fy and fi,
respectively, one has

20 = fow(p(a@ =0))", and g = fiw(pla@=1)". (V.2.15)

We emphasize that these forces depend on the deformation of the strip and that they are nonconservative.
In particular, the choices (V.2.15) cannot be derived as variations of a functional. Nevertheless, the
decision to prescribe (V.2.15) after computing the variation (V.2.14) produces much simpler boundary
conditions compared to inserting (V.2.15) to the energy (V.2.13) and then finding its variation.

Now, for simplicity, let us further assume that fy and f; are constant in s. Substituting these to
(V.2.14) and evaluation of the integral, one obtains the contribution

587 (1)\z. ¢, b)(82 6. 6b) = ~Lfiw* - 62| _ +Lfow" 87 .

Euler-Lagrange equations. The combined variations of the functionals above produces the weak
formulation of the problem:

0= lim (683[19]619 + 6&4(z, ¢, b](8z, 8¢, 5b) + 6EC(z, ¢, b](8z, 5@, 5b) + 6E' [z, ¢, b](Iz, 50, 6b))
r—

1
= ((L(Po,() - fa)wJ‘ — L2P1’obw) . (5Z + (LZPLO + L4P1,1b2)5(,0 + L3P0715b) |0

1
+ f ((,uA(é?tz — vw) = Lo (Pogw™) + L?3,(P1obw) ) - 82
0
+ (u* (L2820 = L*S02b?) G — LP0Baz - w + L*Pyghdyz" - w — L*8,P1 — L*0,(P11b%)) 09
+ (u*L*So2 0ib — L*P100uz - w + 2L*Py 1bO,p — L3aapo,l)5b) de,

for all admissible variations 0z, ¢ and 6b. From here the Euler-Lagrange equations are derived:

pA (82 — vw) — Ldy (Popw™) + L2804 (P1obw) = 0,
/JALZ(Sz’() - L2S0,2b2) (9;(,0 - LP(),()aa,Z W+ L2P1,ob6azL W — L230P1,0 - L4aa(P1’1b2) =0,
UAL*Sos O;b — L*P100a2 - w + 2L*P1 160y — L30, Py + uBb = 0,

(V.2.16)

with the boundary conditions

P()’QUJJ_ - LPpbw = fojwt fora=0,1,
Pio+ L*P1b* =0 fora =0,1, (V.2.17)
Pp1 =0 fora =0,1,

where §;; and P;; for i, j = 0, 1,2 are defined in (V.2.9) and (V.2.12), respectively. Equilibrium states
of System (V.2.16)-(V.2.17) involve b = 0, i.e. when filaments are straight. In fact, for an inextensible
filament with only friction from adhesion and bending energy, convergence to a straight line segment
and the existence of ¢ can be proved rigorously [Oell1]. In the next section, we look more closely at
the states where b = 0.
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V.3 Rigid filaments with pressure

The rigid filament version of the FBLM with pressure can be derived by setting b = 0 in System
(V.2.16)-(V.2.17):

(92 — vw) — Ly (Pow™) = 0, VAL
L yA8p — LPyByz - w — L20, Py = 0, -
with the boundary conditions
Pywt = fojwt fora =01,
o™ = Jor (V.3.2)
P =0 fora =0,1,

and the pressure terms Py and P; now defined by

0 0 -1
1 — 1
Py := f p(o)ds, Pj:= f (s + E)P(@ ds, o0:= (&,zl cw—L (s + E) 80[90) .
-1 -1

As in Section V.1, we employ the Boltzmann-Poisson pressure model ®(g) = u” In o with stiffness
parameter u” > 0. Consequently, p(9) := @'(0)0> becomes u’ 9. Substituting this to Py and P;, we
compute explicitly that

P

)7 Loy
Inf1-
( ~

Laa'()o a/ZJ' “w (L/z)aa/‘p

Py=- ) and P; =- (,uP — PyOyzt - w) .

Loyp

Approximations for pressure terms. Approximation of Py and P; for small L utilizes the expansion

1 1
ln(l—x):—x—ixz_gx:”_...’

which converges for x € [-1, 1). For Py and P, we therefore consider the following:

Lo, ¢
or =-1.
OgZt - w+ (L/2)0y¢

L
|LOy | < |0pz" - w + Eaago

Expanding the first condition, one has
3L L
- azl-w—Tﬁago<O<OQZL~w—5(9050.

However, the parametrization of the curve by a (increasing from left to right) tells us that

1
aazL-w—L(s+§)aa

1
=0,z - w-L (s + 5) o >0, forse[-1,0].
Therefore, we only require that

3L
OnZt - w + 780[(,0 > 0. (V.3.3)
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Now, let us expand Py under the assumption (V.3.3). The series expansion for the natural logarithm
renders the calculation

Lo,y o L _ )
ln(l T wt (L2)de) - —Lo(s = —1)0,¢ — 7(0(»‘ = =1)0ap) -
L3 _ 3
- ?(Q(s = 1)) —---. (V.3.4)

We express o(s = —1) in terms of ¢ := 9(s = —=1/2) = (Jpz* - w)~!. Indeed,

_ L L2 L3
o(s=-1)=po- Egzaaso + Zg%amz - ;g“wwf TR

Inserting this to (V.3.4) yields

L’ 3 3
= —Lodop — =0 (Oap)” — - .

Loy
12

ln(l T Bzt - w + (L)2)0ag

We truncate the expansion at the second term and arrive at the approximations for small L:

ub L, 3 P L? 2
Py~ — —L0dyp — —0°(0, = + — 0 (0 ,
0 Laa(p( 00a ¢ 129( so)) M (9 12@( so))
and
1 L? 1\ Lu®
Py~ — PP lo+ ==0%0,0)%| = | = =5 0%, 0,
1 ww(u M (9 12@( ®) 0 13 € Oug

where we recall that the density is given by o := (9,z* - w)~ L.

Short and rigid filaments with pressure. The approximations for small L above are inserted to
(V.3.1)-(V.3.2). This gives rise to the nonlinear system

A0z = vw) = 10, ((0 + 503 (Be)?) wb) = 0,
L A P L P 2 (V:3.5)
Surop — pf 00,2 - w — H 1 0, (0°0,¢) =0,
forO < @ < 1 and ¢ > 0, subject to the boundary conditions
—ufowt + fowt =0, a=0,
uPowt — fiwt =0, a=1, (V.3.6)

uP 0?80 =0, a=0,1.

In the next section System (V.3.5)-(V.3.6) is linearized around the trivial steady state.
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V.3.1 Linearization around a steady state

Let us determine the equilibria of System (V.3.5)-(V.3.6) when the external forces fo and f; are
independent of time 7. Setting the time derivatives of (V.3.5) to zero, we obtain the steady state
problem

2 2
{/JPaa (0+ 5% 0ap)?) wh + (uv — 1 (0 + 50°(0atp)?) Bugp) w = 0, V3T
g 3.
002 - w — %30(926(190) =0,
for 0 < a < 1, with the boundary conditions
—uPowt + fowt =0, a=0,
wPowt — flwt =0, a=1, (V.3.8)

,upgzé?ago:O, a=0,1.

The first equation in (V.3.7) is a linear combination of orthogonal vectors, hence, both coefficients
must vanish:

L2 L2
Oa (9 + 593(%90)2) =0, and ptv=p" (9 + 593(6a¢)2) 0o p-

The first one implies that o + (L?/ 12)93 (8090)2 must be constant with respect to @. The second
one tells us that without polymerization (v = 0), the angle ¢ must be constant. We shall denote by
0. > 0, ¢, and v, = 0 the equilibrium density, angle and velocity, respectively. With these, the last
term in the second equation of (V.3.7) vanishes. We are then left with d,z - w = 0, i.e. that the
tangent vector 9,z is orthogonal to the filament direction w. This allows us to write 9,z = —cw™ for
some constant ¢ > 0, where the negative sign appears for convenience. Of course d,z* - w = ¢, and
consequently, ¢ = (1/0,) > 0. Therefore, 0,z = —(1/p.)w™. Integration with respect to a yields
z(a) = —(1/p.)aw(g.)*, where we have chosen z(0) = 0.

Finally, the first and second boundary conditions in (V.3.8) yield ,uP 0e = fo = f1. This means that
the forces on the sides are both constants and are of the same magnitude. The last boundary condition
in (V.3.8) is automatically satisfied since ¢ = ¢, = constant. The equilibrium state (z,, ¢.) is therefore

1
z.(@) = ——aw;, and ¢, = constant, with v, =0, (V.3.9)
e
where o, > 0 and w, := w(¢.). This corresponds to the case when the lamellipodium strip is
rectangular, with parallel filaments next to each other, differing only by equally spaced shifts in the
a-direction, and without polymerization at their barbed ends.

Taylor series expansions. Linearization of system (V.3.5)-(V.3.6) around (z., ¢.) in (V.3.9) is exe-
cuted by Taylor series expansions about the steady state, neglecting terms of order higher than one.
For a sufficiently small § > 0, small deviations from the equilibrium are z = z, + 6z, ¢ = ¢, + d¢, and
v = év. Expanding w(g) around ¢, results to

W(P) = W, + Spwr + O(8%). (V.3.10)
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Multiplication of(V.3.10) with 9,z yields
0aZ" - W(F) = (Bay +00,2") - (we + Spw + 0(67))
=04y W+ 6 (60[# cWe + POLZ, - wj) +0(5%)
= (1/0¢) + 6 (Gaz* - we + @aZe - we) + O(57).

Because 9,z, - w, = 0, we have 9,7 - w(@) = (1/0.) + 60,2" - w, + O(6?). Next, let us denote by
0 := (0,2* - w(®))~! and expand it around (z,, ¢.). The computations above yield

0= 00— 00, (Baz” - we) + 0(5%), (V.3.11)
From (V.3.10), we also have w(g)* = w} — dpw, + O(5%). Consequently,
0w(@)* = 0w} = 60;(Be" - w W] — 60epw, +O(5%),
with a-derivative
8o (Qw(@)1) = =6(02 (032" - wIW, + 0e(Ba)we) + O(87).

Here, we used 9, (0.w; ) = 0. Combining the computations above and tending § — 0 allow us to write
the linearization of the first equation in (V.3.5) around (z, ¢.):

pA 0z = vwe) + 1’ 03032 - wow + 1 0 (Bup)w, = 0.
For the second equation in (V.3.5), we employ the computations

00 - W(P) = (0yZe + 60,2) - (we +0pwy + 0(52)) = 0yZe - We + 0 ((’)az C We + PO,y Z, - wj) +0(5%)
L 2 1 2
=6 (02 we = POz - we) + O(8) = & Bazwue—g—(p +0(6%),
e

where we used 9,2, - w, = 0 and (1/0,) = 942, - w,. From (V.3.11), it follows that

e~ 1

00,7 - w(@) = b0, (aaz Fw, - —90) +0(5%) = 6(0e0u - we — ¢) + O(5°).

Qe

We also compute from (V.3.11) that 9% = 0% — 2602(0az* - w,) + O(6?), so that
02(0°02 %) = 5020, + O(5%).
Then, the linearized equation for ¢ around (z,, ¢.) reads

TR 00— 1 e Ba - we t g = o1 0 Oy = 0.

Finally, since u” 0. = fo = f1, the boundary conditions become

—u 2 (Baz - wo)wr =0, and  p’o? Bup = 0.
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Linearized equations for (V.3.5)-(V.3.6) around (z., ¢.). Collecting the computations above, we
arrive to the linear system

/JA(atZ - VW) + :UPQ%(a(%ZJ_ : we)wé_ + :UPQe(aa‘P)we =0,
L> A P P L2 P 2 a2 (V.3.12)
TH Orp = U 0e 0o - we + [ = 5 0, Oy =0,
subject to the boundary conditions
—uf 02(0p2" - we)w}r =0, fora=0,1,
H Cele (V.3.13)
uf 0% 8,0 =0, fora =0,1.

For simplicity, we investigate the case when the filaments are vertical and are pointing upwards, i.e.
¢. = n/2. The directions read w, = (0,1) " and w; = (—1,0)". Writingz = (z1, z2) ', we compute that
852,2L cWe = 6§Z1 and 0,7 - w, = 0y72. Substituting these to (V.3.12)-(V.3.13), we obtain a decoupled
system for z; and (22, ¢):

A P 2 a2
0;71 — 0571=0, O<a<l,t>0,
oG I Qe Gat (V.3.14)
/f’gﬁ 0,71 =0, fora =0,1,
and

1A (0,20 — v) + P 0.000 = 0, O<a<l,t>0,
L (19 — P 02020) — uP 0,00z2 + P =0, 0<a<1,1>0, (V.3.15)
uF 020, =0, fora =0, 1.

Problem for z;. The problem for z; in (V.3.14) is a diffusion equation subject to homogeneous
Neumann boundary conditions:

Oiz1(a,t) = ”:fg 2z1(at), O0<a<l1, >0,
0221(0,1) =0 = dpz1(1,1), >0, (V.3.16)
21(2,0) = 2%(a), O<a<l,

with diffusivity coefficient (u” 02/u?) > 0 and appropriate initial data z?(a) for 0 < @ < 1. This can
be solved via separation of variables,

[e9)

2¢,P2/7,,A
21(a,t) = ch cos(nma)e™ K Ce/ 1
n=0

with Fourier coeflicients given by

1 1
co = f z(l)(oz) da, Cp = 2f z?(a)cos(nna) da, n>1.
0 0
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Problem for (z;, ¢). For simplicity, we neglect polymerization (v = 0). System (V.3.15) becomes

pA0:z2 + 1 0.0, = 0, O<a<l,t>0,
L (1A — P 02020) — P 0o00za + uP9 =0, 0 <a <1, 1>0, (V3.17)
uf 00,0 =0, fora =0,1.

Let us ignore the boundary conditions for the moment, and take the Fourier transforms in the -variable:

(o)

D& = f Doe_igazZ(a,t)da, and @(&1) = f e % (a, 1) da. (V.3.18)

o0 [s¢]

This converts (V.3.17) to the system of ODEs

{,uAazzE + 1P 0.£ip = 0, V319)
2 —~ 2 —~ .~ e
Burog+ul (50282 +1) - uPotizy = 0.
From the first equation, we have ufo.&ip = —u0,7> with time derivative u” 0,£i0,0 = —u0,2.
Inserting these to the second equation results to a second order ODE for 25,

L> 4 L (1” 0e£)?

—roum+ | =02 +1)0m - =25 =0.

The discriminant D(&) of the corresponding characteristic equation is positive and so we have two
distinct real roots ry and r». Indeed,

2

2 2
D) = (u")? (f—zgigzﬂ) +%Q§§2} >0, forall &

and

—uP ((L2/12)0%* + 1) £ /D (&)
(L2/6)ut .
Notice that r;(£) > 0 while r»(£) < 0 for all £, which means that there are instabilities (corresponding

to the positive root) for all frequencies €. Nevertheless, a silver lining is found in the following
observation. For large values of &, we calculate

2 2 22
%u%(f) - (L0t — 2 wEoe

P ((L2/12)g362 +1) + D@ H

Therefore r1(¢) — 12/(L?>uf u?) as & — oo, or in other words, r; remains bounded as long as L # 0.

ri2(é) =

Instability of the steady state. The main problem we have regarding stability of the steady state is
the (z2, ¢)-equations. We speculate that the instability comes from the following. Setting v = O in the
first equation of (V.3.5), one has

L2
uroz = uta, (@ + Eg%aa«p)?) w* = 1 0(Bap)w. (V.3.20)
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Figure V.2: Arbitrary configuration of a filament strip. The black line represents the center-of-mass
curve of the filaments.

Consider the filament strip configuration in Figure V.2, and concentrate on the last term of Equation
(V.3.20). On the left part of the curve, d,¢ < 0, so the curve moves upward, while on the right part,
downward. This bends the curve in opposite directions, which might be the cause for instabilities.
In fact, a demonstration of the pressure term of a supplementary material to [Man+15] mentioned
instabilities with respect to nonsymmetric perturbations. However, since such instabilities were not
observed in the full model, they were not investigated further.

In (V.3.20), filaments communicate only through repulsion. This lack of connection in the a-
direction was not an issue in the models discussed in the previous sections, since filament bending,
cross-links between filaments of different families, and even forces on the filament ends (tethering and
area constraint) produce a-derivatives. In the next section we introduce an effect to counteract possible
pressure instabilities.

V.3.2 Adding tension of center-of-mass curve

To maintain the shape of the lamellipodium, the FBLM in [OSS08] described the cell membrane as
a rubber band stretched around the barbed ends of the filaments, along with a prescribed equilibrium
circumference. Inspired by this strategy, we introduce an artificial structure-preserving feature of the
form

1
EXD)[z] := ”Kfo |0,z der. (V.3.21)

It models the resistance against stretching of the center-of-mass curve above the force-free equilibrium
length, which we assume to be zero. We have chosen the force to act on the center-of-mass curve
instead of the leading edge for computational simplicity. The variation of (V.3.21) is then calculated,

O Do 1 ! O
z -0y (02) da = X z - 0Z —,Lth Ba( z)-ézda.
0

1
K _ K
687 ()Ie10z = 4 fo 1007] 0ozl %o

Euler-Lagrange equations with tension. The tension of center-of-mass curve energy (V.3.21) is
added to the potential energy of System (V.3.1)-(V.3.2), resulting to

A P L2 3 2) L kg [ aZ
(0z — vw) — uf'd + (Oap)” ) w™) — ™0 ( ):0’
p (0 H w((Q 2@ 0a¥ ) ) K% 16,2 (V.3.22)

2 2
Lo — u 00,2 - w — 55 11P8,(0*0ap) = 0,
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for0 < @ < 1 and ¢ > 0, subject to the boundary conditions

|04 Z] (V.3.23)

0
uP owr + uk o _ foiwt, a=0,1,
070,90 =0, a=0,1.

Linearization of System (V.3.22)-(V.3.23). With a constant tangent vector, i.e. d,(0,2/|0,2]) = 0,
steady states of (V.3.22)-(V.3.23) are the same as in (V.3.9):

z.(@) = —(1/p.)aw;, and ¢, = constant,

where the subscript e means states in equilibrium. It follows that (9yz./|02.|) = —w}. The first
boundary condition in (V.3.23) implies that u” o, — uX = fo = f1, or in other words, the external
forces are constant and are of the same magnitude. The second boundary condition in (V.3.23) is
automatically satisfied since ¢ = ¢, = constant. For the linearization, we shall need the expansion

OuZ _ Oqle 5( 0,2 OuZe

== 2 (8,z, 0 0(5?),
02~ 190ze] T O \Bazyy ~ (Oote )i |3)+ 0%

aze

where Z is a small perturbation from equilibrium. As in the Section V.3.1, we take ¢, = /2. In the
end, we obtain the linear systems

{,uA()tzl = uP 0232z, for0<a <1,

uf 020,21 =0, fora =0,1,
and
{ﬂA@zz + 1P 00000 — uK 0,022 = 0, for0 < a < 1, V32
2 2 b
%,uA(?[go — 1P (00020 — @) — f—z,upggﬁégo =0, forO<a<l,
with the boundary conditions
P
(00,22 —¢) =0, fora=0,1,
HAQelata =@ (V.3.25)
1F 00040 =0, fora =0, 1.

Problem for (z2,¢). Let us focus on the (z2, ¢)-system in (V.3.24)-(V.3.25) since the z;-equation

is again a diffusion equation with Neumann boundary conditions and is already solved in (V.3.16).

Proceeding as in the Section V.3.1, we ignore the boundary conditions and use the Fourier transforms

(V.3.18) in the a-variable. Equations (V.3.24)-(V.3.25) are transformed via Fourier into a system of
ODEs:

{uAﬁzfz + uPoctig+ X 0,822 = 0, V326

2 —~ 2 —~ .~ e

Lo+ u” (L0282 +1) - il outizy = 0.
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Using the first equation, we have uf 0,£ip = —u40,75 — uX 0.£%7> with time derivative u”0,£i0,p =
— 10,75 — 1% 0,£20,7>. Inserting these to the second equation in (V.3.26) yields

L> , L? L?
— 10+ | =K 0.8 + uf =022 + 1)) 0,2

L? _
+ (" (#ng (Egﬁfz + 1) - uppﬁ) £5=0.
The discriminant D (&) of the corresponding characteristic equation is
2

L2K2 PL222 2LPK L222 P 2] &2
D(&) = | 51" 0e6™ + 1 | 15087 + 1| == (17 0e | 5087 + 1) — e | &

L2 K 2 P L2 2 &2 ? L2 P\2 22
(e - (e 1)) + S rae (v327)

Because D(¢&) > 0 for all £, we get two distinct real roots

= ((L2112) K 0.8 + P ((L2/12)02¢2 + 1)) + \/D(€)

ria() = Tiom

b

where r(£¢) < 0 for all £. To ensure that r1(£) is negative, the sum of the last two terms on the right
hand side of the first line in (V.3.27) must be positive, in particular,

P
K M Qe

(L2/12)02&2 + 17 ¢70

u

For large values of &, one could choose uX to be sufficiently small, while for small &-values, X must
be large enough. Notice however that in the original problem, we do not really consider & on the whole
real line. Instead, for a given X, we could begin at a positive value of ¢ (large enough) so that r{ (&)
is negative. These considerations pave the way for a more in-depth investigation of (V.3.22)-(V.3.23),
where bifurcation analysis is instrumental.

V.4 Rigid filaments with pressure and tension of center-of-mass
curve

In this section, stability of solutions to equations (V.3.22)-(V.3.23) for rigid filaments with pressure and
center-of-mass tension are analyzed. For simplicity, the forces on the sides of the strip are assumed
to be equal, i.e. f := fo = f1 and the higher-order terms, i.e. O(LZ)—terms, in the first equation of
(V.3.22) are dropped. The Euler-Lagrange equations now take the form

0
1oz — uf o, (owt) — ko, (l@azl) =0, forO<a < 1,t>0,
(07
IL—;,uA(?tgo —uf 00,2 - w — IL—;,uP(?a(Qzaago) =0, forO<a<1,t>0, (V4.1)
0,
(1P o Pwt + K22 — 5.0=0, a=01.

|0z
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Nondimensionalization and rescaling. A nondimensionalization is carried out where our reference
density is

f+uf
We then introduce the scaling
uh 1 1
> ——1 zZ—> —1, 0 — 000,
0 €0

and the dimensionless parameters

L uk
B:=——=00 and vy:= .
2V3 1P 00

(V.4.2)

Taking the a-derivative of the first equation in (V.4.1), and implementing the scaling above yield to the
nondimensional equations

O0yZ

0 (0az) — 02 (ow™) — Y02
|02l

B20,0 — 0042 - w — B20,(0%00p) =0, forO<a <1,t>0, (V4.3)

):0, forO<a<1,t>0,

0,
(Q—1+ﬂwl+ybfl=%m=0, @=01.

In the following section we look at the equilibria of the dimensionless system above.

V4.1 Existence of nontrivial steady states

The trivial steady state of System (V.4.3) satisfies 0,z = w(g), ¢ = Fo + (7/2), and o = 1. Setting
P9 = 0 for simplicity, one has

— 1 _ 7 —
0uZ = (O)’ o= and o=1. (V4.4)

To linearize (V.4.3) around the steady state (V.4.4), we introduce the deviation (from equilibrium)
variables (ai, by) and ¢y, and insert

_ 1 aj _7T
6az—(0)+(bl), and 90—§+g01

to (V.4.3). We shall need the computations

-1 0 -1 ai
Q/"l_ ) J_z + s J_z + s
T 0 M S A Py R

0, Z 1 0
ﬁz(())-i_(b])’ 0042w ~ by — @1,  0°0ap = Dap1.
a
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Linearization of (V.4.3) around (V.4.4) yields a boundary value problem for a; and a coupled system
for (b1, ¢1). First, we have

B,al = agal,
(vV4.5)
a;=0, a=0,1.
This component tends to zero exponentially. On the other hand,
0by = 95(yb1 — ¢1),
B*orer = B2O51 + bi - g1, (V:4.6)

bl—gol:c’)ag)]:O, a:O,l.

Rotational invariance of this problem implies that we may add to any solution a constant state satisfying
b1 — ¢1 = 0. Below, we look for other nontrivial steady states.

Nontrivial equilibria. With X(«) := (b1, ¢1)", we write the steady state equations in the form

” . 1 _1/7 1/7
X(a) = MX(a), M := ﬁ( 1 1 ), v4.7)

where ’ means derivative with respect to a. The eigenvalues of M are

B\ vy
with eigenvectors (1, 1) and (1,7y), respectively. Since 0 < y < 1, 41 < 0. The general solution to
(V.4.7) is therefore

1 (1-
/10 = O, and /11 = ——= (—7),

1 [1-
X = (Asin(ka) + B cos(ka)) (1) +(Ca + D) (1) K= — | —2,
Y 1 BN v
for arbitrary constants A, B, C and D. We compute that
by — 1 = (1 —y)(Asin(ka) + Bcos(ka)).

With the boundary conditions in (V.4.6), this has to vanish at @ = 0, implying B = 0. Ata = 1, on the
other hand, we require A sin(x) = 0. Finally,
0ol = kyAcos(ka)+C =0, a =01,

only if C = —kyA and A(cos(x) — 1) = 0. A nontrivial steady state therefore exists only if sinx = 0
and cos « = 1. With the smallest choice ko = 2x, the space of nontrivial solutions is spanned by

X =A@ (sin(27rcx) ()1/) -2nya (i)) . (V.4.8)

The nontrivial solution produces a nonvanishing (constant, vertical) velocity. With our choice k¢ = 2,
we compute the bifurcation point
1 [1—-vy

e (V4.9)

ﬁo::E Y

Note that the value of A(?) in (V.4.8) is still unknown. In the following section, we find that A satisfies a
nonlinear ODE with nontrivial equilibria giving rise to the bifurcating steady states of System (V.4.3).
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V.4.2 Normal form reduction close to the bifurcation point

The normal form reduction of System (V.4.3) close to the bifurcation point is derived by choosing
values of S close to Sy defined in (V.4.9). With the notations

. o =pi - and o= sign(B] - B,

€= |,83—ﬁ2

the derivation is carried out by looking at e-values near zero. The ansatz

1
Oy = tem+eEMm+ e+ 0, T =(a,b)),
(0> 1 2 3 J J> Y] (V4 10)

p=2+cp+0+ 803+ 0(eY),
expresses the fact that we expand the trivial solution for € close to zero.
Time rescaling and expansions in £. The expectation that the first two terms in the perturbation are

in the direction of the steady states of the linearized problem motivates us to rescale the time variable
t—t/(e2). System (V.4.3) becomes

0o
£20,(04z) = 02 (ow™) + 92 (Ia zl) O<a<l,t>0,
a
E220,p = 004z w + B20a(0%0ay), O<a<1,t>0, (V.4.11)
OnZ

(o—-1+y)wt+y =00 =0, a=01.

[e¥%4

Terms in the system above are expanded around ¢ through the ansatz (V.4.10). Then, at each order of

£, we extract a system of equations which shall be utilized to write the normal form reduction of the

original system in (V.4.3). Notice that at O(1), we just go back to the steady state equations of (V.4.3).
Now we expand the relevant terms,

_ 1,2
wt = (01)—8(O)+82(i¢1)+83(l 9031%2 ),
@1 ¢ to? - o3

1
o~1—-ga +&° (—a2+a%—blcpl + E(p%)

1
- & (613 —2a1ax + brpa + by + 12 — 2a1b11 + EGI‘P% + 03),
so that
_ )
Qsz( 1)+8(01 )+82(02 al+b1901)
0 -1 —p2 +ayp;

& (a3 —2a1ay + b1y + brpr — 2a1b1¢1 — a:f)
—@3 + a1y + arp1 — ater + bt — 397 )
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In addition, we shall need the expansions

1 3
|<9O[z|_1 ~1-—¢ga; + &’ (—az + a% - Eb%) + & (—a3 +2aiay; — b by + Ealb% - a3) ,

1,2 2

% N ((1)) e (1?1) +el (bz_—icl;lbl) +e’ (b3 — arb Z—)IZI:I Ti’%bl - %bi)’
0042 - w ~ &(by — @1) + & (by — 3 — arby)

+& (bs — @3 — ajhy — azby + atby + bt — bip; — %sﬁf)
92 ~1-2¢ea; + 52(—2a2 + 3a% - 2b1y + go%),
0 0up = £00p1 + 87 (Bapr = 2a1801)

+ & (Baps — 2410092 + (=2a2 + 3a; = 2b1¢1 + 91)0ap1).

Because ° = ,8(2) — og?, then B%0,¢ ~ 8,880;901 + 82,8(2)6,(,02 + &3 (,8(2)8,903 — 0'6,@1), and
B*0*0ap = £B50a01 + & B (a2 — 2a10up1)
+ & (B3(Baps — 2010002 + (—2a3 + 2a; = 2b191 + ¢])Batp)) — T0ap ) -
In the following paragraphs, we discuss up to the third e-order equations of System (V.4.11).

O(&)-equations of System (V.4.11). We find that the lowest g-order equations of System (V.4.11)
are just the steady state equations for System (V.4.5)-(V.4.6):

d2a; =0,
ar=0, a=0,1,
and

92(yby — ¢1) =0,
B2O2g1 + by — 1 =0,
bl—(p1=0a,<,01=0, a=0,1.

Again a; = 0 in the former, and the nontrivial solution of the latter is already computed in (V.4.8).
Adjoint equations for (b1, ¢;). We consider the scalar product in L2(0, 1),

1
(b1, o1). (b, §)) = fo (bib + ¢19) da,

and define a linear operator £ by

2 _
05 (yb1 — ¢1) ) (V4.12)

b1, = ,
Ll( 1 ‘101) (,8(%(9(%‘,0]4'1)]—‘,0]



V.4. RIGID FILAMENTS WITH PRESSURE AND TENSION OF CENTER-OF-MASS CURVE 77

with domain D (L) := {(b1, 1) : by — ¢1 = 041 = 0 for @ = 0, 1}. Integration by parts yield
~ l A
(Li(br @), (b, §)) = f (2(vbr = @1)) b+ (B3daer + b1 — ¢1) g da
0
N N 1
= (b0a(yb1 = 1) = Bub(ybi = 1) + $B30a01 — (D) Bie1) |,

1
b [ (1= 033+ B0 + (b - e)¢) da
0
Rearranging and using the boundary conditions for (b1, ¢1), we obtain

(L1610, (0.9)) = (b8ub1 + ((1 = 1)0ub ~ B300) b1) |,

- (02 + @) br + (82026 — ¢ - 025) 1) dar
0

From the computations above, we define the formal adjoint of £ by

%7 A ’ya(%l; + ‘15
L7(b,p) = N
16,9 (ﬁéaésa — -2
with domain D(L}) := {b = (1= y)dab — B30a¢ = 0, for @ = 0, 1}. In particular, (b, ¢) satisfies
y02ibh+ ¢ =0, 0O<a<l,
B2 — ¢ —92b=0, 0<ac<l, (V.4.13)

b=(1-7)8,b- B20,$=0, a=0,1.

Substituting the first equation to the second gives

. (I-v) .
I =~~~ ¢ = —4n°}.
B,
Solutions to the adjoint system (V.4.13). With X = (b, @) ", we write (V.4.13) in a compact form:
e YA o 0 —1/‘)/
X" () = MX(a), M = (O _4ﬂ2). (V.4.14)
The eigenvalues and corresponding eigenvectors of M are Ao =0, v9 = (1,0)T, and A; = 472,

v = (1, 47r27)T. Therefore, the solutions must be of the form
A A . A 1 A A 1
X = (Asin(2ra) + Bcos(2na)) (47127) + (Ca+ D) (O) ,

where A, B, C, and D are arbitrary constants. With the boundary condition b=0ata =0,1, we find
that C = 0 and D = —B. The other boundary condition is always satisfied since ﬁ(z) = (1 —y)/(4n%y).

Hence A and B can be chosen arbitrarily. The space of nontrivial solutions is spanned by

X = (A sin(2ra) + B cos(2ra)) (4;27) -B ((1)) .
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Notice that inserting a different value 8 # S yields A = 0. These solutions correspond to those
obtained from the rotational symmetry of the problem. Removing these states means that we take
B = 0. Moreover, we choose A = 1 for simplicity, so that

X = sin(27a) ( 4ﬂ12y) . (V.4.15)

O(&?)-equations of System (V.4.11). Now, let us look at the O(&?)-terms of (V.4.11). We have the
system of equations

{82 (az + by — al ybz) 0,
a2+b1901—a1 ybz—(l—y)go /2, a =01,

and

02 (yby — o3 — a1 (yb; — ¢1)) =0,
B2O2¢r + by — g2 — arby — 2284 (a100¢1) = 0,
Y(ba — ¢2) —ai(ybr — ¢1) = 0,92 =0, a=0,1.

Since a; = 0, these reduce to

{8‘3 (a2 + brg1 = 57b7) = 0 (V.4.16)

ar + bipr — 3yb? = 1(1 - y)¢?, =01,
and

92(yby — ¢2) =0,
Bi92ps + by — 2 =0,
b2—<,02=aa(,02=0, a:O,l.

The second system has already been solved. Moreover, it tells us that L (bs, ¢2) = 0, with £ defined
in (V.4.12). On the other hand, solving for a, in (V.4.16), one has

Zb% +

25+ 52 () - ) a4 1

a = —byp + ¢1(0).
Note that ¢1(0) = 0 and ¢(1) = =271 A. Hence

ar = by + %bf +272%(1 - y)A2a. (V.4.17)
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O(&’)-equations of System (V.4.11). Finally, we look at the O(&%)-terms of (V.4.11), namely,

ora; = 8§ (a3 —2a1az + by + by —2a1b1p + a? —vybi1by + yalb%) ,
{613 —2ayay + b1gy + by —2a1bioy + a3 — ybiby + ya1b? = (1 - y)e1¢2, a=0,1,
and
by = 32 (ybs — g3 — a1(yby = @2) + (@2 — ax) (yby - @1) + big? - ¢} = 3yb3),
ﬁgaﬂpl = ﬁ§a§¢3 + b3 —p3—aiby —axby + a%bl + blgof - bfgol - %go% - 0'(95(,01
+ B2 (~20a(@10092) + B0 (=203 + 3a? = 2b1 g1 + ¢2)datp) )

y(bs — @3) — a1(yby — @2) + (a2 — a2) (yby — ¢1) + b1} — 393 = 1yb} = L(1 = )¢,
601903:0, CZ:O,l.

(V.4.18)
Since a; = 0, we have
{55 (a3 + b2 + brp1 —yb1b2) =0,
az + by + by —yb1by = (1 —y)p1¢2, a=01.

Therefore, we find

az(@) = b1y = bap1 + ybiba + (1 = y) [(e1(De2(1) = 1(0)92(0)) @ + 1 (0)2(0)] .

Again setting a; = 0 in (V.4.18), one has

Oiby = 82 (753 — @3 — ax(yby — ¢1) + b — 303 - %)’b?),
Bioipr = BR92¢s + by — @3 — azby + b1} — blp — L¢3 — 502
| + B20a((=2a2 — 2b1¢1 + ©1)Bap1) (V.4.19)

y(bs - ¢3) — ax(yb1 — ¢1) + b1 — L = Tb3 = L(1 = ),

Oa 3 =0, a=0,1.

Derivation of an equation for A(z). With the goal of finding A, we take the scalar product of
(0:bq, ﬁ(z)@tgol) in (V.4.19) with (b, ¢). We arrive to the equation

(@1, B3dre1), (b, §)) = (La(b3, ¢3), (b, §)), (V.4.20)

where

1 1
L3(b3, 03) = (85 (7b3 — @3 — ax(yby — ¢1) + big? — 590? - Eyb?),

1
B0%p3 + by — o3 — azby + b1gt — bio; — 590? — 00201 + BEOa((=2a2 — 2b1p1 + ©2)0u1) |,
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with domain

1 1
@ —=ybi ——(1—y)g3 =0

1
D(L3) = {(b3, @3) 1 y(b3 — ¢3) — ax(yby — ¢1) + b1} — = 5 6

3

and d,¢3 = 0, for @ =0, 1}.

We remember that the values of (b1, ¢1) and (b, $) are already computed in (V.4.8) and (V.4.15),
respectively. These are used to expand the left-hand side of (V.4.20):

1
[ @b+ Bowe) o
1
= A®) f ((sin(ZJTa) —2nya) + 4712)/2,8(2, (sinQra) — Zﬂa)) sin(2ra) da
0
1
=A@ f ((1 + 47r272,88) sin2(27rcx) -2y (1 + 47rzyﬁg) a sin(27r01)) da.
0

From the relations 1 + 472y? ,83 =1+y—y*and 1+ 47r2yﬁ8 = 2 — v, and the integrals

1 1
1 1
f sin2(27r0z) da = - and f asinra)da = ——,
0 2 0 21
the left-hand side of Equation (V.4.20) becomes
.~ 1.
(@1, Bore1). (b.§)) = AN +5y =377, (V.4.21)

Now let us focus on the right-hand side of Equation (V.4.20) which requires a longer computation.
It reads

1
. 1 .
<£3(b3, ®3), (b, 90)> = f (5(7; (7b3 — @3 — ax(ybi — ¢1) + big} - 590? - —Vb?) b
0
1
+ (B302¢3 + b3 — @3 — azby + big] — bl — <@ — 703

3

— B30a((2az + 2b1 1 — go%)aasm))@) do, (V422
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which, after integration by parts, becomes

n 1 1
(b 0o (7193 — @3 —ax(yby —¢1) + 19190% - 590? - 571??)

n 1 1 . "
M) (7b3 — @3 — ax(yby — ¢1) + bi? — 590? - 5719?) + B3¢ Oz — B (0 d) 3

1

— 0@ Bap1 + T(0a )1 — Bid (2az +2b1p1 — <P%)(9a901)
0

1

1.1 A )

+ f ( (7b3 — @3 — ax(yby — ¢1) + big] — 590? - 57’1??) 02b + (Bows — o) 0ad
0

13 . R
+ (b3 — @3 — azby + b1gt — blg; — gso?) @+ B3(2az + 2b1 gy — so%)(aasol)aaso) da. (V.4.23)

From (V.4.13), we know that b=0ata = 0, 1, so the first line above vanishes. The boundary
conditions for (b3, ¢3) in (V.4.19) allows us to write the second line as

R 1 . 1 AN
((1 = ¥)0ab (903 - gso?) - ﬁ(z)(aa@)‘ﬁs) b= (((1 = 7)0ab = fi0a) @3~ (1 - y)(aabw?)

0

1 ~ gl 1 !
= (1 =10b)g|) =~ B D),
(V.4.24)

where the last line follows from the boundary condition (1 — y)t?al; - ﬁé@agﬁ =0ata = 0,1, for the
adjoint system (V.4.13). Since d, 1 = 0 at @ = 0, 1, then the third line in (V.4.23) reduces to

1
T (D)1 (V.4.25)

This ends the computations for the boundary terms in (V.4.23).
We now focus on the integral in (V.4.23). Rearranging the terms in the integrand, one has

1
A A . . 1 A
f (<b3 ~ axb1)(Y03h + ) + @3(=05b + B3¢ — §) + (w% - 590?) (b + @)
0

1 R ) ) R
+ (azsm - 5719?) 02b — 01029 — brp1§ + B (2az + 2b1¢; — 90f)(8a901)8a90) da.  (V.4.26)

The first two terms inside the integral vanish from the (b, ¢)-equation. We integrate the last term by
parts and rearrange the terms to write (V.4.26) into

I : 1 ~
Bow1(2ar +2big1 — ¢1)dad] + fo ( (bw% - gso%) (b + ¢ = Fi0a)
2 2 2 3 2 A 1 3] 927 2 A
— By (b1 — 51 T oer+ 20201 | 0,0 + | axpr — 5y | 0ob — big1§

~ B2010a(2az + 2b1 1 — go%)aasa) da.
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The first term inside the integral above is zero from (b, ¢)-equation. Another integration by parts gets
rid of the boundary terms and gives us

1
f (- Bi(br19} =201 /3 + 01 +2a001)026 + (arg1 — yb7[2)03b — bl
0
2 2 ~ 2 2 2 A
+ B3 (2a2 +2b1 g1 = 1) (Bap1)0up + B3(2a2 + 2b1g1 — 1) 10, ¢) da.
Combining like terms and using 6313 = —(1/y)¢, we have

1

[ (o0t = Bt i3 = rendfp + Fi2an + 26101 - R)@uend

0

+ ((b}/2) = (1/y) a1 — b)) da.
This is now added to (V.4.24) and (V.4.25), so that the right-hand side of (V.4.20) becomes

1 ! 1 .
O+fo ((,8(2)[9190%_ 5,3(2)90? —0901)5560

2
(L33, 03), (b, @)) = (mpl - %«p?)cw

1 1
+ B3(2a2 + 2b1¢1 = 97)(821)Paf + (Ebi - a2 - b%sol) @) da. (V.4.27)

Again we recall the values of (b1, ¢1) and the bifurcation point Sy in (V.4.8) and (V.4.9), respectively,
and insert them in the equation above. First, the boundary terms are expanded:

1
1 .
(0'901 - gﬁésﬁ) 0o

1
(1) = 873y (O'yA(sin(27ra) - 2nar) — c B5y A’ (sin(2ra) - 2nya)3) cos(2ma)

0
2 8
= —167*y? (O’A - §7T2’)/2,8(2)A3) = —167*y*0c A + §7T4’}/3(1 —y)A3, (V.4.28)

Second, the terms inside the integral in (V.4.27) are considered one-by-one. The first term is computed
as

1 1
1 . 1 .
f (ﬁ%blcpf - Bi3#i - vsol) dz¢da = —161ty f (ﬂ% (m - 5901) ¢ - mm) sin(27) da.
0 0
(V.4.29)

The computations
! 1
ﬂ(z)f (b1 - §g01) gof sin(2ra) da
0
2.2 ! 1 2 4 2
= Byy A3f ((1 - §y) sin“2ra) — §7T’)/CZ sin(27m)) (sin2ra) - 2na)” da
0
1
1
= ﬁéyzAz’ f ( (1 - 57) sin4(27roz) — 4ra sin® Qra) + 47r2(1 + )/)oz2 sin2(27ra)
0

16 2 35 10 35
- ?7(3’)/&’3 sin(27ra)) da = ﬁ%y2A3 (gﬂz + 2 + (?ﬂz - §) y) ,
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and

1 1
3
O'f @1 sin2ra) da = O")/Af (sin2(27ra/) - 2na sin(27rcy)) da = EyaA,
0 0

allow us to write (V.4.29) into

2 1
—167*y’ B3 (§7T2+§ ( 0233

- i 3 4.2
7 + 3 n g )y)A + 241"y o A. (V.4.30)

For the second term inside the integral in (V.4.27), we recall (V.4.17). In particular, one has
2a; = =2b1¢1 + yb? + 4n*(1 — y)A%a, and so

1
f By (2az + 26191 = 9] (ap1)a da
0
1
= 16714)/2ﬁ(2)A\fO (yb% +47%(1 — ) A% - ‘p%) (COSZ(Zﬂ'a) - cos(27ra)) da
1
= 16714)/2(1 — )/),B(Z)A3 f (y sin2(27m) - 47‘(2)/2052 + 47120z) (0052(271&) - cos(27ra)) da
0
4.2 22 1 2 5, 9) 2\ 43
=l16x"y"(1 —y)By (7 +§7+ —§7r + 1 vl A (V.4.31)
Finally, the last term inside the integral in (V.4.27) is computed:

fl(lzﬁ ! b? )Ad
07— —axp) — 091 |paa
o \271 y !

1 3

1 3 2

= 4712yf (?1 + ;blgof — Eb%gol — ;71'2(1 - )/)Azgola/) sin(2ra) da,
0

which follows from —(1/y)ax¢1 = (1/y)b1g? — (1/2)bi¢1 — (27%/y)(1 —y) A% . We shall need the
computations

2 1 1
~Z2%(1 - y)A2 f gra sinra) da = —272(1 — y) A f (asin®(27@) - 270” sin(27@)) de
Y 0 0

5
= —5712(1 —y)A3

and
Ly 3
f (?1 + —90% — —blcpl) by sin(2ra) da
0 Y 2

1
1
=(1- y)A3 f (5 sin2(27ra) = 3nyasinra) + 47r2)/a2) (sin2ra) — 2nya) sin(2ra) da
0

3 2 13 51
_ _ 312 =2 - 2 - 2
=(1-y)A (16+(3ﬂ +12)7+(57T 8)7),
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to arrive at the relation

LDy 5, 3 (2, 13 51
f; (—1 - 612;01 - b%gol)gﬁda = 47°y(1 — ) (—57(2 +—+ (—712 + —) Y+ (57r2 - ?) 72) A3,

2 16 \3 12
(V.4.32)
In summary, the right-hand side of (V.4.27) can be written more explicitly with the help of

computations (V.4.28), (V.4.30), (V.4.31) and (V.4.32). The following paragraphs use the resulting
explicit equations to solve for A(z).

Dynamic normal form reduction. The expansion of Equation (V.4.20) from the preceding compu-
tations yields an ODE for A(¢). Indeed, equating (V.4.21) to the sum of (V.4.28), (V.4.30), (V.4.31)
and (V.4.32), one obtains

dA )
- =A (k10— k2A%), (V.4.33)
with the positive constants (0 <y < 1)
16742 8r2y(1-7y)
=—0——, K=
1+5y -3y 1+5y -3y

1 1 2
K3 1= §7r2—i+(7r2——))/—(§7r2+—))/2—(—7r2—2))/3.

K1 . K3,

4 3 8 3 4

Equation (V.4.33) is the normal form of the pitchfork bifurcation. In particular, it is an indication that
for o := sign( ,8(2) — B?) < 0 the trivial steady state is stable, whereas for o= > 0, stability is transferred
to the bifurcating steady states

_ 1 K1 0
Ot = (0) 8 S © (Sin(27ra/) - 27T)/a) ’ (V.4.34)

Q= g + /ﬂ ey(sinnra) - 2ra), (V.4.35)
K2

where we recall that & := ,/|,8§ - ﬁ2|.

Illustration of trivial and nontrivial equilibria. We close this section with a plot of filament
configurations in trivial side-by-side with the nontrivial equilibrium. Figure V.3 depicts two strips,
each with 50 short filaments. The trivial steady state (V.4.4) is portrayed as a strip with red filaments
(on the left), while the nontrivial one (V.4.34) is the strip with blue filaments (on the right). In the
figure however, the filaments are scaled (0.1 X L) to get a better view of the shape of the center-of-mass
curve and direction angles of the nontrivial equilibrium.

An inset plot of the nontrivial filament directions is also included to emphasize that filaments are
not parallel. The parameter values we used are summarized in Table V.1. As a result of our choice for
values, the dimensionless parameters in (V.4.2) become S = 0.0693 and y = 0.2500. The bifurcation
point is then By = 0.2757.



V.4. RIGID FILAMENTS WITH PRESSURE AND TENSION OF CENTER-OF-MASS CURVE 85
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Figure V.3: Equilibrium configurations for filament strip. The trivial equilibrium corresponds to the
red filament strip and the nontrivial to the blue filament strip. Filaments are scaled to 0.1L for a better
view of the nontrivial shape and directions. The onset figure on the lower right depicts the nontrivial
equilibrium directions, where filaments are almost parallel.

Var. | Meaning Value Reference/Comment
u? | macroscopic friction caused | 0.41 pN min um~2 | [Man+17], estimations and calculations
by adhesions in [OSS08], [OS10a], [OS10b]

L filament length 3 um half of length considered in [OSSO08]
u center-of-mass curve tension | 0.1 pN/ um
f magnitude of external force | 0.3 pN/ um
u pressure constant 5.0 pN

Table V.1: Parameter values for Figure V.3






Chapter VI

Evolution equations for filament density
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This short chapter supplements the results of Chapter V. In the first section, a system of equations
for the interaction of the filament density

1

0= 0[0az, 9] = m (VL)

and filament direction ¢ is derived from the model for rigid filaments with pressure. In Section VI.2,
a coordinate change is carried out, which is similar to the transformation performed in the 1D model
in Section V.1. We conclude this chapter with a numerical implementation in Section V1.3 of special
solutions to the density model.

V1.1 Model derivation

Starting from System (V.3.5)-(V.3.6), we derive equations for the filament density ¢ in (VI.1) and
direction ¢. For simplicity, the polymerization speed v is set to zero. To motivate the computations
below, let us consider the Fourier expansion of the curve d,z (c.f. (Il.1.1));

002 = 1,0,z + T1y1 002 = (0g2 - W)W — (Opzt - W)w™, (VL.L1.1)
which decomposes 9,z into its components in the directions w and w*. Introducing the notation
r:=r(04Z,¢) = 0uZ - W(p)

and using o in (VI.1), Equation (VI.1.1) becomes
1

OpZ = Tw — —w™. (VL.1.2)
o

87
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Evolution equations for the curve 9,z shall therefore help us find equations for r, o, and ¢. In fact, we
have already seen the decomposition (VI.1.2) in the previous chapter, but with » = 0, constant o and
constant ¢. The latter are equilibrium states for rigid filaments with pressure in Equation (V.3.9) and
rigid filaments with pressure and tension in Equation (V.4.4).

Derivation of equations for o and r. Our goal is to derive the evolution of ¢ and r from System
(V.3.5)-(V.3.6). The derivative of its first equation with respect to « is

110,(9az) = " (03 0)w™ = 2(820) (Bu)w — 0(930)w — 0(Batp) w").

where sufficient smoothness for z is assumed so that d,(9;z) = 0;(d,z). Taking the orthogonal
complements of both sides of the equation above, one has

10,(8a2") = 1 (~(930)w — 2(000) (Bap)w™ — 0(z @)™ + 0(Fatp)’w) . (VL.1.3)

Then, scalar multiplication of (VI.1.3) with w and the relation 9;(9,z" - w) = 9;(04Z") - W + 02w O
imply

(000" - w) = Doz wirp) = p” (-020 + 0(00tp)?) .
Notice that 8,(9,z" - w) = 8,(1/0) = —(1/0%)d;0, hence, the equation above becomes
ut (00 + *rorg) = 1" 0* (920 - 0(0.9)?) - (VL1.4)

On the other hand, scalar multiplication of (VI.1.3) with w™ and the computation
1
O (De") - wh = 0(0,2) - w = 0,057~ W) + Bo™ - Wiy = Byr + O
o

together give

1
u (a,r + (5) atso) = 1" (20.0)00p + 003%) (VLL5)
Collecting (VI.1.4) and (VI.1.5) with the last equation in (V.3.5) give rise to the nonlinear system
ut (00 + *rong) = pf 0* (920 - 0(9a9)?).
ph (0 + L0ip) = =" (2(020)dup + 002¢), (VL1.6)
o0 = 1P 0 (Lr +2(000)00tp + 002¢) .

subject to the boundary conditions (scalar multiplication of (V.3.6) with w')

P = b :O’ 1’
{“ o= for, @ (VL1.7)

wPo0?d,0=0, a=0,1.

Equations (VI.1.6)-(VI.1.7) form a closed system for the unknowns g, r, and ¢. Notice that boundary
conditions (@ = 0, 1) are only necessary for o and ¢ since there are no a-derivatives of r.
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Evolution equations for (o,r, ¢). The mixing of time derivatives of the unknowns in the first two
equations of System (VI.1.6) is removed by inserting its third equation to the first and second ones.
Rearranging the terms, explicit evolution equations for o, r and ¢ are obtained:

pAo0 = u" 020 — 1" 0 ((0ap)? + 1 (0036 + 37 +2(020)00¢) ), 0<a <1,
uror = —ut (%r + 4(0q0) 00 + 2@8590) , O<a<l,
St = uf 0?92 + ufo (z—gr + 2((90@)0090), 0<a<l, (VL.1.8)
1o = for, a=01,
10?0y =0, @ =01,

with Dirichlet boundary conditions for 0 and Neumann for ¢. In the next section, we try to understand
the dynamics of System (VI.1.8) in terms of specific locations in space through a change of coordinates.
This is similar to the transformation implemented in Section V.1.

V1.2 Transformation to Eulerian coordinates

System (VI.1.6)-(VI1.1.7) is observed in the context of its surrounding space by implementing a trans-
formation to Eulerian coordinates. This has the advantage that heat operators appear linearly. In

particular, the coordinate change
a
d
=1 x= f B (VI2.1)
0

o(B.1)

transforms the nonlinear heat equation ud,0 = u” 0>92 o to the linear heat equation ud,0 = u*6?o,
since

uP 1

1
0 = 0 — —= (0x0)0, and 0, > — 0.
uet e o

In the following, we replace 7 by ¢ for simplicity. We shall also need the following transformations due
to the coordinate change (VI.2.1):
P
1
d0+ do- M_A

1 1 1
I E (axQ)za an = Eax@ GC%Q = —E(axg)z + E@%Q

System (VI.1.8) in Eulerian coordinates. The change of coordinates (VI.2.1) transforms System
(VI.1.8) to

A0 = pP020 — P o ((0x9)? + 1 ((8:0)0r0 + 0020 + 2 0r)).
phor = —pP (Br+Lo.0 (20.p - 0,r) + 202¢), (V1.2.2)
pAop = 102+ p” (For + 2(0:000:¢),

subject to the transformed boundary conditions

{,uPQ = fo1, X = Xiefi(£), Xright(2), (VL.2.3)

,upax()p =0, x=xpf(?), xright(t)'
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Here, the boundary points xef () and xjgn¢(f) correspond to the x-coordinates of the filaments with
label @ = 0 and @ = 1, respectively, at time z. Special solutions of System (V1.2.2)-(V1.2.3) along with
their interpretations are discussed in the following paragraphs.

Solution 1.

Solution 2.

(Constant p, r and ¢ in x) When g, r and ¢ are all constant in x, the equations in (VI.2.2)
form a system of ODE:s:

pho=-;ulo’r?,
wAr = —%upr, (VI1.2.4)
pho = Byl or,

which should also satisfy the boundary conditions for a special time-dependent choice of
Jo = f1 due to (V1.2.3). In this situation, filaments are parallel and are equally spaced in a
quadrilateral strip. The second equation in System (VI1.2.4) has the solution

12 4P
r(t) = roexp (—ﬁ Z—A z), (V1.2.5)

for an initial data r¢ := r(r = 0). As ¢ tends to infinity, r converges to zero exponentially.
Inserting r(¢) to the equation for o in (VI.2.4), one has

0 d (1 12 uf 24 ”Pt
== |=|=—=—reXpl|l—-—— — 1],
o d\2 12 A 0P\ T A

and integration with respect to time yields
1 1, ( 24 uf ) 1, 1
— =—=ryexp|—-—— — 1|+ =rj; + —,
@ 27 L2pr’) 200 g2
for an initial density oo := o(t = 0). Ast — oo, we find that

2
2 )

% —7
C T g

which means that the density o stays bounded above by its initial value o for large
times. This is consistent with the fact that pressure caused by filament repulsion produces
spreading in the a-direction, consequently, in the x-direction.

(Constant ¢ in x and r = 0) Problem (VI1.2.2) reduces to a linear heat equation for p,
pho.0 = p"o70 (V1.2.6)

and the direction ¢ does not change in time. With a constant ¢ and r = 0, the filaments of
the same length are parallel to each other in a rectangular strip. Therefore, the dynamics is
governed only by the evolution of density (VI.2.6), which is in fact the 1D free-boundary
problem (V.1.13) considered in Section V.1. This should come as no surprise since in this
situation, the filaments can be seen as just points on the line, possibly unequally spaced
from each other. However, this family of solutions to System (V.3.5)-(V.3.6) is typically
unstable, as we have seen in the analysis in Section V.3.1.
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VI.3 Numerical experiment of a rectangular strip with parallel
filaments

In this section, we decide to work with Lagrangian coordinates, i.e. (a,t), instead of the Eulerian

variables (VI.2.1) since the free-boundary problem (VI1.2.2)-(V1.2.3) requires one to solve also for the

unknown boundaries xjef; and xyigne. In the end, we recover the traveling wave solutions computed in
Section V.1.

System (VI.1.8) with r = 0 and d, ¢ = 0 corresponds to a rectangular strip with parallel filaments,
with dynamics governed by an evolution equation for o,

P
0,0 =% 283 O<a<l,
{ 197 ur e 0l (VL3.1)

ulo = foi a=0,1.

This has solutions that can be expressed via solutions of the linear heat equation (VI.2.6), obtained by
using the transformation (VI.2.1). Introducing the variable g := (1/9), System (VIL.3.1) transforms to

O0q = —%83 (é) O<ac<l,
,upé = fo1 a=0,1,

which can be rewritten in the form of the Fujita-Storm equation [PZ03, Equation 5.1.10.3],

0q(a,t) = 0,(D(q)0q(a,t)) O<a<l1, t>0,
P
u
200 o0 >0, (VI.3.2)
P
7LD = f1(®) t>0,

with the nonlinear diffusivity D(q) := ( ub/ ,uA)(l / qz) > (. System (VI.3.2) is solved together with an
appropriate initial condition

q(a,0) = go(a), O<a<l. (VL.3.3)

Space-time discretization. We discretize the (a, t)-plane by choosing a uniform mesh width 2 = A«
and a uniform time step size k = Ar. The mesh points (a;, t,) are defined as

aj=G-Dh, j=1...,J,J+1, h=1/J,
t, = nk, n=01,...,N, k=T/N,
where J is the number of space grid points and 7" denotes the final time. We would like to produce

discrete approximations Q;’ € R to the point values g(a;, ,) (or to cell averages g(aj,t,)) of the true
solution at the discrete grid points.
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Semi-implicit conservative scheme. A semi-implicit Euler scheme is employed for the temporal
discretization of the PDE in (VI.3.2). In particular, the nonlinear diffusivity is evaluated at the previous
time step:

o = 0" +ki[D(Q) (Q”“)], forn=0,1,...,N,

where Qi = Qi (@) ~ u(t;, @), fori = n,n + 1, denotes discrete approximations. This yields to a linear
system at each time step, which is robust for computations.

For the spatial discretization, we use a method in conservation form to take advantage of the
structure of System (VI1.3.2)-(V1.3.3),

QM =0+ < [F(Q Q"™ j) - F(Q", 0" j - D). (V1.3.4)
where the flux function centered about the jth point is given by
F(Q",Q""sj) = D(Q],, Q)1 = Q7 D/h with 07, , = (O} + 0},))/2.
At the end points where j = 1 and j = J + 1, we impose the boundary values
fo = fotn), f{:=fi(ty), foreachn=0,1,...,N. (V1.3.5)

Finally, we need the discrete values from the initial condition:

QQ:: olaj), i=2,...,J—1,
{ - L . / (V1.3.6)
Q) =fo. Q=1
Taking the sum of (VI.3.4)overall j = 1, ..., J+1, the fluxes cancel out except those at the boundaries,

and we are left with

J+1

hZ(Q"“ Q") =k (D(Q4,,5) (@) = Q4 ) /h = D(Q} ) (O = 05T /h).

which is the discrete form of the conservation law (integral form).
In compact form, the discrete system (VI.3.4)-(VI.3.6) can be written as

An+1Qn+l — bn+1

where A" = [4; J-]I.J;.’ 1 isa (J+1)x (J+1) tridiagonal (positive definite) matrix with non-zero entries
given by

A=1 Aprga =1,

forj=2,...,J:

4 Aj,j—l = _D(Q7_1/2)7

Aj,j = hz/k + D(Q;l+1/2) + D(Q;'l_l/z)9

Aj,j+1 = _D(Q?_H/z)a
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The solution vector at each time step is denoted by Q"*! = [Q’l”l, Q’l”l, cee Q’J‘H]T. Finally, the right
hand side (J + 1)-vector b"*! = [b;]7*] has the entries

by = fit, by =

forj=2,...,J:
bj = (W*/k)Q).

Numerical example. Consider a quadratic (in «) initial data (see Figure VI.1) given by

a+0.5

qo(a) = (@ +0.5)(a—-1.5) - >

+2, qo(0)=1, go(1)=0.5. (VL.3.7)

The constant boundary values fo = 1 and f; = 0.5 are prescribed for > 0. We used N = 10 temporal
degrees of freedom (dofs) for 0 < ¢ < T = 1, so that the time step size k = T/N = 0.1. We also take
J = 50 spatial dofs, so that the mesh width 4 = 1/J = 0.02. !

Figure VI.1: Initial data go

Figure VI.2 shows the numerical solution to System (VI.3.2)-(VI.3.3) with go in (V1.3.7) imple-
mented with the proposed semi-implicit scheme above. The picture on the left plots the solution ¢
against the (a, r)-axis. On the right is a side view of the 3D-plot on the left, to better see the evolution
of the curve ¢ at each time step. We observe that the shape of the quadratic function almost becomes
linear as it comes to a steady shape. This is to be expected because of the effects of diffusion. Going
back to the original variable o, one can take the reciprocal of the numerical solution above, and in the
same way the curve p becomes almost linear.

IThe algorithm is implemented in Python 3.8.10 (Python Software Foundation, https://www.python.org/) on a
2.7 GHz Intel Core i5 with 8 GB RAM.


https://www.python.org/
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Figure VI1.2: Plots of the evolution of solution g := (1/p) using a semi-implicit scheme.



Summary and Outlook

In this thesis, we proposed simplified versions of the Filament Based Lamellipodium (FBLM). The
underlying assumption of the simplified model versions is that the lamellipodium width around the
cell periphery is much smaller than the cell circumference. Passing to a zero-width limit for the
lamellipodium, we were able to reproduce the results from the previous FBLM papers, including the
degenerate cases mentioned in [OSS08] and the desired circular-shaped cell in equilibrium [OSS08S;
HMSI17]. The resulting zero-width model is significantly simpler than the full FBLM, yet not too
restrictive that it allows (possibly) shapes other than the circle as the initial configuration.

In the second part of this work, we focused on the effects of the pressure term on the FBLM.
Although the pressure term has a stabilizing effect on the full FBLM, we discovered that it could cause
instabilities with respect to non-symmetric perturbations. To counteract the instabilities caused by
pressure, we introduced an artificial tension energy of the center-of-mass curve of a lamellipodial strip.
A pitchfork bifurcation away from the trivial, non-moving, equilibrium emerged as a consequence of
the competing effects of pressure and tension. The nontrivial steady state produced a constant and
nonvanishing velocity that translocates the filament network structure.

In the last chapter, we performed a numerical experiment for special solutions to the evolution of
filament density. We were compelled to implement a semi-implicit conservative scheme to preserve
the system structure. This scheme proved to be robust for numerical computations.

In summary, the models we derived in this study may be utilized in future works, on one hand, for
existence results and, on the other, for numerical simulations. Below, we mention possible extensions
of this thesis.

Analysis. The derivation of the FBLM is based on a potential energy functional and dominating
friction effects, suggesting an interpretation as a generalized gradient flow. This view will guide
the approach for existence analysis, based on time discretization and the solution of a variational
problem for each time step. Because of the complexity of the FBLM, simplified situations will be
studied, concentrating on the mechanical part of the model and simplifying its biochemical ingredients.
Possible extensions of the analytical theory involve the study of the long-time behavior of model
problems as well as an analysis of the regularity of solutions. Preliminary heuristic considerations
indicate that the solution operator is of a quasi-elliptic nature and smooth solutions can be expected.

Zero-width limit for the lamellipodium. We have identified an appropriate scaling such that a
nontrivial zero-width limit exists. Based on the analysis approach described above, a next step is to
provide a rigorous justification of the vanishing lamellipodium limit.
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Adding the nucleus. It is known that lamellar fragments of fish epidermal keratocytes, which lack
nuclei, possess the ability for locomotion [VSB99]. Because of this, the influence of the nucleus on
the lamellipodium was paid little attention. However, studies that emphasized on the importance of
the nucleus in cell motility, in particular, in three-dimensional environments, have surfaced recently
[Kha+12]. A detailed discussion of the interplay between the coupling of the nucleus and cytoskeleton
(and indirectly to the extracellular matrix) is also reported in [FH16]. Cell polarization yielding changes
in migration direction sometimes involve nuclear positioning and rotations. Moreover, a prerequisite
for cells to migrate through constrictions smaller than the size of the nucleus is nucleus deformation.
This must be given attention since the nucleus, compared to the rest of the cell, is less deformable,
and hence, may hinder passage of cells through constrictions and inhibit migration. Finally, because
metastatic cancer cells possess nuclei with abnormal shapes and stiffness, it will be crucial to understand
the role of nucleus in cell motility. Motivated by these results, we shall incorporate the influence of the
nucleus, in particular for crawling in confined geometries. The nucleus will be modelled as an elastic
body with spherical equilibrium shape located in the cytoplasmic region away from the lamellipodium.
The coupling to the lamellipodium will be provided by a simple model for the action of microtubules,
emanating from a centrosome tied to the nucleus and acting as a Microtubule Organisation Center.

Simulations. A finite element implementation of the FBLM has been carried out [Man+17], and a
running code exists in the group of C. Schmeiser. Therefore it will be possible to integrate the nucleus
model without a very big effort. Numerical experiments will include the chemotaxis-driven crawling
of cells through narrow channels. The zero-width model requires a new implementation. This task
will be much simpler than the implementation of the full FBLM, and it will also lead to much shorter
run times. A goal is the simulation of ensembles of hundreds or thousands of cells.
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