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Abstract

Motivation: One central goal of systems biology is to infer biochemical regulations from large-scale OMICS data. Many aspects of cellular
physiology and organismal phenotypes can be understood as results of metabolic interaction network dynamics. Previously, we have proposed a
convenient mathematical method, which addresses this problem using metabolomics data for the inverse calculation of biochemical Jacobian
matrices revealing regulatory checkpoints of biochemical regulations. The proposed algorithms for this inference are limited by two issues: they
rely on structural network information that needs to be assembled manually, and they are numerically unstable due to ill-conditioned regression
problems for large-scale metabolic networks.

Jiahang Li

Results: To address these problems, we developed a novel regression loss-based inverse Jacobian algorithm, combining metabolomics
COVariance and genome-scale metabolic RECONSstruction, which allows for a fully automated, algorithmic implementation of the COVRECON
workflow. It consists of two parts: (i) Sim-Network and (ii) inverse differential Jacobian evaluation. Sim-Network automatically generates an
organism-specific enzyme and reaction dataset from Bigg and KEGG databases, which is then used to reconstruct the Jacobian’s structure for a
specific metabolomics dataset. Instead of directly solving a regression problem as in the previous workflow, the new inverse differential
Jacobian is based on a substantially more robust approach and rates the biochemical interactions according to their relevance from large-scale
metabolomics data. The approach is illustrated by in silico stochastic analysis with differently sized metabolic networks from the BioModels
database and applied to a real-world example. The characteristics of the COVRECON implementation are that (i) it automatically reconstructs a
data-driven superpathway model; (i) more general network structures can be investigated, and (i) the new inverse algorithm improves stability,
decreases computation time, and extends to large-scale models.

Availability and implementation: The code is available in the website https://bitbucket.org/mosys-univie/covrecon.

primarily enhanced the statistical power in metabolomics
data analysis, such as deep learning (LeCun et al. 2015, Sidak
et al. 2022), genetic algorithms (Mitchell 1998), and boosting
machine-learning methods (Chen and Guestrin 2016). Yet,
these methods provide limited insight into how the informa-
tion in a biochemical network is transferred, what the critical
regulatory steps are, and how a regulatory mechanism
changes under different conditions. Here, a metabolic interac-
tion network is defined from biochemical or regulatory inter-
actions between identified metabolites. Interactions can be
direct or involve several connected reactions (superpathways)
(Nagele et al. 2014, Weckwerth 2019). As shown in Fig. 1a,
many aspects of cellular physiology and organismal pheno-

1 Introduction

Recent studies in systems biology generate large datasets of
molecular, genomic, and physiological variables, with the aim
to understand complex diseases and regulatory interactions in
biochemical networks from clinical studies (Linke et al. 2017,
Elgendy et al. 2019). However, the functional interpretation
of such datasets and the inference of how regulatory mecha-
nisms in the underlying biochemical networks change in
disease conditions relies on developing proper mathematical
analysis and inference methods (Weckwerth 2003,
Weckwerth 2011, Weckwerth 2019).

The primary method in genome-scale metabolomics data
processing is statistics. In recent studies, both conventional

and machine-learning methods have been implemented for
metabolomics data analysis. The conventional statistical
methods, such as #-test, clustering, and principal component
analysis, are widely used but are not able to reveal the under-
lying biochemical regulatory interactions. Nevertheless, many
recently developed machine learning techniques have

type could be understood as a result of the metabolic interac-
tion network dynamics (De Martino et al. 2018). Thus,
analyzing the changes in a metabolic interaction network for
different phenotypes can give insight into changes of the un-
derlying regulatory mechanisms. The resulting differential
metabolic interaction networks are usually influenced by
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Figure 1. (a) Cellular physiology and the resulting phenotype of an organism are the consequences of highly dynamic biochemical regulation and differential
metabolic interaction networks. This can be uncovered with the differential metabolic interaction network and differential Jacobian matrix. (b) Work scheme
of COVRECON: the covariance (COV)-based differential Jacobian calculation implementing an automated metabolic network reconstruction (RECON).

complex in vivo reaction enzyme kinetics. In that way, there
also exists a link between the differential metabolic interac-
tion network and differences in the transcriptomic or proteo-
mic profiles of the different phenotypes.

On this aspect, kinetic models can be constructed to im-
prove the systemic insight into a metabolic network. Over the
last two decades, extensive biological studies have developed
manually curated or optimized models and offered open-
source files in databases, such as the bio-model database
(Malik-Sheriff et al. 2020). However, a comprehensive bio-
logical modeling will need time-series experimental data; the
modeling approach will be severely limited with only steady-
state data. On the other hand, for large-scale kinetic models,
model constructing and parameter estimating are challenging
tasks (Lamichhane et al. 2018).

Assuming that network dynamics are near steady state, bio-
chemical interactions are represented by the system’s Jacobian
matrix J evaluated in steady state. Starting from metabolic
networks, this article presents a new mathematical method
for analyzing the change in the steady-state Jacobian matrix
of a biological system (e.g. metabolic network) between two
conditions, e.g. a healthy condition “h” and a disease condi-
tion “d” as shown in Fig. 1. The method is based on a
Jacobian reconstruction from the Lyapunov equation (Sun
and Weckwerth 2012)

J-C+C-JT =-2D, (3)

requiring only data for the computation of the covariance ma-
trix C and the estimation of a fluctuation matrix D.
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In the last years, several studies have developed inverse dif-
ferential Jacobian algorithms, which provide a convenient
way to infer the dynamics of metabolic networks from metab-
olomics data (Steuer et al. 2003, Weckwerth 2003, Sun and
Weckwerth 2012, Oksiiz et al. 2013, Kiigler and Yang 2014,
Nagele e al. 2014, Sun et al. 2015, Khatibipour et al. 2018,
Wilson et al. 2020, Weiszmann et al. 2023). This method is
still at an early stage and requires further improvements and
unification of methods (Weckwerth 2019). Here, we present a
novel inverse differential Jacobian algorithm and integrate this
algorithm with an automated implementation of a recently pro-
posed workflow called COVRECON (Weckwerth 2019).
Following this workflow very recently Wilson et al. identified a
novel switch for macrophage polarization (Wilson et al. 2020).
All existing studies using biochemical inference rely on struc-
tural network information that has been assembled manually,
which can take weeks’ effort and relies on a modeler’s domain
knowledge. In this work, we designed an automatic network re-
construction using pathway search algorithms in genome-scale
metabolic networks and integrated this with a completely novel
algorithm to inversely calculate the biochemical Jacobian and
biochemical inference from metabolomics data. In previous
implementations, the inference algorithms were numerically un-
stable due to ill-conditioned regression problems (Sun et al.
2015) for large-scale metabolic networks. Here, we address this
problem by a novel regression loss-based inverse Jacobian algo-
rithm. Putting these two parts together, we developed the com-
plete automated COVRECON workflow and related Matlab
toolbox. As shown in Fig. 1b, COVRECON consists of three
sub-modules: (i) building of an organism-specific database, (ii)
construction of a superpathway-based metabolic interaction
model (Section 2.2 Sim-Network), and (iii) the inverse Jacobian
computation (Section 2.3).

Accordingly, the COVRECON algorithm presents a conve-
nient method to automatically construct a metabolic interac-
tion model and integrating this with an inverse biochemical
Jacobian reconstruction providing a more general network
structure and perturbations of the same. As for the inverse
Jacobian part, this work introduces a novel algorithm im-
proving accuracy and stability, reduces computation time,
and extends the method to large-scale models. In summary,
this work presents the first Matlab toolbox integrating all re-
quired steps from building the interaction network up to solv-
ing the Jacobian problem.

2 Materials and methods

2.1 The differential Jacobian

Consider a biological system that consists of # compounds
(metabolites, proteins) denoted by {X;},_; ,. The system dy-
namics can be modeled with the set of ordinary differential
equations:

dM
dd—Nt;=f1(M17Mz7--.,Mn)
27
M _ gy MM M)
dt ]
dMn :fn(M17M27"'aMn)7
dt

where M = {M;} = {|X;|} are the concentrations of the n
compounds, and F = f;(M;) are composed of the reaction

rates for these compounds (e.g. Michaelis—Menten kinetics, or
mass action).

The steady-state Jacobian matrix J of the model is defined
as a R matrix in which Jj is the first-order derivative of the
rate f; for the concentration of substances M; at steady state,
noted as Jij = 8()_Ar:}/|steady:
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Even if only evaluated at steady state, the Jacobian matrix
of a system contains useful information about its dynamics,
such as regulatory interactions between the different com-
pounds. In a previous study, Steuer et al. (2003) established a
relation between the covariance matrix C of the metabolic
data in the network and the steady-state Jacobian matrix of
the system J as the Lyapunov equation given by

J-C+C-Jt =-2D. (3)

Thereby, C € R"" is the covariance matrix of the com-
pounds’ concentrations M; near its steady-state value M/S-teady,
and the fluctuation matrix D is the covariance of noise sour-
ces acting on the system.

Here, we focus on the differences in Jacobian matrices for
two biological conditions, e.g. a health and disease condition,
abbreviated as “h” and “d.” Using steady-state metabolomics
data of a biological network, the objective is to evaluate the
differences in the Jacobian matrices and thus the changes in
biochemical interactions between the two conditions.

The differences between the two conditions are quantified
by the differential Jacobian DJ, the elements of which are de-
fined from the Jacobians in first, e.g. health, condition “h” J,
and in the second, e.g. disease, condition “d” J; as

Ja)ij
Un)ij
17 ’f (]h)ij =0.

DJ; = (4)

In the Lyapunov Equation (3), the Jacobian matrix J has
n x n unknown variables, while the covariance matrix C is a
symmetric matrix, and thus has only @ independent varia-
bles to be determined from measurement data. This fact indi-
cates that in the direct inverse approach of calculating J from
C, we would generally have only @ equations but 7 x n
unknown variables, thus the inverse Jacobian approach
would generally be under-determined and the reconstructed
Jacobian matrix non-unique.

However, for realistic biological networks the Jacobian ma-
trix structure is commonly a sparse matrix (Sun and
Weckwerth 2012, Nigele et al. 2014). Thus, the first step of
COVRECON, Sim-Network, is made to automatically con-
struct a simplified conceptualized network model for the mea-
sured metabolites, which is used to constrain the Jacobian
matrix structure. In most cases, the resulting structure leaves

fewer non-zero entries than independent variables in the
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covariance matrix, thus making the Lyapunov equation over-
determined and requiring the use of regression methods.
The COVRECON method consists of two major steps:

1) Determine the Jacobian structure. The key objective is to
reduce the network structure from a genome-scale net-
work to the specific biochemical species that are included
in the considered dataset.

2) Analyze the differential Jacobian matrix. We establish a
new method that focuses on identifying the major com-
ponents in the differential Jacobian, instead of pursuing
a full quantitative reconstruction.

The following sections will describe these two steps in more
detail.

2.2 Determination of the Jacobian structure with the
software Sim-Network

The Jacobian matrix structure is determined by the software
tool Sim-Network, which we implemented in Matlab. It con-
structs a conceptualized metabolic model for the metabolites
in the considered dataset using a pathway search approach.
Methods for pathway design and prediction have a long his-
tory since the emerging genomics, proteomics, and metabolo-
mics databases [e.g. BIGG models (King et al. 2016), KEGG
(Ogata et al. 1999), Metacyc (Caspi et al. 2020), and
ModelSEED (Seaver et al. 2021)].

To construct the conceptualized metabolic model, Sim-
Network makes use of reaction data from BIGG genome-
scale models (King et al. 2016), the KEGG database (Ogata
et al. 1999). For relevant reactions thermodynamics data (re-
action irreversibility, direction and estimated reaction delta
Gibbs free energy), we utilize the ModelSEED dataset (Seaver
etal 2021).

Figure 1b illustrates a scheme of the Sim-Network tool; the
aim of Sim-Network is reducing the genome-scale model
(with more than 1000 metabolites) to a superpathway-based
metabolic interaction network for the measured metabolites
set (with <100 metabolites). In general, Sim-Network con-
tains three main steps: network information gathering, path
search, and pruning. We first generate a reaction database
from a BIGG model or all the reactions related to a specific
organism in KEGG. Then Sim-Network will gather relevant
metabolites, and assemble a directional weighted network
representation. Next, through shortest path search algorithm,
Sim-Network will compute shortest paths (in both directions)
for all pairs of metabolites in a specific metabolomics dataset.
Finally, regarding the predefined cost threshold (Moriya et al.
2010, Wang et al. 2017, Karp et al. 2021), Sim-Network will
prune the network (assuming long-distance interactions are
negligible), and construct a metabolic interaction network for
the considered dataset. The detailed workflow of Sim-
Network consists of the following steps:

Step 1: Initially, one needs to choose an organism-based ge-
nome-scale metabolic model as a database. If transcriptomic
data is available, the model is modified and trimmed by dis-
carding reactions whose enzyme is not activated, using the
GIMME method (Becker and Palsson 2008). When no tran-
scriptomic data are available, the KEGG database offers a
broader database including more enzyme specific reactions.
By choosing the organism in COVRECON toolbox according
to the experimental dataset (e.g. hsa for Homo sapiens, mmu
for Mus musculus), Sim-Network will search and include all
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the enzymes and reactions of that organism into a database
model.

Step 2: The model stoichiometric matrix is transformed
into its network representation. Meanwhile, a weighting strat-
egy is applied to the reactions. Firstly, the side-metabolites
(e.g. H,O, H'...) are excluded during the pathway search
(Wang et al. 2017, Karp et al. 2021). This is because those
side-metabolites concentrations are influenced by many other
metabolites, which makes the influence from each specific me-
tabolite negligible. The predefined side-metabolites are listed
in the Supplementary Material. For each reaction, the reaction
direction and irreversibility information is obtained from the
BIGG model or from the ModelSEED dataset. The forward
direction is given Weight 1. If the reaction is reversible, the re-
verse reaction is given a user-defined weight (default 2). If the
Gibbs free energy difference of the reaction AG is available in
ModelSEED database, we adjust the path cost for the reverse
reaction according to the strategy in MRE web tool
(Kuwahara et al. 2016). Generally speaking, for the reverse
reaction whose Gibbs free energy difference is larger than
100 kcal/mol, we will add the log value of the delta Gibbs free
energy to the user-defined reverse reaction weight. Based on
the weighting strategy, Sim-network will connect every pair of
reactant-product in each forward or reverse reaction with di-
rectional connections, and give the related reaction weight to
the directional connections. Since the reaction rate is influ-
enced by all reactants, two metabolites are also connected in
Sim-Network when they are both reactants in a reaction, or
both products in a reversible reaction.

Step 3: For the selected metabolite subset { X} of the data-
base metabolites set {X}, we determine and save all the short-
est path costs and routes for every directional pair of
metabolites in {X;}. Sim-Network discards all routes of
which the cost is higher than a preset threshold (default is 3).
Then, based on the search result, we construct the metabolic
interaction model and generate the related Jacobian matrix
structure based on a simplified model strategy. For example,
if the shortest route from metabolite X, to X, contains an-
other metabolite X, in the selected metabolites set {X;}, we
will discard this connection, assuming that the influence from
X, to X, can be reflected by the co-influences of (X,-X) and
(Xp—X,). The resulted network is saved in SBML format
(Hucka et al. 2003) with the Sim-Biology Matlab toolbox.

With the conceptualized network, one can determine the
Jacobian structure. The diagonal components of the related
Jacobian matrix are non-zero components, and each connection
in the conceptualized network represents a non-zero off-
diagonal component. In Supplementary Material S3, we
provide a toolbox manual and case studies.

2.3 Inverse differential Jacobian evaluation

This section introduces a new algorithm to determine the ma-
jor components of the differential Jacobian matrix, using the
Jacobian structure information as determined by Sim-
Network and a covariance estimation from metabolomics
data.

In the inverse Jacobian approach, the Lyapunov Equation
(3) is solved for the Jacobian matrix | with given covariance
and fluctuation matrices C and D. This is a linear equation,
which as outlined in previous studies (Sun and Weckwerth
2012, Kiigler and Yang 2014) can be rewritten in the form
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Aq = b, (7)

where the vector g consists of all the non-zero components in
the Jacobian matrix as unknown variables. The matrix A is
calculated from the values in the covariance matrix C; its di-
mension is (@7 L), where L is the dimension of the vector
g. Since the Jacobian structure is sparse, we usually have
L< @, and Equation (7) is overdetermined. The vector b
is constructed from the fluctuation matrix Dj its dimension is
n(n+1)

2Similarly, to evaluate the differential Jacobian in two condi-
tions denoted by “h” and “d,” the corresponding Lyapunov
equations can be rewritten as

Ay qj, = by,
Ay qy=Dby. (8)

Previous inverse Jacobian algorithms (Steuer et al. 2003, Sun
and Weckwerth 2012, Kiigler and Yang 2014, Nigele et al.
2014, Sun et al. 2015, Wilson et al. 2020) have assumed that
independent stochastic noise affects each metabolite individu-
ally, giving rise to a diagonal fluctuation matrix D in the
Lyapunov Equation (3). Thus, these studies used an average
result of randomly sampled diagonal perturbation matrices D
(Sun and Weckwerth 2012, Nigele et al. 2014), or applied a
L-p optimization of the two conditional fluctuation matrixes
D, and D, (Kiigler and Yang 2014) to calculate the differen-
tial Jacobian matrix DJ. These methods work through di-
rectly solving the linear Equation (8). However, when the
condition number of the matrix A is large, the linear equa-
tions’ solution will be unstable against small perturbations in
the data. This makes previous methods (Sun and Weckwerth
2012, Kiigler and Yang 2014, Nigele et al. 2014, Sun et al.
2015) numerically sensitive and not adequate to deal with
large-scale models.

As an alternative to a direct solution of the linear Equation
(8) and subsequent calculation of the differential Jacobian
according to (4), we introduce the use of the regression loss as
a measure for the relevance of individual components in the
differential Jacobian. Solving an overdetermined linear equa-
tion of the general form as in Freedman (2009) by linear re-
gression, we obtain the solution

q = (ATA)ATh,
and we define the (linear) regression loss 7 as
r=|lb—Aq"].

As shown in the Supplementary Material, under numerical
variations in b the variation of the regression solution g is
proportional to the condition number of A, while the varia-
tion in the regression loss 7 does not scale with the condition
number.

This property can be used to make the determination of
large elements in the differential Jacobian more robust against
fluctuations in the data. To this end, we construct a
“regression loss matrix” R that aims to capture the relative
importance of individual elements in the differential Jacobian.
The regression loss matrix has the same dimension and spar-
sity structure as the Jacobian ], determined by Sim-Network.
Each non-zero element of the regression loss matrix is com-
puted as in Equation (9), where A, is calculated by combining

Ay, and Ay in Equation (8) with the additional constraint that
only that single element J; may differ between the Jacobians
J, and J 4, while all other elements are equal.

qs = (ACTAc)chTbs (9)
R} = miny, ||bs — Aq?||”

To solve the regression problem, one needs to use specific
values for the fluctuation matrices D; and D,. However, in
practice these are not known. Therefore, similar as in previous
studies (Sun and Weckwerth 2012, Nagele et al. 2014), we
sample over possible values b, of the fluctuation matrices (di-
agonal elements distributed between 0 and 1), and take the
minimum regression loss as the overall result for the regres-
sion loss matrix as in Equation (9). A more comprehensive de-
scription of the new algorithm is presented in Supplementary
Material S1.

For comparison, we replicated the L-p optimization used in
the previous work (Sun and Weckwerth 2012, Nigele et al.
2014). The general idea of the L-p optimization is that the L-p
cost optimization will induce most components in the opti-
mized differential Jacobian matrix [refer to (D]-1) in
Equation (4)] close to zero. Furthermore, previous studies do
L-p optimization based on diagonal D matrix; we extended it
into diagonal-dominant matrix optimization and applied an
improved L-p algorithm, which integrates several global opti-
mization approaches. The details of the original and improved
L-p optimization approach are presented in Supplementary
Material S1.

2.4 The inverse differential metabolic interaction
network

The differential metabolic interaction network illustrates the
change of the metabolic network between two phenotypes
and is visualized by circular interaction plots. Here, each node
i represents a metabolite in the dataset; the thickness of the
line j->i is proportional to DJj; in Equation (4) or entry R}; of
the regression loss matrix (9); the node size 7 is proportional
to DJ;; in Equation (4) or the entry R} of the regression loss
matrix (9). The generation of these circular plots is included
in the COVRECON toolbox with different settings for the
resulting differential metabolic interaction network as shown
in the Supplementary Material S3 (toolbox manual). The de-
tailed enzyme and gene information of each superpathway
can be checked interactively in the circular plot.

2.5 Model case studies

To evaluate the new regression loss Jacobian algorithm, we
utilize an abstract test model and several published models
obtained from the EBI BioModels database (Malik-Sheriff
et al. 2020). Seven differently sized models are utilized in this
evaluation. For each model, we introduced different reaction
parameters as described in Supplementary Material S1 (refer
to Supplementary Section S3) to obtain the two conditions
(“h” and “d”).

Here, we note that for each model, all the constant com-
pounds and conserved compounds are excluded based on the
method (Waldherr 2014). The basic information of all the test
models is summarized in Table 1. Similar to previous studies
(Sun and Weckwerth 2012, Kiigler and Yang 2014), we gen-
erate artificial covariance data for evaluation using two differ-
ent approaches. The first approach generates the in silico
covariance matrix C; and C, from the Lyapunov equation
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Table 1. Overviews of the evaluation models.

Li et al.

Model type Independent Reaction number Non-zero Jacobian Matrix condition
components number components number number scale
Test model 6 7 20 1.00E + 02
The upper glycolysis pathway model 5 8 16 5.00E+01
EGFR/ERK signaling pathway model 13 13 31 1.00E + 04
Carbohydrate energy metabolism model 12 18 59 1.00E + 06
AMPK-mTOR pathway model 31 48 159 1.00E+05
Hepatic glucose metabolism model 27 35 108 1.00E+10
Blood cell metabolism model 33 29 252 1.00E+10

through giving random fluctuation matrix Dy and D, with
different randomness ¢p (details in Supplementary Material).
The second approach generates in silico steady-state data
from stochastic differential equations (SDE) simulation
(Higham 2008).

3 Results
3.1 The correlation matrix does not recover the
Jacobian

Correlation network topology analysis is one of the frequently
used multivariate statistical methods to study metabolic inter-
actions (Weckwerth et al. 2004, Weckwerth 2010,
Weckwerth 2011, Poldrack et al. 2015, Kitagawa et al. 2019,
Tofte et al. 2019). However, correlation network analysis
alone is not suitable to study the differential metabolic regula-
tion between two conditions. Using the Models 2, 4, 6, and 7,
we generated the differential correlation matrices under the
two conditions. Then, we compared the differential Jacobian
matrices and the differential correlation matrices
(Supplementary Fig. S1). The results show that the differential
correlation matrix cannot recover the differential Jacobian
matrix. Here, we note that, a correlation matrix or network
can still be utilized to show potential interactions when the
Jacobian structure information is not clear (Poldrack et al.
20135, Kitagawa et al. 2019, Tofte et al. 2019).

3.2 The regression loss Jacobian is more reliable
than the L-p-based Jacobian

In the following, we describe the results of applying either the
regression loss Jacobian algorithm or the improved L-p opti-
mization algorithm for the differential Jacobian reconstruc-
tion on the different models as described in Section 2.4. Since
in previous studies (Steuer et al. 2003, Sun and Weckwerth
2012, Kiigler and Yang 2014, Nagele e al. 2014, Sun et al.
2015, Wilson et al. 2020, Weiszmann et al. 2023), the fluctu-
ation matrix D is assumed to be a diagonal matrix, we restrict
this comparison to a diagonal structure of D.

In this evaluation, artificial data are generated using
Gaussian perturbations acting on individual compounds only
for all the evaluation models in Section 2.5. The covariance
matrices for Models 1 and 2 are computed through SDE simu-
lation with 100 and 300 samples, respectively, while in other
models the covariance matrices are determined from the
Lyapunov equation with &p = 0.4 (Section 2.5). The Jacobian
reconstruction made use of structure information derived di-
rectly from the underlying model. Both the L-p optimization
method and the new regression loss Jacobian algorithm were
applied to that data. As shown in Supplementary Table S1,
the new inverse method achieves a more accurate result with
less computation time than the L-p optimization. The table

shows the accuracy of three inverse differential Jacobian
approaches: Kugler et al. (Kiigler and Yang 2014) (details in
Supplementary Material S1), an improved L-p optimization
approach, and our new inverse Jacobian algorithm. The indi-
cated cost is the L-p optimization loss; the target cost is the
L-p loss calculated with the real by, and b; (details in
Supplementary Material S1). From the table, we can see that
the improved L-p optimization approach can obtain a better
result than Kiigler ez al. (Kiigler and Yang 2014), but requires
more computation time. Our new inverse Jacobian algorithm
will need fewer samples to reach a similar accuracy (100 com-
pared to 1000) while also cutting down the computation
time.

The inverse differential metabolic interaction network for
both the L-p algorithm and our new regression loss Jacobian
algorithm with all the models are shown in Fig. 2. The results
show that because of the instability of the regression solution
with ill-conditioned matrices, the L-p optimization will be in-
adequate when either the condition number K(J) of the
Jacobian is large, or the model dimension is large. The regres-
sion loss Jacobian algorithm can achieve a better accuracy
and numerical stability by utilizing the regression loss matrix
R* to recover the relevant components of the differential
Jacobian DJ. The actual matrices (in place of the circular in-
teraction plots) are shown in Supplementary Fig. S2.
Furthermore, Supplementary Fig. S3 shows a scatter plot be-
tween the real differential Jacobian components values, scaled
to the interval (0, 1) and the calculated (i, /) in our regression
loss Jacobian algorithm for all models. This confirms that
with enough samples, the regression loss Jacobian algorithm
can find most differential Jacobian components for the two
conditional Jacobian matrixes, except for some false negative
components in the larger models 6 and 7.

To test the numerical stability of the new algorithm, we cal-
culated the statistical accuracy by using different noise levels
in the D matrix, ep = 0.2, 0.3, 0.4, and 0.5. For each model
and ¢p, we repeated the evaluation 100 times and calculated
the replicability of the Top 1, 3, and 5 differential Jacobian
components in R*[refer to Equation (S4*)]. The results are
listed in Table 2, where we observe that the new algorithm
can identify the Top 1, 3, and 5 components with high accu-
racy. Of note, even in the larger models 6 and 7, which have
several false negatives, these false negatives still have a high
consistency, indicating that the noise level in the D matrix
does not significantly impact the results.

Finally, we tested the regression loss Jacobian method with
covariance data generated from stochastic simulations for the
Models 1, 3, 4, and 5 with a stochastic second-third order
Runge-Kutta implicit method. For each model, we added the
stochastic Gaussian noise perturbations to every component
at each time step (Higham 2008), which corresponds to the
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Figure 2. The inverse differential metabolic interaction network with both L-p optimization and the new regression loss Jacobian algorithm for all

evaluation models in Section 2.5. The evaluation models are: (a) textbook model of the upper glycolysis pathway; (b) test model; (c) carbohydrate energy
metabolism model; (d) EGFR/ERK signaling pathway; (€) AMPK-mTOR pathway model; (f) hepatic glucose metabolism model; and (g) large-scale blood
cell metabolism model. In each sub-graph, the left two subplots give the real differential Jacobian matrix and differential interaction network; the right two

subplots show the calculated differential interaction network through the L-p optimization approach and the regression loss Jacobian algorithm,
respectively (refer to Section 2.3).
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Table 2. The regression loss Jacobian 100 repeats accuracy results with diagonal theoretical D for the evaluation models 4-7 as in Section 2.5.

Evaluation model

Accuracy in 100 repeats (Top 1, Top 3, Top 5)

e D=0.2 ¢ D=0.3 ¢ D=0.4 & D=0.5
Carbohydrate energy metabolism model 1,0.99,0.96 0.88,0.88, 0.84 0.86,0.83,0.76 0.72,0.70, 0.63
AMPK-mTOR pathway model 1, 1,1 1,1,1 1,1,1 1,1,0.99
Hepatic glucose metabolism model 1,1,0.98 1,1,0.96 0.99, 0.88, 0.84 0.97,0.81, 0.84
Blood cell metabolism model 1,1,0.95 1,1,0.93 1,0.96,0.88 0.97,0.95,0.84

nominal D matrix being a diagonal matrix. For each model,
we repeated the computation with covariances computed
from 100 and 1000 samples to evaluate the effect of sample
size on the results. Supplementary Fig. S4 demonstrates the
results of the new inverse Jacobian algorithm. As shown in
Supplementary Fig. S4a and Fig. 4b, for small models (about
10 variables) the algorithm correctly finds the large differen-
tial Jacobian components through large values in the regres-
sion loss R* using only 100 samples. For larger models, the
algorithm is only able to find some of the relevant differential
Jacobian components with 100 or 1000 samples, as shown in
Supplementary Fig. S4c and d. Even though the detection is
improved with 1000 compared to 100 samples, there are still
some false negatives even with 1000 samples. We can con-
clude that this new inverse Jacobian algorithm gives reliable
results using about 100 samples for metabolic models with
about 10 variables. For larger models, we expect the required
sample number to grow with the square of the model size,
presenting a practical challenge for larger models. However,
even with an insufficient number of samples, we can still find
several relevant differential Jacobian components through
large values of the regression loss R*.

3.3 COVRECON workflow case study

As in the first step of COVRECON, Sim-Network will recon-
struct a reduced model; we need to test the influence of this
network reduction approach (see “5 Effect of the network re-
duction on the Jacobian reconstruction” in Supplementary
Material S1). The result verifies the feasibility of this first step
(Sim-network) in the COVRECON approach. Even when us-
ing the reduced network structure for the Jacobian recon-
struction, the algorithm is able to detect most of the relevant
interactions in the original network.

In the next step, the complete COVRECON workflow is
tested starting from a data covariance matrix, without addi-
tional structure information. The test is done with Models 6
and 7 (hepatic glucose metabolism model and blood cell me-
tabolism model). With these models, we generate the covari-
ance matrices C;, and Cy for both conditions “d” and “h”
with the Lyapunov equation using ¢p = 0.5. In the recon-
struction, we first use Sim-Network to determine the Jacobian
structure information, relying biochemical pathway informa-
tion in the KEGG database for H.sapiens. As algorithm
parameters, we use a cost threshold of 2; discard side-
metabolites (listed in Supplementary Material); apply reverse
reaction weight of 2; and use thermodynamics to modify the
reverse reaction weight. The reconstructed metabolic interac-
tion networks and Jacobian structure matrices of the two
models are shown in Fig. 3.

Generally, we find that the network structure determined by
Sim-network contains more interactions than the related litera-
ture model. A few examples are labeled in Fig. 3 and discussed
in the following. Labels al and b1 correspond to one-step

reaction interactions: al, D-Glucose 6-phosphate to D-Glucose
(KEGG R00303) and b1, 2,3-Bisphospo-D-glycerate to 2-
phospo-D-glycerate (KEGG R09532). In addition, in cases a2
and b2, the metabolites are connected because they occur to-
gether in a reaction: a2, Pyruvate and UTP in (KEGG R00659)
and b2, Glycerone phosphate and D-Erythrose 4-phosphate in
(KEGG R01829). These reactions are not included in the litera-
ture models, but are registered in KEGG and are thus found by
applying Sim-Network. On the other hand, in case b3, the con-
nection from D-Glyceraldehyde 3-phosphate (GraP) to D-
Fructose 1,6-bisphoaphate (Frul6P2) is found by Sim-Network
as GraP->D-Fructose 6-phosphate (Fru6P)-> Frul6P2 (stepl:
KEGG R08575, step 2: KEGG R00756); but it is subsequently
discarded as an indirect interaction since the intermediate metab-
olite Fru6P is also in our network (according to the network
simplification strategy explained in the method part). As for case
b4, the Jacobian interaction between Frul6P2 and Pyruvate &
Phosphoenolpyruvate is not discovered by Sim-network. This is
because Frul6P2 will activate the catalyzing enzyme Pyruvate
kinase through an allosteric regulation, but Sim-network does
currently not take interactions resulting from enzyme regulations
into account. The circular plot in matlab format is in
Supplementary Materials S4 and S5, where the detailed informa-
tion of all superpathways can be checked. In addition, the text
version of the superpathways information is presented in
Supplementary Material S2.

In conclusion, compared with manually built models, Sim-
Network has several advantages. First, the resulting model is
all-inclusive, for it will explore all the reactions in one specific
organism and locate all possible routes, without relying on a
modeler’s domain knowledge. On the other hand, the auto-
matically constructed model will be more complex than a
manually built model, and it might include rare reactions and
routes. Domain knowledge could thus still be helpful to re-
move individual interactions, starting from the detailed infor-
mation given by the Sim-network reconstruction.

Moreover, the enzyme regulatory interactions are not in-
cluded in the current tool. In fact, these interactions are still
rarely known except for several widely studied enzyme activa-
tors or inhibitors, such as fructose bisphosphate for pyruvate ki-
nase. Future versions of COVRECON could make use of an
enzyme regulation database to also take these interactions into
account.

With the reconstructed network information, we then apply
the regression loss Jacobian algorithm to the covariance ma-
trices. As shown in Fig. 4 and Supplementary Fig. S5, the
COVRECON approach shows similar results to the results
with exact Jacobian structure information obtained from the
model. As a further evaluation, we also consider different
Sim-network settings to reconstruct the network (cost thresh-
old 1, reverse reaction weight 1, no thermodynamic strategy,
see Supplementary Material S1 “6 Sim-Network Matlab
Interface and default settings”). This will result in more
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Figure 3. Biochemical pathway network reconstruction and Jacobian structure matrix of model 6 and 7 with Sim-network tool. (A) and (B) give two
example cases for the case study of Sim-network. (A1) and (B1) present the reconstructed networks. (A2) and (B2) show the related Jacobian structure
information compared to the literature Jacobian structures. An orange Jacobian line (left subplots) or component (right subplots) represents a new added
non-zero Jacobian interaction, a red Jacobian line (left subplots) or component (right subplots) represents an unconnected non-zero Jacobian interaction.
The marked Jacobian components a1, a2, and b1-b4 are the typical cases for illustration.

connections because we treat the forward and reverse reaction
direction in the same way. As shown in Supplementary Fig.
S6, with this setting, the reconstructed model will miss fewer
components present in the literature model but have even
more components that are not present in the literature model.
The resulting regression loss matrix R* remains similar in
each case. Overall, this analysis verifies that the COVRECON
workflow can recover relevant interactions in a differential
Jacobian from only metabolite covariance data.

3.4 Application to an experimental dataset from
literature

Finally, we applied the COVRECON to a real experimental
dataset from a breast cancer study (Di Filippo ef al. 2022).
We analyzed the differential Jacobian matrix between two
breast cancer cell lines: non-tumorigenic breast epithelial cell
line (MCF102A) and pleural effusion metastasis of a breast
adenocarcinoma (MCF7). For the reconstruction, we use the
KEGG dataset with organism H.sapiens (KEGG code: hsa),
the Sim-network settings are left at their default values, and
the transcriptomic dataset is used to discard inactivate reac-
tions with GIMME method (refer to Section 2.2). The

discovered superpathways with relevant reactions, enzymes,
and genes information are listed in Supplementary File S2. A
COVRECON toolbox manual of the case study is presented
in Supplementary File S3.

Figure § illustrates the inverse differential metabolic interac-
tion network, where highlighted components imply major differ-
ences in metabolic interactions between the two datasets. Here,
different from Section 2.4, the node size represents the Variable
Importance [calculated as —log(P), where P is the P-value of a -
test from the metabolomics datasets comparison]. The corre-
sponding matrix is presented in Supplementary Fig. S7.
Moreover, we attached the detailed enzyme gene information of
each metabolic interaction line in Supplementary Material S8,
where one can interactively check detailed information about
each metabolic interaction. In addition, the information is also
presented in Supplementary Material S2. As shown in Fig. 5, we
found several biochemical perturbations between the two differ-
ent cell lines MCF102A and MCEF7. These predicted biochemi-
cal perturbations are well in agreement with significantly
different gene expression levels shown as bar plots (see also
Supplementary Fig. S8). Accordingly, COVRECON is able to
identify important perturbation points in the experimental
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Figure 4. Complete workflow of the COVRECON strategy. SIM-Network
is used for network reduction and metabolic interaction matrix generation.
Subsequently, a covariance data matrix is used to calculate the differential
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system. In Supplementary Fig. S8, we list all the #test results of
the transcriptomic profile for interactions with highlighted value
above 0.5.

4 Conclusion

In this article, we have developed a new approach for the inverse
differential Jacobian algorithm: COVRECON. Unlike the
widely used constraint-based analysis for the reaction-flows opti-
mization, this approach endeavors to discover the changes in
metabolic interactions between two conditions of the system.
This new approach offers an alternative mathematical approach
to process and interpret large-scale metabolomics data. The
open-source matlab-tool is available in the website https:/bit
bucket.org/mosys-univie/covrecon/. Supplementary File S3 gives
a toolbox manual.

The main subject of this new approach is large-scale metab-
olomics data. Meanwhile, we can also integrate different
OMICS datasets. In Sim-Network, the transcriptomic data
can be used to exclude reactions with low activity; and the im-
portant enzyme regulations can be added into pathway search
for a better network reconstruction.

From our knowledge, COVRECON is the first method to
integrate different OMICS data and automatically construct a
metabolic interaction model providing a more general
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network structure and perturbations of the same. As for the
inverse Jacobian part, this work introduces a novel algorithm
improving accuracy and stability, reduces computation time,
and extends the method to large-scale models.
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