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Zusammenfassung

Wir geben eine Einfiihrung in die Methoden der Arbeit von Bertrand, Della Sala und

Lamel [4] iiber ein Jet Determination Resultat fiir CR-Diffeomorphismen von Hyperflichen

im n—dimensionalen komplexen Raum. Das benétigte Hintergrundwissen wird erar-

beitet, dies beinhaltet die Birkhoff Faktorisierung und Resultate zu Riemann-Hilbert
Problemen. AnschliefSend wird das Hauptresultat durch Konstruktion sogenannter kg—stationérer
Kreisscheiben bewiesen.






Abstract

We give an introduction to the methods used in the work of Bertrand, Della Sala and
Lamel [4] to prove a jet determination result for CR-diffeomorphisms of hypersurfaces in
n—dimensional complex space. After developing the required background material which
includes an account of the Birkhoff factorization and results concerning Riemann-Hilbert
problems we construct so called ky—stationary disks to prove the main result.
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1 Introduction

1.1 Jet Determination
A finite jet determination property is a result in the following setting:

e We have “spaces” X, Y that allow us to to talk about “differentiable” maps between
them, e.g. open subsets of R™ or C", (finitely) smooth (sub-)manifolds, (formal)
varieties, etc.

e We consider a class of mappings f : X — Y that allow us to evaluate “deriva-
tives” f(p), f'(p), f"(p), ... at some point p € X, e.g. (finitely) smooth functions,
holomorphic functions, germs of the former, formal power series, etc.

Such a result can then be stated as: If f,g: X — Y are in the class of mappings and
satisfy f(p) = g(p), f'(p) = ¢ (p), ..., fO(p) = ¢ (p) at a point p € X for some integer
l, then f = g.

Writing j5(f) = (f(p), f'(p), - - -, f@(p)) for the f—jet map at p, we can rephrase the
result as injectivity of jf; on the class of mappings.

To give a concrete example of such a theorem, consider:

Theorem 1 (Cartan). Let U C C™ be a bounded, open, connected subset and let H :
U — U be a holomorphic function satisfying H(p) = p and H'(p) = id for some p € U.
Then we have H =id on the entirety of U.

Our setting will be that of certain families of hypersurfaces S ¢ C"*! and for map-
pings we take germs of finitely smooth CR-diffeomorphisms H : S — S. More specifi-
cally, our result applies to perturbations of a polynomial hypersurface satsifying a Levi-
nondegeneracy condition.

1.2 Overview

Chapter 3 is devoted to a proof of the jet determination result which will proceed as
follows: First we construct kg—stationary disks attached to the hypersurface .S, which
are a family of analytic functions on the unit disk f : {z € C: |z| < 1} — C"*! with Ck
boundary values that lie in S. Using an approximation result for CR functions called
the Baouendi-Treves theorem we can show that these disks are invariant under CR-
diffeomorphisms. For the polynomial hypersurface, we can give an explicit construction
of a ko—stationary disk attached to it. We will formulate a nonlinear boundary problem
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whose solutions are the kp—stationary disks and transform it into a linear Riemann-
Hilbert problem by means of the implicit function theorem. This allows us to get disks
for the perturbed hypersurface .S from the disk attached to the polynomial hypersurface.
We can then use the invariance of the disks to reduce the jet determination result for
CR-diffeomorphisms to a jet determination result for analytic disks. Using the Birkhoff
factorization this boils down to the finite jet determination of polynomial maps.
Chapter 2 goes over some of the prerequisites to understand the material in Chapter 3.
First we introduce the various Holder spaces that will be in use. Then we give an account
of the Birkhoff factorization which will make up the bulk of the chapter. This starts with
the solution theory of the Hilbert problem on the unit disk. The Birkhoff factorization
is then obtained from the fundamental solutions of this problem. Afterwards we apply
it to the study of the linear Riemann-Hilbert problems that arise in Chapter 3 and we
finish the chapter with a proof of the Baouendi-Treves theorem.



2 Background

Let A := {z € C: |z| < 1} be the unit disk in C and bA := {z € C : |z| = 1} its
boundary.
2.1 Function Spaces

For an integer £k > 0 and 0 < a < 1 let CH* = C**(bA,R) be the Banach space of
real-valued functions on bA of class C*® equipped with the usual norm

i ®) () — k)
S [0M(¢) =W ()]
[0l ;HWHJC%A =T

where Hv(j) Hoo = maxpA ‘v(j)‘. We also need the following related spaces:

o Ch© resp. ck "“ the closed subspaces of even resp. odd functions, i.e. che = {ve

Cha s p(=¢) = v(¢) V¢ € bA} and CY := {v € CF : v(—() = —v(¢) V¢ € bA}.
° Cé’a = Ck 4 iCk® hence v € C(]é’a if and only if Rewv, Imv € C**.

o AFe C C(]é’o‘ the subspace of continuous functions f : A — C, holomorphic on A
such that flpa € C(]é’a

o C@f = ((1 - C)mC(]é’a) N ck and A’g;g‘ = (1 — )™A" for integers m > 0,
where (1 — ()™ is the multiplication operator with ¢ + (1 — ()™. They are
not closed subspaces with the C*® norm, instead we equip them with the norm
1= fllx = lIfllcka, X € {Cg;ff“, Ag;ﬁf‘} which turns them into Banach spaces.

o Ry :=1{ve C(é’a :v(¢) = (=1)™¢"™v(¢) ¢ € bA} a subspace of C(é’a we need for
technical reasons.

The connection of R, with C’g;,?‘ is given by the following lemma from [3]:

Lemma 1. 1. The map 7, : Cg;,? — C(kj’a defined by 1, ((1 —¢)™v) = v is an isomor-
phism between Cg;f‘ and Rum;

. . !/ . . .
2. if m = 2m/ is even, the map v — (™ v induces an isomorphism between R, and
_ rk,a.
Ry = CH;



2 Background

3. if m = 2m’' + 1 is odd, the map v Cm/v induces an isomorphism between R,
and Rq.
Furthermore, if m is odd the map v(¢) = i¢"™v(¢?) sends Ry, isomorphically to che

Proof. 1. A function v € C{é’a is in the image of 7,, if and only if (1 — ¢)™v € C*, that
is,

A=QMv=01-Q"v=(1-"(-1)"¢",

establishing bijectivity. 7,, and its inverse are continuous because, per definition, it is
an isometry.
2. Let m = 2m’ be even, v € Ry, u = (™ v, then

u = Cm/v — Cm’g—lef — C—m/@ -

showing u € C*®. We can multiply everything with (=™, then the first and last equality
show surjectivity.
3. Let m=2m’ +1 be odd, v € Ry, u = ™, then

u = Cm/v — _CmIC—Qm/—lﬁ — _Zc—’m/@ — _@

so u € Ri. Again, surjectivity follows by multiplying with ¢~'. For the last claim, let
v € Ry, with m odd and set u(¢) = i¢"™v(¢?). Then

w(() = i¢™v(¢?) = —i¢™ ¢ ((2) = —i¢™(¢?) = u(()

and u(—¢) = (—=1)™u(¢) = —u(¢) shows that u € C5®. To show that this correspondence
is an isomorphism, we give an inverse in terms of the Fourier coefficients. Write u € che

as
u(c) — Zajc2j+1
JEZ
where aj = a_;_1 for j € Z. Now define
v(¢) = — Z’ial+(mfl)/2cl‘
leZ
Since m is odd,
u . i—m ,
zég - ijCQ] = Zlal+(m—1)/2C21 =0(¢?),
JEZ =/

i.e., u(¢) = i¢™v(¢?). Lastly, we show that v € R, :

=) = =Y i me1y2CT T = =D i (12"

lez heZ

= =D ih(m-n26" = (C)

heZ
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2.2 Birkhoff Factorization

Let N > 0 be an integer and G : bA — GLx(C) a C* map into the general linear group

over CV. A Birkhoff factorization of —~G~1G is given by C¥* maps B* : A — GLy(C)
and B~ : (CU) \ A — GLy(C), holomorphic on A and C\ A respectively with

¢t (0)
¢
—GO)IG() = B*(Q) ) B=(¢) V¢ e bA.
(0) ¢y
The integers k1,...,ky are called the partial indices of —G~!G and their sum k :=

Eé\f:l k; is called the Maslov index of —G~1G. The Maslov index is equal to the winding

number of the map ¢ — det (—G(C)‘%?(Q) around the origin and is thus even. It is also

possible to find a C¥® map © : A — GLx(C), holomorphic on A, such that Bt := ©
and B~ := 01,

The proof of this result requires a bit of work and is not essential to understanding the
rest of the material here, it is included mainly for the sake of completeness.

As the main ingredient of the proof we will need so called fundamental systems of
homogeneous Hilbert problems, we construct these following the exposition by Vekua in
[6]. We start with some terminology. Abbreviate A~ := (C U {oc}) \ A. A sectionally
holomorphic function ¢ is a function ¢ : (CU {o0}) \ bA — C which

1. is holomorphic except possibly at oo and

2. has one sided limits on bA, i.e., the limits

PO = limel(z) ¢ (0) = lim o(2)
zEA ZEAT

exist for all ¢ € bA. Note that in this case T and ¢~ provide continuous extensions
of |a and p|a-, respectively, to the boundary bA.

A sectionally holomorphic function ¢ has finite degree at infinity if ¢(2)/|z]™ — 0 as
z — oo for some m > 0. In this case we have the following expansion for sufficiently
large z :

o(z) = apz + ap_12F M+

for some integer k, where we impose a; # 0 so ¢ cannot vanish identically in a neigh-
borhood of infinity. For & > 0, ¢ has a pole of order k at infinity, for & < 0 ¢ has a zero
of order |k| at infinity. For kK = 0 ¢(z) has a finite non-zero value at infinity in which
case we will sometimes say that ¢ has a order zero pole (or zero) at infinity.

If p(2) = v(2) + O(1/z) in a neighborhood of infinity for some polynomial ~y, then ~ will
be called the principal part of ¢ at infinity. For negative degrees, k < 0, v = 0.



2 Background

We will call ¢ = (¢1,...,¢n) a sectionally holomorphic vector if all its components
Y1, -..,pN are sectionally holomorphic. If all the components of ¢ have finite degree at
infinity, then we say that ¢ has finite degree at infinity and we set its degree k as the
maximum degree of its components. If the components @1, ..., pxn have principal parts
1,---,7YN, respectively, at infinity then v = (v1,...,vn) will be called the principal
part of ¢ at infinity. Again, if the degree k is negative, k < 0, then v = 0.

2.2.1 The Sokhotski-Plemelj Formula

Let v € CH®, then

N (S

271 bAC_z

p(z) = d¢

defines a holomorphic function on A U A~ that vanishes at co. The Sokhotski-Plemelj
formulae give the one sided limits:

QO =300 + o [ e (e bn) (sP*)
=g+ g [ e (e (5P)

where the integrals are understood as Cauchy principal value integrals. Thus, ¢ is a
sectionally holomorphic function vanishing at oc.

Proof. Set e(z) := (1 —|z|)? for z € A, where 3 € (0,1) will be determined later. Define
the contours C, := B,(;)(z/]z]) NbA and L, := bA \ C., and split the integral for ¢ as

o(z) = 1/ v(¢) dc+1_/L v 4. (2.1)

2 Jo, C— 2 2mi Jp, C— 2

For the first integral, we estimate

v(Q) —v()
/z =z &

1
1—|Z| C.

1 2 arcsine(z)
|Z| /2arcsms
2 arcsin e(

—/ " opean <

2 arcsine(z)

_ _ 1‘ 9 =
| !
2arcsm6 9
= / 25in<)
1- | | 2arcsine(z 2
a+1 a+1
< arcsine(z) < 5( )
A S

—0

as |z| — 1, provided we choose 8 € (1/(1 + «), 1). Consequently, the first integral can
be replaced by the following easier to evaluate expression when taking the limit:

[ i
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Denote by a, and bz the starting point and the endpoint of the arc C, respectively.
Writing [z, 22| for the path [0,1] > ¢ — (1 — t)2z1 + tz2 we can proceed using Cauchy’s
integral theorem

1 1 1 1
dg‘:/ dc+/ d(—/ dC.
/z ¢—=2 Cort[b2,0]4[0,a:] C — 2 0b.] ¢ — % [0,a:] C = %

v .
=273

Thus, we need to show that the difference of the last two integrals tends to —iw. We use
coordinates such that b, = €,z =r,a, = e :

1 1 ! 1 i ! 1 i
/ — d(—/ — dC:/ ———¢ ‘)dt—/ o——edt
[0,a:] C z [0,b2] C z o € t T o € t T

1 . _
_ / 2ir sin(6) di — 2% arctan LCOS@) -
o t?—2rcos(0)t+r? rsin(6)

Since § = 2arcsin(e(2)/2) =~ e(z) goes to 0 as z — 1 we only need to find the limit of

the expression inside the arctangent. 6/sin(f) — 1 as z — 1 this simplifies further to

finding the limit of (1 — 7 cos(#))/(rf). To this end, we calculate
1—rcos(d) 1—r+r6?/2+0(6%) 1

_+-r 3\
i i = —— +0/2+0(6°) =

1—r
(1—r)8

as z — 1. We have now dealt with the integral over C, in (2.1). For the integral over

L., we estimate
1 1 2 = 2/
_ | < d
/Z’U(C)<C_Z C—Z/M) C‘N/LZ ]C—Z\IC—z/\ZH‘ C’

1 1 _1 lz|—1
S- !z\l/ ———|d¢| gg(z)l/ﬂ/ ﬁdegg(z)l/ﬁ 1L,
L. |¢ =2/l e

o(0)
S g
/A T

Q[ w() ‘:.
/Lz<z/|z|dc /I,Acz/mdg 5
v(Q) —v(z/lz]) v(z/|z]) : B a1
/. ef | < 1y [t

— 0,

and

= lim
r—0

¢ — 2/l ¢ — 2/l

=0

|—1

<e(z) 2,

here A, . denotes C, \ B, (z/|z|). Combining these estimates, we see that

. v(Q) (@)
L U Y P L

and the formula follows from the continuity in ¢ of the principal value integral in (SP™).
In fact, we actually have Holder continuity here, which we will prove as a separate
result. O
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Theorem 2 (Plemelj-Privalov). Let v € C*®, the one-sided limits o* : bA — C of the
sectionally holomorphic function

o(z) = / ) v6) g

21t Jypn C— 2

defined on A U A~ are themselves Hélder continuous, i.e. ¢t € CH®. Moreover, the
mapping v — ©T is continuous as a map from CH to itself.

Proof. Case 1: v € C*
As a first step we will manipulate the principal value integral into an actual integral:

o(€) o(€) o(€) — () o(()
d¢ = lim dé = 1i 7d dé =
/Ag—cf Ho/A\BT Fogd = lim s € C “/A\BT e

() - © .
/bAg e im0

Here, we used dominated convergence for the first integral and compute the second as
in the previous proof. Thus we need to analyze integrals over “difference quotients”.
We split the domain of integration:

(5 ’ v(§) —v(Q) . v(§) —v(Co)
/bA d€ / df B.(o) &€ % Br(co) §—Co aet
v(§) —v(() v(§) —v(Co)
V) ZV88) ge ve) Z vl
* /A\B,«(g‘o) §— < bA\B, (o) € — €0 ¢

where 7 = 2|¢ — (ol
For the first summand we use the estimate

v(§) —v(Q)
/BT(CO) ¢ %

which also holds for the other integral over B, ({y) and the triangle inequality to bound

it by 12[|v][¢a | = Col-
We split the second summand further:

/ v(§) —v(©)  v(§) —v()
bA\Br(Co)

< Jollge /B o 6] < Bplea € Gl
(G0

£ ¢ o B

/ v(§) —v(@)  v(§) - (Co)d§
A\B. (o)  §— G0 §—Co

_|_

/M\Br«o)(v(€> ~ e (5—14 ¢ —1C0> “l

Here we can evaluate as before

/ wdg < |v(¢) — v(o)]
bA\B,(Co) &~ G0

< l[ollalC = ol

| A\, () ﬁdf
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Lastly, we can combine the bound [£ — (o|/|€ — (] < 2 for £ € DA\ B;({p) and the

previous estimate:

¢— <o 8 T
- T A < —lvflealC — 0 2do =
/bA\Br@o)(U(g) e ge-q® = 7l CO|/|<—<O|

8 _ a=1 _ __a-1
=7ruv||cfx|c<;o|('C ol )

With this, the first case is completed.
For the general case v € C® we need to differentiate under the integral sign. This is
easier with a change of variables:

v() v(¢8) v(¢€) —v(@) ., . _
% =k e 8(/%5—1%“”“))—

-/ &' €0 €068 V(O e o) - fg’(C&)
bA -

Here, (£0/(¢€) —v'(€))/(€ — 1) is integrable because

|£0'(¢€) = (O] < 1€ = 1[v(CE)| + [v'(C€) = v'(Q)] < I& = 1[v'(CE)| + [¢€ — ¢I*.

(2.2)

We continue

£/(c) v(©)
et [ cones [ 8= [ e

so we can apply the reasoning of Case 1 to v’ by replacing the C* norms with |jv
if £ > 1. Only (2.2) looks slightly different, here we evaluate the integral as log(m) —
log(|¢ — ¢p|) which is still controlled by the |¢ — (p| factor. Using induction on k, the
theorem follows. O

//”

2.2.2 Boundary values of holomorphic functions

We will now develop conditions for a function on bA to be the boundary value of a
holomorphic function on A or A~.

Let ¢ : AUDA — C be continuous, holomorphic on the interior and denote by ¢™(¢)
the boundary values for ¢ € bA. The Cauchy integral formula gives:

o) =g [ 700 (ea (23
o= L [ 2O ea. (2.4)

27i A(—z

Then (2.4) is a necessary condition for a continuous function ¢ on bA to be the bound-
ary value of a continuous function on A U bA, holomorphic on A.
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This condition is actually sufficient. We will prove this in the case of Holder continuous
boundary values, which is enough for our purposes. So let v € C*® be the prospective
boundary value and let

go(z):%m, bAgU(—Ode (€ C\ bA).

Taking limits in A~, applying the Sokhotski-Plemelj formula (SP~) to v and using (2.4)
we get

(e
0= lim ¢(:) = —50(Q) + 5 | Fohde (ceba),

zEAT

Adding v to both sides,

1 G
= - — d € bA),
00 = 500 + 5 | Fords (Ceba)
we recognize the boundary value ¢ on the right hand side, by the other Sokhotski-
Plemelj formula (SPT). Thus we have v = ¢ so v is indeed the boundary value of a
holomorphic function.
In this proof, we transformed the necessary condition (2.4) into the sufficient condition

1 1 ¢ (&)
0=——¢p" — d € bA). 2.5
57O+ 5 [ % e (2.
Thus the conditions (2.4) and (2.5) are both necessary and sufficient, and equivalent.

Analogously, let ¢ : BAUA™ — C be a continuous holomorphic in the interior with finite
degree at infinity and denote by ¢~ (¢) the boundary values for ( € bA. Let v be its
principal part, by expanding into power series and using the residue theorem to evaluate

the integral [, CF /(¢ — 2)d¢ we get:

) =5 [ Fac-a) zear 26)
0= ! v (O d¢ —v(z) (z€A). (2.7)

2mi Jya ¢ — 2

(2.7) is a necessary and sufficient condition for a continuous function on bA to be the
boundary value of a continuous function on bA U A™, holomorphic on A~. The proof
is the same as before if we again assume Holder continuity. We also have that (2.7) is
equivalent to

_1 - 1@,
0= 5O+ 5 [ Fde=9(0) (o) 23

All the arguments in this subsection also apply to the case of sectionally holomorphic
vectors @ = (¢1,...,9N).

10



2.2 Birkhoff Factorization

2.2.3 The Homogeneous Hilbert Problem

The homogeneous Hilbert Problem for N unknown functions is stated as:
Find the sectionally holomorphic vector ¢ = (¢1,...,9n) which has finite degree at
infinity and satisfies the boundary condition

Q) =GQe (C) (¢CedA), (D

where G : bA — GLx(C) is Holder continuous. A solution of (I) is always understood to
not be the trivial solution ¢p = 0. For any solutions ¢ ..., ¢ and polynomials p1, ..., px
we get another solution of (I):

k
©=> pip;
j=1

We will later show that the boundary value of any solution of (I) is Holder continuous,
which is a consequence of G being Holder continuous. For now, we will mean by solutions
of (I) only those where both ¢ and ¢~ are Holder continuous (note: since G is Holder
continuous it is enough to assume that either one is continuous, continuity of the other
follows from (I)).

First we will seek solutions with prescribed principal part v = (v1,...,7n) for given
polynomials 71, ...,vny. We can reformulate problem (I) as follows: Find a Hélder con-
tinuous vector ¢~ on bA satisfying the conditions

1. ¢~ is the boundary value of a holomorphic vector on A™, right continuous on bA
with principal part « at infinity.

2. the vector ¢ defined by

e () =G(e (¢) (Cebh)

is the boundary value of a holomorphic vector on A, continuous from the left on
bA.

In the last section we have seen that these conditions are equivalent to

30 @+ o [ i q) cenn) (29)
5600 ©+ 5 [ C9E a0 ceon). (2.10)

Multiplying (2.10) with G(¢)~! from the left we get
o+ g [ SEOE e (cenn e.11)

11
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which we can subtract from (2.9) to get

1 GOGe T
zm'/m £-¢

¢ () o (§)dE =~(¢) (¢ ebA) (IF)
where I is the identity matrix.

(IF) is a Fredholm equation of the second kind so we want to apply Fredholm theory
in the L? setting. As a first step we show that the integral operator is even L' —
L*-bounded, this essentially follows from the Young inequality since the operator is a
convolution “up to a bounded function”:

/ GG~ 1T
bA §—¢
< |67 NGllga

G(E) -G
w(f)d€‘ < /bA HG‘IHOOW

) =S HG_1H00||G”ca

1€ — ¢ Hep(€)]|dg| <

<
L1(bA) —

1 Lo

a—1
. *
L (bA | | |SO|‘

<167l 1€ o

|.‘a71‘

o lr63)
Next, we show compactness of the operator by expressing it as the limit of Hilbert-
Schmidt operators. To this end, consider the regularized kernels

1L GO'GE -1
Bri g cgecE (GEen.

gE(Cag) = C_
[¢=¢]

Since g. is continuous, we get g. € L?(bA x bA) and the corresponding integral operator
Kepl€) = [ 0:(C.O0(0)5 (.6 €ba)

is Hilbert-Schmidt and thus compact. As before, using the Young inequality, we can get
the estimate

[(Ko = Ke)ell 2y S G| N Gllea

{1 = (] + e

o 1120

Consequently K. — Ky as ¢ — 0 by dominated convergence, so Ky is also compact.

To ensure that L? is the right setting, we need to prove that any L? solution to (IF) is
also C*<. Since v € C**, we can assume ~ = 0 for this purpose. Observe that

1/ GG —1 G~ / G - G©)
211 Jpn £—¢ 2w Jon ¢
Since G~ is C*®, we only need to show that the integral is as well.

Case k = 0. ¢ € L*™(bA) so this follows exactly as in the proof of Privalov’s theorem.
Case k = 1. We calculate

() =

ol¢)ds = P(£)de.

G(§) — G(¢) _ [ =G | G -G
o [ S e = [ T S e
1 fgl —a'O)d
:/ =g fg (7? (©) ncp(&)d{.
bA §—¢

12



2.2 Birkhoff Factorization

Using the estimate ‘é ff G'(n) — G'()dn| < |€ — <] we can conclude integrability and
are therefore justified in differentiating inside the integral. Moreover, it also follows that
¢’ is bounded. With this, we can now employ the substitution & — (¢ :

G(¢§) — G(C)
I /bA ﬁ%’((é)%

[ - GO =GO,y cerie
- | T coas + | A e coyae -

[ @000+ aoecote+ [ FE=EL e
G -G,
+ [ S

After changing back ({ — &, we get a multiple of 1/¢ for the first integral, the other
two can be shown to be C* as in the proof of Privalov’s theorem. Now we proceed
using induction. Assume that we have already shown that ¢ € C¥~1*(bA) and that the
k — 1—th derivative of the integral is of the form

w1 [ G -G B k—1 G -GYQ) w1y
o [ Femg e =raaor (V)1 [ 1 E)de

£—¢ £—¢
for some polynomial P,. But then each integral in the sum can be differentiated as in
the £k = 1 case, we pick up some linear terms in 1/¢ which can be combined with the

derivative of Pj,_;. With this, we have established the C* regularity of solutions to (IF).
Now we investigate two questions:

1. When can we solve (IF)?

2. Does each solution of (IF) produce a solution of the original problem (I)?

We start with the second one. Let ¢~ be a solution of (IF). This will be a solution
of (I) if it satisfies the conditions (2.9) and (2.10). We reformulate these conditions by
introducing a new sectionally holomorphic vector v defined by

1 _
v =5 [ Eaca) Gea) 212
1 G -
W(z) = 27m./bA (?‘_Pz(odg (z € A7), (2.13)
Then, 1) vanishes at infinity. Conditions (2.9) and (2.10) are now equivalent to
P =0, (()=0 (¢CebA) (2.14)

which is further equivalent to ¥ = 0.
We can rewrite (IF) in terms of ¢ as follows:

PO =GO)TP(() (Ceba) (IT)

Following Plemelj, we call the problem (IT) the accompanying problem of (I). With the
above arguments, we have just shown:

13



2 Background

Lemma 2. If the accompanying problem (II) has no non trivial solutions vanishing at
infinity, then every solution of the Fredholm integral equation (IF) yields a solution of
the original problem (I)

The methods for the construction of the Fredholm integral equation (IF) can be used to
obtain a similar integral equation for (IT). We will however, find a Fredholm equation
for ¢ instead of 1p~. We start by writing down (IT) in the equivalent form

Y () =GOYPT(O) (¢ eb).

Now using the same arguments as before (note: we search for solutions vanishing at
infinity, so v = 0), the Fredholm integral equation for problem (II) is

IR B BCT(S i</ SR
WO+ 5 [ TS ok =0 e 2y

Next we look at the solvability of (IF). For this we introduce the adjoint equation

PO + /b . GGV =L yieyge—0 (cebn).  arp)

2mi £E—¢
This is again connected to a Hilbert problem:
()= (GONTY(Q) (Cebh) (I
which we will call the associate problem to (I). There is also the problem
PO =GO (Cebh) (IT")

accompanying the associate problem (I'). For (I') we can again construct a Fredholm
integral equation

@ (6)dE =0 (C€dA) (I'F)

L[ GONGEON) T T
¢ Q) /bA -

271
for solutions vanishing at infinity. The Fredholm integral equation for (II') is given
by (II'F). In summary, the adjoint integral equation to (IF) is the integral equation
associated to the problem (IT') which is the accompanying problem of the associate one.

Lemma 3. If none of the accompanying and associate problems of (1) have non triv-
ial solutions vanishing at infinity, then the Fredholm equation (IF) is solvable for any
polynomial Tight hand side and every solution of this equation produces a solution of the
original problem.

By Lemma 2 we only need to see that, assuming the above conditions, (IF) is solvable
for any polynomial v. (IF) is a Fredholm equation so this is the case if we have

/ N+ Ny =0 (2.16)
bA

14



2.2 Birkhoff Factorization

for every solution ¢/t of (II'F). But by the assumed conditions each solution of this
problem is a solution of problem (IT') and is thus the boundary value of a holomorphic
function. Thus the integral (2.16) vanishes by Cauchy’s theorem.

The conditions of the previous lemma might seem restrictive but we will show that the
general case can always be reduced to this one. Moreover, we will construct general
solutions from those bounded at infinity. Therefore we will temporarily assume the
conditions of the previous lemma and seek solutions bounded at infinity.

By lemma 3 all such solutions come from the integral equation (IF). Now we construct
a basis of solutions: Let ¢7,...,¢y be solutions of (IF) with v equal to (1,0,...,0),
(0,1,0,...,0),...,(0,...,0,1) respectively. Denote by ¢1,...,@n be the corresponding
solutions of the Hilbert problem. They have the property

@, 1(00) = Oy (2.17)

Then it is clear that any (bounded) solution of (IF) can be written as

P () =mp (O)+... +WPN(Q) +IWN+1PN 1 () + oo+ TP () (€ E€DA)
(2.18)

where @y ;. .., ¥, are a basis of solution for the homogeneous problem and YN 1, ..., Ym
are constants. Such a solution then induces a solution ¢ = v1¢1 + ... + Ymem of the
homogeneous Hilbert problem (I).

We now consider the general case, where the conditions of Lemma 3 are not necessarily
fulfilled. To start off, we make an observation that will be crucial in the construction of
the fundamental system of solutions:

Remark 1. There is a bound s > 0, such that the order of the zero at infinity of any
solution of problem (I) does not exceed s.

Proof. Let the homogeneous equation corresponding to (IF') have at most s linearly inde-
pendent solutions (such an s exists because (IF) is a Fredholm equation) and let ¢(z) be
any solution of (I). If ¢ has a zero of order k at infinity, then ¢(z2), z¢(2), ..., 2" 1p(2)
are all solutions of (I) that vanish at infinity. Therefore they all represent linearly inde-
pendent solutions of the homogeneous equation (IF) so k < s. ]

Applying this to the accompanying problem (IT) and the associate problem (I'), we can
find an integer r > 0 such that neither problem has a solution with a zero of order
greater than r at infinity.

Next, we want to characterize all solutions of (I) of degree less than r at infinity where
r is as above. Let ¢ be one of these solutions. Then ¢ defined by

$(z) = p(z) (z€) (2.19)
$(2) = (;P_(Z))T (z€ A7) (2.20)

15



2 Background

where a € A is arbitrary, solves the Hilbert problem

@) =(C—a)G()e (C) (CebA) (1)

and remains bounded at infinity. We can see that finding solutions to (I) with degree
less than  at infinity is reduced to finding solutions of (I) which remain bounded at
infinity.

We now show that this problem satisfies the conditions of 2 and 3. The accompanying

problem to (I) is
PO = ~a) TGO TT(O) (CEbA). (1n)

Any solution to this, vanishing at infinity, would induce a solution % to problem (II)

P(z)=9(z) (z€4)
P(z) = (z—a)"P(z) (2€A7)

which has a zero of order greater than r at infinity, a contradiction to the definition of
r. Analogously, we can prove that the problem associated to (I) has no solutions which
vanish at infinity. Thus we can, as before, characterize solutions that vanish at infinity
of (I) and transfer these to solutions of the original problem, we formulate this in the
following theorem:

Theorem 3. For the problem (1) and r > 0 sufficiently large, each solution of degree
less than r at infinity is of the form:

e(z) =7p1(2) + ... +Iven(2) + INp1PN+1(2) + oo Ympm(2) (2 € C\DA)

(2.21)
with constants v1, ..., Ym and linearly independent particular solutions @1, ..., pm. The
first N of these solutions have the property:

lim 2 "p;r(2) =0 Jk=1,...,N (2.22)

Z—00

and those remaining (possibly none if N = m) have degree less than r at infintiy.

2.2.4 Fundamental Systems

Let r be sufficiently large such that theorem 3 applies, we assume r is fixed from now
on.

The first IV solutions are linearly independent over the polynomials, i.e. if there are
polynomials q1, ..., gnx such that

ap1t+...+aven =0 (2.23)

then ¢; = ... = gy = 0. This follows from the fact that the determinant det(¢1]. .. |@n)
is not identically 0 which is immediate by 2.22.
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2.2 Birkhoff Factorization

Next, we construct a special system of solutions:

Since the order of a zero at infinity of a solution is bounded above, there is a solution
of the form 2.21 which has minimal degree at infinity among all solutions. Denote this
degree by (—r1) and let x1 be one solution having degree (—k1).

Now consider the solutions 2.21 which do not lie in the span of x1 over the polynomials,
i.e. those which cannot be written as pyx1 for any polynomial p;. Let (—k2) the lowest
degree of such solutions, then k1 > ky. Let x2 be a solution of degree (—kz2). Let (—k3)
be the lowest degree of solutions not of the form pix1 + p2x2 with polynomials p1, po
and let x3 be a solution of degree (—k3).

We claim that we can continue this process to construct N solutions xi,...,Xn, to
this end, assume that we have already constructed k solutions X1, ..., X this way with
k < N. Then there will exist solutions not of the form p;x1+. ..+ pr X for polynomials
p1, - .-, Pk- Because if all solutions were of this form, then the solutions ¢, ..., N would
lie in the span of x1,...,Xx% over the polynomials, contradicting their linear indepen-
dence. Hence, this process can be continued to construct N solutions xi,...,xny with
respective degrees —k1, —ka,..., —KN Where kK1 > Ko > ... > KN.

We will show later that this process can not be continued further. Moreover each solution
of (I) can be represented as Zi\;l prXk for some polynomials p,...,pN.

For now, we only prove this for solutions x of degree strictly less than (—ky), for
such a solution we can find polynomials py,...,pp_1 with x(2) = p1(z)x1(2) + ... +
Pr—1(2)Xk-1(2).

Assume towards a contradiction that this is not true. Then x/(z) lies outside the span
of x1,---,Xk—1 so by the above construction the degree of xi would be less than the
degree of x by minimality of . This contradicts our assumption on x.

Next we prove the following important property of the fundamental system of solutions:
Any linear combination

X(2) = a1x1(2) + ...+ anxn(z)

with aq,...,axy € C not all equal to zero cannot vanish anywhere in C.

Suppose x(¢) = 0 for some ¢ ¢ bA. Then x(z) = (z — ¢)p(z) for some sectionally
holomorphic ¢ that is a solution to (I). Let ax the last nonzero coefficient, then the
degree of ¢ is less than the degree of x; and we can write it as

w(z) =p1(2)x1(z) + ...+ pe-1(2)Xk-1(2)

for some polynomials p1, . .., pr_1. But this contradicts the linear independence of x1, ..., xx
over the polynomials.

Now consider the case when ¢ € bA. Vanishing of x on bA means x*(c¢) = 0 or x~(¢) = 0,
both are equivalent since x*(c) = G(c)x ™ (c¢). We can argue as before if we show that
we again have x(z) = (z — ¢)p(z) with ¢ being a solution of (I). Accordingly, define
the vector

p(z) = ?(—Zl (z € C\ bA).
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Then, ¢* € L'(bA) N Ck’o‘(bA \ {¢}) since x vanishes at least to order o at ¢ and since

loc
¢+ 1/(C —¢) is C** on any closed arc that does not contain c. Hence the Sokhotski-

Plemelj formulae hold for ¢ except at the point ¢, so we can deduce that ¢ also solves
(IF). But then we know that ¢ € C**(bA) and we can argue as in the case ¢ ¢ bA.
As a corollary we obtain: Property 1. The determinant

d(z) == det(xx,;(2))

does not vanish on C.
We can also characterize the behaviour of A at oo :
Property 2. Write

X0 (2) = 2" x5 (2)
for k=1,...,N, then the determinant
8°(z) = det(x](2)] ... [x¥(2))
has a finite nonzero value at co.

Proof. By construction, 6° has finite value at infinity, since the degree of x} at infinity
is exactly (—#y). Now assume that §°(co) = 0, then there are aj,...,ay € C not all
zero such that

a12ix1(z) + ... tanzixn(z) = 0(1/2)
Let aj be the last nonzero coefficient then
x(2) == a1z x 1 (2) 4 . ..+ apxr(z) = Oz~ 1)
Consequently, x has degree less than (—ky) at infinity and would thus be representable
as Zf;ll pjX; contradicting linear independence of x1,. .., X over the polynomials. [

Property 2 has the following consequence: For a sum

p1(2)x1(2) + ... +pn(2)xn(2)

with polynomials p1, ..., pny with repsective degrees m1, ..., my we can we always know
its degree. Indeed, since §°(00) # 0 this is just the maximum of mi — k1, ..., my — k.
In other words the terms of highest degree degree cannot cancel.

From now on, any N solutions of (I) x1,...,xn with properties 1 and 2 will be called
a fundamental system of solutions. The N x N matrix X (z) = (x1(2)|...|xn(2)) will
be called the fundamental matrix of the homogeneous Hilbert problem.

By construction the fundamental matrix satisfies

XT()=G)X(Q) (Cebh)

or equivalently

G =XMOX () (Cebd).
We will use this identity to prove

18



2.2 Birkhoff Factorization

Theorem 4. Any solution ¢ of (1) with finite degree at infinity can be written as

®(z) =p1(2)x1(2) + ...+ pn(2)xn(2)
where X1, ..., XN 1S a fundamental system of solutions and p1,...,pn are polynomials.

Note: With this theorem we can now abandon the requirement that ¢ must be Holder
continuous.

Proof. Substituting G(¢) = X ()(X~(¢))™! (¢ € bA) into (I) we get

(XTO) e =(XT() e (¢) (Cebh)

This implies that (X (z)) '¢(2) is holomorphic on the entirety of C. Combining this

with the assumption that ¢ has finite degree at infinity we see that (X (z)) l¢(z2) is
polynomial, i.e.
(X(2)'e(2) =p(2) (2€C)
for some polynomial p. Consequently,
p(z) = X(2)p(2)
which was to be proven. O

For this proof it was actually only necessary to assume Property 1 for the matrix X.
Property 2 gives us more control over the polynomials in the expression for ¢. Specif-
ically, a solution ¢ of degree not greater than some given integer k at infinity can be
written as

p(z) =pi1(2)x1(2) + ... +py(2)xn(2)

where the p; have degree not greater than k+ «;. Here we have that p; = 0if k4+x; < 0.
The solution will have degree exactly k if the degree of one of the p; is k+r;. If k+x; <0
forall j =1,..., N then the problem has no non-trivial solutions with degree at infinity
not greater than k.

Next, we will investigate the relation between different fundamental systems of solutions.
First, we will prove that the integers k1, . . ., Ky are the same for any fundamental system.
Let x1,...,xn~ and (1, ...,¢n be two fundamental systems and let —k1,...,—ky and
—A1,...,—An be the respective degrees of the solutions at infinity. We assume x; >
. 2 KN,AL > ... > Ay and will prove k1 = Ai,..., kN = AN.

Since the x; form a fundamental system, we can express ¢ as

Ck = PkaX1+ -+ PENXN (2.24)
for polynomials py 1, ..., pg - Similarly, we can express the x; in terms of (.
The degrees of the fundamental systems are ordered as K1 = k3 = ... = K > K41 and
Al =Xy =... =X > N31. We now prove k1 = A and k = [. Comparing the degrees of
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both sides of (2.24) we see that —A; > —k; because the degree of the right hand side
at infinity cannot be less than —x1. By interchanging the roles of the x; and the ¢, it
follows that —k1 > —A1, SO K1 = A1.

Comparing no the degrees of both sides of (2.24), we obtain relations

¢ =pjixX1+-.-+PiNXN

for j =1,...,1 and polynomials p;1,...,p;n (in this case the polynomials are actually
constants). If { > k then these relations contradict the linear independence of the ¢;
over the polynomials. Completely analogously, we can rule out [ > k by switching the
roles of the fundamental systems. Hence, [ = k.

We now have: k1 = A1,..., kg = A\p, Kk > Kipl = - = Kgtr > Kkdrtl, Mg > Aptrl =
coo = Agts > Agtst+1. Our next objective is proving ki1 = Ag+1 and 7 = s. Again
we start by comparing degrees of both sides of (2.24) for €x41, ..., k+s to see that the
right hand side will contain only X1, ..., Xk+r. Assuming that one of these right hand
sides only contains X1, ..., X% would contradict linear independence of the (i, ..., rts
(the Ki4; has some coefficients for the x1,...,x, which can be expressed in terms of
the coefficients of the (1,...,{x). From this, we can conclude —Agi1 > —kKgy1 which
implies, by symmetry, Ax+1 = Kk+1-

As above, assuming now that s > r would contradict linear independence of x1, ..., Xk+s
and it follows again that s = r. The rest of the proof proceeds by induction.

We will now outline a construction of all fundamental systems starting from a given one.
Assume that the x; are ordered as

K1 =K2= ... =Kk > Kkj+1 = -+ = Rk 4ky > -+ > Kyt +kp+1 = -.. = Kp

The same arguments as in the previous proof allow us to better describe the degrees of
the polynomials in (2.24): Let

G =X1Pj1 + oo+ Xk Pjkr T - Xbr4koPj ki ko T - -+ XnDjns

then the polynomials p;; are constants for j,k = 1,2,...,k1; pjr =0 for j =1,... k1,
k=ki+1,...,n; pj have degree not greater than sy, — Ky, for j = k1 +1,..., k1 + ko,
k=1,...,k1; pj are constant for j,k = k1 +1..., k1 + ko; etc.

In summary, the p;; are polynomials of degree not greater than s — x;, where p;, =0
if kK — Kr; < 0. We can package these statements into matrix form: Let P, ,,, [,m =
1,...,r be the matrix with entries p;x for j =k +... +k_1+1,..., k1 +... + & and
k=ki+...+kn1+1,...,k1+...+ kK, and set

Ph 0 ... 0

P271 P272 e 0
H = (pjx) = : SR :

Py Ppo ... P,

Then the blocks P, ,, have degree at most k,, — x;. We can now write

Z(2) = X(2)H(z)" (FM)
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2.2 Birkhoff Factorization

where Z is the matrix with entries (;x, j,k = 1,..., N. The determinant of Z does not
vanish, thus det H(z) # 0. Furthermore, since H has block form,

det H =det Py ;...det P,

each of these blocks has constant entries so det H is constant as well.

Altogether, we see that any fundamental system ¢ is related to X by ((z) = X (2)H (2).
Here H is a lower blocktriangular matrix with polynomial entries where: the diagonal
blocks are square, the entries of each block F, ,,, have degree less than s, — x;, and det H
is a nonzero constant.

The integers k1, ..., kny will be called the component indices of the homogeneous Hilbert
problem and their sum

K=K1+...+KN

the total index or simply the index of the problem.
The total index can be directly calculated from the matrix G of the Hilbert problem.
Writing, as before, §(z) = det(X (z)) we get, by using X (¢) = G(¢) X (¢)

07(C) = det(G())d™(¢) (¢ € bd)

Taking logarithmic derivatives here, we conclude the following identity of winding num-
bers around 0 :

Inds+(p2)(0) = Indgeq(a)pa)(0) + Inds- (52 (0)

Since ¢ is holomorphic and nonvanishing on A, by the argument principle, Inds+ ) (0) =
0. Since 6(z) = §°(2) /2", §° is holomorphic on A~ and nonzero at oo we get Inds-(54)(0) =
—k. Combining these observations, we conclude

K = Indget(a)va)(0)- (Ind)

2.2.5 Proof of the Birkhoff factorization

Lemma 4 (Special fundamental matrix). For a Hélder continuous matriz with G~* = G,
the homogeneous Hilbert problem

et =Gy~

has a fundamental matriz Q0 such that Q. = QA, where Q. denotes the Schwarz reflection
of Q about the circle and A(z) = diag(z"1,..., 2"N)

Proof. Start with any fundamental matrix X (z) = (x1]...|xn) then we see that X, A~!
is also a fundamental matrix and hence is connected to X by an identity of the form
X,A™! = XH'. Here H is a matrix as in (FM), all its entries are polynomials Pk,j of
degree not exceeding x; — ki and det H is constant and nonzero. Conversely any such
matrix H produces a fundamental matrix X H!. We will now find a diagonal matrix
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§ = diag(dy, ..., dn) where the §; are nonzero constants such that Q = (X6).A~! + X4.
It is readily apparent that all matrices of this form satisfy the required identity

(X0)uA™! + X6) = (XA + (X0)s = ((X6) A7 + XA,

we only need to find ¢ such that we get a fundamental matrix. Using (FM) again and
setting v = 66! we get

(X)W A+ X6 = X(yH +1)%

Hence a matrix of this form gives a new fundamental matrix if we choose § such that
det(yH(z) + I) # 0 (it is already constant since the diagonal blocks of H are constant),
this is clearly possible. O

We are finally ready to prove the Birkhoff factorization:

Let B(¢) = G(¢)G(¢)~! (¢ € bA) and observe that B(¢) = B(¢)™! (¢ € bA and that B
is of class C* We now consider the homogeneous Hilbert problem associated to B, i.e.
solutions of

T =BT (C) (CebA)

such that ¥ : A — C and ¥~ : C\ A are continuous and holomorphic on the interior
with ¥~ having only a pole at infinity. Suppose (¥, ™) is a solution of such a Hilbert
problem, then the reflections

T =T (1/¢) ¢e€A\{0}
T () =2F(1/Q) ¢e(Cufoc})\ A

are again holomorphic on the interior. Furthermore, by taking conjugates in ¥t = BU-
we get U+ = B~1W— which implies

I =B()T, (¢) ¢ebA

so (¥, W) is also a solution of the generalized Hilbert Problem as it is not necessarily
holomorphic at 0. Using this property we obtain the matrix © as a special fundamental
matrix of the problem: Namely, according to Lemma 4 there is a fundamental matrix €2
of the problem satisfying Q; () = QT (¢)A(¢). Setting © = QT we verify

QM) = 27 (¢) = BOQ(Q) = B(O)QT(¢) (¢ €bA)

2.3 Riemann-Hilbert problems

In order to solve the type of Riemann-Hilbert problem that arises in our setting we make
use of the following theorem by Florian Bertrand and Giuseppe Della Sala [3]
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Theorem 5. Let k,m > 0 be integers and let 0 < o < 1. Consider the following operator
L: (A{ﬁ;if“)N - (C{)“;,?)N
given by
L(f) = 2Re(GY)

with smooth G : bA — GL(N,C). Denote by k1,...,kN and k the partial indices and
the Maslov index of ~G 'G. Then

1. The map L is surjective if and only if k; > m —1 forall j=1,...,N.

2. Assume L is surjective. Then the kernel of L is finite dimensional with real di-
mension K+ N — Nm.

This theorem is an extension of results by Globevnik [5] who proved the nonsingular
analogue:

Theorem 6. Let k > 0 be an integer and let 0 < o < 1. Consider the following operator
b () (o)
given by
L(f) = 2Re(Gf)

with smooth G : bA — GL(N,C). Denote by K1,...,kn and k the partial indices and
the Maslov index of G 'G. Then

1. The map L is surjective if and only if k; > —1 for allj =1,...,N.

2. Assume L is surjective. Then the kernel of L is finite dimensional with real di-
mension Kk + N.

Proof. For the first step in the proof we simplify the problem from arbitrary smooth
matrices G to special block diagonal matrices: Start with the Birkhoff factorization
~G-1G = ©AO-1 where © : A — GL(N,C) is smooth and holomorphic on A and
A(¢) = diag(¢",...,¢"N). Here the k; are ordered such that the first 2s partial indices
are odd and all the others even. Now consider the block matrix M({) = Pi(¢) &
... Py(¢) @ diag(¢r2s+1/2, .. ¢~"N/2) with blocks

R A e S (s S
PJ(O_(@'(l—C) 1+C>< 0 g—”éﬂ)

and set V = M (i©)~'G~1. M is chosen such that we get three properties: MM 1 = A,
the entries of V({) are real for all ¢ € bA and, most importantly, VG = M(—i©)~L.
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The first is straightforward matrix multiplication, the third is by construction. For the
second, we calculate

V=Mi0"1G' =iMA'O7'G1 = M(—i®)'G-1 = V.

Since multiplication by V and (—i©)~! give automorphisms of (C¥*)N and (A*F)N
respectively, the third property allows us to replace G with M without changing whether
L is surjective or what the dimension of its kernel is. Now the operator given by f —
2Re(M f) is surjective if and only if

1. for j =1,...,s the operator L; : (A%*)2 — (Ck)2 given by L;(f) = 2Re(P;f) is
surjective.

2. for j =2s+1,..., N the operator L; : A%* — C%* given by L;(f) = 2Re((™™ f)
is surjective, where k; = 2m;.

We start with 2. For ¢ € C*® denote by ¢ its harmonic conjugate and set w = ¢ + i@.
w is in A% and satisfies ¢(¢) = Re(¢7H(¢'w())) (¢ € bA) for all integers [. For [ > 0
we have ¢ — ('w(¢) € A% and thus L is surjective for m; > 0.

If mj < 0, wehave [, \ (7™ w({)d¢ = 0for allw € A¥*. This implies fozﬂ L;j(w)(0)do =
0 for w € A¥® and hence L; is not surjective in this case, for example 1 ¢ L;(.A%).
For case 1 set k; = 2m; — 1. We investigate equations of the form Re(P;(¢?)w(¢?)) =
©(¢?) (¢ € bA) for ¢ € (CH*)? and w € (AFY)?, i.e.

re (10t IS (o)) = (B e

for integers [, r. We can factor out ¢ in both columns of P;(¢ 2) to see that this is equivalent

to
¢ (¢?) cos(0) —sin(0) (¢1(¢%)

2t (i) ) = (e ity ) () €0 e
where ¢ = €. The point here is that now the right hand side is an odd function, recall
that a function ¢ on bA is odd if ¢(—() = —¢(() (¢ € bA). Furthermore, by looking at
the power series expansion, we see that ¢ € A is odd if only if ©(¢) = ¢(¢?) with
P € AP and ¢ € C** odd implies ¢ odd and unique not just up to constants since the
value at 0 has to be 0.
Let | = r = 0. We have just established that for odd ¢ € C¥® there is a unique odd
function in A", namely ¢ 4 i} such that ¢ is its real part. Let ¢ € C** be 1/2 times
the right hand side of (2.25), thus, evoking the notation of the previous paragraph, the
unique solution of the equation is given by the 1 € (A*®) associated to ¢ + i@.
For I,7 < 0 we can reduce to the case [ = r = 0 by the same trick as before by using
Cw(C?) = ¢C%(¢2w(¢?)) and ¢~2%w(¢?) € AP for any integer a < 0 and any w € AR,
Let I > 1. Choose a g € A"* with ¢(0) # 0 and decompose it into real and imaginary
part as g = @1 — ipo. We are led to the equation

Re(Cg(¢*)) = ¢1(¢%) cos(9) + ¢2(¢?) sin(6) (¢ € bA)

24
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where ¢ = €. By the previous arguments ¢ — (g(¢?) is the only function in A®® whose
real part equals the right hand side. We are now faced with the task of expressing (g(¢?)
as CC%h(¢?) for some h € A which is rendered impossible by the multiplicities of the
zero at 0 being 1 and 1 + 2j respectively. We conclude that we do not have surjectivity
in this case. Argue along these lines for > 1 to finish the proof of the first claim. The
second claim will be shown in the next proof. O

Proof of Theorem 5. By the same matrix factorization argument we have that the op-
erator is surjective if and only if

1. for j =1,...,s the operator L; : (Ag;ff)Q — (Cgr’fz)2 given by L;(f) = 2Re(P; f) is
surjective.

2. for j =2s+1,..., N the operator L; Aom — Com given by L;(f) = 2Re(("™ f)
is surjective, where Kj = 2m;

Case 2 is again easier: Take ¢ = (1 —()™v € Cg;f where v € R,,. We need to study the
equation

CTIHCT =0 [eAR (2.26)
We can express f as (1 — ¢)™g with g € A and cancel the (1 — ()™ factors to get
g+ (F)"Cg = v
Split into two subcases: For m = 2m’ even, we can multiply by Cm/ to get
¢rmmg 4 ¢ = ¢

By Lemma 1 the right hand side is now in C*® so we can argue as in the proof of
Theorem 6.
For m = 2m’ + 1 odd, we again multiply by ¢™ to get

g — ¢ Cg = ¢

Applying Lemma 1,we see that the right hand side Cm/v =: wu sits in R;. Take the
orthogonal decomposition u = u' +u” where v/ = P(u) € A» is the Szegé projection.
Using u = —@ and v” = i (iCu)’ we have v = —(u/ (see Chapter 4 of [2]). If r—m/ >0
then g = ("~ m' e AR and satisfies (2.26). If r—m’ <0 then

/C r—m/ gde_/gr m_lng—O

so 1 — ¢ for example is not in range.

Now for the two dimensional Case 1. The subcase of m = 2m’ can be handled in the
same way as in the proof of Theorem 6 by multiplying with (™ we get surjectivity if
and only if both [ —m’ > 0 and » — m/ > 0.
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Lastly, if m = 2m’ + 1 odd we have by multiplication with Cm/
("'Pg— (" Pg= ("
We substitute ¢ = £¢2 and multiply by £ to get
EmP(E%)g(€%) — M P(2)g(€?) = £Mv(€7)
Multiply by ¢ and use Lemma 1
2Re(€MP(€%)ig(€%)) = i€™v(€?)

similar to before we get

ifs@“m”gl(ﬁ?))) : ( Re¢ Im§> 2

4 Re (% =1 )

<(Z§ (272 1)92(52) —Im§ Ref 5 (6 )

According to Lemma 1, £ + ié™v(£2) is odd so the right hand side is now in (Cflf’a)2
and the problem reduces to a pair of one-dimensional problems

gl (€2) + €207 g(€%) = uy(€)
with u; € CH< even. Setting u; (&) = u;-(§2) with u; € Ck

<,—(27»]-—m—1)/2)gj(C) +¢ (2rj—m—1)/2 gj Q) = U;(C)

we have reduced it to the one-dimensional case considered before. Surjectivity here is
equivalent to 2r; —m — 1 > 0 and since m is odd, we are done.

Now for the second part of the theorem concerning the (real) dimension of the kernel in
the surjective case. Assume

2Re(Mf)=0

on bA for some f € (AIS;,?‘ )N, Multiplying with M ~! and using the construction of M
gives

f=-M'Mf=—dag(¢",....¢"")f
Thus the determination of the kernel reduces to the one dimensional problem
f+CF=0
for f=(1-()™g € AOm and [ > m — 1. By factoring out (—¢)™ we get
g+ (=1)"¢mg =0

We see that solutions have the form g(¢) = Zl " a,¢" with conditions a,+(—1)"a;_,_, =
0. We have 2(I — m + 1) (real) degrees of freedom for these coefficients and m — [ + 1
conditions so the space of solutions has real dimension [ — m + 1. ]
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2.4 Approximation of CR Functions

We need an approximation result, which can be found in [1], we reproduce the proof
here.

Defiition 1. Let M be a manifold andV an n—dimensional subbundle of its complexified
tangent bundle CI'M. V is called integrable if at each point p € M there is an open
neighbourhood Q of p and Zy, ..., Zy, € C°(Q,C), where m = dimg M — n such that

e the differentials dZ+,...,dZ,, are linearly independent over C
o For any section L € T'(M,V) we have

LZ;=0 Yj=1,....,m.

In this case, we call (M,V) an integrable structure.

Theorem 7 (Baouendi-Treves). Let (M,V) be an integrable structure, pg € M, and
Z =(Z1,...,Zm) a family of basic solutions near pg. Then there exists a compact neigh-
bourhood K of pg in M such that for any continuous solution h in M, there is a sequence
of holomorphic polynomials P,(z) in m complex variables with the property that

h(u) = lim P, (Z(u)) (BT)

V—00

uniformly on K.

The idea of the proof is similar to many other approximation results: We convolve the
data with a Gaussian kernel to obtain a sequence of holomorphic approximations whose
power series we can truncate to get the desired polynomials.

Proof. First, we show that we can find suitable coordinates near pg.

Lemma 5. Take (M,V),po and Z = (Z1,...,Zm) as in theorem BT. Then we can

find local coordinates (x,y) near po, vanishing at py, with © = (x1,...,Zy) and y =
(y1,---,Yn) and an invertible complex linear transformation L such that
Zj(q:,y) =x; +ipi(z,y), (2.27)

for j=1,...,m. Here Z is the system of basic solutions defined by Z = LZ, the @j are
smooth, real-valued functions defined near the origin in RF, k = n +m, with ¢(0) = 0
and ¢, (0) = 0.

Proof of Lemma 5. dZy,...,dZ,, are linearly independent near pg, so we can find a sys-
tem of coordinates (u1, . .., uy) vanishing at pg such that the matrix A(u) = (0Z;/0,(v))1<ji<m
is invertible for u near 0 in R*. Then we take coordinates

z:=Re A(0) ' Z(u), yj :=wjrm, j=1,...,n.

From this, we see immediately that Z(z,y) = A(0)~'Z(u(z,y)) satisfies (2.27). O
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Here is the basic idea of the rest of the proof, which is similar to one proof of the
Weierstrass approximation theorem: We take a Gaussian-like kernel «;,, which is analytic
in Z and consider H,,, the convolutions of h with «a,,. These are again analytic and we can
show that they converge uniformly to h as v — co. Then we can extract our polynomials
from this sequence by truncating the power series of H,,.

Continuing with the proof of Theorem BT, we choose the coordinates (z,y) from Lemma
5 and take Z as our new system of basic solutions but still denote it by Z. We give the
domain K in terms of two parameters r» and d to be determined later as

T

Fix some smooth cutoff function x € C§°(R™) with x(z) = 1 for [z| < § and x(z) =0
for z > r.

Temporarily, we will restrict to the case h € C*(M) and show how to adapt the proof to
the continuous case later. Consider the family of m—forms «,(z,y; z) for z € C™ and
v € 7" defined by

onla,9:2) 1= ()" exp(w(z — 20, 9)P) x(@)hia,y)dZ (),

where
dZ(x,y) =dZi(x,y) A ... NdZp(z,y),

and, for v = (vy,...,v,) € C™, we write v? = v-v = Zjv?-. For y € R" with 0 < |y| < d
we consider the cylinder D,

Dy = {(«y) € R : [of| <79/ =ty 1 € (0, 1)}

By Stokes’ Theorem we get

doy, (2'y'; 2) = / a,(2',y;2) (2.28)

Dy, 0Dy

First we compute the right hand side of (2.28). Since x(x) = 0 for |z| > r the only
boundary remaining are

/ a2,y 2) =
oD,

(Z) /m eXp(_V(Z - Z(a, y))Q)X(x/)h(x',y)dm/Z(x', Y) (2.29)

™

- (K) /m exp(—v(z — Z(',0))*)x(a)h(2',0)dy Z(2', 0)

™

where d,s denotes the differential with respect to the z’ variables. The calculation of the
left hand side of (2.28) will be aided by the following lemma.
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2.4 Approximation of CR Functions

Lemma 6. Let Q be an open subset of R¥, k = m+n and (Q,V) an integrable structure
with basic solutions Z, ..., Zy, defined on Q. A distribution f on € is a solution if and
only if d(fdZ) =0 on Q, where dZ(u) = dZy(u) A ... N dZy(u)

Proof. First assume f € C'(2). Then f is a solution if and only if df (p) € V;', which is
further equivalent to df (p) lying in the span of {dZi(p),...,dZ,(p)}. Hence,we can now
calculate d(fdZ) = df A dZ = 0 and the lemma is proved in the C' case.

Without loss of generality, we may shrink  if necessary and assume that the Z; are
given by (2.27). Then dZ,...,dZ,,,dy,. .., dy, form a basis for (CT(*m’y) at every point

(z,) € Q. Hence, we can express df for f C! as

m n

df =Y (R;f)dZ; + Y (Sif)du, (2.30)

j=1 =1

where R;, 1 < j <m and 5;, 1 <[ < n are vector fields. From the above arguments it
follows that f is a solution if and only if S;f =0 for all [ = 1,...,n, i.e. if the vector
fields \S; form a basis for the sections of V on €. Now, (2.30) also applies to a distribution
f on €, and so f is a solution if and only if df is a linear combination of the dZ;, this
time with distribution coefficients. To finish the proof we can calculate

n

d(fdZ) = df NdZ = (Sif)dyi A dZ
=1

and we see that f is a solution if and only if d(fdZ) = 0. O]

We proceed with the calculation of the left hand side of (2.28). exp{—v(z — Z(',y'))*}
is a holomorphic function of Z(2’,y") and the product of two solutions is again a solution.
Thus, Lemma 6 eliminates most terms arising from the product rule and we are left with

1%

day (2,5 2) = (%)mﬂ/mexp(—u(z —Z(@ ) @y )dx (2 ) AdZ (2 ). (2.31)

Define a sequence (H,), of entire functions on C™ by

Hy(z) = (K)m/ ’ / _exp(—v(z = 2(2',0))2)x(@)h(a’, 0)d Z (', 0). (2.32)

s

We will show that H, converges uniformly to h(z,y) on K as v — 0o. To accomplish this,
we prove that the left hand side of (2.28) converges to 0 when evaluated at z = Z(z,y),
uniformly in (x,y). On the other hand, the first integral on the right hand side of (2.29)
converges uniformly to h(z,y). This, we prove in the next two lemmas.

Lemma 7. For r,d chosen sufficiently small and any continuous function f on €,
| exp(-u(Z(a,y) - 2 0)2) i) R 2 ) w0 (23)
D'!’/

uniformly in (z,y) € K as v — oo.
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Proof. dx(xz) = 0 for |z| < § and |z| > r, so the integral in (2.33) is evaluated over the
set {(2/,y') : § < 2| <79 €[0,y]}. The exponential term is the only one containing v
so we need to estimate |exp(—v((Z(z,y) — Z(2',y'))?))|. Using (2.27) we get

Re(Z(z,y) = Z(2',y))* = (z = 2')* = (p(z,y) — v(z’,y))? (2.34)
By the mean value theorem,
oz, y) — (', y)] < |ela,y) — (2’ y)| + [, y) — pa’,y)] < alz — 2| + Aly — /],
with

a= sup |ou (2,9, sup |y (2, y))]
|2/ <r /| <d 2/ <r /| <d

By assumption P /(0) = 0, so we can choose r,d sufficiently small such that [a| < 1.

lv — 2’| > §

32A

o 5312
lexp(—v(Z(z,y) — Z(2',y))?)| < eXp<_'/1()24>’

the lemma follows. O

Lemma 8. For r,d sufficiently small, f a continuous function on (1,

(5™ [ es(orl2m) = 26 9)P) e ox o 20 ) = (o)

T
uniformly in (x,y) € K as v — oo.

Proof. First, note that dZ(2',y) = det(Z,(2',y))dz’. Making the change of variables
Vv(ah —x) = &, the integral becomes

ALl o))
o 1o oo o)

Again, choosing r and d sufficiently small such that

(2.35)

a= sup |p(z,y) <1/2.
|| <r,ly|<d

Then the integral (2.35) converges to

1
Tm/2

[ exp (=€ el )€)?) o) det(ZoGa )i,

uniformly in (z,y) € K as v — oo. This, we can compute using the following lemma:
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2.4 Approximation of CR Functions

Lemma 9. Let B be a real m x m matriz with norm less than 1. Set A =1 +iB, then

det(A)/ e_(A£)2d§ —1

m/2

Proof. |BE| < ||B|||€], for all ¢ € R™, thus the integrand can be bounded by e(!~I1BI&* o
the integral is finite and we can make a change of variables £’ = A&, since A is invertible
by a Neumann series. We are then left with a Gaussian integral Wm% me e_(f/)2d§’ , which
can be evaluated to 1 in a multitude of ways (e.g. squaring the integral and factoring
the integrand reduces to the two dimensional case which is easily handled using polar

coordinates). O
This completes the proof of Lemma 8 O

We have now established that the entire functions H, defined by (2.32) satisfy H, (z,y) —
h(z,y) uniformly in (z,y) € K. Now we can truncate the power series of the H, to get
polynomials that converge uniformly to each of the H, on K, from these polynomials
we can extract a diagonal sequence converging uniformly to h. Consequently, we have
proved the theorem for continuously differentiable h. To extend to the continuous case,
the only step that needs justification is the application of Stokes’ theorem. (2.28) is still
true in this case, even if coefficients of the forms are not necessarily C', since neither
side of (2.28) contains derivatives of h by Lemma 6. We have now finished the proof of
Theorem BT. O

Theorem BT relates to hypersurfaces in C"*! in the following way: Let CTC"*! be the
complexified tangent bundle of C**!. Taking (z1,y1,...,Tnt1,Ynr1) as coordinates of
C" 1 we set

2 _90 ;0 9 9.9
8Zj o al'j 83/]" 8ZJ T 81'3‘ 8yj

. . . 1,0

producing a basis {aizj\p, BLZIP}FL"-’”“ for CT,,C"*1. Setting T,""C"+1 = span@{aizj\p}

and T£’1C”+1 = Spanc{% |p} we obtain a direct sum decomposition CTC**! = T1OC" g
J

TOIC™ ! of CTC™ + 1 into holomorphic and antiholomorphic vectors respectively. The
complexified tangent bundle CT'S of a hypersurface S inherits this direct sum decom-
position from the ambient space and we can set V), := CT,,SNT 0:1Cnt+! for the space of
antiholomorphic tangent vectors and define the CR bundle of S as the bundle with fiber
VpatpeS.

Let S, 8" ¢ C*! be hypersurfaces with CR bundles V and V' respectively. A C* map
H:8— 8" is CRif T,H(V),) C V.

It is then possible to show that BT applies to CR functions between hypersurfaces in
C"*!(see Proposition 2.1.5. of [1]).

We can now prove an extension result for CR functions on hypersurfaces, this uses the
concept of analytic disks. For a hypersurface S in C"*! we write D(S) for the analytic
disks attached to S, i.e. A € D(S) if A : A — C"*! is C¥*, holomorphic on A and
A(bA) C S.
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Proposition 1. Let S be a hypersurface in C*"T' and pg € S. Then there exists an
open neighbourhood U of py such that for any C*® CR function f on U there exists a
continuous function F defined on W := UAGD(U)A(Z) that fulfil for any A € D(U)

e o A is holomorphic on A

e F(p) = f(p) for allp e U

o [ is holomorphic on the interior of W

Proof. We choose U sufficiently small such that Theorem BT applies, i.e. such that for
any CR function on U there exists a sequence of polynomials p,(Z) converging uniformly
to f on U. The constant disk A = p for p € U lies in D(U), hence U C W. Now define
F as follows: for Z € W choose A € D(U) such that Z € A(A). By construction, p, o A
converges uniformly on bA and, by the Maximum Principle, also on A. Thus, we can
set F(Z) := limy 00 py(Z) and we see that F is independent of the choice of A. F is
also independent of the approximating sequence (p, ), and the holomorphicity properties

follow since the uniform limit of holomorphic functions is holomorphic. O
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In this chapter we apply the material to prove a finite jet determination result for CR-
diffeomorphisms of hypersurfaces in C"**1. We follow the paper [4] and adopt the notation
from there.

3.1 Stationary Disks

Let S be a finitely smooth hypersurface in C"*!, defined in a neighbourhood of 0 by its
defining function r, we assume 0 € S. We will call functions f € (A5®)"*! analytic disks
and say that they are attached to S if f({) € S for all { € bA.

Defiition 2. A holomorphic disk f € (AF)"*1 attached to S = {r = 0} is called
ko—stationary if there exists a continuous map ¢ : bA — R\ {0} such that bA > ( —
Ckoc(Q)or(f(€)) extends to a map in (AF*)n+1,

Proposition 2. Let S C C"*! be a hypersurface as in Definition 2. Then there exists a
neighbourhood U of 0 in C™1 such that if H is a C*t! CR diffeomorphism sending SNU
to a real hypersurface 8" C C"*! and f € (AM)"*1 is a kg—stationary disk attached to
SNU then Ho f € (AP gives a ko—stationary disk attached to S'.

Proof. Following the notation of Proposition 1, let W = [ ¢(bA) where ¢ ranges over
all analytic disks attached to S. By the same result, H extends to a holomorphic map H
on W continuous up to W N S. Since f(A) CW, Ho f € (Cfé’o‘)"‘"1 extends analytically
as Ho f € (AR "+l To see that this disk is kyg—stationary, we note that r o H~! gives
a defining function for S’ and calculate

¢*e(Qa(ro HY)(H o £(¢)) = ¢*e(Qar(f(O)OH(f(¢) ™

where ¢ is provided by the ko—stationarity of f attached to S. (H (f(¢))~* = (OH(f(¢))™"
so we have that the above expression extends analytically as desired. O

There is also a geometric description of ky—stationary disks

Defiition 3. A holomorphic disk f € (.A""il)r”rl attached to S = {r = 0} is ko—stationary
if there exists a holomorphic lift f = (f, f) of f to the cotangent bundle T*C™"*1 which
is continuous up to the boundary and such that for all ¢ € bA, f£(¢) € N*S(¢), where

NFS(¢) = {(z,w, 2,w) € T*C"|(z,w) € S, (Z,w) € CFON*S\ {0}}, (3.1)

here N} S = spang{0r(z)}
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3.2 The model surface

The jet determination result we will prove applies to a families of hypersurfaces which
are perturbations of polynomial hypersurfaces. More specifically, we consider here gen-
eralizations of homogeneous polynomials: A (real) polynomial P : C" — C is called
weighted homogeneous with weight M = (my,...,m,) € N" and weighted degree d € N
if for all t € R and all z € C™ we have

P(t™zy, .. 4™, t™MF L tE,) = t9P(2, 7). (3.2)

As an abbreviation we will write t" 2z = (t"™z1, ..., t™" 2z, ), with this, the condition reads
P(tMz,tM%) = t9P(z, 7). Evidently, a weighted homogeneous polynomial with weight
(1,...,1) is just a homogeneous polynomial.
For multi-indices M = (my,...,my),J = (J1,...,jn) We write

n

M-J = my.

=1

Now we fix a weight vector M = (my,...,m,) and a real-valued weighted homogeneous

polynomial P with weight M and weighted degree d. With this notation we can write P
in the form

ko
P(z,z) = Z ajgz’Z8 = Z Z ajrz’Z8 (3.3)
M-J+M-K=d d—ko \ M-J+M-K=d
d—ko<M-J<kg M-K=I
=:Pd-Ll(z7)

where % < ko < d—1 is the largest number for which there exist multi-indices J, K with
M - K = k satisfying o ji # 0. The Pa=bl are the “bihomogeneous” components of P,
satisfying P40 (tM 2, sM7z = td-lsl pA=Ll(2 ). Since P is assumed to be real-valued, we
have that ajx = @y for all multi-indices J, K, and also, that P4~ (2, 7) = Pl’d_l(E, 2).
We define the model hypersurface Sp = {p = 0} C C"*! where the defining function p
is given by
p(z,w) = —Rew+ P(2,Z) = —Rez + Z ajgz’ 78 (3.4)
M-J+M-K=d
d—ko<M-J<ko

For v € C" define the analytic disk h¥ : A — C"

h(C) =1-OM=(1-™vr,...,(1 =)™ vn)

Then, for any disk (h", ¢g") that is attached to S, the Levi Form takes the following form
(cf. Prop. 2.2.10 in [1]):

lezl (hv(c)’ hU(C)) s Pzﬁn (hv(C)ﬂ hv(g))
Pz(R"(C),h(¢)) = : :
Pan1 (hv(C)v hU(C)) ce Pann (hv(C)ﬂ hv(())
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Later on, expressions of the form ¢*o P.z,(h¥(C), h*(¢)) will appear, we calculate

ko
¢FOP.z (h(0),h () = D P (1= Mo, (1 -0)M)
l=d—ko
ko
= > =gt - P v,m)
l=d—ko
ko
_ (1 _C)dfmifmj Z (—1)limjCkoileriji;]l,’l(v,@)
l=d—ko

=(1- C)d_mi_mjckopzﬁj (v, (_C)Mﬁ)

and
ko
¢FOP; (R°(0), h*(Q) = Y P11 =M, (1-)M)
l=d—kqg
ko
= Y (1=t (1= )¢t pd H (w,v)
l=d—kg
ko
=@ =¢mm Y (—)ickr pd (w0, )
l=d—ko

= (1= Q)™ i P,.., (v, (=0O)M).
Thus, we can set

P Pyiz, (R°(€), R0 (0) = (1 = Q)™ ™ Q(C)
¢F Pz, (h°(C), h7(C)) = (1= Q)™ 7™ S (C),

with Q% and S;’j holomorphic polynomials. Q% has degree at most 2kg —d +m; and S}’j
has degree at most 2kg—d, furthermore, Q% is divisible by ("7 : Comparing the condition
M - J < ko in the sum from (3.3) with the definition Q%(C) = ¢hP,z (v, (—=0)MD) we
see that the corresponding terms here satisfy M - (M —e;) < ko —m;. Hence, the (=)™
can only cancel a (kg —m;)—th power from the outside ¢ ko This is actually an essential

ingredient in a later proof.

Defiition 4. v is admissable for P if there exists a function g : A — C such that for
fY=(h", g") we have:

o fU(bA) C Sp, but f*(A) ¢ Sp

£0 (3.5)

for ¢ € bA.
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3 A Jet Determination Result

In the above definition, f¥(bA) C Sp, uniquely determines g* and it can be explicitly
computed, we will do this later. A more general method for attaching analytic disks is
given in Chapter VI of [1].

Lemma 10. Assume that Sp is generically Levi-nondegenerate and that the set of Levi-
degenerate points Xp = {(z,w) € Sp|det P;z(2,%) = 0} does not have any branches of
dimension 2n — 1 near 0. Then there exists an admissible vector v for P.

Proof. First we show that for an open, dense subset of v’s. Q¥ only vanishes at 1.

lezl (h‘v(C)v hU(C)) s Pzﬁn (hv(C)v hU(C))

(1= Q)" 2MIQY(¢) = ¢ det

P (O TP .. Pasn (0(0),F0)
=: (" DY((, (),

so QV(¢) = 0 for ¢ # 1 if and only if (R¥(¢), Re P(h*({), h¥(¢)) € Xp is a Levi-degenerate

point. Assuming towards a contradiction that there exists an open set of v's such that

for each of them we have a ( = ¢, with D({,) = 0. Then we can pass to a smooth point

of the real-algebraic variety Xp to see that its dimension would have to be a at least

2n — 1, contradicting our assumption on X p.

Secondly, we claim that if v satisfies DV(i, —i) # 0 then Q"(1) # 0. For this we employ
i

the coordinate change ( = H—i, where t is taken from the upper half plane. With this,

we have that (1 — ¢) = 2it + O(¢?), and that the boundary bA corresponds to R, hence
DY(¢,¢) = D¥(2it + O(t%), —2it + O(t%))
_ (2t)nd_2|M|Dv(i, —i) + O(tnd_2|M|).
This implies that QV(1) = D" (i, —i) # 0. the set of all v's such that D"(i, —i) # 0 is by
assumption open and dense. Thirdly, we claim that the set of v's for which h*(A) € Sp

is a subset of the set of v's for which P(v,v) # 0. Assume fY(A) C Sp, then can deduce
that g(¢) = 0 for ¢ € A. Then we also get P((1 — )Mv,(1 — O)Mw) = 0 in A so

P(v,v) =0.
To conclude, we have seen that admissable vectors have to lie in the three open dense
sets that we have discussed and their intersection is obviously nonempty. O

From now on, we will fix an admissable vector v and set

o= (00,9%) = (1= Q™1 (1= Q)™ vn, g). (3.6)

fY is a kg—stationary disk attached to Sp satisfying f°(1) = 0.

3.3 Deformations

Next we will parametrize a space of allowed higher order deformations of a model surface
Sp.
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3.3 Deformations

3.3.1 Space of allowed deformations

Let Sp = {p = 0} be a model surface of the form (3.4), k£ > 0 an integer. Choose § > 0
large enough such that the polydisc A" € C"*! contains fO(A), where f¥ is the disc
given by (3.6). We consider the affine Banach space X of functions r € C*+3 (6A”+1)
which can be written as

r(z,w) = p(z,w) + 6(z, Imw)

with

0(z,Imw) = > (27 )rsxo(z) + > 228 (Imw) - ryg(z, Imw)  (3.7)

M-J+M-K=d+1 =1 M-J+M -K=d-1

where 70 € C(IEJF?’ ((5A”) and 7y € Cé+3 (W X [—9, 5]) . We equip X with the fol-
lowing norm
||"”HX = sup HTJKIHCIH-B

so that X is isomorphic to a real, closed subspace of a suitable power of C(]é+3 (5A” X [—9, 5])
and, hence is a Banach space.

3.3.2 Defining equations for A" Sp
Let
Sp={p=0} ={-Rew+ P(z,Z) =0} c C"*!

be the model hypersurface from (3.4). We will now give defining equations for the
submanifold N*0Sp(¢) € C?"*2 (see (3.1)) for each ¢ € bA. By definition, we have

p(z,w) =0

- - ko
(z,w,2,w) € N*Sp(¢) there exists c¢: bA — R\ {0} such that

(2,’[2)) = CkOC(C) (Pz(z>§)7 _%) :

Reading the @ component in the above, we have that —2@ = ¢*0¢(¢), so we can eliminate
the function ¢ and get the equivalent form

,

p(z,w) =0

| Zi +20P,,(2,2) =0 for 1 <i<n.

By splitting these into real and imaginary part, we get 2n + 2 real defining equations for
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3 A Jet Determination Result

NkOSP(C) C C2n+2 .
p(¢)(z,w, 2, W) = —Rew+ P(2,2) =0
52(O) (2w, Z,0) = (31 + 20 P, (2, 7)) + (:2:1 T owP,, (z,z)) —0

53(O) (2w, 5,0) = i (31 + 20Ps, (2,7)) — i (51 n 2u7Pz1(z,§)> —0

on(CO) (2w, 2,0) = (3o + 20 P, (2,7)) + (2n n 2szn(z,E)> —0

) = i (3 + 20P, (2,7)) —i (zn ¥ Qszn(z,E)> =0

IS

ﬁQn-&-l(o(Z?w?

):i% — ¢k = 0.

£

ﬁ2n+2(<)(2’ w, Z,
\

We set
p:=(P1,---,P2n+2)-

3.3.3 ky—stationary disks attached to deformations

We introduce the following space to measure (lifts of) kog—stationary disks in:

yMd . f[ (Aﬁ;%) x Ak s ﬁl (A’gﬁmi) SPLCY (3.8)

=1

For a real hypersurface S = {r = 0} with r in the space of allowed deformations X, we
denote by S¥o the set of lifts f € Y™ of ky—stationary disks attached to S. The disk
(3.6) has the lift

0= (1%¢% %% = (1= O)™vr,..s (1= )™ v, g%, 10, —¢F0/2) € Y
where h0(¢) = ¢ P,(h0, h0).

Theorem 8. There exists an integer N, open neighborhoods p € V. C X and 0 € U C
R, a real number n > 0 and a map

F:VxU—yMd
of class C' such that:
o F(p,0) = f°,
o forallr €V the map

F(r,):U—=A{f € Skor

}.f - .f0HyM,d < 77}

is one-to-one and onto.
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3.3 Deformations

Proof. Define the following map between Banach spaces

H:X xyMd_ C(]f"" X ﬁ <<C§(;°‘mi>2> x Che
i=1

by

H(r, f) = 7(f).
Since f € YMd is a kg—stationary disk attached to S = {r = 0} if and only if 7#(f) = 0,
we have that for each r € X, the zero set of H(,-) is exactly S*". Thus, the theorem

follows by applying a version of the implicit function theorem to .
The partial derivative of H with respect to YM:4 at (p, £0) is

f' = 2Re(G(Q)f) (3.9)

where the matrix

G(C) == (p=(F°), pw(£°), p5(£°), 5(£°)) € Mani2(C)

is given by
P (h0,h0) ... P (hO,h0) —1/2 0O 0 0
0o 1 0 2P, (hO, h0)
0 —i 0 —2iP,, (hO, h0)
G(¢) = B(¢) 0 0 0 2P, (h°,h?)
0 0 . —i —2P, (hO,h0)
0 0 0 0o . 0 —ijCko
Using the notation dgj := d — my — mj, the entries of the 2n x n matrix B(() are given
by
. S4i(€)
Bar-15(0) = ~(1- 0% (Qg(0)+ 5
forodd1 <2l —-1<2n-—1and
. . S4i(€)
Bary(0) = —if1 - % (Q5(0) - 5

for even 2 < 2/ < 2n.
For our application of the implicit function theorem, we care about the surjectivity of

f' = 2Re(G(¢)f’) and the dimension of its kernel. We can permute the columns of
G(¢) to obtain the operator

n n
2
k k k k k
Ly Ag® x H (Aofﬁmi X Ao;ﬁ"i) x AR 5 05 x H <<Coﬁmi> > x ke
i=1

=1
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3 A Jet Determination Result

defined by
Ll(glailllv /17 e 7E;7h;7§/) :=2Re Gl(C)(.glvil/lv ,17 e 7E;7h%7§/) )

where
-1/2 (%)
G1(¢) = A(C)
(0) —i¢ko
and where A(() is
I Bi1(¢) 0  BixaQ)
—i  B21(¢) 0 B1(C)
6 B2n—.1,1(C) . . 1 BQn—'l,n(C)
0 BZn,l(C) e B2n,n(C)

At this point, we have gone from a nonlinear problem to a linear one but we still have
the problem that G(1) is singular so we can not apply the machinery we have developed.
Now our results concerning different function spaces come in handy. Specifically, for

2
pE Cg’a X H?Zl <<Ck’a ) > transform the linear system

Odfmj

2Re <G1(C)(gl7 i"lla /17 <o 7i"lna h/n?gl)> =@
in the following way: We divide the first line by (1 —¢) and the (2{ —1)—th and (2[)—th
lines by (1 — ()™ for I = 1,...,n. Then we multiply the (20 — 1)—th and (2[)—th
lines by ¢*', where s; = (d —m;)/2 for [ = 1,...,n. By Lemma 1 these transformations
correspond to isomorphisms transforming L; to an operator

2n+2
Lo : (.Ak’a> — R1 X (Ro)Qn X Ck’a

which is equivalent to L; in the sense that Lq is surjective with finite dimensional kernel
if and only if Ly is surjective with finite dimensional kernel of the same dimension. We
have thus reduced the problem to studying the linear operator

L3 : (Ak,a)Qn N (RO)Qn
defined by

La(Ry, B+ T ) = 2Re [AQ)(RG, —hh, -+ Tty =)

s Topy Iin

where the corresponding matrix, still denoted by A((), is

Qe ™ +5uct .0 Q™ ™™ + 81l
—iC Q¢ ™ — St . 0 Qe T —iS1,C"
0 QnTCSn_ml + gnlzsn CIEaE an Qnﬁ(sn_mn + gnnzsn

0 iQ,7¢ ™ —iSuC" ... =il iQuCT T — 18"
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3.3 Deformations

Out of convenience, we set Ql@f = Q@C ~™j and therefore

¢ 1+ 5ut 0 Q¢ + S

=i QI =S L. 0 QI —iS1 ("
AQ = : S :

0 QB T @t 4Bl

0 Q¢ —iSuC" .. =il iQnC — 1S

Multiplying the 2/ — 1—th row with ¢ and adding it to the 2/—th row for [ = 1,...,n,
we can eliminate all the —iCSl’s. Then, expanding along the 2I — 1—th columns for

l=1,...,n we get

det A(C) = (2)"Q'(C) (3.10)

where

Q'(Q) = ¢ tmEmIQ(Q).
We have now transformed the problem into a form where the machinery we have devel-
oped in section 2.3 can be applied.

Lemma 11. The linear operator Lz : (A¥*)?" — (Rg)*" is onto.

Proof. This follows from the first part of Theorem 5 if we can show that the partial

indices of
1 1

ATHOAQ = 10?9 = o @

are all greater than or equal to —1. For 1 < j,¢ < 2n we denote by A;‘Z the (4, £)-entry

of A’. A direct computation gives for £,p=1,---,n

Q¢ S Spct e Sl
o S -~/ =S -~/ =S ! =S
SupC . Qul Q¢ @l
ho_1.0p = (—20)"¢TH T et | SopC Q¢ Q¢ - QyC
gnpzsn @lnTzsn @:ﬁ?" T @;ﬁzsn

Qp Sa Se - Sm

—= — — —

§1p Qlﬁ 9/15 le

= (=2i)"det | S2p Qo1 @2z -+ Qo

Swp Q1 @z - Qun

=Bop_1,2p

= (_zi)naéﬁflﬁp
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3 A Jet Determination Result

where al2é—1,2p = det Byy—1,2p. We use Cj,;(B) to denote the (j,!)—cofactor of a square
matrix B. All entries of the first row of By, except the first only depend on [, so we
have for all j =1,...,n and any p,p' =1,...,n:

Cj1(Bar—1p) = Cj1(Ba—1p)-

We write Cj 1y = Cj1(Ba—1,p), which is well-defined by the above. Similarly, we get

C1,j(Ba-1,p) = C1,j(Bar—1,)

for any p = 1,...,n and any [,I'’ = 1,...,n which we denote by Cf’j. A computation
yields
Al2l—1,2p—1 = (—2@')"Cp+1,1;l
and
Sap = (—20)"CY 4

for I,p = 1,...,n. Denote by Dy, the n x n matrix obtained by removing the first row
and the (I + 1)—th column of By 2,, namely,

- —/ — —/ —/
Slp Qﬁ 915 91{? Qule Qm

— ! / ! A
S2p QQT in T QQH QzéTl T QQﬁ
DZp = . . . . . .

- = = — —
Snp QnT an T Qnm Qnm T Qnﬁ
for ,p=1,...,n. Note that
det(Dyp) = (_1)lCil+1

and
Cj,l (Dlp) = CjJ (Dlp’)

which we denote by c;1,;. By a direct computation, we see
I+1 .
/2l,2p71 = (=) (=20)"cp-

Now we have notation for the entries of A’({) :

/ ! !
Coin ajo  Csin ayy - Cppiia dioy,
1 2
ciin Cip e Cig o0 pan Ty
/ / !
20 Ca12 @3 Cs,12 Gga Cnt112 a3,
n
i = —c2 Oy —eu2 Cig -0 —Cpap i3 . (311
—2i . . . .
/ / /
C2,1m Aon—1,2 C3,1n Aop—14 Cnt11m Aon—1,2n
Cll,n C’l C2,1;n CQ . Cn,1;n C?’L
(_1)n+1 1,n+1 (_1)n+1 1,n+1 (_1)n+1 1n+1
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3.3 Deformations

We set C, for the p—th column of A’(¢). By performing the column operation

n
CQp — Cgp — ZgijQj_l (3.12)
j=1
for each p=1,...,n A'(¢) transforms into

Ca1.1 /ﬁ@ C31.1 /15@ oo Cpy11a QQ

€1,1;2 0 22 0 - 0

0271;2 ,QTQ/ C'3,1;2 ,2§Q/ s Cn+171;2 /2HQ/
AC) = (=20)™ | —c113 0 —c13 0 - —cnag 0 1. (3.13)

Con '1Q Cain '5Q o Cnpiim QpQ’

1,1;n C2.1;n Cn,1;n
e O om0 e 0

Now consider the Birkhoff factorization of A=1A (cf. section 2.2l: Let k1 > ... > ko, be
the partial indices of A=1A, A = diag(¢",...,(""), and © : A — GL2,(C) a smooth
map , holomorphic on A such that

OA-14 = AG. (3.14)

Let A = (A1, p1,- ., An, itn) be the last row of the matrix ©. Substituting (3.11) into
(3.14) results in the system:

n n
D Cpniwdk + > (1D ey i = Q¢
k=1 k=1 1
" " j=1,...,n.
: o
Db apdt Y Oy = Q¢
k=1 k=1
After performing the column operations (3.12) the second line above reads (see (3.13)):

QY. Qe = Q'¢C™ I — > 8kQC N, j=1,...,n
k=1 k=1

Recall that we are working with an admissable vector (3.5), which means that Q’ does
not vanish on bA, so we can divide to get

n n
D oQh =+ Y S A, =1
k=1 k=1

In section 3.2, we saw that Qﬁ is divisible by ("4, thus Q;E = Qﬁg ~™i is holomorphic.
Assuming now that ko, < —1, the right hand side of each of the equations above is
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3 A Jet Determination Result

antiholomorphic and divisible ¢, while the left hand side is holomorphic. This is only
possible if both sides vanish, yielding the system

n
> QM =0, 1,...,n.
k=1

Since the determinant of the system is Q" # 0, we must then have that \; vanishes
identically. Inserting this above implies that the p; also vanish identically. But the
matrix © is invertible so its last row A = (A1, 1, - .., An, ftn) cannot be 0. Hence we must
have k9, > 0, proving Lemma 11. O

Lemma 12. The kernel of L3 : (A¥*)?" — (Rg)?" has finite real dimension less than
or equal to 2n(2ky — d) + 2n.

Proof. Here we apply the second part of Theorem 5 (with m = 0) which states that the
kernel of L3 has real dimension s + 2n, where & is the Maslov index of A—1A which is
given by (Ind):

| 1 (e (A a))
mdder (~A714) = oo [ S (A0 a0)

By (3.10), we have

A1 A n 2/(C) _ n—2(mi+...4+my) Q(C)
det A=1A = (— —
t T R Q0

Therefore

ind det (—FA) — 9 zn: mi + 2indQ
=1

<=2 Z m; + 2 <n(2k0 — d) + Z mz> = 2n(2ky — d).
i=1 i=1
]
]

Lemma 13. Let S = {r = 0} C C"*! be an admissable real sufficiently smooth hy-
persurface. Consider the scaling Ay(z,w) = (t™z1,...,t"" 2y, t%W). For t > 0 small
enough, the defining function ry = tidr o Ay lies in the neighbourhood V' of Theorem 8

Proof. Recall that we can write r as p+6 with 6 as in 3.7, accordingly we can decompose

T as
1 1
Tt:t—dpoAt—I—t—dHoAt.
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3.4 Finite jet determination

First, we note that the “model” part of the above is invariant under the scaling, since

P is weighted homogeneous:
aP° Ai(z,w) = t—d(— Ret®w + P(t" z,tMz2)) = —Rew + P(2,Z) = p(z, w).

V' is a neighborhood of p, so we need to show that the 6 part vanishes as t — 0.

1 1
o Mz, Tmw) = = > T kot 2)
M-(J+K)=d+1

d
1 — —_ .
+ e Z Z 4L T Z K (T ) e (P 2, 44 Tm w)
=1 M-(J+K)=d—1

t||r| x. Combined, these estimates show that ||r¢||y < t||r||, proving the lemma. O

Now we can estimate ||[t7 7 k0| ce+s < t]r|| x and, since d—I+d-l > d+1, th‘l_lrJKchk+3 <

Putting this lemma together with Theorem 8, we get

Theorem 9. Let S C C"' an admissable CHF+4 real hypersurface. There exists
a finite-dimensional biholomorphically invariant manifold of small C** kq—stationary
disks attached to S.

3.4 Finite jet determination

With our theorem concerning the existence of kg—stationary disks in hand we are now
ready to prove the following jet determination result for CR diffeomorphisms:

Theorem 10. Let P(z,%Z) be a weighted homogeneous polynomial of weighted degree d.
Then there exists an integer £y < 6nd such that the following holds: Let S C C"! be an
admissable CHH0T real hypersurface through 0 € C*1 with model Sp. If H is a germ
of a CPt1 CR diffeomorphism of S at 0 satisfying jéOHH =1, then H =id.

Proof. For the proof, we will first show that we can reduce the case of an arbitrary
allowed deformation to one whose defining equation lies in the neighborhood of p from
Theorem 8. Indeed, we take r; and A; as in Lemma 13 and set

StZ:{TtIO} Ht:At_loHOAt.

Then H; and S; satisfy all the assumptions of Theorem 10. We will now use the following
facts whose proof we give later:

e The jet map jy, for disks at 1 is injective on TfoSk07p .

e Pullbacks H; (£)(¢) := (H:(f(C)), F(O)(DH(f(¢))~1) of disks along H; satisfy the
estimate:

1 (F) = Fllyma S UFllyaa VL (0,1), [ Fllyra <1
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3 A Jet Determination Result

e The family of disks f“ associated to admissable vectors cover an open subset of
C"*! with their images.

Putting these facts together there exists and open neighborhood O; of 0 in Y4, such

that the jet map jy, is injective on the intersection of this neighborhood with S ko.re for all
t small enough. From the estimate we can find an even smaller neighborhood Oy C Oy
of fY such that pullbacks along H; lie in Oy, i.e. H;(O) C O;. Since we have the jet
identity jo, H; (f) = je, f for f € Oz, we already have that H;(f) = f by injectivity
of jg, on Oy (it is here that we need ¢y + 1 jet determination since the conormal part
of the pullback contains derivatives of H). Since the disks f¥ cover an open subset of
C"*t! we can also cover an open subset with the nearby disks from Oy. We can sample
this identity on there to obtain ﬁ[t(q) = ¢ for ¢ in the open subset covered by the disks,
here H; is the holomorphic extension of H; from Proposition 1. This implies H; = id by
the identity theorem, so H; = id and in turn H = id.

O

First we sketch a proof of the estimate

17 (F) = Fllyma S S llyara V2 € (0,1), [ Fllyaa < 1.

The Leibniz rule implies the following estimate for products in the Holder space:

[uvllera S lullerallvllene  Vu,v € CB.
This can be used in our setting since the space Y™+ is a product space with C*® norms
in each factor. To get the difference H(f) — f into a form where we can apply this
inequality and extract the factor of ¢ from the higher order terms, write

H=id+) Py,
J

where the P; are polynomials with no constant term and 1); are C% functions. The same
method works for the cotangent part of the pullback.

3.4.1 Injectivity of the jet map
Let o, m, N € N. Consider the the linear map jg, : Y4 — C?n+2)(lo+]) sending f to
its fp—jet at ( =1

jfo(f) = (.f(l)v 8.f(1)7 ce 7afof(1))) € cN ot

where 0, f(1) € CV denotes the vector ?)l—g;(l) foralll=1,...,4.

Lemma 14. There exists an integer o < 6nd such that the restriction of jg, to the
kernel of the operator f' — 2Re (G(C)f’) (see (3.9)) is injective.
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3.4 Finite jet determination

Proof. Following the notation of the proof of Theorem 8, we prove there exists an integer
{p such that the restriction of jg, to the kernel of Ly (from the proof of Theorem 8) is
injective. Using a Birkhoff factorization, we write

—~Gy'Gy = 0,100,

where O3 : A — GLay, 12(C) is a smooth map holomorphic on A, and A = diag(¢t, . .., (F2n+2)

with x; being the Maslov indices of —Gz_ng. For f € ker Ly, we then have
f=-G5'Gof = 0,00 f

which we can rearrange to

Oaf = AOsf.
O f is holomorphic, which implies that the j—th component of ©s f is a polynomial of
degree at most x;. Hence ©2f is determined by its ¢y = max{ki, ..., Kkam42}—jet at 1.

We now have to show that jy, restricted to ker L is injective. To this end, we observe
that, by the product rule, for any [ > 0,

O(O2f)(1) = O2(1)9 f(1) + Ry—1

where R is a linear function of the (I —1)—jet of f at 1. Hence, we can get a well-defined
linear map Oy, : CE*+2+1) _ cCn+2)(lotl) by 5, (f) = j4,(02F). Additionally, we
have a matrix representation of this map, block-triangular matrix whose (2n+2) x (2n+2)
diagonal blocks are the invertible matrix ©3(1). Thus, ©;, is invertible and we can
combine the identity jg, 0 ©2 = Oy, o jy, with the injectivity of jy, on Oz (ker L) to get
injectivity of js, on ker L. Finally, to get the bound on ¢y, we estimate ¢y by the Maslov
index of G;ng :

ind det (—@@) — 2 zn: m; + 2indQ + 2k
=1

< 4n(2kg — d)) + Y mi + 2ko < 6nd.

=1

3.4.2 Disks covering an open subset

Let v be admissable as in Definition 4 with associated disk fY = (h",¢g"). fY is
ko—stationary, since

— — 1

810 © Jw - (le(hv7 hv)a s 7Pzn(hvv hv)v _5)

and the degree in ¢ for each of the components is at most ky so (¥09p o f extends

holomorphically to A. We can find an explicit form for g¥ : It is the unique holomorphic
function satisfying

9°(0) =0 and  Reg”(¢) = P(h°(C),h*(C)) (€ € bA).
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3 A Jet Determination Result
Thus we can compute

ko
Reg"(Q) = D (1= =P (v,)

j=d—ko

£ (£ O() s

foRe 30 ST (1) (Z (ei'g) <d;y>> Pit=i(y. 7)

j=d—ko e=1 ¢

and we can read off gV from the sum inside the second real part. We can get (¢g”)'(0) as
the ¢ coefficient:

-2 3 (S(,2)(7) P

Jj=d—ko

so (¢¥)'(0) # 0 for an open, dense subset of v's. We will now see how to use this fact to
cover an open subset of C" with disks. Take the evaluation map C : (v,() — fY((), we
will show that it has full rank at points (v,0) where (¢¥(0))" # 0. To this end, consider
the Jacobi matrix

Opv O3pv O pv 9 pv
Zhe Fhe Zhe Zh
ac ac o v 9 v 9 v I v
po— [?@9 owo | _ [ I Y wI - acd
=\ _oC oc | = |ogr opr opr oy
w0 a(v,0) 36”7 364 385 %
29" ac?” %9’ 8*29”
The first column is given by
o, M
—h*(0,¢) = diag(1 - )
ko |d 2J| . .
6 v e 7 d—] A . o v
- S e (S )(17)) e = Zeeo o
j=d—ko e=1 ¢
0 —v
25 =0
SR (0,0)
ko [d—2j] . .
d B e e J d—j d—jj(y =y o O v _
70 0= 3 3 e (;(M)( . ))P (07) = 25,0 =0
=d—ko e=
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3.4 Finite jet determination

the second column by

;Ch”(v,o =(—mi(1 =)™ vy,...,—myu(1 = )" vy,

o . ko |d—2j] S j d—j i/ — o , o/
o <= 3 3 e (g (2" )) PIi(0,) = 24"(0.0) = (4(0)
0 v 9 —U —

aié.h (’U,C) - 07 ch (07<) =0.

The other columns are then determined by conjugation and we arrive at

I &h¥(v,0)

0
0 (9")(0)
DC(v,0) = In h"(v,0)
0
0 (gv)(0)

Hence det DC(v,0) = |(¢°)'(0)|* # 0 for an open dense subset of v's, proving

Lemma 15. U, fY(A) contains an open subset of C*1.
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