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Abstract

This doctoral thesis is a compilation of four submitted publications and in addition two further
preprints containing various results in combinatorial set theory. All presented results aim to study
applications of forcing to the existence of various maximal combinatorial families of reals of desired
cardinalities, as well as the relations between the existence of combinatorial families of different
types. The set of cardinalities of maximal combinatorial families of reals of a certain type is called
its spectrum, whereas the minimal cardinal in the spectrum is called the corresponding cardinal
characteristic. More explicitly, we study forcing notions to construct, extend and preserve various
types of combinatorial families of reals in order to realize various spectra and separate different
cardinal characteristics from one another. The types of families of central interest for this thesis
are partitions of Baire space into compact sets, cofinitary groups and Van Douwen families, which
correspond to the cardinal characteristics ar, ag and ay, respectively.

The first paper constituting the thesis [2] studies a forcing notion to add a partition of Baire
space into compact sets of desired size. The set of cardinalities of such partitions is denoted
by spec(ar) and its minimum is the cardinal characteristic ap. Under CH we construct a parti-
tion of Baire space into compact sets, which is indestructible by countably supported iterations
or products of Sacks forcing of any length, thus answering a question of Newelski [9]. As an
application, we provide an in-depth isomorphism-of-names argument for spec(ar) = {X,c} in
product-Sacks models. Finally, we prove that Shelah’s ultrapower model [13] for the consistency
of 0 < a satisfies a = ap. Thus, consistently 8; < 0 < a = ar holds relative to a measurable.

The second paper [4] aims to generalize our construction of a partition of Baire space into
compacts sets, which is indestructible by any product or iteration of Sacks forcing, to other
combinatorial families. Say a combinatorial family of reals is universally Sacks-indestructible if it
is indestructible by any countably supported iteration or product of Sacks forcing of any length.
We introduce the notion of an arithmetical type of combinatorial family of reals, which serves to
generalize different types of families such as mad families, maximal cofinitary groups, ultrafilter
bases, splitting families and other similar types of families commonly studied in combinatorial
set theory. We prove that every combinatorial family of reals of arithmetical type, which is
indestructible by the countable product of Sacks forcing, is in fact universally Sacks-indestructible.
Further, under CH we present a unified construction of universally Sacks-indestructible families
for various arithmetical types of families. In particular, we prove the existence of a universally
Sacks-indestructible maximal cofinitary group under CH.

The third paper [3] extends the state-of-the-art proof techniques for realizing various spectra
of ap. The best result in this context by Brian may only realize a certain bounded spectrum
of ar once some minimum for the desired spectrum is fixed [1]. Under the additional assump-
tion N; € spec(a) we remove this boundedness assumption in order to realize arbitrarily large
spectra. Thus, we make significant progress in addressing the question posed by Brian in [1]
if the boundedness assumption may be completely removed. As a by-product, we obtain many
complete subforcings and an algebraic analysis of the automorphisms of the forcing which adds
a witness for the spectrum of ar of desired size.

i



The fourth paper [5] introduces the notion of tightness for maximal cofinitary groups, which
captures forcing indestructibility of maximal cofinitary groups for a long list of partial orders,
including Cohen, Sacks, Miller, Miller partition forcing and Shelah’s poset for diagonalizing
maximal ideals. We prove the existence of such a tight cofinitary group under MA(co-centered).
Further, we establish the consistency of a co-analytic witness for ag; of size N; together with
0 = Ny < Ny = ¢ and the existence of a Aé—deﬁnable well-order of the reals. Towards this end,
we develop a new robust coding technique for cofinitary groups, where a real is coded into the
lengths of orbits of every new word. Crucially, compared to other coding techniques for cofinitary
groups (i.e. as in [6]) our new coding is parameter-less and hence may be applied to groups of
uncountable size. Furthermore, as we code into orbits rather than actual function values, a more
general generic hitting lemma required for tightness holds.

In the manuscript [12] we consider the isomorphism types of (maximal) cofinitary groups. In
general, a full classification of the possible isomorphism types of (maximal) cofinitary groups is
open, but there a various partial results. For example, Kastermans [8] proved that consistently
®N1 Zo may have a cofinitary action. We improve this result by showing that ZFC already proves
the existence of a cofinitary action of @, Zs.

Finally, in [11] we provide some new results regarding Van Douwen families. Van Douwen
families are maximal eventually different families that remain maximal after restricting the do-
mains of all functions to any infinite subset. First, we show that similar to the spectrum of a and
ar (see [7] and [1], resp.), the spectrum of Van Douwen families is closed under singular limits.
Further, for any maximal eventually different family in [10] Raghavan defined an associated ideal
which measures how far the family is from being Van Douwen. Under CH we prove that every
non-principal ideal is realized as the associated ideal of some maximal eventually different family,
i.e. there are many different non Van Douwen families. Finally, we show that the standard forcing
realizing a desired spectrum of a, forces a to have the same spectrum.

Zusammenfassung

Die Doktorarbeit ist eine Zusammenstellung von vier eingereichten Artikeln und zwei Preprints
zu Resultaten im Gebiet der kombinatorischen Mengenlehre. Alle présentierten Resultate zielen
darauf ab, Anwendungen von Forcing auf die Existenz von verschiedenen maximalen kombina-
torischen Familien gewiinschter Kardinalitat und die Relationen zwischen der Existenz solcher
Familien zu studieren. Die Menge aller Kardinalitdten von maximalen kombinatorischen Fami-
lien reeller Zahlen eines bestimmten Types wird als Spektrum bezeichnet; dessen Minimum wird
als Kardinalzahlcharakteristik bezeichnet. Expliziter werden Forcings studiert, welche kombi-
natorische Familien konstruieren, erweitern und erhalten kénnen um verschiedene Spektra zu
realisieren und Kardinalzahlcharakteristiken voneinander zu trennen. Die Typen von Familien
zentraler Bedeutung fiir diese Arbeit sind Partitionen des Baire Raumes in kompakte Mengen,
kofinitdre Gruppen und Van Douwen Familien, welche zu den Kardinalzahlcharakteristiken ar,
ag und a, korrespondieren.
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Der erste Artikel [2] studiert ein Forcing, welches neue Partitionen des Baire Raumes in kom-
pakte Mengen gewiinschter Grofle hinzufiigt. Die Menge der Kardinalitdten solcher Partitionen
wird mit spec(ar) bezeichnet; dessen Minimum ist die Kardinalzahlcharakteristik ar. Unter CH
konstruieren wir eine Partition des Baire Raumes in kompakte Mengen, welche durch abzahlbar
gestiitzte Iterationen und Produkte von Sacks-Forcing jeder Lange erhalten bleibt. Dies beant-
wortet eine Frage von Newelski in [9]. Als Anwendung legen wir ein Isomorphie-von-Namen
Argument fiir spec(at) = {¥1, ¢} im Produkt-Sacks Modell vor. Abschlieflend zeigen wir, dass
Shelah’s Ultrapower Modell [13] fiir die Konsistenz von 0 < a auch a = ar erfiillt. Dadurch ist
Ny < 0 < a = ar konsistent relativ zu einer messbaren Kardinalzahl.

Der zweite Artikel [4] zielt darauf ab, unsere Konstruktion einer Partition des Baire Raumes
in kompakte Mengen, welche durch abzéhlbar gestiitzte Iterationen und Produkte von Sacks-
Forcing jeder Lange erhalten bleibt, fiir andere kombinatorische Familien zu generalisieren. Wir
definieren, dass eine kombinatorische Familie universell Sacks-unzerstorbar ist, wenn diese von
jeder abzéhlbar gestiitzten Iteration und Produkt von Sacks-Forcing jeder Lénge erhalten bleibt.
Wir fithren den Begriff eines arithmetischen Typs einer kombinatorischen Familie ein, welche ver-
schiedene Typen von Familien generalisiert, wie zum Beispiel maximale fast disjunkte Familien,
maximale kofinitdare Gruppen, Ultrafilter Basen, Spaltungsfamilien und andere dhnliche Familien,
die in kombinatorischer Mengenlehre studiert werden. Wir beweisen, dass jede arithmetische
kombinatorische Familie, die von dem abzéhlbaren Produkt von Sacks-Forcing erhalten bleibt,
universell Sacks-unzerstorbar ist. Des Weiteren préasentieren wir unter CH eine vereinheitlichte
Konstruktion einer universell Sacks-unzerstorbaren Familie fiir verschieden arithmetischen Typen
von Familien. Insbesondere beweisen wir die Existenz einer universell Sacks-unzerstorbaren max-
imalen kofinitdren Gruppe unter CH.

Der dritte Artikel [3] erweitert die aktuellen Beweistechniken fiir die Realisierung verschiedener
Spektra von ar. Das beste Resultat in diesem Kontext von Brian [1] kann, sobald ein Min-
imum fiir das Spektrum fixiert wurde, nur beschrinkte Spektra von ar realisieren. Unter
der zusétzlichen Annahme von N; € spec(ar) entfernen wir diese Beschranktheitsannahme um
unbeschrankte Spektra realisieren zu konnen. Dadurch erhalten wir einen wesentlichen Fortschritt
dabei, die Frage von Brian in [1] zu beantworten, ob diese Beschranktheitsannahme vollstandig
entfernt werden kann. Als ein Nebenprodukt erhalten wir dabei viele vollstandige Unterforcings
und eine algebraische Analyse der Automorphismen des Forcings welche einen Zeugen fiir das
Spektrum von ar gewiinschter Grofie hinzufiigt.

Im vierten Artikel [5] fiihren wir den Begriff der Dichtheit fiir maximale kofinitdre Gruppen
ein, welche Forcingunzerstorbarkeit von maximalen kofinitdren Gruppen fiir eine Reihe von Forc-
ings, wie Cohen, Sacks, Miller, Miller Partition Forcing und Shelah’s Forcing um maximale Ideale
zu diagonalisieren, umfasst. Wir zeigen die Existenz einer solchen dichten kofinitdren Gruppe
unter MA(o-centered). Des Weiteren begriinden wir die Konsistenz eines koanalytischen Zeugen
fir ag der Grofle Ry zusammen mit 9 = Ny < Ny = ¢ und der Existenz einer Aé—deﬁnierbaren
Wohlordnung der reellen Zahlen. Zu diesem Zweck entwickeln wir eine neue robuste Codierung-
stechnik fiir kofinitdre Gruppen, in dieser eine reelle Zahl in die Lange der Bahnen eines jeden
neuen Wortes codiert wird. Entscheidend ist, dass verglichen zu anderen Codierungsmethoden
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fiir kofinitdre Gruppen (z.B. wie in [6]) unsere Codierungsmethode parameterlos ist und daher
auf Gruppen iiberabzéhlbarer Grofle angewendet werden kann. Des Weiteren, da wir in Bahnen
kodieren, hélt ein starkeres generisches Treffargument, welches fiir Dichtheit bendtigt wird.

Das erste Preprint [12] betrachtet die Isomorphietypen von (maximalen) kofinitdren Gruppen.
Im Allgemeinen ist die vollstdndige Klassifizierung der moéglichen Isomorphietypen von (maxi-
malen) kofinitdren Gruppen offen, aber es gibt verschiedene Teilresultate. Zum Beispiel beweist
Kastermans in [8], dass konsistent Py, Za eine kofinitéire Wirkung haben kann. Wir verbessern
dieses Resultat indem wir zeigen, dass ZFC schon fiir den Beweis der Existenz einer kofinitdren
Wirkung von @, Z, ausreicht.

Abschlieflend stellen wir im zweiten Preprint [11] neue Resultate zu Van Douwen Familien
vor. Van Douwen Familien sind maximale schliellich verschiedene Familien, welche maximal
bleiben, wenn die Doménen aller Funktionen zu einer unendlichen Menge eingeschrankt werden.
Wir zeigen, dass dhnlich wie das Spektrum von a [7] und ar [1] auch das Spektrum von Van
Douwen Familien unter singuléren Limiten abgeschlossen ist. Des Weiteren hat Raghavan in [10]
fir jede maximale schliefSlich verschiedene Familie ein assoziiertes Ideal eingefiihrt, welches misst,
wie weit diese Familie davon entfernt ist Van Douwen zu sein. Unter CH zeigen wir, dass jedes
nichtprinzipale Ideal als das assoziierte Ideal einer maximalen schliellich verschiedenen Familie
realisiert werden kann, sodass viele verschiedene Familien existieren, die nicht Van Douwen sind.
Abschlieflend beweisen wir, dass das Standardforcing, welches ein gewiinschtes Spektrum von a,
realisiert, dasselbe Spektrum auch fiir a erzwingt.
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Introduction

Undoubtedly, the origins of set theory can be traced back to the works of Georg Cantor. His
definition of cardinality facilitated the precise comparison of infinities and thus the study of the
hierarchy of infinite sets. In particular, he proved that the cardinality of the real numbers 2%0
is strictly bigger than the cardinality of the natural numbers Rg. In other words, there is no
surjection from the set of natural numbers onto the set of reals:

Theorem (Cantor, 1874, [6]). 280 > Ny.

Naturally, Cantor asked if the cardinality of 2% is the next smallest cardinality ®;. This
statement is now known as the continuum hypothesis CH:

Question (Cantor). 280 = R;?

Unfortunately, Cantor did not live long enough to witness an answer to his question, but
surprisingly it turned out that the continuum hypothesis can neither be proven nor disproven
from the standard axiom system of mathematics, i.e. the statement is independent from ZFC.
Both consistency proofs have significantly shaped major subfields of set theory:

Theorem (Godel, 1940, [16]). Consistently, 280 = Ry may hold.

Godel proved his theorem by defining the constructible universe L and showed that CH holds
inside that model. Arguably, modern inner model theory builds upon this fundamental construc-
tion. On the other hand, Cohen proved that also the converse is consistent:

Theorem (Cohen, 1963, [7]). Consistently, 2%° > Ry may hold.

In order to obtain this result, Cohen introduced the method of forcing. Up to today, forcing
has proven to be one of the most powerful methods in set theory. Moreover, the forcing method
itself is an object of study of its own interest, beyond its numerous applications. Nowadays, set
theorists have a diverse toolkit of forcing techniques at their disposal, for example:

Finite support iterations
Countable support iterations of proper forcing

o

O

o Template iterations
o Non-linear iterations
O

Matrix iterations

Each of those techniques enjoys distinct advantages in their applications to problems in set theory,
infinitary combinatorics and other areas of mathematics.

By Cohen’s theorem the cardinality of the set of reals may be bigger than Ny, in fact it may
be any cardinal of uncountable cofinality. However, even if the continuum is large the situation
may be very different for the cardinality of certain special set of reals. Usually, these special sets
of interest satisfy some combinatorial property and are maximal with respect to this additional
property. A well-studied example of such special sets of reals in set theory are maximal almost
disjoint families (mad) families:
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Definition. A family A of infinite subsets of the natural numbers is called almost disjoint (ad)
iff for all A # B in A we have that AN B is finite. A is called maximal (mad) iff it is maximal
with respect to inclusion.

Given any such type of special set of reals, associated to it are its spectrum and cardinal
characteristic. For the case of maximal almost disjoint families we obtain the following notions:

spec(a) := {|A| | A is an infinite mad family},
a:

= min(spec(a)).

So, the spectrum of a is the set of all possible sizes of infinite mad families. A standard
Cantor-diagonal-style argument shows that its minimum, the almost-disjointness number a, is
uncountable. Numerous other types of combinatorial families of reals naturally occur in set
theory. However, also in other areas of mathematics there are special sets of reals with a similar
combinatorial flavour, e.g.:

o Maximal eventually different families and maximal independent families in set theory,

o Partitions of Baire space into compact sets in set-theoretic topology,

o Maximal cofinitary groups in group theory/algebra,

o Maximal almost orthogonal families of projections in the Calkin algebra in functional
analysis,

o

Maximal sets of orthogonal measures in measure theory,
o ...

Hence, we obtain a whole zoo of spectra and cardinal characteristics. Remarkably, it turns out
that for many of these families the existence of witnesses of particular sizes is not independent
from one another. In fact, frequently the existence of a family of one type implies the existence
of a family of another type. Thus, a rich theory emerges from the interplay between the different
types of families and a key focus of classical combinatorial set theory has been the study of the
relations between the associated cardinal characteristics. The following diagram gives a sneak
peak of the intricacy of these relations:
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Similar to the almost-disjointness number a every letter represents a cardinal characteristic. A
line between two cardinal characteristics indicates that there is a ZFC provable inequality between
them. For example, the bounding number b is never bigger than the almost-disjointness number
a,ie b<a.

Note that the diagram is by no means complete in the following two senses: First, the chosen
cardinal characteristics only represent a small subset of the many existing ones. Second, even for
this small subset not all possible relations are known, for example we have the following famous
open questions:

Question (Roitman’s problem). Is 9 = 8; < Ny = a consistent?
Question (Vaughans’s problem). Is i < a consistent?

Forcing appears as a natural counterpart to the ZFC-proofs depicted above. That is, given two
cardinal characteristics ¢ and 1 we can ask: Is there a model which separates them, i.e. either
r < pory <t holds? Approaching these types of questions has produced an abundance of new
forcing techniques, e.g.:

o u < 0 led to the development of matrix iterations [3],
o b<sand b < aled to the development of creature forcing [25],
o Ny <0 < aled to the development of template iterations [26].

Hence, combinatorial set theory is not only a subject of study in its own interest, but also
positively impacted the development of powerful new set theoretical tools. We may summarize
one of the main guiding questions of the subject as follows:

Guiding Question. How can set-theoretic techniques and forcing constructions be applied to
the study of various types of combinatorial families of reals and their relations to each other?

More specifically, in the context of forcing combinatorics, we may refine the above to:

Guiding Question. How can we use forcing to preserve, construct, extend and destroy various
types of combinatorial families of reals?

We continue with a short exposition of the main contents and results of each of the six papers

constituting the thesis.

1. PARTITIONS OF BAIRE SPACE INTO COMPACT SETS

In the first paper [9] we study partitions of Baire space into compact sets. To this end, let “w
denote the Baire space and define the following notions:

Definition. A family C of non-empty compact subsets of “w is called a partition iff
(1) CNnD =0 forall C # D inC,
(2) UC =“w.

We then define the corresponding spectrum and cardinal characteristic to be:
spec(at) := {|C| | C is a partition of Baire space into compact sets},

ar := min(spec(ar)).



We arbitrarily fixed “w as our Polish space of choice here. Note, that by a theorem of Brian
[5] neither ap nor its spectrum spec(ar) depend on the underlying Polish space, nor do they
depend on the choice of partitions into compact, closed or Fj,-sets. Miller first studied the
cardinal characteristic ap in 1980, where he constructed a model in which “2 can be covered
by Ni-many meager sets, but not partitioned into NXi-many disjoint non-empty closed sets. This
model is now known as the Miller partition model. Further, we always have 0 < ap [28], where
0 is the dominating number. Towards the consistency of 9 < ap, in [28] Spinas proved that
Miller partition forcing is “w-bounding. Thus, 0 = N} < Ny = ap = 280 holds in the Miller
partition model. However, as an iteration of proper forcings the technique cannot yield models
with continuum larger than No, so the consistency of N; < 0 < a remained open. To this end,
in [9] we prove that Shelah’s ultrapower model for the consistency of N; < 9 < a [26] satisfies
a=ar, i.e. Ny < 0 < a = ar is consistent relative to a measurable cardinal:

Theorem (Fischer, S., 2022, [9]). Let k be measurable and p, X be reqular with k < p < X. Then
consistently b =0=p and a =ap =X =c.

Moreover, in [9] we study the forcing indestructibility of such partitions of Baire space into
compact sets. In this context, Newelski [21] proved the consistency of a partition of Baire space
into compact sets which is indestructible by countably supported product of Sacks-forcing of any
size. Further, he showed that consistently there may be a random indestructible partition of
Baire space into compact sets and asked the following follow-up question:

Question (Newelski, 1987, [21]). Consistently, is there a partition of Baire space into compact
sets which is indestructible by countably supported iterations of Sacks-forcing?

In [9] we give a positive answer to Newelski’s question. To this end, we show that the construc-
tion of a Sacks-indestructible maximal eventually different family, given in [13] can be adapted
to partitions of Baire space into compact sets:

Theorem (Fischer, S., 2022, [9]). Assume CH. Then there is a partition of Baire space into
compact sets indestructible by any countably supported product or iteration of Sacks-forcing of
any length.

As a further application of such indestructible partitions, we give an in-depth isomorphism-of-
names argument to compute the spectrum of at in product-Sacks models.

Theorem (Fischer, S., 2022, [9]). Assume CH and let A be a cardinal such that \X = \. Then
S* IF spec(ar) = {Rg, A}

2. UNIVERSALLY SACKS-INDESTRUCTIBLE COMBINATORIAL FAMILIES OF REALS

Building on the similarities between Sacks-indestructibility of eventually different families and
Sacks-indestructibility of partitions of Baire space into compact sets from [9], in the second
paper constituting this thesis [11] we set to develop a general framework for the existence of
Sacks-indestructible families of other types of combinatorial families. For this purpose we give
the following definition:
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Definition. A family is called universally Sacks-indestructible if it is indestructible by any count-
ably supported product or iteration of Sacks-forcing of any length.

In order to prove theorems for many different combinatorial families of reals at the same time,
we introduce the notion of an arithmetical type of combinatorial family of reals (see Definition 3.2
n [11]). It turns out, that most types of families usually considered in combinatorial set theory,
e.g. mad families, ultrafilter bases, maximal cofinitary groups, splitting families, etc. fall into this
framework. In this general context, in [11] we prove the following implication between forcing
indestructibilities:

Theorem (Fischer, S., 2023, [11]). Every SY-indestructible family of arithmetical type is uni-
versally Sacks-indestructible.

As a corollary, we obtain a number of results of the following form:

Corollary (Fischer, S., 2023, [11]). Every S¥-indestructible mad family/ultrafilter basis/mazimal
cofinitary group/... is universally Sacks-indestructible.

Therefore, our results imply that the indestructibility by S¥ can be seen as the strongest
form of Sacks-indestructibility. Towards the proof of the previous theorem, we show that every
arithmetical forcing statement about the generic sequence sgen added by SR is equivalent to a
I1}-formula in the following sense:

Lemma. Let x(v1,...,v5, w1,...,w;) be an arithmetical formula in k+1 real parameters. Further,
letpe SN, fi,...,fi €“w and qg1,...,g; be codes. Then the following are equivalent:

(1) p - X(gf(égen)a e aQZ(SQen):fla ),
(2) Yg<p Ir<qVz € [r] x(9i(2),...,95(2), f1,.... fi).

Here, every g is a code for a continuous function ¢g* : “(“2) — “w. Furthermore, we provide a
unified construction for the existence of such universally Sacks-indestructible families. In order
to achieve this goal, we introduce the notion of elimination of intruders for any fixed type of
combinatorial family (see Definition 4.1 in [11]) and prove the following theorem:

Theorem (Fischer, S., 2023, [11]). Assume CH and elimination of intruders holds for an arith-
metical type of combinatorial family. Then there is a universally Sacks-indestructible family of
that type.

Hence, the existence of universally Sacks-indestructible families under CH just reduces to
verifying the elimination of intruders property. Consequently, in [11] we provide proofs that
elimination of intruders holds for mad families, med families, partitions of Baire space into
compact sets, maximal cofinitary groups and ultrafilter bases. In particular, our framework
yields the following result:

Theorem (Fischer, S., 2023, [11]). Assume CH. Then there is a universally Sacks-indestructible
maximal cofinitary group.



3. REALIZING ARBITRARILY LARGE SPECTRA OF dr

A more recent consideration in combinatorial set theory has been the study of the possible
spectra of combinatorial families, expanding upon the classical theory of cardinal characteristics.
In the third paper [10] we study the consistent spectra of ar.

In general, for any type of combinatorial family the classification of the possible spectra may
be approached from two angles. One one hand, we may study the ZFC-provable properties of
the spectrum. One the other hand, given a set of cardinals © with certain properties, we may
consider forcing constructions to realize © as the spectrum. The ultimate goal is to reduce the
required forcing assumptions on © until they agree with the provable properties in ZFC, thus
yielding a complete classification of all possible spectra.

For example, Hechler [17] showed that spec(a) is closed under singular limits and that for any
set of uncountable cardinals © there is a model with © C spec(a). Blass [2] demonstrated that
under certain assumptions on O in Hechler’s model already spec(a) = © holds. By employing
a more sophisticated isomorphism-of-names argument Shelah and Spinas provided the currently
best known result:

Theorem (Shelah, Spinas, 2015, [27]). Assume GCH and let C be a set of uncountable cardinals
such that

(1) C is closed under singular limits,
(2) max(C) exists and cof(max(C)) > w,
(3) min(C) is regular.

Then there is a c.c.c. forcing extension in which spec(a) = C holds.

Note that the first two assumptions are necessary, whereas the third one is not as a may be
singular. Recently, similar theories have been developed for other types of combinatorial families.
In particular, in [5] Brian proved that also spec(ar) is closed under singular limits and provided
a forcing construction realizing the following spectra of ar.

Theorem (Brian, 2021, [5]). Assume GCH and let © be a set of uncountable cardinals such that

(I) max(O©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
(IIT) If 6 € © with cof(0) = w, then 6T € O,
(IV) min(©) is regular,
(V) |©] < min(©).

Then, there is a c.c.c. forcing extension in which spec(at) = © holds.

As before, the first two assumptions are necessary. Surprisingly, in contrast to spec(a) Brian
also proved that a violation of (IIT) would imply the existence of an inner model with an inac-
cessible cardinal [4]. Hence, also (III) is necessary in ZFC. As ar may be singular, (IV) is not
necessary and since for any set of uncountable cardinals © there is a model with © C spec(ar),
also (V) is not necessary. Thus, Brian asked the following:

Question (Brian, 2021, [5]). Can assumption (V) be removed?



The main goal in [10] is to provide a partial positive answer to Brian’s question:

Theorem (Fischer, S., 2023, [10]). Assume GCH and let © be a set of uncountable cardinals such
that

(I) max(©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,

(IIT) If 6 € © with cof(0) = w, then 6T € O,

( V) Ny € O.

Then, there is a c.c.c. forcing extension in which spec(ap) = © holds.

Hence, (V) may be removed, however our current proof methods need the strengthening of
Brian’s (IV) to X; € ©. Nevertheless, we may realize arbitrarily large spectra of ap. The main
idea is to employ a more sophisticated isomorphism-of-names argument as Shelah and Spinas
did for spec(a). However, the situation for ay is far more complicated as there is no product-like
forcing to add a witness for at, but only an iteration. Furthermore, Shelah and Spinas’ proof
crucially depends on the following fact:

Fact. Let Hj be Hechler’s forcing for adding an almost disjoint family indexed by J. If I C J
then Hj <oHy, i.e. Hj is a complete subforcing of Hj.

The main part of our proof provides an analogue for the iterated forcing adding a witness for
at. However, with our current methods, we are only able to obtain a weaker result, where I is
essentially required to be countable in the above fact.

Theorem (Fischer, S., 2023, [10]). Let ® C ¥ be a O-subindexring function and assume P is
countable. Then, P® <oP¥ for all o < V.

Here, Pgl is the forcing realizing the desired spectrum of at and the indexing functions ® and
U play similar roles as the index sets I and J above (see Definition 4.1 in [10]). Nevertheless, this
weaker version suffices to prove our theorem, however at the cost of requiring the strengthening
of (IV) discussed above. A central open question is if the latter theorem extends to uncountable
index sets and longer iterations. As this is the only place where we require the strengthening of
Brian’s (IV), a positive answer would yield a complete answer to Brian’s question.

4. TIGHT COFINITARY GROUPS

In the fourth paper constituting this thesis [12], we consider the combinatorics of maximal
cofinitary groups. Recall the following notions:

Definition. Let S, be the group of permutations of w. A cofinitary group is a subgroup G C S,

such that every g € G\ {id} only has finitely many fixpoints. It is maximal iff it is maximal with

respect to inclusion. We define the associated spectrum and cardinal characteristic to be:
spec(ag) := {|G| | G is a maximal cofinitary group},

ag := min(spec(ag)).



In [12] we consider a notion of strong maximality for cofinitary groups. In general, strong
maximality refers to any kind of combinatorial strengthening of the usual notion of maximality.
It turns out that these notions of strong maximality often capture the indestructibility by various
forcing notions. For example, in [15] Fischer and Switzer introduced the notion of tightness for
maximal eventually different families and proved their indestructibility by many different forcings,
such as Cohen, Sacks, Miller, Miller partition forcing and Shelah’s poset for diagonalizing maximal
ideals. Further, they asked if there is a similar notion of tightness for maximal cofinitary groups.
We positively answer this question in [12] and consider the following further applications of tight
cofinitary groups. First, we show that Zhang’s forcing [31] always adds a tight cofinitary group.
Therefore, we obtain the following theorem:

Theorem (Fischer, S., Schrittesser, 2023, [12]). Assume MA(o-centered). Then, every cofinitary
group of size <c¢ is contained in a tight cofinitary group of size c.

In [8] Fischer and Friedman introduced the method of coding with perfect trees to obtain
models of ¢ = Ny, a light-face A},}—Well—order of the reals and various cardinal characteristics
constellations. We show that tight cofinitary groups are also indestructible by this Sacks-coding
forcing, and thus obtain the following theorem:

Theorem (Fischer, S., Schrittesser, 2023, [12]). Consistently, there is a co-analytic tight cofini-
tary group of size Ry (thus ag =N1), a A% well-order of the reals, and ¢ = Na.

In order to obtain a co-analytic witness in the previous theorem, we develop a new robust
coding technique for cofinitary groups, where a real is coded into the lengths of orbits of every
new word. Crucially, compared to other coding techniques for cofinitary groups (i.e. as in [14]) our
coding is parameter-less and hence may be applied to groups of uncountable size. Furthermore,
as we code into orbits rather than actual function values, a more general generic hitting lemma
required for tightness holds. As we also have indestructibility of tight cofinitary groups by the
same forcing notions as mentioned above for tight eventually different families, we obtain many
different cardinal characteristics constellations for a,.

Corollary (Fischer, S., Schrittesser, 2023, [12]). Each of the following cardinal characteristics
constellations is consistent with the existence of a co-analytic tight witness to a; and a Al-well-
order of the reals:

(1) ag:u:i:N1<c:N2,
(2) Clg:u:N1<i:C:N2,
(3) ag=1=R; <u=c=1Ny,
(4) ag =) <i=u=c=NRy.

In addition, in each of the above constellations the characteristics a, a., a, can have tight co-
analytic witnesses of cardinality X1 ; in items (1) and (2), the ultrafilter number u can be witnessed
by a co-analytic ultrafilter base for a p-point; in items (1) and (3) the independence number can
be witnessed by a co-analytic selective independent family.



5. €D, Zy HAS A COFINITARY REPRESENTATION

In [24] we consider the isomorphism types of (maximal) cofinitary groups. A complete classi-
fication of these isomorphism types is open, however for maximal cofinitary groups there are the
following restrictions. Truss [29] and Adeleke [1] independently proved that maximal cofinitary
groups have to be uncountable, i.e. az > Rg. Further, Kastermans [19] showed that a cofinitary
group with infinitely many orbits is not maximal. As a consequence of this theorem, Blass noticed
that in particular abelian cofinitary groups cannot be maximal [18].

Furthermore, one may use Zhang’s forcing [31] in order to force the existence of certain cofini-
tary representations. In particular, Kastermans proved the following consistency result:

Theorem (Kastermans, [18]). There ezists a c.c.c. forcing which forces the ezistence of a cofini-
tary representation of EBNI Zs.

In [24] we improve this result by showing that ZFC already proves the existence of such a
cofinitary representation, and even better for the group @, Zo.

Theorem (S., 2023, [24]). There is a cofinitary representation of @, Zs.

Note that by Blass’ observation €, Zo cannot have a maximal cofinitary representation. Thus,
we prove that there are always groups of size ¢ with cofinitary representations, but no maximal
ones.

6. VAN DOUWEN AND MANY NON VAN DOUWEN FAMILIES

Finally, in [23] we consider Van Douwen families, i.e. we consider the following types of families:

Definition. Let F C “w and A € [w]“. Then we define F[A := {f[A| fe F}. We call F
Van Douwen iff F | A is a maximal eventually different family for all A € [w]“. We define the
associated spectrum and cardinal characteristic to be:

spec(ay) := {|F| | F is Van Douwen},

ay := min(spec(ay)).

Clearly, we have that spec(ay) C spec(ae), so also a. < ay, where a, is the minimal size of an
eventually different family. These types of families are named after Van Douwen, as he asked in
[20] if ZFC proves the existence of such families. Zhang demonstrated that the standard forcing for
adding an eventually different family in fact adds a Van Douwen family [30]. Thus, consistently,
and in particular under CH, there exist Van Douwen families. Answering Van Douwen’s question
Raghavan [22] proved that there always is a Van Douwen family of size ¢. The study of Van
Douwen families is particularly interesting in the light of the following well-known open questions
for the cardinal characteristic ae:

Question. Does ZFC prove a < a,?

Question. Is spec(ae) closed under singular limits?
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As discussed before, the second property holds for both a and atp. It turns out that we may
answer both of these questions for Van Douwen families. It is well known that a < a, and in [23]
we provide a proof for the second question for the spectrum of a,:

Theorem (S., 2023, [23]). spec(ay) is closed under singular limits.

The key open questions regarding Van Douwen families are if a, = a, and more specifically
spec(ay) = spec(ae) hold. Note that a positive answer to the first question would yield a positive
answer to the first open question for a., and a positive answer to the second question together
with our theorem would yield a positive answer for the second open question for da.. In order
to answer these questions, it is particularly interesting to study non Van Douwen families. For
any maximal eventually different family Raghavan [22] introduced the following associated ideal,
which measures how far a family is from being Van Douwen.

Definition (Raghavan, 2010, [22]). Let F be m.e.d. family. Then we define
Io(F) :={A € [w]” | F] A is not a m.e.d. family} UFin.

We show that under CH any ideal may be realized as the associated ideal of some maximal
eventually different family, i.e. many different non Van Douwen families exist.

Theorem (S., 2023, [23]). Assume CH and let T be a non-principal ideal. Then there is a
mazimal eventually different family such that T = Zo(F).

Finally, we also use Van Douwen families to prove that the standard forcing for adding a
maximal eventually different family of desired size Ex(I) also adds a maximal almost disjoint
family of the same size:

Theorem (S., 2023, [23]). Let F be an e.d. family and I an uncountable index set. Then
Ex(I) IF max(|F]|, |I|) € spec(a).
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PARTITIONS OF THE BAIRE SPACE INTO COMPACT SETS

V. FISCHER AND L. SCHEMBECKER

ABSTRACT. We study a c.c.c. forcing which adds a maximal almost disjoint family of finitely
splitting trees on w (a.d.f.s. family) or equivalently a partition of the Baire space into compact
sets of desired size. Further, under CH we construct a maximal a.d.f.s. family indestructible
by any countably supported iteration or product of Sacks forcing of any length, which answers
a question by Newelski [14]. As an application, we present an in-depth isomorphism-of-names
argument to compute the spectrum of ar in product Sacks-models as {X1, ¢}. Finally, we prove
that Shelah’s ultrapower model in [15] for the consistency of Ry < 9 < a also satisfies a = ar.
Thus, consistently Xy < 9 < a = ar holds relative to a measurable.

1. INTRODUCTION

Given an uncountable Polish space X and a pointclass I' of Borel sets we want to understand
what the possible cardinalities of partitions of X into sets in I are. Here, with a partition we
mean a collection of non-empty subsets of X, which are pairwise disjoint and union up to the
whole space X.

We provide a brief summary of the existence of such partitions of size ¥; for different choices for
the pointclass I': First, for I' = F,5, Hausdorff proved in [10] that every Polish space is the union
of Ni-many strictly increasing Gs-sets. Thus, one immediately obtains that every uncountable
Polish space may be partitioned into Nj-many disjoint Fj,s-sets. For I' = Gy, there is a close
connection to the cardinal characteristic cov(M), the minimal size of a family of meager sets
covering “2. In fact, in [8] Fremlin and Shelah showed that cov(M) = Xy if and only if “2 can be
partitioned into N;-many Gs-sets. Finally, the most interesting case for us will be partitions into
closed/compact sets. In [13] Miller introduced a proper forcing notion - now known as the Miller
partition forcing, which is “w-bounding (see [16]) and destroys a given uncountable partition C
of “2 into closed sets. This is achieved by adding a new real which is not in the closure of any
element of C in the generic extension. Thus, by iterating the forcing No-many times and using a
suitable bookkeeping argument, Miller obtained in [13] a model in which “2 can be covered by
Ni-many meager sets, but there is no partition of “2 into Xj-many closed sets.

Consequently, we denote with at the minimal size of an uncountable partition of “2 into closed
sets. Thus, in [13] Miller established the relative consistency of cov(M) = Ry < N9 = ap. Notably,
Miller partition forcing additionally preserves tight mad families (see [9]), and as recently shown
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in [4] also selective independent families and P-points. Thus, the same model also witnesses the
consistency of 9 =a=1=u=RX; <Ry = ar (see [4]).

Naturally, one might ask if the definition of at differs if we would have chosen any other
uncountable Polish space than “2. However, by a recent result of Brian [3], for any uncountable
k we have that some uncountable Polish space can be partitioned into x-many closed sets if and
only if every uncountable Polish space can be partitioned into k-many closed sets. Hence, not only
ar is independent of the choice of the underlying Polish space, but so is its spectrum spec(ar),
which is the set of all uncountable cardinalities of partitions of “2 into closed sets. In fact, even
more is true [3, Theorem 2.4]: The existence of partitions into k-many closed sets is equivalent
to the existence of partitions into k-many compact or F,-sets. In order to explore what possible
spectra of ar may be realized, Brian [3] also defined a c.c.c. forcing, which adds partitions of “2
into Fj,-sets of desired sizes and only those sizes. Therefore, by the aforementioned theorem his
c.c.c. forcing also implicitly adjoins partitions of “2 into closed or compact sets of these desired
sizes, however not in some easily constructable way in terms of complexity.

In contrast, in this paper we define a c.c.c. forcing that explicitly adds a partition of “w into
compact sets (see Definition 3.5). Our approach stems from a slightly different standpoint, as ap
can also be defined as the minimal size of a maximal almost disjoint family of finitely splitting
(a.d.f:s.) trees on w. The connection is given by Kénig’s Lemma, which implies that such families
of trees may be identified with partitions of “w into compact sets.

In [14] Newelski proved the consistency of the existence of a partition of “2 into F,-sets, which
is indestructible by any product of Sacks-forcing as well as a random indestructible such partition.
Newelski also asked if there may be a partition, which is indestructible by the iteration of Sacks
forcing. Inspired by the the construction of a maximal eventually different family indestructible
by any countably supported product or iteration of Sacks forcing by Fischer and Schrittesser in
[6] we answer Newelski’s question positively, by proving the following Theorem 4.17:

Theorem. Assume CH. Then there is an a.d.f.s. family indestructible by any countably supported
iteration or product of Sacks forcing of any length.

As an application of such Sacks-indestructible partitions, we provide an in-depth isomorphism-
of-names argument to compute the spectrum of ap in product Sacks-models (see Theorem 4.18):

Theorem. Assume CH and let \ be a cardinal such that \X = \. Then
S* IF spec(ar) = {Rq, A}.

Further, by the previous discussion the Miller partition model witnesses the consistency of
N; = 9 < ar = Ny [13][16]. However, as an iteration of proper forcings this method cannot
produce any models with larger continuum, i.e. the consistency of Ry < 0 < ar remained open.
To this end, we prove that in Shelah’s model for the consistency of ¥; < 9 < a relative to a
measurable cardinal, we also have a = ap. Hence, Ry < 9 < ar is consistent (see Theorem 5.7).

Theorem. Assume k is measurable, and k < v < A\, A = A, v* < X for all v < A, are regular
cardinals. Then there is a forcing extension satisfyingb=0=p anda=ar =c= A.
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The paper is structured as follows: In the second section we review some common notions and
definitions regarding trees. In the third section we define a c.c.c. forcing which extends a given
almost disjoint family of finitely splitting trees by w-many new finitely splitting trees (see Defi-
nition 3.5), so that the extended family is still almost disjoint (see Lemma 3.11). We then prove
that the generic new trees satisfy a certain diagonalization property (see Definition 3.1 and 3.2
and Proposition 3.12), so that iterating the forcing yields a maximal almost disjoint family of
finitely splitting trees of desired size k for any k of uncountable cofinality (see Theorem 3.13).
Hence, the forcing may be also be used to add witnesses of ar of desired sizes and realize large
spectra of ap (see Corollary 3.14 and Corollary 3.16). Finally, we conclude section 3 with a brief
analysis if and when the forcing adds unbounded, Cohen and dominating reals (see Remark 3.18
and Propositions 3.17 and 3.19).

In the fourth section we first recall standard definitions for product-Sacks forcing and its fusion.
We then prove the following key Lemma 4.8 towards the construction of a Sacks-indestructible
a.d.f.s. family:

Lemma. Let T be a countable a.d.f.s. family, A be a cardinal, p € S* and f be a S*-name for a
real such that for all T € T we have

pI-felT].
Then there is a finitely splitting tree S and q <p such that T U{S} is an a.d.f.s. family and

g fels].

We then review a nice version of continuous reading of names for iterations and products
of Sacks forcing from [6] and under CH construct an a.d.f.s. family, which is indestructible by
any countably supported product or iteration of Sacks-forcing of any length (Theorem 4.17).
We then provide the isomorphism-of-names argument to show that spec(at) = {¥y, ¢} holds in
product-Sacks models (Theorem 4.18). Finally, we end the section with a discussion that we may
also construct Sacks-indestructible partitions of “2 into closed nowhere dense sets, which more
precisely answers the question of Newelski in [14].

In the last section we recall the notion of nice forcing names and provide an average-of-names
argument to show that ultrapowers of forcings may be used to destroy maximal a.d.f.s. families
(see Lemma 5.6). As an application, we obtain that in Shelah’s model for the consistency of
Ny < 0 < ap also a = ay holds (see Theorem 5.7).

2. PRELIMINARIES

In the following every tree T' will be a tree on w, i.e. T C <*“w is non-empty and closed under
initial subsequences. For a tree T', we recall the following notions:
(1) If s € T and n < w, then sucer(s) :={t €T |(BAn <w)(t=s5"n)} and T [n := T N<"w.
(2) T is pruned iff succy(s) # 0 for all s € T..
(3) T is finitely splitting iff 7" is pruned and succy(s) is finite for all s € T
(4) [T]:={f e“w|(Vn <w)(fIneT)}.
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For n < w we call a non-empty and closed under initial subsequences T C <"w an n-tree and use
the same definitions as above, where we replace (1) and (4) with (1*) and (4*), respectively:
(1*) T is pruned iff sucey(s) # 0 for all s € T N <"w.
4*) [T)=TN"w.
For trees T C <“w we call [T] the branches of T and for n-trees T C <"w we call [T] the leaves
of T'. Recall, that the non-empty closed sets of “w are in bijection with pruned trees on w in the
following way. Let T be a pruned tree and C' C “w be closed and non-empty, then the maps

T [T] and C—To:={s€~“w|3feC)(sCf)}

are inverse to each other. Furthermore, the bijection restricts to a bijection between finitely
splitting trees on w and non-empty compact subsets of “w. The following definition will be of
central interest:

Definition 2.1. The spectrum of ar is the set
spec(at) := {|C| | C is a partition of “w into compact sets}
and we define the cardinal characteristic ar := min(spec(ar)).

As “w is not o-compact we have X; < ar and the partition of “w into singletons witnesses
that ap < ¢. Furthermore, by the aforementioned result of Brian in [3], ar and spec(ar) do not
depend on the choice of the underlying Polish space and also do not depend whether we consider
partitions into compact, closed or F,-sets.

Definition 2.2. A family T of finitely splitting trees is called an almost disjoint family of finitely
splitting trees (or an a.d.f.s. family) iff S and T are almost disjoint, i.e. SN T is finite, for all
S,T € T. T is called maximal iff it is maximal with respect to inclusion.

Notice, that by Konig’s lemma for finitely splitting trees S and T" we have that S and T are
almost disjoint iff [T]N[S] = 0. Thus, using the above identification of finitely splitting trees and
non-empty compact subsets of “w, we can also identify maximal a.d.f.s. families with partitions
of “w into compact sets. Moreover, an a.d.f.s. family 7 is maximal iff for all reals f € “w there
is a T € T such that f € [T]. Finally, we note that @ < ar [16] and spec(ar) is closed under
singular limits [3].

3. FORCING MAXIMAL A.D.F.S. FAMILIES

In this chapter we will define and analyse a c.c.c. forcing that allows us for any x of uncountable
cofinality to explicitly add a maximal a.d.f.s. family of size x or equivalently a partition of “w
into k-many compact sets.

Definition 3.1. Let 7 be an a.d.f.s. family. We define
W(T) :={f €*w | (VT € T)(f ¢ [T]}.
Furthermore, we define

IT(T) :={T | T is a finitely splitting tree with [T] C W(T)}.
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Note that W(T) is the set of all reals that 7 is missing to be maximal and S € ZH(T) iff S is
almost disjoint from every T' € T. The notion Z*(7) should merely emphasize the similarity to
the positive sets ZT (.A) associated to an a.d. family A in the subsequent diagonalization property.
However, contrary to Z+(.A) the set ZT (7)) is generally not induced by an ideal.

Definition 3.2. Let 7 be an a.d.f.s. family, P a forcing notion and G a P-generic filter. We say
that a set of finitely splitting trees S in V[G] diagonalizes T iff T US is an a.d.f.s. family and for
all T € ZTt(T)V we have that {T} US is not almost disjoint.

Proposition 3.3. The above definition is equivalent to: T US is an a.d.f.s. family and for all
fEW(T)Y there is an S € S with f € [S].

Proof. We argue in V[G]. Let f € W(T)V. Then Ty := {s€ <“w|sC f} € ZTH(T)V. By
assumption choose S € S such that [T N [S] # 0. But [Tf] = {f}, so f € [S].

Conversely, let T € Z7(T)V. Choose f € W(T)V such that f € [T]. By assumption choose
S € S such that f € [S]. But then f € [S]N[T], so S and T are not almost disjoint. O

We approximate families of diagonalizing trees of size w with finite conditions as follows:

Definition 3.4. T is the forcing consisting of finite partial functions p : w x <“w — 2, such that
(1) dom(p) = F, x S"™rw, where n, € w and F), € [w]<¥;
(2) for all i € Fp, T}, := {s € ="w | p(i)(s) = 1} is a finitely splitting n,-tree.

We order T by ¢ <piff ¢ D p.

Definition 3.5. Let 7 be an a.d.f.s. family. T(7) is the forcing notion of all pairs (p,wp)
such that p € T and wy, : W(T) — w is a partial function, so that dom(w,) = H, for some

H, € W(T)]<* and for all f € H, we have wy(f) ¢ F, or f|n, € Tgﬂp(f). We order T(T) by
(q,wq) <(p,wp) iff ¢<ppand wy D w,.

Notice that for every maximal a.d.f.s. family 7 we have W(T) =0, so T(T) 2T = C as T is
countable. Intuitively, T(7) adds w-many new finitely splitting trees, where the side conditions
w,, ensure that every element of YW(T) is contained in the branches of exactly one of those new
trees. The main difference to the forcing sketched in [3, Theorem 3.1] is that only one of the
new trees is allowed to contain an element of YW(T) as its branch, which ensures that the new
trees are almost disjoint. Thus, this forcing may be used to explicitly add partitions of “w into
compact sets rather than only partitions into Fy-sets. A further subtle difference is that our
forcing is only Knaster instead of o-centered.

Lemma 3.6. Let T be an a.d.f.s. family. Then T(T) is Knaster.

Proof. Let A C T(T) be of size wy. Since T is countable, we may assume that p = ¢ for all
(p,wp), (¢, wq) € A. Moreover, by the A-system lemma applied to {H, | (p, wp) € A}, we may
assume that there is a root R € W(T)]<¥, i.e. that H, N Hy = R for all (p,w,) # (¢, wq) € A.
However, there are only countably many functions from R — w, so we may assume w), [ R = wy [ R
holds for all (p, wy), (q,wq) € A.
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It remains to observe, that this implies that all elements of A are pairwise compatible. Indeed,
let (p,wp), (¢, wq) € A. By choice of R, wyuq = wp Uw, is a function with dom(wpe) = H, U Hy.
We claim that (p,wpuq) € T(T). If this is the case, then the result follows as p = ¢ = pUgq
implies that (p U q, wpuq) <(p, wp), (¢, wg).

Let f € H,UH,. If f € Hy, then cither w,(f) € F, and thus fn € Tp*") = Tyroald),
Otherwise, we have wy(f) ¢ F), and thus w,(f) ¢ F, and wy(f) ¢ Fpue. On the other hand, the

case f € H, works analogously. U

Definition 3.7. Let 7 be an a.d.f.s. family and let G be a T(7)-generic filter. In V[G] we let
Si = {Sq, | i € w}, where Sg; = {s € ““w | I(p,w,) € G with p(i)(s) = 1} for i € w.

Next, we show that in V[G] the family S diagonalizes 7. First, we prove that 7 U S is an
a.d.f.s. family. We will make use of the following density arguments:

Proposition 3.8. Let T be an a.d.f.s. family. Let (p,w,) € T(T) and iy € w \ F,. Then there
is (q,wp) € T(T) with (g, w,) <(p,wp) and dom(q) = (F, U {ig}) x S"rw.

Proof. Choose any finitely splitting n,-tree T which contains the leaf f [n, for every f € H,
with w,(f) =i and define q : (F, U {ig}) x S"w — 2 by

} T ifi =1,
T = )
e Tg otherwise.

Then ¢ € T and ¢<p. Furthermore, we have that (q,w,) € T(T) by choice of T and also
(g, wp) <(p,wp) holds by definition of g. O

Proposition 3.9. Let T be an a.d.f.s. family. Let (p,w,) € T(T) and m > n,. Then there is
(q,wp) € T(T) with (g, w,) <(p,wp) with dom(q) = F, x SMw.

Proof. For every i € F, and for every f € H, with w,(f) = i we have f[n, € Tlﬁ'. Hence, we
may choose a finitely splitting m-tree T; which extends 7)) and contains f [m for every f € H)
with wy(f) = 4. Define ¢ : F}, x Smy — 2 by Tg = T; for every i € F),. Then ¢ € T and ¢<p.
Furthermore, we have that (¢, w,) € T(T) by choice of the T;’s and also (¢, w,) <(p, wp) holds by
definition of gq. O

Proposition 3.10. Let T be an a.d.f.s. family and T € T. Let (p,w,) € T(T). Then there
is (q,wp) € T(T) with (¢, wp) <(p,wp) and dom(q) = F, x <"w as well as [T}] N [T]] = 0 and
[T N [T Ing) =0 for all i # j € Fp.

Proof. Choose m > ny so that f[m # g[mforall f # g€ H,and f[m ¢ T for all f € H,. By
Proposition 3.9 choose (qo, wp) <(p,w,) with dom(g) = F, x <™ Lw.
For every i € F, and s € [T} ] the set

Ki:={k<w|s"ke€Tors k=f]mforsome f € H, with wy(f) # i}

is finite, so there are pairwise different {k} < w | i € F},, s € [T} ]} such that k% ¢ K.,
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We define q : F, x S™w — 2 for i € F, and t € ="w by

q(i)(t) ifte=""w,

o 1 if t =s"k with s € [T} ] and k = kI,

VA =

1 if t = f[m with f € H, with w,(f) =1,
0 otherwise.

Then T} is a finitely splitting m-tree for every i € F},, dom(q) = F,, x ="w, (¢q,w,) € T(T) and
(g, wp) <(p,wp). It remains to show that (¢, w,) has the desired properties, so let i # j € F),.

Let s~k € [Té]ﬂ[Tg]. Assume k = kJ. Then k! # ki = k, so choose f € H,, with w,(f) =4 and
fIm=s"k. Thenk € Kﬁ , which contradicts k = k§ ¢ K§ . The case k = k; follows analogously.
So assume k! # k # kJ. Choose f,g € H, with w,(f) =i, wy(9) =jand flm=s"k=g[m.
This contradicts the choice of m.

Finally, let s~k € [T;]N[T [ m]. Then k € K}, so k # k%. Now, choose f € H), with w,(f) =i
and f [m = s~ k. Again, this contradicts the choice of m. O

Lemma 3.11. Let T be an a.d.f.s. family and let G be T(T)-generic. Then, in V|G| we have
that T U Sg is an a.d.f.s. family.

Proof. Let i € w. First, we show that Sg; is a finitely splitting tree in V[G]. Let t € Sg,; and
s <t. Then we can choose (p,w,) € G with p(i)(t) = 1. But T}! is an n,-tree, so also p(i)(s) = 1,
i.e. s € Sg, witnesses that Sg, is a tree.

Next, we show that Sg; is finitely splitting, so let s € Sg,. Again, choose (p,w,) € G with
p(i)(s) = 1. By Proposition 3.9 there is (¢, w,) € G with (g, w,) <(p,w,) and dom(q) = F, x <"aw
for ng > |s|. But then T} is an ny-tree and s € T\ [T], which implies that succg,, , (s) = succr; (s),
so Sg,i is finitely splitting in V[G].

Let ip # jo € w. We show that Sg;, and Sg j, are almost disjoint in V[G]. Consider
(p,wp) € T(T). By Proposition 3.8 there is (¢, w,) <(p,w,) with dom(q) = (F,U{io, jo}) x <" w.
By Proposition 3.10 there is (r, wy,) <(p, wp) with dom(r) = (F,U{io, jo}) X =""w and [TN[TY] = 0
for all i # j € F}, U {ig, jo}. But then we have that

(r,wp) I [0 110] NS¢y 4, ] = (T3] N [T¥0] = 0,

so the set of all conditions which force that SG,z‘O and SG, j, are almost disjoint is dense.

Finally, let ig € w and T' € T. We show that Sg;, and T are almost disjoint in V[G]. Consider
(p,w,) € T(T). By Proposition 3.8 there is (g, w,) <(p, w,) with dom(q) = (F,U{ip}) x =" w. By
Proposition 3.10 there is (r, w,) <(r, w,) with dom(r) = (F,U{ip}) x ="w and [T )N [T [ n,] = 0
for all i € F}, U {ip}. But then

(rywp) - (S, Tn] N [T Ine] = [T°]N [T [ n,] =0,

120

so the set of all conditions which force that S ; and Tj are almost disjoint is dense. O
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Proposition 3.12. Let T be an a.d.f.s. family. Then T(T) Ik ‘Sg diagonalizes T .

Proof. Let (p,wp) € T(T) and f € W(T). If f ¢ H, we can choose an i € w\ F, and consider
(q,wq) = (p,wp U (f,1)) <(p,wp). Then, f € Hy and (q,wy) IF ‘f € [SG,wq(f)]j‘ O

Using this diagonalization property we obtain a maximal a.d.f.s. family as follows:

Theorem 3.13. Let k be an cardinal of uncountable cofinality. Let (Pa,(@w |a <K,y <K)
be the finite support iteration, where Qq is a Po-name for T(T,) and Ty is a Py-name for

Uﬁ<a S? Let G be Py-generic, then T, :=

Gaon/Ca” 8¢ is a mazimal a.d.f.s. family.

a<kK
Proof. By Lemma 3.11, 7, is an a.d.f.s. family in V[G]. Assume there was a finitely splitting

tree 7" almost disjoint from 7. As Py is c.c.c. we can choose o < k such that T' € V[G,], where

Go = GNP, is a Py-generic filter. In V|[G,] by assumption T' € Z7(T,,), so by Proposition 3.12

a+1
Gat1/Ga,t’
contradiction. 0

in V[Gqa41] there is an ¢ < w such that 7" has non-empty intersection with S which is a

Corollary 3.14. Assume CH and let k be reqular and X\ > k be of uncountable cofinality. Then
there is c.c.c. extension in which 0 = apr = k < A = ¢ holds.

Proof. Use C) * PH, where C) is A-Cohen forcing and P, is the forcing from the previous theorem.
In the generic extension clearly A = ¢ holds and we have a1 < & by the previous theorem. Further,
9 > k, because P, adds Cohen reals cofinally often, which follows either from the fact the we use
finite support and add Cohen reals at limit steps of countable cofinality or from the fact that
already T(7) adds Cohen reals, which we will prove at the end of this section. O

On the other hand, if we want to realize singular values x of ap, we have the following two
cases. First, if K of uncountable cofinality any model of 0 = k = ¢ will witness ap = & since
0 < ar. However, it is open if additionally the continuum may be large:

Question. Let x < A be any cardinals of uncountable cofinality and assume & is singular. Then,
is ar = k < XA = ¢ consistent?

Secondly, it is known that a may have countable cofinality [2]. However, the analogous question
for a is still open:

Question 3.15. Is cof (at) = R¢ consistent? In particular is ap = Ry, consistent?

We can also add many maximal a.d.f.s. families at the same time with our forcing. We use an
analogous construction as Fischer and Shelah in [5], where they add many maximal independent
families at the same time.

Corollary 3.16. Assume GCH. Let A be a regqular cardinal of uncountable cofinality, 6 < X\ a
regular cardinal and (kg | B < 0) a sequence of reqular uncountable cardinals with cof(\) < kg < A
for all B < 6. Then there is a c.c.c. extension in which ¢ = X and kg € spec(ar) for all B < 6.
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Proof. As cof(\) < kg for all § < 6 we may choose a partition of (possibly a subset of) A into
f-many disjoint sets (Ig | S < 0) such that |Ig| = kg and Ig is cofinal in A for all 5 < 6. We
define a finite support iteration (Py,Qq | o < A) of c.c.c. forcings as follows: We will iteratively
add ¢-many a.d.f.s. families (73 | § < 6). Denote with 7"50‘ the name for the g-th family after
iteration step «. Initially we let 7—,6(’) be a name for the empty set for all 5 < 6. Now, assume that
P, and 7"60‘ have been defined for all 8 < 6. If there is no 3 < ¢ such that a € I3 let Q. be a
name for Cohen forcing. Otherwise, let 3y < 6 be the unique index such that a € I, and let Qa
be a name for T (TO‘) Furthermore, for 8 # [y let 7"50”rl be a name for the same family as 7?
and for By let TO‘H be a name for T U S Cosr/Cla

Let G be Py-generic. As I3 is coﬁnal in A for all 8 < 0 and by the results of the previous section
we obtain in V[G] that 73 is a maximal a.d.f.s. family for all 5 < 6. Furthermore, as |Ig| = rg
and every iteration step extends at most one family by w-many new trees we obtain that 73 has
size kg for all B < 6. But this shows that kg € spec(ar). Finally, GCH, the c.c.c.-ness of all P,
and cof(\) > Ny imply that ¢ = A by counting nice names. O

Finally, we briefly consider if the forcing T(7) adds unbounded, Cohen and dominating reals.
Proposition 3.17. T(7) adds Cohen reals.

Proof. Let G be T(T)-generic. Define a real ¢ : w — 2 by ¢(i) = 1 iff (0) € Sg,;. We show
that ¢ defines a Cohen real over V. In V let D C C be dense and (p,w,) € T(7). By Proposi-
tions 3.8 and 3.9 we may assume that n, > 0, F,, = [0, N]| and ran(H,) C F), for some N < w.
Define s(i) = 1 iff (0) € T} for i < N. By definition of ¢ we get (p,w,) I ‘s € ¢’. By density

of D choose t € D such that s C t. Let S,T be any n-trees, such that (0) € S and (0) ¢ 7. Then
we extend (p,wp) to (g, wp) with dom(q) = [t| x ="w by

T, ifi <N,

T;=<S ifi> N and t(i) = 1,

T  otherwise.

But then we get that (¢, w,) IF ‘¢t C ¢, where t € D. O

Remark 3.18. Let 7 be an a.d.f.s. family. Apart from the Cohen reals above, there is also a
second kind of unbounded real added by T(7). Let G be a V[G]-generic filter. For ip < w in
V[G] define
fio(n) :==max {k <w | 3Is € Sg,, with s(n) = k}.

To show that f;, is unbounded over V, consider any g € “wNV, ng < w and (p,w,) € T(T). By
Propositions 3.8 and 3.9 we may assume that ig € F}, and ng < n,. As before, given ¢ € F), we
can choose an (n, + 1)-tree T; which extends Tg and contains f [(n, + 1) for all f € H, with
wp(f) = i, but for iy additionally also contains an s € [Tj,] such that s(n,) = g(np) + 1. Define
q: Fp x ="ty — 2 by T! :=T;. Then (g, w,) <(p, wp) and (g, wyp) Ik g(np) < s(np) < fiy(n).

Finally, we show that T(7) can both add and not add dominating reals, depending on the
properties of 7. Note that the following characterization is sufficient but not necessary.
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Proposition 3.19. Let T be an a.d.f.s. family. If ZT(T) is a dominating family then T(T) adds
a dominating real. In particular T(D) adds dominating reals.

Proof. Assume ZT(T) is dominating. Let G be T(T)-generic. In V[G] choose f such that
fi <* f, where f; is defined as in the previous remark. We claim that f is dominating, so in V'
let g € “w and (p,w,) € T(T). Choose h € Z(T) and N < w such that for all n > N we have
g(n) < h(n). By possibly extending (p,w,) we may assume that h € H,. Let i := wy(h) and
choose (¢, wy) <(p,wp) and M < w with N < M < w such that

(g,wq) IF For all n > M we have fij(n) < f(n).
But then ¢ = w,(h) implies that
(g, wq) IF For all n > M we have g(n) < h(n) < fi(n) < f(n).

Hence, (q,wq) IF g <* f. O

Remark 3.20. On the other hand, if 7 is a maximal a.d.f.s. family, we have T(7) = C, so that
T(T) does not add dominating reals.

Question 3.21. Is there a nice combinatorial characterization of those families T for which T(7)
adds a dominating real?

4. A SACKS-INDESTRUCTIBLE MAXIMAL A.D.F.S. FAMILY

Similar to the construction of a Sacks-indestructible maximal eventually different family in [6]
in this section in this section we will prove that CH implies the existence of a maximal a.d.f.s.
family indestructible by any countably supported iteration or product of Sacks forcing of any
length. Together with an isomorphism-of-names argument we will then compute the spectrum of
ar in product-Sacks models as {8y, ¢}. First, we recall standard definitions of Sacks forcing and
countably supported Sacks forcing and their fusion sequences.

Definition 4.1. Let T' C <2 be a tree.

(1) Let se T then Ty :={t€T |sCtortCs}.

(2) spl(T) :=={se€T|s"0€T and s~ 1€ T} is the set of all splitting nodes of 7.
(3) T is perfect iff for all s € T there is a ¢t € spl(T") with s < ¢.

(4) S:={T C <¥2| T is a perfect tree} ordered by inclusion is Sacks forcing.

Definition 4.2. Let T' € S. We define the fusion ordering for Sacks forcing as follows:
(1) Let s € T then succsply(s) is the unique minimal splitting node in 7" extending s.
(2) stem(T) := sucesply(0).
(3) sply := {stem(7)} and for n < w we set
spl,, ;1 = {succsply(s " 4) | s € spl,(T),i € 2}.

spl,,(T) is called the n-th splitting level of T'.
(4) Let n < w and S,T € S. We write S <,, T iff S <T and spl,,(S) = spl,,(T).
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The following lemmas are well-known (e.g. see [11]), but as their proofs are short we provide
them for completeness.

Lemma 4.3. Let (T, € S| n < w) be a sequence of trees such that T+1 <, T, for all n < w.
Then T =) T, €S and T <, T, for alln < w.

nw

Proof. The only non-trivial property to verify is that T' € S, so let s € T. Then s € Tp. Let
t := succsply, (s) and choose n < w such that ¢ € spl, (Tp). As T;, <Tp choose u € spl,, (T5,) such
that u <t. But then u <s and by definition of <,, we get that u € spl(T). O

Definition 4.4. Let A be a cardinal. S* is the countably supported product of Sacks forcing of
size A\. Moreover,

(1) for A C S* let [ A be the function with dom(()A) := Upea dom(p) and for all a < A we
have () A)(a) :=[,c4p(a). Notice that we do not necessarily have () A € N

(2) Let n < w, p,q € S* and F € [dom(q)]<¥. Write p <p,, q iff p< g and p(a) <, ¢(a) for all
ac k.

Lemma 4.5. Let (p, € S* | n < w) and (F, | n < w) be sequences such that

(1) pry1 <p, npn for alln < w,
(2) Fn € Fyuyq for alln <w and |, ., Fn = U, <, dom(py,).

Then p = (N,cp, Pn € S and p<g, ,pn for alln < w.

Proof. Again, we only need to verify that p € S*. Clearly, dom(p) = U<, dom(py) is count-
able. Let o € dom(p). Choose N < w such that a« € Fy. By assumption we get that
(pn() €S| n > N) is a fusion sequence, so p(a) = (,,,, Pn(a) € S by the previous lemma. [

Definition 4.6. Let p € S, F € [dom(p)]<“, n < w and ¢ : F — V be a suitable function for p,
F and n, i.e. o(a) € spl,(p(a)) "2 for all @ € F. Then we define p [ o € S* by

plo)(a):= {p(o‘)o(a) if a € F,

p(a) otherwise.

Notice that for fixed p € S*, n < w and F € [dom(p)]<*“ there are only finitely many o which are
suitable for p, F' and n. Also, if ¢ <g, p, then ¢ and p have the same suitable functions for F
and n. Furthermore, the set

{plo|o:F — V is a suitable function for p, F' and n}
is a maximal antichain below p.

Lemma 4.7. Let p € S*, D C S* be dense open below p, n < w and F € [dom(p)]<¥. Then
there is ¢ <pp, p such that for all o suitable for p (or equivalently q), F' and n we have ¢ [o € D.

Proof. Let (o; | i < N) enumerate all suitable functions for p, F' and n. Set gy := p. We will
define a <p,,-decreasing sequence (g; | i < NN) so that all of the g; have the same suitable functions



26 V. FISCHER AND L. SCHEMBECKER

as p for F' and n. Assume i < N and ¢; is defined. Choose r; <g; [ 0; in D and define
Gin1() = ri(a) UU{q(a)s | s € spl,(¢i(e)) "2 and s # o(a)} if a € F,
- —
i ri(o) otherwise.
Clearly, gi+1 <p, ¢ and gi11 [0 = r;. Now, set ¢ = gy and let o be suitable for p, F' and n.

Choose ¢ < N such that ¢ = ¢;. Then we have q[oc<gqi11[oc=1r; € D,soqloc € D as D is
open. U

By routine fusion arguments both S and S* are proper and “w-bounding. Towards the con-
struction of the Sacks-indestructible a.d.f.s. family, we will need the following key lemma:

Lemma 4.8. Let T be a countable a.d.f.s. family, \ be a cardinal, p € S* andf be a S*-name
for a real such that for all T € T we have

plk f ¢ [T).
Then there is a finitely splitting tree S and q <p such that T U{S} is an a.d.f.s. family and
g+ fels].
Proof. Enumerate 7 = {7, | n < w}. By assumption for every n < w the set
D, := {r € S | There is a k < w such that r IF f [ k ¢ T},}

is open dense below p. Set gy = p. We define a fusion sequence (g, | n < w) as follows. Fix
with a suitable bookkeeping argument a sequence (F), € [dom(g,)]<¥ | n < w) such that that
Un<w Frn = Upew, dom(gn). Now, let n < w, assume ¢, has been defined and F, is given. Apply
Lemma 4.7 to Dy, qn, n and F,, to obtain g,41 <f, , g such that for all suitable functions o for
Gn, F, and n there is a k, < w such that

Gni1 1o = f kg ¢ Ty

Set ky, := max {k, | o is a suitable function for ¢,, F;, and n}. Then we have

gn+1 I+ f rkn ¢ Tn-
Let qu := [,y qn- Finally, S is “w-bounding, so we may choose ¢ < q,, such that
S:={se“w|Ir<qwithrlFsC f}
is a finitely splitting tree. Clearly, g IF f € [S] by definition of S. Furthermore, for n < w we
have that S and T;, are almost disjoint, since ¢ < @n+1, @n+1 - f [ kn ¢ T, and the definition of
S imply
q H_[T [kn] N [S rkn] = @7
so that T" and S are almost disjoint. O

Finally, we will need a nice version of continuous reading of names for S* developed in [6]. To
state this version of continuous reading of names we summarize the most important definitions.
First, we slightly modify the presentation of [12, Lemmas 2.5 and 2.6] to code continuous functions
freY2) - Yw:
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Definition 4.9.
(1) For s,t € <¥(<¥2) write s <t iff dom(s) < dom(¢) and for all n € dom(s), s(n) < t(n).
(2) A function f : <¥(<¥2) — <¥w is monotone if for all s It € <¥(<¥2), f(s) < f(¢t).
(3) A function f: <¥(<¥2) — <“w is proper iff for all x € “(¥2):

n—oo

|dom(f(z|[nxn))| — oo

(4) For a monotone, proper function f : <“(<¥2) — <“w define a continuous function
fF:9(%2) - Yw via f*(z) = U f(znxn).
n<w
In this case f is called a code for f*.

Remark 4.10. Conversely, for every continuous function f* :“(“2) — “w there is a code for it.
In fact, in general this is true for continuous functions between any two effective Polish spaces.

Remark 4.11. For all p,q € S there is a natural bijection 7 : spl(p) — spl(¢q) which for every
n < w restricts to bijections 7 [ spl,,(p) : spl,,(p) — spl,,(q) and which preserves the lexicographical
ordering. We can extend it to a monotone and proper function 7 : p — ¢ in a similar sense as
above. 7 then codes a homeomorphism 7 : [p] — [¢], which we call the induced homeomorphism.

Definition 4.12. Let P be the countable support iteration of Sacks forcing of length A > w and
let p € P. By density we may always assume that |dom(p)| = w and 0 € dom(p).

(1) A standard enumeration of dom(p) is a sequence
Y= (o} |k <w)
such that o9 = 0 and ran(X) = dom(p).
(2) Let [p] be a P-name such that
pIF[p] = (x € 9°™P)(“2) | For all a € dom(p) we have z(a) € [p(a)]).

(3) Let X be a standard enumeration of dom(p). For k < w let ékfZ be a P | op-name such
that

plog Ik éi’z is the induced homeomorphism between [p(cy)] and “2.
Finally, let é»> be a P-name such that
p - ePE : [p] = “(“2) such that éP>(z) = <éi7z(x(ak)) | k < w) for all x € [p].

Remark 4.13. For the countable support product of Sacks forcing we define the analogous

2

notions. In fact in this simpler case we do not have to define [p], é¥"~ and ¢P* as names.

Definition 4.14. Let P be the countable support iteration or product of Sacks forcing of any
length. Let ¢ € P and f be a P-name such that ¢ IF ‘f € “w’. Let ¥ = (o} | k < w) be a
standard enumeration of dom(q) and f : <¥“(<¥2) — <“w be a code for a continuous function
f*:¥(“2) —» “w such that

q I f = (0" )(s¢; | dom(q)),
where s is the sequence of Sacks reals. We say f is read continuously below ¢ (by f and X).
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Lemma 4.15 (Lemma 4 of [6]). Let P be the countable support iteration or product of Sacks
forcing of length A. Suppose p € P and f is a P-name such that p I+ ‘f € “w’. Then there is
q<p such that f is read continuously below q.

Remark 4.16. For any p € P and P-name f such that p IF ‘f € Yw’ it is easy to see that if
f is read continuously below p then for all ¢ <p also f is read continuously below ¢. Thus, the
previous lemma shows that the set

{q € P| f is read continuously below ¢}

is dense open below p.

Theorem 4.17. Assume CH. Then there is an a.d.f.s. family indestructible by any countably
supported iteration or product of Sacks forcing of any length.

Proof. By CH let (fo | @ < N1) enumerate all codes f, : <“(<*“2) — <“w for continuous functions
fr o 9(“W2) - “w. We define an increasing and continuous sequence (7, | & < ¥i) of a.d.f.s.
families as follows. Set 7Ty := (). Now, assume 7, is defined. If for all T' € 7T, we have that

S kgm0 false) € [T,

then by Lemma 4.8 there is a finitely splitting tree S and p € S® such that 7, U{S} is an a.d.f.s.
family and

Pl gxe false) €[S
Set Tat1 := To U{S}. In the other case we set To11 := T
This finishes the construction and we set 7 := |J,.y, Ta- By construction we have that for
any code f: <¥“(<%2) — <¥y for a continuous function f* : “(¥2) — “w there is a p € SN and
T € T such that

plgro f(se) € [T].
We claim that this implies for all « € [p] that f*(z) € [T}, for if x € [p] and n < w we define
Dz 1nxn < p as follows: For m < w let

(M) gy in ifm <n,
Dz {nxn(m) = .
p(m) otherwise.

This is well-defined and py | xn € S™° since @y, [ n € p(m). But then we have
Patnxn Fgro f(5Inxn) €T and s [n xn=x[nxn,

which yields f(x [n x n) € T. Thus, we have shown f*(z) € [T].

Now, assume that 7 is not maximal in some iterated Sacks-extension with countable support.
The argument for countably supported product of Sacks forcing follows similarly. So let A be
an ordinal and P the countably supported iteration of Sacks forcing of length A; we may assume
that A\ > w. Further, let p € P and f be a P-name for a real such that for all 7' € T we have

plpf ¢ [T].
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By Lemma 4.15 we may choose ¢ <p and a standard enumeration ¥ = (o | k € w) of dom(q)
and f: <¥(<¥2) — <“w a code for a continuous function f*:“(“2) — “w such that

qlbp f= (" (s4).

By construction of 7 we may choose T € T and p € S® such that for all z € [p] we have
f*(x) € [T]. Let r be the ‘pull-back’ of p under e%> i.e. for all k < w we have

q lFp[r(or)] = (é Z’E) 1[[p(k;)]] so that r Il—péq’z(sé) € [p).

By definition of ¢%* we have that r <q. By II}-absoluteness we have
IFp For all z € [p| we have f*(x) € [T]

which yields that
rlE f= [ (e (se)) € [T),

a contraction. O

Finally, we use the previous theorem together with an isomorphism-of-names argument to com-
pute the spectrum of ar in product-Sacks models. For similar isomorphism-of-names arguments
in other contexts, also see [3] and [7].

Theorem 4.18. Assume CH and let \ be a cardinal such that \X = \. Then
S* I spec(at) = {R1, A}.

Remark 4.19. We may code finitely splitting trees with reals, so by the previous discussion on
continuous reading of names, every name for a finitely splitting tree can be continuously read.
Furthermore, CH implies that S* has the Ry-c.c. Hence, if we have a nice name for a finitely
splitting tree, then its evaluation only depends on R;-many conditions in S*.

Proof. First, we argue that S* IF ¢ = X\. As A0 = X\ we have |S*| = A\. Further, for any p € $*
by CH there are at most N;-many standard enumerations of dom(p) and at most Rj-many codes
[ =¥ (<¥2) = <“w for continuous functions f* : “(“2) — “w. Hence, at most Nj-many different
functions can be read continuously below p. By Lemma 4.15 we obtain

SMF e < ISM Ry = ARy = A

Conversely, S* adds A-many different Sacks reals so we get S* IF ‘¢ > X’. Furthermore, by CH
Theorem 4.17 implies the existence of a Sacks-indestructible a.d.f.s. family, so spec(ar) 2 {Ry, A}.
Now, consider any N; < k < X and for a contradiction assume <T | @ < k) are nice S*-names for
finitely splitting trees and p € S* is such that

p - (Ty | @ < k) is a maximal a.d.f.s. family.

For any a < RNy choose p, < p with dom(p,) = U, € [A]¥° such that T, is read continuously below
Pa. By CH we may use the A-system lemma to choose Iy € [R2]*? and a root U of (U, | a € Ip).
By a counting argument there is I; € [I]™? such that |U, \ U| = Uz \ U] for all o, 3 € I;.
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Then, for every o € I;, we may choose a bijection ¢, : Uy — w such that ¢, [U = ¢g [ U for all
a, B € Iy. Now, for a, 8 € I define an involution 7,5 : A — A by

((ﬁﬁ)il((ﬁa(i)) for i € Uon
Ta,8(1) == { (#a) "' (#p(1)) for i€ Up,
1 otherwise.

Clearly, this is well-defined as U, N Ug = U and ¢, [U = ¢g [ U. Moreover, for all o, 8,7 € I1
we have

(1) mq g maps U, onto Ug and Ug onto Uy, but is the identity on the rest of A,

(2) mq,p is the identity on U, 74, = idy and m, 3 = 73,4,

(3) if a, 8,7 are pairwise distinct, then my , = 74 g3 0 T3 4 0 T4 3.
Ta,3 Daturally induces to an automorphism of S*, which we also denote with Ta,3- Note that the
three properties above also hold for the induced maps. Fix v; € I;. For any o € I; we have that
dom(ma , (Pa)) € Uy,. But by CH we have [S| = 8y and N} = N, so there are only Rj-many
conditions p € $* with dom(p) C U,,. By a counting argument, we can find Iy € [I; \ {y1}]*2
such that 7oy, (Pa) = 75,4, (pg) for all a, B € I. But by (3) this implies that

Ta,8(Pa) = Tam © Ty 8 0 Tam (Pa) = Tam © Ty 80 T34, (P8) = Ty (P8) = Pg

for all o # 8 € I5. Notice that the last equality follows from dom(pg) N (UyUU,,) =U.

Again, fix some 2 € I5. The automorphism 7, 3 on S* extends to S*-names and properties
(1) to (3) still hold for this extension. By the automorphism theorem we get that 74 ~, (Th) can
be read continuously below 74 1, (Pa) = Py, for all a € Ir. But by CH there are only N; many
different names for finitely splitting trees that can be read continuously below p.,. Again, by a
counting argument we can find I3 € [I5 \ {72}]"2 such that for all a, 8 € I3 we have

Do I Toyya (Ta) = TB,y2 (Tﬁ)‘
We may assume that for all & < &, all maximal antichains in the nice name of T, restrict to
maximal antichains below p,. Then, we write T, w | pa for the restriction of the name T, w below
Po- Then T o | Do is again a nice name and p, IF ¢ ‘a = Ta I po’. Since T w can be continuously
read below p,, we may additionally assume that dom(q) C U, for every ¢ € S* on which the nice
name 7T}, | po, depends.

We now define a new S*-name 7T}, for a finitely splitting tree. By assumption, all names T,
are nice, so we may choose {pa,; | i < N1, @ < k} such that the evaluation of T., only depends on
{Pa,i | i <R1}. Let Wy i= U; oy, dom(pa,;) and W = {J,., Wa. Then [W] < k < A, so choose
Uy. € (AN with U.NW = U and |U,\U| = |U,\U| for all a € I;. Choose a bijection ¢, : Uy — w
such that ¢, [U = ¢, [ U for all € I;. Thus, we can extend the system of involutions to I; U{x}
by defining 7, ., by the same equation as above, thus preserving properties (1) to (3). Fix y3 € I3
and set p. 1= Ty, x(py;) and T, = 77737,{(7}3). We claim that p, and T}, are independent of the
choice of 43 in the following sense: For all a € I (in particular for ;) we have 7y x(Pa) = Px
and for all o € I3 we have

Dr IF Wa,n(Ta) = TH = st,fﬁ(Tvs)'
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For 73 the first claim holds trivially and for o € I \ {73} we use (3) to compute

Wa,n(pa) = Tayys © Tys,k © Tayys (Pa) = Tays © 7T'ys,n(p73) = Ta,ys3 (Px) = P>

where the last equality follows from dom(p,) N (Us UU,,) = U. Again, the second holds trivially
for ~3, so let o € I3 \ {73}. Since 3 € I3 we have

Py IF Ta (Tn) = Tys,7v2 (T’Ys)'

Now, apply the automorphism theorem with 7., . to obtain

pr IF 7772,/@(7%4772 (Ta)) = 7T'yz,n(7773,72 (Tvs))-

Then, property (3) and simplifying yields

Pr IF Wa,vz(ﬂa,n(Ta)) = 3,72 (”W:aﬁ(Tvs))-

To prove the claim it remains to show that

j Wa,'i(TOé) = Tay, (WQ,H(TOC)) and 7r'737fi(T’Y3) = Tvy3,72 (st,H(T%))'

For the first equation, apply the automorphism theorem with m, , to

Pa I- Ta = Ta fpa

in order to obtain

Pk I+ Fa,n(Ta) = Wa,m(Ta fpa)-
Further, T}, | po only depends on U,. Hence, ok (T w) only depends on U,. Thus,

Tagye (Taw (Lo [ Px)) = Taw(Ta | k).
But this implies

P IF Toye (Wa,n(Ta)) = Ta,vye (Wa,/i(Toz fpa)) = Wa,n(Ta [poa) = WQ,H(TOZ)'

With an analogous argument we can also verify that

Pr IF st,n(Tvs) = Ty3,72 (st,m(Tvs))

holds, thus proving the claim.

Finally, let 3 < k. Choose a € I3 such that U, N W3 C U. This is possible, as we have
|[Ws| <Ry < |I3] = Ny and for every i € Wg \ U there is at most one a € I3 such that i € U, as
(Uy | « € I3) is a A-system. But then 7ra7,{(T5) = Tg and p, IF ‘T, = ﬂ'a’,{(Ta)? by the previous
computation. Now, applying the automorphism theorem with 7, , to

pa IF 1o, and Tg are almost disjoint

yields that
pe IF T, and TB are almost disjoint.

But po <p and dom(p) C U imply px = Tak(Pa) < Tax(p) = p, contradicting
p - (Ty | @ < k) is a maximal a.d.f.s. family,

This finishes the proof. U
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Finally, we discuss how our results answer Question 2 of Newelski in [14]. In his work he
constructed a forcing which adds a partition of “2 into Fj,-sets, which is indestructible by any
countably supported product of Sacks-forcing and asked if there can be such a partition, which
is indestructible by any countable support iteration of Sacks-forcing. However, if we replace the
use of Lemma 4.8 in the proof of Theorem 4.17 by the following lemma:

Lemma 4.20. Let T be a countable family of almost disjoint nowhere dense trees on “2, A be a
cardinal, p € S* and f be a S*-name for an element of “2 such that for all T € T we have

plF f ¢ ).

Then there is a nowhere dense tree S and q <p such that T U{S} is almost disjoint and
q - fels)

Then we may obtain the following result with exactly the same proof:

Theorem 4.21. Assume CH. Then there is a partition of “2 into nowhere dense closed sets
indestructible by any countably supported iteration or product of Sacks forcing of any length.

Thus, we have a positive answer to Newelski’s question under CH without requiring any forcing
and even better for a partition into closed sets instead of just F,-sets. Notice that Lemma 4.20
has a similar proof as Lemma 4.8, where a routine fusion argument can be used to force the hull
for the name of an element of “2 to be a nowhere dense tree 7' C <¥2.

5. THE CONSISTENCY OF N1 <0 < a=ap

In all models we considered so far we have that 9 = ap. In this section we will show that
N; < 0 < a = ar holds in Shelah’s ultrapower model for the consistency of ¥; < ? < a. Thus,
N} < 0 < ar is consistent relative to a measurable. Throughout this section fix a measurable
cardinal k and a <k-complete ultrafilter &/ on k. First, we briefly recall the basic definitions and
properties of the ultrapower forcing we will need from [15]:

Definition 5.1. Let P be a forcing. The ultrapower forcing of P by U is defined as the set of all
equivalence classes
Pr/U = A[flu | f: 6 — P}

where [fly = [g9]v iff {a < k| f(a) = g(a)} € U. Usually, we will drop the subscript ¢. Further-
more, we order P*/U by [flu < [gu iff {a <k | f(a) <g(k)} € U. Tt is easy to see that this
defines a partial order. Furthermore, we have an embedding P — P* /U of partial orders, where
p € P is mapped to the equivalence class of the constant map f,, i.e. fp(a) = p for all a € k.
Hence, we may identify p with [f,].

Lemma 5.2. Let P be a forcing. Then the following statements hold:
(1) P<oP®/U iff P is k-cc.
(2) If p < k and P is p-cc, then also P* /U is p-cc.

Proof. See [1]. O
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From now on fix a c.c.c. forcing IP, so that both items of the previous lemma apply. Analogous
to the average of P-names of reals in [1] we consider the average of P-names of finitely splitting
trees. Let A(P) be the set of all maximal antichains in P.

Definition 5.3. The pair (A,T,) is a nice P-name for a finitely splitting tree iff A : w — A(P)
and for every n < w we have that T}, : A(n) — P(S"w) such that

(1) For all n < w and p € A(n) we have that T, (p) is a finitely splitting n-tree.

(2) For all n < m and p € A(n),q € A(m) with p|| ¢ we have that T,,,(q) N ="w = T,,(p).

Remark 5.4. Given any P-name T for a finitely splitting tree, for every n < w we may choose an
antichain A(n) such that every element p € A(n) decides T | n as T, (p). Then, the second item
is also satisfied by these choices, so we have defined a nice P-name (A, T,) for a finitely splitting
tree. On the other hand, from (A, T,) we can define a P-name S for a finitely splitting tree by

S :={(p,3) | 3n < w such that p € A(n) and s € T,,(p)}.

Then P IF ‘T = S, so T can be represented by a nice P-name for a finitely splitting tree. Hence,
in the following we may always consider nice names for finitely splitting trees.

Next, we consider how nice P*/U-names for finitely splitting trees can be constructed from
sequences of nice P-names for finitely splitting trees and vice versa.

Remark 5.5. For every a < k let (A%, T&) be nice P-names for finitely splitting trees. Further,
fix o < k and enumerate A%(n) = {py ; | i < w} for n < w. Also, for fixed n,i < w consider

[Pril == (P | @ < r)/U € PTJU,
Tog = [Tnal = (T3 (0 3) | a < k) /U € (P(5"w))" /U = P(="w).
By countable completeness of U we get that A(n) = {[pn] | i <w} is a maximal antichain for
all n < w. Set T5,([pn.i]) := Ti. We claim that (A, T,) is a nice P* /U-name for a finitely splitting
tree, which we call the average of (A%, T¢"). But (1) follows from the fact that T2 (p; ;) is a

finitely splitting tree for all & < x and n,i < w. For item (2) let n < m and assume [py ;] ||[Pm, ;]
for some i, 5 < w. But then

{a <k lpnllpm;t N {a <k | T =T (Pn)} N {a < k| Th;=Th(pm;)} €U,
so choose such an o < k. Then we have that
Tin([pm.j1) = Timj = Ty (Pn,;) and Tn([pnil) = Tni = T (P )

which implies Tm([pm,j]) N="w = s (p;xn,j) Nt = I (pg,i) = Tn([pn,i])a since pﬁ,i Hp?n,j'
Conversely, assume we have a nice P*/U-name (A, T,) for a finitely splitting tree. For n < w
enumerate A(n) = {[pnq | ¢ <w}. Note, that by countable completeness of i we have

D :={a <k |{ph;|i<w} is a maximal antichain for all n < w} € D.

Thus, by modifying the p;; on a small set with respect to the ultrafilter D we may also assume
A%(n) = {py,; | i <w} is a maximal antichain for all n < w and @ < k. But then, defining
T3 (py i) = To([pn,il) yields a nice P-name (A%, T3') for a finitely splitting tree for all a < k.
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Similar to Lemma 0.3 in [1] for maximal almost disjoint families, we also have that ultrapowers
of forcings destroys large witnesses for ar.

Lemma 5.6. Assume T is a P-name for an a.d.f.s. family of size X > k. Then

I-pr/p T is not a mazimal a.d.f.s. family.

Proof. Choose P-names for finitely splitting trees T such that
FpT ={T%| a < A}

For o < k choose nice names (A%, T¢) for T and enumerate A%(n) = {p5 i | i <w}. The average
(A, T,) of ((A*,T¢") | @ < k) as defined in the previous remark is a nice P*/D-name for a finitely
splitting tree. Let T' be the corresponding P*/D-name for (A, T,). We claim that

I pr /D T is almost disjoint from 7,
so let 5 < A. By assumption for all &« < k with a # 8 there is a maximal antichain {¢* | i < w}
and {n$ | i < w} such that
@ FpT¥NTP C =M.

Consider [¢;] := (¢ | « < k)/D € P*/D and n; = [n;] :== (nf | @ < k)/D € W*/D = w. Again, by
countable completeness of D we have that {[¢;] | i < w} is a maximal antichain. We prove that
for every ¢ < w we have

[QZ] I- P~ /D Tﬂ N T g S"iw.
Assume not. Then there are i < w, [ > n;, s € Slw\ "iw and [r] < [¢;] such that
[r] IFpr/ps € ™nT.

By possibly extending [r] we may assume that there is a j < w such that [r] <[p; ;] and also
s € Ti([p1j]). Furthermore, let [r] = (r® | a < k)/D. Then we have

{a <k [ r*<pl,r*<q", T (') = Ti([prs]),nit = ni and v IFps € 7%} e D,

(]
so choose such an a < k. But r* <pp;, T(p';) = Ti([p1,5]) and s € Ti([p;]) imply that
r®lps e TNTP,
On the other hand
@ FpToNTP Ciw.
But this is a contradiction, since r, <¢* and s € <l \ SPiw, but n; = ng. O

Theorem 5.7. Assume K is measurable and k < p < A, A = \¥ are reqular cardinals such that
v < X for allv < \. Then there is a forcing extension satisfyingb =0 =pu anda=ar =c= A.

Proof. This holds in Shelah’s template iteration for iterating ultrapowers. There are no maximal
a.d.f.s. families of size <y as 0 < ap. Furthermore, the proof that there are no maximal a.d.f.s.
families of size >p works completely analogous as the proof of Theorem 2.3 in [1] where the use
of Lemma, 0.3 is replaced with the previous lemma. O
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UNIVERSALLY SACKS-INDESTRUCTIBLE COMBINATORIAL FAMILIES
OF REALS

V. FISCHER AND L. SCHEMBECKER

ABSTRACT. We introduce the notion of an arithmetical type of combinatorial family of reals,
which serves to generalize different types of families such as mad families, maximal cofinitary
groups, ultrafilter bases, splitting families and other similar types of families commonly studied
in combinatorial set theory.

We then prove that every combinatorial family of reals of arithmetical type which is inde-
structible by the product of Sacks forcing S™° is in fact universally Sacks-indestructible, i.e. it
is indestructible by any countably supported iteration or product of Sacks-forcing of any length.
Further, under CH we present a unified construction of universally Sacks-indestructible families
for various arithmetical types of families. In particular we prove the existence of a universally
Sacks-indestructible maximal cofinitary group under CH.

1. INTRODUCTION

One of the main objectives of combinatorial set theory is the study of subsets of reals with
special additional (combinatorial) properties. Important examples are mad families, maximal
cofinitary groups, maximal independent families, ultrafilter bases, unbounded families, splitting
families, maximal eventually different families and many others. We refer to these as different
types of combinatorial families of reals. Assume we fixed some type of combinatorial family and
let F be a family of that type. Then, any forcing extension might add new reals, witnessing that
F is not a family of our fixed type any more. For example, for a mad family F we might add a
new real, which has finite intersection with every element of F, so that F is not maximal in the
forcing extension any more. We call such reals intruders for F. For a forcing P we say that P
preserves F iff forcing with [P does not add any intruders for F; we also say F is P-indestructible.

Note that the notion of an intruder for F heavily depends on the type of family at hand. In
many examples an intruder is a real witnessing non-maximality of the family F, e.g. for mad
families or independent families. However, in other contexts an intruder may also have different
interpretations, for example:

o unbounded family F — a real dominating F,
o splitting family F — a set not split by F,
o ultrafilter basis F — a set A with both A and A€ not in the filter generated by F.

Acknowledgements.: The authors would like to thank the Austrian Science Fund (FWF) for the generous support
through START Grant Y1012-N35.
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One important subarea of combinatorial set theory is the preservation of different types of
combinatorial families under various forcings. The main results may then be categorized as con-
structions of families indestructible by different forcings under various assumptions, alternative
(combinatorial) characterizations of the indestructibility of such families and implications be-
tween different types of forcing indestructibilities. We give a partial non-exhaustive overview of
such results:

Maximal almost disjoint (mad) families are the most well studied types of families. In [14]
Kunen constructed a Cohen-indestructible mad family under CH and Hrusdk [11] and Kurilié¢
[15] independently provided combinatorial characterizations of Cohen-indestructibility of mad
families. These ideas have also been expanded to other types of forcings, such as Sacks, Miller,
Laver and random forcing in [11][2]. Moreover, in [2] Brendle and Yatabe established implications
between these different types of forcing indestructibilities and also considered characterizations
of iterated Sacks-indestructibility of mad families.

For other types of families usually Cohen and Sacks-indestructibility are the most well-studied
cases. Under CH in [8] Fischer, Schrittesser and T6rnquist constructed a Cohen-indestructible
maximal cofinitary group. The construction may be adapted to also obtain a Cohen-indestructible
maximal eventually different (med) family. Moreover, in [7] Fischer and Schrittesser constructed
a med family indestructible by any countably supported product or iteration of Sacks forcing.
In [9] Fischer and Switzer introduced the notion of tightness to med families and showed that
it implies Cohen-indestructibility. For independent families Shelah [18] implicitly proved the
existence of a Sacks-indestructible maximal independent family, also see [1] and [4] for an explicit
construction. In [17] Newelski forced the existence of a product Sacks-indestructible partition
of Baire space into compact sets. The authors recently positively answered Newelski’s question
if there may be such a partition which is also indestructible by iterations of Sacks forcing [6].
For ultrafilter bases Laver generalized Halpern and Lauchli’s results in [10] to prove that every
selective ultrafilter is product Sacks-indestructible [16]; also see [3] for an analysis of Sacks-
indestructibility of ultrafilters and reaping families. Of particular interest for this paper is the
construction of a maximal eventually different family which is indestructible under any product
or iteration of Sacks forcing of any length by Fischer and Schrittesser in [7]. Since this property
is crucial for this paper we define:

Definition. A family F is called universally Sacks-indestructible iff F is indestructible under
any product or iteration of Sacks forcing of any length.

In order to obtain such a universally Sacks indestructible med family, in [7] Fischer and
Schrittesser constructed a SN0-indestructible med family and proved that this family is in fact
universally Sacks-indestructible, where SY is the full support product of Sacks forcing. For the
construction of a universally Sacks-indestructible partition of Baire space into compact sets the
authors used a similar argument in [6]. In this paper, we will generalize these findings to various
other types of combinatorial families. To this end, we introduce the notion of an arithmetical type
of combinatorial family of reals and formally define the notion of an intruder (cf. Definition 3.2).
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This gives us a common framework to prove theorems about forcing indestructibility for all the
different types of combinatorial families of reals mentioned above at the same time:

Definition. An arithmetical type t (of combinatorial families of reals) is a pair of sequences
t = ((¥n)n<w, (Xn)n<w) such that both 1, (wg, w1, ..., w,) and x,(v,w1,...,w,) are arithmetical
formulas in n + 1 real parameters. The domain of the type t is the set

dom(t) := {F C P(*w) | Vn <w ¥{fo, ..., fa} € [F]"™ we have ¢n(fo,..., fn)}
If F € dom(t) we say F is of type t. Further, for any F of type t if a real g satisfies
Vn <w v{flvafn} € [f]n Xn(gaflv"'afn)a

then we call g an intruder for F.

Thus, in the notion of an arithmetical type we essentially require that what constitutes a
suitable family and an intruder is definable by a sequence of arithmetical formulas in the above
sense. We then prove the following Theorem 3.5:

Theorem. Assume that t is an arithmetical type and F is a SN0-indestructible family of type t.
Then F is universally Sacks-indestructible.

Thus, in a precise sense, indestructibility by S®0 is already the strongest form of Sacks-
indestructibility one may hope for. Thus, amongst others we immediately obtain the following
results (see Corollaries 5.4 and 5.33):

Corollary. Every SY-indestructible mad family is universally Sacks-indestructible.

Corollary. Every SYo-indestructible independent family and every SN -indestructible ultrafilter
is universally Sacks-indestructible.

In particular, not only the med family constructed by Fischer and Schrittesser in [7] is uni-
versally Sacks-indestructible, but in fact every S¥-indestructible family already is. We also
generalize the constructive part of their proof to obtain universally Sacks-indestructible families
of various types under CH. However, in order to present a unified construction, we require the
following additional property (see Definition 4.1):

Definition. Let t be an arithmetical type. We say that t satisfies elimination of intruders and
write Eol(t) holds iff the following property is satisfied: If F is a countable family of type ¢,
p € SY and g is a name for a real such that

p I ¢ is an intruder for F.
Then there is ¢ <p and a real f such that F U {f} is of type t and
¢ IF ¢ is not an intruder for F U {f}.

Now, if Eol(t) is satisfied we prove a unified construction of a universally Sacks-indestructible
witness under CH in Theorem 4.3:
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Theorem. Assume CH and Eol(t) holds. Then there is a universally Sacks-indestructible family
of type t.

In Lemma 5.28 we prove that elimination of intruders indeed holds for maximal cofinitary
groups. Thus, our framework yields the following new result (see Corollary 5.27):

Corollary. Under CH there is a universally Sacks-indestructible mazximal cofinitary group.

Finally, since the definition of an arithmetical type requires us to work with arithmetical for-
mulas, we prove the following technical Lemma 3.1, which is an interesting result on its own.
Essentially, it allows us for any condition p € S¥ to translate the statement “p forces an arith-

)

metical property of the generic sequence s” into an equivalent H%—statement (see Lemma 3.1):

Lemma. Let x(v1,...,v5, w1,...,w;) be an arithmetical formula in k+1 real parameters. Further,
letpeSY, fi,....f €“w and g1, ...,g; be codes. Then the following are equivalent:

(1) p Ik x(gi(s¢)s - 95(8¢)s f1, -+ -5 1),
(2) Yq<p Ir<q Ve er] x(gi(z), ..., g5(®), fi,- -, fi)-

Here, s, € “(“2) is the name for the generic sequence of Sacks-reals, the codes g; are interpreted
as continuous functions g : “(“2) — “w and an arithmetical formula y is a first-order formula
with possibly real parameters, so that y only contains integer quantifiers.

This paper is structured as follows: In the second section, we revisit all necessary preliminaries
such as all important notions for Sacks forcing and its fusion, followed by a similar discussion for
countably supported product/iteration of Sacks forcing. Furthermore, we will want to apply a
nice version of continuous reading of names for countably supported products/iterations of Sacks
forcing developed by Fischer and Schrittesser in [7], so in order to state their result we also go
over some technicalities concerning coding of continuous functions.

In the third section, we prove the technical Lemma 3.1 just mentioned and the implication
from SNo-indestructibility to universal Sacks-indestructibility (see Theorem 3.5). In the fourth
section, we prove the existence of a universally Sacks-indestructible witness under CH given that
elimination of intruders holds (see Theorem 4.3). In the fifth section, we show that various
different types of combinatorial families of reals fit in our framework of arithmetical types. Mad
families, med families and partition of Baire space are covered in Sections 5.1, 5.2 and 5.3,
respectively. In Section 5.4 and 5.5 we consider maximal cofinitary groups. Finally, in Section
5.6 we cover independent families and ultrafilter bases and finish with other types of families such
as unbounded, dominating, splitting and reaping families in the last Section 5.7. For all families
except maximal independent families, we also provide a proof for elimination of intruders in their
respective sections.

2. PRELIMINARIES

First, we consider the basic notions and definitions used throughout this paper. We start with
iterations and products of Sacks forcing and their fusion. The following lemmas are well-known,
for a more detailed presentation see [12] for example.
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Definition 2.1. Let T' C <“2 be a tree, i.e. T is non-empty and closed under initial subsequences.
(1) For s,t € <“2 we write s It iff s is an initial subsequence of t.

(2) Let s € T then Ty :={t € T | s<t or t Is}.

(3) spl(T) :={se€T|s"0€T and s~ 1€ T} is the set of all splitting nodes of 7.

(4) T is perfect iff for all s € T there is t € spl(T") such that s <¢.

(5) S:={T C <¥2| T is a perfect tree} ordered by inclusion is Sacks forcing.

Definition 2.2. Let T € S. We define the fusion ordering for Sacks forcing as follows:
(1) Let s € T then succsply(s) is the unique minimal splitting node in 7" extending s.
(2) stem(T) := sucesply(0).
(3) sply(T') := {stem(7")} and for n < w we set

spl,1(T) := {sucesply(s i) | s € spl,,(T), i € 2}

spl,,(T') is called the n-th splitting level of T'. Clearly, we have spl(T') = |J,,,, spl,(T).
(4) Let n < w and S,T € S. We write S <, T iff S C T and spl,,(S) = spl,,(T).

Lemma 2.3. Let (T, € S|n <w) be a sequence of trees such that Tpi1 <, T, for alln < w.
Then T =) T, €S and T <, T, for alln < w.

n<w

We call such a sequence (T,, € S| n < w) a fusion sequence in S and the element T € S its
fusion.

Definition 2.4. Let )\ be a cardinal. S* is the countable support product of Sacks forcing of
size A\. Moreover,
(1) for A C §* let () A be the function with dom(() A) := Upea dom(p) and for all o < A we
have () A)(a) :=[\,c4p(a). Notice that we do not necessarily have (A € N
(2) Let n < w, p,q € S* and F € [dom(q)]<¥. Write p <p,, q iff p< ¢ and p(a) <, g(a) for all
a € F. For A = Ry we assume every condition has full support and write <,, for <,, .

Lemma 2.5. Let (p, € S | n < w) and (F, € [dom(p,)]<¥ | n < w) be sequences such that

(1) Pny1 <p, npn for alln < w.
(2) F, € Fyyq for alln <w and U, ., Fn = U, <, dom(p,).

Then p:=Nycw Pn € S* and P<F,nPn foralln <w.

Again, we call such a sequence (p, € S* | n < w) a fusion sequence in S* for (F, | n < w) and
the element p € S* its fusion. In order to construct such fusion sequences we use the notion of
suitable functions:

Definition 2.6. Let p € S, F € [dom(p)]<“, n < w and ¢ : F — V be a suitable function for p,
F and n, i.e. o(c) € spl,(p(a)) "2 for all @ € F. Then we define p [ o € S* by

(plo)(a):= {p(a)a(a) if o € F,

p(a) otherwise.



42 V. FISCHER AND L. SCHEMBECKER

Notice that for fixed p € S*, n < w and F' € [dom(p)]<“ there are only finitely many o which are
suitable for p, F' and n. Also, if ¢ <g, p, then ¢ and p have the same suitable functions for F
and n. Furthermore, the set

{plo|o:F — V is a suitable function for p, F' and n}

is a maximal antichain below p. Again, if A = Ny we just say o is suitable for p and n in case
that o is suitable for p, n and n.

For most fusion arguments in the subsequent sections we will need the following well-known
lemma. We provide a short proof for completeness.

Lemma 2.7. Let p € $*, F € [dom(p)]<¥, n < w and D C S* be dense open below p. Then
there is ¢ <pn p such that q [ o € D for all o suitable for p, F' and n.

Proof. Let (o; | i < N) enumerate all suitable functions for p, F' and n and set gy := p. We
will define a <p,-decreasing sequence (g; | i < IN), so that all of the ¢; have the same suitable
functions as p for F' and n. Assume i < N and ¢; is defined. Choose r; <g; [ 0; in D and define

giv1(a) := {Ti(a) UU{ai(@)s | s € spl,(gi(a) "2 and s # o(a)} if o € F,
ri(a) otherwise.

Clearly, ¢;+1 <p, ¢ and gj41 [0 = ;. Now, set ¢ := gy and let o be suitable for p, F' and n.
Choose ¢ < N such that ¢ = ¢;. Then we have qlo<g11]oc=1r; € D,soqlo € D as D is
open. O

Next, we briefly present a simplified version of the presentation of continuous reading of names
for Sacks-forcing in [7] sufficient for our needs (see also [13]). First, we consider how to code

continuous functions f* : “(“2) — “w by monotone and proper functions f : <¥(<¥2) — <“w:

Definition 2.8.

(1) For s,t € <¥(<%2) write s < ¢ iff dom(s) < dom(t) and for all n € dom(s), s(n) < t(n).
(2) A function f: <¥(<%“2) — <“w is monotone iff for all s <t € < (<¥2), f(s) < f(¢t).
(3) A function f: <¥(<¥2) — <“w is proper iff for all z € “(¥2):

|dom(f(z[nxn))| =5 .

(4) For a monotone and proper function f : <¥(<¥“2) — <“w define a continuous function

fF:9%2) - Yw via f*(z) = U f(znxn).

n<w

In this case f is called a code for f*.

Remark 2.9. Conversely, for every continuous function f* : ¥ (¥2) — <“w there is a code for it.

<w

In the following, a code f will always refer to a monotone and proper function f : <¥“(<%2) — <“w.



UNIVERSALLY SACKS-INDESTRUCTIBLE COMBINATORIAL FAMILIES OF REALS 43

Remark 2.10. For all p,q € S there is a natural bijection 7 : spl(p) — spl(q), which for every
n < w restricts to bijections 7 [ spl,,(p) : spl,,(p) — spl,,(q) and which preserves the lexicographical
ordering. We can extend 7 to a monotone and proper function 7 : p — ¢ in a similar sense as
above. m then codes a homeomorphism 7 : [p] — [¢] which we call the induced homeomorphism
(of p and ¢). We usually identify both functions 7 : p — ¢ and 7 : [p] — [¢] with the same letter.
Note that 7 is indeed a homeomorphism as its inverse is given by the induced homeomorphism
from g to p.

Lemma 2.11. Let p,q,r € S with r<p and let = : [p] — [q] be the induced homeomorphism.
Then there is s € S with s <q and w[[r]] = [s].

Proof. We define

s:={ue<Y2|3ferluln(f)}

We have to show that s € P. Clearly, s is downwards closed, so let v € s. Choose f € [r] such
that u C w(f). Since 7(f) € [¢] we have u € ¢q. By definition of the induced map choose v € p
such that v C f and u C 7(v). Then v € r, so choose w € r with v C w and w € spl(r). Then,
also w € spl(p) and we have m(w) € spl(q) and 7(v) C w(w). Since r € S for i € 2 we may
choose f; € [r] such that w™i C f;. But w(w) i C 7(f;) implies m(w) i € s for i € 2, i.e.
m(w) € spl(s). Further, v C w(v) C 7(w) completing the proof. O

Remark 2.12. Notice that s is uniquely determined by the property above. We call s the image

of r under 7. In the dual case where p, ¢, s € S are such that s <q and 7 : [p] — [¢] is the induced

homeomorphism we say that = is the preimage of s under 7 iff  is the image of s under 7.

Here, we use that the inverse is given by the induced homeomorphism from ¢ to p.

Definition 2.13. Let P be the countably supported iteration of Sacks forcing of length A > w.
Let p € P. By density we may always assume that |dom(p)| = w and 0 € dom(p).

(1) A standard enumeration of dom(p) is a sequence
Y= (ok | k <w),

such that o9 = 0 and ran(X) = dom(p).
(2) Let [p] be a P-name such that

pIF[p] = (x € 9°™P)(“2) | For all a € dom(p) we have z(a) € [p(a)]).

(3) Let X be a standard enumeration of dom(p). For k < w let ékjZ be a P | op-name such
that

plog Ik ék’E is the induced homeomorphism between [p(cy)] and “2.

Moreover, let éP> be a P-name such that

p I éP% : [p] = “(“2) such that é¥(z) = (27 (2(0n)) | k < w) for all z € [p].
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(4) Given s € S™, we define the preimage r of s under é¢»* as follows. Let r € P with
dom(r) = dom(p), where for k < w we have that r(oy) is a P [ ox-name such that
p | ok IF r(ok) is the preimage of s(k) under ék’z.

In particular, we have

plok Ik r(or) <plow),
so that » < p. Furthermore, r satisfies for every k < w

r - se(or) € [r(ow)],
so that by the previous discussion

.p,5
r i€ (sa(on)) € [s(k)].

Thus, we obtain

r I P (s, [ dom(p)) € [s].

Remark 2.14. For the countable support product of Sacks forcing we define the analogous
notions. In fact, in this simpler case [p], éi’z and éP> can be defined as ground model objects.
However, we will still treat them as names, so that we may consider both cases at the same time.

Definition 2.15. Let P be the countable support iteration or product of Sacks forcing of any
length. Let ¢ € P and f be a P-name for a real. Let ¥ = (0}, | £ < w) be a standard enumeration
of dom(g) and f : <¥(<¥2) — <“w be a code for a continuous function f* :“(“2) — “w such that

q - f = (f* 0 e")(s¢ | dom(q)).
Then we say f is read continuously below ¢ (by f and X).
Lemma 2.16 (Lemma 4 of [7]). Let P be the countable support iteration or product of Sacks

forcing of length \. Suppose p € P and f is a P-name for a real. Then there is q <p such that f
is read continuously below q.

Remark 2.17. For any p € P and P-name f for areal it is easy to see that if fisread continuously
below p then for all ¢ <p also f is read continuously below ¢. Thus, the previous lemma shows
that the set

{q € P| f is read continuously below ¢}

is dense open in P.

3. SNO—INDESTRUCTIBILITY IMPLIES UNIVERSAL SACKS-INDESTRUCTIBILITY

Let us first consider the following application of H%—absoluteness. Given p € S, real parameters
fi,- -+, fn and a Ili-formula x (v, w1, . . . ,wy,) with n+1 real parameters assume the following holds
Vg<pIr<qVzel[r] x(z, fi,..., fn)

Then, we claim that also p Ik x(sz, f1,..., fn) holds. Indeed, let ¢ <p. By assumption choose
r < ¢ such that

Ve e [r] x(x, fi,.-, fn)-
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This is a [T}-statement, so that by I1}-absoluteness

S IFVz € [r] x(z, fi,-- -\ fn)-

But we also have r IF “s;, € [r]”, so that

= X (5S¢ f1s- -5 fn)s

proving the statement. The main goal of this chapter will be to show that if x is an arithmetical
formula, then we can also prove the converse, namely that p Ik x(sz, f1,. .., fn) implies

Vg<p Ir<qVx € [r] x(=, f1,..., fn)-

Even better, we will show that we also have an analogous equivalence for S in place of S. Thus,
we are able to transfer forcing statements about arithmetical properties of the generic Sacks-
sequence into H%—formulas and back, which will be one of the main ingredients for Theorem 3.5.

Lemma 3.1. Let x(vi,...,vk,w1,...,w;) be an arithmetical formula in k + 1 real parameters.
Further, let p € SX, f1...., fi € “w and g1,..., gy be codes. Then the following are equivalent:

(1) p I- X(QT(SG')7"'7gZ(SG)7f17' . 'afl):
(2) Yq<p Ir<qVx e [r] x(g7(x),...,95(x), fr,-- -, f1).

Proof. First, assume (2) and let ¢ <p. By assumption choose r < ¢ such that

Vo € [r] x(g1(2), -, gr(2), f1,-- -, fo)-

This is a [1}-statement, so that IT}-absoluteness implies

S¥ Ik Va € [r] x(g5(2), -, gk (@), fu, -, i)

But we also have r I “s;, € [r]”, which implies

r b x(gi(sg), - gk (sg)s fi- -5 fo)-
Thus, we proved (1).

For the other direction, we may assume that all integer quantifiers are in the front of y and
do an induction over the number of quantifiers of y. Let ¢ <p. First, we have to consider the
quantifier-free case. Then x(v1,...,vg, w1, ..., w;) only depends on finitely many function values
of v1,..., Uk, wi,...,w;. So choose N such that x(vi,...,vg, w1,...,w;) only depends on the
values of v1 [N, ... v [N,w1 [N,...,w; [ N. As g1,...,gr are codes by H%—absoluteness we get

qIF 3K N Cdom(gi(sy | K x K)) for all i € {1,...,k},
so choose r < ¢ and K < w such that
r - N C dom(gi(se [ K x K)) for all i € {1,...,k}.
Now, choose any x € [r] and define 7, <r by

re(n) = r(n)a(n) 1 K
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which is well-defined since z(n) [ K € r(n) follows from x € [r]. But then
relbsa | K x K =2 K x K,
so by choice of r and K we also have
e - gi(s¢) IN =g;(x) [N forallic{1,... ,k}.
But 7z IF x(91(s¢), - -5 95(5¢)s f1,- -+, f1), so by choice of N we obtain

Tx = X(gi(x)v s 7QZ(x))f17 .. ‘7fl)'

Thus, we have proven Va € [r] x(97(x), ..., 95(x), f1,---, fi)-
Next, we have to prove the induction step. We handle the two different quantifier cases
separately. First, assume that y = dnt, so by assumption

q Ik Jn w(gf(sc)a s 79}2(8@)7]“15 s 7flan)‘
Choose 7 < ¢ and n < w such that

r - ¢(9T(SG)7 . 79]:(5(';’)7]017 s 7flan)‘

By induction assumption choose s <r such that

Vo € [s] (g1 (), ..., g5 (@), fr,- ., fi,m).
Then, we also have
Vz € [s] In Y(9i(2),. .., gi(2), fi,-- -, fi,m).

Thus, we have proven Vx € [s] x(gi(x),...,g5(x), f1,..., fi)-
Finally, assume that xy = Vniy. We construct a fusion sequence (g, | n < w) below ¢ as follows.
Set qo := q. Assume ¢, is defined. By induction assumption the set

Dn = {TSQH ‘ Va € [7"] @b(gf(x)a 7gZ(x)7fla--'7flan)}

is dense open below ¢,. By Lemma 2.7 take ¢, 11 <,, g, such that ¢,y1 [ o € D, for all o suitable
for ¢, and n. Notice that

[gn+1] = U [gn+1 T o],

o suitable for ¢, and n

since {qn+1 [ 0 | o is suitable for ¢, and n} is a maximal antichain below ¢,1. But this implies

Vo € [anrl] ?,Z)(gf(ﬂa 792(33)7]01)"'7,}017”)’

for if x € [gn+1] choose o suitable for ¢, and n such that = € [g,+1[0]. Then, the desired
conclusion follows from ¢,+1 [ o € D,,. Finally, let r be the fusion of (g, | n < w). We claim that

Vz € [T] vn ¢(9T(x)a 'agZ(m)vfla--- 7flan)7

so let z € [r] and n < w. Then r <gp41, so that = € [r] C [gn+1]. Hence, by construction of g1

GG (@), s G, fire s fiom):
Thus, we have proven Yo € [r] x(gi (@), gi(@), f1..... fy). 0
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Next, we will introduce the notion of an arithmetical type. The point of this definition is
to provide a general framework for proving statements about forcing indestructibility for many
different types of families at the same time. In Section 4 we will verify that indeed most types of
combinatorial families studied in combinatorial set theory fit into this framework.

Definition 3.2. An arithmetical type t (of combinatorial families of reals) is a pair of sequences
t = ((¥n)n<w, (Xn)n<w) such that both 1, (wo, w1, ..., w,) and x,(v,ws,...,w,) are arithmetical
formulas in n + 1 real parameters. The domain of the type t is the set

dom(t) := {F CP(“w) | Vn < w Y{fo,..., fa} € [F"™! we have ¥ (fo,..., fn)}
If F € dom(t) we say F is of type t. Further, for any F of type t if a real g satisfies

VY < w Y{fi,. ., fa} € [FI" xa(9, f1, -, fn),

then we call g an intruder for F.

Thus, the sequence (Y, )n<, defines what constitutes a family of that type and the sequence
(Xn)n<w defines which reals constitute intruders. Note that in some specific examples these two
properties coincide, e.g. for eventually different families both ;1 (wg, w1 ) and x1 (v, w1) assert the
eventual difference of wq (or v, resp.) and w; (cf. Section 5.2). Also, if we want no restriction of
what constitutes a family of type t, we set ¢, := T for all n < w to obtain dom(t) = P(P(“w)).
This will be the case for the families considered in Section 5.7.

Lemma 3.3. Let t be an arithmetical type. Then we have the following:
(1) 0 is of type t,
(2) If G is of type t and F C G, then F is of type t,
(3) Let § be a limit ordinal. If (Fo | a < d) is an increasing sequence of families of type t,
then also F :=J, 5 Fa is a family of type t.

Proof. (1) and (2) are obvious. For (3) let (F, | @ < d) be an increasing sequence of families of
type t, n < w and {fo,..., fu} € [F]"*'. Since § is a limit, we may choose o < § such that
{fo,-- -, fn} € [Fa]™L. But then v, (fo,. .., fn) holds since F, is of type t. O

Also, note that since the v, are arithmetical formulas the notion of dom(t) is absolute, i.e. for
transitive models of set theory M C N we have that dom(t)™ = dom(t)¥ N M. Analogously, the
notion of an intruder is absolute. However, a family may have no intruders in M, but some in
the larger model N. Thus, we define the following:

Definition 3.4. Given a forcing P and a family F of type t we say that F is P-indestructible or PP
preserves F iff P forces that F has no intruders. In particular, F has no intruders in the ground
model. If F is indestructible by any countably supported product or iteration of Sacks-forcing
of any length, we say that F is universally Sacks-indestructible.

Now, equipped with Lemma 3.1 and these definitions we may now prove one of our main
results, namely that for arithmetical types of combinatorial families indestructibility by ST is
already the strongest form of Sacks-indestructibility one may hope for.
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Theorem 3.5. Assume t is an arithmetical type and F is a S¥0-indestructible family of type t.
Then F is universally Sacks-indestructible.

Proof. Let P be the countably supported product or iteration of Sacks-forcing of any length and
assume that F is not preserved by P. As the notion of an intruder is absolute, we may assume
that the size of the product or the length of the iteration is at least Ng. Choose p € P and a
P-name ¢ for a real such that

plFp ¢ is an intruder for F.
By Lemma 2.16 choose ¢ <p, a standard enumeration ¥ of dom(q) and a code g such that
qlFp g =g (" (sg | dom(q))).
Since F is S¥o-indestructible we have
SR Ik g g*(s¢) is not an intruder for F,
which is by Definition 3.2 expressed by
S™ Ibgne In<w H{fryeos fu} € [FI" =xn(9"(55), f1s -y fn)-
Thus, we may choose s € S*, n < w and {fi,..., fn} € [F]" such that
slFgrg xn(9"(5¢), f1o-- -5 fn)-
Since —y,, is an arithmetical formula by Lemma 3.1 choose t < s such that
Va € [t] 2xn(g"(2), f1,- -, fn)-
Now, this is a H%—formula7 so we obtain
Plkp Vo € [t] 2xn(9" (@), f1,- -+, fn)-
As in Definition 2.13 let 7 be the preimage of ¢ under é¢9*, i.e. we have r < ¢ and
rlFp é9%(se [ dom(q)) € [t].
Combining both statements yields
r e ~xn(g" (67 (s [ dom(q)), f1.- -, fn)-
But by choice of g we get

r “_IP’ _'Xn(gaflw"?fn)v

contradicting that r forces ¢ to be an intruder for F. O
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4. CONSTRUCTING SACKS-INDESTRUCTIBLE MAXIMAL COMBINATORIAL FAMILIES UNDER CH

In this section, we provide a unified construction of universally Sacks-indestructible families
under CH. Note that by Theorem 3.5 we only need to construct SN0-indestructible families.
Towards a unified construction, we will need the following additional property:

Definition 4.1. Let t be an arithmetical type. We say that t satisfies elimination of intruders
and write Eol(t) holds iff the following property is satisfied: If F is a countable family of type t,
p € SY and g is a name for a real such that

p IF ¢ is an intruder for F.
Then there is ¢ <p and a real f such that F U {f} is of type t and
¢ IF ¢ is not an intruder for F U {f}.

As the name suggests, Eol(t) essentially asserts that for every countable family F of type t
and every SY-name ¢ for a possible intruder for F we may extend F by one element f so that
¢ is not an intruder for this extended family any more. Usually, in case that some ¢ < p forces
“9 = f € V7 the conclusion of Eol(t) holds trivially for ¢ := p and FU{ f} or some other canonical
extension of F. Hence, in the following section we will additionally assume that p I+ “g ¢ V”
when verifying Eol(t) for some arithmetical type t.

For the construction, we use CH and continuous reading of names to diagonalize against all
possible intruders for our constructed family in length X;. Hence, we obtain a S¥-indestructible
and thus universally Sacks-indestructibly family of type t. Note that in the following construction
we make use of Lemma 3.3 multiple times.

Theorem 4.2. Assume CH and Eol(t) holds. Then there is a SN0 -indestructible family of type t.

Proof. By CH we may enumerate all pairs ((pa,ga) | @ < Ry) of elements p € S® and codes g.
We construct an increasing and continuous sequence (F,, | < 8p) of families of type t as follows:
Set Fp := (. Now, assume F, is defined and (pa, go) is given. If we have

Pa Iff 9o (5¢) is an intruder for F,
then set Fuoy1 := Fu. Otherwise, we have
Pa I 95(5¢) is an intruder for F,.

Thus, by Eol(t) choose ¢ <p, and a real f such that the family F,41 := Fo U{f} is of type t
and such that
q IF g5,(s) is not an intruder for Fo 1.

Finally, we set F := ], <, Fa- We show that F is SRo_indestructible, so assume the contrary.

Choose p € S® and a S¥-name § for a real such that
p IF ¢ is an intruder for F.

By Lemma 2.16 choose ¢ <p and a code g : <% (<¥2) — <“w so that

qlFg=4g"(s¢)
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But then, the pair (¢, g) appeared at some step « in our enumeration and we extended F, using
Eol(t) at that step. Thus, there is r < ¢ with

rI- g*(s¢) is not an intruder for Foq1,

which implies
r IF ¢ is not an intruder for F,

a contradiction to the choice of p and g. O

Remember, that by Theorem 3.5 we have that SN0-indestructibility in fact implies universal
Sacks-indestructibility, so we proved the following theorem:

Theorem 4.3. Assume CH and Eol(t) holds. Then there is a universally Sacks-indestructible
family of type t.

Proof. This follows directly by composing the previous theorem with Theorem 3.5. U

Thus, the remaining objective for this paper will the verification that many different types of
combinatorial families fall into our framework of arithmetical types and proving that elimination
of intruders holds for these types.

5. APPLICATIONS OF OUR FRAMEWORK

In this section, we provide multiple applications of the framework developed in the previous
sections for universal Sacks-indestructibility.

5.1. Mad families. We begin our list of example applications with one of the most common
type of combinatorial families, that is maximal almost disjoint families. For this case, we will
explain a bit more explicitly how to phrase the definitions in a suitable way, so that we may apply
Theorem 3.5. For the subsequent sections we will just mention the necessary coding arguments,
but omit the analogous details. Remember the following definition:

Definition 5.1. A family A of infinite subsets of w is almost disjoint (a.d.) iff AN B is finite
for all A # B € A and for all Ay € [A]<* we have that w \ |JAp is infinite. A is called maximal
(mad) iff it is maximal with respect to inclusion. The corresponding cardinal characteristic is
the almost disjointness number a:

a:=min {|A] | Ais a mad family}.

Note that the second property in our (slightly unusual) definition of an a.d. family is vacuous
if A is infinite, but in the finite case it allows us to exclude maximal finite a.d. families. Also,
Theorem 3.5 is applied to combinatorial families on the Polish space “w, so to be more precise
we code a.d. families in that Polish space:

Definition 5.2. A family F of reals codes an a.d. family iff every f € F codes an infinite subset
of w, i.e. f is a strictly increasing function, ran(f) Nran(g) is finite for all f # g € F and for all
Fo € [F]=¥ we have that w \ U;c 7 ran(f) is infinite. F is called maximal iff it is maximal with
respect to inclusion.
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Proposition 5.3. Coded mad families are an arithmetical type.
Proof. We define the formula g(wp) to be
VnVm(n < m implies wo(n) < wo(m)),
expressing ‘wg codes an infinite subset of w’. Further, 11 (wp, w1) is defined as
ANVnYm(n > N implies wo(n) # w1(m)),
expressing ‘ran(wp) Nran(w;) is finite’. Finally, for n > 1 we define ¥, (wo, ..., w,) by
VN3InVm(n > N and /”\ wi(m) # n),
i=0
expressing ‘w \ |J;_, ran(w;) is infinite’. Analogously, we define the formula x(v) to be
Vn¥m(n < m implies v(n) < v(m)),
expressing ‘v codes an infinite subset of w’. Finally, we define x1(v,w;) by

ANVnVYm(n > N implies v(n) # wi(m)),

expressing ‘ran(v) Nran(wi) is finite’ and set x,, := T for all n > 1. Clearly, with respect to
Definition 3.2 this exactly captures our definition of a coded mad family. Hence, coded mad
families are an arithmetical type. O

Thus, explicitly for mad families Theorem 3.5 implies that S¥0-indestructibility for families
which code a mad family implies universal Sacks-indestructibility. Since the coding is absolute
this is equivalent to the respective version without coding:

Corollary 5.4. Every S¥-indestructible mad family is universally Sacks-indestructible.

Next, we prove Eol(a), i.e. elimination of intruders for mad families. To be more precise we
would have to prove elimination of intruders for families which code mad families, but since our
coding is absolute these are easily seen to be equivalent. The following proof is folklore, but we
provide it for completeness.

Lemma 5.5. Eol(a) holds. That is, if A is a countable a.d. family, p € SX and B is a name
for an infinite subset of w such that

pl- B¢V and AU{BY} is an a.d. family.
Then there is ¢ <p and an infinite subset A of w such that AU {A} is an a.d. family and
q - AU{A, B} is not an a.d. family.

Proof. If A is finite we have that w \ |J A is infinite, so let D U E be a partition of w \ |J A4 into
two infinite sets. By assumption for every A € A we have

plk3k<wANBC k.
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Since A is finite choose ¢ <p and k < w such that for all A € A
gIF ANBCE.

This implies that
gl B\kcw\|JA=DUE.

Since B is a name for an infinite subset of w there is r < ¢ such that
r Ik DN B is infinite or r I EN B is infinite.
W.lLo.g. assume the first case holds. Then AU {D} is an a.d. family and
r - AU{D, B} is not an a.d. family.

Now, assume that A is infinite, so enumerate A = {A,, | n < w}. We construct a fusion sequence
(pn | n < w) below p and a sequence (k, < w | n < w) as follows. Set py := p. Now, assume p,, is
defined. By assumption the set

Dy :={q<pn |3k <wqlr “A,NBCk"}

is dense open below p,. By Lemma 2.7 take p,1 <,, pp such that p,41 [0 € D, for all ¢ suitable
for p, and n, witnessed by k, < w. Set kj, := max {k, | o suitable for p,, and n}, so that

Pns1 IF Ay N B Cky.

Let g be the fusion of (p, | n < w). We define a second fusion sequence (g, | n < w) below ¢y and
a sequence (a, € [w]<¥ | n < w) of finite disjoint sets. Assume g, is defined and choose K < w
with K > max(ay,), kn, for all m < n. Since g, |- “B is infinite” the set

En:={q<qn|3k>KqlF “ke B}

is dense open below p,,. Again, by Lemma 2.7 take g,+1 <, ¢, such that g,1 [0 € E, for all &
suitable for g, and n, witnessed by k.. Set a,, := {k, | o suitable for ¢, and n}, so that

Gns1 IF BNap # 0.

By choice of k,, we also have that a, N A,, = 0 for all m < n. Finally, let ¢ be the fusion of
(gn | n < w) and set A:=J,__ an. Then we have that AU {A} is an a.d. family and

n<w
¢ IF AN B is infinite.
Since ¢ IF “B ¢ V” we have ¢ I- “A # B”, so we obtain
q - AU{A, B} is not an a.d. family,
finishing the proof. O

Thus, we proved Eol(a) and we get the following result as an instance of Theorem 4.3 for
maximal almost disjoint families:

Corollary 5.6. Assume CH. Then there is a universally Sacks-indestructible mad family.
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5.2. Eventually different families. Next, we will briefly consider maximal eventually different
families. This case is especially noteworthy as the idea for the framework developed in this paper
originates from Fischer’s and Schrittesser’s construction of a universally Sacks-indestructible
eventually different family in [7]. The main definition is the following:

Definition 5.7. A family of reals F C “w is eventually different (ed) iff for all f # g € F there
is N < w such that f(n) # g(n) for all n > N. F is called maximal (med) iff it is maximal with
respect to inclusion. The corresponding cardinal characteristic is a:

e := min {|F| | F is a med family}.
Proposition 5.8. Med families are an arithmetical type.
Proof. We set 1, := T for n # 1 and define the formula 1 (wg, w1) to be
ANVYn(n > N implies wo(n) # wi(n)),

expressing ‘wg and wy are eventually different’. Analogously, we set x, = T for n # 1 and define
the formula y;(v,w1) to express ‘v and w; are eventually different’. Thus, med families are an
arithmetical type. O

Hence, Theorem 3.5 implies for this instance:
Corollary 5.9. Every S¥-indestructible med family is universally Sacks-indestructible.

Note that Fischer and Schrittesser essentially proved Eol(ae) in [7]. More precisely, combining
Eol(a,) with Lemma 3.1 exactly yields their Lemma 7, which they used to construct their uni-
versally Sacks-indestructible med family. For completeness, we present a direct proof of Eol(a),
which will also serve as a rough template for the corresponding lemma for maximal cofinitary
groups in one of the following sections.

Lemma 5.10. Eol(a.) holds. That is, if F is a countable e.d. family, p € SX° and § is a name
for a real such that
plkg ¢V and FU{g} is an e.d. family.

Then there is ¢ <p and a real f such that F U{f} is an e.d. family and
qlF FUA{f, g} is not an e.d. family.

Proof. Enumerate F = {f,, | n <w}. We construct a fusion sequence (p, | n < w) below p and
a sequence (k, < w | n < w) as follows. Set py := p. Now, assume p,, is defined. By assumption
the set

Dy ={q<pn |k <wql- VI>Fk f,(1) # ()"}
is dense open below p,. By Lemma 2.7 take p,+1 <, pn, such that p,1 [ o € D, for all ¢ suitable
for p, and n, witnessed by k, < w. Set k;, := max {k, | o suitable for p,, and n}, so that

Pn+1 =1 > k;n fn(l) 7£ g(l)

Let go be the fusion of (p, | n <w). We define a second fusion sequence (g, | n < w) below gy
and a sequence of partial functions (h,, | n < w) with the following properties:
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(1) The sequence (dom(h,) | n < w) is an increasing interval partition of w,
(2) We have k,, < max(dom(h,,)),

(3) For all m < n and [ € dom(h,,) we have fp, (1) # hn(l),

(4) gn+1 IF 3l € dom(hy,) hn(l) = g(1).

This finishes the proof, for if ¢ is the fusion of (g, | n < w), then f := ], ., hn is total function
by (1). Furthermore, (3) implies that 7 U {f} is an e.d. family and (4) implies that

q I+ f and g are not eventually different.
Since ¢ IF “g ¢ V7 we have ¢q IF “f # g, so we obtain
g lF FU{f, g} is not an e.d. family.

For the fusion construction, assume g, is defined and enumerate with (o; | i < N) the set of all
suitable functions o for ¢, and n. Let I be the interval above (J,,,, dom(h,) of size max(k,, N).
We construct hy, with dom(hy,) = I, so that (1) to (4) hold. The choice of I already implies that
(1) and (2) are satisfied. Note that the set

E, :={q¢<pn | q decides g on I}

is dense open below p,. Again by Lemma 2.7 take ¢,+1 <, g, such that ¢,11 [0 € E, for all &
suitable for ¢, and n, witnessed by the decision g, : I — w. We define h,, for i < N by

hy,(min(l) + 1) := g, (min(I) + 7).

For all other [ € I with [ > min(/) + N we define h, () arbitrarily so that (3) is satisfied. By
construction of ¢,+1 and h, we have for all ¢ < N

qn+1 [ 04 IF hyp(min(l) 4 i) = go, (min(l) + i) = g(min(I) + 1),

i.e. (4) is satisfied. For (3) let m < n and ! € I. If [ > min(I) + N there is nothing to show, so
let i« < N. By induction assumption for m < n we have k,, < min(/) + ¢, so that by choice of k,,

Gn+1 b frn(min(I) +4) # g(min(7) + 7).
On the other hand we have
n+1 [ 0 IF g(min(I) 4 i) = hy(min(1) + i),
which implies f,(min([) + ) # hy, (min(f) + 7). O

Thus, we proved Eol(ae) and as before, Theorem 4.3 yields the following theorem, which
corresponds to Theorem 9 in [7]:

Corollary 5.11. Assume CH. Then there is a universally Sacks-indestructible med family.
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5.3. Partitions of Baire space into compact sets. In this section, we want to consider
partitions of Baire space into compact sets. Recently, the authors constructed a universally
Sacks-indestructible such partition in [6] with the similar techniques, so that we only summarize
how our results generalize that construction. Observe, that partitions of Baire space into compact
sets are in one-to-one correspondence with the following type of families:

Definition 5.12. A family 7 of finitely splitting trees on w is called an almost disjoint family
of finitely splitting trees (or an a.d.f.s. family) iff S and T" are almost disjoint, i.e. S N7 is finite
for all S = T € T. It is called maximal iff it is maximal with respect to inclusion. Equivalently,
for all f € “w there is T' € T with f € [T]. Here, [T] denotes the set of branches trough 7. The
corresponding cardinal characteristic is ar:

ar :=min{|7]| | 7 is a maximal a.d.f.s. family}.

Remark 5.13. There is a one-to-one correspondence between non-empty compact subsets of “w
and finitely splitting trees on w given by the following maps:

Given a finitely splitting tree T on w its set of branches [T'] is a non-empty compact subset of “w
Conversely, given a non-empty compact subset C' of “w we define a finitely splitting tree by

Te:={se®w|3feCsCf}
It is easy to check that these maps are inverse to each other.
Notice that by Konig’s lemma for finitely splitting trees S and T, we have that S and T are
almost disjoint iff [T']N[S] = (0. Thus, using the above identification of finitely splitting trees and

non-empty compact subsets of “w, we can also identify maximal a.d.f.s. families with partitions
of “w into non-empty compact sets.

Proposition 5.14. Mazximal a.d.f.s. families are an arithmetical type.

Proof. As for mad families, finitely splitting trees do not live in “w, so we have to use an arithmeti-
cally definable coding of sequences of natural numbers (for example using prime decomposition).
This means that there is an injection ‘code’ : <“w — w such that the statements ‘n is the code
for some s, € <“w’ and ‘s, ds,,’ are definable by arithmetical formulas pg(n) and ¢1(n, m).
Then, we define 1y(wp) by

In wo(n) =1

and Vn(wp(n) = 1 implies pg(n))

and VYn, m((wo(n) =1 and s,,, < sy,,) implies wo(m) = 1)

and Vn(wp(n) = 1 implies Im(m # n, s, I sy, and wo(m) = 1))

and Vn(wp(n) = 1 implies IMVYm((m > M, s, s, and wo(m) = 1)
implies Jk(k # n, k # m and s, s Ism))),

expressing ‘code™! [wal[{l}]] is a non-empty finitely splitting tree’. Further, define ¥ (wg, w1) by

dNVN(n > N implies (wo(n) # 1 or wi(n) # 1)),
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expressing ‘code ! [wy ' [{1}]] and code™![w![{1}]] are almost disjoint’. Set v, := T for all
n > 1. Similarly, set x, := T for all n # 1 and let xi(v,w;) express ‘code” [v~![{1}]] and
code ! [w ! [{1}]] are almost disjoint’. So, maximal a.d.f.s. families are an arithmetical type. [J

As usual, Theorem 3.5 yields the following result:

Corollary 5.15. Every S®-indestructible a.d.f.s. family (partition of Baire space into compact
sets) is universally Sacks-indestructible.

In order to construct a universally Sacks-indestructible partition of Baire space into compact
sets, the authors proved Eol(ar) in Lemma 4.8 in [6], that is:

Lemma 5.16. Let T be a countable a.d.f.s. family, p € SX° and § be a name for a real such that
plk g &V and for all T € T we have g ¢ [T)].
Then there is ¢ <p and a finitely splitting tree S such that T U{S} is an a.d.f.s. family and
qlFgels).
Thus, together with Theorem 4.3 we also obtain Theorem 4.17 in [6]:

Corollary 5.17. Assume CH. Then there is a universally Sacks-indestructible a.d.f.s. family
(partition of Baire space into compact sets).

Finally, by Lemma 4.20 in [6] exactly the same arguments also work for almost disjoint families
of nowhere dense trees, which correspond to partitions of “2 into closed sets.

5.4. Maximal cofinitary groups. Next on our list is a more algebraic example, namely maxi-
mal cofinitary groups (mcg). As with the other types of families we first show that also maximal
cofinitary groups are an arithmetical type. The construction of a universally Sacks-indestructible
cofinitary groups will follow a similar structure as the corresponding proof for maximal eventually
different families. We will also carefully set up nice words again, clearing up some inaccuracies
in the literature. For the remainder of this section fix a set A, which will serve as an index set.

5.4.1. Definitions and notations. We denote with W4 the set of all reduced words in the language
A*l:={a’|a € A and i = £1}. W, is a group with concatenate-and-reduce as group operation.
W 4 satisfies the universal property of the free group generated by A, i.e. for every group G any
map p: A — G uniquely extends to a group homomorphism p: W4 — G.

Analogously, with M4 we denote the set of all words in the language A*!. My is a monoid
with concatenate as monoid operation. M4 satisfies the universal property of the free monoid
generated by A*! i.e. for every monoid M any map p : AT — M uniquely extends to a monoid
homomorphism p: M4 — M.

Seo denotes the set of all permutations of w and S the set of all finite partial injections
f: WSy, For f €St and n < w we write f(n){ iff n € dom(f) and f(n)? otherwise. Set
St = SeUSHM. Then Sy, is a group with concatenation, whereas ST, is only a monoid. In fact,
the elements of S, are exactly the invertible elements of ST.. For f € ST let

fix(f) = {n <w | f(n) = n}
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be the set of fixpoints of f. Further, define the set of all cofinitary permutations

cofin(Sx) := {f € Sec | fix(f) is finite}.
Definition 5.18. We say p : A — S, induces a cofinitary representation iff the induced map
p: Wa — Soo satisfies ran(p) C cofin(Ss) U {id}. Analogously, we call a subgroup G of S
cofinitary iff G C cofin(Ss) U {id}. Note that G is cofinitary iff there is cofinitary representation
p:Wa — So with ran(p) = G. G is called maximal iff it is maximal with respect to inclusion.

Analogously, a cofinitary representation p is called maximal iff ran(p) is a maximal cofinitary
group. The corresponding cardinal characteristic is ag:

ag := min {|G| | G is a maximal cofinitary group}.
If p: A — SL its induced map p: My — SL is defined as follows. Define p*! : ATl — ST by

{p(a) ifi=1,

+1( i
a') =
p(a) pla)~t ifi=-1.

Then, let p: M4 — ST be the induced map for p*! given by the universal property of M. Note
that this map coincides with the induced map given by the universal property of W4 in case that
p:A— Sx.

From now on, we usually identify p and its induced map p, write € for the empty word and
|w| for the length of a word w. Further, we fix ¢ A and if p : A — S, induces a cofinitary
representation and f € SX, we write p[f] for pU (z, f).

5.4.2. Arithmetical definability.
Proposition 5.19. Mazximal cofinitary groups are an arithmetical type.
Proof. Define the formula y(wg) to be

(Vn¥Vm v(n) = v(m) implies n = m) and (Yn3m v(m) = n),

expressing ‘wg € So,’. Next, we fix an enumeration (u, | 1 <n < w) of Wy, so that u, only

contains natural numbers up to n as letters. For n > 0 we define v, (wy, ..., wy) to be
|un|—1
Vko3k1, ..., Fkp, ( N\ mi(v,wi,. o wn, ki ki) and ko = kyy,,))
i=0
|un|—1
or HKVko, Hkl, ey E|k‘|un| (K < ko implies ( /\ ﬂ'i(v, Wiye.oyWn, ki, ki+1) and k() 7é k\un|))7
i=0

expressing ‘p(u,) = id or p(uy) has finitely many fixpoints’, where p is defined by m +— wy,.
Here, for uy, := yjy,|-1 - - Yo the formula m;(v, w1, ..., wn, ki, k1) is defined as

kz’_;,_l = wm(kz) if Yi =m for m € N,
ki = wm(kiy1) if y; =m™! for m € N,
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expressing ‘p(y;)(k;) = ki+1’. Analogously, we define yo(v) as
(Indm n # m and v(n) = v(m)) or (InVm v(m) # n),

expressing v ¢ So. Analogously, for n > 0 there is an arithmetical formula x, (v, wy,...,wy,)
expressing

p(up) = id or p(uy,) has finitely many fixpoints,

where p is defined by 0 — v and m — w,, for m > 0. Thus, maximal cofinitary groups are an
arithmetical type. O

Hence, using Theorem 3.5 we obtain the following result:
Corollary 5.20. Every SXo-indestructible mcg is universally Sacks-indestructible.

5.4.3. Nice words and range/domain extension. In this subsection, we reintroduce nice words
and reprove their corresponding range and domain extension lemmas, which are crucial tools to
approximate elements of Sy, by finite segments. First, we prove that if we are only interested in
the number of fixpoints of p(w), then we may also equivalently consider the number of fixpoints
of any cyclic permutation of w.

Proposition 5.21. Let p: A = S and u,v € Wa. Then |fix(p(uv))| = |fix(p(vu))|. In fact,
there is a bijection given by m:n+— p(v)(n).

Proof. 7 is injective as p(v) € Seo. Let n € fix(p(uv)). Then
plow)(w(n)) = pvu)(p(v) (n)) =

i.e. 7(n) € fix(vu). Now, let n € fix(p(vu)), then p(v=1)(n) € fix(p(uv)) since
p(un) (p(v™1) () = p(v~ vuve™)(n) = p(w™ ") (p(vw)(n)) = p(v™")(n).

But 7(p(v=1(n))) = p(v)(p(v=1)(n)) = p(vv=1)(n) = n, thus 7 surjects onto fix(p(vu)). O

plouv)(n) = p(v)(p(uv)(n)) = p(v)(n) = m(n),

From now on, we always assume that p: A — S, induces a cofinitary permutation.

Definition 5.22. We call two words w,v € W,y equivalent (with respect to p) and write
w ~, v iff [w]., = [v]~,, where [w]., is the equivalence class of w in W /ker(p).

Definition 5.23. Define WpO@ := Wa \ ker(p). For n > 0 define W to be the set of all reduced

words w € W,y of the form w = ™" or

ki1 k1 ko

w = ula:klul_lx o tugx

0. ki € Z\ {0} for i <l and Y\ g|ki| = n. Finally, we set
Wz = Upso Woe We call W, the set of all nice words (with respect to p).

for some | < w and u; € W?

Lemma 5.24. Every word w € Wy can be split as w = uv for u,v € Wy, such that vu is
equivalent to a word in W4 or equivalent to a nice word with respect to p.
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Proof. Let w € Wy, If the set
{w' € [vu]~, | w is split as w = uv for some u, v € Way(,y}

contains a word w’ € Wy we are done. Otherwise, choose w’ from it of minimal length and such
that ¢ is minimal, where w’ = pz*lq and p € Wauge)s ¢ € Wa. Let w = uv be the witnessing
split for w’ € [vu]~,. In fact, this implies that ¢ is the empty word, for if otherwise we may
adjust the split w = uv to move the ¢ to the other side as this does not increase the length of w’.
If w' = z*" for some n > w we are done. Otherwise let w' = z¥qz*! where ¢ € Wau(zy and
k € Z with |k| minimal. Hence, k = 0, for if otherwise we may adjust the split w = wv to move
the z* to the right side. Note that this cannot lead to cancellations by minimality of w’, so it
does not increase the length of w’ and does not introduce a non-empty q € W4 on the right side.
Finally, we may choose | < w, u; € W4 and k; € Z\ {0}

w = ulxklul_lxk“l .. .ulxkluoxko.

Then, we have u; ¢ ker(p), for if otherwise w’ is equivalent to a shorter word by replacing u; with
€, contradicting its minimality. Thus, w’ is nice. O

Corollary 5.25. Let f € So and assume for all nice words w € W, the set fix(p[f](w)) is
finite. Then p|f] induces a cofinitary representation.

Proof. Let w € Wyq,). By the previous lemma write w = uv where vu is equivalent to a word
in Wy or equivalent to a nice word w’ with respect to p. Then p[f](vu) = p[f](w’), so that
Proposition 5.21 implies

| fix(p[f](w))| = [fix(p[f](uwv))| = | fix(p[f](vu))| = [fix(p[f](w))] < w,

which proves that p[f] is a cofinitary representation. O

Thus, to construct a maximal cofinitary group, we may restrict ourselves to nice words. These
have the advantage that they satisfy the following range and domain extension lemma:

Lemma 5.26. Let s € Sgg and Wo € W, . be a finite subset. Then we have

(1) If n € w\ dom(s) then for almost all m € w we have t := s U (n,m) € SE and for every
word w € Wy

fix(p[s](w)) = fix(p[t] (w)).
(2) If m € w\ ran(s) then for almost all n € w we have t := s U (n,m) € S5 and for every
word w € Wy

fix(p[s](w)) = fix(p[t] (w))-

Proof. First, we show how (1) implies (2). Let m € w \ ran(s) and let W3- := {w* | w € Wy},
where w' is constructed by replacing all occurrences of by = and vice versa. Note that w is

nice iff w™ is nice and for any ¢ € S we have

pltl(w) = plt™"](w™).
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Furthermore, m ¢ dom(s~!), so by 1. for almost all n € w we have t~! := s71 U (m,n) € S and
for every word wt € VVOL

fix(p[s™ ] (w")) = fix(p[t '] (w™)).
But then, for every such n < w we have t € ngg and for every word w € Wy

fix(p[s)(w)) = fix(pls ™ (w")) = fix(p[t ] (w)) = fix(p[t] (w)).

Next, we have to prove 1. It suffices to prove the statement for Wy = {w}, the general case then
follows iteratively. Consider the following cases:

Case 1: w = z" for some n > 0. We claim that every m € w \ (dom(s) Uran(s) U {n}) is
suitable, for if p[t](w)(k) ] and p[s](w)(k) 1 for some k € dom(t), we can choose i > 0 minimal
with p[s](2%)(k) 1. Then p[s](z*~1)(k) = n, so that p[t](2?)(k) = m ¢ dom(t). But p[t](w)(k) |,
so i = n and we get p[t](w)(k) = m # k. Thus, k ¢ fix(p[t](w)).

Case 2: w = x~" for some n > 0. We claim that every m € w \ (dom(s) Uran(s) U {n}) is
suitable, for if p[t](w)(k) ] and p[s](w)(k)1 for some k € ran(t), we can choose i > 0 minimal
with p[s](z=")(k) 1. Then p[s](z~*1)(k) = m, so that i = 1, for if otherwise m € ran(p[s](z~!))
implies m € dom(s), contradicting the choice of m. But then k = m and we get p[t](w)(m) # m
as m ¢ dom(t). Thus, k ¢ fix(p[t](w)).

For the remaining case, we may choose | < w and u; € Wpovx, k; € Z \ {0} for i <[ such that

ki1 k1 ko

w = ulxklul,lw cou T tugx

Also, since u; € qu . we may choose M < w large enough such that for all i </

(M1) dom(s) Uran(s) U{n} C M.

(M2) p(u;)[dom(s) Uran(s) U{n}] C M.

(M3) p(u;)~t[dom(s) Uran(s) U {n}] C M.

(M4) fix(p(us)) € M.
We will show that every m > M is suitable, so assume p[t](w)(k) ] and p[s](w)(k) 1 for some
k € dom(s) Uran(s) U {n,m}. Choose ¢ <! minimal and then j < |k;| minimal such that

pls] (x5 Fiy,_gkior g aFugz) (k) 1.

Then j > 0 by minimality of . We consider the following two cases:
Case 1: k; > 0. Then

pls) (@ tuy 2kt ugaPugat) (k) = n,
so that by definition of ¢

plt) (w121 . ug P ugato) (k) = m.
By (M1) j < k; contradicts p[t](w)(k) |}, so j = k; and we get

plt)(aFiu;_ya¥i=1 . ugaFrugato) (k) = m.
By (M3) and (M4) we get

plt)(usaFiug 2kt . uyzFuga*) (k) ¢ dom(s) Uran(s) U {n,m},
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so i < [ contradicts p[t](w)(k) . Thus i = [ and
o[t} (w) (k) & dom(s) Uran(s) U {n, m},

which proves that k ¢ fix(p[t](w)).
Case 2: k; < 0. Then

pls](x ™y b1 ugaFrugato) (k) = m,
so that by definition of ¢
plt (@ w1kt upaFrugao) (k) = n.
By (M1) we have j = 1 and we get
pls]) (1M1 . ugzFugs) (k) = m.
If ¢ > 0 by minimality of ¢ we would have
pls](z¥=1 .. upaFruga®) (k) € dom(s) Uran(s) U {n},
which contradicts (M2). Thus, i = 0, i.e. k = p[s](€)(k) = m. Further, we have

Moty aMuga) (m) € dom(s) Uran(s) U {n, m}.

ol (@
But then (M2) and (M4) imply
pltl(w)(m) # m,

which proves that k ¢ fix(p[t](w)). O

5.5. Elimination of intruders for maximal cofinitary groups. Finally, we will prove Eol(a,),
so that Theorem 4.3 yields the following result:

Corollary 5.27. Under CH there is a universally Sacks-indestructible maximal cofinitary group.

For the proof, we will need to handle Wpl’m,

separately, so let us denote W;j = Ups1 Woia

i.e. nice words with exactly one occurrence of x

Lemma 5.28. Eol(ag) holds. That is, if A is countable, p : A — S induces a cofinitary
representation, p € SN and g be a name for an element of Sse such that

plk g ¢V and plg] induces a cofinitary representation.
Then there is ¢ <p and f € Sx such that p[f] induces a cofinitary representation and
q Ik f and g are not eventually different.
Proof. First, we prove that for all w € Wp17x
p IF fix(p[g](w)) is finite.
Otherwise, choose w € Wp{x and ¢ < p such that
q IF fix(p[g](w)) is infinite.

Then, by assumption on § we get
q Ik plg)(w) = id.
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Write w := uz®*!, where u € W4. Then

g - g=' = plg)(=™)

so depending on the case we get

qlFg=pu)™t or qlFg=pu).

Either way, we obtain ¢ IF “g € V7, a contradiction. Let (w,, | n < w) enumerate all nice words,
so that w, is a subword of w,, implies that m < n. We define a fusion sequence (p, | n < w)
below qo, a sequence (K, < w | n < w) and an increasing sequence (f, € S | n < w) with the
following properties:

(1) n € ran(f,) Ndom(fy).

(2) If w, € Wplw then p,41 IF fix(plg](wy)) C K,

(3) For all m < n we have fix(p[fn](wm)) € Kn,

(4) pr1 IF 3 e (dom(fn) \ Upper, dom(fim)) fn( ) =9(D).
To see that this proves the theorem, let ¢ be the fusion of (p, | n < w) and define f :=J, ., fn-
By (1) and since (f,, | n < w) is an increasing sequence of partial injections we have that f € Soo

By (3) we have that p[f] induces a cofinitary representation, since for every m < w we have that
fix(p[f](wm)) € K. Finally, (4) implies

g IF f and ¢ are not eventually different.

So, set pp := p and assume that g, is defined - we then have to construct p,+1, K, and f,.
Ifn ¢ U, dom(fn) or n & ,,-,ran(fn) use Lemma 5.26 to extend f, to ho € S with
n € dom(hg) Nran(hg) while preserving (3). In case that w, € W, ,, by the previous observation
the set

Dy = {q < po | IK < w q I fix(pg] (wn)) € K}
is open dense below p,. By Lemma 2.7 take qg <,, p, such that qo [ o € D,, for all o suitable for
pn, and n. Thus, there is a K < w such that

qo IF fix(p[g](wn)) € K.

Next, enumerate all suitable functions o for gy and n by (o; | i < N). Inductively, we will
define an <,-decreasing sequence (g; | i < N) and an increasing sequence (h; € S | i < N) with
(a) For all m < n we have fix(p[hi+1](wm)) C K,
(b) giv1loi I 3l € (dom(hitr) \ dom(hi)) fu(l) = 9( )-
Assuming we are successful with this, we may set f,, := hy and choose K’ < w such that
fix(p[fn](wy)) € K’ and define
K, = max(K, K').
Then, we took care of (1) at the beginning of the construction and (2) follows from the definition
of K. Furthermore, (3) follows from (a) for m < n and by definition of K’ for m = n. Finally,
(4) follows directly from (b). For the construction, let i« < N and assume ¢; and h; are defined.
Choose M < w large enough such that

(M1) ran(h;) Udom(h;) C M,
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and for all m < n if we can choose l,, < w and w;m € W9,, ki € Z\ {0} for i <1 such that

w = ulkalul 1xk ulxkluoa}k

then we have for all 4 <[ that

(M2) p(ujm)[dom(h;) Uran(h;)] € M,

(M3) p(t;m)~H{dom(h;) Uran(h;)] € M

(M4) fix(p(uts m)) C M
Finally, we also require

(M5) for all m < n we have K,, C M.
Choose r < ¢; [ o; which decides M + 1 values of g above M. Since, r IF “g is injective” there
are ng, mo > M such that r I “g(ng) = mg”. Set hi11 := h; U (ng, mo) and define ¢;11 <,, ¢;, so
that gi+1 [ oy =74, by

gin(a) = {m(a) UU{gi(a)s | s € spl,,(gi(a)) "2 and s # 0;(a)}  if @ < m,
ri(a) otherwise.
Clearly, hi+1 € Seo by (M1) and ¢, 11 satisfies property (b) since
Git1 [ 03 IF hiy1(no) = mo = g(no).

It remains to show that also property (a) is satisfied, so let m < m. First, we consider the

case Wy, € Wpl,x. But in this case we have w,, = ur™! for u € W;?,x U {€}, so that for every
l € dom(h;) Uran(h;) we have

plhisal(wm) (1) = plhil (wm)(D),

and for [ € {ng, mp} we may apply (2) inductively to obtain

qi 1 oi IF plhipi](wm) (1) = plg](wm) (1) and I ¢ fix(p[g)(wm)),

since ng, mg > Kp,. Thus, fix(p[hit1](wn)) = fix(p[h;](wn)) C K, inductively by (a).

Next, we consider the case wy, € W 1 Again, for all [ € dom(h;) Uran(h;) we have

plhia](wm) (1) = plhi] (wm)(1)
by properties (M1), (M2) and (M3). Thus, it remains to consider the cases [ € {ng,mo}. We
show that p[h;y1](wy,)(1) T, which finishes the proof. If I = ng we may write w,, = vo*!
v € Way(ey and uw € W), U {e}. By (M2) or (M3) we have
plhit1](uz)(ng) ¢ dom(h;) Uran(h;).

ux we have u € Wgw so that by (M4) p(u)(mg) # mg. Hence,

ux for

Further, if w, = va~!

plhit1](ux)(no) # mo.

Otherwise, w,;, = vzuzx. Then ux € I/V1
Thus, by (M5) and (2) we get

» 18 a subword of wyy,, so choose m' < m with w,,, = ux.

plhit1](uz)(no) # no.
Thus, in both cases p[hiy1](zF uz) 1.
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Finally, for | = mg we may write w,, = ve™ uz™! for v € Waugey and u € ng U {e}. By
(M2) or (M3) we have that
plhiz1](uz ™) (mo) ¢ dom(h;) Uran(h;).

I we have u € WY

o S0 that by (M4) p(u)(no) # no. Hence,

Further, if w,, = vauz™

plhita](uz™")(mo) # no.

Otherwise, w,, = vruzr~'. Then uz~! € Wl}@ is a subword of w,,, so again choose m’ < m with
Wy = uxr~!. Finally, by (M5) and (2) we get

plhis1](uz™t) (mo) # mo.

Thus, in both cases p[hi1](zF uz=1) 1. O

5.6. Independent families and ultrafilters. In this section, we want to consider independent
families and ultrafilters. We show that both of these types of families are arithmetically definable,
so that we may apply Theorem 3.5. Further, we will prove Eol(u), so by Theorem 4.3 we may
easily construct a universally Sacks-indestructible ultrafilter under CH without referring to some
kind of selectivity. At this time, we do not know if the same is possible for independent families.
Recall the following two definitions:

Definition 5.29. Let A be a subset of [w]“. Denote with FF(A) the set of all finite partial
functions f : A — 2. Given f € FF(A) we define

A= () An( () 49

Acf1[0] Aef-H1]

The family A is independent iff for all f € FF(A) we have that Af is infinite. A is called
maximal iff it is maximal with respect to inclusion. The corresponding cardinal characteristic is
the independence number i:

i:=min {|A| | A is a maximal independent family}.
Proposition 5.30. Mazximal independent family are an arithmetical type.

Proof. Using the same coding of [w]¥ by reals as for mad families let ¢o(wp) express ‘wy codes
an infinite subset of w’. For n > 0 there is an arithmetical formula ¥, (wp, ..., w,) expressing

(ran(wp) Nran(wy) N --- Nran(wy,) is infinite)
and (ran(wp) Nran(wq) N --- Nran(wy,)¢ is infinite)
and ...

and (ran(wp)® Nran(wy)°N -+ Nran(wy) is infinite).
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Analogously, we let xo(v) express ‘v codes an infinite subset of w’ and for n > 0 choose
Xn (v, w1, ..., wy,) expressing
(ran(v) Nran(wy) N - - - Nran(w,) is infinite)
and (ran(v) Nran(wp) N--- Nran(wy)€ is infinite)
and ...
and (ran(v)® Nran(w;)°N---Nran(wy,)° is infinite).

Thus, maximal independent families are an arithmetical type. U

Definition 5.31. We say a subset A C [w]¥ satisfies the strong finite intersection property
(SFIP) iff Ao is infinite for all Ay € [A]<“. In this case, we define the generated filter of A by

(A) :={C Cw|3A € [A]™ (A C C}.

We call A an ultrafilter subbasis iff (A) is an ultrafilter. The corresponding cardinal characteristic
is the ultrafilter number u:

u:=min {|A| | A is an ultrafilter subbasis}.
Proposition 5.32. Ultrafilter subbases are an arithmetical type.

Proof. Using the same coding of [w]¥ by reals as for mad families let ¢o(wp) express ‘wy codes
an infinite subset of w’. For n > 0 there is an arithmetical formula ¥, (wp, ..., w,) expressing

n

ﬂ ran(w;) is infinite.

i=0
Analogously, let xo(v) express ‘v codes an infinite subset of w’. Furthermore, for n > 0 there is
an arithmetical formula x, (v, w1, ..., w,) expressing

n n

ran(w;) Z ran(v) and ﬂ ran(w;) € ran(v)°
i=1 i=1

Thus, ultrafilter subbases are an arithmetical type. O
Applying Theorem 3.5 to these two cases yields:

Corollary 5.33. Every SN -indestructible independent family and every SN -indestructible ultra-
filter is universally Sacks-indestructible.

In [18] Shelah constructed a selective independent family, which are also universally Sacks-
indestructible. Further, in [16] Laver proved that every selective ultrafilter is preserved by any
product of Sacks-forcing. Thus, together with the previous corollary we obtain another proof
that every selective ultrafilter is universally Sacks-indestructible.

Hence, universally Sacks-indestructible independent families and ultrafilters may exist, but
both of these constructions refer to some kind of selectivity. We show that the colouring principle
HL,, proven by Laver in [16] may be used to prove Eol(u). Hence, we may also directly construct
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a universally Sacks-indestructible ultrafilter under CH without using selectivity. We use the
following notion introduced by Laver in [16].

Definition 5.34. For p € S let p(™ be the n-th level of p. For A C w and p € S¥0 let

®'r= U ®p)".

neA i<w

where @, _,, p(i)™ is the cartesian product.

Lemma 5.35 (HL,,, Laver, [16]). Let p € SY and c: @“p — 2. Then there is ¢<p and A C w
such that c [®Aq 18 monochromatic.

The following strengthening is implicit in [16], but for completeness we provide a proof:

Corollary 5.36. Let pe SY, ACw, k<w and c: ®Ap — k. Then there is ¢q<p and B C A
B _ . .
such that ¢ [ @ q is monochromatic.

Proof. First, we prove the statement for k = 2, so let p € S*, A C w and ¢ : ®Ap — 2. Let
{(an | n < w) be the increasing enumeration of A. For every i < w we may choose p/(i) € S such
that p/(i) <p(i) and ‘p(i)(“")‘ < 2™ for all n < w. Then, we may choose an <-order-preserving
map ®; : p/(i) = <2 with ®;[p/'(i)®)] C (<“2)("™) and ®; injective on p'(i)(%) for all n < w.
Then, ran(®;) € S, so define r € S¥ by 7(i) := ran(®;) for i < w. Next, define d : @“r — 2 by

A
d(s) := c(t), where t is the unique element of ® p with @;(¢(7)) := s(i).

Now, by HL,, choose ' <r and B C w such that d [@B r’ is monochromatic. Finally, for every
i < w let q(7) be the preimage of /(i) under ®;. Then ¢(i) € S and ¢(i) <p'(i). Further, let
C:={a,|n € B}. Then,q€S, ¢g<p,C C Aandc [@Cq is monochromatic.

Next, we inductively prove the statement for higher k, so let k+1 > 2, p € S*, A C w and
c:®Ap—>k:—|—1. Deﬁnec:@Ap—>k‘by

d(s) := max(c(s), k —1).
By induction we may choose ¢ <p and B C A such that d [®B g is monochromatic. In case that
d [®Bq = [ for some [ < k, we have that ¢ [®Bq =d [®Bq is monochromatic. Otherwise, we

have ¢ [®Bq — {k,k — 1}, so by case k = 2 we may choose C C B and r < ¢ such that ¢ [®CT
is monochromatic. O

w

Lemma 5.37. For every A € [w]* and S*0-name B for a subset of w we have

SR - 3B € ([A]*)Y with BC B or B C B°

Proof. Let p € S and let (a, | n < w) enumerate A. Using a fusion construction we may choose
an increasing sequence C' = {c, | n < w} and ¢ <p such that for every s € &, ¢(i)®) we have
that ¢ decides ‘a, € B’. Define a colouring ¢ : ®%q — 2 for s € <o q(i)n) by

{0 if g IF a, € B,

c(s) = i
1 ifgslFa, ¢ B.
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By the previous corollary choose D C C' and r < ¢ such that ¢ [®Dr is monochromatic and let
B :={an | ¢, € D}, so that B € [A]*. Finally, if ¢ | @”r = 0, then

qIF B C B,

whereas if ¢ | @”r = 1, then
qIF BC B¢

completes the proof. O

Notice that for A = w the previous corollary precisely states that S¥ preserves [w]“ as an
unsplit /reaping family. Finally, we are in position to prove Eol(u):

Corollary 5.38. Eol(u) holds. That is, if A is countable with SFIP, p € S* and B a S®-name
for a subset of w. Then there is ¢ <p and B C w such that AU {B} satisfies the SFIP and

qH—BgBorBQBC

Proof. By assumption on A we may choose an infinite pseudo-intersection A of A. By the previous
lemma choose ¢ < p and B C A such that

qII—BgBorBQBC.
But A is a pseudo-intersection of A and B C A, so that AU {B} satisfies the SFIP. O

Hence, Theorem 4.3 yields another proof of the following corollary. As discussed before, selec-
tive ultrafilters may be used instead to also obtain this result:

Corollary 5.39. Under CH there is a universally Sacks-indestructible ultrafilter.
Question 5.40. Does Eol(i) hold?

5.7. Bounding, dominating and other types of families. Finally, in this last section we take
a look at a few other types of families which do not have any restrictions as to what constitutes
a family of that type. Hence, for these families only the notion of intruders really matters.

Definition 5.41. Given f, g € “w we write f <" g iff f(n) < g(n) for all but finitely many n < w.
A family B C “w is called unbounded iff for all g € “w there is f € B such that f ¢ g. The
corresponding cardinal characteristic is the (un-)bounding number b:

b := min {|B| | B is an unbounded family}.

A family D C “w is called dominating iff for all g € “w there is f € D such that g <" f. The
corresponding cardinal characteristic is the dominating number 0:

0 :=min {|D| | D is a dominating family}.

Proposition 5.42. Unbounded and dominating families are arithmetical types.
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Proof. Set v, := T for all n < w. Analogously, set x, := T for all n # 1. Finally, define the
formula x1(v,w;) to be

INVn(n > N implies wi(n) < v(n)),

expressing ‘w; <" v’. Thus, unbounded families are an arithmetical type. Dominating families
may be defined analogously. O

Definition 5.43. Given A, S € [w]“ we say S splits A iff AN S and AN S¢ are infinite. A
family S C “w is called splitting iff for all A € [w]|¥ there is S € S such that S splits A. The
corresponding cardinal characteristic is the splitting number s:

s := min {|S]| | S is a splitting family}.

A family R C “w is called reaping or unsplit iff for all S € [w]“ there is R € R such that S does
not split R. The corresponding cardinal characteristic is the reaping number t:

vt:=min{|R|| R is a reaping family}.
Proposition 5.44. Reaping and splitting families are arithmetical types.

Proof. Using the same coding of [w]¥ by reals as for mad families let ¢g(wp) express ‘wy codes
an infinite subset of w’ and set 1, := T for n > 0. Analogously, we let xo(v) express ‘v codes an
infinite subset of w’. Further, there is an arithmetical formula x (v, w;) expressing

ran(v) Nran(w;) is finite or ran(v) Nran(wj)¢ is finite

and set x, := T for all n > 1. Thus, splitting families are an arithmetical type. Reaping families
can be defined analogously. O

Corollary 5.45. Every S¥-indestructible unbounded/dominating/reaping/splitting family is uni-
versally Sacks-indestructible.

For example, one special case is that “w-bounding is equivalent to “w being preserved as a
dominating family. Hence, one may prove that any countably supported product or iteration of
Sacks-forcing of any length is “w-bounding by just verifying that S® is “w-bounding.

Similarly, it is easy to see that S¥ preserves [w]* as a splitting family, and in [16] Laver proved
that S®0 preserves [w]* as a reaping family (we also reproved this in Lemma 5.37). Thus, in
these special cases we obtain another proof that any countably supported product or iteration of
Sacks-forcing of any length preserves [w]|* as a splitting and reaping family.

6. QUESTIONS

First of all, we note that our framework may be applied to even more combinatorial families
of reals than presented here, such as evading and predicting families, witnesses for p and others.
Also, let us restate the open question for elimination of intruders for independent families:

Question 6.1. Does Eol(i) hold?
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Finally, we discuss to which extend our framework may be extended or generalized. Note that
there are a few constructions of generalized combinatorial families on s indestructible by x-Sacks
forcing (for example see [5]). Naturally, we may ask:

Question 6.2. Is there a similar framework of Sacks-indestructibility for higher Sacks forcing at
uncountable cardinals? In particular, is there a uniform construction for generalized combinato-
rial families indestructible by higher Sacks-forcing?

Finally, indestructibility for S* turned out to be the strongest form of Sacks-indestructibility.
However, there is the following theorem:

Theorem (Brendle, Yatabe, 2005, [2]). Assume that cov(M) = ¢ or b = ¢. Then there is a
S-indestructible, but S x S-destructible mad family.

Hence, S-indestructible families need not be universally Sacks-indestructible. One may ask the
same question about finite products of Sacks-forcing S?,S? and so on up to S¥o:

Question 6.3. Consistently, is there a strictly increasing hierarchy of Sacks-indestructibility
between S and S¥? What about iterations?
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REALIZING ARBITRARILY LARGE SPECTRA OF ar

V. FISCHER AND L. SCHEMBECKER

ABSTRACT. We improve the state-of-the-art proof techniques for realizing various spectra of ar
in order to realize arbitrarily large spectra. Thus, we make significant progress in addressing a
question posed by Brian in his work [4]. As a by-product, we obtain many complete subforcings
and an algebraic analysis of the automorphisms of the forcing which adds a witness for the
spectrum of ar of desired size.

1. INTRODUCTION

Fundamentally, combinatorial set theory studies the possible sizes and relations between special
subsets of reals. Usually, these special subsets are defined by some combinatorial property, e.g.
mad families, independent families or partitions of Baire space into compact sets. Classically, the
corresponding cardinal characteristics, i.e. the minimal sizes of such special subsets, and their
relations are of main interest. However, a more recent approach is the study of their corresponding
spectra, i.e. the set of all sizes of such special subsets. For some fixed type of combinatorial family
of reals its spectrum may be studied from the following two angles:

On one hand, one may consider which properties of the spectrum are provable in ZFC. On
the other hand, given a set of cardinals © with some additional assumptions one may construct
forcing extensions in which © is precisely realized as the spectrum. Thus, the ultimate goal is
to reduce the additional assumptions on © until they agree with the provable properties of the
spectrum in ZFC, so that we obtain a complete classification of the possible spectra of some type
of combinatorial family of reals.

Usually, the spectrum of some type of family may be rather arbitrary, so that there are not
many provable properties in ZFC. However, recent progress suggests that the following proper-
ties are shared between different spectra. First, usually by some straightforward combinatorial
argument the continuum c is in the spectrum (a notable exception is the tower number t). By
Konig’s Theorem we obtain the following necessary restriction on ©:

(I) max(®) exists and has uncountable cofinality.
Secondly, there seems to be the following additional restriction on ©:
(IT) © is closed under singular limits.

For example, in [8] Hechler proved that spec(a) is closed under singular limits. Similarly, recently
Brian proved in [4] that also spec(at) (cf. Definition 2.1) is closed under singular limits. However,
for most other types of families it is still not known if this restriction is necessary, i.e.:

Question. Are spec(i), spec(ae) and spec(ag) closed under singular limits?
71
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Finally, surprisingly specifically for the spectrum of ar Brian recently provided yet another
necessary assumption given by ZFC.

Theorem (Brian, 2022, [3]). Assume 01 does not exist. If 0 has countable cofinality and we have
6 € spec(ar), then also 0T € spec(ar).

In particular, a model in which § € spec(ar) and 07 ¢ spec(ar) implies that 07 exists, so
that there exists an inner model with a measurable cardinal. Hence, such a model cannot be
constructed relative to ZFC. Note that this result is in stark contrast to the situation for the
spectrum of a. In this, case Shelah and Spinas proved in [10] that consistently R, € spec(a),
but N1 ¢ spec(a). Hence, despite their similarities there are distinct discrepancies between the
spectra of different types of families.

On the other hand, the realization of various spectra with the means of forcing was first studied
for almost disjoint families. For mad families Hechler proved that any set of uncountable cardinals
may be contained in the spectrum.

Theorem (Hechler, 1972, [8]). Let © be any set of uncountable cardinals. Then, there is a c.c.c.
forcing extension in which © C spec(a) holds.

In order to exclude values from the spectrum and precisely realize © as some spectrum, one
usually employs an isomorphism-of-names argument. For example, Blass proved that under the
following additional assumptions on the set ©, in Hechler’s model the set © is already precisely
realized as the spectrum of mad families:

Theorem (Blass, 1993, [1]). Assume GCH and let © be a set of uncountable cardinals such that

(I) max(©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
(III) ¥, € O,
(IV) If 0 € © with cof(0) = w, then O € O.

Then, there is a c.c.c. forcing extension in which spec(a) = O holds.

By employing a more sophisticated isomorphism-of-names argument, Shelah and Spinas later
improved this result by weakening assumption (III) and removing assumption (IV):

Theorem (Shelah, Spinas, 2015, [10]). Assume GCH and let © be a set of uncountable cardinals
such that

(I) max(©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
(III) min(O) is regular.

Then, there is a c.c.c. forcing extension in which spec(a) = O holds.

By the previous discussion (I) and (II) are necessary assumptions. However, a may be singular,
so that (III) is definitely not necessary. In fact, Brendle proved that a may be any uncountable
singular cardinal, even of countable cofinality [2]. Thus, an answer to the following question
would yield a complete classification of all the possible spectra of a:
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Question. Can assumption (III) be removed from the previous theorem?

Similar progress has been made for independent families by Fischer and Shelah [6] and parti-
tions of Baire space into compact sets by Brian [4], which is the main focus of this paper:

Theorem (Brian, 2021, [4]). Assume GCH and let © be a set of uncountable cardinals such that

(I) max(O©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
(IIT) If 6 € © with cof(0) = w, then 6T € O,
(IV) min(©) is regular,
(V) |©] < min(©).

Then, there is a c.c.c. forcing extension in which spec(at) = © holds.

Again, by the previous discussion (I), (II) and (III) are necessary assumptions. Assumption
(IV) is not necessary as ap may be any singular cardinal of uncountable cofinality. However,
unlike a it is still open if ar may have countable cofinality. Assumption (V) is also not necessary
as we may force any set of uncountable cardinals to be contained in spec(at) similar to Hechler’s
theorem for spec(a). In other words, assumption (V) implies that once the minimum of © has
been fixed, only a bounded set of cardinals may be realized with the methods developed by Brian.
Thus, in [4] he asked if it is possible to remove assumption (V). Inspired by the methods of Shelah
and Spinas for spec(a) and towards obtaining a complete classification of the possible spectra of
ar, we prove the following Main Theorem 3.1 and give a partial answer to Brian’s question:

Main Theorem. Assume GCH and let © be a set of uncountable cardinals such that

(I

)
(IT) © is closed under singular limits,

(IIT) If 6 € © with cof(0) = w, then 6T € O,
( V) Ny, € 6.

Then, there is a c.c.c. forcing extension in which spec(at) = © holds.

max(0) ezists and has uncountable cofinality,

Thus, we are indeed able to realize arbitrarily large spectra, however our current proof methods
require us to strengthen assumption (IV). In Section 3 we outline the proof of Main Theorem 3.1
and discuss how to possibly avoid the strengthening of (IV) in order to obtain a full answer to
Brian’s question. Nevertheless, the following summarizes how the proof of Main Theorem 3.1
extends the current proof methods and techniques for realizing various spectra:

Generally, the forcing used to obtain our result is very similar to the forcing used in Brian’s
result above, but with a distinct modification in order to allow a more sophisticated isomorphism-
of-names argument. Inspired by Shelah’s and Spinas’ result for spec(a) the main feature of our
argument is the restriction to isomorphic complete subforcings of the entire forcing. In contrast,
Brian’s argument only uses automorphism of the entire forcing, which leads to his restriction (V).

The main difficulty of our proof is showing that we indeed have many complete subforcings
(see Theorem 7.1). In the situation for spec(a) there is a product-like c.c.c. forcing, which adds a
maximal almost disjoint family of desired size. Thus, the existence of complete subforcings is easy
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to prove in that case. In contrast, for spec(ar) there is no known such product-like forcing and
instead we have to use an iteration of c.c.c. forcings defined relative to some parameters in order
to obtain a witness for a of desired size. To establish the existence of complete subforcings, we
introduce the following novel advancements:

First, compared to Brian’s forcing in [4], our forcing (see Definition 4.10) has a distinct modifi-
cation, which allows for more automorphisms. In Section 5 we provide a very algebraic framework
of these automorphisms. Nevertheless, we strive for a self-contained presentation. Secondly, since
we do not have a parameter-less product forcing, we cannot simply use the standard notion of a
canonical projection of a nice name of a real (cf. [7]). Instead, in Definition 7.4 we introduce the
technical notion of a nice name for a finite set of reals with respect to a sequence of names for
trees (these are the parameters of the iteration). The canonical projection of this technical nice
name then has the desired properties in order to obtain complete subforcings.

Finally, in Section 9 we prove the isomorphism-of-names argument needed for our Main Theo-
rem 3.1. However, again the situation is more complicated than for the spectrum of a by Shelah
and Spinas, because we are working with an iteration. To this end, in Section 8 we provide a very
algebraic/categorical framework for the isomorphisms between the many complete subforcings
just discussed. Lastly, we use these isomorphisms to show that the corresponding isomorphism-
of-names argument can be carried out for the iteration. Thus, the main insight is that this more
sophisticated isomorphism-of-names argument can not only be applied in a product-like context
as for spec(a), but also in a more intricate iteration-like context as for spec(ar).

2. PRELIMINARIES

In this section, we introduce the cardinal characteristic at and its associated spectrum spec(ar).
We will also define a c.c.c. forcing which forces the existence of witnesses in spec(ar) of various
sizes. In Definition 4.10 we define a slightly tweaked version of this forcing in order to realize
arbitrarily large spectra of a in our Main Theorem 3.1.

Definition 2.1. We define the spectrum
spec(ar) := {k > Ny | There is a partition of “2 into k-many closed sets}.
and define the cardinal characteristic ar := min(spec(ar)).

We arbitrarily fixed “2 as our Polish space of choice here. However, Miller proved that a
witness for 8y € spec(ar) does not depend on the underlying Polish space:

Theorem 2.2 (Miller, 1980, [9]). There is a partition of “2 into Ri-many closed sets iff there is
a partition of some Polish space into Ri-many closed sets iff every Polish space has a partition
into Ny-many closed sets.

More generally, Spinas proved in [11] that at is independent of the underlying Polish space
and that 0 < ap. Brian extended this result in the following way:
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Theorem 2.3 ([4]). Let k be an uncountable cardinal. Then, all siz statements of the following
form are equivalent:

Some/Every uncountable Polish space can be partitioned into k compact/closed/Fy-sets.

Hence, neither the cardinal characteristic ap nor its spectrum spec(ar) depend on the under-
lying Polish space, or if partitions into compact, closed or F,-sets are considered. In order to
force a desired constellation of spec(ar), we will add partitions of “2 into F,-sets. To this end,
we will use the usual identification of non-empty closed set of “2 and branches of trees:

Definition 2.4. A tree T is a non-empty subset of <“2 such that
(1) for all s € <¥2 and t € T with s <t we have s € T,
(2) for all s € T we have s~ 0 € T or s~ 1€ T (or both).

We denote with [T] the set of branches of T":

[T]:={f€“2|forall n <w we have f[n e T}.

We call T' nowhere dense if it additionally satisfies
(3) for all s € T thereis at € <“2 with s<t and ¢t ¢ T.

Remark 2.5. Given a tree T, the set [T is a non-empty closed set of “2. Conversely, given any
non-empty closed set C' the set

tree(C) := {s € <“2 | there is an f € C with s < f}

is a non-empty tree. Since, [tree(C)] = C and tree([T]) = T we may identify trees and non-
empty closed sets of “2 under these bijections. Furthermore, if T is nowhere dense, then also
[T] is nowhere dense and conversely if C' is nowhere dense, then also tree(C) is nowhere dense.
Hence, this identification restricts to nowhere dense trees and nowhere dense closed subsets.

Definition 2.6. Let S,T be trees. We call S and T almost disjoint iff S N7 is finite.

Note that by Konig’s lemma two trees S and T" are almost disjoint exactly iff [S]N[T] = 0. In
order to force the existence of a witness for x € spec(at), we will add xk-many countable families
{Ta | @ < K} of nowhere dense trees satisfying

(1) for all @« < f < k and S € T, T € T3 the trees S and T are almost disjoint,

(2) for all f € “2 there is an a < k with f € Uper, [T]-
Notice that for « < k and S # T € T, we do not require that S and T are almost disjoint.
However, the two conditions above imply that {{Jpcr [T] | @ < s} is a partition of “2 into -
many F,-sets. Next, in order to approximate new nowhere dense trees with finite conditions we
fix the following notions:

Definition 2.7. Let n < w. An n-tree T is a non-empty subset of <"2 such that

(1) for all s € "2 and t € T with s <t we have s € T,
(2) for all s € T thereis at € T'N"2 with s <.



76 V. FISCHER AND L. SCHEMBECKER

We denote with [T the set of leaves T'N"2 of T. Given n < m, an n-tree S and an m-tree T we
write S < T iff T end-extends S, i.e. TNS"2 = S.

Definition 2.8. Let 7 be a family of nowhere dense trees. We define the forcing To(7) to be
the set of all pairs p = (T}, F},), where T}, is an n,-tree for some n, < w and F), C “2 is finite such
that for all f € F, we have f & Jpo[T] and f [n, € [Tp].

Given two conditions p,q € To(7) we define ¢ <p iff n, < ny, F, C F;, and T}, <T;. Further,
we define T(7) to be the finitely supported product of size w

T(T) := [[ To(T).

We give a brief overview of the crucial properties of To(7) and T(7) as they follow from
standard density and forcing arguments. See [5] for more details for a very similar forcing.

Remark 2.9. Ty(7) is o-centered, so also T(7) is o-centered. Further, if G is To (7 )-generic in
V[G] the set

T¢ ::U{THPGG}

is a nowhere dense tree such that 7¢ and T are almost disjoint for all T' € 7. Analogously, if G
is T(7)-generic we denote with (T'¥ | n < w) the w-many new nowhere dense trees by T(7). We
have the following diagonalization properties:

(D1) For all n < w the tree T is almost disjoint from every T € 7.

(D2) For all f € (¥2)V with f ¢ Uper[T] we have f € U, [TC].
Note that in general T¢ and TS need not be almost disjoint for n # m. The diagonalization
properties immediately yield the following lemma:

Lemma 2.10. Let k be an uncountable cardinal. Then, there is a c.c.c. forcing which forces the
existence of a witness for k € spec(ar).

Proof. Sketch. Consider the following iteration: Start with the finitely supported product of
Cohen forcing of size k. In the generic extension, let 7; be the set (T, | @ < k), where T, is
the nowhere dense tree with only branch the a-th Cohen real. Then, force with T(77) to obtain
w-many new nowhere dense trees (T;, | n < w) with properties (D1) and (D2) in Remark 2.9.
Extend 77 to T2 := T1 U{T,, | n < w} and continue iterating T(7,) the same way N;-many times
with finite support. In the end we obtain k + X; = k-many F,-sets which are disjoint by (D1)
and cover “2 by (D2) and since ®; has uncountable cofinality. O

In order to realize a whole spectrum of ar, in Definition 4.10 we define our forcing as a product
of a slightly tweaked version of this iteration. A bookkeeping argument and Lemma 2.10 may
be used to force ap = k and ¢ = A for any regular x and A > k of uncountable cofinality [5].
Further, since 0 < ar, for x of uncountable cofinality any model of 9 = xk = ¢ satifies ar = &.
However, this leaves open the following question:

Question 2.11. Can at be singular of uncountable cofinality and ar < ¢?
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In [2] Brendle constructed a model of a = N,,. While we may use Lemma 2.10 to force the
existence of a witness for R, € spec(ar) the following question is still open:

Question 2.12. Can at be of countable cofinality? In particular is ap = X, consistent?

Note that 0 < at must hold in such a model as ? can only have uncountable cofinality.

3. REALIZING ARBITRARILY LARGE SPECTRA OF ar

The culmination of this paper is the following Main Theorem. In this section, we will describe
the proof ingredients and summarize the role of each section towards this goal.

Main Theorem 3.1. Assume GCH and let © be a set of uncountable cardinals such that

(I

) max(0) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
)

)

(IIT) If 6 € © with cof(0) = w, then 6T € O,
(V Ny € 6.

Then, there is a c.c.c. forcing extension in which spec(ap) = © holds.

Our proof strategy is inspired by Shelah’s and Spinas’ work on the spectrum of mad families.
They realize a desired spectrum © with a large product of Hechler forcing. In order to exclude
cardinalities, their proof essentially hinges on the following fact:

Fact 3.2. Let Hy be Hechler’s forcing for adding an almost disjoint family indexed by I. If I C J
then Hj <oHy, i.e. Hj is a complete subforcing of Hj.

Their isomorphism-of-names argument then uses this fact in this product-like setting by reduc-
ing to countable subforcings of their whole forcing and using appropriate isomorphisms between
these countable subforcings. In contrast, the isomorphism-of-names argument by Brian for the
spectrum of ar directly employs automorphisms of the whole forcing, which is less flexible. In
our proof of our Main Theorem 3.1 we essentially adapt the proof strategy of Shelah and Spinas
for the product-like context of a to the iteration-like situation of ap. Consequently, this paper is
structured as follows:

In Section 4 we define the c.c.c. forcing (see Definition 4.10) which yields Main Theorem 3.1.
Similarly to Brian’s forcing in [4], our forcing adds a witness for 6 € spec(ar) for every 0 € ©.
However, in contrast we define our forcing directly as an iteration. Moreover, we fix a larger
family of trees after adding many Cohen reals in the first step of our iteration. Hence, the family
of trees is closed under more automorphisms of the initial Cohen forcing. In Section 5 we provide
a very algebraic framework for extending these Cohen automorphisms to automorphisms of the
entire forcing (see Corollary 5.6). Next, throughout the paper we will need to work with nice
conditions of our iteration, which describe all the forcing information in a given condition in a nice
way. Hence, in Section 6 we inductively define the notion of a nice condition (see Definition 6.4)
and prove their density in Lemma 6.7. We also define the hereditary support of a condition (see
Definition 6.8) and study the behaviour of nice conditions under the automorphisms described
in Section 5 (see Lemma 6.10 and Lemma 6.11).
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Section 7 is the heart of the entire proof. We show that our forcing from Section 4 has enough
complete subforcings to imitate the isomorphism-of-names argument by Shelah and Spinas. How-
ever, we do not obtain a direct analogue to Fact 3.2 above, but a weaker Theorem 7.1 instead:

Theorem. Let ® C U be a O-subindexing function and assume ® is countable. Then, P2 <oP¥
for all o < Ny.

Hence, with our current methods we can only show that we have complete subforcings if the
index set is sufficiently small (countable in the sense of Definition 4.1) and the iteration is at
most of length Ny. This is precisely where we require the strengthening of (IV) in our Main
Theorem 3.1. In other words, if Theorem 7.1 can be proven for longer iterations, requirement
(IV) can again be relaxed to the requirement ‘min(0) is regular’, which would yield a full answer
to Brian’s question.

Theorem 7.1 is proved in an elaborate inductive fashion. First, in order to show that the
embedding of some subforcing is well-defined, we will need the additional Cohen automorphisms
our forcing possesses due to our modifications. Secondly, in order to show that these embeddings
are indeed complete, we introduce the technical notion of a nice name for a finite set of reals with
respect to a sequence of names for trees (see Definition 7.4). Then, the canonical projection of
such a nice name (see Lemma 7.5) will have the desired properties in order to define a reduction
of a condition in our forcing (see Lemma 7.6).

Finally, in Section 8 we give an algebraic/categorical analysis of the isomorphisms between the
complete subforcings given by Theorem 7.1. Finally, we put everything together and provide the
remaining isomorphism-of-names argument needed for Main Theorem 3.1 in Section 9.

4. DEFINING THE ITERATION

In this section, we define the forcing used to prove Main Theorem 3.1. For the remainder of
this paper let © be fixed as in Main Theorem 3.1.

Definition 4.1. A O-indexing function is a partial function ® : © — V. For two O-indexing
functions ®, ¥, we write & C W iff ¢ is a O-subindexing function of ¥, i.e. dom(®) C dom(WV)
and for all # € dom(®) we have ®(0) C ¥(#). Finally, we call a ©-indexing ¢ function countable
iff dom(®) is countable and for every 6 € dom(®) we have that ®(0) is countable.

Definition 4.2. Let ® be a ©-indexing function. Define C® to be the partial order adding new
Cohen reals indexed by pairs (6,i) where § € dom(0) and i € ®(0), i.e.

C? = {s: U ({0} x ®(0)) — C | supp(s) is finite}.
0cdom(®P)

Further, we write c'?’e for the canonical C®-name for the Cohen real indexed by (6,i) and Tf’e
for the canonical C®-name for the tree with only branch 6?70.

Remark 4.3. Clearly, if ® C ¥ we have C® <oC¥. In fact, there is a strong projection from
CY onto C®, which just forgets all Cohen information outside of ®’s indexing. We denote this
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complete embedding by (*¥ : C® — C¥. Notice that for § € dom(®) and i € ®(¢) we have
L@,\I/(C-;I),Q) _ C-\'Il,é‘ and L@,\D(j—y;b,@) _ j—,i\Il,G.

()

C?® will be the first step of our iteration. Note that C*® has a vast amount of automorphisms
and we need to extend some of these automorphisms through our iteration. In fact, we will need
even more - we also need to preserve the group structure of the automorphisms. Hence, it is very
natural to use the language of group actions and morphisms between group actions to express
these properties.

Definition 4.4. Let I' denote the group €@ 7Z/2 with group operation +. We define a group
action ' nC for 7y € I', s € C by dom(7.s) := dom(s) and for n € dom(s)

(7.5)(n) := {S(n) if v(n) = 0,

1—s(n) otherwise.
Hence, an element 7 € T flips the Cohen information at place n precisely iff v(n) = 1.

Remark 4.5. Note that the action I' ~ C preserves the order, that is v.s < ~v.t for all s,t € C
with s <t. In other words, the action I' ~C is equivalent to a group homomorphism from
m: ' — Aut(C). Also, remember that every automorphism of C is an involution.

Definition 4.6. Let ® be a ©-indexing function, § € dom(®) and i € ®(#). Then, we have an
induced group action of I' acting on the (#,i)-th component of C®*, which we denote with I‘m(C‘D
In other words, we have that the inclusion map L;D Y CoC?isa morphism of I'-sets, i.e. the

following diagram commutes for every v € I':

L(-D’e
C —~—— C®

D0
i (7)@,9 \L i ('Y)

Li (I)
C ——~C
0.0
where W;I) 9 is the group homomorphism corresponding to T AC?.

Remark 4.7. Since we have various different group actions of I' acting on C®, we will usually
use the corresponding group homomorphisms 71'? Y Aut(C?) to avoid confusion. Also, note
that more generally for any O-subindexing function ® C ¥, § € dom(®) and i € ®(0) we have

that +®Y is a morphisms of I'-sets, i.e. the following diagram commutes for every v € I':

P, U
c® L v

lrr “(y) }rf ?(y)

c? L5, v

Definition 4.8. Let ® be a O-indexing function, § € dom(®) and ¢ € ®(f). Denote with 7';4)’9
the canonical C®-name for the set

{r2 (TP |y e T}
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Similarly, we let 7% denote the canonical C®-name for the set

{m " ()(T"") i € B(9) and v € T}

7

Remark 4.9. Since I' is countable, also 7;‘1)’9 is countable and 7®? of size |®(6)| - Rg, hence
countable in case that ® is countable. Further, using Remark 4.3 and 4.7 it is easy to verify the
following properties for every ©-subindexing function ® C ¥, § € dom(®) and i € ®(0):
e 7%% is the canonical C®-name for UzE‘I’ T(D o
° Lq, 7 (7—<I> ,0 \If 9
o C?IF UTGTZ@,G[ |={few2|f="c""}.

Next, given a ©-indexing function ® we define the forcing iteration realizing the desired spec-
trum of at for Main Theorem 3.1. The forcing is a finite support iteration of c.c.c. forcings of
length Ny:

Definition 4.10. Let ® be a O- indexing function. We will define a finite support iteration
<P§,<@§ | < Nyp, B <Ny, Pa+1 names Tr; n % for nowhere dense trees for 6 € dom(®), 0 < a < Xy

and n < w, and P2-names T2 for families of nowhere dense trees for 6 € dom(®) and 0 < o < Wy:
e Let ng be the forcing C®. Then, we already defined the C®-names 7% in Definition 4.8

for every 6 € dom(®). Then, let 7"1@’9 the corresponding canonical Pf-names.
e For a > 0 let Q% be the canonical P®-name for the finitely supported product

H T(T(b 9)

gesupp(P)

Also, for every 6 € dom(®) let Tc?, ¥ be the canonical P2, ;-names for the w-many new
nowhere dense trees added by T('B@’e), where n < w. Finally, let 723191 be the canonical
P2, ;-name for Ty {ng | n € w}.

e At limit « for every 6 € dom(®) let T be the canonical P®_name for | J s<a ’7';1)’9

Grouping together the w-many new trees added at each successor step into one F,-set, we have
that for every 6 € dom(®) the family 7';;1;’0 will be witness of a partition of Cantor space into
Fy-sets of size |®(0)| - Ry. Thus, if every ®(0) is a set of size 0, then © C spec(ar) is forced by
Pgl as in Lemma 2.10. Thus, it only remains to prove the reverse inclusion.

5. EXTENDING GROUP ACTIONS THROUGH THE ITERATION

Since P = C?, in the last section we essentially considered group actions I’ %P‘b In this
section, we will show that there 1s a canonical way to extend these group actions through the
iteration, i.e. to group actions FmIP’q> for 0 < a < Ny,. This process leads to the notion of an
induced sequence of group actions in Corollary 5.6. We write Ll : PP — PY for the complete

embedding corresponding to :®¥ : C® — CV, TriI> 19 r— Aut(}P"ll’) for the group homomorphism

corresponding to ﬂf’e : T — Aut(C®) and 7"5;9 for the P¥-name corresponding to 7"14)’9
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Definition 5.1. Let ® be a O-indexing function, 6 € dom(®), i € ®(#) and € < X;. We say that
<7r$”f T = Auwt(P®) [0 < a<e)

is an increasing sequence of I'-actions iff every 772’1-9 is a group homomorphism (i.e. an action of
[ on P®), for all 0 < a < ¢, € dom(®) and v € T we have

Tl (y) (T2my = 72,

and for all 0 < o < 8 < € the canonical embedding Lg K P® — }P’g is a morphism of I'-sets, i.e
the following diagram commutes for every v € I':

Our goal for this section is to provide a canonical extension of Wff as defined in Definition 4.6 to
an increasing sequence of I'-actions of length R;. Since the iterands of the forcing in Definition 4.10
are definable from the parameters 7;?’0, it is crucial that the group action fixes these parameters,
which allows for an extension through the iteration. Before we consider the successor step, we
show that for limit steps there is a unique way to extend an increasing sequence of I'-actions by
the universal property of the direct limit:

Lemma 5.2. Let ® be a O-indexing function, 6 € dom(®), i € ®(0) and let € < Xy be a limit.
Assume

<7r§’f T = Aut(P?) |0 < a <€)
(]

b
€,1

. . , . . , . 0
is an increasing sequence of I'-actions. Then there is a unique group homomorphism 7w_." so that

<7r$’l-6 T = Aut(P?) |0 < a <)
is an increasing sequences of I'-actions.

Proof. By definition of an increasing sequence of I'-actions (cf. Definition 5.1) for any v € I" we
have a directed system of maps

W2 o (@®(4) P2 5 PP |0<a<e).

a,e a,l
By the universal property of P® there is a unique map TI';I;ZQ (7) : P® — P® so that the following
diagram commutes for every 0 < a < e and v € I':
'3 e
pe ‘2, po
|t [t
i :

2

P i ]
Pa ]P)e
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Next, fix 7,0 € I'. We need to verify that WSZZG(W) o 7r(I> 0(5) = WSZTH(W +6), so let p € PP
Choose a < € such that Lge(p l a) = p. Then, we compute

72l () (@2 (8)(p)) = wf’;"w)(w?f(a)us,e@ ra>>>
=727 () (& (27 (6
< <w><7rf;f<a

choice of «)

(

(choice of w2’ (#))
(p ra))) (choice of ;" (7))

(

(

(

( (’y +90)(pla)) vy ’Z- is group homomorphism)
=m0l (V4 0)(the(p 1)) choice of 7’ (v + )
= 773)229(7 +9)(p) choice of a)

Thus, 772;9 N e Aut(Pg’) is a group homomorphism. Finally, by Definition 4.10 7.?’" is the
canonical name for (J, . L§6(7’f”7). Thus, for any v € I and 1 € dom(®) we compute

e (N(TE) U W2 (TEm)) (Definition 4.10)
a<le
= U M, D 7;?)’7’)) (canonical name)
a<e
= U Lape( (T2 (choice of 7r<b 9(7))
a<e
= U Lie(?f’”) (Definition 5.1)
a<e
=T (Definition 4.10). 0

Next, we consider the successor case. In this case, there is no unique extension of the increasing
sequence of I'-actions. However, we prove that there is a canonical one in the following sense:

Definition 5.3. Let ® be a ©-indexing function, § € dom(®), i € ®(f) and € < N;. Assume
(5 T — Aut(P2) [0 < o <€)

is an increasing sequence of I'-actions. For every v € I" define ’/'['3_91 () IP’?H — IP’S)H by

mei (N () = w?ﬁ(vxp re> " () (p(e)).
Then, we call 7~ +1 the canonical extension of ( b.r— Aut(P®) |0 < a < ¢).
Lemma 5.4. Let ® be a ©O-indexing function, 0 € dom(@), i€ ®(0) and e < Ry. Assume
<7T$’f T = Aut(P?) |0 < a <)
is an increasing sequence of I'-actions and let Wzﬁ,i be the canonical extension. Then
<7T$”f T = Aut(P?) [0<a<e+1)

is an increasing sequence of I'-actions.
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Proof. First, by definition of an increasing sequence of I'-actions (cf. Definition 5.1) for every
1 € dom(®) and v € I' we have
P,0 . 7
Ter (TS =T,

By Definition 4.10 Q2 is the canonical P®-name for [] T(7:*"). Thus, we obtain

nedom(P)
.0 . .
ﬂ-e,i (7) (Q?) = Q?’
as both Hne dom( q>) (7?”7) as well as the order < are definable from the parameters 7?’77. Thus,

we get 7, +1 ; € Aut(P¢ +1) Next, we verify that for every v € I' the following diagram commutes:

o
L
D e,e+1 o
Pe ]PeJrl

.0 .0
J’ﬂ—s,i (’Y) lﬂ6+1’i(7)
P(I’ L?ﬁ*l ]P><I>
€ e+1

Let yeTl and p € }P’g’. Then, we compute

T2 e @) = 7 N E @) 1) 72 () (21 (p)(6))
)

=720 () 7 ()

(Definition 5.3)

(
= 71'(1)76(’)/)(]?) ~1 (7T ( ) € AU‘G(P@))

(

definition of ¢; E+1)

€,
P 9
=t (7 (1))
Now, let 7,0 € I'. We need to Verlfy that 7r€+1 ;(y)o 77?_;(?[72-(5) = 71'3;91 J(y+6),s0let pe Pe—i—l

definition of L€ 1)

Then, we compute
TN S’ﬁzw)(p»:wi&( )2l @)(p o)~ 7 (9)(p(e))) (Definition 5.3)
= () (x? <><p €)" <><7r;‘jf< )(p(e)))  (Definition 5.3)
= m<v+5><p €)" “ww)(p(e)) (x2 is gr.hom.)

e+1 z(’)’ +0)(p) (Definition 5.3).

Thus, 773_91 : T — Aut(P?) is a group homomorphism. Finally, let n € dom(®) and v € T.

By Definition 4.10 T@’ is the canonical name for ¢ EH(Tqm) U {T6 n | n€w}. Since

TN (TE) = 2y (720 () (T2 M) (by commutativity above)
= L?eH(Tq)’n) (by Definition 5.1),
it suffices to verify that for all n < w we have
T TSN = T2

But this follows since 7T; ;L" is the canonical IFDE  1-name for the n-th new nowhere dense trees
added by ']T(’E ' ) and check-names are fixed by any automorphism; remember that Tfﬁn is just
canonical name the union of the finite approximations in the generic filter. U
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Lemma 5.5. Let ® be a O-indexing function, 6 € dom(®), i € ®(6). Then, for everyn € dom(®P)
and v € T we have ﬂif(fy)(ﬁ’") = T2, where Wff is defined as in Definition 4.6. In other
words

<7T$7’i9 T = Aut(P?) [0 < a < 1)

is an increasing sequence of I'-actions (of length 1).

Proof. Let n € dom(®) and v € I'. By definition 4.8 7'41)’77 is the canonical C®-name for the set
U ’G,J »
JjEP(O
. . D0 ~dn\ _ 4Pm :
so it suffices to check that for all j € ®(n) we have 7 ('y)(TfD] ) =T,;", so fix some j € ®(n).
By Definition 4.8 qu;n is the canonical C®-name for the set

{x27)(T27) | 5 € TY.

Thus, in case that (0,7) = (1, j) we compute
o N7 = wif@)({w“w)( M) |sery)

V(@) (T)) |6 €T

(Definition 4.8)

i (

= {77 Yy + )T | s eT) (7T # is gr.hom.)
i ( (r

(

canonical name)
(T, (1)9) |6 eT} is a group)

Definition 4.8).

Otherwise, W;I)’n(é)(j;b’n) has no information in the (6,7)-th coordinate for every § € I, so that

(VT = ?ﬁ(ﬂ({ﬁ’v”(&(ff”)\5er}> (
= {71 ()@Y T) | 6 € T} (
= {x}]()(T;"") | 6 € T) ((6,9) # (n,5))
= Tl,j (Definition 4.8). O

Corollary 5.6. Let ® be a ©-indexing function, § € dom(®), i € ®(0). Then, there is an
increasing sequence of I'-actions

Definition 4.8)

canonical name)

<7T$’Z-9 T — Aut(P2) |0 < a < Ny)

such that 773;9171- the canonical extension of <7r$7’f (T = Aut(P®) |0 < a <€) for every e < V.
We call this sequence the induced sequence of group actions of ﬂif and will reserve the notions
(Ws’f | 0 < a <Wy) for the remainder of this paper.

Proof. We iteratively construct the desired sequence. By Lemma 5.5 we may start with 7T(11>7;-0 as
in Definition 4.6, use Lemma 5.4 for the successor step and Lemma 5.2 for the limit step. O
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6. A NICE DENSE SUBSET

In the following sections, we will need to work with a nice dense subset D® of P®. A condition
p € P2 has finite support, where p(0) € C® and for « € supp(p) \ {0} we have

plalkpl@)eQy =[] TT.

fcdom(P)

We will inductively define D®, so that as many parameters for p(a) as possible are decided as

ground model objects. First, we will need the following definition of a nice name for a real.

Definition 6.1. Let P be a forcing and p € P. A nice P-name for a real below p is a sequence
((An, fn) | n < w) such that

e for all n < w the set A, is a maximal antichain below p and f,, : A, — ~"2,
e for all n < m the set A,, refines A,, i.e. for every b € A,, there is a € A,, with b<a,
e for all m < m, a € A, and b € A, with b<a we have f,(a) < fn,(b).

Further, we write name(((Ay, fn) | n < w)) for the canonical P-name of ((Ay, fn) | n < w), i.e.
name(((An, fn) | n <w)) :={(a, (n, fn(a)(n))) | n < w and a € A,}.

Remark 6.2. Remember, that for every p € P and P-name ¢ for a real below p we may inductively
define a nice P-name ((A,, fn) | n < w) for a real below p such that

p Ik f =name(((An, fn) | n < w)).

Further, if P is c.c.c., then for any p € P there are at most |]P)]N° many nice names for reals below p.
We also have that nice names and their canonical names behave nicely under automorphisms in
the following sense:

Remark 6.3. If ((A,, fn) | n <w) is a nice P-name for a real below p and 7 € Aut(P), then
T(((An, fn) | n < w)) :=((Bn,gn) | n < w), where B,, = w[A,] and

gn(7(a)) := fnla),
is a nice P-name for a real below 7(p) with
m(name({((Ay, frn) | n < w))) = name({((By, gn) | n < w)).

Definition 6.4. Let ® be a ©-indexing function and 0 < a < Nj. Dg is the set of all nice
conditions in P®, where inductively p € P® is a nice condition
e for a = 1: iff p(0) = ¢? for some ¥ € C®,
e fora+1>1:iff plae€ D and
o there is a finite set ©5 C dom(®),
o for every 6 € ©L there is a finite set Ig,a C w,
o for every i € 1579 there is ni’gﬂ. < w and an niﬁ’i—tree si’gﬂ. and a finite set F§,9,i of
D®-names, where every feF 579#, is the canonical D®-name of some nice D®-name
for a real below some g € DS with p [ a <q,
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o such that p(a) is the canonical name for the condition in Q% = [Tocaom(a) T(7.07)
with supp(p(a)) = O and for every 6 € ©g with supp(p(a)(9)) = I}, , and for every
i € I}, o we have p(@)(0)(i) = (s}, . F g.i)s

a,0,i7 " a,0,i

e for limit a: iff p[ B € Dg) for all g8 < a.

Remark 6.5. Note that for any p € ng the parameter ¢ and for every 8 < « the parameters
er, Igﬁ, "g,a,z‘v s‘gﬁﬂ. and F 5,971» are uniquely determined by p. Conversely, we may reconstruct p

from these parameters. Further, by definition of Qg for every f € F? , . as above we have that

plal-f [ngﬂﬂ. € 827971. and f ¢ U [T].
TeTd’?

Conversely, if ¢ is the canonical D®-name of some nice DZ-name for a real below some ¢ € D
with p [ @ < ¢ and for some 7 € ©% and j € I} ,, we have

. » ,
plal flng,  €s,,;and f ¢ U [T],
TeTe "

then we may extend p € ng to a condition r € DS by stipulating r [« := p [ @ and

e O = ek,

o Il y:=1} 4 for every 0 € O,

P P
® Ngg; = LMY Se0i = Sa,0,i and
_— {Fé’,e,i U{g} it (0,0) = (n.j),

&,9,7; : D

0.0 otherwise.

for every 0 € ©, and i € I} 4.

Remark 6.6. For 0 < 8 < a < Xy we have Lg’a(Dg)) C D2 and for limit a < Xy we have

DY = f.(DF).
B<a

Lemma 6.7. Let ® be a O-indexing function and 0 < o < Ny. Then, Dg is dense in IP’S.

Proof. By induction. Case o = 1 follows from P{ =2 C®. For limit a let p € P®. Choose 8 < «
and such that L%)’a(p I ) = p. By induction choose q € D? with ¢ <p[p. By Remark 6.6 we

have Lgﬁ(q) € D? and Lga(q) < Lga(p 1 8) =p.
Finally, for a 4+ 1 let p € P2, ;. Then

plalbpla)eQt =[] T

f0cdom(P)

and by induction D2 is dense in P® we may choose ¢ € D which decides all necessary parameters
of an element in [Jocqom(a) ']I‘(’E;I)’e). By Remark 6.2 there a nice D®-names for all D®-names
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for reals below ¢ which occur in some Fg g~ Then, the canonical name ¢, for p(a) as defined in
Definition 6.4 satisfies

q Ik p(a) = da-
Hence, ¢~ ¢, € D2+1 and ¢~ go <p. O
Definition 6.8. Let ® be a ©-indexing function, 0 < a < Xy and p € D2. We will inductively
define countable subsets hsuppg(p) C dom(®) and hsupp(p) C U@Ehsupp@(p)({e} x ®(0)) called
the hereditary support of p.

Given this definition, we define for the canonical D®-name f of a nice D® name ((A,, fn) | n < w)
for a real below p the countable sets

hsuppe(f) := | J  hsuppg(a),
n<w,a€An

hsupp(f) :== (]  hsupp(a).
n<w,a€An

For a = 1, we define hsupp(p) := supp(p(0)) and let hsuppg(p) be the projection of hsupp(p)
onto the first component. Next, for limit « we may choose 8 < « with Lg), o1 B) =p and define
hsuppg (p) := hsuppg(p | #) and hsupp(p) := hsupp(p [ 5). Finally, for o +1 > 1 we define

hsuppg (p) := hsuppg(p [ @) U OF U U {hsuppg(f) |0 €Or ic 1279 and f € Fé”g’i},

hsupp(p) := hsupp(p [ @) U U {hsupp(f) |0 € ©b ic Iga and f € Fg,e,i}'

Lemma 6.9. Assume CH and let ® be a O-indexing function, 0 < a < Xy and assume that both
O C © and Iy C Upee, ({0} x 2(0)) are countable. Then, there are at most Ni-many p € D2 with
hsuppg (p) € ¢ and hsupp(p) C Iy. Thus, for any p € D there are at most Xy-many canonical
D2 -names f of nice D®-names for reals below p with hsupp@(f) C O and hsupp(f) C Iy.

Proof. In order to see the second part of the statement, let f be the canonical D®-name of a nice
D2®-name ((An, fn) | n < w) for a real below p € D® with hsuppg(f) € ©g and hsupp(f) C Io.
Then, for any n < w and a € A,, we also have hsupp(a) C Iy and hsuppg(a) C 0Oy. But by the
first part of the statement

|{a € D2 | hsupp(a) C Iy and hsuppg(a) C Oo}| < Ny,

so that Remark 6.2 using CH and the fact that P® is c.c.c., we may compute the number of nice

D2®_names for reals below p as at most

RO = (REO)No = oo = N0 = ¥y

We prove the first part of the statement by induction. For o = 1, as |C| = Ry and [ is countable

there are at most Ngo = Ny-many conditions in P$ = C® with hsupp(p) C Ip. For limit a, note
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that by Remark 6.6 we have
{p € DI | hsupp(p) C Ip and hsuppe(p) C Oo}
= |J {¢§4(p) | p € DF, hsupp(p) C I and hsuppe(p) € O}
B<a

Thus, by induction we compute
[{p € D2 | hsupp(p) € Iy and hsuppe(p) C O} < |af - Ry = Ry.

Finally, for a +1 > 1 and p € Dg’ﬂ we have p [ a € D® and hsuppg(p [ o) C hsuppg(p) € O
and hsupp(p | @) C hsupp(p) C Iy, so by induction there are at most Nyj-many choices for p [ a.
Also, ©F, C hsuppg(p) C O, so there are at most countably many choices for ©%. Further, for
any of the finitely many 6 € ©F, there are at most countably many choices Ig 0 and for any of the
finitely many i € [g,e there are at most countably many choices for ni,@,i and 3507 ;- Finally, for

any f er 5 g; choose q € Dg such that f is the canonical Dg-name of some nice Dg-name for
a real below g with p [ a <g. Then, we have hsuppg(q) € hsuppg(p [ @) C hsuppg(p) € ©p and
hsupp(q) C hsupp(p [ @) C hsupp(p) C Iy, so by induction assumption there at most Nj-many

choices for g. Analogously, hsuppg(f) C hsuppg(p) C ©¢ and hsupp(f) C hsupp(p) C I, so by
induction assumption there are at most X;-many choices for f . Hence, there are at most X;-many
choices for F’ 2 9.~ By Remark 6.5 p(«) is uniquely determined by these parameters, so that there
are at most Nvl—ymany choices for p. O

Next, we prove that the action of I" on IP’S restricts to actions on our nice dense set Dg’.

Lemma 6.10. Let ® be an O-indexing function, 0 € dom(®), i € ®(0), y €T and 0 < a < Ny.
6
Then, 7(v)(D?) = DE.

Proof. Tt suffices to verify that ﬂjf (7)(D®) € D2, which we prove by induction. For a = 1, let
p € D¥. Then, we compute
.0 .0 .0
T (7)(p)(0) = T (V) (p(0)) = T (V)(c?) e C?,
so that Wﬁf(’y)(p) € DP. For limit o, let p € D® and choose 8 < « such that L§7a(p I 8) =p. By

. . . .0 o0
induction assumption 75" (v)(p [ B) € Dg). By Remark 6.6 we have Lga(wﬁﬂ. (Y)(p1B)) € D2.
Hence, by Definition 5.1 we compute

3,0 3,0 .0
Tt (N(P) = 70y (N5 a1 8) = o (755 (V0] B)) € Dy.
Finally, fora+1 > 11let p € Dg’ﬂ. Then, p [ a € D® and by Definition 5.3
.0 .0 Y
Toat1i(N®) =m0 (NP Ta) " m,; (v)(p(a)).
By induction assumption we obtain 7T$7’7;9(’y)(p ') € D2. By Remark 6.3 Wff('y)(p(a)) is the
canonical name for the condition in Q¥ = [Tocaom(a) ’]I‘(7.Z:D’9) with supp(wgf('y)(p(a))) = 04

and for every 6 € O, with supp(wf}’f(’y)(p(a))(@)) = I’ , and for every i € I¥, we have
.0 . ®,0 2,0
o (N P()(0)(0) = (s}, g1, Moy (V(Fl g,)). Hence, w31 ;(7)(p) € Dy O
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Lemma 6.11. Let ® be an O-indexing function, § € dom(®), i € ®(0), v € I and p € DT for
some 0 < a < Ny such that ﬂifie(’y)(p 1) = p[1. Then, there is ¢ < p in D with q(0) = p(0)

(] 0
and 7,7 (v)(q) = q.
Proof. By induction. The case o = 1 is exactly the assumption given on «. For limit a choose
B < o with Lga(p [ 8) = p. By induction assumption choose ¢ < p [ 5 in Dg such that ¢(0) = p(0)

and 7'[‘(1) 9(7)((1) = q. Then, we have L%a(q)(()) = q(0) = p(0), by Remark 6.6 Lg,a(q) € D2 and by
Deﬁmtlon 5.1 we compute

s (N(a(@) = Fa(ms5y (@) = §al0)-

Finally, for a +1 > 1 let p € D2 1- Then, by induction assumption we may choose ¢ < p[a in
D? with ¢(0) = p(0) and Wff(’y)(q) = q. We define

o O :=04F,
o Ige = I, , for every 0 € O3,
o ”iez i=mny, 4, and sam 1= 55,9, for every § € ©F and i € I] ,
.F(;Jez' Fgez ( )(Fgez)
Let ¢, be the canonical name for the condition in Qg = Heedom@,) ']I‘(’jf’e) with supp(gn) = O%,

q q
0,1’ Foc,é),i)'

for every 0 € ©4 with supp(ga(0)) = I , and for every i € I? , we have ¢, (0)(i) = (s
We claim that ¢~ ¢, is as desired. To obtain q" Go € DS 1 by Remark 6.5 it suffices to verify
that for every ¢ € ©g, i € I, ; and feF a@z we have

qlkﬂa,’i(’Y)(f)f agzésagzandw f) ¢ U
T€7:)4<P ,0
To this end, notice that p € D® 1 implies

P .
a ,0, Sa,@,i and f ¢ U

T e

all—f

so also ¢ < p | « forces this. Further, 7r<I> 9(7)(@1) = ¢ and 7r(I> 9(7)( .f’g) = '0?’9, so applying the

automorphlsm theorem to the previous statement yields the desired conclusion. Next, we have
7ra 9y NF ;) = Fq,, since 773’? () is an involution. This implies

3,0 ~ 3,0 ~ B0 . ~
To 1 (M@ o) = 7,5 (V@) ” 7,5 (V) (da) =47 Ga-
Finally, by definition we have ¢~ g, <p and (¢~ ¢»)(0) = q(0) = p(0). O

7. COMPLETE EMBEDDINGS

In this section, we combine the results of the previous sections in order to prove that our
forcing in Definition 4.10 has enough complete subforcings to carry out our isomorphism-of-
names argument for Main Theorem 3.1. The whole section will be devoted towards the proof of
the following Theorem 7.1 as it is an elaborate inductive construction of complete embeddings.
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Theorem 7.1. Let & C VU be a O-subindezring function and assume ® is countable. Then,
P® <oPY for all a < ;.

By induction over a < R; we define embeddings v P® — PY and prove that they admit

reductions from PY to P2. Thus, 1V will be a complete embedding. Additionally, we will verify
the following properties along our iteration:

(A) For all 5 < « the following diagram commutes:

L?;"Ij
D \
Py — Pg

ol v
lLB,a lLB,a
D,

Lo’

P2 = pY

(B) For all § € dom(®) and i € ®(6) the embedding ta'” : P2 — PY is a morphism of I-sets,
i.e. the following diagram commutes for every v € I':

o o U
«
]P)Oz Pa
D0 w,0
O e
o,

la

P? = PY
(C) For all § € dom(®) and i € ®(0) we have

V(e = ¢’ and thus oY (T = 170

(D) Foralla+1> 1, # € dom(®) and n < w we have

B B o T,

to1 (Tas)) = Ty
(E) If @ > 0, then for all § € dom(®), the name 7a/% is the canonical PY-name for

- v,0
VTN 0 U A1)
iew(0)\®(0)

(F) For all § € dom(®), i € U(0)\P(f), v € I we have that ﬂ;pf('y) acts trivially on LS’\I/(]P)S).
(G) For all § € dom(®), i € U(H)\ ®(0), v € I and P2-name f for a real

PY I 2V (f) £ o (L ().

First, we prove that (G) follows from (F), so we only need to verify (A) to (F) inductively:

Proof. Let p € PY. By Lemma 6.7, we may assume p € DY. Choose N ¢ dom(p(0)(6,1)). Let

0,0

d € T be defined by §(N) = 1 and 0 otherwise. Then, T, (O)(pl1) =p|1, so by Lemma 6.11
we may choose ¢ < p in DY such that ¢(0) = p(0) and 7T;1l”1'0<(5)(q) = q. Thus, N ¢ dom(q(0)(0,1))
and we may define g; < ¢ which replaces p(0)(6,) by p(0)(6,7) U(N,j) for j € 2. Then, we have

)
(07

™

(0)(gj) = qi—j for j € 2 and there is a k € 2 with

qo I Lo (PN E) (V) = k.

2
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Further, using (§ ++)(N) =1 — (V) we compute
Tl ) o(m L D E NN = (1 L O (7 () (V)
= om0+ 1) )(N)
=1 of o (my (N ))N).

Thus, by the automorphism theorem we obtain
.0 0,0
q1 I o a(”lz (M NIN) =1—k.

Choose rg < qo such that ro IF 12 (f)(N) = 1 for some [ € 2. Since f is a P®-name by (F) we
have 7" 9(5)(L§’\P(f)) =10 (f). Thus, the automorphism theorem yields

7ol (0)(ro) Ik L2 (F)(N) = 1.
But then either 1o < gg < ¢ < p and
ro b o (m (@O N) =k # 1= 12" (F)(N),
or 7y (8)(ro) < ma i (6)(qo) = q1 < g < p and
Tt (0)(ro) - el (my (DEON(N) =1 =k # 1= 13V (F)(N). O

Next, we inductively define Y and verify properties (A) to (F), so consider o« = 1 first.
In this case, we already defined L?’\I’ : ]P"ll’ — IF’}I’ as the complete embedding corresponding to
2 C? - CY.

(A) There is nothing to show.
(B) Follows immediately from Remark 4.7.
(C) By definition of c‘?’g, c';-p ¥ and L(II) v
(D) There is nothing to show.
(E) Let 6 € dom(®). Then, we compute
7'1\,1;’9 = U (Remark 4.9)
1€ (0)
0.0 0,0
= U 1, U U 7-11
icd(0) iew(6)\®(9)
= U L?’@(Tﬁ’e) U U 7"1\71;’9 (Remark 4.9)
icd(0) i€ (6)\®(9)
=Y U 7"1%9) U U ’7.'1\712-’9 (canonical name)
icd(0) i€ (6)\®(0)
= L;I)’\Ij('jﬁ’e) U 7'-‘71;’9 (Remark 4.9).

€W (0)\(0)

(F) Follows immediately from the fact that 7757’1.9 () only acts on Cohen information outside
of the indexing of ®.
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Next, we consider limit a. Then, by (A) for every 5’ < 8 < a the following diagram commutes:
<I> v

e 2, pY,

(3 lL,
lﬁ,ﬁq)"p B8

o ‘8 v
Pg —— P5

By the universal property of the direct limit there is a unique map s P® — PY such that
for every < a the diagram in (A) commutes. Further, as a direct limit of complete embeddings,
also ta’? is a complete embedding. Note that (C) and (D) are vacuous at limits.

(A) Follows from the universal property of the direct limit.
(B) Let # € dom(®), i € ®(f), v € I and p € P®. Choose 3 < « such that L§7a(p I B) = p.
Then, we compute

W;II,QG(’Y)(LS’\P (p) = W;I},QG(V)(LS’W(LEQ(P 16))) (choice of B)
= mi (N (a0 15)) (A)
= almy ! (N0 (01 8)) (Definition 5.1)
= § otz (157 (N0 15))) ((B) inductively)
= i (§al(mgi (P 15))) (A)
=12V (w5 a1 8) (Definition 5.1)
= 52’\1}<7T§,}9(’Y)(p)) (choice of B3).
(E) Let 6 € dom(®). Then, we compute
T = (7577 (Definition 4.10)
B<a
U LB.a T 9) U U L%ﬁ(ﬂ\ﬁ’e) ((E) inductively)
B<a i€ (0)\®(0)
= U Lg);ya(bg,\l/(jf,e)) U U Lg’,,a(bgl,ﬁ(ﬂiﬁ)) (canonical name)
B<a | i€ (0)\®(0)
= U [ BT U i) (A)
B<a | ieW(9)\®(0)
=" U Lga(j‘;’e) U U L‘ll’a(Tl\I; 0 (canonical name)
B<a i€V (0)\@(0)
o (70 ISH O B NG (Definition 4.10).

i€V (0)\®(0)
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(F) Let 6 € dom(®), i € ¥()\ ®(f), vy € T and p € P2. Choose 3 < a with Lga(p I 8) =p.

Then, we compute

T (N ) = 7yl (N (a1 6)) (choice of B)
Tl (N (5" (0 18))) (A)
= (T (NS 0 18) (Definition 5.1)
= Lg,a(ﬁg\y(? 1)) ((F) inductively)
=1V (1500 18)) (A)
=" (p) (choice of p).

Finally, consider «+1 > 1. By induction we have that 2V pe PY

b is a complete embedding.

Thus, we may naturally define for p € ]P’S 1

o 2V (pra)” Y (p(a)).

toy1(P) =1
However, we need to verify that
(Pl a) ki (p(a)) € QY.
Since ® C W, by definition of QY it suffices to prove that if # € dom(®) and f is a P®-name with
plalk f¢
TeTd’

then also

wlple) b ¢ U 1T
TeTd?

By induction assumption of (E) we may distinguish the following three different types of trees in
TL0, First, let i € ®(#) and v € I". By assumption on f we have

a I f 7é 3 oa(ﬂ—l K (’7)(0?70))7
so that
&1 I () # 3 (Dl ()E):
Secondly, let 8 < o and n < w. By assumption on f we have
fa b f & 15 o(T5,):
Thus, by induction assumption of (A) and (C) we get
: 0 0 00
@l (pla) b () & b (B a(TeN) = 1faley ™ (TE)] = 18.a (T3]

Finally, for i € ¥(0) \ ®(#) by induction assumption of (G) we get

S (pra) Ik V() £ S (L ()E).
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Next, given p € PY 11 we have to find a reduction ¢ € Pe 1 with respect to the embedding szll.
By Lemma 6.7 we may assume p € D;I’ +1- By induction, pick a reduction ¢ € P® of pla € DY
with respect to LS’\P. Remember, that for every § € ©%, i € Ig o and f € F§9i we have

plalkf¢ [ [T
Tetd?
Thus, we will need to find a reduction ¢ of f which satisfies
gg¢ J [T
TG'j:I)’e
Note that the standard canonical projection of a real (cf. [7]) need not satisfy this requirement.
Thus, we introduce the following technical notions. For technical reasons, we need to enumerate
the finite set (J{{0} x {i} x F¥,, 10 € ©%,ic I’} by ((Ok, ik, fx) | k € K). In particular, we
have 0, : K — ©L. For every 0 € ©% by assumption on ® the family 7?’0 is countable, so we

may enumerate it as (S% | n < w). Next, we will need the following refinement of the definition
of a nice name for a real below p in Definition 6.1.

Definition 7.2. Let P be a forcing, p € P and K a finite set. A nice P-name for K-many reals
below p is a sequence ((Ap, Ky) | n < w) such that

e for all n < w the set A,, is a maximal antichain below p and K,, : K x A,, — ~"2,
e for all n < m the set A,, refines A,, i.e. for every b € A,, there is a € A,, with b<a,
e foralln <m, ke K,ac A, and b € A, with b<a we have K, (k,a) < K,,,(k,b).

Further, we write name(((Ay, K,) | n < w)) for the canonical P-name of ((A,, K,) | n < w), i.e.

name({(An, K,) | n < w)) := {(a, (k,n), Kn(k,a)(n))) | n < w and a € A,} € K*¥2.

)

Remark 7.3. Notice that if ((A,, K;) | n < w) is a nice P-name for K-many reals below p, then

for every k € K the sequence ((A,, K,(k)) | n < w) is a nice P-name for a real below p with
name(((Ay, K,(k)) | n < w)) = name(((A,, Kp) | n < w)) [({k} X w).

However, ((Ay, K,) | n <w) is more than just the product of K-many nice P-names for reals
below p as all antichains have to coincide.

With respect to the fixed pla € DY, 6, : K — 0% and sequences ((S? | n < w) |8 € ©h)
above, we define the following notion:

Definition 7.4. Let ((A,, K,) | n < w) be a nice PY-name for K-many reals below p [ a. Then,
we say ((Ap, K,) | n < w) is a nice P-name for K-many reals below p [ & with respect to 6, and
(S¢|n<w)|6ecob)iff forall n < w, k € K and a € A, we have

alF Ky(k,a) ¢ 2% (S%).

First, we argue that there is such a nice P¥-name ((A,, K,;) | n < w) of K-many reals below
p | a with respect to 6, and ((S2 | n < w) | @ € ©h), which also satisfies for every k € K that

plalk fr, = name(((An, Ko (k) | n < w)).
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Proof. We construct the nice name by induction on n. Set A_; := {p [ a}. Now, assume A, is
defined. For every a € A,, choose a maximal antichain B(a) below a such that for every b € B(a)
and k € K there is K, (k,a) € 2™ with K,,_1(k,b) < K, (k,b) if n # —1 and such that

bl K, (k,b) < fi, and K,,(k,b) ¢ 1" (S%).

This is possible as b < a, K is finite and by assumption on fk we have for every k € K

plal fi & g (S34)]
Finally, set Ay, 11 := Jyeq, Bla). Clearly, ((An, Ky) | n < w) then has the desired properties. [
The point of this definition, is that for every k € K the n-th antichain A4,, already witnesses

that fi, ¢ [ta’” (S%)]. In Lemma 3.8 in [7] the existence of a reduction of a nice name for a real
is proven. We will need an analogous result for nice names of K-many reals:

Lemma 7.5. Let Q be a complete suborder of P, p € P, ¢ € Q a reduction of p and assume
that {(An, Ky) | n < w} a nice P-name for K-many reals below p. Then, there is a nice Q-name
{(Bn,Ly) | n <w} for K-many reals below q such that for all n < w and b € B, there is an
a € A, such that b is a reduction of a and K, (k,a) = L,(k,b) for all k € K.

Proof. Exactly the same proof as for Lemma 3.8 in [7]. O

Analogously to [7], we will call the nice P®-name {(B,,, L,) | n < w} a canonical projection of
the nice PY-name {(An, K,,) | n < w} below ¢.

Lemma 7.6. Assume ((An, Ky,) | n < w) is a nice PY-name for K-many reals below p | o with
respect to 0 and ((S% | n < w) | 6 € OR). Further, assume that {(Bn, Ly) | n < w) is a canonical
projection of {(An, Kp) | n < w} below q. Then, for every k € K

¢ I name({(B,, Ln(k)) | n < w}) ¢ | [So].

n<w

Proof. Assume not, so choose k € K, n < w and rg < ¢ such that
ro IF name({(By, Ln(k)) | n < w}) € [S%].

Choose b € B, such that b||rg. Choose 71 € P® with ry <b,79. Since {(B,,L,) | n < w} is a
canonical projection below g of {(A,, K,) | n < w} choose a € A, such that b is a reduction of a
and K, (k,a) = Lyn(k,b). Thus, t>"¥(r1) || a. Then, by assumption we have

1l Ly (k,b) € SO,
which implies
W2V () IF Ky (k,a) = Ly (k,b) € (27 (S%).
However, as ((Apn, K,) | n < w) is a nice name with respect to 8, and ((S¢ | n < w) | § € OF)
alF Ky (k,a) ¢ 12 (8%),

contradicting to'" (r1) || a. O
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Finally, we define a reduction of p as follows: By the previous discussion choose a nice P¥-name
((An, Ky) | n < w) of K-many reals below p [ o with respect to 6, and ((S? | n < w) |6 € ©h),
so that for every k € K we have

plalk fr = name(((An, Kn(k)) | n < w)).

By Lemma 7.5 choose a canonical projection ((By, Ly) | n < w) of ((An, Ky) | n < w). Now, for
0 cObandic Ig g we define G g; as

{name(((By, Ln(k)) | n < w)) | k € K with 0 = 0 and i), = i}.

Let ¢, be the canonical name for the condition in Qg = Heedom@) ']I‘(’jf’e) with supp(g,) = ©4,
for every 0 € ©, with supp(¢a(6)) = I¥ , and for every i € I, ¢ we have §o(0)(2) = (s£ 5., Ga0)-

a,0,i?

Since (S% | n < w) enumerates 720 by Lemma 7.6 for every k € K we have

q IF name({(B,, L,(k)) | n < w)) ¢ U

Tef 'k
Hence, we obtain

qFinceQr= T[] T,

0cdom(P)

i.e. ¢7 qo € IP’a 1. It remains to show that ¢~ ¢, is indeed a reduction of p with respect to Lj fl

Proof. Let r <q~ ¢o. We need to show that La+l
Further, r | a <gq. Since r [ a IF r(a) < ¢, we have
° OF Q O4
Ip I , for every 0 € OF,
ael gnao for everyﬁe@p andzelpg,
< s" . for every 0 € OF, andzefg
For every k € K there is hj, € F, w0y, Such that

(r) || p- By extending r we may assume r € D2,

a@z— a,0,1
ik

| a Ik hy = name(((By, Ln(k)) | n < w)).

Let N := max{n/,

q, choose b € By and 7 € P® with 7<r[a,b. As ((B,,L,)|n < w) is a canonical projection
f (A, Kp) | n < w) choose a € Ay, so that b is a reduction of a and for all £ € K we have

Kn(k,a) = Ly(k,b). Hence, 1" (7) || a, so choose p € PY with <0 (7),a. We define

Y |0 eOh,ic Izﬂ}. Since 7 | a<q and By is a maximal antichain below

o OF = o,

ofge —I’"eforeveryee@

ongel.:naezandsael.: aelforeveryﬁe@p andzEIp
’Fgez' Fé’eZULQ (Fggl)forevery@é@aandzelaﬁ,

where every undefined set is to be treated as the empty set. Let Do be the canonical name
for the condition in QF = [Tpegom(e )T(Tofp’e) with supp(ﬁa) = OF and for every 6 € ©% with
Fp

supp(pa(0)) = I? o and for every i € IT ; we have p,(0)(i) = (sP w0.i)- By definition of p pa

a97,’
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we have p~ po < p, Lgfll (), so we finish the proof by showing that "~ p, € PY. By definition of
FP

a,0,i

we distinguish the following two cases. First, let k£ € K, by Remark 6.5 we have to prove
Sl ot n? p ;
TeTy gk
Since p € DY, | we have
plalk frg |J [T
ety "

so also p<a <p [« forces this. For the other property, choose hy € F" b i such that
| a Ik hy = name(((By, Ln(k)) | n < w)).

Since r € D2, | we have

rlalk hyln € s

T
,0k,ik

a,0 1
Furthermore, as N > nl, O and b € By we have o
b IF name({((By, L, (k)) | n < w)) [N 0,00 = Ln(k,b) [ n] Ny 0y i
Hence, 7 <r [ a, b implies that
Pk Ly (k,b) Tnp g i =T [l i € St i

Thus, we obtain Ly (k,a) (10,0 € Sty But na Orin = Mty in: Sz,ek,z‘k = 0,0, and by
choice of b we have Ly (k,b) = Kn(k,a), so that

Kn(k,a)n? Mo 0, i € SZ,Gk,ik‘

Finally,

a b fr = name({(A,, K,(k)) | n < w))
and p <a yield the desired

p“_fk a@kzk KN(k a)[ a@kzke a@k,zk

Secondly, let 6 € ©F,, i € I , and he F! o, Then, ¥ <r [ a implies

Pl hingg, €shg;andh¢ |

TeT’

As before, by applying 12¥ we obtain

vV () o2 () Inf g € sty and 13V (R) ¢ |
Teta "’
Hence, p < P \P(F) implies that
I 2Y(h) 0P Mo g € sael and (2 (h) ¢ U
TeTd?

Thus, we finished proving p "~ p, € PY. O
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To complete the induction, it remains to verify (A) to (F):

(A) By induction on (A) it suffices to verify the following. Let p € P®. Then, we compute

&0 ST, ~
Lo (L aa+1(p>) =141 (0" 1)
=" (p) 1

N

= toat1(ta” ())-
(B) Let 0 € dom(®), i € ®(#), v €I and p € P2, . Then, we compute

definition of ¢

ol (N (p) = wifl (N (pre)” ‘1”“1’<p<a>>> ai1)
[oR)

(

N p1a) T (Y (p(e))  (Definition 5.3)
=i (i (@] a))“‘”( 2M(p@))  ((B) inductively)
= aH(w;‘;;f NP Te) " md (M (p(a)) (definition of 15:")
= o (T ()() (Definition 5.3).

(C) There is nothing to show.

(D) Let # € dom(®) and n < w. Then, LS +\I}1 (Tq) 9) = 0\? ¥ immediately follows, since ta'”
preserves check-names.

(E) Let 0 € dom(®). Then, we compute using Definition 4.10, (E) inductively, (D), (A) and
the fact that every name is chosen as a canonical name:

9 ,
Tag1 =t ga—i—l(T ) {T\Il,r?’new}

; w0 v
= L(l;Iv,,oz—i-l Lg?’\p(%q)ﬁ) U U Lllp,a(lrl,i ) U { a+1(T‘I) 0) | n e w}

icW(0)\®(6)
= (2VTENU | e (T U (T2 | n € w))
€W (0)\®(0)
=i (TN U AT Inewh U | (e (1)
i€V (0)\P(0)

=1

T an (T U TR Inewu U (an (")

1€V (0)\P(0)

=i TEDU U e (1),
ieW(0)\®(6)
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(F) Let 6 € dom(®), i € U(0) \ ®(0), v €T and p € P2 ;. Then, we compute

“”f“wxbi’f’l(p))—m“( )2 (pla) ™ 12 (p(e))

( %))
DI (p1a) "7 (2 (p(a)))  (Definition 5.3)
) (
(

definition of ¢ 1

ot (p1a) " (p(a)

<I>,lIl
= La—i—l (p)

(F) inductively)
definition of ¢ +\IJ1)

This completes the induction and thus the proof of Theorem 7.1. (|

8. EXTENDING ISOMORPHISMS THROUGH THE ITERATION

In Section 5 we considered how to extend automorphisms of certain group actions through the
iteration. Similarly, given bijections between the index sets of the Cohen reals of our iteration we
will show how to extend these bijections to isomorphisms of the full iteration. These extensions
have a very categorical flavour, nevertheless we provide a self-contained presentation.

Definition 8.1. Let ®, ¥ be ©-indexing functions. Then, we say x = (g, {h? | § € dom(®)}) is
an isomorphism from ® to ¥ iff the following properties hold:

(1) g : dom(®) — dom(W¥) is a bijection,

(2) for every 6§ € dom(®) also h? : () — ¥(g(0)) is a bijection.

Definition 8.2. Let ® be a O-indexing function. Then, we define the identity isomorphism from
® to ® by 15 := (iddom(@), {idq)(g) | 6 € dom(®P)}).

Definition 8.3. Let ®, ¥, X be O-indexing functions, xo = (go, {1} | § € dom(®)}) an isomor-
phism from ® to ¥ and x; = (g1, {h¢ | § € dom(®)}) is an isomorphism from ¥ to ®. Then, we
define its composition x1 0 xg := (g2, {h§ | 6 € dom(®)}) by

(1) 92 := g1 ° g0,
(2) for every 6 € dom(®) we define hf := hi’o(e) o hl.
Clearly, x1 o Xg is an isomorphism from ® to W and it is easy to check, that composition is

associative and the identity isomorphism satisfies left and right unit laws. In other words, the
class of all ©-indexing functions with isomorphisms as morphisms is a category.

Definition 8.4. Let ®, ¥ be O-indexing functions and x = (g, {h? | € dom(®)}) an isomor-
phism from ® to . Then, we define its inverse x ! := (g«, {h? | # € dom(¥)}) by

(1) gx = 9_17 -
(2) for every 6 € © we define h? := (b9~ ©))~1,
Clearly, x~! is an isomorphism from ¥ to ® and it is easy to check, that it is the unique

1

isomorphism which satisfies x ! ox = 1¢ and x o x~! = 1y. In other words, we not only have a

category but a groupoid.
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Definition 8.5. Let ®, ¥ be O-indexing functions and x = (g, {h? | € dom(®)}) an isomor-
phism from ® to W. Define xy : C* — CY for p € CY, 0 € dom(¥) and i € ¥(0) by

kx(p)(0,4) == p(g 1 (0), (9 @) 7L(a)).

In other words, the information of p is swapped around as given by the bijections g and h’.
Clearly, kx is an isomorphism from the partial order C* to CY.

Lemma 8.6. Let ®, ¥, X be O-indering functions, xo = (go, {h§ | 6 € dom(®)}) an isomorphism
from ® to ¥ and x1 = (g1, {hf | 0 € dom(¥)}) is an isomorphism from X to ¥. Then, we have

(1) :‘431<I> = id(cé,
(2) Rxjioxg = KFx;p © Kxq-

In other words, ke is a functor between groupoids.

Proof. For the first statement let p € C®, 6 € dom(®) and i € ®(#). Then, we compute

F1q (9)(0,1) = ((idg, ) (0); (idae) ' (1)) (Definition 8.2 and 8.5)
= p(0,1).

Secondly, let p € C*, § € dom(X) and i € X(#). Then, we compute

) 1
— plgg (g @), (hT @ o g OOy
= (g5 (g7 (6)), (h O )18 @) =15y
— ko () (97 (6), (B V)14 (Definition 8.5)
= Kx, (Fx, (P))(0,1) (Definition 8.5)
= (/‘le © RXO)(p)(Q,i). ]

Next, we need to verify that the canonical C®-names 7;@’9 are mapped to ’7;1\1;&?)(9) by kx. To
this end, we prove that kx behaves nicely with respect to the I'-actions.

Lemma 8.7. Let ®, ¥ be O-indexing functions and x = (g, {h? | 0 € dom(®)}) is an isomorphism
from @ to W. Let § € dom(®) and i € ®(0). Then, rx : C® — C¥ is a morphism of T-sets, i.e.
the following diagram commutes for every v € I':

C<I> Kx (C\I/

|[oe |

CCD Kx (C\I/
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Proof. Let v € T and p € C®. Further, let € dom(¥) and j € ¥(n). In case that § = g~'(n)
and i = (k9 M)~1(j) we compute:

(s () (01.9) =77 (D)™ ), () 7H@)  (Definition 8.5)
=m0 (7)(0)(6, ) (case property of 7, i)
=m(7)(p(0,1)) (Definition 4.6)
=7(3)(plg (). (b )7 (5))) (case property of 7,)
= 7(7)(kx(p) (1, 5)) (Definition 8.5)
=7 (7) (kx(p)) (1, 5) (Definition 4.6)
= st () (5 (0) (1, 5) (case property of 1,i).
Otherwise, we have that 7['?’0 acts trivially on the (g71(n), (h9" )~1(}))-component of p and
ﬂ}%’;?i()e) (7) acts trivially on the (1, j)-component of kx(p), so we compute

k(@ (@) (0.3) = 7)) (g 7 (), (9 M)7L(G))  (Definition 8.5)
=p(g~'(n), (W ™)1 (5)) (m2? acts trivially)
= kx(p)(n,J) (Definition 8.5)
= st (1) (5 (2)) (1, 5) (st acts trivially). O

Lemma 8.8. Let ®, ¥ be O-indexing functions and x = (g, {h? | § € dom(®)}) is an isomorphism
from ® to V. Let 0 € dom(®) and i € ®(0). Then, we have

(1) kx(é @9) = cié?(f) and thus HX(T(ID b = T};I;’(gige),

(2) m(T0) = T2,

(3) ral TH9) = T4
Proof. (1) immediately follows from the definition of kx and the definition of the canonical name
for a Cohen real. For (2) by Definition 4.8 remember 7'?1)’9 is the canonical C®-name for the set

{r2()(TP) |y e T}

Hence, we compute

kx (T:77) = kx ({70 (V)(TF) | v € T})

)
= {sx(7? ' (N(TF)) | 7 € T}
(
(

(Definition 4.8)
(
= ﬂqj’g.(e)(’y mX(T-q)’e)) |veT} (Lemma 8.7)
(
(

canonical name)

- he(l) ) 2
U.g(0 W og(0
= {mify )(Tty”) 17 €T} 1
= 17590 Definition 4.8).
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Finally, for (3) we compute

ki (TPY) = iy ( U 7';4)’9) (Remark 4.9)
icd(0)
= U ;gx(jf)’e) (canonical name)
icd(0)
_ ~,9(0)
= U Tholay (2)
icd(0)
= J 7 (h? : ®(6) — T(g(h)) is a bijection)
i€¥(g(0))
— 7900 (Remark 4.9). U

So far, we have constructed a functor ke mapping indexing functions ® to posets of the form
C?®. In terms of our iteration this corresponds to a functor x! mapping ©-indexing functions to
posets of the form P¥. We will extend these functors through the iteration to obtain an increasing
sequence of functors in the following sense:

Definition 8.9. Let ¢ < N;. We say that
(ke |0<a<e)
is an increasing sequence of functors iff every ¢ is a functor mapping ©-indexing functions

® to posets P®, for all 0 < a < ¢, ®, ¥ O-indexing functions, x = (g, {h? | # € dom(®)}) an
isomorphism from ® to ¥ and 6 € dom(®) we have

() = T4,

and for every 0 < a < 8 < Ny, O-indexing functions ®, ¥ and isomorphism x from ® to ¥ the
following diagram commutes:

d  Hx v
]P)O[ ]P)Cll

D 7
lLa,ﬂ l‘a,ﬁ
8

[ Kx s
Py —— Pg

In other words, for every 0 < a < 8 < N; the maps L;, 5 are a natural transformations from the

functor k¢ to the functor K/? .

Corollary 8.10. (k§ | 0 < a < 1) is an increasing sequence of functors (of length 1).

Proof. By Lemma 8.6 < is a functor, the second property of Definition 8.9 holds by Lemma 8.8,
and the third property is vacuous for a sequence of length 1. O

Note the similarity to Definition 5.1 and Lemma 5.5. In Section 5 we made sure to preserve
some group structure of automorphisms through the iteration. Similarly, in this section we need
to preserve the groupoid structure given by isomorphisms between ©-indexing functions.
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Proposition 8.11. Let € < Xy be a limit. Assume
(ke |0 < a<e
s an increasing sequence of functors. Then, there is a unique functor k§ so that
(ke |0 < a<e)
is an increasing sequences of functors.
Proof. Define k§ as the pointwise direct limit of (kg | 0 < o < €). That is, for given ©-indexing

functions ®, ¥ and an isomorphism x = (g, {h? | # € ©}) from ® to ¥ we define xS to be the
direct limit of (k$ | @ < €). Then, argue as in Lemma 5.2. O

Analogously to Definition 5.3 the extension at successor steps is not unique. However, there
is a canonical way to extend an increasing sequence of functors.

Definition 8.12. Let € < ;. Assume (k3 | 0 < o <€) is an increasing sequence of functors.
Let @, ¥ be ©-indexing functions and x = (g, {h? | # € dom(®)}) an isomorphism from ® to .
Then, we define s$™ : PP | — PY,, for p € P2 by

e+1
X

€

(p) := K (p )" K5 (p(e)).

Then, we call k(! the canonical extension of (k¢ |0 < a < €).

K.

Finally, analogous to Lemma 5.4 and Corollary 5.6 we obtain our desired induced sequence of
with the following lemma.

Lemma 8.13. Let e < V. Assume (kS | 0 < «a < €) is an increasing sequence of functors and let
kSTL be the canonical extension. Then (k% | 0 < o < € + 1) is an increasing sequence of functors.

Corollary 8.14. There is an increasing sequence of functors (k% | 0 < a < V1) such that kSH
the canonical extension of (k3|0 < a <€) for every e < Ny. We call this sequence the induced
sequence of functors and will reserve the notions (k§ | 0 < a < Ny) for it.

Proof. We iteratively construct the desired sequence. By Lemma 8.8 we may start with k¢ as in
Definition 8.5, use Lemma 8.13 for the successor step and Lemma 8.11 for the limit step. O

The final ingredient we will need for the proof of Main Theorem 3.1 is a notion of restriction
for isomorphisms between O-indexing functions. We also show inductively that our increasing
sequence of functors in Corollary 8.14 maps restrictions to restrictions.

Definition 8.15. Let ®, ¥ be ©-indexing functions, x = (g, {h? | € dom(®)}) is an isomor-
phism from ® to ¥ and &y C & a O-subindexing function. Then, we define the image of ¢ under
x denoted by x[®] as the ©-subindexing function of ¥ defined by dom(x[®¢]) := g[dom(Po)]
and for 6 € dom(x[®g]) by

x[o](0) = {h (i) | i € Bo(g™(0))}-
The restriction of x to ®¢, denoted by x [ @, is the isomorphism from ®( to x[Pg] is defined by

x [ B := (g [ dom(®g), {h? | Dy(0) | & € dom(Pg)}).
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Lemma 8.16. Let @,V be O-indexing functions, x = (g, {h? | 6 € dom(®)}) is an isomorphism
from ® to ¥ and ®9 C P a O-subindexing function. Set Vo := x[®g]. Then, the following
diagram commutes

C® T4 ¢
Cc* —— ¥
Proof. Let p € C*, 0 € dom(V¥) and i € ¥(f). If § € dom(¥) and i € ¥y(6), we compute
0¥ (i 10 (P)) (8:) = kx5 (P) (6, 1) (i € Wo(h))
= p(g~1(0), (R ) ~1(3)) (Deﬁnmun185)
= 2% (p) (g7 (0), (h D)7 (@)) (b O)7H(0) € ®o(0))
= k(2% (p))(8, 1) (Definition 8.5)

Otherwise, § € dom(¥)\dom(¥g) ori € U(6)\ ¥y(#). Then, we have g~1(8) € dom(®)\ dom(Pg)
or (h9~© N=1(i) € ®(A) \ Po(8), respectively. Then, we compute
(

0 (k20 () (0,1) = 1
= ") (g1 (0), (D))
= k(12 (p))(0,1) (Definition 8.5). O

Inductively, we show that this commutative diagram not only holds for s, but for the entire
increasing sequence of functors (k3 | 0 < a < Ry).

Lemma 8.17. Let € < Ny. Let ®, ¥ be O-indexing functions, x = (g,{h? | § € ©}) is an isomor-
phism from ® to U and &y C ¢ a O-subindexing function. Set Vo := x[Pg]. Then, the following
diagram commutes

€+1

D I ®q A
IP>e—i-1 IPJe—i—l

l ®q,P l Vg,V
e+1 e+1

o Ax o
Pe—i—l Pe—i—l

Proof. Let p € ]P’E +1- Then, we compute

et (R, (0) = 20 (s () o) ™ e (55T, () (€) (definition of 1.'7;")
= “’( e (0 16)) 7 20 (15(p(e))) (Definition 8.12)
= k(12" (p 1 €)" KL(E P (p(e))) (induction)
= k(0T (p) 1)~ R (et (p) () (definition of ¢}
= /-@;H(L?ﬁ’lq) (p)) (Definition 8.12). O
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Lemma 8.18. Let € < Ny be a limit. Let &,V be O-indexing functions, x = (g, {h? | 6 € O}) is
an isomorphism from ® to U and &9 C @ a O-subindexing function. Set Wy := x[®y]. Then, the
following diagram commutes

KJE
x| P
PP —3 pYo

D0, P v,¥
lLeO, ‘LLE 0,

o Fk v
]P)G PE

Proof. Let p € ]P’q’o. Choose a < € such that Lgfe(p l a) = p. Then, we compute

WOV (RS 0o (P) = 1OV (K oy (Lo (P T ))) (choice of )
= 1OV (8RS ey (P 1 @))) (Definition 8.9)
= LE,E(L;PO’“’(/%?: 1o, (P T ))) ((A) in Section 7)
= 1y (R2 (2% (p T @) (induction)
= Ryt (13 (p 1 @))) (Definition 8.9)
= R (e (g% (p T @) ((A) in Section 7)
= k(12 (p)) (choice of ). O

9. PROOF OF THE MAIN THEOREM

Finally, we prove the our Main Theorem 3.1. The main part of the proof is an isomorphism-
of-names argument to exclude values from spec(ar). For similar arguments, also see [4], [10].

Main Theorem 3.1. Assume GCH and let © be a set of uncountable cardinals such that

(I) max(©) exists and has uncountable cofinality,
(IT) © is closed under singular limits,
(IIT) If 6 € © with cof(f) = w, then 6T € O,
(IV) ¥ € ©.

Then, there is a c.c.c. forcing extension in which spec(ap) = © holds.

Proof. For technical reasons we assume that max(0) appears max(0) many times in ©, so that ©
has size max(©) and we add max(©) many partitions of “2 into F,-sets of size max(©). Let ¥ be
the O©-indexing function defined by ¥(6) := @ for every § € ©. We show that Pgl I+ spec(ar) = O.
Since IP’g’1 is c.c.c. no cardinals are collapsed and since }Dgl‘ = max(0) and max(0)*° = max(0)
we have ]P)g’1 IF ¢ = max(©). Further, as in Lemma 2.10 we have

]P)g’1 I © C spec(ar),

so we only have to prove the reverse inclusion. Let A ¢ O, p € IP’g’l and (Ta | @ < A) be a family
of ]Pg’l-names such that

plF (T, | @ < \) is an almost disjoint family trees.
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Since trees can be coded by reals we may assume that T, is a nice Pgl—name as in Definition 6.1.
By assumption on © and GCH there is a regular uncountable cardinal o < X with [, A\]N© =0
and such that for all © < ¢ we have ™ < 0. Now, fix & < \. We define O, := hsupp@(Ta),
D,, := hsupp(7T,) and for every 0 € © let Dy (0) := Dy N ({6} x V). By possibly extending O,
and D, we may assume hsuppg(p) C 0, and hsupp(p) C D,. Then, (0, | a < o) satisfies the

assumptions of the generalized A-system lemma:

e (O, | a< o) isa family of size o,
e |Oy <Ny forall a <o,
e N; < ¢ and for all 4 < o we have p<N = o < g,

Choose Iy € [0]7 and ©p such that {©, | « € Iy} is a A-system lemma with root ©p. Since
|O| = max(©) > o, we may assume that we extended every ©, for a € Iy such that

(1) ©4 is still countable and {©, | a € Iy} is still a A-system with root Og,
(2) For every a € Iy we have |0, \ Or| = Rg.
Next, also {D,, | a € Ip} satisfies the assumptions of the generalized A-system lemma:
o {D,|ac Iy} isa family of size o,
e |D,| <Ny forall a € Iy,
e X; < ¢ and for all 4 < o we have p<N = o < g,

Choose I; € [Ip]” and R such that {D, | o € I} is a A-system lemma with root R. For every
6 € © let R(A) := RN ({0} x V). For every 6 > ¢ we have |¥(#)| > o, so we may assume that
we extended every D, for « € I1 such that

(3) D, is still countable and {D,, | « € I} is still a A-system with root R,
(4) For every a € I} and 0 € O with 0 > o we have |D,(0) \ R(0)| = Ro,
(5) For every a € I1 and 0 € O, \ O we have |D,(8)| = No.

Now, set I := {a € I; | For all § € O with 6 < o we have D, () C R(0)}. Then, Iy € [[1]7 as
for every § € O with 6 < o there are only <o-many a € I; with D,(0) \ R(0) # 0, since
|W(0)| =6 and {D, | @ € 11} is a A-system of size ¢ > 6. Thus, we obtain

(6) For every a € I and 0 € O with § < o we have D,(0) = R(6).

We extend our A-system by one more element as follows. Choose O, C © countable such that
Or C O), |65\ Or| = Xy and for all « < XA we have ©) N ©, = Or. This is possible since
|O] = max(©) > A. Now, for § € © we define Dy () as follows:

e If 0 € O and 6 < o define Dy(6) := R(0),

e If ) € O and 0 > o we have |¥(0)| = 6 > A, so choose D)(0) C ({0} x ¥(0)) countable
with R(0) C Dx(0), |Dx(0) \ R(0)| = Xg and for all a < A we have D)(6) N Dy (6) = R(9),

e If 6 € ©, \ O choose any countable subset Dy(0) C ({6} x ¥(0)),

e If0 €O\ O, set D\(O) := 0.

Finally, we define Dy := [Jycg Dr(6). By choice of ©) we have that {O, | a € LU {A}} is a
A-system with root © g and similarly by choice of D)y also {D,, | @ € Io U {\}} is a A-system with
root R and properties (1) to (6) still hold for every a € I;U{A}. Next, we define a ©-subindexing
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function ®r of ¥ by dom(®gr) := O and for § € O by
Dp(6) = {i € W(0) | (6,7) € R(O)}.
Analogously, for every a € AU {\} define a ©-subindexing function ®, of ¥ by dom(®,) := O,

and for 6 € ©, by
Da(0) = {i € W(0) | (0,1) € Da(O)}.

As Op and R are roots of their respective A-system we obtain ®p C @, for every o € Io U {\}.

Since, hsupp(7,,) C D, we may pick a nice ng‘—name T with Lgf’\y (T7) = T,. Further, by (2) we

may fix bijections (g, : Oq — w | & € I U {A}) such that g, [Or = gg | O for all o, B € [U{A}.
Then, for a, 5 € I U {\} we define g, 3: ©0 — Og by

ga,ﬂ(e) = 951 (ga(e))'

Note that ©, N Oz = O and g, [ Or = gg | Or implies that

90.5(0) = g5 (9a(0)) = 0
forall # € ©p and «, € [,U{\}. Hence, it is easy to verify that we obtain a system of bijections
{9ap 1 Oa = O | a, f € I U{A}} with the following properties for all o, 3,7 € Io U {A}:

(G1) ga,o =ide, and 9;15 = 98,0

(G2) for all # € O we have g, 5(0) =0,

(G3) gayy = 98,y © Yo, 8-
Next, for every a € I, U{\} and § € ©, we may fix a bijection h% : ®,(f) — w such that for
all a, B € I, U{\}, 0 € O and i € R(A) we have hY (i) = h%(i). This is possible, since by (4)
and (6) we have |Dq(0) \ R(0)| = |Dg(0) \ R(0)| for every 8 € Op. Then, for o, 8 € I U{\} and
§ € ©, we define a map hgﬁ : o (0) = Ps(ga,p(8)) for i € ,(8) by

. ws(0)\— .
o 5(0) = (R~ o)),
We verify the following properties for all a, 5,7 € Iy U {A} and 6 € O,:

(H1) hf,, =idg, () and the map hiﬁ 1 0 (0) = D3(ga,p(0)) is a bijection with inverse h%‘;’f(@),

(H2) for all i € R(A) we have h® ;(i) = i,
0 _ 19.80) ;9
(H3) hg. = hﬁ’f ohg g

Proof.
(H1) Let i € ®,(0). Then, go.o(f) =0 by (G3), so that

10, o (i) = ((h8= )" o h2) (i) = (W) ™" o h)(i) = i.

Next, by definition we have h%‘fc’f(e) : ®5(9a,8(0)) = ®al(98,a(9a,8(0))). Further, by (G1)
98,0(9a,8(0)) = 0, so that hg‘i’f(e) : ®5(ga,8(0)) = Pa(), ie. the domains are correct.
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Now, let i € ®,(#). Then, we compute
(h%ﬁf(e) o hg{ﬁ)(z) ((hgﬁ,a(ga,ﬁ(e)))fl o h%a,ﬁ(e) o (héa,ﬁ(e))fl ° hg)(l)

= ((ha) ™" o hg) (i) = i.
)

Analogously, for i € ®5(gq,5(6)) we compute
a,8(0)y /- a,3(0)\ — al(ga,p(0))\— ,8(0)y /-
(hg,ﬁ Oh%,ocﬂ( ))(Z) — ((h% a( )) 1 Ohg o (hg/i (9a,8( ))) 1 Oh% a( ))(’L)
= ((hg" ) o b0 (W) o hg ) (0)
a,8(0) — a.8(0)N /. .
= (%) om0 = .
(H2) Let i € R(#). Then, 6 € O and gop(0) = 6 by (G2). Hence, by choice of the bijections
. 0 5(0)s .
he.5(0) = (")~ o ) (0)

= (
= ((h) " o hY)(0)
= ((h})~" o hG) (@)
=1.
H3) Finally, let 0 € ©4 and i € ®,(0). Then, go,~ = gg~ © ga.g by (G3), so we compute
Y By B
.8 (0 . 0,8(0))\ — (0 0,8(0)\ — .
(h%f;/ﬁ( )Ohg,ﬁ)(z) — ((hgﬁﬁ(g A( ))) 1 Oh% .8(0) o (h% A( )) 1 Ohi)(l)
= (W5 ) o) (@)
] .
= h A (1) O
Now, for all a, 8 € Io U {A} define x4 5 := (ga,8, {hzﬂ | 0 € ©4}). Then, the properties (G1)

to (G3) and (H1) to (H3) may be rephrased as a system of isomorphisms of ©-indexing functions
(Xap | @, B € I U{A}), which for all o, 8,7 € Io U {\} satisfies

(K1) x4, = 19, and X;,}B = Xg,a:

(KQ’) X, f‘I’R = ]_ch,

(K3") Xa,y = X8,y ©Xq -
Applying the functor x)' from Corollary 8.14 to the system (x,5 | @, 8 € Io U {\}), we obtain a
system of isomorphisms (rx, , : Pgl" — Pif | a, B € I U{A}) which satisfies

(K1) kxpo = idﬂ”ia and /ﬁ;i’ﬁ = Kxg o

(K2) N

(K3) Fxon = Fixg,, © Fxgy -
Fix By € Is. For every a € I we have that T; is a nice ng—name for a tree. Thus, Ko g, (T;) is
a nice Pif -name for a tree. However, ®4, is countable, so by Lemma 6.9 there are only 8;-many

. B . .
nice Py, °-names for such trees. Thus, choose I3 € [I5]7 such that rx, , (15) = kx,, 4 (%)) for
all o, o’ € I3.
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Next, choose any ag € I3 and define T5 to be Fxo,, A(T* ). Then, T} is a nice }Pﬁf—name for a
tree. We show that this definition is independent of the choice of ag € I3, so let o € I3. Then,
we compute

TX = Fxggn (T;O) (definition of T%)
= Fixgy o (Fxag 5 (L)) (K3)
= Fixgya (Fxq g, (T2)) (a € I3)
= fixan (T0) (K3).

Finally, let § < . Since {©, | a € I3} is a A-system with root O and ©3 is countable, there can
only be countably many « € I3 with ©, N Og Z Op. Further, since {D, | a € I3} is a A-system
with root R and for every 6 € Op the set ®3(f) is countable, there can only be countably many
a € I3 with ®,(0) N ®5(0) € R(F). Thus, we may choose a € I3\ {8} such that ©,N Oz C Op
and for all § € O we have ®,(0) NPg(d) C R(#). By definition of ©) we also have ©yNOg C O
and for all § € O also ®5(0) NPz(0) C R(). For v € {a, A} we define a ©-subindexing function
¢ of ¥ by dom(®}) := ©, U©Og and for § € ©}, by

O(0) :=D,(0) U Dg(0),
where every undefined set is treated as the empty set. We define a bijection g7, , : ©f — ©} for
0 € ©}, by
gax(0) if 6 € O,
ga /\(9) : .
0 if 6 € @5.
This is well-defined by (G2) and ©, N ©g C Or. Further, for every § € O}, define a bijection
hi’jg 1 93 (0) = 5(g5, 0 (0)) as follows:
o If § € O we have 7 (0) \ o (0) = 3(0) \ ©A(0) and g, ,(0) = 6, so we may extend the
bijection hf , : o (0) — @A(6) to hY7; : B4 (6) — 5(6) by
R (i) ifie ®,(0),
hit\() a)\() L2 ()
i if i € ®g(0).
This is well-defined by (H2) and ®,(8) N ®5(0) C R(H).

o If§ € ©,\OR, then we have 7 (0) = &,(0), P3(0) = ®1(6), so we may define hi’;\ = hg}/\
o If € O3\ Op, then we have ©7(0) = ©5(0) = ©3(0) and g, () = 0, so we may define

0,
hey = iday o).

Then, the tuple xj, , = (g7, 5, {h | 0 € ©}}) is an isomorphism from @}, to ®5. Further, we
have ®,,®5 C ¢}, and @), P5 C 113 as well as

(Ll’) X:;,)\ [ P = X\

(L2) xp 0 [ Ps = Lo,
By Lemma 8.18 applying X! from Corollary 8.14 yields an automorphism Rxr | ]P’ﬁ} — Pi}
with the following properties:
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(L1) kxx £ 0 Lgf"cp = Lil)”@;‘ O Fixy s
(L2) kr 00 = 107"
Since hsupp@(P) C O and hsupp(p) C R, choose p* € PglR with Li’lR’\I’(p*) = p. Then we have
s (™ (07)) = s () (i (07)) (Pr C D5 C B7)
= o M 07) (L2)
= 5" (@ C 5 C 93).
Similarly, by (L2) we have rix» A(Lil (Tﬁ)) = ilﬁ’q) ( E) We also compute
i (i P (T)) = 130 e (12) (L1)
= o "N (a € Iy).

We may now finish the argument. Since
p gy [Fa] 01 (T3] =0,
we have
DX, DR &L, 1, By B i O U, Bg,d%
ey (o (7)) gy [ (o (TN O e (e (1)) = 0.
By Theorem 7.1 we may use downwards absoluteness to obtain
PR, P o, Y, s Dg,P7,
e, (%) IF [LNI “(TD] N [ 2 () = 0.
Applying the isomorphism Ry IP’Nla — IP’CI>§ and the computation above yields
Pp,d% Dy, 5,83 (s
by, (P7) I e Lo P EDIN [T (@) = 0.
Nl
By Theorem 7.1 we may use IT}-absoluteness to obtain
p kg (DN [T5] =0,

so that
p - py (To, | @ < A) is not maximal.
1
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TIGHT COFINITARY GROUPS

VERA FISCHER, LUKAS SCHEMBECKER, AND DAVID SCHRITTESSER

ABSTRACT. We introduce the notion of a tight cofinitary group, which captures forcing inde-
structibility of maximal cofinitary groups for a long list of partial orders, including Cohen, Sacks,
Miller, Miller partition forcing and Shelah’s poset for diagonalizing maximal ideals. Introducing
a new robust coding technique, we establish the relative consistency of a; = 9 < ¢ = R, alongside
the existence of a Aj-well-order of the reals and a co-analytic witness for a,.

1. INTRODUCTION

The study of the projective complexity of maximal cofinitary groups has already a compara-
tively long history. In 2008 [8] Gao and Zhang show that in the constructible universe L there is
a maximal cofinitary group with a co-analytic set of generators. The result was improved a year
later by Kastermans [11] who constructed a co-analytic maximal cofinitary group (in L). In both
of those results the existence of a X1 definable projective well-order of the reals, as well as the
Continuum Hypothesis, play a crucial role, thus leaving aside the problem of providing projective
maximal cofinitary groups of low projective complexity in models of large continuum.

The study of models of = CH with a projective well-order on the reals has a much longer
history, initiated by the work of Leo Harrington [9], in which he obtained a model of ¢ = Ry with
a Al-well-order of the reals. In [3], the first author of the paper and S. D. Friedman, introduced
the method of coding with perfect trees to obtain models of ¢ = Ry, a light-face Al-well-order of
the reals and various cardinal characteristics constellations. Note that by a result of Mansfield
if there is a Y.1-well-order of the reals, then every real is constructible and so the existence of a
Al-well-order on the reals is optimal for models of ¢ > Xy. The well-order can be used to produce
Zé—deﬁnable set of reals of interest of cardinality Z%, including maximal cofinitary groups. But
the complexity of the maximal cofinitary group thus obtained is not lowest possible: Indeed,
Horowitz and Shelah in [10] show that there is always a Borel maximal cofinitary group (which is
necessarily of cardinality ¢). In [6], the first and third author of the current paper jointly with A.
Tornquist construct a co-analytic maximal cofinitary group which is Cohen indestructible. Thus,
they obtain a model in which a; = b < 0 = ¢ = x where s can be an arbitrarily large cardinal
of uncountable cofinality and a, is witnessed by a maximal cofinitary group of optimal projective
complexity. Providing a model of ? = a;, = 8; < ¢ with an optimal projective witness to ag
remained open until the current paper and required significantly different ideas.

2020 Mathematics Subject Classification. 03E35, 03E17, 03E55.
The first and second authors would like to thank the Austrian Science Fund FWF for the generous support
through grant number START Y1012-N35.
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Inspired by the construction of a tight almost disjoint family, in [7], Fischer and Switzer intro-
duce the notion of a tight eventually different family of reals. Tight eventually different families
are maximal in a strong sense, as they are indestructible by a long list of partial orders, including
Cohen, Sacks (its products and countable support iterations), Miller, Miller partition forcing and
others. They are never analytic, exist under CH and MA(o-centered), and are used in [7] to pro-
vide co-analytic witnesses to a, = N; in various forcing extensions. Moreover, in [1] the authors
show that Sacks coding preserves (in a strong sense) co-analytic tight eventually different families
leading to models of ¢ = Ny with a Aé—well—order of the reals and co-analytic witnesses of a, = V.
However, the consistency of the existence of a co-analytic maximal cofinitary group of size Nj in
the presence of a A%—Well-order of the reals and ¢ = Ny remained open until the current paper.

The paper is structured as follows: In section 2 we introduce the notion of a tight cofinitary
group. Tight cofinitary groups are maximal in the strong sense that they are indestructible by
a long list of partial orders. In section 3 we introduce a slight modification of Zhang’s poset
for adding a new generator to a cofinitary group and show that under MA(o-centered) tight
cofinitary groups exist and moreover that every cofinitary group of size < ¢ is contained in a tight
cofinitary group of size ¢. In Section 4, we argue that tight cofinitary groups are universally Sacks
indestructible (see also [4]) and obtain our first main result, proving that Sacks coding strongly
preserves tightness of cofinitary groups. In Section 5 we introduce a robust new coding technique
allowing us to code reals into the lengths of orbits of every new word. Crucially, compared to
other coding techniques for cofinitary groups (i.e. as in [5]) our new coding is parameter-less and
hence may be applied to groups of uncountable size. Furthermore, as we code into orbits rather
than actual function values, a more general generic hitting lemma (see Lemma 13) required
for tightness holds. As an application of this new coding, we obtain our second main result,
namely the existence of a co-analytic tight cofinitary group in L. Our results, together with
earlier investigation into the existence of nicely definable, forcing indestructible combinatorial
sets of reals of interest, imply that each of the constellations a; = u = 1 = Ny < ¢ = Ry,
Gg=u=8 <i=c=Ng, a0 =1=N; <u=c=Ny, a; =Ny <i=u= Ny can hold alongside
a A%—Well-order of the reals, a co-analytic tight cofinitary group of cardinality N, as well as a
co-analytic filter base of cardinality ¥; in the first and second constellations, and a co-analytic
selective independent family in the first and third constellations.

In particular, we give a new proof of the existence of a Miller indestructible maximal cofinitary
group (originally obtained in [12] using a diamond sequence) and answer Question 2 of [7].

2. TIGHT COFINITARY GROUPS

We will need the notion of a tight eventually different family of permutations as defined in |7].
A tree T C w<¥ is called injective iff every element of T' is injective. Then, for a family P C w*
of eventually different permutations we define:

Definition 1. The injective tree ideal generated by P, denoted Z;(P), is the set of all injective
trees T' C w<¥ such that there is a s € T and a finite set Py C P, so that for all t € T with s <t
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and k € dom(t) \ dom(s) there is a f € Py with t(k) = f(k). Dually, we denote with Z;(P)™" all

injective trees T' C w<¥ not in Z;(P).

Note that despite its name Z;(P) is not an ideal nor does it generate one. The purpose of this
naming is its analogical role as the associated ideal for tight mad families.

Definition 2. Let T' C w<¥ be a tree and g € w*. Then, we say g densely diagonalizes T iff for
all s € T there is at € T with s It and k € dom(¢) \ dom(s) such that t(k) = g(k).

Definition 3. An eventually different family of permutations P is called tight iff for all sequences
(T,, € Z;(P)" | n < w) there is a g € P such that g diagonalizes T,, for every n < w.

Since every cofinitary group is a family of eventually different permutations we may define
tightness in terms of eventually different permutations.

Definition 4. Let G be a cofinitary group. Then we say G is tight iff G is tight as an eventually
different family of permutations.

Remark 5. Since tight eventually different families of permutations are maximal eventually
different families of permutations (cf. Proposition 5.3 in [7]), also tight cofinitary groups are
maximal cofinitary groups as we have the following implication:

G group and m.e.d. family of permutations = G maximal cofinitary group

The reverse implication is not known even if the maximality is restricted to elements in cofin(Ss).

3. EXISTENCE OF TIGHT COFINITARY GROUPS UNDER MARTIN’S AXIOM

Similarly to Theorem 5.4 in [7] for eventually different families of permutations, we verify that
MA (o-centered) implies the existence of tight cofinitary groups. To this end, we will need Zhang’s
forcing [14] adding a diagonalization real for a given cofinitary group. Following [4] we will use a
version of Zhang’s forcing which uses the notion of nice words.

Definition 6. Let G be a cofinitary group. Then, we denote with W the set of all words in the
language G U {x, 27!}, where z is treated as a new symbol. Given any (partial) injection s and
w € W4 we denote with w[s] the (partial) injection, where in w, x and 2! are replaced by s and
571 and then the corresponding (partial) functions are concatenated. Finally, for any w € Wg we
denote with w [ G the finite set of all g € G such that g or g~! appears as a letter in w or g = id.
Similarly, for £ C Wg we set E[G :=J,cpw|G.

Definition 7. Let G be a cofinitary group. We denote with W/, the following subset of Wg,
which we call the set of nice words. A word w € Wy is nice iff w = 2F for some k > 0 or there
are ko > 0 and ky,...,k € Z\ {0} and go,...,9 € G\ {id} such that

w = glmklgl,lxk“l .. .glxklgoxko.

Further, we write Wcl; for the set of all w € W, with exactly one occurrence of = or 1 and write

Wt =W\ Wi.
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Remark 8. Note that our definition of nice words is slightly stronger than in [4] as we require
the last block of = to be positive. However, as w and w™" have the same fixpoints for every word
w, without loss of generality we may work with this slightly more restrictive notion of nice words.

Definition 9. Let G be a cofinitary group. Then we define Zhang’s forcing Zg to be the set of

. . . . . ial
all pairs (s, E') such that s is a finite partial function s : w Pt and E € (W<, We order

(t,F) < (s,E) by
(1) sCtand ECF,
(2) for all w € E we have fix(w[t]) = fix(w[s]).

Remark 10. For any cofinitary group G the forcing Z¢ is o-centered and if H is Zg-generic in
V[H] we have that

foen =\ J{s| 3E CW¢ (s,E) € H} € S.
Further, G U { feen} generates a cofinitary group (e.g. see [14]).

To this end, Zhang’s forcing satisfies the following well-known domain and range extension
lemma, which forces the generic function to be a permutation (e.g. see [14] or [4]).

Lemma 11. Let G be a cofinitary group and (s, F) € Z¢g. Then we have

(1) if n ¢ dom(s), then for almost all m < w we have (sU {(n,m)}, E) < (s, E),
(2) if m ¢ ran(s), then for almost all n < w we have (sU {(n,m)}, E) < (s, E).

Further, to show that Zhang’s forcing yields tightness in the sense of Definition 4 we need
the following additional technical lemmas, which yield a stronger version of the standard generic
hitting lemma required for tightness.

Lemma 12. Let G be a cofinitary group. Let T € Z;(G)*, t € T, (s, Ey) € Zg and N < w with
Eo C W/, Then, there is a t' € T with ¢ < ¢ satisfying
‘{k € dom(t') \ dom(t) | (sU {(k,t'(k))}, Eo) < (s, Eo)}‘ > N.

Proof. Tt suffices to verify the case N = 0. The general case then follows inductively. Since
T € Z;(G)*, choose t’ € T with t < ' and k € dom(t')\dom(t) with k ¢ dom(s), ¢’ (k) ¢ ran(s) and
t'(k) # g(k) for all g € Ey [ G. But then, for s’ := sU{(k,t'(k))} we claim that (s, Ep) < (s, Ep).
But by choice of k we have that s’ is still a partial injection. Further, for every w € Ey we may
choose g € G such that w = gx. By choice of k we have (k) # g~'(k). Thus, we compute

wls'|(k) = g(s'(k)) = g(t'(k)) # k.
Finally, for every [ € ran(s) Udom(s) we have w[s|(l) = w[s'](1), so that fix(w[s]) = fix(w[s']). O
Lemma 13. Let G be a cofinitary group. Let T' € Z;(G)", t € T and (s, E) € Z¢. Then, there is
(s',FE) € Zg, t € T and k € dom(t') \ dom(¢) such that (s, F) < (s, E), t <t' and ¢/(k) = §'(k).

Proof. Let E = EyU Ey, where Ey C Wcl; and F; C WG> 1. We may assume that for all w € E;
every subword of w in Wé is in Fy. Choose N < w large enough such that

(N1) dom(s) Uran(s) Udom(t) C N,
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(N2) for all g € E'|G we have g[dom(s) Uran(s)] C N,
(N3) for all g € E[G \ {id} we have fix(g) C N.

By Lemma 12 choose t’ € T with ¢t <t/ satisfying
‘{k € dom(¢') \ dom(t) | (sU {(k,t'(k))}, Eo) < (s, Eo)}‘ > N.

By injectivity of ¢’ choose such a kg < w with (ko) > N. We define s’ := s U {(ko,t'(ko))} and
claim that (¢, F) is as desired. First, since N < kg, s'(kg) and by (N1) we have that s’ is still a
partial injection. Thus, by choice of kg it suffices to verify that for every w € F; we have that
fix(w[s]) = fix(w[s]), so let w € Ey. As w is nice and has at least two occurrences of 2 or 27!, we
may write w = vr® ux for some u € G and v € W. First, notice that for any k € dom(s)Uran(s)

we have that
w(s|(k) = w[s'](k) (in particular also if both sides are undefined),

as by (N1) and (N2) the computation along w[s'] starting with k& always stays below N. Thus,
we may finish the proof by showing that w[s](ko) is undefined. In case that w = varuz, we have
ux € FEy. Thus, by (¢, Ey) < (s, Ey) we have (uz)[s'](ko) # ko. But by (N2) we also have that
(uzx)[s'](ko) ¢ dom(s). Hence, w[s'|(ko) is undefined.

Otherwise, w = vr~lux, so that u # id. Then, by (M3) we get (uz)[s'](ko) = u(t'(ko)) # t' (ko).
But by (N2) we also have that (ux)[s'](ko) ¢ ran(s). Hence, w[s'](ko) is undefined. O

Theorem 14. Assume MA(o-centered). Then, every cofinitary group of size <c¢ is contained in
a tight cofinitary group of size c.

Proof. As in Theorem 2.4 in [7] for any cofinitary group G of size <c¢ we use MA(o-centered)
to diagonalize against every w-sequence of injective trees as in the definition of tightness in an
iteration of length ¢. However, to this end we will instead use Zhang’s forcing Z¢ to obtain a
cofinitary group, so we need to verify that the following sets are dense in Zg:

(1) for every n < w the set of all (s, E) € Zg such that n € dom(s),

(2) for every m < w the set of all (s, E) € Zg such that m € ran(s),

(3) for every T € Z;(G)*, t € T the set of all (s, F) € Z¢ such that there is a t' € T with

t <t and a k € dom(¢') \ dom(¢) with s(k) = t'(k),

(4) for every w € W the set of all (s, E) € Z¢g such that w € E.
But (1) and (2) are dense by the domain and range extension Lemma 11, (3) is dense by the
previous Lemma 13 and the density of (4) is trivial. Hence, a generic f hitting these <c-many
dense sets will extend G to a cofinitary group (G U {f}) and diagonalize against a given witness
of tightness. O

4. INDESTRUCTIBILITY AND STRONG PRESERVATION OF TIGHTNESS

In the next section, we will show how to obtain a model with a co-analytic tight cofinitary
group and a A},’ well-order of the reals. To this end, we define Sacks coding and show that it
preserves our notion of tightness in a strong sense. Also, note that in [7] it is essentially proved
that SYo strongly preserves tightness. Using the theory developed in [4] this implies that tight
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cofinitary groups are universally Sacks-indestructible, i.e. indestructible by any countable support
iteration or product of Sacks forcing of any length.

Definition 15. Until the end of this section, let us assume V = L[Y] for a fixed Y C w;, and
that wy = (w1)%. Define the sequence p;, for i < w; by induction as follows: Given (u;|j < i), let
p1; be the least ordinal p such that p > sup,_,; pj, and L,[Y Ni] is £} elementary in Ly, [Y N i
and a model of ZF~ and “w is the largest cardinal”’. We shall say that z € 2“ codes Y below i,
where ¢ < wy, to mean that for all j <4, j € Y if and only if L, [Y N4, r| E ZF~. Moreover, let
us use the short-hand
A; = L,, Y na.

Conditions of C(Y) will be perfect trees T C 2<“; given such T', we write |T'| for the least i < w;
such that T' € A;. The forcing C(Y’), which we shall refer to as Sacks coding, consists of perfect
trees T' C 2<% such that each branch of T codes Y below |T|, ordered by reverse inclusion.

Definition 16. Let P be a forcing notion and G be a tight cofinitary group. We say that P
strongly preserves tightness of G if for every sufficiently large regular cardinal 0, every p € P
and every countable M < Hy with P,p,G € M, if g € GG densely diagonalizes every element of
MNZ;(G)*, then there is an (M, P)-generic ¢ < p in P so that g forces that g densely diagonalizes
every element in M[Gp] N Z;(G)T; such ¢ is called a (M, P, G, g)-generic condition. Here and in
what follows, we use Gp for the canonical P-name for the P-generic filter (to avoid the unfortunate
clash of notation caused by traditionally designating with G both a group and a forcing generic).

Theorem 17. Sacks coding strongly preserves tightness.

Proof. Suppose G is a tight cofinitary group. Suppose further we are given p € C(Y') and M such
that p, C(Y),G € M < Hy, along with g € G which densely diagonalizes every T € Z;(G)* N M.
We must find a (M,C(Y), G, g)-generic condition in C(Y') below p.

To this end, let m: M — M be the transitive collapsing map and observe that M = L,[Y N 4],
where § = (w1)™. Note 7(C(Y)) = C(Y)NM = C(Y)N M = C(Y)™. Since § is uncountable
in M, by definition of us, M € As. Let us fix a sequence (6,|n € w) € As which is cofinal in §;
this is possible as As F“M is countable”. Similarly, we can fix an enumeration (D, |n € w) € As
of all dense subsets of C'(Y') N M which are elements of M, and an enumeration (Tj,|n € w) € As
of m(Z;(G)*) = M NZT;(G N M)T. Moreover, fix a bijection ¢: w — w? such that ¢ € As (e.g., a
computable such map) with coordinate maps ¢y, @1, as a book-keeping device.

We now construct sequences (gu|n € w), (inln € W), (kyJn € w) € As with the following
properties:

(1) 9 =p, )

(2) gny1 € C(Y)NM and gni1 <n41 Gn

(3) lgn+1] 276,“ )

(4) guy1 - Dy NG £, |

(5) , is a C(Y)M-name in M for an element of T@O(n) and k, is a C(Y)M-name in M for an
element of w,

(6) gnt1 IFwith $ the ¢;(n)-th node in T%(n), ky € dom(ty,) \ dom(3) and £, (k) = §(kn)".
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Suppose we have already constructed this sequence up to q,. Let ¢n+1 <p+1 ¢n be the least
condition (in the canonical well-ordering of As) such that for each (n + 1)-th splitting node ¢ of
Gn, q := (gn+1): satisfies the following:

() lal > on,

(ii) ¢ € D,, and moreover,

(iii) for some s,t € 2<¥ with s C ¢t and some k € w, it holds that ¢ IF“3 is the ¢1(n)-th node in

Tonys t € Tpy(n)”, and k € dom(t) \ dom(s) and t(k) = g(k). .

It is clear that the set of ¢ satisfying (i) and (ii) is dense in C'(Y') N M by elementarity of M.

To see a condition ¢ as required exists, it therefore remains to show the following claim:

Claim 18. The set of conditions ¢ satisfying (iii) is dense in C(Y').

To see this claim, let us write 7' = T@O(n) and let ¢* € C(Y) be arbitrary. Find ¢’ < ¢* and s
such that ¢’ IF5 is the ¢1(n)-th node in T”. Notice that

T:={tcw: ¢ }Fi¢T)

is an element of Z;(G)*, as can be verified in a straightforward manner from the definition.
Therefore, by assumption, g densely diagonalizes T and we can find k and ¢t € T such that s C ¢,
k € dom(t) \ dom(s), and t(k) = g(k). Finally, as t € T, we can find ¢ < ¢/ such that ¢ IFf € T.
This finishes the proof of the claim and hence the construction of ¢,1.

It is clear from Item (ii) that g, satisfies (4); it is also clear that from Item (iii) that we can
find names k,,i, € M satisfying (5) and (6) (in fact, these names can be chosen to be finite).
Finally, since Aj satisfies ZF~ and all the required data for the definition of these sequences is
an element of Ag, the above definition yields sequences which are also elements in this model, as
required.

Define g, = (e, @n- To see that g, € C(Y'), observe that |g,| = and that g, codes Y up to
J since by (3), g, codes Y below § and because g, € Ajs. It is now straightforward to verify from
the definitions that ¢, is (M,C(Y), G, g)-generic. O

5. CO-ANALYTICITY AND ZHANG’S FORCING WITH CODING INTO ORBITS

In order to obtain a co-analytic tight cofinitary group, we present a new parameter-less coding
technique for maximal cofinitary groups. To this end, we will code a real using the parity of
the length of the orbits of elements of our cofinitary group. First, we present a modification of
Zhang’s forcing, which codes a real into the lengths of orbits of the Zhang generic real. This, will
yield a tight cofinitary group with a co-analytic set of generators. Secondly, we will expand our
coding technique, so that the orbit function of every new word codes some real. Hence, we obtain
that the entire tight cofinitary group is co-analytic.

5.1. Coding into orbits of the Zhang generic real.

Definition 19. Given f € w* and n < wlet O¢(n) be the orbit of f containing n, that is the small-
est set containing n closed under applications of f and f~!, and define Oy := {O¢(n) | n < w}.
There is a natural well-order on Oy defined for O, P € Oy by O < P iff min(O) < min(P).
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Assume f only has finite orbits; it follows that f has infinitely many orbits. Then, we may define
a function oy : w — 2 by
05(n) := (|0s] mod 2),

where O,, is the n-th element in the well-order of Oy.

Definition 20. For any finite partial injection s : w it » and n < w define Os(n) and Oy as
above. We say an orbit O € O is closed iff O C dom(s) Nran(s) and denote with O¢ the set of
all closed orbits of s. Conversely, we denote with Q2 := O, \ OF the set of all open orbits of s. We
say s is nice iff for all O € O¢ we have min(O) < min(w \ | OF). For any nice s define a function
0s : |Os| — 2 by
os(n) := (|Op| mod 2),

where O,, is the n-th element in the well-order of Of. For a real r € 2¥ and a nice s we say s
codes r iff oy C r.

Note that niceness makes sure that we do not prematurely close any orbit, in the sense that
we do not know which function value should be coded, as the well-order of orbits is not decided
up to that point yet.

Definition 21. Let r € 2 be a real and G be a cofinitary group. Then, we define Z¢g(r) as the
set of all elements (s, E) € Zg such that s is nice and codes r, ordered by the restriction of the
order on Zg.

Remark 22. We will show that fgen generically codes as much information of r as desired. Hence,

by definition of Z¢(r) in the generic extension we have oz =, and thus 7 can be decoded from

gen
the generic Zhang real. First, we verify range and domain extension:

Lemma 23. Let G be a cofinitary group and (s, F) € Zg(r). Then we have

(1) if n ¢ dom(s), then for almost all m < w we have (s U {(n,m)}, E) < (s, E) as well as
(s U{(n,m)}, E) € Za(r),

(2) if m ¢ ran(s), then for almost all n < w we have (s U {(n,m)}, E) < (s, E) as well as
(sU{(n,m)}, E) € Zg(r).

Proof. This follows immediately from Lemma 11. Note that possibly only one choice of n (or m)
may close an orbit of s, which immediately implies that (s U {(n,m)}, E) € Zq(r) for almost all
n (or m). O

Secondly, we again verify the stronger generic hitting lemma required for tightness (as in
Lemma 13). Hence, also Zg(r) may be used to construct or force a tight cofinitary group.

Lemma 24. Let G be a cofinitary group. Let T' € Z;(G)*, t € T and (s, E) € Zg(r). Then,
there is (s, FE) € Zg(r), t' € T and k € dom(t') \ dom(t) such that (s, E) < (s,E), t < t' and
t'(k) = §'(k).

Proof. The function pair (n,m) added to s in Lemma 12 satisfies n,m ¢ ran(s) U dom(s) and

n # m. Hence, the extension sU{(n,m)} does not close an orbit of s, which immediately implies
that sU{(n,m)} € Zg(r). O
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Finally, we need to verify that we may generically code as much information of r as desired.
To this end, we prove that for any (s, F) € Zg and O € O¢ and almost all k¥ < w we may extend
(s, E) to close O in length k.

Lemma 25. Let G be a cofinitary group, (s, E) € Zg and n € w \ |JOS. Then, thereis a K < w
such that for all & > K there is (¢, F) € Zg with (¢, E) < (s, E), Oi(n) € Of and |O¢(n)| = k.

Proof. By Lemma 11 we may assume that n € dom(s) Uran(s). As Os(n) € O2 choose n_ < w
to be the unique element of O4(n) \ ran(s) and ny be the unique element of O4(n) \ dom(s). Let
L:=max{|w| | w € E} and set K := |Os(n)| + L. Now, let kK > K. Choose L' > L and pairwise
different natural numbers A := {ay,...,ar/_1} such that
(1) [Os(n)| + L =k,
(2) for all a € A we have
(a) a ¢ dom(s) Uran(s),
(b) for all g € E[G \ {id} we have g(a) ¢ dom(s) Uran(s) U A.
Note that we can ensure (2b) as every g € E |G\ {id} only has finitely many fixpoints. We claim
that for

t:=sU{(ng,a0)} U{(a;,ai+1) |i < L' =1} U{(ap—1,n_)}
we have that (t,E) € Zg. Clearly, then (¢, E) < (s, E), Oi(n) € Of and |O¢(n)| = k by (1).
Visualized, the orbit O(n) then looks as follows:

APPRN 7y SNSRI iy SN 7y SN g B

So, let w € E. If w = 2% for some ky > 0, note that fix(w[s]) = fix(w[t]) as by choice of L
we have |O)(n)| = k > L > |w| = ko. Hence, we may write w = gv for some g € G \ {id}
and v € Wg. Towards a contradiction, assume that d € fix(wlt]) \ fix(w[s]). First, note that
v[t](d) € dom(s) Uran(s) U A. Thus, by (2b) we have d = w[t](d) = (gv)[t](d) ¢ A. Hence,
d € dom(s) Uran(s).

If the entire computation of d along w[t] stays in dom(s) U ran(s), then w[t|(d) = w[s|(d),
contradicting d ¢ fix(w[s]). Thus, write w = wywy with wg, w; € Wg with wp minimal such
that wo[t](d) ¢ dom(s) Uran(s), i.e. wo[t](d) € A. By (2b) the left-most letter of wy has to be
z or z71, so without loss of generality assume w = wyzw} (the other case is symmetric). As we
have (w()[t](d) € dom(s) Uran(s) and (zw})[t](d) € A we get (w()[t](d) = ny. Finally, write
w = w)grlw) for some w) € Wg, g € G\ {id} and I > 0. Then, [ < |w| < L < L’ implies that

(a"wp)[E)(d) = (aD)[t](n4) € A.

Hence, by (2b) we have (gz'w})[t](d) ¢ dom(s) Uran(s) U A. Thus, if w/ is the empty word, this
contradicts d € dom(s) Uran(s), and otherwise (w}gz'w})[t](d) is undefined, a contradiction. [
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Corollary 26. Let G be a cofinitary group and (s, E) € Zg(r). Then, there is (¢, E) € Zg(r)
such that (t, F) < (s, F) and |O¢| < |Of].

Proof. Let n := min(w \ JO¢). By Lemma 25 there is (t, E) € Z¢g such that (¢, E) < (s, F),
O¢(n) € Of and

0:(n)| = r(|O5])  (mod 2).
Further, ¢ can be chosen to not close any other orbits, so that by choice of n we have that ¢ is
nice and codes r. Hence, (¢, F) € Zg(r). O

Corollary 27. Let G be a cofinitary group. Then we have
V/elln fgen only has finite orbits and o Fyon is an unbounded real over V.

Proof. Immediately follows from Lemma 25 as generically we may close any open orbit in arbi-
trarily long length. U

Theorem 28. Consistently, there is a tight cofinitary group of size Ry (whence az = Ry ) with a
co-analytic set of generators, a A} well-order of the reals, and ¢ = Ry.

Proof. We omit the proof since we will prove a stronger result below, see Theorem 43. U

5.2. Coding into orbits of every new word. In the last section we have seen how to code a
real into the orbit function of the Zhang generic. Now, we will consider a slightly different orbit
function, which is stable under cyclic permutations and inverses thereof. Hence, in order to code
a real into every new element of our cofinitary group, we will we able to restrict to nice words.

Definition 29. Assume f € w® only has finite orbits and for every n < w only finitely many
orbits of length n. Let {p, | n < w} enumerate all primes. Then, define a function on tw— 2 by

oh(n) := ({O € 07 | |0] = py}| mod 2).
i

Similarly, for any finite partial injection s : w finite , define a function 0s : w — 2 by
ol(n) := ({O € 05| |0] = pu}| mod 2).

Hence, for every n < w we are counting how many orbits of size p, there are. For a real r and
n < w we say s codes r up ton iff r[(n + 1) = ol [(n+1). Finally, we say f codes r iff 0} =r.

Remark 30. In the previous section, we have seen that the Zhang generic only has closed orbits
(see Lemma 25). Further, note that for every n < w closing a new orbit in length n implies that
z" has a new fixpoint. Hence, every (s, E) € Z¢ with 2" € E forces that the number of orbits of
length of fgen is decided, i.e. fgen only has finitely many orbits of length n. Hence, fgen satisfies
the assumption of Definition 29.

Remark 31. As f has the same orbits as f~! we get that if f only has finite orbits and for every
T

n < w only finitely many orbits of length 7, then the same holds for f~! and 0} =01



TIGHT COFINITARY GROUPS 123

Lemma 32. Let f,g € w” be bijections. Then, the map 7 : Oy, — Oy defined for O € Oy, by
m(0) = ¢[0],
defines a bijection. Further, m maps every orbit of fg to an orbit of gf of the same length.

Proof. The second part follows immediately as g is a bijection. First, we verify that = maps to
Og5. So, let O € Oy, ie. O is a minimal non-empty set closed under applications of fg and
(fg)~!. Clearly, 7[O] is non-empty and for m € g[O] choose n < w such that g(n) = m. Then,
we compute

(9.f)(m) = (9f9)(n) = g(f9(n)) € 9|0},
as fg(n) € O. Similarly, we have

(9)"(m) = ("9 9)(n) = (997" f1)(n) = 9((f9) " (n)) € g[O,
as (fg)~!(n) € O. Hence, g|O] is closed under applications of gf and (gf)~*. Now, let P C g[O]
be a non-empty subset closed under applications of gf and (¢f)~!. By the same argument as
above we have that ¢g~![P] C O is a non-empty set closed under applications of fg and (fg)~'.
But O € Oyg, so that g~![P] = O. Hence, P = g[O], which shows that g[O] € Oy¢. Finally, note
that by the same argumentation ¢ : Ogy — Oy, defined for O € Oy, by

¥(0) =g~ [0],

is well-defined and clearly the inverse of m. Hence, 7 is bijective. U

Corollary 33. Let f,g € w* be bijections and assume fg only has finite orbits and for every
n < w only finitely many orbits of length n. Then, gf has only finite orbits, for every n < w only
finitely many orbits of length n and OJ} g = 0; £

Next, we will show that our orbit function is also stable under finite powers, so that we may
restrict to even nicer words, in whose orbit functions we will code a real in the end. This is, where
we use the sequence of primes in Definition 29.

Definition 34. Let G be a cofinitary group. We say a nice word w € W, is very nice iff there is
nov e Wg and k > 1 such that v* =v ...

k-times

v = w. We denote with Wg the set of all very nice

words.

Lemma 35. Let f € w“ be a bijection with only finite orbits and for every n < w only finitely
many orbits of length n and let k& < w. Then, f* only has finite orbits, for every n < w only
finitely many orbits of length n and 0} (n) = o}k (n) for almost all n < w.
Proof. Every orbit of f* of size n is contained in an orbit of f of length at most kn, so that f*
only has finite orbits and for every n < w only finitely many orbits of length n < w.

In particular, f* only has finitely many orbits of length 1, i.e. only finitely many fixpoints. We
show for almost all n < w that o}(n) = o;rck (n). So assume p, > ’ﬁx(fk) , where p,, is the n-th
prime number. Fix an orbit O € Oy of size p, and let P be the set of all P € Oy with P C O.

Applying f induces bijections between members of P, i.e. all of them have the same size. As P
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partitions O we obtain that |P| divides |O| = p,, for all P € P. But p, is prime, so either |P| =1
for all P € P, which implies that f* has at least |O| = p,-many fixpoints, contradicting the choice
of n. Thus, |P| =1, i.e. f and f* have the same number of orbits of size p,. Hence, we proved

op(n) = o}k (n). O

Corollary 36. Let G be a cofinitary group and let f € w* \ G such that (G U {f}) is cofinitary.
Further, assume that there is r € 2% such that for every w € Wg we have w[f] codes r. Then, for

every g € (GU{f})\ G we have g almost codes r, i.e. r(n) = OL(TL) for almost all n < w.

Proof. Let g € (GU{f}) \ G. By our slight modification of nice words (see Definition 7) and
the properties of nice words in [4], we may choose wp,w; € Wg such that w := wow; € W
and g = (wyw)[f] or g7 = (wiwo)[f]. By Remark 31 and Lemma 32 it suffices to verify that

r(n) = Oju[f} (n) for almost all n < w. If w € WCT; we are done by assumption, so let v € Wé and
k > 1 such that w = v*. Then, v[f] codes r, so by Lemma 35 we obtain

ob(n) = ol (n) = of () = 7(n)
for almost all n < w. |

Hence, we will only have to make sure that every very nice word codes r. Next, we introduce
the variation of Zhang’s forcing, which ensures exactly this property.

Definition 37. Let » € 2% be a real and G be a cofinitary group. Then, we define Zg(r) as
the set of all elements (s, F) € Z¢ such that E is closed under cyclic permutations and inverses
thereof in W, and for all w € F if w = vF for v € Wé and k < w, thenv' € Eforall 0 <1<k
and for all n < w with p, < k also oi[s] codes r up to n. We let the order on Zg(r) be the
restriction of the order on Zg.

Proposition 38. Let G be a cofinitary group and (s, F) € Zg(r). Then, for every (¢, F) € Z¢
with (¢, E) < (s, E) we have (t,F) € Zg(r).

Proof. If not, there are v € Wg, n < w and O € Of \ Of such that vP» € F and |O| = p,. But
then, for every k € O we have k € fix(vP[t]) \ fix(vP"[s]), contradicting (¢, E) < (s, E). O

Corollary 39. Let G be a cofinitary group and (s, E) € Zg(r). Then we have
(1) if n ¢ dom(s), then for almost all m < w we have (s U {(n,m)}, E) < (s, E) as well as
(s U {(n,m)}, ) € Zg (1),
(2) if m ¢ ran(s), then for almost all n < w we have (s U {(n,m)}, E) < (s, E) as well as
(s U {(n,m)}, E) € Z§ (1),

Corollary 40. Let G be a cofinitary group. Let T € Z;(G)*, t € T and (s, E) € ZE(T). Then,
there is (¢, F) € Zg(r), t' € T and k € dom(t') \ dom(¢) such that (¢, F) < (s,E), t <t and
t'(k) = §'(k).

Proof. Follows immediately from Proposition 38 and Lemma 11 or Lemma 13, respectively. [J
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Hence, we only have to verify, that densely we may add any nice word to the second component
of every condition in ZE(T). To this end, we verify that we can find extensions which add exactly
one orbit to some very nice word.

Lemma 41. Let G be a cofinitary group. Let (s, E) € Zg(r), v E W(T; and k < w such that
v* ¢ E. Then there is (t, E) € ZTC;(T) such that (¢, E) < (s, F) and Oug = Opig Y {O} for some

Proof. Let F := E U {v}. Choose N < w such that

(1) for all g € F' |G we have g[dom(s) Uran(s)] C N,

(2) for all go # g1 € F'|G and n > N we have go(n) # g1(n).
In particular, as id € F'[G, we have

(1) dom(s)Uran(s) C N,

(2) for all g € F'[G\ {id} we have fix(g) C N.
Inductively, we define a sequence of pairwise different natural numbers A := {a; | i < k- |v|} and a
sequence of finite partial injections (¢; | 0 < i <k - |v]) as follows. Write vF = vj,y_1 . .. vo, choose
ay > N arbitrarily and set t; := s. Now, assume a; and ¢; are defined for some 0 < i < k- |v| — 1.
If v; € G set a;11 := vi(a;) and t;,1 := t;. Otherwise, v; = z*!. Choose, a;;1 > N such that for
all g € F |G we have g(a;+1) ¢ {a1,...,a;}. Further, if v; = x set t;41 :=t; U {(a;, a;+1)} and if
v; = x~ 1 set tiv1 =t U {(ai+1, (I@)}

Finally, assume aj.|y—; and tj.,|—1 are defined. In case vj.|y—1 € G, set ag := Vp.|y|—1(Ck.|v|-1)
and define ty.[y := tj.]y)—1 U {(a0, a1)}. Otherwise, vj.|y—1 = = (so that v = z, because v € Wg)
Then, we may choose ag > N such that for all g € F'| G we have g(ao) ¢ {a1, ..., a.|y|—1} and
we set gy = thefo|—1 U {(@k.jv|-1,a0); (a0, a1)}.

By construction, we have that all a; are pairwise distinct, O := {a;.,| | i < k} € 0o \ Oy
and |O[ = k. Let t := t;.),|. Note that for every i < k - |v| exactly one of the following cases is
satisfied:

(1) a; € dom(t) Nran(t) and for every g € F' |G \ {id} we have that g(a;) ¢ dom(t) U ran(t)
and {t(a;),t " (a:)} = {ai_1,ais1},
(2) a; € dom(t)\ran(t) and there is a unique g € F' [ G\ {id} such that g(a;) € dom(¢)Uran(t)
and {t(a:), g(ai)} = {ai-1, ait1},
(3) a; € ran(t)\dom(¢) and there is a unique g € F'[ G\ {id} such that g(a;) € dom(¢)Uran(t)
and {t™"(a;), g(a:)} = {ai—1,ain1},
where a_1 = a1 and ay.|y := ap. Finally, it remains to show that (¢, F) < (s, F) and
Ol = Oups YO}

So, let w € E and assume d € fix(w[t]) \ fix(w[s]). By choice of N we have d € A and the
entire computation of d along v[t] is in A. So choose i < k- |v| with d = a; and let wgy be the
rightmost letter of w. By the three properties above and the fact that the entire computation of
d along wlt] is defined, we obtain wg[t](a;) = a;+1 or wot](a;) = a;—1. By considering the word
w~! we may restrict to the first case. Write v = vjvg for vg, v; € W \ {id} such that vg(ag) = a;.
Inductively, using the three properties above, there is only one computation using F' [ G'\ {id} and
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t,t~! starting at a; and proceeding to a;.1. As d is a fixpoint of w(t], the length of w is a multiple
of |A| = k- |v|. But then, by uniqueness of the computation we have w = ((vov;)¥)! for some
[ > 0. But v* ¢ E, so by the closure of E (recall Definition 37) we get w ¢ E, a contradiction.
Finally, we have to show that we only added exactly one orbit to Og[s]. So let a; € A\ O and
assume a; € P € Of}[t]. Again, there are only two possible computations using F' | G\ {id} and
t,t~! starting with a;; one proceeding with a;;1 and the other with a;_;. As before, by uniqueness
we obtain the following two cases. Either, there are vg,v; € W\ {id} with v = v1vg and v = vovy,
or there are vy, v; € Wg \ {id} with v = vjvg and v = valvfl. It is easy to verify that the first
case contradicts that v is very nice and the second case contradicts that v is reduced. O

Corollary 42. Let G be a cofinitary group and w € W¢. Then the set of all (s, F) with w € E
is dense in Zg(r).

Proof. Let (s,E) € ZTGO“) and w = v* for some k < w and v € W(T; with w ¢ E. Let F be
the closure of E'U {w} under cyclic permutations and inverses thereof in Wg. If k = 1, then
(s,F) € Zg(r) and (s, F) < (s, E). If kK > 1 by induction we may assume v*~! € E. If k is not
prime, we have (s, F') € Zg(r) and (s, F') < (s, E). So assume k = p,, for some n < w. If

U[S]( n) # r(n)
use the previous Lemma 41 to find (¢, E) € Zg(r) with (¢, E) < (s, E) and
)

ol (n) = r(n

Hence, v[t] codes r up to n. By Proposition 31 and Corollary 33 the same is true for every cyclic
permutation of v and inverses thereof in W(T; Thus, (t, F) € ZTC;(T), (t,F)<(s,E)andw € F. O

mod 2,

mod 2.

Theorem 43. Consistently, there is a co-analytic tight cofinitary group of size Ny (thus ag = Ny ),
a A} well-order of the reals, and ¢ = Ry.

Sketch of proof. The first part of the proof is similar to that of [6, Theorem 4.1], so we only give
a sketch, point out the necessary changes, and otherwise refer the reader to said paper for any
omitted details.

We start by working in L. Construct a sequence (0, z¢, G¢, 0¢|€ < wy) satisfying the following:

(i) d¢ is a countable ordinal such that L, projects to w and d¢ > d, + w - 2 for each v <&,
(ii) 2¢ € 2¥ such that the canonical surjection from w to Ls, is computable from z,
(ili) G is the group generated by {o,: v < ¢},
(iv) o¢ is the generic permutation over Ls, for Zhang’s forcing with coding z¢ into orbits, over
the group G.
Such a sequence is easily constructed by induction: Supposing we already have constructed
(0¢, 2¢,Ge,0¢|6 < v) let (6,,20,Gy,0,) be the <p-least triple such that the above items are

satisfied. Let
G=|J Ge

E<wi
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We have seen that G is tight. We verify that G is co-analytic: Fix a formula ¥(g) such that
\Il(g) 4 (HV < wl) g = <(5§,Z§,G§,U§’§ < I/>

and such that ® is absolute for initial segments of L, i.e.,
(Va € ORD) [g € Lo = (¥(§) < Lo F V()]

A standard argument shows that

g€ G << (Jy €2”) y codes a well-founded model
whose transitive collapse M satisfies

gEMANME(3g) V(§) NG = (b¢,2¢,0¢,Ge [ E<v+1) Ag € G,

where, crucially, the right-hand can be written (3y € 2¥) ®(y, g) with ® a II} formula. We now
show that

(1) 9€G e (y=<ng) 2y 9)

It suffices to show =. But if g € G, g = w(o¢] for some £ < wy, with w a word in Gg¢, and so z
is computable in g. But y as required is computable from z¢. As in |6, Theorem 4.1], it can be
shown that the right-hand side in (1) is equivalent to a I} formula.

Finally, force over L with an iteration of shooting clubs and Sacks coding as in [1, Theorem 6.1].
Since shooting clubs is S-proper and as we have seen that Sacks coding strongly preserves tightness
(see Theorem 17), an argument as in [1] shows that the entire iteration also preserves tightness
of cofinitary groups. In particular, the tightness of G is preserved. (]

6. FURTHER APPLICATIONS

Our construction provides not only a new proof of the existence of a Miller indestructible
maximal cofinitary group (originally proved by Kastermans and Zhang with the use of a diamond
sequence, see [12]) and answers Question 2 of [1], but gives a uniform proof of the existence of a
co-analytic witness to a4 in various forcing extensions:

Corollary 44. Each of the following cardinal characteristics constellations is consistent with the
existence of a co-analytic tight witness to a; and a A%—Well—order of the reals:

(1) ag=u=i=R; <c=Ry,

(2) ag=u=N; <i=c=Ry,

(3) ag=1=8 <u=c=0Ny,

(4) ag =8 <i=u=c=NRy.
In addition, in each of the above constellations the characteristics a, a., a, can have tight co-
analytic witnesses of cardinality N;; in items (1) and (2), the ultrafilter number u can be witnessed
by a co-analytic ultrafilter base for a p-point; in items (1) and (3) the independence number can
be witnessed by a co-analytic selective independent family.

Proof. Work over L and proceed with a countable support iteration as in [1, Theorem 6.1] for
item (1) and as in |1, Theorem 6.2] for items (2) — (4). O
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@D.Z, HAS A COFINITARY REPRESENTATION

LUKAS SCHEMBECKER

ABSTRACT. In [3] Kastermans proved that consistently @Nl Z2 has a cofinitary representation.
We present a short proof that @ Z» always has a cofinitary representation.

1. INTRODUCTION

A cofinitary group is a subgroup G C S, such that every g € G \ {id} only has finitely many
fixpoints. It is maximal iff it is maximal with respect to inclusion. We are interested in the
possible isomorphism types of (maximal) cofinitary groups. A full classification of all possible
isomorphism types of (maximal) cofinitary groups is still open, but there are some results that
realize certain groups as (maximal) cofinitary groups and conversely that maximal cofinitary
groups cannot possibly have certain isomorphism types. Equivalently, in terms of group actions
we may think about which groups may possess a (maximal) cofinitary representation when acting
on w. We may summarize the known restrictions on the possible isomorphism types of maximal
cofinitary groups as follows:

Theorem (Truss, [5]; Adeleke, [1]). Every countable cofinitary group is not mazimal.

Theorem (Kastermans, [4]). Every cofinitary group with infinitely many orbits is not maximal.
As a consequence of this theorem, Blass noticed the following:

Corollary (Blass, [3]). Every abelian cofinitary group is not mazimal.

In terms of definability, Kastermans also proved the following restriction. Recall that a set is
K, iff it is a countable union of compact sets.

Theorem (Kastermans, [3]). Every K, cofinitary group is not mazimal.

On the positive side, Zhang’s forcing [7] may be used to force the existence of a maximal
cofinitary representation of the free group in x generators for any x of uncountable cofinality.
For uncountable x of countable cofinality one may use a product version of Zhang’s forcing as
in [2]. Further, as a converse to the restriction above, Kastermans [4] proved that consistently
for every n € N and m € N\ {0} one may force the existence of a cofinitary group with exactly
n finite and m infinite orbits. He also proved that consistently there is a locally finite maximal
cofinitary group [4]. Finally, a modification of Zhang’s forcing also yields:

Acknowledgements.: The author would like to thank Vera Fischer for her stimulating discussions and for financial
support though the START Grant Y1012-N35 granted by the Austrian Science Fund (FWF).
129



130 LUKAS SCHEMBECKER

Theorem (Kastermans, [3]). There exists a c.c.c. forcing which forces the existence of a cofini-
tary representation of @Nl Zs.

2. A COFINITARY REPRESENTATION OF @D Zs

We will prove that the existence of such a cofinitary representation is not just consistent, but
directly follows from ZFC. We also prove the statement for (P Z2 and not just Py, Zz. For the
following proof recall that the main idea for Cayley’s theorem is that every group acts freely on
itself. Furthermore, @, Z» has the following representation:

Remark 1. The group @, Z> can be represented as the free group in ¢-many generators modulo
the relations a? and ab = ba for all generators a,b. Hence, for any set I we may define an action
of @, Z2 on I by defining it on the set of generators and verifying the two types of relations
above.

Theorem 2. There is a cofinitary representation of @, Zs.

Proof. Let H := @, Zy be generated by {hy| f € “2}. Inductively, we will define an interval
partition (/,, | n < w) of w and for every real f € 2 an action of hy on I,.

Given n < w let H, := @7, Zy be generated by {hs | s € 2"}. Further, let I,, be the interval
above | J,, ,, Im of size |H,|. H, acts freely on itself, so also on I,,. Thus, for further computations
we may identify I,, with H,,. For every f € “2 let the action of hy on H,, be defined as the action
of hyp, on H,. First, we show that this generates a well-defined group action of H on H,, for if
f€%“2and h € H,, then we compute

hy(hyh)=hgrn.(hfinh) = (hfinohsin).h=eh=h.
Now, let f,g € “2 and h € H,. Then we compute
hy-(hg-h) = hgin-(hgin-h) = (hfinohgin).h = (hginohgin).h = hgin.(hfn-h) = hg.(hy.h).
By the previous remark this suffices. Now, we define a group action of H on w for f € “2 by
ef.k:=efin.k, wherek € I,.

We already verified that all group actions of H on I, are well-defined, so we obtain a well-defined
group action of H on w = |J,,.,, In. It remains to verify that the action is cofinitary. So let
h € H. Choose Fy C “2 finite such that h = ZfeFo hy # e. Choose N < w such that for all
n > N and f # g € Fy we have f [n # g [n. We finish the proof by showing that for n > N we
have that h acting on H,, has no fixpoints.

But on one hand, by choice of N we have ZfeFo efn # €. On the other hand, H,, acts freely
on itself which implies that the action of > .. €1, on Hy has no fixpoints. But h =3 . er

acts on H, the same way ZfeFo efn does, so that also h acting on H,, has no fixpoints. O

Remark 3. Note that since @, Zy is abelian, by the Blass’ Corollary above it cannot have a
maximal cofinitary representation. One may also directly observe that the representation in the
proof above is not maximal as the action of H has infinitely many orbits, namely the I,,’s.



@.Z> HAS A COFINITARY REPRESENTATION 131

3. QUESTIONS

By our theorem there are always groups of size ¢ which have a cofinitary representation, but no
maximal cofinitary representation. However, it is not known, whether possibly every subgroup
of S, (consistently) has a cofinitary representation:

Question 4. Does S, (consistently) have a (maximal) cofinitary representation?

Let CGA (cofinitary group axiom) be the statement that every group G with |G| < ¢ has a
cofinitary representation. Note that every countable group has a cofinitary representation [1],
i.e. CH implies CGA. Similar to Martin’s axiom we may ask:

Question 5. Is CGA consistent with large continuum?
Question 6. Is there always a group of size ¢ without a cofinitary representation?

Note that these questions are very closely related to the problem of finding minimal permu-
tation representations of groups. For finite groups this has been intensively studied for many
different families of groups, see [6] for a nice summary. We let GA (group axiom) be the state-
ment that every group G with |G| < ¢ may be embedded into S,. Clearly, CGA implies GA.
Note that Cayley’s theorem states that any group G can be embedded into S|g|. In particular,
Cayley’s theorem shows that CH implies GA.

Question 7. Is GA consistent with large continuum?

Question 8. Is there always a group of size ¢ which cannot be embedded into S,,7
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VAN DOUWEN AND MANY NON VAN DOUWEN FAMILIES

L. SCHEMBECKER

ABSTRACT. We prove that the spectrum of Van Douwen families is closed under singular limits.
For any maximal eventually different family in [5] Raghavan defined an associated ideal which
measures how far the family is from being Van Douwen. Under CH we prove that every non-
principal ideal is realized as the associated ideal of some maximal eventually different family, i.e.
there are many different non Van Douwen families.

1. INTRODUCTION

Let spec(a.) be the set of all sizes of maximally eventually different families and a, its minimum
(see Definition 2.1). Of particular interest for us are the following two well-known open questions.
Since non(M) < a. [1] and a < non(M) is consistent (for example in the random model), also
a < a, is consistent. However, the consistency of the other direction is an open problem:

Question 1.1. Does ZFC prove a < a,?

Secondly, it seems to be a shared property among spectra of combinatorial families to be closed
under singular limits. Hechler first proved this property for mad families in [3]. Recently, Brian
also verified that the spectrum of partitions of Baire space into compact sets is closed under
singular limits [2]. The analogous question for maximal eventually different families is still open:

Question 1.2. Is spec(a.) closed under singular limits?

Instead of answering these questions for maximal eventually different families, we will instead
consider them for the stronger notion of Van Douwen families. A maximal eventually different
family is Van Douwen iff it is also maximal with respect to infinite partial functions (see Defini-
tion 2.3). Van Douwen asked whether families with this strong kind of maximality always exists
(see problem 4.2 in Miller’s problem list [4]). In [6] Zhang proved that Van Douwen families of
desired sizes may be forced by a c.c.c. forcing, so that MA implies the existence of a Van Douwen
family of size ¢. Later, Raghavan [5] proved that there always is a Van Douwen family of size c.
So, let spec(ay) be the set of sizes of Van Douwen families and a, its minimum. It is not hard
to prove and well-known that a < a, holds (see Corollary 2.7), so Question 1.1 has a positive
answer for Van Douwen families. In Theorem 3.3 we provide a short argument that the standard
forcing adding a maximal eventually different family of desired size Ex(I) also adds a maximal
almost disjoint family of the same size:

Acknowledgements.: The author would like to thank Vera Fischer for her stimulating discussions and for financial
support though the START Grant Y1012-N35 granted by the Austrian Science Fund (FWF).
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Theorem. Let F be an e.d. family and I an uncountable index set. Then
Ex(I) IF max(|F|,|I]) € spec(a).

Hence, the standard forcing for realizing a desired spectrum of a, also forces a to have the
same spectrum. Further, as it is the case for a and ar, in Theorem 4.1 we show that Question 1.2
also has a positive answer for Van Douwen families:

Theorem. spec(ay) is closed under singular limits.

Clearly, spec(ay) C spec(ae). One of the central open questions regarding Van Douwen families
is if we always have equality:

Question 1.3. Does spec(ay) = spec(ae) hold?

Notice that a positive answer together with our Theorem 4.1 would yield a positive answer
for the well-known open Question 1.2. Moreover, in order to answer Question 1.1 the following
weaker version would suffice:

Question 1.4. Does a, = a, hold?

Towards this question, it is interesting to study non Van Douwen families. For any maximal
eventually different family F in [5] Raghavan defined an associated ideal Zo(F) which measures
how far the family is from being Van Douwen (see Definition 5.1). We prove that under CH any
non-principal ideal may be realized as the associated ideal of some maximal eventually different
family (see Theorem 5.6), i.e. there are many different non Van Douwen families.

Theorem. Assume CH and let T be a non-principal ideal. Then there is a mazximal eventually
different family such that T = To(F).

2. PRELIMINARIES

Definition 2.1. We say f,g € “w are eventually different iff {n < w | f(n) = g(n)} is finite. A
family F C “w is called eventually different (e.d.) iff all f # g € F are eventually different.
It is called maximal (m.e.d.) iff it is maximal with respect to inclusion. Finally, we define the
associated spectrum and cardinal characteristic
spec(ae) := {|F| | F is a m.e.d. family},
ae := min(spec(ae)).
Remark 2.2. For any countably infinite A, B we may equivalently consider m.e.d. families

F C 4B by using bijections with w. In most cases A, B = w, however we will also consider the
cases A € [w]“ and B = w X w.

Definition 2.3. Let F C “w and A € [w]*. Then we define F[A:={f[A| f e F}. Wecall F
Van Douwen iff F [ A is a m.e.d. family for all A € [w]“. Analogously, we define the associated
spectrum and cardinal characteristic

spec(ay) := {|F| | F is Van Douwen},

a, := min(spec(ay)).
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Clearly, we have spec(ay) C spec(ae). Unlike as for other notions of strong maximality, such as
w-maximality or tightness, Raghavan [5] proved that there always exists a Van Douwen family of
size ¢, i.e. the cardinal characteristic a, is well-defined. Next, we present a short argument why
a < a, holds.

Definition 2.4. Let F be an e.d. family. Then we define
cov(F):={ge“w|IF € [FI™¥ IN <w Vn > N 3f € Fy f(n) =g(n)},

i.e. g € cov(F) iff its graph can almost be covered by finitely many elements of F. Further, we
set covt (F) :=“w )\ cov(F).

Proposition 2.5. Let F be an e.d. family, g € “w, F; € [F|¥ and assume g = f for every
f € Fi. Then g € covt(F).

Proof. Let Fy € [F]<¥ and Ny < w. Choose f € Fi \ Fy. Since F is e.d. choose Ny > Ny
such that f(n) # fo(n) for all fo € Fy and n > Nj. Since g = f choose n > Nj such that
f(n) = g(n). Hence, g(n) # fo(n) for all fo € Fy. Thus, g € cov(F). O

Proposition 2.6. Let F be a Van Douwen family and g € “w. For every f € F define
Ej :=={n<w|f(n)=g(n)}.
Then, A} := {Eg | f € F such that E}; € [w]*} is a (possibly finite) mad family. Further, A7 is
infinite iff g € cov™(F).
Proof. Note that .A; is almost disjoint as for all f # f’ € F we have that f and f’ are eventually

different. Hence, Eg N Eg/ is finite. Towards maximality, let A € [w]*. Since F is Van Douwen
choose f € F and B € [A]“ such that f | B=g¢[B. Thus, B C E;, which shows that EZ; € Agf
and AN Eg is infinite.

Now, assume g € cov(F). Choose Fy € [F]<¥ as in the definition of cov(F) and let f € F\ Fo.
But if B} € [w]* there would be a fy € Fo such that E} N EJ° is infinite, i.e. f and f; are not
eventually different, a contradiction. Thus, A; is finite.

Now, assume A7 is finite, so choose Fy € [F]<% with A} = {Egr | f € Foand Eg € [w]“}.
Since .Agf is maximal we have w C" | reFo Eg . Hence, g € cov(F) is witnessed by Fy. O

Corollary 2.7. a < a,.

Proof. Let F be a witness for a,. By the previous proposition it suffices to find a g € cov™(F).
Choose a disjoint partition w = J;., Ax into infinite sets and a subset {f} | k¥ < w} from F.
Then, we define

g(n) := fr(n), where n € Ag.
By Proposition 2.5 we have g € cov™ (F). O

Remark 2.8. As in Proposition 2.6 for any eventually different family F we may define its trace

tr(F) :={g € “w| A; is a mad family}.



136 L. SCHEMBECKER

w

Proposition 2.6 then implies that cov(F) C tr(F) and Van Douwen families satisfy tr(F) = “w.
Conversely, tr(F) = “w also implies that F is Van Douwen, for if A € [w]|* and g : A — w, let ¢g*
be any extension of g to w. By assumption Aﬁ is mad, so choose f € F with Eg* N A infinite.

But then f [(Eg* NA) =g [(Eg* N A), i.e. F is Van Douwen. Note that the trace is one of the
crucial ingredients of the construction of a Van Douwen family in [5].

3. Ex(I) ADDS A MAD FAMILY OF SIZE max(|F|,|I|)

We recall the standard c.c.c. forcing Ex(I) for extending an eventually different family F by
I-many new eventually different reals:
Definition 3.1. Let F be an e.d. family and I an index set. Let Ex (/) be the partial order of
pairs (s, E), where s : I x w5 w is a finite partial function and E € [F]<“. For (s, E) € Ex(I)
and i € I we define the finite partial function s; : w5 W by s; := {(n,m) | (i,n,m) € s} and set
supp(s) :={i €1 |s; #0}. For (s, E),(t,F) € Ex(I) we define (t, F) <(s, F) iff

(1) sCtand ECF,

(2) for all i # j € supp(s) and n € dom(¢;) \ dom(s;) we have n ¢ dom(t;) or t;(n) # t;(n),
(3) for all ¢ € supp(s), f € E and n € dom(t;) \ dom(s;) we have t;(n) # f(n).

For |I| = 1 Zhang [6] proved that iterating this forcing of uncountable cofinality yields a Van
Douwen family. Similar density arguments give the same result for the product version:

Lemma 3.2. Let F be an e.d. family and I an uncountable index set. Then
Ex(I) IF FU fgen is a Van Douwen family,

where ,7-"gen is the family I-many eventually different reals added by Ex(I).

Note that in contrast to the iteration-version Zhang considered in [6], with the product-version
it is possible to add Van Douwen families of uncountable size with countable cofinality. We use
Lemma 3.2 and a similar argument as in the proof of a < a, (Corollary 2.7) to prove that the
standard forcing to realize a desired spectrum of a, also forces a to have the same spectrum.

Theorem 3.3. Let F be an e.d. family and I an uncountable index set. Then
Ex(I) IF max(|F|,|I]) € spec(a).

Proof. Choose a disjoint partition w = |J,; ., A; into infinite sets and a subset Iy = {i} | k < w}
from I. Let G be Ex(I)-generic. In V|G| we define

g(n) == fi* (n), where n € Ay,.

— Jgen

By construction, we have Egglg“ € [w]® for all k < w. We show that also B} € [w]® for all f € F.
To this end, in V let N < w and (s, E) € Ex(I). Choose k < w such that i, ¢ supp(s) and
n > N with n € Ag. Then (sU{(ig,n, f(n))}, E) € Ex(lp), (s U{(ix,n, f(n))}, E) <(s, E) and

(5 U{(ir,n, f(m))}, B) IF §(n) = foka(n) = f(n).
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Finally, we show that Eggle" € [w]¥ foralli € I\Ip. Tothisend,in V' let N < wand (s, E) € Ex(I).
We may assume that ¢ € dom(s). Choose k < w such that it ¢ supp(s) and n > N with n € Ay,
and n ¢ dom(s;) for all j € dom(s). Finally, choose m € w\ {f(n) | f € E'}. Then we have that
(S U {(Zlﬁ n, m)v (i> n, m)}> E) S E}'(IO)7 (5 U {(Zkv n, m)7 (i, n, m)}v E) S(Sv E) and

(5 U {(’Lk’ nvm)7 (i’ nvm)}’ E) I- g(n) = glgn(n) =m= fgien(n)'

Hence, by Lemma 3.2 and Proposition 2.6 we obtain

Ex(I) I- A77*" is a mad family of size max(|F], |1]),

completing the proof. O

4. SPECTRUM OF VAN DOUWEN FAMILIES

In this section, similar to a [3] and ar [2] we prove that the spectrum of Van Douwen families
is closed under singular limits. The main idea is that we may glue a sequence of Van Douwen
families together in order to obtain a bigger Van Douwen family. A similar argument fails for
maximal eventually different families as the gluing argument we provide might not preserve
maximality. Hence, the corresponding Question 1.2 for a, is still open.

Theorem 4.1. spec(ay) is closed under singular limits.

Proof. Let k = cof(\) < A, (kq | @ < A) be an increasing sequence of cardinals cofinal in A with
Kk < ko and (F, | @ < k) a sequence of Van Douwen families with |F,| = k,. Choose pairwise
different elements G = (g, € Fo | @ < k). We construct an eventually different family of functions
from w — w X w of size A as follows:

e Given a < k and f € F, define (go X f) : w — (w x w) for k < w by

(9 X f)(F) := (9a(k), f(F)).
e Given fy € Fo\ G and f1 € Fy define (fp X f1) : w = (w X w) for k < w by

(fo x fi)(k) := (fo(k), fi(K))-

Finally, we define the family F to be family of all functions from w — (w X w) of one of the two
forms above. Then F is of size A and we claim that F is Van Douwen. First, we prove that F is
e.d., so we have to consider the following cases:

o Let a < kand f # f' € F,. Since f and f’ are e.d. choose K < w such that f(k) # f/(k)
for all kK > K. But then for every k > K we have

(9o x f)(k) = (ga(k), f(k)) # (9a(k), f'(K)) = (ga x f')(F).

o Let o # B <k and f € Fy, f' € Fg. Since g, and gp are e.d. choose K < w such that
ga(k) # gp(k) for all k > K. But then for every k > K we have

(9o x £)(k) = (ga(k), (k) # (g5(k), f'(k)) = (g5 x f)(k).
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o Let a <k, f € Fa, fo € Fo\ G and f; € Fy. Since g, and fy are e.d. choose K < w such
that go (k) # fo(k) for all k£ > K. But then for every k > K we have

(9 X f)(k) = (ga(k), f(F)) # (fo(k), f1(k)) = (fo < f1)(K).

e Let fo, fo € Fo\G and fi1, f] € Fo with (f§, f1) # (fo, f1). W.lo.g. assume fo # f{. Then
fo and f{) are e.d., so choose K < w such that fy(k) # fi(k) for all k > K. But then for
every k > K we have

(fo x f1)(k) = (fo(k), f1(k)) # (fo(k), f1(k)) = (fo x f1)(K).
Hence, it remains to prove that F is Van Douwen. So let A € [w]* and h: A — (w X w). For
i € 2let p;(h) : A — w be the projection of h to the i-th component. As Fy is Van Douwen
choose B € [A]“ and fy € Fy such that fo [ B = po(h) | B. We consider the following two cases:
fo € G. Choose a < k such that fy = go. As F, is Van Douwen choose C € [B]¥ and f € F,
such that p;(h) [ C = f | C. But then for every k € C' we have

(9o % [)(K) = (9a(K), (k) = (po(h)(K), p1(h)(K)) = h(k).
Otherwise, fy € Fo\G. As Fp is Van Douwen choose C' € [B]¥ and f1 € Fy with pi(h) [C = fi.
But then for every k € C' we have
(fo x f1)(k) = (fo(K), f1(k)) = (po(h)(k), p1(h)(K)) = h(k).

Hence, in both cases h is not eventually different from some element in F [ A. (]

5. MANY NON VAN DOUWEN FAMILIES

Given a maximal eventually different family F in [5] Raghavan introduced the following ideal
Zo(F) measuring how far F is from being Van Douwen.

Definition 5.1. Let F be m.e.d. family. Then we define
Io(F) :={A € [w]” | F] A is not a m.e.d. family} UFin.
Proposition 5.2. Zy(F) is a non-principal ideal.

Proof. Since F is maximal we have w ¢ Zo(F). If A € Zp(F) and B € [A]“ choose g : A — w
eventually different from F [ A. But then g [ B : B — w is eventually different from F | B. Hence,
B e Io(f).

Finally, let A, B € Zy(F). We may assume that A € [w]“, so choose g : A — w eventually
different from F [ A. If B is finite, then any extension of f : A - w to f*: (AUB) — w is
eventually different from F [(A U B), so assume that B € [w]* and choose h : B — w eventually
different from F [ B. We claim that g Uh [(A\ B) : (AU B) — w is eventually different from
FI(AUB), so let f € F. By choice of g and h there are Ky, K; < w such that g(k) # f(k) for
every k € A\ Ko and h(k) # f(k) for every k € B\ K;. Hence, (gUR[(B\ A))(k) # f(k) for all
]{/‘E(AUB)\(K()UKl). U

Corollary 5.3. F is Van Douwen iff Zo(F) = Fin.
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We prove that under CH any non-principal ideal may be realized as the associated Zy-ideal
of some maximal eventually different family. Towards this goal, we need the following two
diagonalization lemmata:

Lemma 5.4. Let F = (f, |n <w) be e.d. and A € [w]|*. Then there is g : A — w such that
FlAU{g} is e.d.

Proof. Enumerate A by {a,, | n < w}. Inductively, choose g(ay,) different from { fp,(a,) | m < n}.
By construction F [ AU {g} is e.d. O

Lemma 5.5. Let Z be a non-principal ideal, F = (fy, | n < w) be e.d. and (gn : A — w | n < w)
be such that A, € T and F | A, U{gn} is e.d. for all n < w. Further, let h : B — w such that
B ¢ 7T and F | BU{h} is e.d. Then there is f :w — w such that

(1) FU{f} is e.d.,

(2) (FU{f}) 1 AnU{gn} is e.d. for alln < w,

(3) f1C=h|C for some C € [B]*.

Proof. We define an increasing sequence of finite partial functions (s, | n < w) as follows. Set
50 := 0. Now, let n < w and assume s, is defined. By assumption, choose K < w such that
dom(sy,) C K and for all k € B\ K and m < n we have f,,(k) # h(k). Since Z is a non-principal
ideal and B ¢ Z, the set B\ {J,,,, Am is infinite, so choose k € B\ K with k ¢ A,, for all m < n.
Now, set s], | := s, U{(k,h(k))}. Finally, if n € dom(s], ;) set s,41 := s, ;, otherwise choose
| < w such that [ # fp(n) for all m < n and [ # g,(n) for all m < n with n € A,, and set
Snt1 = S, U{(n, 1)}
Set f:= U<y Sn- Then, f:w — w as n € dom(s,41) for all n < w. Further, we verify (1-3):
(1) Let m < w, then for every n > m and k € dom(sp4+1) \ dom(s,) we compute that
f(k) = snt1(k) # fm(k) by choice of K or [, i.e. f and f,, are e.d.,
(2) Let m < w, then for every n > m and k € (A4,, Ndom(s,+1)) \ dom(s,) we compute that
f(k) = spnt+1(k) # gm(k) by choice of k or [, i.e. f [ Ay, and g, are e.d.,
(3) For every n < w there is a k € dom(s,+1) \ dom(s,) such that f(k) = sp+1(k) = h(k),
ie. f]C =h]C for some C € [B]“.

Hence, f is as desired. O

Theorem 5.6. Assume CH and let Z be a non-principal ideal. Then there is a m.e.d. family F
such that T = Io(F).

Proof. Enumerate all functions {hq : By — w | @ < X1}, where By, ¢ Z, and Z by (A, | a < Np).
We inductively construct a m.e.d. family (f, | & < X;) and functions (g, : Ay = w | @ < Vy) while
preserving the following properties for every o < Nj:

(1) Fea :={fs | B < a}ised,

(2) Fea lAgU{gs}ised. forall 8 < a,

(3) For all B < aif Feg [ BgU {hg} is e.d., then fg[C = hg | C for some C € [Bg]*.
Let o < Xq. By induction assumption we may apply Lemma 5.5 to F<q, (g : Aa ww | f < @)
and hg : B, — w to obtain f, : w — w such that
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(1) f<o¢ U {fa} is e.d.,
(2) (FecaU{fa}) A U{gp}ised. forall B < a,
(3) If Feo | Ba U{hqy} is ed., then f, [ C = hy | C for some C € [B,]*.
Finally, by Lemma 5.4 choose g4 : Ay — w such that (Feoq U{fa}) [ Aa U{ga} is e.d.
Then, by (1) F := (fa | @ < Np) is e.d. and we claim that Zo(F) = Z. First, let A € Z. Choose
a < ¥y such that A = A,. By (2) we have that F [ AU {gs} is e.d., which witnesses A € Zy(F).
Secondly, let B ¢ 7 and assume B € Zy(F). Choose h : B — w such that F [ B U {h} is e.d.
Choose a < Ny such that B = B, and h = hy. Then also Fo, [ BU{h} is e.d. Thus, by (3) we
have f, [C = h | C for some C € [B]¥, which contradicts that f, [ B and h are e.d. O

6. QUESTIONS

Notice that with Theorem 5.6 under CH we may construct Van Douwen families F, so that
Zo(F) is a maximal ideal. These kind of maximal eventually families are in some sense as far as
possible away from being Van Douwen while still being maximal. Hence, we may define

Definition 6.1. A maximal eventually family is called very non Van Douwen iff Zy(F) is a
maximal ideal. Equivalently, for any A € [w]¥ \ cofin(w) exactly one of the following holds:

(1) Either there is g : A — w such that F [ AU {g} is e.d.,

(2) or there is g : A° — w such that F [ AU {g} is e.d.

Similar to Van Douwen’s question we may ask:
Question 6.2. Does there always exist a very non Van Douwen family?

Further, under CH these very non Van Douwen families may have a selective ideal as their
associated ideal, whose selectivity is preserved under various forcings. Note, this does not imply
that the maximality of F is preserved, but we may ask if our constructions can be adapted to also
make sure that the ideal Zy(F) interpreted in the forcing extension is equal to the generated ideal
of Zp(F) interpreted in the ground model. Then in particular, the maximality of F is preserved.

Question 6.3. Can we construct non Douwen families, so that their associated ideals are pre-
served under various forcings?

These considerations are particularly interesting towards a possible proof of the consistency of
0o < @y, as in this case a non Van Douwen family which remains maximal under some forcing
which destroys the Van Douwenness of some other family is desirable.

Finally, all our families were constructed under the assumption of CH, but one may also
consider similar constructions under large continuum. Remember, that Lemma 3.2 implies that
Ex(I) only adds Van Douwen families, but by adapting the combinatorics of the forcing Ez(T)
according to the proofs in this section, one may consider forcing notions which add maximal
eventually different families with certain prescribed associated ideals.

Question 6.4. Which ideals may be realized as associated ideals of maximal eventually different
families under large continuum? Analogously to Theorem 5.6 can we have that all ideals are
realized as associated ideals of maximal eventually different families under large continuum?
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