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Abstract

My thesis is about special Aronszajn trees and Kurepa trees. First, I show that it
follows from the existence of a supercompact cardinal and an inaccessible cardinal
above that it is consistent that all N,-Aronszajn trees are special, there are such,
and there is no N;-Kurepa tree and no N,-Kurepa tree.

Then I show that, assuming w many supercompact cardinals, it is consistent
that for all 0 < n < w, all N,-Aronszajn trees are special and there exist such, and
there are no N,-Kurepa trees.

Finally, I extend this result to a global version about all Aronszajn trees on
successors of regular cardinals and all Kurepa trees on regular cardinals, using a
proper class of supercompact cardinals.
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Chapter 1

Introduction

Trees are very important and interesting combinatorial objects. They have been
studied a lot in set theory over the last century. Aronszajn trees and Kurepa trees
have been introduced in the 1930’s and are of fundamental importance in com-
binatorial set theory. Two of the most interesting questions about them are the
problem of their existence and the problem of the specialization of Aronszajn
trees. Both questions are independent from ZFC for trees on uncountable succes-
sor cardinals.

In this thesis, I construct models in which all Aronszajn trees of some heights
are special, there are such, and there are no Kurepa trees of certain heights. This
is joint work with my advisor Sy-David Friedman.

Laver and Shelah showed in their paper [LS81] that it is consistent with CH
that all N,-Aronszajn trees are special and there exists one. Golshani and Hayut
extended this result in [[GH20] with a similar but more involved technique to show
that it is consistent that for all successors of regular cardinals all Aronszajn trees
are special and there exists one. So the questions about Suslin trees and Aronszajn
trees are settled in this model. What about Kurepa trees?

It was shown by Baumgartner in [Bau84] that PFA implies that there are no N,-
Aronszajn trees and no N;-Kurepa trees. Cummings proved in [Cum18]], assuming
a weakly compact cardinal, that there is a generic extension in which there are no
N,-Aronszajn trees and there is an N;-Kurepa tree.

Motivated by [GH20] and [[Cum18|], we have worked on models in which all
Aronszajn trees on some cardinals are special and they exist, and there are no
Kurepa trees of some heights. It turned out that in the forcing extension used
in [GH20] N,-Kurepa trees actually exist (see Proposition 2.11)), so we had to
change the forcing iteration: Instead of using a product of Lévy collapses we use
an iteration of these collapses in the beginning of the iteration. In fact, we have
constructed a model in which for every 0 < n < w, all N,-Aronszajn trees are
special, there are such, and there exists no N,-Kurepa tree. To get this, we start
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with w many supercompact cardinals which we collapse with an iteration of Lévy
collapses to the 8,,’s. These collapses are followed by specializing forcings for the
Aronszajn trees. We use supercompact embeddings to show that the specializing
forcings have a suitable chain condition. Our proof of the chain condition is dif-
ferent than the one given in [LS81]] and [GH20] and conceptually easier. Then we
argue that there is no Kurepa tree in the final model. If there were such a tree, a
small regular subforcing would capture it, which can be seen using supercompact
embeddings. In the extension by the small subforcing, the tree cannot have many
cofinal branches, and an analysis of the quotient shows that no cofinal branches
are added and therefore the tree is not a Kurepa tree in the final model.

This result can also be generalized to a global version, using an Easton support
iteration. This is done in Chapter [0
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Chapter 2

Preliminaries

In this chapter we provide the necessary definitions and results about trees and
Lévy collapses, most of which are classical and well-known.

Definition 2.1. A free is a set of nodes 7T, together with an order <, with the
following properties:

1. There exists a root,i.e.,anr € T withr =sorr < sforall s e T.

2. ({teT|t< s}, <)isawell-order for every s € T.

For a tree T with the order < we use the following notation:

e For s € T the length of s is the order type of ({t € T | t < s}, <); we denote
the length of s by |s].

e The &th level of T, denoted T, is the set of nodes in 7 which have length &.
e The height of T is the smallest ordinal & such that 7, = 0.

e A cofinal branch of T is a chain in (7, <) whose order type is equal to the
height of 7" and such that for each & smaller than the height of T it contains
at € T,. The set of all cofinal branches of a tree T is denoted by [T'].

e Let b be a cofinal branch of 7" and & smaller than the height of 7. Then b(¢)
denotes the unique node t € T¢ N b.

e For a cardinal «, a k-tree is a tree of height « all whose levels are smaller
than «.

Now we can define Kurepa trees and Aronszajn trees:

Definition 2.2. Let k be a cardinal.
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1. A k-Aronszajn tree is a k-tree which has no cofinal branch.

2. A k*-Aronszajn tree T is special if there exists a function f: T — « such
that if x < y then f(x) # f(y).

3. A k-Kurepa tree is a k-tree which has more than « many cofinal branches.
The following is easy to see:

Remark 2.3. If there exists a «*-(non-special-)Aronszajn tree or a k*-Kurepa tree,
then there exists one with T, C {£} X « for each ¢ < k™.

Therefore we will always assume that our trees of successor cardinal height «*
satisfy Ty C {&} X k for all & < «*.

Kurepa trees and Aronszajn trees have been studied a lot. In the following we
will present some of the classical results.

The existence of an N;-Kurepa tree is independent from ZFC. On the one hand,
if V = L, then there exists an N;-Kurepa tree, on the other hand, it follows from
the existence of an inaccessible that it is consistent with ZFC that there exists no
Ni-Kurepa tree. Since the proof of the second uses ingredients which we will use
later, we will give the proof of it here.

First we define the Lévy collapse and prove its basic properties.

Definition 2.4. Let A be an inaccessible cardinal and « a regular cardinal with
k < A. The Lévy collapse of A to k*, written as Col(k, <A), is defined as follows:
For each cardinal k < @ < 4 let Col(k, @) be the set of partial functions of size < «
from « to @, ordered by ¢ < p if ¢ 2 p. Now let Col(k, <A) := [[,cq<1 Col(k, @)
with <k-support.

Lemma 2.5. Let A be an inaccessible cardinal and k a regular cardinal with k < A.
The Lévy collapse Col(k, <A) is <k-closed.

Proof. Let u < «k and let (p; | i < u) be a decreasing sequence in Col(k, <A).
Define a condition p by letting p(a) := U, pi(@) for every cardinal k < a < 4;
it is easy to see that p € Col(k, <A) by the following argument. Since y < « and
for each i < p and each x < @ < A each p;(@) is a partial function from « to @
with [dom(p;(a@))| < « and pj(a) C pi(a) for j < i, also p(a) is such a function.
Moreover supp(p) = U<, supp(p;), so it is a union of less than x many sets of size
< k. Since « is regular, this is of size < k. So p € Col(k, <A1) and clearly p < p; for
each i < pu. O

Lemma 2.6. Let A be an inaccessible cardinal and k a regular cardinal with k < A.
Then the Lévy collapse Col(k, <A) has the A-c.c..
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Proof. Let A C Col(k, <A) be a maximal antichain. Let M be a <k-closed (i.e.,
““M C M) elementary submodel of H(6) for sufficiently large 6 with |M| < A,
A € M and such that A := M N Ais an ordinal. Since |M| < A and M is <k-closed
it follows that k < A < A.

Now consider AN M. Clearly A N M is an antichain of size < A; we will show
that AN M is maximal in Col(k, <A) in V from which it follows that A = AN M and
hence A is of size <A. To show the maximality let p € Col(k, <A). By definition
of Col(k, <A), pI A € [T,<a<i Col(k, @) is a tuple where each coordinate is a partial
function from « to A, hence p[A C M. Since M is <k-closed and |p| < « it follows
that p[A € M. By elementarity A N M is a maximal antichain in M, hence there
exists g € A N M which is compatible to p 1. Since |g| < k, g € M and M is <k-
closed, it follows that ¢ C M, thus g € [],<,<1 Col(k, @). So also p L g because p
is compatible with g on 2 and g € [,<,<; Col(k, @). |

Lemma 2.7. Let G be a generic filter over V for Col(k, <A). Then all cardinals o
from V with a < k or @ > A are cardinals in V]G] and V]G] E k" = A

Proof. The Lévy collapse Col(k, <1) is <k-closed by Lemma [2.5] hence it does
not change cardinals < «. By Lemma Col(k, <A) has the A-c.c., hence it
does not change cardinals > A. For each k < 8 < A the forcing Col(x, ) adds a
surjection from « to B, so it forces that k = |B], hence this holds in V[G]. Since 4
is a cardinal in V[G], it follows that x* = A. O

The following lemma is essentially due to Silver [Sil71]] and generalizes his
lemma. For regular A a further generalization can be found in Lemma (3.12

Lemma 2.8. Assume there exists some u < cf(d) such that 2" > A. Let P be a
<A-closed forcing and T a A-tree. Then forcing with P does not add a new cofinal
branchto T.

Proof. Assume b is a name for a new cofinal branch. Let p, € P, x, € T and
be such that py I b(ap) = x;.

Now continue inductively: Let i < p and assume a; < A has been defined,
and for each v € 2, p, and x, have been defined such that p, I b(a;) = x,. Since
b is a new branch, there exists a;,; > «; such that for every v € 2! there exist
two conditions p,-g, py-1 < py and x,-o # x,-; such that p,-o - b(ais1) = x,-o and
Pv1 Ik b(@iy1) = x,-1. For w € 2% of limit length, let @, > a@; for all 6 < |w| and
let x,, € T and p,, be such that p,, is a lower bound of {(p,,s | 6 < |w|) such that
DPw I+ b(a|w|) = x,; such a condition p,, exists because P is <A-closed. It follows
easily that x,, # x, for w # v of the same length, hence |{x,, | w € 2¢}| = 2¥ > A.
But {x, | w € 2#} C T,,, which contradicts the fact that all levels of T are of
size < A. O
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Let us fix the following notation: If P is a forcing, we denote with G(P) a
generic filter for P, and V[P] is a shorthand for V[G(P)].

Theorem 2.9 (Silver). Letk > 1, A an inaccessible cardinal and L, = Col(Ny, <A).
Then there is no Ny -Kurepa tree in V[L,].

The following proposition is a generalization of Silver’s theorem:

Proposition 2.10. Let k > 1, A an inaccessible cardinal and 1L, = Col(Ny, <A). In
VIL,] let Q be a forcing of size < Ny such that either Q is <N-distributive or Q
has the 8i-c.c.. Then there is no 8;-Kurepa tree in V[L, = Q].

Proof. Let Q be an L;-name for Q. Since Q is a set of size < 8; and L, has the
A-c.c., we can assume that Q has size less than 1. Conditions in L, have a support
of size < Ny, therefore there exists ug < A such that the <A many conditions in Q
belong to [],<,, Col(Ry, @), hence Q € V[GN[],<,, Col(Ny, @)]. Therefore L, xQ
is equivalent to [],<,, Col(Ny, @) * (Q X [, <q<1 COl(Ny, @)).

A similar argument works for an Ni-tree: In V[L, = Q] let 7 be an N;-tree.
Since T with its order is an object of size 8; and L, * Q has the A-c.c., there
exists a name T for it of size less than A. Conditions in L, have a support of size
< Ny, therefore there exists ug < pr < A such that the <A many conditions in 7'
belong to [],<, Col(Ng, @) * (Q x [To<azur Col(Xy, @)). Therefore T € V[G N
[Masyo COIY @) % (Q X [T <oy COIRL @) In VIG N [Ty ColNis ) # (@ X
I po<asiur Col(Ny, @))] still 2% < A, hence T has less than A many cofinal branches
there.

If Q is <N;-distributive, then [],.,, Col(N, @) is still <N;-closed in V[G N
[Ta<u, COl®y, @) * (Q X [1,,5<asyu; COlRL, @))], hence by Lemma it does not
add cofinal branches to 7. So T is not a Kurepa tree in V[, * Q].

If Q has the Ni-c.c., it follows by Lemma below that [],.,, Col(N, &)
does not add cofinal branches to 7. So T is not a Kurepa tree in V[L, * Q]. O

Proposition 2.11. Let ko = Ny and (k, | 0 < n < w) be inaccessible cardi-
nals with k, < k,.1. Then for every 1 < m < w there exist N,,-Kurepa trees in

V[Hnew CO](Km <Kn+1)]~

Proof. As [],,<, Col(k,, <k,+1) 1s <k,-closed and conditions in [ [,,.,, Col(k,, <k,+1)
are of size < «,,, the product [],e, Col(k,, <k,:1) is equivalent to the iteration
[ Tn<n Col(kny <kns1) * [nem COl(ky, <kps1). In V[[],.<, Col(ky, <kui1)], let T :=
2<%m Since k,, 1S inaccessible in this model, all levels of T are of size < «,,, and
clearly |[T]| > . It follows that in V[[],,<, Col(k,, <kn+ DI [ 1< COl(ky, <kns1)],
all levels of T are of size < N,, and |[T]| > N,,, i.e., T is an N,,-Kurepa tree. O
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It follows easily from the above proposition that in the model of [GH20] there
exist N,-Kurepa trees for each 1 < m < w: Their forcing iteration starts with
[ 1,0, Col(k,, <k,+1), and as the subsequent iteration of specializing forcings does
not collapse cardinals, the N,,-Kurepa trees from V[]],., Col(k,, <«,.+1)] are still
N,.-Kurepa trees in the final model.

Lemma 2.12. Let T be a k*-tree with order <7 and with a specializing function,
i.e., f: T — ksuchthatif x <r ythen f(x) # f(y). Then T is a k*-Aronszajn tree.

Proof. Assume T has a cofinal branch, i.e., there exists {x; | i < «*} C T with
x; <r xjforall i < j. It follows that f(x;) # f(x;) for all i < j < «™, contradicting
the fact that the values of f are elements of «. O

Proposition 2.13. If2% = K, |, then there exists a special X,,,-Aronszajn tree.

Proof. Let (Q, <) be the set of those x € N:j_l with boundedly many non-zero
elements, i.e., @ € N, | x(a) # 0} < N,, with < being the lexicographical
ordering. First we show that for every x < y € Q and every y < N, there exists
a strictly increasing sequence (z; | i < y)in Q with x < z; < y for every i < y. The
proof is by induction on ordinals y < N,,,,. For the first step let § < N,,;;. Let @ be
large enough such that x(8) = y(8) = 0 for all 8 > a. For each i < ¢, let z;(a) = i
and z;(8) = x(B) for B # a. It is easy to see that the z; form a strictly increasing
sequence of length § and x < z; < y for every i < . Now let 8,1 <y < N,;, and
assume by induction that for each x < y and for each ¢ < y there exists a strictly
increasing sequence of length ¢ in Q between x and y. Note that there exists a
cofinal strictly increasing sequence {y; | j < cf(y)} € 7y such that the order type
ordtp(y;+1 \ ¥j) <y for every j < cf(y). Since cf(y) < N,.;, by step one we can
take a strictly increasing sequence {z; | j < cf(y)} with x < z; < y for every j.
Then take strictly increasing sequences {zlj | i < ordtp(y;s1 \ y,)} for each j with
7j < z{ < zj+1 for each i; such sequences exist by the induction hypothesis. Now
(271 J < ef )} U Ujceronte] | i < ordtp(y;un \ v} is as desired.

Further note that, using 2™ = N,,,;, we have |Q] = N, .

We will construct a tree T C Q<™+ with the order given by end-extension,
and then show that it is a special N,,,-Aronszajn tree. The nodes of T will be
bounded strictly increasing sequences. For such a sequence s and x € Q, let x > s
denote the following assertion: there exists x’ € Q with x > x” and x’ > z for each
z € range(s); also, let x > s denote x > z for each z € range(s). Note that for each
s € T, there will be an x € Q with x > 5. We construct 7 by induction on the
levels such that for each @ < N,,;, the following holds:

For each 8 < a, for each s € T and each x € Q with x > s @.1)
there exists t € T, such that s <y rand x > t. '
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Let Ty = {{)}. Assume now that 7, has been constructed and satisfies (2.1).
Let Tpiy :={s x| s € Ty Ax > s}. To see that (2.1)) holds for @ + 1, firstlet s € T,
and x € Q with x > 5. So s”x € T, is a witness for (2.I). Now let 8 < @, s € Tg
and x € Q with x > s. Let x’ € Q be such that s < x’ < x (such an x” exists by a
very easy version of the property shown in the beginning of the proof). By (2.1)
for @ (which holds by induction), there exists t € T, with s <7 ¢t and x’ > t. So
t"x € T,y is a witness for (2.1). Now let a be a limit and assume that 7 has been
defined for every § < a. Let s € (g, Tp and x > 5. By the above property there
exists a strictly increasing sequence {z; | |s| < i < a} with s < z; < x for every i.
Using (2.1)), inductively we get that there exists a sequence (; | |s| < i < @) such
thatt; € T;, s < t; <y t; and z; > t; for all |s| < j < i. Therefore, taking the union
of the t;, we get that there is a strictly increasing sequence ¢ of length a such that
s <r tand x > r and ¢[B € T for every B < a. For each s € (Js., Tp and each
x > s, pick one such ¢, and let this set be 7,,. Thenlet T, := {s"x| s € T, Ax > s}.
To see that (2.1) holds for a, let 8 < @ and s € T and x € Q with x > s. Let
x > x’ > 5. By construction there is t € T, with X’ > tand t"x € T, is a witness
for (2.1).

Let T := Uy<x,,, T'o- Note that every s € T is a strictly increasing sequence
in Q of successor length.

Now we show that |T,| < N,,, for every @ < N,,,, by induction: This is obvious
for @ = 0. The successor step a+ 1 follows by [Ty 1] = [To|- 10| = |Tol-Nus1 = Nut1
since |T,| < 8,12. Now let @ be a limit: |T,| < [{(s,x) | s € Upeo Tg A x € Q)] =
] - N,p1 - N1 = 8,41, As in the successor step, it follows that [T, = N,1.

Using Lemma it only remains to show that 7" is special. To see this,
let ¢: Q — N,;; be a bijection. For s € T with x the last element of s, let
f(s) = p(x). If s <7 t then ¢ extends s; since 7 is strictly increasing it follows that

f(s) # f(0). O
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Chapter 3

General lemmata

In this chapter, we give some general lemmata, which will be needed in the later
chapters.

Definition 3.1. P is a regular subforcing of Q if P C Q and every maximal an-
tichain of P is a maximal antichain in Q.

Definition 3.2. For P a suborder of Q, we say that 7: Q — P is a reduction map
if whenever g € Q and p € P with p <p n(q) then p and g are compatible in Q.

Lemma 3.3. Let P be a suborder of Q. Then P is a regular subforcing of Q if

(1) there exists a reduction map n: Q — P, and

(2) if two conditions p, q € P are compatible in Q, then they are compatible in P.
Proof. See [Kunll, I11.3.72]. O

Definition 3.4. For two forcing notions P and Q, a function ¢: P — Q is a regular
embedding if the following holds:

1. If p <p p’ then «(p) <g Up’).
2. p Lz pliff u(p) Lo up').

3. For every g € Q there exists a reduction p € P, i.e., p is such that for each
p €Pif p’ <p pthen u(p’) Lo g.

Lemma 3.5. Let P’ be a regular subforcing of P and Q a P-name for a forcing.
Then P’ is a regular subforcing of P * Q, and for a generic filter G’ for P’ the
following equality holds: (P * Q)/G’ = P/G’ Q.
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Proof. Lett: P’ — P be a regular embedding. Define //: P’ — P * Q by (/(p) =
(«(p), 1g). Using ¢, it is straightforward to check that the statements of the lemma
hold. O

Lemma 3.6. Let P be a forcing with a dense subset D and P* a regular subforcing
of P with a dense subset D* C D. Then D* is a regular subforcing of D.

Proof. Let A C D* be a maximal antichain in D*. Let p € P*. There exists p’ < p
with p’ € D*. So there exists g € A with g L p’ and therefore g L p. On the other
hand, let ¢, ¢’ € A and assume g Lp- ¢’. So there exists ¢’ < ¢q,q’ in P*. Since D*
is dense, there exists a condition extending ¢’ in D*, thus ¢ and ¢’ are compatible
in D*, contradicting the fact that A is an antichain in D*. This shows that A is a
maximal antichain in P*.

Using that P* is a regular subforcing of P we get that A is a maximal antichain
in P. Further, A C D and hence A is an antichain in D. Since D is dense, A is
maximal in D, finishing the proof. O

Lemma 3.7. If P is a forcing and A a cardinal in V, then (21)VF1 < (2FI)V,

Proof. Every subset of A in V[P] has a name of the form {(&, p) | @ € A A p € A,},
where A, C P for each a. There are (21)V many such names, hence (2)"¥! <
@FHhyY 0

Lemma 3.8. If P is a forcing and A a cardinal with |P| < A, then (2*)Y = (2H)V17,

Proof. On the one hand, (2Y)"¥! < (24)V by Lemma On the other hand, P
does not collapse 24, because |P| < A and hence P has the A™-c.c.. O

The following lemma of Silver is useful to lift elementary embeddings to forc-
ing extensions. A proof can be found in [Cum10].

Lemma 3.9 (Lifting Lemma). Let j: V — M be an elementary embedding and
P € V a forcing. Let G(P) be generic for P and let G(j(P)) be generic for j(P).
The following are equivalent:

(D) JIGE)] < G((P)).

(2) There exists an elementary embedding j': V[G(P)] — M[G(j(P))] such that
J(GP)) =G(j(P) and jIV = j.

The following theorem is useful to represent some forcings as an easier forcing
followed by a quotient which has a good closure. A good source for it is [Cum10].

Theorem 3.10 (Absorption). Let « be regular and A > « an inaccessible. Let P
be separative, <k-closed and |P| < A. Then there is a regular embedding 1: P —
Col(k, <A) such that if G is P-generic over V, then Col(k, <Q) is forcing equivalent
to Col(k, <A)/[G].

18



Lemma 3.11. IfP * Q is a two-step iteration which has the k-c.c., then P has the
k-c.c. and P+ “Q has the k-c.c.”.

Proof. Since it is easy to see that P has the k-c.c., we only show that P - “Q has
the k-c.c’. Let py € P and assume A is a P-name such that pyI-“A C Q and
A has size «”. Furthermore, let f be a P-name such that pyIF“f: k — Aisa
bijection”. For every a € « there exist p, < py and g, such that p, I f(@) = §,.
Since P = Q has the k-c.c., there exist distinct «, B € k such that (p,,q,) and
(pg, qp) are compatible. Let (p,g) be a witness for the compatibility. It follows
that pir“f(@) = g, € A A f(B) = qp € ANG<qa, qg”. In particular p - “A is not
an antichain”. O

The following lemma can be found in [Ungl2]] for the case where P has the
u*-c.c. and R is <u*-closed. It is a generalization of Lemma [2.8|and the proof is
a refinement of the proof there.

Lemma 3.12. Let A be a regular cardinal and u < A with 2% > A. Let P be a
forcing which has the A-c.c. and R a forcing which is <A-closed and T a P-name
for a A-tree. Then forcing with R over V[P] does not add cofinal branches to T.

Proof. Assume b is an R-name for a new branch cofinal through 7T in V[P].

Claim. For all r\,r, € R the set D,,,, of conditions p € P with the following
properties is dense.

1. pW “there are r; < ryandry < ry andy < A such that v and r} decide b(y)
in different ways”.

2. pdecidesy, r; and r’.

Proof. Let p* € P and let Gp be generic for P with p* € Gp. In V[Gp] the con-
ditions r; and r, cannot decide all of b, because it is a new branch. Hence there
exists y such that r; and r, do not decide b(y). So there exist conditions r<n
and r, < r, which decide b(y) differently, and thus there exists a condition p’ € G
which forces this and decides vy, | and r}. Since both p* and p’ are in Gy, they are
compatible. Any witness of the compatibility is in D,, ,, and stronger than p*. O

Claim. For every condition r € R there exists a maximal antichain A in P and
conditions ri,r, < r andy < A such that for all p € A, p«“ry and r, decide b(y)
differently”.

Proof. By induction on a define increasing (w.r.t. C) antichains A, and decreasing
sequences r{ and r§ and an increasing sequence 7, of ordinals < A such that for
each p € A,, pI+“r{ and r{ decide b(ya) differently”.

Letr € Rand py € D, and r, r) and y, < A witnesses for this. Let Ay := {py}.
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For the successor step, assume A,, r{, ry and y, have been defined. If A, is a
maximal antichain, we stop the construction here. If there exists p € P which is
incompatible to every condition in A, let p’ < p with p’ € Dja ,» and let r{*!, rg*!
and vy, be witnesses for this. Since T is a tree, the set of y’s with p’ I “rf“ and
ry*! decide b(y) differently” is upwards closed, so we can assume that y,.; > V.
Let Ay := A, U{p'}.

For the limit step, let @ be a limit ordinal and let A, := (Jg., Ag. Note that
A, 1s an antichain of size |@|. Since P has the A-c.c., it follows that & < A. Let
r{ and r§ be lower bounds of the sequences (rf | B < @) and (rg | B < @) (such
lower bounds exist because R is <A-closed). Let y, := sup{yz | 8 < a}. Since A is
regular, y, < A.

Since P has the A-c.c., for some @ < A the antichain A, will be maximal. Then
we stop the induction and define A := A,, r| :=r{, r, :=rj and y := ,.

To see that the claim is fulfilled, let p € A. Hence p € Ag, forsome f+1 < a,
SO p I “rf” and rf” decide b(yg,;) differently”. Since r; < r‘fﬂ, r, < rg“,

Y = ¥p+1 and T is a tree, it follows that p IF “r; and r, decide b()/) differently”. O

Let u < A with 2 > A. For every w € 25# we construct r,,, x,, and «; for every
i < usuch that r,, I b(a|w|) = x,,, for w,w’ € 25# of the same length, x,, # x/,, and
aj<a;<Afori> j.

Let ry = 1g, ap = 0 and x;, = (), 50 ryy I b(a) = x;,. Now use the above claim
inductively to get r,,-o € R and r,,-; € R, together with x,,-o, X~ 1, @ < @pe1 < 4
and a maximal antichain A,, such that each p € A,, forces that r,,-¢ and r,,-; decide
b(a|w|+1) differently. For w € 25# of limit length let a5 < ),y < A for all 6 < |w|.
Since A is regular and 4 < A such an ¢, < A exists. Let r,, be a lower bound of
(rwis | 6 < |wl). Such r,, exist because of the closure of R.

Let @ := sup{as | 0 < u}. Since A is regular and u < 4, it follows that @ < A.

Let G be generic for P. In V[G] for all v # w € 2*, r, and r,, decide b(«)
differently: Let 6 < u be minimal such that v(6) # w(d). Hence, every p €
A,s forces that r,5 and 1,5, decide b(as.) differently. A,,s is a maximal
antichain, so there exists p € G N A,s5. So V[G] E “rys+1 and 1,641 decide
b(ass1) differently”. Since r, < ry15+1 and r,, < 1,541 and @ > @4 and T is a tree,
it follows that V[G] [ “r, and r,, decide b(a) differently”.

Hence V[G]  |T,| > 2% > A, contradicting that 7" is a name for a A-tree. O

The following lemma is essentially due to Mitchell [Mit73]:

Lemma 3.13. Let A be a regular cardinal, P a forcing where P X P has the A-c.c.
and T a tree of height A. Then forcing with P does not add a new cofinal branch
toT.

Proof. Assume P adds a new cofinal branch and let 5 be a P-name for it. We
inductively build a sequence of conditions {(p;,q;) | i < 4} € P X P, a strictly
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increasing sequence {y; | i < A} of ordinals < A and sequences {x; | i < A4},
{vili< A}and {z; | i < 4} such that

L. pi,gi v i?(%') = X,
2. yi # ziy pi ¥ b(yis1) = y; and g; I+ b(yis1) = z;.

Let yo = 0 and xy = (). Clearly 1p I 5(0) = (). Since b is a name for a new
branch, there exists @ < A such that 1 does not decide b(). Find po and gy and
Yo # 2o With pg, go < 1p and pg - b(a) = yo and go I+ b(a) = zy and set V= a.

Assume p;, q;, Yi+1, Xi» yi and z; have been defined. Let x;.1 = y; and y;10 > vy
such that p; does not decide l')(sz). Find p;;1,qi41 < p; and y;.1 # zi41 such that
pint Ik b(¥i2) = yir1 and qiv1 Ik b(yis2) = Zir1.

Assume j is a limit and p;, ¢q;, vi, x;, ¥; and z; have been defined for every
i < j. Lety; = (sup;vy:) + 1. Let p* € P and x; be such that p* b()/j) =X
and let y;,; > 7y, such that p* does not decide b(yj+1). Now let pj,q; < p*, so
Pj-q;j - b(yj) = xj, and let y; and z; be such that y; # z;, and p; I b(7j+1) =y
and ¢; I+ b(y;.1) = z,. This finishes the construction.

Since P x P has the A-c.c., there exist i < j < A such that (p;, g;) and (p;, q;)
are compatible. Let (p,q) < (pi,qi),(pj,q;). So p < pjand g < gj, thus p,q I+
b(y;) = xj,and p < p; and g < g;, thus p I b(yi1) = y; and g & b(yi1) = 2.
So in T there are two distinct nodes y; and z; on level y;.; < y; with y;,z; < x;,
which contradicts the fact that 7 is a tree. We conclude that there is no new cofinal
branch in V[P]. O

3.1 Nicely closed forcings

The concept of nicely closed forcings is crucial for the main proofs of the thesis. In
particular, we are interested in the closure of quotient forcings (see Lemma [3.16).

Definition 3.14. Let P be a partial order and A be an ordinal. P is nicely A-closed
if for every decreasing sequence {p; | i < 1) in P there exists a lower bound g with
the property that if p € P is compatible with every p; then ¢g is compatible with p.
In this case we call g a witnessing lower bound for the nice A-closure. Moreover,
P is nicely <k-closed if it is nicely A-closed for every A < «.

We will later need the nice closure of the Lévy collapse:

Lemma 3.15. Let A be an inaccessible cardinal and «k a regular cardinal with
k < A. Then the Lévy collapse Col(k, <A) is nicely <k-closed.
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Proof. Let u < « and (p; | i < w) a decreasing sequence in Col(k, <1). Let
q := Uiy pi- Since u < k, g € Col(k, <) is a lower bound of {p; | i < y). Let p be
compatible with every p;. We have to show that g is compatible with p. It is easy
to see that p U g € Col(x,<Ad) and pU g < p, g. O

Lemma 3.16. Let P be nicely <k-closed and Q a regular subforcing of P. Then
P/G(Q) is <k-closed.

Proof. Let G(Q) be a generic filter for Q, 4 < k and (p; | i < A) a decreasing
sequence in P/G(Q). For every g € G(Q) every p; is compatible with g. By the
nice <k-closure there exists a lower bound r of (p; | i < 1) which is compatible
with every condition which is compatible with every p;,. So in particular r is
compatible with every g € G(Q). Hence r € P/G(Q), and thus P/G(Q) is <«-
closed. O

Definition 3.17. A forcing P is <k-closed with weakest lower bounds if for each
A < k and for each decreasing sequence (p; | i < A) there exists a weakest lower
bound ¢, i.e.,

1. g < p;foreachi < A4, and
2. if ¢’ < p;foreachi < 4, then g’ <gq.

Definition 3.18. A forcing P is well-met if for all p,p’ € P with p L p’ there
exists a weakest lower bound ¢, i.e.,

1. g <p,p’,and
2. ifqg < p,p’,thenq <q.

Lemma 3.19. Let P be a forcing which is <k-closed with weakest lower bounds
and well-met. Then P is nicely <k-closed.

Proof. Let A <k, (p; | i < A) be a decreasing sequence, and let p* be the weakest
lower bound of it. Now let p L p, for every i < A. For every i let g; be the weakest
lower bound of p and p;. Since the g; are weakest lower bounds, it follows that
they are decreasing, so there exists a lower bound g of the sequence {(g; | i < 4). In
particular, g < p. Since ¢; < p; for every i, g is also a lower bound of the sequence
(pi | i < A). The weakest lower bound of this sequence is p*, so g < p*, hence ¢
witnesses the compatibility of p and p*. O

Definition 3.20. Let P, be a forcing iteration of length p. A condition p € P,
is decisive if for each @ < u there exists g € V such that pla - “p(a) = ¢” and
if ¢ € V such that pla“§ € Q,” and some extension of p |« forces that § is
compatible to ¢’, then pla forces that ¢ is compatible to ¢’. In this case we say
that p @ decides p(a). We call P, decisive if the set of decisive conditions is dense
inP,.
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Lemma 3.21. Let {P,, Q, | @ < u} be a <k-support forcing iteration such that for
each a < u

(1) Py, is <k-closed,
(2) Py I-“qg C Vand|q| < k for each g € Q,”,

(3) there exists a relation R definable in V such that for p € P, and q,q' € V
such that p\“q,q4 € Q,”, pw“q L 4 ifand only if R(¢', q), and

4) for p € Py, 1 < k, and q; € V for each i < A such that p\v‘{q; | i < A) is
decreasing in Q,” and p decides q; for every i, there exists g* € V such that
pI-“q" is a lower bound of {(q; | i < A)” and p decides §".

Then the set of decisive conditions is dense in P,, i.e., P, is decisive.

Proof. By induction on @ < u we show that the set of decisive conditions is dense
in P,. For a@ = 0, Py is the trivial forcing consisting only of the weakest condition,
which is decisive.

Next assume for P, that the set of decisive conditions is dense. Let p € Py, ;.
Since P, is <k-distributive and P, IF “q € V and |g| < « for each g € Q,”, there
exists ¢ € V and p’ < pla such that p’ I p(@) = §. Let p”” < p’ be in the set of
decisive conditions in P, (which is dense by inductive hypothesis). Let ¢’ € V be
such that p” I ¢’ € Q,, and assume there exists p* < p” with p*IFJ L §. By
in V we have R(¢q’, g) and hence by |[3)|p” +§" L g. So (p”,§) < p is decisive.

Now let @ be a limit ordinal. If cf(a) > «, then P, is a bounded support limit,
so for every p € P, there exists 8 < a such that p € Ps. The set of decisive
conditions in Py is dense by induction, and a decisive p’ <p, p is still decisive
inP, and p’ <p_ p.

If cf(a) < «, let {B; | j < cf(a)) be an increasing continuous cofinal sequence
in . Let p € P,. By induction, the set of decisive conditions in P4 is dense for
each § < a. Let pg, < plBy be decisive. By induction on j assume we have

pp; < plB; decisive. Since pg, < plB; we know that pg.”"plB), Bj+1) < plBjs1-
By the inductive assumption, there exists a decisive pg,, < pg,”pllB;,Bj+1)- It
follows that pg.,, < pg,. If jis a limit, there exists (since j < k) a lower bound p’
of {pg, | k < j). Then let pg, < p’ be decisive. So we get a decreasing sequence
(pp; | J < cf(a@)) such that each pg, is decisive and pg, < p[g;.

Now we define a decisive extension p* of p. Let p*(0) be a lower bound of
(pp;(0) | j < cf(@)). Now assume p*[B has been defined such that it is decisive
and stronger than pg, I8 for each §; > B. Since each py; is decisive, it follows
that there are g; € V such that p*[B1+“q; = pg,(B) with §; > B is a decreasing
sequence” and such that if q;. € V with p*[BIF 51;. € V and some extension of
p*1p forces that g; is compatible with ¢’, then p*[Bq; L ¢). Therefore, by
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assumption |(4)| of the lemma, there exists g € V such that p* [ “g" is a lower
bound of {(pg.(B) | j < cf(a) with B < B;)” and p*IB decides ¢*. Let ¢* = T if
q; = 1 for every j. Let p*(B) := ¢*. Continuing for length & we get p*. Note that
supp(p*) € U jctia) SUPP(Pg;), sO it is smaller than « and hence p* € P,. Further,
by definition p* < p and it is decisive. |

Lemma 3.22. Let {P,, Q, | @ < u} be a <k-support forcing iteration such that

(1) P, I “Qq is <k-closed with weakest lower bounds and well-met” for each a,
and

(2) P, is decisive.

Further assume that for each a < u the following holds, which we will refer to as
weakest lower bounds of decided conditions are decided:

e forp e P, and q,q' € V such that (p,q) L (p,q’) there exists g € V such

that p v “q" is the weakest lower bound of g and §'” and p decides q*, and

o forp e P,, A < kandq; €V for each i < A such that p\v“{q; | i < ) is
decreasing in Q,”, there exists g € V such that p v “q" is the weakest lower
bound of {¢; | i < A)” and p decides q".

Then in P, the dense subforcing of decisive conditions is <k-closed with weakest
lower bounds and well-met. In particular, this dense subforcing is nicely <k-
closed.

Proof. We show by induction on @ < u that in P, the set of decisive condi-
tions is dense and <k-closed with weakest lower bounds and well-met. Applying
Lemma this in particular yields that in P, the set of decisive conditions is
dense and nicely <k-closed.

First note that P, is decisive for every a < u, because P, is decisive and each
p € P, is also a condition in P,. Let D, be the dense set of the decisive conditions
in P,.

Let 4 < k. By induction on @ < u we show that the dense set D, in P, is
A-closed with weakest lower bounds and well-met, and that the weakest lower
bounds for A-sequences and for pairs are coherent. More precisely, if § < a and
p,p’ € D, are compatible, then there exists a weakest lower bound p* € D, and
p* 1B is the weakest lower bound for p[g and p’' B in Dg. If (p; | i < A)is a
decreasing sequence in D,, then there exists a weakest lower bound p* € D, and
p* 1B is the weakest lower bound of {(p; [ | i < A) in Dg.

For @ = 0, Py is the trivial forcing consisting only of the weakest condition, so
itis A-closed with weakest lower bounds and well-met.
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Now assume that D, is A-closed with weakest lower bounds and well-met.
By assumption we know that P,, I “Qa is A-closed with weakest lower bounds and
well-met”. Let ((p;, ¢;) | i < A) be a decreasing sequence in D,.1. So(p; | i < A)1s
a decreasing sequence in D, and by induction there exists a weakest lower bound
p € D,. Since p is a lower bound of the p;, it follows that pi-“(g; | i < A) is a
decreasing sequence and Q, is A-closed with weakest lower bounds” and for each
i < A there exists ¢g; € V such that p - ¢; = ¢g;. Therefore, there exists g* € V such
that p - “g" is the weakest lower bound of (¢; | i < 4)” and p decides g*. Now
it is easy to see that (p, g*) is the weakest lower bound of ((p;,¢;) | i < A) and
(p,q") € Dyy1. Note that the lower bounds are coherent, since (p, ¢*) fa@ = p.

Now let (p,q) L (p’,4’) in D,yy. Since D, is well-met by induction there
exists a weakest lower bound p* < p, p” in D,. It follows that there exist ¢,q" € V
such that p*I-“g = g and ¢’ = ¢’”, hence, since p* is the weakest lower bound
of pand p’, (p*,q) L (p*,q’). So there exists g* € V such that p* I “g" is the
weakest lower bound of ¢ and ¢’ and p* decides ¢*. It is easy to see that (p*, §*)
is a weakest lower bound of (p, ¢) and (p’,§’) and (p*, §*) € Dy+1. Note that the
lower bounds are coherent, since (p*,§*)[a = p*. This finishes the proof of the
successor step.

Next let @ be a limit ordinal with cf(a) > «, so P, is a bounded support limit.
Let (p; | i < A) be a decreasing sequence in D,. For eachi < Alet 8; < a be
such that p; € Pg,. Let § := sup{B; | i < 4}; then p; € Dg for every i < A. Since
cf(a) > k > A we have 8 < a. Using the induction hypothesis for 3, there exists a
weakest lower bound p € Dg. Itis easy to see that p is still a weakest lower bound
in D, and the coherence follows from the coherence up to S.

Similarly, for p, p’ € D, with p L p’ there exists § < « with p, p" € Dg and
p Ap, p’. Using the induction hypothesis for 8 we find a weakest lower bound p*
of p and p’ in Dg, and p~ is still a weakest lower bound in D, and the coherence
follows from the coherence up to 5.

Finally let @ be a limit ordinal with cf(e) < «, so P, is an inverse limit, i.e.,
Py =1{p | pIB € Pgforall § < a}. Let (B; | j < cf(a)) be an increasing cofinal
sequence in «.

Let (p; | i < A) be a decreasing sequence in D,. By induction for each j <
cf(@) there exists a weakest lower bound p; € Dg, of (p;IB; | i < A). From the
coherence of the weakest lower bounds it follows that p’[8c = p; for k < j. Let
p* = UL p; | j < cf(a)}. Clearly, this extends the sequence of the weakest lower
bounds coherently and p* € D,. Since for each i < A, p*[8; < p;[B; for every j,
it follows that p* < p; for every i < A. To see that this lower bound is the weakest
lower bound, let p’ be a lower bound. Then p’[5; < p;[B; for all i < A and all
J <cf(a), so p'IB; < p*IB; for every j and therefore p’ < p*.

Now let p L p’ in D,. By induction, for each j < cf(a) there exists a weakest
lower bound p; € Dy, of p[B; and p’|B;. From the coherence of the weakest
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lower bounds it follows that p’ I8, = p; for k < j. Let p* := U{p; | j < cf(@)}.
Clearly, this extends the sequence of the weakest lower bounds coherently and
p* € D,. Since p*|B; < plBj, p’'IB; for every j, it follows that p* < p, p’. To see
that this lower bound is the weakest lower bound, let p be a lower bound. Then
pIB; < plBj, p’ IB; forall j < cf(a), so pIB; < p*IB; for every j and therefore
p<p O

Lemma 3.23. Let P be such that the set of decisive conditions is dense and nicely
<k-closed. Let Q be a P-name and R a relation definable in V such that P\ “q C V
and |q| < k for each q € Q, Q is <k-closed with weakest lower bounds and well-met
and weakest lower bounds of decided conditions are decided” and for q,q" € V
with pr“q,q4’ € Q,”, p+ g’ L §” if and only if R(q', q) holds. Then in P x Q the
set of decisive conditions is dense and nicely <k-closed.

Proof. By Lemma the set of decisive conditions is dense in P+ Q. Let A < «
and let ((p;,¢;) | i < A) be a decreasing sequence of decisive conditions. Let p
be decisive and a lower bound of (p; | i < A) witnessing the nice A-closure. In
particular, there exist ¢; € V such that pI-“(¢g; | i < A) is a decreasing sequence
and ¢; = ¢; for every i < A”. Hence, there exists g € V such that pi-“g is a
weakest lower bound of (§; | i < 1)” and p decides g. Clearly (p, ¢) is decisive
and a lower bound of ((p;, §;) | i < A).

Let (p’,q’) be decisive such that (p’,q") L (pi,q;) for every i. Since p is a
witness for the nice closure, p L p’. Let p* < p, p’ be decisive. Hence there exist
qi,q €V for every i such that p* I “q’ = ¢’ and ¢; = ¢; for every i and p* decides
¢’ and ¢;. By the assumption, weakest lower bounds of decided conditions are
decided, i.e., there exist g; € V such that p* I-“g} is a weakest lower bound of
¢; and ¢"” and p* decides g;. It follows that it is forced by p* that (g | i < A)
is a decreasing sequence. Therefore there exists g* € V such that p* I “g* < g!
for every i < A” and p* decides ¢*. So (p*,q") < (p’.¢’),(p,q) and (p*,q") is
decisive. |
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Chapter 4

NH-trees

From the existence of a supercompact cardinal and an inaccessible above, we
prove that it is consistent that all N¥,-Aronszajn trees are special, there are such,
and there are no N;- or N,-Kurepa trees.

4.1 Definition of the forcing

Let k, < k3 be cardinals with «, supercompact and k3 inaccessible.

Definition 4.1. For a k,-Aronszajn tree T let S(T') be the forcing to specialize 7,
defined as follows: S(T') consists of partial functions f from T to [w;]** such that
|dom(f)| < w, and f(s) N f(t) = @ whenever s # t € dom(f) are comparable in 7.
The order is given by g < fif g 2 f.

In the forcing iteration we use the following variant to specialize names for
trees, instead of specializing the tree in the extension. The reason we need to do
this is Lemma 4.6

Definition 4.2 (Specializing names). Assume that P is a forcing with 1p I “T is
a ky-Aronszajn tree with T, = {¢} x 8;”. Let Sp(T) be the following forcing:
Conditions are countable partial functions f from 7" to [N;]¢ such that, for s #
t € dom(f), if f(s) N f(¢) # 0, then 1 I “s is incomparable to ¢ in 7. The order
isgivenby g < fif g2 f.

Remark 4.3. Note that g ) is definable in V, more precisely, for p € P and
f-8€V,pw f Ls 4 &if and only if

e for all s € dom(f) N dom(g), f(s) = g(s), and

e forall s € dom(f)\ dom(g) and r € dom(g) \ dom(f), if f(s) N g(?) # O then
1p IF ““s is incomparable to ¢ in 7.
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We use multi-valued functions, i.e., functions with values in [N;]*“ instead of
values in Ny, to make some of the proofs easier.

To get then a specializing function in the usual sense, a multi-valued func-
tion F: T — [N{]*“ can be translated as follows: Let F’ be defined by F'(s) =
min(F(s)). Then F’ is a specializing function since images under F' of comparable
nodes are disjoint, hence the minima are different.

Note that if 7" is a P-name for a k,-Aronszajn tree, then |Sp(T)| = «».

Lemma 4.4. Let T be a P-name for an 8,-Aronszajn tree. For every (£,B) €
N, X Ny the set {g € Sp(T) | (£,8) € dom(g)} is dense in Sp(T).

Proof. Let f € Sp(T), £ € N, and B € N;. Since |dom(f)| < w, and |f(s)| < w
for every s € dom(f), there exists i € N; \ [Jrmng(f). If (£,8) ¢ dom(f), let
g = fU((EB). i)} So g € Sp(T), g < f and (£,8) € dom(y). O

Lemma 4.5. Let P be a forcing with 1p+“T is an N,-Aronszajn tree”. Then
P = Sp(T) I+ “there is a specializing function from T to [R,]=°”.

Proof. In V[P] let G be a generic filter for Sp(T). Let F := | J{f € Sp(T) | f € G}.
It follows from the above lemma that dom(F) = N, XK. For distinct s, 1 € N, XN,
with F(s) = F(¢) we have that 1 I “s and ¢ are incomparable in 7", hence F(s) #
F(t)if s <7 t. So F is a specializing function of 7' to [N{]5*. m|

Now we define the forcing iteration to specialize all N,-Aronszajn trees. Let
L, = Col(w, <ky) and L3 = Col(ka, <k3)"™!. Let T, be an L, * L;-name for
a k»-Aronszajn tree and SLz*L3(TO) the forcing to specialize the name T} as in
Definition 4.2} Let Py := L, * Ly * Sp,.1,(To) and §; := Sp,.1,(T0).

Assume P; has been defined. Continue the iteration in the same way, i.e., let
T; be a P;-name for a k,-Aronszajn tree and Sg,(T;) the forcing to specialize 7; as
in the case of 7. Let P, := P, * Sp,.(Ti) and S;,; ;= S; * S[pl.(Tl‘). Continue this as
a countable support iteration for k3 many steps, using a bookkeeping function for
the nice names of k,-Aronszajn trees. Let Pff_f be this forcing iteration. We will
show that in V[L, * Ls] the forcing iteration S,, to specialize k,-Aronszajn trees
has the k,-c.c. (see Lemma.13). Recall that by Lemma[2.7] x, = N, in V[L;]. By
Lemma@ L3 is <k;-closed, so it does not collapse k, and, since the forcing iter-
ation to specialize k,-Aronszajn trees has the k,-c.c., also the rest of the iteration
does not collapse «,. Thus V[Pffj] E Kk, = N,

Since, using Lemma L, * Lz has the «3-c.c., it follows that Pﬁ2 has the
k3-c.c., therefore k3 is preserved and every k,-Aronszajn tree in V[Pfff] has a
nice Pff;—name of size smaller than k3 and so there are only k3 many nice names
for k,-Aronszajn trees. Hence the bookkeeping function can make sure that all
kp-Aronszajn trees have been specialized in V[Pfj] with a specializing function
to [N;]5%.
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Lemma 4.6. Let P be a forcing and T a P-name for a k,-Aronszajn tree. Then
Sp(T) is o-closed with weakest lower bounds and well-met. Moreover, weakest
lower bounds of decided conditions in P * Sp(T') are decided (see Lemma .

Proof. Let{(g; | i < w) be a decreasing sequence in Sp(7). Let ¢* := | ;. ¢i- It
is easy to see that ¢* € Sp(T), g* < g; for every i € w and g* is a weakest lower
bound. Now let ¢ £ ¢’ in Sp(T). Then clearly g U ¢’ is a weakest lower bound of
q and ¢q'.

It remains to show that weakest lower bounds of decided conditions are de-
cided: Let p € Pand q,¢' € V such that pi-g,§ € Sp(T) and (p,q) L (p,§).
So there exists p* < p such that p*I+g L §'. Let g* := q U ¢g’. It follows that
qg* € V and p* I “g* is the weakest lower bound of ¢ and ¢’ and p* decides g,
since [Lg, (7 is definable in V. So |¢*| < w and for s,7 with g*(s) N " (1) # O we
know that 1p I~ “s is incomparable to ¢ in 7. Since this does not depend on p*
it follows that p I+ “g* is the weakest lower bound of ¢ and ¢~ and p decides §*,
since Lg 7 1s definable in V.

Similarly, for p € P and ¢g; € V for each i < w such that p+(g; | i < w)
is decreasing in Sp(T)” let ¢* := |J;c, gi- Note that |g*| < w. For s,t € dom(g*)
with g*(s) N g*(t) # 0 we know that there exists i < w such that s, € dom(g;),
therefore 1 IF ““s is incomparable to £”. So ¢* € Sp(T) and p I “§* is the weakest
lower bound of (¢; | i < w)” and p decides ", since Lg ) is definablein V. O

We prove the following lemma for all iterations of length < &3 since we will
need it for iterations longer than k3 in Lemma[{.13]

Lemma 4.7. Let « < & be a limit ordinal and let P be a forcing with VIG(P)]
ky = Ny. Let S, be an iteration of limit length « of forcings to specialize names for
No-Aronszajn trees with countable support in V[G(P)]. Then in V[G(P)] the set of
decisive conditions in S, is dense and nicely o-closed.

Proof. We want to use Lemma [3.21] and Lemma [3.22] First note that by Lem-
ma Sp(T) is o-closed and well-met, and weakest lower bounds of decided
conditions are decided for sequences of length w and for pairs of conditions, hence
the first and the last requirement of Lemma and the last requirement of
Lemma [3.21hold.

Now we argue that also the other requirements of Lemma hold. Each
iterand is o-closed, therefore also the iteration with countable support is o-closed,
which shows the first requirement. The second requirement holds by the defini-
tion of the forcing Sp(7). For the third requirement let R(q’, g) as explained in
Remark ie., forp e Pand q,q' € Vsuchthat pig,q’ € Sp(T),p§ L §if
and only if R(¢q’, ¢) holds in V. So we can apply Lemma [3.21]| and get that the set
of decisive conditions is dense.
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Thus, all the requirements of Lemma [3.22] are fulfilled, and we get the nice
o-closure. O

4.2 Chain condition and regular subforcings

From now on let j: V — M be a supercompact embedding for «; such that j(x,) >
k3 and =M C M.

Lemma 4.8. There exists an L,-name s such that in V[L,], I is a regular sub-
forcing of j(IL,)/G(L,), (j(ILy)/G(L,))/G(3) is o-closed, I3 is forcing equivalent
to L and 5| < j(ky).

Proof. Let G(L,) be generic for L,. We work in V[G(L,)] and apply Theo-
rem L; is o-closed and |L;| < j(k,), thus in V[G(L,)] there exists a reg-
ular embedding ¢: Ly — Col(w, <j(k2)) = j(L,) such that j(L,) is equivalent
to j(IL,)/t[G(L3)]. It follows that in V there exists a regular embedding ¢: L; —
J(IL»)/G(Ly) such that j(IL,)/G(L,) is equivalent to (j(IL,)/G(L,))/t[G(L3)]. Again
in V[G(L,)], by Lemma [3.15] j(L,) = Col(w, <j(k)) is nicely o-closed, thus
in V, j(L,)/G(L,) is nicely o-closed. Therefore by Lemma [3.16] it follows that
(J(Ly)/G(Ly))/t[G(L3)] 1s o-closed. I3 := ([Ls] is the forcing we are looking
for. O

Corollary 4.9. There exists a reduction map n: j(L, * L3) — L, = 5.

Proof. Clearly there exists a reduction map m;: j(L, * L3) — j(IL,). Note that
J(Ly) is forcing equivalent to L,  (j(L,)/L,). By Lemma[.8| j(L,)/L, has I’; as
a regular subforcing, hence there exists a reduction map m,: L, * (j(ILy)/L,) —
L, * IZ5. This shows that there exists a reduction map 7: j(IL, *L3;) —» L, « 5. O

To be able to use the supercompact embedding, we have to lift it to the forcing
extensions. To lift a supercompact embedding for « to the extension by a Lévy
collapse for some larger cardinal «* we use absorption, i.e., the fact that the Lévy
collapse for «’ contains the collapse for « as a regular subforcing:

Lemma 4.10. Let G(IL,) be generic for L, and G(IL3) generic for Ls over V[G(L,)].
The supercompact embedding j can be lifted to

J: VIG(L, * La)] = M[G(j(L2) * j(L3))].

Proof. Lett: Ly — j(L,)/G(L,) be a regular embedding as in Lemma [4.8] We
can choose G(j(L,)) such that G(j(L,)) N range(t) = ([G(L3)], thus ((G(L3)] €
VIG(j(L,))] and G(L;) € G(j(L,)); that is possible because L, * ([L;] is a reg-
ular subforcing of j(IL,). Thus it follows that ([(G(L3)] € V[G(j(L,))] and since
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¢ and jIL; € V[G(j(L,))] it follows that j[G(L3;)] € V[G(j(L,))]. Since M is
closed under subsets of size < «3 the same holds for M[G(j(L,))] and therefore
JIG(L3)] € MIG(j(L))].

Now j[G(L3)] C j[Ls] € j(L3), jIG(L3)] is a directed set of size < j(k,) and
Jj(IL3) is < j(ky)-directed closed, therefore there exists a master condition p € j(IL3)
for jIG(L3)]. Let G(j(L3)) be generic for j(IL;) with p € G(j(L3)). It follows that
JIG(L3)] € G(j(L3)).

Finally, we can use the Lifting Lemma (Lemma [3.9) to lift j to an embedding
J: VIGI)IG(L3)] = MIG(jL)IIG((L3))]. O

As a summary of the previous lemmata we get the following:

Corollary 4.11. There exists a regular subforcing I’ of j(IL,*L3) with the following
properties:

(1) Lis also a regular subforcing of j(L,) X {1 i)}
(2) I is forcing equivalent to L, * L.

(3) There exists a reduction map n: j(IL, *L3) — L.
4) j(L, xL3)/G(L) is o-closed.

Moreover, there exists a lifting of the supercompact embedding for k, to j: V[L, *
L3] = M[j(Ly * L3)].

One of the main technical parts of the proof is to show that the forcing iteration
has a good chain condition. The main work lies in the following lemma, which
deals with the successor step of the iteration. Note that L, = L3 with L, =I5 as a
subforcing of j(IL, * L) fulfills the requirements of the following lemma.

Lemma 4.12. Assume P = L, = L3 * Py is a forcing with VIG(P)] E «» = w, and
P* = L, = i3 = P is forcing equivalent to P, and P* is a regular subforcing of j(P)
and the sets of decisive conditions in Py and in Pj are dense and nicely o-closed,
and Py is forcing equivalent to Pj. Further assume P} is a regular subforcing of
J(®o) with reduction map n: j(Py) — Pj. Let j: VIGP)] — M[G(j(P))] be a
lifting of the supercompact embedding for k, and S = Sp(T) a specializing forcing
of a P-name for a k,-Aronszajn tree T. Then the following hold:

(1) There exists a regular subforcing Py * S* of j(Py) = j(S) with a reduction
map 7. j(By) x j(S) — P * S* such that the first component of n*(p, s)
extends n(p).

2) IS = k2.
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3) j(P) I “S* is a regular subforcing of j(S)” and P\ “S has the ky-c.c.”.
(4) P S is forcing equivalent to P* x S*.
(5) The supercompact embedding j can be lifted to

J: VIGP * S)] = MIG(j(P) * j(S))].

(6) Py = S has a dense subset which is nicely o-closed in V[L, % 3] and the
quotient j(PyxS)/G(PyS*) is equivalent to a o-closed forcing in M[G(j(L,*
LGPy = S)].

Proof. The main work is to prove (1).

Proof of [(I)} We work in M[G(j(L, * L3))]. Let (p,s) € j(Py) * j(S). Let
p’ < p,n(p) such that p’ decides s, that means in M[G(j(IL, = IL3))] there exists
a countable partial function f: w; X j(k;) — [w(]¥ such that p’+s = f. If
p” < n(p’), then p” is compatible with p” and therefore with n(p), thus 7(p) and
n(p’) are compatible in j(Py). Since Pj is a regular subforcing of j(Py), n(p) and
n(p’) are compatible in Pj. Let p € P with p < n(p), n(p").

Continue working in V[G(L, * L3)] = V[G(L, * I’3)]: choose a generic G(P})
containing p and let G(P;) be the corresponding generic for Py, i.e., V[G(L, *
L)I[G(Py)] = VIG(L, xL3)][G(Pp)]; that is possible because Py and P are forcing
equivalent. Note that p € j(Py)/G(P;) because p < m(p) and 7(p) is a reduction
of p.

Let T := T¢®) Since T € V[G(L, * L3)][G(Py)], it follows that T € V[G(L, *
Ly)I[G(®;)]. Let T* be a P*-name for 7 and let S* := Sp-(T*), the specializing
forcing of 7.

We assume that the nodes on the ath level T, of T are elements of w; X {a},
and all the levels are of size < k», therefore T = j[T] = j(T) [«».

We can assume that for each o € dom(s) N j(T')-,, there exists a o’ € dom(s)
on level «;, such that p’ o’ <7 0.

Let 5 := s[T, {0, | n € w} :=dom(s)NT,, and C,, := U{s(7) | T 27 0, T €
dom(s)} the set of colors which s assigns to nodes which are in dom(s) and equal
to or above o,,.

Let Q := j(Py)/G(Py). By assumption in Py the set of decisive conditions
is dense and nicely o-closed and in P the set of decisive conditions is dense.
By elementarity also in j(Py) the set of decisive conditions is dense and nicely
o-closed. Further, note that the set D* of decisive conditions in P is contained
in the set D of decisive conditions in j(P;). So by Lemma D is a regular
subforcing of D. Therefore by Lemma by working in the dense sets of
decisive conditions, we can assume that Q is o-closed. Define a tree 7 of height
w inductively. Each node ¢ on level n will be of the form (p,,, 7%, ... ,Ty,) for some

w?
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k
w

w € 2" and p, € Q with p,, < p, and p, +“1), <r o}~ for each k < n. The

construction is as follows:

e The root of 7 is (p<>,T(<)>) where p, € Q with p, < p and pg, “T<> <r
oo ATy € T”. So 7)) is just some node which is forced by py, to be below 0.

e Assume ¢ is a node of 7 on level n, so ¢ is of the form (pW,Tgv, ..., Ty) for
some w € 2" and p,, € Q, and p,, I “Tf‘/ <r o for each k < n.

Since T is an Aronszajn tree in V[G(L, * L3)][G(P})], every cofinal branch
through T in M[G(j(IL, *L3)1[G(j(Po)/G(PF))] is new. Therefore there exist
two conditions p,,-o < p,, and p,-; < p,, which decide for every k < n the
nodes between 7%, and o differently. We define two successors for 7 in 7°:
(Pur0s Togs e e s T TE0) and (D1, To s ooy T, T0F)

where p,,-; and T]fv ~;for k < nandi € {0, 1} are such that the following hold
true: p,-; I+ “1h <r ™, <r o, v, € T” and 7*_ is incomparable with
o inT,and p,; F “T%) <p o AT € T

For each branch b through 7 let p, be stronger than all p, and 7} such that
Dy I “Tzrk <r T, <r 0, and 7} is the limit of (7}, rk>k€w”' Note that such 7} exist
in T, since the height of T is «,, and x, = X in V[G(L, *LL3)][G(P;)]. Further note
that 7, and 7}, are incomparable for all b # b’.

Let s’ := 5U{(7,,C,) | n € w,b € K}, where K is the set of elements in 2¢
which have only boundedly many 1’s. This is a condition in S, because for each n
the set C, contains all the colors which appear at or above o, so they don’t appear
at nodes below o, and therefore not at nodes below 7.

Let g be such that V[G(L, = L3)][G(Py)] F g € S A g < s". As a preparation
for the definition of the reduction map, we show that in V[G(L, * L3)][G(P})]
there exists a p° € Q such that p"i-q L s. Let ¢ € 2¢ be such that no node
in dom(g) extends a 7 for any n. Note that ¢ ¢ K. Such a c exists, since 2¢
1s uncountable and dom(g) is countable. Now p. + “17 < o¢,” for all n, thus
pe b “1p £r o, forallnand all b € K. Let t € dom(g) and 7 € dom(s) \ dom(s").
Since T € dom(s) \ dom(s’) there exists n € w with o, <7 7. By induction on n we
define a decreasing sequence (p" | n € w) such that p"*! I “(t, s(7)) is compatible
with (¢, ¢(1))” (i.e., p" ' IH{(7, s(1))} U {(t, (1))} € S) for all T € dom(s) \ dom(s’)
with o, <r 7.

Let p° := p..

Let T € dom(s) \ dom(s’) with o, <r 7.

Case 1: pl -t <p 77 Since p, forces that 77 is the limit of some 7},’s, p? < p,,
and for every w € 2=¢ there exists a b € K which extends w, p forces that there
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exists some b € K with r <7 7). Therefore, since g is a condition and 7} is in
its domain, p! I-q(?) N g(r;) = 0, and since g(7;) = C, 2 s(1), it follows that
P IF“(t, s(1)) is compatible with (z, g(7))”. Let pﬁ“ = pl.

Case 2: p” ¥ t <7 72. On the other hand, 77 £ t by the choice of c, thus there
exists p"*! < p" with p*! I “¢” is incomparable with £”. Since p, I “t" <; o,”,
it follows that p"*!' I “¢t £; o, and therefore p"*! I “(t, s(7)) is compatible with
(7, q(®)".

Using the o-closure of Q, there exists a lower bound p/. of (p! | n € w). Since
p.. forces for every ¢+ € dom(g) and every T € dom(s) \ dom(s") that (7, s(7))
is compatible with (z, g(7)), together with the fact that ¢ < s, it follows that
p. Ik “q is compatible with s”. Thus it holds in V[G(L; = L3)][G(P)] that for every
g < s’ there exists a p’ < p such that p’ - “g is compatible with s”. Since G(Py;) is
a filter, we can choose a condition p € G(P;) below p which forces this.

Define 7*(p, s) := (p, s’).

If (p*, s*) < n*(p, s) then p* < n(p) and therefore p* is compatible with p and
p* < pand p*Irs* < s'. Therefore p* forces that some p’ € Q, with p’ < p,
forces s* to be compatible with s. Since p*IFp” € Q = j(Py)/G(P}), it follows
that there exists p” < p,p* with p”IFs L s*. So (p*,s*) is compatible with
(p, s) and therefore 7* is a reduction map such that the first component of 7*(p, s)
extends m(p).

To see that Py = S* is a regular subforcing of j(Py) = j(S) we also have to
show that if two conditions in P * S* are compatible in j(Py) * j(S), then they are
compatible in Pj + S*. To see this, we show that the set D of conditions (p, s) with
the following property is dense in j(Py) * j(S): There exists s* such that

1. prs<st,
2. ps*eS*,
3.ifprs<§A§FeS“then pIks* < 5.

If p decides s then (p, s) fulfills this property: Let s* be s restricted to the nodes
on levels below k. SoplkFs < s*As* € S*andif prs < §A§S € S*then pik s* < 5,
because in this case 5§ C s*. So the set D is dense.

Suppose now that (pg, s;) and (pj, s7) are in P = S* and they are compatible
in j(Py) = j(S). Let (p,s) be a witness for the compatibility in the dense set D
with witness s*. So (p, s*) 1s also below (py, s;) and (pj, s7). Now (7(p), s*) is in
Py = S* and stronger than (py, sy) and (p}, s7): Since p - s* € §* A s* < 53, 57 and
that depends only on Py, the same holds true for 7(p).

Proof of Since S* = Sp.(T*) and T* is a name for a k,-Aronszajn tree, we
know that |S*| = «».
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Proof of [(3)} Let G(P) be generic for P and G(P*) the corresponding generic
for P*. Let j: V[G(P)] — M[G(j(P))] be the lifting of the supercompact embed-
ding for k,. In V[G(P)] let A* be a maximal antichain in S. Since V[G(P)] =
VIG(P*)] and S in V[G(P)] is the same as S* in V[G(P*)], we get that in V[G(P")]
A* 1s a maximal antichain in S*. On the other hand, also each maximal an-
tichain in S* is a maximal antichain in S. By elementarity M[G(j(P))] E “j(A*)
is a maximal antichain in j(S)”. Since j is the identity on S it follows that
A" = jl[A*"] C j(A"). Let G(j(P)/G(P*)) be generic for j(IP)/G(P*) and assume
M[GPHG(P)/GP)] E “s € j(S)”. Since |S*| = k, and =M C M it follows
that A* € M[G(P")I[G(j(P)/G(P"))].

Claim. M[GPH)][G(jP)/GP*)] E “da € A" which is compatible with s”.

Proof. Let p € G(j(P)/G(P*)) be such that (p, s) is a condition. We show that
the set of conditions which force that there exists a € A* which is compatible
with s is dense below p. Let p’ < p and let (p*, s*) be a reduction of (p’, s) to
P* % S*. Since A" is maximal in S* we know that p* forces over P* that there exists
a € A* which is compatible with s* and we can pick a name b for the witness in S*.
Now (p*, b) < (p*, s*). Since (p*, s*) is a reduction of (p’, s) we know that (p*, b)
is compatible with (p’, s). So there exists p < p*, p’ with p - “b is compatible
with s, and since b is forced to be < a by p*, also pI-“a € A* is compatible
with §”.

Now, since p € G(j(P)/G(P*)), there exists a g € G(j(P)/G(P*)) withg - “Ja €
A* which is compatible with s”. O

Therefore it follows that A* is a maximal antichain for j(S) in the model
M[GPHIG(j(P)/G(P*))]. Since j(A*) is an antichain and A* C j(A") it follows
that A* = j(A"). From the above it follows that every maximal antichain of S* is a
maximal antichain in j(S), hence S* is a regular subforcing of j(S). For the second
part of [(3)| note that A* C S and [S| = k,, so we have that |j(A*)| < k, < j(k;) and
by elementarity |A*| < «,.

Proof of [(4)} P* is forcing equivalent to P, and S* in V[P*] is the same forcing
as S in V[P].

Proof of [(5)} By the assumption of the lemma there exists j: V[G(P)] —
M[G(j(P))], a lifting of the supercompact embedding j. Since P* is equivalent
to P we can replace V[G(P)] by V[G(P*)] and get j: V[G(P*)] — M[G(j(P))].
Let G(j(S)) be generic for j(S) over M[G(j(P))]. Since by [(3) S* is a regu-
lar subforcing of j(S) and S* C j(S), G(j(S)) contains a generic filter G(S*)
for S*. Thus, by the Lifting Lemma (Lemma [3.9), j can be lifted to an em-
bedding j: VIG(P)][G(S*)] — MIG(PHIIG((S))]. By[4)|P = S is equivalent
to P* x S*, so we can replace V[G(P*)][G(S*)] by VI[G(P)][G(S)] to get a lifting
J: VIGP®IIG(S)] = MIGGEPHIIG(S)]-

35



Proof of [(6)} By assumption, in Py and P the sets of decisive conditions are
dense and nicely o-closed. By Lemma S and S* are o-closed with weakest
lower bounds and well-met, and weakest lower bounds of decided conditions are
decided. Further, by the definition of the forcings to specialize names, Py IF “g C V
and |g| < w; for all ¢ € S” and P;-“g C V and |g| < w, for all g € S*”, and
whenever (p,q) L (p’,q’) are decisive conditions in Py * S, or in P * S, and
p* < p,p,then p"irq L q'. So by Lemma [3.23]in P, * S the set D of decisive
conditions, and in P #S* the set D* of decisive conditions, are dense and nicely o-
closed. By elementarity the same holds for j(P, * S). Further, note that the set D*
of decisive conditions in P * S* is contained in the set D of decisive conditions in
j(Py+S). So by Lemma 3.6/ D" is a regular subforcing of D. Since D is equivalent
to j(Py * S) and D" is equivalent to P, * S*, the quotient j(Py * S)/G(P; * S*) is
equivalent to D/G(D*), and by Lemma[3.16 D/G(D") is o-closed. m|

Now we are ready to prove the «,-c.c. of S,,. In particular, we will consider
the limit steps of the iteration. We prove the lemma for all iterations of length
< 3 since we will need it for iterations longer than «3 in Lemma .14}

Lemma 4.13. Let L, * I3 be forcing equivalent to 1L, = L. Let m: j(IL, = L3) —
L, = I3 be a reduction map and j: VIG(L, * L3)] = M[G(j(L, = Ls))] a lifting of
the supercompact embedding for k,, and in VIG(L, = LL3)] let S, be a countable
support iteration of length a < k5 of forcings to specialize names of k,-Aronszajn
trees. Then there exists S, with the following properties:

(1) 1S5] < ks,

(2) there exists a reduction map r,: j(S,) — S,

(3) j(Sa)/S;, is equivalent to a o-closed forcing,

(4) L, =5 * S}, is forcing equivalent to L, * L3 * S,,
(5) S} is a regular subforcing of j(S,),

(6) jcan be lifted to an elementary embedding

J1 VIG(ILz * L3 % So)] = M[G(j(Iz * L3 * So))],

(7) in VIG(L, = L3)] the forcing S, has the k;-c.c..

Proof. The proof is by induction on a < «j.

For a = 0 there is nothing to show.

@ =+ 1: By induction and by Lemma[4.7]Sg, the first 3 steps of the iteration,
fulfills the requirements of Lemma4.12] so we can apply this lemma to L, # L =
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Sp * Styursss,(Tp), from which it is easy to see that properties hold true;
for note that the two-step iteration of two forcings which have the N,-c.c.
has again the N,-c.c.. Let S*(Tﬁ) be the regular subforcing of SLz*L_g*Sﬁ(TB) and

my,, the reduction map given by the lemma. Note that by of Lemma

712 .
TP @) < m5(p). So, S, 1= SpxS*(Tp) is the requireq regular .subforcilllg of j(Sa).

a limit: In V[L, = I3] let S}, be the iteration S*(7) * S*(Ty) * S*(T3) * ... of
length @ with countable support, where the S*(7}) are given by induction. We will
prove that the properties hold true.

Proof of Since |S*(Tﬂ)| = k, for each § < @ and a < «j, we know that
IS, < k3.

Proof of @ Let p € j(S,) and let {B; | i < w} be increasing indices cofinal in
the support of p. Let 7, be the reduction map of the iteration of length 8; given
by induction. Since these maps cohere, 7 (p180) = 7z (PIB1) = 75, (p1B2) > ...
and since S*(Ty) * S*(T}) * S*(T5) * ... is o-closed (as it is a countable support
iteration of o-closed forcings), there exists a lower bound of these reductions; let
7. (p) be such a lower bound. It is easy to check that r, is a reduction map which
is coherent with the earlier ﬂ;’s.

Proof of (3); By Lemma [4.7) the sets D and D* of decisive conditions in S,
and in S;,, respectively, are dense and nicely o-closed. Therefore by elementarity
the set D of decisive conditions in j(S,) is dense and nicely o-closed. Further, D*
is contained in D. Therefore by Lemma [3.6| D* is a regular subforcing of D. So
D/G(D*) is o-closed by Lemma and equivalent to j(S,)/G(S}).

Proof of [(4)} Since the iterands of the two iterations are forcing equivalent and
the iterations are both countable support iterations, the two iterations are forcing
equivalent.

Proof of : Next we show that if two conditions in (L, * ;) * S’ are com-
patible in j((L, * L3) * S,), then they are compatible in (L, * IZ3) * S;,. To see this,
we show that the set D of conditions (p, §) with the following property is dense in
J((Ly % L3) = S,): There exists s* such that

, 1s coherent with n;;, in the sense that for (p,q) € Sg * SLZ*L3*55(T5) we have

l. pr3<st,

2. prstes:

?’
. N " - >
3.if pk§<SAS€ES, then pirs* < 5.

If p decides §, then (p, 5) fulfills this property: Let s* be the tuple of coordinates

of § restricted to the nodes on levels below x,. So pi-§ < s* A s* € S? and if
N * - = . . . 2.

pFS < §AS €S, then pi-s* < §, because in this case every coordinate of § is

forced to be a subset of the corresponding coordinate of s*. So D is dense.
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Suppose now that (py, s%) and (pj, s?f) are in (L, *I[3) * S and they are compat-
ible in j(L, x L3 = S,). Let (p, §) be a witness for the compatibility in the dense set
with witness s*. So (p, s%) is also below (pg» s%) and (pj, s?f). Now (7(p), s%) is in
(Ly % IZ3) = S}, and stronger than (py, s?‘;) and (pj, s?{): Since pIF s* € S, A st < s?‘;, sﬁ‘
and that depends only on L, * I3, the same holds for 7(p).

It follows that in M[G(j(IL, = L3))] two conditions sf’; and s?’l‘ in S;, which are
compatible in j(S,) are compatible in S},. Together with [2)]it follows that S, is a
regular subforcing of j(S,).

Proof of [(6); By the same proof as the proof of (5) of Lemma [§.12]it follows
that j can be lifted: Let G(j(S,)) be generic for j(S,) over M[G(j(L,*L3))]. Since
S;, is a regular subforcing of j(S,), G(j(S,)) contains a generic filter G(S},) for S,.
Thus, by the Lifting Lemma (Lemma [3.9)), j can be lifted to an embedding from
VIG(L,+*En)][G(S))] to M[G(j(La*Ls3)[G(j(Se))]. Since L, %3 xS, 1s equivalent
to L, x L3 * S, we can replace V[G(L, * L3)][G(S},)] by VIG(L, * L3)][G(S,)] to
getalifting j: VIG(L, = L3)]I[G(Se)] = MIG(j(Ly * La)IG(j(Sa))]-

Proof of (7); Now we show that L, % L I “S, has the «,-c.c.”. This follows
by the same argument as (3) of Lemma[4.12}

Let G(L, = I3) be generic for L, * I3 and G(LL, * L) the corresponding generic
for L, = Ls. Let j: VIG(L, * L3)] - M[G(j(L, = Ls3))] be a lifting of the super-
compact embedding for k. In V[G(L, * L3)] let A* be a maximal antichain in S,.
Since V[G(L; * 3)] = V[G(L, * L3)] and S, in V[G(L, * L3)] is the same as S,
in V[G(L, * [’3)], we get that A* is also a maximal antichain in ;. On the other
hand, also each maximal antichain in S}, is a maximal antichain in S,. By elemen-
tarity j(A*) is a maximal antichain in j(S,) in M[G(j(LL, = L3))]. Since j is the
identity on S, it follows that A* = j[A*] C j(A"). Let G(j(L, * L3)/G(L, * IZ3))
be generic for j(L, * L;)/G(L, * ;) and assume that M[G(L, * I3)][G(j(L, *
L3)/G(L, = I3)] E § € j(S,). Since S| < k3 and M C M it follows that
A" € MIG(L, = E)IG((Ly * L3)/G(Ly = I3))].

Claim. M[G(L, *5)][G(j(L, *13)/G(L, xI3))] E “3dd € A* which is compatible

with 5.

Proof. Since by|[(5)]S}, is a regular subforcing of j(S,,) there exists a reduction map
from j(S,) to S;,. So there exists s such that M[G(L, = I’3)][G( JILy * L3)/G(L; *
)] E “5 € S is a reduction of 5.

Let p € G(j(L, *L3)/G(L, I3)) with p I+ § € j(S,). The following set is dense
in j(IL, * L3)/G(LL, = I3) below p:

{q € j(Ly *xL3)/G(L, *I3) | g - “Id € A™ which is compatible with §}.

Indeed, let p’ < p. So p’IF“§ € j(S,) and there exists a reduction s” of §in Sy
Therefore p’ +“3d € A* withd £ s’”. So there exists a name @ and ¢ < p’ such
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that g I+ “d L s and @ € A*. Since qr “s’ is a reduction of §”, it follows that
q - “d is compatible with §”, showing that the above set is dense. Now, since
p € G(j(L; = L3)/G(LL, = I3)), there exists a g € G(j(IL, * L3)/G(LL, * I’3)) with
g+ “Jd € A* which is compatible with §”. O

Thus it follows that A* is a maximal antichain for j(S,). Since j(A¥) is an
antichain and A* C j(A") it follows that A* = j(A*). Note that A* € S, and
ISe] < k3, so we have that |j(A*)| < k3. Thus |j(A")| < j(k,) and by elementarity
|A*| < k. O

A variant of the next lemma has been proven in [GH20, Lemma 2.5].

Lemma 4.14. Let @ < k3. In V[L, * L3 x S,] the forcing S,,/G(S,) X S,,/G(S,)
has the k-c.c..

Proof. In V[L, x L3 x S,] let ¢ be a bookkeeping function such that ¢(Ps) is a
Pg-name for an N,-Aronszajn tree (if there exists one) for every forcing Py and
Qﬂ = Sp,(¢(Pp)) is a forcing to specialize this name for a tree, and assume ¢ is a
bookkeeping function which gives S,, /G(S,) as an iteration. Let S[’; = Se+p/G(Sy)
for every S < k3. Now define a different bookkeeping function ¢ and let Sﬁ be
the forcing iteration of length S, given by the bookkeeping ¢. For 8 < k3 let
@(Sﬁ) = ¢(Sp). For B = x5 +y for some y < &3, let @(Sﬁ) = ¢(S)), 1.e., we repeat
the same iteration which was done between « and k3 between k3 and «3 + &3.
§K3+K3 has the N,-c.c. by Lemma and since no new countable sets are
added by S,,/G(S,) in V[L, * L3 * S,] it holds true that S,,/G(S,) X S,,/G(S,) =
Sa/G(Se) * S /G(S,) = Syt o

Lemma 4.15. For every L, = L = Sy,-name T for an X, -tree with level a being
{a} X w for every a < N there exists a regular subforcing L = S of L, * L3 * Sy,
with the following properties:

(D) LS| < ky,

(2) L “S is w-distributive”,

(3) L is a regular subforcing of L, X {1},

(4) Ly*Ls IS is a regular subforcing of S, and Sy,/G(S) is equivalent to a o -
closed forcing”,

(5) there exists an L = S-name T’ such that L, + Ly * Sy, =T = T".
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Proof. Using Corollary B.1T]and Lemma [4.13| we get the following. There exists
a lifting of jto j: V[L, L3 * Sx,] = M[j(L, * L3 * Sx,)] and a regular subforcing
E+S* of j(Ly*L3*Sy,) of size < j(k>) such that S* is a regular subforcing of j(Sx,),
J(Sx;)/G(S*) 1is equivalent to a o-closed forcing in M[j(L, * L3)], IC is a regular
subforcing of j(IL, * L3), and I * S* is equivalent to L, * L3 * Sy,. In particular S*
is a regular subforcing of an w-distributive forcing, so it is w-distributive.

Let 7 be an L, *Ls *Sx,-name for an N;-tree with level @ being {a} X w for every
@ < 8. Let T be the evaluation of 7" in V[L, *L; * Sy, ]. Since the critical point of
Jisky, T = j(T) € M[j(Ly*Ls*Sy,)]. On the other hand, since C*S* is equivalent
to L, *L; *Sy;, there exists an [t S*-name T such that j(L,*L;*Sg,) - j(T) = T*.
Thus we have that

e there exist regular subforcings IZ, S* of j(L, * Ls), j(Sx,) such that S* is w-
distributive and |S*| < j(k,),

e there exists an It * S*-name 7™ such that j(L, * L3 * Sx,) I j(T) = T*, and
o j(L, *L3)IF“j(Sx;)/G(S¥) is equivalent to a o-closed forcing”.
By elementarity of j the same holds for L,, L3 and Sy;:

e there exist regular subforcings L, S of L, * L3, Sy, such that S is w-distribu-
tive and |S| < k3,

e there exists an L * S-name 7" such that L, % L3 * Sy, = T = 77, and

o L, *LsI“Sy, /G(S) is equivalent to a o-closed forcing”. O

4.3 The final model

Theorem 4.16. It follows from the consistency of a supercompact cardinal and
an inaccessible cardinal above that it is consistent that all X,-Aronszajn trees are
special, there are such, and there is no X-Kurepa tree and no NX,-Kurepa tree.

Proof. Let k, < k3 with k, supercompact and k3 inaccessible. The model we use
for the consistency is the extension by Pfj = L, * L3 * S,,. It has already been
argued in Section that in V[L, * L3 * S,,] all 8,-Aronszajn trees are special.
Next we show that there are no 8,-Kurepa trees: Let T be an L, L3 * Sy;-name
for an N-tree with level a equal to {a} X w for every @ < N;. By Lemma4.15
there exists a regular subforcing L * S of L, * L3 * Sx;», and an L * S-name 7" such
that L, * L3 * Sy, 7 = T’. Furthermore S is w-distributive, [S| < k, and L is
a regular subforcing of L, X {1y}, Sisa regular subforcing of Sy, and Sy, / G(S)
is equivalent to a o-closed forcing. Note that as L is a regular subforcing of
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L, x {1y}, T’ can also be regarded as an L, * S-name and L, * L3 * Sy, is equivalent
toL, * S *Lj * 883/G(§).

By Propositionmmere exists no N;-Kurepa tree in V[L,*S]. So V[L,*S] E
I[77]] < N,. Since L = Sk, / G(S)is equivalent to a o-closed forcing, by Lemma
it does not add cofinal branches to T’ and thus “7” is not an 8,-Kurepa tree and
T = T holds true in V[L; * S * L * Sg,/G(S)].

Now we show that there are no N,-Kurepa trees: We work in V[L, % L3]. Let
T be an Sx,-name for an N,-tree. Since Sy, has the N3-c.c. (indeed the N;-c.c. by
Lemma , we can assume that |T| = N,, hence there exists @ < 83 such that
T is an S,-name. So T € V[L, = L3 * S,]. Note that S, is a forcing iteration of
length < N3 of forcings of size < N, so [S,| = N, and S, has the N,-c.c., hence
by Proposition there exists no N,-Kurepa tree in V[L, * L3 = S,]. Therefore
VL, % L3 % S,] E I[T]] < N3. By Lemma.14] (Sx, /G(S,)) X (Sx,/G(S,)) has the
N,-c.c., so by Lemma Sy, /G(S,) does not add cofinal branches to T and thus
VIL, * L3 * S, * S, /G(Sa)] E “T is not an N,-Kurepa tree”.

After forcing with L, * L3, CH holds, and since S, is o-closed, CH holds in
the final model, which implies the existence of a (special) N,-Aronszajn tree (see
Proposition [2.13]). O
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Chapter 5

Trees for all N,

Now let us continue with the proof of the main result. Some of the proofs in this
chapter are generalizations of proofs from the previous chapter.

From the existence of w many supercompact cardinals, we prove that it is
consistent that for all 0 < n < w, all X,-Aronszajn trees are special, there are
such, and there are no N,-Kurepa trees.

5.1 Definition of the forcing

Let (k, | 1 < n < w) be an increasing sequence of Laver indestructible su-
percompact cardinals; for simplicity of notation let x, = Ny and x; = N;. Let
8§ = (sup,.,, k,)*+ and assume 2P X)) = §,

Forevery 1 <n < wlet j,: V — M be a supercompact embedding for «,, with
ju(ky) > 6 and M C M. We will often write j instead of j, if it is clear from
context which n is meant.

We define a forcing iteration of length ¢ to specialize all N,-Aronszajn trees
as follows. We start with an iteration of Lévy collapses of all the supercompact
cardinals. Inductively define for every n > 2 a forcing L,,: let

L, := Col(Ky_1, <k, ) H2+Ls*sbat],

We will use the following notation. Let L, := L, * L3 * L4 * ... with countable
support, let L., := L,; * L4 * L,43 * ... with countable support, and let L., :=
LyslLys---xL,and L., :=Lys«Lys---xL,,.

To specialize the Nj-Aronszajn trees, we use the classical forcing from
[BMR70]:

Definition 5.1. Let 7 be an N;-Aronszajn tree. Let S(T') be the following forcing:
Conditions are functions f satisfying
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1. dom(f) C T is finite,
2. range(f) C w,
3. if 5,t € dom(f) and s <7 t, then f(s) # f(?).
The order is given by g < fif g 2 f.
Lemma 5.2. If T is an N -Aronszajn tree, then S(T) has the c.c.c..
Proof. See [BMR70] (or [JecO3, Lemma 16.19]). m|

Following [GH20|] we combine the specializing forcings for all the N, as fol-
lows:

Definition 5.3 (Specializing names). Assume that P is a forcing with 1p I “7T is
an N,-Aronszajn tree with T = {£} x N,_;”. Let Sp(T") be the following forcing:
Conditions are partial functions f from T to [N,_; ]! such that |[dom(f)| < N,
and, for s # t € dom(f), if f(s)N f(t) # 0, then 1 - “s is incomparable to 7 in 7"".
The order is given by g < fif g 2 f.

Remark 5.4. Note that Lg ) is definable in V, more precisely, for p € P and
f-g€V,pr f L. &if and only if

e for all s € dom(f) N dom(g), f(s) = g(s), and

e forall s € dom(f)\ dom(g) and t € dom(g) \ dom(f), if f(s) N g(¢) # O then
1p I ““s is incomparable to ¢ in 7.

Note that since 1p I “7T is an N,-tree”, it follows that [Sp(T)| < N, - 282,

Let us now define the iteration of length 6. We start the iteration with the
forcing L,, which collapses «, to N, for every n > 2. Subsequently we use an
iteration which specializes an Aronszajn tree (or a name for an Aronszajn tree) in
each step. For &; we use the usual forcing to specialize N;-Aronszajn trees (see
Definition [5.1)), and for n > 1 we use forcings to specialize names (see Defini-
tion [5.3). This is necessary, because we will look at a reordering of the iteration,
where, for n > 1, N,-Aronszajn trees are considered for specialization before their
names have been evaluated. To make sure that in the end all Aronszajn trees have

been specialized, we consider each n cofinally often in the iteration.

e Let{A, | 0 < n < w} be a partition of § such that every A, is cofinal in ¢.
Since 2w ) = § in V, 28+ = § in V[L,], hence |[H(6)| = N, in
VIL,]. For each n € w enumerate H(d) as (x, | « € A,) such that each
element of H(6) is equal to x/, for cofinally many « € A,.

44



e ForeachO <n <wletAs, := U,cncw An-

e Foreacha < §and 0 < n < w we will define Q,, S,, Sz and S3" (in V[L,])
such that the following hold:

(1) Fora € A,, Q, is an Sz"-name for a <N,,_;-closed forcing,
(2) S, is forcing equivalent to SZ" = S3" for each n < w,
(3) Sz"is <N,_;-closed.

e We will define Q, for every @ < 6. The forcing iteration Ps is a mixed
support iteration starting with L, (i.e., Py = L,,) and then followed by the
Q,’s. The support of the iteration is as follows: X is an allowed support if
|A, N X| < k,_; foreach0 < n < w.

e Let n be such that 0 € A,. If xj is an L,,-name for an N,-Aronszajn tree,
let 77 := xi. If n = 1, let T} be the evaluation of 7% in V[L,] and let
Y := S(TY. Ifn > 1, let Qp := S, (T7). If x is not an L,,-name for an
N,-Aronszajn tree, let Qo be a name for the trivial forcing.

e Next assume Qﬂ has been defined for all 8 < a.

— Let $2" be an L,-name for the iteration of all the Qg with 8 < «@
and 8 € Ui, Ak (.e., Qﬁ is a forcing to specialize a name for an N;-
Aronszajn tree for some k > n) with mixed support such that X is a
possible support if |[A; N X| < k—; foreach n < k < w.

— Analogously define $>".

— Foreach n > 1, let §” be an L, * $>"-name for the iteration of all the
Qg withg < @and g8 € A, (i.e., Qg is a forcing to specialize a name for
an N,-Aronszajn tree) with <k,_;-support.

— Let S! be an L,, * S>'-name for the iteration of all the Qg with 8 < @
and B € A, (i.e., Qg is a forcing to specialize an N;-Aronszajn tree)
with finite support.

— Let 5" be an L,, * S$2"-name for the iteration of all the Qg with 8 < @
and B € Ui, Ak (.e., Qﬂ is a forcing to specialize a name for an N;-
Aronszajn tree for some k < n) with mixed support such that X is a
possible support if |[A; N X| < k;_; for each k < n.

— Finally, let S, := SZ!. Note that P, = L, * S,.

e Now we give the definition for Qa. Let n be such that @ € A,,. If x], is not an
L, * S,-name for an N,-Aronszajn tree, let Q, be an L,, * S,-name for the
trivial forcing.
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—Ifn > 1and X} is an L, * Se-name for an N,-Aronszajn tree, let
T7 := xI, take in V[L, % S2"] the forcing Sy _,s (T%) to specialize the
name T(’I’, i.e., partial functions in V[L,*S="] to specialize the name T(’;,

and let Q, be an L,, * $"-name for it.

— If n = 1 and x is an L, * S,-name for an N,-Aronszajn tree, let T
be the N;-Aronszajn tree in V[L,, * S.] given by x}l and let Q, be an
L, * S,-name for the forcing S(T'!) to specialize T.

e In V[L,] continue this iteration for length 6 = N,,,. Since each x € H(9)
is enumerated cofinally in each A, and each N,-Aronszajn tree in V[P;s] has
a Ps-name in H(0), if T is an N,-Aronszajn tree it gets specialized in some
step of the iteration.

Before we investigate how the forcings in the iteration specialize Aronszajn
trees, we show that the forcings to specialize names of trees are closed.

Lemma 5.5. Let P be a forcing with 1p I+ “T is an NX,-Aronszajn tree”. Then
Sp(T) is <N,_-closed with weakest lower bounds and well-met. In particular for
A < N,_1 and a decreasing sequence {q; | i < A), the union | J;., q; is a weakest
lower bound of {q; | i < A). Moreover, weakest lower bounds of decided conditions
in P« Sp(T) are decided (see Lemma m

Proof. Let A < N,_; and let (g; | i < A) be a decreasing sequence in Sp(T). Let
q* := U<, q:. It is easy to see that g* € Sp(T), ¢* < g, forevery i < 1 and g is a
weakest lower bound. Now let ¢ £ ¢’ in Sp(T). Then clearly g U ¢’ is a weakest
lower bound of ¢ and ¢’.

It remains to show that weakest lower bounds of decided conditions are de-
cided: Let p e Pand g,q’ € V such that pi- 4,4’ € Sp(T) and (p, ) L (p,d’). So
there exists p* < p such that p*~q L §¢'. Let g* := q U ¢’. It follows that g* € V
and p* I+ “g* is the weakest lower bound of ¢ and §’”. So |¢*| < N,_; and for s, ¢
with g*(s) N g*(t) # O we know that 1p I s is incomparable to # in 7. Since this
does not depend on p* it follows that p I “g* is the weakest lower bound of ¢ and
¢"” and p decides g*, since Lg, ) is definable in V.

Similarly, for p € P and g; € V for each i < A such that pi-“(g; | i < 4)
is decreasing in Sp(T)” let ¢* := |J,c, gi- Note that |g*| < N,_; since 1 < 8,_;.
For s,¢t € dom(g*) with g*(s) N g*(¢) # O we know that there exists i < A such
that s, € dom(g;), therefore 1 I “s is incomparable to . So ¢* € Sp(T) and
p g is the weakest lower bound of (g; | i < 4)” and p decides ¢*, since Lg
is definable in V. m|

Next, we show that the iterations S;* are not only <N;-closed, but even equiv-
alent to nicely <N;-closed forcings.
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Lemma 5.6. Let a < 6 be a limit ordinal and let P be a forcing with V[G(P)] E
k, = N, for each n > k. Then in V[G(P)] the set of decisive conditions in S;k is
dense and nicely <N;-closed.

Proof. First we want to use Lemma([3.21] Note that by Lemma|5.5|for each iterand
weakest lower bounds of decided conditions are decided for sequences of length
< Ny and for pairs of conditions, hence the last requirement of Lemma 3.21] holds.

Now we argue that also the other requirements of Lemma hold. S* is
an iteration where each iterand is <N;-closed, therefore also the iteration with the
given mixed support (which is a combination of <N,-supports for all n > k) is
<N;-closed, which shows the first requirement. The second requirement holds by
the definition of the forcing Sp(7"). For the third requirement let R(¢q’, g) be defined
as explained in Remark ie., for p € Pand ¢,4" € V such that pi¢q,4" €
Se(T), pr§ L ¢ if and only if R(¢’, ¢) holds in V. So we can apply Lemmam
and get that the set of decisive conditions is dense.

The proof of the nice <N;-closure is almost the same as the proof of Lem-
ma [3.22] the only difference lies in the limit step for @ with sup({«, | n € w}) >
cf(a) > k. We give the adapted proof for these limits here.

Assume by induction that the dense sets Dy of decisive conditions in S;k are
closed for sequences of length A with weakest lower bounds and well-met.

Let (p; | i < A) be a decreasing sequence in D,,. Let € be such that x, > cf(a) >
ko1 Recall that §3% = §20xSET S0 25 S8 Let S507F 1= S48 2% - xSk
s0 S7F = 820x S50 and (p; 1§ < A) = ((p}, ¢) | i < A) with (p}, ¢) € Dz« D*F,
the iteration of the dense sets of decisive conditions in S2 and S;"*. Considering
the supports, SZ¢ is an inverse limit, and by the same proof as in the proof of
Lemma @ for the case cf(a) < k, we get a weakest lower bound p* of (p! |
i < A). So p* forces that (¢} | i < A) is a decreasing sequence in D:57% which
is a bounded support limit. By the same proof as the case cf(«@) > « in the proof
of Lemma we get ¢* which is forced by p* to be a weakest lower bound of
(¢ |'i < A). Itis straightforward to check that (p*, ¢*) is a weakest lower bound of
(PLg) i< ).

The fact that D, is well-met, follows by the same adaptation of the respective
part of the proof of Lemma [3.22] Therefore, by Lemma we get the nice
<Ny-closure. O

To complete the definition we have to prove that S, is forcing equivalent to
Sz« S3" for each @ < 6 and each n < w.

Lemma 5.7. Let @ < 6 and n < w. Then S, is forcing equivalent to SZ" = S3".

Proof. The proof is by induction on @. We show, for each @ < ¢, that the following
set is dense in S,:

D(S,) :={p €Sa|VnewVpeanA, p()is an S;"-name}.
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Then it follows that for each n € w, S, is forcing equivalent to SZ” = S3", since
for conditions p € D(S,), plAs, is a condition in S2", and S2" does not change
S;" due to its closure. In particular, for each p € S, there exists p’ < p such that
(P'1Asn, P'TAL,) € S % S for each n.

a = 0: S, is the trivial forcing, and there is nothing to show.

Successor step: If (p,g) € S, * Q, and a € A, then there exists p’ < p such
that p’ g = ¢ for some S-"-name ¢*, because pI-g € V[L, * S2"]. Then by
induction p’ can be extended further to a p* € D(S,), and then (p*, §*) extends
(p’ Q) and (p*a CI*) € D(Sa+1)-

Limit step: Let a be a limit ordinal and assume for all 8 < « that D(Sp) is
dense in Sg. We proceed with a case distinction.

1. cf(a) = N,.1: The supports in S, are all bounded, therefore it follows di-
rectly by induction that D(S,) is dense.

2. cf(a@) < Nyi1, 1.€., cf(a@) = N,, for some m € w:

By definition, supp(p) NA.,+> is bounded in @ by some o’ < a. Let{a; | i <
N,.) be increasing cofinal in @ with @y = a’. By inductive hypothesis, we
can extend p to p’ = pj so that p’[ay € D(S,,) and p’ [[ao, @) = pllao, @).
Then extend pj to p} so that p| [a; € D(S,,). We may assume that p/ agrees
with pj on A_,,, as replacing p| on A, by p; on A, yields a condi-
tion whose restriction to «; is in D(S,,). Continue building a descending
sequence (p; | i < N,,) such that p!la; € D(S,,) and p;[a; agrees with p|
on A, for each i. Note that supp(p)) N Ao = supp(p) N Ao for
each i. Since S2"*? is <N,,;1-closed with weakest lower bounds and all the
p.’s agree on Ao, it is straightforward to check that taking the weakest
lower bound in each coordinate of the p}’s gives a condition in D(S,) which
extends p. |

Now we show that the generic filter of a forcing to specialize a name for an
Aronszajn tree yields a specializing function in our setting.

Lemma 5.8. Let T be a P-name for an K,-Aronszajn tree. For every (£,B) €
N, X N,_| the set {g € Sp(T) | (¢,8) € dom(g)} is dense in Sp(T).

Proof. Let f € Sp(T), ¢ € N, and B € N,_;. Since |[dom(f)| < 8,_1, and |f(s)| <
N,_1 for every s € dom(f), there exists i € N,_ \ [Jrng(f). If (£,8) ¢ dom(f), let
g = fU{(EB).{i))}. So g € Sp(T), g < f and (£, B) € dom(g). m

Lemma 5.9. Let P+ Q be a forcing with lp.o ik “T is an 8,-Aronszajn tree”. Then
Ty “T is special” over V[P SP*Q(T)].
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Proof. In V[P] let G be a generic filter for SP*Q(T). Let F := U{f € SP*Q(T) |
f € G}. It follows from the above lemma that dom(F) = N,, X §,_;. For distinct
5,1 € N, XN, with F(s)N F(?) # 0 we have that 1y, - “s and t are incpmparable
in 77, hence F(s) N F(t) = 0 if there exists a generic extension for P * Q in which
s <7 t. In V[P % SP*Q(T)] let F'(s) := min(F(s)). So F’: 8, X N,_; — N,_; with
F’'(s) # F'(t) if there exists a generic extension for Q in which s <7 t. It follows
that T - “F’ is a specializing function of T O

For the iteration, note that L, I 282 < N,_; and S2" is <N,_;-closed. There-
fore L, * S2" - 282 < N, ;.

Since Sf is an iteration of length 6 with <k,_;-support, it follows that in the
final model 2%-1 = 8,,,» = d; in particular, X, is not a strong limit.

We will show that all N, are preserved by the forcing iteration after L, and
can thus, using Lemma[5.9] conclude that in the extension by P;, all §,,-Aronszajn
trees will be special for all n > 0.

5.2 Chain condition and regular subforcings

Lemma 5.10. Let a < 6. In V[L] let ji: VIL] — M[ji(ILy)] be a supercom-
pact embedding for k; such that ji(k;) > |Lsog * S;kl.

There exists a regular subforcing P* of ji.(ILy)/G(LLy) which is forcing equiva-
lent to Loy * S7% with [P*| < ji(ky) such that ji(Ly)/P* is equivalent to ji(Ly) and
(Jx(Lo)/G(Ly)) /P is <ki—1-closed.

Proof. In V[L] let G(L;) be generic for L;. By applying Theorem we get
the following: VI[L(][G(Ly)] E “L>k*S;" is <k;_-closed and ji (k) > [LogxS2K]7,
thus there exists a regular embedding ¢: L. * S;k — Col(ky_1, <jx(kx)) such that
if G(Ls, = S2F) is a generic filter for L., * S>¥ over V[L][G(Ly)], then the col-
lapse Col(ky_1, <jx(kx)) is equivalent to the quotient Col(ki_1, <ji(ki))/t{G(Lsy *
S;k)], which can easily seen to be equal to ji(Ly)/t[G(Lsy * S;k)]. It follows
that in V[L] there exists a regular embedding ¢: L., * S3¥ — ji(Ly)/G(Ly)
such that j.(Ly)/G(Ly) is equivalent to (ji(Ly)/G(ILy))/t[G(Lsy * S;k)]. Again in
VIL4I[G(Ly)], note that ji(Ly)/G(L;) = Col(ky—1, <ji(kx)) is nicely <k;_i-closed
by Lemma[3.15] So by Lemma|[3.16]it follows that (jr(Ly)/G(L))/t{G (L * S75)]
is <kj_;-closed. P* := ([L * S;k] is the forcing we are looking for. O

Corollary 5.11. In V[L_;], there exists a reduction map n: ji(Lsy * S;k) — P

Proof. Clearly there exists a reduction map 7y @ ji(ILy) * ji(Lsy * S;k) — Ji(Ly). By
Lemma[5.10} ji(Ly) has P* as a regular subforcing in V[L], hence there exists a
reduction map 7: jix(Ly) * ji(Lsg * S;5) — P*. O
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Lemma 5.12. Ler G(Ly) be generic for Ly and G(Ly * S3%) be generic for
Loy = S;k. Then there exist generic filters G(ji(IL<;)) and G(ji(Lsi * Sg")) for
Ji(L<r) and ji(Lsy * Sg") such that the supercompact embedding j, can be lifted
t0 ji: VIGILIIGLsk * S59] = MIG(jLa[Gje(Lse * S5))1.

Proof. First note that since ji (L ;) = L., the embedding can clearly be lifted
to ji: VIGLp)] — MIG(r(L<))]. Now let G(Ly) be generic for L; over
VIG(Lp)], let G(L<) be such that V[G(L<,)] = VIG(L)G(ILy)], and let ¢: Lo *
Sg" — Ji(Ly)/G(Ly) be a regular embedding as in Lemma We can choose
G(jir(ILy)) such that G(ji(ILy)) N range(t) = ([G(Lsy * S;k)], thus ([G(L.y * Sg")] €
VIGL)IG((Ly))] and G(Ly) € G(jik(Ly)); that is possible because ¢[L. * S;"]
is a regular subforcing of ji(Ly). Since ¢ and ji[L; € V[GLp)I[G(jr(Ly))]
it follows that j, [G(Ly)] € V[GIL)IIG(r(yx))]. Since M is closed under
subsets of size < ¢ the same holds for M[G(ji(L)][G(ji(Ly))] and there-
fore ji [G(Ly)] € M[G(ji(Lo)IIG(ji(Lg))]. So the embedding can be lifted to
Ji: VIGILa)] = MIG(i(Le)] and ([G(Lyy * S5 € MIG(je(La)I[Gir(Li))].
Since ¢, ji lLsx * S35 € VIGILIGik(Li))] it follows that ji[G(Lsx = S;5)] €
VIGILONGi(Ly)]. Since M is closed under subsets of size < d, i.e., M C M,
the same holds for M[G(ji(L-)I[G(ji(Ly))] and therefore ji[G(L.; * Sg")] €
MIGGuL NG rL)].

GG *S7] € jil Lok S3HT € jiLoi xS0, jll G(LogxS39)] s a directed set
of size < ji(ky) and ji(Lsy * S;") is <ji(ky)-directed closed, therefore there exists
a master condition p € ji(Lsx * S3¥) for ji[G(Lsx * S;5)]. Let G(ji(Los * S;)) be
generic for jk(L>k*S;") with p € G( jk(L>k*S§k)). It follows that jk[G(L>k*S§k)] -
G(ji(Lor * S39).

Now we can use the Lifting Lemma (Lemma [3.9) to lift j; to an embedding
Ji: VIGL)IIG Lk * S79] = MIG(x@aDI[GGi(Lsk * S7)]. O

One of the main technical parts of the proof is to show that the forcing iteration
has a good chain condition. The main work lies in the following lemma, which
deals with the successor step of the iteration. Note that L; * L., * S§k+1 with
L=0L*Ly, Py= S?k“ and L; = P* (with P* from Lemma as a subforcing
of ji(Ly Loy = S?"“) fulfills the requirements of the following lemma.

Lemma 5.13. Assume P = L« Py is a forcing with V[G(P)] k& & = 8 A 2% <k
and P* = & x Py is forcing equivalent to P, and P* is a regular subforcing of
Jk(P) and the sets of decisive conditions in Py and in P} are dense and nicely
<kk-1-closed, and Py is forcing equivalent to P, Further assume Py is a regular
subforcing of ji(Po) with reduction map n: ji(Pg) — P, Let ji: VI[G(P)] —
M[G(j(P))] be a lifting of the supercompact embedding for . Further let P, be
a P-name for a forcing with ji[P\] = P, and S = S]P’*]Pl(T) a specializing forcing
of a P * Pi-name for a ki-Aronszajn tree T. Then the following hold:
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(1) There exists a regular subforcing Py * S* of jx(Po) * ji(S) with a reduction
map 1 ji(Po) * ji(S) — Py * S* such that the first component of n*(p, s)
extends n(p).

(2) 18] < K.
3) Jji(P) - “S* is a regular subforcing of ji.(S)” and P+ “S has the ki-c.c.”.
(4) P =S is forcing equivalent to P* x S*.
(5) The supercompact embedding j can be lifted to
Jit VIGP + S)] = MIG(j(P) * ji(S)].

(6) Py = S has a dense subset which is nicely <ki_-closed in V[L] and the
quotient ji(Py x S)/G(P} = S*) is equivalent to a <ki_-closed forcing in
MIG(r@MNIGPy = S)].

Proof. The proof is a generalization of the corresponding proof in Chapter

Proof of (1): We work in M[G(j(LL))]. Let (p, s) € j(Py)*j(S). Let p” < p,n(p)
such that p’ decides s, that means in M[G(j(LL))] there exists a partial function
i wioy X jlky) = [wi_1]59%2 of size <wy_; such that p’ s = f. If p”’ < n(p’),
then p” is compatible with p’ and therefore with n(p), thus n(p) and n(p’) are
compatible in j(Pp). Since P is a regular subforcing of j(Py), 7(p) and n(p’) are
compatible in Pj. Let p € P with p < n(p), n(p’).

Continue working in V[G(L)] = V[G(L)]: choose a generic G(P;,) contain-
ing p and let G(Py) be the corresponding generic for Py, i.e., VI[G(L)][[G(Py)] =
VIG(IL)I[G(Py)]; that is possible because Py and P are forcing equivalent. Note
that p € j(Py)/G(P;) because p < n(p) and n(p) is a reduction of p. Let Py :=
POFY. Since Py € VIGL)I[G(Py)], it follows that P, € VIG(L)I[G(PE)]. Let P
be a P*-name for P;. Now let G(P, * ;) be generic for P, * P, and G(P, = P”l‘) the
corresponding generic for P * PT

Let T := T¢®*)  Since T € V[GL)I[G(P, = P)], it follows that T €
VIGI)I[G(P; = P7)]. Let T* be a P* + Pi-name for T and let S* := SP**P’;(T*),
the specializing forcing of 7*. Since ji[P;] = P, ji can be lifted further to
Je: VIG@IGE®D] = MIG(jP)IIGEP)].

We assume that the nodes on the ath level T, of T are elements of w;_; X {a},
and all the levels are of size < ;, therefore T = j[T] = j(T) k.

We can assume that for each o € dom(s) N j(T')-,, there exists a o’ € dom(s)
on level k; and p; € P, such that (p’, py) -0’ <7 0.

Let§:=s|T, {0, | @ € w2} :=dom(s)NT,, and C, := U{s(7) | T =21 00, T €
dom(s)} the set of colors which s assigns to nodes which are in dom(s) and equal
to or above o,.
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In VIGAV)[[G(Py, * P’[)] let Q := j(Py)/G(P;;). By assumption in P, the set of
decisive conditions is dense and nicely <k;_;-closed and in P, the set of decisive
conditions is dense. By elementarity also in j(P,) the set of decisive conditions is
dense and nicely <k;_i-closed. Further, note that the set D* of decisive conditions
in Pj is contained in the set D of decisive conditions in j(Py). So by Lemma
D* is a regular subforcing of D. Therefore by Lemma by working in the
dense sets of decisive conditions, we can assume that Q is <x;_;-closed.

Define a tree 7 of height wy_, inductively. Each node ¢ on level @ will be
of the form (p,, (72, | B < @)) for some w € 2% and p,, € Q with p,, < p, and
Pw F “Tﬁ, <r og” for each § < a. The construction is as follows:

e The root of 7" is (py, () where py € Q with py < p.

e Assume ¢ is a node of 7 on level a, so t is of the form (p,,, (Tﬁ, | B < a@)) for
some w € 2% and p,, € Q, and p,, I “rf < og” for each B < a.

Since T is an Aronszajn tree in V[G(L)][G(P})] [G(P’l‘)], every cofinal branch
through 7" in M[G( j(]L))][G(P;)][G(P’[)][G( J(Po)/G(P;))] is new. Therefore
there exist two conditions p,-o < p,, and p,-; < p,, which decide for every
B < «a the nodes between 7 and o differently. We define two successors
fortin 7

(pw“O’ (T?‘;HO, L} Tiﬂo)) and (pw“] ’ (T3v~1’ R Tﬁ;"l))

where p,,-; and va ~;for B < @andi € {0, 1} are such that the following hold
true: p,-; Ik ‘rfv <r Tfm. <r o-ﬂ,rfm. € T” and wao is incomparable with
Tfm inT,and p,~j k1), <r o, AT, ET".

e For limit levels a of 7, assume that p,, and Tﬁ have been defined for every
w € 2% and every 8 < |w|. For w € 2¢ let p,, be a lower bound of {p,,15 | 5 <

a), which exists because Q is <k;_j-closed. It follows that p,, I “Tf; by <T

Tﬁ) vy <T Op” for all B < y < ¥’ < a. Therefore, for every 5 < a there exists

the limit 7, such that PwF “Tf; by <T % < o for every B <y < a. Define
the nodes on level a by (p,,, (va | B < @)) for each w € 2.

For each branch b through 7~ let p;, be stronger than all p;;3 and 7, such that
py - “T;fw <r T, <r 04 and 7} is the limit of <Tzrﬂ>BEwk_2”. Note that such 7} exist
in T, since the height of T is «;, and x; = Ny in V[G(L)][G(P:;)][G(PT)]. Further
note that 7; and 7}, are incomparable for all b # b’.

Let s := §U{(7,,C,) | @ € wr2,b € K}, where K is the set of elements
in 2“2 which have only boundedly many 1’s. This is a condition in S, because
for each «a the set C, contains all the colors which appear at or above o, so they
don’t appear at nodes below o, and therefore not at nodes below 7.
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Let g be such that V[G(L)][GP))] E g € S A g < 5. As a preparation for
the definition of the reduction map, we show that in V[G(L)][G(P;‘))][G(P’[)] there
exists a p’ € Q such that p’I-g L s. Let ¢ € 242 be such that no node in dom(g)
extends a 7¢ for any a. Note that ¢ ¢ K. Such a c exists, since 2“2 is larger than
dom(g). Now p. I “1¢ <r o,” for all @, thus p. + “1} £r o, for all @ and all
b € K. Lett € dom(q) and 7 € dom(s) \ dom(s’). Since 7 € dom(s) \ dom(s")
there exists @ € wy_, with o, <r 7. By induction on @ we define a decreasing
sequence (p? | @ € wi_,) such that pg“ - “(t, (1)) is compatible with (¢, g(¢))”
(.e., p" (T, s()} U {(2, (1)} € S) for all T € dom(s) \ dom(s’) with o, <7 T.

Let p° := p..

For successors a + 1 we use the following construction. Case 1: pf -t <p
7%, Since p. forces that ¢ is the limit of some 7j’s, p¢ < p., and for every
w € 2“2 there exists a b € K which extends w, p? forces that there exists some
b € K with t <y 7. Therefore, since ¢ is a condition and 7} is in its domain,
peikq(t) N q(ty) = 0, and since g(13) = C, 2 s(7), it follows that p{ I “(7, s(7)) is
compatible with (z, g(¢))”. Let po*!' := p°.

Case 2: p¢ ¥ t <7 7. On the other hand, ¢ £7 by the choice of c, thus there
exists p*! < p® with p®*! I “7¢ is incomparable with . Since p, + “1t <; o,”,
it follows that p®*!' I “t £7 o, and therefore p®*! I “(t, s(1)) is compatible with
(1, 4(1)".

For limit ordinals @ we use the closure of Q to find a lower bound p¢ of ( pf |
B < a).

Again using the closure of Q, there exists a lower bound p.. of (p¢ | @ € wi-»).
Since p.. forces for every t € dom(g) and every T € dom(s)\dom(s") that (7, s(7)) is
compatible with (z, g(¢)), together with the fact that g < ', it follows that p/ I “q is
compatible with s”. Thus it holds in V[G(L)][G(PE"))][G(P’{)] that for every g < s’
there exists a p° < p such that p’ I+ “g is compatible with s”. Since G(P;) and
G(P?) are filters, we can choose a condition p € G(P}) below p and p; € G(P})
such that (p, p,) forces this.

Define *(p, s) := (p, §').

If (p*, s*) < n*(p, s) then p* < n(p) and therefore p* is compatible with p and
p* < pand p* I s* < 5. Therefore p* forces that some p’ € Q, with p’ < p, forces
s* to be compatible with s. Since (p*, p))Fp" € Q = j(Py)/G(Pp), it follows
that there exists p” < p,p* with p”Fs L s*. So (p*,s*) is compatible with
(p, s) and therefore 7" is a reduction map such that the first component of 7*(p, s)
extends m(p).

To see that P * S* is a regular subforcing of j(Py) * j(S) we also have to
show that if two conditions in Pj * S* are compatible in j(Py) * j(S), then they are
compatible in P = S*. To see this, we show that the set D of conditions (p, s) with
the following property is dense in j(Py) * j(S): There exists s* such that
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1. pks <™,
2. ps* eSS,
3.ifprs<§A§FeS then pIrs* < 5.

If p decides s then (p, s) fulfills this property: Let s* be s restricted to the nodes
on levels below ;. So pi-s < s*As* € S*andif pi-s < §A5 € S*then pi-s* < 5,
because in this case 5 C s*. So the set D is dense.

Suppose now that (pg, s;) and (pj, s7) are in P = S* and they are compatible
in j(Py) = j(S). Let (p,s) be a witness for the compatibility in the dense set D
with witness s*. So (p, s*) is also below (py, s;) and (p7, s7). Now (7(p), s*) is in
Pg * S* and stronger than (pj, s;) and (p}, s7): Since p - s* € S* A s* < 53, 57 and
that depends only on PPj, the same holds true for 7(p).

Proof of [2): P I-[S*| < Ny - 2%2 A ke = N A 2% < kg, hence P I+ [S*] < k.

Proof of [3)} Let G(P) be generic for P and G(P*) the corresponding generic
for P*. Let j: VIG(P)] — M[G(j(P))] be the lifting of the supercompact embed-
ding for «;. In V[G(P)] let A* be a maximal antichain in S. Since V[G(P)] =
VIG(P*)] and S in V[G(P)] is the same as S* in V[G(P*)], we get that in V[G(P*)]
A* 1s a maximal antichain in S*. On the other hand, also each maximal an-
tichain in S* is a maximal antichain in S. By elementarity M[G(j(P))] E “j(A™)
is a maximal antichain in j(S)”. Since j is the identity on S it follows that
A" = jlA*] € j(A"). Let G(j(P)/G(P¥)) be generic for j(P)/G(P*) and assume
M[GPH][G((P)/GP*)] E “s € j(S)”. Since |S*| < k; and =*M C M it follows
that A* € M[G(P)IIG(j(P)/G(P"))].

Claim. M[G(PH)][G(j(P)/GP"))] E “da € A* which is compatible with s”.

Proof. Let p € G(j(P)/G(P*)) be such that (p, s) is a condition. We show that the
set of conditions which force that there exists a € A* which is compatible with s
is dense below p. Let p” < p and let (p*, s*) be a reduction of (p’, s) to P* * S*.
Since A* is maximal in S* we know that p* forces over P* that there exists a € A*
which is compatible with s* and we can pick a name b for the witness in S*. Now
(p*,b) < (p*,s*). Since (p*, s*) is a reduction of (p’, s) we know that (p*, b) is
compatible with (p’, s). So there exists p < p*, p’ with p I “b is compatible with
s”, and since b is forced to be < a by p*, also p I “a € A* is compatible with s”.
Now, since p € G(j(P)/G(P*)), there exists a g € G(j(P)/G(P*)) withg - “Ja €
A which is compatible with s”. m|

Therefore it follows that A* is a maximal antichain for j(S) in the model
M[IGPH]G((P)/GP*))]. Since j(A¥) is an antichain and A* C j(A¥) it follows
that A* = j(A"). From the above it follows that every maximal antichain of S* is a
maximal antichain in j(S), hence S* is a regular subforcing of j(S). For the second
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part of [(3)| note that A* € S and [S| < &, so we have that |j(A*)| < k¢ < j(x) and
by elementarity |A*| < .

Proof of [(4)} P* is forcing equivalent to P, and S* in V[P*] is the same forcing
as S in V[P].

Proof of [(5)} By the assumption of the lemma there exists j: V[G(P)] —
M[G(j(P))], a lifting of the supercompact embedding j. Since P* is equivalent
to P we can replace V[G(P)] by V[G(P*)] and get j: V[G(P*)] — M[G(j(P))].
Let G(j(S)) be generic for j(S) over M[G(j(P))]. Since by [3)] S* is a regular
subforcing of j(S) and S* C j(S), G(j(S)) contains a generic filter G(S*) for
S*. Thus, by the Lifting Lemma (Lemma [3.9), j can be lifted to an embed-
ding j: VI[G(PH]IG(S")] — M[G((P)IIG((S))]. By P % S is equivalent
to P* x S*, so we can replace V[G(P*)][G(S*)] by V[G(P)][G(S)] to get a lifting
J: VIGPIIGS)] = MIGGPHIIGS)]-

Proof of [@ By assumption, in Py and P the sets of decisive conditions
are dense and nicely <k_j-closed. By Lemma [5.5] S and S* are <«;_;-closed
with weakest lower bounds and well-met, and weakest lower bounds of decided
conditions are decided. Further, by the definition of the forcings to specialize
names, Py - “g C V and |g| < k4, for all ¢ € S” and P - “g C V and |g| < K for
all g € S*”, and whenever (p,q) L (p’,q’) are decisive conditions in Py * S, or in
Py S*, and p* < p,p’, then p*Irq L ¢'. So by Lemma [3.23]in P, * S the set D
of decisive conditions, and in Py * S* the set D* of decisive conditions, are dense
and nicely <k;_i-closed. By elementarity the same holds for j(Py * S). Further,
note that the set D* of decisive conditions in P} = S* is contained in the set D of
decisive conditions in j(Py * S). So by Lemma [3.6| D* is a regular subforcing of
D. Since D is equivalent to j(P, * S) and D* is equivalent to P},  S*, the quotient
J(®o = S)/G(P; * S*) is equivalent to D/G(D*), and by Lemma D/G(D") is
<ky_1-closed. O

Next we look at the forcing iteration, in particular the limit steps, and prove
some important properties of it.

Lemma 5.14. Let P be a forcing with VI[G(P)] E k. = Ni. Let P* be a regular
subforcing of j.(P), forcing equivalent to P and n*: ji(P) — P* a reduction map.
Let ji(P)/G(P*) be <k;_y-closed and ji: VIG(P)] — M[G(j.(P))] a lifting of the
supercompact embedding for k. Let S be an iteration of limit length @ < 6 of
forcings to specialize names for ki-Aronszajn trees with <k;_,-support. Then for
every B < « in V[G(P)] there exists S, with the following properties:

(1) ISl <6,

(2) there exists a reduction map ﬂ;: J(ST16) — S; such that ﬂ;(p I8) < n;(p y)
for everyy < B3,
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(3) the set of decisive conditions in ji(S[B) is dense and nicely <k;_,-closed and
the set of decisive conditions in Sy is dense, so, in particular, ji(SIB)/Sy is
equivalent to a <k_i-closed forcing,

4) P« S; is forcing equivalent to P = S|,

5 S; is a regular subforcing of ji(S|B),

(6) the supercompact embedding j, can be lifted to an elementary embedding
Jk: VIGPIIGESTA] = MIGPNIIGk(STAN],

(7) in VIG(P)] the forcing S8 has the ki-c.c..

Proof. The proof is by induction on S8 < a.

For 8 = 0 there is nothing to show.

B = y + 1: By induction and by Lemma [5.6| S|y, the first y steps of the
iteration, fulfills the requirements of Lemma with P, := S;,k for suitable
v’, so we can apply this lemma to P % S|y * SP*SW*P|(T7)’ from which it easily
follows that properties hold true; for note that the two-step iteration
of two forcings which have the «;-c.c. has again the x;-c.c.. Let S*(T)) be the
regular subforcing of Sp,g )., (Ty) and T the reduction map given by the lemma.
Note that by [(T)| of Lemma n;,, 1s coherent with 7}, in the sense that for

(p’ ‘I) €S W * SP*S tyxP (Ty) we have ﬂ;“(p’ CI) < ﬂ;(p)
Blimit: In V[P*] let S; be the iteration S*(To)* S*(T1) * S*(T,) *. .. of length 8
with <k;_;-support, where the S*(7,) are given by induction. We will prove that

the properties hold true.
Proof of : Since |S*(T,)| < & for each y < B and 8 < @ < 4, it follows that

IS5 < 6.

g Proof of [2)} Let p € j(S[B) and let A < Kk, and {y; | i < A} be increasing
indices cofinal in the support of p. Let 7}, be the reduction map of the iteration of
length vy, given by induction. Since these maps cohere, ﬂ;O(p Mvo) = m, (p My1) =
7, (ply2) = ... and since S*(T) * $*(Ty) * S*(Th) * ... is <ki-closed (as it is
a <kj_p-support iteration of <k;_;-closed forcings), there exists a lower bound of
these reductions; let n/”;(p) be such a lower bound. It is easy to check that n; is a
reduction map which is coherent with the earlier 7’s.

Proof of [(3); By Lemma [5.6] the sets D and D* of decisive conditions in S [
and in S, respectively, are dense and nicely <«;_;-closed. Therefore by elemen-
tarity the set D of decisive conditions in j(S [3) is dense and nicely <k;_;-closed
(ki_1 is below the critical point of j;). Further, D* is contained in D. Therefore
by Lemma D* is a regular subforcing of D. So D/G(D*) is <k;_;-closed by

Lemma and equivalent to j(S[B)/ G(S/’;).
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Proof of [(4)} Since the iterands of the two iterations are forcing equivalent
and the iterations are both <k;_;-support iterations, the two iterations are forcing
equivalent.

Proof of Next we show that if two conditions in P* * S; are compatible in
J(P) = j(S|B), then they are compatible in P* S/’;. To see this, we show that the
set D of conditions (p, §) with the following property is dense in j(P* S [): There
exists s such that

1. prs< s,
2. pirst €S,
3. ifprF<FAFeS;thenprst <5

If p decides §, then (p, §) fulfills this property: Let s* be the tuple of coordinates
of § restricted to the nodes on levels below k.. So pIF§ < st A s € S and if

=2 =2 -2 =2 . . . 2.
prFS<SASE Sp then p - s* < 5, because in this case every coordinate of 5 is

forced to be a subset of the corresponding coordinate of s*. So D is dense.

Suppose now that (p;, s%) and (pj, s?]‘) are in P* S and they are compatible
in j(P x STB). Let (p, 5) be a witness for the compatibility in the dense set with
witness s*. So (p, s%) is also below (Py s_f)) and (pj, s_f). Now (7(p), s%) is in P* = S;
and stronger than (p;, s?‘)) and (pj, s?;‘): Since p I st € S; A st < s%), s?f and that
depends only on P*, the same holds for 7(p).

It follows that in M[G(j(IP))] two conditions s% and s?f in S;; which are compat-
ible in j(ST/3) are compatible in S;. Together Withit follows that S is a regular
subforcing of j(S [B).

Proof of [(6); By the same proof as the proof of [(5)] of Lemma it follows
that j can be lifted: Let G(j(S[B)) be generic for j(S[B) over M[G(j(P))]. Since
S; is a regular subforcing of j(S[B), G(j(STB)) contains a generic filter G(S;)
for S;. Thus, by the Lifting Lemma (Lemma @P, Jj can be lifted to an embed-
ding from V[G(IP*)][G(S;)] to M[G(j(P)I[G(j(S1B))]. Since P* = S; is equivalent
to P« S8 we can replace V[G(P*)][G(S;;)] by VIG(P)][G(STB)] to get a lifting
J: VIGP®IIG(STB)] = MIG(JPHIIG(STB)]

Proof of Now we show that P I “S )8 has the «;-c.c.”. This follows by the
same argument as [(3)| of Lemma [5.13}

Let G(P*) be generic for P* and G(P) the corresponding generic for P. Let
j: VIG(P)] — M[G(j(P))] be a lifting of the supercompact embedding for k;. In
VIG(P)] let A* be a maximal antichain in S}8. Since V[G(P*)] = V[G(P)] and
STB in V[G(P)] is the same as SZ; in V[G(P")], we get that A" is also a max-
imal antichain in S/’;. On the other hand, also each maximal antichain in S;
is a maximal antichain in S[B. By elementarity j(A*) is a maximal antichain
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in j(STB) in M[G(j(P))]. Since j is the identity on S[S it follows that A* =
JIA*] € j(AY). Let G(j(P)/G(P")) be generic for j(P)/G(P*) and assume that
M[GPHG((P)/GP*)] E 5§ € j(SIB). Since ISZ,I < & and M C M it follows
that A* € M[G(P)IIG(j(P)/G(P"))].

Claim. M[G(PH)][G(j(P)/G(P*))] E “Id € A* which is compatible with §”.

Proof. Since by Sp is a regular subforcing of j(STp) there exists a reduction
map from j(S[B) to S;,. So there exists s’ such that M [GPHIG(P)/GP))] E

“s € S is a reduction of 57
Let p € G(j(P)/G(P*)) with pir 5 € j(S|B). The following set is dense in

J(@®P)/G(P*) below p:

{g € jJ(P)/G(P") | g+ “Td € A" which is compatible with 5}
Indeed, let p’ < p. So p’' 5 € j(SIB) and there exists a reduction s’ of § in
S;”. Therefore p’ I “Id € A* with @ L s’”. So there exists a name @ and ¢ < p’

such that g“d € A* Ad@ L §”. Since gI-“s is a reduction of §”, it follows
that g I+ “d is compatible with §”, showing that the above set is dense. Now, since
p € G(j(P)/G(P*)), there exists a g € G(j(P)/G(P*)) with g I+ “Idd € A* which is

compatible with 5. |

Thus it follows that A* is a maximal antichain for j(S[f). Since j(A¥) is an
antichain and A* C j(A") it follows that A* = j(A*). Note that A* C S[B and
ISTB| < 6. Thus | j(A")| < 6 < j(k;) and by elementarity |A*| < k. O

Corollary 5.15. In V[L,, * Sg"] the forcing S’g has the k;-c.c..

Proof. We work in V[L.]. By Lemma Corollary and Lemma
Ly = S;* fulfills (as P) the requirements of Lemma [5.14} so it forces that S% has
the x;-c.c.. O

Corollary 5.16. In V[L,] the forcing Ss preserves every Ny.

Proof. For every 0 < k < w the forcing S5 = S;* * S5*. This is an iteration of a
forcing which is <k-closed and a forcing which has the «;-c.c., therefore it does
not collapse N = ;. O

Lemma 5.17. In V[L.] the following holds. For every Ly * Ss-name T for an
Ni_1-tree with level a being {a} X N;_, for every a < Ni_| there exists a regular
subforcing L x S** « S<* of Ly * S5 with the following properties:

(1) L * S % S < iy,

(2) L * $** is <ky_,-distributive,
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(3) L is a regular subforcing of Ly and Lsi /L is <ki_;-closed,

(4) Log - “S** is a regular subforcing of S?k, the set of decisive conditions in S?k
is dense and nicely <ki_-closed, and S?k /S is equivalent to a <k;_,-closed
forcing”,

(5) there exists an L « S** « S*-name T’ such that Ly * Ssw T = T’, and
(6) Loy x S-S = S5k,
Proof. Using Lemma|5.10| Corollary and Lemma we know that L #S>*

fulfills (as P) the requirements for Lemma |5.14} so there exists a lifting of j to
Ji: VILsg % SF] — M[j(Lsi = SZ5)]. The critical point of j is x and M C M,
and the forcing S;* is a <«-support iteration and each iterand is invariant under jy,
so it is easy to lift ji further to ji: V[Lyy * S S35 — M[ji(Lsg = S3* # S59)].

Let T be an Ly * Ss-name for an N;_-tree with level @ being {a} X w_,. Since
the critical point of j is ki, ji(T) is a ji(ILsx * Ss)-name for an 8;_;-tree.

Let s, be the regular subforcing of j;(L;) which is equivalent to Ly, with
Esr]l < Ji(ke), so Iy is also regular in ji(Ls;). Further let S* be the regular
subforcing of jk(Sgk) asin Lemma So there exists an I*,; * S*-name S<* such
that ji(Lsy * ST S = S5F and Ty + S* IS < ji(ke). So Dy # S* % S is
a regular subforcing of j(Lyx * S7* x S5*) which is equivalent to Ly * S3* » S35
with [Isy * S* % §<| < ji(ky), so there exists an I%,; * S* * S<*-name 7* such that
Je@osg x S35 % STV W jiu(T) = T+

Thus we have that there exist regular subforcings s, S*, S<k of Jr(Lsp), jk(S?‘),
Jji(S5%) such that Iy * S* is <k_;-distributive, [Isy * S* * S| < ji(k;), and there
exists an Iy * S* * S<-name 7™ for j;(T); moreover, Iy, is a regular subforcing
of ji(Ly), and ji(ILsi) /sy is <ki_i-closed, ji(Lsg) - jk(S§k)/ S* is equivalent to a
<k;-1-closed forcing” and ji(Lsy * S2%) ik S = ji(S5H).

By elementarity of j; the same holds for Ly, = Ss: There exist regular subforc-
ings L, S, §< of L.y, S3*, S;* such that L * $* is <, -distributive, |L % S** «
S| < kg, Lox/L is <kgi-closed, Loy I “S3¥/S%F is equivalent to a <k_;-closed
forcing”, and there exists an L * S % S<*-name 7" such that Ly, * Ss+ T = T";
moreover, L is a regular subforcing of Ly, and Ly * S7¥ I S = S5%. O

5.3 The final model

Now we are ready to finish the proof of the main theorem.

Theorem 5.18. It follows from the consistency of w many supercompact cardinals
that it is consistent that for all 0 < k < w, all N;-Aronszajn trees are special, there
are such, and there is no X -Kurepa tree.
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To prove the theorem, we analyze the forcing extension by L, * S5. We show
that V[L,, = Ss] F “Forall 0 < k € w

there exists an N;-Aronszajn tree,
all N;-Aronszajn trees are special,
and there exists no N;-Kurepa tree.”

We have already shown right after the definition of the forcing that all ;-
Aronszajn trees are special in this model. The following two lemmata conclude
the proof. Recall that (k, | 1 < k < w) is the increasing sequence of Laver
indestructible supercompact cardinals which we fixed above and x; = Nj.

Lemma 5.19. V[L,, = Ss] E “there exists a special Ny-Aronszajn tree” for every
0<kew.

Proof. In the extension by L,, GCH holds, hence by Proposition [2.13| there exists
a special N;-Aronszajn tree, for every 0 < k € w. Since the specializing forcing
Ss does not collapse N, by Corollary these special N;-Aronszajn trees are
preserved. O

Lemma 5.20. V[L,, = S5] E “there does not exist an N;_;-Kurepa tree” for every
1<kew.

Proof. Assume that V[L, * Ss] E“There exists an N;_;-Kurepa tree” and recall
that L,, * S5 = L * Lyg * S7* = S3*.

Now we work in V[L]. Let T be an Ly * SZ* * S5*-name for an Ny_;-tree
with level a equal to {a} X N;_,. By Lemma there exists a regular subforcing
L # S% « §< of Ly  S2* « S5* with the following properties:

1. L # % % S| < «y,
2. L« S** is <k, -distributive,
3. L is a regular subforcing of L., and L, /L is <«;_;-closed,

4. Loy - “S* is a regular subforcing of S?k, the set of decisive conditions in

Sz* is dense and nicely <ki_i-closed, and S3*/S** is equivalent to a <;_;-
closed forcing”,

5. there exists an L * S** « S<*-name 7" such that L.; * Ss+ 7 = 7", and

6. Loy * SF¥1r Sk = S3%.
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Since |L * L * S**  S<¥| < k4, and «; is a Laver indestructible supercompact
cardinal, V[L; * L % §** %« S<¥] = “k, is inaccessible”. So V[L; = L = S « §<]
IIT’]] < K.

To argue that the number of cofinal branches is still small in the final model,
first note that Ly x Loy # S2% 5 S5% = Lo # Lx S 5 S Ly /L % S7* /S % SF /S -,

Since Ly /L is <ki_i-closed, by Lemma it does not add cofinal branches
to T’. Further, S?k /S=* is equivalent to a <k;_;-closed forcing and hence it does
not add cofinal branches to 7’ by Lemma

Since Loy # Lyg # S7* = L # L # S % S« Ly /L « S34/S%F i S5 = S+, the
last iterand S3*/S* of the forcing iteration is equivalent to the trivial forcing and
can be ignored.

Therefore, 7 = T’ in V[Log # L # S % S« Ly, /L * S3%/S%K] = V[L,, = Ss] is
not an N;_;-Kurepa tree. O
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Chapter 6

Trees for all successors of regular
cardinals

In this chapter, we generalize our result and show that it follows from the exis-
tence of a proper class of supercompact cardinals that it is consistent that for all
successors of regular cardinals, all Aronszajn trees are special, and there exist
such, while there exist no Kurepa trees on these cardinals.

Lemma 6.1. Let a be a limit ordinal and {k, | 1 < n < w) an increasing sequence
of Laver indestructible supercompact cardinals. Then there exists a forcing R®
with the following properties:

(1) R is <N,41-directed closed,

(2) IR = (SUP| e, Kn)™™ =2 67,

(3) R*IF“Nysn =k, foreveryl <n< w”,

(4) RU“2Vesn = R,y in = 0% forevery) <n<w?”,

(5) R* W “all Ny,,-Aronszajn trees are special and there exist some for every
l<n<uw’,

(6) R I+ “there exists no N, ,-Kurepa tree for all 0 <n < w”.

Proof. Let us define the forcing R?. For every 0 < n < wlet LY, | := Col(Ry4,, <
Kps1) In V[LS - - -« L] and let LY, := L = LS = Ly = ... be the countable support
iteration. Let R := L. Let {A, | 1 <n < w} be a partition of 6* such that every
A, 1s cofinal in 6.

As in the case of specializing all N,-Aronszajn trees, using R as first step of
the iteration, continue the iteration for length 6* such that all §,,,,-Aronszajn trees
for n > 1 get specialized: In every step S8 take the forcing to specialize the name
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of an N, ,-Aronszajn tree given by a bookkeeping function (where the n depends
on the A, to which g belongs).

Analogously to the case of specializing all N,,-Aronszajn trees, the forcing R*
fulfills items (6) |

Now we can combine all the forcings R* in an Easton support iteration to
specialize all Aronszajn trees for all successors of regular cardinals:

Theorem 6.2. If there is a proper class of supercompact cardinals with no in-
accessible limit, then there is an extension in which for all successors of regular
cardinals, all Aronszajn trees are special, there exist such, and for all regular
uncountable cardinals there are no Kurepa trees.

Proof. Let R be the Easton support iteration of the R*. The supercompact car-
dinals get collapsed by R to the N4, Where a is 0 or a limit ordinal. The
successors of a limit of supercompact cardinals and N, are preserved.

The forcing R fulfills Lemma in V[R=?], therefore, as in the case of spe-
cializing all X,-Aronszajn trees, R>* I “all NX,,,-Aronszajn trees are special for
all 1 < n < w and there exist such and there exist no N,.,-Kurepa trees for
0 < n < w”. Furthermore R>? is <&, +.+1-closed so R>* does not add new subsets
of N,.+., therefore it does not add new N, ,-trees and it does not add new cofi-
nal branches to such trees which already exist, therefore there are no N,,,,-Kurepa
trees in the extension by R and all NX,,,,,-Aronszajn trees are special and there exists
one. O
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Chapter 7

Questions

In this chapter we state some continuing questions on the topic of special Aron-
szajn trees and Kurepa trees.

Question 7.1. Can we specialize trees of height N, which do not have cofinal
branches but levels of size > NK,,? Is it possible to specialize these trees and control
the existence of N,-Kurepa trees at the same time?

This question cannot be solved by the same technique as the one in our con-
struction, because we use that the levels are of size < N, and therefore do not get
changed under the supercompact embedding. New ideas are necessary to over-
come this issue.

We can also consider models in which Kurepa trees exist and be more precise
about the number of branches of Kurepa trees:

Question 7.2. Can we control the exact number of cofinal branches of the N,-
Kurepa trees in a model in which all N,-Aronszajn trees are special?

In our model from Theorem [6.2]all the limit cardinals are not strong limits and
there are no inaccessible cardinals. Actually 2%+ = &, ,» for each a, and the
only regular cardinals are 8, and successor cardinals.

Question 7.3. Is it possible to specialize all N,-Aronszajn trees for all 0 < n < w
while keeping N, a strong limit? Is it possible to specialize all k*-Aronszajn trees
for all regular cardinals k while keeping limit cardinals strong limit?

Question 7.4. Is it possible to specialize all k*-Aronszajn trees for all regular
cardinals k such that there are inaccessibles in the resulting model?
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Zusammenfassung

Meine Doktorarbeit behandelt spezielle Aronszajn-Bdume und Kurepa-Biume.
Als erstes zeige ich, dass aus der Existenz einer superkompakten Kardinalzahl und
einer unerreichbaren Kardinalzahl dariiber folgt, dass konsistenterweise alle N,-
Aronszajn-Biaume speziell sind und es welche gibt, und keine N;-Kurepa-Biume
und keine N,-Kurepa-Biume existieren.

Danach zeige ich, unter der Annahme von w vielen superkompakten Kardi-
nalzahlen, dass es konsistent ist, dass fiir alle 0 < n < w alle N,-Aronszajn-Biume
speziell sind und es welche gibt, und keine N,-Kurepa-Bdume existieren.

SchlieBlich erweitere ich dieses Resultat zu einer globalen Version iiber
alle Aronszajn-Bdaume auf Nachfolgern von regulidren Kardinalzahlen und allen
Kurepa-Bdaumen auf regulidren Kardinalzahlen; dazu verwende ich eine echte
Klasse von superkompakten Kardinalzahlen.
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