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Abstract

In this paper, we introduce and study fused lasso nearly-isotonic signal approximation, which is a combination of fused lasso
and generalized nearly-isotonic regression. We show how these three estimators relate to each other and derive solution to a
general problem. Our estimator is computationally feasible and provides a trade-off between monotonicity, block sparsity, and
goodness-of-fit. Next, we prove that fusion and near-isotonisation in a one-dimensional case can be applied interchangably,
and this step-wise procedure gives the solution to the original optimization problem. This property of the estimator is very
important, because it provides a direct way to construct a path solution when one of the penalization parameters is fixed. Also,
we derive an unbiased estimator of degrees of freedom of the estimator.

Keywords Constrained inference - Isotonic regression - Nearly-isotonic regression - Fused lasso

1 Introduction

This work is motivated by recent papers in nearly-constrained
estimation in several dimensions, and by the papers in gen-
eralised penalized least squared regression. The subject of
penalized estimators starts with L-penalisation, cf. Tibshi-
rani (1996), which is called lasso signal approximation, and
L,-penalisation, which is usually addressed as ridge regres-
sion (Hoerl and Kennard 1970) or sometimes as Tikhonov—
Philips regularization (Phillips 1962; Tikhonov et al. 1995).
The first generalisation of lasso is Li-penalisation imposed
on the successive differences of the coefficients. For a given
sequence of data points y € R”, the fusion approximator (cf.
Rinaldo 2009) is given by

A F ' 1 n—1
B (y.xp) = argmin Slly — BI3 +4r Y 1B — isa.
BeR" i=1

ey

The combination of fusion approximator and lasso is called
fused lasso estimator and is given by:
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~FL 1
B (., hr, L) =argm1n§|Iy—ﬁ||§
BeR"

n—1
+rr Y 1B = Bivil + ALIBIL. ()

i=1

The fused lasso was introduced in Tibshirani et al. (2005),
and its asymptotic properties were studied in detail in Rinaldo
(2009). Also, it is worth to note that in the paper Tibshirani
and Taylor (2011) the estimator in (1) is called the fused
lasso, while the estimator in (2) is addressed as the sparse
fused lasso.

In the area of constrained inference the basic and simplest
problem is isotonic regression in onedimension. For a given
sequence of data points y € R”", the isotonic regression is
the following approximation

AT
B’ = argmin||y — Bl|3, subjectto i < f2 <--- < By,
BeR”
3)

i.e. it is £2-projection of the vector y onto the set of non-
increasing vectors in R". The notion of isotonic “regression”
in this context might be confusing. Nevertheless, it is a stan-
dard notion in this subject, cf., for example, the papers Best
and Chakravarti (1990); Stout (2013), where the notation
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“isotonic regression” is used for the isotonic projection of
a general vector. Also, in this paper we use the notations
“regression”, “estimator’” and “approximator” interchange-
ably. A general introduction to isotonic regression can be
found, for example, in Robertson et al. (1988).

The nearly-isotonic regression, introduced in Tibshirani
et al. (2011) and studied in detail in Minami (2020), is a less
restrictive version of isotonic regression, and it is given by
the following optimization problem

~ANI o1
B (v, hyi) = argmin ||y — Bl13
ﬂeRll

n—1
+ANT 1B — Bitiles €

i=1

where x4 = x - I{x > 0}.

In this paper we combine the fused lasso estimator with
nearly-isotonic regression and call the resulting estimator as
fused lasso nearly-isotonic signal approximator, i.e. for a
given sequence of data points y € R”, the problem in one-
dimensional case is the following optimization:

~FLNI
B (¥, AF, AL, ANT)
1 n—1
=argmin = ||y — BI3 +Ar ¥ |Bi — Bit1l
fern 2 ; 5)

n—1

+aLlIBll 4 Ane D 1B — Bl

i=1

Also, in the case of A # 0 and Ay; # 0 with Ay = 0 we
call the estimator fused nearly-isotonic regression, i.e.

~FNI ~FLNI
B (. Ar.AnD =P (¥, Ar,0,AnT)

1
= argmin |y — BlI3
ﬂER”

n—1
+rr Y 1B — Bitil

i=1

n—1
+ANT D 1B — Biti e (6)

i=1

This generalisation of nearly-isotonic regression in (6)
was proposed in the conclusion of the paper Tibshirani
et al. (2011). Next, a one-dimensional fused nearly-isotonic
regression was considered and numerically solved in Yu et al.
(2022) with time complexity O(n). Nevertheless, first, in
this paper we consider and solve the problem in general
dimensions. Second, for fixed penalisation parameters in a
one-dimensional case we also provide a solution with linear
complexity and an exact partly path solution (when one of
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the parameters is fixed and the path is with respect to the
other one) with complexity O(n log(n)).

It is also worth to mention the paper Gémez et al. (2022),
where the authors studied the nearly-isotonic approximator
with extra penalisation term

(Bi — Bi+)? - U(Bi — Bis1) > 0}

with an additional lasso penalty. Also, in the paper Gaines
et al. (2018) the authors did a comparison of the algorithms
to solve the lasso with linear constraints, which is called
constrained lasso.

In the next step we state the problem defined in (5) for the
general case of isotonic constraints with respect to a general
partial order. First, we have to introduce the notation.

1.1 Notation

We start with basic definitions of partial order and isotonic
regression. LetZ = {iy, ..., i,} be some index set. Next, we
define the following binary relation < on Z.

A binary relation < on 7 is called partial order if

o itis reflexive,ie. j < jforall j € Z;

e itistransitive,i.e. jq, jo, j3 €Z, j; X jrand j, < jj
imply j; < Jj3;

e itisantisymmetric,i.e. ji, jo € Z, j; < joand j, < j;
imply ji = Jj».

Further, a vector 8 € R" indexed by Z is called isotonic
with respect to the partial order < on 7 if j; < j, implies
Bj, < Bj,. Wedenote the setof all isotonic vectors in R" with
respect to the partial order < on Z by B”, which is a closed
convex cone in R” and it is also called isotonic cone. Next,
a vector B/ € R” is the isotonic regression of an arbitrary
vector y € R" over the pre-ordered index set Z if

B =argmin Y (B — yj)>. (7

BeB” jc1

For any partial order relation < on Z there exists a directed
graph G = (V, E), with V = 7 and E is the minimal set of
edges such that

E ={(J1, J2), where (j1, j2)
is the ordered pair of vertices from Z}, (8)

and an arbitrary vector 8 € R" is isotonic with respect to <
iff By, < Bi,, given that E contains the chain of edges from
lieVtleV.

Now we can generalise the estimators discussed above.
First, equivalent to the definition in (7), a vector ﬂl e R"is
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the isotonic regression of an arbitrary vector y € R" indexed
by the partially ordered index set Z if

B' =argmin ) (8 — yj)*, ©)

Jjez

subject to B, < Bi,, whenever E contains the chain of edges
froml; e Vtolp, € V.

Second, for the directed graph G = (V, E), which cor-
responds to the partial order < on Z, the nearly-isotonic
regression of y € R” indexed by 7 is given by

13 (y,/\m)—argmln—lly Bl13
ﬂER”

+Anr Y 1B — Bil+- (10)

(. J)eE

This generalisation of nearly-isotonic regression was intro-
duced and studied in Minami (2020).

Next, fused and fused lasso approximators for a general
directed graph G = (V, E) are given by

B <y,AF>—a;gmm—||y Blls+rr Y 1B — Bil.

(.J)eE

(1)

and

.3 (y,kF,kL)—argmm—lly Bll3
BeR"

+Ap Z

(@.J)eE

— Bjl+ALlIBll. (12)

These optimization problems were introduced and solved for
a general graph in Friedman et al. (2007); Hoefling (2010);
Tibshirani and Taylor (2011).

Further, let D denote the oriented incidence matrix for the
directed graph G = (V, E), corresponding to < on Z. We
choose the orientation of D in the following way. Assume
that the graph G with n vertexes has m edges. Next, assume

we label the vertexes by {1, ,n}andedgesby {1, ..., m}.
Then, D is m x n matrix Wlth
1, if vertex j is the source of edge i,
D;j=1-1, if vertex j is the target of edge i, (13)
0, otherwise.

In order to clarify the notations we consider the following
examples of partial order relation. First, let us consider the
monotonic order relation in the one-dimensional case. Let
Z =1{1,...,n}, and for j; € Z and j» € Z we naturally
define j; < jp if j;1 < j,. Further, if we let V. = 7 and

E={Gi+1D:i=1,....,.n—1},then G = (V,E) is
the directed graph which corresponds to the one-dimensional
order relation on Z. Figure 1 displays the graph and the inci-
dence matrix for the graph.

Next, we consider two dimensional case with bimono-
tonic constraints. The notion of bimonotonicity was first
introduced in Beran and Diimbgen (2010) and it means the
following. Let us consider the index set

I=1{i=a"i9):
i®=1,2,..., 1)}

iD =12, ... n,

with the following order relation < on it: for j, j, € 7 we
have j < j, iff jl(l) (l) and ](2) < j2(2). Then, a vector
B € R", withn = nno, mdexed by 7 is called bimonotone
if itis isotonic with respect to bimonotone order < defined on
itsindex Z. Further, we define the directed graph G = (V, E)

with vertexes V = Z, and the edges

E={lk),(l k+1)):
U{(, k), I+ 1,k)) :

Il<l<n,l<k=<n-1}

1<l<n —1,1 <k <ny}.

The labeled directed graph for bimonotone constraints and
its incidence matrix are displayed in Fig. 2.

1.2 General statement of the problem

Now we can state the general problem studied in this paper.
Let y € R" be a signal indexed by the index set Z with the
partial order relation < defined on Z. Next, let G = (V, E)
be the directed graph corresponding to < on Z. The fused
lasso nearly-isotonic signal approximation with respect to <

on Z (or, equivalently, to the directed graph G = (V, E),
corresponding to <) is given by
~FLNI
B (y,)»F,)xL ANT)
—argmm—ny Bllz+Ar Y 1Bi — Bl 4
BeRr! (i.j)€E (14)
+acllBlh +avs Y 1B — Bl

(@.J)eE

Therefore, the estimator in (14) is a combination of the esti-
mators in (10) and (12).

Equivalently, we can rewrite the problem in the following
way:

~FLNI
ﬂ (ya)"Fa)\'La)"NI)_argmln_Hy ﬂ||2
BeR" (15)
+ ArlIDBI

+ALlIBllL + AntIIDBl+,
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(a) Graph G = (V, E)

Fig.1 Graph for monotonic contstraints and oriented incidence matrix

I

I

I

2-d dimension of the index

1-st dimension of the index

(a) Graph G = (V| E)

Fig.2 Graph for bimonotonic contstraints and oriented incidence matrix

where D is the oriented incidence matrix of the graph G =
(V, E). Here, we clarify that in the case of penalisation with
the incidence matrix D we assume that f is indexed accord-
ing to the indexing of the edges in the graph G = (V, E).
Analogously to the definition in the one-dimensional case, if
A1, = 0 we call the estimator fused nearly-isotonic approxi-

mator and denote it by BFNI (¥, AF, ANT).

Here, it is worth to mention recent papers in constrained
estimation (Deng and Zhang 2020; Han et al. 2019; Han and
Zhang 2020), where the authors studied the asymptotic prop-
erties of the isotonic regression in general dimensions. Also,
in paper Wang et al. (2015) £;-trend filtering was generalised
for the case of a general graph.

1.3 Organisation of the paper

The rest of the paper is organized as follows. In Sect.2 we
provide the numerical solution to the fused lasso nearly-
isotonic signal approximator. Section3 is dedicated to the
theoretical properties of the estimator. We show how the
solutions to the fused lasso nearly-isotonic regression, fused
lasso, and nearly-isotonic regression are related to each other.
Also, we prove that in the one-dimensional case the new
estimator has agglomerative property and the procedures of
near-isotonisation and fusion can be swapped and provide the
solution to the original problem. Next, in Sect.4 we derive
the unbiased estimator of the degrees of freedom of the esti-
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1-1 0 0 O
01 -1 0 O
b= 00 1 -1 0

00 0 1 -1
(b) Oriented incidence matrix D

1-10 0 0 ...00
01 -10 0 ...00
00 1 —-10 00
00 0 0 0 ...1-1
10 0 0 —-1...00
01 0 0 O .00
00 1 0 O .00
00 0 0 0 ...0-1

(b) Oriented incidence matrix D € R'7*12 for

the graph G = (V, F)

mator. Furthermore, in Sect.5 we discuss the computational
aspects, do the simulation study and show that the estimator
is computationally feasible for moderately large data sets.
Also, we illustrate the usage of the estimator for the real data
set. The article closes with a conclusion and a discussion of
possible generalisations in Sect.6. The proofs of all results
are given in the Appendix. The R and Python implementa-
tions of the estimator are available upon request.

2 Solution to the fused lasso nearly-isotonic
signal approximator

First, we consider fused nearly-isotonic regression, i.e. in
(15) we assume that A;, = 0.

Theorem 1 For a fixed data vector y € R" indexed by the
index set T with the partial order relation < defined on Z,
the solution to the fused nearly-isotonic problem in (15) is
given by

~FNI N
B (A, ani) =y — DTH(hp, Anp) (16)
with
. 1 T 2
v(y, AF, AN1) = argmin Elly — D vl|5
veRm
s.t. —Arl <v < (Ar +AnD1, (17)
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where D is the incidence matrix of the directed graph G =
(V, E) with n vertices and m edges corresponding to < on
Z, 1 € R™ is the vector whose all elements are equal to 1
and the notation a < b for vectors a, b € R™ means a; < b;
foralli=1,...,m.

Next, we provide the solution to the fused lasso nearly-
isotonic regression.

Theorem 2 For a given vector y indexed by I, the solu-

tion to the fused lasso nearly-isotonic signal approximator
AFLNI
B (¥, Ap, AL, AN71) is given by soft thresholding the

. . . AFNI .
fused nearly-isotonic regression 8 (¥, AF, ANT), Le.

,é,-FLNI(y, AF, AL, ANT)

BiFNl(y, AF,ANI) — AL,
=1o,
B,-FNI()’, AFyANI) + AL,

lfBiFN[ > AL,
if 1BFN <ap, (18)

fori el

From this result we can conclude that adding lasso penal-
isation does not add much to the computational complexity
of the solution. The computational aspects of fused nearly-
isotonic approximator will be discussed in Sect.5 below. In
the next section we discuss properties of the fused lasso
nearly-isotonic regression.

3 Properties of the fused lasso
nearly-isotonic signal approximator

We start with a proposition which shows how the solutions
to the optimization problems (11), (10) and (15) are related
to each other. This result will be used in the next section to
derive degrees of freedom of the fused lasso nearly-isotonic
signal approximator.

Proposition 3 For a fixed data vector y indexed by T and
penalisation parameters Ay and Af the following relations

. AF NI ~FNI
between estimators B , B and 8 hold
AN

1
N pTy, Exm) , (19)

BNI(y, ANT) = BF (y -

~FNI ~NI
B (AR AN =B (y+ArDT1, ans +20F)

~F A 1
B <y ~ DT, Sy +?»F>

2 2
(20)
and
~FLNI ~FL A
B okr o =By = EDT,
1
E)»NI +Ar, AL), 2D

where D is the oriented incidence matrix for the graph G =
(V, E) corresponding to the partial order relation < on Z.

) . . ~FNI
Further, let us introduce two "naive" versions of 8 .

Instead of simultaniously penalise by fusion and isotonisa-
tion we consider the following two-step procedures:

BFHNI(J’, AF,AND) = BNI(ﬁF(y, AF),ANT)

1 aF
Efﬂlrgnmnzllﬂ (¥, AF)

BeR? (22)

—BlG+xv: Y 1B — Bl

(i,J)€E
and

BNI%F(J’, AN, AF) = BF(BNI(J’, AND), AF)

1 ~NI
= arg min — , A
pmin BT 0D )

—BlG+xr Y 18— Bil.

(i,j)eE

Below we prove that both “naive” methods in the one-
dimensional case with a simple monotonic restriction defined
above are not only equivalent, but both methods provide the
solution to the fused nearly-isotonic regression.

First, we have to prove that, analogously to fused lasso
and nearly-isotonic regression, as one of the penalization
parameters increases, the constant regions in the solution

~

B N can only be joined together and not split apart. In
the paper Minami (2020) this property of the estimator was
called agglomerative property. We prove this result only for
the one-dimensional monotonic order, and the general case
is an open question.

Proposition 4 (Agglomerative property of FLNI estimator)
LetZ = {1, ..., n}withthe natural order for integers defined
onit. Next, let . = (Ap, A, An7) and ¥ = (A%, Xz, Aj;,l)
are the triples of penalisation parameters such that one of
the elements of * is greater than the corresponding element
in A, while two others are the same. Next, assume that for

~FLNI
some i the solution 8 (y, L) satisfies

BFENT (3, 1) = BEENT (3, 1),

Then for * we have

BIENT (y, 2% = BEENT (y,29).

Now we can prove the commutability property of the
“naive” estimators and the equivalence of the approach to
the fused nearly-isotonic regression.

@ Springer



120 Page60of17

Statistics and Computing (2024) 34:120

Theorem 5 (Commutability property of FNI estimator) Let
AF—>NI ANI—>F .
B (¥, AF, AN1)and B (¥, AN1, AF) bethe “naive

versions of the fused nearly-isotonic approximator, defined
in (22) and (23), in the case of one-dimensional monotonic
constraint. Then, we have

2

~FNI ANI—>F
B (¥, Ar, An1) =B (¥, ANI. AF)

~FNI
=B (¥, Ar, AnD).

One of the first conclusions of Theorem 5 is commutability
of strict isotonisation (which corresponds to the large val-
ues of Ayy) and fusion. For big values of Ay, fused lasso
nearly-isotonic signal approximation is, in principle, anal-
ogous to the approach studied in Gao et al. (2020), where
the authors studied estimation of isotonic piecewise constant
signals solving the following optimization problem

n
B* = argmin Z(ﬁj —y;)? 4 pen(n, k), (24)
ﬂeBnk Jj=1
where
e =1{B € R": there exists {aj}§:0 and {Mj}le
suchthat0 <ap <a) <--- <ar =n,
i1 = po <o <k, and B =

foralli € (aj—1 : ajl},

and pen(n, k) is a penalization term which depends on n and
k but not on y. Therefore, the result of Theorem 5 provides
an alternative approach to obtain an exact solution in the
estimation isotonic piecewise constant signals.

4 Degrees of freedom

In this section we discuss the estimation of the degrees of
freedom for the fused nearly-isotonic regression and the
fused lasso nearly-isotonic signal approximator. Let us con-
sider the following nonparametric model

Y=ﬁ+&

where ﬂ € R" is an unknown signal, and the error term
e e N(0,0°1).
The degrees of freedom is a measure of complexity of the
estimator, and following Efron (1986), for the fixed values of
AFNI AFLNI
AF, Ar and Ay; the degrees of freedom of 8 and ,B
are given by
A~FLNI
df (B (Y, Ap, AL, ANT))

n
= —2ZCov[ﬁi”N’(Y,/\F,AL,/\Nz),Yi]. (25)
i=1

@ Springer

The next theorem provides the unbiased estimators of the

degrees of freedom df(ﬂ ) and df(,B LNI

Theorem 6 For the fixed values of A, Ar, and Ay; let

KNy, wp, kn1) = #{fused groups in
~FNI
B (. Ar,AND}

and

KFLNI(y, AR, AL, ANT) = #{non-zero fused groups in

~FLNI
B (Y, AF, AL, AND}.

Then we have

EIK VY, ap o) =df B (0 ap ),

and

E(KFENLY  ap, Ar, AnD]

—dar@" N W ap ).

We can potentially use the estimate of degrees of freedom
for an unbiased estimation of the true risk E[Zl 1(,31 -
,BFLNI(Y AF, AL, ANI)) ], which is given by the C statis-
tic

CpOer. AL dng) = Z(yz BEEN (v hps s A

i=1
—no? + 202 KFENI(Y Ap, Ap, Ang).

Though, we note that in real applications the variance o2

is unknown. The variance estimator for the case of one-
dimensional isotonic regression was introduced in Meyer
and Woodroofe (2000). To the authors’ knowledge, the vari-
ance estimator even for the one-dimensional nearly-isotonic
regression is an open problem.

In order to illustrate the performance of the degrees of free-
dom estimator, we generate M = 3000 independent samples
from te following signal on a grid

Y, j =max (i, j) + & ;,

where i, j = 1,...,5 and ¢ € N (0, 0.25). Using Monte-
Carlo simulations, we estimate Cov[BiF LNI 'y.)and compare
the estimated true value of df with the estimator defined in
Theorem 6. The result for different values of penalisation
parameters is given in Fig. 3.
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Fig.3 Degrees of freedom estimator for different values of penalisation parameters and its 25 % and 75 % quantiles based on 3000 samples

5 Computational aspects, simulation study
and application to a real data set

First of all, recall that the solution to the fused lasso nearly-
isotonic approximator is given by

,3,-FLNI()’, AF, AL, ANT)

/é,-FNI(L AF,ANI) — AL,
=1o,
:éfNI(J’v)LF,)LNI) + AL,

if BN =,
if 1B < A,
it BN < —au,

fori € Z, with

~FNI -
B (y.Ar,AND) =y —D Vv(kp,ANp)

where

N 1
B(y, Ap, Anp) = argmin ||y — D v||3
VER'"

s.t.—Arpl <v < (Ap + AN,

where D is the incidence matrix displayed in Fig. 1 (a) for
the one-dimensional case. The matrix D is full raw ranked,
therefore, the problem is strictly convex. Next, we have sim-
ilar box-type constraints as in the problem of the Li-trend
filtering example and we can solve the problem with O(n)
time complexity.

Second, note that in one-dimensional case the time
complexities of path solution algorithms for the nearly-
isotonic regression and the fusion approximator are equal
to O(nlog(n)), cf. Tibshirani et al. (2011); Hoefling (2010);
Bento et al. (2018) with the references therein. Therefore, if
we have A fixed, then using the result of Theorem 5 we can

get the solution path with respect to A7 with the time com-
plexity O(n log(n)). Further, if we fix A then, again, using
Theorem 5 we can obtain the solution path with respectto A g
with complexity O(nlog(n)). In paper Yu et al. (2022) the
one-dimensional fused nearly-isotonic regression was solved
for fixed values of penalisation parameters. Therefore, one-
dimensional fused lasso and nearly-isotonic regression have
been studied in detail, therefore, in our paper we focus on the
two-dimensional case.

The case of several dimensions is more complicated. Note,
that, for example, even in the case of two dimensions the
matrix D, displayed in Fig.2, is not full raw ranked. There-
fore, the dual problem is not strictly convex. At the same
time one can see that the matrix D is sparse diagonal. There-
fore, we apply the recently developed OSQP algorithm, cf.
Stellato et al. (2020). The time complexity of the solution is
linear with respect to the number of edges in the graph, i.e.
itis O(|E)).

The exact solution for fixed values of penalisation param-
eters can be obtained using the results of the paper Minami
(2020), where the author proposed the algorithm for a gen-
eral graph with computational complexity O(n|E| log(%)).
Therefore, in principle, using the relation between fused
nearly-isotonic regression and nearly-isotonic regression
proved in Proposition 3 it is possible to obtain the exact solu-
tion to the fused nearly-isotonic approximation for a general
graph.

First, recall that from Theorem 2 it follows that the solution
with Ap # 0Ois given by soft-thresholding of the solution with
A1 = 0. Therefore, lasso penalization does not add much to
the complexity, and we concentrate on the case with Ay, = 0.
Following Minami (2020), we use the following bi-monotone
functions (bisigmoid and bicubic) to test the performance of
the fused nearly-isotonic approximator:
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Fig.4 Computational times vs side size of a square grid for OSQP solution of fused nearly-isotonic approximator in two dimensions

I _ @ _
616)6 8 el6x 8

1
fos eV, x®) = —(

2 1 4 el6x®-8/°

1 4+ eloxV-8 +

1
Frex D, x@) = 5((2x(1) — D+ @ - ) 42,

where x € [0, 1) and x® € [0, 1).
The simulation experiment is performed in the following
way. First, we generate homogeneous grid k£ x k:

k—1
and x,?) = —

) _ k — 1
LA d
fork =1, ..., d. Thesize of the side d varies in {2 x 102, 4 x
102,6 x 10,8 x 102, 103}. Next, we uniformly generate
penalisation parameters Ay and Ay; from U(0, 5). We per-
form 10 runs and compute computational times for each d.
Analogously to Stellato et al. (2020), we consider two cases

@ Springer

of OSQP algorithm: low precision case with g,ps = €01 =
10_3, and high precision case with g,p5 = &r = 1073
(for the details of the settings in OSQP we refer to Stellato
et al. (2020)). Figure4 below provides these computational
times. All the computations were performed on MacBook
Air (Apple M1 chip), 16 GB RAM. From these results we
can conclude that the estimator is computationally feasible
for moderate sized data sets (i.e. for the grids with millions
of nodes).

Next, Fig.5 visualizes the fused nearly-isotonic approx-
imator. We use the Adult data set, available from the UCI
Machine Learning repository (Becker and Kohavi 1996). The
target variable in this data set is either a person’s salary is
greater than 50 000 dollars per year or less. We use two fea-
tures (education number and working hours per week) and
each bar in the figure is the proportion of people making
more that the amount of money mentioned above. This data
set was used, for example, in Wang et al. (2022).
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Data

FNISO, A =0.1, Ay =1

Fig.5 Data visualisation for different levels of fusion and isotonisation

From Fig.5 we can see that fused nearly-isotonic regres-
sion provides a trade-off between monotonicity, block spar-
sity and goodness-of-fit.

6 Conclusion and discussion

In this paper we introduced and studied the fused lasso nearly-
isotonic signal approximator in general dimensions. The

Isotonic regression

FNISO, Ar = 0.5, Ay =1

main result is that the estimator is computationally feasible
and it provides interplay between fusion and monotonisation.
Also, we proved that the properties of the new estimator are
very similar to the properties of the fusion estimator and the
nearly-isotonic regression.

In our opinion, one of the most important results is Theo-
rem 5, where we proved the commutability property of fusion
and nearly-isotonisation, because for the fixed values of one
of the penalisation parameters we can immediately obtain the
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path solution with respect to the other one. Path algorithm
for fused lasso exists (Hoefling 2010; Tibshirani and Taylor
2011). At the same time, to the authors’ knowledge, path
algorithm for nearly-isotonic regression in general dimen-
sions has not been developed yet. Therefore, further direction
could be the solution for the nearly-isotonic regression, and,
next, to prove if commutability holds in a general dimen-
sional case.

One of the other possible directions is to study the asymp-
totic properties. In particular, it is interesting to understand
the rate of convergence for different model selection and
cross-validation procedures of choosing penalisation param-
eters.

Another direction is to study properties of the solution
when Ap and Ay are not the same for each vertex. An
example where one must use different penalisation param-
eters is the case when the data points are measured along
non-homogeneously spaced grid. It is important to note that,
as discussed in Minami (2020), this case is different and
even in the one-dimensional case the estimator will behave
differently. In particular, the agglomerative property of the
nearly-isotonic regression holds if the penalisation parame-
ters satisfy the certain relation, cf. Proposition A.1.in Minami
(2020), which is crucial for the solution path.

Finally, in our opinion, it is interesting to study different
combinations of penalisation estimators, even though, prac-
tically, in this case one needs more data, because there will
be more penalisation parameters to estimate.

Appendix A Proofs of the results
Proof of Theorem 1. First, following the derivations of £;
trend filtering and generalised lasso in Kim et al. (2009) and

Tibshirani and Taylor (2011), respectively, we can write the
optimization problem in (6) in the following way

o1
mm/;rglzezny—ﬂu%HFHzm+xm||z||+

subjectto DB =z € R™.

Further, the Lagrangian is given by

1
L(B.z,v) =lly — BII3 + rrlizll

+Anillzll+ + v (DB - 2), (A1)

where v € R™ is a dual variable.
Note that

min(irlfzll + Avslzlly = v7z)
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o, if —Apl<v=<QGr+iypl,
" | -0, otherwise,

and

min ( 11y — BIE +»7 DB
B \2

1
= —EvTDDTv + yTDTv

1 1
_ D Tpl2+ ZyTy.
ley v||2+2y y

Next, the dual function is given by

g(v) =min L(B, z,v)
B.z
—3lly = DTw|3 + 357y,
= it —Arl<v <(Qr+Aiynnl,

—00, otherwise,

and, therefore, the dual problem is

v(y, Ap, Ay7) = argmax g(v)
v

subjectto  — Apl < v < (A + Anp)1,

which is equivalent to

N 1
B(y, A, dyy) = argmin ||y — DTv||3
v

subjectto — Apl < v < (A + Anp)1.

Lastly, taking first derivative of Lagrangian L(f, z, v)

with respect to B we get the following relation between

~FNI N
B (Ap,Anp) and V(y, Ap, Any)

~FNI N
B (v, kp AnD) =y — DTH(y, AR, AnD).
O

Proof of Theorem 2. The proof is similar to the derivation of
the solution of the fused lasso in Friedman et al. (2007).
Nevertheless, for compleeteness of the paper we provide the

AFLNI
proof for B (¥, AF, ALy ANT)-
The subgradient equations (which are necessary and suf-
ficient conditions for the solution of (5)) for 8;, withi € Z,
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are
gi(AL)
= —(i — Bi) + Ani Z qgi.j — Z qj.i
jiG.j)eE ji(j.i)eE
+ar | D mi— Y. tii|+As =0,
J:,J)eE J:(j,eE
(A2)
where
=1, ifﬁi—ﬂj>0,
gi,j 1=0, ifﬁi—ﬂj<0,
€ [0, 11, if Bi = B,
=1, it Bi —Bj >0,
tijiy=-1, if Bi —Bj <0,
e[-1,1], if g; = Bj,
= 17 lf ,Bl > O,
sic1=—1, if Bi <O, (A3)
e[—1,1], if g =0.

Next, let g; j(AL), t; j(AL) and s;(Ar) denote the val-
ues of the parameters defined above at some value of Ar.
Note, the values of Ay; and Ap are fixed. Therefore, if
BiFLNI(y, Ar, 0, An7) # 0 for s; (0) we have

1, if BFEN (y, ap, 0,an1) > O,
5i(0) = .c AFLNI
-1, if B (y,Ar,0,An1) <0,

and for ﬁiFLNl(y, Ar, 0, Ay7) = 0 we can set 5; (0) = 0.

ST AFLN
Next, let 8~ (A7) denote the soft thresholding of 8
(¥, AF, 0, An7), ie.

I

BT ()
BEENT (y, Ap, 0, AN1) — AL,
it BIENT(y, ap,0,An1) = AL,
=10, if [BI AN (y, ap, 0, AnD)| < AL,
BEENT (y, kg, 0, A1) + Ar,
it BFEN(y, ap,0,AN1) < —AL.

The goal is to prove that [i St (Ar) provides the solution to
(14).

Note, analogously to the proof for the fused lasso esti-
mator in Lemma A.l at Friedman et al. (2007), if either
BT (hr) # 0 or B5T(ar) # 0, and B7T(hp) < BT ()

or fT () > /§}$T()\L), then we also have $77(0) <
5,5-T (0) or /§,S o) > ﬁJST (0), respectively. Therefore, soft

thresholding of BFLNI(y, AF, 0, Any) does not change the
ordering of these pairs and we have g; j(AL) = g, ;j(0)
and t; j(Ar) = t; j(0). Next, if for some (i, j) € E we
have BT () = BJST(AL) = 0, then ¢; ; € [0, 1] and
ti,j € [—1,1], and, again, we can set #; j(Ar) = t; ;j(0),
and g; j(AL) = gi j(0).

Now let us insert ,315 T (1) into subgradient equations (A2)
and show that we can find s; (Ay) € [0, 1], foralli € Z.

First, assume that for some i we have ,éiFLNI (y, AF, 0,
AN1) > Ar. Then

giGe) = = i =B (3 00w =t
+ave | DD @i — Y. 40w
Ji.j)eE J:(j.i)eE
+AF Z tij(AL) — Z tj.i(AL)
i, j)eE J:(j)eE
+Arsi(Ar)

= — (i = BN (y, Ar, 0,2N1))

tave | Y. i@ — Y g0
J:i,j)eE J:(j,i)€EE

tsar | Y. i jO— > 1i(0)
J:@,J)eE J:(J.H)EeE

+ Arsi(A) — A =0.

Note, that

- (yi — BN (y, ap, 0, kNI))

+avr | YD 40— D ;i)
J:@.j)eE J:(j.i)€E

+ar | Y. wiO— > 10| =0,
J:@,J)eE J:(J.H)eE

~FNI ~FLNI
because B8 (y,Ar,Any) =B (¥, AF, 0, Anp).

Therefore, if s; (A1) = signﬁiST(AL) = 1,then g;(Az) = 0.
The proof for the case when ,3iFLN1(y, Ar, 0, AnT)
— A\ is similar and one can show that g; (A1) = 0if s; (A1)
sign,éfT(AL) =—1.
Second, assume that |,3fLNI(y, A, 0, AND)| < Ap.
Then, 77 (A1) = 0, and

I IA
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gi(AL) = —yi+Ans (

> a0 ) qj,i(h))

jili, )eE JiG.i)eE
J:(j.i)eE

+/\p( o onj0— Y. tj,i(kL))
Jj:i,j)eE

+ ALsi(AL)

Z—Yi+)~1v1( Z qi,j(0) — Z Qj,i(O))
J:(i,j)eE

J:(j.i)eE
+xF( Z 1,j(0) — Z tj,i(O))
J:(@.j)ekE J:(j.i)ek

+ Arsi(Ap) =0.

Next, if we lets; (Ar) = BTN (y, Ap, 0, An1)/Ar, then,
again, we have

gi) = — i — BN (3. ap, 0, AN D)
+ Ang Z qi,j(0) — Z q;.i(0)
J:(i,j)EE J:(J,H)EE
+ar | Y. O — > 40 ] =0,
j:(i,j)eE J:(J,EE

~FLNI
Therefore, we have proved that (Y, AF, AL, ANT) =
~ST
B (). O

Proof of Proposition 3. First, from Tibshirani et al. (2011) the
solution to the nearly-isotonic problem is given by

ANI .

B (y.an) =y—D"(y. anp),

with

V(y, Anr) = in Lily — DTol3 subj

Yy, Any) = argmin = ||y — D" v||5 subject to

veRn—!
0<v=<inl,

and from Tibshirani and Taylor (2011) it follows

~F T A

B (y.rp)=y—D"w(y, Ap),

with

w(y, Ap) = argmin ~||y — D" w||;

weRn—1

subjectto —Apl <w < Apl.

Second, let us introduce a new variable v* = v — ’\%1.
Then
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TANI

ANI )
B (y,An))=y-—-D 2 1-DT9*(y, an1),

where

A~ o1 A
9" (y, Any) = argmin 5||y — DT 2511 — DT v*|13
v¥eRn—1

s. t. —Azﬂlfv* < %1.
~NI ~F
Therefore, we have proved that 8 (y,An;) = B (¥ —
2 pTL, Sawp).

The proof for the fused lasso nearly-isotonic estimator is
the same with the change of variable u* = u + DT Ar1 in
(16) and (17) for the proof of the first equality in (20) and
withu* = u — A%l for the second equality.

Next, we prove the result for the case of fused lasso nearly-
isotonic approximator. From Theorem 2 we have

BFENT(y, Ap, L, AnT)

BEN(y, Ap, Ani) — AL,
= 0’
BENT(y, Ap, Ani) + AL,

it BINT >y,
it [BINT] < Ap,
if BN < -,

fori € 7.
Further, using (20) we have

A A ANI
BFENL (y, p, r, Ant) = B (v — TDTI,

1

EKNI +AF) — AL,
if B (y — 2LDTL, Lans +ap) = s,
BEENL (y, p, hr, An1) =0,

if 8] (y — D71, Yy +ap)| < s,

A A ANI
BEENT(y, Ap, r, Ant) = B (y — TDTL

1
XE)»NI +AF)+ AL,

if BF (y — D71, $Ans + AF) < —AL.
Therefore, we obtain

~FLNI
B (y,Ar, AL, ANT)

1 ANI T 2
:argmiany——D 1-8
ﬂER)l 2 2

1
+ <EA«NI -H»F) [1DBI11

2

~FL ANT 1
+ALllBlli =8B (y - ==p'1, E)LN[ +Ap, AL ).

2
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Let us consider the following cases separately.

Case 1: A y;and A rare fixed and 17 > A . The result of
the proposition for this case follows directly from Theorem
2.

Case 2: A and A, are fixed and 1}, > Ay;. Let us
consider the fused nearly-isotonic regression and write the
subgradient equations

&Ny =—0i — Bi) +Ani(gi(AnT) — gi-1(ANT))
+Arti(AND) —tic1(ANp)) =0,

where ¢g; and #;, with i = 1,...,n, are defined in (A3),
and, analogously to the proof of Theorem 2, g(Any), t(An7)
denote the values of the parameters defined above at some
value of Ayj.

Assume that for Ap; in the solution BFNI(y, AF,ANT)
we have a following constant region

BIN 3o rr v # BN (o hr dvn) =

A . (A4)
=B 3o rr v # BN 5 e v,

and in the same way as in Tibshirani et al. (2011) for )\j‘\, 7 we

consider the subset of the subgradient equations

iGN = =i — Bi) + AN (@i Ay ) — gi-1(Ay ) (A5)
+Ar(ti(Ay) — tic1(Ay)) =0,

withi = j, ..., k, and show that there exists the solution for
which (A4) holds, ¢g; € [0, 1]and ¢; € [—1, 1].

Note first that as A y 7 increases, (A4) holds until the merge
with other groups happens, which means that g;_1, g1 €
{0,1} and #; 1, tj4x € {—1, 1} will not change their values
until the merge of this constant region. Also, as it follows
from (A3), fori € [j, j + k] the value of # is in [—1, 1].
Therefore, without any violation of the restrictions on #; we
can assume that #; (A}, ;) = t;(A) forany i € [j, j +k — 1].

Next, taking pairwise differences between subgradient
equations for A ; we have

ANITAGOANT) + ApAE(AnT)
=Dy+Ayrc(Ang) +Ard(Any),

where D is displayed at Fig. 1,

2 -1 0 ...
-1 2 —1...

A=|onoi ]
0 0 0 ...—12 —1
0O 0 0...0-12

0 0 O
0 0 O

(A6)

and

Y=0jsees Yjth)s
qOND) = (qjAND, - qjrk—1(ANT)),
EOND = EGOND - k=1 (AND)),
c(Any) =(qj-1(An1),0,...,0,gj+xk(ANT)),
d(iny) = (tj—1(AnD),0,...,0,tj1k(AND)).

Since A is invertible we have

ANIGOANT) + AFE(ANT)
= AT'Dy + 1A eGv) + Ar AT Gy,

and, since §(Ayy) and f(Any) provide the solution to the
subgradient equations (A5), then
—Ar S ANIGOANT) + AFEGNT) < AN+ AF. (A7)

Next, as pointed out at Friedman et al. (2007) and Tibshi-
rani et al. (2011)

A Nii=m—i+1/n+1) and
(A Din=i/(n+1),

then, one can show that

—arl < antA eOvy) +Ar A N D)

< Anr1+Arl (A8)

Further, let us consider the case of )L*N ; > Anr1. Then we
have

A1 Oy + ArtGy )
= ATIDy + 25,47 eV ) H AR AT AV ).
Recall, above we set i()ﬂ;\”) =f(Any),and qj—1,qj+kstj—1
and ;1 does not change their values until the merge, which
means that ¢(A};) = c(Ayy), and d(Ay,;) = d(Any).

Therefore, the subgradient equations for A}, can be writ-
ten as

Mvid(Wyp) + Art ()
= A"IDy + 25,47 eGon ) + Ar AT ).

Next, since the term A_1D57 is not changed, —Ap <
Apt(Anr) < Ap,and

—Arl < A%, A7 eGovy) + ArAT Oy < A4 14 A,
then we have

0=<gy) =<1
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Therefore we proved that ﬁiFNI(y,X*) = 35\1’1(%1*).
Since ﬁiFLNI(y, A*) is given by soft thresholding of BiFNI
(y.A%), then BFENT (y, a%) = BEENT (y, 1%) fori € [j, k.

Case 3: Ay; and Ay are fixed and A}, > Ar. The proof
for this case is virtually identical to the proof for the Case 2. In
this case we assume that g; (A’;) =gqi(Ap) foranyi € [j, j+
k — 1]. Next, gj—1,qj+k, tj—1 and ¢4 do not change their
values until the merge, which, again, means that ¢(A},) =

¢(Ar), and d(A},) = d(Ap). Finally, we can show that
-1<i(A%) < 1.
O

Proof of Theorem 5. For some fixed Az and Ay, let us write
subgradient equations for the fused lasso nearly-isotonic
approximator:

& =—i —Bi)+Ani(gi —qi-1) + Ar(ti — ti—1) =0,

fori =1,...,n,whereg; and t;, withi = 1,...,n— 1, are
given by
=1, if Bi — Bi+1 >0,
qi =0, if Bi —Bit1 <0,
€ [0, 1], if B = Bi+1,
=1, if Bi — Bi+1 >0,
ti:9=-—1, if B — Biy1 <0, (A9)

andgo=q, =to =1, =0.

Second, assume that in the solution ﬁFNI (¥, Ar, ANT)
there are K distinct constantregions A(Ap, Ayy) = {Aq, ...,
Ak}, and f; and [; are the first and last indices, respectively,
in the region A ;. Therefore, using the telescoping sums, for

AFNI
k € Aj the solution B (¥, AF, AN1) can be written as

l

BEN (y, A, A1) = Zij:fj v Nquj+1 — 4
[Aj] |A;]
_ th/+1 — U
Al

with [A;| =#{j :y; € Aj}.
We, first, prove that

~AF—

NI ~FNI
B A AnD =B (3. Ar, AND.

Let us fix some Ap, and take A}, > An; such

AFNI .
that (¥, AF, Ay,) has the same constant regions as

~FNI
B (¥, Ar, An1). Therefore, analogously to the case of one
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dimensional nearly-isotonic regression in Tibshirani et al.
(2011), for a fixed A the solution is linear function of Ay
in between the values of A; (which are called knots) where
some constant regions merge.

Assume now that A7 = 0. Next, assume that in the solu-

tion ,BFNI (¥, AF, 0) there are K (0) distinct constant regions
A(p,0) = {A1,..., Ak}, and f; and [; are the first and
last indices, respectively, in those region A ;.

Next, we increase the value of )\j‘\, ; > Ang and assume
that we still have the same constant regions as for Ar and
)"NI , ie.

l

Zij=fj Yi

~ dfiq — 41
k NI |Aj| NI |A/|
A Tfjp1 — tlj’
|A;]

i.e. at the value A}, not merge has happened, which means
that

if k and k’ are not in the same A ; € A(Ar,0). Next, recall
that for any k € A; we have

BEY k) = BN (v, Ar, 0)
l.
Xizg; Vi e T

F
1A 1A

(A10)

Therefore, ,3,5 (¥, Ar) has the same constant regions as

BEN(y, 1F,0).
Then, recall that

B M yoapawn =B B o) )

Next, let us choose )L;\, ;< X*N ; such that, again, the con-

ANI

stant regions of 8 (ﬂ,f(y, AF), A}W) are the same as for
,3{(y,)»p) and B{Nl(y, Ar,An1). Then, for k € A; the
solution is given by

li aF
,BAF_)NI(y AR A ) = Zi:f;"gi Y. dfiq1 — 41
k NI A] NI A
and using (A10) we get
BN e M)
I '
_ Zi:.fj Yi Y fjnt — 4l thj+1 — 1
1Aj] N4y |A;]
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which means that the solution is linear function of )JN ; until
some constant regions merge.
Note now

~F—NI ~FENI
ﬂ (y’)"F’)\-§\I])=ﬂ (y9)"F’}";V])

and, obviously, this equality holds at least until constant
regions merge. Let )‘%)1 be the first value of Ay; when the

first merge happens. At the value )\5\1,)1 the equality

~F—NI 1 ~FNI 1
BT ar Ay =B (arAG)

holds, since ﬁNI is continuous in Ay;.

Assume for simplicity of notation that at Ay; = A%}
the constant region A; merges with constant region A ;.
Therefore, fork € A; U A1 we have

A 1
BEM (v hr s D)

_ Zﬁ’:}j Yy e T4
A 1Al YA+ Al
AR Tfivo = 1 ’

|Aj+ [Aj+1l

andfork € A,; #A; UAjq:

A 1
BEM (v hr, )

YL, Vi
i=fn Y ) D =l o et ~ T

|Aml N A [Am|

~F—>NI
Further, for 8 - (y,)»F,A%}) fork € AjUA ;1 wehave

5 1
BE=N(y, ap, 20
liv1 AF
_ Xiphl o ey
IAj I+ 1A 411 NA I+ 1A 4]
5 1
= BIN (y, 2, 2\,

andfork € A,y #Aj UAj

n 1
BEZNL(y, 2, 24
I AF
_ Xitn B 5 () Dbt = D
| Al NE 1A
A 1
= BIN (3, 1 20D

Next, let us increase )”%)1 by dA so that no merge in

~FNI
B (y,Ar,Ans+8A) happens. Then, fork € A; UA;

we have

BEN (y, ar, 1) 4 824)
Lj+1
Z']:f Yi 1
_ A-I—JA — ) +8n)
| ]|+| ]+1|

fio = U
F—7
[Aj]+ 1A 41l

dfjv2 — 4l
[Ajl+ [Aj+1]

andfork € A,y #A; UAjq:

A 1
BEN (v ks gy +82)

/
Zmz yi 1
- —;Afnm| — () +62)

qu+l B qlm A tfm+1 B tlm
—_— = /",

|Aml [Am|

. ~F—>NI 1) .
Further, in the case of 8 (¥, AF, Ay ) we increase A by
8" < 8 and, therefore, we have fork € A; U Aj41:

L F— 1
BE=N(y, ap, 25 + 1)

li+1 AF

Zi:f./’ A (1 n_ 4fiv2 — 4l

= ——— —(Ay; T OA)—————,
[Aj]+ 1A 41l [Aj] +1Aj+1]
andfork € A;; #A; UAjq:
BEN (v hr s gy + 61

Im A F
_ Zi=fm Bi O] N
=L G sy et T

[Aml [Am|

Therefore, before the next merge happens we have the fol-
AF—>NI
lowing relation between the estimators 8 ” (¥, AF, ANT)
AFNI
and B (y,Ap, ANI)

5 1
BENT (3 hps )+ 80)

= BI N (y e, A+ 80)
9fjvo — 4l

+(8r — 81y ——~—,
[Aj|+1Aj+1]

ifkeA;jUA i, and

A 1
BEN (v ke, gy +82)

qu+1 - qlm

= BI= N (y, g, M)+ 80) 4 (81 — 83)) i
m

9

fork € Ay, # AJ' UA/'_H.
We have proved that before the second merge we have

~F—>NI ~FNI
B A AnD =B (¥, Ar, AND)

@ Springer



120 Page160f17

Statistics and Computing (2024) 34:120

and at the value of )‘53)1 when the second merge of some
constant regions happens we have

~F

—>NI 2 AFNI
B . Ar, A$)) = B

2
(¥, AF, )»EV)I)
by the continuity.
We can continue this process until the last knot point in

the path. Therefore we proved the equality of the estimators.
The proof of

ANI—>F ~FNI
B Y, Ar,AND =B (¥, AF, AND).

is virtually the same with g suitably changed to ¢; and Ay
to Ar and using the propertis of fused lasso from Hoefling

(2010). O

AF
Proof of Theorem 6. First, for the fused estimator 8 (y, Ar)
let

AF
KF(y, Ap) = #{fused groups in 8 (y, Ar)}.

Then, as it follows from Tibshirani and Taylor (2011), for
AF
B (¥, Ar) we have

AF
EIK" (¥, 2p)] =df (B (0. 0e).
Next, from Proposition 3, it follows

~FNI ANT 1

AF
B (y, ArAnD) =B (y — TDTL E)LNI -I-)»F> .

Therefore, using the property of covariance we have

df(BFNI(Y, AF,ANT))

n
=" Cov[BN W, ap ), V]

i=1

n
A A 1

= ZCOV |:,3iF (Y — %DTL E)»N[ +)\F) s Yi:|

i=1

n

5 A 1

= ZCov[ﬁiF (Y - %DTI, A +/\p> Y
i=1

ANT
— T[DTI],}
A 1
—E|kF(y -2 pTy, “ANI + AF
2 2
= E[KFN’(Y, e m)},
where [a]; denotes i-th element in the vector a € R”.
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Next, we prove the result for the fused lasso nearly-
isotonic approximator. From Proposition 3 we have

~FLNI
B (¥, AF, AL, ANT)

~FL A 1
=p (y—%DTl, E)\Nl +)»F,)»L>~

AFL
Next, for the fused lasso 8 (y, Ar, Ar) defined in (2) let

KTE(y, Ap, A1) = #{non-zero fused groups in

B (v ),

and from Tibshirani and Taylor (2011) it follows

B[R ar | =df (B 0 ar ).

Further, again, using the property of the covariance, we
have

~FLNI

af (ﬂ (Y, Ap, AL, )»NI))

n
= ZCov [/iFLNI(Y, AP, AL, AND), Yi]
i=1

n
5 a 1
=" Cov [ﬁiFL <Y—%DT1, SANIFAE, xL> : Yl}
i=1

n
N A 1
= ZCOV[ﬂiFL (Y - %DTL NI EAE, )»L> Y
i=1

_ANL T
2[D 1]1:|

A 1
=E|kFL(y - ﬂDTl, =ANI +AF, AL
2 2
=E[KFEN Y g, avn) ]

Lastly, we note that the proof for the unbiased estimator of
the degrees of freedom for nearly-isotonic regression, given
in Tibshirani et al. (2011), can be done in the same way as
in the current proof, using the relation (19) and, again, the
result of the paper Tibshirani and Taylor (2011) for the fusion

~FLNI
estimator 8 Y, Ap). O
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