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Abstract. In this paper, we consider generalized Hankel operators ICI? =
(Id = P1) M7 : A* — L?, where Py denotes the orthogonal projection onto A*!
and My denotes the multiplication with f. The paper extends the results from
2], where the special case of the Hankel operators Hzr has been considered.
Especially, we show that the Hankel operator ICI7 is bounded if and only if f
is a polynomial in Z of degree less or equal than two.

1. Introduction

Remember that the Fock space A? is defined by
A?:={g:C— C|gis entire and |g||* < oo},

where

lgll? == /@ 9(2) e dA(2)
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and \ denotes the Lebesgue measure on C. It is well known that A? is a closed
subspace of the corresponding L?-space given by

= {g:C — C| g is measurable and |[|g|* < oo}

Therefore, A? is a Hilbert space equipped with the inner product defined by

(flg) - /f el dA(2).

Hence, an orthogonal projection, the Bergman projection, P : L? — A? exists.
In the following we abbreviate

= (z"|2") /]z”]Q 1 AN (2) = wnl

n

for n € N for further convenience.

Remember that the Hankel operator, Hy : A* — A2t (A2l denotes the
orthogonal space of the Fock space), with symbol f = >3 bz" € L? (b, € C)
is defined by

H? = (Id — P) M?,
where Id and My denote the identity map and the multiplication operator with

7, respectively. Hence,
h — Hyz(h) = (Id = P)(fh).

Operators of this form have been extensively studied, for instance in [4],
[1], [5] and [6]. In this article, we want to consider slightly different Hankel
operators. Let P; be the projection from L? to A%!, where

AL = cl(span{?jz” |n € Nand j € {0, 1}}) ,

i.e., the closure of the linear span of the set of monomials of the form 2’2",
where n € N and j € {0,1}. Then the generalized Hankel operator, ICI7 c A% —
A2 where A2 denotes the orthogonal space of the generalized Fock space,
is defined by

Hy := (Id — P1) M.

A detailed motivation to study such operators can be found in [2]. We just
alc

However, it is not the canonical solution operator. Obviously, {Ej 2" |n €
N and j € {0,1}} is in the kernel of & for k > 2. For more details, we refer

d—k
the reader to [2].

mention here that Hzx is a solution operator to the differential operator
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In connection with the investigation of operators of the form ICI7, the fol-
lowing problem arises: if h € A?, then it is not clear that fh € L?. Even
the multiplication with z" is only densely defined as an operator from A? to
L*¥n > 1. This can be easily illustrated with the following example (cf. [1]).
Let h =377, a;z’ with [a;|* = 5. Straightforward calculation gives

1
]WW:W§:ﬁ<+w,
j=1

but

o0

0 n+y 0+D - 1
BRI Z EOEE
j=1

Hence, h € L?, but 2" h ¢ L*> VYn > 1. To ensure that H is at least a densely
defined operator we assume (as in [1]) that

(1) fe"/c, € I* ¥YneN,
Clearly, if the above condition is satisfied, we have
Itlf(z”/cn) = f2"/c, — P1(f2"/cn) € L?.

In [2] the special generalized Hankel operators Hox have been investigated.
There the following result can be found.

Theorem 1. On the generalized Fock space A? the generalized Hankel operator
IjIEk AT L2
1s compact for k < 2 and bounded for k < 2. For k > 2 it is unbounded.

Finally, it should be mentioned that quite similar results exist in the context
of generalized Fock spaces. Remember that, for m > 0, the generalized Fock
space A2, is defined by

A’ :={g:C — C|ygis entire and [|g||, < oo},
where

lgll2, = /@ 9(2)Pe " dA(2)

Note that in the special case m = 2 the generalized Fock space coincides
with the classic Fock space A?. The corresponding L?-space is denoted by L2,
The following two results can be found in [3].
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Theorem 2. On generalized Fock spaces A% the generalized Hankel operator
ICIEk : A?n — LG
1s compact for k < m and bounded for k < m.
The case k > m is considered in the following theorem (cf. [3]).

Theorem 3. The following results hold:

(i) The case k = m: There ezists at most a finite number of integers k such
that the generalized Hankel operator ﬁzk : A2 — L2 is compact.

(ii) The case k > m: For k > m we have almost everywhere unboundedness,

i.€., for every m there exist at most finitely many integers k such that ﬁgk :
A% — L2 s bounded.

2. THE MAIN RESULT

Here, we proof the main result of this article, i.e., that the Hankel operator
ICI7, with weight f = > 50 bz, where b, € C, is bounded if and only if
b = 0 for k£ > 2. The idea of the proof of this result is to derive a connection
between boundedness of the operators ICI7 and ICIEk. The following proposition
is necessary and derives a more pleasant form of H(z"/c,). The following
arguments combine ideas from [1] and [2].

Proposition 1. Let f := Zbkik € L* (by € C). The generalized Hankel
k=0

operator with symbol f, ICI7 L A2 5 A2V evaluated at 2" /e, is calculated to

be

] n
Hz(2"/cy)
1 =k _n k n—=k k - n—k+1 1 =k _n
= — E be(ZF2" —ar 2" — a7z )+ — E bpz" 2",
n b b Cn
k<n k>n
where
2 2 2 2
ab = Crnt2Cntk — Cnt1Cniks1
n,0 22 A
n-n+2 n+1
and
2 2 2 2
ko Cncn-l-k—l—l - Cn—l—lcn-l—k
Upy1 = 5 .

2 4
CnCnia — Cppa
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Proof. We remember (cf. [2]) that for each n € N

(2) Py (z"2"F) = aﬁpz” + af;l?z”“

is valid, where

2 2 2 2
ab = Crt2Cntk — Cnt1Cntkt1
n,0 22 A
n-n+2 n+1
and
2.2 2 2
ko SaSntk+1 — Cnt1Caqk
Uy = )

2 2 _ 4
Cncn+2 Cn+1

Furthermore, using the same reasoning one can see that
(3) P, (ZF2") =0

for n < k. The above conditions can be rewritten as

=k __k —k k — . n—k+1
Pu(z"2") =al o2 + a7

2 2 2 2
- (Cn—k—l—QCn - Cn—k—l—lcn-l-l) n—k

2 2 4
Cn—kcn—k—i—Q - Cn—k—i—l

2 2 2 2
(Cn—kcn-l—l - Cn—k—l—lcn) Ezn—k—i—l

2 2 4
Cn—kcn—k—i—Q - Cn—k—i—l

for n >k, i.e., equation (2), and P;(z*2") = 0 otherwise. Therefore,

— 1
Pi(f2" fen)(2) = = Y bulan 0" ™" + a1 72" )

n

k<n
and consequently
- " _
iy fen) = T — = P1(F2")
n
_ _ﬁ _ i b k n—k k = ,n—k+1
=f k(g 02" " F Q172 )
Cn Cn k<n
1
= — ) bp(Fm - aﬁ_,ﬁoz” Fiak  zem
n k<n
1
+ — bpzk 2"
" k>n

This finishes the proof.
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Now we come to our main result.

Theorem 4. Regard the Hankel operator ICI? D A2 5 A2YE D yhere o=
S obkz® (b € C) satisfies the reqularity condition (1), mentioned in the
introduction. Then ICI? is bounded if and only if f is a polynomial in Z of
degree less or equal than two, i.e., if and only if by = 0 for k > 2.

Proof. A straightforward calculation shows that

k k n—k—l—l)

=k n k n— =
(Z A an_k702 — an_mzz

il (Elz” — aﬁ_loz”_l — aﬁ_l 1Ez”_l+1)

= () ()

:Z’bkp 1

C
k<n n

2
C
+ Z ’bk’2—n;k .
CTL

k>n

for k # . Hence,
o ()

2
k n—k—l—l)

=k _n k n— k =
(Z AN an_k702 — an_mzz

Using Proposition 1 for f = 2* we obtain

2 2

- Z" 1
_ —k —k = n—k+1
HHEk (—) =||l— (z 2" = g 02" = Ap_p 122" )
Cn Cn
1 >t 2
= || =7k — (an_;ﬁoz”_k + an_;ﬁﬁz”_“l) ,
CTL n

where we used the fact that Py is a projection, and hence ||(Id —Py)(g)|?

lgll? = || P1(g)]|*>. Moreover, straightforward calculation yields

)

2 2 2.2 2 2 2
_QCn—k—i—lcncn-i-l + Cn—kcn—k—i—an-l—k
- 2 (2 2 _ A

Ch (Cn—kcn—k—i—Z Cn—k—i—l)

4 2 2 4 2 4
. Cn—k+lcn+2 + Cn—k—i—QCn + Cn—kcn-‘,-l
2 2 2 _ 4 :
Ch (Cn—kcn—k—i—Z Cn—k—i—l)

Therefore, equation (4) can be rewritten as

o () - ()

k<n

2 CQ
D gt
CTL

k>n
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If the Hankel operator ICI7 is bounded, we necessarily need

N
. [z
HHf ()] =
for some K < oo and all n and therefore
2
~ Z" K
How | — <
i () K

for each k with by # 0 and all n. Since the operators ﬁzk are diagonal operators
(this can be seen via direct calculation or via reference to [2]) the above implies
that the operators Hyx must be bounded. It is known from [2] that Hu is
bounded only for & < 2, which can alternatively be shown using equation (5).
Hence, we have b, = 0 for k > 2.
If f=0b1Z+byZ? it follows immediately from the above that ICI7 is bounded.
This finishes the proof.
O

Remark: It would be interesting to generalize the results of [2] and the
work here to Hankel operators of the form

~ 1
H? = (Id - Pl) M?,
where P; is the projection onto A%*! with
AP = cl(span{?z” |j,neNand 0 <j < l})

that is the closure of the linear span of the set of all monomials 272", where
J,n € Nand 0 < 5 < [. However, such a generalization seems much more
complicated than the present result.

Remark: A similar result than the one in Theorem 4 is also possible for
the case of generalized Fock spaces A%. The proof of the main result of this
paper can be easily adopted for this generalized setting.
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