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Abstract A convergence analysis of time-splitting pseudo-spectral methods
adapted for time-dependent Gross—Pitaevskii equations with additional ro-
tation term is given. For the time integration high-order exponential op-
erator splitting methods are studied, and the space discretization relies on
the generalized-Laguerre-Fourier spectral method with respect to the (z,y)-
variables as well as the Hermite spectral method in the z-direction. Essential
ingredients in the stability and error analysis are a general functional analytic
framework of abstract nonlinear evolution equations, fractional power spaces
defined by the principal linear part, a Sobolev-type inequality in a curved rect-
angle, and results on the asymptotical distribution of the nodes and weights
associated with GauB-Laguerre quadrature. The obtained global error esti-
mate ensures that the nonstiff convergence order of the time integrator and
the spectral accuracy of the spatial discretization are retained, provided that
the problem data satisfy suitable regularity requirements. A numerical exam-
ple confirms the theoretical convergence estimate.
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1 Introduction

Scope of applications. The realization of dilute gaseous Bose—FEinstein conden-
sation in physical experiments has received great attention among physicists to
date. Current research activities aim for a better understanding of the creation
and evolution of quantized vortices in rotating Bose—Einstein condensates. The
extensive experimental work is supplemented by mathematical investigations,
see for instance [3,4,8,9] and references therein.

Time-dependent Gross—Pitaevskii equation with rotation term. At tempera-
tures significantly below the critical temperature of the condensate, certain
aspects of the time evolution of a rotating condensate are mathematically
described by a nonlinear time-dependent Schrédinger equation for the macro-
scopic wave function ¥ : R? x [0,7] — C : (£,t) = (x,9,2,t) — (&, 1), the
time-dependent Gross—Pitaevskii equation with additional rotation term

106, ) = (= LA+ Ve () — QL. + B0(&, 1)) ¥(&, 1), (1a)

subject to asymptotic boundary conditions on the unbounded domain and an
initial condition. Here, Vi : R? — R denotes an external real-valued potential,
which we assume to comprise a scaled harmonic potential that is symmetric
with respect to the (x,y)-components and an additional sufficiently regular
potential V : R? — R

Vext () =27 (@2 +9°) + 2. 22+ V(E), 7,7 >0. (1b)

The rotation term involves the angular momentum rotation speed 2 € R and
the angular momentum operator

LZ:—i(xay—yax). (1c)

Besides, we denote by 5 € R the interaction constant arising in the cubic
nonlinearity. A discussion of the physical background of this model and a
numerical investigation of its solution behavior is found for instance in [4], see
also references given therein.



Abstract evolution equation. For our purpose it is useful to employ a compact
reformulation of (1) as nonlinear evolution equation of the form

i Lu(t) = Au(t) + Blu(t)] u(t) (2a)

for an abstract function w : [0,T] — L%(R3) : t — u(t) = (-, t). The linear
differential operator A is given by

(Au)(©) = (= 3A+ 37y @* +9) + 37:2> — QL) u(f), (2b)

and B denotes a nonlinear multiplication operator acting as

(Blu]v) (&) = (V(€) + B|u(&)]?) v(€). (2¢)

We meanwhile require the domains of A and B to be suitably chosen subspaces
of the underlying Hilbert space (L?(R3), (:|-)z2, || - ||z2) and give more details
below.

Two-dimensional Gross—Pitaevskii equation and reformulation in polar coor-
dinates. In order to reduce technicalities, we find it beneficial to study at
first a simplified problem for a function depending on two space variables
P R?2 x [0,T] — C: (&) = (z,y,t) — (&, t). We refer to this problem
obtained from (1)—(2) when replacing (1b) and thus (2b) by

Vet (§) = 57 (2* + ) + V(E),

(Au)(€) = (— BA+ 17 +9%) — QL) u(e). -

as time-dependent two-dimensional Gross—Pitaevskii equation with rotation
term. By introducing polar coordinates

(r,9) € [0,00) x [0,27), (x,y) = (rcosd,rsind) € R?, (2e)

the Laplacian in two space dimensions and the angular momentum operator
may be rewritten as A = 92 + %8,, + T% 92 and L, = —i0y, which implies

A=—1A4+ 1y +4?) - 0L,
- 227( yo) (2)

(2 +10,+ 505 —vr®)+100,.

NI= N

The construction of a family of eigenfunctions that forms a complete orthonor-
mal system of the Lebesgue space L?(R?) is based upon this reformulation,
see for instance [24].



Time and space discretization. The complexity of the time-dependent three-
dimensional Gross—Pitaevskii equation with additional rotation term renders
its numerical solution a demanding task and requires the use of appropri-
ate space and time discretization methods. For the considered model prob-
lem (1) and related time-dependent nonlinear Schrodinger equations a variety
of contributions provide numerical comparisons which confirm the favourable
behavior of full discretization methods based on higher-order time-splitting
and pseudo-spectral methods in accuracy, efficiency, and the conservation of
physically relevant quantities; to mention a few we refer to the works [4,5,7].
Numerical evidence is complemented by a rigorous analysis of the convergence
behavior of time-splitting pseudo-spectral methods for certain classes of time-
dependent nonlinear Schrédinger equations. In the seminal work [17] the stabil-
ity and error behavior of the second-order Strang splitting method for the time
integration of the cubic Schrodinger equation is analyzed, and in [10] a conver-
gence estimate for full discretizations of the time-dependent Gross—Pitaevskii
equation (without rotation term) based on the Strang splitting method and the
Hermite pseudo-spectral method is deduced. The recent contribution [14] ex-
tends the approach to high-order splitting methods for the time integration of
the MCTDHF equations, and in [23] a stability and error analysis of high-order
time-splitting methods combined with pseudo-spectral methods (Fourier, Sine,
Hermite) is given for the time-dependent Gross—Pitaevskii equation (without
rotation term).

High-order time-splitting  generalized-Laguerre—Fourier—Hermite pseudo-
spectral methods. In the present work, we consider time-splitting pseudo-
spectral methods that are well adapted for the numerical solution of the
time-dependent three-dimensional Gross—Pitaevskii equations involving an
additional rotation term. More precisely, high-order exponential operator
splitting methods with variable time stepsizes are applied for the time
integration, and the space discretization of (1)—(2) relies on a combination of
the generalized-Laguerre-Fourier spectral method with respect to the (z,y)-
variables and the Hermite spectral method with respect to the z-direction,
see for instance [4,7].

Basic tools. In the following, we review basic tools that are needed in the spec-
ification of high-order time-splitting generalized-Laguerre-Fourier—-Hermite
pseudo-spectral methods for the time-dependent three-dimensional Gross—
Pitaevskii equation with rotation term; detailed explanations are included in
subsequent sections.

Exponential operator splitting methods for the time integration of nonlin-
ear evolution equations (2) utilize the natural decomposition of the operator
defining the right-hand side of the differential equation into two parts and rely
on the presumption that the associated subproblems

i$o(t) = Av(t), igw(t)=Blw(t)]wt),



can be resolved numerically in an efficient manner. In particular, in the context
of the time-dependent Gross—Pitaevskii equation with rotation term (1), we
may choose the operators A and B in such a way that the exact solution of the
subproblem involving the dominant linear part (2b) is obtained by a spectral
representation of the prescribed initial value. Due to a particular invariance
property, the subproblem involving the remaining terms (2¢) reduces to a linear
differential equation whose exact solution is given by pointwise multiplications.

(i) Linear subproblem. For the resolution of the linear subproblem we make
use of the fact that A extends to a densely defined self-adjoint operator
A: D(A) C L*(R?) — L*(R3) and that there exists a family of associated
eigenfunctions (B,,),eam over the index set M = N xZ x N which forms a
complete orthonormal system of the underlying Hilbert space L?(R?), see
also (2b). These eigenfunctions B, : R* — C are given by the generalized-
Laguerre polynomials and the Hermite polynomials (£ = (z,y,2) € R3,
w=(k,m,l) € M)

Biu(€) = Ly (@, y) Hy* (2)

. 1 i — L2
L;m(T cos ¥, rsinv) = ﬁ 72(\m|+1) plml gimd—gar LLm\ (77'2)
T

k
/ _1, .2
Hiz(’z) = ‘/211{@! Y fylze 27 HZ( ’YZZ) .

We point out that the complex-valued functions £} : R? — C are
defined in terms of polar coordinates which leads to a coupling in the
(z,y)-coordinates and increases the complexity of the analysis compared
to other spectral methods such as the Fourier, Sine, or Hermite spectral
method. In order to ensure that the corresponding eigenvalues (\,)uem
satisfying (1 = (k,m,{) € M)

AB,=X\.By, Ai=Q2k+m|+1)y—m2+{+3)y., (3b)

" (3)

are positive, we henceforth require the slightly stronger condition
2] <~ (4)

to be satisfied. Via a spectral decomposition of the prescribed initial
value v(0) = vy, the solution representation

—itA —itA
v(t) =e Mty = Z cu(vo)e™ ™ B, cu(vo) = (U0|Bu)L2v
neM
results. For the numerical realisation, described by the operator Qs
e A Qurug = v(t) =e My,

the infinite index set is restricted to a finite set M; C M, characterised
by a positive integer M € N, and approximations to the spectral coeffi-
cients are computed by means of an iterated quadrature formula

o) = Y w006 Bl ~ culen) = [ wol€) B, de
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with weights and nodes (wy, &) reic,, related to GauB-Laguerre quadra-
ture, the trapezoidal rule, and Gau3—~Hermite quadrature.

(ii) Nonlinear subproblem. Making use of the fact that the remainder in-
volving part of the external potential as well as the cubic nonlinearity
satisfies the special invariance property %B[w(t)] = 0, the nonlinear sub-
problem reduces to a linear evolution equation with exact solution given
by pointwise multiplication

w(t) — e~ it Blw(0)] U}(O) ,
see also (2c¢).

Fully discrete approximations (u%,)"_; to the exact solution values (u(t,))Y_,
at certain time grid points 0 = ¢4 < --- < t, < .-+ < ty = T with corre-
sponding time increments 7,, = t,,4+1 — t,, rely on suitable compositions of the
numerical solutions to the subproblems. Starting from a given suitably chosen
initial approximation, the new iterates are computed by a recurrence of the
form

uht = Far(ra,ulyy) . (5a)

For instance, an application of the widely used Strang splitting method com-
bined with the generalized-Laguerre-Fourier—Hermite pseudo-spectral method
for the space discretization leads to the relation

. .
uift = Far (o ufy) = e 2 A Qe i B U

L (5b)
Lir,

Uy =e AQMu}Q.

In order to deduce a global error estimate for the fully discrete solution, it is
advantageous to introduce the corresponding time-discrete solution (u™)N_,
given by

_ 14 —i n N ]
unJrl _ S(Tn,u”) —e 21‘1',1Ae iT, B[U ]Un7 U™ = e siThA un’ (5C)

and to study first the contribution of the time discretisation.

Convergence analysis. Our main objective is to provide a convergence analy-
sis for high-order time-splitting generalized-Laguerre—Fourier—Hermite pseudo-
spectral methods applied to the time-dependent three-dimensional Gross—
Pitaevskii equation with rotation term, in order to justify the use of this class
of numerical methods for practical applications. In particular, we identify regu-
larity requirements on the data of the problem, inherited by the exact solution,
which ensure that the nonstiff order of convergence of the time integrator is re-
tained; for less regular solutions an order reduction and thus a loss of accuracy
may be encountered, see [22,23] for numerical illustrations in the context of
time-dependent linear Schrodinger equations and Gross—Pitaevskii equations
(without rotation term). We extend the approach in [10,14,17] and in par-
ticular employ techniques that are closely related to the previous work [23],
where high-order time-splitting methods and different pseudo-spectral meth-
ods (Fourier, Sine, Hermite) are analyzed for time-dependent Gross—Pitaevskii



equations (without rotation term). However, the complexity of the generalized-
Laguerre-Fourier—-Hermite pseudo-spectral space discretization implies a con-
siderable increase of technicalities. For this reason, we focus on the case of
two space dimensions as this constitutes the main challenge and indicate the
extension to three space dimensions based on Hermite basis functions for the z-
variable. Moreover, as a treatment of high-order time-splitting methods would
require to introduce the formal calculus of Lie-derivaties, we include a detailed
analysis for the Strang splitting method; the generalization to high-order split-
ting methods is then in the lines of [14,23].

Outline. The present manuscript has the following structure. In Section 2
we state the main result, a global error estimate for high-order time-splitting
generalized-Laguerre—Fourier—-Hermite pseudo-spectral methods applied to the
time-dependent Gross—Pitaevskii equations involving an additional rotation
term and its analogue for the two-dimensional case. In Section 3 we il-
lustrate the theoretical convergence estimate by a numerical example. In
Section 4, we collect prerequisites related to the spatial discretization by
the generalized-Laguerre—Fourier pseudo-spectral method; following [23] we
employ a general functional analytic framework that exposes the similari-
ties between different pseudo-spectral methods. Section 5 is devoted to the
derivation of the convergence result for the Strang splitting generalized-
Laguerre—Fourier pseudo-spectral method applied to the two-dimensional
time-dependent Gross—Pitaevskii equations with rotation term and the ex-
tension to three space dimensions.

Notation. Throughout, we employ standard notations and results for Lebesgue
and Sobolev spaces, see also [2]. For notational convenience, we do not distin-
guish between the spatial variables and the associated multiplication operators;
for instance, we write x f for the function  — x f(x,y). Besides, we denote by
N = {n € Z : n > 0} the set of non-negative integer numbers.

2 Convergence result

In this section, we state our main result, a global error estimate for high-order
time-splitting generalized-Laguerre—Fourier—Hermite pseudo-spectral methods
applied to the time-dependent Gross—Pitaevskii equation involving an addi-
tional rotation term, see (1)—(2).

Preliminary remarks. We recall the abbreviation (u?,)2_; for the fully dis-
crete solution, exemplified in (5) for the Strang splitting method; its time-
discrete analogue with starting value u® = u9, is denoted by (u™)Y_,. The
choice of the finite index set M, which reflects the number of basis func-
tions used, determines the accuracy of the spatial discretization. For ease of
notation, we assume that the space discretization parameters corresponding
to the (x,y, z)-components are roughly proportional such that it suffices to



indicate the dependence on a single positive integer M € N; in the context
of the time-dependent two-dimensional Gross—Pitaevskii equation the space
discretization parameter corresponding to the z-direction does not occur. The
fractional power spaces associated with the linear differential operator (2b)
are introduced in Section 4.2; in particular, the space X coincides with the
underlying Lebesgue space in three or two space dimensions, respectively. For
notational simplicity, despite the fact that the numerical evolution operators
are nonlinear in the second argument we henceforth write

.FM(T)U = Fu(r,u), S(T)u =S8(r,u),

for short.

Global error estimate. A standard idea in the derivation of a global error
bound for the fully discrete solution is to interpose the values of the corre-
sponding time-discrete solution to obtain the estimate

HURI - u(tn)on < Hu?;VI - unHXO + Hun - u(t”)HXO (6a)

by the triangle inequality. This approach permits to base the convergence anal-
ysis on the derivation of stability results and local error expansions; rewriting
the first difference by means of a telescopic identity leads to (in compact for-
mally linear notation)

n—1 n—1

uhy—u = (Qu —Du"+ > [ Fa(re) (Fas(ry) v — Qs S() w?) , (6b)

=0 ¢=j+1

and similarly for the second contribution. For the special case of the second-
order Strang splitting method and two space dimensions the needed auxiliary
results are deduced in Section 5.2, and a bound for the contribution of the
semi-discretization in time is provided in Section 5.1; the generalization to
higher-order time-splitting methods follows the arguments detailed in [23] for
space discretizations based on the Fourier, Sine, and Hermite pseudo-spectral
methods, respectively, and the extension to the three-dimensional case is in-
dicated in Section 5.3. Altogether, we are able to establish the following con-
vergence result.

Theorem 1 (i) Consider a variable stepsize exponential operator splitting
method of nonstiff order p € N>y combined with the generalized-Laguerre—
Fourier—Hermite pseudo-spectral method for the full discretization of the time-
dependent Gross—Pitaevskii equation (1)—(2). Under the assumption that the
potential V and the values of the exact solution remain bounded in a fractional
power space X, for some g > max{2,p}, the global error estimate

July = u(ta)] , <C (Hu?v, —u(0)]], + (At + M—’”) . 0<t,<ty<T,

is valid with exponent r = q — %, where At = max{r, :n=0,1,...,N —1}

denotes the maximal time increment; the arising constant C > 0 in particular
depends on upper bounds for ||V x, and max{||u(t)||x, : 0 <t <T}.
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Fig. 1 Full discretisation of the time-dependent two-dimensional Gross—Pitaevskii equation
with additional rotation term by the Strang splitting generalized-Laguerre—Fourier pseudo-
spectral method, see (7). Global error versus time stepsize At (left) and spatial discretization
parameter M (right).

(i) For the generalized-Laguerre—Fourier pseudo-spectral method applied
to the time-dependent two-dimensional Gross—Pitaevskii equation the state-

ment holds with exponent r = q — %.

Remark. The corresponding global error estimate for the Hermite pseudo-
spectral method applied to the time-dependent Gross—Pitaevskii equation
without rotation term involves the exponents r = ¢ — % in three space dimen-
sions and r = ¢— 1—60 in two space dimensions, see [10,23], whereas in both cases
the exponent r = 2(q — 1) is obtained for the Fourier and Sine pseudo-spectral
methods, see [23]. We point out that in practical applications the global error
is dominated by the temporal error, reflected in the term C(At)P, and that
order reductions C(At)* with k < p are observed for less regular solutions.
The precise form of the exponent r for different pseudo-spectral methods is
primarily of theoretical interest; due to the fact that the contribution CM ~"
is comparatively small, even for a low number of basis functions, it seems not

feasible to confirm the optimality of the bound in this respect.

3 Numerical illustration

The purpose of this section is to confirm the theoretical global error bound of
Theorem 1 by a numerical example. For impressive numerical simulations of
rotating Bose—Einstein consensates including problems in three space dimen-
sions and coupled systems we refer to [4].

Global error bound. According to [4, Ex. 1] we consider the time-dependent
Gross—Pitaevskii equation with additional rotation term in two space dimen-
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sions, where we set

v=08, V(z,y)=0, 2=05, B=100,

Vext(2,9) = 57 (¢® + %) + V(z,y),  (2,y) €R?, (7)
W(@,y,0) = = (@ +iy)e 2 (2y) e R?,

see also (1)—(2). For the time integration we apply different splitting methods
with constant time stepsize At, the Lie-Trotter splitting (nonstiff order 1),
the Strang splitting (nonstiff order 2), the Yoshida splitting (nonstiff order 4),
and the methods by Blanes and Moan of orders 4 and 6, see for instance [6,13,
18]. The problem is discretized in space by the generalized-Laguerre-Fourier
pseudo-spectral method. In Figure 1 we display the global error at timet = 1 as
a function of the time stepsize for a fixed spatial discretization parameter M =
512; furthermore, the global error in dependence of the space discretization
parameter M = 2™ for integers 3 < m < 8 is shown, with time stepsize fixed
to At = 2719 = 9.765625-10%. As expected, for the chosen sufficiently regular
initial condition the nonstiff temporal orders are retained, and the numerical
results confirm the spectral accuracy in space. As expected, the methods by
Blanes and Moan are the most accurate, however the high order 6 of the last
method cannot be clearly observed in the numerical experiments. We point out
that here the global error is dominated by the temporal error; in particular,
this behavior is observed for the first-order Lie-Trotter splitting method.

Time evolution. A movie illustrating the evolution of the solution to the time-
dependent two-dimensional Gross—Pitaevskii equation with additional rotation
term is available at http://www.othmar-koch.org/fwf-project2011.html.
Following [4, Ex. 1] we choose (7) with modified potential

Viz,y) =302 =) y>, (z,y) €R?, 4, =12,

and perform the integration up to time ¢t = 15. To further illustrate the qual-
ity of the approximations, in Figure 2 we compare the solutions and errors
for several numerical approximations at ¢ = 15. In the left column, we plot
the densities computed by Lie-Trotter and Strang splitting for different time
step-sizes and in the right column we give the errors as compared to a highly
accurate reference solution. We observe that the decrease in the step-size in-
deed reduces the error as predicted and the higher-order method yields more
accurate results.

4 Basic auxiliary results

In this section, we introduce the employed functional analytic framework
and deduce fundamental auxiliary results that are related to the generalized-
Laguerre—Fourier pseudo-spectral method for the spatial discretization of
the time-dependent two-dimensional Gross—Pitaevskii equation with rotation
term. This includes:
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Rotational Gross-Pitaevskii equation. Lie-Trotter splitting (N = 250, T = 15). Rotational Gross-Pitaevskii equation. Global error. Lie-Trotter splitting (N = 250, T = 15)
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Fig. 2 Comparison of the approximations at time ¢ = 15 with N = 250 or N = 750
time steps, respectively. Left column: Numerical solution. Right column: Global error as

compared to a highly accurate reference solution.

e Results on scaled generalized-Laguerre functions such as relations for partial
derivatives of the basis functions (Lemma 1), utilized to relate estimates with
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respect to Sobolev-norms to estimates in fractional power spaces associated
with the dominant linear part (Lemma 2). In particular, this implies that
fractional power spaces form a normed algebra for positive integer exponents
(Lemma 3).

e A Sobolev-type inequality for estimating the maximum value of a function
defined on a curved rectangular domain (Lemma 5).

e Results on the asymptotical distribution of the Gau3-Laguerre quadrature
nodes and weights, applied to deduce estimates with respect to a related
discrete L?-norm (Lemma 6).

e A discrete orthogonality relation for the basis functions (Lemma 7) and
bounds for the generalized-Laguerre—Fourier spectral interpolant in frac-
tional power spaces (Lemma 8).

Certain technical proofs may be skipped at first reading.

4.1 Scaled generalized-Laguerre functions

In the following, we specify the family of eigenfunctions (L},,)(k,m)enxz as-
sociated with the differential operator (2f), see also (3). Moreover, we deduce
an auxiliary result which allows to express the products L) ,yL] =~ and the
partial derivatives 9,L], ,0,L] ~in terms of four basis functions with neigh-
boring indices. For convenience, we first review the employed basic relations
for the generalized-Laguerre polynomials and the scaled generalized-Laguerre

functions; for further details, see for instance [1,4,11,19,21,24].

Generalized-Laguerre polynomials. The generalized-Laguerre polynomial of
degree k € N, defined by (k,m € N, r € R)

—m T k - m
L) = Hr me L (emmrhtm) (8a)
satisfies the differential equation (k,m € N, r € R)
(r e + (o 1=7) 4 B) L) =0,

and the orthogonality relation (k, k', m € N)

[ e ar = . op =I[e+0. b
j=1
Furthermore, the relations (r € R)
Ly (r) = Lt (r) = L' (), (k,m) € N3q x N, (8¢)
& Li(r) = —Li*(r),  (k,m) € N>1 x N, (8d)
rL(r) = (k+m) L7 (r) — (k+ 1) LM (r), (k,m) € NxNxp, (8e)
mLy(r) = rLP T (r) + (k+ 1) L5 (r),  (k,m) € N x Ny, (8f)

are valid.



13

Scaled generalized-Laguerre functions. The scaled generalized-Laguerre func-
tions involving a positive weight v > 0 are defined by (k,m € N, r € Rx¢)

T Lim m —iyr2rm
Lym(r) = /ﬂlc;ﬂ D e L (%) (9a)

the transformation ¢ = y7? leads to the alternative representation

> > m 1
0,00 = L, (/2) = 7o % e 2oLy (o). (9b)

The properties of the generalized-Laguerre polynomials imply that the scaled
generalized-Laguerre functions obey the differential equation (k,m € N, r € R)

W-& 14 Lm0, () =y @k +m+1) L], (r), (%)

r dr

and the orthogonality relation (k, k', m € N)

27r/ r L} () LY, () dr = S (9d)
0

see also (8).

Related functions. The related complex-valued functions £], : R? — C are

defined in terms of polar coordinates ((k,m) € N x Z, (z,y) € R?)

imd

Ll (x,y) = L], (rcosd,rsind) = L] Iml(r) e

Jj—'—ly m

An application of the corresponding relations for the scaled generalized-
Laguerre polynomials implies ((k,m) € N x Z, (z,y) € R?)

(10a)

(= 34+ 376" +y") - QL)ﬁkm(wy)
:(77(32+ O+ %05 — )+i(zaﬂ>zglml(r)eimv
:(%(—672. 10, +-5m +’yr) mQ) Mml(r)eimqg
= (v @k +|m| + 1) —m2) L], (2,y),

(10b)

and yields the orthogonality relations ((k,m), (k’,m’) € N x Z)
(EZm|£Z’nL/)L2 = / E’l;/m(x7y) ‘Cz’m’(x7y) d(l‘,y)

2m
i(m/—m)Y (1OC)
= [ B i0) B ) a0

- 6kk’ mm/ 5

see (2f) and (9).
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Pointwise multiplication and partial derivatives. The following auxiliary result
is needed in order to establish relations between the norms in Sobolev spaces
and fractional power spaces defined by the differential operator (2f). We note
that the right-hand sides only differ with respect to constants involving the
weight v > 0 and signs. For convenience we set EZLm =0 form € Z.

Lemma 1 The following identities are valid for any (k,m) € N x Z

- \/E‘szl,mﬂ +VEk+ mﬁl,mfl
+VE+m+1Ly o —VEHIL . m >0,
x LY _ _1 —\/EELMJW’HMZ,A

T VR LLY - VEL L, m=0,
- \/Eﬁzfl,mfl + vk — mﬁZ,mH
+VEk-m+1L] - VE+1L], ., m<O,

\/E‘c’lzfl,m+1 +v k + ml:z,mq
~Vk+m+1L] G —VEFLILL o, m >0,
yﬁlmzziﬁ - k£Z71,1+vk+1ﬁZ,71
~VE+I1LL+VEL) m =0,
- k‘cgfl,mfl -V k — m‘cz,erl
FVEk-—m+1L) A VEFIL 0, m <O,

~VEL | TVEEML)
~Vk+m+1L] G AVEFILL, L, m >0,
890 ,sz @ - kﬁz*l’l - " y 1‘6’12,71
~VEF1L, - VELL m=0,
- kﬁ[’fk);fl,mfl +v k— m‘cz,m+1
~Vk-—m+1L] A VEFIL 0, m <O,

\/Eﬁzq,mﬂ + vk+mﬁ}l,m71
+VEk+m+1L) A VEFILL, o, m >0,
_ i \/Eﬁzfm ~VEk+1L]
+VEFTLL —VEL) ), m=0,
- kﬁZq,mfl - vk —mﬁl,mﬂ
—\/k;—m—&-l[,z’mfl— \/k+1£z+1’m+1, m<0.

Proof We henceforth focus on positive integer numbers (k,m) € N>1 X N>q;
similar arguments apply to non-positive integers m < 0 and the special case
k = 0. The amount of technicalities in the proof is significantly reduced by
considering £}, : R? — C : (z,y) — L], (z,y) as a complex function £}  :
C—C:z=x+iy=re? — L] (2);thatis, weset (k €N, m € N>q)

Lim m _—i~|z1%2 tm
L) = S 3O (), R() = e B LR (o)

5
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note that 2™ = rmei™?,

(1) Applymg (8c) and (8e) we obtain ((k,m) € N>1 x N>1)

Zfl’@ym = flz,m+1 - fl;yfl,erl )
szl;ym = (k + m) flz,m—l - (k + 1) fl;y-l-l,m—l .

Employing the relation z = %(z + Z) the first statement follows by a brief
calculation ((k,m) € N>y x N>q)
Lim4+1 —
x‘CZm = 2\/,10772( = (Zfl;y7n +Zfl;y7n)

_ 1 i(m+1 ¥ Y
= 2\/@72% : (fk»mH - fkfl,m+1)

1im—
\/;CT,LVQ( 2 ((k+m) f;Zm_l - (k+ 1)f13+1,m—1)

C7n+1 Cm+1
- Z\f L mAl T Ly mA1

(ke m) G £ (1) S )
Cm km—1 k+1m—1

= sl (VEFm A1 L] gy = VEL] 4
VETmL - VEFLLL )

similar considerations using the identity y = — % i(z — Z) prove the assertion
for y Lim.

(ii) In order to deduce the statements for 0, Ly, and dy Ly, we utilize
that the differential operators

0, = %(81; —iay), 0z = %(am +18y),
can be applied as if z and Z were independent variables, see for instance [20,
Sect. 1.4]. Suitably combining the relations in (8c)—(8f) we thus obtain
((k;m) € N>1 x N>1)

azfl’fym(z) = % flz—&-l,m—l(z) + HTm f/’cy,m—l(z)a
azf}’cym(z) = - % fl’eyfl,m+1(z) - %fl’cy,erl(z);

due to 0, = 0, + 0; and 0, =i(0, — 0z) the assertion follows. &

4.2 Functional analytic framework

We recall the basic relations for the complex-valued functions £7, = introduced
n (10); henceforth, we employ the abbreviation M = N x Z.
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Complete orthonormal system. Time-splitting generalized-Laguerre—Fourier
pseudo-spectral methods for the full discretization of the two-dimensional
Gross—Pitaevskii equation (1)—(2) rely on the fact that the family
(L) (k,myer consists of eigenfunctions associated with the densely defined
self-adjoint operator A : D(A) C L?(R?) — L?(R?) and forms a complete or-
thonormal system of the Lebesgue space L?(IR?). In the following, we employ
the orthogonality relations

(£2m|£z’m’)L2 = Okk’ O (ka m) ’ (k/’ml) eM, (113)

and the spectral representation for functions u € L?(R?)

u = Z Ckm (U) ‘C’zm y  Ckm (u) = (ﬁzm’“) Lz> (11b)
(k,m)emM

which by Parseval’s identity implies

2
fullfe = > lexm(w)]”, uwe L*R?). (11c)
(k,m)eM

Moreover, we utilize the eigenvalue relation

ALy = (= 348+ 57@* +y%) = QL) L] = Nem L, » (11d)
Xem =7 2k + |m|+1) —m2, (k,m)e M.

Fractional power spaces. The basic requirement |§2| < 7 ensures that the lin-
ear operator A : D(A) C L*(R?) — L2(R?) is positive-definite, see also (2f)
and (4). As a consequence, for arbitrary exponents a € R the fractional powers
AY: X, = D(A%) C L?(R?) — L?(R?), defined by

A% = Z Crom (W) N, L]
(k,m)emM

2 2
lullx, = |A%[7a = D Jerm(w)|” A, (11e)
(k,m)eM
Xo ={ue L*R?: |ulx, <oo},

are again linear, self-adjoint, and positive-definite operators. The spaces X,
are called fractional power spaces associated with the operator A; in particular,
the relations Xy = L?(R?) and X; = D(A) hold true. Besides, for exponents

0 <a<aandu € Xg the estimate

lullx. <Cllullxa

is valid.
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4.3 Estimates in fractional power spaces

In this section, we derive estimates for products of functions in fractional power
spaces. A first auxiliary result facilitates to relate estimates with respect to
Sobolev-norms to estimates in fractional power spaces.

Lemma 2 For any a € N the relation
lzullx, +llyullx, + 10wullx, + 18yullx, <Cllullx,, , ©€Xaty,
holds with constant C > 0 depending in particular on v and 2.

Proof In order to treat all cases simultaneously, we denote by F' € {z,y,0,,0,}
a multiplication or differentiation operator, respectively. Lemma 1 implies that
FL]  can be represented in the form

FL) = Z apm, LY, (k,m) € M,

k' =k—1,k,k+1
m’/'=m—1,m+1

where only certain coefficients with neighboring indices are nonzero. Con-
versely, for (k',m’) € M given a¥, # 0 holds for k € {k' — 1,k', k' + 1}
and m € {m’ — 1,m’ + 1}. Consequently, we obtain

A°Fu = Z Crm(u) A“F L]
(k,m)eM

= E E Chom (W) @l N L2,

(k' m")eM k=k'—1,k" k' +1
m=m'—1,m’+1

In order to relate the coefficients aZf’fn, with explicit values specified in
Lemma 1 to the eigenvalue Ag,,, we employ the estimate

Nem =7 (2k + |m|+1) — Qm >~ (2k + 1) + (v — |£2]) |m|
> (v = 12]) (k4 |m| + 1),

recalling that |£2| < v by assumption, such that

2 _ _
Smax{fy,’y 1}(/€—|—\m\+1)§ W—I\QI max{fy,’y 1})\km§0)\km.

|a£7;‘n/
By means of the arithmetic-geometric mean inequality the bound
%(Zj§k> = %((.’Iﬁj + iyj) (mk — iyk)) =T; Tk + Yi Yk < \/37? .’L‘i + \/9]2- y;%
< 5@ + a2k +yF +uR) = 5 (1517 + =)
follows, which further implies

J 2 J J J
‘sz =S P2 REmEm) < I 5l (aeez) €C
j=1 j=1 j=1

7,k=1
k>j
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Making use of the fact that Mgy < CAgp holds for all & € {k — 1,k k + 1}
and m’ € {m —1,m + 1} we thus obtain

2

Jacrull, = X W[ X el
(k',m")eM k=K' —1,k" k'+1
m=m'—1m’+1

<c Y o, Y |ctom (@) |* A

(k" ,m")eM k=k'—1,k" k' +1
m=m'—1m’+1

=C Z ’ckm(u)‘z)\km Z AR,

(k,m)emM k' =k—1,k,k+1
m/=m—1m+1

=c Y |chom (u) [ A2
(k,m)emM

This further yields the estimate
|Fully, =14 Fulll, <€ 37 fewm()[ X0 = ¢ A5l
(k,m)emM
—Culf, .,
and proves the stated result. &
The following auxiliary result implies that fractional power spaces form a

normed algebra for positive integer exponents; its proof relies on Lemma 2 and
the well-known Sobolev imbedding theorem

[ullLee < Clluflgz, we H*(R?).
Lemma 3 For any a € N> the following estimates hold
ullL < Cllullp> < Cllullx,, we Xa,

[uv]lx, <Cllullx, vllx,, ueXo, veXa,
Xo < Cllu|

a —

[uvl xollvllx., wveXq.

Proof The first estimate follows by means of the Sobolev imbedding theorem
and Lemma 2, since (u € X,,)

2 2
lulli~ < Cllule = € (lul3e + [[02u]f3. + 02u] 7. ) < Cllul,
this immediately implies the second bound (u € Xg, v € X,)
luvllxe = luvlrz < luflzz ol < Cllullx, [lv]lx., -

In order to deduce the third estimate, we employ the special structure of the
linear operator

A=-L@2+R)+37@+y*)+iR(x0y, —yda),
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see also (2f). For exponents o € N>1 the expression A*(uv) is determined
by means of the differentiation rule of Leibnitz. The arising terms are then
estimated by suitably balancing the terms involved. For instance, we employ
the following relation (u,v € X4)

10277 u O3] 12 < |02 ul| al|O30 ]| o < Cllullx,_ IVl

< Cllullx.lvllx.

which remains valid for 0 < j < a if @ € N>g; for the special case o = 1 we
instead apply the Cauchy—Schwarz inequality and the continuous imbedding
H(R2?) C L*(R?), see [2], to obtain
00 050l 2 < 10500201 < €Oy 0] < el
< Cllullx, vl -
In perspective of the extension of the auxiliary results to three space di-

mensions indicated in Section 5.3 we note that the continuous imbeddings
H?(R3) C L*°(R3) and H'(R3) C L*(R?) are valid. &

4.4 Sobolev-type inequalities

In this section, we derive a Sobolev-type inequality that is needed in the proof
of Lemma 6 to estimate the maximum value of a function defined on a curved
rectangular domain; prerequisites for its proof are provided by the following
result.

Lemma 4 (i) (See also [21]). For any u € H'(a,b) with a < b the relation

may [u@)| < g ol + [bull 1 < 7 e + Vo= al] gl

is valid.

(it) Let 2 = (a,b) x (¢,d) with a < b and ¢ < d. For any u € H?({2;)
such that 21 D §2 is a bounded Lipschitz domain the estimate

(mrg?é(ﬁ‘u(%y)‘ < gmma=g lulle + 2 10eu 10+ 525 119yul| s
+2 H(‘?IyuHLl
< Ty e + /= 10wl s
+ \/ g:g HayuHL2 +2 (b - a)(d - C) HaacyuHLz

with respect to the norms in L*(£2) and L?(§2) holds.
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Proof For completeness and as the derivation of statement (ii) relies on argu-
ments used in the derivation of statement (i), we include the proof of the first
Sobolev inequality.

(i) For any function u € H'(a,b) the Sobolev imbedding theorem implies
u € Cla, b]; indeed, for all 1,25 € [a,b] with 21 < x5 the estimate

T2

|u(z1) — u(zs)| < / | Lu(z)| de < Vay — o) H%uHLz < Vg —x ||ul| g

z1
holds. Consequently, there exists . € [a,b] such that
b
|u(x*)| = min |u(x)‘ < ﬁ/ lu(z)| dz = 2 fJullLr,
z€[a,b) a

and by the triangular inequality the estimate (x € [a, b])

b
[u(@)] = [u(e)| < Ju(o) ~ uew)| < [ [ghut@)] dz = |gkul .

follows. Together with the Cauchy—Schwarz inequality this proves the first
statement.

(i) Let (z1,v1), (v2,92) € 2 = [a,b] x [¢,d]. For any function u € H?(§2;)
the Sobolev imbedding theorem ensures v € C({2;); setting

Y2
'U() = ayu(a y) dy € Hl(a,b) )
Y1
statement (i) thus implies
[u(zr, y1) — u(@r, y2)| = |v(a1)| < max |v(z)]|

x€la,b

IA

b b
e [ @+ [Cow) ao
b pd b pd
bia// fayu(x,y)’dydx+// |Oyu(z, y)| dy da
a Jc a Jc

ﬁ ||8y“HL1 + |’a$y“|‘L1 J

where the upper bound is independent of y1,y2 € [c, d]; analogously, we obtain
|u(@1,y2) = @z, y2)| < G l|Owull 1o + [|0wyul 1 -
As a consequence, the estimate

[u(zr,y1) — u(@a, y2)| < |ulzr, y1) — u(@y, y2)| + |u(@1, y2) — u(zz, 12)|

13
< 2 ol + i oyl + 2O,

follows. Similarly to before, we use that the minimum value satisfies
(s, Ys)| = min  |u(x, < —L .
| (T4, y )| (z,y)eﬁ| ( y)| (b—a)(d—c) l HL

Setting (z2,y2) = (z«, y«) and applying the Cauchy—Schwarz inequality proves
the assertion. O
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The following result provides a Sobolev-type inequality on a curved rect-
angle; such a domain naturally arises in connection with polar coordinates.

Lemma 5 For 0 <r, <rp, 9, <V, and Jp — 9, < 27 set
R={(z,y) = (rcosd,rsind) : r € (rq,15),9 € (¥4,9)} .
Then for any u € H?(R?) the estimate

(@ y)] < o fulles + (enn + erz + eas) (|0 o + [|0ye]2)
z,y

+ ez ([0l 2 + 195ull 2 + [[0eyl 2)

\/VolR V3 (rbfﬂ) (0y—94)

(9p—"4a) (ra+7s)

Tb < ri—r2 _
In crp = | Pgpelee)

C11 — \/; \/7 212

C13 — 2 A/ (191, ln Tb < 2\/ 7917 rb2;2r
¢ = 2VVOIR = \/2 (r2 = 12) (B — 9a) ,

is valid with respect to the norm in L*(R).

Proof The derivation of the statement relies on a transformation from Carte-
sian coordinates (z,y) € R? to polar coordinates (r, ) € [0,00)x [0, 27) and an
application of the Sobolev inequality provided by Lemma 4. For this purpose,
it is useful to introduce the associated rectangle

R={(r,0):r € (ra,r),9 € (0, %)} ;
besides, for some bounded Lipschitz domain R, D R we define u € H 2(]%) by
U(r,9) = u(rcos 9, rsind) = u(z,y), (r,0) € Ry.
For all (z1,y1), (¥2,y2) € R relation (13) yields the bound
|u(z1,91) — U($2,y2 | = [a(ry,91) — (ra, 92))|
(R) + ﬁ HaﬁﬁHLl(ﬁ) +2 Haﬂﬂny(ﬁ) :

We next deduce estimates for the quantities arising on the right-hand side; the
relations

|0, t(r, )| = | cos ¥ Dpu(z,y) + sin ¥ dyu(x,y)| < |Oeulz,y)| + |0yu(z,y)],

|09u(r, )| =r | — sind Opu(w,y) + cos ¥ Oyu(z,y)|

r (|8xu(x,y)| + ‘8yu(x,y) ),

| — sind Ou(w,y) + cos ¥ dyu(w, y) — rsind cos O2u(z,y)
+ rsind cos ¥ agu(ﬂm y) + 1 (cos® ¥ — sin® V) Opyu(z, y)|

Sﬂb

IN

|0y9i(r, 9)|

+r (|02u(z, y)| + |05ulz, y)| + [Ouyulz,y)]) ,
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together with suitable integral transformations and the Cauchy—Schwarz in-
equality imply

_ Ty 19}) »
||87.uHL1(§)=/ /19 |0,2u(r, 9)| dY dr

< | i ot dw) + [ (o) dey

z2+y? 22 4y2

< (/Rwaiyz da:dy> (U9l 2y + 110l 2y

Tb Iy %
:(/ / },dﬂdr) 10wt 2 + 0wl o)

=/ (Wb —Ua) In 2t (Ha«’v“Hm(R) + H‘ay“HLZ(R)) ,

and, in a similar manner, we obtain
H(%ﬂHLl(E) < \/% (0 — Ya) (rf —12) (HaxUHLz(R) + HayUHm(R)) )

100 1 2y < /@0 — D)0 22 (0t 1y + 100 o ) -
@ —90) (07— ) (03] oy + 020 2
+ Hazl/“HLz(R));

we further note that the estimate

b 2 2
o L 2 _ 2y = L 1 LTy~ Tg
In —2(lnrb lnra)— / ~dr <35
T

a

holds. Inserting the above bounds thus yields
|u(z1, 1) — u(@2,y2)| < (c11 + cr2 + exs) ([|Owul| 2y + [10yul] 12 )
+ CQ(Ha:%“HLz(R) + ||8§u||L2(R) + Haxy“HLQ(R)) :

As in the proof of Lemma 4 we use that the minimum value satisfies

_ : 1 1 .
|u(@e,y.)| = ($7y§2§|u(x,y)\ < vorg lull ) < e el vy 5
setting (z2,y2) = (z«, y«) proves the assertion. &

4.5 Estimate in a discrete L?-norm

In the following, we deduce a bound with respect to a discrete L2-norm related
to GauB—Laguerre quadrature and weights, needed for the estimation of the
generalized-Laguerre—Fourier spectral interpolant. For this purpose, we first
study the asymptotical distribution of the GauB—Laguerre quadrature nodes
and weights.
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Gaufi—Laguerre quadrature nodes and weights. For the (standard) Laguerre
polynomial of degree k € N>,

Lo(r)=L(r) = Le & (e7" %), reR, (15a)

_He drr

the zeros and corresponding weights associated with the Gauf-Laguerre
quadrature formula of order 2k are henceforth denoted by

r—1

(Qjmwjﬁ)j:o ) (15b)

see also (8) for the definition of the generalized-Laguerre polynomials and [11]
for the numerical computation of the quadrature nodes and weights. That is,
for a (regular) function f : R>9 — R an approximation to the integral over
the positive real line is obtained by

r—1 00
> win flog) = / e ¢ f(o) do, (15¢)
j=0 0

with exact quadrature for polynomials of degree at most 2x — 1.

Asymptotical distribution. The smallest zero and the largest zero of the x-th
Laguerre polynomial satisfy the relations

Cii ' <00 <Cok™h, 0uo1, <4k, (16a)

with constants C1,Co > 0 independent of &, see [15, Thm 1.4 (1.22)] and [19,
§18.16.13]. Following [15, Eq. (1.18)] we introduce the function

Vr+4s~1 8k — 1)
KV 4k + 4K5 — 7

For k > ko the quadrature weights satisfy the relation (j =0,1,...,k—1)

0k [0,4k] — R:ir— pi(r) =

Cipn(0jr) < wjs e < Capx(0jn) (16b)
with constants C1, Cy independent of k and j, see [15, Thm 1.3 (1.19)]; further-
more, for k > 1 the relation (j =1,2,...,k—1)

Cipn(0jn) < 0jx = 0j-1,5 < C29(0jx) (16c)

holds with constants Cy,Cy independent of « and j, see [16, Theorem 1.4]. By
elementary calculus it follows that ¢, has no local extremum in (0, 4x) for all
K > 2; hence the minimum and maximum values are attained at the boundary
points 7 = 0 and r = 4k, respectively, such that

or(r) > 0i(0) = % 2 4\/§’€_1’ 7€ [0,4k], (16d)

VK2 + K3

/ -1
K+ kK §4\/§/<;%,

Pu(r) < ou(dr) = 4 —— 75— e [0,4k]. (16e)
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(8k—r1)2
4n+4né —r
mum in (0,4x) and thus attains its maximum at r = 0 or r = 4k, the estimate

Moreover, due to the fact that the function r +— has no local maxi-

1 4 _ 2 _ 2

1 (@H(T))Q _ ( + ;{'r) (8I<';1 T) S C (8/4/ Tz

" K2 (4 +4K3 — 1) k2(4k + 4k3 — 1) (16f)
SCK_%, Cr 1< r <4k,

is valid, and by means of relation (16a) the bound

8ky/(Co +4) k1 < -3
/{\/4/&—1—4/& —Cor~1

Pr (QOn) <
follows.

Discrete L?-norm. In regard to (9) and (15) we introduce the scaled Gauf—
Laguerre nodes and weights (j =0,1,...,k — 1)

. — [ Lis LTy aQik
Tjik = ’]y , Wik = ,ijne] 5 (173')

which yields the quadrature approximation
k—1 k—1
Z Wik g(TjN) = g Z Wik e?in g(\/ QJTN)
j=0 j=0
oo oo
~ g/o g(ﬂ) dg:27r/0 rg(r)dr,

see also [4, Eq. (2.29)]; furthermore, we consider the equidistant nodes associ-
ated with the trapezoidal rule (u € N>1, s =0,1,...,p4—1)

Dy = 222 (17b)

The iterated quadrature formula then leads to the approximation

k—1p—1

[e%s) 27
izzwj»f»g(rjmﬁsu) ~ /O/Org(r,ﬁ)dﬂdr;

j=0 =0
we note that the weight associated with the trapezoidal rule is reflected in the
prefactor i and the scaling of w;,.. Employing in addition a transformation to
polar coordinates this explains the following definition of a discrete L?-norm
for functions v € H%(R?) C C(R?)

k—1p—1

: 2
||u||iu = /% Z Z Wi |u(rj. cos Vg, ) sindyy,)|
§=0 5=0 (17¢)

~  |lul3e = /]R2 |u(a:,y)|2 d(z,y) :/0 T |u(rcos19,rsin19){2 dddr.
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The following result relates the discrete L?-norm to the L?-norm and
Sobolev-seminorms; its proof relies on the Sobolev-type inequality provided
by Lemma 5 and the above relations on the asymptotic distribution of the
Gauf—Laguerre quadrature nodes and weights.

Lemma 6 For any u € H?(R?) the bound

el < € (lllzz + (57 4 u= 03 ulen + ("5 + 573 Jul a2 )
< (Jlullaz +p~ 8l + 57 fule )

s valid, where in the second estimate the positive integers k,p € N>i are
chosen proportional to each other.

Proof We first deduce a suitable estimate (j =1,...,k—1, s=0,...,u—1)

Wi max |’U,(£L',y)|2, (18)

1 . 2
= Wik |u(7"j,i €08 Vg, 15 SINL 195#)| < X
(way)est

m

==

where R7! denotes the curved rectangle
R;”f = {(ac,y) = (rcos?d,rsind) :r € (rj_1,,7rjx),V € (195”7195“,“)};

the remaining contributions in (17) for j =0, s =0,...,u — 1 will be treated
separately. We apply Lemma 5 and the above estimates (16), which in terms
of the scaled Gau3—Laguerre quadrature nodes and weights yields the bounds

Clmflgrimg@n, i=0,1,....,6—1,

—1 2 2 1 .
Cglﬁ; §C4’wj'nSC5(TjH—7“j71)N)SCﬁij§C7K3, j=1,2,...,,"€—1,

2 _p2 ) .
wjf-{ Tjﬁzrj—lﬁ S C WN(@JN) S C <P'i(g_‘l—1,'i) S CS K}ié, ] =1.2

Ti—1.k Qj—1,x Qj—1,r E

involving constants that are independent of x; here, we applied the esti-
mate ¢.(0jx) < Cow(gj—1,.) which follows from [15, Eq. (7.14), Thm 7.3 (c)]
and (16f). It remains to estimate the constants arising in Lemma 5 with the
help of the above relations

1 2 1 Wik

= Wik C < <

poIE 0 = ¢ Ostr,p=0sp)p 75, -13_1 0 = c,
2,

=

2

1 2 1 Ti—1,k —
Wiy <C W I—Lr < Ck
poIR L = Osyr1,p—=0sp)p I8 7“]2-,1% - ’
1., A2 1 _ L Ti—1stTie

L Wik Cla <C m (Vst1,0 — Vsp) Wik P ———

-2 (.2 2 Ti—1,r+Tjn __ -2 (... )2 -2
SCp " (15 =71 rr e =Ch (rjo1m + 1) <Cp" "k,
L 2y < C L (Deinyy — D)y gm0

M Wik C13 > m s+1,u sp) Wik r2 B SCLn K )

1 2 1 2 2 —2 2
u Wik €2 <C m (D1, — V) Wi (le-i - 7’;‘—1,;{) SCp “k3.
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Using these estimates together with the arithmetic-geometric mean inequality
and applying the following relation for disjoint domains

Il + Nullaiay = [ fP+ [ 1= [l = Julago0
21 29 21U

we obtain the estimate

k—1p—1
. 2
%Z Wik ‘u(rj,g €08 Vgp, e smﬁsu)‘
j=1 s=0
< C (lullz2 + (575 + 2 [ulfpn + p7 K5 Julf)
Similar arguments lead to the bound
p—1
. 2 _
%wm Z ‘u(rl,{ cos Vg, Tk smﬁsuﬂ < wik |lul|lpe <Ck 1 Ilw| g2 -
s=0
Altogether, the stated result follows. &

4.6 Generalized-Laguerre—Fourier spectral interpolant

In the following, we introduce the generalized-Laguerre—Fourier spectral inter-
polant, obtained from the spectral representation by a restriction to finitely
many basis functions and the application of the Gaufl-Laguerre quadrature
formula as well as the trapezoidal rule for the numerical approximation of
the spectral coefficients. Moreover, we state an estimate for the generalized-
Laguerre—Fourier spectral interpolant; together with Lemma 6 this fundamen-
tal result is needed in order to deduce a stability bound for the fully discrete
evolution operator.

Notation. For the following, we fix positive integers (K, M) € N>; x N>,
where we assume that M is an even number, and employ the abbreviations

Mgy =40,1,... K1} x {4 241 XL _1}cM=NxZ,

Kxnm={0,1,..., K+ 2% -1} x{0,1,...,M -1} C NxN.
(19)
For the zeros of the (standard) Laguerre polynomial of degree K + & the
associated scaled GauB-Laguerre nodes and weights, the equidistant nodes
associated with the trapezoidal rule, and the corresponding nodes in Cartesian
coordinates, we write

J— . J— . J— £ I N —
05 = OQjr s W5 =Wjx, Tj= .;7 wj—,ywje]a Ve =Jonr,

i)

xjs:rjcosqﬂs, yjszrjsinﬁs, (j,S)EICKM,

for short, see also (15) as well as (17) with k = K + & and p = M.
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Orthogonal projection and spectral interpolant. For convenience, we recall the
spectral representation with respect to the generalized-Laguerre—Fourier basis
functions

u= > cmL],, ueLl’R?), (20a)
(k,m)eM

involving the complex coefficients

o) = (G 0) o = [ EL, (w0 ulay) o)

0o 2 . ) (20b)

= / / r L) ) (1) e My (r cos ¥, rsin ) do dr,
o Jo '

see (10) and (11). The orthogonal projection onto the subspace
Xrn =span{L]  :(k,m) € Mg}

is defined by

Pruw) = > cem(u)L],,.
(k,m)eEMK M

In accordance with (17), we define the spectral interpolant by

Qrmu= Z Chm (u) Ly, »

k, M
(k,m)eEMinm (20C)

Gun(w) = 27 Y wi L (%56, ys6) ulTis, Yis)
(4,8)EK K M

that is, approximations Cg.,(u) = cgm(u) are obtained by a representation of
the integral in polar coordinates, the substitution o = 72, and applications
of the Gaufi-Laguerre quadrature formula as well as the trapezoidal rule; evi-
dently, the spectral interpolant is well-defined for any function u € C'(R?). We
point out that the interpolation property at the quadrature nodes only holds
approximately, i.e.,

w(xjs, Yjs) ~ (Qrmw)(z)s,vis), (4,9) € K,

since the number of interpolation points #Kxy = (K + %) M exceeds the
number of basis functions #M gy = KM. However, the choice k = K + %
and not merely k = K is needed in order to ensure exact quadrature, which
then also ensures the validity of a basic discrete orthogonality relation.
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Basic relations for spectral interpolants. Fundamental relations and a first esti-
mate for the generalized-Laguerre-Fourier spectral interpolant are provided by
the following result; we recall the definition of the discrete L2-norm, see (17).

Lemma 7 (i) The spectral basis functions (Lim)(k,m)eMyn Satisfy the dis-
crete orthogonality relation

= Z wy L) (€55, Yjs) L (Tjss Yjs) = Ok Omms
(4,8)ELK M

for all (k,m),(K',m') € Mg.
(ii) For any u € L*(R?) the identity

OrxmPrmv=Prmu

holds.
(iii) For any u € C(R?) the bound

|Qrnrul o = [|Qrnrull oy ar oy < Nullscyas ar
18 valid.

Proof (i) By definition (10) and the discrete orthogonality relation for the
Fourier spectral method (m,m’ = —& M 1)

Yot o

M-1
1 —imds im'9s __
M g € € = 5mm’ )

s=

easily shown with the help of the geometric series, we obtain the identity
((k,m), (K',m') € Mgkwm)

ﬁ Z wj Lzm(xjmyjs)ﬁzlmf (‘ijyjs)
(4,8)ELK M

M—1 K+4—1
i(m’—m)d, T T
= (1\1/[ Z e( ) ) Z wy LZ,\m\(Tj) LZ’,\mﬂ(Tj)

s=0 3=0
K+¥ -1

= O 3wy L] () I (1),
j=0

see also Section 4.1. Recalling the definition (9) of the scaled generalized-
Laguerre functions, the exactness of the Gaufi-Laguerre quadrature formula
for polynomials of degree at most 2K + M — 1, especially fulfilled for the
polynomial g — o™ L7*(0) L} (o) of degree at most 2K + % — 2, together with
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the orthogonality relation for the generalized-Laguerre polynomials further

imply (k,k'=0,1,...,K -1, m=0,1,...,2)

K+4 -1 K+M_1
> L) D) =2 Y et I, (2) 1 (/%)
j=0 =0
K+% -1
— 1 . ) )
=varT X o e )
oo
:W/O e Ly'(r) L (r) dr
= Okw

which proves the first statement.
(ii) The aim is to show that for a function of the form

U= Z Cem(u) L]

(k,m)eEMim

the relation ¢y, (u) = cgm(u) holds for all (k,m) € M, see (20). Due to
linearity it is sufficient to consider u = £}, ., for (k',m’) € Mg, where the
assertion follows at once by the orthogonality relation for the basis functions
and its discrete analogue ((k,m), (k',m') € Mxn)

G (Ll = 3 D W L (@56, Y58) L (555 Y56)
(4,8)EK KM

= Ok Ommy = (Eszﬁzlm/)p = ckm(L],,,) -

(iii) For the following considerations it is convenient to employ compact
matrix notations. For a given function u € C(R?) we collect the function val-
ues at the interpolation points in a column vector, with indices (j, s) € Kx
occurring in the order (0,0),..., (K—i—% —1,0),(0,1),...,(K+ % -1,M—-1),
and in a similar manner we collect the corresponding spectral coefficients
in a column vector, with indices (k,m) € Mgy occurring in the order
(0,0),...,(K —1,0),(0,1),..., (K —1,M —1)

u = (u(ijaij)) € R(KJF%)Mv U= (Ekm(u)) € REM,

In addition, we introduce a diagonal matrix comprising the quadrature weights
as well as a matrix comprising the values of the basis functions at the quadra-
ture nodes

)

W = L diag(w;) € REHHMx(K+5)M

L= (L;cym(x.737yjs)) S RKJMX(K+%)M7

M
where the weights (wj)j-(;(f ' oceur M times, with indices (J, s) indexing

columns and indices (k, m) indexing rows in the same orders as in the vectors u
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and 1, respectively. The spectral transformation and the discrete orthogonality
relation are then given by

t=L"Wu, L'WL=I,

where LT denotes the conjugate transpose of the matrix L. The evaluation of
the spectral interpolant at the interpolation points corresponds to the mapping
@ — L1, and the vector comprising the values of the spectral interpolant at
the interpolation points is given by

(Qrmu(ys,yjs)) = Qu= La = LLIWu € RE+ZIM
Moreover, the discrete L?-norm defined in (17) equals

||UH§(+%,M =u'Wu.

As a consequence, by Parseval’s identity and the discrete orthogonality relation
the identity

Qa2 = S [’ = ati = (L) (LTWw)
(k,m)Eszu
=" WLLIWu =" WLLITWLLITWu

= (LW ) W (LL W) = (Qu)' W (Qu) = |Qulfic,
follows. As the orthogonality relation L'WL = I implies
WLL'W (I = LL'W) = WLL'W — WLL'WLL'W =0,
we finally obtain the estimate

||U||§<+%M = || Qraru+ (I - QKM)UH?(-&-%,M
— (Qu+ (I — Q)u) W (Qu+ (I — Q)u)
— Wl (LL'W + (I — LL'W))'W (LL'W + (I — LL'W)) u
S P e
+2R(WLL'W(I — LLTW)u)

> (| Quarulliey ar = | Qucarul7

which proves the assertion. &
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Estimates for spectral interpolants in fractional power spaces. The following
result provides estimates for the generalized-Laguerre-Fourier spectral inter-
polant in fractional power spaces associated with the dominant linear part.
We recall the definition of the fractional power spaces and note that the spec-
tral interpolant is well defined for any function u € X, with o € N>, see
Section 4.2 and Lemma 3. We denote by

Amax = max  Agm < C(K + M)
(kym)eEMK m

the maximal eigenvalue in the index set Mg s and further set
[l Lo (1 genry = max {u(@ss, yjs)| = (4, 8) € Krear} s
see also (11d).

Lemma 8 Let (K, M) € N> x N>1 with M an even number and o € N>1.
(i) For all u,v € X, the relations

HQKMUHXQ S A?nax ||QKMUHXO ’
||QKM(uv)HX0 < ||u||Loo(/cKM)HU||K+%,M <C ||U||Xa||v||K+%,Mv

are valid.
(ii) Provided that the positive integers K and M are proportional, for any
u € X, and for 0 < ¢ < a the estimates

HQKMUHXO < ||UHK+%,M
< C (llullx, + M0 lullx, + M™% ||ullx,) < C flullx, ,
1(Quear = Tl < ARG (1t A MY - A M73) ],
<CM D |,
are valid.

Proof We recall assumption (4) on the angular momentum rotation speed.
(i) The first statement follows immediately from the relation

HQKMUHXQ = H Z Crom () A, EZmHX < Afnax HQKM“HXO ’
(k,m)EMK M °

and by Lemma 3 we obtain

1Qucar (wo)|[, = | Qucar (o)l ae oy
- % Z wj |“(xj8ayjs)|2 ‘”(fjs,yjs”z
(4,9)EK K, M

A

< Ml oe e eney 10054 a0 < CllullX Mol ar oy -
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(ii) We apply Lemma 3 as well as Lemma 6. For u € X, with o € N>
and for 0 < ¢ < «, due to

AS (Pxv —Du=— Z Cm(u) )\imﬁzm,
(}C,m)GM\MKM

we obtain the estimate

[ASPrm =D, = Y lam@[A,
(k,m)e M\Mkm
<AEETO N ek A2,

(k,m)EM\MK]u
A0 ST e (w)]” AR = AR20O ulk, -

(k,m)eM
Applying the identity
Orkm —I=Qxm —Prm)+ Prxm—I) = Qrm (I —Prym)+ P — 1),
the assertion follows from
[(Qrens — I)uHXC < HQKM(I—PKM)“HXC +[|(Prear = I)UHX(

< N || Quenr (T = Prear) u ., + Al [lulx.,

< C X (| = Prcar) ], + M7 (2 = Prcar)
2
+ ME (= Pran) ully, ) + Aale™ ullx.
< C)\;l(a?(_o (1 + )\iaxM_l/G + AmaxM_%) ”u”Xa )

note that for integers K proportional to M we may use that A\, <CM. &

5 Convergence analysis

This section is devoted to the derivation of a convergence result for full dis-
cretizations of time-dependent Gross—Pitaevskii equations with additional ro-
tation term by time-splitting generalized-Fourier—Laguerre-Hermite pseudo-
spectral methods, see Theorem 1. Our approach in the lines of [10,17,23] in
particular utilizes the stability and error analysis for semi-discretizations in
time given therein. In order to keep the manuscript at a reasonable length,
we focus on the second-order Strang splitting method and do not specify the
local error expansion found in [17]; based on the general approach [23] and
the auxiliary results provided in Section 4 the analysis extends to higher-order
splitting methods. We meanwhile restrict ourselves to the case of two space
dimensions; the extension to the three-dimensional Gross—Pitaevskii equation
is indicated in Section 5.3. For simplicity, we henceforth assume that the space
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discretization parameters are proportional; thus, it suffices to indicate the de-
pendence of the spectral interpolation operator and the numerical solution
on the even integer M € N>5. The consideration of a constant time stepsize
At > 0 facilitates a minor simplification in notation.

Space and time discretization (Strang). For convenience, we recall the recur-
rence relations

1 —liatA —iAtB[UY,
utt = Far(At)uly = e 214 9, o= 1ABIUNM g1
_1;
U]?/[:e 51 AtA QMURL/[;

1. . n 1.
un+1:S(At)un:e 21A1&Ae i AtB[U ]Un, U" = e 21AtAun

)

for the fully discrete solution (u%,)N_, to (2) and its time-discrete ana-

logue (u™)N_,, employing formally linear notations, see also (5) and Section 4.6
for the definition of the spectral interpolation operator.

5.1 Semi-discretization in time

In order to establish a convergence estimate for the Strang time-splitting
method applied to the time-dependent two-dimensional Gross—Pitaevskii equa-
tion with rotation term, we pursue the standard approach of combining stabil-
ity bounds and local error estimates. We note that our approach following [23]
is general and permits to cover different spectral methods; the particular choice
of the specific spectral method enters in the definition of the operators A, B
and the auxiliary results deduced in Section 4.

5.1.1 Stability

Estimates for the evolution operator associated with B. Bounds for the action
of the operator B and the associated evolution operator in fractional power
spaces are provided by the following result. By means of the auxiliary results
deduced in Section 4.3 the corresponding estimates given in [23] carry over
literally, see also [10,17].

Lemma 9 Let o € N>y and set ( = 0 or ( = «, respectively. Then foru € X,
and v € X¢ the bounds

[Blulv]| . <C(IVIix. + 18 ullX,) vl x.

—itB C(IVl]x,+18 20t
le7 P o] < € UMVIxatlBllz )t o)y
are valid. Furthermore, for u,v,w € X, the relation

|(Blu] = Ble]) wly, < €18l (lullx. + Ivlx.) llwlx, lu—vlx

holds.
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Stability bound for the Strang semi-discretization in time. Arguments given
in [10,17,23] lead to stability bounds for time-spitting methods; we note that
the evolution operator associated with A is unitary on any fractional power
space (u € X, a € R, t € R)

le ol = llullx. -

Lemma 10 For any u,v € X, with @« € N>; and for ¢ = 0 or ( = «a,
respectively, the estimate

IS u =), < e CrHealitju— o],

holds, where Cy > 0 depends on an upper bound for ||V x, and Co > 0 depends
on an upper bound for |ul|x. as well as ||v||x,,-

5.1.2 Local error

Commutator bounds. Essential ingredients in the derivation of local error es-
timates for time-splitting methods are bounds for iterated Lie-commutators.
The following result provides estimates for the first and second iterated Lie-
commutators needed in connection with the second-order Strang splitting
method. We note that in the proof the iterated commutators are expressed
in terms of the linear operator A as well as the potential V' and that the spe-
cific form of A is not exploited; in the case of a nonlinear operator B defining
the problem this simplification is useful, however, in the linear case, in order
to obtain bounds which are optimal with respect to the required regularity
properties of u, the cancellation of terms has to be taken into account. Fol-
lowing [23] an analogous result for higher iterated Lie commutators arising in
the local error analysis of higher-order time-splitting methods applied to (1)
may be obtained. In the following, we set

Aw)=—iAu, B(u)=—iBuu= —i(V+Bul*)u.
Lemma 11 For every u € X441 with o € N>y the bounds
I[A, B (w)|| . <€ (8l lullk.,, + IVIxoi lulx.s)
I[A, [ B]] @), <€ (8l lulk.., + Vllx.,.lullx...)
are valid.
Proof The Fréchet derivatives of A and B are given by
Awyv=—idv, B'(u)v= —i(Vo+28ul’v+ Bu’v),
respectively, so that
[, B] (u) = A'(u) B(u) - B'(u) A(u)
=—AVu+Blul®u) +VAu+28ul> Au — fu® Au
=—[A,V]u—8(A(Julv) — 2 ul*Au + u* Au).
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By the definition of the norm in the fractional power space X, and Lemma 3
the bounds

A (JufPu) = 2 ul*Au + u® Aul|, - < Clul%
[[A V] ully, S CIVIxepllullx

a+1?
a+1

follow, which proves the first commutator bound. A straightforward estimation
of the first term in

(4, [A, B]](u) = A'(u)([4, B](u)) — [A, B]'(u)(Au),
using that oo € N> by assumption, yields

14 @) ([4, B) @) ||, = 1[4, Bl ()|, < (1[4, Bl )., -

The Fréchet derivative of the second term equals
[21\, E]/(u)v =—[AV]v-8 (A (2 |u*v + u?v) — 2u D Au— 20w Au
— 2 |ul*Av + u® Av + 2uvﬂ) ,
which further implies
(4, B)'(w)(Au) =i [A, V] Au+15 (A (2]u® Au— v Au) + 2u | Auf?
— 20 (Au)? — 2 |u|* A%u — u® A%u + 2u |Au|2) .
An application of Lemma 3, using that

lullk, <Cllullx,,, IVIx. lullx, < CIVIxan lullxa.

yields the statement. &

Local error estimate. By means of a suitable local error expansion and the Lie-
commutator bounds provided by Lemma 11, it is straightforward to obtain the
following local error estimate for the special case of a second-order splitting
method; as the specification of the local error expansion deduced in [17] for the
Strang splitting method and the generalization to high-order splitting meth-
ods given in [14,23] utilizes the formal calculus of Lie-derivatives, we do not
recapitulate the local error expansion in this work and refer to the literature
for details of the proof.

Lemma 12 Consider an exponential operator splitting method of nonstiff or-
der p € N>y for the time integration of the nonlinear evolution equation (1)-
(2). For some initial value u® € X, let u(At) denote the exact solution at time
t = At. Then the local error estimates

| S(At) u® — u(At <C(A?, ||S(AL) u® — u(At < C (AP,

)HXI )HXO

are valid with constants depending in particular on upper bounds for ||u°|| X,
and |V x,-
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5.1.3 Global error

Global error estimate. A standard approach based on the telescopic identity

n—1 n—1

u —ulty) =Y J] S(At) (S(At) u(ty) — u(t; + At))

=0 £=j+1

again in formally linear notation, yields an estimate for the global error in
terms of stability bounds and local error estimates as provided by Lemmas 10
and 12; for simplicity, we here assume that the starting value u° coincides
with the exact initial value % (0). We omit a detailed proof and refer to [17] for
the case of the second-order Strang splitting method. The generalization to
high-order splitting methods is given in [23]; the error analysis shows that the
nonstiff order of convergence is retained under suitable regularity requirements
on the exact solution.

Theorem 2 Consider a wvariable stepsize exponential operator splitting
method of nonstiff order p € N>y for the time discretization of the time-
dependent Gross—Pitaevskii equation (1)—(2). Under the assumption that the
potential V and the values of the exact solution remain bounded in the frac-
tional power space X, the global error estimate

= utta)ly, <€ ([[u° = u(®)]|, + (A7), 0<ta<ty<T,

is valid, where At = max{r, :n=0,1,...,N — 1} denotes the mazimal time
increment; the arising constant C > 0 in particular depends on upper bounds
for |V|x, and max{|u(t)||x, : 0 <t <T}.

5.2 Full discretization

In this section, we deduce stability estimates and bounds for the defect that
are needed for the estimation of the contribution

n—1 n—1
ulyy —u" = (Qp — Iu" + Z H Far(re) (Far(my) u? — Qur S(75) w)
5=0 t=j+1
in the global error, associated with an additional spatial discretisation error,
see also (6).

5.2.1 Stability

Estimates for the evolution operator associated with B. A first stability result
for the composition of the spectral interpolation operator and the evolution
operator associated with B is provided by the following result. We recall the
abbreviation Xy, = span{L], : (k,m) € My}.
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Lemma 13 For all u,v € X, with a € N> the estimate

||QM (e—itB[u] w — e~ itBlY] U) < ec(cv+c§|5|)t o — ’UHK-&-%,M

I,
is wvalid with constants Cy > 0 and C, > 0 depending on upper bounds
for [Vlx, and ||ul|x, as well as ||v||x,. In particular, if u,v € X, that

18, Pvyu= Qpu=u and Pyyv= Qpv=nuv, the relation

HQM (e—itB[u] u — o~ itBl] U) on < oC(Cv+CaIBNt lu — v x,

follows.

Proof For simplicity, we assume V' = 0 and refer to [23] for the case V' # 0. Let
u(t) = e B y and o(t) = e *B y. By means of the variation-of-constants
formula we obtain

1Qur (@) = o)),

< [|Qur e (w—v)]

0

t
+ HQM/ e i(t=7)Blu] (B[u} - B[v]) e ITBl dT’
0

Xo

An application of Lemma 7 yields an estimate for the first term
—itBu] (,, 2 —itBlu] [,
[ Qare B = )%, < e (u o
= ﬁ Z /LUJ |eiitB{u](:EjSvij) 2
(J,8)EK KM

2
=3 2wl o) @iy = = ol
(4,8)EK K M

)Hi@r%,M

|(u = v) (x5 y55)|

see also (17) for the definition of the discrete L?-norm. In a similar manner,
together with Lemma 3 the bound

Xo

t
HQM/ e—i(t—-r)B[u] (B[u] _ B[U]) e—iTB[U] v dT)
0

t

< H / e i(t=)Bu] (B[u] — B[v]) e ITBl dTH
0 K+%,M
t

< / le==D Bl (Bl] — Bly]) e~BW ar

=/, ]’UHK-&-%,M
= [ 1B - Bl ol r

B (= o) T ) ol

SUBIE ([l oo iy 10N 2o (rcan)) N0l zoe (i enry 1 = 0ll g ar s
<CIBIt (lullx. + lWlix.) vllx. llu = vll o a

<CCLIBIt lu—vll gy ar

follows. Using that 1 4+ x < e” this proves the first assertion, and the second
statement then results by means of Lemma 7. &
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Stability of the discrete evolution operator. A fully discrete analogue to
Lemma 10 is provided by the following auxiliary result; making use of the
fact that the evolution operator associated with A is unitary on X, and sat-
isfies (t € R)

e tue Xy, uweXu,

the statement follows immediately from Lemma 13.

Lemma 14 For all u,v € Xy, that is, Pyru = Qpru = u as well as Pyrv =
Oy v =0, the estimate

2
||f]y[(t)u . ]'—M(t) UHXD < eC(Cv+CQ|5Dt ”u _ UHXO

is wvalid with constants Cy > 0 and C, > 0 depending on upper bounds
for |[Vx, and ||ul|x, as well as ||v| x,, where o € N>1.

o)

5.2.2 Local error

Estimate for the defect. The following result provides a bound for the differ-
ence Fas (At) u—Qpr S(AL) u; auxiliary estimates are deduced below. We recall
that the positive integers (K, M) € N>; x N> are required to be proportional.

Lemma 15 For any u € X, with a € N> the estimate
H]:M(At) u — QM S(At) ’LLHXO
<CC, (CV + CZWD oCCvHCLIBNAL Ay pp—(a—3)

is valid, where the constants Cyy > 0 and C, > 0 depend on upper bounds
1 .
for |Vx.. and ||ullx., ||9Qn ullx,, as well as ||Qar e 24 u| .., respectively.

Proof Employing the abbreviations

—i —id
e iAtB[z2] P iz AtA 23

21 = 2, *2=¢€ y R3 = U,

as well as

—ilAtA
Zy=0Qume 2 (I - Q) 21,
—ii —i —i
Z2 — QMe iz AtA QM (e iAtB[z2] 2y —e 1AtB[Qn 22] QM 22) ,
ilata

Zs = Qur e—i%AtA Ou (e—iAtB[QM e~ 23] Ou e—i%AtA 23

s —idAta i1
— e iAtBle™'2 Q23] e iz AtA Oum 23)7

we have

f]u(Af)’LL* QMS(At)U = — (Zl + Zy + Zg) .

Making use of the fact that e—izAtA preserves the norm on fractional power
spaces and applying Lemma 16 as well as Lemma 9, we obtain

1Z1]1x, < CALM ™= 3)|| 2| x. < CCqeClCvHIBICOAL Ap pr—(a=3)
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Using that [|22x, = Jullx, < Ca and [|[Que™ 244 Q0] x, = || Quv] x,, an
application of Lemma 18 yields

1Zs|xy < CCa (Cy + |B|C2) eCCVHBICDAL Ap pp—(e=2)
Together with Lemma 13 and Lemma 16 the bound
| Zsllx, < €814 [|Qyy e~ H414 (@ — Iy
< CC,eCAUBICE A pp—(0—3)

follows; we note that the constant C,, also provides a bound for || Qs u||x,, and
| Qar e~ 12484 4| k.. Altogether, this proves the assertion. O

Auxiliary estimates for the proof of Lemma 15 are provided by the following
results.

Lemma 16 For any u € X, with a € N> the relation
1Qur ™ (Qur = I) |y, < CEM™ ullx,
holds.

Proof We utilize that the function which corresponds to the considered com-
position

n(t) = Que M (Qur — Nu=v(t) — Quw(t),
v(t) = Qe M Opu=eQpu, wt)=e My,
is a solution to the initial value problem
i gn(t) = An(t) + [A, Qulw(t),  n(0) = v(0) = Qur w(0) =0,
since 1 Lu(t) = Av(t) and
i%(QM w(t)) = QuAw(t) = AQp w(t) — [4, Qum]w(t).

The variation-of-constants formula thus implies

t t
n(t) = / e it=m)A (A, Qu] w(T) dr = / e it=mA [A,Qn] e Ay dr.
0 0

From Lemma 8 we conclude that the bound
4, Qur)ully, = 4Qus i~ Au-+ Au— Qs Au]
< [[A(Qar = D) ully, + [[(Qur = I) Auf|
<CM |Jux,
holds, which further yields

t
In0)l, < [ 114 @l e ™l dr < oM fux,

and thus proves the stated result. &
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Lemma 17 For any u € X, with a € N> the estimate
1(Qar — 1) e *P19 ) @y < CCa (Cv +C21BI) OV FEIEN ¢ pr (D)

holds, where the constants Cy > and Co > 0 depend on upper bounds for |V x,,
and ||u||x, as well as ||Qnrul|x,, , respectively.

a?

Proof We set v = Qpu and utilize that n(t) = (e~ *F[) — I) v is the solution
to the initial value problem

i &n(t) = Blo]n(t) + BlvJv, n(0)=0,

with the following representation by the variation-of-constants formula

t t
n(t) :/ o~ i(t=T)B[v] Blv]v dr :/ Blv] o= i(t=T)Bl] 47 .
0 0
By Lemma 8 we obtain the estimate

[(Qar = 1) e *Plof| = [[(Qunr — 1) (e™ Pl = 1) 0|
<CcM-O=D) (e Bl — ) vy = CM(e2) )| x. ;

together with Lemma 9 this yields

@, <€ (@v+cip) [ oy, ar
< CC, (Cy +C2|B) OV It ¢
which proves the stated result. &
Lemma 18 For any u € X, with o € N> the estimate
[ Qus (e — e Rl Q)
< CCq (Cy +C2|B]) eCCvHCaIADE 4 py—(a=3)

is wvalid, where the constants Cy > and C, > 0 depend on upper bounds
for ||V]ix, and ||u||x, as well as ||Qprullx,, respectively.

%)

Proof Similarly as before, we introduce the auxiliary functions
(t) = e~ itBlul y, w(t) = e~ itBlQuul g\ 1y n(t) = Qur (u(t) — w(t)) ,
and use that 7 is a solution to the evolution equation

ign(t) = Bl — [Blul, QM] o(t) + ( [u] Qu — Qs B[Qurul) w(t)
= Blu]n(t) — [Blu], Qu] (v(t) — w(t)) + Qs (Blu] — B[Qasu]) w(t)

£
3
—~
o~
N
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with initial value n(0) = 0. As a consequence, an application of the variation-
of-constants formula yields the integral representation

n(t) _ /Ot efi(tffr)B[u}
x (= [Blul Qu] (v(r) = w(r)) + Qur (Blu] — BIQuru]) w(r)) dr.

Making use of the fact that 7(t) = Qs 7(t) and that the operator e~ {(¢=7)Blu]
is unitary with respect to the discrete L?-norm, the bound provided by
Lemma 7 yields

0, < [ 1Bl @ur] (o) = w(r)) .01
/H BlQarul) w(r) || ¢ sy 5y 47

Using that by Lemma 8 the relation
1(Qur = 1) ull g g < CJI(Qur = )il < CM )

holds, arguments close to the proof of Lemma 13 lead to the following bound
for the second integral

/ H Bl[Qyu]) e —irBlewul g MUHK+%,M dr
< CCi |5|tH(QM - I) “HK+%,M
<cck (gt
< CC, (Cy + |BIC3) CCvHIBIC) Ly pp—(o=5)
In order to estimate the first integral we employ the bound
[[Blul, Qur]v]| ey as s
< HB[u] (Qum —1) UHKJF%,M + H(QM —1I) Blu] UHK+%,M
< C(IVilx. + 181 ulle,) [(Qar = D) vll ey as py + €M~ [ Blul o]l
<CM=R) ([V]x, + 18] ulk.) vl x.
<cM~@=D (Cy +C218]) [|v]|x.. »

see also Lemma 8 and Lemma 9, and again by Lemma 9 obtain

lo(r) - < [lem Pl + flem R Qupull

< 2¢,CCv+ealBhT .

T)HX(,
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this implies the estimate

t
/0 Bl Qu] (v(7) = w(m)) || oz ps A7
<CC. (Cv +1BIC2) oCCv+IBICL)t 4 pr—(a=3)

Altogether, this proves the assertion. &

5.3 Extension to three space dimensions

In this section, we study the generalized-Laguerre—Fourier—-Hermite pseudo-
spectral method for the space discretization of the three-dimensional Gross—
Pitaevskii equation with rotation term. As our error analysis for the two-
dimensional case naturally carries over to the case of three space dimensions,
we only indicate where estimates have to be extended with some care. For
additional details on the definition of the Hermite polynomials and the nu-
merical computation of the corresponding quadrature nodes and weights we
refer to [11]. We recall (1)—(2) and in particular formula (3), where the eigen-
functions and associated eigenvalues of the linear operator A defined in (2b)
are specified.

Basic relations. For the time-dependent three-dimensional Gross—Pitaevskii
equation with rotation term the discretization of the (x,y)-variables relies
on the generalized-Laguerre-Fourier spectral method analyzed before, and
the discretization of the z-variable uses scaled Hermite functions involving
the Hermite polynomial of degree ¢ € N. Analogously to (19), assuming that
the discretization parameters (K, M, L) € N>y x N> x N> are proportional
with M even, we introduce the index sets

My ={01,... K—-1}x{-2 -2 4+1 . . 2_-1}x{01,...,L -1},
Ky={01,.... K+ -1} x{0,1,.... M -1} x{0,1,...,L —1}.
In the present situation, the maximum eigenvalue in the set M, satisfies the

relation

Amax = max >\k7n£§C(K+M+L)SCM,
(k,m,L)EMrp

see also Lemma 8, and the spectral interpolant given by

(k,m,0)e My

acmé(u) = ﬁ Z wraq BZ;ZZ (xrsv Yrs, Zq) u('rrsa Yrs, Zq) )

(rys,9)ELM

in addition involves scaled Gaufi-Hermite quadrature weights and nodes
(Wq, 2q) 5=, see also (20).
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Error analysis. By means of recurrence relations for scaled Hermite functions,
analogous to Lemma 1, arguments in the lines of the proof of Lemma 2 yield
the estimate

l2ullx, + [0:ull, < Cllullx,,, € Xauy,

and further imply Lemma 3, see also [10,23]. In order to extend the relations
for the spectral interpolant stated in Lemma 7 and Lemma 8, we utilize the
bound

L-1

> g u(zy)|? §C/R(}v(z)|2+M’% 0.0(2)[) dz, ve H'(R),

q=0

deduced in [12], which implies the following estimate for the associated discrete
L?-norm

~ 2
||’LLH?\4 = ﬁ Z Wr Wq |u(xrsayrsazq)‘

(r,8,9)ELM
L—-1

<cC Z Wq /R? (|u(',zq)|2 + M3 |8mu(',zq)|2 + M3 |8yu(',zq)|2
q=0
+M! |8§u(~,zq)|2 +M! |8§u(~,zq)|2 +M! |8ryu(~,zq)|2)

gc/ <|u|2+Mé 0,uf* + MY |o,uf* + MY |0,uf?
]R?:
+ M2 + M 02u)? + M |0yl
+ M3 |8xzu|2 + M3 |ayzu|2
e AL Ve AR Vo |azyzu|2>
< C (Jlullfe + M3 fulfys + M e + M7 ulha ) |
which further yields
(@ = 1)y, < CAREO (1+ N M
+ A ME 4 M M) [,

<M~ lu x, -

As a consequence, in the three-dimensional case the factors M —(@=3) and
M~—(@=3%) arising in the auxiliary results derived in Section 5.2 have to be
replaced by M —(@=%) and M _(a_%), respectively. Altogether, this proves the
statement of Theorem 1.
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