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1 Introduction

Discretization of semiclassical Schrodinger equations. The quantitative and qualitative be-
havior of space and time discretization methods for linear and nonlinear Schrédinger equa-
tions has been extensively studied in recent years. As a small selection, we mention the
contributions [6,7,8,12,15,22,24,30] which are of relevance in particular in the context of
semiclassical Schrodinger equations.

The numerical approximation of nonlinear Schrodinger equations in the semiclassical
regime is a challenge, since in general the space and time increments have to be chosen
in dependence of the semiclassical parameter 0 < € < 1 in order to correctly capture the
solution behavior. In particular, for an initial state « depending on the parameter € in the form
of semiclassical wave packets, WKB states or focussing states, the solution ¥ shows a highly
oscillating behavior. However, a precise characterization of the solution to semiclassical
nonlinear Schrédinger equations in dependence of the prescribed initial state is a question
in the area of analysis that has not been resolved exhaustively yet.

Operator  splitting methods. Exponential operator splitting methods for nonlinear
Schrodinger equations have been in the focus of interest of both theoretical physics and
numerical analysis in the last years. A comprehensive review of numerical methods for
nonlinear Schrodinger equations such as Gross—Pitaevskii equations is [1], which summa-
rizes most of the studies conducted in this field. Time-splitting methods in conjunction with
spectral space discretizations are overall concluded to be the most successful approxima-
tions, with favorable stability and efficiency as well as norm and energy conservation. In
particular, the spectral accuracy of the space discretization is advantageous for Schrodinger
equations with regular solutions.

A first error analysis of the Lie and Strang splitting methods for nonlinear Schrodinger
equations is found in [9]. The seminal work [26] provides a rigorous convergence analysis
for the Strang splitting method applied to the Schrédinger—Poisson and cubic Schrodinger
equations; extensions to Gross—Pitaevskii equations and high-order splitting methods as well
as a study of the effect of spatial discretization by spectral methods are given for instance
in [20,25,29]. The question of long-time integration, with view on near-conservation of
invariants under time discretization by splitting methods, is considered in [18,19,21], see
also references given therein and [11, 14] for the analysis of related classes of methods.

Linear and nonlinear Schrodinger equations in the semiclassical regime are considered
in [7,8], distinguishing between the cases of weak/strong focusing/defocusing nonlineari-
ties. In particular, numerical tests for time-splitting spectral methods are included and ad-
missible meshing strategies for the correct computation of the solution and evaluation of
observables are provided. Theoretical investigations of time-splitting methods applied to the
cubic Schrodinger equation in the semiclassical regime are conducted in [17]. A wider class
of (nonlocal) nonlinearities has recently been analyzed in [12]. In essence, all these contri-
butions confirm that for the correct computation of the solution the time increment has to be
chosen sufficiently small in relation to the semiclassical parameter €.

Objective and outline. In this work, we study the cubic Schrédinger equation involving a
small but fixed parameter 0 < € < 1, see Section 2. Our objective is to provide a rigorous
a priori and a posteriori local error analysis for low-order splitting methods, the first-order
Lie splitting and the second-order Strang splitting methods.

First considerations and numerical tests imply that the splitting solution correctly de-
scribes the qualitative behavior of the true solution only if the time stepsize ¢ > 0 is in the
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range of the parameter €, see also [7,8,17]. Notably, the numerical simulation of the semi-
classical limit (¢ — 0) is not possible by the splitting approach.

A refined local error analysis provides a deeper understanding of the dependence on
the time stepsize and the parameter, see Sections 3-5. However, as the obtained bounds in-
volve certain Sobolev norms of the solution, whose precise dependence on € is in general
unknown, an appropriate a priori choice of the time stepsize to optimally balance computa-
tional cost and accuracy is a delicate issue.

Pessimistic bounds for the solution and its spatial derivatives would lead to a system-
atic underestimation of the time stepsize, at the expense of efficiency. A remedy is the use
of asymptotically correct a posteriori local error estimates for an automatic time step size
control, see Section 6.

The theoretical investigations are substantiated and complemented by numerical exam-
ples, see Section 7.

Theoretical results and connection to earlier work. The present paper extends the work
of [16,17], where the local error in dependence of € is studied for higher-order splitting
methods applied to linear equations and for the first-order Lie splitting method applied to
nonlinear equations, respectively. In particular, we analyze the second-order Strang splitting
method in detail, where we adopt the defect-based approach of [3,4,5]. This enables us to
derive a suitable local error representations with bounds of the form

Lie splitting: cr?,
where the constant depends essentially on ||ul| 52, and
Strang splitting: crle !,

where the constant depends essentially on | u|| ;4. Here, the explicitly stated dependence on
€ is associated with the applied splitting method, additionally a solution dependence on a
negative power of € may be present. In special cases, precise bounds for ||u||;« are known,
however, the treatment of the general case is an open analytical question. Extending [3], we
analyze asymptotically correct a posteriori error estimators for the purpose of adaptive time
stepping, and verify their asymptotics.

2 The cubic Schrodinger equation as a model problem

Problem setting. The main aim of this paper is to provide a rigorous a priori and a poste-

riori local error analysis for low-order splitting methods applied to the cubic Schrédinger
equation (NLS)

5 W(tx) = —e3 Ay(t,0) + ¢ (U) + 0 y(,0)) wit,x), (2.1a)

w(0,x) = u(x), (2.1b)

with solution y : [0, T] x R4 — C, initial state u : RY — C, a quadratic harmonic potential
U:R'R: x— Lo?x?, (2.2)

and a fixed positive constant 0 < € < 1. We choose ¥ = 1 to obtain a defocussing nonlinear-
ity, where a solution exists globally. We focus on the relevant cases d € {1,2,3} and employ
certain regularity conditions and boundedness assumptions on y and U y.
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Splitting. For discretization in time we split the right-hand side of the PDE (2.1a),
F(y)=iezAy—it(U+3|y])y,
separating the two scalings with respect to € into
A(y) =il Ay, (2.3a)
B(y)=—il(U+0|y])v. (2.3b)

The evolutionary operators &4 and &p associated with these subproblems and initial state u
are given by

Ext,u) = elt54y, (2.4a)
Ep(t,u) = e TeWHONP) (2.4b)

Representation (2.4a) follows from Stone’s theorem, and the explicit representation (2.4b)
is immediate.

For the numerical approximation we consider s-fold splitting methods, where one split-
ting step .# has the general form'

S (t,-) = Ep(bst, Enlast,...,85(bit,Ex(art,")))). (2.5)

The splitting coefficients a;, b; € R are defined by appropriate order conditions. The numer-
ical solution , after n time steps is given by

v, =S (t,L(t,...,. L (t,u)). (2.6)

n times

For the subsequent study the two-fold symmetric second-order Strang splitting method, with
a=ay= % by =1, by =0, see (3.2) below, will be in the focus of interest.

Notation. For a nonlinear operator G we denote by G’ its Fréchet derivative. Moreover, for
the associated evolutionary operator &g (¢, u), its first and k-th derivatives with respect to the
initial value u are denoted by & (t,u) and 95 &5 (t, u), respectively?.

3 General representation of the local error

Our main goal is a better understanding of the local error behavior of a Strang splitting step
for problem (2.1), see Section 4. To this end, in the present section we first recapitulate an
exact representation of the local error for a general nonlinear evolution equation

Ly =F(y)=A(W)+B(y), y(0)=u. 3.1

This local error representation is based on [3, Section 4 and Appendix C]. Here we do not
repeat all details of the derivation but particularize for A linear as is the case in (2.3a), and
rearrange terms appropriately as a preparation for the subsequent estimates.

! For notational convenience, the time increment is simply denoted by .

2 The operator B from (2.3b) is not complex Fréchet differentiable due to the occurrence of the factor |¥|?.
However, this is a merely formal problem, see the discussion in [3, Section 5.1].
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Since A is a linear operator, we have
Alw)=Au, A(w)yv=Av, & (t,u)=E)u, héx(t,u)v=2Eat)v,

with the operator exponential &4 (1) = el’34 see (2.4a). A Strang splitting step takes the
form

y(t,u) = cSﬂStrang(l‘aM) = éaA(%t)gBOv@@A(%t)u)) (3.2)

with &p(¢,-) from (2.4b).
The flow defined by (3.1) is denoted by & (¢,u), and the local error of a splitting step is
denoted by
L(tu) =S (t,u) — Ep(t,u). (3.3)

The representation of . (¢, u) given in the sequel indicates the expected local order &(¢P+1)
of the Strang splitting scheme with p =2 and in particular the dependence on the operators
A and B. This also will enable us to study the dependence on the parameter €.

The approach adopted in [3] is based on an iterated application of (non)linear varia-
tion of constant formulas involving the defect .”(!)(r,u) of the numerical solution . (t,u),
defined according to

2 (t,u) =F (S (t,u)+V(t,u), (3.4)

such that . (¢, u) is the exact solution of the perturbed problem (3.4).

3.1 First expansion step

Using Proposition 2 (Grobner-Alekseev formula, see Appendix A), with z(z) = .7 (¢,u), the
local error (3.3) can be written as

i
L (t,u) :/ &t — 1,7 (1,u)) D (t,u)dr. (3.5)
0
An expression for the defect .”(!)(r,u) which contains no time derivatives is derived in
Section B.1,
S W(t,u) = Ex(L1)B(w) — B(&x(L1)w) (3.6)
+ %éa,q(%t) (azéaB(I,V)AV—AéaB(t,V)) | v=&( |

771'0
w=E(t,6(§1.u))

Obviously, .7 (1 (0,u) = 0, hence . (V) (¢, u) is at least of order &(r) provided all expressions
involved are bounded. However, this does not yet reveal the expected order &(¢?).

3.2 Second expansion step

Further expansion of .Z(¢,u) via another application of the variation of constant formula
results in

t T
L(t,u) /0/O‘{azéz;(r—rz,y(rz,u))y<2>(rz,u)
+ Rt =2, 7 (1)) (S (220), 1) (12,0)) fdmpdry - BT

R4S (t,u) +$(1’1)(I,u),
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see [2], involving the first- and second-order defect terms

S WD(t,u) = . (t,u) — F(S(t,u)) (see (3 4),(3.6)), (3.8a)
SV (t,u) = &S D(t,u) — F' (S (t,u) 7V (t,u). (3.8b)

Note that for (2.1a),
F'(u)y = fS%Av+ % (Uv+ v 4219 \u|2v) .

Again, .73t u) can be expressed in a way such that no time derivatives occur. Here we
resort to a reformulation facilitating identification of the dominant terms, see Section B.2,

SO (t,u) = (E(51)B (w) — B (Ea(31)w) En(51)) D2 85(1,v) Av
+ (A+B'(&x(51)w)) (B(Ea(5t)w) — Ea(51) B(w))
+ (Ea(31)B' (W) — B (&x(51)w) Ea(31)) B(w)

+iad )(A(Aé"g(t V) — 02 E5(t,v)AV) (3.9)
—(Aazéag(t,v)—azgg(l,V)A)Av
+822£B(t,v)(Av,Av))

v:é’A(%t) u ’
w=ép (t.é"A(%t) u)

satisfying .#(?) (0,u) = 0, hence .”?) (t,u) = 0(t) provided all expressions involved remain
bounded. Thus, together with .#(!) (¢,u) = &(t), we have

L(tu)=0). (3.10)

Detailed integral expressions for (1) (r,u) and .#(?) (¢, u) are given in Section 3.4 below.

3.3 Commutator expressions occurring in the subsequent analysis

In the expansion of the local error, nonlinear commutators occur. The commutator of two
nonlinear vector fields A, B is defined as’

[A,B](u) = A'(u)B(u) — B'(w)A(u).

For a linear operator A, the relevant first- and second-order commutators are given by

[A,B)(u) =AB(u) — B (u)Au, (3.11a)
[A,B'(")](u) =AB' (v)u—B'(v)Au (3.11b)
[B,[B,A]](u) = B' (u) (B (u) Au— AB(u)) (B'(u)Au—AB(u)) B(u) (3.11¢)

—2B'(u)AB(u) — B" (u)(Au,B(u)) + B (u) B (u) Au+AB (u) B(u),

A, [A, B])(u) = A (AB(u) — B'(u)Au) — (AB(u) — B' (u) Au) Au (3.11d)
=A%B(u) +B" (u)(Au,Au) + B (1) A>u — 2AB (1) Au.

3 Here and in the following, u is a formal variable representing the argument of the respective operators.
This is not to be confused with the initial value, which has also been denoted by u.
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3.4 Explicit integral representation of the local error

The integrand in (3.7) depends on the first- and second-order defect terms .(!) and . (?),
see (3.6),(3.9). For a precise estimation of the local error, a more explicit representation
of M) and #@ is required. This is accomplished by converting them into integral form
according to the ideas from [3]. The following integral representations are derived in Ap-
pendix B.

y(l)(t,u):/Ot{%gA(%(t—T))[A7B}5A(%T)W (3.12)

a0 és(t—1,8(1,v)) [B,A](é‘}g(r,v))}dr

v:o“A(%l)u
w:é};([,é},(%t)u)

— /Ots“)(t,r,u)dr:ﬁ(t),
and
SO (t,u) = (3.13a)
= [{-1a0u-p@Edom
(A GDw a0 (2p1)Av-A(1,r))
+36(3(=7)
(B ANE G )W) + 4B (GG w5 7) (265(1,)Av = A85(0,v)) )
—i—&(%(z—r))
(=B @GR (EG DB - BE (G W), A& (s t)w)
+ 1B, BA (E4(3 T)w) +[A,B (Ga (3 2)w)) (G (D)BOW) — B (3 )w))
+£A(%t)82éag(tfr,(§’3(r,v))
(S TABI (B (x9) — SIAB (Ep(.)] (92 65(x,v) Av—Adp(z,v))
1B (63(7,9)) ((9268(7,v) AV = A(8p(5.,7))), 02 E(T,1) AV + Ay(z,)) ) |

dt

v:éBA(%t)u
o o o1
w=&p (T‘gA(i l) u)

Analogously to (3.12) we define s (¢, 7,u) as the integrand in (3.13a), such that
t
SO (¢,u) = / s (t,7,u)dr. (3.13b)
0

Several terms in (3.13) cancel out at f = 0, e.g., o> &5(r,v)Av — A&p(t,v). Hence s can be
written as
s (1, 7,u) = 1 A, [B,A]|(u) + 3 [B,[B,A]| (1) + O(r). (3.14)

These commutators will dominate the term .72,
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Combining these results we finally obtain an integral expression for £ (¢,u) consisting
of two parts according to (3.7). Evaluating .Z (¢, u) at t = 0 reveals the dominant term in its
Taylor expansion,

L(t,u) = 25D (t,7,u) + 0(%), (3.15)
with s as in (3.14).

4 The local error for the cubic Schrodinger equation

In the special case of the NLS (2.1) the operators A, B are given explicitly in (2.3), for which
we can explicitly calculate the terms appearing in the local error representation.
For Au = ie 1 Au from (2.3a) we have

Auyy=Av=ietAv, A"(u)(v,w)=0.

4.1 Auxiliary results for the nonlinear operator B

In a subsequent L2 -estimate for the integral representation of the local error, several deriva-
tives of the nonlinear operator from (2.3b),

B(u)=—-il(U+ O |u*)u

appear.

Fréchet derivatives of B. Direct computation yields

B'(u)yv=—il (Uv+9Q2lufv+u’v)),
B (u)(v,w) = =2i 10 (@vw +uvw+uvw),
B" (u)(v,w,z) = =2i 19 (Vwz+vwz+vwz).

Spatial derivatives associated with B. In the commutators to be analyzed below, spatial
derivatives of the functions B(u), B'(u)v and B” (u)(v,w) occur. We thus compute

VB(u) = —il ((VU)u+U(Vu) + 9 (2Juf2 (Vi) + 12 (W))) :
V(B (u)v) = é((VU)v—I—UVv
+ 9 (2JuP Vvt (W)+2u(vu)v+2u(v7)v+2u(w>v)),

V(B (u)(v,w)) = =2i 10 ((Vu)yw+ (Vi) yw + (Vu) vw+a (Vv) w
+u(Vv)w+u(Vv)w+uv(Vw) +uv(Vw) + uv(Vw)).

This implies
AB(u) = —il ((AU)u+2(VU) - (Vu)+ U (Au)

+ 0 (22 (Var) - (V) +4u(Vu) - (Vie) + 2 |ul? (Au) +u2(ﬂ>)) :
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A(B(u)v) = —iL ((AU)v—i—Z(VU) -(Vv) +U(4v)
+ O (2|ul* (Av) +u* (Av) + 47 (V) - (Vv) +4u(Vu) - (Vv)
+4u(Vu) - (Vv) +2u(Au)v+2u(Au)v
+2u(Aw) v+ 25 (Va) - (Vi) + 4 (Var) - (Vu))) ,

A(B"(u)(v,w)):—Ziéﬁ((ﬂ)vw—l—(Au)iw—l—(Au)v*—l—ﬁ(Av)w—l—u(ﬂ)w—i—u(Aw)W
+uv(Aw) +uv(Aw) +uv(Aw)

+2% (Vu) - (V) + 2w (Vi) - (Vv) +2w (V) - (V)

+29(Vu) - (Vw) +2v(Vu) - (Vw) +2v(Vu) - (Vw)

+2u(Vv) - (Vw) +2u(Vv) - (Vw) +2u(Vv) - (Vw)).

Higher derivatives of B, which appear in higher-order commutators, can be expressed in a
similar way but will not be listed here.

4.2 Auxiliary results for the evolutionary operators &4 and &p

The evolutionary operators &4 and &g are given by (2.4). For the nonlinear operator &3, the
Fréchet derivatives with respect to the initial value u are of increasing complexity:

& Ep(t,u)v = e e UHIP),, _iéﬁe—ié((/ﬂs\uﬁ) (@ + v,
03 &p(t,u)(v,w) = —iL Ye iEU+B)

Quvw+2uvw 4+ 2uvw —i L Y u (uv + uv)(@w+ uw)).

For higher derivatives 85‘ the results look similar and involve higher powers of é Further-
more,

id,
0.

aZ(g)B(tqu
aZZgB(tauﬂ

=0

=0 "
In the present situation, we may use the identity

VEN(t)u= Ex(t)Vu,
thus

VEs(t,84(1)u) = e e WHIIGNU)
(B Vu—TE(VO) Ea(0)u+ 916 (O (6a() V) + 8 (6 (1)) (Ea Vi) ).
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which implies

AGH (1, Er(e)u) = e IR0 (5,1 Au

—il

L(2(VU) - (Ealt) Vi) +20 (En(t) u) (Ea(t) Vi) - (Ea(t) V) + 30 (Ea () ) | Ea(t) Vuul?
+(AU) Ex () u+ 0| Ea () ul* Ea (1) A+ O (Ea(t) ) Ex(t) Au)

(( U)-(VU) & (1) u+28 (VU) - (Ea (1) V) |Ea (1) uf?

+20(VU) - (Ex (1) Vi) (Ea (1) u)? + 2% Ex (1) Vel * | Ep (£) u|* Ep () u

+02(Ex(1)Vu) - (Ex(1) Vi) (Ex (1) ) + 02 (Ex (1) Vi) - (Ex (1) Vi) | Ex (1) u|* &4 (t)u)) .

4.3 Representation of commutators

The results derived above for the operators A and B yield explicit expressions for the relevant
commutators from (3.11). With ig (—i %) = 1 we obtain, for a general potential U,

[A,B](u) = (VU) - (Vu) + 3 (AU ) u+ 0 (u (Au) +2u|Vul* +%(Vu) - (Vu)), (4.1a)
[A,B'(w)](v) = 3 (AU)v+(VU) - (V)
+ O (u*(AV) + (Au)av + (Au) uv + (Au)uv+2|Vul*v
+22(Vu) - (V) +2u(Va) - (Vv) + (Vu) - (Vu) 7+ 2u(Va) - (V).

(4.1b)

Furthermore,

[B,[B,A]](u)

4.1¢)
ié(fu(VU) -(VU)

+ 0 (2(AU) [ul*u—4[u|* (VU) - (Vu) — 2U u* (Au))
— 07 (2]ul* (Au) — 2|ul*u* (Au) + [u* @ (Vu) - (Vi) + 6 u]*u|Vu|?
i (Vi) - (Vi) ).

This expression comprises less critical terms with respect to U, in particular it does not
contain terms U (Vu) - (Vu), or U(Au).

For [A, [A, B]](u), using the identities

A((Va) - (W9)) = (V(Au)) - (V) + (Vi) - (V (A)) +2Te (VW) - (V97 0))
(V”)‘(V((V“)( u))) =2(Vu)" - (VV'u) - (Vu),
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we obtain®
(A, [A, B]) (u) 4.1d)
- ie(%(AZU)u—k (V(AU)) - (V) + Te (VYT (U)) - (VY (w)))
+ 9 (12 (A%u) + 4u(Vu) - (V(Aw)) + 2 (Au) (Var) - (W)))
+ied (ﬁTr((VVT(u))Z) +2uTr (VYT () - (VVT () +2 (V)T - (VVT (u)) - (Vi)

£ 2(Va)T - (VT () - (Vie) +2(Va) T - (VYT (1)) - (W)) .

5 L?-estimate of the local error for the cubic Schridinger equation

Since solutions to Schrodinger equations are well-defined in the Hilbert space L2, we aim
for an L?-estimate of .Z(¢,u) on the basis of the general representation from Section 3.
Proceeding from (3.7), the local error terms .22 (r,u) and .21V (r,u) will be estimated
separately in the situation of (2.1a) below. The detailed derivations of these estimates are
given in Appendix C.

5.1 L*-estimates for . and .#(1D)

Consider

13 T
f‘z)(t,u):/ / &t — 10, 7 (12,u)) P (0,u) dTrdy (5.1a)
0 Jo

with 7 (1,u) = [> s (12, 73,u)d73 given by (3.13). In combination with an estimate
for (), the integrand in (5.1a) can be estimated by

|28 (t — 12, 7 (12,u)) - 7@ (12,u)]| > (5.1b)

ot
< exp (C/ 119]16r (0 — 12,7 (12,0)) |32 dG) (t - sup ||s@ (1, T3,u)| 12 + éC*) ,

() <1<,

with a constant C, as indicated in Appendix C.1.
The second contribution to the local error (3.7) is

1 T
f“’”(t,u):/o/O1Bzzéap(t—rz,Y(rg,u))(Y(l)(’cz,u),y(l)(rz,u))}drzdrl (5.2a)

with . (1y,u) = I s (15, 13,u)dr3 given by (3.12). The calculations from Ap-
pendix C.2 yield
036 (t — 72,7 (T2, ) (F N (12,u), D (2, 10)) || .2 (5.2b)
t
<exp (€ [ L9]16k(0 — 207 (22032 do)

)

(8 ulz ( sup s (2,5, ) e+ L) C)

0<n3<n,

In this way, estimation of the local error reduces to estimates for s(!) and s(®) which will be
discussed in Sections 5.4 and 5.5.

4 For the harmonic potential U from (2.2), the terms A2U and V(AU vanish.
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5.2 L?-boundedness of U &) (¢)u for the harmonic potential U from (2.2)

The product of the quadratic potential U (x) = %wz |x|? with the function &, (¢)u as it ap-
pears in (5.6) below and in the estimates from Section 5.3, is unbounded in general. In
the following we work out requirements on u which guarantee that ||[U&) (7)ul|;> remains
bounded.

From the well-known identity

Ep(t)xEx(—t) =x+1iteV
we first obtain
(e (t)ullpz < ol g2 + & [|ue]|
Furthermore, using the estimates from Appendix A.3 we find

[US(t)ull 2 < ||Uul|p2 +1€CL[(VU) ull g1 +12 €7 Co |lull 2
<NUullp2+1eCt (Ul 2+ |lull o) +12*Ca |[ul 2, (5.3)

with Cj, C; depending on the weight @ in U. Clearly, the expression || (AU ) u/|;2 is bounded
by C||u||,2 with a constant C depending on @.

5.3 H™-boundedness of a Strang splitting step

In the estimates of (1) and .#(?), certain H"-norms of the splitting approximation
S (t,u) = Ex(51)- Ep(t,Ea(51)u) and of the intermediate composition &p(t, &4 (%1)u) oc-
cur. Their boundedness with respect to the initial value u is critical for our analysis.
Due to the invariance property ||&x(7)u||gm = ||ul|gm, the expressions . (¢,u) and w =
ép(t, é"A(%t) u) show the same behavior in the H”-norm.

Concerning m = 0, both flows &4 and &5 conserve the [%-norm, hence

| ()l 2 = 1 65(t, Ex (30D )l 2 = ul 2. 54

The following estimates are based on the results from Section 4.2, making use of the esti-
mates from Appendix A.2. For m =1 and m = 2 we have

1€8(2,Ea(30) 1)l < lluall g1 +C- (é (H(VU)”‘HL2+|6|HM”HZ””‘H}ZW)thzHu”Hl)7 (5.52)
and

165, Ea(30) )|z < [l 2 +C- (é (0wl 2+ el g2+ [9 lull52) + 72 [l 2 (5.5b)
2
+ 2 (10l 2 + 1OV wll 2 el o+ 1 [l + |3 [ 32)

3
+ %5 (10l 2+ llullg + 8] lull32) +f4\|u||Hz) :

Analogous estimates for higher Sobolev indices m involve powers up to (é)m and higher
Sobolev norms of u as well as U u.
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5.4 H?-estimate for sV (¢, 7, u)
The integrand s in the integral representation (3.12) for .77 (1) can be estimated by

I (2,7, |2 < CJ|[4, B (10) Ep(t, Ex (1)) 2
+C||82@@B(t — T,fg(f,é’A(%z)u)) [B7A}(£B(T,£A(%t)u)) HH2 ,
and further
stz < C (14 ElB1IwIZR) - (1+ L0 1lZ) 1A Bl (5:6)
relwlgs + £ (IUAW]|2 + [(VU) - (V)
+B(VU) - (VW) 2wl ]l 112)
+ S (1U(VU) - (V)2 + [Uwll 2 + 8 Uw] 2 il s il
+[BONU ull 2 ull 2 1A, B (w) [ 112

ol 2 14, B(0w) | 12) )

v:é‘},(% Tu ’
w=E(T,64(§ 7))

where (VU) - (VU) = CU and
|

Inserting the expressions for v and w in (5.6) we obtain

(A B2 < CI(VU) - (V)12 + [0 [l e Wl 1wl 2 ) -

sup ||V (e, 7,u) 2 (5.7)

0<7<t
S G U2 ujlp2 Ul g4 Ul|lg4||U]|g3||U||g2
< Cr ([0 ullyz + 10l 2 + [l s + 10 o e 1] el
2 2
+C2§(||Uu||L2+|\M||H2+|l9\||U ull 2 lall o + (OO ll 2ol s [ el 15
2 2 3 2 2
1O ol e llall gz + [0 lutll s el o el 2 + € (el 4 + 10 u||L2))
2
+C327(||U2u‘|L2+”UMHLZ+HMHH“+|19|||U2MHL2HMH§12
+ O U ullZa |l g2 + [T wll 2 o s el s
2 2 2 2
Ol gy leell g+ [ DN el 2 el g5 [ 2
2 3 3
+ O el g 1l g ol 2+ 13 el g a3 152
2 2 4
+e* (181U ull 2 lull g Nullz + 1B ull o ullys) + HuHm)

+0(5)(1+0(e?).

5.5 L*-estimate for s (¢, 7, u)

The integrand 5@ in the integral representation (3.13) for .7 ) involves multiple commuta-
tors and derivatives of the flows & and &p. Here we only note the dominant terms according
to (3.14) in more detail:

Is® (0, 7,0) 2 < 5 1B, [BAN ) 2 + 1 1[4, [B AN ) 2 + € (s +1),
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where the dominant commutators, given by (4.1c) and (4.1d), can be estimated by
118, 18,41 (w) 2 < C L (10 ullz + D102 Nl e + 9 1l + 152 )
14, B ATNw) 2 < Ce (Il + 19l s 2 )

A more refined estimate reads

sup [|s@(t,7,u)|,2 (5.8)

0<t<r
< Cre(|lullg + 19| e ]2
+Co L (U a2 + 911U ]2 1l Nl gz + 18] e + 19 )
+Cst (02 ullz + 1l 2+ s + 91U wll 2 g
o 90l e+ 181 s Dl + 19 ol Nl )
+Cat (19110 w32 s+ 111Ul 2 s o
+ [0V a2l + 9 a2 )

+O(5+5 +1%).

5.6 Resulting L?-estimate for .2 (t,u)

Combining all previous estimates we conclude
1 T T 5
lzeily< [ [*{ [ 12600 - o7 (w6 (e mwl2dey
) 2
+H822£F(t—12,<7(12,u))~(/ s(1>(12,173,u)d1:3) H }drzdrl
0 L2

< Crewp(CEIBl s [0, ()l (5.9)
t

EYANS

2
sup (2l (156 7+ 1€+ 80 7 + €+ £C).
<t<t

where s(1) and s(?) have been estimated in Sections 5.4 and 5.5.

5.7 L?-estimate for .Z(t,u) for the Lie splitting method

For comparison, we recapitulate an L”-estimate for the Lie splitting method
Y(z,u):fLie(t,u):zg’B(t,cfA(t)u). (5.10)

Following [3] we have, for A linear,

L(t,u) = /Of /Orl A EF(t — 11, (T1,u))HEp(T1 — T2, E5(T2, Ea(T1)1))
- [B,A](63(T2, 64 (T1)u))dTad7Ty .

(5.11)
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Evaluating .2 (¢,u) at t = 0 reveals the dominant term in its Taylor expansion,
L(t,u) = 5 [BA|(u)+6(5 +1€). (5.12)
Proceeding similarly as for the case of the Strang splitting method we obtain

12wl <C-Pexp (CEO] swp [16r(0.7 (.u))le) (5.13)

0<y<o<r
(10 ull 2 + il g2 + 18] Nl + el
£ (10 ullz + 191U w2l gl + 19l ]2
2 (Ul 2+l + 9 ]2
o+ S 101 (10 w2 Nz + 10wl a2+ 8110 2 el
9tz + 19 ul ) + €.
+O(5+2+1%€).

Here the constant C, discussed in Appendix C.1 again appears. We observe that the dominant
0(t*) term of the local error does not depend on €, which is a different behavior compared
to the Strang splitting method.

5.8 Higher-order methods

For the Lie and Strang splitting methods, the leading term of the local error has a
very simple structure and is influenced by [B,A] and [A,[B,A]], [B,[B,A]], respectively
(see (5.12),(3.15)). It is also known that for a higher-order method the leading term in the
Taylor expansion of the local error comprises iterated commutators, see for instance [2] for
a precise discussion.

However, as we have seen, an exact (integral) representation of the local error becomes
quite complicated already for the Strang case, and it involves various derivatives of the
nonlinear operator B(u) and derivatives of commutator expressions. Due to this significant
increase in complexity, a rigorous analysis of higher-order splitting methods (2.5) appears
to be a major challenge for the nonlinear case which we do not attempt to cope with here.’

Nevertheless we may infer information about the behavior of the dominant terms. For
a third-order scheme, for instance, the local error will be dominated by the commutator
expressions

[A,[A,[A,B]](w),  [A,[B,[A,B]]](«) = [B, A, [A, B]l|(w), [B,[B,[A,B]]](u).

For the NLS we have [B, [B, [A, B]]] = 0 and therefore no terms involving ELZ appear. More-
over, all other third-order commutators have either no or a quadratic dependence on €. This
is comparable to our results for the Lie splitting method. This means that especially for
€ < 1, one would see the classical behavior or even a better order behavior for more regular
initial values. Numerical observations are reported in Section 7.

5 See [5] for an exact local error representation for the linear case. This is combinatorially rather involved;
however, the role of iterated commutators dominating the error is clearly worked out.
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Summarizing remark. The theoretical analysis has shown a delicate dependence of the nu-
merical error on the semiclassical parameter, the stepsize, and higher Sobolev norms of the
exact solution. Consequently for practical computations, automatic stepsize control seems
more promising than an attempt to choose the time steps a priori. To this end, a posteriori
estimators for the local time stepping error are required. In the following, we construct and
analyze an asymptotically correct local error estimator based on the defect of the splitting
solution.

6 An a posteriori error estimator

In [3] the following a posteriori local error estimator for s-fold splitting methods (2.5) of
order p was proposed; it is based on an Hermite quadrature approximation for the local error
integral (3.5). In Proposition 1 we state how this error estimator can be practically computed
via an appropriate evaluation of the defect.

Proposition 1 ([3]) Let v;, w; be defined as
vi:é"A(ait,wi,l), W,’ZCg}B(bil,V,’), 1 Sigs, (61)

with wo = u and ws = 7 (t,u), and consider the local a posteriori error estimator for a
method of order p defined by

P(t,u) = 57t V(e u) = L (1,u), (6.2)

involving the defect
SW(tu)= 2. (t,u) — F(S(t,u)). (6.3)

This can be computationally evaluated in the following way:
SD(t,u) =g oglt Vo, 0gWog® —F(w,), (6.4)
where
§(2) = biB(w;) + 02 (it i) En(ait,wit) [@iA(wi1) +2], i>1,
§9)=0.

Hence, 2 (t,u) can be computed as

P = ﬁt(g(‘?)o...og(o) fF(ws.)). 6.5)
Since the g(i) depend on v;, w; and w;_; only, they can be evaluated in parallel with the
splitting scheme without the need to store all intermediate values v;, w;.

For problem (2.1) with € = 1, the asymptotical order

P(t,u)— L (t,u) = O("+?)

has been proven in [3] for the cases p = 1 (Lie) and p = 2 (Strang). We will extend this
study by incorporating the dependence on € < 1, while for higher-order methods we resort
to numerical observations. Understanding the asymptotical order behavior is essential to
ensure reliability of a time-adaptive method.
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6.1 Analysis of the deviation of the a posteriori error estimator

Lie Splitting. For the deviation & — _Z of the Lie splitting error estimator an integral rep-
resentation has been derived in [3],

P(t,u) - L(t,u) = /0’ (Ki (1,001 (1,0,0) — Ko (0,0) % (r,0,0)) dT,  (6.6)

where K| and K are the first- and second-order Peano kernels associated with the error of
the underlying trapezoidal quadrature,

Ki(t,t)=1—%t, K(t,)=1t(t—1),
and
Gi(5.t.0) = {92601 — .7 (w0)) [ B6a(c— . 6n(02)
(B (68220 (1) (22,9))° + 1B AL A (8 (12,9)) + [[B,A), Bl(65(%2,v)
+2[B7A]’(€B(rz,v))ﬁl)(rz,v))dfg

+ 28t — T,Y(T,u))(y(l)(‘c,u))z}

v=&y(0)u’
% (x.t,u) = { 60 (1= 7,7 () (93 6 (x.v) (Av, [B.A](v))
+ (2 E5(T,v)A— Ay E5(T,)) [B,A](v))
+ 076 (t— 1,7 (1,u)) (D (7,u), 0 E5(1,v) [B,A](v))
+ 361 = 7,7 (5.4)) 6 (5,v) (1B, AL, AL (v)}

v=E4(T)u '

Here, .#(1) is the defect (6.3) which satisfies the integral representation
W () =D, E(t,u)),
with ﬂ')(m):/o 0, &5(t — T, 88(1,v)) [B, Al (&5(T,v))dt.
Denoting
T :/01825’3(’671275’3(’52,\/))(B"(éag('rz,v))(ﬁl)(rz,v))z+[[B,ALA](&’B(TZ,V))
+11B,AL, Bl (8 (%2,1)) + 2[B.A] (6p(22,)) 7 (12,9) ) da,

T> = 93 &3(7,v)(Av, [B,A|(v)) + (02 &5 (7,v)A — Adr (7, v)) [B,A](v)
+ 02 6p(1,v) [B. AL A](v),
Ty, = 2, 65(7,v) [B,A](v),

we have

|2(t,u) — L (t,u)l2
<CP (|0 6r(t -, (T,u)) Til| 2 + | 036r (t — 7, (7,u)) (D (1,1))?]| 2)
+C3 (|02 (t — 7,7 (1,0)) B | 2 + |03 6 (1 — 7,7 (T,u) ) (LW (2,u), T) || 2) -
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Estimating 0> &7 and 97 & as in Appendix C, we obtain

ng(t,u) —.i”(t,u)HLz < Cle(Czé\ﬂ\ SUPo<y<o<t H@QF(O'ﬁy(X,u»Hi,z)

3 5 2 4
sup (PRIl +5C+ Sl (IsV(7,2,) 2+ 2C.) + 5Co+ 2T 2

0< <7<t
to 0 ) Le(IT leya e
+ 50+ Sllull 2 (I8 (7, 22,0l 2 + 2C) (1Tl + 2Co) + 5Cx ) -
Now we separately estimate,
ITill2 < re(llullgz + [0 el el s el )
+ 2 (10 ull 2 + B U ull 2|l g Nl 2+ 10 el + |32 [ull52)
+2(10%ullp + 10 ull 2 + llull s+ 10 ol o lull 7z + (9110 wll 2 el 3 1]l 2
A0l gl 3 )
2
+ 5 (101U ull ol s el s + 10 [l g N1l s a3+ (9P NU a2l 2
3 3
HOPluljp) +0(5 + 5 +1¢),
and
172112 < & (Il o+ [0 [l o el s 1l )
+ (10%ul| 2+ Ul 2+ Nl g+ [ 10 ull 2 ] g a2
0 e s el 2+ 10 ltll g 1l s a1 2)
+0(5+1%).
Concerning T», we refer to the representation of the commutator [B,A](v) in Section 4.3.
Combining these results, we obtain

t P
12(tu) — L ()| < €12 e(© £19I9Poscosi 66 (0.7 Gad )

(& gz + 18l o )
+ L (U ullzz + 191U w2 Nl sl 2 + 8] Ny + 82l + €.
1 (I02ullz + 10 ull 2 + Nl s + 181 el go o + 181 1 wll 2l g
02l g o ] 2) + £C.
2 (1010 w2 gl g+ 182 ol a3+ 19 20U 2 5
+ 0P lull}) )
15

+O(5+5+1%),

where the constant C, arising in Appendix C.1 appears again.
To sum up, for the Lie splitting method®

| PLic(t,u) = Lie(t, )| 2 S (C1 1+ Crg) +1*(C3 5 +Cy),, 6.7)

6 Here and in the following, we use the symbol < in order to express bounds in terms of the asymptotically
dominant quantities (omitting higher order terms).
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with constants Ci,. .. ,Cs depending on the H 4_norm of u, and additionally Cy, C5 depending
on ||Uul|;2, and Cy4 depending on ||[U?u||;>.

This estimate is of a similar nature as the a priori error bound for the Strang splitting
method. Therefore we expect the same asymptotical behavior of both the deviation of the
a posteriori error estimator of the Lie splitting method and the local error of the Strang
splitting method. This claim is mainly based on the fact that both estimates are dominated
by the commutators ||[[B,A],A](«)]|;2 and ||[[B,A], B](u)]| ;2.

Strang splitting. 1t was observed earlier that, to leading order, the deviation of the a posteri-
ori Lie error estimator is dominated by ||[[B,A],A](u)||,2 and ||[[B,A], B](u)|| ;2. For the case
of Strang splitting, third-order commutators dominate. According to [3],

P(t.u)— L (tu) = ./Ot Ks3(t,0) £ (02 6r (1 — 7,7 (1,u)) P (t,u)) dT+ 6(r°),  (6.8)

with the third-order Peano kernel K3(7,t) = ér(t — 7)? associated with the error of the
underlying Hermite quadrature rule defining 7, and the third-order defect

7 (t,u) = { £4(30)265(1,7) (3 [[B,AL, A1) + L [B.A],B)(»))

= &a(31) (3 [1B.ALA](w) + [[B.A] B (w)) + ﬁ(t)}

v=4( %t)u
w=Ep(t,Ea(51)u)

We now collect coefficients of #* in (6.8),
P(t,u) — L (t,u) =Cr' (% (A, [B, [B,A]] () + 1 [A, [A, [B,A]]] (u) — B, [B, [B,A]] ()
— 3 [A,[B,[B,A]])(«) - § [B.[A, [B,A]l](u) — 3 [A, B, [ByA]H(u)) +0(r%)
—crt(— LA B B A 0) — § 1A, A4, [BA] @) + 6(°).
Here we have used the identity [A, [B, [B,A]]](u) = [B,[A, [B,A]]](«) and the fact that, for a
cubic nonlinearity and a harmonic potential, [B, [B, [B,A]]] = 0.
The appearing commutators can be estimated as ||[A, [B, [B,A]]](u)||l,2 < €°C(||ul|g4)
and [[[A,[A, [B,A]]](u)] > < €*C(]lullyo). such that
| Psuwang (t,1) — Lowwang (t,u) || 2 S Ct* (1+€2), (6.9)

with C depending in particular on ||u/| ;6. From (6.8) we deduce that the coefficients hidden

in the &'(#°) remainder are of the form 6’(% + 7€), which is also observed numerically, see
Fig. 1.

7 Numerical results

In our numerical experiments we solve a cubic Schrodinger equation (2.1), with either no
potential U = 0 or a quadratic potential U : R 5 R, x— %|x|2. For ¥ = 1 we speak of a
defocussing nonlinearity, for % = —1 we have a focussing nonlinearity.

For the computation of reference solutions we have used a fourth-order scheme with
7 stages and a sixth-order scheme with 11 stages from [10]. Besides these two and the Lie
and Strang splitting methods we have tested a third-order scheme from [28], a fourth-order
scheme from [31], and a new fifth-order scheme (see Table 1).
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Table 1 Coefficients of a new 5-th order scheme obtained on the basis of order conditions set up according
to [2].

a 0.475018345144539497 || by | —0.402020995028838599
a 0.021856594741098449 || by 0.345821780864741783
a3z | —0.334948298035883491 b3 0.400962967485371350
as 0.512638174652696736 || by 0.980926531879316517
as | —0.011978701020553904 || bs | —1.362064898669775625
as | —0.032120004263046859 || be 0.923805029000837468
ay 0.369533888781149572 || by 0.112569584468347105

7.1 Numerical order estimation

We compare the numerically observed local error behavior for different choices of € as well
as for a time stepsize ¢ proportional to this parameter (f = €).

For € = 1, we observe the classical order & (ﬂ"H ). For small € ~ 1072, a different local
error behavior is in fact observed. We also have noticed distinct asymptotics in dependence
of the smoothness of the initial value.

Smooth initial state. We may express the observed dependencies as

C(1+%), podd,

(7.1)
1
Cs, p even.

|2 )l 7 {
The dependence on é for odd order methods is visible in Fig. 1 as a kink, while the depen-

dence on % for even order methods appears as an order reduction in Fig. 4 for the specific
choice t = €. This reflects the theoretical results in (5.9) and (5.13) for smooth initial values,

| Lie(tu) ||, SCE+0 (L +e)+1* (L +1)), (7.2)
with C depending on the H?-norm of « and on ||Uul|;2, and for the Strang splitting,

| Loirang (1,10) | 2 S (C1E+Cre) +1* (G 5 +C), (7.3)

with constants depending on the H*-norm of u, as well as Cy, C3 depending on ||U u||;2, and
C4 depending on ||U?ul|}>.

WKB initial state. Oscillatory initial data given in WKB form leads to less regular solutions,
which reveals a different aspect of the theoretical estimates.
For our numerical experiments we chose

ll/(x,y, 0) _ efxz .e—i/e(log(exp(x)+exp(—x))) 7 (7.4)

which features oscillations in dependence of €.
The numerical observations in Fig. 2 yield

[ (t,u)|| 2 ~ CtPH! (7.5)

1

£ )
also in accordance with [17]. The theoretical results (5.9) and (5.13) would imply too pes-
simistic estimates, since higher powers of % are introduced by the estimates in Sobolev
spaces. In particular for this situation where the time stepsize would be underestimated a
priori, the use of automatic stepsize control is indicated.
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Global error observations. The influence of higher order terms in the estimates is observed
in numerical experiments more distinctly in the global error. Thus in Fig. 3, we observe that
for small &, the effects for the local error may sum up critically in dependence of €. For
t < € < 1, the classical global order &(¢7) is observed, for € St < 1, the contributions of
terms involving higher powers of L imply stagnation at a constant value (see Fig. 3).

1o L[ 8t arder methed 7t % 6th Order method g
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Fig. 1 t-dependence of the local error and of the deviation of the a posteriori error estimator. First
row: The plot on the left shows the empirical local error for several splitting methods, while the plot on
the right shows the associated observed orders. It can be seen that for the Lie splitting and other odd-order
methods, the order decreases by one, starting below ¢ =~ €. The even order methods are not affected by this
order reduction. Second row: Here, the plot on the left shows the estimated deviation of the a posteriori error
estimator for several splitting methods and again, the plot on the right shows the associated observed orders.
The odd order methods change their behavior, but here we observe an improved order for r < €. Moreover,
the even order methods perform even one order better than expected, ¢ (¢”*+3). For all computations the initial
condition was a shifted Gaussian at 2 - 10* gridpoints with a fixed parameter € = 102,

7.2 Observed behavior of the deviation of the error estimator

For € =~ 1 the deviation of the local error estimator (6.2) associated with a method of or-
der p shows an & (ﬂ’”) behavior, but for smaller values of €, we have observed a different
behavior for some methods, as shown in Figs. 1 and 4.
In detail, the following dependencies have been observed for smooth initial values inde-
pendent of &,
p odd,

cl_t
|2 (t,u) = L (t,u)|| 2 P42 -3~ & ete (7.6)
Czt, p even.
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Fig. 2 Dependence of the local error for WKB initial values. First row: 7 -dependence. The plot on the left
shows the empirical local error for several splitting methods, while the plot on the right shows the associated
observed orders. For all methods the order &(t”*1) can be observed (We have chosen € = 1072 and 2 - 10*
gridpoints.). Second row: (¢ = €)-dependence. The plot on the left shows the empirical local error for several
splitting methods, while the plot on the right shows the associated observed orders. It can be seen that for
all methods the order decreases by one, starting below 7 ~ €. To resolve the error also for € = 1075, 4-10°
gridpoints have been used. For all computations the initial condition is given in (7.4).
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Fig. 3 r-dependence of the global error for Gaussian initial values. For € = 1/250, the error initially
stagnates for t > € and resumes the classical order for smaller 7 < €, as likewise observed for WKB initial
values. A total integration time of 7 = 0.5 and 2 - 10* gridpoints in space have been used.

The functional form SLH above is inferred from the kink observed in the empirical conver-
gence order in Fig. 1. The increased order ¢ (¢”*3) for even order methods is present in
Fig. 1 and the factor é is apparent from Fig. 4.

The theoretical result (6.7) shows a deviation of the a posteriori estimator of order
O (tP*?) for the Lie splitting method. In contrast, an increased order in our numerical exper-
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iments occurs in the same regime as the order reduction for the local error behavior, showing
a spurious improvement to order &'(tP*3).

For the choice t = € our observations in Fig. 4 reflect the analytical results (6.7) and (6.9)
(O(tP*) for the Lie splitting method, & (¢7+?) for the Strang splitting method).

Numerical experiments, not reported here, show that for WKB initial values the ob-
served order reduction analogous to Section 7.1 is

H(@(l’u)_j(tau)HLZ QCZ‘P‘FZ%'

Again, the theoretical estimates (6.7) and (6.9) are too pessimistic for this case.
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Fig. 4 (t = €)-dependence of the local error and of the deviation of the a posteriori error estimator.
First row: As in Fig. 1, the plot on the left shows the empirical error of different splitting methods, while the
plot on the right shows their observed orders. It is obvious that here the local order of the even order methods
is reduced to €(¢7) while the odd order methods are not affected. Second row: Again, the plot on the left
shows the empirical deviation of the a posteriori error estimator for different splitting methods and the plot
on the right shows their observed orders. Compared to Fig. 1, the odd order methods suffer from an order
reduction, while the even order methods show the expected dependence ¢(t7*2). This advantage can be used
to overcome the disadvantage observed in the first row (see (7.6)) even for less regular initial conditions. For
all computations the initial condition was a shifted Gaussian at 2 - 10* gridpoints.

7.3 Defocussing laser beams and soliton solutions: Adaptive integration

For the following experiment we choose an application where a cubic Schrodinger equation
without external potential arises, namely a model involving a self-defocussing laser beam in
a nonlinear medium (see [27]).
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The model describes the propagation of a weak intensity beam y/(x,y,z) in z-direction
via

ieZy(ny,) = =46 (4 + L) vy ) + 9wy ) Pyeys), 0D

where € describes the relationship between diffusion and focussing (arising from the non-
linear medium). For the special initial distribution y(x,y,0) = tanh(x) ande =1, ¥ = 1, we
obtain the solution

v(x,,z) = tanh(x)e 1'%,

‘We have modified this and constructed a wave similar to a soliton by multiplying a Gaussian
by tanh, which might be more stable under diffusion. For the results shown in Fig. 5 we have
used the initial conditions

Vi (6.2,0) = Aexp (— =57 anh (),
1//2()5,%0) :Aexp(_ %) :

Numerical solutions have been obtained at 1000 spatial gridpoints on the x- and y-axes and
by a time-adaptive method of order four based on the a posteriori local error estimator (6.2)
with a local absolute tolerance 10~8. Comparing the two columns, we indeed see that the
tanh profile provides a more stable signal than the Gaussian, which diffuses much faster and
shows higher oscillations.

Appendix
A Technical tools

A.1 Grobner-Alekseev formula (nonlinear variation of constant)

Proposition 2 Given a pair of initial value problems,

2() = Gla(0) = FE0) +r(,20),  0<i<T o
2(0)=u
(1) = F(v
V) = FO(), 0<i<T by
y(0)=u
the solution z(t) of (A.la) can be expressed via the nonlinear variation of constant formula
2(t) = é6(t,u) = y(t) + /[ 0 EF(t — 1,66(T,u))r(t,866(T,u))dtr, 0<t<T, (A2)
0

where y(t) = & (t,u) is the solution of (A.1b).

Proof See [23] or [17].
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Fig. 5 Defocussing laser beam with different shapes. Absolute value of beam intensity y for problem (7.7)
with € = Wlo Tend = 5 along the x- and z-axes for y = 0. In the first two rows we compare the absolute value
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A.2 L? estimates for products of functions

For the following estimates we use Holder’s inequality and Sobolev embeddings for estimating products in
the L? -norm, for spatial dimension d € {1,2,3},
lluvllzz < flullza [Vlize < Cllallgn vz
lluvllpz < Cllullgz (V22
lluvwllzz < flullzs [Vlizs Wl < Cllullgn [Vl wllz s
luvwllpz < Clluv]pg2 [Iwll2

luvwzll 2 < Clluvwllg Izl 2 -



26 Winfried Auzinger, Thomas Kassebacher, Othmar Koch, and Mechthild Thalhammer

Since H? forms an algebra, we can moreover estimate products in H 2 as

lluvllgz < Cllullg VIl -

A.3 L? estimates for mixed powers of x and d;u

The following estimates are based on repeated integration by parts and the inequality of arithmetic and geo-
metric means.

lxj jull 2 < € (I ull 2 + lull2)
2 4
15 Qjull 2 < C(|Ix*ull 2 + I ull 2+ [lull 2
llxj 97 ull 2 < C (I ullz + llullgs), o [lx;dFull2 < C (I ull2+ llull ),

292 4
1597 ull 2 < € (|Ix*ull 2+ llull o) -

B Derivation of integral representations for the first- and second-order defect terms

The integral representations (3.12) and (3.13) for the first- and second-order defect terms . <1)(t,u) and
57 (2>(t, u) are related to the analogous results for the general case, with A and B nonlinear, from [3], which
were derived and verified with the help of computer algebra. Here we specialize for A linear and give a
rigorous proof, rearranging terms in a way which is appropriate for the present purpose, without explicating
all technical details.

The idea is to evaluate the defect terms in a way containing no explicit time derivatives. This results in
several subexpressions vanishing at = 0 and satisfying certain linear evolution equations. Application of the
variation of constant formulas

V(0= $a50) +r(0), 3O =0 = 50 = [ "0y (- ) r(n)dr, (B.12)
y’(t):B’(é‘};(t,u))y(t)Jrr(t)7 y0)=0 = y(t):/Otazé"g(tfr,é"B(r,u))r(r)df. (B.1b)

then yields the desired integral forms.
To explain (B.1b) we note that

9 0hEp(t,u)z = B (Ep(t,u)) D2 (t, 1)z,

(r8(t,u)) " = n&p(—1,Ep(T,1)),
0285 (1,u) 2 E5(—T, Ep(T,11)) = rEp(t — T, E5(T,u)).

Hence by the linear variation of constant formula,

W(t) = B (t,u) /0’ (285 (t.0)) " () dt = /0' 3 Gt — 1, E5(,u)) r(7) dr.

B.1 The first-order defect .71 (¢, u)

The intermediate values of a Strang splitting step (3.2),

v:v(t,Lt):é”A(%t)u, (B.2a)
w=w(t,u) = Ep(t,v), (B.2b)

(such that .7 (t,u) = &y (51, w)) satisfy

[NT]

v=1A4y,

w=B(w)+&p(1,v) v =B(w)+ 1 Ep(1,v)Av.

S

Q.)‘QJ

t
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Thus,

Wt u) = 2. (t,u) —AS (t,u) — B(S(t,u))
=& 0BWw) +16(31) 08 (t,v)Av—SAS (t,u) — B(S(t,u))
=& 0Bw) + 1631 &0v)Av— A& (S w—B(E($1)w)
=8 (30BW)+ L 6a(11)Ep(t,v)Av— L Eu(ir)Aw—B(&a(11)w),
which can be written in the form
SW(t,u) = (L) Bw) — B(&a (3 1)w) (B.3a)
+ 16 (31) (02 E5(1,v)Av—A&3(1,v)). (B.3b)

In order to find an integral representation for . ™ (¢,u), we separately consider the terms (B.3a) and (B.3b),
with v and w fixed. Differentiating with respect to ¢ we find that they satisfy the following evolution equations.

(B3a): 7)) (1) = Ea(10)B(w) — B(&a(16)w) satisfies 71} (0) = 0, and
57w 0 =147 )+ SABIEG D). (B4a)
In (B.3b), we consider the expression within (... ):

(B3b): .7 (1) = 316(1,v) Av— A (1,v) satisfies .7}) (0) = 0, and

570 (0) =B/ (E(1,9)) 7)) (1,9) + [B,A)(E3(2,v). (B.4b)

Finally, applying (B.1a) and (B.1b), recombination and substituting v = & (3t)u, w = &3(t, E1 (31)u) leads
to the integral representation (3.12) for (1) (z, u).

B.2 The second-order defect . (¢, u)

To evaluate .2 defined in (3.8b), we proceed in an analogous way as for . (1>, with v, w defined in (B.2).
We start by differentiating the expression for .”(!) from (3.6) with respect to 7,
2. 7D(t,u) = (A+B (S (t,u))) 'V (t,u)
B'( A(%t) )& (l )0, E5(t, v)Av+(?A(%I)B’(w)azéag(t,v)Av

—Ar@A(%t) (W) +AB(Ex(31)w) — 3 Aba(31) D2 Ep(1,v) AV
+ 160t v)Av+ 1A% 8 (L nyw
+36a(31)95 E(1,v)(Av,Av) +Ea(51) B (w) B(w)
+B'(Ex(50)w)B(Ex(51)w) — 2B (62 (31)w) Ea(51) B(w).

(A+B'(F(t,u))).# D (t,u) and r

Subtracting F'(.%(t,u)). ) (t,u) = rearranging terms yields

SO (t,u) = (E(30)B' (w) =B (Ea(5)w) Ea(51)) a(1,v) Av (B.52)
+ (A+B (& (30)w) (B(Ea(31)w) — Ea(31)B(w)) (B.5b)
+(Ea(31)B'(w) =B (Ea(31)w) Ea(51)) B(w) (B.5¢)
+ 160 (A(ASs(t,v) — 02 Ep(t,v)Av) (B.5d)

— (A0, 685(t,v) — D2 65(1,v)A) Av (B.5e)

+322é"3(t,v)(Av,Av)). (B.5D)
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Evaluation of .#? (¢,u) at t = 0 shows .”® (0,u) = 0, hence .7’ (r,u) = O(r).

In order to find an integral representation for . (2) (¢,u), we separately consider the terms (B.5a)—(B.5f),
with v, w and z := 0> &5(t,v) Av fixed. Differentiating with respect to ¢ we find that they satisfy the following
linear evolution equations.

(B.5a): 70 (1) = (E4(30) B (w) — B (Ea(11)w) 6a(41))z satisfies 73 (0) = 0, and
2780 = Asq;?o (B.62)
LA B (S owAs (Low+ LA B (& nw)éa(Le) (z—Aw)
13”( A (A0w) (MG (A w,Ea(Le) (z—Aw+Aw)).

(B.5b): .7 (1) = (A+ B (Ea(30)w) (B&x (1)) — £a (1) B(w)) satisfies .7, (0) =0, and

(b)
2750 =170 (B.6b)
+3A[B, A]é"A(%I) + 3B (Ea(31)w)[B,A]&a(51)w
1BH W( (fA(]t W(‘DA( ) (W) B(éaA(%) ))

+3 [AB(faA (30)w)] (Ea(51)B(w) = B(Ea(51)w)) .

B5e): 7 (1) = (Ea(30) B (w) = B'(&x(11)w) x(5)) B(w), satisfies 7, (0) = 0, and

(c)
5780 =578 0+ LAB (G (s nw) (s ) B(w) (B.60)
—%B”(é”A( )w)(AzfA(%t)w (@A(% )B(w)).

In (B.5d)-(B.5f), we consider the expressions within (... ):

(B.5d): ‘Zdz))( ) =A(A&R(t,v) — 0» Ep(t,v)Av) satisfies Zd) (0) =0, and

2750 =B (&) (75 1) (B.6)

+[A4, A, B]|(&5(1,v))
+2[A,B'(85(t,v))|A&B(t,v) — [A, B (&p(t,v))]  Ep(t,v)Av
B (Ep(1,9)) (AGa (V). A (1,7)

(BSe): 7 (1) = (Ad8(t,v) — 2 6(t,v) A) Av satisfies 7 (0) = 0, and

278 (0) =B (&(t,0) (7 (1)) + A, B (Ep(1,))] 2 (1, v) Av. (B.6e)
(B.50: 77 (1) = 33 63(1,v)(Av, Av) satisties 77 (0) = 0, and
5750 =B (@) (ST 0) + B (E(t,)) (9 (1,v) Av, 0, 63 (1,v) Av) . (B.6)

Finally, applying (B.la) and (B.1b), respectively, recombination and substituting v = o@A(%t) u, w=
&5(t,Ex(L1)u) and z = 0, E5(t,v)Av leads to the integral representation (3.13) for O (t,u).

C Auxiliary estimates for the NLS case

C.1 Estimate of Hazéap(‘[l — Tz,y(fz,u)) -y(z)(fz,u)nlﬁ

For a detailed study of the estimate (5.1b), we need to estimate the arising expressions in & @ (t,u) as

2 Er (t — T2, (T2,u)). P (72,0 2 < CI +Ca - | P (m2,u) || 2 <C1+Co- sup 8P (22,173,102
0<i3<1m,
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with constants C;, C; resulting from Gronwall estimates.
We substitute

g=SD(t,u), w=.(10,u)

and apply the linear variation of constant formula in the following way,
20y 8 (t — Ta,w) g = F' (& (t — T2, w)) 2 EF (1 — T2, w) g
:Aazé‘ap(t — ’L'z,W)g +Bl(é‘)p(t — Tz,W))azéop(t — ‘L'z,W)g7

0 Er(t — To,w) g=g,

=7

t
= 325F(1—T2,W)g:éaA(f—Tz)g-i-/ Ex(t —6)B'(&r (6 — 12,w)) 02 EF (6 — T2, w) gdB .
)
Hence,
t
926k (t =72, w)gll2 < HgHL2+/ B (6 (0 —12,w)) 267 (8 — T2, w) g ;2 dO
Jo
t
gl + [ HIU26r(8 ~m2w)gll2de
T
1 ~
+/ LE0 [ 60(6 — T2, w) |2 | 92 67 (60 — T, w) gl 26
J
Applying a Gronwall argument we obtain
= "1 2
13285t~ mw)gl2 <exp (C [ L18]16r(0~ 7w do)
)

t
(lgllz+ [ H1U2266(6—2,w)gl,208)
s

Now the question is how to argue a reasonable a priori estimate for é |U 92 &F (6 — 12,w) gl| 2. In the follow-

ing this is accomplished by relating this term to a known estimate for ||U &F (¢, u)|| 2, see [13].
Considering the Fréchet derivative of &rp(0 — T,w + g) with a small increment g,
llgll2 < 81167 (6 — 2, w+g)| and (|67 (0 — 7o, w+ g)l| 2 = |67 (6 — 22, W)l 2 + O (I8l 2)-

EF(0 =T, w+g) = 6 (0 — 1o, w) + 267 (0 — T, w)(g) + O(Ilg]1}).
we obtain
U-(287(0 —12,w)(2) + O([g]*) = U - k(6 — T, w+8) —U - & (0 — 12, w),
U (0267 (8 = 12,w)(8)) 12 < 1U- €7 (6 = 12, w) = U - ¢ (0 — T2, w+g)ll 2 + O 72)
U (9267 (8 —12,w) (&) l12 < U - €5 (6 — 2, w) |12 + U - EF (6 — 2, w+8) [l 12 + O (|8l }2)

where the size of the increment g = .%(?) (¢,u) becomes negligible for sufficiently small choice of ¢. Apply-
ing [13, pp. 532sqq.] allows to bound U&x in L? by a constant %C*, which depends on &F. Altogether, we
obtain the crude estimate

sup HUazrg’F(esz,w)gHLz SC*. (C.l)

<6<t

Actually, the above derivation lets us expect that C, contains a factor r. However, we have not been able to
prove this in a rigorous way.
Altogether we obtain (5.1b),

‘o
10266t =2, (e20)gll2 < exp ([ LEIBI16k (0~ 2207 ()| do) (g2 + £C.) . (€2)
)
A similar result can be obtained in the H2-norm,

. t
102651~ gl < exp (€ [ 1191165 (0 =00 4o ) (gl + £C.). ©3)
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with a constant €, such that

sup [|USF(8 — o u)gl 2 < Ci. (C4)

<0<t

For simplicity of denotation, let C,. be defined as the maximum of the constants appearing in (C.1) and C.4).
In this sense the estimates from this section enter the local error estimates in Section 5.

C.2 Estimate of Ha%gF(t— TZ,Y(TZ»”))((y(l)(T%”))ZHLZ

For the estimate of ||dZ&F (1 — Tz,5/’(12,u))(<7(1)(’52,u))2\|Lz in (5.2b), we proceed in a similar way as
for (C.2) with the help of the identity

%azzéap(t,u)(v,w) =F" (& (t,u)) (287 (t,u)v, 0287 (t,u)w) + F'(&p (t,u)) 028 (t,u) (v,w)
= A3 Er (t,u) (v, w) +B" (8 (1,u)) (026 (1,1)v, 026 (1, u)w)
+B’(6"F(t,u))822£p(t,u)(v, w),

where
B" (u)(v,w) = 72%19 (@vw+ uvw + uvv)

does not depend on U.
Again we can apply the variation of constant formula and obtain, with the help of Sobolev embeddings
and (C.3),

10567 (1 = 72, (22,u)) () (72,0, N (2,0)) | .2
1
<exp ([ Ll16r (0~ 727 (120)) 2 d0)
J1y

A L3 2 2
(8 Nl sup sV 7w+ EC) G,
0<73<n

for some constants C and € depending on the Sobolev imbedding of H? in L2.
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