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Abstract Considering four-point correlation functions of
color-singlet quark bilinears, we investigate, in the large-
N, limit of QCD, the subleading diagrams that involve,
in the s-channel of meson—meson scattering amplitudes,
two-quark—two-antiquark intermediate states. The latter con-
tribute, together with gluon exchanges, to the formation, at
the hadronic level, of two-meson and tetraquark intermediate
states. It is shown that the two-meson contributions, which
are predictable, in general, from leading-order N -behaviors,
consistently satisfy the constraints resulting from the 1/N,
expansion procedure and thus provide a firm basis for the
extraction of tetraquark properties from N.-subleading dia-
grams. We find that, in general, tetraquarks, if they exist
in compact form, should have narrow decay widths, of the
order of N 2. For the particular case of exotic tetraquarks,
involving four different quark flavors, two different types of
tetraquark are needed, each having a preferred decay channel,
to satisfy the consistency constraints.

1 Introduction

The existence of tetraquarks as tightly bound states of QCD
[1,2], also called compact tetraquarks, is still a matter of
theoretical debate. The problem is related to the issue as to
whether the interquark confining forces may produce bound
states made essentially of a pair of quarks and a pair of anti-
quarks, just as they produce ordinary meson states made of
a quark and an antiquark. A questioning may arise from the
fact that interpolating color-neutral four-quark local opera-
tors that would create tetraquark states can be decomposed
by Fierz rearrangements into combinations of products of
color-neutral quark bilinears [3], which are rather suggestive
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of the creation of pairs of free ordinary meson states. In the
absence of an exact resolution of the four-body problem in
the presence of confining forces, simplified models, based
on the diquark and antidiquark associations, have been pro-
posed, in which the existence of attractive forces, favoring
the formation of tetraquark bound states, is more transparent
[4-8]. Lattice calculations do not yet bring firm conclusions,
the results often depending on the flavor of the heavy quarks
that are considered [9-13].

On the other hand, it is generally admitted that in t Hooft’s
large-N, limit of QCD [14], with the coupling constant g
scaling as Nc_l/ % and with the quark fields belonging to the
fundamental representation of the color gauge group SU(N,),
the theory catches the main properties of confinement, while
being liberated from secondary screening phenomena, such
as quark pair creation or inelasticity effects. Applying this
approach to color-neutral quark bilinear operators, Witten
has shown that in this limit the related QCD correlation func-
tions are saturated by noninteracting meson states [15]. Gen-
eralizing the application to color-neutral quark quadrilinear
operators, Coleman then showed that the correlation func-
tions of the latter are dominated, in the large-N, limit, by
free ordinary meson states [16].

For a long time, the latter result has been considered as
an indication for the nonexistence of tetraquarks as bound
states surviving the large- N, limit. Recently, however, Wein-
berg has reexamined the question by noticing the fact that
the subleading nature of the interaction part of the quark
quadrilinear operators is not a proof of the nonexistence
of tetraquarks, but rather might be a constraint on their
decay widths. Considering a class of candidate operators,
he showed that if tetraquarks exist in the large-N, limit as
bound states with finite masses, then they should have nar-
row widths, of the order of N ! like those of the ordinary
mesons, and would thus be observable [17]. In complement to
the latter result, Knecht and Peris have stressed that depend-
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ing on their flavor content, tetraquarks might even be nar-
rower in some cases, having widths of the order of N[ 2
[18]. Cohen and Lebed, studying the analyticity properties
of meson—meson scattering amplitudes, have reported that
in the case of exotic tetraquarks the decay widths should, in
general, be of the order of N 2 or less [19]. Reference [20]
reported the possibility of smaller widths of the order of N~ 3,
The N -analysis of meson—meson scattering amplitudes, in
connection with lattice calculations, has also been presented
in [21].

The aim of the present paper is to investigate in a system-
atic way the N _-subleading diagrams where tetraquark can-
didates may occur. They are characterized by the presence
of two-quark—two-antiquark intermediate states' in the s-
channel of meson—-meson scattering amplitudes. Here, how-
ever, an additional complication arises with respect to the
usual cases of N_-leading diagrams: four-quark intermediate
states also signal the presence of two interacting meson states
at the hadronic level. Since the N_-behavior of three-meson
and four-meson vertices can be determined, in general, from
simpler diagrams, the subleading two-meson contributions
are then completely predicted and thus should satisfy consis-
tency checks within the above analysis. The latter is a crucial
test for the validity of the 1/N.-expansion method in QCD. It
is once that these contributions are evaluated and tested that
one may safely extract the properties of tetraquarks from the
Nc-subleading diagrams.

Concerning the four-quark intermediate states, their pres-
ence should be determined with the aid of the Landau
equations [22,23], which provide unambiguous criteria for
their existence. It is also understood that each QCD dia-
gram with four-quark intermediate states is accompanied by
similar diagrams with insertions of any number of gluon
lines neither changing its topology, nor its N.-behavior;
it is the infinite sum of such diagrams that produces the
hadronic-state singularities, as tetraquark poles or two-
meson cuts.

An important ingredient in the present approach is pro-
vided by the consideration, for a given set of quark flavors,
of all possible meson—meson scattering channels which may
produce four-quark singularities; in this way, one obtains
the maximum number of constraints on the properties of the
tetraquark candidates, which often are not apparent within
a single channel. We also emphasize that no hypothesis is
done about the internal structure of the tetraquark states with
respect to the possible combinations of quark fields. In some
cases, the existing constraints are strong enough to suggest
the most favorable structures.

Our main results can be summarized as follows. First,
the two-meson contributions, which emerge through effec-
tive meson one-loop diagrams, satisfy all the consistency

! Henceforth called for simplicity “four-quark intermediate states”.
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checks coming from the N.-behaviors of three- and four-
meson vertices. This confirms the validity of the perturbative
1/N_ expansion to the next-to-leading-order diagrams. Sec-
ond, tetraquarks, if they exist, should have, in general, narrow
decay widths, of the order of N 2 much smaller than those
of ordinary mesons, which are of the order of N ! Third, in
the case of exotic sectors, involving four different quark fla-
vors, two different tetraquarks, each having a preferred decay
channel, are needed to fulfill the consistency conditions. The
internal structure of these tetraquarks, expressed as a quark
quadrilinear, would be of the form of a product of two color-
singlet bilinears. Part of the results above has been presented
in [24].

The generality of the tetraquark width estimate of being
of the order of N 2, obtained in the present paper, in con-
tradistinction with the weaker estimate of Ref. [17], O (N; 1 ),
stems from the fact that color-planar diagrams, with one
external quark loop and without internal quark loops, do not
have s-channel four-quark singularities. This eliminates the
potential presence of tetraquark intermediate states in such
types of diagram and consequently reduces the magnitude of
the tetraquark—two-meson transition amplitudes. This feature
has been overlooked in Ref. [17].

We concentrate, in the following (Sects. 2 and 3), on the
cases of exotic and cryptoexotic channels, corresponding to
four and three different quark flavors, respectively. The case
of two flavors can be treated in a similar way to three flavors
and is briefly sketched. Details of the calculations related
to the role of the Landau equations are presented in the
appendix.

For recent reviews on the experimental properties of
tetraquark candidates and their theoretical interpretations, we
refer the reader to Refs. [25-35].

2 Exotic channels

Our analysis is based on the study of four-point correlation
functions of color-singlet meson sources or currents j of the
type (jjjTjT), where the j are specified by their quark flavor
content. We define

Jab = 7404y, 2.1

where a and b are flavor indices and O is a combination of
Dirac matrices. We do not focus in this work on the detailed
spin and parity structure of mesons and tetraquarks, which
does not play a fundamental role in the subsequent analysis,
and hence we shall omit all Lorentz structures. An ordinary
meson, having the flavor content of antiquark a and quark b,
will be designated by M, ; its coupling to the current j , is
designated by fj ,:
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Fig. 1 Leading- and subleading-order diagrams of the “direct” channel
Tof Eq. (2.3). a Disconnected part; b connected part (a sample diagram).
Full lines represent quarks, curly lines gluons. Similar diagrams exist
for the “direct” channel II

Oljap| Map) = fig, = OV, 2.2)
where we have also indicated its large- N, behavior [15].

We concentrate in this section on fully exotic channels, in
which four different quark flavors are present, designated by
the labels a, b, ¢, d. We consider the four-point correlation
functions, classified in the s-channels as “direct” I and II and
“recombination”, respectively,

di R di ioao gt et
FI "= <Jab]cd]cd]ab>v I—illr = (]ad]cb]cb]ad>’

™ = Gopdeadopiis)s a #b#c#d. (2.3)

We first consider the direct channels. The corresponding
correlation functions have a disconnected part representing
the propagation of two free mesons M, and M_;, or M, ; and
M, and producing a global dependence of leading order ch,
and a connected part, containing at least two-gluon exchanges
between the disconnected pieces, and having a leading-order
behavior of N0 (Fig. 1).

It is evident that only the connected part of the above cor-
relation functions can have any information as regards the
meson—meson interaction. To isolate the latter, one extracts
from the connected part of the correlation function the related
scattering amplitude by factorizing the external four meson
propagators together with the related couplings (2.2). These
diagrams have four-quark singularities in the s-channel (cf.
the appendix) and hence are saturated, at N.-leading order,
by intermediate states composed of two interacting mesons
and of tetraquarks, designated by 7. One obtains the fol-
lowing leading-order behaviors for the two-meson scattering
amplitudes and the transition amplitudes through two-meson
and tetraquark intermediate states:

A(Machd - Machd) ~ A(Mandb - Mandh)

= O(N;?), (2.4)
AM M, — MM — M,,M,,)

~AM M, — MM — M M.,) = O(N72), (2.5)
AM M., — T — M M.,)

~AM My — T — M, M,) = O(N?). (2.6)

Jab Jba Jab il J

b iy
ot b

Jed Jey Jed by J

(a) O(N,) (b) O(IV,) (c) O(N,)
Jab /2,{ Jab 7(: M
Jed jlb Jed .7jb
(d) o)) (&) O(NY)

Fig. 2 Leading- and typical subleading-order diagrams of the “recom-
bination” channel of Eq. (2.3)

Next, we consider the recombination channel of (2.3).
Here, there are no disconnected diagrams and the leading-
order behavior is O (V) (Fig. 2).

Using the Landau equations, one checks that Fig. 2a—d do
not have s-channel singularities [cf. Appendix]. Their singu-
larities arise in the u- and f-channels. (However, Fig. 2a—c
do not have four-quark cuts in any channel.) Figure 2e is
the first diagram where four-quark singularities appear in the
s-channel and hence it may contribute to meson—meson scat-
tering with two-meson and tetraquark intermediate states.

The previous properties can also be understood in terms of
the topological properties of the diagrams in color-space. Fig-
ure 2a—d are color-planar, while Fig. 2e is color-nonplanar.
This can be more easily seen by unfolding the diagrams to
make the color flow apparent (Fig. 3). The unfolded plane
corresponds now to the (u, ) plane. The manifest singu-
larities in the color-planar diagrams correspond to those of
the u- and 7-channels, obtained with vertical and horizontal
cuts, respectively. s-channel singularities can be searched for
by cutting the box-diagrams with oblique and curved lines
passing through the four quark propagators. However, when
the diagram is color-planar, these cuts produce, generally,
disconnected singularities concentrated at opposite corners
and corresponding to radiative corrections of the external
meson propagators and of the current vertices. Therefore no
s-channel singularities arise here. The latter may arise only
when the diagrams are color-nonplanar, because of the spe-
cific routing of the momenta. This is precisely the case of
Fig. 3e (or its equivalent Fig. 2e). These properties do not
depend on the number and configuration of gluon lines, but
only on the color-topology of the diagram and could be ver-
ified on explicit examples.

Diagrams of the type of Figs. 2d or 3d involve, through the
internal quark loop creation, four-quark intermediate states
and might participate in the formation of tetraquark states
in the u-channel. However, since the internal quark loop

@ Springer
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Fig. 3 The diagrams of Fig. 2 in unfolded form

involves a quark and an antiquark corresponding to the same
flavor, the resulting tetraquark would belong to the class of
cryptoexotic states; the latter type of tetraquark will be explic-
itly considered in Sect. 3 and hence u- and ¢-channel four-
quark singularities will not be analyzed here.

Figure 2a—d also contribute to four-meson vertex-type
couplings, which are free of singularities.

One obtains the following behaviors for the two-meson
scattering amplitudes and the transition amplitudes through
two-meson and tetraquark intermediate states:

A(Machd — Mandb) ~ A(Mandb > Machd)

= 0N, (2.7)
AM M., — MM — M, M.,,)

~AM 4 My — MM — M,M,.;) = O(N3), (2.8)
AM M, — T — M, ;M)

~AM My — T — M M) = ON>). (2.9)

We first analyze Eqs. (2.4) and (2.7) in terms of effective
meson vertices. One deduces that the four-meson vertices of
the direct type are of order N 2, while that of the recombi-
nation type is of order N ! (Figs. 4 and 5):

g(MbaMchachd) ~ g(MdaMbcMandb) = O(Nc_z)’
(2.10)

g(My, My .M, M) = O(N ). 2.11)

The difference of behavior between the two types of cou-
pling is a consequence of the topological difference between
the connected recombination and direct diagrams. The for-
mer (Fig. 2a) is planar, the latter (Fig. 1b) is typical of
OZI-suppressed diagrams [36—38], made connected by gluon
exchanges between two disconnected pieces. This can also
be checked in theoretically founded meson effective theo-

@ Springer
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Fig. 4 a Four-meson vertex in the direct channel I of Eq. (2.3); b
glueball exchange in the same channel. Similar diagrams also exist in
the direct channel 11

(b) o

(©) o(N1)

Fig. 5 Leading-order meson diagrams in the recombination channel;
diagrams of the type of Fig. 2d contribute as meson loop radiative cor-
rections or as a meson—cryptoexotic tetraquark mixing to diagram (c)
above

ries. Since our evaluations do not depend upon masses and
momenta, one can consider chiral perturbation theory [39],
extended to SU(4) x SU(4). It can be verified that at the tree
level, where four-meson couplings are, in general, of order
NS ! the vertices of the direct channels of (2.3) are absent,
thus confirming the results (2.10).

With the properties of four-meson vertices determined,
one can then evaluate the contributions of the s-channel two-
meson intermediate states in the above processes. The results
are summarized in the diagrams of Fig. 6. One observes
that they consistently reproduce the behaviors expected from
(2.5) and (2.8), corresponding to the diagrams of Figs. 1b
and 2e. In particular, going back to Fig. 1b and cutting the
diagram with a vertical line between the gluon lines, one finds
that the intermediate states are created by the singlet oper-
ators that make the mesons M_,; and M ,, which precisely
are the intermediate states of Fig. 6a. A similar check can be
done with the other diagrams.

Meson loops generally display ultraviolet divergences.
These are essentially absorbed in vertex and propagator
renormalizations. The four-meson vertices being, in general,
momentum dependent, new types of vertices may emerge,
generating with higher-order loops an infinite series of terms
in the meson effective Lagrangian. A typical example of that
mechanism can be found in chiral perturbation theory [39].
For the purposes of the present approach two remarks are of
order. First, as can be observed from the previous examples
and diagrams, meson loops have weaker or at most equal
dependences on N, than the generating four-meson vertices.
Therefore, vertex renormalizations cannot alter the leading
N_-behaviors of existing tree-level vertices. Second, since
in our approach we are not displaying the detailed momen-
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M,

M, M, M, M,

(&) (N

Fig. 6 Leading-order contributions of two-meson states to the direct
(a, b) and recombination (c—e) channels

M, M, M, M,

(c) O(N?)

(d) O(N)

Fig. 7 Leading-order contributions of tetraquarks 7, and Tp to the
direct (a, b) and recombination (¢, d) channels

tum dependence of the vertices, the eventual appearance of
new types of vertex does not need the introduction of new
tree-level couplings, the existing ones representing generic
types.

The possible contributions of tetraquarks can be extracted
from Egs. (2.6) and (2.9). It is evident that a single tetraquark
alone cannot satisfy these two equations, unless one runs into
contradictions. At least two different tetraquarks, which we
denote T, and Ty, are necessary to fulfill the above condi-
tions. The results are summarized as follows and in Fig. 7:

AT, > M,M,;) ~ O(N Y,

A(Ty — MyM,,) ~ O(N. Y, (2.12)
AT, — MyM,,) ~ O(N.?),
A(Ty — M M_;) ~ O(N?). (2.13)

The decay widths of the tetraquarks are

I(Ty) ~ I'(Tg) = O(NSH), (2.14)
which are smaller than those of the ordinary mesons [I” =
O(N;")] by one power of N..

The above properties provide us with an indication as
regards the internal structure of the tetraquark candidates.
Transcribing the four-meson couplings (2.10) and (2.11)
(Figs. 4a and 5a) into an effective interaction Lagrangian
expressed by means of the corresponding quark color-singlet
bilinears, one obtains

A
Left,int = — Vl [(7095) @ 90)(Tq9)(p4,)

+(7494)Gcq,)(dp9) (G 39,)]
}"2
N2

(2.15)

where we have explicitly factored out the N_-dependence of
the coupling constants. One then deduces from Eqgs. (2.12)
and (2.13) that the tetraquark fields T, and T should have
the following structure in terms of the quark color-singlet
bilinears:

Ty ~@aq0)Gcqp): Tp ~ (G495 4,) (2.16)
additional mixings between the two, of order N !, being still
possible.

Manifestly, the above result favors a color singlet-sing-
let structure of the tetraquarks in the exotic case. It is an
open question whether the interquark confining forces may
produce bound states with such a structure.

One might also encounter an intermediate situation, where
one of the tetraquarks, T, say, is absent from the spectrum
for some dynamical reason. In that case, one tetraquark (7, )
would exist and, if the corresponding phase space is favor-
able, it would be observed through its preferred decay chan-
nel, as shown in (2.12).

3 Cryptoexotic channels

We next consider cryptoexotic channels, with three differ-
ent quark flavors, a, b, ¢, involved within the mesons M, .,
M., M, and M. [Egs. (2.1) and (2.2)]. Here also, one
may distinguish between direct (I and IT) and recombination

channels, described by the correlation functions

di N di O
FI "= <]ac]cb]cb];c>’ FIIH = (]abjccjjcjab>’
I = aclopdeily)s a#b#ec.

For the direct channel I, the leading and subleading dia-
grams are represented in Fig. 8.

3.

@ Springer
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(@) o(n2) (b) O(N,) () oY) (d) o9

Fig. 8 Leading- and typical subleading-order diagrams of the direct
channel I of Eq. (3.1)

Diagram (b) of Fig. 8 represents the leading-order con-
tribution to the meson—meson scattering amplitude. It has
only a two-quark singularity in the s-channel and therefore
represents the contribution of a single-meson intermediate
state.

Diagram (c) represents contributions from radiative cor-
rections to the previous diagram. In its utmost left part, one
has an intermediate state made of a quark—antiquark pair and
a single gluon, which later becomes a four-quark interme-
diate state and then retrieves back the former situation. In
the space of meson states, the first intermediate state con-
tributes to the formation of a single-meson state, which then
emits two virtual mesons, or a tetraquark, and reabsorbs them
later. Summing the chain of contributions of such types of
diagram, one ends up with a radiative correction to the one-
meson propagator with a subleading order in N.. This dia-
gram may also describe a mixing between a single-meson
state and a tetraquark state, having the same quantum num-
bers. We shall come back to this question when discussing
the mixing problem in the recombination channel.

Diagram (d) represents a direct contribution of two-meson
states and/or of a tetraquark state. One obtains the following
leading-order behaviors for the two-meson scattering ampli-
tudes and the transition amplitudes through two-meson and
tetraquark intermediate states:

AM, M, — M, .M.,)=O(Nh, (3.2)
AM, M, — MM — M, M) = O(N?), (3.3)
AM My — T — M, M,) = O(N?). (3.4)

For the direct channel II, the structure of the diagrams is
similar to that of Fig. 1, represented in Fig. 9, from which
one deduces

AM M, — M, ,M,) = O(N?), (3.5)
AM M, — MM — M, M.)= O(N?), (3.6)
AMyM,, — T — M,yM,) = O(N?). (3.7)

For the recombination channel of Eq. (3.1), the main lead-
ing and subleading diagrams are shown in Fig. 10. (The dia-
gram similar to that of Fig. 2d is not drawn, since it con-
tributes to subleading radiative corrections in the #-channel.)
Diagram (a) does not have s-channel singularities [cf. Figs. 2a
and 5a and the appendix], while diagrams (b) and (c) receive

@ Springer

,j cc

jab <> ]lb jab jqb
< i i

(@ O(N?) (b) oY)

Fig. 9 Leading- and subleading-order diagrams of the direct channel
I of Eq. (3.1)

Jac il Jue i Jue b

(@) o) (b) o) (©) oY
Fig. 10 Leading- and typical subleading-order diagrams of the recom-

bination channel of Eq. (3.1)

M,, M,,
;Nc oM, NV Zi
ﬂl{:b ﬂJcb
(@) O(N)

(b) O(NT)

(©) O(NZ?) (d) O(NT)

Fig. 11 Significant tree-level vertex diagrams with meson propagators
in the direct channel I (a, b), the direct channel II (¢) and the recombi-
nation channel (d)

contributions from four-quark intermediate states in the s-
channel (cf. the appendix).

One then deduces the following properties of the meson—
meson scattering amplitudes and the transition amplitudes
through two-meson and tetraquark intermediate states:

AM M, — MyM,) = 0N, (3.8)
AM, M, — MM — M, M..) = O(N?), (3.9)
AM M, — T — M, ,M,)=O(N?). (3.10)

The information obtained about the N -behaviors of lead-
ing and subleading diagrams can now be transcribed into
properties of effective meson—meson interactions. These are
summarized in Fig. 11.
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M,

ac

M,, M, M, M,

M, M, M, M, M, M,

ce c c c

(@ o)

M M, M,

ce cb “ee

(¢) o(N;?)

M, M, M,

(@) o(n:?)
Fig. 12 Two-meson intermediate-state contributions to the three chan-
nels at N -leading order: direct channel I (a, b), direct channel II (c)

and recombination channel (d)

My, My,

(c) o(N;?)

Fig. 13 Tetraquark-state contributions to the three channels at N -
leading order: direct channel I (a), direct channel II (b) and recom-
bination channel (¢)

One can then evaluate the contributions of two-meson
intermediate states in the scattering amplitudes. The results,
for the leading terms, are presented in Fig. 12. They
manifestly reproduce the N -behaviors as expected from
Egs. (3.3), (3.6) and (3.9).

The tetraquark contributions can be extracted in the same
way as for the exotic channels. Because of the presence of
the additional diagram (b) of Fig. 10, they are of the same
order in all three channels and hence a single tetraquark 7 can
accommodate all the corresponding constraints. The results
are summarized in Fig. 13. The decay width of the tetraquark
is again of order N 2:
I'(T)= O(N?). (3.11)

Actually, diagram (b) of Fig. 10 may also describe a mix-
ing of two-meson states or of a tetraquark state with a single-
meson state that appears in the left part of the diagram. The
corresponding mixings, which do not change the previous
results, are described in Fig. 14.

Meson-tetraquark mixings also exist in the direct channel
I, as was previously mentioned, emerging from diagrams of
the type of Fig. 8c. Here, since the quark and its antiquark

N-1/2 p—-1/2 N-1/2 T 1/2
N;V2 N7V N N71/2

(@) o(N?) (b) O(N:?)

Fig. 14 Mixings, in the recombination channel, of a single-meson state
with two-meson (a) and tetraquark (b) states

7—1/2 N-1/2
NV N,

M, My M,

(a) O(N?) (b) o(N;?)

Fig. 15 Mixings, in the direct channel I, of a single-meson state with
two-meson (a) and tetraquark (b) states. The flavor of the internal loop
quark is designated by d and the corresponding tetraquark by 7"’

can be created with any flavor, the resulting two-meson and/or
tetraquark states may belong to another class of cryptoexotic
states. The corresponding mixings are described in Fig. 15.
They do not change the leading coupling properties of cryp-
toexotic tetraquarks to two-meson states.

Cryptoexotic tetraquarks have therefore the possibility of
decaying into two mesons either through direct coupling or
through mixing with single-meson states. Both types of decay
lead to the same O (N 1 behavior of the corresponding tran-
sition amplitude.

The fact that a single tetraquark satisfies all the existing
constraints does not exclude the possibility of the existence
of two types of tetraquark, with different internal structures.
However, contrary to the exotic case [Egs. (2.12) and (2.13)],
these would not have now preferred decay channels. A par-
ticular case may emerge when, for some dynamical reason,
tetraquarks do not contribute to diagram (b) of Fig. 10. In
that case, one falls back into the situation of the exotic case,
where two different tetraquarks, each one having a preferred
decay channel, are needed.

‘We now consider the case of the open-type channel, where
the quark flavor ¢ appears through two quark fields, rather
than a pair of a quark and an antiquark field. The four-point
correlation function describing the corresponding meson—
meson scattering is

T = (aedpenedde)- (3.12)
Here, the direct and recombination channels are identical,
with the common process M, .M,. — M, .M, .. The cor-
responding N -leading and subleading diagrams are repre-
sented in Fig. 16.

Their implication in terms of the four-meson vertex and
two-meson and tetraquark intermediate states is shown in
Fig. 17.

@ Springer
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Fig. 16 Leading and subleading diagrams of the correlation function

(3.12)

M,,

(b) o(N:?)

() o(N?)

Fig. 17 Four-meson vertex (a), two-meson intermediate states (b) and
tetraquark state (c¢) arising from the correlation function (3.12)

One also obtains a decay width of the order of N2
[Eq. (3.11)].

The case of cryptoexotic channels with two quark flavors
can be treated in the same way as for the case with three
flavors. The corresponding correlation functions are

0 = Guedeaddadde) T = Uadeciedaa)-

™ = (Juedeadoeia)s a #c. (3.13)

Most of the relevant diagrams are similar to those found
in the three-flavor case. In addition, one finds annihilation-
type diagrams involving gluon lines. In particular, the direct
channel I of Eq. (3.13) involves, among others, an annihila-
tion diagram with two gluon lines (similar to diagram (c) of
Fig. 16, rotated by 7 /2), which produces, in meson space, a
glueball as an intermediate state in the s-channel [the analog
of Fig. 4b in the s-channel]. The presence of the new dia-
grams does not change the qualitative results found earlier
in the large- N, limit. Mixings of tetraquarks with glueball
states are of subleading order. Therefore, the main conclu-
sions about the tetraquark decay width and two-meson inter-
mediate states remain unchanged.

4 Conclusion

The study of compact-tetraquark properties in the large-N,
limit of QCD through the meson—-meson scattering ampli-

@ Springer

tudes involves N_-subleading diagrams, at which order also
two-meson states occur. It was shown that the latter consis-
tently satisfy the constraints emerging from the 1/N_ expan-
sion procedure, thus providing a firm basis for the extraction
of the tetraquark properties. Considering many types of quark
flavor and various combinations of mesons in the s-channel,
it was found that, in general, tetraquarks have narrow decay
widths, of the order of N 2 much smaller than those of ordi-
nary mesons. For the particular case of exotic tetraquarks,
involving four different quark flavors, two different types of
tetraquark are needed to satisfy the consistency constraints,
each of them having a preferred decay channel and a quark
structure made of the product of two color-singlet bilinears.

In the real world, where N, = 3, some of the qualitative
aspects found above might be attenuated. Nevertheless, they
might still serve as a guidance for quantitative investigations.
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Appendix A: Landau equations

For completeness, we present in this appendix several typical
cases, where the Landau equations are used for the determi-
nation of the location of singularities occurring in Feynman
diagrams involved in the large- N, limit. A generic expression
of the latter is

Lod'q, | 1
1(p)=/e]:[1(2n)4i]](ki2_m%+ie),

(A1)

where p represents a collection of external momenta and k;
are linear functions of the p and of the loop variables g.
The Landau equations are [22,23]

Ak —mP) =0, i=1,...,1, (A.2)

! ok,
E Ak - — =0, £=1,...,L, (A.3)
i=1 9q,

where the A are parameters (Lagrange multipliers) to be deter-
mined.

This system of equations may have independent subsys-
tems, corresponding to the vanishing of a certain number of
parameters A.
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j/ll) Dab — k j;d

Deg — Py + K

. P — F P,
“Jed Peb ,721.1)'17

O(N,)

Fig. 18 Recombination diagram of Fig. 2a with explicit momentum
flow

We are mainly interested in the singularities produced by
the quark propagators. Gluon propagators may also produce
singularities, but since the gluons are massless, and except
in annihilation diagrams, these generally start at the same
positions as those produced by the quark propagators. We
therefore will not consider, in general, gluon propagators in
the Landau equations, except in one case, for illustrative pur-
poses; this amounts to taking the corresponding A equal to
Zero.

However, gluon lines may play a decisive role in the pro-
duction of quark singularities through the momentum they
carry. We can distinguish two types of gluon contribution.
For the first category, the gluon lines participate in the renor-
malization of existing objects, like propagators or vertices.
In this case, one could ignore them for the present purpose.
For the second category, they participate in the interaction
between different clusters of objects and play an active role
in the formation of singularities related to intermediate states.
Those should be considered, when present.

We shall mainly consider recombination-type diagrams of
the exotic channels.

‘We begin with the recombination diagram of leading order
[Figs. 2a and 18].

The external momenta are Pab> Ped> Pad> Pep with the
definitions

Pzpab-’_pcd:pad_'_pcb’ SZPZ’

t=(Pap = Paa)’s 4= Pup — Pep)’- (A4)
The Landau equations are
ha (P — k) —mg) =0, &, (k> — mj) =0,
he((pgy — k> =m?) =0,
hg((Peg = Pep +0)* —m) =0, (A.5)
=g (Pap =) + Apk = A (py — k)
+24(Peg — Pep k) =0. (A.6)

This system of equations has several independent subsys-
tems. Choosing A, = &; = 0, one obtains u = (m, +
mc)z. (Only physical singularities, corresponding to + signs
between the masses, are relevant.) Choosing A, = A, = 0,
one obtains ¢ = (m, + md)z. Choosing A, = A, = 0, one

Jab Doy — K jld

Ped jcd g

Fig. 19 One-gluon exchange between quarks a and b

obtains pgb = (mq = my)?, and so forth. The latter type of
singularities are present inside the meson propagators. The
property that the singularities in # and ¢ involve only two
quark masses is reminiscent of the fact that there are no four-
quark singularities. The u- and ¢-channel singularities will be
saturated by one-meson intermediate states. No singularities
in s are found.

The general system involving the four A leads to an equa-
tion where u, ¢t and the p2 enter; it comes from the condition
of the vanishing of the determinant of a4 x 4 matrix. In princi-
ple, this equation should give information about the possible
existence of anomalous thresholds or unphysical thresholds
in the u- and 7-channels, depending on the values taken by
the p2. The cases of interest are those where the p? represent
masses squared of the external mesons. The equation consid-
erably simplifies in the equal-mass case. Taking m, = mp =
me =mg = mandpzb = p?d = pgd = pzb = p?, one finds
that the singularities occur on the unphysical sheets, atu = 0
or t = 0, which are the equal-mass limits of u = (m, — me)?
andr = (mp—mg)?, respectively. This shows the general ten-
dancy of the equation of not producing anomalous thresholds
on the physical sheet. In any event, no s-channel singularities
arise.

The next example contains one-gluon exchange between
quarks a and b (Fig. 19).

Here, the loop momenta can be chosen in such a way that
the quark propagators, cut by a vertical line on the right of
the gluon propagator, have the same momentum dependence
as in the preceding example. This shows, as expected, that
the gluon does not play any role for the determination of the
s- or t- or u-channel singularities. It contributes to the renor-
malization of the current vertex or to the incoming meson
propagator. Cutting the diagram with a vertical line on the
left of the gluon propagator does not lead to new singularities.

The third example contains one-gluon exchange between
quarks a and d (Fig. 20).

Taking the vertical cut on the right of the gluon line, one
obtains the equations

Ag((Pap — @) —m2) =0, 2, (k* —m}) =0,

@ Springer
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Jab Py — 4 Jha
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Pea — Peb T4

Ped —Pep T k

Pea

4 Peb

- y
Jed Pay Jeb

Fig. 20 One-gluon exchange between quarks a and d

Jab Dy — K jld

Fig. 21 One-gluon exchange between quarks b and d

A ((poy — k) —m2) =0,

i ((Peg = Pep +@)* —m) =0, (A7)
—Xy(Pup — @) + Ag(Peg — Pep + @) =0,
)”bk - )“c(pcb - k) =0. (AS)

The system of equations factorizes into two independent
subsystems, with solutions pg g = (m,+m d)2 and pfb =
(m, £m 6)2.

Taking the vertical cut on the left of the gluon line, one
finds the same equations as for Fig. 18, with the same solu-
tions.

For completeness, we also consider the case of a gluon
exchanged between quarks b and d. The case where the gluon
line is not cut by the vertical line, corresponds to a figure
similar to Fig. 20. With a relabeling of momenta, one obtains
the same type of Landau equations, with similar conclusions.
For illustration, we consider here the case where the gluon
line is cut by the vertical line (Fig. 21).

The Landau equations are

(P = 8)? = m3) = 0,,(K* —mp) =0,

(P = K)? —=m3) =0, g ((k —K')* —m3) =0,

rg(Peg — Pep + KD —m3) =0,

g (Pap =) 4 Ay (k — k') =0,

—hg(k = K'Y+ Apk" = A (pey = k) + 2a(pea — peb + k')
=0, (A.10)

(A.9)

@ Springer
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Fig. 22 Two-gluon exchanges between the four quarks

where we have also attributed a mass m to the gluon, in order
to have a more explicit control of its effect. The nontrivial
solution of these equations corresponds to the case A, =
Ag = 0, leading to a singularity at u = (m, + m, + mg)2.
One verifies that the gluon mass contributes additively to the
quark masses in the existing u-channel singularity. In the
limit where the gluon mass tends to zero, the corresponding
threshold tends to the existing two-quark threshold.

The fifth example contains two-gluon exchanges between
quarks a and ¢, and b and d, respectively (Fig. 22). The
vertical cut is taken between the two gluon lines. The Landau
equations are

Ag(Pp —K)* —m2) =0, A, ((k —q)* —m3) =0,
Ae(Pog — KNP —m2) =0, A (K +q)* —m3) =0,

(A.11)
—Ag(Pap — k) + A,k —q) =0,

—he(peg —K) + 24" +q) =0,
=k —q) + 2y (k' +q) =0. (A.12)

The system of equations can be solved: one finds the phys-
ical singularity at P? = s = (m, + m, + m, + m,)>.
(The unphysical singularities, corresponding to changes of
sign in front of the masses, exist as well.) The fact that four
masses are present means that we have four-quark intermedi-
ate states, which then would generate, together with the con-
tributions of other diagrams involving increasing numbers
of gluon exchanges, two-meson and eventually tetraquark
states.

The reason of the appearance of the s-channel singularity
is related to the iterative nature of the diagram. Considering,
in general, the four-quark Green’s function (eight-point func-
tion), the diagrams describing the latter are usually divided
into irreducible and reducible types, the latter being obtained
by iteration of the former. In the present case, the diagram is
one of the first iterations of one-gluon exchange diagrams.

We next consider the recombination diagram (b) of Fig. 10
of the cryptoexotic channels (Fig. 23), involving three differ-
ent quark flavors.
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Deb jcb jlc Dee

O(N9)

Fig. 23 A diagram of the recombination channel of the cryptoexotic
case with two-gluon exchanges

O(N9)

Fig. 24 Two-gluon exchanges between the disconnected pieces of the
direct channel I [Eq. (2.3) and Fig. 1b]

The vertical cut is taken in the right part of the diagram,
crossing the four quark propagators. The Landau equations
are

Py —=0)* =m2) =0, My((pyy +k —q)* —mp) =0,
he(k? =ml) =0, MK +q)> —m?) =0, (A.13)
_)‘a(pac - k) + )‘h(pch +k— Q) =0,

—hy(pep +k —q) + 1 .(K'+q) =0,

Lk + AL (k" +q) =0. (A.14)

The above system of equations can be solved, leading to
the physical singularity at P> = s = (m, +m, + 2mc)2,
which is the signal of the presence of four-quark intermediate
states.

As a last example, we consider the direct channel I dia-
gram with two-gluon exchanges [Figs. 1b and 24]. The loop
momenta can be chosen in such a way that the quark prop-
agators cut by the vertical line between the two gluons have
the same momenta as in the case of Fig. 22. Therefore, one
finds the same s-channel singularities.
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