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Asymptotic stability of traveling wave solutions for nonlocal viscous
conservation laws with explicit decay rates

FRANZ ACHLEITNER AND YOSHIHIRO UEDA

Abstract. We consider scalar conservation laws with nonlocal diffusion of Riesz—Feller type such as the
fractal Burgers equation. The existence of traveling wave solutions with monotone decreasing profile has
been established recently (in special cases). We show the local asymptotic stability of these traveling wave
solutions in a Sobolev space setting by constructing a Lyapunov functional. Most importantly, we derive
the algebraic-in-time decay of the norm of such perturbations with explicit algebraic-in-time decay rates.

1. Introduction

We consider the evolution of a scalar quantity u : R x (0, 00) - U C R, (x,1) —
u(x, t), which is governed by the Cauchy problem

du + 3 f(u) = Dgu  for (x,1) € R x (0, 00),
u(0,x) =up(x) forx € R, @))]

with an initial datum ug : R — U C R, a flux function f : U C R — R and a
Riesz—Feller operator Dy for some 1 < @ <2 and || < 2 — «. Equation (1) models
nonlinear transport and nonlocal diffusion of a quantity u(x, t) in space over time.
The flux function f is assumed to be smooth and convex as well as to satisfy w.l.o.g.
f(0) = 0. The Riesz—Feller operator can be defined as a Fourier multiplier operator,
see also [23]. Precisely, the Riesz—Feller operator Dy of order a and skewness 6 is
defined as

FIDgvlk) = ¢ () Fvlk),  keR, 2

with symbol
Vg (k) = —|k|* exp (i sgn(k)@%) = —|k|* (cos(@ 7) +i sgn(k) sin(@ %)) 3)

and parameters 0 < o < 2 and || < min{¢, 2 — «}, where F denotes the Fourier
transform.
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REMARK 1. (i) Riesz—Feller operators Dy with § = 0 are also known as frac-
tional Laplacians Dy = —(—Bgu)“/ 2 with 0 < o < 2 and Fourier symbol

—|k|*. In particular, the Laplacian D(z) = 83 is a special case with « = 2 and
6 =0.
(ii) For 0 < y < 1, Riesz—Feller operators D with o = y and § = —y can be

identified with fractional Caputo derivatives of order 0 < y < 1:

! AN
_ (DY -
D"u)(x) = F(l—y)/_oo(x—y)ydy for x e R, 4)

which have Fourier symbol —(—ik)”. The symbol (—ik)" is multi-valued, however
(only) the choice (—ik)? = (|k| exp(—isgn(k) %))y = |k|” exp(—isgn(k) y %) yields
a causal operator. For details, see [20]. Moreover, its derivative d, (D” u) is a Riesz—
Feller operator withae =1+ y and 6 =2 — «.

Taking « = 2 and 6 = 0 in (1), we formally obtain a classical viscous conservation
law:

Oru + 0y f(u) = Bfu for (x, 1) € R x (0, 00). 4)

The existence and asymptotic stability of traveling wave solutions of Eq. (5) has been
studied thoroughly. A first example of Eq. (1) with nonlocal diffusion is

i + 05 f(u) = Du  for (x,1) € R x (0,00), ©)

with a fractional Laplacian D§, 0 < « < 2, which has been studied, e.g., in [6,11].
For 1 < «a < 2, the Cauchy problem for (6) with f € C°(R) and essentially bounded
initial data has a global-in-time mild solution which becomes smooth for positive
times, see [11] and its extension to (1) in [2].

Other examples of Eq. (1) with nonlocal diffusion appear in viscoelasticity [27] and
fluid dynamics [21]. In particular,

O+ 0y f(w) = 3xD’u for (x,1) € R x (0,00), @)

with 0 < y < 1 is used as a model for the far-field behavior of unidirectional
viscoelastic waves [27] and derived as a model for the internal structure of hydraulic
jumps in near-critical single-layer flows [21]. Moreover, the nonlocal operator D'/3
appears in Fowler’s equation

du + du® = 92u — 8, DVu, 8)

which models the unidirectional evolution of sand dune profiles [13]. In the theory
of water waves similar models d,u + 8,u% = Nu] with different (nonlocal) Fourier
multiplier operators N are studied, see the book [25] and references therein.

To explain our main results, we introduce traveling wave solutions for Eq. (1).
Traveling wave solutions (TWS) are of the form u(x, r) = u(&) for some profile u
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with £ = x — st and (constant) wave speed s € R. We are interested in TWS with
profiles u connecting distinct endstates u such that

Iim u(x) =ut. ©)]

x—+o0

Using this ansatz in Eq. (1) and assumption (9), we find that the wave speed s has to
satisfy the Rankine-Hugoniot condition

LS~ fu)

Uy —u—

(10)

Here, an extension of Riesz—Feller operators to nonintegrable functions is needed, see
Appendix A. Due to translational invariance of Eq. (1), traveling wave solutions are
only unique up to a shift.

For classical viscous conservation laws (5), the profile of a TWS satisfies an ordinary
differential equation ¥’ = f(u) — su — (f(u_) — su_). In fact, TWS exist only
for parameters (u_, uy;s) satisfying (10) and u; < wu_. In case of Eq. (7), the
existence and asymptotic stability (without decay rates) of traveling wave solutions
for parameters (#_, u4; s) satisfying (10) and u4+ < u_ has been shown [1,8]. Here, a
profile satisfies a fractional differential equation DYu = f(u) —su — (f (u—) —su_).
The proof of existence relies on the causality of the Caputo derivative D7, i.e., to
evaluate DYu at x the profile u on (—o0, x) is needed. In contrast, the profile for a
TWS of a nonlocal conservation law (6) for | < o < 2 has to satisfy

Dg‘ﬁ(x):/ ux +8) —ul) —w®)§ ,

;;:H-a

£ =0x(f@) —su— (f(u-) —su-).

Thus, Diu(x) depends on the whole profile u. For fractal Burgers equation, i.e.,
Eq. (6) with 1| < o < 2 and Burgers flux function f(u) = u?, the existence of
traveling wave solutions has been proven recently [7]. The idea is to approximate the
operators Dy by convolution operators Kc[u] = K¢ * u — u for suitable convolution
kernels K. € L' (R). The existence of TWS for the approximate equations is known,
and the TWS is established as the limit of this family. It is conceivable to use this
approach to prove the existence of traveling wave solutions in the general case (1) for
convex flux functions f with 1 <o <2 and |0]| <2 — «.

For fractal Burgers equation (6) results in the complementary cases o € (0, 1)
and/or u_ < u are also available: For example, for « € (0, 1) and (9) no traveling
wave solutions of (6) with smooth profile exists [6]. Whereas under the assumption
u_ < uy the solution of (6) converges as t — 00 to a rarefaction wave of the
underlying Burgers equation if @ € (1,2) and to a self-similar solution if « = 1;
see [17] and [4], respectively.

The asymptotic stability of traveling wave solutions of classical viscous conserva-
tion laws (5) has been studied thoroughly. At first, historically, II’in and Oleinik [16]
proved the asymptotic stability of nonlinear waves for viscous conservation laws (5)
by making use of the maximum principle for linear parabolic equations. For Burg-
ers’ equation, i.e., Eq. (5) with Burgers’ flux function f(u) = u?, Nishihara [26]
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obtained the decay estimates toward traveling wave solutions by making use of the
explicit solution formula. And, Kawashima and Matsumura [18] generalized Nishi-
hara’s time decay result to a class of viscous conservation laws. They considered
weighted L? spaces and used a weighted energy method. Furthermore, Kawashima et
al. [19] extended the L? energy method to general L? spaces. Their techniques have
been applied to a model system for compressible viscous gas in [24] and a hyperbolic
system with relaxation in [28].

Assuming the existence of a traveling wave solution of (1) with monotone decreas-
ing profile, we show that asymptotic stability of a traveling wave solution in a Sobolev
space setting follows from a standard Lyapunov functional argument: To investigate
the stability of the traveling wave solution with profile %, we consider initial data
uo such that ug — u is integrable and determine the unique shift xo which yields
ffooo (uo(&) —u(& 4+ x¢)) dé = 0. Moreover, we restrict the domain of initial data

ug further such that Wy (§) = ff oo (mo(m) —u(n)) dn exists (using a suitable shifted

profile ) and satisfies Wy € H 2. (For details, we refer to [28].) More precisely, we
can derive the following theorem.

THEOREM 1. Suppose 1 < o <2 and 0 < min{w, 2 — a}. Let the flux function
f € CZ(R) be convex and let u(x,t) = u(x — st) be a traveling wave solution
of (1) with monotone decreasing profile u. Let uqy be an initial datum for (1) such that
Wo() = ffoo (uo(n) — u(n)) dn satisfies Wy € H2(R). Then there exists a positive
constant 8y such that if ||Wo|lg2 < 8o, then the Cauchy problem (1) has a unique
global solution converging to the traveling wave in the sense that

l(u —w)(@)|pe —> 0  for t — oo.

The proof of Theorem 1 for the general Eq. (1) is similar to the one of [1, Theorem
4] for the special case (7) without decay rates.

Our main result is to prove the asymptotic stability with algebraic-in-time decay
rate for traveling wave solutions of (1) with monotone decreasing profiles.

THEOREM 2. Suppose the same assumptions as in Theorem 1 hold and f €
C>®(R). For all Wy € WH°(R) N WHI(R), the Cauchy problem (1) has a unique
global solution. Moreover, there exists a positive constant 81 such that if | Wo |11 <
81 then the unique global solution u satisfies

(= @) (1) 2 < CE1(1 4+ 1)~/ (11)

Sfort > 0, where E1 := ||Woll g1 + | Wollw1.1 and C is a constant which is independent
of time t.

REMARK 2. We employ sharp interpolation inequalities in Sobolev spaces to
derive (11). In this way, optimal decay estimates for the asymptotic stability of viscous
rarefaction waves in scalar viscous conservation laws (5) have been derived in [14].
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REMARK 3. We want to explain the functional setting in Theorem 2: we considered
the function spaces H2(R) N W2 (R) c W @®R) N WH(R) ¢ H'(R) n Wh1(R)
in variants of Theorem 2. The choice H'(R) N W!!1(R) leads to the restriction o €
(3/2,2) if we use an estimate of the nonlinearity like Dix [9,10] to establish the
existence of solutions for the Cauchy problem. Assuming higher regularity of the
initial data removes the need for this restriction: Under the assumptions of Theorem 1
with Wy € H2(R) N W21 (R), the solution constructed in Theorem 1 satisfies

I — @) (@) || 1 < CE1(1+1)~ /G

for ¢t > 0, where El = [[Wollg2 + [IWoll w21 and a constant C independent of time ¢.
Our choice Wy € W1 (R)N W1 (R) in Theorem 2 leads to the technical assumption
f € C*(R), since we use a result on the existence of global-in-time solutions for
the Cauchy problem with essentially bounded initial data [2,11]. The assumption
f € C%*(R) in Theorem 1 could be retained by aiming for less regularity in their
approach.

Unfortunately it is difficult to apply the weighted energy method in [18] to our
problem (to derive the convergence rate). Instead of this method, we employ another
technique which focuses on the interpolation property in Sobolev space. For example,
this argument is utilized in [14].

The contents of this paper are as follows. In Sect. 2, we reformulate our problem
and consider the well-posedness of the new one. In Sect. 3, we derive the asymptotic
stability result by uniform energy estimates as a priori estimates of solutions in the
Sobolev space HZ2. Furthermore, our main result on the asymptotic stability with
explicit algebraic decay rate in Theorem 2 is proved in Sect. 4, by using the energy
method with an L?~L! interpolation argument. In Appendix A, we collect results on
the singular integral representation of Riesz—Feller operators.

Notation. Before closing this section, we give some notations used in this paper. We
define the Fourier transform for v € S in the Schwartz space S as

b(k) = Flvl(k) := / e *y(x)dx fork eR,
R
and the inverse Fourier transform as
—1 1 ikx
Fvlx) == — | e™v(k)dk for x € R.
2 R

The Fourier transform and its inverse are linear operators and F and F~! will denote
also their respective extensions to L2(R).

For 1 < p < 0o, we denote by L? = LP(R) the usual Lebesgue space over R with
norm ||-||zr,and W57 = W*P(RR) the usual Sobolev space over R with norm || - || ys.».
Using the shorthand notation H* (R) := W*-2(R) with norm || - || zrs. Moreover, we set
W) llwico = max{[|W(@)|roe, |0 W (t)| L=} and its analog in case of | W (1) || ye.c0
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for all £ € N. Finally, for nonnegative integer £, C NI X) (respectively, C ﬁ (I; X))
denotes the space of £-times continuously differentiable functions (respectively, with
bounded derivatives) on the interval / with values in the Banach space X.

The constants in our estimates may change their value from line to line.

2. Reformulation for the problem

In the special case (7), the existence and asymptotic stability of traveling wave
solutions u(x, t) = u(x — st) with monotone decreasing profile # has been proven
without rates of decay [1,8]. However, assuming in the general case (1) the existence
of a traveling wave solution u(x, t) = u(x — st) with monotone decreasing profile u,
then the proof of asymptotic stability generalizes with obvious modifications:

To prove the asymptotic stability of a traveling wave solution u of (1), one can
follow the standard approach called the antiderivative method introduced in [18] for
viscous conservation laws. It is convenient to cast (1) in a moving coordinate frame
(x,t) — (&, 1), such that

Ot + 9 (f (u) — su) = Dju, (12)

and u is a stationary solution of (12). The Cauchy problem for (12) with initial datum
uo governs the evolution of u(. If its solution u is considered as a perturbation of the
traveling wave solution u, then this perturbation U (§,¢t) := u(§,t) — u(§) satisfies
the Cauchy problem

WU+ 0:(fu+U) — f(w) —sd:U = DJU,
U, 0) =Up(),
where Uy (&) := uog(§) — u(€). To obtain the desired result, we try to construct the
L?-energy estimate for U by employing the energy method. However, because of the
decreasing property of traveling wave solutions, it is hard to construct the L?-energy
estimate. To overcome this difficulty, we apply the antiderivative method.
Precisely, we introduce the new function W (&, t) which satisfies 9: W = U. Then
we can formally rewrite (13) as
OW + fu+0:W) — f(u) —sdW = DgW,
W, 0) = Wo(§).

13)

(14)

If a global-in-time solution of (14) with Wy (§) = f f « Uo(n) dnis sufficiently smooth,
then its derivative dg W satisfies Cauchy problem (13). Therefore, we try to construct
a global-in-time solution of (14), instead of (13). For this purpose, we discuss the
well-posedness of problem (14) in this section.

The well-posedness of the Cauchy problem for (14) will follow from a contraction
argument. Assuming f («) = u” and« > 3/2 allows to estimate the nonlinearity in the
fashion of Dix [9,10] implying the well-posedness in H'. For general flux functions
and a € (1, 2], we have to require more regularity of the initial data, e.g., Wy € H 2,
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PROPOSITION 1. Let f € C2(R), | <o <2and |0] < min{o, 2 —a} =2 — av.
Suppose M is an arbitrary positive constant and suppose Wo € H*(R) such that
Wollgz < M. Then there exists a positive constant T, which depends on M, such
that the Cauchy problem (14) has a unique mild solution W € C([0, T1]; H?) with
W)l g2 <2M fort € [0, T].

To prove Proposition 1, we first present some properties of the fundamental solution
of d,u = Dgu.

LEMMA 1. [3, Lemma 2.1] For 1 < o <2 and |0] < min{a,2 — o} = 2 — ¢,
Gg(x,1) == F e O1(x) with Y defined in (3) is the fundamental solution of
oiu = Dgu. Moreover, Gy satisfies for all (x,t) € R x (0, oo) the properties

(Gl) Gg(x,1) =0,

(G2) GY(x,t) =t~ V2Ga(xt=1/ 1),

(G3) 1G5 Dllpw =1

(G4) G4(-,5)* GA(-,1) = GY(-,s +1) foralls,t € (0, 00),

_1lag-1
(GS) 1G4, DllLray < NG D@t =77 forall 1 < p < oo,
(G6) G§ € C°(R x (0, 00)),
(G7) Forallt > 0, there exists a constant KC such that ||0:G (-, 1) || 11 r) < eV,

Due to the properties of G§, it is easy to show that Dfj generates a semigroup.

LEMMA 2. For 1 < a < 2, 10| < min{a,2 — o} = 2 — «, the Riesz—Feller
operator Df generates a strongly continuous, convolution semigroup

S LP(R) — LP(R), ug — Siug = G4 (-, 1) * up

with Gy defined in Lemma 1. Moreover, the semigroup satisfies the dispersion property
foru e L'(R)

_l(l_l)
ISl L@ < Cpt 7 ull gy (15)
forall1 < p < oo and some Cp, > 0.

Proof. Due to (G3) and Young’s inequality for convolutions,
ISeullr < IGGC DI lullee = llulle

for all u € L? (R™). Therefore S; : L?(R) — L?(R) are well-defined bounded linear
operators for all # > 0. (S;);>0 is a semigroup, since S;4+5 = S; S, forall s, > 0 holds
due to (G4) and Sp := Id. Strong continuity of (S;);>0 follows from a standard result
about convolutions [22, p. 64] and (G2). The dispersion property

(=1
Vi<p<oo 3C,>0: [Sulir@ <Cpt o ”>||u||L1(R) Vu € L' (R)

can be proved using (G5) and Young’s inequality [22, pp. 98-99]. 0
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LEMMA 3. Let1 < o <2and |0| < min{a, 2 —a}. The fundamental solution G§
defined in Lemma 1 satisfies for all £ € Ny and 0 < r < € the following estimates:

185(GS (1) % @)l 2 < Ct= %37 g]l,2, 1 > 0, (16)

where C is a certain positive constant. If r = £, then inequality (16) with C = 1 is
optimal.

Proof. By using Plancherel’s theorem, we compute that

185(GE (1) % @)l 12 = II(k) e Vi ® ]|, »
< Gk ViR ) Lo | k) Dl 2 < Cor™ B0

since || (ik)! e V6 ®|| o0 = supyep |k[¢"e K c0sO07/2) < C4=E=n/e que to the
positivity of cos(fm/2) under the assumption in Lemma 3. If » = £, then we obtain
105(GS (1) * @)l 2 < G105l 2 = 105l 2, by using the fact that G is a
nonnegative integrable function with mass one. U

LEMMA 4. Suppose that the same assumption as in Lemma 3 holds, and ¢ € H®
for o > 0. Then the fundamental solution satisfies Gg x ¢ € C([0, oo); H?).

Proof. For arbitrary constants t1, 1> € [0, 00), we have
1GS (1) % ¢ — G2 (12) * D140 sf (1 + [k V5 B — 2V ®) 216 (k) 2 dk,
R

where the integral is bounded by 4||¢ ||%1<, . Thus, the Dominated Convergence Theorem
allows to pass to the limit under the integral sign, which completes the proof. 0

Proof. (Proof of Proposition 1) Using the fundamental solution G of the linear evo-
lution equation d;u = D u, the mild formulation of (14) reads

t
W) = g‘(z)*Wo—/ Ot — 1) % F(@, 0: W) dr, (17)
0

where F(u, 0¢ W) := f(u+ ¢ W) — f(u) — s0: W. To employ a fix point argument,
we consider the mapping G[ W] defined by

t

GIWI1() = Gg(t)*Wo—/ Gg(t — 1) % F(u, 9 W)dr, (18)
0

on the Banach space X := C([0, T']; H?) with norm |W|x := supepo.77 1W @l g2
Then we show that G is a contraction mapping on a closed convex subset Sg of X,
where Sgp = {W € X;||W]|lx < R} for some parameter R > 0 which will be
determined later.
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Due to a Sobolev embedding, ||W|x < R implies that ||W(#)|ly1.« < R for

t € [0, T]. Thus, if |W||lx < R and £ = 0, 1, then we compute that
19§ GIW] — GLVI(D)] .2
t
< / ||8§Z ‘g(t — 1) * {F(u, 85W) — F(u, 85 VHiz2dT
0
t
<cC / (t — ) Y F @, 0: W) — F(u, 9 V)}(1) | 2 dT
0
t
< C(CR) + Is)) /0 (t = 1) 9 (W = V)(0)] 2 dt
< Co(R)t"7H W —Vx
where we used Lemma 3 and the identity
F,0:W)— F(, V) = f+ W) — fu+0V)—sd(W—V)
1
= / [f/@+00:W+ (1—0)dV)) —s]0:(W—V)do.
0
Similarly, we can calculate that
192(GIWT = GIVD (D)l 2
t
< f ||85Gg‘(t —T) % 8§{F(ﬁ, agW) — F(u, 3§ V2 dt
0
t
< c/ (t — ) V3 F (@, e W) — F (@, 3 V)}(0)]l 2 dr
0
t
< C(C(R) + Is)) /0 (=) VW = V(D) de
<R VW -V x.
Combining the above estimates, we obtain
IGIW] — GIV1lx < {Co(R)TY* + C1(R) + C2(RIT' V¥ |W — V|x.

Therefore, letting 7 = min{l, (2C4(R))~%/ @D} we deduce

1
IGIW1 = GIVIlix < ZIW = Vlix. 19)

where C(R) := Co(R) + C1(R) + C2(R). On the other hand, letting V = 0 in (19),
we get

1 1 1
IGIW1IIx < 11G10]1lx + FIWlx = IWollg2 + SIWlix = M + SR,

where we used (16) with £ = r. Therefore, choosing R = 2M, we obtain [|G[W]| x <
2M.
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Finally, we discuss the continuity of G[W] in time 7. It follows from the continuity
at time 0 and the semigroup property (G4) of G§. Due to Lemma 4, for Wy € H? (R)
with o > 0, the convergence lim,\ o G§ (-, t) * Wy = Wy in H® holds. Moreover, for
t € [0, T]and s > 0O the identity

s+t
GIWI(s +1) = G5 (-, s + 1) * Wp(x) — / gC,s+1r—1)% F(u, 3:W(r))dr
0
s+t
= Gy(-,8) * <Q[W](t) — / (.t —1)*% F(u, 9 W(1)) dr)
t

holds, where the last integral converges to zero for s — 0. Thus, for t1, 1 € [0, T']
with 71 < 1> (without loss of generality), we have

gIwW1(t) — GIW1(r2) = GIW (1) — GIW]((12 — t1) + 11)
5]
=G[W]t)-Gy(-, 1o — 1) * (Q[W](n)—/ Gy, 1 — 1) * F(u, BsW(r))df>.
1
(20)

Therefore, by the fact that Wy € H 2 W e X and Lemma 4, we find that the right-hand
side of (20) tends to zero in H 2 ast] — tp. Hence, we deduce the continuity of G[W]
in t and that G[W] € Sopy for W € Shyy.

Consequently, we conclude that there exist 7 = T (M) such that G is a contraction
mapping of S>ps. This means that the mapping G admits a unique fixed point W in
S>m, such that W = G[W]. Hence the proof of Proposition 1 is complete. O

3. Asymptotic stability of traveling waves

In this section, we consider the asymptotic stability of traveling wave solutions with
monotone decreasing profile in (1). To this end we derive the existence of global-in-
time solutions for evolution Eq. (14) and that these perturbations decay. Precisely we
prove the following theorem.

THEOREM 3. Suppose that the same assumptions as in Theorem 1 hold. Then
the Cauchy problem (14) has a unique global solution W (§,t) satisfying W €
C([0, 00); H?) N C'([0, 00); H') and

2 t t
W3 +C Y /0 IW () [130)24 dT — /0 fR [/ @ W2 dg dr < [Woll7,
=0

(2D
for some positive constant C and for all t > 0. Furthermore, the solution W (&, t)
converges to zero in the sense that

W) |lwre — 0 for t — oo. (22)
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We note that the third integral of the left-hand side in (21) is nonnegative, since
the flux function f € C? is convex such that f” > 0 and the profile & is monotone
decreasing, i.e., @' < 0. For the solution W constructed in Theorem 3, it is easy to
check that d¢ W satisfies Cauchy problem (13). Consequently, we obtain Theorem 1.
Global existence will be the consequence of the existence of a Lyapunov functional,
which also allows to deduce the asymptotic stability of traveling waves, see also [1,
Theorem 4] for the special case =2 — «.

LEMMA 5. Suppose that the same assumptions as in Theorem 1 hold. Let W be
a solution to (14) satisfying W € C([0, T]; H?) for some T > 0. Then there exists
some positive constant 8| independent of T such that if supy <, <7 [|W ()| g2 < 81, the
a priori estimate expressed in (21) holds fort € [0, T].

Proof. We rewrite the first equation of (14),
IW + (f@+ W) — f@) — f'@deW) + (f'@) — $)d: W = DgW,
and test it with W,
%8,(W2) + %Bg{(f’(ﬁ) —s5)W?) — %f”(ﬁ)ﬁ’Wz — WDSW
=—(f@+aW)— f@) — f'@gW)Ww.
Integrating with respect to £ € R, we obtain
%atnwniz - % /R F/@a W2 dg + cos (0F)1W 13072
1 o
= —/Rfo /O f@ + yd: W) (9 W)* dy do W d&
< L([0g WllLoo) W | Lo IIBgWIIiz

where L is a positive nondecreasing function. Due to a Sobolev embedding and the
assumption on W, we deduce |[W ()|l y1.0 < [W ()|l g2 < 61 forallt € [0, T']. Thus,
the energy estimate becomes

1 1 o
Eatuwniz—E/Rf”w)u’wzds+cos(eg)||W||2 < 2Cs, [|W L= l0s W7,

ez =
(23)
for some positive constant Cs, depending on 6. Note that we keep || W ||~ for further
reference. Here we used that

/prngds=/ng‘(k)|W<k>|2dk=—cos(%)llWllia/z

due to Plancherel’s theorem and sgn(k)| W(k) |2 being an odd function. Similarly, we
multiply the first equation of (13) by U, obtaining
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1 _ _ v _ 1
SHUD + 0| (F@+U) — F@U — fo (F@+n) = f@)dn— 55U%)
U
+a’f0 (f'@+m) — f1@)dn— UDIU =0,
Thus, integrating with respect to £ € R, we have
1 2 s 2 1= 2 ~ 2
SONUI: +c0s (OF)IU N = 31T Nx LAV IL=) WUI: < CyIUIG: 24)

with a positive constant 5’5, depending on §1. Next, we differentiate (13), obtaining
U + 07 (f (@ + U) — f@)} — s0;U = DgdgU. Testing this equation by dU
yields

1 1 _
43U ) + S0 ((f' G + U) = )(3U)) — 8¢ U DG 3 U
_ 1 e 2 ! — ! =\ —/
= —Eagf w+U)@:U) — Bg((f w+U)— fl(u)u ) 0:U.
Integrating with respect to § € R, we get

1
500U N7 +cos (0F) 196U 02

1
=—§/Rasf’(ﬁ+ U)(agU)ZdE—A;as((f’(ﬁﬁL U) — f'@)u') 9 U dk,

and hence

1 ~
SO0 UN72 + cos (03) 136U NG < Co, (1015 +10:U13:). 25)
where 53, is a positive constant depending on §;.

By combining (23), (24) and (25), we construct the good energy estimate. For this
purpose, we prepare some useful interpolation inequalities. For0 < o <2and ¢ > 0,
we obtain

I3 < €72 M0l30 + €7 1010201 (26)

The inequality (26) is proved as follows. For arbitrary constants ¢ > 0 and k € R, we
put & = k. Then, by the fact that h2 < |h|° + |h|>T° forallh € Rand 0 < o < 2,
we obtain k% < £72|k|” + &7 |k|?>T° . Thus, by using this inequality and Plancherel’s
theorem, we arrive at (26). On the other hand, for o > 1/4, we have

lvll}s < Collvll2llvllge < 27 Collvll2(vli72 + 013, @7

where Cj is a certain positive constant. The first interpolation inequality of (27) is a
generalization of the celebrated Gagliardo—Nirenberg inequalities (see, e.g., [15]) to
Sobolev spaces with fractional order, which was proven by Amann [5, Proposition4.1].
The second inequality holds as a consequence of (1 4 |k|?)? < 22 (1 + |k|>?) for all
k eR.
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We multiply (24) by y;1 and combine the resultant inequality with (23), obtaining

1 1 L
SUAWIE +nlIUiE = 5 [ a@mw?as

+0s (0F) (W02 + 111U 1202)
<NCs U7, +2Cs, Wl Lo lld W13,

where y is a positive constant to be determined later. By the fact that 9: W = U, we
can apply (26) with v = W and o = « to the above inequality, and get

! 2 2 ! 2
S AW + 71U - E/Rf”(u)u’W as

+{cos (0%) — ¥ 11 Cs, I Wlli-la/z +y1{cos (0%) — e Cs, } ”U”i']a/Z
< 2Cs, [IW L= 13: W |3,

Therefore, we choose & satisfying 4&f C‘gl = cos(fr/2),and y; = 5% to get
1 1 -
SHAWIE+nlvii =5 [ @nw?as

3
+5.08 (03)UW G0 + 111U IG0) < 2Cs IW e 0 W2 (28)

Similarly we multiply (25) by y» and combine the resultant inequality with (28).
Furthermore, applying (26) to the resultant inequality, we have

1 1 o
S AWIZ + 7V, + r2 U1 - E/Rf"(u)u’Wzdg

3 B ~
+{Fe05(0%) = 8728 [ 4w,
3 B -
+ {Zm cos (0%) — (1 + ¢, 2)83)/2&31} U102
+y2{ cos (0F) — &3 Cs, H10: U 1345
< 2Cs, Wl 18 W12, + y2Cs, 186 U |13 5.

Then, choosing ¢; such that 48%551 =cos(fr/2),and y» = min{e%, y1(1+ 82_2)’] 1,
yields

SAW I+ U + 72036013 — 5 /Rf”(ﬁ)ﬁ’Wz d
+§cos OF)UW 302 + V11U 0o + 120106 U [ 310)
< 2C5, WL W12, + 12Cs, 106U |13 5. (29)
We introduce the energy and dissipation norms as follows.

E®)?* = sup (IWOI7, + nlU@I3, +12010:U@)|3,),

0<t<t
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t
D(1)? = fo W O30 + VIU @ e + 12010:U (0 [1354) d.

Then, integrating (29) with respect to ¢, we have

t
IWIIZ> + 71 lUN3, + 12006 Ull7 > + cos (05) D(1)* — /O /R f @y’ w? dé de
2 ! 2 ~ 3
< B2+ /O (ACs, IW I U122 + 208, 10U ,) i,

where we define E(z) = ||Wo||i2 + )/1||U0||i2 + 2110¢ U0||iz. Thus, by employing
(26), and (27) with v = 0¢U and 0 = «/2, we arrive at

t
E(t)* +cos (0F)D(1)* — / f @@ W?dg dt < E} + CE(t)D(1)*
0 JR

for some positive constant C. Finally, using the fact that E(¢) < §;C, we arrive at the
desired a priori estimate. g

Proof. (Proof of Theorem 3) The existence of global-in-time solutions to the initial
value problem (14) can be obtained by the continuation argument based on a local
existence result in Proposition 1 combined with the a priori estimate in Lemma 5.
Because the argument is standard, we may omit the details here. In the rest of this
proof, we prove only the asymptotic stability result (22).

To this end, we prepare the following interpolation inequality. For 0 < o < 2, we
have

vl go < 2010l gor2 + 01l gor2e1),

by using the fact that k2° < 2(|k|” +|k|>*). By virtue of this interpolation inequality,
(26), and the first equation of (13), we have

18:Ull 2 < IDgU N2 + IILf @+ U) — f/ @)l 2 + '@+ U) = 5}0: Ul 2
2
< NUllga +ClU g1 < CY AW fagase.
£=0

Thus, by the above estimate, we compute that

2
WU | MU + 18U < CY MW e

£=0

This estimate and (26) with (21) tell us that [|U(-)[|7, € W'!(0, 00), and hence
U (t)||;2 — 0ast — oo. Finally, employing the Sobolev inequality that |[v| ze <

V2| v||]ld/22 [| 0¢ v||lL/22, we arrive at the desired result. O
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4. Convergence rate toward traveling waves

We consider the convergence rate of the solution toward the corresponding traveling
waves. Kawashima et al. [19] proposed an L?” energy method to study the asymptotic
stability and the associated convergence rates of planar viscous rarefaction waves of
multi-dimensional viscous conservation laws. When the authors obtain the conver-
gence estimate, they derived the L! estimate by using the energy method associated
with the sign function. This approach is useful. It is however difficult to apply this
method because of a Riesz—Feller operator. To overcome this difficulty, we employ
not only the energy method but also the representation of the mild solution. Precisely,
our purpose in this section is to derive the following theorem.

THEOREM 4. Suppose that the same assumptions as in Theorem 1 and f € C*°(R)
hold. Then the Cauchy problem (14) with Wy € wLIR) N Wl'OO(R) has a unique
global solution W (&, t) satisfying

W e C([0, 00); WEHL(R) N HI(R)) N L™®(0, 0o; WH®(R))

with estimates (37) and (38). Moreover; there exists a positive constant §1 such that if
[Wollwi1 < &1 then

W@l g1 < CEr (14 1)1/ (30)

fort > 0, where E\ := |[Wollg1 + [|Wollw11 and C is a certain positive constant
independent of t.

The proof of the existence of global-in-time solutions is based on results for the
Cauchy problem (1) with fractional Laplacian [11] and its extension to the Cauchy
problem (1) with Riesz—Feller operators [2]. There the assumption f € C*(R) is
made to simplify the presentation. The method is applicable also in case of f € C¥(R),
k > 2, but yields a lower regularity for the unique solution u.

LEMMA 6. Suppose that f € C®(R) and Wo € WELR) N WEHO(R). Then
Cauchy problem (14) has a unique mild solution W € C([0, T]; WE@RYNHYR)N
L0, T; WH°(R)) for any T > 0 with

W@l < IWollpr + L( SLBP 118 W ()l o< ) |9 Woll 1 7 (€20)
t€(0,t]

0 W)l 1 < 119 Woll1 (32)

W@ llLee < 10 Wollpr, (33)

10 W(t)ll oo < 119 Woll oo + 2[utl| o, (34)

for 0 <t < T, where L is a positive nondecreasing function. Moreover, for any
positive time ty > 0, W € Cgo (R x (29, 00)) and it is a classical solution of the first
equation of (14).
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Proof. We use again U = 9: W and analyze the Cauchy problem (13) with initial
datum Uj := 9: Wy € L'(R)NL*®(R) first. We recall U = u —u where u and & solve
Eq. (12), and # is a monotone decreasing function satisfying limg_ +o0 u(§) = u+.
Thus, ug := Up+1u is essentially bounded. Due to [11, Theorem 1] and its extension to
equations with Riesz—Feller operators in [2], the Cauchy problem for (12) with initial
datum ug € L (R) has a (unique) solution which satisfies [|u(t) || Lo®) < lluollLoeo®)
for all + > 0; in fact, the solution u takes values between the essential lower and upper
bounds of ug. Therefore, U(t) = u(t) —u € L (R¢) for all > 0 and estimate (34)
follows.

Due to [11, Remark 1.2] and its extension to equations with Riesz—Feller oper-
ators, Eq. (12) supports an L' contraction principle: If ug, vg € L®(R) satisfy
up — vo € LY(R), then the associated solutions u and v of the Cauchy problem
for (12) satisty [lu(r) —v(@)llz1ry < lluo — vollp1(w) for all # > 0. Therefore,
U@t) = u(t) — 7 € L'Re) with [U@)|1 < lluo — @1 = [Upll1 forall 1 > 0,
which implies estimate (32). Moreover, its primitive W (z) € L*(R¢) for all 1 > 0,
since

& 00
IW@E)lLe = H/ ayW(y,1)dy < / [0y W(y, 0)ldy = [0 W)l 1.

—00

Then, we are left to prove that W (¢) € L (Rg) for all # > 0 and the stated continuity
in time. Considering the mild formulation (17), we obtain the estimate

t
WOl = 1G5 @) * Woll +/0 GGt — D)= {f@+U) — f(@) —sU} 1 de
t
= [[Woll L +/0 If@+U)— f@) —sU|rde

t ~
= [[WollL: +/0 (LAU@lIze) 1U (D)l 1) de

< Wollpr + (19 Woll Lo + 2l[al| o) Ul 1 ¢ (35)

for + > 0 by using the local Lipschitz continuity of f and the previous estimates on
U = 0: W; again, Lisa positive nondecreasing function. Moreover, for any positive
time rg > 0, U € C;O(R x (fg, 00)) and U = 9: W satisfies the first equation of (13)
in the classical sense, see [1,11]. Due to integrability of U, also W is a global-in-time
solution of (14),and W € Cl?o (R x (#9, 00)) is a classical solution of the first equation
of (14) forall t >ty > 0.

To prove that W € C ([0, T]; W1 (R) N H!'(R)), we will use the mild formulation

t
W(t) = g(z)*wo—/ Ut —1) % F(@, 9: W) dr, (36)
0

where F(u, 0: W) := f(u + 0: W) — f(u) — sd¢ W. The first summand on the right-
hand side satisfies G (-) x Wy € C([0, T; wWLHR)NHY(R)), due to the assumptions
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on Wy and the strong continuity of the semigroup in Lemma 2. To prove continuity of
the second summand,

t
G [W]() = / Gt — 1) % F(u,9:W)dr ,
0

we use the estimates (31)—(34) and the strong continuity of the semigroup in Lemma 2.
In particular, we assume w.l.o.g. 0 < #; < f, and rewrite

G W1(t1) — G2[W](12)

131
= / (G§(t1 — 1) — G (12 — 1)) * F(u, 9: W) dt
0
n
+/ gt — 1) F(u,0: W) dr
1
n
= /0 [Gg(fl — )% F(u, W) — Gg(ta — 11) * (Gg(tl — 1) % F(u, SSW))] dr
5]
+/ Gy(ty — 1) * F(u, 9: W) dr
1

using the semigroup property (G4). The first summand converges to zero as t, — 1
in the W!-”-norms, p = 1, 2, due to the Dominated Convergence Theorem, the strong
continuity of the semigroup in Lemma 2 and that fot‘ (G4 (ty — ) * F(u, 0: W))dt €
WL R) N HY(R). Similarly, the second summand converges to zero as fp — 1 in
the W!P-norms, p = 1, 2, since G4(t, — ) * F(u, 3: W) € L' ((t2, t1); WEHI(R) N
W1 (R)). Thus, the right-hand side of (36) is continuous in time with respect to
the W!-P-norms, p = 1,2, hence W € C([0, T]; W-I(R) N H'(R)). Finally, W e
L%(0, T; WI°(R)) follows from the estimates (33)—(34). O

Next we prove the following a priori estimate obtained by Lemma 6.

LEMMA 7. Suppose that the same assumptions as in Theorem 4 hold. Let
W(&, 1) be a solution to (14) satisfying W € C([0, T]; WM (@R) n H'(R)) N
L°°(0, T, Wl’OO(R)) for any T > 0. Then there exists some positive constants 381
independent of T such that if || Wo|ly1.1 < 81, the a priori estimates

t
W3, +C /0 W@ e + IW (@ 30040 dT

t

- / / f @' W dg dr < [Wol3,: . 37
0 JR

W@ w1 < CUWollwrt + [Woll70) - (38)

hold for t € [0, T], where C is a constant independent of time t.

Proof. Following the proof of Lemma 5, we deduce again estimate (28), i.e.,

1 1 L
SHAWIZ: + Uz - E/Rf”(u)u’wzds
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3 b4 2 2 2
+ cos OF)UIW 02 + V11U [ y02) < LA W lle) W[ Lo [185 W1 2

for some positive nondecreasing function L. Integrating this inequality with respect
to time and using (26), the estimates (33)—(34) as well as the smallness of || Wy ||y 1.1,
we arrive at (37).

Thus, it remains to prove (38). Due to Lemma 6, for all 9 > 0, W € C g° (R x
(ty, 00)) and it is a classical solution of the first equation of (14). Therefore we can
adapt the L' energy method introduced by Kawashima et al. [19]. For a nonnegative
function p : R — R satistying p € C3°(R) and fR p(x)dx = 1, the convolution
operator psx with ps(x) = S_Ip(x /6) is a Friedrichs’ mollifier. We introduce the
functions

X
s5(x) := (ps *sgn)(x) and Ss5(x) := / s5(§) d&,
0
in which the signature function sgn(x) is defined by

—1 forx <O,
sgn(x) ;=40 forx =0,

1 for x > 0.

Note that the convergence of ss(x) — sgn(x) as § — 0 is in the sense of a weak
convergence in L*°(R), respectively, a strong convergence in L;’oc R), 1 < g < o0.
The function s;5(x) satisfies s5(x) = 2ps(x) > 0 and s55(0) = 0 by choosing p to be
an even function. Moreover, Ss(x) — |x| converges strongly in L'(R)as 8 — 0.

To estimate ||W (¢)]|y1.1, we recall that [|U ()| ;1 < |[Ugl|;1 forall t € [0, T], due

to estimate (32) in Lemma 6. Next we show that
IW® L1 < ClWollwra + ClIWoll%,: (39)

for t € [0, T]. We will use estimate (31) for small times ¢ < 1, and derive (39) for
large times ¢ > 1: we multiply the first equation of (14) by ss(W) = (ps * sgn)(W)
and obtain

9 Ss(W) +ss(WY{h(u+ U) — h(u)} = ss(W)DGW , (40)

where h(v) := f(v) — sv is a convex function. We integrate Eq. (40) over R X [19, t]
and derive

t t
/ / 3th(W)dxdt+/ / ssWYh(u+U) — h(u)}dx dr
to JR to JR

t
=/ /s,;(W)Dngxdt. 1)
o JR

The first integral satisfies, due to Fubini’s theorem and the strong convergence of Ss
inL!,

t
f /8,53<W)dxdr _ / (S (W(x, 1)) — S5(W(x, 10))} dx
o JR R
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= WOl = [IW (o)l L (42)

as 8 — 0. Next, we prove that the integral on the right-hand side of (41) is nonpositive,
t
/ / ss(W)Dg[W]dx dr < 0. (43)
to JR

Indeed, S5 € C2(R) is a convex function with Sy = ss and S5 = 55 = 2p5 > 0.
Moreover, under our assumptions, W(-,t) € H I(R) forr > 0and W € leo R x
(to, 00)) for tg > 0. Thus, limg . +00 W(§,1) = 0 and S5(W) € C,f with

ss(W) DGIW1 = S5(W) Dg[W] < DgISs(W)1,

due to Lemma 8. Consequently,

[ ssowy pgiwiax < [ pgissmiar =o.
R R

due to Proposition 3. We estimate the second term on the left-hand side of (41) as
follows. Using the fact that |ss(W)| < 1 and h(z + U) — h(w) = W' (@)U + O(|U|2),
we have

f ss(W)th(u+U) — h(u)}dé = / ss(W)h (@)U d& + R
R R

with |R| < L(|U||1=) ||U||iz/2. Furthermore, we compute from the fact U = 9z W
that

/ ss(W)h' @)U dg = —/ Ss(W)Hh" @y’ d& = 0,
R R

since the function S; is nonnegative with Ss(0) = 0,7 € C 2(R) is a convex function,
and u is a monotone decreasing traveling wave profile. Therefore, employing the
previous estimates and taking the limit § — 0 in Eq. (41) yields

t
WOl < IW @)l + L(I9: Woll Lo + 212l| o) / 1U@)|37, dt
fo
< W)l + CllWoll3, (44)

fort > tp > 0 and some positive constant C; here we used (37) and (26). The estimate
(44) is valid for an arbitrary positive constant #y. Thus, we can estimate from (44)
and (35) that

IW @Ol < WDz + ClWoll3 < IWollzr + CllUolizr + CllWoll 3,0

for t+ > 1. Eventually, combining this estimate and (35) again, we arrive at the desired
estimate (39). ]

Proof. (Proof of Theorem 4) The existence of the global solution follows from
Lemma 6 and the a priori estimates in Lemma 7. We derive just the decay estimate
(30). To this end, we first introduce the following Nash inequality:

2(1+2 4, 2
35727 < CollvlldSIIvl%, (45)
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foro > 0and v € L'(R) N H° (R), where C, is a positive constant which depends
on o. Following the proof of Lemma 5, we deduce again estimate (28). Multiplying
this inequality with (1 4 7)# for 8 € R and integrating over T € [0, ¢], we obtain

t 3 t
sﬂ(t)z—/ (1+r)ﬂf f”(ﬁ)E’Wzdgdr—i—Ecos (9%)/ Dg(r)* dr
0 R 0

t
< Woll72 + 71l Uoll3 +ﬂ/0 Ep—1(v)dr
t
+L(|I3gWo|ILo<>JrZIIﬁIILoo)/O (1+T)/3||W||L°°||3EW||i2dT

where Eg(1)? := (1 + )P (IWO) 17, + n U @®)]3,), and

Dp(@)” = 1+ DPIW O[30 + V1 IU D1 302)-

We compute via Nash’s inequality (45) with 0 = «/2 and Young’s inequality that
2 20
A+ 0P ol7, < A+ ol o, vl
1 _l4a e
= C{A+ 0P oll3, ) = { (L + 0P~ o7, } T
e
< e+ 0Pvl3n + Cc(+ 0P u)2,
for all ¢ > 0 and some positive constant C¢. Thus, we get :S’,g_l(t)2 < €Dg (0% +
Ce(1 + t)ﬁ*lctﬂ(HWIIi1 + Y1 ||U||il). Therefore, employing this estimate and (38),
we obtain

t 3 t
5;;(;)2—/ (1+r)’3/Rf”(ﬁ)ﬁ’W2d§dr+{zcos (9%)—6/3}[ Dg()* de
0 0
! _lta
S||W0||i2+V1||U0||iz+,3Ce/0 A+ 0P (W3 + ylUI ) dr
t
+L<||asWo||Loo+2||m|Loc>/0 1+ DP WL l10 W12, d7
d _lta
sanoni,.+ﬂc€<||wo||i,l+||Wo||wl,1>2/0 (1+0)f~ % de
t
+L(||35Wo||L°0+2||ﬁ||L°c)/o L+ P |WLelld W3, dr.

For this inequality, we take B and € which satisfy

1+«

B — > 1, %cos(G%)—eﬁ>0,

obtaining

t t
5,3(:)2—/0 (l+r)’3/Rf”(ﬁ)ﬁ/W2d§dr+c/O Dg(r)* de
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< CUIWoll3 + IIWolly1.)* (14 )P~
t
+L(||35W0||Lw+2||ﬁ||L°°)/ A+ P | Wil= U3, d7
0

for some positive constant c¢. Finally, using (26), the estimates (33)—(34) and the
smallness of || Wo|ly1,1, we arrive at

t t
Ep(1)? —/0 ¢! +r)5/Rf”(u)ﬁ/W2 dg¢ dt +c/0 Dp(r)* de
< CUIWoll3; + IWolly1.)* (1 + 0P =" < CEF (1 +n)f =1

and the desired estimate (30). O
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A. Riesz-Feller operators

To study the existence of traveling wave solutions with smooth profiles, we need
the singular integral representation of Riesz—Feller operators Df.

PROPOSITION 2. [3, Proposition 2.3] If | < o < 2 and |0] < min{e, 2 — o},
then for allv € S(R) and x € R

ng(x):q/ooo v(x+§)—;$x)—v (x) & i+ cz/()oo v(x—é)—gvlgjca)-{-v ()& ‘

£,
(46)

for some constants c1, co > 0withcy + ¢y > 0.

The singular integral representation (46) for Riesz—Feller operators Dj is well
defined for C,f functions such that D le(R) C Cp(R).

PROPOSITION 3. The integral representation (46) of Dy with 1 < o < 2 and
|0] < min{o, 2 — o} is well defined for functions v € le(R) with

2—a l—a
sup |ng(x)| < %(Cl + CZ)HU//”C};(R)T + 2(cy +C2)||U/||Cb(R) o —1 < o0

xeR o
(47)
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for some positive constant M and the positive constants c¢1 and cy in Proposition 2.
Moreover, if v € Cg (R) is a function such that the limits limy_ +o v(x) exist, then
Jg Dgv(x)dx = 0.

Proof. The first statement follows by direct estimates on the extension of Riesz—Feller
operators in (46), see [3, Proposition 2.4]. To prove the second statement, we consider
the two summands in (46) separately, starting with [ W dé¢ for any

v € le (R). Like before, we rewrite the integral

/OO vx +§) —vx) — V(%) de = /OO
0 0

$1+a

1 1

glta |:/0 V(x +0§)EdO — u’(x)§i| de
o0 1

Z/O %-ia/o [V'(x +68) —v'(x)] d6 dg

>

1
g—aax / [v(x +608) —v(x)]do d&
0

0

00 1
=ax/ i/ [v(x +608) —v(x)] do dé,
o §%Jo

where exchanging integration and taking derivatives is possible, since in each step the
integrands are absolutely integrable uniformly with respect to x. Moreover,

/f“ v(x +8) —vx) —v'(x)§ d dx
R Jo

é:1+ot

00 1
=/ ax/ i/ [v(x + 08) — v(x)] d6 d& dx
R Jo &% Jo

and the primitive satisfies

o) 1
lim / L/ [v(x—i—@é)—v(x)]d@dé
o §Jo

x—+00

00 1
:/ if lim [v(x +6§) —v(x)]dodg =0,
0 Ea 0 X—>*oo

where exchanging integration and taking limits is possible, since in each step the
integrands are absolutely integrable and lim,_, 1+ [v(x +0&) — v(x)] = 0 due to the
assumptions on v. 0

Using the singular integral representation of Df and [12, Lemma 1], we deduce the
following result:

LEMMAS. Letl <a <2, u € Cb2 (R)andn € C 2(R) be a convex function. Then
n'(u)(Dgu) < Dyn(u).

Proof. Since 1 is convex, we have n'(a)(b — a) < n(b) — n(a). Hence,
n' () x4+ 2) —u(x)) < n(ux +2)) — n(ux))

and n'(u () (u(x +2) —u(x) —u'(x) - 2) < nux +2)) — ) — H@) (x) - z.
The conclusion follows from these inequalities and Eq. (46). U
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