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1. Introduction

The classical Fock space (or, the Segal-Bargmann space) has a long and cele-
brated history and its origins are found in quantum mechanics. In spite of the
richness of the existing literature on scalar Fock spaces, the vector-valued case
has, to the best of our knowledge, not yet been thoroughly considered. The
investigation of spaces of analytic functions in the vector-valued framework
brings along new insights and it often requires the development of entirely
new techniques compared to the scalar setting (see [13]). The objective of
our paper is to study big Hankel operators with anti-analytic symbols on
generalized vector-valued Fock spaces.

Seip and Youssfi [14] studied big Hankel operators with anti-holomorphic
symbols acting on a large class of scalar Fock spaces with radial weights sub-
ject to a mild smoothness condition (see below). Using their sharp estimates
for the reproducing kernel, we investigate this class of operators in the vector-
valued setting and define adequate versions of Bloch, Besov spaces and of
mean oscillation.

Let us first present our framework. We assume ¥ : [0, 00) — [0,00) is a
C3-function such that

U'(r) >0, ¥'(x)>0 and ¥"(x)>0. (1)
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We now define the class S of functions g : [0,00) — [0,00) such that there
exists a real number 7 < % for which

g"(@) =0 (e g @)]""), @ - +oo. (2)
We assume that the function
O(z) := 2V (2)
is in &, and, when d > 1, we also require that ¥ is in S. For ¢(z) :=
U(|z[2),2 € C% let duy(z) = e ?F)dmgy(z), where dmg(z) denotes the
Lebesgue measure on C?. Given a separable Hilbert space H, we denote by
Li(H) the space of measurable H-valued functions that are square integrable

with respect to du,. We define the vector-valued Fock space fg (H) as the
subspace of Li(H) consisting of holomorphic functions, i.e.

f;(H) = {f : C% — H holomorphic : ||f||i7 = Ad £ ()P dpy(2) < oo} .

The point evaluations are bounded linear maps from .7-'3,(7—[) to H: more
precisely, for any f € F2(H) we have

IF I < @) flle =€ CY (3)

where ¢(z) = e¥(121)/28/ (|2]2)1/2(W/(|2|2))(¢=1)/2_ For dimH = 1, this esti-
mate was proved in Lemma 8.2 in [14], and the passage to the vector-valued
case is straightforward via bounded linear functionals. It follows that .7:3 (H)
is a closed subspace of LZ(H) and hence the orthogonal projection from
LZ(H) onto FZ(H) is given by

(Ph)E) = [ Kolevw) fw) dio(w), 2 € . ()

where C?¢ x C? 3 (2,w) — K,(z,w) denotes the reproducing kernel of the
scalar Fock space fi((C). Again, the last formula is easily deduced from
the reproducing formula of the scalar Fock space .7-'3,(((3) applied to z +—
(P,f(z),h), where h € H is arbitrary.

We are now ready to define vectorial Hankel operators. In what follows,
L(H) will stand for the space of bounded linear operators on H and KC(H)
will stand for the space of compact linear operators on H. We denote by
7,(L(H)) the space of holomorphic operator-valued functions 7' : C% — L(H)
that satisfy

Ko( )Tl ew € Li(Cd) for all z € C%.

For T' € 7,(L(H)) we define the big Hankel operator Hp+ with symbol T
by

Hy-f(2) := (I = Po)(T ()" f(-))(2)
= [ TG =TI ) Kyl w) disg )
for all f € F2(H).



IEOT Big Hankel Operators on Vector-Valued Page 3 of 25 2

In the scalar case, the boundedness/compactness of such operators was
shown to be equivalent to their symbols belonging to the Bloch space/little
Bloch space (see [14]). Moreover, the Schatten class membership is equivalent
to the symbol belonging to analytic Besov spaces.

We recall that the scalar Bloch space in several complex variables was
first introduced by Timoney [16,17] for bounded symmetric domains. The

scalar Bloch space B, corresponding to the weight e~ ¥(#1") on C?, was con-
sidered by Seip and Youssfi [14] and is defined as the space of holomorphic
functions f : C? — C with

Vf(z),
1flls = sup, {geg}i{z#o W} < o0, (5)
where §(z, ) denotes the Bergman metric
B(z,€) = V(B(2)¢, €), z€eC?,
and B(z) is the d x d-matrix with entries
92

B(z) is positive-definite and it is usually referred to as the Bergman matrix.
A standard argument (see e.g. [19]) shows that

£l = sup (BT VA (2), VF(2)). (6)

z€Cd

log K(zwz)] . 1<j,k<d.
J

We shall now define an operator-valued version of the Bloch space B, for which
we provide several adequate equivalent norms. One of these is an analogue
of (5) (see Sect. 2), the second one is expressed in terms of mean oscillation
[see (11)], and it turns out that our Bloch space coincides with an operator-
version of BMOA. We now define a third norm which is more relevant for
our approach in studying the Hankel operator. Inspired by (6) we introduce

3 B(2),DiT(2) (DiT(z)) . zecCd, (7)
1<i,j<d
where B™!(2);; denotes the (ij)-th entry of the hermitian matrix B~!(z) and
D;T(z)* is the adjoint of the operator D,;T(z) = g—zT(z)
The operator-valued Bloch space B(L(H)) is the space of holomorphic
functions 7' : C¢ — L(H) with

1/2
ITlaccr0) = ITOllecro + sup Q)G < o (8)
FAS

Notice that for H = C, in view of (6), we recover the scalar Bloch space.
The operator Qr(z) can be expressed in terms of the radial derivative, the
tangential derivatives of T, as well as the eigenvalues of B(z) (see Sect. 2).
Taking this into account, we show that B(L(H)) can be characterized as the
space of holomorphic functions 7' : C? — L(H) with the property that there
exist c1,co > 0 such that

IRT(2)ll cry < exlz[v/®'(12]?)
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and

T35 (T) ()l ey < c2lz[VO'(1217), 1<, <d,
where RT denotes the radial derivative of T', and T;;(T") denote the tangential
derivatives of T, i.e.

d

oT _or _ or .
sz . ”T):Ziaizjizjaizi’ 1<i4,j<d. (9)

For a continuous function f : C? — L (H) such that 1F Ol 220 |k2|?

is in L' (du,,) for all z, one defines its Berezin transform analogously to the
scalar case by

_ [C F(w) |k (w) dpp(w), = € CL
For a continuous function 7' : C? — £ (H) we define
MO?T*(2) := TT*(z) — T(2)T*(2), ze€C%, (10)

provided [|T'(.)[| £ (5 |k=] is in LZ(C) for all z € C. We say that T has bounded

mean oscillation if sup,cca |[MO?*T*(z)
norm

HE(H) < oo and we introduce the

H1/2

1Tl prrocery) = sup [MO*T*(2) | /30y + IT(O) £ 24 (11)
FAS

For the connection between Hankel operators and bounded mean oscillation
see also [5].

Throughout this paper, for two functions E7, Fs, the notation Fy < Fo
means that there is a constant k£ > 0 independent of the argument such that
E1 < kEs. If both F1 < Ey and FEy < Fp hold, then we write Fy < Es.

The next theorem characterizes the boundedness of the Hankel operator
HT* .

Theorem 1.1. Given a holomorphic function T : C* — L(H), the following
are equivalent:
(a) T € 7,(L(H)) and the Hankel operator Hr- is bounded from F2(H) to
L (H):;
(b) T € B(L(H));

(c) sup,eca HMO2T* ng/i()

Moreover,

ITlsery = (IE-1+ 17O 20 = 1T a0

Inspired by the scalar case [14], we present two alternative proofs of the
implication (b) = (a) above: one of them relies on the Schur test combined
with the reproducing kernel estimates provided in [14], while the second one is
based on Hérmander estimates for the d-equation. Due to non-commutativity,
the latter proof is not a mere adaptation of the one from the scalar case, and
it provides an estimate in terms of the multiplication operator with symbol

the operator-valued function Q;/ 2, which will be used in an essential way in
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the characterizations of compactness and Schatten class membership of the
Hankel operator.

Subsequently, in Theorem 4.2 (see Sect. 4) we show that a “little oh”
version of condition (b), respectively (¢), from Theorem 1.1 characterizes the
compactness of Hrp.

We recall that, given two separable Hilbert spaces Hi, Hy and p > 0,
a compact linear operator A : H; — Hs belongs to the Schatten class SP =
SP(Hy, Hy) if the sequence of eigenvalues {s,,},, of (T*T)"/? satisfies

1/p
|Al|lsr == (Z sﬁ) < 00.

The Schatten class membership of Hp« is characterized below.

Theorem 1.2. Suppose T : C? — K(H) is holomorphic and p > 2. Then the
following are equivalent:
(a) T € T,(L(H)) and the Hankel operator Hr+ belongs to the Schatten
class SP (f;('H), Li(H));
(b) Q%F/Q : C? — SP(H) is measurable and

L 100 2 K 212 g (2) < o (12)
(c) (MO?*T*)Y/? . C?% — SP(H) is measurable and
v w1/2
L Q10T () 5 K 2.2 ity (2) < o (13)

Moreover, we have equivalence between the following quantities

- 1/2‘ - H MO2T* 1/2‘
S? H(QT) LP(C4,57(H),dA,) ( )

where d\,(2) = K(z, z) dpy(2).

|| Hp-

LP(C4,87(H),dN,)

Similar considerations to the ones in Sect. 9 in [14], show that there is
no nontrivial holomorphic function 7' : C¢ — L(’H) such that condition (12)
holds for p = 2, and therefore there are no nontrivial Hilbert-Schmidt Hankel
operators with anti-holomorphic symbols on .7:3,(7{).

Here, it is worthwhile mentioning the following specificity of the vector-
valued setting in our approach to prove the necessity of the conditions on the
symbol T for compactness, respectively Schatten class membership. At a first
glance, the test functions that seem natural to consider are of the type ke,
where k, is the normalized reproducing kernel of fi(@) and e € ‘H. However,
it turns out that we need to consider test functions of the form ke, for an
appropriate choice of the vectors e,, that depends on the operator-valued
function Qr(z).

Regarding previous studies of big Hankel operators on scalar Fock spaces
we would also like to mention [3,4,8,9,12,18], as for Hankel forms on vector-
valued Bergman-type spaces we refer to [1,2].

The paper is organized as follows. Section 2 is concerned with equivalent
definitions and basic properties of the operator-valued Bloch, little Bloch
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space, as well as some preliminary material. Section 3 is dedicated to the
boundedness of Hrp,, while in Sect. 4 we characterize the compactness of
Hrp,. Finally, in Sect. 5 we investigate the Schatten class membership of our
Hankel operators.

2. The Operator-Valued Bloch Space, Little Bloch Space and
BMOA

We start with some considerations regarding the Bergman matrix. Recall
that the Bergman matrix B(z) is the d x d-matrix with entries

2
log K ,}, 1<jk<d
[aéj 0z, og K(2,2) ik ==
Notice that if F(]z]?) := K(z,2), then
Jnd FINY
B(z) = — 1+ 'ZP(F) P,

where I stands for the identity matrix, P, denotes the projection of C* onto
span{z}, given by
1

Pw=—
RPN

w, 2)z  z,we CL

We can rewrite
B(z) = A(2) P. + pu(z) (I — P),

where
! !

A& = o) e () () and te) = )

are the eigenvalues of B(z). Hence

(B@»*%:i%¢1+;éﬂffpg (14)

Now Lemma 4.1 from [14] gives

F’ ,
20 = a+omyv)
() 0= aromwrm+om ™, wsr o

which implies
A(z) = W (|212) + |20 (12[2) = @/(|2[?)
p(z) = U'(|2]). (15)
It was shown in Lemma 7.2 in [14] that, instead of working with Bergman

balls (i.e. balls corresponding to the Bergman distance), one can equivalently
work with sets of the form

D(z,0) = {w : |2~ Pl < al@/ (2] 2, Jw — Pl < aW'(|22) 2},
(16)
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where z € C?, a > 0.

Lemma 2.1. The sets D(z,a) are unitarily invariant, that is, if U : C¢ — C4
is a unitary map, then

U(D(z,a)) = D(Uz,a), zecC%a>0. (17)

Proof. The proof is straightforward and relies on the identity UP, = Py, U
for any z € C%. O

Recall that in (7) we introduced the operator

3 BT(@iijT(z)(DiT(z))*, zeCd,

1<i,j<d

Depending on the context, we shall use alternative expressions for Qr(z).
From (14) we have

_1 o 1 B 1 2i Zj 1 B
By <A<z> u(z)) et

Substituting this in the expression of Q7 (z) we obtain for z # 0

@) = T (% ) AT (RT ()
)

+MA( (2)T'(2)")

_ W RT(2) (RT(Z))*
= Y LOETMEe). )

2
()= =,

where RT and T;;(T") were defined in (9). In particular, this shows that Q7 (%)
is a positive operator.

Another expression of Q1 which will be useful in several of the subse-
quent proofs is the following. If ¢x; (=) stands for the kj entry of the (hermit-
ian) matrix B(z)~'/2, where 1 < k,j < d, set

d
= ckj(z) DiT(2), z€C? (19)
=1

Obviously Cj(z) € L(H) and we have

60 (ci)

j=1 k=1

I
M-
M=
g
QQ
R‘
©
=
=
S
=
=

|
/
S
L
—~
N
~—
N—
S
N
—~
N
~—
/N
>
o
S
—~
~—
N—
*
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A straightforward calculation shows that Qr satisfies

1/2 1/2 1/2
1QT+5(2) | iy < QT (230 + 1Q5(2) 1 3y
T,S € L(H), z € C?, (21)
which implies that (8) defines a norm on B (£ (H)). Moreover, the complete-
ness of B (L (H)) follows by a standard argument similar to the one in [19].
In the next proposition we provide an equivalent norm on B(L(H)),
which is an analogue of (5), and we prove the vectorial version of a standard
estimate for Bloch functions in terms of the Bergman distance. The Bergman
distance is defined by

1
dy(z,w) = inf/ B(y(t),y (1)) dt, zw e C
7 Jo

where the infimum is taken over all piecewise C*—smooth curves v : [0,1] —
C4 such that v(0) = w and (1) = 2.

Proposition 2.2. (a) We have

[ ||zi_1skaT<z>.c<H>}7

| TN 8cry) = NIT(0)] 23y + sup
(=0 0 £eCd, €40 B(z,6)

z€Cd
(22)
for all holomorphic functions T : C* — L(H), where the involved con-
stants depend only on d.
(b) For any T € B(L(H)) we have
IT(2) = T(w)ll o) S ITBeedu(z,w), 2w e CY, (23)
where dy denotes the Bergman distance induced by the Bergman metric
s.
Proof. (a) Using the fact that G(z,£) = /(B(2)¢, &) and substituting 7 :=
B(2)Y/2¢ we may write

d
1> ket EeDRT (2)] 201

E(z):== sup

£€Ce, £#£0 B(z,6)
d _
~ s 1351 (B(2) ™20k DiT(2) || £ (3
nEC, n£0 ([l
d
= sup Z(B(Z)fl/%))kaT(Z)
weCd, |lwl|=1 ||, LH)
d
= sup Z w;C;(2) , (24)
weed, Jlwl=1 (5
L(H)

where, in the last two steps above, we used the notation from (19). Particu-
larizing w in the last expression above to the vectors from the canonical basis
of C?, we obtain

B(2) 2 [|C;(2)llen) = IC5(2)C5(2) {5 z€Ch1<j<d  (25)
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Using the above together with (20) we deduce

d
= Z 2)" e
d
> | Z 2)* [l )

= HQT( 2 eery- (26)

On the other hand, relation (24) and the Cauchy-Schwarz inequality imme-
diately give

2
d

BE(z)* < sup > 1willCi (e

weC, lwl|=1 \ =3

Z 1G5 ()17 24y

IN

<d- ||ZC 2)* ey = d- |Qr ()l £y

where the last inequahty above follows by positivity. Together with (26) this
implies

E(2) = Qr(2) | 3y

and (a) now follows by taking the supremum over z € C? in the above
relation.

In order to prove (b), let z,w € C? and consider a piecewise C'' curve
v :[0,1] = C? (v = (71, .,74)) such that v(0) = w and (1) = 2. Then, in
view of (a), we get

IT(2) - Tw) ey < / Z% v ar

L(H)
< Vd SUP QT (& g(H)/ By

Taking now the supremum over v above leads us to (b). O

The next lemma, which is a direct consequence of the reproducing ker-

nel estimates proven in [14], shows that the operator-valued Bloch space is
contained in 7, (L(H)).

Lemma 2.3. If T € B(L(H)), then for any z € C* we have || T(:)|zex) -
K(,,z) e LZ(C).

Proof. Since ¥ € S and satisfies (1) we have
(W (2)] 7" (2) S W'(x), =0,
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which implies
U (z) S[1+ U(x)] 77, x>0 (27)

Hence
' (z) =V (2) + 2V (z) < (1 + )1+ V() (28)

since n < 3. From the fact that T € B(L(H)) together with (15) we obtain
the estimate

||RT(z)||%(H) SAR)|2fF = @ (|z|2) |z, zeC

Combining this with (28) and taking into account the fact that @’ is increas-
ing, we deduce

IT(2) =T )|z = HAI %RT(tZ) dtHL(H)

< VA + [P A+ ([)?)3, 2z e

Since ¥ grows at least like a linear function, the above estimate yields
=16) = [ 1700 gl K w,2)Pe P dmatu)
(Cd
S/ K (w, 2)[2e™ =P dimy ()
(Cd

for any ¢ € (0,1/2). Recall that K(w,z) = F({(z,w)). Then, by unitary
invariance, we may assume without loss of generality that z = (z,0,...,0)
with z > 0. If d > 1 we write w = (w1, &) with ¢ € C¥~! and w; = re?, and
use polar coordinates to get

15/ / \F(xrei9)|2</ e*<1*€>w<r2+|€|2>dmd_l(g))rd@dr. (29)
0 —7 Cd-1

Using again the monotonicity of ¥ we deduce

/(Cd_l e~ A=VHIER) g () < e~ (1-2002) /Cd_l == VEP) g (6)

S e—(1—25)\11(r2). (30)

The estimates of the reproducing kernel (see Lemma 3.1 in [14]) together
with (27)—(28) give

/ |F(:cr6i9)|2d9 <1+ :Cr)3/2[1 + \Ij(zr)]NGQ\II(zr)’

—T

where N = N(d) > 0 and the constants involved depend on z, but not on
r. Taking into account the above relation and (30), we now return to (29) to
deduce

< /00 67(1726)\P(r2)+(2+5)\11(zr) dr.
0



IEOT Big Hankel Operators on Vector-Valued Page 11 of 25 2

To see that the last integral is finite, put Q(r) = (1—2¢) ¥(r?) — (2+¢)¥(ar)
and notice that for 2(1 — 2e)r — (2 + )z > 1 we have
Q'(r) = 2(1 — 2&)r V' (r?) — (2 + &)V (a7)
> mi ! =
= min{d’(t)} =0 >0,

and hence e=?(") < ¢=9" which proves the claim. O

Let M be a closed subspace of £ (H). The little Bloch space By(M) is
the space of holomorphic functions T : C¢ — M such that

li =0. 31
‘Z‘inioo ||QT(Z)H£(H) (31)

Let us now show that the density of polynomials in the scalar little
Bloch space extends to the operator-valued case. The proof of this fact is
standard and it is based on approximation by convolutions with Fejér kernels
(see [11]). We include it for the sake of completeness.

Theorem 2.4. Let M be a closed subspace of L (H). Then the holomorphic
polynomials with coefficients in M are dense in By (M).

Proof. Assume T € By (M). For (0y,...,04) € R? we consider the unitary

linear transformation in C? defined by Rg(z) := (ei‘glzl7 ey eiedzd), for all
z=(21,...,24) € CL The torus
Td = {(ei017"' ) Zed) (017 79d) € [77r77r]d}

is equipped with the Haar measure df, and, for any nonnegative integer N,
the Fejér kernel F is given by

F i1 W0a = 1_m oo l1= |md| im-6
N (e, e Z ( N e,

|mj|<N,m;€Z
(32)
where m - 0 = m101 + - - - + my64. The convolution
Tn(z) = / T (R_gz) Fy (e",...,e") do, = € C*, (33)
’]l‘d

is then a holomorphic polynomial with coefficients in M, which obviously
belongs to By(M), and we have

Tn(z)=T(z) = / (ToR_g—T)(2) Fy (", ,e")do, =»eC
Td
We claim that

i _ — 1/2 —
A TN = Tllsz ) A}EHOOZS;@HQTN r(2)l £

For fixed z € C4, N.(T) = ||QT(Z)||2/(§_{) defines a semi-norm on L(H) by
(21). Thus

1Qru-rNEy < [ I1Qwen-sm (@ iy Py (o) db. (34
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Then
||QTN ﬁ(H) / / ”Q ToR_g— T)( )Hﬁ('}—() ( ielw"aewd) d@,
T\ Vs
(35)

where V5 (6 > 0) denotes the neighborhood of 0 given by

Vo r={(01,...,0a) + 10;] <6, 1<j<d}.
Now let € > 0. By the properties of Fly, there exists Ny € N such that

/ Fy (e",....e")dd <e, N > N. (36)

T\ Vs

Since T' € By (M), we may choose R > 0 such that

1/2
sup Q7 ()| 5 < &
|z|>R
Then relation (21) together with the rotation invariance Qror, (2) = Qr(Roz)
imply

1/2
sup HQ(ToRg—T)(Z)HL(H) < sup [|Qror, (2 )H[;(H

[z|>R |z|>R
+ s Qr(2)f5, <26 (37)
z|>

Again, from the rotation invariance of Q7 and the uniform continuity of D;T
on every compact set {z eCd |z < R} R > 0, we obtain

;Er(l)lsup HQ(ToRe 7)(2 )H L(H ):0'

Then we may choose ¢ small enough such that
|slup HQ (ToRg— )ng/(i() <e, 0€eVy. (38)
Using relations (36) and (38) in (35) yields

1T = Tlaeiro) = sup 1Qry—1(2)| 30y < 22+ 26| T2,

for N > Ny, which validates the claim, and, thus, completes the proof. ]

3. Boundedness of Hankel Operators

In this section we prove different characterizations of the boundedness of the
big Hankel operator. We shall use the notation F2(L(H)) for the Fock space

of holomorphic functions f : C* — L(H) that satisfy || f(-)|zx) € LE(C?).
Proof of Theorem 1.1.
Implication (b) = (a). Assume that T € B(L(H)). Lemma 2.3 shows

that T € 7,,(L(H)). Let f be a holomorphic polynomial in C¢ with coefficients
in H and let {e;};>1 be an orthonormal basis of H. Set

Fi(z) = (Hr- f(2), e;) = (I = Pp)Gi (2),
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where

The form
d
= Z(f(z), DjT(Z)€i>d§j
j=1
is closed, that is, d€; = 0. For 1 < j < d, we denote Q := (f(2), D;T(2)e;).
Notice that Fj is the solution of minimal LZ(C)-norm of
ou =
By a theorem due to Hérmander (see [7,14]) it follows that

LR < [ 105, du (39)

Here [€2;],95,, denotes the norm of 2; measured in the Kéhler metric defined
by i00¢p, that is
= S A0,
1<j,k<d
where (A7%(2))1<; k<a is the inverse of the hermitian matrix
%o
A(2) = (4, : ;( ) :
(2) = An@hsinsa = \Fo5-0)) o

Our next aim is to obtain an appropriate estimate for the right-hand-
side of (39). Setting X; := ((f(2),DiT(2)es), ..., {f(2),DsT(2)e;)) € C4,
we may rewrite the last relation above as

Qil255, = (A7H(2))" X3, Xi)ea = (A71(2) X3, Xi)a- (40)

Let us now take a closer look at A(z). We have
A2) = V(|2 + (202" (|2*)1<j k<, 2 €CT
It follows that

A(®) = A@)P: + i(2)(I — F.),
where
Mz) = W' (|2*) + [P (|2*) and fi(2) = ¥'(]]?).
Relation (15) shows that A(z) =< A(z) and fi(z) = pu(z). We clearly have

Az)  =A(R)T = A@P+M@U P.). (41)

—_— 1
From relation (14) we now deduce that the matrices A(z) =~ and B(z)~!
have the same eigenvectors and comparable eigenvalues, which implies that
the induced hermitian forms are comparable, i.e.

(A(2)"1v,v) < (B(2) v, v),



2 Page 14 of 25 H. Bommier-Hato, O. Constantin IEOT

where the involved constants are independent of z, v € C?. Using this in (40)
we get

%5, = (B(z) 7' X4, Xi) = || B(2)" /2 X4, (42)

As in (19), we denote by c;i(z) the jk entry of the (hermitian) matrix
B(z)~'/2, where 1 < j,k <d, and

Z cj(z) DyT(z

Writing down the components of B(z )*1/ 2X; with this notation, we deduce

1B) 2, = Z‘Z% 2, DT (2e)|

j=1 k=1

d
= HC;i(2)" f(2), e
We now use the above equality in (42) and return to (39) to deduce

RS Z| 2)seo) P diig 2). (43)

Summing up over ¢ and applymg the monotone convergence theorem yield

/ | F; ‘Qdﬂgo

<Z/ Z| 2), e 2 du(2)
fZ / 1C5(2)" £ dpao(2)

_ /C d<z C3(2)(C5(2) 1(2), £(2)) dpg 2)

j=1

_ / ||(icj<z>(cj<z>)*)” FEIP dugl2)
¢ M4

< (Sélgd 1QT () ) I F11%- (44)

where, from relation (20), we have Qr(z) = Z?Zl C;(2)(Cj(2))*. Hence
2
[RZEFIS (Su@ QT £3) 1 flle < 1 TNscecron1£lle:
ze

and (b) = (a) is proven.



IEOT Big Hankel Operators on Vector-Valued Page 15 of 25 2

Implication (a) = (c). Suppose Hr« is bounded. For w € C¢ and e € H with
le|ll = 1, notice that by the reproducing formula, we have

Hr-(Kye) (z) = (T(2)" = T(w)")e - Ku(2),

where K, (z) = K(z,w) is the reproducing kernel of F2(C). On the other
hand, since T € 7,(L(H)), the reproducing formula in F2(L(H)) (which

follows from its scalar version via bounded linear functionals) yields T =
T,7* =T* and

MO>T*(z) = / (T(2) = T(w)) (T(2) = T(w))" [k= (w)|* dp (w).

Ccd

In particular this shows that MO?T*(z) is a positive operator. Combining
the last two equalities above we deduce

(MO*T*(2)e,e),, = /Cd I(T(2)" = T (w)*)el|* k= (w)[* i (2)
= ”HT* (k'ze)”?}‘i , e€H. (45)

Taking the supremum over unit vectors e € H in the last relation above, we
obtain

|MO*T*(z) z e CY,

HL(H) = Sup [ Hr- (k= €)||f2 < ||Hr-|,

and (c) follows.

Implication (c) = (b). In order to do this, we are going to show that
1Qr ()l 22y S ||MO2T*(Z)||[Z(’H) :

Recall from above that

||M02T*(Z)HL(H) = ”Shlp [ Ho- (k- €)||f2 : (46)

Now, for w € C?, we have
[Hr (K e)|* = /«:d (T (2)" = T(w)")e|*| K (z,w)|* dpup(2) (47)
> / (T (2)" = T(w)")el*| K (z,w)[* dpp(2)
D(w,a)

where D(w, a) was defined in (16). Lemma 7.2 and Lemma 7.1 in [14] ensure
that for a > 0 small enough

|K(2,w)|* ~ K(2,2) K(w,w), w e C? 2z e D(w,a).
From this we deduce (as in the proof of Theorem D in [14]) that for a > 0

small enough we have

K (z,w)Pe 9 2 : € D(w,a),
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where |S| denotes the euclidean volume of a set S C C9.
Using the last inequality in (47) we obtain
1

|D(wv a)| D(w,a)
We shall now show that the expression on the left-hand-side of the above
inequality is bounded below by a constant multiple of ||Q7(w)/?e||? for w €
C<. In order to do this, for h € ‘H with ||h|| = 1, consider the holomorphic
scalar-valued function

f(2) = fuen(z) = (T(2) = T(w)h, e)n, ze€C™

Notice that

I(T(2)" = T(w)")e||* dma(z) < |[Hr- (kw e)l*. (48)

(T'(2)" = T(w)*)el = sup [f(2)]
llAll=1

We first prove the desired estimates for w = (wq, 0, --- , 0). The result
in the general case will then follow by unitary invariance. So we first assume
that w = (wy, 0) € C?, where w; € C. In this case, the set D(w,a) reduces
to Bi(wi,ap1(w)) x By—1(0,ap2(w)), where By (z, R) denotes the euclidian
ball in C*, k > 1, centred at z € C* and of radius R > 0, and

pr(z) = @ (12712, palz) = [W(]z) 7%, zeC? (49)
By Cauchy’s formula, the Cauchy—Schwarz inequality and subharmonic-

ity, we now get

2 2 1 2
(@ @) PID . OF S s [ 1fER dma). (50)

D(w,a)
Now notice that
lw[ - |D1f(w)| = (w1 D1T(w)h, e)| = [(RT(w)h, €)|.

In view of the above and (50), we may write

| @@ = T, o dmaa).
D(w,a)
In light of relations (15) and (49), we have A(w) =< p;(w)~2. Taking the
supremum over ||h|| =1 we obtain

1 1 1
5 v IRT(w) ell? S / I(T(2)" = T(w)*)e]| dma(2).
w]? AMw) \D(w’a)lD( :

2 ]2
pr()* (RT(w)h ) $ 5

(51)

This last estimate suffices in case d = 1. If d > 1, it remains to estimate
the tangential term in Q7 (w). We start with the observation that since w =
(w1, 0), we have

T,;,(T)(w)=0 if 1<i<j<d,
and

Ty(T)(w) = w7 D;T(w) for 1<j<d,
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so that, in order to estimate the tangential term in Qr(w), we only need to
handle terms of the form w7 D;T(w). To do this we first write the Cauchy
formula for the function C4~! 3 2/ = (2g,...,24) — f(z1,2'). We have

)= [ e O

where r > 0,5;_; denotes the unit sphere in C~!, and do is the Lebesgue
measure on S4—;. Differentiating with respect to z;,2 < j < d, at the point
2 =0 € C4 ! and applying the Cauchy-Schwarz inequality, we deduce

21D, f (1. 0) < / (O do ().
Sa—1

Using spherical coordinates in C%~! together with the subharmonicity of
z1 — |D;f(z1,0)|?, we infer

1
(p2(w))?1D; f (w1,0)]* S 57— / F(2)[? dma(z).
D(w,a)
Making f explicit now yields
1
*|(D;T h2<7/ T(z) — T(w))h, €)|*d :
(p2(w))"[(D;T (w1, 0)h, )" < D(w.a) (T'(2) = T(w))h, e)” dma(z)
D(w,a)
As before, take now the supremum over h € ‘H with ||h|| = 1 and use the fact
that u(z) < p2(2)~2 (see relations (15) and (49)), to deduce
1 1
—— ||ID;T(w)*e|? < ——— / T(2)* — T(w)*)e||® dmg(z). (52
) 1P S gy | I =T el it @2

Combining (51) and (52) and taking into account the form of Qr(w), we
obtain

N S SR NS S ) 2
IQr(w)! el = s IRT () el + s ;n(njm( ) el
: I(T()" = Tw) el dma(z).  (53)

S - -
|D(w7a)| D(w,a)

We now treat the general case, that is, we let w € C¢ be arbitrary. Denote @ =
(Jw],0) € C? and let U be a the unitary transformation of C? that maps 1 to
w. Then by unitary invariance we have Q7 (w) = Qror (U 1w) = Qroy ().
We may now make use of relation (53) applied to T'oU, perform the change of
variables ¢ = Uz and take into account the fact that U(D(w,a)) = D(w,a)
to deduce that (53) holds in general. This last fact together with relations
(45) and (48) leads us to

« 1/2
1Qr () %e|| < | Hr- (kue)| = || (MO?T* () el (54)
for w € C, e € H,|le||s = 1. Thus
1Qr () 2| 220y S IMO*T*(w) || 5, (55)

and, with this, our proof is complete. 0
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Remark 3.1. As already mentioned in the introduction, the inequalities in
(44) will be crucial in the characterizations of compactness and Schatten class
membership of the Hankel operator.

Corollary 3.2. For a holomorphic function T : C* — L (H), we define

I7() = T(w)
Tllpereon = S0P g s + T Ol (56)

Then ||| gerg(c(r)) @ an equivalent norm on B (L (H)).

Proof. Let T € B (L (H)). Proposition 2.2 (b) immediately gives
TN ergiery) S N M52

On the other hand, as in Sect. 5 in [14], we have

IT(z) = T(w)

2
Af(z),
z,weCd d‘I’(va) f( )

[ Hz- f(2)]] <

where the sublinear operator A defined as
Af(z) = /«:d dy(z,w) | Ky (z,0)] || f(w)| dug(w), z € C?

is bounded on L? (du,,). Therefore
1T(2) — T'(w)|l c(r

Hr|| < s A
[ Hp-|| < s, e 1Al
which, together with Theorem 1.1 shows that
1Tl 8cry) S TN gergizy) - O

4. Compactness of Hankel Operators
Recall that IC(H) stands for the space of compact linear operators on H.

Lemma 4.1. Given S : C? — K(H) holomorphic and R > 0, the operator
ME : F2(H) — L%(H) defined by

ME f(2) = xqe: je1<my (2) S*(2)f(2), z€C? fe€ Fo(H),
18 compact.

Proof. The proof relies on standard arguments. For N € N, let Py S denote
the Taylor polynomial of S

PyS(z)= Y K,-2"
[v|<N
where v = (v1,...,v4) € N and K, are compact operators. Since

Jim IME = M5l < Jim_ sup IS(2) ~ PYS(E)] =0

in order to conclude, it is enough to show that MEZ is compact for S(z) =
2YF, where F' € K(H) and v € N, Moreover, since F' can be approximated in
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the operator norm by finite rank operators, we may assume that F' has finite
rank. This last claim is a straightforward consequence of Montel’s theorem
together with relation (3). O

Theorem 4.2. Given an holomorphic function T : C* — L(H), the following
are equivalent:

(a) T € T,(L(H)) and the Hankel operator Hrp- is compact;
(b) T—T(0) € By (K(H));

() T—T(0):C?— K(H) and | llim |MO>T™(2) =0.

e

Proof. Implication (b) = (a). Given f € F2(H) and R > 0, by relation (44),

we have

\Hr-fIP < §j“/ 1C5(2)" ()| dpg (=)

- Cj dpiy,
;/|Z|§R| ()7 /(=) du (2)
d
+/z>R ||(;C](z)cj(z) ) ()|l duw( )
d
S DT (z * z 2d o(z
$3 [ NPT S )

+ 1115 o SID 1Q7 ()l 2(0):

where the last step above follows from the definition of C; (see relation (19))
as well as from (20). Now let € > 0 be arbitrary and choose R > 0 such that

sup [|Q7(2)|z(#) < e. Then
|z|>R

d
1Hr fI1P S D NM{ 2 FIIZ + <l FI2,
k=1
where the operators M(D )" : F2(H) — LZ(H) are compact by Lemma 4.1.
The above relation clearly shows that Hrp- is compact.

Implication (a) = (c). Assume Hy, is compact. We begin by showing that
T(z) € K(H). For any fixed z € C%, define the operator N(z) : H — L2(H)
by

N(z)e := Hr«(k.e), e € H. (57)

Since, for any fixed z € C? and any sequence {e, },>1 which converges weakly
to 0 in ‘H we obviously have that {k.e,},>1 converges weakly to 0 in .7:2(7'[),
the compactness of Hp- implies that N(z) is compact. From relation (54) we
have

(Qr(2)e,e)|| < ||Hr-(k.e)||?, e€ ™M, zeC (58)
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Taking into account the definition of Q7 (2), this implies

IRT(2)"el|* < |2* A(2) - | Ho« (k=€) |”
= [z A(2) - [N (2)el?,
e€H,zeC (59)

The compactness of N(z) now ensures that RT'(z)* and hence RT(z) is com-
pact for any z € C%. Then

1
T(z) - T(0) = /0 %RT(tz) dt

implies that 7'(z) — T'(0) is compact for any 2 € C?. It remains to show that

Tim_ [MOT* () e = 0. (60)
Since, for any fixed z € C?%, N(z) is a compact operator on H, it attains its
norm, i.e. there exists e, € H with ||e.|| = 1 such that
N 1/2
|- (ke 2 = IN ezl = NG gy = [|MOPT* ()| 1y

where the last equality above follows from (45) and (57). Hence, (60) will
immediately follow, once we show that {k.e,} converges weakly to 0 in ff, (H)
as |z| — oo. Indeed, for any holomorphic polynomial f with coefficients in
‘H, we have

kel =] [ (©).e) B dug(6)
_

el
=

as |z| — oo,

where the last step follows from the following estimate proved in [14]
”Kz || = G\I}(‘Z‘2)/2(I)I(‘Z|2)1/2(\Ij’(|z|2))(d*1)/2’

The assertion for a general f € .7-"3,(7-[) is easily deduced from the above by
approximation with polynomials.

In order to conclude, it is enough to prove that (¢) = (b), but this is a
direct consequence of relation (55). O

5. Schatten Classes

The aim of this section is to characterize the Schatten class membership of
Hrp«. We begin with an identity which we are going to formulate on Fock
spaces, although its analogue holds for a large class of vector-valued spaces
of analytic functions.

Lemma 5.1. Let S be a positive operator on fi(H), and, for each fized z € C¢,
let {€}}x>1 be an orthonormal basis of H (possibly) depending on z.
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Then 3 451 (S(Kzef), K.€f)F2(n) is independent of the choice of {e}}r>1
and we have

trace(S / S(K.e}), K.e} >}-£(H) dpg(2), (61)
ce k>1

where K, denotes the reproducing kernel of Fé((C) at the point z € C?,

Proof. 1f {Ey, },>1 is an orthonormal basis of F2(H), then

trace(s) = 3157 E, P = 3 / I(S"2E) ()| dug(2).  (62)

n>1 n>1

We now have

D NEPE)EIP =) (S Ea)(2), k)]

n>1 n>1k>1
2
=>.>. / ((S"2E0)(€), e7) K2 (Q) dpy ()
n>1k>1
= ZZ‘ Sl/zEnaKze@fg(H)P
n>1k>1
= En, 8V (K.e}) r2i)|
k>1n>1
=> ||51/2(Kz€1i)||2f3(71)
k>1
=Y (S(K.€7), Kei)r20),
k>1

where the second equality above follows by the reproducing formula. The last
relation together with (62) leads us now to (61). O

We now turn to the proof of Theorem 1.2.
Proof of Theorem 1.2.

Implication (a) = (c). Assume Hp« € SP. If {ex}r>1 is an arbitrary or-
thonormal basis of H, in view of (45) we obtain

v o 1/2
S MO () erll? = 3 1 Hr (ki) | < o0, 2 € T,
k>1 k>1
since {k.eg}r>1 is an orthonormal set in F7(H) and p > 2. This shows that
(MO?T* (z))1/2 € SP(H). Now, since SP(H) is separable (see [10], Chapter 3,
Section 6), by Pettis’ theorem [15], in order to show that z — (MO?*T*(z)) 1/2

is measurable, it suffices to prove that it is weakly measurable. With this aim,
let S € SY(H), where 1/p+1/q = 1. If {ex}r>1 is an orthonormal basis of



2 Page 22 of 25 H. Bommier-Hato, O. Constantin IEOT

‘H, we have
<(MO2T*(Z))1/2 ,S) = trace(S* (MO*T*(z)) ")
= Z<(M02T*(Z))l/2 e, Sex), z¢€CY,

k>1

1/2

and, since the last expression above defines a measurable function, it follows

that (MO?T*(z)) "2 is measurable.
In order to prove (13), let {eZ },,>1 be an orthonormal basis of H that di-

agonalizes the compact self-adjoint operator (M OQT*(z))l/ 2, Apply Lemma
5.1 to S := ((Hp-)*Hy-)P/? to deduce
|Hp-||s» = trace|((Hr-)* Hr-)P/?)
= [ S ) Hop P20 ) ot g ). (69)

k>1

For each z € C?, in view of Jensen’s inequality, relation (45) and the choice
of e}, we obtain

p/2
> ((Hre) He)2(Ka€h), Kaeh ) > 3 ((Hre) Hre (kaef) s haei ) K(2,2)
k>1 k>1
= " |1Hr- (k=€) [P K (2, 2)
k>1
= Z(MO2T*(z)ei,ez>p/2K(z,z)
k>1
« 1/2
= | (MO*T*())"* 1%y 3y K (2, 2),

and, returning to (63), we get (c).

Implication (c) = (b). This a direct consequence of relation (54). Indeed, for
any orthonormal basis (ey), of H, we have

S 1Qr(2) 2erlP $ 3 (MO T (2)en, ).

E>1 k>1

1/2]|P

and

: ‘o : 1/2)p < 2
Since p > 2, this implies ||Qr(z) ||5P(H) < H(MO T (z)) N

thus (b) follows.
Implication (b) = (a). Recall that, by (44), we have

£ 5 [ 1Qr O dun(a). e FE). (64
Hence, if the multiplication operator
Maui2f(2) = Qr(2)'2f(2), feFH M), z€C,
belongs to some Schatten class ideal, then Hp» will have the same property.
We now provide a sufficient condition for Schatten class membership

of multiplication operators using an interpolation argument. For a strongly-
measurable operator-valued function R : C* — L(’H), consider the operator

Mpf(z) = R(2)f(2), fe€Fi(H), zeC"
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For p > 2, we denote by LP(C%,SP(H),d\,) the space of strongly measurable
functions g : C? — SP(H) satisfying

L 18I g 2ol < o

Moreover, L>(C%, L(H),d)\,) will stand for the closure in the supremum
norm of £L(H)—valued simple functions (see [6], Ch. 5, page 107).

We claim that, if R € L*(C?,§*(H),d),), then Mg : F2(H) — L2(H)
is a Hilbert-Schmidt operator. To this end, let {e,},>1 be an orthonormal
basis of the scalar Fock space .7:3(@) and let {fx}x>1 be an orthonormal basis
of H. Then it is clear that {E,, x(2) := en(2) f }n.k>1 is an orthonormal basis
of F2(H), and we have

IMglE = Y (IMa(Enp)|

n,k>1
= 3 [ IRGIAI a2 di (2
n,k>1
=Z/ 1R () 52(r¢) len ()17 dpt(2)

= [ 1RG0 K22 di(2)
= ||R||%2((Cd,82(7-{),d)\¢)7 (65)

and the claim follows.
Moreover, if R € L>(C%, L(H),d\,), we have

|M||se < esssup,ccall R(2) ), (66)

where §*° denotes the space of bounded linear operators from .7-'3,(7—[) to
LZ(H). Taking into account (65), (66) together with Theorem 5.1.2 (page
107) in [6], it now follows by interpolation that

[Mglls» < |Rl|Le(ce,sp(r),dn,), P2 2.

Particularizing R(2) := Q7(2)'/? above and using (64) now yield

|| Hop-

0 S IMgualle < [ 100 a0 K (212 dig(),
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