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Abstract

Carbon nanotubes are modeled as point configurations and investigated by min-

imizing configurational energies including two- and three-body interactions. Opti-
mal configurations are identified with local minima and their fine geometry is fully
characterized in terms of lower-dimensional problems. Under moderate tension,
we prove the existence of periodic local minimizers, which indeed validates the
so-called Cauchy—Born rule in this setting.
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466 MANUEL FRIEDRICH ET AL.
1. Introduction

Nanostructured carbon has emerged over the last two decades as one of the most
promising materials available to mankind. The discovery of fullerenes [48,49], fol-
lowed by that of carbon nanotubes [41] and graphene [37,62], sparked an interest in
low-dimensional materials. The fascinating electronic and mechanical properties
of single-atom-thick surfaces and structures are believed to offer unprecedented
opportunities for innovative applications, ranging from next-generation electronics
to pharmacology, to batteries and solar cells [39,58,59]. New findings are emerg-
ing at an always increasing pace, cutting across materials science, physics, and
chemistry, and extending from fundamental science to novel applications [23,61].

Carbon nanotubes are long, hollow structures exhibiting cylindrical symmetry
[18]. Their walls consist of a single (or multiple) one-atom-thick layer of carbon
atoms forming sp? covalent bonds [ 12] arranged in a hexagonal pattern. This molec-
ular structure is responsible for amazing mechanical properties: carbon nanotubes
are presently among the strongest and stiffest known materials with a nominal
Young’s modulus [47,71] of 1 TPa and ideal strength greater than 100 MPa [3].
In addition, they are electrically and thermally conductive, chemically sensitive,
transparent, and light weight [72]. Nanotubes can be visualized as the result of
rolling up a patch of a regular hexagonal lattice. Depending on the different pos-
sible realizations of this rolling-up, different topologies may arise, giving rise to
zigzag, armchair, and chiral nanotubes. These topologies are believed to have a
specific impact on the mechanical and electronic properties of the nanotube, which
can range from highly conducting to semiconducting [9,10].

In contrast to the ever-growing material knowledge, the rigorous mathematical
description of two-dimensional carbon systems is considerably less developed. Ab
initio atomistic models are believed to accurately describe some features of the car-
bon nanotube geometry and mechanics [54,65,76]. These methods are nevertheless
computational in nature and cannot handle a very large number of atoms due to
the rapid increase in computational complexity. On the other hand, a number of
continuum mechanics approaches have been proposed where carbon nanotubes are
modeled as rods [63], shells [3,4,28,66], or solids [73]. These bring the advantage
of possibly dealing with long structures, at the price however of a less accurate
description of the detailed microscopic behavior.

The unique mechanical behavior of nanotubes under stretching is a crucial
feature of these structures. As such, it has attracted attention from the theo-
retical [4,29,66,79], the computational [1,9,40,44], and the experimental side
[17,47,74,77]. Still, a reliable description of nanotubes under stretching requires
one to correctly resolve the atomic scale and, simultaneously, to rigorously deal
with the whole structure. We hence resort to the classical frame of molecular
mechanics [2,53,64] which identifies carbon nanotubes with point configurations
{x1,...,x,} € R3" corresponding to their atomic positions. The atoms are inter-
acting via a configurational energy E = E(xy, ..., x,) given in terms of classical
potentials and taking into account both attractive-repulsive two-body interactions,
minimized at a certain bond length, and three-body terms favoring specific angles
between bonds [6,69,70]. The sp>-type covalent bonding implies that each atom
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has exactly three first neighbors and that bond angles of 27 /3 are energetically
preferred [12]. The reader is referred to [16,20,32,57,68] for a collection of results
on local and global minimizers in this setting and to [27,51] for additional results
on carbon structures.

The focus of this paper is to show the local minimality of periodic configura-
tions, both in the unstreched case and under the effect of small stretching. More
specifically, we prove that, by applying a small stretching to a zigzag nanotube, the
energy E is locally strictly minimized by a specific periodic configuration where
all atoms see the same local configuration (Theorem 3.3). Local minimality is here
checked with respect to all small perturbations in R¥, namely not restricting a pri-
ori to periodic perturbations. On the contrary, periodicity is proved here to emerge
as effect of the global variational nature of the problem.

The novelty of this result is threefold. At first, given the periodicity of the
mentioned local minimizers, the actual configuration in R*" can be determined by
solving a simple minimization problem in R?, which consists in identifying the
length of two specific bond lengths between neighboring atoms. This is indeed the
standpoint of a number of contributions, see [1,8,30,31,43,44,46,50] among many
others, where nevertheless periodicity is a priori assumed. In this regard, our result
offers a justification for these lower-dimensional approaches. Our assumptions on £
are kept fairly general in order to include the menagerie of different possible choices
for energy terms which have been implemented in computational chemistry codes
[7,11,38,60,75]. A by-product of our results is hence the cross-validation of these
choices in view of their capability of describing carbon nanotube geometries.

Secondly, we rigorously check that, also in the presence of small stretching,
the geometrical model obtained via local minimization corresponds neither to the
classical rolled-up model [18,19,45], where two out of three bond angles at each
atom are 27 /3, nor to the polyhedral model [14,15,52], where all bond angles are
equal. The optimal configuration lies between these two (Proposition 3.4), a fact
which remarkably corresponds to measurements on very thin carbon nanotubes
[80]. Moreover, in accordance with the results in [44], local minimizers are gener-
ically characterized by two different bond lengths.

Finally, our result proves the validity of the so-called Cauchy-Born rule for
carbon nanotubes: by imposing a small tension, the periodicity cell deforms cor-
respondingly and global periodicity is preserved. This fact rests at the basis of a
possible elastic theory for carbon nanotubes. As a matter of fact, such periodic-
ity is invariably assumed in a number of different contributions, see [4,29,40,79]
among others, and then exploited in order to compute tensile strength as well as
stretched geometries. Here again our results provide a theoretical justification of
such approaches.

While the Cauchy—-Born rule plays a pivotal role in mechanics [25,26,78],
rigorous results are scarce. Among these we mention [13,36], which assess its
validity within two- and d-dimensional cubic mass-spring systems, respectively.
More general interactions are considered in [21,22], where the Cauchy—Born rule
is investigated under a specific ellipticity condition applying to the triangular and
hexagonal lattice, both in the static and the dynamic case. Our result is, to the best
of our knowledge, the first one dealing with a three-dimensional structure which is
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not a subset of a Bravais lattice nor of a multilattice. Note though the Saint Venant
principle in [24], which corresponds to the validity of an approximate version of
the Cauchy—Born rule, up to a small error. However, the setting of [24] is quite
different from the present one, where long-range purely two-body interactions are
considered.

This work is the culmination of a series on the geometry and mechanics of
nanotubes [55,56]. The theoretical outcomes of this paper have been predicted
computationally in [55], where stability of periodic configurations have been inves-
tigated with Monte Carlo techniques, both for zigzag and armchair topologies under
moderate displacements. A first step toward a rigorous analytical result has been
obtained in [56] for both zigzag and armchair topologies under no stretching. In
[56], stability is checked against a number of non-periodic perturbations fulfilling
a specific structural constraint, which is related to the nonplanarity of the hexag-
onal cells induced by the local geometry of the nanotube. Here, we remove such
constraints and consider all small perturbations, even in presence of stretching.

Indeed, removing the structural assumption and extending the result of [56]
to the present fully general setting requires a remarkably deeper analysis. In a
nutshell, one has to reduce to a cell problem and solve it. The actual realization
of this program poses however substantial technical challenges and relies on a
combination of perturbative and convexity techniques.

Whereas the proof in [56] was essentially based on the convexity of the energy
given by the three bond angles at one atom, in the present context we have to reduce
to a cell which includes eight atoms and is slightly nonplanar. The convexity of cell
energies for various Bravais lattices has already been investigated in the literature
[13,34,36,67], particularly for problems related to the validation of the Cauchy—
Born rule. In our setting, however, we need to deal with an almost planar structure
embedded in the three-dimensional space and therefore, to confirm convexity of
the cell energy, a careful analysis in terms of the nonplanarity is necessary, see
Section 7.2 and Theorem 7.6. In this context, an additional difficulty lies in the fact
that the reference configuration of the cell is not a stress-free state.

The convexity is then crucially exploited in order to obtain a quantitative control
of the energy defect in terms of the symmetry defect produced by symmetrizing a
cell (Theorem 4.4). On the other hand, a second quantitative estimate provides a
bound on the defect in the nonplanarity of the cell (called angle defect) with respect
to the symmetry defect of the cell (Lemma 4.1). The detailed combination of these
two estimates and a convexity and monotonicity argument (Proposition 4.3) proves
that ground states necessarily have symmetric cells, from which our stability result
follows (Theorem 3.3).

The validation of the Cauchy Born rule essentially relies on the application of
a slicing technique which has also been used in [34] in a more general setting:
one reduces the problem to a chain of cells along the diameter of the structure
and shows that identical deformation of each cell is energetically favorable. In the
present context, however, additional slicing arguments along the cross sections of
the nanotube are necessary in order to identify correctly the nonplanarity of each
hexagonal cell.
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The paper is organized as follows. In Section 2 we introduce some notation and
the mathematical setting. Section 3 collects our main results. In Section 4 we present
the proof strategy, the essential auxiliary statements (Lemma 4.1, Theorem 4.4),
and the proof of Theorem 3.3. The proofs of the various necessary ingredients are
postponed to Sections 5-7.

2. Carbon-Nanotube Geometry

The aim of this section is to introduce some notation and the nanotube con-
figurational energy. Let us start by introducing the mathematical setting as well as
some preliminary observations.

As mentioned above, carbon nanotubes (nanotubes, in the following) are mod-
eled by configurations of atoms, i.e., collections of points in R representing the
atomic sites. Nanotubes are very long structures, measuring up to 107 times their
diameter. As such, we shall not be concerned with describing the fine nanotube
geometry close to their ends. We thus restrict our attention to periodic configura-
tions, i.e., configurations that are invariant with respect to a translation of a certain
period in the direction of the nanotube axis. Without loss of generality we consider
only nanotubes with axis in the e; := (1, 0, 0) direction. Therefore, a nanotube is
identified with a configuration

C:= Cn + LE]Z,

where L > 0 is the period of C and C,, := {x1, ..., x,} is a collection of n points
x; € R3 such that x; - ¢; € [0, L). In the following, we will refer to C, as the
n-cell of C, and since C is characterized by its n-cell C,, and its period L, we will
systematically identify the periodic configuration C with the couple (Cy, L), i.e.,
C=(Cpy L).

2.1. Configurational Energy

We now introduce the configurational energy E of a nanotube C, and we detail
the hypotheses on E that we assume throughout the paper. We aim here at minimal
assumptions in order to include in the analysis most of the many different possible
choices for energy terms that have been successfully implemented in computational
chemistry codes [7,11,38,60,75].

The energy E is given by the sum of two contributions, respectively accounting
for two-body and three-body interactions among particles that are respectively
modelled by the potentials v, and v3, see (1).

We assume that the two-body potential v : (0, 00) — [—1, 00) is smooth and
attains its minimum value only at 1 with v2(1) = —1 and vg (1) > 0. Moreover,
we ask vy to be short-ranged, that is to vanish shortly after 1. For the sake of
definiteness, let us define vy(r) = 0 for r = 1.1. These assumptions reflect the
nature of covalent atomic bonding in carbon favoring a specific interatomic distance,
here normalized to 1.
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We say that two particles x, y € C are bonded if |x — y| < 1.1, and we refer
to the graph formed by all the bonds as the bond graph of C. Taking into account
periodicity, this amounts to considering two particles x; and x; of the n-cell C,, of
C to be bonded if |x; —x;|;, < 1.1, where | - | is the distance modulo L defined by

|xi—xj|L = |xi—Xj+Ll‘€1|

min
te{—1,0,+1)
for every x;, x; € Cp. Let us denote by A the set of all couples of indices corre-
sponding to bonded particles, i.e.,

N = {(i, j) : xi,xj € Cpi # j,and |x; — xj]1 < 1.1}.

The three-body potential v : [0, 2] — [0, 00) is assumed to be smooth and
symmetric around , namely v3(«) = v3(27 —«). Moreover, we suppose that the
minimum value 0 is attained only at 277/3 and 47 /3 with v (277/3) > 0. Let 7 be
the index set of the triples corresponding to first-neighboring particles, i.e.,

T ={G,j.k) : i #k G, j) €N and (j, k) € N}.

For all triples (i, j, k) € 7 we denote by o;x € [0, w] the bond angle formed by
the vectors x; — x; and x; — x;. The assumptions on v3 reflect the basic geometry
of carbon bonding in a nanotube: Each atom presents three s p>-hybridized orbitals,
which tend to form 27 /3 angles.

The configurational energy E of a nanotube C = (Cy, L) is now defined by

1 1
EQ)=ECyL)i=5 3 wlu-—xl)+5 > v, O
i, HeN (i,j.k)eT

where the factors 1/2 are included to avoid double-counting the interactions among
same atoms. Let us mention that the smoothness assumptions on v, and v3 are
for the sake of maximizing simplicity rather than generality and could be weak-
ened. Observe that our assumptions are generally satisfied by classical interaction
potentials for carbon (see [69,70]). Since the energy E is clearly rotationally and
translationally invariant, in the following we will tacitly assume that all statements
are to be considered up to isometries. We say that a nanotube C = (Cy,, L) is stable
if (C,, L) is a strict local minimizer of the interaction energy E.

2.2. Geometry of Zigzag Nanotubes

We now introduce a specific two-parameter family of nanotubes which will
play a crucial role in the following. This is the family of so-called zigzag nanotubes
having the minimal period . > 0. The term zigzag refers to a specific topology of
nanotubes, which can be visualized as the result of a rolling-up of a graphene sheet
along a specific lattice direction, see Fig. 1.

The resulting three-dimensional structure is depicted in Fig. 2. Note that our
preference for the zigzag topology is solely motivated by the sake of definite-
ness. The other classical choice, namely the so-called armchair topology, could be
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Fig. 1. Rolling-up a graphene sheet to a zigzag nanotube: the vector illustrates the identifi-

cation of the two dashed vertical lines. The term zigzag refers to the orientation of this vector

with respect to bonds. Different vectors correspond indeed to different nanotube topologies.
The dotted line indicates the identification direction for armchair nanotubes
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Fig. 2. Zigzag nanotube

considered as well. The reader is referred to [56] for some results on unstretched
armchair geometries.

We let £ € N, £ > 3, and define the family .% () as the collection of all
configurations that, up to isometries, coincide with

2i +k
{ (k(m +0) 4 j (20 +201) + 120 + Ay). pcos (%) ,
2% +k
psin<¥)> ‘i:l,...,z, jez, k,le{O,l}}
for some choice of

2
r€©,u/2), A2€,u/2), o0€(,u/2), and pe (
such that

w )
T4 sin(7 /(2£))
20 + 211 = u,

2 2.2 (% 2
+4 <_) = A
g £ S1n I}

2.
Of course, the configurations in .% (u) are periodic with minimal period w. The

3)

parameter p indicates the diameter of the tube and A, A, are the two possibly
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different lengths of the covalent bonds in each hexagon of the tube, where the
bonds of length A1 are oriented in the e direction (see Fig. 4).

These configurations are objective [42]; they are obtained as orbits of two points
under the action of a prescribed isometry group. The latter group is generated by a
translation and by a translation combined with a rotation about the e;-axis. Notice
that our definition slightly differs from the one adopted in [55,56] in the sense that
for fixed i, k the points identified by the quadruples (i, j, k, ) for j € Z,1 € {0, 1}
lie on a line parallel to e (see Fig. 3).

For fixed u > 0, .Z (u) is a two-parameter smooth family of configurations
since each configuration in .% (1) is uniquely determined by A and A, by taking
relation (3) into account. Later we will consider different values for the minimal
period u in order to model nanotubes under stretching.

We state the following basic geometric properties of configurations in . (1);
see Fig. 3 (the analogous properties in the case Ay = A, = 1 have already been
discussed in [55]):

Proposition 2.1. (Geometric structure of zigzag nanotubes). Let F € .% (). Then:

(a) Atoms in F lie on the surface of a cylinder with radius p and axis e.

(b) Atoms in F are arranged in planar sections, perpendicular to ey, obtained by
fixing j, k, and l in (2). Each of the sections contains exactly € atoms, arranged
at the vertices of a regular £-gon. For each section, the two closest sections are
at distance o and A1, respectively.

(¢) The configuration F is invariant under a rotation of 2w /¢ around ey, under
the translation ey, and under a transformation consisting of a rotation of /£
around e and a translation along the vector (A1 + 0)eq (see Fig. 4).

(d) Leti € {1,...,¢€}, j € Zandk,l € {0, 1}: the quadruple (i, j, k, 1) identifies
points of F, denoted by xljkl where (0, j, k, 1) is identified with (¢, j, k,1).

. i,0 . i—1,1 _j—1,1 . i—1,1
Given xijo € F, the two points xij1 , xiﬁl | have distance Ay and xijo has

distance A1 from xljé) For xi{b, the distance of xi]”lo and xijéol,l is Ao and the

i+1,0 . . . j
]8_ 0 s M1. See Fig. 3 for the analogous notation of xi’lo and

distance from x;

xi{ ’]1.

Notice that for fixed A1 and A, the other parameters range between two degener-
ate cases: p = 0 (the cylinderis reduced to its axis) and o = 0 (sections collide). We
shall however impose further restrictions, for each atom should have three bonds.
In particular, the only three bonds per atom should be the ones identified by point
(d) of Proposition 2.1. By recalling that two particles are bonded if their distance
is less than the reference value 1.1, since the distance between two consecutive
sections is either A or o, we require A1 > 0.9 and o > 0.2. Additionally, we
require A1, A2 < 1.1, which also implies ¢ < 1.1 by (3). On the other hand, on
each section, the edge of the regular £-gon should be greater than 1.1. Such length
is given by 2p sin y;, where y; is the internal angle of a regular 2¢-gon, i.e.,

1
Ve :ﬂ(l_Z)' (4)
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i—1,1 i1 j41,0
Tii1,0 .%H 0 xz+l 0 @ )
J—1,1 7,0

Ti1 [ .%‘,1
J—1,1 7,0 J,1 j+1,0
T30 ® .xi,O 3,0 .x

J—1,1
Ti 11 .xz 1,1

i—1,1 0 i+1,0
372—1,0. .5’75 1,0 wz 1 @ .5’;?—1,’0

Fig. 3. Configuration points are identified by quadruples (i, j, k,[) fori =1,...,¢,j € Z,
and k, [ € {0, 1}

Therefore, we need to impose p > p~ := 0.55/ sin y,. With these restrictions we
have the following:

Proposition 2.2. (Parametrization of the family). Let F € % (u) with p > p~,
o > 0.2 and A, Mo € (0.9, 1.1). Then, all atoms in F have exactly three (first-
nearest) neighbors, two at distance Ay and one at distance Ay, where the bond
corresponding to the latter neighbor is parallel to ej. Among the corresponding
three bond angles, which are smaller than w, two have amplitude o (the ones
involving atoms in three different sections), and the third has amplitude B (see
Fig. 4), where a € (7 /2, ) is obtained from

sina = /1 — (0/22)2 = 2(p/A2) sin (;) (5)

and B € (w/2, ) is given by
B = B(«a, y¢) := 2 arcsin (sina sin %) . (6)

The proof for the case .1 = A = 1 was detailed in [55]. The extension to
our setting is a straightforward adaption and is therefore omitted. As already men-
tioned, the collection .7 () is a two-parameter family where all its configurations
are uniquely determined by the specification of A1 and X,. The corresponding ele-
ment will be denoted by F, 3,,.. Restricting the minimal period u to the interval
(2.6,3.1) we observe by (3) and an elementary computation that the constraints
A, 22 € (0.9, 1.1) and £ > 3 automatically imply 0.2 < o0 < 0.65and p > p~.
Therefore, the assumptions of Proposition 2.2 hold.
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Fig. 4. The bond lengths and the angles for the hexagon of a configuration in .% (i) are
represented. A segment representing o is drawn in red
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3. Main Results

In this section we collect our main results. The corresponding proofs will then
be presented in Sections 4-7.

For a fixed integer £ > 3, let us consider a configuration F in the family .7 (u).
As F is periodic, it can be identified with the couple (F),, L), where F), is the
corresponding n-cell (n = 4m{ for some m € N), and

L = L% =mu (7

is the period parameter, corresponding to the cell length (notice that for m = 1
we get the minimal period of the configuration). In view of (1) and the properties
stated in Proposition 2.2, the energy can be written as

E(F) = E(F,, L") = %(vz(h) +202(A2)) + n(2v3(@) + v3(Bl@, ¥1))). (8)

3.1. Unstrechted Nanotubes

A first natural problem to be considered is the energy minimization restricted
to the families .% (u), with the values of w in the reference interval © € (2.6, 3.1).
Let us denote by F), ;,,,. an element of .# (u) with bond lengths A1, A2. If we
minimize among nanotubes Fy, ;,,, with respect to € (2.6,3.1) and A1, A in
a neighborhood of 1, we reduce to the case A = A = 1. Indeed, we can replace
A1, A2 by 1, leave o unchanged, and choose p according to (3) and (5) such that
the energy (8) decreases.

We notice that {F7 1 4| n € (2.6,3.1)} is a one-parameter family. It follows
from Proposition 2.2 and (3) that this family can also be parametrized in terms of
the bond angle « introduced in Proposition 2.2 using the relation u = 2(1 —cos «).
We indicate these configurations by G,.

As already discussed in [55], there are two specific angles a}fh < o™ corre-
sponding to the rolled-up [18,19] and polyhedral [14,15] configuration, respec-
tively, with «™ = 2x/3 and azh being the unique solution of the equation
ﬁ(aEh, Ve) = agh in (arccos(—0.4), arccos(—0.6)). The one variable minimization
problem for the map @ — E(G,) has been investigated in [55, Theorem 4.3].



Characterization of Optimal Carbon Nanotubes 475

Proposition 3.1. (Existence and uniqueness of minimizer: Unstretched case).
There exist an open interval A and £y € N only depending on v3 such that the follow-
ing holds for all € = £y: There is a unique angle ay® € A such that ga?s minimizes

the energy E in the class {Gy| o« € A}. Moreover, one has a;* € (azh, a™) C A

Let us report the idea of the proof. Exploiting the monotonicity properties of v3
and B (the latter being decreasing as a function of «), one derives that the minimum
is attained for « in a small left neighborhood I of 2r /3, e.g., I := 2r /3 —0, 27 /3]
for some small o > 0. Using in addition the convexity of v3 and the concavity of g,
it follows that « —~ E(F) = —3n/2+ n(2v3 () + v3(B(a, yg))) is strictly convex
in 7, which implies the assertion.

The result in particular shows that neither the polyhedral nor the rolled-up
configuration is a local minimizer of the energy E. The corresponding minimal
period of the nanotube is given by

uy =2 —2cosay’, 9

cf. (3) and (5), and we notice gazs = F1,1,ues- Nanotubes with p = wy® will be
referred to as unstretched nanotubes.

The aim of [55,56] was to prove that ga?s is a local minimizer. This has been
illustrated numerically in [55] and checked analytically in [56], for a restricted
class of perturbations. Our stability result Theorem 3.3 below delivers an analytical
proof of stability with respect to all small perturbations. As such, it generalizes and
improves known results, even in the unstreched case.

3.2. Nanotubes Under Stretching

Let us now move forward to the case of stretched nanotubes. This corresponds
to choosing i # 11}°. Indeed, we impose a tensile or compressive stress on the nan-
otube by simply modifying its minimal period. Given the role of periodicity in the
definition of the energy E, see (1), this has the net effect of stretching/compressing
the structure. Note that this action on the structure is very general. In particular, it
includes, without reducing to, imposed Dirichlet boundary conditions, where only
the first coordinate of the boundary atoms is prescribed. For fixed u € (2.6, 3.1)
we consider the minimization problem

Emin(1) = min {E(Fy, 2,01 Fayoop € F W), A, hz € (09, 1.1}, (10)

We obtain the following existence result:

Theorem 3.2. (Existence and uniqueness of minimizer: General case). There exist
Lo € N and, for each £ > £o, an open interval M* only depending on vs, v3, and
£, with py® € MY, such that for all i € M there is a unique pair of bondlengths
(A4, )»g) such that ]:)»TJ»?,M is a solution of the problem (10).

In the following the minimizer is denoted by ;. Note that we have ]:Zus = Gous
{4
by Proposition 3.1.
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Our aim is to investigate the local stability of 7. To this end, we consider

general small perturbations F of F, ;j with the same bond graph, i.e., each atom
keeps three and only three bonds, and we can identify the three neighboring atoms
of the perturbed configurations with the ones for the configuration 7. By Fi' =
{x{L, ..., x}} denote the n-cell of fl’j so that ]—";; = (F}*, LY) with L} as defined
in (7) for m € N with n = 4mf. We define small perturbations (i) of F ; by

Py() ={F = (Fp, Li)| Fy = {x1,..., x,) with [x; —x/'| S} (11)

The parameter n > 0 will always be chosen sufficiently small such that the topology
of the bond graph remains invariant.  will in general also depend on £. Moreover,
werecall E(F) = E(F,, L"). We obtain our main result, concerning local stability
under small stretching.

Theorem 3.3. (Local stability of minimizers). There exist £y € N and for each
€ 2 £y some pu$™ > w}® and ng > 0 only depending on vy, v3, and € such that for

all £ 2 Lo and for all ju € [py*, ujm] we have
E(F) > E(F})

for any nontrivial perturbation Fe P, (W) of the configuration F ;

The theorem asserts that, under prescribed and small stretchings (i.e., the value
of L}, is prescribed), there exists a periodic strict-local minimizer .. thatbelongs to
the family .% (w). In other words, given i > ", the p-periodic configuration F ;j is
alocal minimizer among configurations subject to the same macroscopic stretching,
i.e., the atoms follow the macroscopic deformation. This can be seen as a validation
of the Cauchy—Born rule in this specific setting. Especially, the result justifies the
reduction of the 3n-dimensional minimization problem min{E (F)| F € &y, (1)}
to the two-dimensional problem (10).

In the following statement we collect the main properties of the local minimizer:

Proposition 3.4. (Properties of minimizer). There exist £y € N and for each £ 2 £
an open interval M only depending on vs, v, and £, with uy e M ¢, such that:

1. The mapping u — E (]—';) = Emin(1) is smooth, strictly convex on M* and

attains its minimum in y°. Particularly, dd—;Emin(MES) 2 cn for ¢ > 0 only
depending on v, v3.

2. The lengths A", )Lg increase continuously for i € MY. In particular, we have
)Jf,)»g > 1 for u > ;L‘lfsand)n’f,k’; < 1forpu < pp®.

3. The angle a** corresponding to A"’ kg given by the relations (3) and (5) satisfies
alt e (agh, o™) forall w € M*.

4. Whenever v (1) # 6v5(2m/3), the radius p* corresponding to Xe’f, Ab given by
relation (3) is continuously increasing or decreasing for u € M*, respectively,
depending on whether v (1) < 6v5(27/3) or v5 (1) > 6v5(27/3).



Characterization of Optimal Carbon Nanotubes 477

Properties 1 and 2 imply that that the nanotubes show elastic response for small
extension and compression. Property 3 reconfirms that neither the polyhedral nor the
rolled-up configuration is a local minimizer of the energy, for all w near 1°. Finally,
Property 4 implies that under stretching or compressing the radius of the nanotube
changes whenever v (1) # 6v5(27/3). In particular, if v) (1) > 6v5(27/3), the
radius of the nanotube decreases as changing the angles is energetlcally more con-
venient.

Notice that Theorem 3.3 provides a stability result only for the case of expansion
p 2 py® and for values u near uj®. The situation for compression is more subtle
from an analytical point of view and our proof techniques do not apply in this case.
However, we expect stability of nanotubes also for small compression and refer
to [55] for some numerical results in this direction. Let us complete the picture in
the tension regime by discussing briefly the fact that for larger stretching cleavage
along a section is energetically favored. More precisely, we have

Theorem 3.5. (Fracture). Let H,, be the configuration

i | j €10, m/2) +mZ,
bk ljkl +m(u — u) else
fori =1,...,¢8andk,l € {0, 1}, where )El]kl denote the atomic positions of the

configuration F 1, s (see Proposition 2.1(d)). Then there are an open interval M*
containing ME‘ and a constant ¢ > 0 only depending on vy and v3 such that for all

weM, pwZ pe = ul 4 c//m, one has E(H,) < E(F},).

Notice that the configuration H,, corresponds to a brittle nanotube cleaved along a
cross-section. The energy is given by E(H,,) = E(Fy,1,,ys) 4 4¢ since in the con-
figuration H,, there are 4¢ less active bonds per n-cell than in 7 |, uis. Moreover,
H,, is a stable configuration in the sense of Theorem 3.3 for all 4 = u}*, which
can be seen by applying Theorem 3.3 separately on the two parts of H,, consisting

of the points x/ ik ! with Jj <m/2and j = m/2, respectively.

As mentloned nanotubes are long structures. In particular, m should be expected
to be many orders of magnitude larger than £. The case of large m is hence a sensible
one and for m large enough we have u?‘;‘; < Mff” with ugrit from Theorem 3.3.
Hence, by combining Theorem 3.3 with Theorem 3.5, for all u 2 }}° we obtain a
stability result for an elastically stretched or cleaved nanotube, respectively.

The proof of Theorem 3.5 is elementary and relies on the fact that the difference

of the energy associated to F; and H,, can be expressed by

EHyu) — E(F) =40+ E(F1 1) — E(F)) = 40+ Emin(1¢") — Emin(1)

1 d2 usy3
=4l — 24 —— Emin (1) (i — p")* + O — u*))

1 d2 us usy2 usy2
§4£—ZmEmin(M[)(M—Me )T =4 —mle(u — py)

for 14 in a small neighborhood around p}°, where we used Property 1 in Proposi-
tion 3.4 and n = 4mé.
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Fig. 5. Notation for the points and the centers in the basic cell

We close the section by noting that the scaling of ,ugr‘,’; — p® inm is typical for

atomistic systems with pairwise interactions of Lennard-Jones type and has also
been obtained in related models, cf. [5,33,34].

4. Existence and Stability: Proof of Theorem 3.2 and Theorem 3.3

In this section we consider small perturbations F of configurations in .% (u)
with the same bond graph, as defined in (11). The atomic positions of F will be
indicated by x! ik ! and are labeled as for a confi guration .% (), cf. Proposition 2.1(d).
We first 1ntr0duce some further notation needed for the proof of our main result. In
particular, we introduce a cell energy corresponding to the energy contribution of
a specific basic cell.

Centers and dual centers. We introduce the cell centers

L/ jo i1
2 = 5 (5 +x) (12)
and the dual cell centers

. 1
k= 5 ().

Note that for a configuration in F () for fixed j the 2¢ points z; j o and zd“al 11
fori = 1,..., ¢ lie in a plane perpendicular to e;. Likewise, z; ;1 and Z;il;a%) for
i=1,...,¢ he in a plane perpendicular to e;.

Cell energy. The main strategy of our proof will be to reduce the investigation of
(10) to a cell problem. In order to correctly capture the contribution of all bond
lengths and angles to the energy, it is not enough to consider a hexagon as a basic
cell, but two additional atoms have to be taken into account.

Let be given a center zi,j,k and number the atoms of the corresponding hexagon

byx; = X, ko,xz = x/ ik !and the remaining clockwisely by x3, x4, X5, x¢ as indicated
in Fig. 5, such that X3 is consecutive to x1, see also (54) below. Additionally, the
atoms bonded to x1 and x;, respectively, which are not contained in the hexagon, are
denoted by x7 and xg. Note that zd“all = (x74x1)/2and z?‘;a}c = (x2+xg)/2. For
i=1, , 6 we define the bondlengths b; asindicated in Fig. 6 and b7 = |x| —x7],

bg = |)C2 — xg|, where

dual dual
2z —x1l = b7, 20z — x2| = bs.
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Fig. 6. Notation for the bond lengths and angles in the basic cell

By ¢; we denote the interior angle of the hexagon at x;. By ¢7, ¢3 we denote the
remaining two angles at x| and by ¢9, @19 we denote the remaining two angles at
X7, see again Fig. 6.

We define the cell energy by

6
1 1 1
Ecen(zi,j k) = Z(Uz(bl) + va(b)) + 3 E va(bp) + Z(vz(bﬂ + v2(by))
h=3

6 10
1 1
+v3(<o1>+v3(goz>+Egvmwzgw(m (13)

Notice that the cell energy is a function depending on the bond lengths and angles in
the cell. However, as we identify each cell with its center z; ; x, for simplicity we use
the notation Ece;) = Ecen(2;, j,x). Furthermore, also for notational convenience we
do not putindices 7, j, k on bond lengths and angles. To derive convexity properties
of Eep it is convenient to take also the contribution of the angles ¢7, ..., 19 into
account. Observe that

L m
EF) =YY" Ecniji)- (14)

i=1 j=1k=0,1

Indeed, each bond not (approximately) parallel to e; is contained exactly in two
cells. Each bond (approximately) parallel to e is contained in four cells, twice in
form of a bond in a hexagon, once as a bond left of a hexagon and once as a bond
right of a hexagon. Moreover, angles with index {1, 2} are contained exactly in one
cell and angles with index {3, ..., 10} are contained in exactly two cells.
Symmetrization of cells. A basic cell is a configuration of eight points of R3. By
xﬁink € R3*8 we denote the unstretched kink configuration: a basic cell as found
in the unstretched configuration gags from Section 3, see (54) below for the exact
definition. Notice that the coordinates given in (54) correspond to a convenient
choice of a new reference orthonormal system in R>.

Indeed, consider a cell of the nanotube gazs, where the eight points are ordered
from x| to xg according to the convention of the previous subsection (see Fig. 5),
in particular the points x3, x4, x5, x¢ are numbered clockwisely with respect to an
observer lying in the interior of the tube. We fix a new reference coordinate system
as follows: we let the center of the cell be the origin, e; (axis direction) be the
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direction of xp — x1, e the direction of x3 — xg, and e3 = e A e>. Sometimes we
will write R? x {0} for the plane generated by e, e>. If x € R>*® denotes a generic
cell, possibly after a rigid motion we may always assume that, with respect to the
new reference system, the second and third components of (x| +x7)/2, (x2 +x3)/2
are zero and the points x4, x5 lie in a plane parallel to R? x {0}.

A key step in our analysis will be to show that the minimization of the cell
energy (13) can be reduced to a special situation with high symmetry. To this
end, we introduce the symmetrization of a cell. For y = (y!, y?,y3) € R® we
let r1(y) := (—y', y2, y3) and ra(y) := (y!, —y?%, y?). For the generic cell x =
(x1,...,x3) € R3*8 we define the reflections

S1(x) = (ra(x1) [ r2(x2) | r2(x6) | r2(x5) [ r2(x4) | r2(x3) | r2(x7) [ 12(X8)),
So(x) = (r1(x2) [ r1(x1) [ r1(xq) [71(x3) [ 711(x6) | 71(x5) [ 71 (x8) | 71 (x7)).

s)

S interchanges the pair of points (x3, xg) and (x4, x5), and changes the sign of
the second components of all points. On the other hand, S> interchanges the pair
of points (x1, x2), (x3, x4), (x5, x¢), and (x7, x3), and changes the sign of the first
components of all points.

We let

X5y 1= X T ST = X, X5, 0= X + 28 = Xjg). (16)

If x is seen as a perturbation of xﬁink, xg, (resp. xs,) is the reflected perturbation
with respect to the plane generated by e, e3 (resp. ez, e3). The symmetry of the
configurations implies therefore Eceli(xs,) = Ecell(xs,) = Ecen(x).

We define the symmetrized perturbations

1
x =X+ ((x Xyink) + S1(x — xﬁink))’ (17a)

S(x) :=xf, + = ((x —xb) + Sax’ — xﬁink)). (17b)
We also introduce the symmetry defect
Az ) = |x =X+ ¥ = S0, (18)

Notice that for notational simplicity in (18) we do not put indices i, j, k on x, x/,
and S(x). A property that we remark is that for a basic cell x with center z; ; x the
quantity |z?‘j‘l}( — z?ujal 1% does not change when passing to S(x) since the second

and third component of zd‘jal z?‘;all & are assumed to be zero. Below we will see

that the difference of the cell energy of S(x) and x can be controlled in terms of
A(z;,jk) due to strict convexity of the energy.
Angles between planes. In what follows we denote the plane through three points

p1, p2, and p3 by {p1pap3}, ie.,
{p1p2p3} := spang{p1 — p2, p3 — p2}.

Furthermore, for each y = xlj kl we denote by y1, y2, ¥3 the three atoms that are
bonded with y, where the three points are numbered such that y3 — y is (approx-
imately) parallel to the axis direction ej. Let 6 = 6(x) < 7 denote the angle
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Fig. 7. The angle between the planes {y3yy1} and {y3yy>} is denoted by 6(y)

between the planes defined by {y3yy;} and {y3;yy>}. More precisely, let n13, ny3
denote unit normal vectors to the planes {y3yy;} and {y3yy»}, respectively. Then
we have

0(y) = max {n — arccos(ny3 - n23), arccos(n3 -n23)} (19)

as represented in Fig. 7. With these preparations we will now define angles cor-
responding to centers and dual centers. Let z; j x = %(xi],}co 4 xl{ }<1) be a center of
a given hexagon. As before we denote the points of the hexagon by xi, ..., x¢.
By 0;(zi,j,x) we denote the angle between the planes {x;x3x4} and {x;x6x5}. By
0 (zi,j,x) we denote the angle between the planes {x3x4x2} and {x2x5x6}. For a

i1 i+1 . i1
dual center zf‘}a}( = (xl.{’k + xl/: ’0)/2 we introduce Ql(zg‘}f‘}() = G(xi{}() and
dual Jj+1.0
Qr(Zi’l}?k) = e(x,',k ).

In Section 5 we prove the following lemma which provides a linear control for
the oscillation of plane angles of a perturbed configuration F with respect to those
of a configuration in .% (1) in terms of the symmetry defect from (18).

Lemma 4.1. (Symmetry defect controls angle defect). There is a universal constant
¢ > 0 such that for n > 0 small enough for all F € Z,() with A(z; j 1) = 1 for
all centers z; j  we have

m L
DY (Bl + O + 6, i) + 6 )

m
SAm@L-Dr+cY > Y A
j=li=1k

=0,1
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Fig. 8. Half of a cell configuration kinked at the plane 7 and satisfying conditions (20). The
other half of the cell configuration can be determined by symmetry with respect to the plane
b4

Note that the sum on the left equals exactly 4m(2¢ — 2)m if FeZ ().
Reduced energy. A key step in our analysis will be to show that the minimization
of the cell energy (13) can be reduced to a special situation with high symmetry.
As represented in Fig. 8, this corresponds to the conditions

by=by=A1, by=by=bs=bs=0»~r, byj=>bg=23,
Zitjla}c — Zgl}all’k = ey, Xxp—X| = Meq, 20)
P1=¢p =, Y3=@4=¢5=¢c=0a1, @7=@3 =@y = Q| = a2,
01z jn) = 0rGija) = vi. O =0 ) =
with A1, A2, A3 € (09,1.1), A4 € (0.9,33), u € (2.6,3.1), aj, a2, B €
(arccos(—0.4), arccos(—0.6)), y1, y2 € [%n, mr]. Note that Gr(z?"}all’k) = 0(x1)
and 6, (zi‘}f‘}c) = 0 (x;) with the angles introduced in (19). The notation [ is rem-
iniscent of the fact that we have indeed ;i = u for a basic cell of a nanotube in
Z (). Under (20), arguing along the lines of Proposition 2.2, we obtain

B = B(ay, y1) = 2 arcsin (sin o sin %) = B(ay, y2) = 2arcsin (sinaz sin %) .
21

By elementary trigonometry, cf. Fig. 8, we also get
Ay = A1 —2Xcosa. 22)

We now introduce the symmetric energy by

sym 1 1
El v (A ar, ) =202(A) + EUZ(M/Z + Acosal) + 51)2(/1/2 + Acosag)

+ 2v3(a1) + 2vs(e2) + v3(Blar, 1)) + v3(Blaz, ¥2))-

(23)
Notice that Ecen(zi,jk) = Ef{r;l’yz (A, ay, ap) if the conditions (20) hold with
Q) = a2, Y1 = Y2, A1 = A3 = /2 + Alcosag, and Ay = A. In general, we show
that, up to a small perturbation, the symmetric energy E l;yr;ll " delivers a lower
bound for E for cells satysfying (20).
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Lemma 4.2. (Cell energy and symmetric energy). There exist a constant ¢y > 0
and Lo € N only depending on vy and v3 such that for each F e Py(n) and
all centers z; j i satisfying conditions (20) with |A1 — 1] + |A3 — 1] < =% and
1 = 2l < €77 we have

Eca(ziji) Z ERy, 02, a1,02) = col " (y1 — 12)°.

This lemma will be proved in Section 6. The idea in the proof is to express A3 in
terms of the relations (20) and (22) to find A3 = i — A1 +2A cos a1 +O((y1 —12)?),
where we set . = A,. Here the term O((y; — y2)2) appears as the points x7, x1, X2, xg
in general do not lie on a line. Likewise, we obtain A} = I — A3 + 2Acosap +
O((y1 — y2)?). Finally, we use va (A1) + v2(A3) = 2v2((A + A3)/2) by convexity
of vy.

We also introduce the reduced energy

Erea(it, y1, y2) = min{ QY o, (b, a1, a)| A
€ (0.9, 1.1), aq, ap € (arccos(—0.4), arccos(—0.6))}.  (24)

Since Ezy,r;m is symmetric in (o1, 1) and (a2, y2), we observe that Ereq is sym-
metric in y; and y», i.e., Ered (4, V1, ¥2) = Ered(W, Y2, ¥1). The following result,
which is proved in Section 6, collects the fundamental properties of E.q.

Proposition 4.3. (Properties of Eyeq). There exists Lo € N and for each £ = £y
there are open intervals M*, G* only depending on vy, v3 and £ with uyt € M¢,
Ve € Gt (where we recall that M;}S and y were defined in (9) and (4), respectively)
such that the following holds:

1. (Unique minimizer) For each (i, y1, y2) € Mt x Gt x Gt there exists a unique
triple (A", a’f , o:g ) solving the minimization problem (24). Moreover, a’f = ag
if y1 = y». (For simplicity, the dependence of the triple on y1, y» is not included
in the notation.)

2. (Strict convexity) Eieq is strictly convex on M Ex Gt x GY in particular there

is a constant c;, > 0 only depending on vy and v3 such that

Ered(1t, v1,v2) 2 Ered(, 7, 7) + ¢y 2 (1 — 12)°

withy = (y1 + y2)/2 forall p € M* and y1, y» € G*.

3. (Monotonicity in y) For each i € MY, the mapping g(y) = Erea(it, ¥, )
is decreasing on G* with |g'(y)| < Ct73 for all y € G* for some C > 0
depending only on v3.

4. (Monotonicity in ) The mapping h(i) := Ereq (1, Ve, Ye) is strictly convex on
M with h"(u}®) > 0 and strictly increasing on MiN{p > wyt).

5. (Minimization) For each n € M* and y1 = vy, = yy, letting )»’f = un/2 +
A cos a’f and kg = A with \* and ai‘ from 1., the configuration fx’,‘,x’z‘,u is
the unique minimizer of the problem (10) with

E(]:Z) = E(]:ML»)LQ,M) = 2mlEed (14, Ve, Ve)-
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Proof of Theorem 3.2 and Theorem 3.3. We postpone the proofs of the auxiliary
results Lemma 4.1, Lemma 4.2, and Proposition 4.3 to the next sections and now
proceed with the proof of Theorem 3.2 and Theorem 3.3. For the proof of Propo-
sition 3.4 we refer to Section 6. Moving from the properties of the reduced energy
E'eq, we directly obtain Theorem 3.2.

Proof of Theorem 3.2. Theorem 3.2  follows from Property 5 of
Proposition4.3. O

We denote the unique minimzer again by F; and recall the definition of small
perturbations 7, (1) in (11). Based on the properties of the reduced energy Ereq,
we are able to show that, up to a linear perturbation in terms of the symmetry defect
A defined in (18), Eyq bounds the cell energy Ece| from below. More precisely,
we have the following:

Theorem 4.4. (Energy defect controls symmetry defect). There exist C > 0 and
Lo € N only depending on vy and v3, and for each £ = £ there are ny > 0 and
an open interval M* containing wy® such that for all p € Mt F e P, (W), and
centers zj j x we have

Ecenzijk) 2 Erea(12{% — 28" 4] 0Gi k), 0(zij 1)) + CLT2 A1),

where 6(zi jx) == (61zi, j.6) + 6 (2, j0) + 010 + 6,2, ) /4

We postpone the proof of Theorem 4.4 to Section 7 and close this section with
the proof of our main stability result Theorem 3.3.

Proof of Theorem 3.3. Let M be an open interval containing wy® such that Propo-
sition 4.3 and Theorem 4.4 hold for all 4 € M* and let G be the interval from
Proposition 4.3. Then choose ,ucm > 1y such that [}° uzm] cc Mt Lett > ¢

and u € [up®, Z”t] be given. Consider a nontrivial perturbatlonf € Py, (1) with

n¢ as in Theorem 4.4. We denote the atomic positions by xj kl and the centers by

Zi,j k2 d“al as introduced at the beginning of the section, see (12) and Fig. 5. Define

0(zi ) = —(ez(zl S0 +0:Gij ) +0END + 0. D) (25)

and also
1 & o 14
i = — dual _dual = _
P gt 2 2 ATl = g2 ) 2 0.
j=1i=1k=0,1 j=1i=1k=0,1

Possibly passing to a smaller n,, we get |zGlual z;{L}alLU e M%and é(zi,j,k) e Gt
forall i, j, k. By Theorem 4.4 we have for each cell

Ecen(zi,jx) 2 Ered('Z:h;d}( - thj“ll s 0@z 1), é(Zi,j,k)) + CL2 Az j k)
(26)
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if £¢ is chosen sufficiently large. Then, taking the sum over all cells and using
Property 2. of Proposition 4.3, we get by (14)

L m
EF) =YY" Ecnijk) = 2mlEwa(ii. 0, 0)

i=1 j=1k=0,1
L m
LYY Y MG
i=1 j=1k=0,1

Possibly passing to a smaller n,, we can assume that A(z; j «) < p for all centers
with 1 from Lemma 4.1. Then using Lemma 4.1 and recalling (25) we find that

1 m L
o7 |42 +C le;kzm Azi k)
Jj=li=1k=0,

D)
A

[IA
=

m t
il DX AGW,

j=1i=1k=0,1

where in the last step we have used the fact that y, = 7w (1 — 1/£), see (4). This
together with Property 3 of Proposition 4.3 yields

m L
E(F) Z 2meErwa(jL, ve, vo) + (CLT2 = Ce) Y 3" 3" Az )

j=1i=1k=0,1

for some C’ > 0 only depending on v3. Recalling the constraint in definition (11),
we get for fixed i and k that

m
" o__ dual dual
L Zzl jk T -1k §

and therefore, by taking the sum over all i and k, we get i = p = u}®. Then we
derive by Property 4 and 5 of Proposition 4.3

dudl _ _dual
1/k le 1,k

L m
E(F) Z 2meEwa(, ve, vo) + C"C2 Y " > Alzijx)

i=1 j=1k=0,1

L m
=EFD+CC2Y 33" AGija) 27)

i=1 j=1k=0,1

for £ sufficiently large and a possibly smaller constant C” > 0. Note that in this
step of the proof we have fundamentally used that 1 > u}°, i.e., the nanotube is
stretched, so that a monotonicity argument can be applied.

It remains to confirm the strict inequality E(F) > E(f;). If A(ziji) >0
for some center z; j k, this follows directly from the previous estimate. Otherwise,
as F is a nontrivial perturbation, one of the angles in (25) or one of the lengths
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sz»h}a}( - z?‘}f“ll | does not coincide with the corresponding mean value and then

at least one of the inequalities (26)—(27) is strict due to the strict convexity and
monotonicity of the mappings considered in Proposition 4.3. O

5. Symmetry Defect Controls Angle Defect: Proof of Lemma 4.1

This short section is devoted to the proof of Lemma 4.1. Recall the definition
of the centers in (12), the angles (19), and the symmetry defect (18).

Proof of Lemma 4.1. Let F be a small perturbation of F' € .Z(u), with
A(zijx) < n for all centers z; j . Due to the symmetry of the problem it suf-
fices to show

m m L
Z (6‘1(z,~,j,o) + 0 (zg‘}all,])) Sm@2l -2 +c¢ Z Z Z A(zi, jk)-
j=1i=1 j=1i=1k=0,1
For brevity we write 6/ = Gz(z% jo) fori =1,3,...,2¢—1and6] = Qz(z‘liuj,l . 1)
) 7’ -1,
fori = 2,4,...,2¢. (Note that for convenience we do not include the index j in

the notation.)

Let n;, n;41 be unit normal vectors as introduced before (19) such that n; - n; 1
is near 1 and the smallest angle between them, which we denote by <((n;, n;+1), is
given by

Unj, niy1) =7 — 6]

fori =1,3,...,2¢ — 1. For a suitable ordering of n; and n; 1 we then also obtain
<(nj,niy1) = m — Gi’ fori = 2,4,...,2¢. Fix a center xg € R3 and let P be
the 2¢-gon with vertices v; := xg + n;,i = 1, ..., 2¢. Denote the interior angles

accordingly by ¢;. Note that each edge of P forms a triangle with x¢ with angles
T — 0,.’ , 1//,.1, and wiz, where 1//,.1 is the angle at the vertex v; and wiz is the angle
at v;11. The key ingredient in the proof is now the observation that there exists a
universal ¢ > 0 such that

Wt VE =g Sea (s o) Hea (g ) 80

Ul — g Seh(zim o) +ea (2 ) (28b)

fori =1,3...,2¢—1, whereitisunderstood that 1//3 = w22€ andzo j,0 = ze,j,0. We
defer the derivation of this property to the end of the proof. Notice that 6/ = Iﬂil -{—I/Iiz
fori = 1,...,2¢ and that lei] @i < (2 — 2)7r since P is a 2¢-gon. We now
obtain by (28)

20 t

20
DO =) W HYH S Q- +c)  Alijo)
i=1

i=1 i=1

The assertion then follows by taking the sum overall j =1, ..., m.
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It remains to confirm (28). Fixi =1, 3,...,2¢ — 1 and let N;1 be the plane
containing the points v;, vi4+1, and v;4». By di41 we denote the distance of xq
from N;; and by n] 41 the orthogonal pr'ojection of the vecto.r njy1 onto Njyp.
Note that d;+; < & for § small, depending only on the choice of 5, and that
Inj | = Inig1l + O(dl.2+1). TheAsegmentsAsz — Vit My fmd Vi Vi1 ni
enclose two angles, denoted by I/fl-l 41 and wiz, so that ;1 = wl-l 1t 1/fi2 . Observe

that I/Afi1 41 and I/A/l.2 are the projections of Iﬂil e wl.z, respectively, onto N;y1. For
notational convenience suppose (Vi+2 — Vj41) - n;_H > 0 and (viy2 — Vi4+1) -
ni+1 > 0, which holds after possibly changing the signs of the vectors. Using that
(Vit2 — Vig1) - (Migp — n;+1) = 0 and recalling that d; 1 is small, we calculate by

a Taylor expansion

S
Y;y | = arccos (

( (Vig2 — Vig1) - Miy1 )
= arccos
D)

(Vit2 = Vig1) 'n§+1)

[vit2 = vig1lln |

vit2 = vig1](Inig1| + O,

=yl + 0} ).

where O(-) is universal. Likewise, we have 1}1.2 = 1/fl.2 + O(di2+1). Since ;11 =
I/Afi1 g+ 12}[2’ to conclude (28a), it therefore remains to show
dj2+1 é C<A(Zi451‘j)0) + A(Z't},j,())) (29)

for a universal constant ¢ > 0. To see this, we first note that we have d;1| = 0

whenever A(zit1 ;o) +A(zigs ;o) = 0.Indeed, if A(zis1 ;o) +A(ziz ;) =0,
PEREA 2 s PEREA 2 s

the high symmetry of the atoms in the cells with centers Zitl o and 23 jo (cf.

(18)) implies that the three normal vectors n;, n;4+1, and n;4 are coplanar. Thus,

Xo is contained in N; 41 and therefore d; 1 = 0.

Note that di2+1, A(Z%,j,o)’ and A(Z#‘j,o) are functions of the positions of
the atoms contained in the adjacent cells with center z% 0z 43 0 denoted by
5 = J1,...,914) € R3>*!4 By (18) we find that Azigt ;o) + Azig ;o) =
3 — yHT O — y%) is quadratic with Q € R****2 where y° denotes the atomic
positions of 7' € .% (u). Moreover, the fact that di2+ | is smooth as a function in
¥, a Taylor expansion, and d;y; < § yield di2+1 < C|y — y°)? for a universal
constant C > 0. Now (29) follows from the property that d;+; = 0 whenever
A(Z%,j,()) + A(Z#‘j,()) =0.

The second estimate (28b) can be shown along similar lines. This concludes
the proof. O

6. Properties of the Reduced Energy: Proof of Lemma 4.2, Proposition 4.3,
and Proposition 3.4

In this section we investigate the properties of the symmetric energy and the
reduced energy as introduced in (23) and (24), respectively.
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6.1. Proof of Lemma 4.2

We start with the relation of the cell energy (13) and the symmetric energy
(23).

Proof of Lemma 4.2. In the proof we let L = A,. Given the cell energy, the sym-
metric energy, and the constraints (20)—(21), we observe that it suffices to show

va (A1) + v2(h3) = 202([/2 + 21 cos o) — col (1 — y)* for i=1,2
(30)

for a constant ¢y only depending on v, and vs. First, with the notation of (20),

particularly recalling A3 = [xg — x2| = |2(z?‘;a}< — x2)|, we see

= (L — 2a)” + 42 — 2" - e + 41(x2 — %) - e3.

As in the special case y| = y» the points x1, x2, zd‘}a}( are contained in one line and

thus the latter two terms vanish, we obtain by a Taylor expansion A3 = @ — A4 +
O((y1 — yz)z), which together with (22) gives

A+ A3 =4 2xcosar + O((y1 — y2)?).
By a similar argument, interchanging the roles of 1| and A3, we also get
A+ A3 =+ 2hcosar + O((y1 — 12)2).

Recall that [A; — 1| 4+ |A3 — 1| < ¢7* and |y; — 2| < €72 by assumption. Then
by the convexity of v, in a neighborhood of 1 and a Taylor expansion we derive
v2 (k1) + v2(h3) Z 202(7/2 + Aeosai + O((y1 — 72))
2 202(j1/2 + A cos &) — Clvy([L/2 + hcosa)|(yi — y2)°
- Ci —m*
fori = 1, 2. We recall that [v5(71/2 + Acos ;)| = O(¢~*) since |A; — 1| 4+ |A3 —
1+ |y — 7/2|2 <20 —4 and v, is smooth and attains its minimum in 1. Moreover,

observe that by |y; — y2| < 2 we get |y — v2|* < €74 y1 — y»|?. This concludes
the proof of (30). O

6.2. Convexity of the Reduced Energy

Let us now concentrate on the symmetric energy E;yr;l y, introduced in (23).
We recall the definition of the angle 8 = B(«, y) = 2arcsin (sm o sin ) in (21)

and for later use we note that the function § is smooth on [i , Z”] X [ 777, ] and
satisfies

dBQr/3,m) =2, 82,8Q2n/3,m) =0, 8,8Q27/3,71)=0, (3la)
o7, BQr/3.m) =—~/3/2, 9;,BQ2n/3.m)=0. (31b)
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More precisely, a Taylor expansion also shows

3
elim €3, BQ21/3, ye) = %n, Zlim 292,82 /3, y) = 23372, (32)
— 00 — 00

where y, was defined in (4). For the exact expressions of the derivatives of the
function B we refer the reader to [56, Section 4]. Recall the definition of «® in
Proposition 3.1.

Lemma 6.1. (Angles of unstretched nanotubes). There exist 0 < c¢1 < ¢» and
Lo € N only depending on v3 such that for all £ 2 £

al®, B, yo) € /3 — 272,21 /3 — c1 7).
Proof. By Proposition 3.1 and the fact that « — S(«, y¢) is decreasing, we obtain
ol > oM and B, yo) < o < 27/3. By [55, (11)] we have 277/3 — o =
O(Z’z). Moreover, in view of (4), (6) and a Taylor expansion, we find a}® —
B}, ve) 2 C¢~2. Summarizing, we get

/3 —als SCe2 2w — 28 — B, y) = Ce? (33)

for some universal C > 0. As 2v3 () + v3 (,B(a ¥¢)) is minimized at @ = a}® (see
Proposition 3.1), we get 2v5(a)®) + v5(B(er)®, ¥))du B (a}®, y¢) = 0. Usmg (31a)
and a Taylor expansion of v} around 277/3, we deduce that for £ large enough and
all £ 2 £
21 /3 — o
27 /3 = Blag®, ve)

e[C’, 1]

for a constant 0 < C’ < 1 only depending on v3. This together with (33) concludes
the proof. 0O

Recall the minimization problem (24) for the symmetric energy introduced in
(23). We proceed with the identification of the minimizers of (24).

Proposition 6.2. (Existence and uniqueness of minimizers). There exists 6 > 0
depending only on vy, v3 such that, for any fixed u € [3 — 8,3 + 8] and

= (y1,Y2) € [7r — 6, 713, the minimization problem (24) has a unique solu-
tion (A*(w, y), @ (1L, v), o5 (i, v)), which satisfies

VER D W, y), af (w, y), 5 (1, ) =0, (34)
where V denotes the derivative with respect to (A, o1, ®2).

Proof. We start the proof with a direct computation of the derivatives. Replace

E,, 1, by E for notational convenience. We obtain

0 EL, oy, 2) =2v5(A) + Z ( CcoS o vz(u/2+kcosa,)> (35a)
i=1,2

- 1
O E(Ly a1, 00) = —E)» sina; v5 (/2 + A cosa;)
+ V3B, ¥i)du B, vi) +2v5(e;), i=1,2. (35b)
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Moreover, fori = 1,2

BfAE()L,al,ozz) =20y () + Z ( cos? aj v2(u/2+kcosa])>,
j=12

2 I 1 22 "
aalaiE(A,otl,az) = 5)» sin” ot; vy (u/2 + A cos ;)

1
— E)» cos o vh (1 /2 + Acosa;) + 205 (i)

+ 0§ (B, vi)) (BuBlai, ¥))*
+ V(B (e, ¥i)) 32, Blai, vi),

- 1
Bfal,E()L, ay, o) = ) sina; v5 (/2 + A cosa;)

1
— E)\ sin; cos a; V5 (11/2 + Acosa;),

E()\ oy, a0) =0.

al“Z

For notational convenience we define s.r := (1,27/3,27/3). Recall that
0.2 /3, 1) = —2 by (3la), B(2n/3, ) = 2m/3 by (21), v5(27/3) = 0,
cos(2/3) = —1/2, sin(2w/3) = +/3/2. At the planar reference configuration
w=3,y1=yy=m, a1 =ap =21/3, L, = 1 the derivative then reads after some
computation

. 3 .
i, 3m(sref>——v (D, 0, By (Srer) =g v3 (1) + 605 27/3), i=1,2,

3,7
V3 .
Oy By (5ret) = =03 (1), 0= 1,2, 85,0, B3 (sref) = 0.

We shall check the positivity of the Hessian matrix in a neighborhood of the refer-
ence configuration. Since

E 2
det(DglazEgyjn(sref)) (820, ES (step))

det(D2EY™ (ster)) = (02,0, ESo  (51er)) 0% ES (stef)

3,7 o] 371,:1 3,7,

sym goym
- z(aAm E3,7r n(sref)) ajog 3 7, H(Sref)

are positive, the principal minors of the Hessian matrix D> E ;y;n 2, 27/3,2m/3)
are positive. Due to the smoothness of the potentials v, v3 and the mapping
(o, y) > B(a, y), we get that for 8’ > 0 sufficiently small the principal minors
of the Hessian matrix DQEZY,I;M,2 (A, a1, ap) are positive for all (A, a1, a2) € Dg

and forall u € [3—68,3+8'], (y1, 1) € [w — &', 7%, where
Dy :=[1-68,1+081x[2n/3—38,21/3+ 8.

Since we have shown that E};"y, ,, is strictly convex on Dy, it follows that it has a
unique minimizer (A*(w, ¥), j (i, ¥), o3 (i, y)) forall u € [3 —4',3 + 8] and



Characterization of Optimal Carbon Nanotubes 491

y =1,y € [T — ¢, 712. Moreover, a continuity argument shows that

Ay y),af(w, v), 05 (m, ) = W@ mm), a3, 7, m), 3 (3, 7w, 7))
= (1,27/3,27/3) (36)

as y — (m,m) and u — 3. Recalling (23) and the fact that v, and v3 attain their
minimum exactly at 1 and 277 /3, respectively, we findinf 3 ¢, a)¢ Dy E;yr}?l (A, at,
@) > —3. On the other hand, by (21), (23), and (36) we get E}; o (A* (14, ¥),
aj(u,y), e5(u, y)) — —3asy — (m, ) and 4 — 3. This shows that for all
wel3=8".3+8"Tand y € [x — 8", x]? for some small §” > 0, the triple
(A*(, y), af (u, ¥), a3 (i, y)) is the unique solution of the minimization prob-
lem (24). Moreover, if §” > 0 is chosen small enough, the triple lies in the interior
of Dy and the first order optimality conditions (34) follow. We conclude the proof
by setting § = min{§’, §”}. O

We now study convexity properties of the reduced energy E.q defined in (24).
Recall the definition of y, in (4) and the definition of ,uz's in (9).

Proposition 6.3. (Convexity of reduced energy). There exists £y € N and for each
€ = L there exits ¢ = &(£) > 0 such that Eyeq is strictly convex on Df =
(wy® — e, mwp® +el x [ye — e, ve + e?. Moreover, there exists ¢ > 0 depending
only on vy and v3 such that for all £ 2 £y and (i, y1, y2) € Dﬁ

ity vi+»
2 2

)+063_2(y1 -2
(37)

Erea(i, Y1, ¥2) = Ered(1t, 2, Y1) 2 Ered (M,

Proof. Choosing ¢ sufficiently large and ¢ > 0 small we can suppose that Df C
[3—8, 34+8]x [ —8, 7 ]* with § from Proposition 6.2 since uy® =2-2cosay® — 3
as £ — oo. Then (34) holds for (i, y1, y2) € Df.

We drop the brackets (i, 1, ¥2) and indicate the unique solution at (i, y1, 2)
by (A*, @, o) for notational convenience. Taking the partial derivatives and mak-
ing use of the first order optimality conditions (34), we get

d
O Erecd (1, v1, 72) = @E;y,‘;‘l,n(x*, oy, &3)
sym
_ 3Euy,)/1 2
o
+ VE N W af, a3) - (8,4%, 0paf, 8ua5)
IE,);

sym
1
KY1,72 /
= T(K*,‘XT’O‘;) = -XI:ZZUZ(M/Z-’_A* cosa;‘f),
Jj=1

O, af, e3)

(38)

where V denotes the derivative with respect to (A, o1, @p). Likewise, we get for
i=1,2
BEISL}?;}I,VZ * * * / * *
ay,- Ered(Ms Y1, J/2) = —()" ) als a2) = U3(ﬁ(a[ ) yl)) ayﬁ(ai ) J/z)

Ay
(39)
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Next we compute the second derivatives and obtain
1
O Erea(it yi, y2) = 3 205 (1/2+ 2 cos ) wj (i, 1, 2), (40)
j=1.2
0>, Erea (e, v1, v2) = v5(B(af, 1)) (35, B, vi) + 054 B(arf, vi) Dyt
+ 03 (Ba, i) 8y Blerf, vi) - (B, B, vi)
+ duBe], yi) ), i =1,2, 41

1 .
0 Erea(t, v1.72) = ) sz(u/2+k*cosa Vwiy (i, y1,v2), i =1,2,
j=1.2
42)

2y Ered (1, Y1, v2) = v5(B(ef, 1) 050, B} 11) Dyt
+v5(Baf, 1)) 3y Baf, y1) duBaf, y1) dpof, (43)
where for brevity we have introduced
wj (1, y1,y2) = 1/2 4 9,07 cosotj-< — 1 sina;f aua;f, j=12 (44a)
Wiy (14, Y1, y2) = 9y, A% cos a;‘f — sina;’-‘ ayia;‘, ij=1,2. (44b)

We now exploit the identity VE); i, y] »(AF, af, a3) = 0: differentiating (35) with
respect to i, y1 or y», respectively, we obtain

1
0=2v5(A") axA* + E (— —sma Bxa vy (/2 4+ 1* cosatf ))
j=12

+ Z ( cos vy (/2 + A" cosa}) wj x (14, y1, yz)) (45)
j=12

1
0= —3u3(u/2 + 3" cosa) (52" sinaj + 4" cosjdxar)

_ %A* sin o} vy (/2 + A* cos aD)wj x (L, 1, v2)

+ 03B, ¥))) 05, B, v)0x o

+ oy (Blat, ) (BuBlat, v))’ xars

+ 205 (@) dxat + 2 x (v ) =12, (46)
where X € {u, y1, y2} and where we have defined for brevity

Zjy (s v15 v2) = v3(B(@], vi))day B}, v))

+ 05 (B, y)uBlet, v)d, Bl ),
Ziyi (s V1, ¥2) = 2 (i, Y1, 72) =0, 0 # .

For brevity let tref = (up°, ve, ve) and ter 1= (3, 7, 7). Observe that tref —> lref

as £ — oo by (4), (9), and Lemma 6.1. Moreover, by (36) we get that the unique
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solution of the problem (24) corresponding to fef converges to (1, 2w /3, 27 /3), in
particular a*(te of) — 2m/3 for j = 1,2. We also recall ,B(a*(te o) Vo) = 2m/3
for j = 1, 2 (see (21)). Using v2(1) = v3(2n/3) =0, cos(27r/3) = —1/2,
sin(277/3) = +/3/2 and (31) we then deduce from (45)—(46)

1
0= 205 (1) dxA* (trer) — 703 (1) D wj x(ter). (47a)
j=1.2
0 = —v5 (1) wj x (tref) + 8305 (27/3) Ox ¥ (tes), j=1,2,  (47b)

as £ — oo, where X € {u, 1, y»}. Inserting the identities into (44), we obtain,
after some elementary but tedious calculations,

wl,p_(tref) = w2,u(tref) =4/K, W1,y; (fref) = w2,y (tef) =0, 1 =1,2, (48a)

A" (tref) = 1/K, 8,01 (tref) = 8,005 (tref) = vé/(l)/(2~/§Kv§/(2ﬂ/3)),
(48b)

where K := 9 4 v5(1)/(2v5(27/3)). In particular, the last two equalities of the
first line together with (47) yield that 9,,1*, 9, ], and d,, &3 vanish at tref. Thus,
by a Taylor expansion in terms of 1/¢ the limits wjooy = limy_ o0 bwj y, (tfef)
By A% 1= lim s o €3y, 2% (1), and 8y, @5 1= limy— o0 €0y, (1) for i, j = 1,2
exist and are finite.

By Lemma 6.1 and the fact that v3 is smooth with minimum at 27 /3 we note
that one has |vg B (a/‘éls, )| £ C £72 for a constant only depending on v3. Con-
sequently, multiplying the estimates in (45)—(46) by £ and letting £ — oo we get
using (31) and (32)

0 = 205 (1)dy, A — —v2(1) Z w®, =12,
j=1.2
1 " f " o
0= vz(l)w +2 3v3(27/3) By,a v3Q2r/3)m b, i, j=1,2,

where §;; denotes the Kronecker delta. As before, inserting the identities into (44b),
we obtain after some tedious calculations

2 b4 Tvs (1)
Wi = e B0y = = - 2 , (492)
j_zl,z K Ez S NN T e 76)
¥4 vy (1) T T
a aOO: - Z - N 8 .C{o.oz—’ i '7
Vit 2\/§ 4\/_KU3 2r/3) KK>® ity KK #J
(49b)

fori = 1,2 with K as defined after (48) and K> := 64+/3v} (277/3) /v5 (1) +4+/3.
Moreover, we notice by (31b) and Lemma 6.1 that

Vi (B, ve)d7, Bef®, ve) 2 0
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for ¢ sufficiently large. With this at hand, we go back to (40)—(43) and derive as
¢ — oo by (31), (32), (48), and (49)

207(1)

P Ereale) = =3 +0(™, (50)

3
02 Erea(tly) = e*z(vg(znﬂ)-nz — v @n/3) ﬁnay,.a;”) +ou?)
DN )
4 T aKvQn/3) | KK®
+0U™, i=1,2,

o 171’1)2(1)
2K
07, Ered (i) = —€ 7205 (27/3) x/_naylaz +0@™3)

f 2

= "2 2 /3)> (
+ 02, 1,2,

2 14
all«Vi Ereq (tref) =

— 2 @2n /3) — +0(~ 3.

We now check the positivity of the Hessian D?Ey.q by considering the minors
H| = 8}/2)/2 red, Hy = det(D},”/2 Ereq) and Hz = det(D?E,eq). First, we get for
¢ € N sufficiently large

2
Hi(tle) 2 072 ”(27[/3)— >0, Ha(thy) = 0 *(v321/3)")*7*(1/4)* > 0

and finally for ¢ large enough

Hi (tyep) = ( s Brea = ayszred) (aqufed(ayzyzEfed

2
+ aVle fed) - 2(8;2171 fed) )

> 4y e vz(l)v 2m/3)
ehyn/3)” ( 3

T2y wly(1))?
2KZ 2T ake )>0'

Due to the smoothness of the potentials v, v3, the mapping (o, y) — B(e, y),
and the solutions (A*, @, ) as functions of (i, y1, y2), we get that for £y € N
sufficiently large and ¢ > 0 small (depending on ¢) Hi(, y1,y2) > O0fori =
1,2, 3 forall (i, y1.72) € [ — &, W + €] x [ye — &, e + €]*.

It remains to confirm (37). The first identity is a consequence of the fact that
E;yf;l,yz is symmetric in (o1, 1) and (a2, y2). Recalling (50) and the fact that
D? Eeq is positive definite, we can control the eigenvalues of €2 D? Eyeq from below
and find 02 D2 Eeq 2 8c I+ 0(¢~1) for some constant c0 depending only on v (1)
and v§ (27 /3), where I denotes the identity matrix. This implies the second estlmate
of (37) O
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6.3. Proof of Proposition 4.3 and Proposition 3.4

We are now in the position to show the main properties of Ereq.

Proof of Proposition 4.3. Property 2 follows directly from Proposition 6.3 if the
intervals M*, G* are chosen appropriately depending on &, with & from Proposi-
tion 6.3.

In Proposition 6.2 we have seen that for given (i, y1, y2) € M t % G* x G there
is a unique solution (A*, o}, &%) of the minimization problem (24). In particular, if
Y1 = y2 we obtain o™ := o = «} as then (24) is completely symmetric in ¢y and
op. This proves Property 1.

We now specifically consider the case y; = y» = y; and denote the minimizer
in (24) by (A", &, o). We observe that A} := /2 + A cosa”, A := A#, and
ot := —)\" cos ot satisfy the relations (3) and (5). Then by (8), (23), and the fact
that n = 4m{ we derive

Erea(it, e, vo) = 202(\) + w2 (/2 4 A cos @) + 4v3(a’) + 2v3 (B, )
=20,(AY) + va (M) + dvz (@) + 2v3(B(@”, v0))

1
= ome E Mg
which concludes the proof of Property 5.

To see Property 3, we introduce g(y) = Erea(it, v, y) for u € M. By (39) we
have

&)=Y dyErea(it, v, y) = 205(B*, ), B(a*, ¥),
i=1,2

where a* = a*(u, y, y). Using (32) and the fact that vj(B(a*, ¥)) < O since
Bla*,y) < 2m/3, we get g'(y) < 0. Moreover, taking again (32) and Lemma 6.1
into account, a Taylor expansion shows |g/(y)| < C¢73 for some C > 0 only
depending on v3. This shows Property 3.

Finally, we show Property 4. The strict convexity of u + Ereq(i, Ve, ve) fol-
lows from (50) and a continuity argument, exactly as in the proof of Proposition 6.3.
To show that the mapping is strictly increasing for i > uy®°, we have to show that
for u > uy®

w/2 4+ A cosat > 1, 51

as then the property follows from (38). Using the monotonicity properties of vy we
see that the first-order optimality conditions (34) and (35a) imply

w/2+1Mcosat >1 & A > 1. (52)

We prove (51) by contradiction. Suppose A* < 1. This together with the fact
>y =2 —2cosa® (see (9)) and cos e < 0 would imply by (52)

2cosat —2cosa)® + 1 =pup® —1+2cosa” < pu—1421cosa <1
(53)
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and thus a* > a;®. By the optimality condition in the unstretched case (see (35b)
and recall that bond lengths are all equal to 1) we get

v3(B(a®, ve)) duBlet®, ve) + 205(e®) = 0.

Consider the mapping o — v5(B(et, y¢)) 3o B (e, y¢) + 205 () and observe that its
derivative is

V3 (B, Y1) Ogg B, vo) + V5 (B(et, 7)) (uBlet, v2))* + 205 ().

Thus, the mapping is strictly increasing in a left neighborhood of 27 /3 by (32) and
the fact that B(e, y¢) < 27/3. Since a > «}°, this gives

v3(B@”, ye)) Bu B, ye) + 205() > 0.

In view of (35b) and the first order optimality conditions (34), we get ©/2 +
At cosat > 1, which contradicts the last inequality in (53). Consequently, (51)
holds, which concludes the proof. 0O

We close this section with the proof of Proposition 3.4.

Proof of Proposition 3.4. Let M be the interval given by Proposition 4.3. The strict
convexity of the mapping /. > Emin (1) on M ¢ as well as %Emin (uy®) 2 c2me =
cn follow from Properties 4 and 5 of Proposition 4.3. The fact that the energy
minimum is attained at ;°* follows from the definition of xy°, see Proposition 3.1
and (9). This shows Property 1.

Now consider Property 2. We define Af' = /2 4+ A% cosak, Ay = A* with
AP, ' being the solution of (24) for u and y; = y» = y; (cf. Proposition 4.3(v))
and use (48b) to obtain Bﬂkg(tref) = 0, A% (trer) = 1/K and aﬂ)\.'lll(l}ef) =1/2 —
A (tef) /2 — ﬁauaf(tref)ﬂ =4/K with K = 9+v7(1)/(2v5 (27/3)). (Recall
the definition tef = (3, 7, ).) Consequently, by a standard continuity argument
we see that )Jf and )»g increase continuously for 1 € MY, possibly passing to a
smaller (not relabeled) open interval M* containing uy®. The proof of the fact that
p > p implies A1, A5 > 1 is already contained in the proof of Proposition 4.3,
see particularly (51) and (52). The fact that u < p® implies A}, A5 < 1 can be
proved along similar lines. ‘

To see Property 3, recall that by Proposition 3.1 we have o}® = att e
(ozzh, a™) in the unstretched case. By a continuity argument we particularly obtain
the convergence of minimizers, i.e., a* — ot as p — wy®. Consequently, again
possibly passing to a smaller interval M, Property 3 follows. We finally concern
ourselves with Property 4. Recall by (5) that the radius of the nanotube is given by

pt = A4 sina” /(2 sin(rr/(20))).
We compute the derivative and obtain

dup™ = (A5 cosa’ 0t + 9,05 sina’) /(2 sin(/(20))).
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By (48b) the derivative at the unstrechted planar reference configuration is

e 1 1
lim 9, 0" - (2sin(1r/(20))) = —= 8,0} (fref) + =38, A% (trer)
£—00 2 2

_ ﬁ(l S
2K 6vy(2m/3)/"
Consequently, whenever v5 (1) # 6v5(27/3)), by a contmulty argument the sign

of 9, p" for £ € N large in a small ne1ghb0rh00d of uy* only depends on the sign
of vJ (1) — 6vy(2m/3). O

7. Energy Defect Controls Symmetry Defect: Proof of Theorem 4.4

This section is devoted to the proof of Theorem 4.4. The fact that the minimum
of the cell energy is attained for a special configuration with high symmetry (see
(20)) essentially relies on convexity properties of the cell energy Ece defined in
(13). Throughout the section we consider a cell consisting of eight points x =
(x1,...,x3) € R3*8 a5 defined before (13), see Fig. 5. Likewise, the bond lengths
are again denoted by by, ..., bg and the angles by ¢, ..., @10, see Fig. 6. With a
slight abuse of notation we denote the cell energy for a given configuration x by

Ecen(x).

7.1. Relation Between Atomic Positions, Bonds, and Angles

We will investigate the convexity properties of Eey near the planar reference
configuration x0 = (x?, el xg) € R3*8 defined by

) =(=1,0,0, x9=(1,0,0), xI=(=1/2,+3/2,0),

Xy = (1/2,v/3/2,0), x2=(1/2,-3/2,0), x0 = (=1/2,—3/2,0),

X9 =(=2,0,0), x§=(2,0,0).

Moreover, we introduce the unstretched kink configuration xﬁink (xk'“k, e,

x§inky € R3*8 by
Kk — (172 = %0, 0),
5K = (1/2 46", 0,0),
%an = (—1/2, sina® sin(y¢/2), sint}® cos(y¢/2)),
XK — (172, sin af® sin(yg/2), sin @l cos(ye/2)),
kmk = (1/2, —sina® sin(ye/2), sina}® cos(y¢/2)),
xlgmk = (—1/2, —sina}® sin(y;/2), sina}® cos(y¢/2)),
xkik — (_3/2 — 5% 0,0),
kmk =(3/240¢"%,0,0),

(54)
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where y; = w(1 — 1/¢) and 0*® = — cos o with }® as given by Proposition 3.1
(cf. also (5)). Note that xﬁink represents the mutual position of atoms in a cell for
the unstretched nanotube gazs found in Proposition 3.1. For later use we note that
by Lemma 6.1 and a Taylor expansion we find

k0 —xf 1 S ce! (55)

for some universal C > 0 large enough. In order to discuss the convexity properties
of E¢.1 we need to introduce a specific basis of R3*8 je., the space of cell config-
urations. This will consist of three collections of vectors, denoted by Viegen, Veoods
and Vy,4, where the sets are defined as follows: We introduce the translations and
infinitesimal rotations

Vtrans = H(elv "'761)’ (627 "'382)7 (631 "'563)} - R3XS

010 001 000
Vioe=v1:=|=100| 2% va:=| 0 00| x% v3:=]00 1] x°
000 -100 0-10

C R3X8
and set Vgegen = Virans U Vrot. The family Vyoo4 contains the 13 vectors

u; =(—1,0,0]1,0,0] — 1/2,+/3/2,0]1/2,+/3/2,0[1/2, —/3/2,0] — 12,
—+/3/2,010,0,0[0, 0, 0),

u; =(0,0,0]0,0,0]1/2,+/3/2,0] —1/2,+/3/2,0]0,0,0]0,0,0]0,0,010,0, 0),

u3 =(0,0,0]1,0,0(0,0,0]1,0,0[1,0,0]0,0,00,0,0]0,0,0),

us =(0,0,0]1/2, —+/3/2,0(1/2,~/3/2,0] —1/2,+/3/2,0]1,0,0]0,0,0]0,0,0]0,0,0),

us =(0,0,0]0,0,0(0,0,0]0,0,0]0,0,0]0,0,0| —1,0,0]0,0,0),

ug =(0,0,0]0,0,0]0,0,0]0,0,0]0,0,0]0,0,0] —1,0,0]1,0,0),

u7 =(+/3,0,00,0,010,1,0]0,0,0]0,0,0]0,—1,0]0,0,010,0,0),

ug =(0,0,0]0,0,0]~/3/2,-1/2,0(+/3/2,1/2,0]0,0,0]0,0,0]0,0,0]0,0, 0),

uo = (+/3/2,1/2,0] —+/3/2,1/2,010,1,0]0,1,0]0,0,0]0,0,0]0,0,010,0,0),

u1p =(0,0,0[0,0,0]0,0,0[0,0,0]0,0,0[0,0,0]0,1,0]0,0,0),

ui; =(0,0,0]0,0,0(0,0,0]0,0,0]0,0,0]0,0,0]0,1,0]0, 1,0),

uip =(1,0,0[0,0,0]0,0,0[0,0,0]0,0,0[0,0,0]0,0,0]0,0,0),

u3 =(0,1,0]0,0,0(0,0,0]0,0,0]0,0,0]0,0,0]0,0,0]0,0,0).

The first 6 vectors keep the angles fixed and modify only the bond lengths, see Fig. 9.
The vectors ug, ..., uj; keep the bond lengths fixed to first order and change the
angles, see Fig. 10. Eventually, the remaining vectors #1> and u13 modify both
angles and bonds as in Fig. 11.

By Vhag we denote the collection of the vectors

0,0,110,0,0/0,0,0/0,0,0/0,0,0/0,0,0]0,0,0]0,0,0),
(0,0,110,0,010,0,1(0,0,0]0,0,010,0,0[0,0,0]0,0,0),
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o T

O—CO=—0—

Fig. 9. Vectors uy, ..., ug in Vgooq keep the angles fixed (ordered from left to right both in
the first and in the second line)

5 o &
~ )2

Fig. 10. Vectorsuy, ..., u1] in Vgood keep the bond lengths fixed (ordered from left to right
both in the first and in the second line)

DA

Fig. 11. Vectors 13 and u13 in Vgood keep neither angles nor bond lengths fixed (ordered
from left to right)
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0,0,110,0,010,0,0/0,0,1]0,0,110,0,010,0,0]0,0,0),
(0,0,0]0,0,0(0,0,0]0,0,0[0,0,0[0,0,0]0,0,1]0,0,0),
(0,0,0]0,0,0(0,0,0/0,0,0[0,0,0]0,0,0]0,0,1]0,0, 1).

It is elementary to check that the vectors Vyegen U Vgood U Viad are linearly indepen-
dent and thus form a basis of R3*8_ Note that the vectors in Voood are perpendicular
to the vectors in Vyag.

Clearly, the cell energy is strictly convex as a function of the bond lengths and
angles by the assumptions on the potentials v, and v3. Our goal is to show that the
same property holds if the cell energy is given as a function of the atomic positions.
To this end, we introduce the mapping T = (7%, T?) : R3*3 — R!8 defined by

Ti(x) =@ fori=1,...,10, TP(x)=b; fori=1,...,8.

Then the cell energy reads as

8 10
Ecn(x) = Y k/va(TF(0) + ) s v3(T1(x)) (56)

i=1 i=1

with the factors K{’ = Kf = I{;? = /cg = 1/4, /cé’ = Kf = /cg’ = /cé’ =1/2,

ki =ki=1ki=...=«fy=1/2.

Before analyzing the mapping 7', we need to introduce some more notation for
the sum of angles ¢;. From here on, we denote by ey, ..., e1g the canonical basis
of R19, and we let

a:=e+...+e, ar:=e; +e7+eg, az:=ery+eg+ej

be vectors in R0, Elementary geometry yields 7% (x%)-a; = 47 and T%(x")-a j=
2 for j = 2,3 as well as T%(x) - a; < 4 and T%(x) - a; < 27 for j = 2,3
for each x € R3*3. Indeed, the sum of the interior angles in a hexagon is always
smaller or equal to 47 and exactly 47 if the hexagon is planar. Likewise one argues
for a triple junction.

Lemma 7.1. (Properties of T). The mapping T is smooth in a neighborhood of x°.
There is a constant cxink > 0 such that:

1. Ker(DT (x")) = span(Vgegen U Vbad),  dim(Ker(DT (x°))) = 11,
2. dim(Ker(DT*(x%))) = 17,
3. W' DT ) -a; S0for j=1,2,3, forall veR>™®,

3
430 0T DTN ) S —cink]v = Vaegenl? for all

v € span(Vgegen Y Voad),

where Vgegen Is the orthogonal projection of v onto span(Vgegen)-
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Proof. First, to see Property 1, we note that span(Vgegen U Voag) is a subset of
Ker(DT (x)) since each vector in Vdegen U Voad does not change bond lengths and
angles to first order. On the other hand, each vector in Vgo0d changes bond lengths or
angles to first order and is therefore not contained in the kernel of DT (x9). Indeed,
the first six vectors of Vgooq are directions of perturbations that do not change angles
to first order, but bond lengths. Vectors u7, ..., uj; are perturbations that do not
change bond lengths in first order, but angles. Vectors u> and u;3 are in-plane
displacements of a single atom and change both bond lengths and angles to first
order. More precisely, for the changes of bond lengths we get

DT (xOyuy (1, 1,1,1,1,1, =1, 1),  DT?(x%us | (0,—1,1,1,0,0,0,0),
DT?(x%us31(1,1,0,0,0,0,0, —1), DT (xOuy | 2, -2,2,4,-2,0,0, 1),
DT?x%us 1 (0,0,0,0,0,0,1,0), DT?(x%ug || (0,0,0,0,0,0, 1, 1),

DT (x%u15 11 (0,0, —1,0,0,-1,2,0), DT?(x%uy31(0,0,—1,0,0,1,0,0),

where w; || w; indicates that w; and w, are linearly dependent. Likewise, for the
changes of angles we have

DT*(x%u7 | (4,0,-3,1,1,-3,-2,-2,0,0), DT*xNusg | (-1,1,2,-2,0,0,1,0,-1,0),

DT*(xNuo || (=2, -2, 1,1, 1, 1,1,1,1, 1), DT (x%uy0 | (0,0,0,0,0,0,0,0, -1, 1),
DT*(x%uyy 1 (0,0,0,0,0,0,—1,1, -1, 1), DT*(x%uy, | (2,0,-1,0,0, -1, —1,—1,0,0),
DT“(x%u131(0,0,0,0,0,0, 1, —1,0,0).

(We prefer not to give details of the computation, but rather refer the reader to
Figs. 9, 10 and 11 where the situation of the different directions is indicated.).
It is elementary to check that the vectors DT(xO)u,-, i =1,...,13, are linearly
independent which concludes the proof of Property 1 by dimension counting.

Since dim(Ker(DT (x%))) = 11 and in Veood only the first six vectors do not
change angles to first order, Property 2 holds.

Property 3 follows from the fact that the mapping t — T¢(x° 4 1v) - a jhasa
local maximum atz = O for j = 1,2,3 and forall v € R3*8 a5 noticed before the
statement of the lemma.

To see Property 4, we first consider the special case v € Vy,q. In this situation the
property follows from an elementary computation, which we detail only in the case
v = (e3]0]...]0). In this case, after some calculations, we obtain (7'¢ x+1v)); =
arccos(—1/2 + 312/2) + O(+3) < 27/3 — ct* forsome ¢ > O fori = 1,7, 8, i.e.,
for the angles at the triple junction at point x1. Using also Property 1, this indeed
implies (v” D>T%(x")v) - a; < —c, i.e., by a perturbation out of the plane the
sum of the angles is reduced to second order. For the other triple junction and
the interior angles of the hexagon we argue analogously. This shows the property
for perturbations in the directions Vy,q. Likewise, we proceed for directions in
span(Voad)-

Now consider the general case v = Vgrans + Vrot + Vbad € Span(Viegen U Voad)
for virans € span(Virans), Vrot € span(Vrot), and vpad € span(Vpad)-

First, since T (x + w) = T(x) for all x € R3*¥ and all w € Vyans, We get
DT (x)w = 0and w! D>T (x)w’ = 0 forall w € span(Vyans), w’ € R¥*8 and x €



502 MANUEL FRIEDRICH ET AL.

R3*8_ Consequently, we deduce v7 D*T%(x%)v = (w0t + Vad) T D> T4 (x°) (vror +

Ubad)-
Moreover, let A € Rzﬁgv be such that v, = AxY and observe that there is

a rotation R, € SO (3) such that x? = R, (x0 + tvo) is contained in the plane
R? x {0} and one has |R, — (I —tA)| = O(|tA[?), cf. [35, (3.20)]. (Here I € R3*3
denotes the identity matrix.) Consequently, we get |x? — x?l = O(|tA|?). This
implies
T(x° + 1 (Vo + Vhaa)) = T (R (x° + 1 (Wrot + vbaa))) = T%(x7 + 1 R vbad)
= Tx" + tvpag + 2w + O(r%))
for some w € R3*8 with {w| < c¢|A|? and the property that the third component

of each vector in w is zero. A Taylor expansion and Property 1 of the lemma then
yield

T%x° 4 1 (ror + Vpaa)) = T4(x%) + 2 DT (x")w
2
t
+ EvgadDzTa(xo)vbad + O(ts)-

As the sum of the angles in the hexagon and at the triple junctions remains invariant
under perturbation w, we then deduce

3 3 2
t
§ :T"(xo + 1 (Vrot + Vbad)) - @ = 87 + § Evgadzjzra(xo)vbad a; +0(%).
j=1 j=1

The desired result now follows from the fact that Z;zl vl D*T(x%)vpaq -aj <

—c|vpad |2 has already been established in the first part of the proof, where we also
note that |vpaa| = clv — Vdegen| With Vgegen being the orthogonal projection of v
onto span(Vgegen). O

For alater purpose we also introduce the mapping E : 10,2710 x [0, +00)® —
R defined by

10 8
E(y)=Y_«lv3(v) + Y _ klv2(vis10)
i=1 i=1

for y € [0, 277]'0 x [0, 400)3. Note that Eceyi(x) = E(T (x)) for all x € R3*8.

Lemma 7.2. (Properties of E). The mapping E is smooth and there are constants
0 < cg.1 < cgpand £y € N depending only on vy and v3 such that for £ 2 £

1. (DE(T(x{)0))i =0 for i=11,...,18,

2. —cpal P S(DE(T(xby))i < —cpal™% fori=1,...,10,

3. cp1 £ (DPET ()i S cpa for i =1,...,18, (DE(T (xi)))ij

=0 fori #]j.
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Proof. Property 1 follows from the fact that Tb(xﬁink) =(,...,1) € R® and
v5(1) = 0. To see Property 2, we apply Lemma 6.1 to find (7 (xﬁink))i € 2n/3—
202,21 /3—ci€72) fori = 1,..., 10 and the fact that v3 € C? with vj(27/3) =
0, v§(27/3) > 0. Likewise, Property 3 follows from v (1) > 0 and v5(27/3) > 0,
respectively. 0O

7.2. Convexity of the Cell Energy

The following theorem gives a first property of the Hessian of E¢)j at the kink
configuration xﬁink.
Theorem 7.3. (Convexity of Eq in good directions). Let 0 < r < 1. Then there
exist £y € N and a constant ¢ > 0 depending only on va, v3, and r such that for
€ > €o and each v € R3*8 with

[v-w| = rlw|lv] forall w e span(Viegen U Voad)
one has
v’ D? Ecanl ()0 2 clo],

Proof. First, by the regularity of the mapping T', Property 1 in Lemma 7.1, and the
fact that xﬁink — x0 for £ — oo, we find £y € N sufficiently large such that for
£ = £y the kernel of DT(xﬁink) has dimension at most 11. Then we find universal
constants 0 < ¢ < ¢; such that for all £ = £, possibly for a larger £¢, we have

c1lv] £ IDT (xf;0) 0] < co|v] for all v € span(Viegen U Voad) ™ 7
IDT(xﬁink)v| < cplv|™! forallv e span(Vdegen U Voad)-

For the second property we used (55). Let be given v € R3*® with v - w| <
rlw||v| forall w € span(Vgegen U Voad). The vector can be written as v = vgood +
ngood with two orthogonal vectors vgood, vgod satisfying vg{md € span(Vgegen U

Vbad) and [vgood| > +/1 — r2|v|. Consider the mapping f, : R — R defined by
fo(t) = E(T (x{,, + tv)). We compute
fo(t) = DE(T (X + 10) (DT (xfic + 10)0),
F1@0) = (DT (i + 10)0) D2E(T (6 + 10)) (DT (xfyc + 10)0)
+ DE(T ((x i + 1) (v] DT (xfy + t0)). (58)

We further observe that by Lemma 7.2, Property 1 and 2, there is a constant c3 only
depending on cg > such that

IDE(T (x (i) (v D*T (0 0) | < c3lvf>e72. (59)
Then collecting (57)-(59) and using Property 3 of Lemma 7.2 we derive
o' D? Ecenl (X0 = f,'(0)
> ¢£.161 [vgood|” — 2¢E.263 [Vgood| [Vgooal €' — c3lv[?€ 2

> |v|2(cE,1c%(1 - 2cE,zc%E_l — 03E_2).
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For £ large enough (depending also on r) this implies the assertion of the lemma
fort = £y. O

To investigate the convexity properties in the directions Vg, we need some
further preparations. Recall the reflections introduced in (15). The following lemma
is a consequence of Theorem 7.3 and shows that variations in the directions Vgood
decrease the energy only to higher order.

Lemma 7.4. (Energy decrease in good directions). There exist £y € N and a
constant C > 0 depending only on vy and v3 such that for £ = £y and each
v € span(Vgood)

DE(T (x{iu ) (DT (xigu)v) = —Clvfe .
Proof. Let v € span(Vg00d) be given and define a perturbation of v by
V' =v+507"10/(0,0, €3, €3, €3, €3,0,0) € R (60)

for some universal s > 0 to be specified below. (Note that the direction v/ — v
increases the third components of the points x3,...,x¢ of the basic cell). By
Property 1 and 2 of Lemma 7.2 and the fact that [v — v'| < 4s|v|¢~! it clearly
suffices to show

DE(T (x{;)) (DT (x)v') = 0. (61)
To this end, we will show that
E(T(x{, +1v) = E(T(x{ ) (62)

for all # > 0 small. Then (61) follows by taking the limit t — 0.

Consider x = xﬁink + tv’ for t > 0 small. Possibly after applying a rigid
motion we can assume that the second and third components of (x| + x7)/2 and
(x2 4+ xg)/2 are zero, the points x1, X2, X7, xg lie in the plane R2 x {0} and that
the points x3, x4, X5, Xg lie in a plane parallel to R? x {0}. (Recall that v induces
an in-plane perturbation, i.e., the third component of each vector in v is zero.) We
replace x by a symmetrized version as follows.

Define xg, by (16) and note that Eceji(xs,) = Ecen(x). Moreover, it is ele-
mentary to see that the third component of each vector in w; = x5, — x is
zero. Consequently, wi is perpendicular to Vpad, Virans, and the rotations vy, v3.
Clearly, as the reflection S; leaves the points (x; + x7)/2 and (xp + xg)/2
unchanged, we also have that w; is not parallel to the rotation v. Consequently,
by Theorem 7.3 and a continuity argument with 7 small enough, the mapping
t' = Ecen(x + t'wy) is convex on [0, 1]. This implies for x” = %(x +x5,) (see
(172)) that Ecen(x) £ $(Ecen(®) + Ecen(xs,)) = Ecen (x).

Likewise, we consider x’S2 = xﬁink + 8> (x’ —xﬁink) and note that Ece (x/Sz) =
Ecen(x’). Similarly as before, the vector wy := xgz — x’ is perpendicular to the
vectors Vpag and not parallel to Vgegen. Using Theorem 7.3 we get Ecei(S(x)) <
Ecen(x) £ Ecen(x) for S(x) = 3(x’ + x7) (see (17b)),
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By this symmetrization procedure we get that the eight points S(x) are con-
tained in two kinked planes (similarly as xﬁink). We denote the incidence angle of
the two planes by y < 7 and note that y < y; if the constant s > 0 in (60) is
chosen sufficiently large. The bond lengths satisfy by = b, b3 = by = b5 = bg
and b7 = bg. For the angles ¢; = ¢ and 3 = ... = ¢j0 holds.

Recalling (6) and (56) we find « in a small neighborhood of aj® such that

Ecen(S(x)) 2 =3 + 4vs(a) + 2v3 (2 arcsin(sin o sin(y/Z))).

Now taking y < y; into account and recalling that o}® is optimal angle from
Proposition 3.1, we find

Ecel(x) 2 Ecen(S(x)) = —3 + 4v3(a) + 2v3(2 arcsin(sin a sin(y¢/2)))
2 =3+ 4v3(ap®) + 2v3 (2 arcsin(sin ory® sin(yg/2))) = Ecen (xﬁink),

where the last step follows from (54). This shows (62) and concludes the proof. O

The next lemma shows that a perturbation of the angles, which does not change
the sum of the angles, essentially does not decrease the energy to first order.

Lemma 7.5. There exist o € N and a constant C > 0 depending only on vy and
v3 such that for £ 2 £y and each w = (wq, ..., wig) € R with w ~a; =0 for
Jj=1,2,3we have

10
D (DE(T (x(u)),wi = —Clwle 3.

i=1

Proof. From Property 2 of Lemma 7.1 we have that the image of the affine mapping
DT4(x%) has dimension 7. Moreover, we have (DT (x%)v) ‘aj =0forj=1,2,3
and all v € R3*8, Indeed, write v = vgood + Vbad With vgood € span(Vgood) and
Ubad € Span(Vdegen U Voad). Note that DT (xo)v = DT? (xo)vgood by Property 1
of Lemma 7.1. For each ¢ € R the eight points x0 + Vgood are contained in the
plane R? x {0}. This implies 79 (x® + tvgo0d) - @; € {27, 47} for all t € R and
j =1,2,3, which gives (DT®(x%)vgooa) - @; = 0 for j = 1,2, 3, as desired.

The dimension of the image of DT (x") together with the fact that w-a j = Ofor
Jj = 1,2, 3 show that there exists a vector v’ € span(Vgood) such that DT (xO =
w. By applying Lemma 7.4 we get

DE(T (x{iu ) (DT (xfi0v') = —C'[v'1€73,

where C’ is the constant from Lemma 7.4. By a continuity argument and (55) we
get |DT(xﬁink) — DT (x%)| < ce~!. This together with Property 2 of Lemma 7.2
shows

DE(T (x{gu ) (DT (")) = —C|v'|¢ 3

for C = C(C’, cg.2,c). The fact that DT(x%)v' = w, |v'| < c|w| for a con-
stant ¢ > 0 (depending on DT%(x?)) and Property 1 of Lemma 7.2 conclude the
proof. O
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We now improve Theorem 7.3 and prove convexity of E¢ at the kink config-
uration xﬁmk.

Theorem 7.6. (Convexity of Ece1). Let O < r < 1. Then there exist £y € N and

a constant ¢ > 0 depending only on v, v3, and r such that for £ = £y and each
v e R ywith

[v-w| = rlw|lv] forall w e span(Vyegen)
one has
T 12 ¢ 2,-2
v D” Ecen (X 1) v 2 clv|7e™.

Proof. As in the proof of Theorem 7.3 we consider the mapping f, as defined
before (58). The goal is to show f,/(0) = clv|2072. We write v = Vdegen + Vbad +
Vgood With three orthogonal vectors, where vgegen + Vbad € Span(Vgegen U Viad)s
Vdegen € SPan(Vdegen)> Vbad € Span(Vdegen)J—a and vgo0d € span(Vegen U Vbad)l-
By assumption we obtain after a short calculation

[Vgood|® + [vbaal* = (1 — r?)|v). (63)

Set ¢, := max{2c>/c1, (8¢3/(cg,1¢])) %} with ¢y, ¢; from (57), c3 from (59), and
cg,1 from Lemma 7.2. First, we suppose |vgood| > c*|v|€_1. We use (57) and
Vgood € Span(Vegen U Vbad)l to find

_ C1l
IDT (xfi0) 0] 2 C11Vgo0d| — c2lv]€7 = = 1Pzocdl.
Then by Property 3 of Lemma 7.2, (58), and (59) we get
T ~
7(0) = 0" D? Ecenn (xkink)v = (DT (xf30)v) " D? E(T (i) (DT (¥ )?)

— c3lv2e?

2
CE,1C1

¢ 2 2,2 2 2,-2
2 cp1|DT (X vl” — c3lv[€7° = [Vgood|” — c3|v]|7¢

2.2
> CEICTS v[?
= 82
Now suppose [vgood| < cx|v[€71. Since the first term of J7(0) given in (58) is
nonnegative, it suffices to consider the second term of f;’(0). First, using Property
1 of Lemma 7.2 we have

18

> (DE(T (x(3), (v DT (x{5)0), = 0. (64)
i=11

Define for brevity w = (vdegen + Vpad) ! DT (xﬁink)(vdegen + vpa) € R and
note that [vgood| < ¢~ |v| implies

‘(vTDZT“(xﬁink)v)i —w;| Sclv)Pe, i=1,...,10 (65)
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for ¢4 depending on c,. By Properties 3 and 4 in Lemma 7.1, (55), and a continuity
argument we obtain constants 0 < ¢5 < c¢ (depending on ckink) such that for £
sufficiently large

3

2,—1 . 2 2)—1

woa; SclvPe!, j=1,23, > w-a; < —cs|voaal® + colv*¢ 7
j=1

Consequently, we can find a decomposition w = w’ + w” with the property

7 . / 2
w 'aj:()s J=172137 |w|§C7|v| )

10
> _owi S —eslvpaal® +eslvl’e! wl SegloPe i=1.....10

i=1

for a universal constant c7 > 0. (Choose, e.g., w; = w3 —w-aj, w; = w7 —w-az,
wy = wo — w - a3, and w; = w; else.) Let I = {i = 1,..., 10| w; < 0} and note
Yicrw! = Z}gl w/. Then using Property 2 of Lemma 7.2 and Lemma 7.5 we
derive

10
Y (DE(T (x{i), wi
i=1
10
= Z (DE(T(xﬁink))iw§ + Z (DE(T(xﬁink))iw;/ + Z (DE(T(xﬁink))iw;/
i=1 iel i¢l
—Clw'[e7? + cp 7Y —w] — 10cg pc6lv>e
iel
—Ce7|v* 0 + cp 1072 (cslvpaal* — colvI*€7") — 10cg 2c6lv] €73,

1\

v

where C is the constant from Lemma 7.5. Moreover, again using Lemma 7.2 and
(65) we get

10
3 ‘(DE(T(xﬁink))l.(wi - (vTDZT(xfdnk)v)l.)) < 10cg 2calv]203.

i=1
We then use (58), (64), and the previous two estimates to find

£70) = 0" D?Ecen(Xkink)v Z DE(T (xyiy)) (v" DT (x(i0)0)
2 cg.165|vpaal 7€ — o207

forc’ = c'(C, cg,1, cE 2, 4, C5, C6, €7) large enough. Since |vgood| < celv€1, we

get |vpad|? = %(1 — r2)|v|? for £ large enough by (63). Then 1) 2 22

follows when we choose £ € N sufficiently large (depending also on r). O
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7.3. Proof of Theorem 4.4

As a last preparation for the proof of Theorem 4.4, we need to investigate how
the angles between planes behave under reflection of a configuration (see (15)—
(17)). Let a center z; j x be given and, as before, denote by x € R3*8 the atoms of
the corresponding cell. We introduce the angles between the planes as in Section 4.
By 6;(x) we denote the angle between the planes {x;x3x4} and {x|x¢x5}. By 6, (x)
we denote the angle between the planes {x3x4x2} and {x2x5x¢}. Moreover, we let
0l (x) = 6(x1) and 63 (x) = O(x2) with O(x;), i = 1,2, as defined in (19).
Recall also the definition of A(z;, ;) in (18).

Lemma 7.7. (Symmetry defect controls angle defect). There exist a universal con-
stant C > 0 and £y € N, and for each £ = £ there exists ny > 0 such that for all
F e Py (), u e (2.6,3.1), and all centers z; j  we have

0/(S(x)) + 6,(S(x)) < 0/(x) + 0,(x) + CA(zi 1),
o (S (x)) + 684 (S(x)) < 0 (x) + 68 (x) + CA(zi j 1),

where x € R3*3 denotes the position of the atoms in the cell with center Zi,jk and
S(x) as in (17b).

We postpone the proof of this lemma to the end of the section and now continue
with the proof of Theorem 4.4.

Proof of Theorem 4.4. Let F e P, () be a given configuration, where ny is
specified below, and letx € R3*® be the points of one cell as introduced in Section 4.
As usual, possibly after a rigid motion we can assume that the second and third
components of (x| +x7)/2, (x2 +xg)/2 are zero and the points x4, x5 lie in a plane
parallel to R? x {0}. We now perform a symmetrization argument as in the proof
of Lemma 7.4.

We define x5, by (16). Clearly the vector w; := x5, — x is perpendicular to
Virans- Moreover, we have |w; - v;| < r|lw||v;| for i = 1, 2,3 for a universal
constant » € (0, 1). In particular, r is independent of the perturbation x. Indeed,
for v| and v, this follows from the fact that the points (x; + x7)/2 and (x3 + x3)/2
are left unchanged. For v3 it follows from the assumption that the points x4, x5 lie
in a plane parallel to R? x {0}.

Consequently, by Theorem 7.6, a continuity argument, and the definition of the
the perturbations 7, (i), the mapping ¢ > Eceni(x + tw1) is strictly convex on
[0, 1] if ng is chosen small enough (independent of x). This implies for x” = %(x +
xs,) (see (172) that Ecen (') + € w1 |* £ 5 (Eceni(¥) + Ecenl(x5,)) = Ecen(x),
where ¢ only depends on the constant from Theorem 7.6.

Likewise, we consider x&z = xﬁink—i—Sz (x’ —xﬁink) and, similarly as before, the
vector wo 1= x/S2 —x’ is perpendicular to Vyans and satisfies |w;-v;| < r|wa||v;]| for
i = 1,2, 3 for a universal constant » € (0, 1). Indeed, for v| and v, this follows as
before and for v3 it suffices to note that also for the configuration x” = (x{, ..., xg)
the points x}, x5 lie in a plane parallel to R? x {0}. Using again Theorem 7.6 we
get Ecen(S(x)) + c€72|wz|?> £ Ecen(x’) with S(x) from (17b). Possibly passing
to a smaller constant ¢ > 0 (not relabeled) and using (18), we observe
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Ecen(S(X) 4+ 2 Azi k) < Ecen(x).

By this symmetrization procedure we get that the eight points S(x) satisfy the
symmetry conditions stated in (20). In particular, & from (20) is here equal to

|zf“;"‘}c — ?‘}al 1.x]» the latter quantity being unchanged after symmetrization since

the second and third component of z?‘}a}(, z?‘}al | are assumed to be zero. Choose

¢ and 1y small enough such that [A; — 1|+ |3 — 1] £ €74, and |y — | < €72
with A, A3, Y1, ¥2 from (20). This choice of M tig possible thanks to Property 2 in
Proposition 3.4. Consequently, by Lemma 4.2 we obtain

Ecenn(x) = Ecen(zijx) 2 E u yl (A2, a1, @) +cb” 2A@zi k) — col "y — )P

Using Property 2 of Proposition 4.3 and (24) we get for £ sufficiently large
Ecenl(zi,jk) Z Erea (L, 7. 7) + € > Az j.0), (66)

where 7 = (y1 + y2)/2. By Lemma 7.7 we obtain 7 < 0(z; jx) + CA(Zi,jk)-
where 0(z; j1) = (01(zi j.x) + 0r(zij.) + 025 + 6, (z@‘“al1 .))/4. Thus, by
the monotonicity of the reduced energy (see Property 3 of Pr0p0s1t10n 4.3) and a
Taylor expansion for the mapping y + Ereq(I, ¥, ¥) We get

Exea(, 7, 7) 2 Erea (7 021,100, 0(z1,j.10) = CE3AGi ) + O((AGi j4)?)
> Erea (12, 0(21,10. 0(z1,j.40 ) = 2007 Az ) (67)

for C > 0 large enough depending on vz, where the last step follows for n, suf-
ficiently small. The assertion of the theorem now follows for £ sufficiently large

and ¢ = ¢, from (66), (67), and the fact that i = |z;h;a}c - ?l;al -

Finally, we give the proof of Lemma 7.7.

Proof of Lemma 7.7. The proof is mainly based on a careful Taylor expansion for
the angles under the symmetrization of the atomic positions in the cell, which
is induced by the reflections (15). In particular, the argumentation for the angles
61, 6, and the dual angles Old“al, gdual respectively, is very similar. Therefore, we
concentrate on the first inequality in the following.

Let the configuration x be given for a center z; ; . Let nl1 (x) and nlz(x) be unit
normal vectors of the planes {x1x3x4} and {x1x6xs}. Likewise, let n’| (x) and n’ (x)
be normal vectors of the planes {x>x4x3} and {x2x5x6}. Let n;(x) and n, (x) be unit
vectors perpendicular to nl1 (x), nlz(x) and n'| (x), n (x), respectively.

Let s{ (x) be a unit vector perpendicular to n;(x), nl1 (x) and let sé (x) be a unit
vector perpendicular to n;(x), nlz(x) such that s{ (x) - sé(x) is near —1. We define
s7(x), s5(x) in a similar fashion. Note that these objects can be chosen to depend
smoothly with respect to x and that the angle in (19) can be expressed as

Ok (x) = arccos (s} (x) - s5(x)) for k=1,r.
We also introduce the mapping

g(x) = arccos (s} (x) - s5(x)) + arccos (s (@) - s5(x)). (68)
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Step I. Recall from the definition in (17), (18) that there are two vectors wy, wy €
R3*8 such that the symmetrized configurations can be expressed as x’ = x + w
and S(x) = x’ + w; with

lwil? + [wal? = Azi k) (69)

for a universal constant C > 0. The goal will be to investigate the Hessian of g and
to show

wl D?g(x"yw; + wl D?g(S(x)wr = —C(|wi > + |wa|?) (70)

for C > 0 universal. We defer the proof of (70) and first show that the assertion
follows from it. We consider the mappings

fi) =g +1wy),  fo(t) = g(Sx) +1wp) for 1 € [—1,1] (71)

and observe that fi(=1) = g(x), f2a(=1) = g(x), fi(D) = g(xs,), f2(1) =
g(x/Sz), where x5, = xﬁink + Si(x — xﬁink) and x/S2 = xﬁink + S (x’ — xﬁink),
see (15)—(16). Moreover, due to the fact that the symmetrized configurations are
obtained by applying the reflections Sy, 2, see (15), we get that f1, f> are smooth,
even functions, in particular, fl’ ) = f2’ (0) = 0. Thus, by a Taylor expansion we
find & € (—1, 0) such that

1 1
gx) = fit=D = f1(0) = f{(0) + Eff/(o) ~ % (&) 2 g(x)

1
+5w{02g<x’>w1 — Clw; P,

where C > 0 is a universal constant. Indeed, the constant is independent of x as all
admissible x lie in a compact neighborhood of xﬁink where g is smooth. Applying
Taylor once more, we get

1 1
g(x) 2 g(SW)) + S wi D’g(xywi + Swy D*g(S()w = Clw ' = Cluwaf.
Then we conclude for 7, sufficiently small (and thus |w1[, |w2| small) by (69)—(70)

g(x) 2 g(S(x)) — C|wi|* + lwa*) = g(S(x)) — CAzi,j 1)

Recalling (68) we obtain the assertion of the lemma.

Step I1. It remains to confirm (70). We first concern ourselves with the Hessian
of the mapping f) as defined in (71). For r € [—1, 1] we let u];(t) = sf(x’ +twq)
for j = 1,2 and k = [, r. By a Taylor expansion we obtain

u];»(t) = sj‘»(x’) + (vjl-’k + w}’k)t + (v?’k + w?’k)t2 +O(lw;’%)
with [uf(1)] = 1, (72)

where vl.’k, v?’k are perpendicular to n;(x’) and whk Wk

j jwy are parallel to ng(x’)
Lk 1k ' 2,k
such that ijl’z Zkzl’rﬂvj I+ w;"D < Clw;| and Zj=1,2 Zkzl,,(lvj | +

|w§’k|) < C|wi|*. (The constant C is again universal as all admissible x lie in a
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compact set and the mappings sf are smooth.) For j = 1,2 and k = [, r, the two

vectors w ;’k and w?’k are orthogonal to sf (x), and taking the first and the second

derivative of the constraint |s¥(x’ 4+ tw;)|? = |uX(1)|* = 1 with respect to ¢t yields
J J
by an elementary computation
(@ v sk =0, @) P+ P sk it =00 (73)
Then we compute by (71) that
fit) =) arccos (s{‘(x/) K + ()R sE ) ot sF )
k=l,r
+ (vf’k sk (') + vg’k sk (') + v%’k . vé’k + w}’k . w%’k)t2

+0(wi*r)).
A Taylor expansion and the fact that fj is even yield f1(t) — f1(0) = f/’ 0)12/2+

O(lw;|3#%). More precisely, we get recalling s’l‘(x/) . sé‘(x/) = cos(fx(x)) for
k=I1r

fi) = £1(0) = Y arccos'(cos Bk (x))) (v - sk (') + v3* - sk @)
k=I,r
+of ot wp e wy )
1 Lk k
+ Z Earccos”(cos(ék(x’)))(vl -85 (x")
k=l,r
ol k)2 + O(wi ). (74)

We get Ivi’k .s’j(x’)l = Ivll’kl sin(@x (x")) by (73)(a). This together with (73)(b) and
|”f’k| < Clwy|? yields, for k = [, r,

2.k k 2.k k k Lk —2, 2k 1,ky. 1,k k
vyt s (x) = ((v1 SSTENST ) + o T v Dy ) - s5(x)

1
=5 (1P + ') cos (@ ()

+ |vi,k|—2(v%k . Ull'k)(vll’k . Slzc(x/))
1 .
< S (o P o P cos@x) + Csin@r () wa

and repeating the same calculation for v% ’k, we derive, fork =1, r,

1
(0755 03" sF @) £ 30 S (P )P cosBr(x'))

j=1.2
+ C sin(0 (x")) w1 |*. (75)
N Lk 1Lk _ 1k, Lk /
ote that v, - v, = v, ||vy" |g cos(Ok(x")) for g € {—1, 1} by (73)(a). An

elementary computation then yields
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2 .
(053G oy sf () =sin? @) (o —glvy "D (76)
Combining (74)-(76) and using that arccos’(x) = —(1 — x2)~12 and that
arccos” (x) = —x (1 — x2)~3/2, we find

fi(®) — f1(0)

1
2 ) =sin@G )T Y =S (o P ) cosBx))

k=l,r Jj=12
+C sin(G (x")) |wy |2

1.k 1.k Lk . 1Lk
w4 oy vy g cos@(x) | 12

- %cos(@(x’))(l — cos? (B (x))) "2 sin? (B (x) (Jo1 ¥ | — gLy ¥y

+O(lw*r%)

. / —_ l
= > —sin@@N | D0 S lwy P eos@ () +wptwyt | 72
k=L,r j=12

— Clwi** + O(lw; Pr?)

1
. —1 1.k 2 Lk 1k .2
> E —sin(Gx (x')) E §|wj 1> +w e wy |t
k:l,r ,/:1’2

— Clwi*t + O(jw|’). (77)

In the last step we used that cos® = —1. Before we proceed let us note that the
same computation can be repeated for the second mapping f> defined in (71):
considering an expansion as in (72) with s;? (S(x)) in place of sf (x’) and indicating

the vectors by f);.’k and w?" (perpendicular and parallel to n; (S(x)), respectively)
we also obtain

f2(@) = f2(0)

1
> -
- k; Sin (0 (S(x))

L1k
~ 1k 2 ~1,k A1k 2
E §|wj [+ w,;" -wy,” |t
j=1,2

— Clwy |’ 1% + O(Jlw, ). (78)

Step I11. We now investigate (77)—(78) in more detail. Consider first f1. Due
to the symmetry of the setting induced by the reflection S; (recall (15)) we find
u’f(t) g (x’) = ug(—t) -ni(x") for k =1, r. In particular, taking the derivative in
t and using (73)(a), this implies w{’k = —wé’k. Then by (77) we obtain

i) — f1(0) = —Clw;|* 1 + O(|lw; |*r),



Characterization of Optimal Carbon Nanotubes 513

and therefore taking 1 — 0 we get wTng(x’)wl > —Clw|?, which establishes

the first part of (70). Now consider f>. Notice that one can show w} ok — w2 * for

k = [, r by symmetry, i.e., we cannot repeat the same argument as for f;. However,
in this case we can show

[+ 1017 + [y | + iy £ Clwale™". (79)
Once this is proved, the assertion follows. Indeed, due to symmetry of S(x) we
observe that 6;(S(x)) = 6,(S(x)), denoted by ¢ in the following. Recalling (54)

and the fact that S(x) is near xﬁink, wegetg S — ct~ " and sin(p) = ct~! for
some ¢ > (. Then by (78) we have

H() = £0) Z —Clwa|*1? — CL- [wa 20721 + O(|waPr),

which shows the second part of (70).

Let us finally show (79). Recall the definition of the unit normal vectors
n]f(x), né(x), and n(x) introduced before (68) for k = [, r. Observe that by
symmetry reasons we have ng(S(x)) = te; and |n1; (Sx)) - e2] = sm( £y
for j = 1,2, k = [, r. Then a continuity argument gives |n;(x’) - e3| < C|u)2|
and In (x) - e2] < sin("5%) 4 Clws| for k = [,r and j = 1, 2. Moreover, as
x’is mvarlant under the reﬂectlon S| (recall (15)), we get ni(x’) - eo = 0. By the
definition of sj? (x) this implies

55 () - er] = [(mex') x n§i(x) - er|= In(x) - eslin (x) - ea]

. T —
< Csin=2)[wy| + Clw, .

For a small enough perturbation parameter ng we get |wy| < ¢~ ! and thus |sk (x’)-

e1] < Clw,|¢~" since sin("5%) < c¢~! by (54). Ass x') - e; =sk(8(x)) e —

Wl k—i—O(Iwzl ) = —uA)}k—i-O(|wz| )(see(72)andusethefactthats (Sx))-e; =

0), this shows (79) and concludes the proof. O
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