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Abstract

We present an approach for variational regularization of inverse and imaging problems for recovering functions with values in
a set of vectors. We introduce regularization functionals, which are derivative-free double integrals of such functions. These
regularization functionals are motivated from double integrals, which approximate Sobolev semi-norms of intensity functions.
These were introduced in Bourgain et al. (Another look at Sobolev spaces. In: Menaldi, Rofman, Sulem (eds) Optimal control
and partial differential equations-innovations and applications: in honor of professor Alain Bensoussan’s 60th anniversary,
I0S Press, Amsterdam, pp 439—455, 2001). For the proposed regularization functionals, we prove existence of minimizers
as well as a stability and convergence result for functions with values in a set of vectors.

Keywords Regularization - Manifold-valued data - Non-convex - Metric - Double integral - Fractional Sobolev space -

Bounded variation

1 Introduction

Functions with values in a (nonlinear) subset of a vector space
appear in several applications of imaging and in inverse prob-
lems, e.g.,

o Interferometric Synthetic Aperture Radar (InSAR) is a
technique used in remote sensing and geodesy to gener-
ate, for example, digital elevation maps of the earth’s
surface. InNSAR images represent phase differences of
waves between two or more SAR images, cf. [44,53].
Therefore, InNSAR data are functions f : Q — sl c R2.
The pointwise function values are on the S!, which is
considered embedded into RR?.

e A color image can be represented as a function in HSV
space (hue, saturation, value) (see, e.g., [48]). Color
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images are then described as functions f : @ — K C
R3. Here Q is a plane in R2, the image domain, and
K (representing the HSV space) is a cone in three-
dimensional space R3.

e Estimation of the foliage angle distribution has been con-
sidered, for instance, in [39,51]. Therefore, the imaging
function is from  C RZ2, a part of the Earth’s surface,
into S C R3, representing foliage angle orientation.

e Estimation of functions with values in SO (3) € R3*3.
Such problems appear in Cryo-Electron Microscopy (see,
for instance, [38,58,61]).

We emphasize that we are analyzing vector-, matrix-, ten-
sor- valued functions, where pointwise function evaluations
belong to some given (sub)set, but are always elements of the
underlying vector space. This should not be confused with
set-valued functions, where every function evaluation can be
a set.

Inverse problems and imaging tasks, such as the ones men-
tioned above, might be unstable, or even worse, the solution
could be ambiguous. Therefore, numerical algorithms for
imaging need to be regularizing to obtain approximations of
the desired solution in a stable manner. Consider the operator
equation

F(w) = 1", (1.1)
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where we assume that only (noisy) measurement data v®
of v¥ become available. In this paper the method of choice
is variational regularization which consists in calculating a
minimizer of the variational regularization functional

F(w) := DF(w), v°) + aR(w). (1.2)

Here

w is an element of the set of admissible functions.

F is an operator modeling the image formation process

(except the noise).

D is called the data or fidelity term, which is used to

compare a pair of data in the image domain, that is to

quantify the difference of the two data sets.

e R is called regularization functional, which is used to
impose certain properties onto a minimizer of the regu-
larization functional F.

e o > 0is called regularization parameter and provides a
trade off between stability and approximation properties
of the minimizer of the regularization functional F.

e % denotes measurement data, which we consider noisy.

e vY denotes the exact data, which we assume to be not

necessarily available.

The main objective of this paper is to introduce a general
class of regularization functionals for functions with values
in a set of vectors. In order to motivate our proposed class of
regularization functionals, we review a class of regularization
functionals appropriate for analyzing intensity data.

1.1 Variational Regularization for Reconstruction of
Intensity Data

Opposite to what we consider in the present paper, most
commonly, imaging data v and admissible functions w,
respectively, are considered to be representable as intensity
functions. That is, they are functions from some subset €2 of
an Euclidean space with real values.

In such a situation, the most widely used regularization
functionals use regularization terms consisting of powers of
Sobolev (see [12,15,16]) or total variation semi-norms [54].
It is common to speak about Tikhonov regularization (see,
for instance, [59]) when the data term and the regulariza-
tion functional are squared Hilbert space norms, respectively.
For the Rudin, Osher, Fatemi (ROF) regularization [54], also
known as total variation regularization, the data term is the
squared L%-norm and R(w) = |w|ry is the total variation
semi-norm. Nonlocal regularization operators based on the
generalized nonlocal gradient are used in [35].

Other widely used regularization functionals are spar-
sity promoting [22,41], Besov space norms [42,46] and
anisotropic regularization norms [47,56]. Aside from various
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regularization terms, there also have been proposed different
fidelity terms other than quadratic norm fidelities, like the p-
th powers of £7 and L?-norms of the differences of F(w) and
v, [55,57], maximum entropy [26,28] and Kullback—Leibler
divergence [52] (see [50] for some reference work).

Our work utilizes results from the seminal paper of
Bourgain, Brézis and Mironescu [14], which provides an
equivalent derivative-free characterization of Sobolev spaces
and the space BV (L2, RM), the space of functions of bounded
total variation, which consequently, in this context, was ana-
lyzed in Ddvila and Ponce [23,49], respectively. It is shown
in [14, Theorems 2 and 3’] and [23, Theorem 1] that when
(pe)e=0 1 a suitable sequence of nonnegative, radially sym-
metric, radially decreasing mollifiers, then

llw @) = w) g

57— Pe(x — y)d(x, y)
”x - y”]RN

lim R (w) := li
iy Rewr =ty |
QxQ
Conlwlh,, ifwe W' (Q,R), 1 <p < oo,
ifwe BV(Q,R), p=1,
00 otherwise,

=1CinlwlTy
(1.3)

Hence, R, approximates powers of Sobolev semi-norms and
the total variation semi-norm, respectively. Variational imag-
ing, consisting in minimization of F from Eq. 1.2 with R
replaced by 7~€8, has been considered in [3,11].

1.2 Regularization of Functions with Values in a Set
of Vectors

In this paper we generalize the derivative-free characteriza-
tion of Sobolev spaces and functions of bounded variation
to functions u : 2 — K, where K is some set of vectors,
and use these functionals for variational regularization. The
applications we have in mind contain that K is a closed sub-
set of RM (for instance, HSV data) with nonzero measure,
or that K is a submanifold (for instance, InSAR data).

The reconstruction of manifold-valued data with varia-
tional regularization methods has already been subject to
intensive research (see, for instance, [4,17-19,40,62]). The
variational approaches mentioned above use regularization
and fidelity functionals based on Sobolev and TV semi-
norms: a total variation regularizer for cyclic data on S!
was introduced in [18,19], see also [7,9,10]. In [4,6] com-
bined first- and second-order differences and derivatives
were used for regularization to restore manifold-valued data.
The later mentioned papers, however, are formulated in a
finite-dimensional setting, opposed to ours, which is consid-
ered in an infinite-dimensional setting. Algorithms for total
variation minimization problems, including half-quadratic
minimization and nonlocal patch-based methods, are given,
for example, in [4,5,8] as well as in [37,43]. On the theo-
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retical side the total variation of functions with values in a
manifold was investigated by Giaquinta and Mucci using the
theory of Cartesian currents in [33,34], and earlier [32] if the
manifold is S'.

1.3 Content and Particular Achievements of the
Paper

The contribution of this paper is to introduce and analyt-
ically analyze double integral regularization functionals for
reconstructing functions with values in a set of vectors, gener-
alizing functionals of the form Eq. 1.3. Moreover, we develop
and analyze fidelity terms for comparing manifold-valued
data. Summing these two terms provides a new class of reg-
ularization functionals of the form Eq. 1.2 for reconstructing
manifold-valued data.

When analyzing our functionals, we encounter several dif-
ferences to existing regularization theory (compare Sect. 2):

(1) The admissible functions, where we minimize the reg-
ularization functional on, do form only a set but not a
linear space. As a consequence, well-posedness of the
variational method (that is, existence of a minimizer
of the energy functional) cannot directly be proven by
applying standard direct methods in the Calculus of
Variations [20,21].

(i) The regularization functionals are defined via metrics
and not norms, see Sect. 3.

(iii) In general, the fidelity terms are non-convex. Stability
and convergence results are proven in Sect. 4.

The model is validated in Sect. 6 where we present numer-
ical results for denoising and inpainting of data of InSAR

type.

2 Setting

In the following we introduce the basic notation and the set
of admissible functions which we are regularizing on.

Assumption 2.1 All along this paper, we assume that

p1, p2 € [1, +00), s € (0, 1],

Q1,2 < RY are nonempty, bounded and connected
open sets with Lipschitz boundary, respectively,

k € [0, N1,

K| CRM K, C RM2are nonempty and closed subsets
of RM1 and RM2, respectively.

Moreover,

o | -llgy and || - [lgs;, © = 1,2, are the Euclidean norms
on RY and RM: | respectively.

o dpy; : RM x RMi — [0, +00) denotes the Euclidean
distance on RMi fori = 1, 2 and

o d; :=dg; : K; x K; — [0, +00) denote arbitrary met-
rics on K;, which fulfill fori = 1 andi =2

— dpm; |k xk; < di,

— d; is continuous with respect to dp u; | k; x ; , meaning
that for a sequence (a,),en in K; € RMi converging
to some a € K; we also have d;(a,,a) — 0.

In particular, this assumption is valid if the metric d; is
equivalent to dgw; |k, xk;- When the set K;, i = 1,2, is
a suitable complete submanifold of R, it seems natural
to choose d; as the geodesic distance on the respective
submanifolds.

e (ps)e>0 is a Dirac family of nonnegative, radially sym-
metric mollifiers, i.e., for every ¢ > 0 we have

(i) pe € C®(RN, R) is radially symmetric,
(i) pe =0,
(iii) [ pe(x)dx =1, and
IRN
(iv) forall § > 0, gi{‘?)f{‘|),|‘RN>5} pe(y)dy =0.
We demand further that, for every ¢ > 0,
(v) there exists a t > 0 and n; > 0 such that {7 € RN -
pe(@) =t} ={z € RN : [z]lgy < e}
This condition holds, e.g., if p, is a radially decreasing
continuous function with p,(0) > 0.
e When we write p, 2, K, M, then we mean p;, Q;, K;,
M;, for either i = 1, 2. In the following we will often
omit the subscript indices whenever possible.

Example 2.2 Let p € C°(R, R4) be symmetric at 0, mono-
tonically decreasing on [0, co) and satisfy

o0 ~ AN ~
’SN”‘/ iN1p () di = 1.
0
Defining mappings p. : RN — R by

Lo xlgy
Pe(x) = S_Np ( .

constitutes then a family (o).~ which fulfills the above
properties (i)—(v). Note here that

e by substitution x = 70 withr > 0,0 € S¥~!

X
5 (II IIRN> dx
RN &

n t
andt = =

1
dx = —
/RNpg(x) x= %

2.1
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Here, d6 refers to the canonical spherical measure.
e Again by the same substitutions, taking into account that
0 has compact support, it follows for ¢ > 0 sufficiently

small that
f pe(x) dx = p (M) dx
{¥:1ylgn >3} 5 Jy:lyllgn >8} €

[e¢]
:L lN_]ﬁ £
EN $

™
N——"
=%
=
T
=
L
=%
5

(2.2)
In the following we write down the basic spaces and sets,
which will be used in the course of the paper.

Definition 2.3 e The Lebesgue—Bochner space of RM-
valued functions on 2 consists of the set

LP(Q, RM) = {qs Q> RM .
¢ is Lebesgue—Borel measurable and
||¢(-)||§M : © — R is Lebesgue-integrable on Q] ,
which is associated with the norm || - || (g gMm), given
by
1/p

I6hr@ny = | [ 16001 ds
Q

e Let 0 < s < 1. Then the fractional Sobolev space of
order s can be defined (cf. [1]) as the set

WP (Q, RM)

lwx) — wy)llgm
N

=dwelP(Q,RY): =
lx = yllgn

cLP(Qx Q. ]R)]
- {w € LP(Q,RM) : [wlyyepqpm) < oo} ,

equipped with the norm

. P p I/p
I Dwerimmi= (1 120 qmon + Hyengmn) -
2.3)

where |~|WS,,)(Q,]RM) is the semi-norm for WS:? (2, RM),
given by

lwlws.p @, mM)

1/p
lwE) — w2,
= f NWIR d(x, y) :
lx = Yl
xQ R

we WSP(Q,RM) . (2.4)
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e Fors = 1the Sobolev space wlp (€2, RM) consists of all
weakly differentiable functions in L' (Q, RM) for which

o P
||w||wl,p(Q,]RM) = ||w||Lp(Q’]RM)

I/p
+ [ 19010 dx) <o,
Q

where Vw is the weak Jacobian of w.

e Moreover, we recall one possible definition of the space
BV (L2, RM ) from [2], which consists of all Lebesgue—
Borel measurable functions w : 2 — R for which

||u)||BV(Q’RM) = ”w”Ll(Q,RM) + |w|BV(Q,RM) < 00,
where

|w|BV(S2,]RM)

= sup /w(x)-DiV(p(x)dx: g € CL(Q, RM*N)
Q

such that [|¢|l :=esssup [op(xX)llF < 1¢,
xe

where ||¢(x)|| i is the Frobenius-norm of the matrix ¢(x)
and Divp = (divey, .. ., dngDM)T denotes the row—wise
formed divergence of ¢.

Lemma24 Let 0 < s < 1 and p € [l,00), then
WP (Q, RM) — LP(Q, RM) and the embedding is com-
pact. Moreover, the embedding BV (2, RM)— LP(Q, RM)
is compact for all

400 ifN =1

l<p<1":= oo
otherwise

N
N-1

Proof The first result can be found in [24] for 0 < s < 1 and
in [29] for s = 1. The second assertion is stated in [2]. O

Remark 2.5 Let Assumption 2.1 hold. We recall some basic
properties of weak convergence in WP (Q, RM),
whr(Q, RM) and weak* convergence in BV (2, RM) (see,
for instance, [1,2]):

elet p > 1,5 € (0,1] and assume that (w,)peN i
bounded in W*P(Q,RM). Then there exists a
subsequence (wp, )kew Which converges weakly in
WP (Q, RM).

e Assume that (w,),en is bounded in BV (2, R™). Then
there exists a subsequence (wy, )kew Which converges
weakly* in BV (2, RM).
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Before introducing the regularization functional, which
we investigate theoretically and numerically, we give the def-
inition of some sets of (equivalence classes of) admissible
functions.

Definition 2.6 For0 < s < 1, p > 1 and a nonempty closed
subset K € RM, we define

LP(Q,K):={¢p € LP(Q,RM): ¢(x) € K forae. x € Q};
WSP(Q, K) := {w e WHP(Q,RM) : w(x) € K forae. x € Q},
BV(Q,K) :={w e BV(Q,RM) : w(x) € K forae. x € Q}.

and equip each of these (in general nonlinear) sets with some
subspace topology:

o LP(Q,K) C LP (R, RM) is associated with the strong
L? (2, RM)-topology,

o WSP(Q,K) C W5P(Q, RM) is associated with the
weak W* P (Q, RM)-topology, and

e BV(Q, K) C BV(Q2, RM) is associated with the weak*
BV (2, RM)-topology.

Moreover, we define

WS P(Q,K) forpe(l,oo)ands € (0, 1],
W(Q, K) =

BV (R, K) forp=1lands=1.

(2.5)
Consistently, W (€2, K)

e is associated with the weak W*7 (2, RM)-topology in
the case p € (1,00) and s € (0, 1] and

e with the weak* BV (2, RM)-topology when p = 1 and
s =1.

When we speak about

. WK . w
convergence on W (2, K) we write 85 or simply —
and mean weak convergence on W57 (2, K) and weak™* con-
vergence on BV (L2, K), respectively.

Remark2.7 e In general LP(2, K), WP(Q2, K) and
BV (2, K) are sets which do not form a linear space.

o If K = S!, then WSP(Q,K) = W*P(Q,S") as
occurred in [13].

e For an embedded manifold K, the dimension of the mani-
fold is not necessarily identical with the space dimension
of RM. For instance, if K = S! € R2, then the dimen-
sionof Sl is 1 and M = 2.

The following lemma shows that W (€2, K) is a sequentially
closed subset of W (2, RM).

Lemma 2.8 (Sequential closedness

LP(Q, K))

of W(Q,K) and

(i) Let wy € W(Q,RM) and (wp)new be a sequence in

Q,RM
W(Q. K) € W(Q, RM) with w, " 5 w, asn —

00. Then wy, € W(2, K) and w, — wy in LP(22, K).

(ii) Let vy € LP(Q2,RM) and (vy)nen be a sequence in
LP(Q, K) € LP(Q, BRM) with v, — v, in LP(Q, RM)
asn — oo. Then vy, € LP(2, K) and there is some
subsequence (v, )keN Which converges to vy pointwise
almost everywhere, i.e., Uy, (x) — vs(x) as k — oo for
almost every x € Q.

Proof For the proof of the second part, cf. [27], Chapter VI,
Corollary 2.7, take into account the closedness of K C RM,
The proof of the first part follows from standard convergence
arguments in W57 (2, RM), BV (Q, RM) and L7 (2, RM),
respectively, using the embeddings from Lemma 2.4, an argu-
ment on subsequences and part two. O

Remark 2.9 Lemma 2.4 along with Lemma 2.8 imply that
W(2, K) is compactly embedded in LP($2, K), where
these sets are equipped with the bornology inherited from
W(2, RM) and the topology inherited from L7 (2, RM),
respectively.

In the following we postulate the assumptions on the oper-
ator F which will be used throughout the paper:

Assumption 2.10 Let W (21, K1) beasinEq. 2.5 and assume
that F is an operator from W (2, K1) to LP2(23, K>).

We continue with the definition of our regularization func-
tionals:

Definition 2.11 Let Assumptions 2.1 and 2.10 hold. More-
over, let ¢ > 0 be fixed and let p := p, be a mollifier.

The regularization functional 73 [d2, d1]: W(21, K1) —
[0, oc] is defined as follows

Folda, di](w) 1=/d§)z(F(w)(x),v(x))dx
Q0

pP1
0 WOD 1y dix, v,

(2.6)
where

(i) v e LP2 (22, K2),

(i) s € (0, 1],
(ili) o € (0, 4-00) is the regularization parameter,
@iv) I € {0, 1} is an indicator and

@ Springer



Journal of Mathematical Imaging and Vision

k<N if W(Qp, K1) = WSPI(Qq, K1), O<s<1,

V) Yk=0 ifW(Q, Ky) =Whri(Q,, Ky) orif
W (21, K1) = BV (21, K1), respectively.
Setting
e
P2
o e = | [P vanar| @)
22
and
dy' (w(x), w(y))
Ruan(w) = f e = i ),
Q1% ”)C _y”]RN
(2.8)
Equation 2.6 can be expressed in compact form
Folda, dil(w) = [F(w), v]]ﬁfz] + aRpa;(w). (2.9)

For convenience we will often skip some of the super- or
subscript and use compact notations like, e.g.,

F, Flda, di] or F(w) = [F(w), v]”? + aR(w).

Remark2.12 (i) [ = {0, 1} is an indicator which allows
to consider approximations of Sobolev semi-norms and
double integral representations of the type of Bourgain
et al. [14] in a uniform manner.

e when k = 0, s = 1, = 1 and when d; is the
Euclidean distance, we get the double integrals of
the Bourgain et al.-form [14]. Compare with Eq. 1.3.

e When d; is the Euclidean distance, k = N and/ = 0,
we get Sobolev semi-norms.

We expect a relation between the two classes of function-
als for/ = 0and/ = 1 as stated in Sect. 5.2.

(i1)) When d is the Euclidean distance then the second term
in Eq. 2.6 is similar to the ones used in [3,11,14,23,49].

In the following we state basic properties of [-, ]4,] and
the functional F.

Proposition 2.13 Let Assumption 2.1 hold.

(i) Thenthe mapping [, -J1a,) : LP?(Q2, K2) x LP2(Q22, K2)
— [0, +o00] satisfies the metric axioms.

(i) Let, in addition, Assumption 2.10 hold, assume that
v € LP2(Q,, K») and that both metrics d;, i = 1, 2, are
equivalent to dpum; |k, xk;, respectively. Then the func-
tional F, [d, d1] does not attain the value +00 on its
domain W (21, K1) # (.

@ Springer

Proof (i) The axioms of non-negativity, identity of indis-
cernibles and symmetry are fulfilled by [, -]q4,] since d2
is a metric. To prove the triangle inequality, let ¢, &, v €
LP2(Q, K»). In the main case [¢, v ﬁfz] e (0, 00)
Holder’s inequality yields

[[¢’v]]ﬁlzzl
= / 2 (¢(0), V()5 (¢ (), v(x)) dx
Q0
< / da (), £0))a22 ™ (6 (), v(x)) dx
Q)

+ / da (£, v())d ™ (¢ (), v(x)) dx
Q)

1 pr—1
) P2

< /dfz(qb(X),é(x)) dx /d§2(¢(X), v(x)) dx

Qo &2

L -l
) P2

+ fdé’z(é(x),v(x)) dx /d§2(¢(x),v(x)) dx

&2 &2

= (19 €ty + [€. Vi) [6- V155,

meaning

(9, v < [ Dy + [&5 v]igy-

If [¢, v]a,) = O, the triangle inequality is trivially ful-
filled.

In the remaining case [¢, v][g,) = oo applying the
estimate (a + b)? < 2”_1(a” + bP), see, e.g., [55,
Lemma 3.20], to a = da(¢p(x),&(x)) > 0 and b =
d2(&(x), v(x)) = 0 yields

[o. ]G, =277 (I9. 611, + [5. VI(E):

implying the desired result.

(ii) We emphasize that W (21, K1) # ¥ because every con-
stant function w(-) = a € K belongsto W51 (1, K1)
for p; € (1,00) and s € (0,1] as well as to
BV (21, K1) for pj = 1 and s = 1. Assume now
that the metrics d; are equivalent to dpwm; |k, xk; for
i = 1 and i = 2, respectively, so that we have an
upper bound d; < Cdpu; |k, xk;. We need to prove that
Foldz, dil(w) < oo for every w € W(, K1). Due

to [, v]][’zfz] < CcP2 ¢ — V”ii’z(szz,]RMz) < oo for all

¢, v e LP2(Qy, Ky) C LP2(Q, RM2) it is sufficient to
show Ryq,1(w) < 400 forall w € W(21, Ky).

e For W(21, K1) = BV (L2, K1) this is guaranteed
by [49, Theorem 1.2].

e For W(Q21, K1) = Wl’pl(Ql, K1) by [14, Theorem
1.
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e For W(Q21, K;) = W5PI(Q1,K1),s € (0,1), we
distinguish between two cases.

If |[x — ylgy < 1, we have that ++,H <
Hx—yII]RN1
1N+,,15 for k < N and hence
le=yllgn
' (@), wy)
—— 5, (x—y)d(x,y)
”.X' _ y||k+p|s
(x,y)e1 xQ2 RN
|‘x7y‘|RN<]

!
< CPYIp' loo w17

wer @ RMy < OO

If |[x — yllgy = 1, we can estimate

dpl s
[ ORI ey

X —
(6, 1) €Q X Q ” y”]RN

e =ylln =1

< CPH|p!|0o2P 921 ] [[w ] ¥

Lri(@ RM) = %0

In summary adding yields R4,j(w) < 4o0. O

3 Existence

In order to prove existence of a minimizer of the functional F,
we apply the direct method in the Calculus of Variations (see,
e.g., [20,21]). To this end we verify continuity properties of
[, -lia,) and Ry}, resp. Fldo, di] and apply them along with
the sequential closedness of W (21, K1), already proven in
Lemma 2.8.

In this context we point out some setting assumptions and
their consequences on F, resp. [, -] and R in the following
remark. For simplicity we assume p := p; = p2 € (1, 00),
Q:=Q1 =2 and (K,dg) := (Kq1,dy) = (K2, d)).

Remark3.1 e The continuity of dgx with respect to
dgrwm |k xk guarantees lower semicontinuity of [-, -J{dy]
and R[d[( ]-

e The inequality dym|kxx < dg carries over to the
inequalities [V — v|l 1rq gy < [V, v]jdy) forall v, v €
LP(Q2, K), and |w|yq rmy < Ridg)(w) for all w €
W(2, K), allowing to transfer properties like coerciv-
ity from Fldgwm,dgrm] to Fldg,dg]. Moreover, the
extended real-valued metric space (L? (2, K), [, -[dx1)
stays related to the linear space
(LP(Q,RM), |- | L (@, mM)) in terms of the topology and
bornology induced by [-, -], resp. those inherited by
||'||LP(Q,]RM)-

e The closedness of K € RM is crucial in showing
that W(2, K) is a sequentially closed subset of the
linear space W (2, RM). This closedness property acts

as a kind of replacement for the, a priori not avail-
able, notion of completeness with respect to the “space”
W, K). [ ].R).
For I = 0, k = N note in the latter item that equipping
W(Q, K) with [-, -J{d,] and Rq,] does not even lead to an
(extended real-valued) metric space, in contrast to the clas-
sical case (K, dg) = (R, dpm).

We will use the following assumption:

Assumption 3.2 Let Assumption2.1hold,v? € LP2(Q,, K»)
and let W (21, K1) and the associated topology be as defined
in Eq. 2.5.

In addition we assume:

e F-W(Q,K|) — LP2(Q2, Ky) is well defined and
sequentially continuous with respect to the specified
topology on W (€21, K1) and

e Foreveryt > 0 and o > 0, the level sets

level, (F2' [dy, di]):={we W (Q1, K)) : F2 [da. d 1<t}
3.1

are sequentially pre-compact subsets of W (21, RM1).

e There exists a £ > 0 such that levelg(fzo [dy, di]) is
nonempty.

e Only those v € LP2(L2,, K») are considered which addi-
tionally fulfill [v, v°]4,) < 0.

Remark 3.3 The third condition is sufficient to guaran-
tee .7-'20 [d2,d;] # oo. In contrast, the condition W0 o€
LP2(Q2), K>7), cf. Definition 2.11, might not be sufficient if
d; is not equivalent to dgm, [k, x K, -

Lemma 3.4 Let Assumption 3.2 hold. Then the mappings
[, ‘lida}r Ridy) and Flda, di] have the following continuity
properties:

(i) The mapping [-, Jidy) : LP2(Q2, K2) x LP2(Q0, K2) —
[0, +o00] is sequentially lower semi-continuous, i.e.,
whenever sequences (Pn)neN, (Vn)nen in LP2(Q20, K7)
converge to ¢, € LP2(Q2, K2) and v, € LP2(2, K»),
respectively, we have [Py, Vi][d,) < hnn—l> io%f [bns villds)-

(ii) The functional Riyq W(Q, K1) — [0,00] is
sequentially lower semi-continuous, i.e., whenever a

sequence (Wy)neN in W(2, K1) converges to some
wy € W(R21, K1) we have

R[dl](w*) < liminf R[dl] (wy).
n— 00

(iii) The functional Fldp,d;] : W(R21, K1) — [0, o] is
sequentially lower semi-continuous.

@ Springer
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Proof (i) It is sufficient to show that for every pair of
sequences (@, )neN, (Vn)nen in LP2(2,, K) which con-
verge to previously fixed elements ¢, € LP2(2;, K»)
and v, € LP2(2,, K»), respectively, we can extract sub-
sequences (¢n;) jenv and (vp;) jelN, respectively, with

[P+, v]iay) < lim inf[[‘pnj, an]][dz]-
j—00

To this end let (¢,)neN, (Vn)nelw be some sequences
in LP2(Q,, Kp) with ¢, — ¢ and v, — v, in
LP2(Q2;, K7). Lemma 2.8 ensures that there exist sub-
sequences (¢>nj) jelN, (vnj) jelN converging to ¢, and v,
pointwise almost everywhere, which in turn implies
(60, (), vn; (1)) = (¢ (), v4(-)) pointwise almost every-
where. Therefrom, together with the continuity of d, :
K> x K3 — [0, 0o) with respect to dpm, , cf. Sect. 2, we
obtain by using the quadrangle inequality that

|d2(@n; (x), vn; (%)) — da (P (x), Vi (x))]
< d2(¢n; (x), P« (X)) + d2(vn; (x), v (x)) — O,

and hence

dfz (¢nl (x), Vn;j (x)) g d§2(¢*(x), V*(x))

for almost every x € Q5.
Applying Fatou’s lemma, we obtain

[0, ve]ias = / A2 (¢ (x), v (1)) dx

Q0

< lim inffd§2(¢,,j (x), vy (x)) dx
j—o00
Q)

= liminf g, ;, vn, ]1d,1.
Jj—0o0 X ’

(i1) Let (wy),enN be a sequence in W (21, K1) with w, ¥
wy as n — 0o. By Lemma 2.8 there is a subsequence
(wnj)jG]N which converges to w, both in LP' (21, K1)
and pointwise almost everywhere. This further implies
that

A (wn; (), wa; (1)) = A7 (wa(x), wi(y))
for almost every

(x,y) € 21 x Q1 D{(x,y) € 2] X Q :x #y} =t A.
3.2)

Defining
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fi(x,y)
a7 (wy; (X, ()
) Lo (e —y) for (x,y) € A,
= eyl
0 for (x, y) € (21 xQ2)\A,

for all j € IN and

f*(X, y)
» ,
. Wpl(x—y) for (x, y) € A,
S
0 for (x,y) € (21 x Q\A,

we thus have fi(x,y) = lim; . fj(x,y) for almost
every (x,y) € 1 x 1. Applying Fatou’s lemma to
the functions f; yields the assertion, due to the same
reduction as in the proof of the first part.

(iii) It is sufficient to prove that the components G(-) =
[F (), v]][dz] and R = Ryq,; of Fldi,d2] = G+ aR
are sequentially lower semi-continuous. To prove that
G is sequentially lower semi-continuous in every wy €
W (21, K1), let (w,)neN be a sequence in W (21, K1)

with w, LV) wy as n — 00. Assumption 3.2, ensur-
ing the sequential continuity of F : W(Q, K1) —
LP2(Q,, K7), implies hence F(w,) — F(wy) in
LP2(2, K7) as n — o0. By item (i) we thus obtain
G(wy) = [F(wy),v] < liminf, [F(w,),v] =
liminf,,_ ~ G(w;).
‘R is sequentially lower semi-continuous by item (ii).
O

Existence of Minimizers

The proof of the existence of a minimizer of F[d;, d] is along
the lines of the proof in [55], taking into account Remark 3.1.
We will need the following useful lemma, cf. [55], which
links level, (]:ZO) and level, (F,) for [v, 9] < oo.

Lemma 3.5 It holds

F[da, dil(w) < 2727 FP[dy, dil(w) + 2727 [vs, va]fy,

for every w € W(L21, K1) and vy, vo € LP2(22, K>).

Proof Using the fact that for p > 1 we have that |a + b|P <
27=1(lalP + |b|P), a, b € RU {oo} and that [-, -]ja, fulfills
the triangle inequality, we obtain

F[da, dil(w) = [F(w), v]{5; + «Ryayy(w)
< 227 H([F(w), vo]fh, + [vo. vu]lh))

+ aRpa;(w)
< 2! (77 [d2, di1(w) + [ve, U*Hﬁzﬂ)'
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Theorem 3.6 Let Assumption 3.2 hold. Then the functional
Folda, di]: W(2, K1) — [0, oo] attains a minimizer.

Proof We prove the existence of a minimizer via the direct
method. We shortly write F* for 7 [d2, di]. Let (wy,)nev be
a sequence in W (21, K1) with

lim F'(w,) = inf F(w). (3.3)
n—oo weW (R1,K1)

The latter infimum iOs not +oo, because F' = +oo
would imply also ¥ = 400 due to Lemma 3.5, vio-

lating Assumption 3.2. In particular, there is some ¢ €
R such that F’(w,) < c for every n € IN. Applying
Lemma 3.5 yields f”o(wn) < 2/’2_1(,7-'”(141,,) + [v, vo]]) <
27271 (e + [v,1%]) =: & < oo due to Assumption 3.2.
Since the level set levelz(F" ) is sequentially pre-compact
with respect to the topology given to W (1, RM) we
get the existence of a subsequence (wy, )rew Which con-
verges to some w, € W(q, ]RMl), where actually w, €
W (L1, K1) due to Lemma 2.8. Because F" is sequentially
lower semi-continuous, see Lemma 3.4, we have F¥(wy) <
lim infj_, oo F”(wp, ). Combining this with Eq. 3.3 we obtain

inf FY(w) < F¥(ws)

weW(Q1,K1)
< lim inff”(wnk) = lim F'(wp) = inf FY(w).
k—o00 n—0oo weW (R1,K1)
In particular, ¥ (wy) = inf F¥(w), meaning that w
weW(R1,K1)
is a minimizer of F°. O

In the following we investigate two examples, which are
relevant for the numerical examples in Sect. 6.

Example 3.7 We considerthat W (21, K1) = WP (Qq, K1)
with py > 1, 0 <s <l andfixk = N.

If the operator F is norm coercive in the sense that the
implication

lwallLp1 (@, w1y = +00 = IFWn)ll L (g, mM2) — +00
34

holds true for every sequence (w;),e in WP1(Qq, K1) C
WP (Qy, RM1), then the functional Fld,,d]
WHPH(Qy, K1) — [0, 00]:

FAdz, di] = [F(w), v]i},, + aRpa;)(w)

is coercive. This can be seen as follows:

The inequality between dy and dpm, |k, x &, resp. d2 and
dgrm; |k, x K, S€€ Assumption 2.1, carries over to Flda, d]
and Fldpm, |k, x ks> dga |k x K 15 1€

]:[d21 dl](w) = ]:[dIRMZ |K2><K27 d]RMl |K|><K1](w)

for all w € W5P1(Q, K}).

Thus, it is sufficient to show that Fldpm, |k,xk,»
dpm |k xk, ] © WSPH(Q, K1) — [0, o0] is coercive: To
prove this, we write shortly F instead of Fldyum,|k,xk,,
dpm |k xk,] and consider sequences (wj)peN in
W#P1(Qq, K1) with ||wn||Ws.p|(Ql’RM|) — 4ooasn — oo.
We show that F(w,) — +00, as n — 00. Since

— P1
T (A [

P1 2
+ |wn|W.§,pl (Q[,RMI))

the two main cases to be considered are ||wy || ; p, (@ RM1) —>
“+00 and |wn |Ws,p] (Q],IRM] ) — 4-00.

Case 1 |Jwy |l p (@, RM1) —> +00.

The inverse triangle inequality and the norm coercivity
of F, Eq. 34, give [|F(w,) — vllez(QLRMZ) >
IF )l L2 (0, mM2y — VI L2 (@, mM2) — +00. Therefore,
also

Fwy) = IFwy) — vl

LP2 (S, RM2)
Hwn(x)_wn(Y)”%lMl !
+o e ”N+p]s o (x—=y)d(x,y)— +4oo.
QI xQ Yligw

Case 2 |wp|ys.p (@, gy = +00.

If I = 0, then Ryq,] is exactly the W*P1(Q, RM1)-semi-
norm |w|ys.py (q, g and we trivially get the desired result.
Hence, we assume from now on that / = 1. The assumptions
on p ensure that there exists a T > 0 and n; > 0 such that

Sri={(x,y) € Q1 xQp:p(x—y) =1}
={(x,y) € Q1 x Q1 : [lx = yllgy =< n¢},

cf. Fig. 1.
Splitting 27 x € into S; =: & and its complement
(Q1 x Q1) \ S =: &, we accordingly split the integrals

|wn|WS’pl(Ql,IRM1) = d(x,y) and
Q1 xQ [lx—) ”IRN
_ , llwn = DIy
consider again two cases [ ———x - d(x, y) = 400

5 Ie=ylgy
Jn 0O =wn N1 7y

|
and [ v d(x, y) = +00, respectively.
& ylgy
llwn () —wn (N7
Case 2.1 | N+F,SRM1 d(x,y) = +o0.
lx=yllgn

By definition of S we have p(x — y) > t > 0 for all
(x, y) € S. Therefore,
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SC

QIXQI

p(T — o)

Fig.1 The stripe S = S; if Q1 is an open interval and its connection to the radial mollifier p for fixed y € Q|

/ lw,(x) — wn(y)||£lM1

Vi P =y dlx,y)

x = yllgn

§ ff () = wa 112, o) > o0,

N+pis
Il = ylign"

Since o > 0, it follows

Flwn) = IF@n) =l o g

llwn (x) — wn(y)”]RMl
+ o
/ N+pis
x = ¥lpNy

plx —y)dix,y)
S

—+00

lwn (x) — wn(y)IIRMl
N a/ pGx = y)d(x, y)
S

N+ 18
¥ = Yllpn”

>0

— +00.

llwp (x)—wy ()17} M
. “N+p13R ! d(x,y) = +o0.

For (x,y) € &° it might happen that p(x — y) = 0, and

. . llwn () —wn ()17 My
thus instead of proving F(w,) > [ W— o(x —
S y
y)d(x,y) — +o0, as in Case 2.1, we rather show that
F(w,) > ||[F(w,) — ILM(Q RM2) T —+o00. For this it is
sufficient to show that for every ¢ > O there is some C € R
such that the implication

Case2.2 [

IF@) = vI172, o oy =

holds true for all w € WSPLH(Q, Ky) C
WS PL(Q1, RM1). To this end let ¢ > 0 be given and con-
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sider an arbitrarily chosen w € W*%P1(Qq, K;) fulfilling
IF(w) — vIIL,,z(Q RM2y =€

Then [|F(w) — vll1ry (g, rM2) < "%/c. Using the triangle
inequality and the monotonicity of the function % : ¢ +—> 72
on [0, +00), we get further

I, 6 o)

= [F@) = v+l o )
P2
= (”F(w) =Vl pr @, mrM2) + ||U||Lﬂ2(QZ,RM2))
=< (P%/E‘f‘ ||U||Lpz(92,]RM2) )pz =:c (3.5)
Due to the norm coercivity, it thus follows that |w || ; , (@1 RM1)

< ¢, ¢ some constant. Using [55, Lemma 3.20], it then fol-
lows that

lw@) = w g, < 27w,

+27 7 w12, (3.6)

for all (x, y) € Q1 x Q1. Using Eq. 3.6, Fubini’s Theorem
and Eq. 3.5 we obtain

f lwe) — w) LY, dee, »)
Q]XQ]

= [ e,

QxR
+ 27w i, dCx, )

|szl|fzf“ w2, de

n mn/zl’l*luw@)nwl

Q)
=211 [ 2w f, ds
Q)
—2m iy ] < 2n |y e,

LP1(Q RM1) —
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Combining ||x — y[lgy > nr > Oforall (x, y) € S with
the previous inequality, we obtain the needed estimate

@) — w2,
/ ||x—y||N+”” )

&

nNﬂm [ 1w = wmig, ey

1
= W / lw(x) — w(y)”RM| d(x, y)

T Q1 xR
201 IQ] | cP1

N+pis
Nt

The second example concerns the coercivity of F[d;, d;],
defined in Eq. 2.9, when F denotes the masking operator
occurring in image inpainting. To prove this result, we require
the following auxiliary lemma:

Lemma 3.8 There exists a constant C € R such that for all
we WSPH(Q,RMY), 0<s<1,1€{0,1}, 1 < p1 < 00
and D C Q1 nonempty such that

10l g

=C | w2, o o)

pl(x — y)d(x, y)

f ) = w2y,
N+

. I = vl
1X82

3.7

Proof The proof is inspired by the proof of Poincaré’s
inequality in [29]. It is included here for the sake of com-
pleteness.

Assume first that / = 1. Let S be as above,

S:={(x,y) € Q1 x
={(x,y) € Q1 xQp:

tp(x —y) =t}
lx — yllgy <n}

If the stated inequality Eq. 3.7 would be false, then for every
n € IN there would exists a function w, € W71 (1, RM1)
satisfying

||wnHL,,1(D]RM|) > (Hwnllel(Q \D.RM1)
[lwy (x)— wn(y)” M
RM _
/ e PG2)
QI x RN

(3.8)

By normalizing we can assume without loss of generality

() ||wl’l||Lpl(D RM1) =1

Moreover, by Eq. 3.8

(11) ”w"”LPl(Q \D, ]RM])

lwy (x)— wn())”
Gii) [ ——— mM

M
B p(x — y)d(x, y) < L.
Qe vy

N+pys p ()C

p1
LP1 (Ql 1RM1)

<1+;<21s

By item (i) and item (ii), we get that |w, ||

”wn”Lpl (D.RM1) + ”w””Lm (Q1\D,RM1)
bounded. Moreover

llwa (x) = wa (N2
lwall,, / Bl d(x, y)
Mys.ri(Q,RM1y — llx _y”N+p1s
llwn (x) = wa (N 15y
RM1
+/ e =yl A
S
1 IIwn(X)—wn(y)IIRM,
;/ B N+p|‘ (x_y)d(xsy)
S ”X ]RN
+ il ||| 4
N+p1s Wa LP1(Q;,RM1)
12t
R
B N T
< ; + W =!c < 00,

where ¢ is independent of n. This yields that the sequence

(Wn)nen is bounded in W*P1(Q1, RM1) by (2+c)ﬁ .By the
reflexivity of W*71(Q, RM) for p; € (1, o0) and Lemma
2.8, there exists a subsequence (wy; ke Of (Wy)neN and
wy € WSPI(Q, RM1) such that wy, — w* strongly in
LP1(Q1, RM1) and pointwise almost everywhere.

Using the continuity of the norm and dominated conver-
gence, we obtain

1) [Jw* = 1, in particular, w* is not the null
LVI (D.RM1) — p

function on D,

(i) |lw* ||Lp1 (@Q\D.RM1) = = 0 since n € N is arbitrary and
hence w* =0on Q; \ D.
(ii1)
|
lim inf —
n—o0o n
w0 = wa P,
lenn—l>lf>%f/ ||)C— ||N+P1V (x—y)d(x,y)

> M%‘/wmm—w(w%m
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ie., w*(x) = w*(y) for (x, y) € S yielding that w*
locally constant and hence even constant since €2 is
connected,

which gives the contradiction.

In the case [ = 0 we use similar arguments, where the
distance ||x — y[lgw~ in the last inequality can be estimated
by diam|€21]| (instead of 1) since 2 is bounded. m]

Remark 3.9 In case [ = 1 it follows that the sharper inequal-
ity holds true: There exists a constant C € R such that for
allw e WSPH(Q,RM), 0<s <1, 1< p1 < oo and
D C Q1 nonempty such that

p1

10l o

P1
S C ||w||Lpl(Q|\D,RM1)

P1

+/ Jw(e) — w2y,

N+pis p'(x = y)d(x, y) (3.9)

”x - y”]RN

Example 3.10 As in Example 3.7, we consider that
W1, K1) = WSPI(Q,Ky) with p; > 1, 0 <s < 1
and fix k = N.

Assume that F is the inpainting operator, i.e.,

F(w) = xo,\p(w),

where D C @1, w € W%P1(Q, K). Since the dimension
of the data w and the image data F(w) has the same dimension
at every point x € Q, we write M := M| = M>.

Then the functional F[d», d;] WPL(Qq, K1) —
[0, oo]:

Flda, di] = [F(w), v]{7 | + aRyay1(w)

is coercive for p» > p1:
The fact that pp > p; and that 2 is bounded ensures that
L7 (@\D,RM) € L7 (Q;\D. RM). (3.10)

The proof is done using the same arguments as in the proof
of Example 3.7, where we additionally split Case I into the
two subcases

Case 1.1 ||wpllpp (p gM)y —> +00
Case 1.2 ||wy |l r @\ p rM) —> +00

and using additionally Lemma 3.8, Egs. 3.9 and 3.10.
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4 Stability and Convergence

In this section we will first show a stability and afterwards a
convergence result. We use the notation introduced in Sect. 2.
In particular, W (€21, K1) is as defined in Eq. 2.5. We also
stress that we use notationally simplified versions JF° of
Folda, di] and R of Rq,; whenever possible. See Egs. 2.6,
2.7 and 2.8.

Theorem 4.1 Let Assumption 3.2 be satisfied. Let v° €

LP2(Q2;, K3) and let (v,;)neN be a sequence in LP2 (2, K»>)
such that vy, v‘s]][dz] — 0. Then every sequence (W,)neN
with

wy, € argmin{F;*[dy, diJ(w) : we W(Qy, K1)}

has a converging subsequence w.r.t. the topology of
W (21, K1). The limit w of any such converging subse-
quence (Wp, kel is a minimizer of .7:”ls [da, di]. Moreover,
(R(wy,))kew converges to R(w).

The subsequent proof of Theorem 4.1 is similar to the
proof of [55, Theorem 3.23].

Proof For the ease of notation, we simply write 7" instead
8 ~ ~
of Fy [da, di] and v, 0] = [[v, 0])d,]-
By assumption the sequence ([v,, v*]) e converges to
0 and thus is bounded, i.e., there exists B € (0, +00) such
that

[vn, v’] < B foralln € IN. (4.1

Because w;, € argmin{F" (w) : w € W(2y, K1)} itfollows
that

Flr(wy) < Fr(w) forallw € W(1, K1). 4.2)

By Assumption 3.2 there is a w € W(i, K1) such that
7 (W) < oo. Set ¢ := 27271, Using Assumption 3.2 and

applying Lemma 3.5, Eqs. 4.2 and 4.1 implies that for all
nelN

F (wy) < cF'"(wy) + v, v‘sﬂpz
< cF"(w) + cBP?

< c[c]:”(S (w) + c[[vs, vn]]”z] + cB?
< czfva(w) + (¢* +c)B™”
< c3(_7:”0(w) + [[vo, v’s]])

+ (c? +)BP* = m < 0.

Applying again Lemma 3.5, we obtain F’ (wn)fcj’-‘”(S (wp)+
c[v?, v°]P2 < m + v, v°]P? =: i < oo. Hence, from
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item (3.1) it follows that the sequence (w,),eN contains a
converging subsequence.

Letnow (wy, )re be an arbitrary subsequence of (w;,),en
which converges in W(Q1, K1) to some w € W (2, RM1).
Then, from Lemma 2.8 and the continuity properties of
F it follows that w € W(R, K1) and (F(wy,), vy) —
(F(@), v®) in LP2(2, K2) x LP2(§2, K»). Moreover, using
Lemma 3.4, Eq. 4.2 and the triangle inequality it follows that
for every w € W(R21, K1) the following estimate holds true

7 (@) = [F@), v’]" + aR ()
< [F), v°]”* 4+ « lim inf R (wy,)

< [E(), v’]P* + « li]fn sup R(wp,)
—00

< lim inf [F(wy,), vp, [7? + o lim sup R(wp, )
k— 00 k—o00

< lim sup F" (wy, )
k— 00

< lim sup F"* (w)

k—o00

P2
= (hm sup[F (w), vnk]}> + aR(w)

k— 00
< (nm sup ([F(w). v’] + [v°. vnkﬂ))m +aR(w)
= li;rf;:([[F(w), Un JP? + aR(w))
= [[FZ; V)72 + aR(w)
=7 ().

. - S 5 . -
This shows that @ is a minimizer of 7” . Choosing w =
in the previous estimate, we obtain the equality

[F(w), v°]7* 4 aR ()
= [F(w), v’]”> + olim inf R (wy,)

= [F(w), vg]]‘”2 + o lim sup R(wy, ) .

k—o00
Due to [F(), v’]P? < fva(&)) < m < oo this gives
R@@) = lim R(wy,).
k— o0

m}

Before proving the next theorem, we need the following
definition, cf. [55].

Definition 4.2 Let v° € LP2(Q», K»). Every element w* €
W (21, K1) fulfilling
F(w*) = v’

R(w*) = min{R(w) : w € W(4, K1), F(w) = v°}.
(4.3)

is called an R-minimizing solution of the equation F(w) = v°
or shorter just R-minimizing solution.

The following theorem and its proof are inspired by [55,
Theorem 3.26].

Theorem 4.3 Let Assumption 3.2 be satisfied. Let there exist
an R-minimizing solution w' € W(Q4, K1) and let a :
(0, 00) — (0, 00) be a function satisfying

sP2
a(s)

a(8) — 0and — 0 fors — 0. “4.4)

Let (8,)nelN be a sequence of positive real numbers converg-
ing to 0. Moreover, let (V) elN be a sequence in LP2(Q2, K7)
with [[vo, Unllidy] < 8y and set ay == a(8p).

Then every sequence (Wy),eN of minimizers

wy € argmin{Fy [da, di](w) : w e W(Qy, K1)}

. WL
has a converging subsequence w,, — w as k — oo, and
the limit w is always an R-minimizing solution. In addition,
R(wy,) = R(w).

w
Moreover, if w' is unique, it follows that w, — w' and
R(wy) — R(w").

Proof We write shortly [-, -] for [, ]d,]. Taking into account
that w, € argmin{Fy"[d2, di](w) w e W(Q, Ky)} it
follows that

[F(wn), va]?> < Fr (wn) < For (w')
- [[vo, v P2 + aRw") <8 + a0, R(w") = 0,

yielding [F(w,), v,] — 0 as n — oo. The triangle inequal-
ity gives [F(w,), v°] < [F(wp), va]+ [va, v°] — Oasn —
oo and Remark 3.1 ensures ||F(w,,) —Y ||L1’2(522,IRM2) <
[F(wy), voﬂ — 0 asn — 00, so that

F(w,) — v’ in LP2(Q,, RM2). (4.5)
Since
1 1 ;
R(wp) < _—7:22 (wy) < _-FZ’; (w")
oy oy
1 . 61’2
= — ([[UO’ Un]]p2 + CY,J?,(LU')) = - + R(U)T)s
oy U
we also get
lim sup R(w,) < R(w"). (4.6)

n— 00

Set omax := max{a, : n € IN}. Since
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lim sup ]:EZ (wy,) < limsup ([[F(wn), vo]]f”2 + amaxR(wn))

n—o00 n—o0

= O‘maXR(wT)

the sequence ;ng;ax (wp) is bounded. From Assumption 3.2,
item (3.1) it follows that there exists a converging subse-
quence (wy, )keN Of (Wp)nen. The limit of (wy, )ken is
denoted by w. Then, from Lemma 2.8 it follows that w €
W (21, K1). Since the operator F is sequentially continuous,
it follows that F(w,,,) — F(w) in LP2(2,, K7). This shows
that actually F(@) = v° since Eq. 4.5 is valid. Then, from
Lemma 3.4 it follows that the functional R : W (21, K1) —
[0, +o00] is sequentially lower semi-continuous, so that
R(w) < liminfi_ s R(wy,). Combining this with Eq. 4.6,
we also obtain

R(W) < liminf R(wy,) < limsup R(w,,) < R(w’)
k—00 00

< Rw),

using the definition of w’. This, together with the fact that
F(w) = v° we see that w is an R-minimizing solution and
that limy_, o0 R(wy, ) = R(W).

Now assume that the solution fulfilling Eq. 4.3 is unique;

we call it w'. In order to prove that w, LV> w, it is suffi-
cient to show that any subsequence has a further subsequence
converging to w', cf. [55, Lemma 8.2]. Hence, denote by
(wy, ke an arbitrary subsequence of (wj), the sequence
of minimizers. Like before we can show that fgo(wnk)
is bounded and we can extract a converging subsequence
(wnk,)le]N- The limit of this subsequence is w’ since it is

the unique solution fulfilling Eq. 4.3, showing that w, ¥
w’. Moreover, w’ ¢ W (21, K1). Following the arguments
above, we obtain as well lim,_, oo R(w,) = R(uﬂ). O

Remark 4.4 Theorem 4.1 guarantees that the minimizers of
Fyrlda, di] depend continuously on v®, while Theorem 4.3
ensures that they converge to a solution of F(w) = v?, v° the
exact data, while « tends to zero.

5 Discussion of the Results and Conjectures
In this section we summarize some open problems related
to double integral expressions of functions with values on
manifolds.

5.1 Relation to Single Integral Representations

In the following we show for one particular case of func-
tions that have values in a manifold, that the double integral

formulation R[q,], defined in Eq. 2.8, approximates a single
energy integral. The basic ingredient for this derivation is
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the exponential map related to the metric d; on the manifold.
In the following we investigate manifold-valued functions
w e W2(Q2, M), where we consider M € RM*! (o be a
connected, complete Riemannian manifold. In this case some
of the regularization functionals Ryq,], defined in Eq. 2.8, can
be considered as approximations of single integrals. In par-
ticular, we aim to generalize Eq. 1.3 in the case p = 2.
We have that

w; . dw
0x1 XN
Vw=| : o | e RV,
dwy . dwy
dx1 XN

In the following we will write R[q,],¢ instead of %Rdl to
stress the dependence on ¢ in contrast to above; the factor
% was added due to reasons of calculation. Moreover, let

0 Ry — Ry bein C° (R4, Ry) and satisty

o
’SN“U(; N () di = 1.

Then for every ¢ > 0

1
xeR" = pe(x) == —p <y
eN e

is a mollifier, cf. Example 2.2.
Rid,1.e (With p1 = 2) then reads as follows:

1

2
Riann.e(w) = 7 f di (w(x), w(y))
QxQ

2 pex — W d(x, y).
”-x - y”RN

6D

Substitution with spherical coordinates y = x — 16 € RV*!
with @ € SN=1 € R¥*! 1 > 0 gives

;I\TR) Riat.e(w)

! d*wx), wx—to)N3p <£) drdodx .

|
<5
™
2 —
—
—
o —y
N

(5.2)

Now, using that form; € M fixed and m> € M such thatm
and m are joined by a unique minimizing geodesic (see, for
instance, [30] where the concept of exponential mappings is
explained)

1 _
Eazd%(ml, my) = —(exp,,,)” ' (m) € RM*!, (5.3)
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where 0> denotes the derivative of d12 with respect to the
second component. By application of the chain rule we get

1 2
— 5 Vydi (w(x), w(y))

2
= (Vw()" (xpy,) " (wx) e RV,
N— ——’
eRN*M cRMx1

where w(x) and w(y) are joined by a unique minimizing
geodesic. This assumption seems reasonable due to the fact
that we consider the case ¢ N\ 0. Let - denote the scalar
multiplication of two vectors in RV *!, then the last equality
shows that

%d%(w(xx w(x —16))
- _% [d7 (@), w(cx = 16) + 16)
— d¥(w(x), wx — t@))]
~ (Vi = 10T @xpy o)~ (WD) 16
Thus, from Eq. 5.2 it follows that
giir(l)R[dng(w)

1 o0
~ lim —/ / /((Vw(x—t@))T (€XPy_e)” (W(x)))

eN\o eV
Q sN-1 0

t
0 (zN—Zﬁ <7)> dr do dx .
&€

Now we will use a Taylor series of power O for t > Vw(x —
t0) and of power 1 for ¢ — (e:xpw(x_,g))_1 (w(x)) to rewrite
Eq. 5.4. We write

(5.4)

F(w; x,1,0) == (expy ) (w(x)) € RM*! (5.5)
and define
” . . : 1 —1
Fw;x,0) = 1im = | @xPyxp) ™ (W)
— (XPyy) @) | e R (5.6)

=0

Note that because (expw(x))’l(w(x)) vanishes, F(w(x); 0)
is the leading order term of the expansion of (expw(xftg))_1
(w(x)) with respect to . Moreover, in the case that Vw (x) #
0 this is the leading order approximation of Vw(x — ¢6). In
summary we are calculating the leading order term of the
expansion with respect to ¢.

Then from Eq. 5.4 it follows that

. T OON—lA 4
il\I‘I(I)R[d.],e(W)Nglg(l)g—N A O dr

0

e
x/ / ((Vw(x))TF(w;x,9)>-9 6 dx . (5.7)

Q gN-1

The previous calculations show that the double integral sim-
plifies to a double integral where the inner integration domain
has one dimension less than the original integral. Under
certain assumption the integration domain can be further sim-
plified:

Example5.1 If di(x,y) = |lx — yllgm, p1 = 2, then

F(w:x,0) = }{%; (w(x) — w(x — 10))
= Vw(x)f € RM*1,

Thus, from (5.7) it follows that

li{‘r(l)R[dl],g(w) ~x / (Vw(x)TVw(x) dx . (5.8)
& S —

2 VeI,

This is exactly the identity derived in Bourgain et al. [14].

From these considerations we can view limg\ o R[d,},¢ as
functionals, which generalize Sobolev and BV semi-norms
to functions with values on manifolds.

5.2 A Conjecture on Sobolev Semi-norms

Starting point for this conjecture is Eq. 2.8. We will write
Q, M and p instead of 1, M and p;.

eInthecase I = 0,k = N,0 < s < 1 and
di(wx), w(®)) = llwkx) — w)|lgm the functional
Ria;) from Eq. 2.8 simplifies to the p-th power of the
Sobolev semi-norm and reads

/ lw(x) = w) I

(x,y).
N+ps
llx —yII]RN’“

5.9
QxQ

For arecent survey on fractional Sobolev spaces, see [25].
e On the other hand, when we choose k = 0,/ = 1 and
di(w(x), w(y)) = w(x) — w(y)|lgm, then Ryq,; from
Eq. 2.8 reads (note p = p, by simplification of notation):

lw(x) — wy)I?,
/ — i BY pe(x — y)d(x, ). (5.10)
”x _y|]RN

QxQ
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e Therefore, in analogy to what we know for s = 1 from
[14], we conjecture that

wx) —w) g
lim / ” 2Ll N T
e=0 Il = ylIZy
wx) —w)ly
e / ” NiiLRM d(x, ). (5.11)
axQ ”x - y”RN

The form Eq. 5.11 is numerically preferable to the stan-
dard Sobolev semi-norm Eq. 5.9, because p = p, and
thus the integral kernel has compact support.

6 Numerical Examples

In this section we present some numerical examples for
denoising and inpainting of functions with values on the cir-
cle S'. Functions with values on a sphere have already been
investigated very diligently (see, for instance, [13] out of
series of publications of these authors). Therefore, we review
some of their results first.

6.1 S'-Valued Data

Let ) # Q C R or R? be a bounded and simply connected
open set with Lipschitz boundary. In [13] the question was
considered when w € W* (2, S!) can be represented by
some function u € W* P (2, R) satisfying

D) =e" =w. (6.1)

That is, the function u is a lifting of w.
Lemma 6.1 ([13])

e Let Q CR, 0 <s <o00, | < p < oo. Then for all
w e WSP(Q,SY) there exists u € WP (2, R) satisfy-
ing Egq. 6.1.

e LetQCRVN>20<s<1,1< p < 00. Moreover,
letsp < lorsp > N, thenforallw € W*P(Q, Sl)there
exists u € WP (2, R) satisfying Egq. 6.1.

Ifsp € [1, N), then there exist functionsw € WP (2, S1)

such that Eq. 6.1 does not hold with any function u €
WS P(Q, R).

For
dgi(a, b) := arccos(aTb), a,be Sl,

(6.2)
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we consider the functional (note that by simplification of
notation below p = p, denotes a mollifier)

df (w(x), w(y))

k+ps
”-x - y”RN

Ridg(w) = / pl(x — y)d(x, y),

QxQ
6.3)

onw € WP (Q, Sl), in accordance to Eq. 2.8.
Writing w = ®(u) as in Eq. 6.1, we get the lifted func-
tional

Rid, ()= /

QxQ

42, (@ () (x), D))
s ”" x”kﬂf; o — v d, ),
X =Yy RN

6.4)

over the space W57 (2, R).

Remark 6.2 e We note that in the case k = 0, s = 1 and
| = 1 these integrals correspond with the ones considered
in Bourgain et al. [14] for functions with values on S'.

e If we choose k = N, s = 1 and [ = 0, then this corre-
sponds with Sobolev semi-norms on manifolds.

e Let ¢ > 0 fixed (that is, we consider neither a standard
Sobolev regularization nor the limiting case ¢ — 0 as
in [14]). In this case we have proven coercivity of the
functional F : WP (Q,S') — [0,00), 0 < s < 1, only
with the following regularization functional, cf. Example
3.7 and Example 3.10:

[ dZ, (w(x), w(y))

N+ps
X —
QxQ ” y”IR,N

pe(x — y)d(x, y).

‘We summarize a few results: The first lemma follows from
elementary calculations:

Lemma 6.3 dgi and dR2|S1xSI are equivalent.
Lemma 6.4 Letu € WP (2, R). Then ® (u) € WP (Q, S).

Proof This follows directly from the inequality |e’¢ —e'?|| <
lla — b| forall a, b € R. O

Below we show that REI(DISI] is finite on W57 (2, R).

Lemma 6.5 Rfﬁsl] maps WP (2, R) into [0, 00) (i.e., does

not attain the value +00).

Proof Let u € W%P(Q2, R). Then by Lemma 6.4 we have
that ®(u) € WP (Q, Sl). Therefore, from Lemma 6.3 and
Proposition 2.13 item (ii) it follows that R[dsl (P (1)) < oo.

Hence, by definition, RF&S 1](u) < 0. O
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6.2 Setting of Numerical Examples

In all numerical examples presented, we use a simplified
setting with

My =M, =M, K =K, =:S!,
pr=p2=:p, k=N, 1l=1,

Q1 = Q> =: Q when considering image denoising, Q21 = 2,
Q, = 2\ D when considering image inpainting, and

w(Q,SH = whP (@, Sh.

As a particular mollifier, we use p. (see Example 2.2),

which is defined via the one-dimensional normal distribu-
tion p(x) = \/L;e

—x2

Regularization Functionals

Let Ryq ) and Rfﬂsl] be as defined in Egs. 6.3 and 6.4,
respectively. In what follows, we consider the following reg-
ularization functional

71w = [ F @00 0 dx + R (0,
Q
(6.5)

on W*2(Q,S') and the lifted variant

P2 dgwi= [ & E@)e. v’ @) drtarf 10
Q
(6.6)

over the space W% 7 (2, R) (as in Sect. 6.1), where ® is
defined as in (6.1). Note that F = F o .

Lemma 6.6 Let @ # Q C R or R? be a bounded and simply
connected open set with Lipschitz boundary. Let 1 < p < 0o
and s € (0,1). If N = 2 assume that sp < 1 or sp > 2.
Moreover, let Assumption 3{§2 and Assumption 2.10 be satis-
fied. Then the mapping ]”-'Z [dgt] : W5P(Q2,R) — [0, 00)
attains a minimizer.

Proof Let u € W¥P(2, R). Then by Lemma 6.4 we have
that w 1= ®(u) € WP (Q, S;). As arguing as in the proof
of Lemma 6.5, we see that ]~:Z [dst]1(u) < oo.

Since we assume that Assumption 3.2 is satisfied, we get
that f}f [dg1](w) attains a minimizer w* € W*?(Q,S!). It
follows from Lemma 6.1 that there exists a function u* €
WP (2, R) that can be lifted to w*, i.e., w* = ®(u™). Then
u™ is a minimizer of (6.6) by definition of Fand ©. m]

6.3 Numerical Minimization

In our concrete examples, we will consider two different
operators F. For numerical minimization we consider the
functional from Eq. 6.6 in a discretized setting. For this
purpose, we approximate the functions u € W*?P(Q, R),
0 <s < 1,1 < p < oo by quadratic B-spline functions
and optimize with respect to the coefficients. We remark that
this approximation is continuous and thus that sharp edges
correspond to very steep slopes.

The noisy data u® are obtained by adding Gaussian white
noise with variance o2 to the approximation or the discretized
approximation of u.

We apply a simple Gradient Descent scheme with fixed
step length implemented in MATLAB.

6.4 Denoising of S'-Valued Functions: The InSAR
Problem

In this case the operator F : W57(Q,S!) — LP(Q,Sh)
is the inclusion operator. It is norm-coercive in the sense
of Eq. 3.4 and hence Assumption 3.2 is fulfilled. For ¢ #
Q C R or R? a bounded and simply connected open set,
1 < p <ooands € (0, 1) such that additionally sp < 1 or
sp > 2if N = 2 we can apply Lemma 6.6 which ensures

that the lifted functional ]?;6 [dgi] : WSP(22,R) — [0, 00)
attains a minimizer u € W57 (2, R).

In the examples we will just consider the continuous
approximation again denoted by u.

One-Dimensional Test Case

Let 2 = (0, 1) and consider the signal u : Q2 — [0, 27)
representing the angle of a cyclic signal.

For the discrete approximation shown in Fig. 2a, the
domain €2 is sampled equally at 100 points. u is affected
by an additive white Gaussian noise with o = 0.1 to obtain
the noisy signal which is colored in blue in Fig. 2a.

In this experiment we show the influence of the parameters
s and p. In all cases the choice of the regularization parameter
ais 0.19 and ¢ = 0.01.

The red signal in Fig. 2b is obtained by choosing s =
0.1 and p = 1.1. We see that the periodicity of the signal
is handled correctly and that there is nearly no staircasing.
In Fig. 2c¢ the parameter s is changed from 0.1 to 0.6. The
value of the parameter p stays fixed. Increasing of s leads the
signal to be more smooth. We can observe an even stronger
similar effect when increasing p (here from 1.1 to 2) and
letting s fixed, see Fig. 2d. This fits the expectation since
s only appears once in the denominator of the regularizer.
At a jump, increasing of s leads thus to an increasing of the
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Lepeedpapeitatyendion.

0 0.2 0.4 0.6 0.8 1

(a) Original and noisy data

0 0.2 0.4 0.6 0.8 1

(¢) Increasing of s

6+ :' L e

[T TIT TR e

1r ::"l‘.

0 0.2 0.4 0.6 0.8 1
(b) Denoised data

61 :.‘ cossentluduid it

1+ _nu'::"

0 0.2 0.4 0.6 0.8 1

(d) Increasing of p

Fig.2 Function on St represented in [0, 27): Left to right, top to bottom: original data (black) and noisy data (blue) with 100 data points. Denoised
data (red) where we chose s = 0.1, p = 1.1, « = 0.19. Denoised data with s = 0.6, p = 1.1, = 0.19 resp. s = 0.1, p = 2, « = 0.19 (Color

figure online)

6 ' 6
5 5
4 4
3 3t

0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4
(a) Original and noisy data

(b) s=0.9, p=1.01

0.6 0.8 1 00 0.2 0.4 0.6 0.8 1
(¢) s=0.001, p=2

Fig. 3 Left to right: original data (black) and noisy data (blue) sampled at 100 data points. Denoised data (red) where we chose s = 0.9, p =
1.01, @ = 0.03. Denoised data with s = 0.001, p = 2, « = 0.9 (Color figure online)

regularization term. The parameter p appears twice in the
regularizer. Huge jumps are hence weighted even more.

In Fig. 3a we considered a simple signal with a single
huge jump. Again it is described by the angular value. We
proceeded as above to obtain the approximated discrete orig-
inal data (black) and noisy signal with o = 0.1 (blue). We
chose again ¢ = 0.01.

As we have seen above, increasing of s leads to a more
smooth signal. This effect can be compensated by choosing
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a rather small value of p,i.e., p & 1. In Fig. 3b the value of
s is 0.9. We see that it is still possible to reconstruct jumps
by choosing, e.g., p = 1.01.

Moreover, we have seen that increasing of p leads to an
even more smooth signal. In Fig. 3c we choose a quite large
value of p, p = 2 and a rather small value of s, s = 0.001.
Even for this very simple signal, it was not possible to get
sharp edges. This is due to the fact that the parameter p
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Fig.4 The function u evaluated on the discrete grid

(but not s) additionally weights the height of jumps in the
regularizing term.

10 20 30 40 50 60
(a) Original data

Denoising of a S'-Valued Image

Our next example concerned a two-dimensional S'-valued
image represented by the corresponding angular values. We
remark that in this case where N = 2 the existence of such a
representation is always guaranteed in the cases where sp <
lorsp > 2, see Lemma 6.1.

The domain €2 is sampled into 60 x 60 data points and
can be considered as discrete grid, {1, ..., 60} x {1, ..., 60}.
The B-spline approximation evaluated at that grid is given by

ui, j) = u(,0) = 4n$ mod 27, i,je{l,...,60}.

The function u is shown in Fig. 4. We used the hsv colormap
provided in MATLAB transferred to the interval [0, 27 ].

This experiment shows the difference of our regularizer
respecting the periodicity of the data in contrast to the classi-
cal total variation regularizer. The classical TV minimization
is solved using a fixed point iteration ([45]); for the method
see also [60].

10 20 30 a0 50 60
(b) Noisy data

10 20 30 40 50 60

(¢) TV-denoised data

10 20 30 40 50 60
(d) Denoised data

Fig.5 Left to right, top to bottom: original and noisy data of an 60 x 60 image. TV-denoised data using a fixed point iteration method. Denoised

data where we chose s = 0.9, p = 1.1, o = 1, 400 steps
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(a) Original RGB image

values on S*

(d) TV-denoised data

(b) Hue component represented
in color, which represent function

(¢) Noisy hue value - again repre-
senting function values on S!

(e) Denoised data

Fig.6 Left to right, top to bottom: original RGB image and its hue component. Noisy hue data with 6> = 0.001. TV minimization is done using
an iterative approach. It is serving as starting point for the GD minimization. Denoised data with s = 0.49, p = 2, & = 2, 500 steps

In Fig. 5a the function u can be seen from the top, i.e.,
the axes correspond to the i resp. j axis in Fig. 4. The noisy
data are obtained by adding white Gaussian noise with o =
+/0.001 using the built-in function imnoisein MATLAB. It
is shown in Fig. 5b. We choose as parameters s = 0.9, p =
1.1, « = 1, and ¢ = 0.01. We observe significant noise
reduction in both cases. However, only in Fig. 5d the color
transitions are handled correctly. This is due to the fact that
our regularizer respects the periodicity, i.e., for the functional
there is no jump in Fig. 4 since O and 27 are identified.
Using the classical TV regularizer, the values 0 and 27 are
not identified and have a distance of 27r. Hence, in the TV-
denoised image there is a sharp edge in the middle of the
image, see Fig. 5c.

Hue Denoising

The HSV color space is shorthand for Hue, Saturation, Value
(of brightness). The hue value of a color image is S'-valued,
while saturation and value of brightness are real-valued.
Representing colors in this space better match the human
perception than representing colors in the RGB space.

In Fig. 6a we see a part of size 70 x 70 of the RGB image
“fruits” (https://homepages.cae.wisc.edu/~ece533/images/).
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The corresponding hue data are shown in Fig. 6b, where
we used again the colormap HSV, cf. Fig. 4. Each pixel
value lies, after transformation, in the interval [0, 277) and
represents the angular value. Gaussian white noise with
o = +/0.001 is added to obtain a noisy image, see Fig. 6c.

To obtain the denoised image, in Fig. 6d we again used
the same fixed point iteration, cf. [45], as before.

We see that the denoised image suffers from artifacts due
to the non-consideration of periodicity. The pixel values in
the middle of the apple (the red object in the original image)
are close to 2 while those close to the border are nearly 0,
meaning they have a distance of around 2.

We use this TV-denoised image as starting image to
perform the minimization of our energy functional. As
parameters we choose s = 0.49, p =2, o =2, ¢ = 0.006.

Since the cyclic structure is respected, the disturbing arti-
facts in image in Fig. 6d are removed correctly. The edges
are smoothed due to the high value of p, see Fig. 6e.

6.5 S'-Valued Image Inpainting

In this case the operator F : W7 (Q,S!) — LP(Q,S") is
the inpainting operator, i.e.,

F(w) = xa\p(w),


https://homepages.cae.wisc.edu/~ece533/images/
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(a) Original image (b) Noisy image (¢) Noisy masked image

(d) Reconstructed image (e) TV-reconstructed image

(f) Original image (g) Noisy image

(h) Noisy masked image

(i) Reconstructed image (j) TV-reconstructed image

Fig. 7 Left to right. Top to bottom: original image and the noisy data inal image and the noisy data with 02 = 0.001. Noisy image with
with @2 = 0.001. Noisy image with masking filter and denoised data masking filter and denoised data with s = 0.4, p = 1.01, ¢ = 0.4,
with s = 0.3, p = 1.01, @ = 0.3, 6000 steps. TV-denoised data. Orig- 10000 steps. TV-denoised image
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(a) Hue component

(b) Image with masked region

(¢) TV-reconstructed image

(d) Reconstructed image

Fig.8 Left to right, top to bottom: original image and image with masked region. Reconstructed image with parameters p = 1.1, s = 0.1, o =2

and ¢ = 0.006, 2000 steps. TV-reconstructed image

where D C  is the area to be inpainted.
We consider the functional

FU dgi 1(w) = / a2, (w(x), v () dx

Q\D
df, (w(x), w(y))
+a —2_,'_[,sps(X—Y)d(st),
olo lx =yl

on WP(2,Sh.

According to Example 3.10, the functional F is coercive
and Assumption 3.2 is satisfied. For # # Q C R or R?
a bounded and simply connected open set, | < p < ©o
and s € (0, 1) such that additionally sp < 1 or sp > 2
if N = 2 Lemma 6.6 applies which ensures that there
exists a minimizer u € W*?(Q, R) of the lifted functional

)
Fo [dgi] - WHP(Q, R) — [0, 00) u € WSP(2, R)
Inpainting of a S'-Valued Image

As a first inpainting test example, we consider two S'-valued
images of size 28 x 28, see Fig. 7, represented by its angular

values. In both cases the ground truth can be seen in Fig. 7a,
f. We added Gaussian white noise with o = +/0.001 using
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the MATLAB build-in function imnoise. The noisy images
can be seen in Fig. 7b, g. The region D consists of the nine
red squares in Fig. 7c, h.

The reconstructed data are shown in Fig. 7d, i.

For the two-colored image, we used as parameters
03, p = 1.0l and ¢ = 0.05. We see
that the reconstructed edge appears sharp. The unknown
squares, which are completely surrounded by one color,
are inpainted perfectly. The blue and green color changed
slightly.

As parameters for the three-colored image, we used o =
s = 0.4, p = 1.0l and ¢ = 0.05. Here again the unknown
regions lying entirely in one color are inpainted perfectly.
The edges are preserved. Just the corner in the middle of the
image is slightly smoothed.

In Fig. 7e, j the TV-reconstructed data are shown. The
underlying algorithm ([31]) uses the split Bregman method
(see [36]).

In Fig. 7e the edge is not completely sharp. There are
some lighter parts on the blue side. This can be caused
by the fact that the unknown domain in this area is not
exactly symmetric with respect to the edge. This is also
the case in Fig. 7j where we observe the same effect.

a = 5§ =
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Unknown squares lying entirely in one color are perfectly
inpainted.

Hue Inpainting

As a last example, we consider again the hue component of
the image “fruits”, see Fig. 8a. The unknown region D is
the string 01.01 which is shown in Fig. 8b. As parameters
we choose p = 1.1, s = 0.1, « = 2 and ¢ = 0.006. We
get the reconstructed image shown in Fig. 8c. The edges
are preserved and the unknown area is restored quite well.
This can be also observed in the TV-reconstructed image in
Fig. 8d, using again the split Bregman method as before, cf.
[31].

6.6 Conclusion

In this paper we developed a functional for regularization
of functions with values in a set of vectors. The regulariza-
tion functional is a derivative-free, nonlocal term, which is
based on a characterization of Sobolev spaces of infensity
data derived by Bourgain, Brézis, Mironescu and Davila.
Our objective has been to extend their double integral func-
tionals in a natural way to functions with values in a set of
vectors, in particular functions with values on an embedded
manifold. These new integral representations are used for
regularization on a subset of the (fractional) Sobolev space
W*P(Q, RM) and the space BV (22, RM), respectively. We
presented numerical results for denoising of artificial InNSAR
data as well as an example of inpainting. Moreover, several
conjectures are at hand on relations between double metric
integral regularization functionals and single integral repre-
sentations.
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