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1 INTRODUCTION

In Fernholz and Karatzas (2009), the question was raised whether there is a relation between Cover's
theory of universal portfolio (which appeared as the very first paper of the present journal, see
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Cover, 1991) and stochastic portfolio theory (SPT henceforth) as initiated by Fernholz (see Fernholz,
2002 and the references therein). After all, both theories ask for general recipes for choosing in a
preference-free way good (at least in the long run) portfolios among d assets, whose prices over time
are given by
s=(s'....87).

Here, the time ¢ varies in T, where T stands either for N = {0, 1, ...} (discrete time) or R, = [0, o0)
(continuous time). In many cases, .S is modeled by a stochastic process defined on some probability
space. We note, however, that one may also consider a model-free approach where .S = (stl, sf),eT
is just a deterministic trajectory with values in (0, c0). Indeed, Cover and Ordentlich's discrete time
results in Cover (1991) and Cover and Ordentlich (1996) are formulated in this model-free sense. The
situation is more subtle in continuous time due to stochastic integration. Jamshidian (1992), extended
Cover's universal portfolio to continuous time under a setting of Itd processes satisfying some asymp-
totic stability conditions.

In SPT, one also seeks robust investment strategies. More precisely, the strategies should be con-
structed using only observable quantities (such as market weights and their quadratic variations) and
should not depend on quantities that are nonobservable or difficult to estimate. In particular, no drift
estimation is involved which is usually required in expected utility maximization. These are exactly
the principles behind the concept of functionally generated portfolios (see Fernholz, 2002, chapter 3).
Although in most of the literature an Itd process setting is assumed, much of SPT can be developed
in a model-free setting as done by Pal and Wong (2016) in discrete time and by Schied, Speiser, and
Voloshchenko (2016) in continuous time. The reason why it works in continuous time is that the value
processes of functionally generated portfolios can be defined without stochastic integration.

In this paper, we connect the two theories and provide additionally a comparison with the numéraire
portfolio, which corresponds to the classical log-optimal portfolio.! Relationships between the two
theories were studied in the recent papers by Ichiba and Brod (2014), and Brod (2014) as well as Wong
(2015). In particular, Wong (2015) extends Cover's approach to the family of functionally generated
portfolios in discrete time and shows that the distribution of wealth in this family satisfies a pathwise
large deviation principle.

1.1 | Summary and discussion of the main results

In this paper, we work under the setting of SPT. Namely, the market portfolio is taken as the bench-
mark, or “numéraire,” so that the primary assets are the market weights which take values in the
open d-simplex defined by A¢ = {x € (0,1)? | Z;’:l x' =1}. Its closure is denoted by AY = {x €
[0,1]9] Zflz | x' = 1}. This enables us to analyze strategies which depend on the market weights, and
the performance of relative wealth with respect to the market portfolio.

1.1.1 | Discrete time

We start by summarizing our results in discrete time. We extend Cover's universal portfolio to a class
of M -Lipschitz portfolio maps denoted by .#. Each element of ™ maps the market weights to
long-only portfolio weights in A¢ (see Definition 3.1).

Denoting by (V,*);°, the relative wealth process corresponding to a portfolio strategy” ()72, we
are interested in comparing the asymptotic growth rates

. 1
Jim_ 7 log (V)
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for certain “optimal” portfolio choices z. More precisely, under suitable conditions we establish asymp-
totic equality of the growth rates of the following portfolios:

e the best retrospectively chosen portfolio at time T in the class .Z := Uﬁ: =4 M (in this context
VT* M will denote the relative wealth at time T achieved by investing according to the best strategy
in .M over the time interval [0, T]);

o the analog of Cover's universal portfolio whose relative wealth process (V,(v))fio is defined in (17)
(here v is a probability measure on . with full support on each #M);

o the log-optimal portfolio among the class of long-only strategies, whose relative wealth process is
denoted by (Vt)fio.

The first two portfolios can be compared in a model-free way (see Theorem 3.9). To compare them
with the log-optimal portfolio, we have to introduce a probabilistic setting. Our main result can then
be roughly stated as follows:

Theorem 1.1. Let (ﬂt);’io be a time-homogenous ergodic Markov process in discrete time describing
the dynamics of the market weights. Then

. . l *,M) ET) l T l -
lim lim T log <VT = Tlglgo T log(Vy(v)) = Th—I};o T log(Vy) €))]

M—o00T—o0
holds almost surely.

Intuitively, this theorem says that a suitable full support mixture of strategies (given by the universal
portfolio) is asymptotically as good as the best one chosen with hindsight, and the log-optimal portfolio
constructed with full knowledge of the underlying process.

1.1.2 | Continuous time

Theorem 1.1, which involves Lipschitz portfolio maps, cannot be extended directly to continuous time
because of stochastic integrals. Instead, we consider functionally generated portfolios (see Section 4)
whose relative wealth processes can be defined in a pathwise manner (see, e.g., Schied et al., 2016). This
choice not only allows model-free considerations but also perfectly connects Cover's theory with SPT
in continuous time. By replacing the set £ by certain spaces of functionally generated portfolios and
assuming that the log-optimal portfolio is functionally generated, we get essentially the same theorem
as above.

Apart from the work by Jamshidian (1992), universal portfolio theory has only been studied spar-
ingly in continuous time; see, for example, the paper Ichiba, Papathanakos, Banner, Karatzas, and
Fernholz (2011) which studied the performance of the universal portfolio under the “Hybrid Atlas”
model. To the best of our knowledge, generalizations to nonparametric families of portfolio maps (in
continuous time) have not been considered so far. In this sense, our results significantly extend the
continuous-time literature.

Although our approach focuses on the mathematical aspects, universal portfolio strategies have also
been studied extensively in an algorithmic framework. See Li and Hoi (2014) for a recent survey and
in particular Hazan and Kale (2015).

1.1.3 | Discussion of the results

Our model-free approach has clear advantages over classical ones which heavily rely on a particular
model choice. Even in the case when the model class (e.g., the Heston model or Lévy models) is



776 Wl LEY CUCHIERO ET AL.

correctly specified, model parameters cannot be estimated precisely and always come with a confidence
interval. So, in practice, the estimated optimal portfolio is always different from the true optimal one.
Our results support the idea that a Bayesian average in the spirit of Cover's universal portfolio is, in the
long run, better than a suboptimal estimate.

As for the original theorems of Cover and Jamshidian, a valid criticism is of course that we only
establish asymptotic equality on a first-order log-return basis. As such, a lot of important information
is lost in the limit. However, one cannot expect to obtain any information on higher order terms unless
further quantitative assumptions are made on the considered models. Cover's aim and also the goal of
the present paper is to be as model-free as possible. Nevertheless, it is of great theoretical and practical
interest to strengthen the asymptotic results to quantitative ones under suitable additional conditions.
We hope to address this important question in future research.

The remainder of the paper is organized as follows. In Section 2, we provide a brief overview (in
discrete time for convenience) of the main topics of this paper, that is, Cover's theorem, the setting
of SPT, and the log-optimal portfolio. In Section 3, we establish Theorem 1.1 in discrete time (see
Theorem 3.10 and Corollary 3.11), whereas Section 4 is dedicated to proving the corresponding state-
ments in continuous time in the setting of functionally generated portfolios and—for the comparison
with the log-optimal portfolio—under the assumption that the market weights follow an ergodic 1td
diffusion (see Theorem 4.11 and Corollary 4.13). Some auxiliary and technical proofs are gathered in
the Appendix.

2 | OVERVIEW OF THE THREE PORTFOLIOS

For expositional simplicity, time is discrete in this section.

2.1 | Cover's universal portfolio

Cover's insight reveals that the “wisdom of hindsight” does not give significant advantages over a
properly chosen “universal” portfolio constructed using only historical and current prices of the assets.
The relevant optimality criterion here is the asymptotic growth rate of the portfolio.

Let us sketch this—at first glance surprising—result in a particularly easy setting (compare Cover,
1991; Cover & Ordentlich, 1996): Fix T € N and think of an investor who at time T  looks back which
stock she should have bought at time ¢ = 0 (by investing her initial endowment and subsequently hold-
ing the stock). There is an obvious solution: pick i € {1, ..., d} which maximizes the normalized log-
arithmic return

(log (S5) —log (7)) - ()

Si=

The problem with this trading strategy is, of course, that we have to make our choice at time t =0
instead of t = T'. Here is the remedy (compare, e.g., Blum & Kalai, 1999): at time ¢t = 0 simply divide
the initial endowment, say le, into d portions of %e, invest each portion in each of the stocks and then

hold the resulting portfolio. At time 7', the normalized logarithmic return satisfies*

d J
1 1 1 1 ; ;
T log(Vy) > — log <E 2 —T.> >  (log (57) ~log (8)) ~logd) . 3)
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where again i denotes the stock which performed best during the time interval [0, T']. Hence, the differ-
ence between (2) and (3) can be bounded by ]Og#
hold portfolio, which corresponds to a universal portfolio in the sense of Cover, has asymptotically the
same normalized logarithmic return as the—only retrospectively known—best performing stock.

Instead of these “pure” investments, Cover considered a more ambitious setting, namely, all constant
rebalanced portfolio strategies: letb = (b', ..., b%) € A?, thatis, b/ > 0and Z;j:l b = 1. The value of
the corresponding constant rebalanced portfolio (V;(b));2 ) starting at ¥,(b) = 1 is defined by holding
throughout the proportion &’ of the current wealth in stock j, so that V() = 1 and

which tends to zero as T' — oo0. Hence this buy-and-

Vir®) w5t
2=y 4
AR Zl J @)

for each trajectory s = ((s{ )5:1)20 C (0, o0)? of the stocks.
Fix again T and define the quantity V" by

V() = max Vi (b)(s), )]

beAd
which is a function of the trajectory s = (s}, ..., sf)tho. Again, the idea is that, with hindsight, that is,
knowing (stl, e, sf’ )tho’ one considers the best weight b € A? which attains the maximum (5). Cover's

goal is to construct a portfolio which generates wealth that performs asymptotically as well as the
process (V: 7o as T — oo, uniformly over all price paths. For this reason, the portfolio is said to be
universal. In order to do so, let v be a probability measure on A? which replaces the previous uniform
distribution over the d stocks. The universal portfolio is built by investing at time O the portion dv(b)
of initial capital in the constant rebalanced portfolio V'(b) and by subsequently following the constant
rebalanced portfolio process (Vt(b));T:o' The explicit formula for the wealth is

Vi(v)(s) = /A Vi(B)()dv(b), (6

where V,(b) is defined by (4). The portfolio weight of the corresponding universal portfolio is given
by the wealth-weighted average

Jza DV, (B)(5)dv(b)

by (s) = : (7
’ Jaa Vib)(s)dv(b)
Let us now recall Cover's celebrated result:
Theorem 2.1. (Cover, 1991): Let v be a probability measure on A¢ with full support. Then
lim 4 (log(V(v)(s)) — log (V;i(5))) =0 8)
T-oo T r T
for all trajectories s = (sll, cees sf);‘io for which there are constants 0 < ¢ < C < oo such that
sj
CS%SC, forall j=1,...,d andall teN. 9
s

t

The proof is given in the Appendix.
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Remark 2.2. As shown by Cover and Ordentlich (1996), the condition (9) can be dropped at least when
v is the uniform or Dirichlet (%, e, %) distribution on A? (see also Blum & Kalai, 1999, for an elegant
proof in case of the uniform distribution).

Remark 2.3. Let M I(Ad ) be the set of probability measures on A, For each y € M 1(5" ), consider
the value f ad Vr(0)(s)d u(b) of the mixture portfolio with initial measure u. Note that the constant
rebalanced portfolio V() corresponds to the case where u is the point mass at b. It is easy to see that

sup / Vr(b)(s)d u(b) = Vi (s),
ueM;(d) JAd

where VT*(s) is defined by (5). It follows that the universal portfolio (6) (with initial measure v) is still
asymptotically optimal in the larger class

~a DV, (b)d u(b -
M |lue Ml(Ad) ) (10)
Jaa VibX&du® )

2.2 | SPT, portfolio maps, and the corresponding universal portfolio

In SPT, we let (s, ..., s?) denote the market capitalizations of the stocks rather than their prices. Then
we define the vector of market weights (u', ..., u?) € A? by
1 d
s s
W' .ouh= :
sl oo 454 sl oo 4 54

This amounts to taking the market portfolio (whose value at time 7 is Z;I:] s{ ) as the numéraire (com-

pare Delbaen & Schachermayer, 1995 and Fernholz & Karatzas, 2010a).

The relative wealth process (V;" )2

=0’
is obtained by the following recursive relation:’

expressed in units of the market portfolio and starting at V, = 1,

b d J

|4 i

+1 J t+1

V,” = __E 7'[H_l—j . (11
Jj=1 Hy

In general, we allow all predictable, admissible trading strategies (,);° , where the portfolio weight
7, is used over the time interval [t — 1,¢]. In this paper, all trading strategies are fully invested in the
equity market, that is, the portfolio weights sum to 1 for all ¢. In particular, the strategies do not lend
or borrow money. Henceforth, all wealth processes are measured in units of the market portfolio.

We will focus on trading strategies defined by (deterministic) portfolio maps. These are (Borel)
measurable functions

x: AY > AY, (12)
which associate to the current market capitalization y; = (,utl, e y;j ) the weights (z(y,) =
(z( He)soons d( 1)) according to which an agent distributes current wealth among the d stocks at time ¢.

The constant rebalanced portfolio strategies considered by Cover correspond to the constant functions
. Ad _, Rd
A% - A?.
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In this paper, we extend Cover's theory of constant rebalanced portfolios to certain families of port-
folio maps. First, we note that Cover's and Jamshidian's definition of a universal portfolio as in (7) and
(6) can be easily extended to a general setting. Let G denote some appropriate space of portfolio maps,
B(Q) its Borel o-algebra and v some probability measure on G.

Definition 2.4. Let v be a probability measure on (G, 3(G)). Then, the corresponding universal portfolio
at time ¢ is given by the wealth-weighted average

fg V7 dv(rx)
m = 13)
/g VZdv(r)
From (11), it is easily seen that the wealth generated by z" is given by
Vr(v) = /g Vidv(z). (14)

2.3 | The log-optimal portfolio

To define the log-optimal portfolio, we consider a probabilistic setting. The stock price process

S=(S,..., Std 0, and the corresponding relative market capitalizations y = (,ut1 yeees ,utd o Are now
assumed to be stochastic processes defined on a filtered probability space (, F, (F);2 ), P).

There is a large literature on the log-optimal portfolio (see, e.g., Becherer, 2001; Karatzas &
Kardaras, 2007 and the references given there). For a fixed horizon T, this portfolio is by definition the
maximizer of the expected logarithmic growth rate

[E[log(VT)]—[E Zlog Zn’m 7 (15)
=0

j=1 Hy

over all predictable, admissible trading strategies (zr,)thl. Under mild assumptions on the process
a unique optimizer exists; see, for example, Becherer (2001) and Kramkov and Schachermayer
(1999).

To connect the log-optimal portfolio with universal portfolios in the sense of Definition 2.4,
we need appropriate assumptions. We will assume that u is a time-homogenous Markov pro-
cess, and we will restrict to long-only portfolios in the optimization of (15). These imply that
the optimal portfolio in (15) (over the set of predictable processes taking values in A“) has
the form 7, = #(u,_,), where 7 : A% — A¢ as in (12). We denote the corresponding optimizer
by 7.

The Markovian assumption can be motivated by the stability of capital distributions of equity
markets (see Fernholz, 2002, chapter 5). In SPT, this led to systems of interacting Brownian par-
ticles whose dynamics depend on their relative rankings. Under suitable conditions, these systems
show behaviors observed in large equity markets. See, for example, Banner, Fernholz, and Karatzas
(2005) and Ichiba et al. (2011) for “Atlas”-type models and the references therein.® We also refer to
Kardaras and Robertson (2012) which studies the growth optimal portfolio in a Markovian setting with
uncertainties.
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31 A COMPARISON OF THE THREE APPROACHES—THE
DISCRETE TIME CASE

Throughout this section, we work in discrete time and assume that the market weights are described
by a d-dimensional path y = (y,)2, with values in A?. We consider as far as possible a model-free
approach, but will introduce a probabilistic setting when the log-optimal portfolio is involved.

3.1 | Definitions of the portfolios

We start by defining rigorously, in the present setting, the three portfolios introduced in Sections 1
and 2.

3.1.1 | The best retrospectively chosen portfolio

Consider Cover's theme of choosing retrospectively at time T a strategy which is optimal within a
certain class of strategies, in our case portfolio maps 7 : A - A?. A moment's reflection reveals
that it does not make sense to allow to choose among all measurable functions z : A? — A“. Indeed,
there is no restriction to choose z such that z(u,) = e;,), where j(r) € {1, ..., d} maximizes /4{“//4{.
This is asking for too much clairvoyance and does not allow for meaningful results (compare Cover &
Ordentlich, 1996; and Blum & Kalai, 1999, section 5).

However, it does make sense (economically as well as mathematically) to restrict to more regular
trading strategies. In particular, we work with the following set of M -Lipschitz portfolio maps. For
€ > 0, we let A? denote the set of x € A? satisfying x/ > 2, forj=1,...,d. Also we let || - ||, be the
usual 1-norm.

Definition 3.1. For M > 0, we denote by .Z™ the set of all M-Lipschitz functions A4 — A‘Jiw_l , that
is, [[7(x) = zWl; < Lllx = yll;, x, y € A%,

Remark 3.2. The set M of M-Lipschitz functions 7 : A? — A‘jw
respect to the topology of uniform convergence induced by the norm || z||, = sup{||z(x)||; : x € A?}.

_, is a compact metric space with

Remark 3.3. Instead of Lipschitz functions we could just as well consider other compact function
spaces, for example, Holder spaces equipped with a proper norm. This is done in the context of func-
tionally generated portfolios in Section 4.

The retrospectively chosen best performing portfolio among the above Lipschitz maps is defined as
follows:

Definition 3.4. For a given trajectory (”t),T:o e (AYT+! we define

T-1/d #j
* i 1
VT’M = sup V/ = sup H <z ﬂf(yt)t—J;> . (16)

e M reZLM 1 j=1 Hy

By compactness (see Remark 3.2) and continuity of the map « +— V7, there exists an optimizer

M e £M (not necessarily unique) such that V. M — V.7, thus the sup above can be replaced by
max.
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3.1.2 | The universal portfolio
Our aim is to find a predictable process 7™ = (7r,M - that is, one which depends only on the his-
tory of the market weights, such that the performance of (V,* M)Zo is asymptotically as good as that

of (Vt*’M)fio. This can be achieved by the universal portfolio introduced in Definition 2.4, where the
Gis now .ZM as in Definition 3.1. As .#’M is a compact metric space, we may find a (Borel) proba-
bility measure v on (%, || - ||,) With full support; this will be essential for establishing an analog to
Theorem 2.1. The (relative) wealth of the universal portfolio is given, as in (14), by

VM) = /j . Vidv(r). 17)

3.1.3 | The log-optimal portfolio

In order to relate the universal portfolio to the (long-only) log-optimal portfolio, we assume that y =
()72, is a time-homogeneous Markov process (see Section 2.3). Here is a precise statement.

Assumption 3.5. The process y is a time homogeneous, ergodic Markov process with a unique invari-
ant measure ¢ on the open simplex A¢.

We denote the transition kernel of the chain by (o(x, -)),caq, that is, for all Borel sets A C A we
have P[u,,, € A|F,] = o(y,, A). For further notions concerning ergodic Markov processes, we refer
to Eberle (2016).

The long-only log-optimal trading strategy 7, as noted above, is given in terms of a portfolio map.
Given that y, = x € A?, we know the conditional law ¢(x;, -) of Uiy 1- We therefore choose 7(x) € Ad

as the maximizer
~ y
7(x) = arg max </ 10g(<p,—>>p(x,dy)> (18)
Ad X

pEA‘I

and assume that 7(-) can be chosen to be measurable (here {, ) denotes the Euclidean dot product). For
x € A?, define the number L(x) as the value of the optimization problem (18), that is,

L) = may ( / Jtog({n5)) ot dy)) -/ oz ((#00.7) ) ot (19

Considering z(x) = x (which corresponds to the market portfolio) we clearly have L(x) > 0 for each
x € A?. We obtain the a.s. relation
Hy = x] s

L(x)=FE llog (V’jl )
Vi

where V = (f/\t)fio denotes the long-only log-optimal wealth process V7 defined by the portfolio map
7 via (11).

Assumption 3.6. Using the above notation we assume that

L:= / L(x)do(x) < oo. (20)
Ad
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Applying Birkhoff's ergodic theorem for discrete time Markov processes (see Eberle, 2016, theorem
2.2, section 2.1.4), we have the following result.

Theorem 3.7. Under Assumptions 3.5 and 3.6, we have that, for o-a.e. starting value p, € A?,
lim +log(P) = L Q21
T gvr) = L,

the limit holding true a.s. as well as in L'.
More generally, let © © A? — A? be any measurable portfolio map such that

L7 = /M </M log ((n(x), %)) o(x, dy)> do(x) > —o. (22)

We then have, for o-a.s. starting value p, that

.1
lim T log (VT”) =L" (23)

T—

a.s. as well as in L.

In general, there is little reason why the function 7 should have better regularity properties than being
just measurable. On the other hand, we may approximate 7 by more regular functions, in particular by
functions in .Z’M . This will be crucial for comparing the asymptotic growth rates. The following result
is intuitively obvious, but the proof turns out to be quite technical and will be given in the Appendix.

Lemma 3.8. Under Assumptions 3.5 and 3.6, for any € > O there exist M > 0 and an M -Lipschitz
function 7, € ZLM such that

L™tir > [ — ¢,

where L and L™ are given in (20) and (22), respectively. In particular, we have L =
SUp s SUPe oM L7,

3.2 | Asymptotically equivalent growth rates

We are now ready to compare the asymptotic performance of the three approaches. We first establish
an analog of Theorem 2.1.

Theorem 3.9. Fix M > 0 and a Borel probability measure v with full support on ™. For every
trajectory (yt)fio in A?, we have

lim % <10g (Vi’M) —log (VTM(v))) —0. (24)

Proof. The inequality “>” is obvious. For the reverse inequality, we follow the argument of Blum and
Kalai (1999). As .ZM is compact and v has full support, it is not difficult to see that for any # > 0,
there exists § > 0 such that every #-neighborhood of a point 7 € .M has v-measure bigger than &.

Let a trajectory (4,);°  in A“ be given. For a fixed time T, let 7™ € #M be an optimizer of (16).
Consider a portfolio map 7™ € M with ||z™ — z*M||, < n, that is, such that, for every x € A?
we have ||zM (x) — z*M (x)||, = Z;{:] [zM(x)] — M (x)| < .
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Choose # > 0 small enough so that « = yMd < 1 and define, for x € A?,
~ 1 M l—a . M
7(x)=—-a"(x) — —7n"" (x). 25)
a a
Rearranging, we have
™M (x) = (1 - o)z M (x) + aZ(x). (26)

It is easy to see that 7 maps A9 into A?.
Using (26), we have the estimate

1 M 1 M Hiv1
—logV7” == Io " (u,), >>
T g T T =0 g << ' /’l[
= U
> = D log <<(1 — )™M (), >>
=0 Hy
1 .
= —log (VT’M> +1log(1 — ). @7

Fix € > 0. Choosing # > 0 sufficiently small we can make @ = nMd small enough such that the
final term is bigger than —e. Summing up, we have

A
whenever || zM — z*M|| < 5.

Denote by B = B, (M) the || - || ,-ball with radius 7 in .#’™ which has v-measure at least 5 > 0,
where & only depends on 7. As each element 7™ of B satisfies (28) we have

= log (V) 2 ==+ Zog (VM) — e (29)
Now (24) is proved by sending in (29) T to infinity and letting € to zero. O

Note that in Theorem 3.9 we do not need the uniform boundedness condition (9) (compare this result
with Wong, 2015, lemma 3.3). We now combine Lemma 3.8 (which is probabilistic) with Theorem 3.9
(which is pathwise) to obtain—under suitable assumptions—equality of the asymptotic performance
among the three portfolios. We first consider the space .Z™ for a fixed M. In Corollary 3.11, we then
formulate a result for & = J,, <M.

Theorem 3.10. Let Q = (AY)N be the canonical path space equipped with its natural filtration and a
probability measure P. Define u = (u,);2, to be the canonical process, that is, p,(w) = @, which takes
values in A? and satisfies Assumptions 3.5 and 3.6. Moreover, let M > 0 be a fixed Lipschitz constant
for the space M . Consider the following objects that are defined for each trajectory (,u,);’io.]

(i) Define for each T € N the portfolio map ="M € LM as well as the corresponding wealth

VT*’M = VT”*’M asin(16).

(ii) Fix a probability measure v on LM with full support and consider the wealth process of the
universal portfolio (VtM(v));’i0 asof (17).
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(iii) Define the log-optimal portfolio among the portfolio maps = € LM by

#M = arg max / [ / 1og<<n(x),1>)o(x,dy)] do(x) (30)
reg¥M Ad Ad X

and the corresponding wealth process (I//\IM )20 = (Vt’?M )ZO via (11).
Then, we have P-a.s.

.. l *,M) IEETI l M T l <’\M> _ T
hTrrngleog (VT —thllnglog (VT (v)) —jll_I)I;oTIOg V" )= sup L”, 3D

reyM

where L™ is given in (22). In addition, the first equality holds for all trajectories (”I)Zo in AY.
Proof. We firstnote that 7V is well-defined; simply use the compactness of .M with respect to || - ||,
(compare the proof of Lemma 3.8). Note also that by the ergodic theorem (Theorem 3.7), we have for
each r € M

lim L logVZF =L" P-as

T-oo T T T

where L7 is defined by (22). In particular, as z¥ € #M by definition, we have

1. sy
lim — log VM = L™ P-as. 32
ST T T I T ¢

That the first equality in (31) holds for all trajectories (,u,)fio in A4 was shown in Theorem 3.9.
For each fixed T € N, we obviously have

1 ~ 1
T log (VTM> < T log <VT*’M> P-a.s. (33)
Using (32), (33), and Theorem 3.9 we thus have P-a.s.

sup 17 = Jim %log (ﬁTM ) < lim inf % log <V;’M ) = lim inf % log (VM) (34)

On the other hand, by the definition of (IZM )i, as the log-optimizer within the class ZM  we have

E [log (VTM(V))] < sup E [log (V;f)] =E [log (I//\TM)] . (35)

re¥M

To see this, note that the universal portfolio is given by (13). By the time-homogenous Markovianity it
is thus sufficient to dominate the left-hand side of (35) by taking the supremum over elements in .ZM
Combining now (35), Theorem 3.7 and (34) yields that

1 u 1 u
E [hTrrngf?log(VT (v))] < hTrrngf ?[E [log VM (v)]
. 1 SM ]
< -
< jm e o (72

. 1 SM
= Jim 5 1og (7))
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. . 1 s M
< 1 ,
< 11Trrl)1£f T log V.
| M
= 11Trrl)1£leog (VVv), P-as.

Here, the first inequality follows from Fatou's lemma (note here that % 1og(VTM (v)) is bounded from
below, see, e.g., (29)). From this we see that the quantity liminf,_, % log(VTM (v)) is P-a.s. constant
and equal to lim;_, o, % log(I7TM ). This completes the proof of the theorem. |

Next we will send M to infinity in the following way. For M = 1,2,3, ... choose a measure v™ on

#M with full support. Define v = Z;}:l 2=MyM and the wealth of the universal portfolio V' (v) as in
(I'7) by

Vi(v) = / vV dv(r), teN. (36)
z

where £ = UE: | ZM Recall that (17,);'20 is the wealth process of the (long-only) log-optimal port-
folio (18).

Corollary 3.11. Under the assumptions of Theorem 3.10 we have P-a.s.

1 .1 .1 ~
lim lim — log V Th_r)rgo T log V3 (v) = 711—{20 T logVy =L, 37

M—-coT—oo T

where L is defined in (20).

Proof. Letting M — oo in (31), we have

lim hmmfllog VXM = lim sup L*=L= lim llog 171-,
M- T—ooo T M—>ooﬂ_e$M T—oo T

where the last equality follows from Theorem 3.7 and the second last follows from Lemma 3.8. By
construction Vy(v) > 2=M VTM (vM) for every M, so we have by Theorem 3.9 for every M

thl»igf % log Vi (v) > thligf % (—M log?2 + log VTM(VM)) = lijgrligf % log VT*’M
and hence also
) > il ’
llrnilgf T log Vy(v) > A}lgloo 11Tnl>1£f T log V..
Using the same argument as in the last part of the proof of Theorem 3.10, we get

N | .1 PN
lim liminf ? log V = lljgllgf T log V3 (v) = 711_{120 T logVy = L. (38)

M- T—oo

Now the corollary is proved if

1 Vir(v)
lim sup — (log Vr(v) —log VT) = lim sup —log =0 (39)
T- T— T VT
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V,(v)

holds P-a.s. As by Lemma 3.12, ( ’I?

finite limit as # — oo. This in turn implies (39) and proves the assertion. |

)i2,, 1s a nonnegative supermartingale, it converges P-a.s. to a

v, ; . .
Lemma 3.12. The process (%)20 is a nonnegative supermartingale.
t

. d Vo - : :
Proof. First note that for any = : A? — A9, (V+)f20 is a nonnegative supermartingale. Indeed, by
t

Lemma 3.13 we have

vz (m(up), L) v
E |27, -2 / M dy) < L
Vi v, Jad (x(u), 5) v

By Fubini's theorem, we get the supermartingale property of (V(V) o0’

E ’+1(V)|P /V’“dv( )|F
V. z V.,

1+1
Vﬂ.'
=/ E | |F, dv(r)
<z V.

t+1

Here we establish the supermartingale property used in the previous proof.
Lemma 3.13. Let 7 be given by (18). Then for every n : A — A? and every x € A¢,

(7(x), )
fu =t

Proof. We proceed as in the proof of Becherer (2001, proposition 4.3). Fix 7 and a € (0, 1) and define
7% = ax + (1 — a)7. Then by the (long only) log-optimality of 7 we have for every x € A?

(7e0.2)

0< /Ad <log <7’r\(x),§> —log <7r“(X),£>>0(X, dy) = /M /<”a(x)’;> %dz o(x,dy)

(B(x), ) = (7(x), 2) (a(Z(x) = 2(x)), )
Y i
Ad Ad

w0, 3) o Iy

Hence,

Y

/ (n(x), %) x.d )</ (7(x), %) o) < / (7(x), %) o)
—— - 0X, = T~ < v\ X, )
s @@, DY @ D e wae.
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where the last equality follows from z% > (1 — @)7. By Fatou's lemma, we therefore have

(7, L) .Y BRI
/A T dy) = /A lim ——— = o(x,dy) < lim / N dy)

¢ (760, 2) s (o0, ) w0 Jas (xo(0). )

—ali%l—a/Ad <7?()6)’§>a(x, y=1L

4 | THE CONTINUOUS TIME CASE WITH FUNCTIONALLY
GENERATED PORTFOLIOS

This section is dedicated to a similar analysis in continuous time and with functionally generated port-
folio maps (Fernholz, 2002, chapter 3). Using the pathwise It6 calculus developed by Follmer (1981),
we can define the corresponding wealth processes in a pathwise manner for any continuous market
path admitting a quadratic variation process. This allows us to define the best retrospectively chosen
portfolio which is not well-defined in general (and in particular for the Lipschitz portfolio maps).

4.1 | Functionally generated portfolios

We consider the following set of concave functions. For some fixed M > 0 and 0 < a < 1, we define
M = {G e C>%(A%), concave such that IGllc2« £ M and G > ﬁ } ,

where C>%(A?) denotes the Holder space of 2-times continuously differentiable functions from A? —
R whose derivatives are a-Holder continuous. That is,

C**(A") = {G € C* (A | |Gllc2a < o0},

where

DXG(x) — D*G
|Gl c2« = max || DXG|, + max sup | (x) (62
[k|<2 K|=2 yy ”x—y”a

with k denoting a multi-index in N?. For @ = 0, the second term in this norm is left away. Note that G
is only defined on the simplex A“. In order that the partial derivatives are well-defined, we assume that
each G is extended to an open neighborhood of A9 such that G(x) = G(x'), where x’ is the orthogonal
projection of x onto A?. The choice of the extension is irrelevant.

Here is an analytical lemma whose proof is given in the appendix.

Lemma 4.1. For any M, a > 0, the set GM* is compact with respect to || - lc20-

To the set of generating functions GM-%, we associate now the set of functionally generated portfolios
FGM-% in the spirit of Fernholz (2002) defined by

FGM = {zG t A > A4
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. d )
i [ DG DIG() ;\ . _ P
xHMW@)-x(G&)+1—Z;GQ)#)J—LUJJGEQI}.@W

By the concavity of G, 79 takes values in A9, that is, it is long-only (see, e.g., Fernholz & Karatzas,
2009, remark 11.1). The corresponding wealth processes are denoted by v or VO,

For these portfolios, it is possible to obtain a pathwise expression for V. We refer the reader to
Schied et al. (2016) for extensions of this pathwise approach to time-dependent and path-dependent
generating functions. There, this is achieved by applying the functional 1t6 calculus developed by
Dupire (2009) and Cont and Fournié (2010, 2013), which generalizes Follmer's Itd calculus to path-
dependent functionals. In this paper, we only consider functionally generated portfolio maps as defined
in (40).

We adopt the notation of Schied et al. (2016) and fix a refining sequence of partitions (T,)> | of
[0, 0), thatis, T, = {#(,?;,...} is such that 0 = tg < t’l’ < e andtz —ooask - oco,andT; C T, C
Moreover, the mesh of T, tends to zero on each compact interval as n — oco. Furthermore, we denote
the successor of t € T, by ¢'. That is, ¥’ = min{u € T, |, u > ¢}. Throughout this section, the market
weights are described by a d-dimensional continuous path u = (u,),>o with values in A?. Here and
henceforth we let S; be the set of d X d positive definite matrices.

Assumption 4.2. The path (y,),5o admits a continuous S;r—valued quadratic variation [y] along (T,)
in the sense of Follmer (1981), that is, for any 1 <i,j < d and all # > 0 the sequence

> (u—w) (w - )

s€T,,s<t

converges to a finite limit, as n — oo, denoted [u', u/],, such that ¢ — [y’, u’/], is continuous.

The dynamics of the relative wealth process V= built by investing according to z¢ € FGM-* are
given in this continuous-time case by

dV” d i D G(ﬂ )
G t l 4
=3 (2%u))’ —4 =Y Gy e V=1 @1

i=1 i=1

(compare (11) in the discrete time case), where the right-hand side has to be understood as Follmer's
pathwise integral (cf. equation (6) in Schied et al., 2016). Note that the second equality holds by the
definition of z@ and the fact that ¥ dy! = 0.

Using (41) and Follmer's It6 calculus, we have the following pathwise version of Fernholz's (2002)
master equation (also see Schied et al., 2016, theorem 2.9).

Corollary 4.3. Let G € C*(A?) and 9 be defined as in (40). Let (41> be a continuous path satis-
fying Assumption 4.2. Then y° satisfies

Wﬁ=VG_GWﬂ@®ﬂL

= = 0<T < o, 42)
r T G(uy)

where g(dt) = —

1 ij o,
2G(:“t) Zi,j D G(lut)d[)u M ]I'
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4.2 | Definitions of the portfolios

We again consider (i) the best retrospectively chosen portfolio, (ii) the universal portfolio, and (iii) the
log-optimal portfolio. To define the log-optimal portfolio, we will restrict to a specific stochastic model
introduced in Section 4.2.3. In Section 4.2.4, we derive the asymptotic growth rate for this model class
under an additional ergodicity assumption.

4.2.1 | The best retrospectively chosen portfolio

We consider the set of functionally generated portfolios FGM*% and a given continuous path (M0
satisfying Assumption 4.2. For M, a > 0 fixed, we define

VT*’M’az sup VT’”G= sup VF. 43)
zGergM GegM-«

We first prove that an optimizer exists by establishing the following continuity property whose proof
can be found in the appendix.

Lemma 4.4. Let T,M,a > 0 be fixed and (u,),» be a continuous path satisfying Assumption 4.2.
Consider the function G — VTG where VTG is given by (42). Then G — VTG is continuous from (GM-%, || -
lc20) to R.

Proposition4.5. Let T be fixed and (u,),( be a continuous path satisfying Assumption 4.2. Let V; et
be defined by (43). Then there exists an optimizer G. € SM-%and in turn a portfolio ;. generated by
G7. such that

Proof. This is simply a consequence of continuity as proved in Lemma 4.4 and compactness of
(GM2 || - || c20) as shown in Lemma 4.1. O

4.2.2 | Universal portfolio

To define the analog of Cover's/Jamshidian's portfolio in the present setting, let m be a Borel probability
measure on (GM*, || - || c20). Consider the map

F : ¢M* - F6M* G F(G) =", (44)

where 7€ is given by (40). Define now on (FGM-%,| - ||.,) a Borel probability measure v via the
pushforward v = F,m. As in Definition 2.4, we then define the corresponding universal portfolio via

G
frgM.ﬂ EG(MT)V’]{[ dv(ﬂG)

P (45)
T
Jrgua Vi dv(z®)
Analogous to (14), the value of the universal portfolio is given by
v G
A (ORE 2 / Vi v = / V.Edm(G). (46)
FoM-« gM,oz

Remark 4.6. More precisely, we need to verify that the universal portfolio still allows for pathwise
integration and that the value of the portfolio (as a pathwise integral) is given by the right-hand side
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of (46). These claims can be easily checked using the definitions and results in Schied et al. (2016), so
we omit the details.

4.2.3 | Functionally generated log-optimal portfolios

By definition, the log-optimal portfolios requires a stochastic model for the market weights. We
suppose that y = (ytl, N y;i),zo follows a time-homogeneous Markovian Ito diffusion, defined on
(Q,F, (F)i>0, P) with values in A4, given by

t t
My = po t+ / c(ug)Aug)ds + / Ve(u)dWw,, uy € AY, 47
0 0

where \/_ denotes the matrix square root, W is a d-dimensional Brownian motion, A is a Borel mea-
surable function from A? — R, and c¢ is a Borel measurable function from A9 — Si, satisfying

T
/ AT(u)e(u)A(u)dt < o0, VT € [0, 00), (48)
0

c)1=0, Y cxxy =0, vxeA’ (49)

i.J

The requirements in (49) are necessary to guarantee that the process y lies in A¢. Note that ( M0
given by (47) satisfies the so-called structure condition (see Schweizer, 1995) (because of (48) and the
fact that the drift part is of form fot c(u,)A(u,)ds). This structural condition characterizes the condition
of “no unbounded profit with bounded risk” (NUPBR) in the case of continuous semimartingales (see,
e.g., Hulley & Schweizer, 2010).

In this setting, the proportions of current (relative) wealth invested in each of the assets are described
by processes r in the following set:

I1 = {z | H-valued, predictable, R-integrable}, (50)

where the process R is defined componentwise by Ri = fot d;; .Here, H? denotes the hyperplane cor-

responding to portfolio weights that are not necessarily long-only, that is, H? = {x € R?| ZJ , x/ =

1}. Note that the set FGM? is clearly a subset of long-only strategies in IT. The relative wealth process
V7™ satisfies

avr

d

du
=)z 4’, Vi=1 (51)
i=1

In contrast to Section 4.1, this is a usual stochastic integral because we are dealing with general inte-
grands 7. Note that we can also write

T T T T
= E(m * R)y = exp / z d,u,—l/ Z) cwptar (52)
0 \H 2Jo \m Hy
T d d
=exp</0 2 ﬁ——/ Z——c”(u)a’t)
i=1
pd

1
where, for two vectors p, g € R?, p/q always denotes the componentwise quotient (5—1, e q—d).
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Next we consider the log-optimal portfolio defined by (15) (but in continuous time now). As in
Fernholz and Karatzas (2010b, section 3.1), we derive the ratio of two wealth processes V'” and 144
for 7,0 € I1. Using (51) (for the processes x and #) and Itd's lemma, this ratio is given by

d v v’ <77"t 91>T <d ( )etdt>
_ = — | — — — My —c(p)—
ve ) v\ ow ' "y

I (ﬂ - Q>T <\/C(ﬂ,)dW, +e(uy) </1(M,) - ﬂ) dr) .
Vle Ht Hy Hy

The finite variation part of the expression vanishes for every = € II if we choose 6 € I such that

0
c(p,) <_r - A(,u,)) =0, P-as.forallt>0. (53)
Hy

By passing from the scaled relative weights 6/u to ordinary portfolio weights via Fernholz and
Karatzas (2010b, equation (5)), the generic solution of (53), which we denote by 7% is given by

d
=y <li(;4,) +1- Z M,j}»j(/h)> . G4

J=1

Let ¥ be the associated wealth process. From (53), the ratio V,* / f/\', is, for any 7 € II, a nonnegative
local martingale and therefore a supermartingale. Hence 17, yields the relative wealth process corre-
sponding to the log-optimal portfolio (see, e.g., Fernholz & Karatzas, 2010b; Karatzas & Kardaras,
2007). Indeed, by the supermartingale property and Jensen's inequality

E [log(VT”) —log <I7T>] —E llog(?)] < log <[E [I;TTED <o.

Thus E[log(V;")] < E[log(V;)] for all z € II.
By (52), the expected value of the log-optimal portfolio is given by

T
sup E [log V7] = % [ /0 AT(M,)C(M,)ﬂ(u,)dt] .

zell

So far we have optimized over all strategies in I1. In the sequel, we shall mainly consider suprema
taken over smaller sets, in particular over FCM-® Note that in this case the optimizer will still be a
function of the market weights due to the Markov property of (#,),>¢-

In this context, let us also answer the question of when the log-optimal portfolio is functionally
generated. This is needed to relate its asymptotic growth rate to the one of the best retrospectively
chosen portfolio and the universal portfolio.

Proposition 4.7. Let (1,),5 be of the form (47). Then the log-optimal portfolio is generated by a
differentiable function G, that is,

. DGw) DIG(u,)
7=y +1=-Y/—L2) i=1,...d,
’ '< Glu,) 2 G

Jj=1
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if the drift characteristic A satisfies

VG(x)
G(x) '

A(x) = Vlog G(x) = x €A’

Proof. The assertion follows from expression (54). O

4.2.4 | Asymptotic growth rates for an ergodic market weights process

Assumption 4.8. The process yu as given in (47) is an ergodic process with stationary measure ¢ on
Al

With this assumption we derive an expression of the asymptotic growth rate limy_, % log V7. For
the precise notion of ergodicity in continuous time, we refer to Eberle (2016, section 2.2., theorem 2.4,
and section 2.2.3). Assumption 4.8 is essentially satisfied under a mean reversion condition. Examples
include polynomial models for the market weights staying in the interior of the simplex (see Cuchiero,
2019, theorem 5.1) with the subclass of volatility stabilized models (Fernholz & Karatzas, 2005).

In the following theorem, we consider portfolio maps which are not necessarily long-only, but can
take values in the hyperplane H.

Theorem 4.9. Under Assumption 4.8 the following statements hold true:

() Let = : AY — H? be any (o-measurable) portfolio map such that

T
/ ( @ ) c(x)A(x)
Ad X

. 7))\ " (%)
0 .=/M ~ c(x) —~ o(dx) < . (55)

We then have, for o-a.e. starting value p, that

o(dx) < co,

w(x)

.
Jim %log(V{f)zL” = / <T> c(x)A(x)o(dx)

Ad

-
—%/ <@) c(x) <@) o(dx), P-a.s.
Ad

(ii) AssumethatL .= % /Ad AT(x)e(x)A(x)o(dx) < 0. Then, for o-a.e. starting value , it holds that
lim LlogPy =L, P-as
T-oo T ghr == o

The proof of Theorem 4.9 relies on the following lemma which is stated and proved in Fernholz
(2002, lemma 1.3.2).

Lemma 4.10. Let M be a continuous local martingale such that

o1
Th_r)rgo 7TZ(M,M)Tlog logT =0, P-a.s. (56)

Then limy_, o, = My =0, P-a.s.
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Proof of Theorem 4.9. Let us start by proving statement (i). By (51), log V| reads as

T T T
log Vf = / <”(” ’)> ()it - & / <M> (u »”“‘ X (57)
0 My 2 0 2%

T T
+/ (LM) c(p)dw;.
0 Hy

The local martingale part

T T
ME = / (”(”’)> c(updW,
0 Hy

satisfies Condition (56) of Lemma 4.10. Indeed, by the ergodic theorem in continuous time (see, e.g.,
Eberle, 2016, theorem 2.4 and section 2.2.3) and (55) we have

1, vor 1 [T (7w () | T—ooo
?(M’M>T=?/O (7:) (,)ﬂyt dt > 0" <o, P-as.

Multiplying the left-hand side with (loglog T') /T, therefore yields Condition (56) and

T T
L pr = l/ <”(”’)> c(u)dW, — 0, P-as.
0

Hi

Hence, evoking again the ergodic theorem yields

! NN 1T ) )
g vy o ([ (52) = [ (52)
T T
=/ (@) c(x),l(x)o(dx)—l/ (@) c(x)<n(x)> o(d).
Ad X 2 Jad X X

P-a.s. (and also in L'(Q, F, P)) and thus assertion (i).
Concerning statement (ii), note from (53) that the scaled relative weights corresponding to the log-

¢(x) <(7) A )>

Thus, by (57) and (51), log I7T simplifies to

optimal portfolio satisfy

T T
log Vy = % /0 AT (e () My )dt + /0 AT (up) e(u)dw,.

In this case, we have

T

1 2 2 1 T—o0

T(M M >T=T / AT(u)e(u)A(u)dt — 2L, P-as.,
0
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which yields by the same argument as above

T
1.~ 1
TMT = T/o AT (u)Ve(u)dw, - 0, P-as.

and in turn

T
R BN .1
lim ?logVT = lim o /0 AT(u)e(u)A(u)dt = L,  P-as.

T—-o

4.3 | Asymptotically equivalent growth rates

As in discrete time, we will establish asymptotic equality of the growth rates of all three portfolio
types introduced in Section 4.2. First, we compare the best retrospectively chosen portfolio with the
universal one. For an analogous result in the context of optimal arbitrage, see theorem 4.5 of Kardaras
and Robertson (2012).

Theorem 4.11. Let M, a > 0 be fixed and let (u,);5( be a continuous path satisfying Assumption 4.2
such that for alli € {1, ...,d}

S P
71520 T[H s Ml < o0, (58)

Consider a probability measure m on GM-* with full support and set v = F,m with F defined in (44).
Then

1 *
Jim = (log V¥ ~ log ¥, “w) ) = 0,

where VM2 gnd VM- () gre defined in (43) and (46), respectively.

Proof. The inequality “>" is obvious. For the converse inequality, we proceed similarly as in the
previous section (using only generating functions). As m has full support and GM-* is compact, we
have that, for # > 0 there exists some 6 > 0, such that every #-neighborhood of a point G € GM- hag
m-measure bigger than 6.

LetT > 1 and denote by G~ the optimizer as of Proposition 4.5. Consider now a generating function
G such ||G — G ||c20 < 7. Then it follows from (A9) that

[\

1 G G 1 M, M, P
= (log (v9) —10g (V;7)) 2 <—2Mn— <7d n+ =dn ) maxiu' u'ly

Fix € >0 and note that by assumption (58) and continuity of T — %[ui,ui]r on [1,00),

SUPT€[1.00) %[yi , #']7 can be bounded by some constant. Therefore, we can choose 7 sufficiently small
such that Ky < eforall T > 1.
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Denote by B = Bn(G;) the || - || c20-ball with radius # in GM-@ which has m-measure at least § > 0,
where 6 only depends on 1. We then may estimate using Jensen's inequality and (59)

! 1
' ) ,
| [ foue Vi ma) )" § Sy VEm@®) T

Gy Gy - Gy
Vi Vi Vr
[ 60 (V)T m(dG)
. Tm
B, (GON'T
25%—1 W( T) — Zé%e—KT 25%6_6.
(A%
Letting T — oo for any given e (which determines # and in turn 6) yields the assertion. |

To compare the asymptotic performance with that of the log-optimal portfolio, we optimize over
portfolio maps in FGM-% and suppose henceforth that (U)r>0 is of the form (47). Under Assumption
4.8 and from Theorem 4.9 define

20\’
aMa . _ arg max (/ < . > c(x)AMx)o(dx) (60)
Ad

rGeFgMe

G T G
) )

and the corresponding wealth process VM@ by VM-« = 7" \whenever #M* is well-defined. As

sup E [log (VT”G )]

rGergM-e

yields 7M-% as optimizer for all T > 0, pMa corresponds to the log-optimal portfolio among func-
tionally generated portfolios with generating function in GM-%,

Theorem 4.12. Let M, a > 0 be fixed and let (y,),» be a stochastic process of the form (47) satisfying
Assumption 4.8. Moreover, suppose that

/ci"(x)o<dx)<oo, foralli € {1,....d}, ©D
Ad

/ max  |(c(x)A(x))'|o(dx) < co. (62)
Ad i€{1,....d)}

.....

Consider a probability measure m on GM-* with full support and set v = F,m with F defined in (44).
Then

.. 1 s, M, _ q:. . l M., ET) l oM, _
llTIILloI‘}f T log v, = llTHLIOI‘}f T log Vv = Tll_{lgo T log Ve ", Peas. (63)

where I7TM’“ denotes the log-optimal portfolio among FGM*-maps defined via (60), VM2 and
VM-a(y) are defined pathwise in (43) and (46), respectively.
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Proof. We first note that 7 is well-defined. Indeed, the map

G T G 20
GH/ (” (")) c(x)Mx)o(dx)—l/ (” (x)> ()( ()>0(dX)
Ad X 2 Ad X
_ VG()\ " 1 VG(x)\ VG(x)
—/M< ) > C(X)J(X)o(dX)—z/M< G > C(X)< ) >o(dX)

is continuous from (GM-*, || - Il2,0) to R. This together with compactness of GM-* with respect to || - 2.0
imply the well-definedness of 7M-*

Note also that (61) and (62) as well as the conditions on G imply the assumptions of the ergodic
theorem (Theorem 4.9). Hence, we have for each 78 € FGM-* the P-a.s. limit

70

. 1 G
pm eV =1
In particular,

lim llogV = sup L™ = [Me (64)

T—co T Jl'GET'QM'”

holds P-a.s.
Due to (61), we can now apply Theorem 4.11 which implies the first equality in (63). Moreover, we
have by the definition of V; M- for each fixed T the inequality

% log <I7 > < 1 log (Vy el a) , P-as. (65)
Using (64), (65), and Theorem 4.11, we thus have P-a.s.,

1 1 1
M., M.« s, M,a M a
— | %4 < — 8 .
L = lim log ( ) liminf — log <[/ ) = liminf — log < T (v)) (66)

On the other hand, by the definition of (I7M’a) >0 as log-optimizer within the class F'QM “
y ' >0 g-0p

[log( M“(v))] sup [E[log(VT”G>] :[E[log(l/}TM’a)] (67)

nGergM-e

holds. Concerning the first inequality, note that the universal portfolio to build the wealth VTM’a(v) is
given by (45). By the time-homogenous Markovianity it is thus sufficient to dominate the left-hand
side of (67) by taking the supremum over elements in FGM-%,

Combining now (67), Theorem 4.9 and (66) yields,

.. 1 M. .. 1 M,
E hTrrLlorgf?log(VT (v))]sthngf?[E[log(VT (v))]
< fim, € [iog (7")]
im T og
l1m llog (VMa>
o T

| M.a
< IITI‘ILIOI:f T log (VT (v)) , P-as.,
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where the first inequality follows from Fatou's lemma. From this, we see that
11m mf L log ( y M- a(v))

is P-a.s. constant and equal to limy_, % log(I/}YM **). Hence the assertion is proved. O

As in the previous section, we can formulate a result not depending explicitly on the constant M

M

1
on a. Setting & = % we choose for M = 1,2,3, ... ameasure m™ on QM "M with full support. Define

m=Y%_;2"MmM and the process V (v) by

Vr(v) = / , VEm(dG).
0 QMM

M=1

In order to compare the performance with the one of the global log-optimal portfolio, whenever it
is functionally generated, we combine the above results with Proposition 4.7.

Corollary 4.13. Let (u,),>( be a stochastic process of form (47) satisfying Assumption 4.8. Moreover,
suppose that A and c satisfy (61) and

VG
2y = 22 (68)
G(x)
vG vG
L=1/' I o029 ) < o0 (69)
2 Jad G(x) G(x)
for some concave function GecC 2(A). Then we have P-a.s.
lim lim l10 V*’M’% = lim l10 (Vr(v)) = lim l10 Vo)=L (70)
M—-coT—co T g\"r T T5e T sl T T T &)=L

Proof. Note first that L is well-defined due to (69). Furthermore, note that for every € > 0, there exists
1
some M > 0 and some function G € QM M such that

lim llog( ) > 11m —log(VT)+£

T—co

Indeed this simply follows from continuity of G — V¢ as asserted in Lemma 4.4 and by choosing

1 A~ -
G e QM "M close enough with respect to the || - || 20 to the optimizing function G € C2(A?) whose
generated portfolio yields V' due to (68) and Proposition 4.7. By Theorem 4.12, we can therefore con-
clude (following the proof of Corollary 3.11) that

M. . . -
lim liminf — log ( : M) = h}n inf % log(Vy(v)) = Thm %log(VT) =L (71)
— 00 —00

M—-o00 T—oo

holds true. As Theorem 4.11 implies that

. 1 1 # M.
lim sup — T logVy(v) = hm lim sup — T log V. ,

T— -0 T-oco
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the assertion is proved if

1 - . 1 Vr(v)
lim sup — <log Vr(v) —log VT> = lim sup T log —

T—oo T—o0 VT

=0, P-as. (72)

By the considerations of Section 4.2.3 (see also Becherer, 2001, proposition 4.3), it follows that
V(v
(==

1mp11es (72) and proves the statement. |

);>0 18 @ nonnegative supermartingale. It converges [P-a.s. to a finite limit as ¢ — co. This in turn

Finally, a similar result can be obtained by restricting the log-optimal portfolio to the class of C?-
functionally generated portfolios without imposing the drift condition in Proposition 4.7. We denote
by VTf “" the wealth process of the log-optimal portfolio among concave C2-functionally generated
portfolios, that is, 7/*" is defined as in (60), however by taking the arg max over all concave C?-
functionally generated portfolios.

Corollary 4.14. Let (u,),>( be a stochastic process of form (47) satisfying Assumption 4.8. Moreover,
suppose that (61) and (62) hold true. Then

1

* M, .. 1 . 1 fun
hm 11m 1nf — log V M = hTrrngf T logVy(v) = Tlgrgo T log VT , P-as. (73)

T—o0

Proof. The proof is the same as the first part of Corollary 4.13 up to (71). Note that we cannot get
rid of the liminf because the supermartingale argument from the proof of Corollary 4.13 does not
hold. ]
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ENDNOTES

! Henceforth, we only use the terminology log-optimal portfolio.

2 Here, the portfolio weight 7, is chosen at time ¢ — 1 and is used over the time interval [t — 1,].
3 We are grateful to one of anonymous referees for pointing this out.

4 Later we will use V' to denote instead the relative wealth of the portfolio.

3 Here, it is assumed implicitly that the stocks do not pay dividends. This assumption is common in universal and SPT
and allows us to focus on the main ideas.

6 A comparison between the log-optimal portfolio and Cover's universal portfolio is studied in Ichiba et al. (2011).
7To simplify the notations, we will suppress .

8 By a slight abuse of notation, we here write 7 although we do not restrict to long-only portfolios as in Section 2.3.

REFERENCES

Banner, A. D., Fernholz, R., & Karatzas, I. (2005). Atlas models of equity markets. Annals of Applied Probability, 15(4),
2296-2330.

Becherer, D. (2001). The numeraire portfolio for unbounded semimartingales. Finance and Stochastics, 5(3), 327-341.



CUCHIERO ET AL. Wl LEY 799

Blum, A., & Kalai, A. (1999). Universal portfolios with and without transaction costs. Machine Learning, 35(3), 193—
205.

Brod, M. R. (2014). Generating the universal portfolio (Master's thesis). Eidgendssische Technische Hochschule,
Ziirich.

Cont, R., & Fournie, D.-A. (2010). A functional extension of the It6 formula. Comptes Rendus Mathematique, 348(1),
57-61.

Cont, R., & Fournié, D.-A. (2013). Functional It6 calculus and stochastic integral representation of martingales. Annals
of Probability, 41(1), 109-133.

Cover, T. M. (1991). Universal portfolios. Mathematical Finance, 1(1), 1-29.

Cover, T. M., & Ordentlich, E. (1996). Universal portfolios with side information. /IEEE Transactions on Information
Theory, 42(2), 348-363.

Cuchiero, C. (2019). Polynomial processes in stochastic portfolio theory. Stochastic Processes and Their Applications,
129(5), 1829-1872. https://doi.org/10.1016/j.spa.2018.06.007

Delbaen, F., & Schachermayer, W. (1995). The no-arbitrage property under a change of numéraire. Stochastics Stochastics
Reports, 53(3—4), 213-226.

Dobrowolski, M. (2010). Angewandte Funktionalanalysis: Funktionalanalysis, Sobolev-Rdume und elliptische Differen-
tialgleichungen. Berlin, Heidelberg: Springer-Verlag.

Dupire, B. (2009). Functional Ito calculus (Bloomberg Portfolio Research Paper 2009-04).
Eberle, A. (2016). Markov processes. Lecture Notes, University Bonn.
Fernholz, D., & Karatzas, I. (2010a). On optimal arbitrage. Annals of Applied Probability, 20(4), 1179-1204.

Fernholz, D., & Karatzas, 1. (2010b). Probabilistic aspects of arbitrage. In C. Chiarella & A. Novikov (Eds.), Contempo-
rary Quantitative Finance (pp. 1-17). Berlin: Springer.

Fernholz, E. R. (2002). Stochastic Portfolio Theory. New York: Springer.
Fernholz, R., & Karatzas, I. (2005). Relative arbitrage in volatility-stabilized markets. Annals of Finance, 1(2), 149-177.

Fernholz, R., & Karatzas, 1. (2009). Stochastic portfolio theory: An overview. In Handbook of Numerical Analysis (Vol.
15, pp. 89-167). Amsterdam: Elsevier.

Follmer, H. (1981). Calcul d'Itd sans probabilités. Séminaire de Probabilités de Strasbourg, 15, 143-150.

Hazan, E., & Kale, S. (2015). An online portfolio selection algorithm with regret logarithmic in price variation. Mathe-
matical Finance, 25(2), 288-310.

Hulley, H., & Schweizer, M. (2010). On minimal market models and minimal martingale measures. In C. Chiarella &
A. Novikov (Eds.), Contemporary Quantitative Finance (pp. 35-51). Berlin, Heidelberg: Springer.

Ichiba, T., & Brod, M. (2014). Some aspects of universal portfolios. Presentation, Banff 2014.

Ichiba, T., Papathanakos, V., Banner, A., Karatzas, 1., & Fernholz, R. (2011). Hybrid atlas models. Annals of Applied
Probability, 21(2), 609-644.

Jamshidian, F. (1992). Asymptotically optimal portfolios. Mathematical Finance, 2(2), 131-150.

Karatzas, I., & Kardaras, C. (2007). The numéraire portfolio in semimartingale financial models. Finance and Stochastics,
11(4), 447-493.

Kardaras, C., & Robertson, S. (2012). Robust maximization of asymptotic growth. Annals of Applied Probability, 22(4),
1576-1610.

Kramkov, D., & Schachermayer, W. (1999). The asymptotic elasticity of utility functions and optimal investment in
incomplete markets. Annals of Applied Probability, 904-950.

Li, B., & Hoi, S. C. (2014). Online portfolio selection: A survey. ACM Computing Surveys, 46(3), 35:1-35:36.

Pal, S., & Wong, T.-K. L. (2016). The geometry of relative arbitrage. Mathematics and Financial Economics, 10(3),
263-293.


https://doi.org/10.1016/j.spa.2018.06.007

800 Wl LEY CUCHIERO ET AL.

Schied, A., Speiser, L., & Voloshchenko, I. (2016). Model-free portfolio theory and its functional master formula. Preprint
arXiv:1606.03325.

Schweizer, M. (1995). On the minimal martingale measure and the Follmer-Schweizer decomposition. Stochastic Anal-
ysis and Applications, 13(5), 573-599.

Wong, T.-K. L. (2015). Universal portfolios in stochastic portfolio theory. Preprint arXiv:1510.02808.

How to cite this article: Cuchiero C, Schachermayer W, Wong T-K L. Cover's univer-
sal portfolio, stochastic portfolio theory, and the numéraire portfolio. Mathematical Finance.
2019;29:773-803. https://doi.org/10.1111/mafi.12201

APPENDIX: PROOFS OF CERTAIN RESULTS AND LEMMAS

Proof of Theorem 2.1. Fix T > 0 and the trajectory s = (stl, s s;i)IT:O e (RYT+!, For fixed s the
function b — V;(b)(s) is continuous on A“. Hence there is b = b(s) € A? such that

Vi (s) = Vp(D)(s). (AD)

In fact, condition (9) implies that the sequence of functions (b — % log VT(b))°T°:] is Lipschitz on A,
uniformly in 7" € N and s satisfying (9) for some fixed constants C > ¢ > 0.
Indeed, consider the distance on A¢ defined by ||b — b||; = 27:1 |6/ — b/|. Then we may estimate

L log Vy(8) — - 1og V; (B)| < (0g(C) ~ log()1b = Bl

For € > 0, we may therefore define 6 := % > 0 such that, for every §-neighborhood U (b) around any
b € AY we have

1 1 -
T log Vi (b) > T log V(b) — €

for every b € U (b). If the probability measure v has full support, we also may find = #(e,c,C) > 0
such that each such 6-neighborhood U (b), where b runs through A?, satisfies v(U (b)) > #. Using (A1)
we therefore may conclude, similarly as in (A8), that (8) holds true, uniformly in s = (stl, . sf)fio
satisfying (9) for some fixed constants C > ¢ > 0. |

Proof of Lemma 3.8. Let 7 : AY — A? be the optimizer of (18) and define, for 0 < € < 1,

A~ 1 1
—a-arre(L L),
.= ( em+e 7 7

Note that z, takes values in AZ (see Definition 3.1), which is crucial for the subsequent arguments and
the reason why we do not directly work with 7. Also note that, for p € Ag , we have

d .
(0)-50n

(A2)

QU o

for x,y € A?, as at least one of the terms i’l—j is greater than or equal to one.
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The average performance L”*c defined via (22) for the portfolio map =, is still almost as good as the
optimal average performance L = L”:

L7 = /A d [ /A tog ((m.00.2) ) et dy)] do(x)
> /A d [ /A Jtog (1= o) (70 2) ) ot dy)] do(x) (A3)

> L +log(l —e).

To approximate z, by a Lipschitz function r;, taking its values in AZ , we need some preparation.
By Assumption 3.6, we can find 6 > 0 such that, for A C A,

log £y - log ( { 7.(x), Y o(x,dy)| do(x) > —€ (A4)
Al Jad d X

provided that g[A] < 6. In particular, we may find # > 0 such that

Lo L o) (i 2ot o> e a0

Now we find a Lipschitz function 7, : A — Bg such that
d
715 (0) = 2Ol = D |75 = 7 ()| < me? (A6)

Jj=1

for all x € Ad\A, where the exceptional set A satisfies o[A] < 6. Indeed, the functions from RY -
Ag which are continuously differentiable in a neighborhood of A? are dense with respect to the
L'(R?, 0;R%)-norm. Let M be a Lipschitz constant for z,, such that M~! <e.

To estimate L"Li» — L” we argue separately on the sets Ad\ﬂz, AN BZ and BZ\A. To start with
the latter set note that, for x € 5$ and y € A9 we have that the function

y > S ~d
,— ) = -, eA
pr <p . ,gf iy p
is Lipschitz on A4 with Lipschitz constant bounded by (g)_l. From (A6), we get
y y
/ [ [ (1o ({m100. 2)) = tog ({00, 2}) dotx. ] dotx) (A)
Ad\a LJAd x x

() (5) 2 e

The term (3)‘1 above comes from the fact that (7 ,(x), f) as well as (7, (x), )—yc) takes values in [2, oo[

and the function z — log(z) is Lipschitz on this set with constant (s)".
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As regards the set A N AZ we obtain from (A2) and (A4) the estimate

/,md [ /Ad (log <<”pr(x)’ §>> —log ((ﬂe(x), %)) do(x, y)] do(x) > —e (A8)

and a similar estimate holds true for the set A4 \AZ by (AS). Hence, we obtain from (A3), (A7),
and (AS)

L™t > L +log(l — €) — d’e — 2e.

As e > 0 is arbitrary, we have proved Lemma 3.8. |

Proof of Lemma 4.1. This follows from the fact that the embedding from C2¢(A9) - €2 (A9) is
compact for «’ < a (see, e.g., Dobrowolski, 2010, satz 2.42). This means in particular that any bounded
set in C>%(A?) is totally bounded in C>?(A9), thus relatively compact. To prove compactness it thus
suffices to prove that GM-® is closed. Take a sequence G" € GM-* converging to G with respect to the
I - llc20 norm. Then, we can estimate ||G|| 2. by

DXG(x) — DXG
1Gll 2« = IGll 20 + max sup ID°G) Wl
KI=2 2y [Ix = yll*

<G =G llc20 + 11G" Ml 20

| DXG(x) = DG"(x)| + | D*G"(x) = D*G"(y)| + | D*G"(y) — D*G(y)|
+ max sup
IKk|=2 xy llx =yl

for any n € N. Letting n — oo and using the fact that [|G" — G20 — 0 yields [|G||c2« < M. Simi-
larly, we obtain G > % This together with the fact that G is concave as a limit of concave functions
proves G € GM-% and thus in turn compactness of GM-% with respect to || - || c20- O

Proof of Lemma 4.4. For G,G € GM-* we have

log (V;€) ~log (V) = log(G(ur)) ~ 1og(G(ur)) - (102(Glyo)) ~ 102(Glpg))

_ /T ZDijG(Mr)_Dijé(Mt) Al ]
o \F 26 2G(u) o

»J

= log(G (7)) — 10g(G(pr)) — (10g(G(pg)) — log(G()))

dlu', w1,

| DG = DGy PG (8w - Gw)
_ + =
; /0 2G(u,) 2G(u)G(,)

Hence, using the fact that ||5|| 20 S Maswellas G > % and G > % and that z — log(z) is Lipschitz

continuous on [ﬁ, oo0) with constant M, we obtain the estimate
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<2M||G - G|l 20

log (VTG) —log (VT6>

M - M3 _ o
+ <7d2||G = Glicao + —-d*1IG - Gllcz,o> max[p', u'l7. (A9)
1

This proves the asserted continuity. O



